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Abstract

The objective of seismic exploration is to determine the physical properties of the

Earth’s subsurface in order to detect potential hydrocarbon accumulations. The in-

verse scattering series (ISS) is a multi-dimensional direct method that can perform

all of the tasks associated with inversion only using the measured data and a chosen

reference medium. This is achieved in stages using task-specific subseries that ac-

complish: (1) free-surface multiple removal; (2) internal multiple removal; (3) depth

imaging; and (4) parameter estimation. This dissertation provides deeper compre-

hension of current ISS strengths and shortcomings for internal multiple removal, and

caveats and understanding of ISS depth imaging and parameter estimation, which

can be used to progress and develop further capability as part of a strategy to address

the current outstanding challenges in exploration seismology.

This dissertation is composed of three topics. The first topic extends the ca-

pability of the current ISS internal multiple attenuation algorithm by addressing

one of its shortcomings. The current ISS internal multiple attenuator has provided

added-value compared to other demultiple methods for complex media where mul-

tiple generators are not easy or able to be identified. However, this single term has

its own strengths and limitations. Under certain circumstances, spurious events can

be produced by the ISS leading-order attenuator. In this dissertation, higher-order

terms in the ISS that address the spurious events generation from the leading-order

attenuator are identified. Adding the higher-order terms to the current algorithm

provides a more capable ISS internal multiple attenuation algorithm, which retains

the benefit of the original algorithm and addresses the shortcoming due to spurious

events. This work is part of the strategy to provide further capability for internal
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multiple attenuation in onshore or complex offshore exploration areas. The second

project focuses on the generation and prediction of internal multiples in thin-layer

models. A new method (named the reflector spectrum) based on the reflectivity

forward modeling is presented to illustrate where internal multiples are generated in

thin layers. The modeling of sub-resolution internal multiples leads to the concept of

effective primaries. By comparing the modeling and prediction of internal multiples,

it is shown that sub-resolution internal multiples cannot be predicted by the ISS

internal multiple attenuator and internal multiples generated by resolvable reflectors

can be accommodated by the ISS method. The third topic in the dissertation stud-

ies and evaluates the impact of matching or mismatching between the earth model

type (e.g., acoustic, elastic, isotropic, anisotropic earth) that generates the data and

the assumed model type behind the processing methods for ISS depth imaging and

parameter estimation. Numerical results show that for ISS depth imaging and in-

version applications, when the model type assumed in the processing algorithm is

less complicated than the model type that generates the data, there are errors in the

results. The tests and conclusions provide a caveat concerning the consequences of

a model mismatch between the model type that generates the data and the model

type assumed in processing methods and motivate the need to develop model-type

independent ISS imaging methods.
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1. Introduction and background

In this chapter, a brief introduction of general seismic exploration, including seis-

mic acquisition, definitions of seismic events, and seismic data processing, is provided.

Then I review the background information of the forward and inverse scattering series

(SS) and discuss the ISS task-specific subseries and the data processing algorithms

based on the ISS. An overview of the dissertation is provided at the end of this

chapter.

1.1 Background of seismic exploration

The objective of seismic exploration is to extract the Earth’s subsurface information

from recorded seismic data in order to predict the location and extent of hydrocarbon

accumulations. In seismic exploration, man-made energy sources (e.g., air guns1 in

water, dynamite or seismic vibrators2 on land) create seismic waves. When the waves

travel into the Earth, they get reflected or refracted from subsurface rock layers. A

portion of the waves is reflected upward and returns to the surface. The returning

waves are recorded by seismic receivers (hydrophones3 and perhaps geophones4 in

water or geophones on land). Figure 1.1 illustrates a diagram of marine seismic

1A source of seismic energy that releases highly compressed air into water.
2An adjustable mechanical source that delivers vibratory seismic energy to the Earth, usually

mounted on large trucks.
3A device for detecting pressure change under water.
4A device that detects ground velocity on land or on the seabed.
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Introduction

acquisition. The recorded waves constitute seismic reflection data, which contain in-

formation about the energy sources, the subsurface that the waves have experienced,

and the recording devices.

The seismic data contains many seismic traces5. Each trace in the data contains

arrivals of seismic energy recorded by one receiver as a function of arrival time6. It is

generally assumed that seismic data consist of discrete arrivals of energy, which are

called ‘events’. Among all the events that arrive at the receivers, the type of event

that is usually used to determine the spatial location of reflectors7 (imaging) and the

local change in Earth material properties (inversion) is called primary. A primary

goes down from the source, get reflected only once in the subsurface, and is recorded

as an upgoing wave by the receivers. However, primaries are not all the events that

are recorded by the receivers. Seismic data consist of a wide range of events which

have been influenced by the medium (by reflection, refraction, absorption, spreading,

etc.).

It is useful to classify seismic events into various categories. Figure 1.2 illustrates

different types of seismic events in marine experiments. The actual medium can

be considered as the sum of a chosen reference medium and a perturbation. The

waves that travel in the reference medium are called reference waves. The waves

propagating in the actual medium are actual or total waves. The difference between

5The seismic data recorded for one receiver is called a seismic trace. A seismic trace represents
the response of the elastic wavefield to velocity and density contrasts across interfaces of layers
of rock or sediments as energy travels from a source through the subsurface to a receiver (From
Schlumberger Oilfield Glossary: www.glossary.oilfield.slb.com).

6The elapsed time between the release of seismic energy from a source and its arrival at the
receiver (From Schlumberger Oilfield Glossary: www.glossary.oilfield.slb.com).

7Interfaces between layers of contrasting Earth properties.
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Introduction

Figure 1.1: Diagram of marine seismic acquisition. A seismic vessel tows
air guns (source of seismic energy) which release highly-compressed
air into water. The sound waves travel into the Earth,
get transmitted and reflected in the subsurface, and some are
recorded by hydrophones (seismic energy detector) on the streamer
(http://www.glossary.oilfield.slb.com/en/Terms/s/streamer.aspx).

the actual and reference waves is defined as the scattered wave. For a reference

medium chosen to be a half-space of water bounded by a free surface at the air-water

interface, the reference waves include the direct wave8 and its ghost. The reference

wave contains no subsurface information and should be removed from the seismic

data. Ghosts are the events which begin their propagation history by traveling

up from the source to the air-water boundary (source ghosts) or end their history

by traveling down from the air-water boundary to the receiver (receiver ghosts) or

both (source and receiver ghosts). Ghosts can generate notches in the seismic data

spectrum and affect Amplitude-Versus-Offset analysis (Zhang, 2007). De-ghosting is

a prerequisite for many seismic processing algorithms.

8Direct wave travels directly from the source to a receiver.

3



Introduction

Figure 1.2: Seismic events in a marine experiment: direct wave (green dashed line),
ghost of direct wave (green dotted line), source ghost (blue dotted line),
receiver ghost (blue dashed line), free surface multiple (orange dashed
line), internal multiple (purple solid line), and primary (red solid line).

After the removal of reference waves and ghosts, seismic events are then cataloged

as primaries and multiples. Both primaries and multiples travel down from the source

and are recorded by the receivers as upgoing waves. Primaries experience only one

upward reflection in the subsurface, whereas multiples are reflected multiple times.

Depending on the location of their downward reflections, multiples can be classified

as free-surface multiples or internal multiples. A free-surface multiple has at least

one downward reflection at the air-water or air-land surface (free surface), whereas an

internal multiple has all of its downward reflections below the free surface (Weglein

et al., 1997). Both free-surface and internal multiples can be classified into different

orders. The order of a free-surface multiple is determined by the total number of

downward reflections at the free surface. The order of an internal multiple is defined

4



Introduction

Figure 1.3: A seismic processing chain followed by this dissertation, and the dis-
sertation focuses on the highlighted steps.

by the total number of the downward reflections that it has experienced from any

subsurface reflectors (Weglein et al., 1997).

Seismic processing methods that locate (migration/imaging) and delineate (in-

version/parameter estimation) subsurface targets from seismic data typically assume

that seismic data consist of only primaries. This primary-only assumption simplifies

seismic data processing. Therefore, one of the key goals of seismic processing is to

start with recorded seismic data, go through a chain of seismic processing steps, and

end up with primaries. Figure 1.3 shows a typical seismic processing chain that this

dissertation follows in order to remove other types of events and get primaries (for

imaging and inversion) from the recorded seismic data. The Green’s theorem and

5



Introduction

inverse scattering series (ISS) provide a comprehensive framework for the seismic

processing chain that can achieve the seismic imaging and inversion objectives di-

rectly without any subsurface information. There is a set of distinct methods that

have been developed to realize each of these objectives in the processing chain. Each

step in the processing chain requires that earlier steps are completed well. The pre-

processing methods based on Green’s theorem (source signature estimation (Weglein

and Secrest, 1990), separation of the reference wave and the scattered wave (Weglein

and Secrest, 1990), and source and receiver side de-ghosting (Weglein et al., 2002;

Zhang and Weglein, 2006b; Zhang, 2007; Mayhan et al., 2011; Mayhan and We-

glein, 2013)) are consistent with the methods derived from inverse scattering series

(free-surface multiple removal (Carvalho, 1992; Weglein et al., 1997), internal mul-

tiple removal (Araújo et al., 1994; Weglein et al., 1997; Hsu, 2011), depth imaging

(Shaw, 2005; Liu, 2006; Li, 2011; Wang, 2012), and parameter estimation (Zhang,

2006; Li, 2011)). They are both multi-dimensional algorithms and do not require any

subsurface information. The inverse scattering series provides a multi-dimensional

nonlinear inversion directly without subsurface information (Weglein et al., 2003).

All the processing methods based on the ISS achieve their processing goal in the

same manner, i.e., directly without requiring any subsurface information. In this

dissertation, I will focus on addressing several fundamental issues for internal mul-

tiple attenuation, depth imaging and parameter estimation methods based on the

inverse scattering series. The general background of the inverse scattering series will

be provided in the next section.
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1.2 Introduction to the forward and inverse scat-

tering series

The research projects in this dissertation are based on the inverse scattering series.

In this section I will provide a brief review of the forward scattering series and inverse

scattering series following Weglein et al. (2003, 1997). Both the forward and inverse

scattering series are forms of perturbation theory, in which the actual medium is

considered as the sum of a reference medium and a perturbation. Scattering theory

relates the perturbation of the wavefield (the difference between the wavefields in the

actual medium and reference medium) to the perturbation in medium properties (the

difference between the properties of actual medium and reference medium). Begin

with the wave equations in the actual medium and reference medium,

LG = −δ(r− rs), (1.1)

L0G0 = −δ(r− rs), (1.2)

where G and G0 are Green’s functions in the actual and reference media, respectively;

L and L0 are the actual and reference differential operators, respectively; r is receiver

location and rs is source location. Green’s operators and differential operators satisfy

LG = −I, and L0G0 = −I, where I is the unit operator (Taylor, 1972; Clayton and

Stolt, 1981; Stolt and Benson, 1986; Stolt and Weglein, 1985; Weglein et al., 1997).

Therefore,

G = −L−1, (1.3)
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and

G0 = −L−1
0 . (1.4)

Define the perturbation operator, V, and the scattered field operator, Ψs, as follows:

V = L− L0, (1.5)

Ψs = G−G0. (1.6)

Employing the simple identity

G = G0 + G0(G
−1
0 −G−1)G

= G0 + G0(−L0 + L)G, (1.7)

we arrive at the Lippmann-Schwinger equation

G = G0 + G0VG. (1.8)

Equation 1.8 can be expanded in an infinite series as

Ψs = G−G0 = G0VG0 + G0VG0VG0 + · · ·

= (Ψs)1 + (Ψs)2 + · · · . (1.9)

This infinite series is called the forward scattering series, which takes the reference

Green’s function and the perturbation operator as input and outputs the actual

wavefield. For a 1D acoustic medium with only velocity variation, Matson and

Weglein (1996a) showed that the forward series converges if the reference velocity is

less than
√

2 times the lowest velocity in the scattering region.
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Equation 1.9 is an expansion of Ψs in orders of V , where (Ψs)i is the portion of Ψ

that is ith order in V. Correspondingly, we can expand V in orders of the measured

data Ψs = (Ψ)m (Weglein et al., 2009b), which represents the value of the scattered

wavefield on the measurement surface,

V = V1 + V2 + V3 + · · · , (1.10)

where Vi is the portion of V that is ith order in the data D. Substituting equa-

tion 1.10 into equation 1.9, we can get

Ψs = G0(V1 + V2 + · · · )G0 + G0(V1 + V2 + · · · )G0(V1 + V2 + · · · )G0

+ G0(V1 + V2 + · · · )G0(V1 + V2 + · · · )G0(V1 + V2 + · · · )G0 + · · · . (1.11)

Evaluating equation 1.11 on the measurement surface and setting the terms which

are equal order in the data equal, we can get the inverse scattering series as follows:

(Ψs)ms = D =[G0V1G0]ms (1.12)

0 =[G0V2G0]ms + [G0V1G0V1G0]ms (1.13)

0 =[G0V3G0]ms + [G0V1G0V2G0]ms

+ [G0V2G0V1G0]ms + [G0V1G0V1G0V1G0]ms (1.14)

....

Li (2011) showed that for a 1D single-interface acoustic medium with only veloc-

ity variation, the inverse series has better convergence properties than the forward

series. In the inverse series, equation 1.12 is the exact equation for solving V1 given

D and G0; equation 1.13 provides the exact solution for V2 given V1 and G0, and so

9
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on; hence, the inverse scattering series provides a direct method to solve the pertur-

bation operator V order by order using only measured data, D, and Green’s function

in the reference medium, G0. This full inversion for V requires no subsurface infor-

mation. Within the machinery of the overall series, the inverse scattering subseries

that perform specific distinct tasks require no subsurface information.

The inverse scattering series has the potential to perform all tasks associated

with inversion. Within the overall series, certain subseries each performs one specific

task and act as if no other tasks exist; after each task is completed, the inverse

series is redefined, and the problem is restarted (with the same reference medium).

Within the machinery of ISS, each task is performed directly in terms of measured

data and reference Green’s function and without knowing subsurface information.

The isolated task-specific subseries has advantages over the whole inverse scattering

series in terms of convergence (Weglein et al., 2003). The order of the tasks performed

using the inverse scattering series is: (1) free-surface multiple removal, (2) internal

multiple removal, (3) depth imaging, and (4) parameter estimation. The first two

tasks are model type independent, i.e., the algorithms for achieving these two tasks

are precisely the same for a large class of earth model types. For imaging primaries,

a model type independent ISS depth imaging algorithm is not yet developed. The

parameter estimation algorithm is model-type dependent since we need to determine

which parameters to invert (the chosen parameters define the earth model type) in

order to predict the medium properties and identify targets.
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1.3 Dissertation overview

This dissertation investigates several outstanding issues that arrive in a different set

of inverse scattering subseries, including the ISS internal multiple attenuation, depth

imaging, and parameter estimation subseries.

The ISS leading-order attenuator of first-order internal multiples is the leading-

order term in the subseries that contributes to the removal of first-order internal

multiples. The basic idea behind the leading-order attenuator is that events in the

data that satisfy the ‘lower-higher-lower’ relationship in the pseudo-depth domain

are combined nonlinearly to predict internal multiples. This single term has shown

differential added-value, in comparison with other internal multiple methods, for

complex exploration areas where internal multiple generators are difficult to be iden-

tified (Fu et al., 2010; Luo et al., 2011; Ferreira, 2011). It can predict first-order

internal multiples at all depths at once without subsurface information (with exact

time and approximate amplitude). The leading-order attenuator has its own limita-

tions as well as strengths. On the one hand, this single term is an attenuator, not

an eliminator. On the other hand, when internal multiples in the data themselves

are input into the algorithm and treated as subevents, the leading-order attenuator

produces not only first-order internal multiples, but also higher-order internal mul-

tiples and, at times, spurious events (events that do not exist in the input data).

Chapter 2 extends the capability of the current leading-order ISS internal multiples

attenuation algorithm by addressing the issue of spurious events. It is shown that

the issue due to spurious events is anticipated by the ISS and can be addressed by
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later, higher-order terms in the ISS. Adding the higher-order terms to the current

algorithm provides a modified ISS internal multiple attenuation algorithm, which re-

tains the benefit of the original algorithm while addressing the issue due to spurious

events. The proposed modified algorithm now can accommodate both primaries and

internal multiples in the data. In addition, the impact of source signature on the cur-

rent leading-order ISS internal multiple attenuation algorithm and its higher-order

modification is examined. By including the source-signature deconvolution in the

ISS internal multiple algorithm, both the shape and amplitude of the prediction are

improved. The contributions in Chapter 2 are part of the strategy to provide further

capability for the fidelity of amplitude and phase prediction of internal multiples

in order to address the challenge posted by proximal and interfering primaries and

internal multiples in complex areas.

In chapter 3, the second project focuses on the generation and prediction of in-

ternal multiples in a thin-layer model. Based on the reflectivity forward modeling, a

new method is presented to relate seismic arrivals or events to their originating re-

flectors. By applying this new concept to a thin-layer model, it is shown that internal

multiples are generated by many reflectors instead of a few major ones in thin-layer

models. This may be a challenge to many internal multiple methods (Berkhout and

Verschuur, 1997; Jakubowicz, 1998; Verschuur and Berkhout, 2001; Berkhout and

Verschuur, 2005) that require interpretive intervention of determining multiple gen-

erators. In contrast, the ISS internal multiple attenuation algorithm predicts internal

multiples for all horizons at once without any subsurface information. When apply-

ing the ISS internal multiple attenuation algorithm to predict internal multiples in
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thin layers, it is found that the very-short-delay (sub-resolution) internal multiples

cannot be predicted by the ISS internal multiple attenuation method since the ISS

leading-order attenuator requires being able to resolve the ‘lower-higher-lower’ re-

lationship in the pseudo depth domain. Further investigation indicates that those

sub-resolution internal multiples are indistinguishable from the actual primaries, and

the actual primaries plus the sub-resolution internal multiples could be treated as

effective primaries. Considering the effective primaries as the wanted signals, the

rest of the internal multiples becomes distinguishable and can be predicted by the

ISS internal multiple attenuation algorithm.

Chapter 4 discusses the model-type dependency of the ISS depth imaging and

parameter estimation algorithms. In comparison with the ISS free-surface and in-

ternal multiple algorithms that are both model-type independent, the current ISS

depth imaging and the parameter estimation algorithms depend on a model-type

assumption. The consequences of using an inadequate model for the ISS imaging

and parameter estimation have been studied and evaluated. The tests and conclu-

sions provide a caveat concerning the consequences of a model mismatch between the

earth that generated the data and the model type assumed in processing methods

and drive the need to develop model-type independent ISS imaging methods.

Chapter 5 provides the summary of this dissertation.
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2. A general modification of the

leading-order ISIS internal multiple

attenuation algorithm

2.1 Introduction

Both primaries and multiples have experienced reflections and refractions in the

subsurface, and they all contain information about the medium that they have passed

through. However, due to the complexity of extracting subsurface information from

multiples (Weglein et al., 2011), imaging and inversion methods typically assume that

the recorded seismic data consist of only primaries, and multiples are considered as

coherent noise. These methods require that multiples are removed before data are

input into the algorithms. The inability to remove multiples from the seismic data

could cause multiples to be misinterpreted as primaries which can lead to drilling

failure. Thus, multiple removal is essential to the methods with the primary-only

assumption. As introduced in Section 1.1, multiples can be cataloged as free-surface

multiples or internal multiples depending on the location of the downward reflections.

For the purpose of this chapter, I will only focus on the analysis of internal multiples.
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Internal multiple removal is a longstanding challenge in seismic processing. Meth-

ods for multiple attenuation/removal can be classified by different standards. We-

glein (1999) classifies the multiple attenuation methods into two categories. The first

category makes use of different characteristics between primaries and multiples to

separate them, for example, the stacking method based on the moveout differences

between primaries and multiples (Ryu, 1982; Thorson and Claerbout, 1985), the

f − k multiple removal method involving dip filtering in the frequency-wavenumber

domain (Yilmaz, 1987), and the Radon transform method that distinguishes multi-

ples from primaries in the τ−p domain (Foster and Mosher, 1992). Approaches in the

other category predict multiples from the measured data and then subtract multiples

from data. For example, Jakubowicz (1998) presents a wave-equation approach to

predict and remove internal multiples from the measured data, which requires identi-

fication of internal multiple generators; Berkhout and Verschuur (1997) extends the

surface-multiple removal method to internal multiples by extrapolating the seismic

data towards the internal multiple generating boundary; and this boundary-related

approach is replaced by a layer-related approach in Verschuur and Berkhout (2001)

and Berkhout and Verschuur (2005). These methods can be appropriate when their

assumptions are satisfied (e.g., knowledge of the velocity of primaries, 1D Earth as-

sumption, velocity discrimination between primaries and multiples, determination of

internal multiple generators, and so on). However, as the industry moves towards

more complex and challenging exploration areas, many multiple methods fail due to

the violation of their assumptions.

The ISS internal multiple attenuation method has both the “wavefield-prediction”
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and “separation” ingredients (Weglein et al., 2011). In contrast to other methods,

the ISS internal multiple attenuation method does not require any information about

the medium that internal multiples have experienced and the actual location and

properties of the internal multiple generators. It predicts internal multiples directly

in terms of measured surface data and reference velocity (the velocity in the reference

medium). It can precisely predict the time and can well approximate the amplitude

for internal multiples at all depths at once. This algorithm is purely data-driven and

model-type independent1 (Weglein et al., 2003). The algorithm was first proposed by

Araújo et al. (1994) and Weglein et al. (1997). It has demonstrated its effectiveness

on synthetic acoustic data, elastic data, and ocean bottom data (Weglein et al., 1997;

Matson and Weglein, 1996b; Matson, 1997) and also can predict internal multiples

with converted phase (Coates and Weglein, 1996). Ramı́rez and Weglein (2005) and

Ramı́rez (2007) discuss early ideas to extend the attenuation algorithm towards an

elimination method. Recent progress towards elimination methods is also reported

in Herrera and Weglein (2013) and Zou and Weglein (2013). Recent tests on offshore

and onshore field data also show encouraging results and promise significant value

for application (Fu et al., 2010; Luo et al., 2011; Ferreira, 2011).

The ISS predicts internal multiples through a task-specific subseries within the

overall ISS. The ISS leading-order attenuator of first-order internal multiples (the

order of multiples is defined by the total number of downward reflections in the

subsurface, as shown in Figure 2.1) is the leading-order term in the subseries that

1Model-type independent subseries means that the defined task is achievable with precisely the
same algorithm for an entire class of earth model types (e.g., 1D, 2D, 3D, acoustic, elastic, isotropic,
anisotropic earth).
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contributes to the removal of first-order internal multiples. The basic idea behind the

leading-order attenuator is that all the events in the data are treated as subevents

and combined nonlinearly, and first-order internal multiples can be predicted by

the combination of primaries that satisfy the ‘lower-higher-lower’ relationship in the

pseudo depth domain. The ISS leading-order attenuator can predict first-order in-

ternal multiples at all depths at once without subsurface information. The predicted

internal multiples have exact time and approximate amplitude compared to the ac-

tual internal multiples. However, this single term has its own limitations as well as

strengths. On one hand, this term is an attenuator, not an eliminator, as implied by

the words “leading-order” and “attenuator”. On the other hand, the entire data set,

consisting of primaries and internal multiples, enters the algorithm. All combinations

of events (not necessarily primaries) satisfying the ‘lower-higher-lower’ relationship

are calculated and included by the algorithm. When internal multiples in the data

themselves are treated as subevents, the leading-order attenuator produces not only

first-order internal multiples, but also higher-order internal multiples and, at times,

spurious events2. The latter have been observed in the tests of Fu et al. (2010) and

Luo et al. (2011).

The ISS leading-order attenuator has shown stand-alone capabilities for internal

multiple prediction/attenuation for both marine and on-shore plays compared to

other multiple methods (Fu et al., 2010; Luo et al., 2011; Ferreira, 2011). However,

the occurrence of proximal and interfering multiples and primaries in complex areas

create a new challenge to the multiple methods and demands further capability for

2Events that do not exist in the original input data.
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the fidelity of both amplitude and phase prediction of multiples. As part of a strategy

to address this challenge, this chapter provides deeper understanding of the issue due

to spurious event for the leading-order attenuator and extends the capability of the

the internal multiple attenuation subseries by addressing this issue. Weglein et al.

(2011) have noted the issue of spurious event and suggest that the resolution of

the problem would reside in other terms of the ISS. Ma et al. (2012) describe the

initial occurrence of the circumstance under which spurious event arises and identify

higher-order terms from the ISS to address that issue. A modified ISS internal

multiple attenuation algorithm is derived in Ma et al. (2012), which addresses the

shortcomings arising from the second of the three integrals of the ISS leading-order

attenuator in a three-reflector medium. In this chapter, I extend the analysis in Ma

et al. (2012) to more complex circumstances and provide a description of the general

arrival of spurious events. This chapter extends the modified algorithm in Ma et al.

(2012) to media with an arbitrary number of reflectors and evaluates the modified

algorithm using numerical examples.

Figure 2.1: (a) A first-order internal multiple and (b) a second-order internal mul-
tiples.
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In Section 2.2, I review the current leading-order ISS internal multiple atten-

uation algorithm. In Section 2.3, I diagrammatically show the general output of

the ISS internal multiple leading-order attenuator when both primaries and internal

multiples are treated as subevents. The cause of the generation of the spurious event

is analyzed, and higher-order terms to address the issue of spurious events and the

modification of the leading-order ISS internal multiple method are presented. Then,

I show numerical examples to evaluate the performance of the higher-order terms

in Section 2.4. Section 2.5 discusses the source signature effect on the ISS internal

multiple leading-order attenuation algorithm and its higher-order modification.

2.2 ISS internal multiple attenuation algorithm

The development of the ISS internal multiple attenuation concept was based on the

analogy between the forward series and the inverse series (Weglein et al., 1997, 2003).

Matson and Weglein (1996a) show that the forward series could generate primaries

and internal multiples through the action of Gd
0 on V, where Gd

0 is a whole-space

Green’s function and V is the perturbation operator. The inverse series can achieve a

full inversion of V by using Gd
0 and the measured data (Weglein et al., 2003). The way

that Gd
0 acts on V to construct internal multiples suggests the way to remove them.

The construction of first-order internal multiples has the leading-order contribution

from the third term of the forward series (Figure 2.2(a)), which suggests that the

leading-order contribution to the removal of first-order internal multiples can be

found from the third term in the inverse series. Following this logic path, a subseries
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(a) (b)

Figure 2.2: (a) The leading-term contribution to the generation of first-order in-
ternal multiples in the forward scattering series. (b) The leading-term
contribution to the removal of first-order internal multiples in the in-
verse scattering series. Gd

0, V , and V1 are the whole-space Green’s
function, the perturbation operator, and the first-order approximation
to V , respectively. Figure adapted from Weglein et al. (2003).

that attenuates internal multiples has been identified and separated from the entire

inverse scattering series (Araújo et al., 1994; Weglein et al., 1997). Figure 2.2(b)

shows the portion of the third term in the inverse series that contributes to the first-

order internal multiple attenuation, where V1 is the first-order approximation of V ,

z1 > z2 and z3 > z2.

The ISS internal multiple attenuation algorithm is a subseries of the inverse scat-

tering series. The algorithm starts with the deghosted input data from which the

reference wavefield and free-surface multiples have been removed and the source

signature has been deconvolved. The input data is Fourier transformed to give

D(kg, ks, ω), where kg and ks are the horizontal wavenumbers corresponding to re-

ceiver and source coordinates xg and xs, respectively, and ω is the temporal frequency.
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b1(kg, ks, ω), which corresponds to a form of constant-velocity FK migration of ef-

fective incident plane-wave data (Weglein et al., 2003; Hsu et al., 2011), is defined

by

D(kg, ks, ω) = (−2iqs)
−1b1(kg, ks, ω). (2.1)

The second term in the algorithm is the leading-order attenuator, which atten-

uates first-order internal multiples. The leading-order attenuator in a 2D earth is

given by Araújo et al. (1994) and Weglein et al. (1997)

b3(kg, ks, qg + qs) =
1

(2π)2

∫ ∞

−∞
dk1e

iq1(zs−zg)

∫ ∞

−∞
dk2e

iq2(zg−zs)

×
∫ ∞

−∞
dz1e

i(qg+q1)z1b1(kg,−k1, z1)

×
∫ z1−ε

−∞
dz2e

i(−q1−q2)z2b1(k1,−k2, z2)

×
∫ ∞

z2+ε

dz3e
i(q2+qs)z3b1(k2,−ks, z3), (2.2)

where qg = sgn(ω)
√

( ω
c0

)2 − k2
g and qs = sgn(ω)

√
( ω

c0
)2 − k2

s are the vertical wavenum-

bers for source and receiver, respectively, c0 is the reference speed3, ε is a small pos-

itive parameter (chosen to be the width of the source signature) to ensure that the

relations between pseudo depths4 z1 > z2 and z3 > z2 are satisfied, and zg and zs are

source and receiver depths, respectively.

For a 1D earth and a 2D experiment and with zg = zs, equation 2.2 reduces to

3The ISS internal multiple algorithm’s sensitivity to reference velocity can be found in Hsu
(2011).

4Pseudo depth refers to the location of an image derived using the reference speed (Weglein
et al., 2003).
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(Araújo, 1994; Terenghi et al., 2011)

b3(kg, ω) =

∫ ∞

−∞
dz1e

2iqz1b1(kg, z1)

×
∫ z1−ε

−∞
dz2e

−2iqz2b1(kg, z2)

×
∫ ∞

z2+ε

dz3e
2iqz3b1(kg, z3). (2.3)

For a 1D earth and a normal-incidence wave, equation 2.2 reduces to

bPPP
3 = b3(k) =

∫ ∞

−∞
dz1e

ikz1b1(z1)

∫ z1−ε

−∞
dz2e

−ikz2b1(z2)

∫ ∞

z2+ε

dz3e
ikz3b1(z3), (2.4)

where the deghosted data , D(t), for an incident spike wave, satisfy D(ω) = b1(k),

b1(z) =
∫∞
−∞ e−ikzb1(k)dk, and k = 2ω/c0 is the vertical wavenumber. Here, I intro-

duce a new notation, bPPP
3 , in which the superscript (“P” represents primary and

“I” represents internal multiple) indicates the events in the input data in each of

the three integrals that we are focusing on towards the overall purpose of removing

first-order internal multiples. The data with first-order internal multiples attenuated

are

D(t) + D3(t), (2.5)

where D3(t) is the inverse Fourier transform of D3(ω) and D3(ω) = b3(k) for an

incident spike wave.

Weglein and Matson (1998) have shown that the leading-order ISS internal mul-

tiple attenuation algorithm can be interpreted as the subevents construction of inter-

nal multiples. Figure 2.3 illustrates the construction of a first-order internal multiple

when all of the three subevents correspond to primaries in the data. The predicted
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time of the internal multiple is exact and the predicted amplitude approximates the

true amplitude (Weglein et al., 2003).

Figure 2.3: Subevent construction of a first-order internal multiple. The phase re-
lationship between the internal multiple (dashed line), SABCR, and
primaries (solid line), SABE, DBCR, and DBE, is: (SABE)time +
(DBCR)time − (DBE)time = (SABCR)time. Figure adapted from We-
glein et al. (2003).

2.3 The general output of the leading-order in-

ternal multiple attenuator when an internal

multiple is treated as a subevent

Early analysis focused exclusively on the performance of predicting internal multiples

by using primary subevents. However, seismic data contains not only primaries but

also internal multiples. Zhang and Shaw (2010) have shown that the leading-order

attenuator can predict higher-order internal multiples by using internal multiples as

subevents in a two-interface example. However, the situation is considerably more

complicated when the data from three or more reflectors are considered. In the latter
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case, spurious events can be predicted whose traveltimes do not correspond to an

event in the data. In this section, I illustrate the specific conditions under which the

spurious events are produced by the leading-order attenuator by using one internal

multiple subevent in a 1D earth.

In the following analysis, I will focus on the analysis of the ISS leading-order

internal multiple attenuator for a 1D medium and a normal-incident wave. In such a

case, a first-order internal multiple (see Figure 2.4(a)) can be represented by the dia-

gram in Figure 2.4(b), where the “-” sign in a red circle means a downward reflection

and the “+” sign in a blue circle denotes an upward reflection. If we only consider

the pseudo depths (vertical traveltime) of the events and ignore the amplitude for the

moment, Figure 2.4(b) can also be used to illustrate the internal multiple predicted

by three primary subevents, with each circle representing a subevent and the sign

“+” or “-” in the circle meaning the addition or subtraction of the pseudo depth

of the subevent. The pseudo depths of the three primary subevents, z1, z2 and z3,

satisfy the ‘lower–higher–lower’ pattern: z1 > z2 and z3 > z2. The pseudo depth of

the event predicted by the leading-order attenuator is z3 + z1 − z2, which is exactly

equal to that of the first-order internal multiple in Figure 2.4(a). Next I will examine

the cases in which one of the subevents is an internal multiple.

2.3.1 An internal multiple subevent in the second integral

Ma et al. (2012) have shown that in a medium with three reflectors, when an internal

multiple acts as a subevent in the second of the three integrals (see equation 2.4),
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Figure 2.4: Diagrammatic illustration of a first-order internal multiple: the “-”
sign represents a downward reflection and the “+” sign represents an
upward reflection.

a spurious event can be produced. In this section, I interpret this diagrammatically

using Figure 2.5. An internal multiple has each of its downward reflections between

two upward reflections. Then, in the diagrammatic representation of an internal

multiple (e.g., Figure 2.5(a)), a higher red circle with a “-” sign should have lower

blue circles with “+” signs on both sides. However, in Figure 2.5(c) each of the

two red circles has only one lower blue circle on one side, and one higher blue circle

on the other side. Thus, this predicted event is neither an internal multiple nor

a primary. Figure 2.6 shows the construction of such a spurious event using the

subevent concept.

The spurious event described here is generated by the leading-order attenuator

by using an internal multiple subevent in the second integral. The way the spurious

event is generated suggests the way that it can be removed. For the removal of this

type of spurious events, substituting b3 for the second b1 in equation 2.4 leads to
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Figure 2.5: Diagrammatic illustration of the generation of a spurious event. (a)
The diagram of a first-order internal multiple. The sign “+” (“-”)
means an upward (downward) reflection or the pseudo depth is added
(subtracted). (b) Three subevents used by the leading-order attenuator:
a primary (“P”) with pseudo depth z, an internal multiple (“I”) with
pseudo depth z′ (z′ = z1+z3−z2), and a primary with pseudo depth z′′,
and z′ < z, z′′. (c) The spurious event generated by the leading-order
attenuator, with pseudo depth (z + z′′ − (z1 + z3 − z2)).

Figure 2.6: Generation of a spurious event using an internal multiple as the middle
subevent when 2z2 − z1 < z3.
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equation 2.6. The subevent combination of “primary–predicted internal multiple–

primary” in equation 2.6 can be used to attenuate the spurious event. In this section,

we examine one of the fifth-order terms in the ISS ( G0V1G0V3G0V1G0) that satisfies

the required Figure 2.5(c) geometry. The derivation of this term and analytical

examples are shown in Ma et al. (2012).

bPIP
5 (k) =

∫ ∞

−∞
dz1e

ikz1b1(z1)

∫ z1−ε

−∞
dz2e

−ikz2b3(z2)

∫ ∞

z2+ε

dz3e
ikz3b1(z3) (2.6)

The output of the modified ISS internal multiple algorithm for this three-reflector

case is

D(t) + D3(t) + DPIP
5 (t), (2.7)

where DPIP
5 (t) is the inverse Fourier transform of DPIP

5 (ω) and DPIP
5 (ω) = bPIP

5 (k)

for spike data. The original algorithm (see equation 2.5) attenuates first-order in-

ternal multiples and preserves primaries but can also output spurious events. The

modified algorithm in equation 2.7 provides the benefit of the original algorithm

while addressing the issue due to spurious events.

2.3.2 An internal multiple subevent in an outer integral

The problem is yet more complicated when a first-order internal multiple subevent

is in either of the outer integrals. As shown in the left panel of Figure 2.7, when an

internal multiple with pseudo depth z′′ is in the rightmost integral (z, z′′ > z′), and

since z′′ = (z1 + z3 − z2) > z′, there are several possible relations among z1, z2, z3,

and z′, which are as follows:
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• As shown by the first term in Figure 2.7, when z1 > z′, the predicted event has

the same pseudo depth as does a second-order internal multiple. Its subevent

construction is shown in Figure 2.8(a), and this occurs in a medium with the

number of reflectors N ≥ 2.

• The second term in Figure 2.7 shows that when z1 = z′, the predicted event has

the same pseudo depth as does a first-order internal multiple. Figure 2.8(b)

describes its subevent construction, which only happens in a medium with

N ≥ 3.

• The third term in Figure 2.7 shows that a spurious event is produced with

z1 < z′ and z3 < z′ (the red circle at z′ has only one lower blue circle on one

side). Its subevent construction is illustrated by Figure 2.8(c). This type of

spurious event can only be generated in a medium with N ≥ 4.

Using the same logic analysis that we used in the previous section, I propose

another method to address this type of spurious event, this time by replacing the

third b1 in equation 2.4 with b3; the new term is shown in equation 2.8. Since this type

of spurious event could be produced by the leading-order attenuator using a first-

order internal multiple subevent in either of the outer integrals (these two cases are

equivalent, see derivation in Appendix A), there is a leading coefficient 2 in equation

2.8. This term is also identified from the fifth-order term of the ISS equations (from

the term G0V1G0V1G0V3G0).

bPPI
5 (k) = 2

∫ ∞

−∞
dz1e

ikz1b1(z1)

∫ z1−ε

−∞
dz2e

−ikz2b1(z2)

∫ ∞

z2+ε

dz3e
ikz3b3(z3). (2.8)
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Figure 2.7: Diagrammatic illustration of events predicted by the leading-order at-
tenuator when an internal multiple subevent is in one of the outer in-
tegrals.

The modified ISS internal multiple algorithm for this case with more than three

reflectors is

D1(t) + D3(t) + DPIP
5 (t) + DPPI

5 (t). (2.9)

where DPPI
5 (t) is the Fourier transform of DPPI

5 (ω), and DPPI
5 (ω) = bPIP

5 (k) for

an incident spike wave. This modified general algorithm in equation 2.9 retains the

strengths of the original algorithm while addressing issues that are due to spurious

events.

2.4 Numerical tests for higher-order modification

In this section, I will compute and analyze the new terms for one-dimensional, three-

interface models. The spurious event would be produced when the internal multiple
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(a)

(b)

(c)

Figure 2.8: Events generated by the leading-order attenuator using an internal mul-
tiple subevent in either of the outer integrals: (a) a second-order in-
ternal multiple, (b) a first-order internal multiple, and (c) a spurious
event, 2z2 − z1 > z3.
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Figure 2.9: A one-dimensional model with three interfaces.

subevent is in the second of the three integrals (see the discussions in Sections 2.3.1).

Thus, only the algorithm in Section 2.3.1 will be tested in this section. Numerical

tests are presented using both analytic data and synthetic data.

2.4.1 Numerical tests using analytic data

The first test uses analytic data are shown in this section. For the model shown in

Figure 2.9 the reflection data that are due to an impulsive incident wave δ(t− z
c
) are

D(t) = R1δ(t− t1) + T01R2T10δ(t− t2) + T01T12R3T21T10δ(t− t3)

− T01R
2
2R1T10δ(t− (2t2 − t1)) . . . , (2.10)

where t1 = 0.4s, t2 = 0.5s, and t3 = 1.0s. The velocities in each layer of the model

are c0 = 1500m/s, c1 = 2500m/s, c2 = 4000m/s, and c3 = 6000m/s. The densities in

the model are ρ0 = 1.0g/m3, ρ1 = 1.5g/m3, ρ2 = 2.0g/m3, and ρ3 = 3.0g/m3. Since

velocities are increasing with depth, all upward reflections yield positive reflection

coefficients. Ri and Tij are reflection and transmission coefficients, respectively. We
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choose the temporal data so that they contain only three primaries and all first-order

internal multiples. The temporal Fourier transform of equation 2.10 is given by

D(ω) = R1e
iωt1 + T01R2T10e

iωt2 + T01T12R3T21T10e
iωt3

− T01R
2
2R1T10e

iω(2t2−t1) . . . (2.11)

Equation 2.11 can be rewritten as

D(ω) = R1e
i 2ω

c0

c0t1
2 + T01R2T10e

i 2ω
c0

c0t2
2 + T01T12R3T21T10e

i 2ω
c0

c0t3
2

− T01R
2
2R1T10e

i 2ω
c0

c0(2t2−t1)
2 . . . (2.12)

Then by following Weglein et al. (2003) we can obtain b1(k) as follows

b1(k) = D(ω) = R1e
ikz1 + T01R2T10e

ikz2 + T01T12R3T21T10e
ikz3

− T01R
2
2R1T10e

ik(2z2−z1) . . . , (2.13)

where the pseudo depths z1,z2 and z3 are defined as z1 = c0t1/2, z2 = c0t2/2, and

z3 = c0t3/2, c0 is a reference speed, and k = 2ω/c0. The data in the wavenumber

domain (see equation 2.13) are first input into equation 2.4 to calculate b3. Then

both b1 and b3 are used by equation 2.6 to calculate bPIP
5 .

Figure 2.10 shows the data consisting of primaries and first-order internal multi-

ples, where Pi represents the primary reflected at the ith reflector, and Iijk denotes

the first-order internal multiple with one downward reflection at the jth reflector and

two upward reflections at the ith and kth reflectors, respectively. Since the input

data consists of both primaries and internal multiples, the leading-order attenuator

will produce not only first-order internal multiples, but also higher-order internal
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multiples (see discussion in 2.3.2) and spurious event (see discussion in 2.3.1). Fig-

ure 2.11(a) shows the calculated D3, where the spurious event is at time 1.4s and

has negative polarity. The spurious event is produced by the subevents combination

of “P3–I212–P3”, and its amplitude is −3.41 × 10−3. Figure 2.11(b) shows the cal-

culated DPIP
5 , where the predicted spurious event is at time 1.4s and has positive

polarity. The predicted spurious event is produced by the subevents combination of

“P3–predicted I212–P3”, and its amplitude is 3.30 × 10−3, which is slightly smaller

than the amplitude of the produced spurious event. Therefore, the spurious event

generated by the leading-order attenuator can be greatly attenuated by adding DPIP
5

to D3.

It should be noted that in Figure 2.11(a) the internal multiple I323 predicted by

b3 is composed of three subevent combinations: “P3–P2–P3”, “P3–I212–I312”, and

“I312–I212–P3”. Also, from Figure 2.11(b) we can see that bPIP
5 can predict not only

spurious event but also some other events since all the events in b1 and b3 are used

as subevents in equation 2.6. For example, the event at 1.5s in Figure 2.11(b) has

the same traveltime as I323, and it has negative polarity. It is generated by the

following subevent combination: I312 in D (negative), predicted I212 in D3 (positive)

and P3 in D (positive). The proposed modified algorithm represents progress in the

attenuation of first-order internal multiples. Further research is needed to provide

more insight and capability.
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Figure 2.10: Input data that include primaries and first-order internal multiples.

2.4.2 Numerical tests using synthetic data

In this section, I show the test results obtained by using synthetic data. The synthetic

shot gather is generated by using finite-difference code within the M-OSRP group

(code courtesy of Fang Liu and Di Chang, and the source wavelet is a Ricker wavelet

with 25Hz peak frequency). A one-dimensional two-parameter (with both velocity

and density variation) model (as shown in Figure 2.12) with three interfaces is used

to generate the data.

The 1D algorithm in equation 2.6 can be easily extended to 1.5D (2D experiment
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Figure 2.11: (a) D3 consisting of predicted first-order internal multiples (labeled as
IP
ijk), higher-order internal multiples and the spurious event (pointed

by the red arrow and with an amplitude of −3.41× 10−3). (b) DPIP
5 ,

where predicted spurious event is pointed by the red arrow and with
an amplitude of 3.30× 10−3.
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3
0 02000 / , 1.0 /c m s g cm 

3
1 12500 / , 2.0 /c m s g cm 

3
2 23000 / , 4.0 /c m s g cm 

3
3 31500 / , 1.0 /c m s g cm 

1 400d m

2 312d m

3 900d m

21Figure 2.12: 1D model with both velocity and density variations.

in a 1D earth):

bPIP
5 (kg, ω) =

∫ ∞

−∞
dz1e

2iqz1b1(kg, z1)

×
∫ z1−ε

−∞
dz2e

−2iqz2b3(kg, z2)

×
∫ ∞

z2+ε

dz3e
2iqz3b1(kg, z3). (2.14)

In Figure 2.12, ci and ρi represent the velocity and density in each layer, respec-

tively, and di is the thickness of each layer. The model parameters are chosen so that

the internal multiples are relatively strong. Figure 2.13(a) shows the shot gather gen-

erated using finite-difference modeling. In the figure, the first five events are labeled,

e.g., “P1” means the primary generated at the first reflector and “I212” represents

the first-order internal multiple with two upward reflections at the second reflector

and one downward reflection at the first reflector. The internal multiples predicted

by the leading-order attenuator are shown in Figure 2.13(b), where the red circle

indicates a spurious event generated by the first-order attenuator. Figure 2.14(a) is

the same as Figure 2.13(b), and Figure 2.14(b) shows the spurious event predicted
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by bPIP
5 . It should be noted here that the amplitude and shape of the spurious event

in Figure 2.14(a) and the predicted spurious event in Figure 2.14(b) are not matched

since source signature has not been removed in the input data. The effect of source

signature deconvolution will be discussed in the next section.

(a) (b) 

P1 

P2 

I212 

I21212 

P3 

Figure 2.13: (a) Input shot gather; (b) Results of (-D3) with spurious event in the
red circle.

37



ISS internal multiple attenuation

(a) (b) 

Figure 2.14: (a) Same as 2.13(b); (b) Results of DPIP
5 .

2.4.3 Discussion

In this section, we have discussed the general output of the ISS leading-order attenu-

ator when internal multiples are used as subevents, and we proposed further higher-

order terms to improve that output by addressing the issues of spurious events. The

way how spurious events are generated suggests the way how they can be removed.

In the analysis of the generation and removal of spurious events, we only consider

the cases where just one internal multiple is used as a subevent (see discussions in

Sections 2.3.1 and 2.3.2). When more internal multiples are treated as subevents,
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other type of spurious events could also be possible. However, their amplitude should

be weak compared to the spurious events discussed in this section.

As discussed in Section 2.3.1, the subevent combination of “primary–predicted

internal multiple–primary” in the new term bPIP
5 is used to attenuate the spurious

event produced by the subevent combination of “primary–internal multiple–primary”

in b3. Therefore, if the predicted internal multiples have exactly the same amplitude

that the true internal multiples in the data have, the algorithms presented in this

section could eliminate the spurious events. For the purpose of spurious events

elimination, further inclusion of the ISS internal multiple elimination algorithm could

be one possible solution (Ramı́rez, 2007; Herrera and Weglein, 2013; Zou and Weglein,

2013).

Finally, when spurious events are produced by the leading-order attenuator b3,

they could also be used as subevents in the new terms bPIP
5 or bPPI

5 , since b3 is one

of their inputs. If this were the case, new types of spurious events would be gener-

ated. However, the newly generated spurious events have much weaker amplitudes.

Furthermore, other types of new terms can be identified to address this issue (Ma

et al., 2012).
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2.5 Source signature effect on the ISS internal

multiple leading-order attenuation algorithm

and its higher-order modification

2.5.1 Introduction

In the previous section, the input data are assumed to be source signature decon-

volved, deghosted, and with free-surface multiples removed. If the data are generated

by using a source signature instead of an incident spike wave in a 1D case, b1(k) is

obtained by the following equation:

D(ω) = A(ω)b1(2ω/c0). (2.15)

Then, the internal multiples predicted by the leading-order attenuator, which has

opposite polarity as the true internal multiples, are obtained by

D3(ω) = A(ω)b3(ω/c0). (2.16)

When adding equation 2.16 to equation 2.15, all the first-order internal multiples are

attenuated, and higher-order internal multiples are altered. More details on incor-

porating source signature deconvolution into the ISS internal multiple attenuation

algorithm can be found in Yang and Weglein (2013). Including source signature de-

convolution in the higher-order term for removing spurious events requires this initial

step in the leading-order attenuator. The predicted spurious events (with opposite

polarity as the actual spurious events generated by the leading-order attenuator) are
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obtained by

DPIP
5 (ω) = A(ω)bPIP

5 (ω/c0). (2.17)

Equations 2.15, 2.16, and 2.17 can be easily extended to multi-dimensional cases.

In this section, I will examine the effects of a source signature on the prediction of

internal multiples and spurious events. We apply the ISS internal multiple leading-

order attenuator and its higher-order modification with and without inclusion of

source signature deconvolution for both 1D normal incidence and 1.5D shot gather

examples, and then compare the results. In this section, I use the spectral division

method (using the command “sucddecon” in Seismic Unix) to deconvolve the source

signature from the input data. Other methods (e.g., Wiener filter) could also be used

and more details about source signature deconvolution can be found in Tang et al.

(2012).

2.5.2 1D normal-incidence example

Here I will examine the source signature effect on the leading-order attenuator and its

higher-order modification (using the exact source signature that are used to generate

synthetic data). Figure 2.15 shows a trace generated by the 1D normal-incidence

reflectivity method (Ricker source signature with peak frequency 30Hz, and sampling

interval in time dt=4ms). The reflectivity method (see appendices B and C) can be

used to generate primaries and internal multiples separately. In this figure three

primaries are shown in red, and all the internal multiples are shown in blue.

Figure 2.16 shows the actual internal multiples in the data (top) and the internal
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multiples predicted by using the ISS leading-order attenuator (−D3) without source

signature deconvolution (bottom). These two results are then normalized by their

respective maximum sample value and plotted together in Figure 2.17. From Fig-

ures 2.16 and 2.17 we can see that the predicted time are exact, but the amplitude

and shape of the predicted internal multiples are not matched with those of actual

internal multiples. From Figure 2.17 we can also see the spurious event, at time

1.33s (in green circle), which is generated by the ISS leading-order attenuator. This

event does not exist in the original input data, and that’s why it is called a spurious

event. Figure 2.18 shows the comparison of the spurious event generated by the

leading-order attenuator and the spurious event predicted by the higher-order term

(equation 2.6). Both results are obtained without source signature deconvolution,

and we can see that again the predicted amplitude and shape do not match with the

real ones.

Next I will apply the procedures described in equations 2.15, 2.16, and 2.17 to

incorporate the source signature deconvolution into the internal multiple and spu-

rious event predictions. Figure 2.19 shows the actual internal multiples in the data

(red) and internal multiples predicted by the ISS leading-order attenuator (−D3)

with source signature deconvolution (blue). It is shown that with the source signa-

ture deconvolution the shape of the internal multiple prediction matches the actual

internal multiples very well. Also, the predicted time is exact and the predicted

amplitude is approximate.

Figure 2.20 shows the comparison of the spurious events in D3 and the spuri-

ous event predicted by the higher-order modification(−DPIP
5 ), and both results are
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Figure 2.15: An input trace, including three primaries (red) and all internal mul-
tiples (blue).

obtained with source signature deconvolution. From the figure we can see that the

predicted spurious event matches the one generated by the leading-order attenuator

very well. By adding DPIP
5 to D3 the spurious event is greatly attenuated and the in-

ternal multiple prediction is almost unchanged (compared to Figure 2.19), as shown

in Figure 2.21. From Figure 2.21 we can conclude that the modified internal multiple

prediction algorithm in equation 2.7 provides the benefit of the original algorithm

(equation 2.5) while addressing the limitation due to spurious events.

2.5.3 1.5D shot-gather example

In this section, we examine the source signature effect on the ISS internal multiple

leading-order attenuator and its higher-order modification for a 1.5D shot-gather

example. Figures 2.22(a) and 2.22(b) show the shot gather without and with source
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Figure 2.16: Top: actual internal multiples in the data; bottom: predicted multiples
(−D3) without source signature deconvolution.
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Figure 2.17: Internal multiples in the data (red) and predicted multiples (−D3)
without source signature deconvolution (blue). Both results are nor-
malized by their maximum sample value, respectively. The green circle
shows the spurious event.
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Figure 2.18: Top is the result of D3 (spurious event at time 1.33s) and bottom is
the result of −DPIP

5 (predicted spurious event at time 1.33s). Both
results are obtained without source signature deconvolution. Green
circles show the spurious events.
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Figure 2.19: Actual internal multiples in the data (red) and internal multiples pre-
dicted by the ISS leading-order attenuator with source signature de-
convolution (blue).
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Figure 2.20: Comparison of spurious events (in green circle) in D3 and spurious
event prediction represented by −DPIP

5 , and the upper right box shows
the zoomed part in the circle; both results are obtained with source
signature deconvolution.
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Figure 2.21: Comparison of actual internal multiples in data (red) and modified
prediction represented by −(D3 +DPIP

5 ) (with source signature decon-
volution). Green circles correspond to the spurious events.
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signature deconvolution, respectively. The input shot gather Figure 2.22(a) is the

same as Figure 2.14 in Section 2.4.2.

We first examine the source signature effect on the leading-order attenuator (b3

term). Figures 2.23(a) and 2.23(b) show the predicted multiple (−D3) with (right)

and without (left) source signature deconvolution, respectively. We can see that,

without source signature deconvolution, the predicted multiples spread out, and also

the amplitudes of the predicted multiples in the two results are different. Figure 2.24

shows for comparison wiggle plots of the multiple prediction without deconvolution

(Figure 2.24(a)), the input shot gather (Figure 2.24(b)), and the multiple prediction

with deconvolution (Figure 2.24(c)). We choose the time window so that all the

events shown in the wiggle plots are internal multiples. The results show that with

the source signature deconvolution, the shapes of the predicted internal multiples are

more similar to those of actual internal multiples in the data.

Then we compare the amplitudes of the actual internal multiples with those of

the multiples predicted using two different schemes, respectively. Figure 2.25(a)

shows the amplitude comparison of the zero-offset traces from the input shot gather

(red) and the multiple predicted without source signature deconvolution (blue), and

Figure 2.25(b) shows the amplitude comparison of zero-offset traces from the input

shot gather (red) and the multiple predicted with source signature deconvolution

(blue). In each of these two figures, the red event at about 1.25s is the third primary

and the rest of the events are internal multiples. From the comparison of these

two figures we can see that by including the source signature deconvolution, the

amplitudes of the predicted internal multiples better approximate those of the actual
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internal multiples.

Next I will examine the source wavelet effect on the higher-order term address-

ing issues due to spurious events, i.e., the bPIP
5 term. The left and right panels in

Figures 2.26(a) show the results of −D3 and DPIP
5 without source signature decon-

volution, respectively; The left and right panels in Figures 2.26(b) show the corre-

sponding results with source signature deconvolution. We extract the zero traces

from each set of two figures and then compare them in the same plot. Figure 2.27(a)

shows the comparison of zero-offset traces from −D3 and DPIP
5 , both of which are ob-

tained without source signature deconvolution. Figure 2.27(b) shows the comparison

of zero-offset traces from −D3 and DPIP
5 obtained with source signature deconvolu-

tion. From the results in these two figures, we can see that with the source signature

deconvolution, both the amplitude and shape of the predicted spurious event match

well those of actual spurious event generated by the leading-order attenuator.

2.5.4 Numerical example using estimated source signature

In this section I estimate the source signature using the Green’s theorem-derived

method (Weglein and Secrest (1990)) and then use this estimated source wavelet to

repeat the process in the Section 2.5.3. Further details about the source-signature

estimation based on Green’s theorem and its application (code courtesy of Jim May-

han) can be found in Mayhan et al. (2012). It is worth noting that in the exam-

ple of Section 2.5.3 the actual medium is an inhomogeneous acoustic medium with
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Figure 2.22: Shot gather without (a) and with (b) source wavelet deconvolution.

half space of water on the top and the reference medium is chosen to be a whole-

water medium. Therefore, the total wavefield in the actual medium contains direct

wave, primaries, and internal multiples, while the reference wavefield in the refer-

ence medium contains the direct wave only. The key equation of the source wavelet

estimation is as follows,

Ã(ω)G0(r, rs, ω) =

∮
S

[P̃ (r′, rs, ω)∇′G0(r
′, r, ω)−G0(r

′, r, ω)∇′P̃ (r′, rs, ω)] · ndS ,

(2.18)

where rs, r′, r represent the locations of source, receiver and prediction points, re-

spectively; P̃ (r′, rs, ω) is the Fourier transform of the pressure field, and G0(ri, rj, ω)

is the Fourier transform of the Green’s function in the reference medium. The source

49



ISS internal multiple attenuation

(a) (b)

Figure 2.23: Predicted internal multiples (−D3) without (a) and with (b) source
wavelet deconvolution.

wavelet A(ω) can be obtained by averaging the reference wavefield divided by a

Green’s function:

A(ω) =
1

N

N∑
i=1

P̃0(ri, rs, ω)

G0(ri, rs, ω)
. (2.19)

From equation 2.18 we can see that both the total wavefield and its derivative are

needed to estimate the source wavefield. We calculate the derivative of the wavefield

using the measured wavefield at two different depths:

dP

dz
≈ P (205m)− P (200m)

5m
. (2.20)

Figure 2.28(a) shows that the estimated source wavelet (blue) matches well the
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Figure 2.24: Wiggle plots of selected traces: (a) a multiple prediction without source
wavelet deconvolution, (b) an input shot gather, (c) and a multiple
prediction with deconvolution.

actual source wavelet (red). Figure 2.28(b) shows zero-offset traces of the predicted

internal multiples using actual (red) and the estimated source signature (blue), and

Figure 2.28(c) shows the zero-offset traces of the predicted spurious event using

actual (red) and estimated source wavelet (blue). We can see that the results by

using the estimated wavelets matches the results obtained by using the actual source

signature.

2.6 Summary

In this chapter, I presented the higher-order modification of the leading-order ISS

internal multiple attenuation algorithm (Ma et al., 2012; Liang et al., 2012, 2013).

This work is part of the strategy to provide further capability for internal multiple
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Figure 2.25: (a) Comparison of the zero-offset traces extracted from Figures 2.22(a)
(red) and 2.23(a) (blue); (b) Comparison of the zero-offset traces ex-
tracted from Figures 2.22(a) (red) and 2.23(b) (blue).

attenuation in onshore or complex offshore exploration areas. While the ISS leading-

order attenuator has demonstrated its capability for internal multiple removal, it has

strengths and limitations as implied by the words “leading-order” and “attenuator”.

The algorithm presented in this chapter and in Ma et al. (2012) addresses a short-

coming of the current leading-order ISS internal multiple attenuation algorithm that

is observed in the examples of Fu et al. (2010) and Luo et al. (2011). Spurious events

can be a particular problem if they are proximal to or interfere with primaries or mul-

tiples. The modified ISS internal multiple attenuation algorithm retains the benefit

of the original algorithm, while addressing one of its shortcomings due to spurious
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events. The modified algorithm now accommodates both primaries and internal mul-

tiples in the input data. I also examine the impact of source signature on both the

ISS leading-order attenuator and higher-order term for removing spurious events by

comparing the prediction results with and without source-signature deconvolution.

The comparison shows that by including the source-signature deconvolution in the

ISS internal multiple prediction, both the shape and amplitude of the prediction can

be improved. The accuracy of the source signature is important for the test results,

and I have shown that the source signature can be estimated using the method based

on Green’s theorem.
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(a)

(b)

Figure 2.26: (a) Results without source signature deconvolution: −D3 (left) with
spurious event in the red circle and DPIP

5 (right); (b) Results with
source-signature deconvolution: −D3 (left) with spurious event in the
red circle and DPIP

5 (right);
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Figure 2.27: (a) Comparison of the zero-offset traces extracted from the left panel
(red) and right panel (blue) of Figure 2.26(a); (b) Comparison of
the zero-offset traces extracted the left panel (red) and the right panel
(blue) of Figure 2.26(b).
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Figure 2.28: (a) Comparison of actual (red) and estimated (blue) source wavelets;
(b) zero-offset traces of predicted internal multiples using actual (red)
and estimated source wavelet (blue) (c) zero-offset traces of predicted
spurious events using actual (red) and estimated source wavelet (blue).
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3. Internal multiples in thin layers

3.1 Introduction

Multiple elimination, especially internal multiple elimination, is a long-standing prob-

lem in exploration reflection seismology. This challenge is even more essential for land

seismic data processing due to the fact that strong internal multiples are often gen-

erated at near-surface zones (Kelamis et al., 2006). It has been well known, from

numerous sonic well loggings, that the subsurface media are composed of many finely

laminated thin layers, and each layer has a seismic velocity (or impedance) different

from its adjacent layers. This chapter studies how internal multiples are formed in

thin layers, and how these internal multiples can be predicted from data. In this

chapter, I first present a new method (named the reflector spectrum) that illustrates

where internal multiples are generated. Then I study whether internal multiples in

the thin-layer velocity model could be predicted, and show how they can be pre-

dicted. In the study, the thin-layer velocity model is constructed from a field sonic

log (data courtesy of Saudi Aramco), so this study could provide useful information

for practical applications.

In Section 3.2, the new method is presented to relate all seismic arrivals, including

primaries and multiples, to their originating reflectors. The method makes use of

the reflectivity forward modeling method to isolate each reflector and determine

57



Internal multiples in thin layers

the contribution of an individual reflector to arrivals in a seismic trace. The study

provides an indication of the minimum number of reflectors responsible for multiples

and demonstrates that in the thin-layer model internal multiples originate from many

reflectors distributed throughout the model, rather than from a few major ones.

Section 3.3 shows that only a portion of the entire set of internal multiples can be

predicted by using the ISS internal-multiple method: the portion whose traveltime

is at least a period of time longer than that of the relevant primaries. The non-

predicted ones are so close to the primaries that they can be treated as a part of the

effective primaries.

3.2 Reflector spectrum for relating seismic arrivals

to reflectors

When interpreting seismic data, we often make synthetic traces generated from 1D

velocity models derived from sonic logs. These traces are useful for interpreters

to associate seismic events with well information and to distinguish primaries from

multiples. It will be helpful to relate seismic arrivals in these traces to their reflectors.

Building the relationship between seismic arrivals and their corresponding reflectors

will help us develop multiple reduction methods.

Others (Foster and Yin, 1995; Resnick et al., 1986) have proposed methods to

determine how seismic reflections are generated and propagate in finely laminated

thin layers. One method for identifying reflectors that generate internal multiples
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follows a trial and error approach (Z. Harari, 1999, Saudi Aramco, internal presen-

tation). The method first sets impedance contrasts to zero at selected depths in a

velocity model, and then the resulting wavefield is observed. If certain internal mul-

tiples disappear after an impedance contrast is removed, then it is concluded that

the removed impedance contrast generated the multiples. The disadvantage of this

method is that altering the velocity model affects not only the impedance contrasts

of reflectors, but also the traveltimes of seismic waves.

In this section I propose a method, referred as to reflector spectrum, for an-

alyzing individual reflectors and the arrivals they generate, without changing the

velocity model. This reflector spectrum method allows us to quantify the contribu-

tion of a single reflector to all arrivals in a seismic trace, or conversely, to identify all

contributing reflectors for a single arrival.

3.2.1 Method

The reflector spectrum method is built based on the reflectivity forward modeling

algorithm (Kennett, 2003). For a given velocity function v(zi), where zi is the depth

of the ith reflector and i is the layer index taking value from 1 to N , the reflection

and transmission coefficients due to velocity contrasts of two adjacent layers v(zi)

and v(zi+1) are given by

rd(zi) =
v(zi+1)− v(zi)

v(zi+1) + v(zi)
, (3.1)

ru(zi) =
v(zi)− v(zi+1)

v(zi+1) + v(zi)
, (3.2)
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td(zi) = 1− rd(zi), (3.3)

tu(zi) = 1− ru(zi), (3.4)

where rd(zi) and td(zi) are reflection and transmission coefficients for incident down-

going waves, respectively, ru(zi) and tu(zi) are the corresponding coefficients for inci-

dent upgoing waves (see Figure 3.1), and i is taking values from 1 to N −1 . Density

is ignored for the purpose of simplifying the symbols in description, even though it

plays a role in the coefficient. Besides defining the reflectivity coefficients, the veloc-

ity v(zi) also determines the traveltimes for waves travelling in between interfaces.

Since the reflectivity method separates the roles of reflectivity and traveltimes (see

Figure 3.1: Reflection and transmission coefficients.

details in Appendix B), it allows us to change a single reflection coefficient while

keeping the remaining coefficients as well as the velocity v(zi), and hence, the trav-

eltime, unchanged. As a result, we can simply set one of the reflection coefficients

to zero without changing the velocity function itself. In this way, the effect of the

corresponding reflector is isolated.
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Figure 3.2 shows a simple example to illustrate this concept. The velocity function

is shown in Figure 3.2(a), and the calculated reflection coefficients are shown in Fig-

ure 3.2(b). Using the velocity, reflectivity, and a wavelet, we compute the synthetic

trace shown in Figure 3.2(c). Zeroing the reflection coefficient corresponding to the

first interface (setting rd(z1) = ru(z1) = 0 while keeping everything else unchanged,

as shown in Figure 3.2(d)) produces a new trace in Figure 3.2(e). The subtraction of

this new trace from the original trace (Figure 3.2(a)) generates the difference trace

shown in Figure 3.2(f). The events shown in the difference trace originate from the

reflector located at the first interface, and include the primary reflection at the top

of the layer (at 400 ms) and all related internal multiples, although only the first

order internal multiple (at 1000 ms) is shown here.

Similarly, we can dim the reflection coefficient at the bottom of the layer, then

the second primary and the associated internal multiples (including the same one

at 1000 ms as in Figure 3.2(c)) will disappear. Note that the very same multiples

can be erased by muting either the top (at 400 m) or bottom reflector (at 1000

m). This is because we removed or dimmed both reflection coefficients (rd(zi) and

ru(zi)) simultaneously for an interface in this example. If only one type of coefficient,

e.g., ru(z1), is muted, this internal multiple will disappear only once by dimming

the top reflector. I will show, in the section of shallow-reflector spectrum, that such

surgical muting is useful for simplifying the relationships between multiples and their

generators.

Figure 3.2 shows that muting the reflection coefficients of an interface produces

a difference trace, which contains reflections originating from this muted reflector.
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Next, by individually zeroing reflection coefficients for interfaces 1 to N − 1, we

obtain N − 1 difference traces. These N − 1 traces can be displayed in an image,

named a reflector spectrum. In summary, the reflector spectrum is achieved by the

following steps:

1. Compute the original synthetic trace Trall(t) where no reflection coefficient is

set to zero;

2. For the ith reflector at depth zi (beginning with i=1 ), set the reflection coef-

ficients rd(zi) = ru(zi) = 0, to obtain a new synthetic trace Tri(t);

3. Subtract Tri(t) from Trall(t) to obtain a difference trace Trdiff (t, zi) = Trall(t)−

Tri(t), which contains all the seismic arrivals that have experienced at least

one reflection at the reflector (at depth zi);

4. Repeat (2) and (3) for each reflector i taking values 2 ≤ i ≤ N−1 to get a group

of difference traces Trdiff (t, zi) , which constitutes the reflector spectrum.

Figure 3.3 illustrates an example of the reflector spectrum, in which each column

is a difference trace after setting each interface reflection coefficient, in turn, to zero.

The leftmost panel in the figure shows the full synthetic trace Trall(t) including

all reflection coefficients. For simplicity, only primary reflections are modeled in

the reflector spectrum in Figure 3.2, so this spectrum shows where the primaries are

generated. This method for identifying reflectors corresponding to primary reflections

can also be used to identify those for other types of reflections such as surface-related

multiples or internal multiples. Note that since primaries reflect only once and
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Figure 3.2: A synthetic example showing (a) the velocity function, (b) reflection
coefficients, (c) synthetic trace computed from (b) and (a), (d) zeroing
of the reflection coefficients of the first interface, (e) synthetic trace
computed from (d) and (a), and (f) difference between (c) and (e).

each primary reflection is only associated with one reflector, summing the reflector

spectrum in Figure 3.3 over the horizontal axis will produce the synthetic trace shown

on the left in the figure.

Just as a velocity spectrum relates seismic events to velocities (which are the best

fits of the moveout1 of these events), the reflector spectrum allows us to easily relate

arrivals in a seismic trace to their corresponding reflectors. For any event in the

reflector spectrum, the vertical coordinate indicates the arrival time of the reflection,

1The difference in the arrival times or traveltimes of a reflected wave measured by receivers at
two different offset locations. (From Schlumberger Oilfield Glossary: www.glossary.oilfield.slb.com).
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Figure 3.3: Reflector spectrum for primaries only. The top panel shows the veloc-
ity function, while the left panel shows the trace containing all primary
reflections. A common depth trace in the spectrum shows seismic re-
flections originated from the depth where the trace is located.

while the horizontal coordinate indicates the depth of the corresponding reflector.

Values in the reflector spectrum have units of seismic amplitude, and the color at

a point (z, t) in the spectrum represents the seismic amplitude contributed by the

reflector at depth z to the seismic arrival at time t. Thus, a horizontal trace in a

reflector spectrum at time t (a common time trace) identifies contributions of all

reflectors to the arrival at time t in the full seismic trace, while a vertical trace in

a reflector spectrum at depth z (a common depth trace) shows all seismic arrivals

generated by the reflector at that depth. Therefore, muting a single reflector will
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mute the entire vertical trace in the reflector spectrum. As I will show later, muting

the single reflector at the free surface will remove all surface-related multiples. This is

what has been done by the well-known surface-related multiple elimination (SRME)

technology.

In a first glance of Figure 3.3, we might think that the reflector spectrum looks

like a display of VSP2 data which also have the two coordinates of time and depth;

however, they are very different. Each trace at depth z in VSP is a record of the

wave field at that depth, but, as we mentioned before, a vertical trace in a reflector

spectrum at depth z shows all seismic arrivals generated by the reflector at that

depth. For example, if Figure 3.3 were showing VSP data, we would have seen many

events traceable from the generating depth all the way to the surface, so that along

with the first arrival, many “V” shape patterns (with 90-degree counter-clockwise

rotation) would have been observed. In a display of VSP data, the reflected waves

can be recorded and shown at all locations shallower than the depths where they are

reflected. In contrast, in the reflector spectrum these reflected waves are only shown

at the depths where they are reflected.

The reflector spectrum can be viewed as the derivative of the calculated trace

with respect to each individual reflection coefficient. Further investigation of this

property could lead to an inversion scheme for primary reflections only.

2VSP refers to measurements made in a vertical wellbore using geophones inside the
wellbore and a source at the surface near the well ((From Schlumberger Oilfield Glossary:
www.glossary.oilfield.slb.com).
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3.2.2 Reflector spectrum

In the following examples, a more complex velocity function derived from a sonic

well log is used to compute seismic waves. The reflectivity algorithm uses the same

set of parameters in all examples: sample interval in time dt=0.004 s, number of

samples in time nt =500, sample interval in space dz=5 m, number of samples in

space nz=200, and peak frequency of Ricker wavelet fp =20 Hz.

Figures 3.4(a) and 3.4(b) show the reflector spectra for primaries only and internal

multiples only, respectively. Figure 3.5 shows two common depth traces extracted

from Figures 3.4(a) and 3.4(b) at the locations indicated by the blue arrows. From

Figure 3.5, we see that the reflector at depth 400 m generates one primary reflection

(Figure 3.5(a)) and many internal multiples (Figure 3.5(b)).

Similarly, Figure 3.6 shows two common time traces extracted from Figures 3.4(a)

and 3.4(b) at the locations indicated by the red arrows. Not surprisingly, we see that

the primary reflections at time 800 ms originate from reflectors confined to a small

region in depth (primaries generated at these reflectors interfere with each other since

the bed thickness is much smaller than a wavelength), while the internal multiples

at 800 ms originate from many reflectors over a wide range of depths ranging from

shallow to deep.

Figure 3.5 shows that the arrival time of the first arrival of multiple reflections

(Figure 3.5(b)) is nearly the same as that of primary reflections (Figure 3.5(a)).

This similarity can be explained with reference to Figure 3.7, where we can see three
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Figure 3.4: Reflector spectra for primaries only (a) and internal multiples only (b).
The top panel shows the velocity function, while the left panel shows the
trace containing all reflections. Any common depth trace at depth z in
these spectra contains all seismic waves reflected at that depth.
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Figure 3.5: Primaries (a) and internal multiples (b) originating from the reflector
at depth 400 m. These two traces are extracted from Figures 3a and
3b, respectively, and they include the waves reflected at the interface at
depth 400m.

primaries (S1-Z2-Z1-R1, S2-Z1-R1, and S2-Z1-Z3-R2) and one internal multiple (S1-

Z2-Z1-Z3-R2), and all these reflections have nearly the same traveltime if the three

reflectors are close to each other. Note that all the symbols of S1, S2, R1, and R2

are actually representing the same spatial point in the 1D case. From Figure 3.6

we know that that the primaries (near 900 m in Figure 3.6(a)) and the internal

multiples (near 900 m in Figure 3.6(b)) will be mixed in a synthetic trace consisting

of all kinds of reflections (including all primaries and multiples). These phenomena

indicate the fact that a classical primary reflection (which is considered to be the

result of a process in which a downgoing wave travels to a reflector, reflects once and

returns to the surface) is associated with a set of multiple reflections. Therefore, in a
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Figure 3.6: The contributions from all reflectors at all depths to the primaries (a)
and internal multiples (b) at time 800 ms. The two traces are extracted
from the reflection spectra shown in Figures 3.4 and 3.4b, respectively,
and they show the contributors to the seismic arrival at time 800 ms.

thin-layer model, the “observed primary” is often the result of interference between

a classical primary reflection and multiple reflections (O’Doherty and Anstey, 1971;

Foster and Yin, 1995).

The traces in Figure 3.6, along with the reflector spectrum in Figure 3.4(b), sug-

gest that an internal multiple is related to many reflectors. This is to be expected,

since an internal multiple involves at least two, often three reflectors. For example,

in Figure 3.7, after muting any one of the three reflectors the first-order internal

multiple will disappear so this first-order internal multiple is related to all three
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reflectors. Although the reflector spectrum relates an internal multiple to all con-

tributing reflectors, which is the physical situation, the fact that each multiple can

appear numerous times may challenge multiple elimination techniques, and summing

the reflector spectrum over the horizontal axis will not produce the original synthetic

trace shown on the left. For this reason, I propose to modify the reflector spectrum

so that each multiple appears only once.

3.2.3 Shallow-reflector spectrum

Here I introduce the shallow-reflector spectrum, which is a modified reflector spec-

trum that provides a simplified view of how multiples are generated. In a shallow-

reflector spectrum, multiples are related only to the shallowest corresponding re-

flectors. In Figure 3.7, the first-order internal multiple will only be related to the

reflector at depth z1. This is typical in land seismic datasets (Luo et al., 2011; Ke-

lamis et al., 2008). As a result, each multiple will appear only once in this spectrum,

unlike the reflector spectrum for internal multiples as shown in Figure 3.4(b), where

each multiple can appear more than once. The shallow-reflector spectrum can be

obtained by the following steps:

1. Compute the original synthetic trace Trall(t) where no reflection coefficient is

set to zero;

2. For the ith reflector at depth zi (beginning with i = 1), set the reflection

coefficient for the incident upgoing waves ru(zk) = 0 for every k satisfying

1 ≤ k ≤ i, to obtain a new synthetic trace Tri(t);
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3. Subtract Tri(t) from Trall(t) to obtain a difference trace Trdiff (t, zi) = Trall(t)−

Tri(t);

4. Repeat (2) and (3) for each reflector i taking value 2 ≤ i ≤ N − 1 , to obtain

a set of difference traces Trdiff (t, zi). The resulting trace Trdiff (t, zi) contains

all the multiples that have experienced at least one downward reflection, which

turns upgoing waves into downgoing, at or above the ith reflector;

5. For 2 ≤ i ≤ N − 1, calculate Trshallow(t, zi) = Trdiff (t, zi)− Trdiff (t, zi−1), to

obtain a shallow-reflector trace which contains all multiples that have experi-

enced at least one reflection at the ith reflector. For this trace, no reflection

occurs above the ith reflector, i.e., the ith reflector is the shallowest reflector.

For i = 1 , we have Trshallow(t, z1) = Trdiff (t, z1) according to the definition

of shallow-reflector trace. The group of shallow-reflector traces Trshallow(t, zi)

constitutes the so-called shallow-reflector spectrum.

Figures 3.8(a) and 3.8(b) show the reflector spectrum and shallow-reflector spec-

trum for surface-related multiples only, respectively. Figure 3.8(a) reveals the true

physics and indicates where all surface-related multiples originated. In comparison,

Figure 3.8(b) only indicates the shallowest reflector for each surface-related multiple.

Figure 3.8(b) suggests that all surface-related multiples can be eliminated if the

influence of the surface reflector can be somehow removed. In fact, others (Verschuur

and Berkhout, 1997; Weglein et al., 1997; Moore and Dragoset, 2008) have developed

methods to do exactly this. The success of these surface-related multiple elimination

techniques is perhaps due in part to the simplicity of the shallow-reflector spectrum
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Figure 3.7: An illustration of three primaries and a first-order internal multiple.
The three primaries are S1-Z2-Z1-R1, S2-Z1-R1, and S2-Z1-Z3-R2, the
multiple is S1-Z2-Z1-Z3-R2. All four reflections will be mixed together
as an observed effective primary if the reflectors Z1, Z2, and Z3 are
close enough. Note, S1, S2, R1, and R2 are the same point for a 1D
model.

for surface-related multiples (e.g., Figure 3.8(b)), which indicates that all surface-

related multiples can be removed simply by removing the surface reflector.

Figure 3.9 shows the shallow-reflector spectrum for internal multiples only. It

is worth noting that the corresponding reflector spectrum has been shown in Fig-

ure 3.4(b). Figure 3.10 illustrates the contributions from reflectors at all depths to

the internal multiple at 800 ms in the shallow-reflector spectrum. Since each inter-

nal multiple appears only once in a shallow-reflector spectrum, we can conclude from

Figures 3.9 and 3.10 that the internal multiples originate from many reflectors. Not

surprisingly, we cannot hope to eliminate all internal multiples by simply removing

a single reflector, as was the case for surface-related multiples.

Perhaps the most attractive feature of the shallow-reflector spectrum is that sum-

mation of the spectrum shown in Figure 3.9 over the horizontal axis will produce the

72



Internal multiples in thin layers

Figure 3.8: (a) Reflector spectrum for surface-related multiples only, which indi-
cates that not only the free surface, but also many deeper reflectors,
contribute to the surface-related multiples. (b) Shallow-reflector spec-
trum for surface-related multiples only, where all surface-related mul-
tiple can be attributed to the surface, and all surface-related multiples
can be eliminated by removing the free surface reflector.
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Figure 3.9: Shallow-reflector spectrum for internal multiples only. Internal multi-
ples cannot be attributed to a single (i.e., the shallowest) reflector, as
was the case for the surface-related multiples shown in Figure 3.8b.

full synthetic trace shown in the left panel in Figure 3.9. This property could prove

useful when developing internal multiple elimination techniques.

Using the shallow-reflector spectrum, our study demonstrates that internal multi-

ples originate from many reflectors distributed throughout a model, rather than a few

major reflectors. The shallow-reflector spectrum provides an indication of the mini-

mum number of reflectors responsible for multiples, or, restating, the minimum num-

ber of reflectors we have to remove in order to eliminate the multiples. For surface-

related multiples, the shallow-reflector spectrum confirms that only one reflector, the

free surface, is responsible for the multiples, so we can eliminate all surface-related

multiples by removing the free surface. For internal multiples, however, the shallow-

reflector spectrum shows that many reflectors are responsible. Thus, we cannot

eliminate all internal multiples by removing any single reflector or even a few of the
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Figure 3.10: The contributions from reflectors at all depths to the internal multiple
at time 800 ms in the shallow-reflector spectrum in Figure 3.9.

strongest reflectors.

3.3 Prediction of distinguishable internal multi-

ples

3.3.1 Introduction and methods

Many different approaches have been developed for internal multiple elimination and

have demonstrated applicability for synthetic and field data sets (Weglein et al., 1997;

Verschuur and Berkhout, 2001; Kelamis et al., 2006; Luo et al., 2007). Compared

to other methods, the ISS internal multiple attenuation algorithm does not require

any subsurface information or user-provided a prior knowledge (Weglein et al., 2011;

Luo et al., 2011). The ISS method can predict internal multiples generated at all

depths at once. Therefore, the ISS internal multiple method is chosen to predict

internal multiples in the thin-layer model we have studied earlier, since in the previous

section it is concluded that in thin-layer models internal multiples are generated
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by many reflectors and it is difficult to identify the internal multiple generators.

The introduction of the ISS internal multiple attenuation method can be found in

Section 2.2.

In this section, I will use the reflectivity method in Appendix B to generate 1D

synthetic traces as input data. By modifying the modeling method in Appendix B,

I have developed methods for modeling internal multiples only (all orders) in Ap-

pendix C and first-order internal multiples in Appendix D. Synthetic traces are input

into the ISS internal multiple attenuation method to predict internal multiples, and

the predicted multiples are compared with the actual multiples modeled by the re-

flectivity method. I first investigate the prediction of first-order internal multiples

using the ISS method, and then discuss the prediction of all internal multiples.

3.3.2 Prediction of first-order internal multiples

In this section I will focus on evaluating the performance of the ISS method for

predicting first-order internal multiples by comparing the prediction result with the

forward modeling result. From Chapter 2, we know that the ISS internal multiple

leading-order attenuator only predict first-order internal multiples if only primaries

are input into the algorithm. Therefore, in this section I only input primaries into the

ISS internal multiple algorithm in order to predict only first-order internal multiples.

Since the ISS leading-order attenuator requires nonlinear combination of input data

(three sets of input data are involved, as shown in equation 2.4), the predicted

internal multiples contain three convolved source signatures when the data generated
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Figure 3.11: A velocity model derived from a sonic log.

by a non-spike source is directly input into the ISS method without source signature

deconvolution. Therefore, I will artificially include three convolved source signature

in the modeling process when to compare the predicted internal multiples with the

modeling result. In other cases where only modeling results are shown, only one

source signature is included in the forward modeling.

The reflectivity method discussed earlier is employed to model synthetic traces

for a complex velocity model. The velocity model is derived from a sonic log and

is shown in Figure 3.11. Primaries and first-order internal multiples are modeled,

respectively. The following set of parameters is used by the reflectivity modeling

method in the first example: sample interval in time dt=0.004 s, number of samples in

time nt=500, sample interval in space dz=5 m, number of samples in space nz=200,

and peak frequency of Ricker wavelet fp=20 Hz. Figure 3.12 shows the comparison of

the first-order internal multiples modeled by the reflectivity method (red) and those

predicted by the ISS method (blue). In this example, the modeled result contains

all first-order internal multiples, and the ISS method takes the trace containing
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only primaries as input and predicts only first-order internal multiples. From the

result, it appears as though that the ISS method failed to predict the first-order

internal multiples. However, note that the velocity model studied here (Figure 3.11)

is composed of many thin layers (200 layers, each 5m thick), and the velocity tends

to alternate between high values and low values which implies the cyclic polarity

change of the interface reflectivity (i.e., the sign change of the reflection coefficient).

In many cases, fine stratification cannot be resolved by the seismic frequency band

(Spence et al., 1977). And in the cyclic system, there are many very-short-delay

multiple reflections (sub-resolution internal multiple) generated by the non-resolvable

reflectors, as shown in Figure 3.13. The time difference between primaries and these

sub-resolution multiples are so small that the sub-resolution multiple overlay the

primaries (Banik et al., 1985), as shown in Figure 3.14. Those sub-resolution internal

multiples cannot be predicted by the ISS internal multiple attenuation method due to

the fact that the ISS leading-order attenuator requires being able to resolve the ‘lower-

higher-lower’ relationship of the subevents in the pseudo-depth domain. For example,

Figure 3.15 shows a first-order internal multiple SCDER and its subevents, SCDB,

ADB, and ADER, in the pseudo-depth domain. The ISS leading-order attenuator

(See equation 2.2) requires that z2 ≥ z1 + ε and z3 ≥ z1 + ε, where the parameter

ε > 0 and is determined by the width of the source signature. If in the pseudo-depth

domain the thickness of the thin bed (z2−z1) is smaller than the width of the source

signature, the combination of the three subevents (SCDB, ADB, and ADER) will

not be included by the ISS leading-order attenuator. Therefore, the very-short-delay

internal multiple SCDER cannot be predicted by the ISS leading-order attenuator.
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Figure 3.12: The first-order internal multiples modeled (the thickness of thin-beds
dz=5 m and Ricker wavelet peak frequency fp=20 Hz) by the reflec-
tivity method (red) and those predicted by the ISS method (blue). The
modeled result includes all first-order internal multiples, and the ISS
internal-multiple-prediction method takes only primaries as input.

Figure 3.13: An illustration of three very-short-delay multiple reflections (A, B,
and C) and a primary reflection (D) for thin layers.
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Figure 3.14: An example of a primary and a sub-resolution internal multiple.

Figure 3.15: A first-order internal multiple SCDER and its subevents, SCDB,
ADB, and ADER.
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Next I will show examples to illustrate whether reflectors are resolvable is related

to the bandwidth of the data. I will show that by taking the resolvable thin layers

and applying a low pass filter to the data, the thin layers become non-resolvable

and sub-resolution internal multiples come out. The following set of parameter is

used to model the synthetic traces: sample interval in time dt=0.003 s, number of

samples in time nt=1500, sample interval in space dz=8 m, number of samples in

space nz=200, and peak frequency of Ricker wavelet fp=50 Hz. Figure 3.16 shows

the comparison of first-order internal multiples modeled by the reflectivity method

(red) and the ones predicted by the ISS method (blue). The result shows that the

blue and red lines match pretty well and the ISS internal multiple method is able to

predict all first-order internal multiples in this example.

Then I apply a cosine taper to taper the high frequencies of the source signature

in the above example (Ricker wavelet with peak frequency fp=50 Hz) and generate

primaries and first-order internal multiples using the new source signature whose

high frequencies are tapered. Figure 3.17(a) shows the original source signature

and Figure 3.17(b) shows its amplitude spectrum; Figure 3.17(c) shows the source

signature after high frequencies being tapered and Figure 3.17(d) shows the spectrum

of the tapered source signature. The previous experiment is repeated using the new

datasets. Figure 3.18 shows the comparison of first-order internal multiples modeled

using the tapered source signature (red) and the ones predicted by the ISS method

(blue). The result shows that the predicted first-order internal multiples do not

match the actual ones in the data, and this is due to the existence of the very-short-

delay (sub-resolution) internal multiples.
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The behavior and the significance of the very-short-delay multiple reflections have

been studied by Anstey (1971) and O’Doherty and Anstey (1971). It is concluded

that such very-short-delay multiple reflections (sub-resolution internal multiples) are

indistinguishable from the primary reflections and should be treated as part of “ef-

fective primaries” (Trorey, 1962). This suggests us that in such a thin-layer model

an observed “primary” consists of a classical primary reflection, which reflected only

once in the subsurface, and a set of associated multiple reflections (Foster and Yin,

1995; Resnick et al., 1986). On the basis of the above discussion, I modify the re-

flectivity modeling method by introducing a parameter εz into the modeling process

(Appendix E). Such forward modeling of internal multiples with parameter εz ex-

cludes the multiple reflections within a short time interval (I choose the time interval

to be one period of the source signature) after the primary reflections, i.e., exclude

the very-short-delay multiple reflections. Trorey (1962) presented another approach

to choose the appropriate group of multiples to add in with the primaries and also

pointed out that the choice was largely a matter of experience.

Next, I apply the modified forward modeling with the parameter εz to the example

in Figure 3.18. Figure 3.19 shows the comparison of the classical primaries and the

the very-short-delay multiples. It is shown that the very-short-delay multiples are

very similar to the classical primaries except the amplitude difference and a very

short time delay. Figure 3.20 shows the comparison of the classical primaries and

the result of classical primaries plus the very-short-delay multiples. The result shows

the by adding the very-short-delay multiples to the classical primaries, the classical

primaries are enhanced. Figure 3.21 shows the comparison of the first-order internal
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Figure 3.16: An example of resolvable reflectors: first-order internal multiples mod-
eled (the thickness of thin-beds dz=8 m and Ricker wavelet peak fre-
quency fp=50 Hz) by the reflectivity method (red) and the ones pre-
dicted by the ISS method (blue).

multiple predicted by the modified modeling method in Appendix E and the ones

predicted by the ISS method. In Figure 3.21 the blue line shows the first-order

internal multiples predicted by the ISS method by taking only primaries as input,

and it is the same as the blue line in Figure 3.18. The red line in Figure 3.21 shows

first-order internal multiples modeled by the reflectivity method with the parameter

εz, the difference between the red lines in Figures 3.18 and 3.21 is that the very-short-

delay multiples are included in Figure 3.18 and excluded in Figure 3.21. The results

shows that the ISS method can predict the first-order internal multiples whose travel

times are distinguishable from primary reflections.

Then I apply the same procedure to the example in Figure 3.12. Figure 3.22

shows the comparison between the modeled classical primaries (blue) and the classical

primary plus the very-short-delay first-order multiple reflections (red). It shows that
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Figure 3.17: (a) Original source signature (Ricker wavelet with fp=50 Hz); (b)
Amplitude spectrum of (a); (c) Source signature with high frequencies
tapered; (d) Amplitude spectrum of (c).
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Figure 3.18: An example of nonresolvable reflectors: first-order internal multiples
modeled by the reflectivity method (red) and the ones predicted by the
ISS method.
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Figure 3.19: Comparison of modeled classical primaries (blue) and modeled very-
short-delay first-order internal multiples.
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Figure 3.20: Comparison of modeled classical primaries (blue) and and the result of
modeled classical primaries plus modeled very-short-delay first-order
internal multiples.
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Figure 3.21: First-order internal multiples modeled by the reflectivity method with
the parameter εz (red) and those predicted by the ISS method (blue).
The modeled first-order internal multiples exclude the very-short-delay
multiples shown in Figure 3.13, and the ISS internal multiple predic-
tion result is the same as in Figure 3.18.

the very-short-delay first-order multiple reflections reinforce the primary reflections

and it also confirms that these multiple reflections should be considered as part of

effective primaries. Using the forwarding modeling method with parameter εz, the

modeled first-order internal multiples excluding the very short-delay ones are shown

in red in Figure 3.23, whereas the first-order internal multiples predicted by the ISS

method are again shown in blue in Figure 3.23 (and are the same as the blue in

Figure 3.12). From this figure we can see that the two results match fairly well.

By taking the primaries-only trace as input, the ISS internal multiple method can

predict the distinguishable first-order internal multiples.
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Figure 3.22: Modeled classical primaries (blue) and the modeled classical primaries
plus the very-short-delay first-order multiple reflections (red).
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Figure 3.23: The first-order internal multiples generated by the reflectivity modeling
method with the parameter εz (red) and those predicted by the ISS
method (blue). The modeled first-order internal multiples exclude the
very-short-delay multiples, and the ISS internal multiple prediction
result is the same as that in Figure 3.12.

87



Internal multiples in thin layers

3.3.3 Prediction of full internal multiples

In this section, I will focus on the modeling and prediction of internal multiples of all

orders (including the first-order and higher-order internal multiples). I first study the

effect of higher-order internal multiples from the point of view of forward modeling.

Figure 3.24 shows the total internal multiples (blue), first-order internal multiples

(red), and first-order plus second-order internal multiples (green), all of which are

generated by the reflectivity modeling method. The first-order internal multiples (red

in 8a) match the total internal multiples (blue) well, prior to time 1000 ms; adding

the second-order internal multiples to the first-order internal multiples improves their

match with the total internal multiples before time 1400 ms. After a longer time

(after 1400 ms) there is still a mismatch between the total internal multiples and

the first-order plus second-order internal multiples. The above results imply that

higher-order internal multiples are nonnegligible if the longer time period is also of

interest for us.

In the previous section it is confirmed that the distinguishable first-order internal

multiples can be predicted by the ISS method by taking the primaries-only trace as

input. However, there is no primaries-only trace in practice. In this section I will

input the full trace (including all primary and multiple reflections) to the ISS method

and investigate the prediction result.

Based on the experience in the previous section, I employ the reflectivity modeling

method with parameter εz to generate the distinguishable total internal multiples,

which are shown in red in Figure 3.25. The total internal multiples predicted by the
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Figure 3.24: The total internal multiples (blue), first-order internal multiples (red),
and first-order plus second-order internal multiples (green), all of
which are generated by the reflectivity modeling method.

ISS method are shown in blue in Figure 3.25, where the ISS method takes the full

trace (including the effective primaries) as input. The result shown in Figure 3.25

indicates that the distinguishable total internal multiples can be predicted by the

ISS method by taking the full trace as input.

3.4 Summary

In this chapter, I have presented a new method for generating a reflector spectrum,

which relates seismic arrivals or events to the reflectors from which they originated

(Liang et al., 2012). I also proposed a shallow-reflector spectrum, which relates seis-

mic arrivals only to the shallowest corresponding reflector. Applying the method of

reflector spectrum to a thin-layer velocity model, our study confirms that internal
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Figure 3.25: The total internal multiples generated by the reflectivity modeling
method with εz (red) and those predicted by the ISS method (blue).
The reflectivity modeling method with εz excludes the very-short-delay
multiples, and the ISS internal-multiple-prediction method takes the
full trace (including all primary and multiple reflections) as input.

multiples originate from many reflectors in thin-layer models. Thus, internal mul-

tiples in such complex media cannot be eliminated by removing the effect of any

single reflector or even a few major reflectors; internal multiple removal methods

which assume a few major generators may be challenged. The reflector spectrum

can help interpreters relate seismic events to their generators, and also can provide

developers with an insight into the fundamental physics of multiple generation.

Then I applied the ISS internal multiple attenuation method to a thin-layer

model. The prediction results were compared with the actual internal multiples

in the input data (modeled by the reflectivity method). It was found that not all the

internal multiples can be predicted by the ISS method. The very-short-delay (sub-

resolution) internal multiples cannot be predicted by the ISS method since the ISS
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leading-order attenuator requires being able to resolve the ‘lower-higher-lower’ rela-

tionship of subevents in the pseudo depth domain. Further investigation indicates

that the sub-resolution internal multiples are indistinguishable from the classical pri-

maries and are treated as part of effective primaries. Taking the effective primaries

as the wanted signals, the rest of the internal multiples become distinguishable from

actual primaries, and the ISS internal multiple attenuation algorithm can predict

internal multiples generated by resolvable reflectors.
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4. Model-type dependency for IDS depth

imaging and parameter estimation

4.1 Introduction

The objective of seismic processing is to determine the structure and the properties of

the subsurface from the recorded wavefield. Inverting for medium properties requires

specifying the medium parameters to be identified. The choice of the type and

number of the medium parameters defines an earth model type (e.g., acoustic, elastic,

isotropic, anisotropic) (Weglein et al., 2003). For example, a two-parameter isotropic

acoustic medium is described by the P-wave velocity and density, and an isotropic

elastic medium is characterized by P-wave velocity, S-wave velocity and density.

Choosing medium parameters depends on: (1) one’s processing goal and (2) the

algorithm to achieve that goal. For instance, regarding the goal of depth imaging,

conventional imaging algorithms need both the measured arrival time and estimated

velocity to locate reflectors, whereas, the ISS imaging algorithms take advantage of

both the measured time and amplitude information without knowing the velocity.

The inverse scattering series has the potential to perform all tasks associated

with inversion without knowing the subsurface information (Weglein et al., 2003). As

introduced in Section 1.2, the order of the tasks performed using the inverse scattering
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series is: (1) free-surface multiple removal, (2) internal multiple removal, (3) depth

imaging, and (4) parameter estimation. The ISS free-surface and internal multiple

algorithms are model-type independent, i.e., the algorithms for achieving these two

tasks are precisely the same for a large class of earth model types. For depth imaging

of primaries, the current ISS depth imaging algorithms without velocity depends on

the model-type assumption. Different ISS imaging algorithms have been developed

for different model types, and a model-type independent ISS depth imaging algorithm

is not yet developed. Parameter estimation algorithms will always be model-type

dependent since we need to determine which parameters to invert prior to identify

the medium properties, and the number and type of medium parameters we choose

define the model type.

In both current conventional seismic processing and the new platform ISS imag-

ing and parameter estimation methods, there are significant implications for having

a mismatch between the model type that generates the data and the model type

assumed in the processing algorithms. In a context where the choice of model type

is of fundamental importance, it is reasonable to first ask how the adequacy of such

choice could be assessed. From our point of view, a model is adequate if a less

complicated model would decrease its drilling success and a more complicated model

would not improve the efficacy of drilling. In this chapter, I will use the minimally

realistic earth model, the isotropic elastic model, to achieve the processing goals.

In this chapter, I specifically investigate the match and mismatch between the

model type that generates the data and the model type assumed in the processing al-

gorithms for ISS imaging and parameter estimation. Section 4.2 and Section 4.3 give
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the background for the multi-parameter direct linear inversion and conjectured imag-

ing algorithms based on the ISS, respectively. Section 4.4 examines the consequence

of mismatch between the model type that generates the data and the model type

assumed in the ISS multi-parameter parameter estimation and conjectured imaging

algorithms. Numerical tests using analytic elastic data are also presented. The nu-

merical tests confirm that it is important to match the model type assumed in the ISS

imaging and inversion methods to the one that generates the data. In Section 4.5,

I evaluate the applicability domain of ISS acoustic imaging for an elastic medium,

in order to investigate the value of the two-parameter (velocity and density varying)

acoustic ISS imaging algorithm below the water bottom. Based on numerical tests

and analysis, it is found that if both shear modulus variation and density variation

are small enough compared to the P-wave velocity variation, or if the shear wave

velocity is small enough compared to the P-wave velocity, the elastic data would

be acoustic like, and the ISS acoustic imaging could give reasonable results for the

elastic medium. Under this circumstance, the model type assumed in the process-

ing algorithm matches the model type that generates the data in an approximate

manner.

4.2 Direct linear inversion of a 1D multi-parameter

medium

In this section, I will review the linear estimation of medium parameters using ISS

for 1-D acoustic and elastic media following Zhang (2006). It is assumed that the
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acoustic medium varies in two parameters (velocity and density), whereas, the elastic

medium varies in three parameters (P-wave velocity, S-wave velocity, and density).

4.2.1 Two-parameter acoustic linear inversion

We first consider the 3D acoustic wave equations for the actual and reference medium

(Clayton and Stolt, 1981; Weglein et al., 1997), respectively,[
ω2

K(r)
+5 · 1

ρ(r)
5

]
G(r, rs; ω) = δ(r− rs), (4.1)

[
ω2

K0(r)
+5 · 1

ρ0(r)
5

]
G0(r, rs; ω) = δ(r− rs), (4.2)

where G(r, rs; ω) and G0(r, rs; ω) are the causal Green’s functions in the actual and

reference mediums, respectively; K = c2ρ represents P-wave bulk modulus, c is P-

wave speed, and ρ is density. The quantities with subscript “0” represents parameters

in the reference medium, and the ones without the subscript are for the actual

medium.

The perturbation operator is defined as:

V = L0 − L =
ω2α

K0

+5 · β

ρ0

5, (4.3)

where α = 1 − K
K0

is the relative change in bulk modulus, and β = 1 − ρ
ρ0

is the

relative change in density.

For the 1-D case, both α and β are functions of only z. Hence, the perturbation

V becomes:

V (z,5) =
ω2α(z)

K0

+
1

ρ0

β(z)
∂2

∂x2
+

1

ρ0

∂

∂z
β(z)

∂

∂z
. (4.4)
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V (z,5), α(z) and β(z) can be expanded in orders of the data,

V (z,5) = V1(z,5) + V2(z,5) + V3(z,5) + · · · , (4.5)

α(z) = α1(z) + α2(z) + α3(z) + · · · , (4.6)

β(z) = β1(z) + β2(z) + β3(z) + · · · . (4.7)

Then the linear term in V is:

V1(z,5) =
ω2α1(z)

K0

+
1

ρ0

β1(z)
∂2

∂x2
+

1

ρ0

∂

∂z
β1(z)

∂

∂z
. (4.8)

Substituting Equation 4.8 into equation 1.12 (see Appendix A in Zhang (2006)),

we can obtain the linear solution for α1 and β1 in the frequency domain:

D̃(qg, θ, zg, zs) = −ρ0

4
e−iqg(zs+zg)

[
1

cos2 θ
α̃1(−2qg) + (1− tan2 θ)β̃1(−2qg)

]
, (4.9)

where the subscripts “s” and “g” represent the quantities for source and receiver,

respectively, θ is the incidence angle, qg is the receiver vertical wave number, and

qg = ω
c

cos θ.

By Fourier transforming equation 4.9 over 2qg and then choosing two different

angles, α1 and β1 can be solved for. More details about the choice of the two angles

can be found in (Li, 2011, p. 54). The linear estimation of the relative change in

P-wave velocity is (Zhang, 2006):(
4c

c

)
1

=
1

2
(α1 − β1). (4.10)
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4.2.2 Three-parameter elastic linear inversion

In this section we consider the linear estimation of parameters for a 1-D elastic

medium. In the PS domain (Weglein et al., 1997), the perturbation is given by V̂ =(
V̂ PP V̂ PS

V̂ SP V̂ SS

)
, the Green’s operator by Ĝ0 =

(
ĜP

0 0

0 ĜS
0

)
, and data by D̂ =

(
D̂PP D̂PS

D̂SP D̂SS

)
.

Three parameters are chosen to be inverted: aρ = ρ
ρ0
−1 , aγ = γ

γ0
−1 and aµ = µ

µ0
−1,

where:

ρ = density,

γ = bulk modulus ρv2
p (where vp = P-wave velocity),

µ = shear modulus ρv2
s (where vs = S-wave velocity).

We consider only PP data in this chapter. Assuming that the depths of source

and receiver are zero, we can get the equation relating the linear components of

the three elastic parameters and DPP in the frequency domain (Zhang and Weglein,

2006a):

D̃PP (νg, θ) =− 1

4
(1− tan2 θ)ã(1)

ρ (−2νg)−
1

4
(1 + tan2 θ)ã(1)

γ (−2νg)

+
2β2

0

α2
0

sin2 θã(1)
µ (−2νg), (4.11)

where the superscript “(1)” in the quantities represents the linear estimation, θ is

the incident angle and νg is the vertical wave number for the receiver, νg = ω
α0

cos θ.

Similarly to the acoustic case, by Fourier transforming equation 4.11 over 2νg

and choosing three different angles, a
(1)
ρ , a

(1)
γ , and a

(1)
µ can be solved for. The linear
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estimation of the relative change in P-wave velocity is (Zhang, 2006):(
4c

c

)
1

=
1

2
(a(1)

γ − a(1)
ρ ). (4.12)

4.3 Conjectured multi-parameter ISS depth imag-

ing algorithm

For locating structures using the ISS, there are different imaging subseries with

different degrees of capability, which are all captured from the overall inverse scat-

tering series. The procedure begins with the assumption that the earth model to

be imaged is acoustic and has only velocity variation. The leading-order imaging

subseries (LOIS) was proposed and developed by Weglein et al. (2000) and Shaw

et al. (2002). A higher-order imaging subseries (HOIS) was identified and tested

by Liu et al. (2004), Liu et al. (2005), and Liu (2006). Wang et al. (2010) de-

rived the HOIS closed form from the ISS. The single-parameter ISS LOIS and HOIS

imaging algorithms can achieve the imaging objective to a certain degree. However,

these algorithms would fail if the medium has significant density variations. Then a

multi-parameter imaging ‘conjecture’ proposed by Weglein (private communication,

2008) can be used accommodate a multi-parameter acoustic earth. The leading-order

closed-form imaging conjecture was validated by Jiang and Weglein (2008) and an

extended higher-order closed-form was tested in Li et al. (2009) and Jiang and We-

glein (2009). This imaging conjecture has also been extended to accommodate the

1-D three-parameter elastic earth model with P-wave velocity, S-wave velocity, and
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density all varying (Jiang and Weglein, 2009).

Next I will review different depth imaging algorithms derived from the ISS. First

consider a prestack example in a 1-D medium with only velocity variation. In the

LOIS imaging algorithm, the first three terms, which are isolated from the ISS and

are identified as imaging-only terms (Shaw et al., 2003), are:

α1(z, θ0),

−1

2

1

cos2(θ0)

∂α1(z, θ0)

∂z

∫ z

−∞
α1(z

′, θ0)dz′,

1

8

1

cos4(θ0)

∂2α1(z, θ0)

∂z2

[ ∫ z

−∞
α1(z

′, θ0)dz′
]2

,

where θ0 is the incident angle, and α1 is the linear estimate of velocity change. By

collecting all of the leading-order imaging-only terms and recognizing the specific

pattern of the subseries, Shaw et al. (2003) identified the close form of the LOIS

αLOIS(z, θ0) = α1(z, θ0)−
1

2

1

cos2(θ0)

∂α1(z, θ0)

∂z

∫ z

−∞
α1(z

′, θ0)dz′

+
1

8

1

cos4(θ0)

∂2α1(z, θ0)

∂z2

[ ∫ z

−∞
α1(z

′, θ0)dz′
]2

− · · ·

=
∞∑

n=0

(−1/2)n

n!cos2n(θ0)

∂nα1(z, θ0)

∂zn

[ ∫ z

−∞
α1(z

′, θ0)dz′
]n

= α1

(
z − 1

2cos2θ0

∫ z

−∞
α1(z

′, θ0)dz′, θ0

)
. (4.13)

The ISS imaging subseries addresses depth imaging in a circumstantial nonlinear

way (Weglein et al., 2009a): if an accurate velocity model is given, the ISS depth

imaging is a linear problem; otherwise, the ISS would process depth imaging nonlin-

early in terms of the data and without knowing the velocity. The first term in LOIS

in equation 4.13, α1(z, θ0), is the linear imaging result migrated using the reference
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velocity. The first nonlinear term (−1
2

1
cos2(θ0)

∂α1(z)
∂z

∫ z

−∞ α1(z
′, θ0)dz′) in the subseries

decides from the data if there is a issue (if the reference velocity equal the actual

velocity) before it acts. If so, it will light up and indicate that the higher-order

terms should go into action; otherwise, it will shut down immediately and signal to

the higher-order terms that there’s nothing for them to do with the data. This is

one of the intriguing properties that the inverse scattering series possesses.

The LOIS imaging algorithm is extended to the HOIS imaging algorithm (Liu,

2006) as follows:

αHOIS(z +
1

2

∫ z

−∞

α1(z
′)

cos2 θ − 0.25α1(z′)
dz′, θ) = α1(z, θ). (4.14)

With the above background, Jiang and Weglein (2008) investigated the first non-

linear term (Zhang and Weglein, 2005) in the imaging subseries for the 1-D two-

parameter acoustic medium:

−1

2

1

cos2 θ
(

1

cos2 θ
α
′

1(z) + (1− tan2 θ)β
′

1(z))

∫ z

−∞
[α1(z

′)− β1(z
′)]dz′.

The integral of α1(z) − β1(z), which only takes care of the velocity change, will

shut down if there is no velocity change in the medium. This means that there is

no imaging task needed if the actual velocity is exactly the reference velocity. If

and only if the reference velocity is different with the actual velocity, this term and

the higher-order terms will be turned on to move the reflector towards the correct

location nonlinearly in terms of the data and without knowing the velocity.

By comparing and analyzing the first and second nonlinear imaging-only terms

of the inverse scattering series for one-parameter and two-parameter acoustic case,
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Jiang and Weglein (2008) identified the LOIS form and its closed form for the

two-parameter acoustic medium. Jiang and Weglein (2009) extended the LOIS

closed form to the HOIS closed form for a laterally invariant two-parameter acoustic

medium:

DHOIS(z +
1

2

∫ ∞

−∞

α1(z
′)− β1(z

′)

cos2 θ − 0.25(α1(z′)− β1(z′))
dz′, θ) = D(z, θ), (4.15)

where D(z, θ) = 1
cos2 θ

α1(z)+(1−tan2 θ)β1(z) is a composite dataset (Li, 2011, P. 50)

related to the data (see Equation 4.9) after a constant velocity migration, D(z, θ).

For comparison, the first nonlinear imaging-only term for the 1-D three-parameter

elastic medium is

−1

2

1

cos2 θ

[
1

cos2 θ
a(1)′

γ (z) + (1− tan2 θ)a(1)′

ρ (z)− 8
β2

0

α2
0

tan2 θa(1)′

ν (z)

]
×

∫ z

−∞
[a(1)

γ (z′)− a(1)
ρ (z′)]dz′.

The logic and philosophy in the elastic case is similar as in the acoustic case. The

integral of (a
(1)
γ (z) − a

(1)
ρ (z)), which only takes care of the P-wave velocity changes,

will be zero if only density changes in the medium. Similarly, substituting α1 with

a
(1)
γ −a

(1)
ρ in equation 4.14 can obtain the imaging conjecture for 1-D three-parameter

elastic medium:

DHOIS(z +
1

2

∫ ∞

−∞

a
(1)
γ (z′)− a

(1)
ρ (z′)

cos2 θ − 0.25(a
(1)
γ (z′)− a

(1)
ρ (z′))

dz′, θ) = DPP (z, θ), (4.16)

where DPP (z, θ) = 1
cos2 θ

a
(1)′
γ (z) + (1 − tan2 θ)a

(1)′
ρ (z) − 8

β2
0

α2
0
tan2 θa

(1)′
ν (z), which is

related to the data (see equation 4.11) after a constant velocity migration, DPP (z, θ).

The imaging conjecture has a multi-parameter front end, which is α1 − β1 in

the acoustic case and a
(1)
γ − a

(1)
ρ in the elastic case. They are prepared by inverting
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the linear equation of inverse scattering series (equation 4.9 in an acoustic medium

and equation 4.11 in an elastic medium), respectively, and imaged as a composite

form by the corresponding imaging conjecture. The imaging front ends are linear

combinations of data and are able to exclude reflections due to density change only

(Li et al., 2009).

4.4 Initial tests for the impact of matching and

mismatching between the model type that gen-

erates the data and the model type assumed

in the ISS imaging and parameter estimation

algorithms

4.4.1 Numerical tests for acoustic and elastic linear inver-

sion

In this section, a 1-D two-layer elastic model to be tested is shown in Figure 4.1.

We consider only one primary reflected from the reflector and assume that all the

other seismic events (ghosts, free surface multiples, and internal multiples) have been

removed. The analytic data for a 1-D one-reflector example are as follows (Clayton
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and Stolt, 1981; Weglein et al., 1986):

D̃PP (νg, θ) = RPP (θ)
e2iνga

4πiνg

, (4.17)

where a is the depth of the reflector and RPP is the P-P reflection coefficient (Foster

et al., 1997), and the expression for RPP is given by equation F.1 in Appendix F.

After a Fourier transform over 2νg, we have:

DPP (z, θ) = RPP (θ)H(z − a). (4.18)

Figure 4.1: A figure of a 1-D two-layer elastic model with both P-wave and S-wave
velocity change as well as density variation.

Next the same elastic data in equation 4.17 will be tested using acoustic linear

inversion (equation 4.9) and elastic linear inversion (equation 4.11), respectively. We

first treat the data as though they are acoustic and use the acoustic inversion to

obtain the linear estimation of P-wave velocity change (4c
c

)1 = 1
2
(α1 − β1) from the

elastic data. Then the elastic linear inversion algorithm is implemented and the linear

estimation of P-wave velocity change (4c
c

)1 = 1
2
(a

(1)
γ − a

(1)
ρ ) is obtained. Next three
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examples will be given and the numerical results for the two cases will be compared.
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Figure 4.2: Linear inversion comparison 1: the left figures are the results of
two-parameter acoustic inversion, the right figures are results using
three-parameter elastic inversion, the lower figures are the contours
of the upper figures. The parameters for the data model are: ρ0=2.4
g/cm3, ρ1=2.8 g/cm3; vp0=2600 m/s , vp1=2800 m/s; vs0=1500 m/s,
vs1=1700 m/s, with an exact value of velocity change 0.071.

From Figure 4.2, we notice that when the real value of P-wave velocity change

is 0.071, the two-parameter acoustic linear inversion of velocity changes range from

-0.45 to -0.15; whereas, the elastic linear inversion result ranges from 0.060 to 0.074.

The elastic inversion result is much closer to the exact value. In Figure 4.3, when the

P-wave velocity decreases the result of elastic linear inversion is closer to the exact

value than the acoustic inversion. In Figure 4.4, when the change of the P-wave
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Figure 4.3: Linear inversion comparison 2: the left figures are the results of two-
parameter acoustic inversion, the right figures are results using three-
parameter elastic inversion, the lower figures are the contours of the
upper figures. The parameters for the data model are: ρ0=2.4 g/cm3,
ρ1=2.8 g/cm3; vp0=3000 m/s, vp1=2800 m/s; vs0=1500 m/s, vs1=1700
m/s, with an exact value of velocity change -0.071.

velocity is zero, the elastic inversion result is significantly close to zero and it is still

better than the acoustic inversion result.

4.4.2 Numerical tests for conjectured multi-parameter imag-

ing algorithms in both acoustic and elastic media

In this section, I will first test the acoustic and elastic multi-parameter imaging

conjectures using elastic analytic data generated in a three-layer elastic model shown
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Figure 4.4: Linear inversion comparison 3: the left figures are the results of two-
parameter acoustic inversion, the right figures are results using three-
parameter elastic inversion, the lower figures are the contours of the
upper figures. The parameters for the data model are: ρ0=2.4 g/cm3,
ρ1=2.8 g/cm3; vp0=3000 m/s, vp1=3000 m/s; vs0=1500 m/s, vs1=1500
m/s, with an exact value of velocity change is 0.0

in Figure 4.5. Only PP data are considered, and it is assumed that the data only

include two primaries reflected from the reflectors and all the other events (ghosts,

free surface multiples, and internal multiples) have been removed.

For this three-layer elastic model, the analytic data in the frequency domain can

be written as (Weglein et al., 1986):

D̃PP (νg, θ) = RPP
01 (θ)

e2iνga

4πiνg

+ R̂PP
12

e2iνga + e2iqg(b−a)

4πiνg

, (4.19)

where a and b are the exact depths of the two reflectors, νg = ω
vp0

cos θ and qg =
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Figure 4.5: A figure of a 1-D three-layer elastic model with both P-wave and S-wave
velocity change, as well as density variation.

ω
vp1

cos θ′ are vertical wave numbers for the P-wave in the first two layers, respectively;

and θ is the incident angle. RPP
01 and RPP

12 are the reflection coefficients at the first

and second reflectors, respectively. T PP
01 and T PP

10 are the corresponding transmission

coefficients, and R̂PP
12 = T PP

01 RPP
12 T PP

10 . The reflection and transmission coefficients

can be calculated by the Zoeppritz equations. Fourier transforming equation 4.19

over 2νg, we have:

DPP (z, θ) = RPP
01 (θ)H(z − a) + R̂PP

12 H(z − b′), (4.20)

which is the constant migration result using the velocity in the first layer as the

reference velocity (the constant migration is linear in data). Since the reference

velocity equals to the actual velocity above the first reflector, the first reflector is

located correctly by the constant velocity migration. The second reflector, however,

is located at a pseudo depth b′ by the constant velocity migration, and b′ is given by
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Figure 4.6: Imaging comparison 1 using elastic data: the left figure is the result
of constant velocity migration, the middle figure is acoustic imaging,
and the right figure is the result of elastic imaging. The depth of
the two reflectors are: a=50m and b=100m. The parameters for the
data model are: ρ0=2.1 g/cm3,ρ1=2.4 g/cm3, ρ2=2.7 g/cm3, vp0=3000
m/s, vp1=3000 m/s, vp2=3000 m/s, vs0=1500 m/s, vs1=1500 m/s, and
vs2=1500m/s.

the following equation

b′(θ) = a + (b− a)
qg

νg

= a + (b− a)

ω
vp1

cos θ′

ω
vp0

cos θ

= a + (b− a)
vp0

√
1− sin2 θ′

vp1

√
1− sin2 θ

= a + (b− a)
vp0

√
1− (pvp1)2

vp1

√
1− (pvp0)2

, (4.21)

where p = sin θ
vp0

= sin θ′

vp1
is the horizontal slowness.

The same elastic data after constant velocity migration (equation 4.20) are input
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Figure 4.7: Imaging comparison 2 using elastic data: the left figure is the result
of constant velocity migration, the middle figure is acoustic imaging,
and the right figure is the result of elastic imaging. The depth of
the two reflectors are: a=50m and b=100m. The parameters for the
data model are: ρ0=2.1 g/cm3,ρ1=2.3 g/cm3, ρ2=2.5 g/cm3, vp0=2700
m/s, vp1=3000 m/s, vp2=3500 m/s, vs0=1500 m/s, vs1=1800 m/s, and
vs2=2000 m/s.
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(c) Elastic imaging

Figure 4.8: Imaging comparison 1 using acoustic data: the left figure is the result
of constant velocity migration, the middle figure is acoustic imaging,
and the right figure is the result of elastic imaging. The depth of the
two reflectors are: a=50m and b=100m. The parameters for the data
model are: ρ0=2.1 g/cm3,ρ1=2.3 g/cm3, ρ2=2.5 g/cm3, vp0=3000 m/s,
vp1=3000 m/s, vp2=3000 m/s.
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Figure 4.9: Imaging comparison 2 using acoustic data: the left figure is the result
of constant velocity migration, the middle figure is acoustic imaging,
and the right figure is the result of elastic imaging. The depth of the
two reflectors are: a=50m and b=100m. The parameters for the data
model are: ρ0=2.1 g/cm3,ρ1=2.3 g/cm3, ρ2=2.5 g/cm3, vp0=2700 m/s,
vp1=3000 m/s, vp2=3500 m/s.
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into the ISS conjectured two-parameter acoustic imaging algorithm (equation 4.15)

and three-parameter elastic imaging algorithm (equation 4.16), respectively. The

comparison of constant velocity migration, acoustic imaging, and elastic imaging are

shown in Figures 4.6 and 4.7. In each figure, the first reflector is correctly located,

and the red line indicates the actual depth of the second reflector. In the data model

of Figure 4.6, both the P-wave velocity and S-wave velocity are constant and only

density varies, so the constant velocity migration locates reflectors correctly. From

the results, we see that the elastic imaging does nothing to the constant velocity mi-

gration result, whereas, the acoustic imaging moves the deeper reflector to the wrong

depth. In the data model of Figure 4.7, P-wave and S-wave velocities and density

all vary. Figure 4.7 shows that compared with the constant velocity migration, the

elastic imaging algorithm is better at locating the deeper reflectors, but the result of

the acoustic imaging algorithm is worse.

Next the ISS acoustic and elastic multi-parameter imaging conjectures are tested

using the acoustic data generated by a 1D three-reflector model. The expression of

the analytic data generated in a three-reflector acoustic model is similar to equa-

tion 4.19 except that the reflection and transmission coefficients are acoustic. Sim-

ilarly, The comparison of constant velocity migration, acoustic imaging, and elastic

imaging are shown in Figures 4.8 and 4.9. In the data model of Figure 4.8, only

density varies and P-wave velocity is constant. In the data model of Figure 4.9, den-

sity and P-wave are all varying, and P-wave velocity increases across the reflectors..

The results in Figures 4.8 and 4.9 show that the ISS elastic conjectured imaging

algorithm does not improve the imaging results for acoustic media compared to the
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ISS acoustic conjectured imaging algorithm.

4.5 Discussion of the impact of shear-waves on the

model-type assumption for ISS depth imag-

ing: how far below the water bottom might we

expect value for a velocity and density varying

acoustic ISS imaging algorithm?

For ISS depth imaging without velocity, the challenges that have to be addressed

are: the size of the velocity contrast, the duration of the contrast, and the number of

parameters and dimensions chosen to describe the medium (Wang et al., 2010). The

two-parameter acoustic imaging conjecture needs the combination of data at two

different incident angles (Jiang and Weglein, 2009), whereas the three-parameter

elastic imaging conjecture is more complicated and requires the data combination

at three different angles. The goal of the study in this section is to evaluate the

circumstances that ISS acoustic imaging conjecture is applicable for elastic medium.

The study may give a hint about when the acoustic imaging conjecture could be used

below the water bottom.

Since it is difficult to evaluate in theory the exact valid conditions under which

the ISS acoustic imaging conjecture would give reasonable results for the elastic

medium, we study the problem through a series of numerical tests. The three-layer
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elastic model shown in Figure 4.5 is used to generate the data. Again, I will only

consider two primaries reflected (only PP data are considered) from the reflectors and

assume all other events (ghosts, free surface multiples, and internal multiples) have

been removed. For this three-layer elastic model, the analytic data in the frequency

domain is given by equation 4.19, and the data after constant velocity migration is

given by equation 4.20.

Figure 4.10: Analytic data from a three-layer elastic model after constant velocity
migration.

Similar to the previous section, the same elastic data after constant velocity

migration, D(z, θ), are input into the ISS acoustic (equation 4.15) and elastic (equa-

tion 4.16) imaging conjectures, respectively. The elastic imaging conjecture would

allow P-wave velocity, S-wave velocity, and density to all vary; whereas the acous-

tic imaging conjecture would treat the data as though only P-wave velocity and

density varied. Taking the elastic imaging result as a reference, I will evaluate the
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Figure 4.11: Plane P-wave striking a planar interface between two elastic media.

applicability of acoustic imaging for elastic data under different conditions.

I will first focus on the analysis of the input data. The constant velocity migration

results in Figure 4.10 are input into the two algorithms. The first reflector is located

correctly by the constant velocity migration, since the reference velocity equals to the

actual velocity above the first reflector. Therefore, I will focus on locating the second

reflector using the acoustic and elastic imaging conjectures, respectively. Zhang et al.

(2007) show that the imaging conjecture only makes use of the information above

the reflector to locate that reflector. Thus, only the data above the second reflector,

RPP
01 (as shown in Figure 4.10), will be used by the imaging conjecture to locate the

second reflector, and RPP
01 is caused by the reflection across the first reflector. Next,

I will analyze the reflection and transmission across the first reflector in order to

investigate the locating results of the second reflector.

As shown in Figure 4.11, a plane P-wave striking a planar interface between two
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elastic media would give rise to four plane waves: transmitted P-wave, reflected P-

wave, transmitted S-wave and reflected S-wave. The amplitudes for the four plane

waves are: Tpp, Rpp, Tps, and Rps. In the analytic data the elastic reflection and

transmission coefficients are calculated using Zoeppritz equations (Sheriff and Gel-

dart, 1994). Following Keys (1989), we examine the two special conditions that would

cause the elastic reflection and transmission coefficients to reduce to the acoustic case.

The first case is when the density and shear modulus changes are zero the elastic

P-wave reflection and transmission coefficients would reduce to the corresponding

acoustic coefficients, and the S-wave reflection and transmission coefficients would

be zero (see Appendix F). Under this circumstance the data are actually acoustic.

This indicates that if the density and shear modulus changes are small the elastic

medium would act like an acoustic medium.
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Figure 4.12: Imaging results for small density change and zero shear modulus
changes. Left panel is constant velocity migration, middle panel is
acoustic imaging, right panel is elastic imaging, and the red line in-
dicates the correct depth of the second reflector. Parameters across
the first reflector are: aρ = 0.02,4vp/vp0 = 0.1, aµ=0, ρ0=1.0g/cm3,
vp0=1500m/s, vs0=800m/s.
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Figure 4.13: Comparison of elastic and acoustic reflection coefficients as a func-
tion of incident angle. Rpp represents the elastic reflection coefficient
across the first reflector in the data model of Figure 4.12. R repre-
sents the reflection coefficient for the acoustic medium which has the
same P-wave velocity and density.

In the data model of Figure 4.12 the density variation is small and the shear

modulus change is zero above the second reflector, so we speculate that the P-wave

reflection coefficient across the first reflector would be close to the acoustic reflection

coefficient. This is confirmed in Figure 4.13, which shows the elastic and acoustic

reflection coefficients are very close, especially at angles below 25 degrees.

Next I examine all the reflection and transmission coefficients across the first

reflector. Figure 4.14 shows the corresponding amplitudes for the four plane waves:

Tpp, Rpp, Tps, and Rps. The result shows that the amplitudes of the converted waves

(P-S reflected wave and P-S transmitted wave) are extremely small compared to the

primary waves (P-P reflected wave and P-P transmitted wave). The above results
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Figure 4.14: Amplitudes of scattered waves across the first reflector in the data
model of Figure 4.12. (a) Transmitted P-wave. (b) Reflected P-wave.
(c) Transmitted S-wave. (d) Reflected S-wave.

indicate data above the second reflector in the data model of Figure 4.12 is acoustic

like. This explains why the acoustic imaging can give reasonable results at locating

the deeper reflector for an elastic medium.

Then I examine the impact of shear-modulus variation on the imaging results

when the density variation is small. In Figures 4.15(a) and 4.15(b) the value and

the changes of density and P-wave velocity are all the same across the first reflector,

and the only difference is the shear modulus change. In Figure 4.15(a) the shear

modulus change is about half of the P-wave velocity change, and the acoustic imaging
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result is almost as good as the elastic imaging result; in Figure 4.15(b), the shear

modulus change is nearly equal to the P-wave velocity change, and the acoustic

imaging result is worse than the elastic imaging result. This confirms that, when

the density variation and shear modulus change are small compared to the P-wave

velocity change, the acoustic imaging conjecture could well locate the reflector in the

elastic medium.

The second case is when the shear-wave velocities are zero the medium is actually

acoustic. Under this circumstance, the elastic P-wave reflection and transmission co-

efficients would reduce to the corresponding acoustic coefficients, and the S-wave

reflection and transmission coefficients would be zero (see Appendix G). This indi-

cates if the shear-wave velocities in the elastic medium are small enough the data

generated in the elastic medium would be acoustic like.

Next we examine the impact of the shear-wave velocity on the imaging results

under different conditions.

First consider the case when the shear modulus variation is large. In Figure

4.16(a) and 4.16(b) the value and the changes of both density and P-wave velocity

across the first reflector, as well as the shear modulus variation, are all the same. The

only difference is the value of shear-wave velocities: in Figure 4.16(a), vs0 = 800m/s,

and vs1 = 830m/s; in Figure 4.16(b), vs0 = 400m/s, and vs1 = 415m/s. According

to the previous example, large shear-modulus variation in Figure 4.16a causes the

acoustic imaging to fail to locate the deeper reflector; whereas in Figure 4.16(b)

acoustic imaging well locates the reflectors in the elastic medium since small shear-

wave velocities make the elastic data acoustic like.
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Then consider the case when the density variation is large. Similar to the previous

example, in Figure 4.17(a) and 4.17(b) the only difference is the value of shear-wave

velocities: in figure 4.17(a), vs0 = 1600m/s, and vs1 = 1300m/s; in Figure 4.17(b),

vs0 = 400m/s, and vs1 = 325m/s. The acoustic imaging in Figure 4.17(a) fails to

image the elastic medium due to large density variation, whereas in Figure 4.17(b)

acoustic imaging well locates the reflectors in the elastic medium since small shear-

wave velocities make the elastic data acoustic like.

4.6 Summary

In this chapter, the consequences of using an inadequate model for the ISS imaging

and parameter estimation have been studied. I first reviewed the direct inversion

and multi-parameter imaging conjectures based on the ISS. Then analytic elastic

data generated by the 1-D three-parameter models are tested numerically using the

acoustic and elastic inversion and imaging algorithms. The imaging conjecture and

inversion algorithms for an acoustic medium treat the data as though only density

and P-wave velocity varied in the medium, whereas, the elastic algorithms allow the

P-wave velocity and S-wave velocity and density to all vary. The numerical results

show that when the processing algorithm’s model type is matched with the data

model, the ISS imaging and parameter estimation results are better than the case

when the two models are mismatched. Thus, for ISS imaging and inversion applica-

tion, it is important to match the processing’s model type to the model that generates

the data. What’s more, the issue studied in this chapter dose not exclusively exist in
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the ISS approaches; others might also benefit from our lessons of matching and mis-

matching. I also studied the applicability domain of ISS acoustic imaging conjecture

for elastic media. Based on the performed numerical tests I concluded that if both

the shear modulus variation and density variation are small enough compared to the

P-wave velocity variation, or if the shear-wave velocity is small enough compared to

the P-wave velocity, the elastic data would be acoustic like. Under these circum-

stances, the ISS acoustic imaging could give reasonable results for the elastic data.

Since the elastic parameters are coupled in the data, it is difficult to provide the

exact conditions that the acoustic imaging conjecture is applicable for elastic data.

However, the study could give a hint about how far below the water bottom we

might expect value for a velocity and density varying acoustic ISS imaging algorithm

by checking the data properties. The tests and conclusions in this chapter provides

a strong motivation to develop model-type independent imaging methods from the

inverse scattering series.
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Figure 4.15: Comparison of imaging results for different shear modulus changes
when density change is small. In both (a) and (b) left panel is con-
stant velocity migration, middle panel is acoustic imaging, right panel
is elastic imaging, and the red line indicates the correct depth of the
second reflector. Parameters across the first reflector in figures are
the same except shear modulus change: aρ = 0.02,4vp/vp0 = 0.1,
ρ0=1.0g/cm3, vp0=1500m/s, vs0=800m/s. (a) Case with small shear-
modulus change: aµ = 0.046, (b) Case with large shear-modulus
change: aµ = 0.098.
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Figure 4.16: Comparison of imaging results for different shear-wave velocities when
shear-modulus change is large. In both (a) and (b) left panel is con-
stant velocity migration, middle panel is acoustic imaging, right panel
is elastic imaging, and the red line indicates the correct depth of the
second reflector. Parameters across the first reflector in figures are
the same except shear-wave velocities: aρ = 0.02,4vp/vp0 = 0.1,
aµ = 0.098, ρ0=1.0g/cm3, vp0=1500m/s. (a) Case with large shear-
wave velocities: vs0=800m/s, and vs1=830m/s. (b) Case with small
shear-wave velocities: vs0=400m/s, and vs1=415m/s.
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Figure 4.17: Comparison of imaging results for different shear-wave velocities when
density change is large. In both (a) and (b) left panel is constant veloc-
ity migration, middle panel is acoustic imaging, right panel is elastic
imaging, and the red line indicates the correct depth of the second re-
flector. Parameters across the first reflector in figures are the same
except shear-wave velocities: aρ = 0.6,4vp/vp0 = 0.1, aµ = 0.056,
ρ0=1.0g/cm3, vp0=3000m/s. (a) Case with large shear-wave veloc-
ities: vs0=1600m/s, and vs1=1300m/s. (b) Case with small shear-
wave velocities: vs0=400m/s, and vs1=325m/s.
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5. Summary

This dissertation investigates several outstanding issues that arrive in a different

set of inverse scattering bursaries, including the ISS internal multiple attenuation,

depth imaging, and parameter estimation subseries.

The first project extends the capability of the current leading-order ISS internal

multiples attenuation algorithm by addressing the issues of spurious event. It is

shown that this shortcoming of the leading-order attenuator of first-order internal

multiples is anticipated and addressed by later, higher-order terms in the ISS. Adding

the higher-order terms to the current algorithm provides a more capable ISS internal

multiple attenuation algorithm. The extended algorithm retains the benefit of the

original algorithm for predicting internal multiples and now can accommodate both

primaries and internal multiples in the data. In addition, the impact of source

wavelet on the current leading-order ISS internal multiple attenuation algorithm

and its higher-order modification is examined. By including the source-signature

deconvolution in the ISS internal multiple algorithm, both the shape and amplitude

of the prediction are improved.

The second project focuses on the generation and prediction of internal multiples

in a thin-layer model. Based on the reflectivity forward modeling, a new method is

presented for generating a reflector spectrum, which relates seismic arrivals or events

to their originating reflectors. This new concept provides insight into fundamental
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physics about how internal multiples are generated in a thin-layer model, and shows

that internal multiples are generated by many reflectors instead of a few major

ones. The ISS internal multiple attenuation algorithm predicts internal multiples

for all horizons at once without interpretive intervention of determining multiple

generators. When applying the ISS internal multiple attenuation algorithm to predict

internal multiples in thin layers, it is found that not all of the internal multiples

can be predicted by the ISS method. Further investigation indicates that the non-

predicted internal multiples are indistinguishable from the primary reflections, and

they are treated as part of effective primaries. Considering the effective primaries as

the wanted signals, the rest of the internal multiples becomes distinguishable from

primaries and can be predicted by the ISS internal multiple attenuation algorithm.

The third project discusses the model-type dependency of the ISS depth imaging

and parameter-estimation algorithms. In comparison with the ISS free-surface and

internal multiples algorithms that are both model-type independent, the current ISS

depth imaging and the parameter estimation algorithms depend on the model-type

assumption. The consequences of using an inadequate model for the ISS imaging and

parameter estimation have been studied using numerical results. The results show

that for ISS depth imaging and inversion applications, when the model type assumed

in the processing algorithm is less complicated than the model type that generates the

data, there are errors in the results. Model matching is important for the ISS depth

imaging and parameter estimation algorithms. The tests and conclusions provide a

caveat concerning the consequences of a model mismatch between the model type

that generates the data and the model type assumed in processing methods and
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motivate the need to develop model-type independent ISS imaging methods.
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A. Derivation of equation 2.8

We start from the following equation,

bPPI
5 (k) =

∫ ∞

−∞
dz1e

ikz1b1(z1)

∫ z1−ε

−∞
dz2e

−ikz2b1(z2)

∫ ∞

z2+ε

dz3e
ikz3b3(z3)

+

∫ ∞

−∞
dz1e

ikz1b3(z1)

∫ z1−ε

−∞
dz2e

−ikz2b1(z2)

∫ ∞

z2+ε

dz3e
ikz3b1(z3)

= I1 + I2. (A.1)

Then following (Kaplan et al., 2005, P. 91), we have the identity∫ ∞

−∞
f(z)

∫ z−ε

−∞
g(z′)dz′dz =

∫ ∞

−∞
f(z)

∫ ∞

−∞
H(z − ε− z′)g(z′)dz′dz

=

∫ ∞

−∞
f(z′)

∫ ∞

−∞
H(z′ − ε− z)g(z)dzdz′

=

∫ ∞

−∞
g(z)

∫ ∞

−∞
H(z′ − (z + ε))f(z′)dz′dz

=

∫ ∞

−∞
g(z)

∫ ∞

z+ε

f(z′)dzdz′. (A.2)

If we let

f(z1) = eikz1b1(z1), (A.3)

g(z2) = e−ikz2b1(z2)

∫ ∞

z2+ε

dz3e
ikz3b3(z3). (A.4)
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Then, by using equations A.2, A.3, and A.4 we can get

I1 =

∫ ∞

−∞
f(z1)

∫ z1−ε

−∞
g(z2)dz2dz1

=

∫ ∞

−∞
g(z1)

∫
z1+ε

f(z2)dz2dz1

=

∫ ∞

−∞
e−ikz1b1(z1)

∫ ∞

z1+ε

dz3e
ikz3b3(z3)

∫
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eikz2b1(z2)dz2dz1

=

∫ ∞

−∞
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∫ ∞
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eikz3b3(z3)

∫
z1+ε

eikz2b1(z2)dz2dz3dz1. (A.5)

Again, if we let

f(z1) = eikz1b3(z1) (A.6)

g(z2) = e−ikz2b1(z2)

∫ ∞

z2+ε

dz3e
ikz3b1(z3). (A.7)

Then, by using equations A.2, A.6, and A.7 we can get

I2 =

∫ ∞

−∞
f(z1)

∫ z1−ε

−∞
g(z2)dz2dz1

=

∫ ∞
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g(z1)
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f(z2)dz2dz1

=

∫ ∞

−∞
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∫ ∞
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dz3e
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∫
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=

∫ ∞
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dz2e
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=
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z1+ε

eikz2b1(z2)dz2dz3dz1. (A.8)

Comparing equations A.5 and A.8, we have

I1 = I2. (A.9)
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B. 1D normal-incidence reflectivity

modeling

I follow the reflectivity method (Kennett, 2003) to build the reflection response

for a stack of uniform layers. For a given velocity function v(zi) , the reflection

and transmission coefficients for both downgoing and upgoing waves due to velocity

contrasts of two adjacent layers are given by equations 3.1∼3.4 in Section 3.2.1. We

Figure B.1: An illustration of a sequence of transmission and reflection processes
through a uniform layer.

take the model in Figure B.1 as a simple example, where a uniform layer is bounded

by interfaces at z1 and z2. The reflection and transmission coefficients for the two

interfaces are rd(zi), td(zi), ru(zi), and tu(zi) (i =1, 2). The reflection coefficient just
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above z2 is equal to the interface coefficient and given by

RD(z−2 ) = rd(z2), (B.1)

where the minus superscript in z−2 indicates the depth above z2 for an infinitely small

distance, and RD(z−2 ) is the amplitude of the reflected upgoing wave at depth z−2 for a

downgoing wave with unit amplitude incident at depth z−2 . The reflectivity RD(z−2 )

can be extrapolated upwards to the depth just below the top interface

RD(z+
1 ) = EDRD(z−2 )EU

= EDrd(z2)EU , (B.2)

where the plus superscript in z+
1 indicates the depth below z1 for an infinitely small

distance; RD(z+
1 ) represents the reflectivity at depth z+

1 which does not include the

effect of the interface at z1 yet. The phase terms in transmission through the uniform

layer, EU and ED , depend on the frequency and velocity

EU = ED = eiω(z2−z1)/v(z2). (B.3)

Consider a normal incident downgoing wave with unit amplitude impinging on the

interface z1, as shown in Figure B.1. There will be a reflection from the interface at

z1 with amplitude rd(z1), accompanied by a transmission into the uniform layer with

amplitude td(z1). The transmitted wave will reach the interface at z2 with a phase

shift ED and then will be reflected back into the layer with amplitude td(z1)EDrd(z2).

The reflected upgoing wave will reach the interface at z1 with a further phase shift

EU . There is again a transmission and a reflection at the interface z1 . The whole

propagation process contains a sequence of transmissions and internal reflections.
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Figure B.2: An illustration of an N-layer velocity model.

Thus, as shown in Figure B.1, the amplitude of the cumulative upgoing waves just

above the interface at z1 is

RD(z−1 ) = rd(z1) + td(z1)EDrd(z2)EU tu(z1) +

td(z1)EDrd(z2)EUru(z1)EDrd(z2)EU tu(z1) +

td(z1)EDrd(z2)EUru(z1)EDrd(z2)EUru(z1)EDrd(z2)EU tu(z1) + · · · , (B.4)

where RD(z−1 ) represents the total reflectivity at depth z−1 which includes the effect

of interfaces at z1 and z2 and transmissions through the uniform layer. With the aid

of equations B.2 and B.1 we can rewrite equation B.4 as

RD(z−1 ) = rd(z1) + td(z1)RD(z+
1 )tu(z1) + td(z1)RD(z+

1 )ru(z1)RD(z+
1 )tu(z1) +

td(z1)RD(z+
1 )ru(z1)RD(z+

1 )ru(z1)RD(z+
1 )tu(z1) + · · ·

= rd(z1) + td(z1)RD(z+
1 )[1 + ru(z1)RD(z+

1 ) + ru(z1)RD(z+
1 )ru(z1)RD(z+

1 ) + · · · ]tu(z1).

(B.5)
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Note that the terms in the square bracket in equation B.5 represent the cumulative

effect of a sequence of internal reverberations and can be rewritten as

[1 + ru(z1)RD(z+
1 ) + ru(z1)RD(z+

1 )ru(z1)RD(z+
1 ) + · · · ] = [1− ru(z1)RD(z+

1 )]−1.

(B.6)

With the aid of equation B.6 we can rewrite equation B.5 as

RD(z−1 ) = rd(z1) + td(z1)RD(z+
1 )[1− ru(z1)RD(z+

1 )]−1tu(z1). (B.7)

The equations B.2, B.3, and B.7 together can be extended to recursively con-

struct, starting from the bottom, the reflection response for an N-layer velocity

model to the normal-incident downgoing wave. Figure B.2 shows the N-layer ve-

locity model, where zi is the depth of the ith reflector, and i is the layer index taking

values from 1 to N .

The generalized formulas for the model in Figure 2 are as follows:

RD(z−i ) =

rd(z
−
N−1), if zi = zN−1 (B.8a)

rd(zi) + td(zi)RD(z+
i )[1− ru(zi)RD(z+

i )]−1tu(zi), if zi < zN−1 (B.8b)

Ei+1
D = Ei+1

U = eiω(zi+1−zi)/v(zi+1), (B.9)

RD(z+
i ) = Ei

DRD(z−i+1)E
i
U . (B.10)

Equations B.8a, B.8b, B.9, and B.10 work together to recursively construct, start-

ing from the bottom, the reflection response for a multi-layer velocity model. Finally,

a synthetic seismic trace is produced by an inverse Fourier transform of the products
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of the reflection response and wavelet spectrum. Note that the term in the square

bracket in equation B.8b, [1− ru(zi)RD(z+
i )]−1 , represents the cumulative effect of a

sequence of internal reverberations; that means all primaries and internal multiples

are included in the modeling. A Taylor expansion of this term will give separate

terms for primary reflections, first and higher orders of multiples. By purposefully

selecting the terms in the Tyler expansion, we have developed modeling methods for

primaries only and internal multiples only (including first-order, second-order, and

total internal multiples).
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C. Modeling of internal multiples only

There are two ways to model only internal multiples. The first method models

only internal multiples by using equations B.8a, B.8b, B.9, and B.10 and simply

setting ru(zi) = 0 for all reflector. By setting ru(zi) = 0 for all reflectors, waves

would not experience any downward reflections at any reflectors. Therefore, only

primaries are modeled by using equations B.8a, B.8b, B.9, and B.10.

The other method models internal multiples for one reflector at a time, and

later this method can be modifed to model only first-order internal multiples. I

first describe the method to model the internal multiples which have the shallowest

reflections at a depth zt as shown in Figure C.1. These internal multiples experience

no reflections but only transmission at depths above zt . Therefore, we can set

the reflection coefficients to zero and keep the transmission coefficients for all the

interfaces above zt :

rd(zi) = ru(zi) = 0, if zi < zt. (C.1)

Furthermore, the internal multiples shown in Figure C.1 have at least one down-

ward reflection (the process of an upgoing wave being reflected downwards) at the

interfaces at zt; this means that in the modeling process these multiples should be

associated with at least one ru(zt) . Therefore, at depth zt we should modify equa-

tion B.8b by dropping the terms which do not contain ru(zt). Below is the modified
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Figure C.1: Illustration of the internal multiples which have the shallowest down-
ward reflections at depth zt.

set of equations:

RD(z−i ) =



rd(z
−
N−1), if zi = zN−1 (C.2a)

td(zi)RD(z+
i )[1− ru(zi)RD(z+

i )]−1tu(zi), if zi = zt (C.2b)

rd(zi) + td(zi)RD(z+
i )[1− ru(zi)RD(z+

i )]−1tu(zi), if zi < zN−1

and zi 6= zt (C.2c)

Ei+1
D = Ei+1

U = eiω(zi+1−zi)/v(zi+1), (C.3)

RD(z+
i ) = Ei

DRD(z−i+1)E
i
U . (C.4)

where equation C.2c allows all possible transmission and reflections below the inter-

face at zt and only allows transmission above the interface at zt due to equation C.1;

equation C.2b makes all seismic waves experience at least one downward reflection at

the interface . The resulting waves are the internal multiples that have the shallowest

reflections at a depth zt as shown in Figure C.1. Finally, by repeating the procedure

for all interfaces and summing the resulting internal multiples, we can get the total

internal multiples.

148



D. Modeling of first-order internal

multiples only

The first-order internal multiples which have their shallowest reflection at depth zt

are shown in Figure D.1. By comparing Figures C.1 and D.1, it is easy to modify the

construction scheme in Appendix B to model first-order internal multiples only. In

figure D.1, all internal multiples experience (a) no reflections and only transmissions

above the interface zt; (b) no downward reflections and only upward reflections below

the interface zt; (c) only one downward reflection at the interface zt. By combining

these conditions, we have the following set of equations:

Figure D.1: Illustration of the first-order internal multiples which have the shal-
lowest downward reflections at depth zt.

rd(zi) = ru(zi) = 0, if zi < zt, (D.1)
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ru(zi) = 0, if zi > zt, (D.2)

RD(z−i ) =


rd(zN−1), if zi = zN−1 (D.3a)

td(zi)RD(z+
i )ru(zi)RD(z+

i )tu(zi), if zi = zt (D.3b)

rd(zi) + td(zi)RD(z+
i )tu(zi), if zi < zN−1, and zi 6= zt (D.3c)

Ei+1
D = Ei+1

U = eiω(zi+1−zi)/v(zi+1), (D.4)

RD(z+
i ) = Ei

DRD(z−i+1)E
i
U . (D.5)

Here, the combination of equations D.1 and D.3c corresponds to (a) in the previous

paragraph; the combination of equations D.2 and D.3c corresponds to (b); and equa-

tion D.3b corresponds to (c). Again, by repeating the procedure for all interfaces

and summing the results together, we can obtains the first-order internal multiples.
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E. Modeling of first-order internal

multiples with parameter εz

Taking the modeling of first-order internal multiples for example, in order to

exclude the internal multiples whose travel times are within a period of source wavelet

after that of the relevant primaries, we introduce a parameter εz into the forward

modeling method in Appendix D. According to the velocity model and the source

wavelet, we can define the parameter in the space domain. For each horizon zt,

we set rd(zi) = 0, for zt < zi < zt + εz , and the rest of the modeling process

(equations D.1∼D.5) is the same as in Appendix D. Using this method, the very-

short-delay internal multiples, e.g., A and B in Figure E.1, are excluded in the

forward modeling of internal multiples.

Figure E.1: An illustration of the first-order internal multiples (A and B are the
very-short-delay ones which are very similar to primaries).

151



F. Elastic reduces to acoustic when the

density and shear-modulus changes are

zero

Non-normal incidence of P-plane wave on a horizontal interface between two

elastic solids would give rise to four plane waves: reflected P-wave (Rpp), reflected S-

wave (Rps), transmitted P-wave (Tpp) and transmitted S-wave (Tps). The amplitudes

of these plane waves can be given by the boundary conditions that the normal and

tangential components of stress and displacement must be continuous. From the

continuity equations, we can derive the reflection and transmission coefficients (see

Sheriff and Geldart (1994), Zhang (2006)).

The P-wave reflection coefficient is given by

Rpp =
NRpp

D
, (F.1)

where

NRpp = −(1 + 2kx2)2b
√

1− c2x2
√

1− d2x2 − (1− a + 2kx2)2bcdx2

+ (a− 2kx2)2cd
√

1− x2
√

1− b2x2

+ 4k2x2
√

1− x2
√

1− b2x2
√

1− c2x2
√

1− d2x2

− ad
√

1− b2x2
√

1− c2x2 + abc
√

1− x2
√

1− d2x2, (F.2)
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D = (1 + 2kx2)2b
√

1− c2x2
√

1− d2x2 + (1− a + 2kx2)2bcdx2

+ (a− 2kx2)2cd
√

1− x2
√

1− b2x2

+ 4k2x2
√

1− x2
√

1− b2x2
√

1− c2x2
√

1− d2x2

+ ad
√

1− b2x2
√

1− c2x2 + abc
√

1− x2
√

1− d2x2. (F.3)

The variable x equals sin(θ), where θ is the incident angle. The parameters a, b,

c, d, k represent the ratios of various elastic parameters: a = ρ2/ρ1, b = β1/α1, c =

α2/α1, d = β2/α1, k = ad2− b2, where ρi, αi, βi are the density, P-wave velocity, and

S-wave velocity of medium i, respectively. If we set ρ1 = ρ2, and β1 = β2, we can

obtain a = 1, b = d, k = 0. Then the P-wave reflection coefficient would reduce to

Rpp =
c
√

1− x2 −
√

1− c2x2

c
√

1− x2 +
√

1− c2x2
, (F.4)

which equals the acoustic reflection coefficient. Similarly, we can prove that the P-

wave transmission coefficient would reduce to the acoustic transmission coefficient.

The S-wave reflection coefficient is given by Rps = NRps/D, where

NRps = −4kx(1 + 2kx2)
√

1− x2
√

1− c2x2
√

1− d2x2

− 2cdx(2kx2 − a)(2kx2 − a + 1)
√

1− x2. (F.5)

If we set ρ1 = ρ2, and β1 = β2, then NRps = 0, and Rps = 0. Similarly, we can

prove that Tps = 0.
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G. Elastic reduces to acoustic when

shear-wave velocity is zero

Consider a two-layer elastic medium as in Appendix F. Following Keys (1989),

we first set the shear-wave velocity in the first layer equal to zero, which would lead

to b = 0, and k = ad2. In this case the first layer reduces to an acoustic medium,

the Zoeppritz equations give the correct P-wave reflection coefficient for a fluid-solid

interface:

Rpp =
(a− 2ad2x2)2cd

√
1− x2 + 4a2d4x2

√
1− x2

√
1− c2x2

√
1− d2x2 − ad

√
1− c2x2

(a− 2ad2x2)2cd
√

1− x2 + 4a2d4x2
√

1− x2
√

1− c2x2
√

1− d2x2 + ad
√

1− c2x2

=
(1− 2d2x2)ac

√
1− x2 + 4ad3x2

√
1− x2

√
1− c2x2

√
1− d2x2 −

√
1− c2x2

(1− 2d2x2)ac
√

1− x2 + 4ad3x2
√

1− x2
√

1− c2x2
√

1− d2x2 +
√

1− c2x2
.

(G.1)

Then we set the shear-wave velocity in the second layer also equal to zero, which

leads to d = 0, and k = 0. The P-wave reflection coefficient reduces to the following

form:

Rpp =
ac
√

1− x2 −
√

1− c2x2

ac
√

1− x2 +
√

1− c2x2
, (G.2)

which equals the acoustic reflection coefficient. Similarly, we can prove that the P-

wave transmission coefficient would reduce to the acoustic transmission coefficient.

With the first solid layer replaced by a fluid layer, the Zoeppritz equations give the
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nonphysical shear-wave reflection coefficient:

Rps =
−4ad2x(1 + 2ad2x2)

√
1− x2

√
1− c2x2

√
1− d2x2

(a− 2ad2x2)2cd
√

1− x2 + 4a2d4x2
√

1− x2
√

1− c2x2
√

1− d2x2 + ad
√

1− c2x2

− 2cdx(2ad2x2 − a)(2ad2x2 − a + 1)
√

1− x2

(a− 2ad2x2)2cd
√

1− x2 + 4a2d4x2
√

1− x2
√

1− c2x2
√

1− d2x2 + ad
√

1− c2x2

=
−4dx(1 + 2ad2x2)

√
1− x2

√
1− c2x2

√
1− d2x2

(1− 2d2x2)2ac
√

1− x2 + 4a2d3x2
√

1− x2
√

1− c2x2
√

1− d2x2 +
√

1− c2x2

− 2cx(2d2x2 − 1)(2ad2x2 − a + 1)
√

1− x2

(1− 2d2x2)2ac
√

1− x2 + 4a2d3x2
√

1− x2
√

1− c2x2
√

1− d2x2 +
√

1− c2x2
.

(G.3)

If we set the shear-wave velocity in the second layer also equal to zero, this leads

to d = 0, and k = 0. Then the S-wave reflection coefficient would reduce to the

following form:

Rps =
−4dx(1 + 2ad2x2)

√
1− x2

√
1− c2x2

√
1− d2x2

(1− 2d2x2)2ac
√

1− x2 + 4a2d3x2
√

1− x2
√

1− c2x2
√

1− d2x2 +
√

1− c2x2

− 2cx(2d2x2 − 1)(2ad2x2 − a + 1)
√

1− x2

(1− 2d2x2)2ac
√

1− x2 + 4a2d3x2
√

1− x2
√

1− c2x2
√

1− d2x2 +
√

1− c2x2

= 0. (G.4)

Similarly, we can prove the the S-wave transmission coefficient would also equal to

zero.
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