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Abstract 

A fast 1D electromagnetic method for simulating triaxial induction tool responses is 

used to model the field distribution in fractured anisotropic formations. Fractures are a 

specific feature of geological formations. Using the bucking coil technique, we interpreted 

the simulation results as apparent conductivity of the formation and modeled the practical 

wireline induction tool response. The method is validated versus other independent 

modeling software. Multiple examples are presented to compare the apparent conductivity 

of transversely isotropic and biaxial anisotropic formations. Sensitivity to anisotropic 

conductivity, bed boundaries, dip angle and layer thickness were observed, which proves 

that the failure to consider the biaxial anisotropy would have great impact on the 

interpretation of triaxial induction tool responses. We discuss particular features which 

enable visual log interpretation for the presence of possible fractures. 
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Chapter 1 Introduction 

Traditional resistivity logging devices have only coaxial transmitter and receiver coils 

and measure one magnetic-field component (axial or ZZ, i.e., z-directed transmitter and z-

directed receiver) at different receiver locations. In vertical and low-angle wells such a 

measurement has low sensitivity to the anisotropy. However, realistic geologic formations 

often demonstrate complexities such as resistivity anisotropy, fractures, faults, and cross 

bedding. Conventional tools become more limited in dealing with such formations. The 

development of new resistivity tools with three-dimensional (3D) modeling has 

significantly enhanced formation evaluation in the presence of electrical anisotropy.  

 

Figure 1.1 Configuration of TI formation and biaxial anisotropic formation. 

 

If a layered medium contains fractures cutting across bedding (shown in Figure 1.1), 

the conductivity will be biaxial anisotropic, i.e., all three principal conductivities along and 

across the layering will be different, representing the differences of properties in the 
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vertical and two lateral directions, as opposed to the transversely isotropic (TI) medium 

model, which assumes that the two lateral conductivities are equal.  

To characterize anisotropic conductivity of the geological formation, we consider a 

multi-component induction tool with triaxial transmitter and triaxial receivers in a layered 

biaxial anisotropic 1D medium. Because of the mathematical complexity, few theoretical 

studies exist of the problem. Gianzero et al. (2002) studied the response of a triaxial 

induction instrument in a homogeneous biaxial anisotropic medium. Their work lays the 

foundation of triaxial induction log modeling in a biaxial anisotropic formation. However, 

they only considered a special case where the tool is oriented parallel to the principal axes 

of the biaxial medium. In practice, the tool can be oriented arbitrarily with respect to the 

principal axes of the biaxial medium, complicating the forward-modeling problem. 

Yuan et al. (2010) studied the response of a triaxial induction sonde in a more general 

case where the coil axes of the instrument were arbitrarily rotated and/or tilted with respect 

to the principal axes of a biaxial anisotropic medium. They further extended the method of 

Gianzero et al. (2002) to compute the magnetic field responses and studied the tool 

sensitivity to dipping, azimuthal, tool angles and other factors. 

The existence of possible fracture indicates that the failure to take the biaxial 

anisotropy effect into account can lead to  misinterpretation of triaxial measurements. 

1.1. Well Logging Application 

Well logging is applied to infer the existence and nature of the fluid and gas filling the 

pores of sedimentary rocks. In field logging, a variety of instruments are lowered into holes, 
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which can be wells or boreholes drilled for the purpose of exploration, to measure the 

properties of the surrounding formations. It is directly related to the amount of 

hydrocarbons saturated in the pores of rocks. So resistivity logging is frequently applied to 

detect the presence of oil and gas in reservoirs. 

The science of well logging was first studied by Conrad Schlumberger in 1927 as an 

application of his work on resistivity measurements of the earth in surface exploration. The 

measurement of the resistivity of the different formations traversed by drill holes became 

standard practice in oil well drilling in earlier years. The technique requires direct contact 

be made with the mud filling the bore hole by means of electrodes which are connected to 

the isolated conductors of the supporting cables. A current of constant intensity is generally 

made to flow in the surrounding medium. Because of the ohmic effect, potential differences 

are proportional to the average resistivity of the formations. These potential differences, as 

picked up by one or more measuring electrodes in the borehole, are recorded continuously 

at the surface of the ground, providing the resistivity log. The measurement from electrode-

type logging devices became unreliable when the borehole is empty and dry or filled with 

non-conductive oil-based mud. To overcome these limitations, springs were added to force 

the electrode pads in contact with the surrounding formations. However, the performance 

of such a device is still far from satisfactory in oil-based mud [Doll, 1951]. 

Induction tools were introduced in the late 1940’s. They were originally designed to 

log empty boreholes and those filled with oil-based mud. Induction tools operate on 

principles totally different from electrode tools. Induction tools injected and measured the 
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electromagnetic field in the surrounding formations, so that they do not require conductive 

fluid in the borehole or direct physical contact with the formations. Later, induction logging 

was found to generate excellent results for the usual boreholes with water-based mud. 

Because of their reliable and effective performance, induction tools have become one of 

the standard logging tools in well logging and subsurface area. 

1.2. Anisotropic Formation 

Electrical conductivity or resistivity logs provide valuable information about the 

porosity and fluid content of the rocks near a borehole. Conventional electrical logs 

determine an apparent scalar (or isotropic) conductivity. In the principle axis coordinate 

system, the conductivity tensor diagonalizes 

                                            �̂� = [

𝜎𝑥 0 0
0 𝜎𝑦 0

0 0 𝜎𝑧

]  .                                                       (1)          

For an isotropic medium, the conductivity is a scalar, i.e.,  𝜎𝑥 = 𝜎𝑦 = 𝜎𝑧 = 𝑎. For a 

transversely isotropic (TI) medium, two of the three principal conductivities are equal. On 

the scale of logging measurements, thin-bedded formations can be modeled as transversely 

isotropic, where  𝜎𝑥 = 𝜎𝑦 . To characterize an anisotropic formation, most authors consider 

TI medium model. Although TI medium is a reasonable approximation to sedimentary 

rocks, the assumption is made primarily for mathematical convenience because Maxwell’s 

equation can be solved analytically in TI-anisotropic homogeneous space or quasi-

analytically in 1D layered TI-anisotropic medium. However, if a layered medium has a 

fracture pattern that cuts across the bedding, the conductivity is fully anisotropic, as shown 
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in Figure 1.1. Full anisotropy is referred to as “biaxial” anisotropy in crystals. In this case, 

all three principal conductivities are different, representing the differences of pore-

connectivity and conductivity in the vertical and lateral directions. 

1.3. Induction Logging 

A typical induction logging system includes an array of coils wound on an insulating 

mandrel. Some of the coils are injected with alternating or pulse current at a certain 

frequency and are referred to as transmitters. Transmitters can generate eddy current in the 

surrounding formation. Other coils can measure the signal transmitted from the 

surrounding formation so they are called receivers. 

Traditional induction logging tool usually contains transmitter and receiver coils 

arranged with their axis oriented along the axis of the borehole, shown in Figure 1.2. Due 

to the arrangement of the coils, the traditional induction tool can only measure one 

magnetic field component (axial or ZZ) at different receiver locations. To characterize 

anisotropic conductivity, conventional logging methods were extended to provide XX, XY, 

XZ, YY, XX, YX, YZ, ZX and ZY couplings (notation used: first transmitter, then receiver 

direction). The additional data enable the tool directional sensitivity, which is absent in the 

axial measurement of the traditional induction tool. The multicomponent resistivity 

logging tools allow quantifying the formation anisotropy. 

In this thesis, we consider a multi-component induction tool with triaxial transmitter 

and triaxial receivers in various kinds of formations (isotropic and anisotropic) shown in 

Figure 1.3. 
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Figure 1.2 Traditional induction logging system. 

 

Figure 1.3 Configuration of triaxial induction tool. 
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1.4. Overview of the Thesis 

The thesis is organized as follows: 

Chapter 1 gives a brief introduction to the background, historic research and objective 

of the thesis. 

Chapter 2 derives the theory applied in the modeling. First, it includes the spectrum 

domain solution to Maxwell’s equations in a homogeneous biaxial anisotropic medium. 

Then, the full magnetic field response of a triaxial induction sonde in a biaxial anisotropic 

medium is introduced. Also, we derived the solution to Maxwell’s equations in a 1D 

layered biaxial anisotropic medium and introduced the code called Maxan1D and 

introduced the definition of apparent conductivity along with the bucking coil technique. 

Chapter 3 presents the validation of the new method. The method is validated versus 

other independent modeling software and analytical solutions. Good agreements could be 

observed.  

Chapter 4 presents the simulation results. Multiple examples are presented to compare 

the apparent conductivity of transversely isotropic and biaxial anisotropic layered 

formation. Sensitivity to anisotropic conductivity, bed boundary, dip angle and layer 

thickness were observed, which implies that failure to consider the biaxial anisotropy 

would have great impact on interpretation of induction tool response. 

Finally, we could find the conclusion in Chapter 5. 
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The appendix is full expression for the magnetic field components for an isotropic 

medium.
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Chapter 2 Theory 

2.1. Spectrum-Domain Solution to Maxwell’s Equations in a 

Homogeneous Biaxial Anisotropic Medium 

A homogeneous, biaxial, unbounded medium can be characterized by the tensor 

conductivity defined in Eq. (1) (expressed in the principle axis system). Assuming the 

harmonic time dependence is  𝑒−𝑖𝜔𝑡 , Maxwell’s equations for the electric and magnetic 

fields are 

                                    ∇ × 𝑯(𝒓) = −𝑖𝜔𝑫(𝒓) + 𝑱(𝒓)                                               (2a) 

and 

                                                 ∇ × 𝑬(𝒓) = 𝑖𝜔𝑩  .                                                    (2b) 

Since no anisotropy in magnetic properties is considered, the constitutive relations are 

of the form 

                                        𝑩(𝒓) = 𝜇0𝑯(𝒓) + 𝜇0𝑴𝑠(𝒓) ,                                               (3) 

                                      𝑱(𝒓) = �̂�𝑬(𝒓) + 𝑱𝑠(𝒓)   ,                                                          (4) 

and 

                                                     𝑫(𝒓) = 휀̂𝑬(𝒓) ,                                                       (5) 

where  𝜇0 is the magnetic permeability of free space, 𝒓 = 𝑥�̂� + 𝑦�̂� + 𝑧�̂� , 휀̂ is the tensor 

dielectric constant, 𝑴𝑠(𝒓) is the magnetic-source flux density and 𝑱𝑠(𝒓) is the electric-

source current density. Substituting Eqs. (3) - (5) into (2) yields 

                                    ∇ × 𝑯(𝒓) = (�̂� − 𝑖𝜔휀̂)𝑬(𝒓) + 𝑱𝑠(𝒓)                                           (6a) 

and 
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                                        ∇ × 𝑬(𝒓) = 𝑖𝜔𝜇0𝑯(𝒓) + 𝑖𝜔𝜇0𝑴𝑠(𝒓) .                                     (6b) 

For logging devices in current use where the frequencies are 20 KHz or less and for 

usual formations for which conductivities are generally greater than 10−4 S/m, we can 

assume that 𝑖𝜔휀̂ can be ignored in comparison with  �̂� . Thus, Eq. (6a) changes to  

                                         ∇ × 𝑯(𝒓) = �̂�𝑬(𝒓) + 𝑱𝑠(𝒓) .                                             (7) 

For the electrode problems, it is assumed that  𝑴𝑠(𝒓) = 0 . Since the medium is 

homogeneous biaxial anisotropic, it is assumed that  𝑱𝑠(𝒓) = 0 . Therefore, Maxwell’s 

equations reduce to  

                                         ∇ × 𝑯(𝒓) = �̂�𝑬(𝒓)                                                           (8a) 

and 

                                       ∇ × 𝑬(𝒓) = 𝑖𝜔𝜇0𝑯(𝒓) + 𝑖𝜔𝜇0𝑴𝑠(𝒓) .                                     (8b) 

The solution for the electromagnetic fields in the space-domain can be expressed in 

terms of triple Fourier transforms of their spectrum-domain counterparts �̃�(𝒌) and �̃�(𝒌) 

[Yuan et al., 2010] 

                            𝑬(𝒓), 𝑯(𝒓) =
1

(2𝜋)3 ∫ 𝑑𝒌𝑒𝑖𝒌∙𝑟
𝑘

�̃�(𝒌), �̃�(𝒌) ,                                  (9) 

where 𝒌 = 𝜉�̂� + 𝜂�̂� + 𝜍�̂� and 

                                   �̃�(𝒌), �̃�(𝒌) = ∫ 𝑑𝑟𝑒−𝑖𝒌⋅𝒓𝑬(𝒓), 𝑯(𝒓)
𝑟

                                         (10) 

and 

                              ∫ 𝑑𝒌𝑒𝑖𝒌⋅𝒓
𝑘

= ∫ ∫ ∫ 𝑑𝜉𝑑𝜂𝑑𝜍𝑒𝑖(𝜉𝑥+𝜂𝑦+𝜍𝑧)∞

−∞

∞

−∞

∞

−∞
.                               (11) 

Thus, for mathematical convenience, we can first derive the solution of Eq. (8) in the 

spectrum domain and then use Eq. (9) to obtain the required space-domain solution. 



11 

 

For the spectrum-domain solution �̃�(𝒌) and �̃�(𝒌), we can first eliminate the magnetic 

fields in favor of the electric fields using Eq. (8a) and solve for �̃�(𝒌) from Eq. (8b) in the 

presence of the source 𝑴𝑠(𝒓). Then, since the source singularity has been totally accounted 

for in this solution, the magnetic fields can be determined from a homogeneous form of 

Maxwell’s equations. Next, we will describe this procedure in detail. 

Substituting Eq. (8a) into (8b) will result in the following vector wave equation 

                       ∇∇ ⋅ 𝑬(𝒓) − ∇2𝑬(𝒓) − �̂�2𝑬(𝒓) = 𝑖𝜔𝜇0∇ × 𝑴𝑠(𝒓) ,                        (12) 

with �̂�2 = 𝑖𝜔𝜇0�̂�. Applying the triple Fourier transform defined in Eqs. (10) - (12), we get 

                                  𝛀(𝒌) ⋅ �̃�(𝒌) = −𝑖𝜔𝜇0∇ × 𝑴𝑠(𝒌) ,                                        (13) 

where the coefficient matrix 𝛀 is given by 

                𝛀 = [

𝑘𝒙
𝟐 − (𝜂𝟐 + 𝜍𝟐) 𝜉𝜂 𝜉𝜍

𝜉𝜂 𝑘𝒚
𝟐 − (𝜉𝟐 + 𝜍𝟐) 𝜂𝜍

𝜉𝜍 𝜂𝜍 𝑘𝒛
𝟐 − (𝜂𝟐 + 𝜉𝟐)

] .             (14) 

Then the solutions for the space-domain fields are 

                                𝑬(𝒓) = −
𝑖𝜔𝜇0

(2𝜋)𝟑 ∫ 𝑑𝒌𝑒𝑖𝒌⋅𝒓𝛀−1(𝒌)∇ ×
𝒌

𝑴𝑠(𝒌) .                       (15) 

The inverse matrix 𝛀−1 can be computed in terms of its adjoint and determinant as 

                                                         Ω−1 = Λ/ det Ω .                                              (16) 

Let 𝜔𝑖𝑗(𝑖 = 1,2,3; 𝑗 = 1,2,3) denote the individual elements of the inverse matrix, 

they are given by 

                                      𝜔11 =
[𝑘𝑦

2−(𝜉2+𝜍2)][𝑘𝒛
𝟐−(𝜂𝟐+𝜉𝟐)]−(𝜂𝜍)2

𝑑𝑒𝑡Ω
 ,                               (17a) 

                                         𝜔12 = 𝜔21 =
−𝜉𝜂[𝑘𝑧

2−(𝜉2+𝜂2+𝜍2)]

𝑑𝑒𝑡Ω
,                                   (17b) 
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                                         𝜔13 = 𝜔31 =
−𝜉𝜍[𝑘𝑦

2−(𝜉2+𝜂2+𝜍2)]

𝑑𝑒𝑡Ω
,                                    (17c) 

                                      𝜔22 =
[𝑘𝑥

2−(𝜂2+𝜍2)][𝑘𝒛
𝟐−(𝜂𝟐+𝜉𝟐)]−(𝜉𝜍)2

𝑑𝑒𝑡Ω
 ,                               (17d) 

                                     𝜔23 = 𝜔32 =
−𝜂𝜍[𝑘𝑥

2−(𝜉2+𝜂2+𝜍2)]

𝑑𝑒𝑡Ω
  ,                                      (17e) 

and 

                                       𝜔33 =
[𝑘𝑥

2−(𝜂2+𝜍2)][𝑘𝒚
𝟐−(𝜁𝟐+𝜉𝟐)]−(𝜉𝜂)2

𝑑𝑒𝑡Ω
 ,                             (17f) 

where the determinant of the coefficient matrix can be written in the following factored 

form, 

                                         𝑑𝑒𝑡Ω = 𝑘𝑧
2(𝜍2 − 𝜍𝑜

2)(𝜍2 − 𝜍𝑒
2) ,                                  (18) 

where 𝜍𝑜 and 𝜍𝑒 are the axial wave numbers for the ordinary and extraordinary modes of 

propagation. After some tedious algebra, the two distinct modes of propagation are shown 

to be  

                                                     𝜍𝑜,𝑒
2 = 𝑎 ± √𝑏 ,                                                     (19) 

where  

                                   𝑎 =
𝑘𝑧

2(𝑘𝑥
2+𝑘𝑦

2)−𝜉2(𝑘𝑥
2+𝑘𝑧

2)−𝜂2(𝑘𝑦
2+𝑘𝑧

2)

2𝑘𝑧
2    ,                                (20) 

and 

                                   𝑏 = 𝑎2 −
(𝜉2+𝜂2−𝑘𝑧

2)(𝜉2𝑘𝑥
2+𝜂2𝑘𝑦

2−𝑘𝑥
2𝑘𝑦

2)

𝑘𝑧
2  .                            (21) 

The positive square root corresponds to 𝜍𝑒 and the negative to 𝜍𝑜. 

Once the space-domain electric field is obtained from Eq. (15), the corresponding 

magnetic field can be determined from the source-free Maxwell equations. 
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2.2. Full Magnetic Field Response of a Triaxial Induction Sonde in a 

Biaxial Anisotropic Medium 

Traditional induction tools have only one pair of co-axial transmitter-receiver coils and 

measure one magnetic field component. To characterize the anisotropic conductivity, 

conventional electric logging methods must be extended to provide additional information. 

Multicomponent induction logging tools are designed to do so. The rich information 

provided by multicomponent induction measurement enables determination of complex 

formations such as biaxial anisotropic media. In this thesis, we will consider a triaxial 

induction tool which includes three orthogonal transmitters and three orthogonal receivers. 

The coils are assumed to be sufficiently small and replaced by point magnetic dipoles in 

the modeling. Thus, the magnetic source excitation of the triaxial sonde can be expressed 

as  𝑴 = (𝑀𝑥, 𝑀𝑦, 𝑀𝑧)𝛿(𝒓). 

For each component of the transmitter moment 𝑀𝑥, 𝑀𝑦 and 𝑀𝑧, there are in general 

three components of the induced field at each point in the medium. Thus there are nine 

formulas for the field components and they can be expressed by a tensor representation of 

a �̂� as 

                                             �̂� = [

𝐻𝑥𝑥 𝐻𝑥𝑦 𝐻𝑥𝑧

𝐻𝑦𝑥 𝐻𝑦𝑦 𝐻𝑦𝑧

𝐻𝑧𝑥 𝐻𝑧𝑦 𝐻𝑧𝑧

] ,                                             (22) 

where for each field component, the first subscript corresponds to the receiver index and 

the second subscript corresponds to the transmitter index. Therefore, 𝐻𝑖𝑗  denotes the 

magnetic field induced in the i-directed receiver coil by thej-directed transmitter coil. Next, 
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we will derive the expressions for the nine magnetic field components in a homogeneous 

biaxial medium. 

2.2.1. The Magnetic Field Components Generated by a Unit x-

directed Magnetic Dipole 𝑴 = (𝟏, 𝟎, 𝟎)𝑻 

For an x-directed magnetic dipole M = (1, 0, 0)T, Eq. (13) can be rewritten as 

                               Ω(k) ⋅ [

Ẽxx(k)

Ẽyx(k)

Ẽzx(k)

] = ωμ0e−i(ξx′+ηy′+ςz′) [
0
ς

−η
].                            (23) 

Solving Eq. (23) and considering Eq. (16) and (17), we can get 

                             [

Ẽxx(k)

Ẽyx(k)

Ẽzx(k)

] = ωμ0e−i(ξx′+ηy′+ςz′) [

ςω12 − ηω13

ςω22 − ηω23

ςω32 − ηω33

].                        (24) 

The corresponding components of the magnetic field can be determined from the 

source-free Maxwell equations: 

                                                  �̃�𝑥 =
1

𝜔𝜇0
(𝜂�̃�𝑧 − 𝜍�̃�𝑦),                                          (25a) 

                                           �̃�𝑦 =
1

𝜔𝜇0
(𝜍�̃�𝑥 − 𝜉�̃�𝑧)  ,                                                (25b) 

and 

                                                  �̃�𝑧 =
1

𝜔𝜇0
(𝜉�̃�𝑦 − 𝜂�̃�𝑥).                                          (25c) 

Direct substitution of the electric field components from (24) into (25) yields 

               [

�̃�𝑥𝑥(𝒌)

�̃�𝑦𝑥(𝒌)

�̃�𝑧𝑥(𝒌)

] = 𝑒−𝑖(𝜉𝑥′+𝜂𝑦′+𝜍𝑧′) [

𝜂(𝜍𝜔32 − 𝜂𝜔33) − 𝜍(𝜍𝜔22 − 𝜂𝜔23)

𝜍(𝜍𝜔12 − 𝜂𝜔13) − 𝜉(𝜍𝜔32 − 𝜂𝜔33)

𝜉(𝜍𝜔22 − 𝜂𝜔23) − 𝜂(𝜍𝜔12 − 𝜂𝜔13)

].      (26) 
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Then the magnetic field components in the space-domain can be obtained from their 

spectral-domain counterparts in Eq. (26) by applying the Fourier transforms defined in Eq. 

(9) 

𝐻𝑥𝑥(𝒓) =
1

(2𝜋)3 ∫ ∫ ∫ 𝑑𝜉𝑑𝜂𝑑𝜍𝑒𝑖𝜉(𝑥−𝑥′)𝑒𝑖𝜂(𝑦−𝑦′)𝑒𝑖𝜍(𝑧−𝑧′)(2𝜂𝜍𝜔23 − 𝜂2𝜔33 −
∞

−∞

∞

−∞

∞

−∞

                      − 𝜍2𝜔22) ,                                                                                                     (27)       

𝐻𝑦𝑥(𝒓) =
1

(2𝜋)3 ∫ ∫ ∫ 𝑑𝜉𝑑𝜂𝑑𝜍𝑒𝑖𝜉(𝑥−𝑥′)𝑒𝑖𝜂(𝑦−𝑦′)𝑒𝑖𝜍(𝑧−𝑧′)[𝜍(𝜍𝜔12 − 𝜂𝜔13) −
∞

−∞

∞

−∞

∞

−∞

                      − 𝜉(𝜍𝜔32 − 𝜂𝜔33)] ,                                                                                                             (28)                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                        

and                                                                                                                                          

 𝐻𝑧𝑥(𝒓) =
1

(2𝜋)3 ∫ ∫ ∫ 𝑑𝜉𝑑𝜂𝑑𝜍𝑒𝑖𝜉(𝑥−𝑥′)𝑒𝑖𝜂(𝑦−𝑦′)𝑒𝑖𝜍(𝑧−𝑧′)[𝜉(𝜍𝜔22 − 𝜂𝜔23) −
∞

−∞

∞

−∞

∞

−∞

                       −𝜂(𝜍𝜔12 − 𝜂𝜔13)]   .                                                                                         (29)                                                                                                                                  

As can be seen from Eq. (27)-(29), there are triple infinite integrals of 𝑥, 𝑦 and 𝑧 

involved in the solution. In the numerical evaluation, a cylindrical transformation in the 

wave number space is invoked. Let 𝜓 be the rotation angle in the 𝜉 − 𝜂 plane, we have 

                                                        𝜉 = 𝑘 cos 𝜓,                                                      (30a) 

                                                        𝜂 = 𝑘 sin 𝜓,                                                            (30b) 

and 

                            ∫ ∫ ∫ 𝑑𝜉𝑑𝜂𝑑𝜍 = ∫ 𝑑𝜓
2𝜋

0
∫ 𝑘𝑑𝑘

∞

0
∫ 𝑑𝜍

∞

−∞

∞

−∞

∞

−∞

∞

−∞
.                           (31) 

Thus Eq. (27)-(29) can be rewritten as 

𝐻𝑥𝑥(𝒓) =
1

(2𝜋)3 ∫ 𝑑𝜓
2𝜋

0
∫ 𝑘𝑑𝑘

∞

0
∫ 𝑑𝜍𝑒𝑖𝑘 cos 𝜓(𝑥−𝑥′)𝑒𝑖𝑘 sin 𝜓(𝑦−𝑦′)𝑒𝑖𝜍(𝑧−𝑧′)∞

−∞
×

                          (2𝑘𝜍 sin 𝜓𝜔32 − 𝑘2𝑠𝑖𝑛2𝜓𝜔33 − 𝜍2𝜔22)   ,                                                     (32)                                                                                                                                         
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𝐻𝑦𝑥(𝒓) =
1

(2𝜋)3 ∫ 𝑑𝜓
2𝜋

0
∫ 𝑘𝑑𝑘

∞

0
∫ 𝑑𝜍𝑒𝑖𝑘 cos 𝜓(𝑥−𝑥′)𝑒𝑖𝑘 sin 𝜓(𝑦−𝑦′)𝑒𝑖𝜍(𝑧−𝑧′)∞

−∞
(𝜍2𝜔12 −

                      − 𝑘𝜍 sin 𝜓𝜔13 − 𝑘𝜍 cos 𝜓 𝜔32 + 𝑘2 cos 𝜓 sin 𝜓 𝜔33)   ,                                    (33)      

and                                                                                                                                   

𝐻𝑧𝑥(𝒓) =
1

(2𝜋)3 ∫ 𝑑𝜓
2𝜋

0
∫ 𝑘2𝑑𝑘

∞

0
∫ 𝑑𝜍𝑒𝑖𝑘 cos 𝜓(𝑥−𝑥′)𝑒𝑖𝑘 sin 𝜓(𝑦−𝑦′)𝑒𝑖𝜍(𝑧−𝑧′)∞

−∞
×

                      × (𝑘 sin2 𝜓𝜔13 − 𝑘 sin 𝜓 cos 𝜓 𝜔23 − 𝜍 sin 𝜓𝜔12 + 𝜍 cos 𝜓𝜔22).                (34)                                                                                                                                          

2.2.2. The Magnetic Field Components Generated by a Unit y-

directed Magnetic Dipole 𝑴 = (𝟎, 𝟏, 𝟎)𝑻 

For an y-directed magnetic dipole M = (0, 1, 0)T, Eq. (13) can be rewritten as 

                              Ω(k) ⋅ [

Ẽxy(k)

Ẽyy(k)

Ẽzy(k)

] = ωμ0e−i(ξx′+ηy′+ςz′) [

−ς
0
ξ

].                             (35) 

The electric fields in the spectrum-domain will be 

                             [

Ẽxy(k)

Ẽyy(k)

Ẽzy(k)

] = ωμ0e−i(ξx′+ηy′+ςz′) [

ξω13 − ςω11

ξω23 − ςω21

ξω33 − ςω31

].                         (36) 

Substituting Eq. (35) into Eq. (25) and applying the triple Fourier transforms, we can 

get the solution for the space-domain magnetic field components 

𝐻𝑥𝑦(𝒓) =
1

(2𝜋)3 ∫ ∫ ∫ 𝑑𝜉𝑑𝜂𝑑𝜍𝑒𝑖𝜉(𝑥−𝑥′)𝑒𝑖𝜂(𝑦−𝑦′)𝑒𝑖𝜍(𝑧−𝑧′)[𝜂(𝜉𝜔33 − 𝜍𝜔31) −
∞

−∞

∞

−∞

∞

−∞

                      −𝜍(𝜉𝜔23 − 𝜍𝜔21)]   ,                                                                                         (37)                                                                                                                                          

𝐻𝑦𝑦(𝒓) =
1

(2𝜋)3 ∫ ∫ ∫ 𝑑𝜉𝑑𝜂𝑑𝜍𝑒𝑖𝜉(𝑥−𝑥′)𝑒𝑖𝜂(𝑦−𝑦′)𝑒𝑖𝜍(𝑧−𝑧′)(2𝜍𝜉𝜔13 − 𝜍2𝜔11 −
∞

−∞

∞

−∞

∞

−∞

                      −𝜉2𝜔33)   ,                                                                                                                                  (38) 

and 
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𝐻𝑧𝑦(𝒓) =
1

(2𝜋)3 ∫ ∫ ∫ 𝑑𝜉𝑑𝜂𝑑𝜍𝑒𝑖𝜉(𝑥−𝑥′)𝑒𝑖𝜂(𝑦−𝑦′)𝑒𝑖𝜍(𝑧−𝑧′)[𝜉(𝜍𝜔23 − 𝜍𝜔21) −
∞

−∞

∞

−∞

∞

−∞

                      −𝜂(𝜉𝜔13 − 𝜍𝜔11)]  .                                                                                           (39)                                             

The following equations are actually used in the numerical evaluation by transforming 

the Cartersian coordinates into cylindrical coordinates 

𝐻𝑥𝑦(𝒓) =
1

(2𝜋)3 ∫ 𝑑𝜓
2𝜋

0
∫ 𝑘𝑑𝑘

∞

0
∫ 𝑑𝜍𝑒𝑖𝑘 cos 𝜓(𝑥−𝑥′)𝑒𝑖𝑘 sin 𝜓(𝑦−𝑦′)𝑒𝑖𝜍(𝑧−𝑧′)∞

−∞
×

                          (𝜍2𝜔21 − 𝑘𝜍 sin 𝜓𝜔31 − 𝑘𝜍 cos 𝜓 𝜔23 + 𝑘2 cos 𝜓 sin 𝜓 𝜔33)  ,                 (40)                                                                                                                         

𝐻𝑦𝑦(𝒓) =
1

(2𝜋)3 ∫ 𝑑𝜓
2𝜋

0
∫ 𝑘𝑑𝑘

∞

0
∫ 𝑑𝜍𝑒𝑖𝑘 cos 𝜓(𝑥−𝑥′)𝑒𝑖𝑘 sin 𝜓(𝑦−𝑦′)𝑒𝑖𝜍(𝑧−𝑧′)∞

−∞
×

                          (2𝑘𝜍 cos 𝜓𝜔13 −𝑘2 cos2 𝜓𝜔33 − 𝜍2𝜔11)  ,                                                    (41) 

and                                                                                                                                

𝐻𝑧𝑦(𝒓) =
1

(2𝜋)3 ∫ 𝑑𝜓
2𝜋

0
∫ 𝑘2𝑑𝑘

∞

0
∫ 𝑑𝜍𝑒𝑖𝑘 cos 𝜓(𝑥−𝑥′)𝑒𝑖𝑘 sin 𝜓(𝑦−𝑦′)𝑒𝑖𝜍(𝑧−𝑧′)∞

−∞
⋅

                         (𝜍 sin 𝜓𝜔11 −𝜍 cos 𝜓 𝜔21 −𝑘 cos 𝜓 sin 𝜓𝜔13 + 𝑘 cos2 𝜓𝜔23)  .                 (42)                                                                                                                         

Note that 𝐻𝑦𝑥 has the same expression as   𝐻𝑥𝑦. 

2.2.3. The Magnetic Field Components Generated by a Unit z-

Directed Magnetic Dipole 𝑴 = (𝟎, 𝟎, 𝟏)𝑻 

For a z-directed magnetic dipole   M = (0, 0, 1)T, Eq. (13) can be rewritten as 

                     Ω(k) ⋅ [

Ẽxz(k)

Ẽyz(k)

Ẽzz(k)

] = −𝑖ωμ0e−i(ξx′+ηy′+ςz′) [
𝑖𝜂

−𝑖𝜉
0

].                                (43) 

The solution of the spectrum-domain electric fields is 

                       [

Ẽxz(k)

Ẽyz(k)

Ẽzz(k)

] = ωμ0e−i(ξx′+ηy′+ςz′) [

ηω11 − ξω12

ηω21 − ξω22

ηω31 − ξω32

].                               (44) 

Then the magnetic fields in the spectrum-domain can be written as 



18 

 

              [

H̃xz(k)

H̃yz(k)

H̃zz(k)

] = e−i(ξx′+ηy′+ςz′) [

η(η𝜔31 − ξ𝜔32) − ς(η𝜔21 − ξ𝜔22)
ς(η𝜔11 − ξ𝜔12) − ξ(η𝜔31 − ξ𝜔32)
ξ(η𝜔21 − ξ𝜔22) − η(η𝜔11 − ξ𝜔12)

].          (45) 

Following an analogous procedure, we can get the solution of the magnetic fields in 

the space-domain as  

𝐻𝑥𝑧(𝒓) =
1

(2𝜋)3 ∫ ∫ ∫ 𝑑𝜉𝑑𝜂𝑑𝜍𝑒𝑖𝜉(𝑥−𝑥′)𝑒𝑖𝜂(𝑦−𝑦′)𝑒𝑖𝜍(𝑧−𝑧′)[𝜂(𝜂𝜔31 − 𝜉𝜔32) −
∞

−∞

∞

−∞

∞

−∞

                      −𝜍(𝜂𝜔21 − 𝜉𝜔22)]    ,                                                                                           (46)                                             

𝐻𝑦𝑧(𝒓) =
1

(2𝜋)3 ∫ ∫ ∫ 𝑑𝜉𝑑𝜂𝑑𝜍𝑒𝑖𝜉(𝑥−𝑥′)𝑒𝑖𝜂(𝑦−𝑦′)𝑒𝑖𝜍(𝑧−𝑧′)[𝜍(𝜂𝜔11 − 𝜉𝜔12) −
∞

−∞

∞

−∞

∞

−∞

                      −𝜉(𝜂𝜔31 − 𝜉𝜔32)]    ,                                                                                                         (47) 

and 

𝐻𝑧𝑧(𝒓) =
1

(2𝜋)3 ∫ ∫ ∫ 𝑑𝜉𝑑𝜂𝑑𝜍𝑒𝑖𝜉(𝑥−𝑥′)𝑒𝑖𝜂(𝑦−𝑦′)𝑒𝑖𝜍(𝑧−𝑧′)[𝜉(𝜂𝜔21 − 𝜉𝜔22) −
∞

−∞

∞

−∞

∞

−∞

                     −𝜂(𝜂𝜔11 − 𝜉𝜔12)]    .                                                                                                           (48) 

Transforming the integral variables 𝜉 and 𝜂 into 𝑘 and  𝜓 , we have 

𝐻𝑥𝑧(𝒓) =
1

(2𝜋)3 ∫ 𝑑𝜓
2𝜋

0
∫ 𝑘2𝑑𝑘

∞

0
∫ 𝑑𝜍𝑒𝑖𝑘 cos 𝜓(𝑥−𝑥′)𝑒𝑖𝑘 sin 𝜓(𝑦−𝑦′)𝑒𝑖𝜍(𝑧−𝑧′)∞

−∞
⋅

                          (𝑘 sin2 𝜓𝜔31 − 𝑘 sin 𝜓 cos 𝜓𝜔32 − 𝜍 sin 𝜓𝜔21 + 𝜍 cos 𝜓𝜔22)  ,              (49)                                                                                                                           

𝐻𝑦𝑧(𝒓) =
1

(2𝜋)3 ∫ 𝑑𝜓
2𝜋

0
∫ 𝑘2𝑑𝑘

∞

0
∫ 𝑑𝜍𝑒𝑖𝑘 cos 𝜓(𝑥−𝑥′)𝑒𝑖𝑘 sin 𝜓(𝑦−𝑦′)𝑒𝑖𝜍(𝑧−𝑧′)∞

−∞
⋅

                          (𝜍 sin 𝜓𝜔11 − 𝜍 cos 𝜓𝜔12 − 𝑘 cos 𝜓 sin 𝜓𝜔31 + 𝑘 cos2 𝜓𝜔32) ,               (50)   

and                                                                                                                         

𝐻𝑧𝑧(𝒓) =
1

(2𝜋)3 ∫ 𝑑𝜓
2𝜋

0
∫ 𝑘3𝑑𝑘

∞

0
∫ 𝑑𝜍𝑒𝑖𝑘 cos 𝜓(𝑥−𝑥′)𝑒𝑖𝑘 sin 𝜓(𝑦−𝑦′)𝑒𝑖𝜍(𝑧−𝑧′)∞

−∞
⋅

                         (2 sin 𝜓 cos 𝜓𝜔12 − cos2 𝜓𝜔22 − sin2 𝜓𝜔11)  .                                         (51)                                                                                                 
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Note that 𝐻𝑥𝑧  has the same expression as 𝐻𝑧𝑥 . In fact, for the case where the 

instrument’s transducer axes are aligned parallel to the principle axes of the conductivity 

tensor (i.e. the dipping angle, azimuth angle and tool angle are all zero 𝛼 = 𝛽 = 𝛾 = 0°), 

all the cross coupling terms are zero. However, in general, the axes of the instrument are 

not parallel to the principle axes of the conductivity tensor, and the off-diagonal terms in 

the coupling matrix are not equal to zero. Therefore, it is necessary to find the full coupling 

matrix in this more complicated general case. 

2.3. Full Magnetic Field Response in General Cases 

In practice, the orientation of the transmitter and receiver coils will be arbitrary with 

respect to the principle axes of the formation’s conductivity tensor. In this part, we will 

consider the magnetic field response of a triaxial induction tool in a homogeneous biaxial 

anisotropic medium in this general case. 

Figure 2.2 shows schematically the bed coordinate system described by (𝑥, 𝑦, 𝑧) and a 

sonde coordinate system described by (𝑥′,  𝑦′, 𝑧′). In Figure 2.2, 𝛼, 𝛽 𝑎𝑛𝑑 𝛾 stand for the 

dipping, azimuthal, and orientation angle, respectively. The angle 𝛼  is the relative 

deviation of the instrument axis 𝑧′ with respect to the 𝑧 axis of the conductivity tensor. The 

angle 𝛽 is the angle between the projection of the instrument axis 𝑧′ on the surface of the 

𝑥 − 𝑦 plane and the 𝑥-axis of the formation coordinate. The angle 𝛾 represents the rotation 

of the tool around the 𝑧′ axis. 

The formation bedding (unprimed) frame can be related to the sonde (primed) frame 

by a rotation matrix 𝑹 given by 
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𝑹 = [
𝑅11 𝑅12 𝑅13

𝑅21 𝑅22 𝑅23

𝑅31 𝑅32 𝑅33

] =

[
cos 𝛼 cos 𝛽 cos 𝛾 − sin 𝛽 sin 𝛾 − cos 𝛼 cos 𝛽 sin 𝛾 − sin 𝛽 cos 𝛾 sin 𝛼 cos 𝛽
cos 𝛼 sin 𝛽 cos 𝛾 + cos 𝛽 sin 𝛾 − cos 𝛼 sin 𝛽 sin 𝛾 + cos 𝛽 cos 𝛾 sin 𝛼 sin 𝛽

−sin 𝛼 cos 𝛾 sin 𝛼 sin 𝛾 cos 𝛼
] .     (52)                                                                                                  

To find out the magnetic field response in the sonde system, the magnetic moments of 

the transmitter coils in the sonde coordinated are first transformed to effective magnetic 

moments in the formation coordinated via the rotation matrix 

                                                  𝑴 = 𝑹𝑴′.                                                               (53) 

Then the magnetic fields in the formation coordinates excited by the magnetic 

moments 𝑴 can be readily obtained by 

                                                   𝑯 = �̂�𝑴,                                                               (54) 

where �̂� is the dyadic corresponding to unit dipole source given by Eq. (22). Once the 

magnetic fields at the location of the receiver coils in the formation system are determined, 

the magnetic fields received at the receiver coils can be obtained by applying the inverse 

of the rotation matrix 

                                                       𝑯′ = 𝑹−1𝑯.                                                              (55) 

Since the rotation matrix is orthogonal, its inverse is equal to its transpose, i.e., 

                                   𝑹−1 = 𝑹𝑇 = [
𝑅11 𝑅21 𝑅31

𝑅12 𝑅22 𝑅32

𝑅13 𝑅23 𝑅33

].                                            (56) 

Combining Eq. (53), (54), (55) and (56), we have 

                                                  𝑯′ = 𝑹𝑇�̂�𝑹𝑀′.                                                       (57) 
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Consequently, the coupling between the magnetic field components and the magnetic 

dipoles in the sonde system are given by 

                                                    �̂�′ = 𝑹𝑇�̂�𝑹.                                                         (58) 

The nine components can be computed explicitly by 

𝐻𝑥′𝑥′ = 𝑅11
2𝐻𝑥𝑥 + 𝑅11𝑅21𝐻𝑥𝑦 + 𝑅11𝑅31𝐻𝑥𝑧 + 𝑅11𝑅21𝐻𝑦𝑥 + 𝑅21

2𝐻𝑦𝑦 +

                       𝑅21𝑅31𝐻𝑦𝑧 + 𝑅11𝑅31𝐻𝑧𝑥 + 𝑅21𝑅31𝐻𝑧𝑦 + 𝑅31
2𝐻𝑧𝑧   ,                                 (59)                                                                                                         

𝐻𝑥′𝑦′ = 𝑅11𝑅12𝐻𝑥𝑥 + 𝑅12𝑅21𝐻𝑥𝑦 + 𝑅12𝑅31𝐻𝑥𝑧 + 𝑅11𝑅22𝐻𝑦𝑥 + 𝑅22𝑅21𝐻𝑦𝑦 +

                       𝑅22𝑅31𝐻𝑦𝑧 + 𝑅11𝑅33𝐻𝑧𝑥 + 𝑅32𝑅21𝐻𝑧𝑦 + 𝑅31𝑅32𝐻𝑧𝑧   ,                             (60)                                                                                                           

𝐻𝑥′𝑧′ = 𝑅11𝑅13𝐻𝑥𝑥 + 𝑅13𝑅21𝐻𝑥𝑦 + 𝑅13𝑅31𝐻𝑥𝑧 + 𝑅11𝑅23𝐻𝑦𝑥 + 𝑅21𝑅23𝐻𝑦𝑦 +

                       𝑅23𝑅31𝐻𝑦𝑧 + 𝑅11𝑅33𝐻𝑧𝑥 + 𝑅33𝑅21𝐻𝑧𝑦 + 𝑅31𝑅32𝐻𝑧𝑧   ,                            (61)                                                                                                            

𝐻𝑦′𝑥′ = 𝑅11𝑅12𝐻𝑥𝑥 + 𝑅11𝑅22𝐻𝑥𝑦 + 𝑅11𝑅32𝐻𝑥𝑧 + 𝑅21𝑅12𝐻𝑦𝑥 + 𝑅22𝑅21𝐻𝑦𝑦 +

                       𝑅21𝑅32𝐻𝑦𝑧 + 𝑅31𝑅12𝐻𝑧𝑥 + 𝑅31𝑅22𝐻𝑧𝑦 + 𝑅31𝑅32𝐻𝑧𝑧  ,                                (62)                                                                                                        

𝐻𝑦′𝑦′ = 𝑅12
2𝐻𝑥𝑥 + 𝑅12𝑅22𝐻𝑥𝑦 + 𝑅12𝑅32𝐻𝑥𝑧 + 𝑅12𝑅22𝐻𝑦𝑥 + 𝑅22

2𝐻𝑦𝑦 +

                       𝑅22𝑅32𝐻𝑦𝑧 + 𝑅12𝑅32𝐻𝑧𝑥 + 𝑅22𝑅32𝐻𝑧𝑦 + 𝑅32
2𝐻𝑧𝑧   ,                               (63)                                                                                                         

𝐻𝑦′𝑧′ = 𝑅12𝑅13𝐻𝑥𝑥 + 𝑅12𝑅23𝐻𝑥𝑦 + 𝑅12𝑅33𝐻𝑥𝑧 + 𝑅22𝑅13𝐻𝑦𝑥 + 𝑅22𝑅23𝐻𝑦𝑦 +

                       𝑅22𝑅33𝐻𝑦𝑧 + 𝑅13𝑅32𝐻𝑧𝑥 + 𝑅32𝑅23𝐻𝑧𝑦 + 𝑅33𝑅32𝐻𝑧𝑧   ,                              (64)                                                                                                          

𝐻𝑧′𝑥′ = 𝑅11𝑅13𝐻𝑥𝑥 + 𝑅11𝑅23𝐻𝑥𝑦 + 𝑅11𝑅33𝐻𝑥𝑧 + 𝑅13𝑅21𝐻𝑦𝑥 + 𝑅21𝑅23𝐻𝑦𝑦 +

                       𝑅33𝑅21𝐻𝑦𝑧 + 𝑅13𝑅31𝐻𝑧𝑥 + 𝑅23𝑅31𝐻𝑧𝑦 + 𝑅31𝑅33𝐻𝑧𝑧   ,                             (65)                                                                                                           

𝐻𝑧′𝑦′ = 𝑅13𝑅12𝐻𝑥𝑥 + 𝑅13𝑅22𝐻𝑥𝑦 + 𝑅13𝑅32𝐻𝑥𝑧 + 𝑅12𝑅23𝐻𝑦𝑥 + 𝑅22𝑅23𝐻𝑦𝑦 +

                       𝑅32𝑅23𝐻𝑦𝑧 + 𝑅12𝑅33𝐻𝑧𝑥 + 𝑅33𝑅22𝐻𝑧𝑦 + 𝑅33𝑅32𝐻𝑧𝑧   ,                            (66)                                                                                                            
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and 

𝐻𝑧′𝑧′ = 𝑅13
2𝐻𝑥𝑥 + 𝑅13𝑅23𝐻𝑥𝑦 + 𝑅13𝑅33𝐻𝑥𝑧 + 𝑅13𝑅23𝐻𝑦𝑥 + 𝑅23

2𝐻𝑦𝑦 +

𝑅33𝑅23𝐻𝑦𝑧 + 𝑅13𝑅33𝐻𝑧𝑥 + 𝑅33𝑅23𝐻𝑧𝑦 + 𝑅33
2𝐻𝑧𝑧   ,                                                       (67)                                                                                

As can be seen from Eq. (31)-(33), (39)-(41) and (48)-(50), the coupling matrix �̂� 

between the magnetic fields and the magnetic dipoles in the formation system is symmetric, 

i.e., 𝐻𝑖𝑗 = 𝐻𝑗𝑖, therefore Eq. (59)-(67) can be simplified to  

𝐻𝑥′𝑥′ = 𝑅11
2𝐻𝑥𝑥 + 2𝑅11𝑅21𝐻𝑥𝑦 + 2𝑅11𝑅31𝐻𝑥𝑧 + 𝑅21

2𝐻𝑦𝑦 + 2𝑅21𝑅31𝐻𝑦𝑧 +

                       𝑅31
2𝐻𝑧𝑧    ,                                                                                                    (68)                                   

𝐻𝑥′𝑦′ = 𝐻𝑦′𝑥′ = 𝑅11𝑅12𝐻𝑥𝑥 + (𝑅12𝑅21 + +𝑅11𝑅22)𝐻𝑥𝑦 + (𝑅12𝑅31 +

                   +𝑅11𝑅33)𝐻𝑥𝑧 + 𝑅22𝑅21𝐻𝑦𝑦 + (𝑅22𝑅31 + 𝑅32𝑅21)𝐻𝑧𝑦 + 𝑅31𝑅32𝐻𝑧𝑧   ,       (69)                                                                                                                              

𝐻𝑥′𝑧′ = 𝐻𝑧′𝑥′ = 𝑅11𝑅13𝐻𝑥𝑥 + (𝑅13𝑅21 + 𝑅11𝑅23)𝐻𝑥𝑦 + (𝑅13𝑅31 + 𝑅11𝑅33)𝐻𝑥𝑧 +

                     +𝑅21𝑅23𝐻𝑦𝑦 + (𝑅23𝑅31 + 𝑅33𝑅21)𝐻𝑧𝑦 + 𝑅31𝑅32𝐻𝑧𝑧   ,                              (70)                                                                                                          

𝐻𝑦′𝑦′ = 𝑅12
2𝐻𝑥𝑥 + (𝑅12𝑅22+𝑅12𝑅22)𝐻𝑥𝑦 + (𝑅12𝑅32+𝑅12𝑅32)𝐻𝑥𝑧 + 𝑅22

2𝐻𝑦𝑦 +

                   +(𝑅22𝑅32 + 𝑅22𝑅32)𝐻𝑧𝑦 + 𝑅32
2𝐻𝑧𝑧   ,                                                            (71)                                                                           

𝐻𝑦′𝑧′ = 𝐻𝑧′𝑦′ = 𝑅12𝑅13𝐻𝑥𝑥 + (𝑅12𝑅23+𝑅22𝑅13)𝐻𝑥𝑦 + (𝑅12𝑅33 + 𝑅13𝑅32)𝐻𝑥𝑧 +

                   +𝑅22𝑅23𝐻𝑦𝑦 + (𝑅22𝑅33 + 𝑅32𝑅23)𝐻𝑧𝑦 + 𝑅33𝑅32𝐻𝑧𝑧    ,                               (72)             

and                                                                                            

𝐻𝑧′𝑧′ = 𝑅13
2𝐻𝑥𝑥 + (𝑅13𝑅23+𝑅13𝑅23)𝐻𝑥𝑦 + (𝑅13𝑅33+𝑅13𝑅33)𝐻𝑥𝑧 + 𝑅23

2𝐻𝑦𝑦 +

                   +(𝑅33𝑅23 + 𝑅33𝑅23)𝐻𝑧𝑦 + 𝑅33
2𝐻𝑧𝑧    .                                                         (73)                                                                              
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2.4. Solution to Maxwell’s Equations in a 1D Layered Biaxial 

Anisotropic Medium 

Let us consider electromagnetic logging in a 1D layered biaxial anisotropic medium. 

Assume the anisotropic conductivity 𝝈(𝑧) can be a piecewise-constant 1D function of 

vertical coordinate z. 

Since the medium depends only on z, a variable separation method introduced in the 

previous sections could be applied to solve the problem. To separate the variables, we use 

the Fourier transform in the x- and y-directions [Davydycheva and Wang, 2011]:  

                      𝒆(𝑝, 𝑞, 𝑧) = ∫ 𝑑𝑥
∞

−∞
∫ 𝑬(𝑥, 𝑦, 𝑧)

∞

−∞
𝑒−𝑖𝑝𝑥−𝑖𝑞𝑦𝑑𝑦 .                               (74) 

Now, in the equation for Fourier image e(p,q,z) = (𝑒𝑥, 𝑒𝑦, 𝑒𝑧) we can replace the partial 

derivatives in x and y with –ip and –iq respectively, so that we get: 

                    ∇ × 𝒆 = (−𝑖𝑞𝑒𝑧 −
𝑑𝑒𝑦

𝑑𝑧
,

𝑑𝑒𝑥

𝑑𝑧
+ 𝑖𝑝𝑒𝑧, −𝑖𝑝𝑒𝒚 + 𝑖𝑞𝑒𝑥)                              (75) 

and 

∇ × ∇ × 𝒆 = (−
𝑑2𝑒𝑥

𝑑𝑧2 + 𝑞2𝑒𝑥 − 𝑝𝑞𝑒𝑦 − 𝑖𝑝
𝑑𝑒𝑧

𝑑𝑧
, −

𝑑2𝑒𝑦

𝑑𝑧2 + 𝑝2𝑒𝑦 − 𝑝𝑞𝑒𝑥 −

                           −𝑖𝑞
𝑑𝑒𝑧

𝑑𝑧
, (𝑞2 + 𝑝2)𝑒𝑧 − 𝑖𝑝

𝑑𝑒𝑥

𝑑𝑧
− 𝑖𝑞

𝑑𝑒𝑦

𝑑𝑧
)   .                                             (76)                                                                                                        

In such a way, we get a system of three ordinary differential equations with respect to 

Fourier images 𝑒𝑥(𝑝, 𝑞, 𝑧) ,  𝑒𝑦(𝑝, 𝑞, 𝑧) and 𝑒𝑧(𝑝, 𝑞, 𝑧) : 

                                 
2

2 2

2
( ( )) ( , , ),x z

x x y x

d e de
q k z e pqe ip f p q z

dz dz
                            (77a) 

                          

2

2 2

2
( ( )) ( , , ),

y z
y y x y

d e de
p k z e pqe iq f p q z

dz dz
                                 (77b)        

and                          
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2 2 2( ( )) ( , , ),

yx
z z z

dede
p q k z e ip iq f p q z

dz dz
                             (77c) 

where f(p,q,z) = (𝑓𝑥, 𝑓𝑦, 𝑓𝑧)is Fourier image of the right-hand side from equation (12). 

We apply zero boundary conditions at infinity and the following continuity conditions 

at the medium interfaces: 

                                                                    [𝑒𝑥] = 0 ,                                                    (78a) 

                                                                   [𝑒𝑦] = 0 ,                                                           (78b) 

and 

                                                    [(𝜎𝑧(𝑧) − 𝑖𝜔휀𝑧(𝑧))𝑒𝑧] = 0 .                                     (78c) 

The Eqs. (77)-(78) can be solved trivially in the case of a homogeneous space. For 

example, in the case of an x-directed electric dipole, we can represent the right-hand side 

of (74) as ( ,0,0).itze
 Then we can express the unknown functions through the exponents 

of z: 

                                                    𝑒𝑥(𝑝, 𝑞, 𝑧) = 𝐴(𝑝, 𝑞, 𝑡)𝑒−𝑖𝑡𝑧 ,                                     (79a) 

                                                    𝑒𝑦(𝑝, 𝑞, 𝑧) = 𝐵(𝑝, 𝑞, 𝑡)𝑒−𝑖𝑡𝑧 ,                                             (79b) 

and 

                                                    𝑒𝑧(𝑝, 𝑞, 𝑧) = 𝐶(𝑝, 𝑞, 𝑡)𝑒−𝑖𝑡𝑧 ,                                     (79c) 

and find the coefficients A, B and C from the system. Such a solution would be equivalent 

to using a triple Fourier transform: in x, y and z [Gianzero et al., 2002 and Yuan et al., 

2010].  
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In the case of layered medium we need a separate representations for 𝑒𝑥(𝑝, 𝑞, 𝑧), 

𝑒𝑦(𝑝, 𝑞, 𝑧), and 𝑒𝑧(𝑝, 𝑞, 𝑧) in each layer, connected by the continuity conditions at each 

boundary. So, the Eqs. (77)-(78) becomes rather complicated already in two-layered 

medium. It is even more complicated in case of many layers. However, since it is still a 1D 

problem with respect to functions of z, it can be solved numerically relatively fast. To solve 

it, we apply a FD (finite-difference) discretization of the 1st and 2nd z-derivatives on a 1D 

FD grid in z. In such a way, the system is reduced to a system of linear equations with tri-

diagonal matrix, which allows fast solution using LU decomposition, a direct method to 

solve linear systems [Duff et al., 1992]. Eq. (77) with respect to Fourier images of the 

electric field are second-order ordinary differential equations. Therefore, they allow FD 

discretization using three-point stencil scheme resulting in a linear system with a 

tridiagonal matrix. Unlike linear systems with sparse matrices resulting from 2D or 3D FD 

discretization on a multi-point stencil, linear systems with tridiagonal matrices allow fast 

direct solution using LU decomposition method: it requires O( zN ) operations in the case 

of belt matrices, where zN  is the number of FD grid steps in z. 

The main computational task of the suggested method is calculating the two-fold 

Fourier transform in x and y. This may be computationally expensive since requires 

accurate numerical integration of highly oscillating functions. But we found that replacing 

the continuous Fourier transform Eq. (74) with a discrete Fourier transform (DFT) is a 

productive simplification of the problem that allows relatively fast solution. Thus, instead 

of computationally expensive Eq. (74) we use an FD discretization on a dense grid 
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consisting of xN nodes in x and 
yN  nodes in y and numerically solve two following 

independent 1D FD eigenproblems: 

                                        
𝑑2𝜙𝑙

𝑑𝑥2 + 𝜆𝑙
2𝜙𝑙 = 0, 𝑙 = 1, … 𝑁𝑥 − 2                                             (80) 

and 

                                     
𝑑2𝜓𝑚

𝑑𝑦2 + 𝜐𝑚
2𝜓𝑚 = 0, 𝑚 = 1, … 𝑁𝑦 − 2 ,                                    (81) 

where (𝜆𝑙, 𝜙𝑙) and (𝜐𝑚, 𝜓𝑚) are eigenpairs of Eqs. (80) and (81), respectively. 

Instead of the continuous 3D function E(x,y,z) and its Fourier image e(p,q,z) (Eq. (74)) 

we consider its FD analog and the respective discrete Fourier image: 

                              𝒆𝒊,𝒋(𝑧) = ∑ ∑ 𝑬𝑙,𝑚(𝑧)𝜙𝑙(𝑥𝑖)𝜓𝑚(𝑦𝑗)
𝑁𝑦−2

𝑚=1
𝑁𝑥−2
𝑙=1  ,                                (82) 

where 𝑬𝑙,𝑚(𝑧) is a FD approximation of the continuous electric field on x- and y-grid 

𝑬(𝑥𝑙, 𝑦𝑚, 𝑧). 

In this way we will arrive at a system of linear equations with respect to 𝒆𝑖,𝑗(𝑧) similar 

to Eq. (74). 

Again, applying the FD discretization of the 1st and 2nd z-derivatives on a 1D FD grid 

in z, the system is reduced to a system of linear equations with a tri-diagonal matrix, which 

allows fast solution using LU decomposition. 

The suggested methodology implies FD discretization in all three spatial directions. 

Since the problem is one-dimensional, a variable separation is applicable, so that we solve 
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three independent 1D problems, each with limited CPU time and memory requirements. 

Thus, we can afford a rather dense grid in all three spatial directions.  

2.5. Apparent Conductivity 

To simulate the induction tool response in different formations we compute the 

apparent conductivity as a function of depth. A typical induction tool has a triaxial (x-, y- 

and z-directed) transmitting and several triaxial receiving coils along with respective 

bucking coils. In the previous sections, the method has been introduced to calculate the 

magnetic field of different couplings. The magnetic field can be converted to the apparent 

conductivity of the surrounding formations, which allows us to interpret the properties of 

the reservoirs.   

In a homogeneous isotropic medium, we could obtain the magnetic field of ZZ 

coupling as follows (details for other coupling could be found in Appendix A.): 

                                        𝐻𝑧𝑧 =
𝑒−𝑗𝑘𝑟

2𝜋𝑟3
(−𝑗𝑘𝑟 + 1) .                                                  (83) 

Expanding 𝑒−𝑗𝑘𝑟 in Taylor series and replacing it with 

                                         𝑒−𝑗𝑘𝑟 = −(1 + 𝑗𝑘𝑟 −
𝑘2𝑟2

2
).                                            (84) 

       Substituting Eq. (84) into (83), we can get 

                                             𝐻𝑧𝑧 = −
1

2𝜋𝑟3
(1 +

𝑘2𝑟2

2
+

𝑗𝑘3𝑟3

2
) .                                      (85) 

       At relatively low induction frequencies (of kHz range) we use the fact that 𝑘𝑟 ≪ 1 and 

𝑘 = √𝑗𝜔𝜇𝜎 (Since the dielectric constant 휀′ can be ignored.), and assume  
𝑗𝑘3𝑟3

2
≈ 0, then 

we can derive 

𝐼𝑚(𝐻𝑧𝑧)~𝑘2~𝜎𝑎𝑝𝑝 . 
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       We call 𝜎𝑎𝑝𝑝 the apparent conductivity derived from imaginary part of magnetic field 

of formations. The real part, which is equal to the field in the air (where k = 0), is way 

larger than the imaginary part of the field. In order to cancel the strong and useless (i.e., 

medium-independent) effect of the first term of the Eq. (85), we use bucking coil at certain 

position on the tool between the transmitter and the receiver. An area and number of turns 

in both buchking and main receiving coils are adjusted to cancel this unwanted medium-

independent term as 

                                𝐻𝑧𝑧
𝑡ℎ𝑟𝑒𝑒−𝑐𝑜𝑖𝑙 = 𝐻𝑧𝑧

𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑟 𝑐𝑜𝑖𝑙 − 𝑏 ∗ 𝐻𝑧𝑧
𝑏𝑢𝑐𝑘𝑖𝑛𝑔 𝑐𝑜𝑖𝑙

 .                            (86) 

Set 𝑏 = (
𝑟𝑏

𝑟𝑟
)3, where 𝑟𝑏 is the distance between the bucking coil and the transmitter 

while 𝑟𝑟  is the distance between the main receiver and transmitter. Substituting it in 

equation (86), we can get the formula for the apparent conductivity 

                               𝜎𝑧𝑧
𝑎𝑝𝑝 = −

𝑗4𝜋

𝜔𝜇
∗

𝐻𝑧𝑧
𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑟 𝑐𝑜𝑖𝑙−𝑏∗𝐻𝑧𝑧

𝑏𝑢𝑐𝑘𝑖𝑛𝑔 𝑐𝑜𝑖𝑙

1

𝑟𝑟
−𝑏∗

1

𝑟𝑏

     .                                  (87) 

The other couplings are  

                               𝜎𝑥𝑥
𝑎𝑝𝑝 = −

𝑗8𝜋

𝜔𝜇
∗

𝐻𝑥𝑥
𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑟 𝑐𝑜𝑖𝑙−𝑏∗𝐻𝑥𝑥

𝑏𝑢𝑐𝑘𝑖𝑛𝑔 𝑐𝑜𝑖𝑙

1

𝑟𝑟
−𝑏∗

1

𝑟𝑏

   ,                                    (88) 

                               𝜎𝑦𝑦
𝑎𝑝𝑝 = −

𝑗8𝜋

𝜔𝜇
∗

𝐻𝑦𝑦
𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑟 𝑐𝑜𝑖𝑙−𝑏∗𝐻𝑦𝑦

𝑏𝑢𝑐𝑘𝑖𝑛𝑔 𝑐𝑜𝑖𝑙

1

𝑟𝑟
−𝑏∗

1

𝑟𝑏

    ,                                    (89) 

                               𝜎𝑥𝑧
𝑎𝑝𝑝 = −

𝑗16𝜋

𝜔𝜇
∗

𝐻𝑥𝑧
𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑟 𝑐𝑜𝑖𝑙−𝑏∗𝐻𝑥𝑧

𝑏𝑢𝑐𝑘𝑖𝑛𝑔 𝑐𝑜𝑖𝑙

1

𝑟𝑟
−𝑏∗

1

𝑟𝑏

   ,                                   (90) 

and 

                               𝜎𝑧𝑥
𝑎𝑝𝑝 = −

𝑗16𝜋

𝜔𝜇
∗

𝐻𝑧𝑥
𝑟𝑒𝑐𝑒𝑖𝑣𝑒𝑟 𝑐𝑜𝑖𝑙−𝑏∗𝐻𝑧𝑥

𝑏𝑢𝑐𝑘𝑖𝑛𝑔 𝑐𝑜𝑖𝑙

1

𝑟𝑟
−𝑏∗

1

𝑟𝑏

   .                                   (91) 
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Here we consider the case of the medium dip with respect to the tool in XZ plane, so 

the results for XY, YX, ZY, YZ are all zero due to the symmetry with respect to y-axis.  
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Chapter 3 Validation 

3.1. Introduction 

Based on the theory introduced in the previous chapter, we extend the variable 

separation method in 2.1, by applying the Fourier transform in two horizontal directions 

and a different numerical method (1D finite-difference scheme introduced in 2.4) in the 

vertical direction. Numerical examples are presented to validate the modeling method. 

This code Maxan1D was developed by Sofia Davydycheva and Tsili Wang. 

Figure 3.1 shows the configuration of the triaxial induction tool we used to do the 

simulations. The operation frequency for this tool is 26.8 kHz. For convenience sake 

without losing generality, only two spacings are tested. The long spacing is 54-inch. with 

the bucking coil at 39-inch. and the short spacing is 21-inch with the bucking coil at 15.8-

inch. 

 

             T: 0         B1: 15.8    R1: 21      B2: 39          R2: 54 

Figure 3.1 Configuration of transmitters and receivers for the triaxial induction tool  

                      (Unit: inch). 

3.2. Simulation of Tool Response in Homogeneous Isotropic Medium 

First, we modeled an isotropic homogeneous situation for validation. With the 

formulations for apparent conductivity in homogeneous formations, we derived the 

analytical results and compared with the simulation results from the Maxan1D code. 

 



31 

 

 

 

Table 3.1 Analytical results for apparent conductivities of XX coupling. 

 

 

Table 3.2 Analytical results for apparent conductivities of ZZ coupling. 

Array 

Spacing 

True 

Conductivity Simulation Results Analytical Results 

(Inch) (S/m) 

 1.00E-02 9.87329E-03 9.84696E-03 

21 1.00E-01 9.52001E-02 9.51638E-02 

 1.00E+00 8.48043E-01 8.48074E-01 

54 

1.00E-02 9.61556E-03 9.61263E-03 

1.00E-01 8.78112E-02 8.78032E-02 

1.00E+00 6.28810E-01 6.28695E-01 

 

 

Array 

Spacing 

True 

Conductivity Simulation Results Analytical Results 

(Inch) (S/m) 

 1.00E-02 9.79333E-03 9.69394E-03 

21 1.00E-01 9.04458E-02 9.03351E-02 

 1.00E+00 6.97998E-01 6.98312E-01 

54 

1.00E-02 9.22105E-03 9.22565E-03 

1.00E-01 7.56689E-02 7.57208E-02 

1.00E+00 2.86083E-01 2.86580E-01 
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We chose 21-inch coil as the short spacing and 54-inch coil as long spacing. Table 3.1, 

3.2 show the real part of the apparent conductivities for XX and ZZ couplings while the 

dip angle of the tool with respect to the formation is 0 (vertical well). 

As we can see, the results show good agreements. The difference is within 0.5% and 

even smaller with higher conductivity. From the table, we could observe both XX and ZZ 

component responses have skin effect when conductivity gets larger. Skin effect arises 

from the fact that all induction tools operate within a frequency ranging between 10 kHz 

and 200 kHz. It will cause distribution pattern of the induced eddy currents to vary with 

the formation conductivity. In a conductive formation, the penetration depth of the induced 

eddy current is shorter than that in a resistive formation. This explains why the tool 

responses shown in the table drift from the formation conductivity. This happens much the 

same way as the surface impedance of a conductor varies with the frequency due to the 

skin effect. 

3.3. Simulation of Tool Response in 1D Transversely Isotropic 

Medium 

In this section, we modeled a three-layer anisotropic formation shown in Figure 3.2, 

with a triaxial induction wireline tool penetrating the TI-anisotropic bed (middle layer). 

The upper and lower layers are both isotropic homogeneous medium. The parameter of 

these three layers are  𝜎1 = 𝜎3 = 0.1 𝑆/𝑚  for the upper and lower layers, 𝜎ℎ = 1, 𝜎𝑣 =

0.25 𝑆/𝑚 for the middle layer, 휀 = 1, 𝜇 = 1 for all the layers. In this model, the z direction 
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is the depth direction. The testing points will be along the z direction. During the process 

of simulation, we neglect the borehole geometry and only consider the depth variation.  

 

 

Figure 3.2 Three-layer Model. 

 

 

Figure 3.3 Apparent conductivity of XX at 0 dip  

                                                  (Middle Layer is 2-foot thick). 
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Figure 3.4 Apparent conductivity of YY at 0 dip  

                                                  (Middle Layer is 2-foot thick). 

 

 

Figure 3.5 Apparent conductivity of ZZ at 0 dip  

                                                   (Middle layer is 2-foot thick). 
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Figure 3.6 Apparent conductivity of XX at 60-deg dip  

                                              (Middle Layer is 2-foot thick). 

 

Figure 3.7 Apparent conductivity of YY at 60-deg dip  

                                              (Middle Layer is 2-foot thick). 
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Figure 3.8 Apparent conductivity of ZZ at 60-deg dip  

                                              (Middle Layer is 2-foot thick). 

 

Figure 3.9 Apparent conductivity of (XZ+ZX)/2 at 60-deg dip  

                                       (Middle Layer is 2-foot thick). 
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Figure 3.10 Apparent conductivity of (XZ-ZX)/2 at 60-deg dip 

                                        (Middle Layer is 2-foot thick). 

 

Figures 3.3-3.10 show the comparisons of Maxan1D with the 1D TI code developed 

by the Well Logging Laboratory. Blue lines correspond to the real part of the apparent 

conductivity for 54-inch array, with a 39-inch bucking receiver, whereas red lines show 

21-inch measurements, with a 15.8-inch bucking receiver. Vertical black lines indicate the 

bed boundary of the formations. We observe a very good agreement between the 1D TI 

results and Maxan1D. We show all non-zero couplings XX, YY, ZZ, and (XZ ± ZX)/2 

(note that XY = YX = YZ = ZY = 0 due to the symmetry with respect to the plane y = 0, 

so they are not shown).   
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3.4. Simulation of Tool Response in Biaxial Anisotropic Medium 

Then, we modeled a non-trivial case of the biaxial anisotropic medium. We calculated 

the apparent conductivity based on the magnetic fields we obtained from the results. 

Compared with simulation results of the 0Dbi code by the Well Logging Laboratory [Yuan 

et al., 2010], good agreements could be observed. 

 

Table 3.3 Comparisons of XX component between 0Dbi and Maxan1D.  

  

Dip Angle 
Array 

Spacing 0Dbi Maxan1D 

 (Inch) 

0 

21 1.28E-01 1.32E-01 

54 -3.70E-02 -2.90E-02 

30 

21 9.87E-02 9.55E-02 

54 -5.12E-02 -4.54E-02 

60 

21 4.58E-02 4.82E-02 

54 -7.40E-02 -7.43E-02 
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Table 3.4 Comparisons of YY component between 0Dbi and Maxan1D. 

 

Table 3.5 Comparisons of ZZ component between 0Dbi and Maxan1D. 

 

 

Dip Angle 
Array 

Spacing 0Dbi Maxan1D 

 (Inch) 

0 

21 2.27E-01 2.27E-01 

54 1.93E-01 1.94E-01 

30 

21 1.75E-01 1.80E-01 

54 1.41E-01 1.43E-01 

60 

21 1.04E-01 1.03E-01 

54 7.01E-02 7.27E-02 

Dip Angle 
Array 

Spacing 0Dbi Maxan1D 

 (Inch) 

0 

21 2.27E-01 2.27E-01 

54 1.93E-01 1.94E-01 

30 

21 1.75E-01 1.80E-01 

54 1.41E-01 1.43E-01 

60 

21 1.04E-01 1.03E-01 

54 7.01E-02 7.27E-02 
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Chapter 4 Results and Analysis 

In this part of the thesis, multiple examples are presented to compare the apparent 

conductivities of transversely isotropic and biaxial anisotropic layered formations. 

Sensitivity to the anisotropic conductivity, bed boundaries, dip angle and layer thickness 

were observed, which implies that failure to consider the biaxial anisotropy would have 

great impact on the interpretation of the induction tool response. We discuss particular 

features which enable visual log interpretation for the presence of possible fractures. 

We use the same spacing of the tool we used in the previous chapter. The frequency is 

26.8 kHz. In addition, we still consider a three-layer model with two isotropic shoulders 

and anisotropic middle layer. 

4.1. Model with Resistive Shoulder Beds 

Figures 4.1-4.6 show biaxial anisotropy effect for vertical log through three beds. The 

shoulder beds are relatively resistive (0.1 S/m), and the central anisotropic bed is more 

conductive, with present/absent fracturing across the horizontal x-axis as depicted in the 

bottom ( 𝜎ℎ1 = 0.1, 𝜎ℎ2 = 1, 𝜎𝑣 = 0.25 𝑆/𝑚  for biaxial anisotropic formation, 𝜎ℎ =

0.1, 𝜎𝑣 = 0.25 𝑆/𝑚 for TI formation). Obviously, all the cross components of the apparent 

conductivity are equal to zero in this case due to the symmetry with respect to xz-plane. 
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Figure 4.1 Apparent conductivity of XX at 0 dip  

                                                  (Middle Layer is 2-foot thick). 

 

 

Figure 4.2 Apparent conductivity of YY at 0 dip  

                                                  (Middle Layer is 2-foot thick). 
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Figure 4.3 Apparent conductivity of ZZ at 0 dip 

                                                   (Middle Layer is 2-foot thick). 

 

Figure 4.4 Apparent conductivity of XX at 0 dip 

       (Middle Layer is 16-foot thick). 
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Figure 4.5 Apparent conductivity of YY at 0 dip  

      (Middle Layer is 16-foot thick). 

 

Figure 4.6 Apparent conductivity of ZZ at 0 dip  

       (Middle Layer is 16-foot thick). 
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If the fracture is absent (TI case, solid lines), then, obviously, XX=YY, due to the axial 

symmetry. However, the second bed is fractured, the axial symmetry is broken, and we 

observe essentially different XX and YY. While XX stays not much affected by the 

fracturing (since the induced current lines go along the fracturing), both YY and ZZ are 

significantly affected (the current lines across the fractures). The difference is essential: for 

longer (54-inch) XX in the middle of the second bed is negative, like in TI case, whereas 

YY gets positive, in the similar way as ZZ. 

 

Figure 4.7 Apparent conductivity of XX at 60-deg dip  

                                             (Middle Layer is 2-foot thick). 
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Figure 4.8 Apparent conductivity of YY at 60-deg dip  

                                             (Middle Layer is 2-foot thick). 

 

Figure 4.9 Apparent conductivity of ZZ at 60-deg dip  

                                             (Middle Layer is 2-foot thick). 
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Figure 4.10 Apparent conductivity of (XZ+ZX)/2 at 60-deg dip  

                                        (Middle Layer is 2-foot thick). 

 

Figure 4.11 Apparent conductivity of (XZ-ZX)/2 at 60-deg dip  

                                        (Middle Layer is 2-foot thick). 
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Figure 4.12 Apparent conductivity of XX at 60-deg dip  

                                              (Middle Layer is 16-foot thick). 

 

Figure 4.13 Apparent conductivity of YY at 60-deg dip  

                                              (Middle Layer is 16-foot thick). 
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Figure 4.14 Apparent conductivity of ZZ at 60-deg dip  

                                              (Middle Layer is 16-foot thick). 

 

Figure 4.15 Apparent conductivity of (XZ+ZX)/2 at 60-deg dip  

                                        (Middle Layer is 16-foot thick). 
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Figure 4.16 Apparent conductivity of (XZ-ZX)/2 at 60-deg dip  

                                        (Middle Layer is 16-foot thick). 

 

Figures 4.7-4.16 illustrate a similar case when the tool dip angle is 60° (in xz-plane). 

Then we can see that all the main components, XX, YY and ZZ are affected. In this case 

in the middle of the fractured bed the following can be observed: XX < ZZ < YY. 

Obviously, this observation is not a universal rule, and this can be different, when the 

principal values of the formation conductivity tensor are different. However, such a 

behavior can serve as an indicator of the presence of the biaxial anisotropy or fractures, 

since in the TI-anisotropic formation typically XX < ZZ and YY < ZZ. 

Even more interesting is the behavior of the cross-components. In both TI and biaxial 

case the half-difference (XZ-ZX)/2 has clear spikes at the bed boundaries, being close to 

zero in a distance of about 1-1.5 spacings from the bed boundaries. This example 
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demonstrates that this feature is not significantly affected by the fracturing. However, the 

half-sum (XZ+ZX)/2, known to be sensitive to the formation anisotropy detection, is 

significantly affected. If it was negative in the middle of the TI-anisotropic bed, it gets 

positive in the fractured bed.  

The half-sum (XZ+ZX)/2 is known to be negative in dipping TI-anisotropic formation, 

if the dip angle is positive, and, the other way around, (XZ+ZX)/2 is positive if the dip is 

negative, and it gets zero with zero dip. This rule holds in homogeneous TI-anisotropic 

formation. It mostly stays true in more complex TI-anisotropic formations. For example, 

Davydycheva shows a synthetic triaxial induction logs through 60°-dipping multi-bedded 

anisotropic Oklahoma formation intersected by a water-based mud borehole with invasion 

zones in some beds. This formation constitutes a sequence of 28 60°-dipping beds with the 

following horizontal resistivities: Rh = 1, 10, 0.4, 3, 0.9, 20, 0.7, 90, 6, 120, 4, 150, 40, 1.5, 

100, 17, 100, 1.5, 7.5, 0.9, 2, 10, 1.7, 20, 7.5, 15, 0.7, 1 Ohm-m, and with twice larger 

vertical resistivities (in all beds Rv = 2Rh); the bed thicknesses vary from 0.5 to 5.5 meters 

[Davydycheva, 2011]. In all 28 beds this rule, (XZ+ZX)/2 ≤ 0, stays true, so it serves as a 

good visual indicator of the sign of the formation dip angle. 

However, in the case of fracturing it is not anymore so: there (XZ+ZX)/2 becomes 

essentially positive within and around the fractured bed. Thus, this feature can serve as a 

possible indicator of the biaxial or fractured anisotropic formation.  

Let us note that in the general case of the arbitrary dipping anisotropic formation and 

of the arbitrary tool orientation all nine couplings XX, XY, …, ZZ are not equal to zero. In 
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this case it is recommended to apply data rotation of the raw measured symmetrized 

apparent conductivity tensor to the formation zero azimuth, which can be determined as 

arctan((YZ+ZY)/(XZ+ZX)) [Davydycheva et al., 2009; 2010]: 

                            𝜎𝑎𝑝𝑝
+ = [

𝑋𝑋 (𝑋𝑌 + 𝑌𝑋)/2 (𝑋𝑍 + 𝑍𝑋)/2

(𝑋𝑌 + 𝑌𝑋)/2 𝑌𝑌 (𝑌𝑍 + 𝑍𝑌)/2
(𝑋𝑍 + 𝑍𝑋)/2 (𝑌𝑍 + 𝑍𝑌)/2 𝑍𝑍

].                                 (92) 

After such a data rotation the new elements (2, 3) and (3, 2) of the rotated tensor 

become equal to zero, and the new element (1, 3) and (3, 1), (XZ+ZX)/2|rotated acquire 

properties described above. 

4.2. Model with Conductive Shoulder Beds 

 

Figure 4.17 Apparent conductivity of XX at 0 dip  

       (Middle Layer is 2-foot thick). 
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Figure 4.18 Apparent conductivity of YY at 0 dip  

      (Middle Layer is 2-foot thick). 

 

Figure 4.19 Apparent conductivity of ZZ at 0 dip  

        (Middle Layer is 2-foot thick). 
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Figure 4.20 Apparent conductivity of XX at 0 dip  

          (Middle Layer is 16-foot thick). 

 

Figure 4.21 Apparent conductivity of YY at 0 dip 

         (Middle Layer is 16-foot thick). 
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Figure 4.22 Apparent conductivity of ZZ at 0 dip  

         (Middle Layer is 16-foot thick). 

 

Next, we consider a case of relatively conductive (1 S/m) shoulder beds, whereas and 

the central anisotropic bed keeps the same properties as in Figures 4.1-4.16. Figures 4.17-

4.22 (vertical well, dip 0) and 4.23-4.32 (dip 60°) illustrate this situation. Now, if the 

fracture is absent (TI case, solid lines), then, again, XX=YY due to the symmetry. But the 

vertical fracturing across x-axis significantly affects their behavior. Again, XX is not much 

affected, but YY and ZZ are affected a lot. 
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Figure 4.23 Apparent conductivity of XX at 60-deg dip  

                                               (Middle Layer is 2-foot thick). 

 

Figure 4.24 Apparent conductivity of YY at 60-deg dip  

                                               (Middle Layer is 2-foot thick). 
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Figure 4.25 Apparent conductivity of ZZ at 60-deg dip  

                                                (Middle Layer is 2-foot thick). 

 

Figure 4.26 Apparent conductivity of (XZ+ZX)/2 at 60-deg dip  

                                        (Middle Layer is 2-foot thick). 
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Figure 4.27 Apparent conductivity of (XZ-ZX)/2 at 60-deg dip  

                                        (Middle Layer is 2-foot thick). 

 

Figure 4.28 Apparent conductivity of XX at 60-deg dip 

                                              (Middle Layer is 16-foot thick). 

 



58 

 

 

Figure 4.29 Apparent conductivity of YY at 60-deg dip  

                                              (Middle Layer is 16-foot thick). 

 

Figure 4.30 Apparent conductivity of ZZ at 60-deg dip  

                                              (Middle Layer is 16-foot thick). 
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Figure 4.31 Apparent conductivity of (XZ+ZX)/2 at 60-deg dip  

                                       (Middle Layer is 16-foot thick). 

 

Figure 4.32 Apparent conductivity of (XZ-ZX)/2 at 60-deg dip  

                                        (Middle Layer is 16-foot thick). 
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Let us note that in a vertical well ZZ is not at all affected by the vertical conductivity 

σv of the TI-anisotropic bed. Since σh is not changing along the well trajectory in this case, 

ZZ is constant. However, vertical fracture causes a significant reduction of ZZ in the 

fractured bed, so that for both short and long arrays we can observe the following: XX < 

ZZ < YY. Similar observation holds true in the dipping case.  

Again, we see that the half-sum (XZ+ZX)/2 is negative in TI-anisotropic bed, but it 

becomes positive in the fractured bed. As to half-difference (XZ-ZX)/2, remarkably, it is 

not affected by σv of the TI-anisotropic bed in the same way as ZZ: both XZ and ZX vary, 

but their difference does not. We observe this behavior when using both Maxan1D 

modeling and 1D TI modeling.  However, at the boundaries of the fractured bed (XZ-ZX)/2 

have spikes indicating the formation property variation.  

Maxan1D performance is about 1 second per log point. It is greater than a typical 1D 

TI code can take, but much lower than typical performance of full 3D modeling. For the 

purpose of the inversion, it can be done faster, sacrificing some accuracy. The code allows 

parallelization. 
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Chapter 5 Conclusions 

A new fast 1D EM modeling software, which allows for modeling of biaxial anisotropy 

of the geological formation has been carefully tested versus two other modeling codes 

developed at the Well-Logging Lab. Using this software to model the triaxial induction 

tool response to 1D layered biaxial anisotropic formation, we analyzed several modeling 

cases representing formations containing resistive fractures. We state that the following 

features may be useful to identify a biaxial anisotropic or fractured formation: 

Based on the modeling performed in conventional TI-anisotropic formations and in 

non-trivial cases of the biaxial anisotropy representing the fractured formation, new 

observations have been done how to visually detect the presence of the fractured formation 

from triaxial induction well-log. Namely, in a dipping well through the TI-anisotropic 

formation the element (1, 3) of the symmetric apparent conductivity tensor, after its rotation 

to the formation zero azimuth, (XZ+ZX)/2|rotated is negative at the positive dip, and positive 

at the negative dip. This simple rule may be reversed in fractured formation. In other words, 

a sharp change in the formation dip angle, especially when its sign is not consistent to the 

actual dip angle of the well, may be a good indicator of a fractured formation. 

  In both dipping and vertical wells through TI-anisotropic formation the following is 

typically true: XX < ZZ, and YY < ZZ. In fractured formation any other combinations may 

be possible: XX < ZZ < YY; YY < ZZ < XX, etc. XX and YY in fractured formation can 

have different signs, especially for long arrays. 
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These simple features cannot guarantee the fracture presence, but they can give an idea 

how to identify those parts of the log, where a special inversion scheme should be applied. 

This will open way to a new more accurate interpretation methodology taking into account 

the features of fractured formation. The new inversion for the biaxial anisotropic formation 

to determine three different principal values of the conductivity tensor is a topic of future 

work. This will be done following theory and works on triaxial data inversion by Anderson 

et al. (2002), Barber et al. (2004), and Abubakar et al. (2006).  

Triaxial data inversion is typically multi-parametric inversion, including determining 

many unknown parameters: bed boundary locations, principal conductivity values and 

orientation angles. The search in multi-dimensional space can be time-consuming. If we 

add in the inversion scheme additional parameters of the biaxial formation, it will become 

even slower. However, our analysis will help visually, or through simple data-rotation 

processing, identify those parts of the log, where the biaxial anisotropic inversion will be 

worth to apply.  
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Appendix 

For an isotropic medium, the expression for the magnetic field components are as 

follows: 

𝐻𝑥𝑥(𝒓) =
𝑒𝑖𝑘𝑟

4𝜋
(

𝑘2

𝑟
+

𝑖𝑘

𝑟2
−

𝑘2𝑥2+1

𝑟3
−

3𝑖𝑘𝑥2

𝑟4
+

3𝑥2

𝑟5
)    ,                                                  A-(1) 

𝐻𝑦𝑦(𝒓) =
𝑒𝑖𝑘𝑟

4𝜋
(

𝑘2

𝑟
+

𝑖𝑘

𝑟2
−

𝑘2𝑦2+1

𝑟3
−

3𝑖𝑘𝑦2

𝑟4
+

3𝑦2

𝑟5
)   ,                                                  A-(2) 

𝐻𝑧𝑧(𝒓) =
𝑒𝑖𝑘𝑟

4𝜋
(

𝑘2

𝑟
+

𝑖𝑘

𝑟2 −
𝑘2𝑧2+1

𝑟3 −
3𝑖𝑘𝑧2

𝑟4 +
3𝑧2

𝑟5 )     ,                                                 A-(3) 

𝐻𝑥𝑦(𝒓) = 𝐻𝑦𝑥(𝒓) = −
𝑥𝑦𝑒𝑖𝑘𝑟

4𝜋
(

𝑘2

𝑟3 +
3𝑖𝑘

𝑟4 +
3

𝑟5)   ,                                                      A-(4) 

𝐻𝑥𝑧(𝒓) = 𝐻𝑧𝑥(𝒓) = −
𝑥𝑧𝑒𝑖𝑘𝑟

4𝜋
(

𝑘2

𝑟3 +
3𝑖𝑘

𝑟4 +
3

𝑟5) ,                                                         A-(5) 

and 

𝐻𝑦𝑧(𝒓) = 𝐻𝑧𝑦(𝒓) = −
𝑦𝑧𝑒𝑖𝑘𝑟

4𝜋
(

𝑘2

𝑟3 +
3𝑖𝑘

𝑟4 +
3

𝑟5)  .                                                       A-(6) 
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