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Abstract 

With increase in the complexity of the well, difficulty to match the actual well 

profile with the planned well profile increases. Objective of this study is to build a 

work flow for automating the borehole assembly (BHA) to take corrective actions 

upon detection of a deviation from the planned well path in a 3-D coordinate space, 

and construct as well as program a prototype demonstrating the proposed theory. 

The corrective paths would be conventional constant curvature curve and 

unconventional curves such as Catenary and Spline which are proven to be 

smooth there by reducing the torque and drag in the well. The main constraint that 

would govern the unknown parameters of the corrective path is the minimum well 

profile energy criterion which is excellent in producing smooth curves as it 

minimizes the curvature and torsion of the curve together. Balanced Tangential 

method and Minimum curvature method are used for building the corrective 

trajectory.  
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Chapter 1 Introduction 

1.1 Why Drilling Automation? 

Automation is an integral part of any industry involving a certain level of 

engineering in the current market scenario. Various control systems are used for 

operating equipment such as machinery, processes in factories, boilers, heat 

treating ovens etc. in industries such as refining, chemical, automotive and many 

others. Downhole drilling is the only section of our engineering oriented drilling 

industry that has seen a very small amount of automation. The reason being a lot 

of unknown factors that are involved in a down-hole atmosphere such as type of 

rock formation, hardness of the rock, friction factor while drilling etc. which are out 

of control of human reach. Also, conventional control systems methods such as 

PID (Proportional, Integral and Derivative) control and fuzzy control do not work 

well for down-hole drilling as would be seen later.  

But drilling automation is promising to deliver financial benefits to the 

industry. As we move increasingly towards unconventional reservoirs and offshore 

deep-water areas, the cost to drill a well increases exponentially as compared to 

onshore wells. Even saving one day or several hours of rig time means a lot of 

money. Drilling automation seeks to accomplish this through process 

improvements, optimized rates of penetration (ROP), consistent hole quality and 

overall drilling performance. As we have to start somewhere, the current study is 

focused on developing equations and a work-flow for down-hole drilling automation 

for a three dimensional well purely based on geometrical parameters. Other 

governing parameters would be involved in a future study. 
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1.2 Status of work 

Previous work [3] done on downhole drilling automation showed that 

minimum energy [5] method, being compared with PID control and fuzzy control 

yields much smoother wellbore trajectories, where the model was built for 2-D and 

3-D coordinate space by considering conventional constant curvature curves for 

correction. An S-shape returning path from a deviated position to the planned 

wellbore trajectory was divided into two sections as shown in Figure 1-1 [3], each 

of which has its length, inclination change rate, and azimuth change rate. It was 

shown that a unique solution can be obtained for these parameters by applying 

minimum well profile energy condition (Samuel’s Criterion) [1].  

The work [4] was continued for unconventional well profiles in 2-D wells 

where, Spline, Catenary and Clothoid curves [2] were used to bring back the 

deviated well to the original planned path. A 2-D working prototype as shown in 

Figure 1-2 [4] was built and programmed to demonstrate the workflow. The current 

work focuses on building the model to determine the corrective paths based on 

unconventional curves for wells in a three dimensional co-ordinate space. The 

model would first determine the point on the planned path that the bit needs to join 

with and then it would estimate the best possible path to do so. The whole workflow 

is validated with a working prototype for 3D wells. Finally, the study compares the 

results of various optimization models obtained from combination of different 

unconventional curves and trajectory calculation methods. The current study will 

provide the drilling industry with 3-D equations for unconventional curves and a 



3 

 

work flow for down-hole automation for 3-D wells which are not available at the 

moment. 

 
Figure 1-1 J-type well with deviation and two section correction path [3]. 

 

 
Figure 1-2 Schematic of prototype for 2D wells [4]. 

 

In Figure 1-1, we can see that the actual drilling path has deviated from B to A. AC 

is the S-shaped corrective path with two sections AM, (n-1)th section, and MC, the 

nth section. C is the nth point, M is the (n-1)th and A is the (n-2)th point. 
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1.3 Objective 

As mentioned earlier, previous work has been done to make control 

algorithms for 2-D well profiles in a 2-D coordinate system. That is, the error can 

only be within the plane of the well, for example – error arises only in inclination 

angle and not in azimuth so that even the correction path remains planar. The 

prototype was also built only to accommodate 2-D errors and corrective action. 

However, in real drilling scenario, it is very common to build 3-D wells and the error 

can occur both in inclination and azimuth angle even if the well is 2-D. Hence, it 

was imperative to construct corrective algorithms and the prototype for 3-D wells 

and errors. Keeping the above intention in mind, three main objectives were set 

for the thesis: 

 Build 3-D models (solvable equations) for the minimum energy return 

path from the deviated path to the designed path using Constant 

Curvature, Catenary, and Spline curves with Balanced Tangential 

and Minimum Curvature survey calculation models. The models 

have been developed and solved for 2-D well profile. 

 Construct a 3-D prototype with movements in two perpendicular 

directions to demonstrate the working of the 3-D models, previous 

prototype had movement in only one direction. 

 Develop algorithms for implementing the developed 3-D models for 

each of the different types of curve viz. Constant Curvature, 

Catenary, and Spline in 3-D prototype. 
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In the preceding work for 2-D wells, Clothoid curve as well as the Natural 

curve method were also used for building the correction algorithms but in 3-D they 

both become exceedingly complex to solve and are beyond the scope of this 

project. They will be considered for future work. Hence, we are just left with six 

combinations (3 curves and 2 survey calculation models) of algorithm as opposed 

to 12 combinations (4 curves and 3 survey calculation models) available in 

previous work. 
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Chapter 2 Methodology 

 We established earlier that tradition control algorithms such as PID control 

systems and Fuzzy control logic would not work for our case as the corrective well 

trajectory provided by them are not very smooth and are extremely tortuous and 

hence, would not be good for controlling a well path cause it would increase the 

torque and drag in the overall system making the system highly inefficient.  

Therefore, we need an unconventional control logic which comes in the form of 

minimum well profile energy. Minimizing the well profile energy of the corrective 

path would generate a non-tortuous smooth curve that would result in the least 

amount of torque and drag in the system. Hence, the well profile energy becomes 

our objective function that we try to minimize by varying the input variables. First 

we see what well profile energy is followed by a discussion on survey calculation 

models and unconventional curves used for our algorithm in the following sections.  

2.1 Well Profile Energy (Samuel’s Criterion)    

Several methods are used to quantify well-path quality however, well-profile 

energy model is a very useful method for measuring the smoothness of a curve 

based on its curvature and tortuosity. It is a drilling difficulty/complexity index, 

which is based on the “thin elastic line” analogy of the well path. The model was 

proposed by Samuel [1]. For a three dimensional well bore curvature, it is given as 

𝐸𝑠 = ∫ (𝜅(𝑥)2 + 𝜏(𝑥)2)𝑑𝑥
𝑙

0
,                                            (2-1) 
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where, 

 𝜅𝑖 =  √𝜅𝛼𝑖
2 + 𝜅𝜙𝑖

2 𝑠𝑖𝑛2 𝛼𝑖       (2-2) 

and 

 𝜏𝑖 =  
𝜅𝛼𝑖𝜅𝜙𝑖 −̇ 𝜅𝜙𝑖𝜅𝛼𝑖̇

𝜅𝑖
2 𝑠𝑖𝑛𝛼𝑖 +  𝜅𝜙𝑖(1 +

𝜅𝛼𝑖
2

𝜅𝑖
2 ) 𝑐𝑜𝑠𝛼𝑖.    (2-3) 

The units of the well profile energy can be given as degrees2/feet. 

2.2 Survey Calculation models 

Survey calculation models are used to approximate the path between two 

survey stations as we do not know the values of Inclination and Azimuth angles 

throughout the path between the two survey stations. Various models are available 

in literature but three particular models were chosen for our purpose viz. Balanced 

Tangential Method, Minimum Curvature method which an industry standard and 

Natural Curve method which is believed to produce good approximations of the 

curve between the survey station. We discuss the three methods in detail below. 

2.2.1 Balanced Tangential Method [6] 

This method treats first half of the curve length between the survey stations 

to be along the direction vector at first station and second half along the second 

station. The equations for increment in X, Y and Z direction respectively (for the 

corrective path AC in Figure 1-1) can be given by   

∆𝑁 =  
∆𝐿𝑛−1

2
(𝑠𝑖𝑛𝛼𝑛−2𝑐𝑜𝑠∅𝑛−2 + 𝑠𝑖𝑛𝛼𝑛−1𝑐𝑜𝑠∅𝑛−1) 

+
∆𝐿𝑛

2
(𝑠𝑖𝑛𝛼𝑛−1𝑐𝑜𝑠𝛼𝑛−1 + 𝑠𝑖𝑛𝛼𝑛𝑐𝑜𝑠𝛼𝑛),    (2-4)  

 



8 

 

∆𝐸 =  
∆𝐿𝑛−1

2
(𝑠𝑖𝑛𝛼𝑛−2𝑠𝑖𝑛∅𝑛−2 + 𝑠𝑖𝑛𝛼𝑛−1𝑠𝑖𝑛∅𝑛−1) 

+
∆𝐿𝑛

2
(𝑠𝑖𝑛𝛼𝑛−1𝑠𝑖𝑛𝛼𝑛−1 + 𝑠𝑖𝑛𝛼𝑛𝑠𝑖𝑛𝛼𝑛), and   (2-5) 

∆𝐻 =  
∆𝐿𝑛−1

2
(𝑐𝑜𝑠𝛼𝑛−2 + 𝑐𝑜𝑠𝛼𝑛−1) +

∆𝐿𝑛

2
(𝑐𝑜𝑠𝛼𝑛−1 + 𝑐𝑜𝑠𝛼𝑛).  (2-6) 

2.2.2 Minimum Curvature Method [6] 

The Minimum Curvature Method uses the inclination and azimuth angle 

measured at the upper and lower ends of the course length to generate a smooth 

arc representing the well path. It uses DLS to calculate displacement in the 

horizontal as well as the vertical plane. It is one of the most accurate methods 

available and hence, is the industry standard for survey calculations. It is given by  

∆𝐻 =  Δ𝜆𝑛−1(𝑐𝑜𝑠𝛼𝑛−2 + 𝑐𝑜𝑠𝛼𝑛−1) + Δ𝜆𝑛(𝑐𝑜𝑠𝛼𝑛−1 + 𝑐𝑜𝑠𝛼𝑛),  (2-7) 

∆𝑁 =  𝜆𝑛−1(𝑠𝑖𝑛𝛼𝑛−2𝑐𝑜𝑠∅𝑛−2 + 𝑠𝑖𝑛𝛼𝑛−1𝑐𝑜𝑠∅𝑛−1) + 𝜆𝑛(𝑠𝑖𝑛𝛼𝑛−1𝑐𝑜𝑠𝛼𝑛−1 +

𝑠𝑖𝑛𝛼𝑛𝑐𝑜𝑠𝛼𝑛), and        (2-8) 

∆𝐸 =  𝜆𝑛−1(𝑠𝑖𝑛𝛼𝑛−2𝑠𝑖𝑛∅𝑛−2 + 𝑠𝑖𝑛𝛼𝑛−1 𝑠𝑖𝑛∅𝑛−1 ) + 𝜆𝑛(𝑠𝑖𝑛𝛼𝑛−1𝑠𝑖𝑛𝛼𝑛−1 +

𝑠𝑖𝑛𝛼𝑛𝑠𝑖𝑛𝛼𝑛),         (2-9) 

where, 

𝜆𝑛−1 =  
180 𝛥𝐿𝑛−1

𝜋𝜀𝑛−1
 𝑡𝑎𝑛 (

𝜀𝑛−1

2
),       (2-10) 

𝑐𝑜𝑠𝜀𝑛−1 = 𝑐𝑜𝑠(𝛼𝑛−1 − 𝛼𝑛−2 ) − 𝑠𝑖𝑛𝛼𝑛−1𝑠𝑖𝑛𝛼𝑛−2* 

[1 − 𝑐𝑜𝑠(𝜙𝑛−1 − 𝜙𝑛−2)],       (2-11) 

𝜆𝑛 =  
180  𝛥𝐿𝑛

𝜋𝜀𝑛
 𝑡𝑎𝑛 (

𝜀𝑛

2
) , and       (2-12) 

𝑐𝑜𝑠𝜀𝑛 = 𝑐𝑜𝑠(𝛼𝑛 − 𝛼𝑛−1) − 𝑠𝑖𝑛𝛼𝑛𝑠𝑖𝑛𝛼𝑛−1[1 − 𝑐𝑜𝑠(𝜙𝑛 − 𝜙𝑛 −1)].  (2-13) 

For the corrective path AC. 
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2.3 Conventional Curves 

2.3.1 Constant curvature 

As the name suggests constant curvature curves have constant 

inclinational and azimuthal curvatures. That is, the projection of the curve on either 

of the horizontal or the vertical plane will give a constant curvature planar curve 

which apparently is a part of a circle or a straight line. The curvatures for the 

corrective path AC, if both the sections were constant curvature curves, as follows: 

 

Inclinational curvature of (n-1)th is given by 

𝜅𝛼𝑛−1
=  

180(𝛼𝑛−1−𝛼𝑛−2)

𝜋(∆𝐿𝑛−1)
       (2-14) 

and the azimuthal curvature for the same section is given by 

𝜅𝜙𝑛−1
=  

180 (𝜙𝑛−1−𝜙𝑛−2)

𝜋(∆𝐿𝑛−1)
.       (2-15) 

Similarly the inclinational and azimuthal curvatures for the nth section respectively 

are  

𝜅𝛼𝑛
=  

180 (𝛼𝑛−𝛼𝑛−1)

𝜋(∆𝐿𝑛)
        (2-16) 

and 

𝜅𝜙𝑛
=  

180(𝜙𝑛 −𝜙𝑛−1)

𝜋(∆𝐿𝑛)
.        (2-17) 

2.4 Unconventional Curves 

These are the curves which are conventionally not used for designing a 

well path but their popularity have increased in recent years as they are believed 

to be reducing the overall torque and drag in the system. There are various types 
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of unconventional geometrical shapes in literature but we are going to discuss 

about only two curves viz. Catenary and Spline. 

2.4.1 Catenary Curve 

A catenary curve [6] is a curve that is followed by a hanging chain or a string 

with no stiffness under its own weight when supported at its two ends. It is U-

shaped and looks like a parabola but it isn’t a parabola. Instead it is a scaled, 

rotated graph of hyperbolic cosine function. The curve is represented by 

𝑦 = 𝑎𝑐𝑜𝑠ℎ (
𝑥

𝑎
+ 𝐶1) + 𝐶2,       (2-18) 

where 𝐶1 and 𝐶2 are constants which can be considered to be zero for simplicity, 

and a is the characteristic parameter that controls the shape of the catenary curve.  

One essential property of the catenary curve is that its inherently two 

dimensional but for us to use it as a corrective path we need it to be three 

dimensional. Hence, we consider a curve whose projection on the vertical plane 

follows a catenary whereas its projection on horizontal plane follows a constant 

curvature. That is, the inclinational curvature of the curve is same as the curvature 

of a catenary where as its azimuthal curvature is like the curvature of a constant 

curvature curve. If we consider the nth section of the two section corrective path 

AC in Figure 1-1 to be such a curve then its azimuthal curvature can be given as 

equation (2-15) where as its varying inclinational curvature throughout the curve 

can be calculated from its inclination angle at each point which is given as  

𝑡𝑎𝑛 𝛼 = 
1

1

𝑡𝑎𝑛 𝛼𝑛−1
−

𝑙

𝑎

  ,       (2-19) 
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where 𝑙 is the distance of the point, where inclination angle is being calculated, 

from the (n-1)th point and  a is given as 

𝑎 =  
Δ𝐿𝑛

1

𝑡𝑎𝑛𝛼𝑛−1
−

1

𝑡𝑎𝑛𝛼𝑛

.        (2-20) 

2.4.2 Spline Curve 

A spline [7] curve is an extremely smooth curve which is made up of different 

polynomial functions. Spline curves have been very famous with mathematicians 

and engineers for many decades because of the continuity in the first and second 

derivatives of the curve, and that is why spline can also be used in well-path 

designing for smooth sections. Unlike catenary, spline is not inherently 2D hence, 

we do not need to add a horizontal curvature as it has it of its own. Again, if the nth 

section in Figure 1-1 is considered to be spline, its inclination, azimuth and the 

curvatures can be represented by the following equations 

𝑚𝑛 =  
4𝜅𝑛

𝛥𝐷𝑛
+

2𝜅𝑛−1

𝛥𝐷𝑛
−

6(𝛼𝑛 −𝛼𝑛−1)

𝛥𝐷𝑛
2 ,      (2-21)  

𝑚𝑛−1 =  
6(𝛼𝑛−1−𝛼𝑛 −2)

𝛥𝐷𝑛−1
2 −

4 𝜅𝑛−1

𝛥𝐷𝑛−1
−

2𝜅𝑛

𝛥𝐷𝑛−1
,     (2-22) 

𝛼(𝑙) =  
𝑚𝑛−1(∆𝐿𝑛−𝑙)3

6𝛥 𝐿𝑛
+

𝑚𝑛(𝑙)3

2∆𝐿𝑛
+ 𝑏𝑛−1𝑙 + 𝑐𝑛−1,    (2-23) 

𝜅𝛼(𝑙) =  −
𝑚𝑛−1(∆𝐿𝑛−𝑙)2

2𝛥𝐿𝑛
+

𝑚𝑛 (𝑙)2

2∆𝐿𝑛
+  𝑏𝑛−1 ,     (2-24) 

where, 

𝑏𝑛−1 =  
𝛼𝑛−𝛼𝑛−1

𝛥𝐷𝑛−1
−

𝛥𝐷𝑛−1

6
(𝑚𝑛 − 𝑚𝑛−1),     (2-25) 

𝑐𝑛−1 =  𝛼𝑛−1 −
∆𝐷𝑛−1

2

6
(𝑚𝑛−1 ),      (2-26) 
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and, 

𝑀𝑛 =  
4𝜙𝑛

𝛥𝐷𝑛
+

2𝜙𝑛−1

𝛥𝐷𝑛
−

6(𝜙𝑛−𝜙𝑛−1)

𝛥𝐷𝑛
2 ,      (2-27) 

𝑀𝑛−1 =  
6(𝜙𝑛−1−𝜙𝑛−2)

𝛥𝐷𝑛−1
2 −

4𝜙𝑛 −1

𝛥𝐷𝑛−1
−

2𝜙𝑛

𝛥𝐷𝑛−1
,     (2-28) 

𝜙(𝑙) =  
𝑀𝑛−1(∆𝐿𝑛−𝑙)2

2𝛥𝐿𝑛
+

𝑀𝑛(𝑙)2

2∆𝐿𝑛
+  𝐵𝑛−1𝑙 + 𝐶𝑛−1,    (2-29) 

𝜅𝜙(𝑙) =  −
𝑀𝑛−1(∆𝐿𝑛−𝑙)2

2𝛥𝐿𝑛
+

𝑀𝑛 (𝑙)2

2 ∆𝐿𝑛
+  𝐵𝑛−1,     (2-30) 

where, 

𝐵𝑛−1 =  
𝜙𝑛 −𝜙𝑛−1

𝛥𝐷𝑛
−

𝛥𝐷𝑛−1

6
(𝑀𝑛 − 𝑀𝑛−1 ) and     (2-31) 

𝐶𝑛−1 =  𝜙𝑛−1 −
∆𝐷𝑛−1

2

6
(𝑀𝑛−1).      (2-32) 

In all the above equations, 𝑙 is the distance of the point, where inclination angle is 

being calculated, from the (n-1)th point. 
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Chapter 3 Algorithms 

The current chapter discusses about the different algorithms obtained from 

the various combinations of the types of corrective path curve and the survey 

calculation models. We have three different curves to choose from viz. constant 

curvature, catenary, and spline; and we have two survey models at our disposal. 

Hence, there are total six combinations giving six different algorithms which we will 

discuss in detail in the subsequent sections.   

We use Figure 1-1 as our reference for the algorithm. And we use equations 

from respective curves and survey calculation models to manipulate and estimate 

the values of unknown parameters. To keep the calculations simple, the first 

section, among the two sections of the corrective path, is always a constant 

curvature curve and the second section is the respective curves mentioned above. 

Future work can accommodate for both the sections being unconventional curves, 

provided the current simpler proposition is validated.  

3.1 Constant Curvature with Balanced Tangential 

The equations required for our calculations are equations (2-4) to (2-6) and 

(2-14) to (2-17). After initial manipulations of the former set of equations we get the 

following: 

𝛥𝐿𝑛−1 =  
(𝛥𝑋2 +𝛥𝑌2 +𝛥𝑍2 )−𝛥𝐿𝑛(𝛥𝑍 𝑐𝑜𝑠𝛼𝑛+𝛥𝑋𝑆𝑖𝑛𝛼𝑛 𝑐𝑜𝑠𝜙𝑛 +𝛥𝑌𝑠𝑖𝑛𝛼𝑛 𝑠𝑖𝑛𝜙𝑛 )

𝛥𝐿𝑛
(1−𝑐𝑜𝑠𝛽 )

2⁄ +(𝛥𝑍𝑐𝑜𝑠𝛼𝑛−2+𝛥𝑋𝑠𝑖𝑛𝛼𝑛−2𝑐𝑜𝑠𝜙𝑛−2+𝛥𝑌𝑠𝑖𝑛𝛼𝑛 −2𝑐𝑜𝑠𝜙𝑛−2)
, (3-1) 

where, 

𝑐𝑜𝑠𝛽 = 𝑐𝑜𝑠𝛼𝑛−2 𝑐𝑜𝑠𝛼𝑛 + 𝑠𝑖𝑛𝛼𝑛−2 𝑠𝑖𝑛𝛼𝑛𝑐𝑜𝑠 (𝜙𝑛 − 𝜙𝑛 −2),   (3-2) 
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𝛼𝑛−1 =  ±𝑎𝑟𝑐𝑐𝑜𝑠 (
2∆𝑍− ∆𝐿𝑛−1𝑐𝑜𝑠𝛼𝑛−2−𝛥𝐿𝑛𝑐𝑜𝑠𝛼𝑛

𝛥𝐿𝑛−1+𝛥𝐿𝑛
), and   (3-3) 

𝜙𝑛−1 = 𝑎𝑟𝑐𝑡𝑎𝑛 (
2𝛥𝑌− 𝛥𝐿𝑛−1𝑠𝑖𝑛𝛼𝑛−2𝑠𝑖𝑛𝜙𝑛 −2−𝛥𝐿𝑛𝑠𝑖𝑛𝛼𝑛 𝑠𝑖𝑛𝜙𝑛

2𝛥𝑋 − 𝛥𝐿𝑛−1𝑠𝑖𝑛𝛼𝑛−2𝑐𝑜𝑠𝜙𝑛−2−𝛥𝐿𝑛𝑠𝑖𝑛𝛼𝑛𝑐𝑜𝑠 𝜙𝑛
).   (3-4) 

In the equation (3-1) ∆𝑋, ∆𝑌,∆𝑍, 𝛼𝑛,𝜙𝑛 , 𝛼𝑛−2, 𝜙𝑛 −2  are the known parameters 

as Inclination and Azimuth angles are known at (n-2)th point through sensor data, 

and they are known at nth point if we know are intersection point C for the correction 

path and designed path. Assuming that we know the intersection point, we see 

from equation (3-1) that Δ𝐿𝑛−1 is dependent on Δ𝐿 𝑛 and all the unknown variables 

such as , 𝛼𝑛−1, 𝜙𝑛 −1,  𝜅𝛼𝑛−1
, 𝜅𝜙𝑛−1

,  𝜅𝛼𝑛
, 𝜅𝜙𝑛

 are dependent only on one single 

variable and that is Δ𝐿𝑛 and hence, we can get a one to one relation between Δ𝐿𝑛  

and 𝐸𝑠 . Now if we can calculate Δ𝐿𝑛 we would be able to estimate all the other 

unknown parameters, and to do so we need to use are constraint equation for 

minimizing 𝐸𝑠which is 

𝑑𝐸𝑠

𝑑𝛥𝐿𝑛
= 0.         (3-5) 

 But solving the above equation analytically is a complex and difficult 

procedure hence, what we can do is we can try to estimate it analytically. And to 

do that, we first choose a point C on the designed path that the corrective path 

would join at and also the length of the last section and we calculate the value of 

𝐸𝑠 . We run this process in a loop until we find the minimum 𝐸𝑠  which gives us our 

desired point of intersection and length of the last section.  

The range of points is selected from the minimum value of distance to be 

kept between the intersection C and the error A and the maximum value after which 
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we don’t want the intersection to happen. Once the range of points is known, the 

loop can be run as shown in Figure 3-1.  

3.2 Constant Curvature with Minimum Curvature 

The equations required for our calculations here are equations (2-7) to (2-

13) and (2-14) to (2-17). After initial manipulations of the former set of equations 

we get the following: 

 

Figure 3-1 Algorithm for Constant Curvature with Balanced Tangential. 

 

𝜆𝑛−1 =  
(𝛥𝑋2 +𝛥𝑌2 +𝛥𝑍2 )−𝜆𝑛 (𝛥𝑍 𝑐𝑜𝑠𝛼𝑛+𝛥𝑋𝑆𝑖𝑛𝛼𝑛 𝑐𝑜𝑠𝜙𝑛 +𝛥𝑌𝑠𝑖𝑛𝛼𝑛 𝑠𝑖𝑛𝜙𝑛 )

𝜆𝑛
(1−𝑐𝑜𝑠𝛽 )

2⁄ +(𝛥𝑍𝑐𝑜𝑠𝛼𝑛−2+𝛥𝑋𝑠𝑖𝑛𝛼𝑛−2𝑐𝑜𝑠𝜙𝑛−2+𝛥𝑌𝑠𝑖𝑛𝛼𝑛 −2𝑐𝑜𝑠𝜙𝑛−2)
, (3-6) 
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where, 

𝑐𝑜𝑠𝛽 = 𝑐𝑜𝑠𝛼𝑛−2 𝑐𝑜𝑠𝛼𝑛 + 𝑠𝑖𝑛𝛼𝑛−2 𝑠𝑖𝑛𝛼𝑛𝑐𝑜𝑠 (𝜙𝑛 − 𝜙𝑛 −2),   (3-7) 

𝛼𝑛−1 =  ±𝑎𝑟𝑐𝑐𝑜𝑠 (
2∆𝑍− 𝜆𝑛 −1𝑐𝑜𝑠𝛼𝑛−2−𝛥𝜆𝑛 𝑐𝑜𝑠𝛼𝑛

𝜆𝑛 −1+𝜆𝑛
), and    (3-8) 

𝜙𝑛−1 = 𝑎𝑟𝑐𝑡𝑎𝑛 (
2𝛥𝑌− 𝛥𝜆𝑛−1𝑠𝑖𝑛𝛼𝑛−2𝑠𝑖𝑛𝜙𝑛−2−𝛥𝜆𝑛𝑠𝑖𝑛𝛼𝑛 𝑠𝑖𝑛𝜙𝑛

2𝛥𝑋 − 𝛥𝜆𝑛−1𝑠𝑖𝑛𝛼𝑛−2𝑐𝑜𝑠𝜙𝑛−2−𝛥𝜆𝑛 𝑠𝑖𝑛𝛼𝑛𝑐𝑜𝑠𝜙𝑛
),   (3-9)  

Again after we have the Inclination and Azimuth angles at the (n-1)th point 

we can calculate both types of curvatures for both the curves and hence, we can 

get the well profile energy 𝐸𝑠 . And also we need to first choose the point C on the 

designed path that the corrective path would join at and the value of 𝜆𝑛 for the last 

section to calculate the well energy. Hence, we choose a point and value of 𝜆𝑛 to 

calculate the value of 𝐸𝑠  and run it in a loop until we find the minimum 𝐸𝑠  which 

gives us our desired point of intersection and length of the last section. The loop 

can be run as shown in Figure 3-2. 

 As we can see here we are not choosing the length of the last section 

instead we have to select a value for 𝜆𝑛which is easier to do once we know the 

range for the same. A general rule of thumb is to select the minimum and maximum 

value of 𝜆𝑛 to be half of that of the length of last section. 

3.3 Catenary with Balanced Tangential 

The equations required for our calculations here are equations (2-4) to (2-

6); (2-14), (2-15), (2-17) and (2-19), (2-20). As mentioned earlier, the first section 

is constant curvature curve whereas the second section is catenary with respect 

to its inclinational curvature and follows a constant curvature curve with respect to 

its azimuthal curve. After initial manipulations of the former set of equations we 
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would get equations (3-1) to (3-4). These equations coupled with the latter set of 

equations mentioned above we can for our loop as shown in Figure 3-3. Here, the 

inclinational curvature of the second section does not remain constant hence, we 

need to calculate it discretely which we do it by running another parallel loop as 

shown in the Figure. 

 

Figure 3-2 Algorithm for Constant Curvature with Minimum Curvature. 
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3.4 Catenary with Minimum Curvature 

For this algorithm, the equations required are (2-7) to (2-13); (2-14), (2-15), 

(2-17) and (2-19), (2-20). Again, the first section is constant curvature curve and 

 

Figure 3-3 Algorithm for Catenary with Balanced Tangential. 

 

the second section is catenary with respect to its inclinational curvature and follows 

a constant curvature curve with respect to its azimuthal curve. After manipulations 

of the former set of equations we would get equations (3-6) to (3-9). These 

equations coupled with the latter set of equations mentioned above we can for our 

loop as shown in Figure 3-4. We again need to calculate 𝜅𝛼 discretely for the 

second section which we do it by running another parallel loop as shown in the 

Figure. 
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3.5 Spline with Balanced Tangential 

The equations required for our calculations here are equations (2-4) to (2-

6); (2-14), (2-15), and (2-21) to (2-32). Here, as with above cases, the first section 

 

Figure 3-4 Algorithm for Catenary with Minimum Curvature. 

 

is constant curvature but the second section is spline both with respect to 

inclinational as well as the azimuthal curvatures. Manipulations of the former set 

of equations would give us equations (3-1) to (3-4) which, coupled with latter set 

of equations gives us an algorithm as shown in Figure 3-5. Here, both 𝜅𝛼 and 𝜅𝜙, 

for the second section, would have to be calculated discretely. 
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3.6 Spline with Minimum Curvature 

For this last algorithm, the equations required for our calculations are 

equations (2-7) to (2-13); (2-14), (2-15), and (2-21) to (2-32). Manipulations give 

us equations (3-6) to (3-9). Except for the selection of 𝜆𝑛 instead of Δ𝐿𝑛, rest 

everything remains same as the algorithm in section-3.5. The algorithm for this 

section is as shown in Figure 3-6.  

 

Figure 3-5 Algorithm for spline with balanced tangential method. 
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Figure 3-6 Algorithm for spline with Minimum Curvature method. 
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Chapter 4 Prototype 

The prototype was built for the demonstration of the theory and control 

algorithms which are described in previous chapters. It helps us to see how an 

actual control system works in a non-ideal world as against the simple simulated 

cases which work on the assumption of an ideal environment.  In this chapter, we 

would discuss about the components of the prototype, the circuit for the actuators, 

the sensor and its serial communication and finally the programming and working 

part of it. A schematic of the prototype is shown in Figure 4-1 and an actual image 

of the prototype is included in Appendix-1. 

 

 
Figure 4-1 Schematic of the prototype. 

 

 



23 

 

4.1 Components 

The prototype consists of following components which are essential for its 

proper working: 

 Two PQ12 Micro Linear Actuators – Firgelli Technologies 

 Two Linear Actuator Controller boards - Firgelli Technologies 

 One Arduino Uno board – Arduino 

 One UM6 Orientation Sensor – CH Robotics 

 One UART serial communication – Pololu 

 One 5-12 V power source for the actuators 

4.1.1 Actuators 

Two PQ12 Micro Linear Actuators by Firgelli Technologies have been used 

in the prototype, one of which is used to control the inclination angle of the drill 

path and the other is used to control the direction (i.e. the azimuth angle) of the 

drill path. The actuators have a stroke length of 20mm and it requires maximum of 

5V power. More details can be found in the datasheet [9] provided on the company 

website. 

4.1.2 LAC board 

The LAC board or the linear actuator controller boards are used to control 

the actuator from a personal computer. User can either use the interface software 

for the controller provided by the company on their website or can use a 

programming language to control it as desired. The details about the board, its 
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connection with the actuator and information on how to use the interface can be 

found in the datasheets [10][11] provided by the company.  

4.1.3 Arduino Uno 

Arduino Uno board is used to control both the actuators through a single 

board. The LAC boards of each actuator is connected to the digital pin of the 

Arduino for a PWM control. A picture of Arduino is provided in Figure 4-2. 

 

Figure 4-3 UM6 Orientation Sensor [19]. 

 

4.1.4 UM6 Orientation sensor 

As the name suggests, the orientation sensor is used to determine the 

orientation of the drill bit which gives us the inclination angle and azimuth of the 

drill path at a particular position. Two different types of data can be used to 

calculate the inclination (I) and azimuth (A) angles of the drill bit viz. Euler angles 

or Quaternions. Euler angle is prone to error due to a phenomenon called Gimbal 
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Lock hence, we use quaternions for our purposes. Details about the sensor, Euler 

angles and Quaternions can be found in the documents [12][13][14] provided on the 

company website. Information on how to use the sensor and the interface is 

provided in another document [15]. I and A can be calculated by simple vector 

rotation and manipulation. The calculation is shown in Appendix 2. A picture of the 

sensor is provided in Figure 4-3 [12]. 

4.1.5 UART Serial Communicator 

A UART serial communication device is used to transfer data from the 

orientation sensor to the computer. Serial communication is described in detail in 

the UM6 datasheet [12]. A picture of UART is provided in Figure 4-4 [8]. 

 

 

Figure 4-3 UM6 Orientation Sensor [12]. 
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Figure 4-4 UART serial communication device by Pololu [8]. 

 

4.2 Circuit for the Actuators 

As mentioned earlier we use Arduino Uno to control the two LAC boards 

that would in turn control the two actuators. For this we would need to make a 

circuit that would be able to do so. First we connect the actuators to the LAC board 

as shown in Figure 4-6 [11], an image of the actuator is shown in Figure 4-5 [9]. 

 

Figure 4-5 PQ12 Micro Linear Actuators [9]. 
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Figure 4-6 Connection of actuator with the LAC board [11]. 

 

Now we connect the positive and negative pins of both the LAC boards to 

a same pins on a breadboard which in turn would be connected to the positive and 

negative pins of the power source. The VC pin of each of the LAC is connected to 

one of the many Digital-PWM pins on the Arduino Uno. This completes are circuit. 

A picture is provided in the form of Figure 4-7 for reference. 

4.3 Programming/Working of the prototype 

All the programing was done on MATLAB. An Arduino package was used 

as toolbox for controlling the actuators through the Arduino Uno. Installation file [16] 

and documentation [17] on how to install and use the package is provided on the 

MathWorks website. A sample code [18] on receiving the data from the UM6 sensor 

using UART communication device is provided on CH Robotics website. 
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Figure 4-7 Actuator Circuit.  



29 

 

Chapter 5 Results & Discussion 

This chapter is dedicated towards presenting and discussing about the 

results obtained from running the algorithms on the prototype by using MATLAB 

programming.  Although the thesis is dedicated towards 3-D wells, 2-D wells were 

tested too with the proposed algorithm to test its universality. Hence, are results 

are divided into two sections viz. 2-Dimensional and 3-Dimensional algorithm 

results.  

In each of the section below we would see a different well. There are three 

different type of wells which are simulated for both 2D and 3D. The three 2D wells 

are similar to the three 3D wells except the 2D wells are 3D wells with a constant 

zero azimuth. Also we will see that for simplicity, only the part of the well where the 

error occurs are simulated and not the whole path that is the prototype is assumed 

to have followed the well path except for the simulated parts. In Figure 5-1 we see 

the calibration of the prototype which shows the increment in inclination with 

respect to the increment in voltage. Each of the increase in inclination corresponds 

to a step increase in the voltage provided to the actuator which is between 0 and 

5 V. A similar process can be carried out for azimuth angle. Before we can proceed, 

we first name different algorithms in a sequence for convenience. 

 Constant Curvature with Balanced Tangential – Algorithm 1 

 Constant Curvature with Minimum Curvature – Algorithm 2 

 Catenary with Balanced Tangential – Algorithm 3 

 Catenary with Minimum Curvature – Algorithm 4 
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 Spline with Balanced Tangential – Algorithm 5 

 Spline with Minimum Curvature – Algorithm 6 

 

Figure 5-1 Increment in Inclination angle with respect to step increase in 
the voltage provided to the actuator (0-5V). 

5.1 2D Algorithm 

5.1.1 Case 1 - J type Well 

In the first case we have a J-type well whose details are given in Appendix 

3 (Table A 3-1), and it is plotted in Figure 5-2. Again, the well given in the Appendix 

is a 3D well which can be converted into a 2D well by considering a zero Azimuth. 

A simulated error was created in the well path at an MD of 6010 ft. The sensor 

detects the error and calls the correction algorithm which calculates the best 

possible path based on the methodology described in the previous chapter. Ones 

the correction path is available the actuator springs into action to control the path 

of the well. We see the designed path, the corrected path estimated by the 

algorithm and the actual path followed by the prototype in Figure 5-2. We also 
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observe the uncorrected path which would have been followed if there was no 

corrective action taken. 

 

Figure 5-2 2D J-Type Well Path – Designed, Corrected, Actual and 
Uncorrected. 

 

 In the above picture, it is difficult to differentiate between the 

designed, corrected and the actual well path hence, a zoomed in version is 

available in Figure 5-3 where we can easily see the three different paths. We can 

see the two different sections of the correction path very clearly. We also observe 

that the actual path followed by the prototype does not exactly overlap with the 

estimated corrected path due to small variation in the sensor data as well as not 

so efficient calibration of the actuator to control the inclination angle. In Figure 5-4 

we observe all the correction paths estimated by the 6 algorithms discussed above.  
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Figure 5-3 2D J-Type Well Path (Zoomed in) – Designed, Corrected, 
and Actual. 

 

Figure 5-4 2D J-Type Well Path (Zoomed in) – Designed path and 
paths for Algorithms 1 to 6. 
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The figure below (Figure 5-5) displays the inclination angle with respect to 

time for the correction section. In our simulations we have considered a simulated 

ROP of 10 ft/sec which is unrealistic in general but helpful for our purposes. Hence, 

the X-axis of Figure 5-5 can be converted into MD simply by multiplying a factor of 

10. We again observe that the actual inclination angle followed by the prototype is 

slightly different from that of the corrected path estimated by the algorithm because 

of the reasons mentioned earlier. We also see a comparison of the inclination 

angle vs time predicted by all the algorithms in the figure. We would see later that 

the best curve with minimum energy was a tie between constant curvature and 

catenary curve but the curve that was followed was constant curvature for 

simplicity.  

 

Figure 5-5 2D J-Type Well Inclination Angle (Zoomed in) – Designed, 
Corrected, Actual paths and paths for Algorithms 1 to 6. 
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The inclination angle vs time curve for the overall well path can be seen in 

the figure below. To view a comparison of well profile energy vs the length of the 

nth section for all the different algorithms, we look at Figure 5-7. Here we observe 

that the energy curve for the first four algorithm (Algorithm 1 to 4) almost overlap 

with each other whereas the energy curves for algorithm 5 and 6 display similarity. 

Hence, we can conclude that spline curve gives a greater energy curve as 

compared to constant curvature and catenary, which in turn give correction curves 

with similar energy. The details of the energy and the length of the nth section can 

be seen in Table 5-1.  

 

Figure 5-6 2D J-Type Well Inclination Angle – Designed, Corrected, 
Actual paths and paths for Algorithms 1 to 6. 

 

 

 



35 

 

Table 5-1 Minimum Energy vs 𝑳𝒏 and 𝑳𝒏−𝟏  for all algorithms (J-Type) 

Algorithm Min. Energy Es Length 𝑳𝒏 in feet Length 𝑳𝒏−𝟏  in feet 

1 0.34 100 100.18 
2 0.34 100 100.18 
3 0.34 100 100.21 
4 0.34 100 100.21 

5 0.40 100 100.16 

6 0.40 100 100.16 
 

 

Figure 5-7 2D J-Type Well Energy for correction path vs Length of the 

nth section for Algorithms 1 to 6. 
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5.1.2 Case 2 - L type Well (Error-1) 

For the second case, we have an L-type well which is deviated for a certain 

depth before becoming horizontal, details are given in Appendix 3 (Table A 3-2), 

and it is plotted in Figure 5-8. Again, the well given in the Appendix is a 3D well 

which can be converted into a 2D well by considering a zero Azimuth. Here, we 

simulate two errors in the well path, the first is for the deviated section and the 

second is for the horizontal section. We will discuss the error for deviated section 

in the current case and the error for horizontal section would be discussed in the 

following case. The first error was created in the well path at an MD of 3230 ft. The 

figure showing the well path also contains the correction path as predicted by the 

correction algorithm and the actual path as followed by the prototype for both the 

errors, which are essentially overlapping each other. A zoomed-in version can be 

seen in Figure 5-9. In Figure 5-10 we observe all the correction paths estimated 

by the 6 algorithms discussed above. 

Table 5-2 Minimum Energy vs 𝑳𝒏 and 𝑳𝒏−𝟏  for all algorithms (L-Type) 

Algorithm Min. Energy Es Length 𝑳𝒏 in feet Length 𝑳𝒏−𝟏  in feet 

1 0.39 100 100.18 
2 0.39 100 100.18 
3 0.39 100 100.17 
4 0.39 100 100.17 

5 0.47 100 100.18 

6 0.47 100 100.18 
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Figure 5-8 2D L-Type Well Path – Designed, Corrected, and Actual. 

 

Figure 5-9 2D L-Type Well Path Deviated Section (Zoomed in) – 
Designed, Corrected, and Actual. 
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Figure 5-10 2D L-Type Well Path Deviated Section (Zoomed in) – 
Designed path and paths for Algorithms 1 to 6. 

 

Inclination angle with respect to time for the correction section can be seen 

in Figure 5-11. We yet again observe that the actual inclination angle followed by 

the prototype is slightly different from that of the corrected path estimated by the 

algorithm because of the reasons mentioned earlier. We also see a comparison of 

the inclination angle vs time predicted by all the algorithms in the figure. We would 

once more see that the best curve with minimum energy was a tie between 

constant curvature and catenary curve and the curve that was followed was 

constant curvature for simplicity.  
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Figure 5-11 2D L-Type Well Inclination Angle (Zoomed in) – Designed, 
Corrected, Actual paths and paths for Algorithms 1 to 6. 

 

The inclination angle vs time curve for the overall well path will be seen in 

Case 3. To view a comparison of well profile energy vs the length of the nth section 

for all the different algorithms, we look at Figure 5-12. Here we observe again that 

the energy curve for the first four algorithm (Algorithm 1 to 4) almost overlap with 

each other whereas the energy curves for algorithm 5 and 6 display similarity. 

Hence, we again conclude that spline curve gives a greater energy curve as 

compared to constant curvature and catenary, which in turn give correction curves 

with similar energy. The details of the energy and the length of the nth section can 

be seen in Table 5-2.  
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Figure 5-12 2D L-Type Well Deviated Section Energy for correction 
path vs Length of the nth section for Algorithms 1 to 6. 

 

5.1.3 Case 3 - L type Well (Error-2) 

As mentioned earlier, we will discuss the error in the horizontal section in 

the L-type well demonstrated earlier. The error is created at an MD of 8530 ft. 

Figure 5-8 contains the correction path as predicted by the correction algorithm 

and the actual path as followed by the prototype for the second error as well. A 

zoomed-in version can be seen in Figure 5-13. In Figure 5-14 we observe all the 

correction paths estimated by the 6 algorithms discussed above. 
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Figure 5-13 2D L-Type Well Path Horizontal Section (Zoomed in) – 
Designed, Corrected, and Actual. 

 

 Figure 5-14 2D L-Type Well Path Horizontal Section (Zoomed in) – 
Designed path and paths for Algorithms 1,2 & 5,6. 
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Inclination angle with respect to time for the correction section can be seen 

in Figure 5-15. The inclination angle vs time curve for the overall well path will be 

seen in Figure 5-16. To view a comparison of well profile energy vs the length of 

the nth section for all the different algorithms, we look at Figure 5-17. The 

observations are similar as the previous sections except one major difference 

which is that the algorithms 3 and 4 fail to estimate a correction path as in catenary 

curve the parameter a is proportional to the tangent of the inclination angle as seen 

in equation 2-19. And as the inclination angle approaches 90o assumes very large 

values which gives absurd correction curves. Hence, catenary curve is dropped 

for this particular case. The details of the energy and the length of the nth section 

can be seen in Table 5-3. Algorithm-1 again gives the best (corrected) path. 

 

Figure 5-15 2D L-Type Well Inclination Angle (Zoomed in) – Designed, 
Corrected, Actual paths and paths for Algorithms 1,2 & 5,6. 
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Figure 5-16 2D L-Type Well Inclination Angle – Designed, Corrected, 
and Actual paths. 

 

Figure 5-17 2D L-Type Well Horizontal Section Energy for correction 
path vs Length of the nth section for Algorithms 1,2 & 5,6. 
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Table 5-3 Min Energy vs 𝑳𝒏 and 𝑳𝒏−𝟏 for algorithms 1,2 and 5,6 (L-Type) 

Algorithm Min. Energy Es Length 𝑳𝒏 in feet Length 𝑳𝒏−𝟏  in feet 

1 0.39 100 100.19 
2 0.39 100 100.10 
5 0.47 100 100.19 
6 0.47 100 100.11 

 

5.2 3D Algorithm 

5.2.1 Case 1 - J type Well 

In the first case, similar to the 2D, we have a J-type well whose details are 

given in Appendix 3 (Table A 3-1), and it is plotted in Figure 5-18. A simulated error 

was created in the well path at an MD of 8000 ft. We see the designed path, the 

corrected path estimated by the algorithm and the actual path followed by the 

prototype in Figure 5-18 and a zoomed in version is available in Figure 5-19. We 

also observe the uncorrected path which would have been followed if there was 

no corrective action taken in Figure 5-18. Figure 5-20 shows the corrected path as 

estimated by all the algorithms. 

Table 5-4 Minimum Energy vs 𝑳𝒏 and 𝑳𝒏−𝟏  for all algorithms (J-Type) 

Algorithm Min. Energy Es Length 𝑳𝒏 in feet Length 𝑳𝒏−𝟏  in feet 

1 9.84 80.00 121.30 
2 10.02 78.00 116.35 
3 10.40 80.00 121.45 
4 10.02 78.00 116.35 
5 11.16 100.00 100.91 

6 12.30 100.63 91.86 
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Figure 5-18 3D J-Type Well Path – Designed, Corrected, Actual and 
Uncorrected. 

 

Figure 5-19 3D J-Type Well Path (Zoomed in) – Designed, Corrected, 
and Actual. 



46 

 

 

Figure 5-20 3D J-Type Well Path (Zoomed in) – Designed path and 
paths for Algorithms 1 to 6. 

 

Figure 5-21 displays the inclination angle with respect to time for the 

correction section and the comparison of all the algorithms and Figure 5-22 does 

the same but for the azimuth angle. One thing to notice in the Figure 5-22 is that 

the azimuth curves for catenary and constant curvature overlap exactly with each 

other, the reason being that catenary curve is essentially constant curvature with 

respect to azimuth angle as discussed in previous chapter. The inclination angle 

and azimuth angle vs time curves for the overall well path can be seen in the Figure 

5-23 and Figure 5-24 respectively. The curve for well profile energy is in Figure 5-

25. Other observations are similar to the 2D case of J type well. The details of the 

energy and the length of the nth section can be seen in Table 5-4.  
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Figure 5-21 3D J-Type Well Inclination Angle (Zoomed in) – Designed, 
Corrected, Actual paths and paths for Algorithms 1 to 6. 

 

Figure 5-22 3D J-Type Well Azimuth Angle (Zoomed in) – Designed, 
Corrected, Actual paths and paths for Algorithms 1 to 6. 
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Figure 5-23 3D J-Type Well Inclination Angle – Designed, Corrected, 
and Actual paths. 

 

Figure 5-24 3D J-Type Well Azimuth Angle – Designed, Corrected, and 
Actual paths. 
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Figure 5-25 3D J-Type Well Energy for correction path vs Length of 

the nth section for Algorithms 1 to 6. 

 

5.2.2 Case 2 - L type Well (Error-1) 

For the second case, we have an L-type well which is deviated for a certain 

depth before becoming horizontal, details are given in Appendix 3 (Table A 3-2), 

and it is plotted in Figure 5-26. Here, we simulate two errors in the well path, the 

first is for the deviated section and the second is for the horizontal section. We will 

discuss the error for deviated section in the current case and the error for horizontal 

section would be discussed in the following case. The first error was created in the 

well path at an MD of 3230 ft. The figure showing the well path also contains the 

correction path as predicted by the correction algorithm and the actual path as 
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followed by the prototype for both the errors, which are essentially overlapping 

each other. A zoomed-in version can be seen in Figure 5-27. In Figure 5-28 we 

observe all the correction paths estimated by the 6 algorithms discussed above. 

Figure 5-26 3D L-Type Well Path – Designed, Corrected, and Actual. 

 

Table 5-5 Minimum Energy vs 𝑳𝒏 and 𝑳𝒏−𝟏  for all algorithms (L-Type) 

Algorithm Min. Energy Es Length 𝑳𝒏 in feet Length 𝑳𝒏−𝟏  in feet 

1 2.75 80.00 120.41 
2 2.84 79.47 115.92 
3 2.91 80.00 120.45 
4 2.83 79.47 115.92 

5 3.12 100.00 100.29 
6 3.43 98.41 96.68 
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Figure 5-27 3D L-Type Well Path Deviated Section (Zoomed in) – 

Designed, Corrected, and Actual. 

 

Figure 5-28 3D L-Type Well Path Deviated Section (Zoomed in) – 

Designed path and paths for Algorithms 1 to 6. 
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Inclination angle and azimuth angle with respect to time for the correction 

section can be seen in Figure 5-29 and Figure 5-30 respectively. We also see a 

comparison of the inclination angle vs time predicted by all the algorithms in the 

figure. The inclination angle vs time curve for the overall well path will be seen in 

Case 3. To view a comparison of well profile energy vs the length of the nth section 

for all the different algorithms, we look at Figure 5-31. We can conclude that spline 

curve gives a greater energy curve whereas constant curvature curve gives the 

least energy curve. The details of the energy and the length of the nth section can 

be seen in Table 5-5.  

 

Figure 5-29 3D L-Type Well Inclination Angle (Zoomed in) – Designed, 
Corrected, Actual paths and paths for Algorithms 1 to 6. 
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Figure 5-30 3D L-Type Well Azimuth Angle (Zoomed in) – Designed, 
Corrected, Actual paths and paths for Algorithms 1 to 6. 

 

Figure 5-31 3D L-Type Well Deviated Section Energy for correction 
path vs Length of the nth section for Algorithms 1 to 6. 
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5.2.3 Case 3 - L type Well (Error-2) 

As mentioned earlier, we will discuss the error in the horizontal section in 

the L-type well demonstrated earlier. The error is created at an MD of 8310 ft. 

Figure 5-26 contains the correction path as predicted by the correction algorithm 

and the actual path as followed by the prototype for the second error as well. A 

zoomed-in version can be seen in Figure 5-32. In Figure 5-33 we observe all the 

correction paths estimated by the 6 algorithms discussed above.  

 

Figure 5-32 3D L-Type Well Path Horizontal Section (Zoomed in) – 
Designed, Corrected, and Actual. 
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Figure 5-33 3D L-Type Well Path Horizontal Section (Zoomed in) – 
Designed path and paths for Algorithms 1,2 & 5,6. 

 

Figure 5-34 and Figure 5-35 show inclination and azimuth angles with 

respect to time for the correction section respectively. The inclination angle vs time 

curve for the overall well path will be seen in Figure 5-36 and that for azimuth angle 

is available in Figure 5-37. To view a comparison of well profile energy vs the  

length of the nth section for all the different algorithms, we look at Figure 5-38. The 

observations are similar to the 2D case including the fact that algorithms 3 and 4 

fail to estimate a correction path for catenary curve. Hence, catenary curve is 

dropped again for this particular case. The details of the energy and the length of 

the nth section can be seen in Table 5-6. Algorithm-1 again gives the best 

(corrected) path. 
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Figure 5-34 3D L-Type Well Inclination Angle (Zoomed in) – Designed, 
Corrected, Actual paths and paths for Algorithms 1,2 & 5,6. 

 

Figure 5-35 3D L-Type Well Azimuth Angle (Zoomed in) – Designed, 
Corrected, Actual paths and paths for Algorithms 1,2 & 5,6. 
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Figure 5-36 3D L-Type Well Inclination Angle – Designed, Corrected, 
and Actual paths. 

 

Figure 5-37 3D L-Type Well Azimuth Angle – Designed, Corrected, and 
Actual paths. 
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Figure 5-38 3D L-Type Well Horizontal Section Energy for correction 

path vs Length of the nth section for Algorithms 1,2 & 5,6. 

 

 

Table 5-6 Min Energy vs 𝑳𝒏 and 𝑳𝒏−𝟏 for algorithms 1,2 and 5,6 (L-Type) 

Algorithm Min. Energy Es Length 𝑳𝒏 in feet Length 𝑳𝒏−𝟏  in feet 

1 10.56 100.00 100.50 
2 10.98 83.56 119.63 
5 12.12 100.00 104.83 
6 12.37 100.00 103.50 
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Chapter 6 Conclusion and Future Work 

6.1 Conclusion 

At the start of this document, we had mentioned three objectives that had 

to be covered and at its conclusion we can say successfully that all the three 

objectives were met satisfactorily. We saw the working of the prototype both in a 

2-D and a 3-D environment though the 3-D environment is a bit more complex than 

the simple 2-D environment. One can only wonder how complex can a system 

becomes just by adding one extra degree of freedom. The Author would also like 

to point out the inconsistency of the calibration of the prototype which makes it 

difficult to control its path very precisely. The inconsistency is mainly because of 

the availability of just one input parameter, which is voltage of the actuators, for 

controlling the inclination and azimuth angles. A same amount of increment in 

voltage does not give same amount of increment in inclination or azimuth angle 

when repeated several times.  

We also observed that constant curvature and catenary curve give almost 

similar results with respect to the minimum energy and corrective path whereas 

spline gives a completely different result. We saw that constant curvature gives the 

path with the minimum most energy both in 2D and 3D. It was also witnessed that 

the algorithm with catenary curve fails to give a correction curve for horizontal 

paths due to its inherent limitation. Another observation that was made was that 

the estimated corrected paths do not exactly match the designed path after 

correction, reason being the inherent approximation made in the survey calculation 
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models, though the deviation between the corrected paths and designed path was 

found to be negligible with respect to the error. It was also found during the course 

of study that normalized energy gave similar results as compared to the absolute 

energy used throughout our study. We can finally conclude by saying that minimum 

energy approach is a very robust and efficient control method for controlling a three 

dimensional well path downhole! 

6.2 Future Work 

To make the above study more robust following major studies would be 

conducted in the future work: 

 Evaluation of 3D Clothoid curves for correction curves. 

 Usage of Natural Curve survey calculation models for building new 

algorithms.  

 A laboratory prototype will be built which would also have an RPM and WOB 

to simulate actual well path and would not be inconsistent with respect to 

the calibration.  

 A DC motor will be used to give RPM to the drill-pipe and a decoupling 

device would be used to connect the rotating wire of the orientation sensor 

with the UART communication device. 

 Data pertaining to bit-formation interaction will also be included to calculate 

the optimum path. More sophisticated sensors with further research would 

be used for the same. 
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Appendix-1 

 

Figure A1-1 The Prototype 
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Appendix-2 

In this appendix, we will discuss about how to get the value of Inclination 

angle and Azimuth angle from quaternions obtained from the orientation sensor. 

Quaternions are a set of four digits that give the rotation angle and the vector 

around which rotation occurs for a body from its inertial frame to the body frame of 

reference. Inertial frame is the earth fixed co-ordinate axis and the body frame is 

co-ordinate axis fixed to the body which in our case is the drill-bit which contains 

the UM6 sensor.  More detail about the quaternions can be found in the reference 

document mentioned above. Here we will just talk about the calculations relevant 

to our purpose. In our case, the orientation sensor is attached to the bit such that 

its x-axis faces downward. Hence, x-axis of the sensor is our axial direction for the 

drill pipe.  

The vector along the x-axis during the initial position of the drill pipe is 

considered to be the datum or the vertical. Hence the inclination angle is calculated 

with respect to this particular vector and azimuth angle is calculated by taking 

projection of the axial direction on the plane perpendicular to this vector, which 

essentially comprises of y and z axes of the initial body frame. Let’s say, the first 

quaternion obtained at the initial position of the drill bit is given by  

𝑞1 =  [𝑎1 𝑏1 𝑐1 𝑑1]𝑇           (A 2-1) 

then the vectors along x, y and z axes of the initial body frame is given by 
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[𝑥1̅̅̅ 𝑦1̅̅̅ 𝑧1̅]

= [�̅� �̅� 𝑧̅] [

𝑎1
2 + 𝑏1

2 − 𝑐1
2 − 𝑑1

2 2𝑏1𝑐1 − 2𝑎1𝑑1 2𝑏1𝑑1 + 2𝑎1𝑐1

2𝑏1𝑐1 + 2𝑎1𝑑1 𝑎1
2 − 𝑏1

2 + 𝑐1
2 − 𝑑1

2 2𝑐1𝑑1 + 2𝑎1𝑏1

2𝑏1𝑑1 − 2𝑎1𝑐1 2𝑐1𝑑1 + 2𝑎1𝑏1 𝑎1
2 − 𝑏1

2 − 𝑐1
2 + 𝑑1

2

] [
1 0 0
0 1 0
0 0 1

] 

(A 2-2) 

where [𝑥1̅̅̅ 𝑦1̅̅̅ 𝑧1̅] are the unit vectors along the x, y and z axes of the initial body 

frame and [�̅� �̅� 𝑧̅] are the unit vectors along the corresponding axes of the 

inertial frame.  Now once the bit moves, the orientation of the bit changes and 

hence, we have new set of quaternions given as 

𝑞2 =  [𝑎2 𝑏2 𝑐2 𝑑2 ]𝑇           (A 2-3) 

and the vectors along the new body frame are similarly given as 

[𝑥2̅̅ ̅ 𝑦2̅̅ ̅ 𝑧2̅] =

[�̅� �̅� 𝑧̅] [

𝑎2
2 + 𝑏2

2 − 𝑐2
2 − 𝑑2

2 2𝑏2𝑐2 − 2𝑎2𝑑2 2𝑏2𝑑2 + 2𝑎2𝑐2

2𝑏2 𝑐2 + 2𝑎2𝑑2 𝑎2
2 − 𝑏2

2 + 𝑐2
2 − 𝑑2

2 2𝑐2𝑑2 + 2𝑎2𝑏2

2𝑏2 𝑑2 − 2𝑎2𝑐2 2𝑐2𝑑2 + 2𝑎2𝑏2 𝑎2
2 − 𝑏2

2 − 𝑐2
2 + 𝑑2

2

] [
1 0 0
0 1 0
0 0 1

]. 

(A 2-4) 

Once we have the initial body frame and the subsequent body frames the 

inclination angle cam be calculated as the angle between 𝑥1̅̅  ̅, the vertical and 𝑥2̅̅ ̅, 

the vector along the drill pipe and is given as 

 𝐼 =  𝑐𝑜𝑠−1(𝑥1̅̅̅.𝑥2̅̅ ̅).        (A 2-5) 

For azimuth, we need to take the projection of the vector along the drill pipe onto 

y-z plane of the initial body frame. The projection (𝑝̅) is given as  
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𝑝̅ =  𝑥2̅̅ ̅ − (𝑥2̅̅ ̅.𝑥1̅̅̅)𝑥1̅̅ .̅        (A 2-6) 

Azimuth is calculated with respect to the y-axis of the initial body frame and is given 

as 

 𝐴 =  𝑐𝑜𝑠−1(
𝑝̅.𝑦1̅̅̅̅

|𝑝̅ |
)        (A 2-7) 

  



68 

 

Appendix-3 

Table A 3-1 J-Type Well 

MD (ft) INC (°) AZ (°)  MD (ft) INC (°) AZ (°) 

0 0 0  4000 24.9 40.71 

100 0 20  4100 24.88 40.85 

200 0 20  4200 24.87 40.99 

300 0 20  4300 24.85 41.13 

400 0 20  4400 24.83 41.28 

500 0 20  4500 24.81 41.42 

600 0 20  4600 24.79 41.56 

700 0 20  4700 24.77 41.71 

800 0 20  4800 24.76 41.85 

900 0 20  4900 24.74 41.99 

1000 0 40  5000 24.72 42.14 

1100 1 40  5100 24.7 42.28 

1200 2 40  5200 24.69 42.43 

1300 3 40  5300 24.67 42.57 

1400 4 40  5400 24.65 42.71 

1500 5 40  5500 24.63 42.86 

1600 6 40  5600 24.62 43 

1700 7 40  5700 24.6 43.15 

1800 8 40  5800 24.58 43.29 

1900 9 40  5900 24.57 43.44 

2000 10 40  6000 24.55 43.59 

2100 11 40  6100 24.53 43.73 

2200 12 40  6200 24.52 43.88 

2300 13 40  6300 24.5 44.02 

2400 14 40  6400 24.49 44.17 

2500 15 40  6500 24.47 44.32 

2600 16 40  6600 24.46 44.46 

2700 17 40  6700 24.44 44.61 

2800 18 40  6800 24.43 44.76 

2900 19 40  6900 24.41 44.91 

3000 20 40  7000 24.4 45.05 

3100 21 40  7100 24.38 45.2 

3200 22 40  7200 24.37 45.35 

3300 23 40  7300 24.35 45.5 

3400 24 40  7400 24.34 45.64 

3500 25 40  7500 24.32 45.79 

3600 24.98 40.14  7600 24.31 45.94 

3700 24.96 40.28  7700 24.3 46.09 

3800 24.94 40.42  7800 24.28 46.24 

3900 24.92 40.57  7900 24.27 46.39 
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Table A 3-1 J-Type Well (Contd.) 

MD (ft) INC (°) AZ (°) 

8100 24.24 46.69 

8200 24.23 46.84 

8300 24.22 46.98 

8400 24.2 47.13 

8500 24.19 47.28 

8600 24.18 47.43 

8700 24.16 47.58 

8800 24.15 47.73 

8900 24.14 47.89 

9000 24.13 48.04 

9100 24.12 48.19 

9200 24.1 48.34 

9300 24.09 48.49 

9400 24.08 48.64 

9500 24.07 48.79 

9600 24.06 48.94 

9700 24.05 49.09 

9800 24.04 49.25 

9900 24.03 49.4 

10000 24.02 49.55 
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Table A 3-2 L-Type Well 

MD (ft) INC (°) AZ (°)  MD (ft) INC (°) AZ (°) 

0 0 0  4000 17.18 30.81 

100 0 0  4100 17.18 30.81 

200 0 0  4200 17.18 30.81 

300 0 0  4300 17.18 30.81 

400 0 0  4400 17.18 30.81 

500 0 0  4500 17.18 30.81 

600 0 0  4600 17.18 30.81 

700 0 0  4700 17.18 30.81 

800 0 0  4800 17.18 30.81 

900 0 0  4900 17.18 30.81 

1000 0 0  5000 17.18 30.81 

1100 0 0  5100 17.18 30.81 

1200 0 0  5200 17.18 30.81 

1300 0 0  5300 17.18 30.81 

1400 0 0  5400 17.18 30.81 

1500 0 0  5500 17.18 30.81 

1600 0 0  5600 17.18 30.81 

1700 0 0  5700 17.18 30.81 

1800 0 0  5800 17.18 30.81 

1900 0 0  5900 17.18 30.81 

2000 0 0  6000 17.18 30.81 

2100 0 0  6100 17.18 30.81 

2200 0 0  6200 17.18 30.81 

2300 0 0  6300 17.18 30.81 

2400 0 0  6400 17.18 30.81 

2500 0.03 30.81  6500 17.18 30.81 

2600 8.03 30.81  6600 17.18 30.81 

2700 16.03 30.81  6700 17.18 30.81 

2800 17.18 30.81  6800 17.18 30.81 

2900 17.18 30.81  6900 17.18 30.81 

3000 17.18 30.81  7000 18.19 22.46 

3100 17.18 30.81  7100 22.77 3.53 

3200 17.18 30.81  7200 28.82 351.41 

3300 17.18 30.81  7300 35.6 343.38 

3400 17.18 30.81  7400 42.75 337.69 

3500 17.18 30.81  7500 50.12 333.37 

3600 17.18 30.81  7600 57.61 329.91 

3700 17.18 30.81  7700 65.19 326.97 

3800 17.18 30.81  7800 72.82 324.38 

3900 17.18 30.81  7900 80.47 322 
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Table A 3-2 L-Type Well (Contd.) 

MD (ft) INC (°) AZ (°) 

8000 88.14 319.72 

8100 90.3 319.18 

8200 90.3 319.3 

8300 90.3 319.42 

8400 90.3 319.54 

8500 90.3 319.66 

8600 90.3 319.78 

8700 90.3 319.9 

8800 90.3 320.02 

8900 90.3 320.14 

9000 90.3 320.25 

9100 90.3 320.37 

9200 90.3 320.49 

9300 90.3 320.61 

9400 90.3 320.73 

9500 90.3 320.85 

9600 90.3 320.97 

9700 90.3 321.09 

9800 90.3 321.21 

9900 90.3 321.33 

10000 90.3 321.45 

10100 90.3 321.57 

10200 90.3 321.69 

10300 90.3 321.81 

10400 90.3 321.93 

10500 90.3 322.05 

10600 90.3 322.17 

10700 90.3 322.29 

10800 90.3 322.41 

10900 90.3 322.53 

11000 90.3 322.65 

11100 90.3 322.77 

11200 90.3 322.89 

   

 

 


