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1 INTRODUCTION 

Greenhouse gases (GHG) are those gases in the atmosphere blocking heat from escaping and 

making our planet warmer. Most climate scientist agree that the major cause of the global warming 

is the GHG emissions from human activities, called greenhouse effect ("A Blanket around the 

Earth," 2014). In the United States, the largest source of  GHG emissions is burning fossil fuels 

for electricity, heat and transportation ("Sources of Greenhouse Gas Emissions," 2012). 

According to the newest data published by International Energy Agency (IEA) in 2012, the 

transportation sector was responsible for 63.7% of world total oil consumption and about 28% of 

total energy consumption globally (IEA, 2014). In the USA, the transportation sector accounted 

for 28% of the total greenhouse gas emissions in 2012, which mainly come from burning fossil 

fuel for the cars, trucks, etc. ("Sources of Greenhouse Gas Emissions," 2012). Specifically over 

90% of the energy used for transportation is petroleum based, including gasoline and diesel. 

A wide range of strategies has been formulated to reduce the GHG emissions from the 

transportation sector, requiring the involvement of transportation agencies, auto manufacturers, 

freight shippers, etc., and most importantly, the public (DOT, 2014a). Alternative fuels and vehicle 

technology are among them. Actually, the alternative fuel vehicle (AFV) technologies have 

become a sustaining force in the US energy and transportation industry. They are cleaner burning 

fuels and emit a lower level of CO2, as well as NOx and sulfur. According to the National Petroleum 

Council, by 2035, light duty natural gas vehicles (NGVs) can take over 50% of the light duty 

vehicle market, and this number could reach 70% in the heavy duty NGV market. As a result, a 
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higher adoption rate of AFVs in a congested city or region can significantly improve the air quality 

and reduce pollution-related disease and expense. 

There is another strong economic force driving AFV technology into the market: the price. There 

is a steady price spread between conventional fuels and alternative fuels. For instance, for decades, 

prices of natural gas have been only half or even less than that of gasoline and diesel. Though the 

increasing number of users of natural gas vehicles may pull up the market price of natural gas fuel 

prices, there are sufficient suppliers in the U.S. to meet the market demand. Meanwhile, the 

increasing price of conventional fuels is continuing to increase the spread between the natural gas 

and conventional fuels.  

The potential savings from supplanting conventional fuels with alternative fuels give powerful 

impetus to the general public and commercial fleets to adopt AFV. 

Additionally, growth of AFV could also help U.S. to reduce the dependence on petroleum based 

fuels and the resulting economy dependence on the major petroleum products exporting countries, 

such as Russia and Middle East countries.  

Recently, a stream of researches have discussed the recent development of AFV technology, and 

its adoption and impacts upon economy and GHG emissions. AFV, most generally defined, is the 

type of vehicles that runs on a fuel other than traditional petroleum fuels such as gasoline and 

diesel, including any vehicle that does not power an engine with petroleum solely (DOT, 2014b). 

In 2010, Ou, Zhang and Chang (Ou, Zhang, & Chang, 2010) established a model to derive a 

historical trend and to project future trends of life-cycle energy demand and GHG emissions in 
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China’s road transportation sector. Three categories of scenarios have been designed, including a 

baseline scenario where the Chinese government is assumed to make no influence upon the road 

transportation; a second category of scenarios projected the situations when the government takes 

actions to reduce the direct demand of oil and improve alternative fuel vehicle technologies (such 

as biofuel, coal based fuel and electric vehicles, respectively) and establish the market, or effective 

GHG reduction measure is implemented both in coal power generation and coal derived liquid fuel 

production; and the third  category of scenario shows the trend when all advantages from the 

aforesaid scenarios are combined. The results clearly shows that the propulsion and development 

of alternative fuel vehicle technology related promotion policies would reduce the demand of oil 

based energy and GHG emissions. 

Zhou and Vyas (Zhou & Vyas, 2014) and their colleagues in Argonne National Laboratory 

developed the newest VISION model for estimation of the potential energy use and carbon 

emission impacts to 2100 of highway vehicle technologies and alternative fuels in the United 

States. This model was formulated in Microsoft Excel’s spreadsheet and could respond rapidly to 

both quick-turnaround requests and long-term analysis. One of the highlights in the VISION model 

is that it include the vehicle survival, age-dependent usage characteristics, and life-cycle carbon 

coefficients for various fuels into consideration. Office of Weatherization and Intergovernmental 

of U.S. Department of Energy has applied VISION model to evaluate how a specific oil-saving 

goal could be reached by combining the growth in both alternative fuel use and light duty vehicle 

fuel economy. 
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The Strategic Solutions Center in Texas Transportation Institute (Texas, USA) issued a report of 

the electric vehicle market penetration (The Texas Transportation Institute, 2011). The primary 

motive of this study is that due to present policies and laws, since those electric vehicles don’t run 

on fossil fuel, they will not pay fuel taxes, which is one of the two major sources of funding for 

roadway building and maintaining in Texas. So it is very valuable to understand the current 

environment and future development of electric vehicle industry and market. In this report, the 

author briefly introduce the electric vehicle market and infrastructure in Texas and predict that the 

annual sales and market share of electric vehicle is expected to increase in the next two decades, 

but the traditional petroleum fuel vehicles will continue to dominate the roadway transportation in 

Texas. Moreover, ethanol and flexible fuel (dual fuel) vehicles will account for the largest share 

of alternative fuel vehicle market in Texas. 

Besides, there have been a group of qualitative studies that predict optimistic future of several 

specific types of AFVs. However, the diffusion track has not been quantitative simulated or 

examined. In this way, the forecast of the AFV’s growth over the time horizon and the behavior 

pattern of AFV’s diffusion process is still a territory that attract researchers’ attention. Moreover, 

the diffusion of AFV technologies is also strongly influenced by the price of the fuel, the 

accessibility of the infrastructure, the growth rate of population of the potential customers, and etc. 

This paper intends to develop a diffusion model for alternative fuel vehicle market penetration to 

simulate the behavior of the adopters in the AFV market, and try to analyze price, infrastructure, 

and demographic impact on the AFV diffusion.  
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2 LITERATURE REVIEW 

2.1 Two Sided Market Effect 

As defined in the book of “Strategies for Two-sided Markets” (Eisenmann, Parker, & Van Alstyne, 

2006), two-sided markets, or two-sided networks, are economic networks that links two distinct 

groups of users. The products or services that bring together groups of users in two-sided networks 

are platforms. For instance, in the alternative fuel vehicle economy, the two sides of the market 

are the vehicle owners and fueling stations, while those alternative fuel vehicles that the vehicle 

manufacturers provide is the platform. The two-sided market essentially differs from other 

networks in a fundamental way, in which value is created primarily by enabling direct interactions 

between two distinct types of affiliated users (Hagiu & Wright, 2011); and yet in one-sided market 

which consists of homogenous users who perform similar functions with identical behavior pattern. 

In the two-sided market, users have larger expected gains, the larger the number of users on the 

other side of the market (Caillaud & Jullien, 2003).  

In the past decade, the economics of two-sided markets has emerged and been among the most 

active and popular areas of research in economics and business strategy. Particularly, Caillaud and 

Jullien (Caillaud & Jullien, 2003) developed a model to precisely describe and analyze the pricing 

strategies that allow the platform providers to protect their business or to gain new business. This 

model assumed that two matchmakers providing undifferentiated service (platform) compete in a 

Bertrand game in an imperfect competition environment. Unsurprisingly, the only equilibrium in 

this case is that there exist one platform which attracts all agents and that platform making no 

profit. A peer paper written by Rochet and Tirole looked at the other side of the coin (Rochet & 
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Tirole, 2003). It assumes nonhomogeneous agents on either side of the network. Research was 

done to see how the price allocation between the two sides of the multi-homing market is affected. 

An example of multi-homing market is credit cards: many merchants accept both Visa and Amex 

cards and many if not most consumers own both Amex and Visa cards. From this study, insights 

were derived such as that an increase in “multi-homing” on the buyer side facilitates leading to the 

seller side and results in a price structure more favorable to sellers; and either monopoly or 

competitive platforms design their price structure for ease of getting both sides of the market 

involved. In 2006, Armstrong proposed a special case that the consumers in the buyer side of the 

network make a decision to join one platform independently from its decision to join the other, 

which means there is no competition between platforms to attract customers (Armstrong, 2006). 

Armstrong calls this model a competitive bottleneck framework. For instance, a fashion brand 

might wish to open several chain branches in different shopping malls though consumers might 

visit a single shopping mall more often. Heinz and his colleagues (Heinz, Graeber, & Praktiknjo, 

2013) discussed the hydrogen economy based on these theoretical framework. In the hydrogen 

economy networks, the market side 1 consists of hydrogen producers and fuel cell manufacturers; 

while market side 2 include the consumer of hydrogen and fuel cells. In this model, a customer 

has to buy both fuel cell and the hydrogen in order to obtain the highest benefit due to cross-side 

effect in the hydrogen economy, which means increasing the number of users of hydrogen makes 

fuel cell, the complementary product, more valuable to the users, vice versa. Moreover, Heinz etc. 

has found that there exists positive same-side effects in the market side 1, which implies that 

increasing number of hydrogen producers attracts more fuel cell manufactures and also the fuel 

cell manufactures benefit more from a larger number of hydrogen producers. This study prove that 
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including and coordinating the network effects can significantly accelerate the diffusion of the fuel 

cells and hydrogen supply (Heinz et al., 2013). 
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2.2 The Bass Diffusion Model 

The Bass model is developed for a theoretical timing of initial purchase of new consumer products 

(Bass, 1969), based on the assumption that the timing of a new customer’s purchase is related to 

the number of existing adopters. In this case, those individuals that decide to buy a new product 

independently of the decisions of the other individuals in the same society are called innovators; 

correspondently, those customers that decide to adopt the same product under pressures of the 

social system, such as advertising and interpersonal communication (word-of-mouth), are known 

as imitators. In the literature, the adopters are categorized more particularly as (1) innovators, (2) 

early adopters, (3) early majority, (4) late majority, and (5) laggards. The classification is based 

upon the timing of adoption throughout the diffusion process. In this milestone research paper, 

Bass model explains the movement of consumers from the potential social group to the adopter 

social group (Heinz et al., 2013). The conspicuous characteristic of Bass model is its S-shape 

market growth feature, as shown in Figure 1 below, which implies that the periodical sales grow 

to a peak level and then become relatively stable at a level that is lower than the peak level.  
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Figure 1 S-shape Curve Example 

 

 

There are three parameters deciding the shape of the S-shape curve: 

(1) p: the coefficient of innovation;  

(2) q: the coefficient of imitation;  

(3) M: the maximum market potential of the new technology.  

Bass developed and tested the diffusion behavior patterns of eleven consumer durables in this 

paper, and unsurprisingly, these products did not share any p, q or M in common, which means 

that different new technology behaves uniquely in the diffusion process. Durables are those 
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products that are typically bought just once, or infrequently, such as computers, vehicles 

(Michelfelder & Morrin). So obviously, replacement sales are excluded from Bass model. 

Chang and Wang (Chang & Wang, 2011) conducted a research of the diffusion process of a purely 

intangible technology: Twitter and the hashtags. Twitter is known as a popular global social media 

platform and its hashtags is a novel tagging convention by prefixing keywords with the symbol (#) 

and adopted by Twitter users in 2007. The hash-tagged key words are associated daily events, hot 

topics, etc. with information resources, and represent the trends of the mass media’s interests and 

focuses. In this paper, logistic model and Bass diffusion model were used to investigate the growth 

patterns of Twitter and hashtag diffusion in Taiwan. The researchers studied the data collected 

from both automatic and secondary platform and employed nonlinear regression to estimate the 

parameters in Bass model and logistic model to forecast the future adoption of Twitter. According 

to Chang and Wang’s result, Twitter adoption and the hashtag diffusion in Taiwan depend more 

on imitation effects than innovation effects. Moreover, the outcomes from Bass model resemble 

logistic model curve, they share similar manners for the patterns of Twitter adoption and hashtag 

diffusion. 

In 2013, Heinz et al. (Heinz et al., 2013) applied the Bass model to conduct a study of the diffusion 

process of stationary fuel cells. As we discussed above, in this paper, Heinz and his colleagues 

regards the hydrogen market dynamics as a two-sided market economy, and the two different 

groups of users at the two sides of the network provide benefits to each other. The cross-side effect 

that the increasing number of users on one side makes it either more or less valuable to the users 

on the other side is projected to the coefficient of innovation p in Bass model; while the same-side 
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effect that the users on one side helps to attract more users on the same side is projected to the 

coefficient of imitation q in Bass model. Such interaction across the two sided economy and within 

the same side of the market can enhance the market participants’ utility and lower the service price, 

as well as the service provisioning cost. In this adapted Bass model, at the beginning of the 

diffusion process, innovators plays the major role, but monotonically decreasing with time is 

observed later, and imitators become more and more important. Similarly, the cross-side effect 

promote the diffusion mainly at the beginning by improving the information flow between the two 

sides and the same-side effect then get involved on both sides of the network as a pressure 

operating on the firms to join the market and on the consumers to imitate the adoption of hydrogen 

technology. By running this model, they obtain the values of the parameters as p = 0.025 and q = 

0.68, which is a very low slope for the innovation parameter; and the potential market size of 

installed fuel cells is M = 25,000. Moreover, the Bass model shows that the fuel cell market can 

reach the first half at the end of 4th year, and within the first 8 years it will be almost saturated 

according to the projected potential market size. 
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2.3 The Generalized Bass Diffusion Model 

The Bass model was suggested to be incomplete by some economists after it was published 

(Russell, 1980). So Bass and his colleagues’ original intention to develop the Generalized Bass 

(GBass) model was to build an understanding of why the Bass model works even though it does 

not include decision variables such as price (Bass, Krishnan, & Jain, 1994). This goal was achieved 

by developing a model that will be observationally equivalent to the Bass model under certain 

circumstances, such as regularity of change behavior in time involving the decision variables. In 

this way, the GBass model includes not only internal but also external marketing variables into 

consideration. A mapping function of mix variables is added to the initial Bass model, intending 

to capture the effects of marketing actions. These variables may determine the shape of diffusion 

curve and the ultimate market potential (McManus & Senter, 2009). Therefore, intrinsically, 

performing both Bass model and GBass model will provide more information from the results and 

deeper insights into the marketing characteristics of the target market. In the original paper of 

GBass model in 1994, only the price and advertisement were mapped into the function, but Bass 

et al suggest researchers can extend the mapping function to include additional variables (Bass et 

al., 1994). 

In 2009, researchers in the University of Michigan applied GBass approach to estimate Plug-in 

Hybrid Electric Vehicles (PHEV) adoption (McManus & Senter, 2009). In this model, two new 

variables are first introduced to the HEV’s GBass model: price premium of EVs against traditional 

gasoline vehicles (B1), and difference of fuel costs per fuel unit (B2). Then the results of all five 

variables are used to PHEV model to forecast PHEV’s market penetration. One of the interesting 
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features of this research’s outcome is that the coefficient of innovation (p), the coefficient of 

imitation (q), and the market potential (M) are similar between Bass and GBass models. 

Furthermore, the Bass curve and the GBass curves behave similarly with the PHEV data. Another 

finding that attracts researchers’ attention is that the values of both p and q are significant in Bass 

model whereas in GBass model almost none of the parameters are statistically significant. This 

may suggest that more decision variables that influence the growth of the PHEV market need to 

be explored and tested. 

Park, Kim and Lee from Korea Institute of Energy Research and Korea Advanced Institute of 

Science and Technology have developed a market penetration forecasting model for Hydrogen 

Fuel Cell Vehicles by applying the GBass model. In this model, the infrastructure development 

and cost reduction are added to the mapping function as two additional variables (Park, Kim, & 

Lee, 2011). Specifically, the researchers chose the price of Hydrogen Fuel Cell Vehicles 𝛽1 and 

the number of hydrogen fueling stations 𝛽2 as the marketing characteristic variables. Park et al 

first uses this model to forecast the market penetration in Korea and then compare the results with 

the Hydrogen Fuel Cell Vehicle’s penetration in Japan and USA. A system dynamic model is also 

employed to simulate the market behaviors, in order to enhance the performance of this model. 
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2.4 The Centrone Model 

One of the manners that both Bass model and GBass model share in common is that they both 

have a fixed saturation level (McManus & Senter, 2009). However, the Centrone model does not 

have such fixed saturation level. Presented by Centrone et al in 2007 (Centrone, Goia, & Salinelli, 

2007), the Centrone model incorporates another set of factors that may have impact upon the 

market penetration of a new technology: the demographic factors. Different from the general 

demographic-epidemiological context, the Centrone model capture both demographic and social-

economic aspects: in this model, an individual could enter or leave the market according to the 

demographic birth-death process or according to their age, wealth, education, personal preference, 

etc. Centrone et al assume that the “birth” rate is larger than the “death” rate in this population 

which leads to an exponential increase of the population. In University of Michigan’s paper, the 

estimated parameters in the PHEV market are: birth rate is 7.9%, death rate is 0.000000151%, p = 

0.00259 and q = 0.62029. Notice that the birth rate is extremely higher than one of the highest 

birth rate countries in the world, Niger, which is about 5% according to United Unions’ online 

database. So U of Michigan’s model need adjusted and further investigated.  
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3 MODEL DEVELOPMENT 

3.1 Bass Model for AFV Diffusion 

𝑃(𝑡) = 𝑝 + (𝑞/𝑀)𝐴(𝑡) 

where, 

𝑃(𝑡) = The probability that an initial AFV purchase will be made at time t given that no purchase 

has yet been made, which is a linear function of the number of previous buyers (Bass, 1969); 

𝑝 = Coefficient of innovation (coefficient of independent influence); 

𝑞 = Coefficient of imitation (coefficient of network influence); 

𝐴 (𝑡) = The number of previous buyer (current adopters), where 𝐴 (0) = 0; 

𝑀 = The total initial purchase of AFV over the period of interest (life of the product). 

Thus, the likelihood of purchase at time t given that no purchase has yet been made is 

𝑓(𝑡)

1 − 𝐹(𝑡)
= 𝑃(𝑡) = 𝑝 + (

𝑞

𝑀
) 𝐴(𝑡) = 𝑝 + 𝑞𝐹(𝑡) 

where 𝑓(𝑡) = the likelihood of purchase at time t.  

The cumulative possibility of purchase over period 𝑡 = [0, 𝑇] is  

𝐹(𝑡) = ∫ 𝑓(𝑡)
𝑡

0

𝑑𝑡, 𝑎𝑛𝑑 𝐹(0) = 0 
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And the total number purchasing during this period is 

𝐴(𝑡) = ∫ 𝑆(𝑡)𝑑𝑡
𝑡

0

= 𝑀 ∫ 𝑓(𝑡)𝑑𝑡
𝑡

0

= 𝑀𝐹(𝑡) 

where 𝑆 (𝑡) = sales at t. 

So sales at time t is 

𝑆(𝑡) = 𝑀𝑓(𝑡) = (𝑝 +
𝑞

𝑀
∫ 𝑆(𝑡)𝑑𝑡

𝑡

0

) (𝑀 − ∫ 𝑆(𝑡)𝑑𝑡
𝑡

0

) 

The solution to the Bass model is  

𝐹(𝑡) =
1 − 𝑒−(𝑝+𝑞)𝑡

1 + (
𝑞
𝑝)𝑒−(𝑝+𝑞)𝑡

 

And the total number of purchasing during time interval [0, t] is 

𝐴(𝑡) = 𝐹(𝑡)𝑀 = 𝑀
1 − 𝑒−(𝑝+𝑞)𝑡

1 + (
𝑞
𝑝)𝑒−(𝑝+𝑞)𝑡

⋯ ⋯ ⋯ ⋯ ⋯ ⋯ (1) 
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3.2 Generalized Bass Model 

General Bass model differential equation multiplies the basic Bass model differential equation by 

a “current market efforts”, 𝑥(𝑡). The sales of AFVs at time t then become 

𝑆(𝑡) = (𝑝 +
𝑞

𝑀
𝐴(𝑡))(𝑀 − 𝐴(𝑡))𝑥(𝑡) 

where 

𝑥(𝑡) = 1 + 𝛽1

𝑃′

𝑃
+ 𝛽2

𝐺′

𝐺
 

𝛽1 = The impact on AFV adoptions of the price premium for natural gas fuels; 

𝛽2 = The impact on AFV adoptions of the number of alternative fuel refueling stations 

And the change in the natural gas fuel price premium is defined by 

𝑃(𝑡) =
𝑝𝑟𝑖𝑐𝑒 𝑜𝑓 𝑐𝑜𝑛𝑣𝑒𝑛𝑡𝑖𝑜𝑛𝑎𝑙 𝑓𝑢𝑒𝑙 − 𝑝𝑟𝑖𝑐𝑒 𝑜𝑓 𝑛𝑎𝑡𝑢𝑎𝑙 𝑔𝑎𝑠

𝑝𝑟𝑖𝑐𝑒 𝑜𝑓 𝑐𝑜𝑛𝑣𝑒𝑛𝑡𝑖𝑜𝑛𝑎𝑙 𝑓𝑢𝑒𝑙 𝑣𝑒ℎ𝑖𝑐𝑙𝑒
 

And the change in the number of natural gas stations is defined by: 

𝐺(𝑡) =
𝑁𝑜. 𝑜𝑓 𝑁𝐺 𝑟𝑒𝑓𝑢𝑒𝑙𝑖𝑛𝑔 𝑠𝑡𝑎𝑡𝑖𝑜𝑛 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡 − 𝑁𝑜. 𝑜𝑓 𝑁𝐺 𝑟𝑒𝑓𝑢𝑒𝑙𝑖𝑛𝑔 𝑠𝑡𝑡𝑖𝑜𝑛 𝑎𝑡 𝑡𝑖𝑚𝑒 (𝑡 − 1)

𝑁𝑜. 𝑜𝑓 𝑁𝐺 𝑟𝑒𝑓𝑢𝑒𝑙𝑖𝑛𝑔 𝑠𝑡𝑎𝑡𝑖𝑜𝑛 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡
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3.3 Other Time Series Forecasting Models 

The models that are introduced in this section are all time series forecasting models. They predict 

future values based on previously observed values, just like Bass model. Differences include 

forecasting horizon, number of unknown parameters, number of independent time series variables, 

etc.  

1. Naïve Model 

�̃�(𝑡 + 1) = 𝐴(𝑡) + 𝜇𝑡+1 ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ (2) 

Equation (2) is the formula of Naïve model, in which 𝜇𝑡+1 is the error term, representing the 

difference between our forecast in next time period, �̃�(𝑡 + 1), and observation in current time 

period, 𝐴(𝑡). 

Naïve model takes the actual data in previous periods as its forecast in future. Therefore, its 

forecast horizon is very short. But this method is very cost effective, so it could be used as 

benchmark for other forecasting methods. 

2. Moving Average Model 

�̃�(𝑡 + 1) =
𝐴(𝑡) + 𝐴(𝑡 − 1) + 𝐴(𝑡 − 2)

3
⋯ ⋯ ⋯ ⋯ (3) 

Equation (3) shows the formula of three-period moving average. It involves longer period of 

historical data than naïve model. It could be utilized to estimate the trend component by smoothing 
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the original data in moving average model(Coghlan, 2015). Again, due to its dependence upon 

historical data, the forecast horizon of moving average is also very short. 

3. Exponential Smoothing Model 

�̃�(𝑡 + 1) = 𝛼𝐴(𝑡) + (1 − 𝛼)�̃�(𝑡), 𝑤ℎ𝑒𝑟𝑒 0 < 𝛼 < 1 ⋯ ⋯ ⋯ ⋯ (4) 

The predictions of future in exponential smoothing model depends on both historical data and 

estimates of history. Because (1 − 𝛼)𝑘 decreases exponentially, the weights of the previous time 

periods decay gradually at a rate that depends on α. The limitations of this model is that the 

prediction will be a horizontal line after certain number of periods of forecasting, because the 

limited number of available historical data. You will see such horizontal line in the cases that I 

have studied in Chapter 5 and 6. 

4. Holt’s Exponential Smoothing Model 

�̃�(𝑡 + 1) = 𝛼𝐴(𝑡) + (1 − 𝛼) (�̃�(𝑡) + �̃�(𝑡)) , 𝑤ℎ𝑒𝑟𝑒 

�̃�(𝑡) = 𝛽 (�̃�(𝑡) − �̃�(𝑡 − 1)) + (1 − 𝛽)�̃�(𝑡 − 1) ⋯ ⋯ ⋯ ⋯ (5) 

The Holt’s exponential smoothing method adds a linear trend factor to the simple exponential 

smoothing method, as shown in Equation (5). Another type of trend could be added is exponential 

trend, which means the future market will increase exponentially, rather than following a straight 

trend line. In R, the trend line could also be controlled to be damped, meaning instead of a constant 

linear or exponential trend increasing or decreasing indefinitely in the future, the increasing or 
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decreasing rate will be damped in long horizon. This is a very good capture of real market 

characteristics. In reality, usually the momentum of incensement will be lost from development 

phase to maturation phase in a product’s life cycle. We will see how these Holt’s models work in 

Chapter 5 and 6. 
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3.4 Estimation Method and Software 

In point of estimation of the values of those unknown parameters in the diffusion models, manifold 

statistical techniques have been applied. The prevalent approach is nonlinear regression and 

ordinary least square. The main idea is to solve a least square mathematical problem: to minimize 

the sum of squared vertical distances between the observed responses in the historical dataset and 

the responses predicted by the model (the error term). Or statistically, to minimize the root mean 

squared error, RMSE. The definition of RMSE is shown in the equation below: 

𝑅𝑀𝑆𝐸 = √
∑ (𝐴(𝑖) − �̃�(𝑖))2𝑛

𝑖=1

𝑛
 

where 𝐴(𝑖) is the ith observation in dataset, and �̃�(𝑖) is the correspondingly estimate of ith period. 

The total number of observations in the dataset is n. 

There is a stream of Bass model based studies that estimate the new technology’s diffusion 

parameters by applying nonlinear regression. Heinz et al (Heinz et al., 2013) used nonlinear 

regression in MATLAB to estimate the diffusion parameters of stationary fuel cells in a two-sided 

market economy. McManus and Senter (McManus & Senter, 2009) utilized nonlinear regression 

on STATA to estimate the unknown parameters in their models for predicting the Hybrid Electric 

Vehicles (HEV) diffusions in USA, including Bass, GBass, Logistic, and Centrone model. Chang 

and Wang also used STATA to estimate the parameters in Bass model to forecast Twitter adoption 

and hashtag diffusion. Park et al (Park et al., 2011) employ nonlinear least squares regression 
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method to estimate those unknown parameters in their GBass model for market penetration of 

Hydrogen Fuel Cell Vehicles in Korea. 

The fundamental distinction between linear regression and nonlinear regression is that the function 

by which we model the observational data is either a linear or a nonlinear combination of 

parameters and independent variables. Regardless the linearity, the objective function of either 

regression is: 

min ∑(𝑦 − 𝑓(𝑥))2

𝑁

1

 

where 

𝑁 = The total number of pairs of observations and independent variables in the dataset; 

𝑦 = The vector of observed dependent variable; 

𝑥 = The vector of independent variables; 

𝑓(𝑥) = The model function. 

The methods to solve nonlinear regression problems are very complicated and vary from one to 

another. For instance, in those math and statistical research tools, their requests for initial values, 

convergence rates, and computational complexity for nonlinear regressions runs share little in 

common.  
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In this paper, I use contour map and other minimum searching functions in MATLAB to narrow 

down the range of the intervals where the solution of p and q are located; then plug a pair of p and 

q in the shrank intervals to initialize the utilization of loops and traversals to search for the accurate 

solutions of p and q. 

Currently, there are several statistical techniques that could be utilized for nonlinear regression, 

such as R, and foregoing MATLAB and STATA, etc. In this paper, MATLAB is chosen to realize 

the nonlinear regression process. The reason are (MathWorks, 2014): 

(1) MATLAB algorithms are field-proven from use by millions of engineers and scientists. It 

has hundreds of full time engineers validating MATLAB’s quality and accuracy. So 

MATLAB’s algorithms could be relied on. 

(2) Its environment and apps could help users to accomplish common tasks and iterate without 

writing code. MATLAB provides an extensive set of functions for linear algebra, matrix 

manipulation and mathematics. 

(3) MATLAB’s fast execution and parallel computing makes its performance faster than R. 

(4) MATLAB provide professional support, complete help documentation, and vibrant user 

community to make this software much easier and friendly to use. 

For the other time series forecasting models, they involve no nonlinear regression problem. In this 

way, the statistical software, R, would be a simple but good access to the forecast result, as well 

as analysis.  
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4 DATA DESCRIPTION 

USA national and state-specific data on different type of AFVs are collected, including number of 

refueling stations. Listed are the archival sources that utilized to collect data: 

(1) U.S. Energy Information Administration (EIA) and the Alternative Fuels Data Center; 

(2) Federal Highway Administration; 

(3) U.S. Department of Transportation; 

(4) U.S. Department of Energy; 

(5) Bureau of Transportation Statistics. 

Table 1 below presents a summary of numbers of various types of AFVs in USA during the year 

of 1992 to 2011. The data source is U.S. Energy Information Administration, Alternative Fuel 

Vehicle Data Alternatives to Traditional Transportation Fuels, available at the Alternative Fuel 

Data Center website. The alternative fuels include Compressed Natural Gas (CNG), Liquefied 

Natural Gas (LNG), Electric, Ethanol (E85), Hydrogen, and Liquefied Petroleum Gas (LPG). The 

table shows that from 1992 to 2011, the counts of each type of alternative fuel vehicles increase in 

different pace. 

Notes on Table 1 are: 

1) The numbers represent the counts of alternative vehicles in use at the end of each year, 

which is the accumulated acquisitions, less retirements. 

2) The numbers do not include concept and demonstration vehicles. 

3) The counts of E85 vehicles include those E85 vehicles believed to be using E85 only. 
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4) The counts of Electric vehicles exclude hybrid electric vehicles. 

5) The total number of alternative fuel vehicles are the sum of the number of vehicles in the 

categories listed in this table only. 
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Table 1 Alternative Fuel Vehicles Counts Categorized by Fuel Type  

Year 

Liquefied 

Petroleum 

Gas 

(LPG) 

Compressed 

Natural Gas 

(CNG) 

Liquefied 

Natural 

Gas 

(LNG) 

85% 

Methanol 

(M85) 

Neat 

Methanol 

(M100) 

85% 

Ethanol 

(E85) 

95% 

Ethanol 

(E95) 

Electric Hydrogen Total 

1992 NA 23,191 90 4,850 404 172 38 1,607 0 NA 

1993 NA 32,714 299 10,263 414 441 27 1,690 0 NA 

1994 NA 41,227 484 15,484 415 605 33 2,224 0 NA 

1995 172,806 50,218 603 18,319 386 1,527 136 2,860 0 246,855 

1996 175,585 60,144 663 20,265 172 4,536 361 3,280 0 265,006 

1997 175,679 68,571 813 21,040 172 9,130 347 4,453 0 280,205 

1998 177,183 78,782 1,172 19,648 200 12,788 14 5,243 0 295,030 

1999 178,610 91,267 1,681 18,964 198 24,604 14 6,964 0 322,302 

2000 181,994 100,750 2,090 10,426 0 87,570 4 11,830 0 394,664 

2001 185,053 111,851 2,576 7,827 0 100,303 0 17,847 0 425,457 

2002 187,680 120,839 2,708 5,873 0 120,951 0 33,047 0 471,098 

2003 190,369 114,406 2,640 0 0 179,090 0 47,485 9 533,999 

2004 182,864 118,532 2,717 0 0 211,800 0 49,536 43 565,492 

2005 173,795 117,699 2,748 0 0 246,363 0 51,398 119 592,122 

2006 164,846 116,131 2,798 0 0 297,099 0 53,526 159 634,559 

2007 158,254 114,391 2,781 0 0 364,384 0 55,730 223 695,763 

2008 151,049 113,973 3,101 0 0 450,327 0 56,901 313 775,664 

2009 147,030 114,270 3,176 0 0 504,297 0 57,185 357 826,315 

2010 143,037 115,863 3,354 0 0 618,506 0 57,462 421 938,643 

2011 139,477 118,214 3,436 0 0 862,837 0 67,295 527 1,191,786 
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Figure 2 below is the plot of the total number of alternative fuel vehicles from the year of 1992 to 

2011. Different colors represent difference type of fuels. Due to the unavailability of the counts of 

liquefied petroleum gas (LPG) vehicles from the year of 1992 to 1994, there’s a jump in the curve 

at the point from 1994 to 1995. 

Observed from Figure 1 and the formula of Bass model in previous chapter, it is obvious that the 

time series in Bass model is a monotone increasing sequence. Therefore, the AFV in use in USA 

from the year of 1995 to 2011 is possible to be a good dataset to fit Bass model. This dataset will 

be tested in Chapter 5. 

 

 

 



39 

 

Figure 2 Alternative Fuel Vehicles in Use in USA 1992-2011 (in Thousand) 
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Table 2 below shows the total number of 85% Ethanol vehicles in use in USA from 1992 to 2011. 

The data is part of the AFV in use in USA dataset as shown in Table 1 and Figure 3.  

Table 2 85% Ethanol (E85) Vehicles Counts in USA 1992-2011 

Year 1992 1993 1994 1995 1996 1997 1998 1999 2000 2001 

85% Ethanol 

(E85) 
172 441 605 1,527 4,536 9,130 12,788 24,604 87,570 100,303 

Year 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 

85% Ethanol 

(E85) 
120,951 179,090 211,200 246,363 297,099 364,384 450,327 504,297 618,506 862,837 

 

Figure 3 is the plotted curve of the 85% Ethanol dataset. In Figure 3, just like our AFV in use in 

USA dataset, the yearly count of E85 vehicle in USA is a monotone increasing time series as well. 

So it is possible to forecast future E85 USA market with Bass model. I will testify Bass model and 

other time series models in Chapter 6. 
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Figure 3 85% Ethanol Vehicle (E85) in Use in USA 1992-2011 (in Thousand) 
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5 AFV IN USE IN USA: MODEL SPECIFICATION AND RESULTS 

National specific data are collected to specify the total AFV in use Bass model in US. And 

nonlinear regression, linear regression, and multidimensional unconstrained nonlinear 

minimization techniques are applied on MATLAB to estimates the unknown parameters in the 

model and a baseline forecast of future market penetration is developed. 

5.1 Bass Model to AFV in Use in USA 

Annual national AFV data are collected from EIA Alternative Fuel Data Center, as shown in Table 

3 above.  

Table 3 Total AFV in Use in USA 1992-2011 

Year 1995 1996 1997 1998 1999 2000 2001 2002 2003 

Total AFV in USA 246,855 265,006 280,205 295,030 322,302 394,664 425,457 471,098 533,999 

Year 2004 2005 2006 2007 2008 2009 2010 2011  

Total AFV in USA 565,492 592,122 634,559 695,763 775,664 826,315 938,643 1,191,786  

 

And Figure 4 is the plot of this dataset. It is obvious that there exist monotonically increasing trend 

in this dataset throughout years. 
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Figure 4 Total AFV in Use in USA 1995-2011 

 

 

In the Bass model for AFV in USA market penetration, there are four unknown parameters: 

(1) p, the coefficient of innovation; 

(2) q, the coefficient of imitation; 

(3) M, the potential market size; 

(4) Y, the start year of the model, meaning Y years before 1995 (the first year in the dataset), 

AFV was first introduce to the USA market, or say, available to customers to purchase. 

In this way, the formula of Bass model should be modified into: 
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𝐴(𝑡) = 𝐹(𝑡)𝑀 = 𝑀
1 − 𝑒−(𝑝+𝑞)(𝑡+𝑌)

1 +
𝑞
𝑝 𝑒−(𝑝+𝑞)(𝑡+𝑌)

 ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ (1) 

where A(t) is the tth observation in our data set. 
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5.2 Estimate the Parameters in the AFV in USA Bass model 

According to the Public Utility Reports (Public Utilities Reports, March, 1969), the Henney 

Kilowatt was the world’s first mass production electric car, and it was first introduced to the US 

market in 1950s. In addition, take the service life of vehicles and the limitation of our dataset into 

consideration, the assumption that Y = 45 is made to our AFV in USA Bass model. In this way, 

the unknown parameter of Y is eliminated and our model is simplified to a model with only three 

unknown parameters. 

Theoretically, now we are trying to estimate three unknown parameters in this nonlinear model, 

so nonlinear regression methods should be applied in MATLAB to find the estimations of p, q and 

M. However, this nonlinear regression toolbox in Matlab requests high quality “first guess” of p, 

q, and M to initialize the regression process. The following steps show how we such high quality 

first guess. 

First, in Equation (1), if we set up adequate and different pairs of p and q manually, and plug these 

paired real numbers into the expansion of F(t), then in each time of such substitution, F(t) becomes 

a known number, and M will be the only unknown parameter left in Equation (1). Therefore, the 

nonlinear problem of solving three unknown parameters is transferred into a linear regression 

problem of solving one unknown parameters, M. By utilizing MATLAB’s built-in toolbox and 

applying the linear regression function “regress ( )” to this adjusted mathematical problem, we 

could get the contour maps in the following figures. 
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In Figure 5 below, the x axis shows different values of p that we set manually, while the y axis 

shows various values of q that we have set manually. So each point in this contour map represents 

a combination of p and q. The scale bar at the right hand side of each contour map shows how 

MATLAB uses different color to describe distinct level of root mean squared error (RMSE). 

According to the scale bar, we are looking for the area or point with “coldest”, or, say “bluest”, 

colors, where the minimum RMSE is located. 

The following group of figures actually illustrate the procedure of how we gradually enlarge the 

contour map and look for the best pair of p and q in the target area: where the RMSE is minimized. 

In other words, we are using contour map to narrow down the range of possible best solutions of 

p and q. The theory to support this method is that the lowest RMSEs are in a closed circle with 

bluest color (a closed area in the contour map), and such local minimum RMSE could be converged 

to within this area in a contour map. The reason for this theory is that the formula of Bass model 

is a continuous function, and its partial derivatives are also continuous, so there won’t be jump of 

sudden change, or say, fractures and breaks, in the contour map. In conclusion, we will focus on 

looking for such area in the following steps of zooming in. 

In Figure 5 bellow, all possible pairs of p and q based on definition (𝑝 ∈ (0, 1) 𝑎𝑛𝑑 𝑞 ∈ (0,1)) 

have been exhaustively mapped. From eyeball observation, clearly, the lowest RMSE would be 

very possible to be located in the area where 𝑝 ∈ (0, 0.05) 𝑎𝑛𝑑 𝑞 ∈ (0,0.15) (the lower left corner 

in Figure 5), so this part of map will be enlarged in next figure, Figure 6. 
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Figure 5 Contour Map in the Regression Process of M –Step 1 
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In Figure 6 below, the area where 𝑝 ∈ (0, 0.05) 𝑎𝑛𝑑 𝑞 ∈ (0,0.15) is enlarged. And obviously, the 

minimum RMSE may be in the area where  𝑝 ∈ (0, 0.0025) 𝑎𝑛𝑑 𝑞 ∈ (0,0.14) (the lower left 

corner). So again, this part will be enlarged in the next figure, Figure 7. 
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Figure 6 Contour Map in the Regression Process of M –Step 2 
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In Figure 7 in next page, again, the minimum RMSE is very likely to be located in the area 

where 𝑝 ∈ (0, 1−4) 𝑎𝑛𝑑 𝑞 ∈ (0.08,0.12), so let’s zoom in on this part of contour map to dig into 

this area in next figure, Figure 8. 
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Figure 7 Contour Map in the Regression Process of M –Step 3 
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A very important observation we could make from Figure 7 in next page is that the darkest area in 

the map (our target area) is not a closed circle. As is known to all, there must exist a local minimum 

RMSE in a closed circle on a contour map, so as a result, a bold hypothesis could be made that the 

best pair of p and q, by which the minimum RMSE could be reached, is located in the set of (p, q) 

where 𝑝 ∈ (−∞, 0) 𝑎𝑛𝑑 𝑞 ∈ (0, +∞) (the fourth quadrant). If so, this pair of p and q would be a 

perfect and strong solution to the mathematical nonlinear regression problem in Equation (1), with 

observations of A(t) as our yearly data of AFV in use in USA. But certainly it is not a convincing 

solver to the Bass model to AFV in use in USA data. Because a negative p does not economically 

make any sense in Bass model. 
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Figure 8 Contour Map in the Regression Process of M –Step 4 
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To prove this hypothesis that there does not exist a positive p to fit our dataset in the model to AFV 

in use in USA, function “fminsearch ( )” is utilized in MATLAB to search for the exact pair of p 

and q minimizing the RMSE. And the result is shown in Table 4 below. 

 

Table 4 Solutions to Equation (1) in the AFV in USA Bass Model  

Parameter Value 

p -0.0029 

q 0.0399 

Residuals in regression of Equation (1) 3.1738e+004 

 

Therefore, the hypothesis is approved, and a conclusion could be made to summarize the AFV in 

USA Bass model is that there does not exist an economically reasonable solution of p and q to fit 

Bass model to our AFV in USA data, so Bass model is not the best option to forecast the future of 

AFV in USA market. Other models will be discussed in next section to forecast the number of 

AFV in use in USA. 
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5.3 Other Forecast Models 

In previous sections of Chapter 5, we have approved that Bass model is not the best forecast 

method for our AFV data, so it is a natural idea to test other forecast models and compare the 

results.  

1. Naïve model 

In Figure 9 below, the black line shows the original data of AFV in use in USA, while the blue 

line is the forecasts from naïve method. And the lighter grey cone is the 95% confidence interval 

of the forecasts. The forecast is a horizontal line is because of boundedness of naïve model. Recall 

the formula of naïve model in Equation (2): 

�̃�(𝑡 + 1) = 𝐴(𝑡) + 𝜇𝑡+1 ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ (2) 

The naïve model call back one period only when estimates the future, so we will have a horizontal 

line due to limited number of historical data. 
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Figure 9 Forecasts of AFV in USA from Naïve Method 

 

 

The RMSE of naïve model is 81641.2, BIC is 410.1. BIC is the abbreviation for Bayesian 

information criterion, also known as Schwarz’s Bayesian criterion. It is a statistical standard of 

model judgement. When searching for a model to fit the data, it is possible to increase the 

likelihood by adding unknown parameters. However, doing so may result in over-fitting, meaning 

the model focus too much on the random error or noise, instead of the major relationship. BIC 
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could help researchers to resolve this problem by involving penalty terms for number of parameters 

in the model. So in one word, the lower BIC is, the simpler the model is, the more the model is 

preferred.  

Table 5 below illustrates the point forecasts from naïve model with 95% confidence interval 

boundaries. 

 

Table 5 Forecasts of AFV in USA from Naïve Model with 95% Confidence Interval  

Year Point Forecast 
95% Confidence Interval (Lower 

Bound) 

95% Confidence Interval (Upper 

Bound) 

2012 1191786 1031772.2 1351800 

2013 1191786 965492.3  1418080 

2014 1191786 914634.0 1468938 

2015 1191786 871758.4 1511814 

2016 1191786 833984.3 1549588 

2017 1191786 799833.8 1583738 

2018 1191786 768429.3 1615143 

2019 1191786 739198.6 1644373 

2020 1191786 711744.6 1671827 

2021 1191786 685777.9 1697794 
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2. Simple Exponential Smoothing Model 

Recall the formula of simple exponential smoothing model: 

�̃�(𝑡 + 1) = 𝛼𝐴(𝑡) + (1 − 𝛼)�̃�(𝑡), 0 < 𝛼 < 1 ⋯ ⋯ ⋯ ⋯ (4) 

This model is utilized in R, and the best value of α is chosen by R automatically, which minimized 

the RMSE of this model.  

Figure 10 in next page shows the plot of our original AFV in USA data, as well as the forecast 

from simple exponential smoothing method, with confidence interval cone. The lighter grey cone 

is the 95% confidence interval and the darker one illustrates the 80% confidence interval.  
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Figure 10 Forecasts of AFV in USA from Simple Exponential Smoothing Method 

 

 

Table 6 in next page is the point forecasts with 95% confidence intervals of each estimate for the 

next 10 years. 
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Table 6 Forecasts of AFV in USA from Simple Exponential Smoothing with 95%  

Confidence Interval  

Year Point Forecast 
95% Confidence Interval (Lower 

Bound) 

95% Confidence Interval (Upper 

Bound) 

2012 1191761 1024108.4 1359413 

2013 1191761 954676.3 1428845 

2014 1191761 901397.7 1482124 

2015 1191761 856481.2 1527040 

2016 1191761 816908.7 1566613 

2017 1191761 781132.3 1602389 

2018 1191761 748232.3 1635289 

2019 1191761 717609.8 1665912 

2020 1191761 688848.4 1694673 

2021 1191761 661645.2 1721876 

 

Again, due to the limitation of this model, the forecast is a horizontal line. R have found the best 

α that minimize RMSE in this simple exponential smoothing model is that α = 0.9999, which is 

much closed to 1. It means that more weights are put on recent values, rather than previous 

estimates. This implies that the best simple exponential smoothing fit for our dataset is a naïve-

like model, whose α is equal to 1. The RMSE of this model is 85538.47, while BIC is 439.9596. 
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3. Holt’s Exponential Smoothing Model 

Holt’s exponential smoothing is another kind of exponential smoothing model. The difference 

between Holt’s method and the simple one is that it includes a linear trend factor. Recall its formula 

in Equation (5): 

�̃�(𝑡 + 1) = 𝛼𝐴(𝑡) + (1 − 𝛼) (�̃�(𝑡) + �̃�(𝑡)) , 𝑤ℎ𝑒𝑟𝑒 

�̃�(𝑡) = 𝛽 (�̃�(𝑡) − �̃�(𝑡 − 1)) + (1 − 𝛽)�̃�(𝑡 − 1) ⋯ ⋯ ⋯ ⋯ (5) 

The plot of the original data (the black line), fitted data and forecasts (in blue line) are shown in 

Figure 11 in next page. From eyeball observation, the fitted line is much closer to the original data 

line than that of the two models we’ve discussed above, so a better performance could be expected 

from this model. If we take a look at the forecast part, we could see a straight increasing line, which 

shows that a linear trend has been added to the simple exponential smoothing model.  
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Figure 11 Forecasts of AFV in USA from Holt’s Exponential Smoothing Method with Linear Trend 

 

 

Table 7 in next page shows the point estimates of the future 10 years with 95% confidence interval. 
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Table 7 Forecasts of AFV in USA from Holt’s Exponential Smoothing with Linear 

Trend with 95% Confidence Interval  

Year Point Forecast 
95% Confidence Interval (Lower 

Bound) 

95% Confidence Interval (Upper 

Bound) 

2012 1444907 1358386 1531428 

2013 1698042 1424465 1971620 

2014 1951177 1510049 2392305 

2015 2204312 1586492 2822132 

2016 2457447 1650517 3264378 

2017 2710582 1701688 3719477 

2018 2963717 1740253 4187182 

2019 3216853 1766648 4667057 

2020 3469988 1781341 5158634 

2021 3723123 1784791 5661454 

 

The RMSE of Holt’s exponential smoothing with linear trend is 44143.97, and BIC is 423.1347. 

Both are smaller than that in the two models above, which means Holt’s model fitted our data 

better. 
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4. Holt’s Exponential Smoothing Model with Exponential Trend 

Besides linear trend, an exponential trend factor could also be introduced to Holt’s exponential 

smoothing method. In this model, we substitute that linear trend factor with exponential trend 

factor by changing a component in the code in R. 

In Figure 12 below, the fitted line is too close to the original data line, which makes it hard to tell 

them apart. And they two look very flat. This is because that the range of the confidence interval 

is too big, and it makes the scale of the plot too large to see the trend of the forecast. 

 

Figure 12 Forecasts of AFV in USA from Holt’s Exponential Smoothing Method with Exponential Trend 
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If the confidence interval is removed from the Figure 12, we could get Figure 13 below. Here, this 

model fit our data very well, it is very hard to distinguish the fitted line from the original data line. 

 

Figure 13 Forecasts of AFV in USA from Holt’s Exponential Smoothing Method with Exponential Trend 

without Confidence Interval 
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Table 8 shows the points estimates in future 10 years with 95% confidence interval. From the point 

forecasts, we could find that Holt’s exponential smoothing method with exponential trend have 

higher confidence in the future market, the value of the point forecasts in each year is much higher 

than that of Holt’s exponential smoothing method with linear trend.  

The RMSE of Holt’s exponential smoothing method with exponential trend is 42251.42, and BIC 

is 413.9692. 

 

Table 8 Forecasts of AFV in USA from Holt’s Exponential Smoothing Method with 

Exponential Trend with 95% Confidence Interval  

Year Point Forecast 
95% Confidence Interval (Lower 

Bound) 

95% Confidence Interval (Upper 

Bound) 

2012 1513177 1305656.3 1716787 

2013 1921258 1384841.5 2552506 

2014 2439392 1411225.4 3924603 

2015 3097259 1409757.6 6262236 

2016 3932543 1347661.2 10116565 

2017 4993090 1237961.9 16481740 

2018 6339652 1129340.4 27337718 

2019 8049360 1019051.7 47952292 

2020 10220151 877209.0 81684528 

2021 12976371 739415.8 151415673 
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5. Holt’s Exponential Smoothing Method with Linear or Exponential Damped Trend 

Usually, in real market, the increasing rate of sales will decrease through time, especially when 

this product is approaching its maturity phase. Holt’s exponential smoothing method with damped 

trend will capture such character when forecast the future.  

In Figure 14 in next page, the red line represents the Holt’s model with linear damped trend. It also 

does great job in fitting the available data, as Holt’s linear trend model does, while the future trend 

won’t increase indefinitely. In this way, the one with damped trend will lower the probability that 

the future is overestimated. 
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Figure 14 Forecasts of AFV in USA from Holt’s Exponential Smoothing Method with Linear Damped Trend

 

 

Table 9 in next page shows the points forecast from Holt’s method with linear damped trend, and 

the 95% confidence interval. The RMSE of this model is 44715.86, and BIC is 426.4055. 
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Table 9 Forecasts of AFV in USA from Holt’s Exponential Smoothing Method with 

Linear Damped Trend with 95% Confidence Interval  

Year Point Forecast 
95% Confidence Interval (Lower 

Bound) 

95% Confidence Interval (Upper 

Bound) 

2012 1439842 1352201 1527484 

2013 1682953 1410782 1955123 

2014 1921200 1485563 2356838 

2015 2154683 1548874 2760493 

2016 2383496 1597876 3169116 

2017 2607733 1632501 3582964 

2018 2827484 1653322 4001647 

2019 3042841 1661067 4424614 

2020 3253890 1656479 4851301 

2021 3460718 1640265 5281172 

 

The exponential damped trend is also tested. The test result is shown in Figure 15 and Table 10 

below. 

In Figure 15, the red line’s increasing rate is damped at long horizons. As in the Holt’s exponential 

smoothing with exponential trend, the range of confidence interval in this model is also very big, 

which makes the original data line and fitted line look horizontal. The RMSE of this model is 

42675.6, and BIC is 417.3152. 
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Figure 15 Forecasts of AFV in USA from Holt’s Exponential Smoothing Method with Exponential 

Damped Trend 

 

Table 10 in next page shows the point forecast from Holt’s exponential smoothing method with 

exponential damped trend. 
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Table 10 Forecasts of AFV in USA from Holt’s Exponential Smoothing Method 

with Exponential Damped Trend with 95% Confidence Interval  

Year Point Forecast 
95% Confidence Interval (Lower 

Bound) 

95% Confidence Interval (Upper 

Bound) 

2012 1505967 1303029.4 1707317 

2013 1902995 1368174.3 2516542 

2014 2393465 1385713.1 3785649 

2015 2996573 1355747.0 5821542 

2016 3734828 1283916.4 9019092 

2017 4634507 1168532.5 14456917 

2018 5726137 1050798.6 23068518 

2019 7045029 949944.4 36925797 

2020 8631841 830015.1 59757939 

2021 10533183 690962.1 99058847 

 

To summarize the models that we have applied to forecast the future of AFV in USA market in 

this chapter, all the RMSE and BIC from different models that we have discussed are listed below 

in Table 11.  
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Table 11 RMSEs and BICs of the Models to AFV in USA 

Models Naive 

Simple 

Exponential 

Smoothing 

Holt’s 

Linear 

Holt’s 

Exponential 

Holt’s 

Linear 

Damped 

Holt’s 

Exponential 

Damped 

RMSE 81641.2 85538.47 44143.97 42251.42 44715.86 42675.6 

BIC 410.1 439.9596 423.1347 413.9692 426.4055 417.3152 

 

In conclusion, Bass model is not a good model to fit our AFV in use in USA dataset, the nonlinear 

regression process could not find an economically acceptable solution to the parameters of p and 

q. The time series models perform pretty well in fitting this dataset. According to BIC, naïve model 

is the best model to forecast future AFV market in USA. However, its RMSE is too large when 

compared with other time series models. To come to a compromise, Holt’s exponential smoothing 

method with exponential trend is our best model to fit the AFV in USA dataset and to perform the 

forecast. 
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6 85% ETHANOLVEHICLES IN USE IN USA: MODEL SPECIFICATION AND RESULTS 

The dataset of 85% ethanol vehicles in use in USA through the year of 1992 to 2011 is a subset of 

our AFV in USA dataset. The data are shown in Table 12 below.  

 

Table 12 85%Ethanol (E85) Vehicles Counts in USA 1992 -2011 

Year 1992 1993 1994 1995 1996 1997 1998 1999 2000 2001 

85% Ethanol 

(E85) 
172 441 605 1,527 4,536 9,130 12,788 24,604 87,570 100,303 

Year 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011 

85% Ethanol 

(E85) 
120,951 179,090 211,200 246,363 297,099 364,384 450,327 504,297 618,506 862,837 

 

And in its plot in Figure 16 we could tell that it is a monotone increasing sequence, so it is possible 

that it could be well fitted by Bass model. Also, other time series forecasting methods will be tested 

as well, in order to find the best fit and possible best forecast model to E85 dataset. Again, those 

build-in toolboxes in MATLAB are utilized to solve the nonlinear regression problem and to look 

for the estimates of those unknown parameters in Bass model; R will be applied to realize the time 

series forecast methods. 
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Figure 16 85% Ethanol (E85) Vehicles in USE in USA 1992-2011 
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6.1 Bass Model to E85 in Use in USA 

Recall Equation (1), in the Bass model to E85 in USA, there are also four unknown parameters, 

like in the model to AFV in USA: 

(1) p, the coefficient of innovation; 

(2) q, the coefficient of imitation; 

(3) M, the potential market size; 

(4) Y, the start year of the model, meaning Y years before 1992 (the first year in the dataset), 

E85 was available to public to purchase. 

The formula of Bass model should be modified into: 

𝐴(𝑡) = 𝐹(𝑡)𝑀 = 𝑀
1 − 𝑒−(𝑝+𝑞)(𝑡+𝑌)

1 +
𝑞
𝑝 𝑒−(𝑝+𝑞)(𝑡+𝑌)

 ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ (1) 

where A(t) is the tth observation in our E85 data set. 
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6.2 Estimate the Parameters in the E85 in USA Bass model 

Ethanol is a kind of renewable fuel made from plant matters, such as grasses, trees, algae, 

agricultural residue, etc. According to Renewable Fuel Association’s report in 2012, United States 

is the top producer of ethanol fuel around the world ("Accelerating Industry Innovation, 2012 

Ethanol Industry Outlook," 2012). In 2011 Brazil and USA account for 87.1% of global ethanol 

production. Also, 10% of the total U.S. gasoline fuel supply is ethanol. Preliminary usage of 

ethanol as fuel is to be added into gasoline and oxygenate the fuel to reduce air pollution emission 

("Ethanol Fuel Basics,"). Fuels with higher purity of ethanol like E85, for instance, could be used 

in “flexible fuel vehicles” (FFV), which is a kind of engine that can run on higher purity level 

ethanol blends, gasoline, or any blend of these. FFVs employ ethanol-compatible fuel system and 

powertrain calibration, whose fuel economy is lower than conventional gasoline powered vehicles. 

The concept of ethanol powered vehicle is not that new, just like natural gas vehicles. The first 

natural gas engine was built in 1860, and back to 1826, Samuel Morey made the first ethanol 

engine. The first Ford Motor Company automobile, Model T, was actually designed to run on 

ethanol. However, according to the Ethanol Fuel History (Fuel-Testers, 2009), till late 1970, due 

to the low price of gasoline fuel, there was virtually no commercial fuel ethanol was sold to the 

general public in USA. In 1980’s, oxygenates were added to gasoline, including ETBE (Ethyl 

Tertiary Butyl Ether, which are made from ethanol and petroleum). Then in 1988, it was Denver, 

Colorado that was the first state to legally mandate ethanol oxygenates fuels for winter use to 

control carbon monoxide emissions. And nowadays, more and more researchers are convinced that 

ethanol could substantially offset our nations petroleum use ("Ethanol Fuel Basics,"). So in the 
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following analysis, the year of 1985 will be treated as the first year of ethanol vehicle market, 

which implies Y = 7 in the Bass model to E85 in USA. Therefore, again, the unknown parameter 

of Y is eliminated and the model has been simplified to a nonlinear regression problem with three 

unknown parameters: p, q and M. 

I use the method that has been discussed in Chapter 5. Firstly, in Equation (1), change the values 

in adequate pairs of p and q, and plug them into the expansion of F(t), to make it become a known 

coefficient, and M will be the only unknown parameter in Equation (1). In this way, this problem 

has been transferred into a linear regression problem of M. By utilizing the linear regression 

function “regress ( )” in MATLAB, a series of contour maps are made. In each of them, similarly, 

we are still concentrating on the area or point with darkest colors. This target area will be the 

location where the local minimum RMSE exist. 

The following figures are the series of contour maps enlarging the target area gradually, looking 

for the minimum RMSE. 

Apparently, in Figure 17 in next page, our target area should be the set of (p, q) that  𝑝 ∈

(0, 0.025), 𝑞 ∈ (0, 0.3). So in Figure 18 will enlarge this part of contour map. 
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Figure 17 Contour Map in the Regression Process of M in Bass Model to E85 in USA–Step 1
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In Figure 18 below, from eye-ball observation, the best pair of p and q should be located in the 

area of (p, q) that 𝑝 ∈ (0, 1−4), 𝑞 ∈ (0.15, 0.3). So let’s zoom in on this area in the next step, Figure 

19. 
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Figure 18 Contour Map in the Regression Process of M in Bass Model to E85 in USA–Step 2 
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Figure 19 Contour Map in the Regression Process of M in Bass Model to E85 in USA–Step 3 
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As it is like in the “AFV in USA” case in Chapter 5, in Figure 19, there does not exist a close circle 

in the target area where the minimum RMSE is possibly located (the bluest area). As a result, the 

hypothesis raises again that the best pair of p and q, corresponding to the minimum RMSE, is 

located at the fourth quadrant, where 𝑝 ∈ (−∞, 0) 𝑎𝑛𝑑 𝑞 ∈ (0, +∞). Function “fminsearch( )” is 

utilized again in MATLAB to test this hypothesis, and the result is shown in Table 13 below. 

 

Table 13 Solutions to Equation (1) in the AFV in USA Bass Model  

Parameter Value 

p 2.3896e-005 

q 0.2173 

Residuals in regression of Equation (1) 2.5775e+004 

 

So this hypothesis is rejected, and it is highly likely that there exists a rational solution to the 

unknown parameters in Equation (1), and economically it makes sense. In this way, the estimates 

of p and q in Table 13 above will be used as the initial values (first guess) to trigger the nonlinear 

regression analysis in MATLAB. By applying function “nlinfit( )”, the estimates results are shown 

in the following Table 14 with 95% confidence interval. 

 



83 

 

Table 14 Point Estimates of Parameters in Equation (1) in the E85 in USA Bass Model  

Parameter Estimate 
95% Confidence Interval 

(Lower) 

95% Confidence Interval 

(Upper) 

p 2.3599e-05 -2.9519e-04 3.4238e-4 

q 0.2172 0.1538 0.2807 

M 2.2432e+07 -2.9960e+08 3.4447e+08 

 

The RMSE of this Bass model is 3.6451e+004. The plot of the original data and our Bass model 

forecasts are shown in Figure 20 below. 

In Figure 20, we could observe that the E85 vehicles still has much market potential in USA. The 

increasing rate of its market won’t be damped a lot till around the year of 2040. So in the next 25 

years, the market of E85 vehicles will continue booming if there is no new technology applied to 

the vehicle engines. The value of the coefficient of innovation, p, is much smaller than the value 

of q, the coefficient of imitation. This implies that in the E85 USA market, the interpersonal 

communications have higher influence on the consumers, and the public believe that the power of 

mouth is more trustworthy than the advertisement.
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Figure 20 Bass Model to E85 in USE in USA
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6.3 Other Forecast Models 

The models that will be discussed in this section share the same theory and model formulas as 

what we have discussed in Chapter 5 in the AFV in USA dataset. So I won’t repeat introducing 

these concepts here. Instead, I will only talk about the test results. 

1. Naïve Model 

 

Figure 21 Naïve Model to E85 in USA 
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Table 15 Forecasts of E85 in USA from Naive Method with 95% Confidence  

Year Point Forecast 
95% Confidence Interval (Lower 

Bound) 

95% Confidence Interval (Upper 

Bound) 

2012 862837  720274.4 1005400 

2013 862837  661223.1 1064451 

2014 862837 615911.4  1109763 

2015 862837 577711.9 1147962 

2016 862837 544057.4  1181617 

2017 862837 513631.5  1212043 

2018 862837 485651.9  1240022 

2019 862837 459609.2  1266065 

2020 862837 435149.3  1290525 

2021 862837 412014.6  1313659 

Interval 

 

The RMSE of this model is 72737.34, and BIC is 482.26. 
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2. Simple Exponential Smoothing Model 

The value of α optimized by R is 0.9999, RMSE = 71102.25, BIC =512.7811. The predictions are 

shown in Figure 22 and Table 16 below. 

 

Figure 22 Simple Exponential Smoothing Model to E85 in USA 
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Table 16 Forecasts of E85 in USA from Simply Exponential Smoothing Method 

with 95% Confidence Interval  

Year Point Forecast 
95% Confidence Interval (Lower 

Bound) 

95% Confidence Interval (Upper 

Bound) 

2012 862812.6  723454.7 1002170 

2013 862812.6 665740.7 1059884 

2014 862812.6 621453.8 1104171 

2015 862812.6 584117.8 1141507 

2016 862812.6 551223.9 1174401 

2017 862812.6 521485.4 1204140 

2018 862812.6 494138.0 1231487 

2019 862812.6 468683.6 1256942 

2020 862812.6 444776.2  1280849 

2021 862812.6 422164.0 1303461 
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3. Holt’s Exponential Smoothing Model with Linear Trend 

 

Figure 23 Holt’s Exponential Smoothing Model to E85 in USA with Linear Trend 

 

 

The RMSE of Holt’s exponential smoothing with linear trend model is 39341.7, and BIC is 

495.0992. 
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Table 17 Forecasts of E85 in USA from Holt’s Exponential Smoothing Method with 

Linear Trend with 95% Confidence Interval  

Year Point Forecast 
95% Confidence Interval (Lower 

Bound) 

95% Confidence Interval (Upper 

Bound) 

2012 1107148 1030040 1184256 

2013 1351472 1107656 1595288 

2014 1595796 1202657 1988935 

2015 1840120 1289511 2390729 

2016 2084444 1365297 2803591 

2017 2328768 1429628 3227908 

2018 2573092 1482724 3663460 

2019 2817416 1524974 4109858 

2020 3061740 1556796 4566684 

2021 3306064 1578597 5033531 
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4. Holt’s Exponential Smoothing Model with Exponential Trend 

The plot in Figure 24 below looks like a horizontal one is because of the big range of confidence 

interval. The value of upper bound of 95% confidence interval is much higher than the forecast 

values.  

 

Figure 24 Holt’s Exponential Smoothing Model to E85 in USA with Exponential Trend 
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In Figure 25, the confidence interval’s plot is removed. And apparently, the exponential increasing 

trend could be observed in the forecast. The fitted line (blue line) and the original data line (black) 

are very close to each other, implying that this model fits the data very well. 

 

Figure 25 Holt’s Exponential Smoothing Model to E85 in USA with Exponential Trend 
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In Table 18 above, we could read that the range of 95% confidence interval is very broad, even the 

lower bound of it is as low as 0, which matches what we have seen in Figure 24. 

 

Table 18 Forecasts of E85 in USA from Holt’s Exponential Smoothing Method with 

Exponential Trend with 95% Confidence Interval  

Year Point Forecast 
95% Confidence Interval (Lower 

Bound) 

95% Confidence Interval (Upper 

Bound) 

2012 1036121 0 2358324 

2013 1333003 0 4679279 

2014 1714951 0 11661550 

2015 2206340 0 31400305 

2016 2838528 0 88299783 

2017 3651858 0 273986415 

2018 4698233 0 920469243 

2019 6044429 0 3101890981 

2020 7776353 0 12221362933 

2021 10004529 0 56818317226 

 

The RMSE of Holt model with exponential trend is 43684, and BIC is 477.6306. 
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5. Holt’s Exponential Smoothing with Linear Damped Trend 

 

Figure 26 Holt’s Exponential Smoothing Model to E85 in USA with Linear Damped Trend 

 

 

The RMSE of Holt’s model with linear damped trend is 39723.5, BIC is 498.4812. 
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Table 19 Forecasts of E85 in USA from Holt’s Exponential Smoothing Method with 

Linear Damped Trend with 95% Confidence Interval  

Year Point Forecast 
95% Confidence Interval (Lower 

Bound) 

95% Confidence Interval (Upper 

Bound) 

2012 1101483 1023627 1179340 

2013 1335370 1094439 1576300 

2014 1564578 1179156 1950000 

2015 1789203 1253393 2325013 

2016 2009334 1314641 2704028 

2017 2225063 1362843 3087284 

2018 2436478 1398509 3474447 

2019 2643664 1422287 3865040 

2020 2846706 1434839 4258573 

2021 3045687 1436795 4654579 
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6. Holt’s Exponential Smoothing Model with Exponential Damped Trend 

The grey shadows representing the confidence intervals are hidden from this plot, because like in 

Holt’s model with exponential trend, the range of confidence interval is too large. This leads the 

scale of the plot to be too small enough to clearly tell the forecast lines apart. The point estimates 

and 95% confidence intervals are shown in the following Table 20 below. 

 

Figure 27 Holt’s Exponential Smoothing Model to E85 in USA with Exponential Damped Trend 
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Table 20 Forecasts of E85 in USA from Holt’s Exponential Smoothing Method with 

Exponential Damped Trend with 95% Confidence Interval  

Year Point Forecast 
95% Confidence Interval (Lower 

Bound) 

95% Confidence Interval (Upper 

Bound) 

2012 1010026 141517.4594 1871737 

2013 1281583 152888.4464 3360328 

2014 1602159 117221.0636 6660281 

2015 1975206 67958.3152 12904588 

2016 2403504 30559.8430 27830378 

2017 2889065 13966.6689 59624122 

2018 3433063 5235.2051 122249210 

2019 4035798 2262.9867 270198803 

2020 4696695 925.4810 576800808 

2021 5414324 293.6208 1275875880 

 

The RMSE of this model is 45019.67, and BIC is 468.3806. 

Like in Chapter 5, if we use one table to summarize all the models that we have tested to forecast 

E85 vehicles in USA, the results would be like what is shown in Table 21. 
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From Table 21, we could conclude that Bass model is a very good option for researchers to analyze 

and forecast the E85 vehicle market in USA: because it RMSE is much smaller than that of other 

models, and from its plot we could also find it fits the data very well. 

 

Table 21 RMSEs and BICs of the Models to E85 Vehicles in USA  

Models Bass Naive 

Simple 

Exponential 

Smoothing 

Holt’s 

Linear 

Holt’s 

Exponential 

Holt’s 

Linear 

Damped 

Holt’s 

Exponential 

Damped 

RMSE 36451 72737.34 71102.25 39341.7 43684 39723.5 45019.67 

BIC N/A 482.26 512.7811 495.0992 477.6306 498.4812 468.3806 
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7 DISSCUSION 

There are a few interesting observations in our case studies in Chapter 5 and 6.  

1. First, Bass model requires the data to be at least a monotonic increasing sequence, which is a 

very stringent request. From the AFV in USA case, we could see that even if this dataset meets 

such conditions, Bass model still does not work: we could not find a reasonable pair of p and 

q in the Bass model to forecast future AFV in USA market. Moreover, as we all know, in 

reality, there’s few product’s sales data or market penetration proportion data could satisfy 

such strict constrains. Therefore, to develop some techniques to process the original data to 

make it “acceptable” to Bass model without losing too much original information, could be an 

interesting topic for future research. In fact, in my study, I have tried to smooth the CNG in 

USA (yearly counts of compressed natural gas vehicles in USA market) data by applying 

simple moving average on it. Theoretically, those random fluctuations in the time series (like 

what is like in real life) could be smoothed in this way (Coghlan, 2015), and the trend 

component will emerge. After such processing, the trend component could be estimated more 

accurately. Thus, such non-monotonic-increasing sequence may be capable of being smoothed 

into monotonic one and then fitted to Bass model. Unfortunately, this smoothing process did 

not work for our CNG data.  

The preliminary result of Bass model of CNG in USA that I have shown in my proposal, did 

not come from the smoothing process. As mentioned in my proposal, loops and near-

exhaustive list of nonlinear regression have been applied to the original CNG data. And luckily, 

a pair of rational p and q in the Bass model have been found in this process to make a reasonable 
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forecast. However, such near-exhaustive test of all the possible p and q in their defined 

intervals, is very inefficient and ineffective. Mathematical reason is that every rational interval 

have infinite number of segmentations, so it is impossible to actualize exhaustive list. In this 

way, the probability will be increased that the true solution has just been skipped and missed 

when running the looping and listing codes. 

2. Second, in model developing procedure, the fewer unknown parameters in the model, the 

easier for researchers to estimate these unknown parameters and perform the forecast. However, 

in Bass model, there are at least three unknown parameters, if we are lucky enough to find the 

exact year when the new product was released to the public market. So it compounds the 

difficulty for researchers to mathematically find the solutions of p, q and M in such nonlinear 

regression problem. 

3. The contour map that I have developed could provide an approach to shrink the interval where 

the solution is located, and find a pretty good initializer to start the nonlinear regression 

iterations very quickly, if the nonlinear regression problem has a rational solution to Bass 

model. This innovative method could be an inspiration to future research in solving nonlinear 

regression problems, especially in Bass diffusion model study. 

4. In this paper, simulations have not been tested in different scenarios. It is assumed that all the 

market conditions would not be changed in the horizon of forecast. So in other words, it is a 

baseline forecasting. But in reality, there are so many elements in the market and supply chain 

that could influence the market penetration of the AFVs. For instance, in the E85 market, the 

fuel is produced from plant materials known as biomass. So its production depends on the 
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development of agriculture, and feedstock productions. And these factors could be effected by 

many other elements such as Mother Nature, government policy, import and export economy, 

etc. If the supply of fuel could not fulfill the demand in the E85 market, then the growth of 

sales would be restrained. 

5. The best model that we have selected for the total AFV in USA market is Holt’s exponential 

smoothing method with exponential trend. However, in reality, it is impossible for a product’s 

market to keep growing without any new innovation or new technology introduced to it. So for 

long forecast horizon, damped trend is expected to be more accurate. Or, another option is the 

logistics model, which is also an S-shape curve model and has been widely utilized, with 

simpler formula than that of Bass model. It has fewer unknown parameters, so to estimates 

those parameters by solving the nonlinear regression problem is supposed to be easier. This 

could be one of our future key research topics. 
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8 CONCLUSION 

Proponents of alternative fuels see bright future in alternative fuel vehicles in USA. Economically, 

the stable price spread between alternative fuels and conventional fuels, such as gasoline and diesel, 

has been a mainspring of the AFV market in the past a few decades. More, alternative fuels are 

more eco-friendly, with less pollutant and greenhouse gases emissions, which attract the US 

government to raise funding to implement AFV adoptions. Also, the adoptions of AFV 

technologies will be helpful to US to avoid the dependence and reliance on those oil export 

countries. Since transportation accounts for the major proportion of energy consumption, the AFV 

technologies shall help to relieve this pressure. 

In this research paper, several forecast models, including both diffusion models and time series 

models, have been developed to fit the historical data of AFV and E85 vehicles in USA market, 

and forecast the future of these two markets. Data are collected from Alternative Fuel Data Center, 

which is supported by U.S. Department of Energy. Literatures about application of diffusion 

models, such as Bass, GBass, and Centrone models, are reviewed. Especially those in the 

transportation and energy fields of research.  

Contributions of this paper are: 

1. Quantitative models have been developed to forecast the AFV and E85 vehicles’ market 

penetration in USA. Moreover, a Bass model has been developed to simulate the diffusion 

process of E85 vehicles in USA market. 
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2. Year-by-year prediction of these two groups of vehicles have been made. In the E85 vehicle 

model, the market penetration will continue to increase for at least 25 years before 

saturation. While the model best fitting AFV dataset, Holt’s exponential smoothing model 

with exponential trend, has convictions in future market: the numbers increase 

exponentially. 

3. Limitation of Bass model have been found and tested with data in hand. As described in 

Chapter 7, because of the stringent request to data, Bass model is very fastidious. Data set 

as monotonic increasing time series is a necessary but not sufficient condition to find a 

reasonable solution to those parameters in Bass model. 

4. A contour map method have been developed to effectively and efficiently narrow down the 

intervals where possible solution of p and q are located and to find a more accurate and 

better initial value to start the nonlinear regression process. Better initial value means that 

it is very close to the true solution, so that in fewer times of iterations in MATLAB, the 

true solutions to those unknown parameters could be found. When utilize this method, 

researchers could firmly believe that there does not exist reasonable solutions to Bass 

model if this method could not find one. This is an improvement from only applying loops 

to list as many as possible initial values to nonlinear regression. 

Future research could be concentrated on: 

1. How to overcome those constrains of Bass model, such as “monotonic increasing 

sequence”, and how to make Bass model more flexible to accept various type of data. 

2. Methods to process the data to make it “treatable” to Bass model. 
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3. How does other types of AFV in state level market perform? Which will be the best model 

to describe their behaviors? A possible option is logistics model, which also has S-shape 

curve that could capture the characteristics of a new product’s life cycle. 

4. Simulations in different scenarios could be considered to make the model more accurate. 

Other market information, such as production of the raw materials to produce the 

alternative fuels, substitute goods’ production and sales, the development of the 

infrastructure, government policies and regulations, vehicle manufacturers promotions, etc. 
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