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ABSTRACT 

Several investigations have revealed that many aging civil engineering structures 

such as highway bridges are structurally deficient and need repairs and/or retrofitting. 

Among various solutions, fiber reinforce polymer (FRP) composites have shown a 

promising solution and have been increasingly used in rehabilitation and strengthening of 

reinforced concrete (RC) structures. 

Although, researchers have devoted a tremendous effort on studies related to FRP 

shear strengthening of RC structures, the state of knowledge shows that the problem is not 

fully resolved and there are still controversies in the prediction of shear behavior in the 

presence of FRP. To predict the increase in shear capacity due to FRP strengthening, 

several analytical models have been proposed. However, when these models are compared 

using existing experimental database, they show inconsistencies and large scatter in the 

prediction. This is due in part to the high level of complexity associated with the shear 

behavior, but more importantly due to the lack of rational constitutive models for FRP 

shear strengthened elements.  

This research study aims at establishing the shear constitutive behavior of 

externally bonded FRP strengthened RC elements subjected to pure shear through 

experimental investigations and development of associated analytical and finite element 

models. In order to evaluate such behavior, at the first part of the research, a series of full-

scale FRP strengthened RC panels were constructed and tested under pure shear stress field 

using the University of Houston’s state of the art panel tester. It was found that application 

of FRP sheets increased the shear capacity of RC panels. Also, the shear behavior of FRP 



 

vii 

 

strengthened RC members is influenced mainly by the FRP stiffness, wrapping scheme, 

and the internal shear reinforcement. Based on the test results, the Softened Membrane 

Model (SMM), which was developed for reinforced concrete, was modified and extended 

for application to FRP strengthened RC members. 

The second part of this research involved the development of a computer program 

for analysis of FRP strengthened RC structures. The constitutive laws of FRP strengthened 

RC members, developed through previous research at UH, have been implemented into the 

finite element frame work OpenSees to predict the behavior of FRP strengthened RC panels 

and beams under monotonic loading.  The analytical model was tested and validated using 

existing experimental data. 

Furthermore, to investigate the serviceability conditions in FRP strengthened RC 

structures, the crack characteristics of a series of full-scale tensile tests of FRP strengthened 

RC prisms and test panels have been monitored by using a digital image correlation system. 

The experimental results were used to calibrate a newly developed equation to calculate 

crack spacing and crack width in RC elements externally strengthened with FRP. 
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CHAPTER 1 INTRODUCTION 

1.1 GENERAL 

Several possible causes can lead to serious degradation of materials which 

ultimately results in structural deficiency of existing structures. Environmental actions 

such as steel reinforcement corrosion or freeze-thaw effect can result in damage of 

structural members. Repair and retrofit of structures can improve environmental resistance 

(Colalillo, 2012). Also, the need for retrofitting may arise from changes to service loads on 

existing structures, such as large truck loads or excessive number of vehicles on bridges 

that were not designed for.   

Several research studies and investigations have revealed that many ageing 

structures such as highway bridges are deficient and need repairs (FHWA, 2013). In United 

States of America, one in nine of the bridges are rated as structurally deficient according 

to the federal Highway Administration (FHWA).Within the next ten years this will become 

1 in 4 (Crevello et al., 2015). Structurally deficient bridges require significant maintenance, 

rehabilitation or replacement, which can become a drag on the economy. The FHWA 

estimates that for the next 16 years it will cost $20.5 billion annually to upgrade and repair 

existing bridges, which is 60% more than the current budget being spent. Also, the FHWA 

estimates that 30% of the national bridge inventory has exceeded their 50 year design life 

and the average age of all bridges is about 42 years (Saliba et al., 2015). 

Historically, various methods have been used to repair concrete members such as, 

adding external post-tensioned cables or jacketing with new concrete in conjunction with 

a surface adhesive (Klaiber et al., 1987). Epoxy bonded steel plates have been used to 
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retrofit flexural members (Dussek, 1987). Also, steel section caging and external 

prestressing techniques have been used for strengthening of structures. These techniques 

had further problems of corrosion and installation difficulties.   

As a response to corrosion problems in reinforcing steel, and to increase the 

efficiency of strengthening systems in terms of time and ease of application, recently, fiber 

reinforce polymer (FRP) composites have been increasingly used in rehabilitation and 

strengthening of reinforced concrete (RC) structures (ACI 440.2R, 2008).  

During the 1970s, FRP started being used for new construction, and for repair and 

strengthening of existing structures. FRPs are advanced composites consisting of high 

strength fibers such as aramid, carbon, glass, or kevlar embedded in a polymer matrix. The 

fibers are the primary load-carrying components of the composite. The polymer resin 

provides a medium for stresses to be transferred among individual fibers, protects the fibers 

from damage and environmental effects, and helps maintain alignment of the fibers. FRP 

composites are produced in different shapes and forms; the most popular ones for reinforce 

concrete members are rebars, prestressing tendons, pre-cured laminates/shells, and fiber 

sheets. While FRP are used in structures both internally (i.e., FRP bars) and externally            

(i.e., FRP sheets), typical strengthening applications involve external applications. FRP 

sheets can be installed in all types of structural applications including flexural 

strengthening (Fig. 1.1a), axial confinement (Fig. 1.1b), and shear strengthening (Fig. 

1.1c). 

In almost all cases, the layout of the FRP material is governed by the function the 

material is intended to perform. For instance, in a flexural application, the FRP material is 
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installed along the tensile face of the beam with the fiber direction oriented along the 

longitudinal axis of the beam; whereas in an axial confinement application, the FRP 

material would be installed so that the material surrounds the column to be strengthened 

with the fiber direction circling the column (Quinn, 2009). 

 

    a) Flexural Strengthening          b) Axial Strengthening          c) Shear Strengthening 

Fig. 1.1 Application of FRP for Strengthening of Structural Members 

The complex behavior of FRP strengthened structures have been previously studied 

through extensive experimental and analytical investigations. Research related to the 

flexural behavior of FRP-strengthened elements has reached an advanced stage, and well 

established analytical models are available for analyzing and designing strengthened beams 

and columns under flexural and axial-confinement actions (ACI 440.2R, 2008; AASHTO, 

2012). Although, there have been a lot of research studies related to FRP shear 

strengthening of RC structures, it has not been fully developed (Moslehy, 2010; Belarbi et 

al., 2011; Colalillo, 2012; Mofidi and Chaallal, 2014).  

Externally bonded FRP materials have shown to increase the shear strength of RC 

elements. FRP shear reinforcement is traditionally attached to the beam by side bonding, 

U-wrap or Fully Wrap. After several investigations and experiments, it is known that the 

effectiveness of the strengthening method depends on the mode of failure (Bakis et al., 

2002). Previous experimental researches have revealed two main failure modes: (1) FRP 
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rupture, beginning with highly stressed regions and propagating along the main shear crack 

or (2) Debonding of the FRP from the concrete substrate starting from the most vulnerable 

strip (Teng et al., 2004).  

To predict the increase in shear capacity due to FRP strengthening, several 

analytical models have been proposed. However, when these models are used to predict 

other researcher’s experimental results, they show inconsistencies and large scatters in 

predictions. This is due in part to the high level of complexity associated with the shear 

behavior, but more importantly due to the lack of accurate constitutive models for FRP 

shear strengthened elements. In all of these models, the constitutive behavior of RC and 

FRP were described independently. The rational behavior, however, should account for the 

high level of interactions between the concrete, steel and FRP. Also, different parameters 

that might influence this phenomenon such as the softening of concrete under biaxial stress 

field, and the representative constitutive laws of concrete, steel and FRP in tension should 

be considered. 

For the design and analysis of a structure, both the ultimate limit state and the 

serviceability limit state must be considered. Verification of serviceability is an important 

factor in RC elements; for FRP strengthened RC elements the cracking phenomena are 

usually verified by adopting the same approach used for RC elements (Ceroni and Pecce, 

2009). There are large numbers of experimental results of the FRP strengthened RC 

elements which aim at studying the behavior at the ultimate stage. However, few results 

are available for verification of serviceability conditions (Farah and Sato, 2011). Therefore, 

the evaluation of crack characteristics in FRP strengthened RC members is a relevant topic 
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to study which can also influence ultimate conditions when debonding occurs at 

intermediate cracks (Chen et al., 2006).  

1.2 PROBLEM DEFINITION AND RESEARCH APPROACH 

Recent analytical models which were developed for predicting the shear capacity 

of FRP-strengthened RC girders were based on test results of simply supported beam 

specimens with various shear spans to depth ratios. Results of such tests cannot predict the 

true pure shear behavior due to the presence of flexural and other non-shear related effects 

that cannot be filtered out. Therefore, precise shear design theories cannot be developed. 

Furthermore, the constitutive laws of materials used in conjunction with these models are 

based on previously developed relations for conventional reinforced concrete elements, 

which may not be valid for strengthened elements.  

In current design guidelines, the shear capacity of the FRP strengthened RC 

members are calculated as a superposition of the shear contribution of concrete, steel, and 

FRP which, were derived independently. However, a high level of interaction exists 

between these components and different parameters that might influence this interaction 

need to be taken into account (Bousselham and Chaallal, 2008; Chen et al., 2010). 

The presence of the FRP sheets typically alters the crack pattern which will affect 

the main characteristics of the concrete material. Specifically, the governing elements of 

the softened membrane model (Hsu and Zhu, 2002), needs close investigation.  These 

includes, the softening behavior of concrete under biaxial loading, the post-cracking 

Poisson ratio, and the smeared stress-strain behavior of the constituents of strengthened 

member including concrete and reinforcing steel will be fundamentally different than their 
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corresponding values for un-strengthened specimens. Consequently, different failure 

modes will be observed, which in turn will affect the shear strength. The problem is further 

complicated due to the presence of several additional parameters that might influence the 

behavior; parameters such as the properties of the FRP material, the angle of fiber axis, the 

interfacial characteristics of fiber-resin and FRP-concrete, the presence of mechanical 

anchors, and the use of FRP strips as opposed to continuous sheets. Such additional 

parameters, arising from the strengthening system, further modifies the observed crack 

pattern, failure mode, and influence the constitutive behavior of concrete. 

An efficient method to evaluate the overall shear response of a member is to 

identify the characteristic behavior and the contribution of each element and material 

constituting the structure (Belarbi, 1991; Hsu et al., 1995). As shown in Fig. 1.2, reinforced 

concrete structures, such as shells, and nuclear containment vessels, resist applied loads 

primarily through in-plane stresses. Each structure can be characterized as an assembly of 

elements, each subjected to two in-plane normal stresses and one in-plane shear stress 

(Pang and Hsu, 1995).  

As shown in Fig. 1.3, an element from a girder strengthened by FRP sheets that is 

subjected to shear stress field is isolated; the behavior of that specific element can be 

predicted by taking into account the inherent characteristics and material laws of the 

constituents which lead to understanding the global shear response of the girder. The 

behavior of the shear element requires a set of equilibrium equations, compatibility 

conditions, and materials laws for steel and FRP reinforcements in the l and t directions as 

well as the concrete in tension and compression in the 1 and 2 directions, respectively. 
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Fig. 1.2 Panel Elements in RC Structures (Yang, 2015) 

 

Fig. 1.3 Beam Shear Element with In-Plane Stresses 

The research work included in this dissertation is part of an NSF project with the 

aim of developing analytical models for FRP strengthened RC elements subjected to shear 

stress field. Fig. 1.4 shows the work plan of the project and the contribution of this 

particular study. The first phase of the project that was reported in a previous study (Yang, 

2015) dealt with the development of constitutive laws of each material component through 
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experimental and analytical investigations. The second phase of the project, which 

constitutes the work reported in this dissertation consisted of performing experimental 

investigations and developing analytical and finite element models to predict the behavior 

of FRP strengthened RC elements subjected to pure shear. 

 

Fig. 1.4 Work Plan of the Project and Contribution of the Author 
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1.3 RESEARCH OBJECTIVES 

The main objective of this proposed work is developing an analytical model based 

on the softened membrane model to predict the behavior of FRP strengthened RC elements 

subjected to pure shear. The specific objectives are listed as follows: 

a) Establish the shear constitutive behavior of FRP RC elements subjected to pure 

shear. In order to evaluate such behavior, a series of large scale FRP strengthened RC 

panels are constructed and using the University of Houston’s state of the art panel tester, 

pure shear load is applied to simulate the behavior. Such load arrangement will lead to a 

rational approach for evaluation of shear behavior. 

b) Develop a finite element program based on the finite element framework 

OpenSees, for the analysis of FRP strengthened RC structures such as beams and other 

thin-walled shear critical structures. 

c) In order to evaluate the behavior of FRP strengthened RC elements under 

tension, and to investigate the serviceability conditions, a series of full-scale tensile tests 

of FRP strengthened RC prisms have been conducted. The crack characteristics including 

crack width, number of cracks, and spacing are monitored by using a digital image 

correlation (DIC) system, ARAMIS (GOM MbH., Germany). The experimental results 

will be used to calibrate a new formula focused on calculating crack spacing and crack 

width in RC elements externally strengthened with FRP. 

1.4 OUTLINE OF DISSERTATION 

In order to accomplish the aforementioned objectives, the dissertation is organized 

in 8 chapters as follows: 
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Chapter 1: Presents and discussed the problem statement and the objectives of the 

research. 

Chapter 2: Presents the literature review of: a) shear behavior and the basic    

concept of shear in reinforced concrete beams; b) development of the truss model theories 

and the constitutive laws of materials in each model; c) parameters influencing the shear 

behavior of FRP strengthened RC members; d) Previous analytical and experimental 

investigation on FRP strengthened RC members. 

Chapter 3: Presents the details of the experimental program, including the 

objectives of the experimental program, test variables, materials, and fabrication of the 

specimens. Also, a brief description of the testing facilities is given, and instrumentation 

methods are discussed. 

Chapter 4: Presents the experimental results of panel tests and the softening 

coefficient for FRP strengthened RC members. Also, a discussion on the behavior of test 

panels and the effect of test variables on the shear behavior is presented. Furthermore, the 

softening coefficient for FRP strengthened RC members and pertaining modifications are 

discussed. 

Chapter 5: Summarizes the new shear model for FRP strengthened RC membrane 

elements, SMM-FRP. The solution algorithm to solve the equations and comparison with 

the experimental test results are presented.  

Chapter 6: Presents the finite element formulation of the Softened Membrane 

Model for FRP strengthened RC (SMM-FRP) in the finite element framework OpenSees. 

The uniaxial material modules are demonstrated. The coordinate system, equilibrium and 
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compatibility equations used in the SMM-FRP are described in a finite element 

formulation. Also, the iterative solution procedure of finite element analysis for FRP 

strengthened RC structures is presented. Furthermore, the finite element program is used 

to simulate the behavior of FRP strengthened RC panels and beams subjected to monotonic 

loading. 

Chapter 7: Presents and discusses the experimental results of FRP strengthened RC 

members tested under uniaxial tension and pure shear in terms of crack width and crack 

spacing. The experimental results are compared with code provisions. A new formulation 

for crack width and spacing for FRP strengthened RC members, calibrated using the 

experimental results, has been proposed which considers all the main affecting parameters. 

Chapter 8: Presents conclusions, limitations and recommendations for future 

research. 
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CHAPTER 2 PREVIOUS RESEARCH 

2.1 GENERAL 

In this chapter, first a general review of the shear behavior and the basic concept of 

shear in reinforced concrete (RC) beams are presented. Shear theories of reinforced 

concrete, available in literature are presented and discussed. The development of the truss 

model theories and the constitutive laws of materials in each model are emphasized. Also, 

a comprehensive review of the knowledge related to FRP shear strengthening in RC beams 

has been presented. As a research focus, the parameters influencing the shear behavior of 

FRP strengthened RC members are reviewed in this chapter. Previous analytical and 

experimental investigation on FRP strengthened RC members will be briefly discussed. 

Furthermore, review of the widely used design codes and guidelines regarding the shear 

design of the FRP strengthened RC members are presented.  

2.2 SHEAR IN REINFORCED CONCRETE BEAMS 

The shear behavior of RC structures has been extensively studied for more than a 

century. In 1955, the shear failure of beams that took place in the warehouse at Wilkins Air 

Force Depot in Shelby, Ohio, called into question the shear provisions of the ACI Building 

Code and motivated the researchers to rethink the fundamentals of the shear design.   

Going back, the work done by Talbot (1909) was considered to give a clear and 

significant way to analyze the shear for designing concrete structures. Talbot’s findings 

confirmed that the shear stress is a function of longitudinal reinforcement, length of the 

beam and the stiffness of the beam. Talbot’s findings about the influence of the percentage 
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of longitudinal reinforcement and the length-to depth ratio were not reflected in the design 

equations until much later (ASCE-ACI Committee 445, 1998). 

The previous shear failures of structures such as the one in Wilkins Warehouse 

triggered many researchers to think about the current knowledge of shear behavior in 

concrete beams. It was only since the last four decades, researchers have been focusing 

their work to evolve a rational design for shear which could be acceptable globally. As a 

result, many theories have been developed to explain the shear behavior in beams and also 

to estimate its shear capacity. 

Shear in reinforced concrete can be classified as shear in beams, shear in slabs and 

shear in walls. It should be noted that shear in beams and wall have the same character. In 

both cases, shear force acts in the plane of the member. Therefore, shear in beams and walls 

are referred to as in-plane shear, or membrane shear. However, shear in slabs is quite 

different; it acts orthogonally to the plane of slab and is referred to as out of plane shear, 

or punching shear. Punching shear behavior is mainly influenced by concrete properties, 

whereas the membrane shear behavior is influenced by concrete and steel reinforcements. 

2.2.1 Shear Behavior in Beams 

The research on shear in RC beams dates back to the early 1900s. Two kinds of 

concepts had been proposed at that time in Europe, the horizontal shear concept and the 

diagonal tension concept. The first concept came from the shear action in web rivets. In 

this concept, the shearing stress in RC beams was resisted by the concrete, and the steel 

reinforcement was considered to be ineffective. The second concept was first proposed by 

Ritter (1899) and Morsch (1902). This concept assumed that after the formation of diagonal 
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cracks, the shear force was taken jointly by the concrete and the steel reinforcement. These 

two concepts were debated by researchers at the time. After 1910, the diagonal tension 

concept was generally accepted by most engineers in Europe (ACI-ASCE Committee 326, 

1962). 

Various factors affect the shear behavior and capacity of concrete beams and among 

them the length to span ratio of the beam plays an important role. The behavior of beams 

varies based on the span to depth ratio. The beams are broadly classified as deep, short and 

slender depending upon their behavior and failure mode. 

The behavior of RC beams at failure in shear is distinctly different from their 

behavior in flexure. Shear failure in RC beams are brittle in nature and are therefore 

catastrophic, which is quite contrary to the flexural failure where it shows a more ductile 

behavior. The shear strength is designed to be greater than the flexural strength since the 

shear failure precedes the flexural failure in RC beams. A concrete beam without web shear 

reinforcements will develop inclined cracks in the web due to principal tension caused by 

shear. Shear behavior of a beam without shear reinforcement is mainly determined by four 

factors: (1) the ratio of shear span to effective depth, (2) the longitudinal reinforcement 

ratio, (3) the tensile strength of the concrete and (4) the existence of axial forces 

(MacGregor, 1988).   

2.2.2 Principle Mechanism of Shear Resistance 

A RC beam is usually subjected to both shear and bending. If the tension strength 

of concrete is reached in the principal tension direction, diagonal cracks will occur. After 
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the cracking, the concrete and reinforcements form a mechanism that resists the external 

shear force.  

The fundamental mechanisms by which beam elements transfer shear are shown in 

Fig. 2.1. As shown in Fig. 2.1a, a member without shear reinforcement transfers the vertical 

shear, Vc, through a combination of shear in the compression zone, Vcz, a vertical force in 

the longitudinal steel due to dowel effects, Vd, and the vertical component of aggregate 

interlock stresses, va, integrated over the surface of the crack. These three components, the 

force in the compression zone, the force due to aggregate interlock and the dowel force 

jointly form the concrete contribution to shear resistance, Vc.  

 

   a) Beam Without Shear Reinforcement            b) Beam With Shear Reinforcement 

Fig. 2.1 Components of Shear Resistance in RC Beam 

The proportions of each of these components have been the subject of several 

research studies over the past years and still remain a matter of some debate. Factors which 

can affect the relative proportions include: the depth of the compression zone, span-to-

depth ratio, crack width, crack roughness, number and layout of bars, cover thickness, 

concrete strength, and reinforcement modulus, among others (Sherwood, 2008). The 

presence of stirrups provides an additional vertical force totaling Vs, the steel contribution 
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to shear resistance (Avfy). In deriving the steel contribution, it is typically assumed the 

stirrups are yielding at the crack (i.e.,  fv=fy). 

2.2.3 Truss Model Theory for Beams 

The truss model theory for beams was first proposed by a Ritter (1899) and Morsch 

(1902). They outlined a 45º truss analogy for the shear design of RC members with web 

reinforcement. The behavior of cracked RC beams was described based on a statically 

determinate truss model. The beam was separated by inclined cracks into a series of 

diagonal concrete struts. The concrete struts acted as the diagonal compressive web 

members. The stirrups functioned as the tensile web members. The longitudinal 

reinforcements and the flexural compressive zone of concrete were considered as the 

bottom and top chords of the truss.  The model is an elegant simplification of the highly 

indeterminate system of internal stresses in a cracked beam. 

The variable angle truss model was proposed by Nielson (1967), based on the 

assumption that the angle of the inclination of concrete struts may deviate from 45º. 

Lampert and Thurlimann (1969) applied this model to torsion and derived the interaction 

curve for torsion. By applying the variable-angle truss model, Braestrup and Nielson 

(Braestrup, l974; Nielson and Braestrup, 1975) proposed a plastic truss model for beams 

subjected to shear and bending, which was later adopted by the CEB-FIP Code (1978). 

Collins (1973) derived the compatibility equations to determine the angle of 

inclination for concrete struts, which was considered a major development in the truss 

model theory. This angle was assumed to coincide with the inclination of the principal 

compression stress and strain after cracking. Three compatibility equations were derived 
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and the deformation due to shear was calculated. This theory was referred to as the 

compression field theory (CFT). 

Robinson and Demorieux (1968, 1972) realized that a RC member subjected to 

shear stresses was actually subjected to biaxial compression-tension stresses in the 45º 

direction. By considering shear as a two dimensional problem, they revealed that the 

compressive strength in one direction was reduced by cracking due to tension in the 

perpendicular direction (Hsu and Mo, 2010). Applying this softening effect of concrete 

struts to the webs of eight tested beams with I-section, according to the truss model, the 

equilibrium of stresses in the webs were shown. However, they were not able to quantify 

this reduction of strength in the concrete struts. 

Vecchio and Collins (1981) tested 17 small scale RC panels and proposed a 

softened stress-strain relationship for concrete struts. Later on in 1986, the researchers 

modified their original compression field theory (CFT) and proposed the modified 

compression field theory (MCFT) by taking into account the tensile strength of concrete.  

More details about the development of the truss model theory will be discussed in 

the next section. 

2.3 SHEAR THEORIES OF REINFORCE CONCRETE IN LITERATURE 

2.3.1 Equilibrium (Plasticity) Truss Model 

The truss model of members with linear elements to resist shear was replaced by 

members made up of a more realistic 2-D elements in the 1960s (Hsu and Mo, 2010). Three 

equilibrium equations were derived by Nielson (1967) and Lampert and Thurlimann (1969) 

for a 2-D element by considering a cracked 2-D element as a truss made up of compression 
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concrete struts and tensile steel ties. The steel and concrete stresses in these three equations 

should satisfy the Mohr stress circle. By assuming that all the steel bars in the 2-D element 

will yield before concrete crushes, it is possible to use the three equilibrium equations to 

calculate the stresses in the steel bars and in concrete struts at the ultimate load stage. This 

method of analysis and design is called the equilibrium (plasticity) truss model (Hsu and 

Mo, 2010). 

A membrane element subjected to a shear stress, , is shown in Fig. 2.2a. The 

element has a thickness of t and a square shape with a unit length in both directions. The 

longitudinal rebars are arranged in the horizontal direction (l-axis) with a uniform spacing 

of sl. The transverse rebars are arranged in the vertical direction (t-axis) with a uniform 

spacing of St. After cracking, the concrete is separated by diagonal cracks into a series of 

concrete struts as shown in Fig. 2.2b. The cracks are assumed to orient and an angle α with 

respect to the l-axis. The diagonal concrete struts, the longitudinal rebars, and the 

transverse rebars form a truss which is capable of resisting the shear stress, . 

 

                    a) Shear Element                                             b) Truss Model 
Fig. 2.2 Equilibrium in Element Shear (adopted from Hsu and Mo, 2010) 
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Equilibrium in the longitudinal direction is shown by the force triangle on the right 

face of the shear element in Fig. 2.2b. The shear stress, , pointing upward is resisted 

jointly by a longitudinal steel stress , and a diagonal concrete stress, .  

From this force triangle, the shear stress  can be related to the longitudinal steel 

stress  by 

 tanlllt f .                          (2-1) 

The shear stress, , can be related to the diagonal concrete stress  using either 

the force triangle in the longitudinal direction or the force triangle in the transverse 

direction. From the geometry of the triangles, the following equation is obtained: 

 cossinllt  .                         (2-2) 

Assuming that yielding occurs in both the longitudinal and transverse steel: 

lyltytlty ff   ,              (2-3) 

where lty  is the shear stress at yielding; tyf  and lyf , are the transversal and longitudinal 

yield stress, respectively. Eq. (2-3) states that lty  is the square root of the product of the 

steel yield stresses in the two directions. In other words, when both the longitudinal and 

transverse steel yield, the shear stress at yielding is the square root of the product of the 

average steel stresses in the two directions. 

2.3.2 Mohr Compatibility Truss Model 

The three strain compatibility equations for 2-D elements was derived by Bauman 

(1972) and Collins (1973) soon after derivation of three equilibrium equations. The steel 
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and concrete strains in these three compatibility equations satisfy the Mohr’s strain circle 

(Hsu and Mo, 2010). 

By combining the 2-D equilibrium equations, Mohr’s compatibility equations, and 

Hooke’s law, a linear shear model named the Mohr compatibility truss model was 

developed. It is valid up to the service load stage (elastic range) of a 2-D element. In this 

model it is assumed that the direction of the cracks follow the principle direction of the 

concrete compressive stress. To study the behavior of a 2-D element subjected to shear up 

to the ultimate load stage a nonlinear shear theory is required.  

A reinforced concrete membrane element subjected to in-plane shear and normal 

stresses is shown in Fig. 2.3a. The directions of the longitudinal and the transverse steel 

bars are designated as l and t axes, respectively. Three in-plane stresses act on the element, 

namely, the normal stress, l  and t , and the shear stress lt . As shown in  Fig. 2.3, the 

membrane stresses, l , t , and lt  subjected by a reinforced  concrete element can be 

resisted jointly by the stresses of concrete (Fig. 2.3b) and the stresses of steel  (Fig. 2.3c). 

It is assumed that the steel reinforcement can only take axial stresses and therefore, any 

possible dowel action is neglected. Thus, the superposition principle of concrete and steel 

becomes valid (Mo, 2002). 
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             a) RC Element                           b) Concrete Element                   c) Steel Grid element 

Fig. 2.3 Stress Conditions in Reinforced Concrete 

The tensile strength of concrete in the direction of cracking is assumed to be zero 

in the establishment of the equilibrium-truss model. In reality, however, tests have shown 

that concrete does exhibit a small average tensile strength in the cracking direction even 

after cracking. In order to include the average tensile stress of concrete, the relationships 

between the concrete stress components in l-t coordinates and the concrete principal stress 

components in the r-d coordinates need to be introduced. These relationships can be 

obtained from the stress transformation as  

,sincos 22  rd
c
l               (2-4) 

,cossin 22  rd
c
t  and           (2-5) 

  ,cossin  rd
c
lt               (2-6) 

where, c
l is the longitudinal stress resisted by concrete; c

t  is the transverse stress 

resisted by concrete; c
lt  is the shear stress in l-t coordinates resisted by concrete, and α is 

the angle between the l-t coordinates and the r-d coordinates (see Fig. 2.3). By using the 

superposition principle: 



22 

llrdl f  22 sincos , (2-7) 

ttrdt f  22 cossin , and      (2-8) 

   cossinrdlt  .             (2-9)

To define the three strain components l , t , and lt by the principal strain 

components r and d , the following strain transformation equations are derived:

 22 sincos rdl  ,   (2-10) 

 22 cossin rdt  , and   (2-11) 

  
cossin

2 rd
lt  , (2-12) 

where α is the angle between the l-t coordinates and the principal r-d coordinates. 

The solution of the three equilibrium equations (Eq. (2-7) to Eq. (2-9)) and the three 

compatibility equations (Eq. (2-10) to Eq. (2-12)) requires four stress strain relationships 

of materials, namely, concrete in compression, concrete in tension, and steel in longitudinal 

and transversal direction. By considering linear stress-strain relationships (Hooke's law) 

for steel and concrete in compression, the method is referred to as the compatibility-truss 

model. The four stress- strain relationships for compatibility truss model are 

dcd E   , (2-13) 

 rr f   , (2-14) 

lsl Ef  , and (2-15) 

tst Ef  ,     (2-16) 
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where, sE  and cE are the elastic modulus od steel and concrete, respectively. 

2.3.3 Modified Compression Field Theory 

The MCFT is a smeared rotating crack model used to predict the shear behavior of 

cracked RC membrane element, developed from RC panels tests at University of Toronto 

(Vecchio and Collins, 1986). The MCFT consists of 15 equations presented in Fig. 2.4; 

equilibrium equations, compatibility equations, and stress-strain relationships of concrete 

and steel. 

 

Fig. 2.4 Equations of the Modified Compression Field Theory (Bentz and Collins, 2006) 

The compression softening and tension stiffening effects are the main 

considerations of this theory, as respectively included in the concrete compression and 

tension stress equations (in Figure 2.4: Eqns. 13 and 14). The equations of the MCFT must 
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be solved simultaneously to determine the stress state corresponding to a given strain state 

within a particular element.  

2.3.4 Rotating-Angle Softened Truss Model 

The rotating angle softened truss model (Belarbi and Hsu, 1994, 1995; Pang and 

Hsu, 1995) is based on the assumption that the direction of cracks coincides with the 

direction of the principal compressive stress in the cracked concrete. In Fig. 2.3, an      RC 

2-D element subjected to in-plane shear and normal stresses was shown. The RC element 

was separated into a concrete element and a steel grid element. Summing the concrete 

stresses ( c
l and c

t ) and the steel stresses ( ll f and tt f ), respectively, in l and t 

directions and equating them to the externally applied stresses ( l and t ) gives           Eq. 

(2-17) and (2-18). Also, taking the moment of equilibrium of internal shear stress c
lt  and 

external shear stresses lt  gives Eq. (2-19) as 

ll
c
ll f  ,            (2-17) 

tt
c
tt f  , and           (2-18) 

c
ltlt   .             (2-19) 

It should be noted that the dowel action in steel reinforcements are neglected and 

they take only axial stresses. The principal stresses for the concrete element, are defined as 

r and d , based on the r-d coordinate system as shown in Fig. 2.5a. The angle from l-t 

coordinate to the r-d coordinate is defined as the rotating angle r  , because this angle 
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will rotate when the three in-plane stresses l , t and lt  on the RC element increases 

proportionally. The rotating angle theories are based on the assumption that the direction 

of cracks is perpendicular to the principal tensile stress in the concrete element, as shown 

in Fig. 2.5b. In other words, the direction of cracks is governed by the r-d coordinate, and 

the derivations of all the equilibrium and compatibility equations are based on the r-d 

coordinate (Hsu and Mo, 2010). 

 

a) Principal Coordinate r-d for Concrete Stress   b) Assumed Crack Direction in RA-STM 

Fig. 2.5 Coordinate System in RA-STM 

The three equilibrium equations are obtained from Eqns. (2-17) to (2-19) by 

expressing the stresses ( c
l , c

t , and c
lt ) in terms of concrete stresses ( r  and d ) in 

the principal r-d direction through transformation (Hsu and Mo, 2010), same as the 

equilibrium equations in the Mohr compatibility truss model shown in Eqns. (2-7) to             

(2-9):  

llrrrdl f  22 sincos ,         (2-20) 

ttrrrdt f  22 cossin , and                     (2-21) 
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  rrrdlt  cossin ,          (2-22) 

where, r and d , are the smeared principal compressive and tensile stresses of cracked 

concrete in r-d directions, respectively; l  and t , are the steel ratio in l and t directions, 

respectively; and  is the angle of principal concrete stress (d-axes) with respect to 

longitudinal steel bars (l-axes). 

The three compatibility equations are also same as in Mohr compatibility truss 

model. The compatibility equations represent the relationship through transformation 

between the strains ( l , t , and lt ) in the l-t coordinate of the reinforcement and the 

strains ( r  and d ) in the r-d coordinate of the concrete are expressed same as in Eqns. 

(2-10) to (2-12) as  

rrrdl  22 sincos  ,            (2-23) 

rrrdt  22 cossin  , and         (2-24) 

  rrrd
lt 


cossin

2
 ,          (2-25) 

where, r and d , are the smeared principal compressive and tensile strains in r-d 

directions, respectively. The solutions of the above six equilibrium and compatibility 

equations requires constitutive laws of materials for concrete and steel reinforcements. 

2.3.4.1 Constitutive Relationship of Concrete in Compression 

The softened smeared compressive stress-strain relationship of concrete is 

established in the r-d coordinate as follows (Zhang and Hsu, 1998): 
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2.3.4.2 Constitutive Relationship of Concrete in Tension 

The smeared tensile stress-strain relationship of concrete in r-d coordinate is given 

as (Belarbi and Hsu, 1994): 

rcr E   ,                                   when crr    and                (2-28) 

4.0











r

cr
crr f




 ,                          when crr   ,                  (2-29) 

where, cE  and crf  are the elastic modulus of concrete and the concrete cracking stress 

taken as  

'3875 cc fE         ( '
cf  in MPa) and         (2-30) 

'31.0 ccr ff         ( '
cf  in MPa),                               (2-31) 

where cr is the concrete cracking strain taken as 0.00008. 
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2.3.4.3 Constitutive Relationship of Steel Bars  

The smeared tensile stress-strain relationship of steel in the l-t coordinate can be 

expressed as follows(Belarbi and Hsu, 1994; Pang and Hsu, 1996): 

sss Ef                                                                  ns    and                                 (2-32a) 
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where,  

 Bysn 293.0    and                                                                                 (2-33) 
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           (2-34) 

In the above equations, l and t replace s in the subscript of symbols for longitudinal 

and transversal steel, respectively. 

2.3.5 Fixed-Angle Softened Truss Model 

In the fixed angle softened truss model (FA-STM), the direction of cracks is defined 

by the fixed angle 1  in the principal 1-2 coordinate of the applied stresses as shown in 

Fig. 2.6a. The fixed angle theories are based on the assumption that the direction of 

subsequent cracks is perpendicular to the applied principal tensile stress, as shown in 

Figure 2.6b. The direction of cracks in the fixed angle theories is represented by the 1-2 

coordinate system, and the derivations of all the equilibrium and compatibility equations 

are also based on the 1-2 coordinate system. The term fixed angle simply means that the 
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angle 1  remains unchanged when the applied stresses are proportionally increased (Hsu 

and Mo, 2010) .  

 The three equilibrium equations are obtained from Eq. (2-17) to (2-19) by 

expressing the concrete stresses ( c
l , c

t , and c
lt ) in terms of concrete stresses ( c

2 , c
1 , 

and c
12 ) in the principal 1-2 direction through transformation (Pang and Hsu, 1996):  

ll
ccc

l fραατασασσ  11121
2

21
2

1 cossin2sincos ,                                                  (2-35) 

tt
ccc

t fραατασασσ  11121
2

21
2

1 cossin2cossin , and                                       (2-36) 

   1
2

1
2

121121 sincoscossin αααασσ ccc
lt   .                                                      (2-37) 

where, cσ1  and cσ2  are the smeared stress of concrete in 1 and 2 direction, respectively; c
12  

is the smeared shear stress of concrete in 1-2 coordinate, and 1  is the angle of applied 

principal compressive stress (2-axes) with respect to longitudinal steel bars   

   

a) Principal Coordinate 1-2 for Applied Stress    b) Assumed Crack Direction in FA-STM 

Fig. 2.6 Coordinate System in RA-STM 

The three compatibility equations, which represent the relationship between the 

strains ( l , t , and lt ) in the l-t coordinate of the reinforcement and the strains ( 1 , 2 , 
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and 12 ) in the 1-2 coordinate of the applied principal stresses through transformation, are 

expressed as follows (Pang and Hsu, 1996) 

11
12

1
2

21
2
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  ,                                         (2-38) 
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.                                                       (2-40) 

where, 1  and 2  are the smeared strains in the 1- 2 directions, respectively, and 12  is the 

smeared shear strain in 1-2 coordinate. 

2.3.5.1 Constitutive Relationship of Concrete in Compression 

The softened compressive stress-strain relationship of concrete is established in the 

1-2 coordinate as follows (Zhang and Hsu, 1998): 
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where   in Eq. (2-42) is   or its reciprocal whichever is less than unity. 

2.3.5.2 Constitutive Relationship of Concrete in Tension 

The tensile stress-strain relationship of concrete in the 1-2 coordinate was presented 

by Belarbi and Hsu (1994) as  

11  cE                                       when cr 1  and                (2-44) 

4.0

1
1 











 cr

crf                              when cr 1 ,         (2-45) 

where, cE  and crf  are calculated by Eqns. (2-30) and (2-31); cr is the concrete cracking 

strain taken as 0.00008. 

2.3.5.3 Constitutive Relationship of Steel Bars 

The smeared tensile stress-strain relationship of steel is same as that given in 

Section 2.3.4.3 for RA-STM. (Eqns. (2-32) to (2-34)). 

2.3.5.4 Constitutive Relationship of Concrete in Shear 

In the fixed angle theory, a concrete strut is subjected to an axial compressive stress 

c
2 , and a concrete shear stress c

12 , in the direction of the cracks. This concrete shear 

stress is the source of the Vc, contribution of concrete in shear, in observed tests.  

In RA-STM, since the cracks are assumed to be aligned in the principal d direction 

of the concrete element (r-d coordinate), a concrete strut is subjected to only an axial 

compressive stress d . In the rotating angle theory, with increasing proportional loading 

the r−d coordinate rotates in a way that the concrete shear stress c
12  vanishes. As a result, 

the Vc term is always zero(Hsu and Mo, 2010). 
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The constitutive law of concrete in shear in the 1-2 coordinate has been determined 

experimentally by Pang and Hsu (1996) as 
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m
c ,           (2-46) 

where c
m12  and 120  are the maximum shear stress of cracked concrete and the 

corresponding shear strain, respectively. 

2.3.6 Softened Membrane Model 

In previous sections, the RA-STM and FA-STM where discussed in detail. These 

two rational models Satisfy Navier’s three principles of mechanics of materials, namely, 

stress equilibrium, strain compatibility, and constitutive laws of materials. Although these 

two models are useful in predicting the pre-peak behavior of RC membrane elements 

subjected to shear stress fields, they cannot predict the post-peak behavior (descending 

branches). Hsu and Zhu (2002), pointed out that the reason of such lack in predictions is 

the negligence of the Poisson effect in these theories. Hsu and Zhu (2002) proposed a new 

model known as the softened membrane model (SMM), in order to predict the descending 

branches of the shear stress-strain curves of membrane elements. 

The Poisson ratio describes the strain change in one direction due to the change of 

the strain in the perpendicular direction. The Poisson ratio is only valid for continuous 

isotropic materials. By utilizing the smeared crack concept, Zhu and Hsu (2002) proposed 

the so-called Hsu/Zhu ratios to describe the similar effect for cracked reinforced concrete.  
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The SMM takes the Poisson effect into account. In this model, two Poisson ratios 

for cracked concrete named, Hsu/Zhu ratios 12  and 21 , were obtained from experimental 

tests (Zhu and Hsu, 2002) to describe the Poisson effect of concrete in the 1-2 coordinate 

system using the smeared crack approach. As shown in Fig. 2.7, the Hsu/Zhu ratio 12  is 

defined as the ratio 21 /   , where 1  is the resulting increment of strain in 1-directon 

and 2  is the source increment of strain in 2-direction. Similarly, Hsu/Zhu ratio 21  is 

defined as the ratio 12 /   , where 2  is the resulting increment of strain in 2-directon 

and 1  is the source increment of strain in 1-direction. It should be mentioned that the 1-

direction is the direction of the applied principal tensile stresses, and the 2-direction is the 

direction of the applied principal compressive stresses. 

 

Fig. 2.7 Hsu/Zhu Ratios under Biaxial Loading (Yang, 2015) 

The SMM has two significant improvements respect to the FA-STM. The first 

improvement is the addition of the two Hsu/Zhu ratios considering the post cracking 

Poisson ratios and the other one is a new shear modulus of concrete. 
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2.3.6.1 Equilibrium and Compatibility Equations 

In the SMM, the equations for stress equilibrium and strain compatibility are 

identical to those in the FA-STM, which are repeated as follows: 
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Although Eqns. (2-50) to (2-52) appear to be the same as Eqns. (2-38) to (2-40), 

the concept involved in these two sets of equations is quite different. The set of strains in 

SMM are the biaxial strains which take into account the Hsu/Zhu ratios. In FA-STM, these 

same strains are taken as the uniaxial strains, because the post-crack apparent Poisson ratios 

are not taken into account. 

2.3.6.2 Hsu/Zhu Ratios 

In SMM, the compatibility equations are based on biaxial strains as oppose to the 

uniaxial strains in RA-STM and FA-STM. Since the relationships between stresses and 

strains in equilibrium and compatibility equations depend on the Hsu/Zhu ratios, the 

constitutive laws relating the stresses to biaxial strains are not unique and thus cannot be 

determined directly from experiments (Hsu and Zhu, 2002). The previous constitutive laws 

proposed for concrete and steel in RA-STM and FA-STM were based on uniaxial testing 

of panels (Belarbi and Hsu, 1994; Zhang and Hsu, 1998).Therefore, uniaxial strains need 
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to be related to the biaxial strains, so that the uniaxial strains of cracked concrete can serve 

as the bridge to connect biaxial strains in the l-t directions to the stresses in the steel. The 

relationship between uniaxial and biaxial strains were proposed by Zhu (2000) as 
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where, 1  and 2  are biaxial smeared strain in the 1 and 2 directions, respectively; 1  and 

2  are uniaxial smeared strains in 1 and 2 directions, respectively; l  and t  are uniaxial 

smeared strain in l and t directions, respectively; 12  is the biaxial smeared shear strains in 

1-2 coordinate system. The Hsu/Zhu ratios were proposed by Zhu and Hsu (2002) as 

sf 8502.012                 when ysf   ,                       (2-57)                         

9.112                               when ysf   , and         (2-58) 

021  ,                                                   (2-59) 

where sf  is the average tensile strain along the reinforcements in l and t directions, 

whichever yields first.  
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The uniaxial strains are derived from biaxial strains using Eqns. (2-53) to (2-56). 

The uniaxial strains will be used to calculate the stresses of concrete and steel in 

equilibrium equations using the constitutive laws of materials.  

2.3.6.3 Constitutive Relationship of Concrete in Compression 

The smeared constitutive relationships of concrete compressive stress, , and the 

uniaxial compressive strain, ̅ , shown in Fig. 2.8, in RC members are given as  
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where ζ is the softening coefficient. 

The softening coefficient in Eq. (2-60) can be determined as  

      ffff c 1 ,                                            (2-61) 

where, 
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1f           (Wang, 2006).           (2-64) 
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2.3.6.4 Constitutive Relationship of Concrete in Tension                

The tensile stress-strain relationship of concrete in the 1-2 coordinate, shown in 

Fig. 2.8, was presented by Belarbi and Hsu (1994), similar to FA-STM as  

 11  cE                                      when cr 1  and                (2-65) 

4.0

1
1 











 cr

crf                           when cr 1 ,         (2-66) 

where, cE  and crf  are calculated by Eqns. (2-30) and (2-31), respectively; cr is the 

concrete cracking strain taken as 0.00008. It should be noted that the only difference of 

Eqns. (2-65) and (2-66) with Eqns. (2-44) and (2-45) are the derivation of uniaxial strains 

from biaxial strains in SMM. 

 

Fig. 2.8 Constitutive Laws of Concrete in Tension and Compression 
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2.3.6.5 Constitutive Relationship of Concrete in Shear 

The relationship between the shear stress and the shear strain of cracked concrete 

in the 1-2 coordinate system was derived rationally by Zhu, Hsu and Lee (2001) from 

equilibrium and compatibility equations, by assuming that the directions of principal 

stresses and strains coincides. The constitutive law of concrete in shear is given as (Zhu et 

al., 2001) 
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c .             (2-67)  

2.3.6.6 Constitutive Relationship of Steel Bars 

The smeared tensile stress-strain relationship of steel embedded in concrete in the 

l-t coordinate, shown in Fig. 2.9, is expressed as 

sss Ef                                                                     '
ys   ,                                   (2-68a) 

    ssys EBfBf 25.002.0291.0                     '
ys   , and                             (2-68b) 

 spsps Eff                                                 ps       (2-68c) 

where,  

syy Ef /'  ,         ,293.0 yy fBf          (2-69) 
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and           (2-70) 

)(75.3 psiff ccr  , and %15.0s .                                                                       (2-71) 

In the above equations, l replaces s in the subscript of symbols for the longitudinal 

steel, and t replaces s for the transversal steel.  
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Fig. 2.9 Constitutive Laws of Steel Bars                    

2.4 FRP SHEETS IN SHEAR STRENGTHENING OF RC BEAMS 

In recent years strengthening techniques by externally bonded FRP sheets have 

been widely used in civil infrastructures such as beams, columns, and slabs. The repair of 

RC structures was traditionally achieved by bonding steel pates to structures. However, 

repair of RC members using FRP sheets have shown great potential as an alternative to 

steel plates. Structures that are deficient in shear due to variety of factors such as mistake 

in design calculations, construction faulty or poor construction practices are repaired by 

externally bonded FRP sheets. In the following sections, the knowledge related to FRP 

shear strengthening in RC beams is presented. 

2.4.1 Fiber Reinforced Polymers (FRP) 

FRP sheets are a heterogeneous reinforcing material consisting of two parts; high 

strength strands such as aramid, carbon, glass, or kevlar and a high strength epoxy or resin 
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which forms the polymer matrix. The fibers are the primary load carrying component of 

the composite and the polymer matrix provides a medium for the stresses to be transferred 

among fibers. 

FRP materials are fabricated in various forms such as bars, plates, and sheets. FRP 

Bars are usually used in new construction where they may be used instead of traditional 

steel reinforcement. Plates and sheets are generally used in rehabilitation and retrofit 

applications. Plates, in particular, are often used as flexural reinforcement for beams and 

slabs, whereas sheets are most commonly used for shear strengthening and confinement of 

columns (NCHRP Report 678, 2011).   

There are many positive qualities of FRP materials that make them attractive to 

engineers for use in constructing new structures or strengthening existing ones. These 

include high mechanical strength and stiffness, corrosion resistance, light weight, easy 

handling, and ease of application (Triantafillou, 1998). The FRP sheets have been proven 

as an effective material that considerably increases the strength as well as ductility of the 

member without significantly affecting the stiffness of the structure (Bakis et al., 2002).  

In terms of its mechanical properties, FRP is classified as an anisotropic material 

that maintains high strength in the direction of its fibers as shown in Fig. 2.10. It also is an 

elastic material with a linear stress strain relationship up to failure (rupture) with typical 

ultimate strain values of 1 to 1.5%. This means that a FRP system can deliver large 

strengths with a relatively small amount of material. 
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Fig. 2.10 Schematic Diagram of FRP Sheet (adopted from Quinn, 2009) 

Externally bonded FRP materials are one of the effective ways to strengthen the 

members in shear. In the following sections, a brief review of previous experimental and 

analytical studies related to FRP shear strengthening of RC beams is presented. Different 

parameters that affect the shear behavior of FRP strengthened structures are reviewed. A 

discussion of analytical models and current shear design guidelines is then outlined.  

2.4.2 Parameters Influencing the Behavior of FRP Shear Strengthened Members 

The shear behavior of RC elements is influenced by various factors such as the 

concrete compressive strength, longitudinal and transversal steel reinforcement. For the 

case of FRP-strengthened elements, additional parameters may affect the behavior. This is 

mainly due to the fact that FRP strengthened elements show various types of failure modes. 

The two main types of failure modes are FRP debonding and FRP rupture. In the case of 

debonding, failure is experienced at strains lower than the ultimate strain of FRP, when the 

FRP separates form the concrete substrate (Triantafillou, 1998; Deniaud and Cheng, 2001; 

Khalifa and Nanni, 2002; Chen and Teng, 2003a). At these lower strain levels, the FRP is 

not able to utilize its full tensile capacity, effectively lowering the efficiency of the 

strengthening system. In the case of FRP rupture, the fibers reach their ultimate strain value 

and fracture at the point of maximum stress (Chajes et al., 1995; Funakawa et al., 1997; 
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Mitsui et al., 1998; and Chaallal et al., 2002). Previous research has shown that main 

parameters such as FRP properties, wrapping scheme and transverse reinforcement ratio 

have more influence on the behavior of FRP strengthened structures. These parameters will 

be discussed in the following sections. 

2.4.2.1 FRP Properties 

Carbon FRP sheets (CFRP) have been used in most of the experimental research 

studies for the behavior of RC beams strengthened in shear with FRP. This may be due to 

the performance advantages offered by these fibers compared to FRP with fibers such as 

glass or aramid (Kim, 2011; NCHRP Report 678, 2011). Carbon has enhanced durability 

characteristics compared to glass and aramid, and has a relatively high elastic modulus, as 

shown in Fig. 2.11, which is considered as its major advantage.  

 

Fig. 2.11 Comparison of FRP Materials to Steel  
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Carbon fibers are among the stiffest of all known materials, especially when 

compared on an equal weight basis. Only few researchers have studied the FRP shear 

strengthening using other type of fibers (Chajes et al., 1995; Araki et al., 1997; Panda et 

al., 2013; Yoon et al., 2014). Typical tensile strengths and stress-strain relationship of FRP 

and steel reinforcements are shown in Fig. 2.11. 

FRP strengthening systems exhibit various configurations such as fibers 

orientations (45° or 90°) and continuous or discontinuous (discrete) FRP sheets (Fig. 2.12). 

All the previous research has shown that FRP strengthening systems with fibers oriented 

at an angle of 45° (Fig. 2.12b) performs better in terms of shear resistance compared to 

systems with fibers oriented at an angel of 90° (Fig. 2.12a) (Uji. 1992; Triantafillou, 1998; 

Deniaud and Cheng, 2004; Barros and Dias, 2003; Monti and Liotta, 2005; Kim, 2008; 

Arteaga et al., 2009; Belarbi et al., 2011; Dong et al., 2012). This was attributed to having 

principle tensile fibers perpendicular to the cracks, therefore providing the most effective 

bridging of cracks. Moreover, compared to discontinuous (strip) FRP systems, continuous 

FRP sheets (Fig. 2.12c) provide the advantage of intercepting all the diagonal cracks (Sato 

et al., 1996; Khalifa and Nanni, 2002; Zhang et al., 2004; Monti and Liotta, 2007; Belarbi 

et al., 2011; Mofidi and Chaallal, 2014). However, the use of continuous sheets prevents 

monitoring and examination of the state of the structure and its in-service changes over 

time (NCHRP Report 678, 2011). 
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Fig. 2.12 Illustration of Fiber Orientation and Continuous vs. Discrete Wrap  

2.4.2.2 Wrapping Scheme 

The wrapping scheme affects the confinement effect of the FRP sheets and the 

potential for debonding. Three common FRP application for shear strengthening of beams 

are full wrap, U-wrap (U-wrap with anchorage), and side bond (Fig. 2.13). Previous 

research has confirmed that in the case of beams strengthened with FRP by the side bond 

scheme, debonding is the dominant mode of failure (Sato et al., 1996; Monti and Liotta, 

2005). For beam strengthened with full wrap or U-wrap with anchorage systems, 

debonding will almost never occur and the failure mode will change (NCHRP Report 678, 

2011). In this case, perfect anchorage conditions allows for full development of the FRP 

stresses and the occurrence of rupture failure after complete intermediate debonding 

(Colalillo, 2012).  
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In the case of U-wrap, although, debonding is the most common failure mode, other 

failure modes related to concrete such as diagonal tension failure in the web, shear 

compression failure in compression zone and flexure failure is observed (Chaallal et al., 

2002; Adhikary et al., 2004). The U-wrap method significantly provides better shear 

performance over side bonding due to anchorage provided around the beam corners (Al-

Sulaimani et al., 1994; Khalifa et al., 2000).  

 

            a) Full Wrap                b) U-wrap with Anchorage                 c) Side Bond 

Fig. 2.13 Wrapping Schemes for Externally Bonded FRP Strengthened RC Members 

2.4.2.3 Transverse Steel Reinforcement 

Recent studies have shown that in beams strengthened with FRP, without internal 

steel shear reinforcement compared to beams with internal steel shear reinforcement, the 

contribution of FRP to the shear gain is higher (Czaderski, 2002; Li et al., 2002; Chaallal 

et al., 2002; Pellegrino and Modena, 2002; Bousselham and Chaallal, 2006). The shear 

contribution of FRP tends to decrease with an increase in the axial rigidity ratio between 

internal steel shear reinforcement and the external FRP shear reinforcement (Deniaud and 

Cheng, 2001; Bousselham and Chaallal, 2006; Grande et al., 2009; Mofidi and Chaallal, 

2014). Furthermore, in FRP strengthened beams, for a given load, the transverse steel 

reinforcement is less stressed in FRP strengthened beams compared to beams that are not 

strengthened (Bousselham and Chaallal, 2006). Therefore, the maximum shear 
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contributions of steel stirrups and FRP may not be reached simultaneously (Chen et al., 

2013). 

The effective strain in FRP for different steel reinforcement ratios are shown in       

Fig. 2.14. It can be observed that with the decrease of the transverse steel reinforcement 

the effective strain increases. The data points were also grouped by the failure mode of the 

tests. As shown in Fig. 2.15 and 2.16, the above mentioned trend is more significant in the 

specimens failed by FRP debonding when compared to specimens failed by FRP rupture. 

Although the influence of the transverse steel reinforcement on the shear contribution of 

FRP is shown by experimental evidence, the mechanisms that can explain the physical 

meaning of this phenomenon have not been fully understood. All figures from Fig. 2.4 to 

2.6 follow fE in ksi and 
'

cf  in psi. 

 

Fig. 2.14 Effective Strain of FRP in Terms of  (NCHRP Report 678, 2011)  2/3'/f f cE f
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Fig. 2.15 Ratio of Effective FRP Strain to Ultimate FRP Strain in Terms of
 

 
(NCHRP Report 678, 2011) 

 

Fig. 2.16 Ratio of Effective FRP Strain to Ultimate FRP Strain, /fe fuR   , in Terms of    

 (NCHRP Report 678, 2011) 

 2/3'/f f cE f

 2/3'/f f cE f

Beams Failed by FRP 

Beams Failed by FRP 
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2.4.2.4 Research Studies Highlighting other Parameters 

In the NCHRP report 678 (2011) a total of 49 published experimental studies 

related to FRP shear strengthening which contained more than 500 test specimens were 

reviewed. The main parameters considered in the study were: (a) the geometry of the beam, 

(b) properties of concrete and steel reinforcement, (c) types of FRP (carbon, aramid, or 

glass) and (d) strengthening schemes (wrapping schemes, anchorage systems, and fiber 

orientation). They observed a relatively large scatter in the results of the compiled research 

studies which indicates that some design parameters influencing the contribution of FRP 

materials to shear strength are not fully understood. To study effecting parameters that were 

not sufficiently investigated in previous tests, an experimental research study was 

conducted. Parameters such as the effects of pre-cracking, continuity (negative moment), 

long-term conditioning (such as fatigue loading and corrosion of internal steel 

reinforcement), and pre-stressing. The experimental study comprised of full-scale tests on 

RC T-beams and AASHTO type PC I-girders, since most current design equations used in 

design guidelines are based on small-scale experimental test results. 

An earlier work by Bousselham and Chaallal (2004) examined the experimental 

results of 250 girder specimens available in the literature to date, in order to evaluate the 

effect of the different parameters affecting the behavior. The study by Bousselham and 

Chaallal (2004) concluded that the shear behavior of FRP-strengthened RC girders is also 

affected by parameters such as span length to depth ratio (a/d), longitudinal reinforcement 

ratio, compressive strength of concrete, and scale effect of specimens.  

Extensive research has been conducted to study the behavior and the effect of 

various parameters on the shear strengthening of FRP strengthened RC beams in the past 
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two decades. However, several aspects of the behavior of such strengthened beams are still 

not well understood (Teng et al., 2004; Bousselham and Chaallal, 2006). Furthermore, 

recent findings have highlighted major influential parameters related to shear strengthening 

with FRP that have not been captured by current predictive models (Mofidi and Chaallal, 

2014). Further study is needed to clarify major issues for RC beams strengthened with FRP, 

such as the effect of interaction between the internal steel shear reinforcement and external 

FRP shear reinforcement. 

2.4.3 Analytical Models of Shear Resistance of FRP Strengthened RC Members 

Several models have been proposed to evaluate the shear resistance of FRP 

strengthened RC members; some which are incorporated into design standards and 

guidelines. The most recent models have been proposed by Mofidi and Chaallal (2011), 

Teo and Hor (2013), and Colalillo and Sheikh (2014).  

The most commonly used analytical approaches to evaluate the shear contribution 

of FRP are the truss model approach (Triantafillou, 1998; Khalifa et al., 1998, 1999; 

Triantafillou and Antonopoulos, 2000; Chaallal et al., 2002; Pellegrino and Modena, 2002; 

Hsu et al., 2003; Chen et al., 2013), mechanics-based model (Malek and Saadatmanesh, 

1998; Deniaud and Cheng, 2001, 2004; Monti and Liotta, 2005; Sim et al., 2005) and non-

uniform strain distribution approach (Carolin and Taljsten, 2005; Chen and Teng, 2003a, 

2003b; Cao et al., 2005). 

In most of the models, the nominal shear resistance of a member (Vn) is explicitly 

evaluated as the sum of the contribution of concrete (Vc), steel (Vs), and external FRP 

reinforcement (Vf), as shown in Eq. (2-72): 
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fscn VVVV  .             (2-72) 

The contribution of concrete, Vc, in Eq. (2-72) attributes to the shear force in the 

compression zone, the aggregate interlock and friction along the cracks, and the dowel 

action of the steel flexural reinforcements; while Vs and Vf attribute to the force in steel 

stirrups and FRP reinforcements, respectively.  

The first two terms on the right hand side of Eq. (2-72), the contribution of concrete 

and steel are calculated similar to typical RC members. Generally, the shear contribution 

of concrete and steel shear reinforcement in FRP strengthened RC members is assumed to 

be the same as the un-strengthened RC structures. The FRP sheets are often assumed to 

work analogously as the stirrups. The FRP sheets are considered as ties to resist the tensile 

stresses between the concrete struts. However, the effectiveness of the FRP in resisting 

these tensile stresses is much more complex than stirrups due to: (1) the bond behavior in 

the concrete-FRP interface, (2) the material properties of the FRP sheets, (3) The geometry 

of FRP sheets, (4) shear failure modes, and (5) the anchorage systems provided.  

In most of the models, the effective tensile strain and effective bond strength were 

used to predict the shear contribution of FRP for rupture and debonding failure modes, 

respectively. 

The general formulation of equations used by researchers to calculate the FRP 

contribution to shear resistance has the same structure as that for steel shear reinforcement, 

as shown in Eq. (2-73): 
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where Af is the area of the FRP reinforcement over a member length equal to the 

longitudinal spacing (Sf); Ef, is the modulus of elasticity, εfe the effective strain and df is the 

effective depth of the FRP reinforcement, which is a function of effective length (Le); The 

effect of the angle of shear crack (θ) and the orientation of FRP reinforcement (β) is also 

taken in to account. The primary difference between existing relationships for Vf is in the 

calculation of the effective strain and the effective depth of the FRP reinforcement. 

The effective strain of FRP is typically expressed as a fraction of the ultimate tensile 

strain and is a function of the stiffness of FRP, strength of the concrete, failure mode 

(debonding or rupture), and FRP strengthening scheme (side bond, U-wrap, or full wrap). 

For the case of FRP rupture, the effective strain is close to the ultimate tensile strain of 

FRP due to strain concentration in the FRP; for the case of FRP debonding, the effective 

strain is much lower than the ultimate tensile strain of FRP.  

Some models simply use a constant fixed value for the effective strain (Chajes et 

al., 1995; Triantafillou and Antonopoulos, 2000). However, most models provide detailed 

expressions which consider all or some of the mentioned factors in which the effective 

strain is taken as a functional fraction of the ultimate strain (Triantafillou, 1998; Chaallal 

et al., 2002). The axial stiffness of FRP, concrete strength and the anchorage conditions are 

the main parameters used in the calculation of effective strain. 

The effective depth of FRP shear reinforcement is considered as a function of the 

effective length, Le. The effective length is the length over which the majority of the bond 

stress is maintained; Le can be defined as the distance required for the strain to vanish (see 

Fig. 2.17).  
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Fig. 2.17 The Effective Bond Length in Terms of Strain Distribution                                      
(adopted from Ouezdou et al., 2009) 

Effective length is a function of the stiffness of FRP, tensile strength of concrete, 

and the bond length. Analytical models determining Le are developed based on empirical 

formulations (Ben Ouezdou et al., 2009; Abdelrahman et al., 2009) or, a fracture mechanics 

based approach (Chen and Teng, 2003b; Lu et al., 2005), or based on combinations of the 

two mentioned  approaches (Monti and Liotta, 2005; Lu et al., 2005).  

In the following sections, the most important analytical models are reviewed in 

detail, categorized based on different approaches used to develop them. The experimental 

tests related to these analytical models are also presented. 
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2.4.3.1 Models based on the Truss model Approach 

Al-Sulaimani et al. (1994) was among the first group of researchers that came 

up with a set of equations for shear contribution of FRP. They tested sixteen RC beams         

(5.9 × 5.9 × 49 in.) strengthened with FRP using different bonding schemes including, 

side bonded discrete FRP strips (shear strips), side bonded continuous FRP sheets 

(shear wings), and U-wrapped continuous FRP sheets (U-jackets), with 0.12 in thick 

fiberglass plates. All beams were tested as simply supported beams with a span of 47 in 

and a shear span of 15.7 in. The proposed model assumes a shear crack angle of 45°. 

Based on the test results, three equations for different strengthening schemes were 

proposed: 
2

2 2
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(2-74) 

where Vp is the shear force provided by the FRP reinforcement; ts is the width of the strip; 

hs, hw and hj are the effective depths of the FRP sheets; d is the effective depth of the beam, 

ave  is the average shear stress and Sp is the spacing of the FRP strips. The shear 

contribution of FRP highly depends on the value of ave , but in the model, enough

explanation wasn’t given on how to decide this value. Also, in the equation, the FRP 

material properties were not chosen as a parameter since only one type of fiber glass was 

tested; therefore the empirical model could not account for the differences in stiffness 

among various FRP materials available. Furthermore, only three strengthening schemes 
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were studied, making the proposed model unsuitable for predicting the shear contribution 

for other strengthening schemes. 

Chajes et al. (1995) tested twelve T-section beams with no transverse steel 

reinforcement. Three type of FRP, namely, glass, aramid, and carbon were used. The FRP 

sheets where U-wrapped with two different angles (0º and 90º) with respect to the 

longitudinal axis. In the case of CFRP, two additional wrap angles were tested: 45º and 135º. 

The specimens were subjected to four-point loading with a span to depth ration of 2.7. Chajes 

et al. (1995) adopted a linear stress-strain relationship for the FRP reinforcement, assuming 

a perfect bond between FRP and concrete. The proposed the following equations based on 

the fiber orientation: 

    for FRP oriented at 0/90 degrees

2    for FRP oriented at 45/135 degrees

f f f cu

f f f cu

V A E d

V A E d







 ，
           (2-75) 

where cu is the ultimate vertical tensile strain of concrete which was taken as 0.005; Af is 

the area of the FRP sheets per unit length; and Ef is the modulus of elasticity of the FRP 

sheets.  

This model uses the average strain at failure which could not account for any 

differences in the ultimate strain due to use of different types of fabrics or wrapping angles. 

Also, this model does not account for strain variation along the width of the FRP. 

Furthermore, the model did not consider the debonding failure mode. 

Triantafillou (1998) was among the first researchers that proposed the shear 

contribution of FRP in terms of effective strain of FRP ( ,frp e ). Triantafillou (1998) tested 

9 rectangular RC beams strengthened with side bonded CFRP sheets oriented at 90°. Based 
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on the test results and an additional database of 33 other tests of FRP strengthened RC 

beams with different type of fiber (Berset, 1992; Uji, 1992; Dolan et al., 1992; Al-

Sulaimani et al., 1994; Ohuchi et al., 1994; Chajes et al., 1995; Malvar, 1995; Sato et al., 

1996; and Triantafillou, 1997), the equations were proposed as 

, ,
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0.9
(1 cot )sin

0.0119 0.0205( ) 0.0104( )   when 0 1GPa
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       (2-76) 

where Vfrp,d is the shear capacity provide by FRP sheets; frp and Efrp are the 

reinforcement ratio and the modulus of elasticity of the FRP sheets, respectively;  is the 

angle of applied FRP sheets with respect to the longitudinal axis; and frp is the proposed 

effective strain of the FRP sheets. 

In the model FRP rigidity was involved into the equation for calculating effective 

strain. Two equations were presented in the model to calculate the effective strain of 

FRP. By regression of 40 experimental data, it was found that the effective strain 

decreases with the increase of FRP axial rigidity. This model does not consider any 

interaction between the stirrups and FRP and does not consider the differences in the 

ultimate strain for different types of FRPs. 

Khalifa et al. (1998) modified Triantafillou’s original model (Triantafillou, 1998) 

to account for the various types of FRP. Strain limitations were introduced due to shear 

crack opening and loss of aggregate interlock. For regression purposes, additional 

experimental data were used (Uji, 1992; Ohuchi et al., 1994; Chajes et al., 1995; Sato et  
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al., 1996; Araki et al., 1997; Funakawa et al., 1997; Triantafillou, 1997; and Umezu et al., 

1997). By introducing a reduction factor R, a modified effective strain was proposed based 

on two types of failure (i.e., fiber rupture and debonding failure). The reduction factor is a 

ratio of the effective strain to ultimate strain of the FRP and therefore accounts for the various 

types of FRP used in the experiments.   
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where tf is the thickness of FRP; wfe is the width of FRP; and df is the effective depth of the 

FRP reinforcement. 

The effective strain in the FRP reinforcement is taken as the lower of the two 

reduction factors presented in Eq. (2-77), multiplied by the ultimate strain of the FRP 

material used. In the case of debonding failure, the concept of effective bond length (Le) 

has been adopted by Maeda et al. (1997). The model suggests the use of an effective width 

to calculate the shear capacity. The effective width depends on the shear crack angle and 

was assumed to be 45° in this model. The effective width is calculated as 

     (U-jacket configuration) and

2      (sheet bonded only on two faces).
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The expression presented by Khalifa et al. (1998) for FRP shear contribution, is 

given in ACI format as 

(sin cos )
,

where: .

f fe f
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A limitation of the FRP strip spacing sf,max was proposed by the authors so that all 

the shear cracks will intercept at least one FRP strip: 

,max 4f f

d
s w   .                    (2-80) 

A new reduction factor (R) was proposed by Khalifa and Nanni (2000), derived 

from the bond mechanism as  
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             (2-81) 

The new model also recommended using the effective length calculations 

developed by Miller (1999) instead of the calculations originally proposed by Maeda et al. 

(1997) as 

.711.300298.0  fe tEL             (2-82) 

An updated model was proposed by Triantafillou and Antonopoulos (2000), which 

addressed the short comings of the original model (Triantafillou, 1998). The expression for 

effective strain was calibrated based on the results of more than 75 experimental tests 

(Berset, 1992; Uji, 1992; Al-Sulaimani et al., 1994; Ohuchi et al., 1994; Chajes et al., 1995; 

Sato et al., 1996; Antonopoulos, 1996; Taerwe et al., 1997; Funakawa et al., 1997; Umezu 

et al., 1997; Araki et al., 1997; Sato et al., 1996; Ono et al., 1997; and Taljsten, 1997). To 

consider the effect of concrete strength in tension on the development length, the parameter 
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  3/2
cf was used. Curve fitting of the data was conducted to determine different values of 

effective strains for different failure modes and different FRP types as  
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      (2-83) 

Chaallal et al. (2002) investigated the relationship and effectiveness of transverse 

steel reinforcement ratio and the FRP reinforcement ratio, by testing 12 RC beams that 

were half-scale T-section girders in which steel shear reinforcement was used. Also, the 

FRP were multi-layer and fully wrapped in a 90° angle. They found that the amount of steel 

shear reinforcement influenced the effective FRP strain. The author compared the measured 

FRP strains from test results with Triantifillou (1998)’s equations, which showed a large 

scatter. The author attributed this difference in predictions to the fact that Triantifillou 

(1998)’s equations are based on the results of small-scale slender beams, which was not 

the case for the girders tested by Chaallal et al. (2002). To account for the effect of deep 

beam, the following equations were recommended: 
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         (2-84) 

where tot is the total shear reinforcement ratio; n is the ratio between the modulus of 

elasticity of the transverse steel and FRP sheets. 

The authors concluded that there is an optimum amount of FRP reinforcement 

needed to achieve the maximum gain in shear resistance, which depends on the steel 

reinforcement provided. The model’s deficiency is that the number of test results used is 

limited. Also, the model does not consider different failure modes or the effectiveness of 

FRP strengthening scheme. 

Hsu et al. (2003) presented a modified R factor based on that of Khalifa et al. (1998) 

and added the effect of concrete compressive strength. Eleven rectangular RC beams 

strengthened with various types of CFRP configurations in a three point bending were 

tested. Also, in this model the regression was based on 
'/f f cE f  instead of the axial 

rigidity f fE  in Khalifa et al. (1998), and is calculated as 

  0.7488'=1.8589 / .f f cR E f


                    (2-85) 

In This model, further research is needed to better define the effective development 

length and ultimate direct shear strength. The interaction between steel and FRP transverse 

reinforcements are not considered in this model. 

.
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Colotti and Swamy (2011) proposed a model to predict the ultimate load capacity 

of RC beams strengthened by a combination of longitudinal and transverse FRP 

plates/sheets. The model is based on the truss analogy and the theory of plasticity and is 

refined to consider: variable angle crack, non-uniform stress distribution on FRP over the 

crack, and shear span/depth ratio.  The model varies for different failure modes. It is worth 

mentioning that in the model, mechanics-based approach was also applied when calculate 

the bond strength (Dai et al., 2005). The predictions of the proposed model was compared 

with 73 RC beam tests in literature and has a well agreement with a mean 

experimental/theoretical failure load ratio of 1.05 and a coefficient of correlation of about 

17%. 

Murphy et al. (2012) tested 16 full-scale prestressed concrete girders strengthened 

in shear with externally bonded CFRP sheets, to investigate the cross-sectional shape, 

transverse steel reinforcement ratio, FRP orientation and strengthening scheme, anchorage 

systems and the pre-cracking. The test results showed that the failure modes of the tested 

beam highly depends on the cross-sectional shape and shear reinforcement schemes. It was 

found that debonding of the FRP sheets reduced the web thickness which leads to web 

crushing failure. Also, the mechanical anchorage was found to postpone the debonding and 

provided additional capacity compared to the beams without anchorages. The shear gain 

of the test specimen were also compared with the predictions from 17 analytical models 

and none of the model can accurately predict the FRP contribution or the total shear 

resistance of the tested beams in the study due to the complexity of the shear behavior and 

the different failure modes.  
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Belarbi et al. (2012) tested 15 full-scale RC T-beam strengthened with externally 

bonded FRP sheets. The main parameters studied were transverse steel reinforcement ratio 

and the effect of mechanical anchorage systems. The test results showed that the FRP 

strengthened beams with mechanical anchorage systems exhibited 23%-26% increase in 

the shear capacity when compared to the control beams without anchorage systems. Also, 

the FRP shear strengthening was more efficient for the tested beams with a greater stirrup 

spacing (12 in.) than for those with smaller spacing (8 in.), which indicates that there is an 

interaction between the internal steel reinforcement and the externally bonded FRP sheets. 

Furthermore, the strain distribution on the FRP over the test region was found to be non-

linear, however for design purposes, an effective strain can be used to calculate the shear 

carried by the FRP sheets. 

Chen et al. (2013) proposed a new shear strength model for the FRP debonding 

failure mode considering the shear interaction among concrete, steel and FRP 

reinforcements. The main interaction effect that was considered caused an overestimate of 

the Vs term in the design equations. Since debonding usually happens at a relatively small 

shear crack width, some of the internal steel reinforcement may not reach the yielding strain 

and consequently, the strength of the internal steel reinforcement may not be fully utilized. 

The shear resistance can be expressed as 

,u c s y sv f f e frpV V K f A K f A   ,   (2-86) 

where, Ks and Kf are called mobilization factors and defined as 

, /s s e yK f  and (2-87) 

, ,/f f e y eK f , (2-88) 
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where, s,e and f,e are the average stresses in the steel stirrups and FRP strips intersected 

by the critical shear crack, respectively. The general expression of Vf is shown as 
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 (2-89) 

where frpD  is the stress distribution factor; fG is the facture energy; Lmax is the maximum 

bonding length of FRP. 

The new model showed a good performance in prediction the shear contribution of 

FRP by comparing with the tests results in the large databases. However, the proposed 

equation, as mentioned by Chen et al. (2013), should be modified in a simpler format for 

practical applications. 

Mofidi and Chaallal (2014) tested 10 RC T-beams strengthened in shear with FRP 

strips and sheets. The effects of FRP spacing, presence or absence of transversal steel, 

transversal steel ratio, and the use of FRP sheets versus FRP strips were discussed. They 

concluded that the addition of internal transverse steel reinforcement resulted in a 

significant decrease in the gain due to FRP for all the strengthened specimens. For all test 

specimens with transverse steel reinforcement, the steel yielded before the specimen failed. 
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The presence of externally bonded FRP for shear retrofit did not cause a significant 

decrease in transverse steel strain. Overall, the contribution of steel stirrups to shear 

resistance was not adversely affected by the addition of FRP. Also, the maximum measured 

strain values in FRP strips were significantly greater than for FRP continuous sheets. In 

addition, the maximum deflection was slightly greater for beams retrofitted with FRP strips 

than for beams strengthened with continuous FRP sheets. 

Mofidi et al. (2014) proposed a model to calculate the contribution of FRP to the 

shear resistance of RC beams strengthened in shear with externally bonded FRPs. The 

diminishing effect of the stirrups and the distributed pattern of the shear cracks are 

quantified. The effective strain was given as 

'

0.31 0.005.c L w eff e c
fe c L w

f f f f

k k k L f
k k k

t E t E


     (2-90) 

The coefficient kL and kw were given separately for side bond and U-jack. The total 

contribution of FRP was given in the format of truss model theory and the maximum 

effective strain in the FRP is limited to 0.005. 

2.4.3.2 Models Based on the Non-uniform Strain Distribution in FRP 

Based on extensive experimental work investigating the stress distribution along 

externally bonded FRP, Chen and Teng (2003a and 2003b) proposed two different 

analytical models for FRP rupture and FRP debonding. Assumption was made that the 

stress distribution in the FRP along the shear crack is non-uniform as a result of: (a) the 

variation in shear crack width along its length; (b) material properties of FRP; and (c) the 
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bond behavior in the FRP-concrete interface. The contribution of FRP to the shear capacity 

was calculated by 

,
,

(sin cos )
2 .frp e f

f frp e frp frp
frp

h d
V f t w

s

 
  (2-91) 

For the debonding limit state, the non-uniform stress distribution in the FRP is taken 

into account by introducing a stress distribution factor ( frpD ) as 
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The proposed model was compared with the 46 RC rectangular and T-shaped 

beams failed by debonding and 58 RC rectangular and T-shaped beam tests failed by FRP 

rupture (Uji, 1992; Al-Sulaimani et al., 1994; Chajes et al., 1995;, Kage et al., 1997; Sato 

et al., 1996; Taerwe et al., 1997; Araki et al., 1997; Funakawa et al.; 1997; Kamiharako et 

al., 1997; Ono et al., 1997; Umezu et al., 1997; Triantafillou, 1998; Khalifa et al., 1998; 

Chaallal et al., 1998; Mitsui et al., 1998; Kachlakev and Barnes, 1999; Hutchinson and 

Rizkalla, 1999; Mutsuyoshi et al., 1999; and Khalifa and Nanni, 2000). The database 

included beams with and without transverse steel reinforcement. The model shows a good 

agreement with the test results. 

Carolin and Taljsten (2005) derived a model based on a database of 23 rectangular 

RC beams with and without steel shear reinforcement. The database consists of tests with 

full wrapping, and side bonding FRP in an angel of 45 or 90 degrees. The model is shown 

as 
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In Eq. (2-93),   is the average fiber utilization (considered as 0.6); θ = α + β – 90, 

where, α is the angle of the crack inclination, β is the FRP fiber orientation; cr is the 

critical FRP strain; fu is the ultimate tensile strain of the FRP; bond  is the maximum 

allowable strain without achieving anchorage failure, and maxc is the maximum strain to 

achieve the concrete contribution. 

Cao et al. (2005) proposed the first analytical model to consider the effects of pre-

cracking. They tested 12 pre-cracked rectangular RC beams with complete wrap, CFRP 

and GFRP strips with a 90º fiber orientation. The test results showed a strong relationship 

between the shear crack angle, θ, and the shear span to effective depth ratio, λ. A new 

expression of the distribution factor fD   is given as 

 

























 


                    3for                                    05.2            

            31.4for                           
4.12.01

1
  

1.4for                                   1
2

1
2












frp

fD            (2-94) 

where frp is the normalized FRP bond length. 

Using a similar approach to Chen and Teng (2003a), the maximum FRP strain at 

debonding is given as 

,
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The FRP contribution to shear strength is given as 

f
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2 max, .          (2-96) 

2.4.3.3 Models based on the Mechanics-based Approaches 

Deniaud and Cheng (2001) developed a model based on a strip method and shear 

friction approach using a database of 35 test results. In this model, the interaction between 

concrete, steel and FRP was addressed. The equations are shown as 
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 (2-97) 

where Tv is the shear contribution of the transverse steel reinforcement. 

Monti and Liotta (2005 and 2007) tested 24 rectangular FRP strengthened RC 

beams with different wrapping schemes (U-wrap, side bond and full wrap), and proposed 

an equation with closed-form based on mechanics. In this model fV  is a function of the 

strengthening schemes basic geometrical and mechanical properties. This model was based 

on the assumptions that (a) the cracks are uniformly distributed along the beam axis and 

inclined with an angle (θ), (b) crack depth is equal to the internal lever arm (0.9d) at the 

ultimate limit state, and (c) the shear mechanism is based on the Mörsch’s truss model for 

U-wrap and fully wrap schemes and on crack-bridging for side bonding. Two failure 
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criterions are considered in the development of the model. The effective bond length ( el ) 

and debonding strength ( fddf ) can be determined as 
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 (2-98) 

where fck is the specified characteristic cylinder compressive strength; fctm is the mean axial 

tensile strength; and f,d is the safety factor for strength of FRP. 

Colalillo and Sheikh (2014) proposed a new analytical method to predict the load-

deformation response of FRP strengthened beams and also presented a revision of the FRP 

strain limits for the design codes when debonding is the failure mode. The bond behavior 

was model by Mohamed Ali et al. (2006). The proposed strain limit can be calculated as 

maxfe f fD  . (2-99) 

In accordance with Cao et al. (2005), the distribution factor was given as 
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The distribution factors were given for side-bond, U-wrap and closed wrap 

strengthening systems. Also, the effective debonding strain and effective rupture strain 

were given. A total of 119 experimental tests were analyzed and compared with the results 

of the proposed models by ACI 440 2R-08 (2008) and CAN/CSA S06-06 (2012). It was 

found that the rupture failure for fully wrap are accurately predicted by the proposed model 

and the use of the design strain limit 0.004 is overly conservative predictions for the 

specimens in the database. 

2.4.3.4 Concluding Remarks Regarding Analytical Models  

A comprehensive review of the analytical models related to FRP shear 

strengthening of concrete beams and girders, available in literature, was presented in the 

previous sections. Also, the experimental tests conducted by researchers which led to these 

models were presented.  

Since the behavior of RC beams strengthened in shear with FRP sheets is affected 

by various parameters, different approaches have been adopted in developing analytical 

models which consider different factors. The approach based on the effective strain of FRP 

sheets is considered as the most commonly accepted method. The design equations are 

simpler than models developed based on other approaches such as the mechanic based 

approach. However, the design equations based on the effective strain are based on limited 

number of experimental tests and also, the shear resistance mechanism by the strengthening 

system has not been clearly described in these models. 
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2.4.4 Existing Shear Design Guidelines for FRP Strengthened RC Members 

Several design guidelines for FRP shear-strengthened reinforced concrete sections 

are currently being used around the world. These include the ACI440.2R-08 (ACI 

Committee 440, 2008), Canadian CSA-S806-12 (CSA-S806-12, 2012), Canadian ISIS 

Design Manual 4 (2008), CSA S06-06 (CSA S06-06, 2012), European fib-TG9.3 Bulletin 

14 (fib-TG9.3, 2001), Japanese “Recommendations for upgrading of concrete structures 

with use of CFRP sheet” (JSCE-CES-41, 2001), AASHTO LRFD shear design provisions 

(AASHTO FRPS-1, 2012), Concrete Society technical Report 55 (TR-55, 2012), and the 

Italian National Design Council Design guidelines (CNR-DT-200 , 2013).   

Provisions for evaluating the contribution of FRP shear reinforcement to shear 

capacity have been incorporated into the formerly mentioned codes. Unlike the models 

proposed by researchers, the selected relationships for Vf in design codes are expected to 

have considered a broader range of application and have been calibrated by a larger pool 

of test results (NCHRP Report 678, 2011). In the following section, several widely used 

design codes which have specifications regarding the shear design of the FRP strengthened 

RC member are reviewed. 

2.4.4.1 ACI 440.2R-08 (2008) 

The American Concrete Institute (ACI) guideline for the design of externally 

bonded FRP, ACI 440.2R-08 proposes the shear model based on the 45 degree truss model. 

The calculations of effective shear strains are based on the equations proposed by Khalifa 

et al. (1998). The standard recommends the use of ACI 318-08 for calculation of concrete 

and steel shear contributions. 
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 ACI 440.2R-08 calculates the shear contribution of FRP reinforcement based on 

the failure modes. The effective strain of FRP is calculated based on different wrapping 

schemes and is limited to 0.004. Furthermore, for reinforcements including FRP and steel 

stirrups, limitations are imposed. The shear resistance of the FRP is given as 
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A f d
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 .   (2-101) 

The effective stress depends on the effective strain: 

fe f fef E  . (2-102) 

The effective strain is determined by different FRP configurations: 

0.004 0.75   for fully wrapfe fu   . (2-103) 

For the U-wrap and side bond wrapping schemes, effective bond length is 

introduced to consider the reduction of the bond. The effective strain is calculated by 
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In ACI, mechanical anchorages can be used to develop larger tensile forces (Khalifa 

et al., 1999). The effectiveness of the anchorage has to be verified by physical testing and 
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the effective strain should be, in no cases, exceed 0.004. ACI 440.2R-08 has reinforcement 

limits for the total shear strength provided by both FRP and steel shear reinforcements. The 

sum of shear strengthen should be limited by 

'+ 8f s c wV V f b d .   (2-105) 

2.4.4.2 CSA-S806-12 (2012) 

The Canadian Standards Association (CSA) standard regarding the design of 

building components with FRP, CSA S806-12, calculates the contribution of FRP as 
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 ,                  (2-106) 

where F  is the orientation angle of the fibers with respect to the longitudinal axis of the 

member. The values of F  is calculated as follows: 

0.006 0.75 (for fully wrap)

0.005 0.75 (for U-wrap with proven anchoring system)

0.75 (for U-wrap without anchoring or side-bond),
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where vk  is calculated as 
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where the factor 1k is related to concrete strength: 
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where the factor 2k is related to effective bond length by: 
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2.4.4.3 ISIS Design Manual 4 (2008) 

The ISIS Canada Research network (ISIS) published a design manual (ISIS Design 

Manual 4, 2008) regarding FRP rehabilitation of reinforced concrete structures, which 

calculates the FRP shear resistance using two methods. The first method, referred to as the 

Bridge Code method, is based on the equations from CAN/CSA S6-06 (2006). The second 

method, referred to as the Building Code method, is based on the equations from 

CAN/CSA S806-02 (2002). As the definition of terms in the CSA standards are brief, the 

ISIS design manual provides further interpretation and clarification of parameters. Based 

on provided examples, the Bridge Code method involves determination of the shear crack 

inclination, θ, using the general method with concrete and steel only. The crack inclination 

is then held constant for use with the FRP equation. Thus, it is implied that the FRP shear 

contribution does not influence the shear crack inclination. 

The ISIS Design Manual 4 (2008) provides a detailed definition of the effective 

depth for the CSA S6-06 method, with various suggested values based on different 

longitudinal reinforcement combinations. For full wrapped beams without FRP flexural 

reinforcement, the effective depth is equal to the internal lever arm, dv, which is taken as 

the greater of 0.9d and 0.72h. If FRP is provided for flexure on the tension face, the 
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effective depth is 0.9h, which is roughly the distance between the compression face and 

the centroid of the flexural FRP. For U-wrapped beams without FRP flexural 

reinforcement, the effective depth is the greater of 0.9hf and 0.72h. The term hf is the height 

of the FRP measured from the free-end to the tension face. If FRP is provided for flexure, 

the effective depth of U-wraps is taken as the greater of 0.72h and hf. 

2.4.4.4 CAN/CSA S06-06 (2012) 

The Canadian Highway Bridge Design Code (CHBDC), which is standard CSA 

S6-06, provides comprehensive calculation methods for the shear contributions of the 

concrete, steel, and FRP. In this standard, two methods are presented for the calculation of 

concrete and steel shear resistance: the simplified method in which the inclination θ is 

assumed fixed at 45°, and the general method in which θ is variable. Regardless of the 

method used to calculate concrete and steel contributions, Eq. (2-112) which is similar to 

Eq. (2-106), is used in CAN/CSA S6-06 (2012) to determine the FRP shear resistance.  
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 ,         (2-112) 

where F  is the orientation angle of the fibers with respect to the longitudinal axis of the 

member. 

The limits imposed on the FRP effective strain are identical to those provided in 

ACI 440.2R-08, as described in section 2.4.4.1. For full wrapped beams, the effective strain 

is limited by the minimum of the FRP rupture strength capacity and the strain to prevent 

the loss of aggregate interlock, as given by Eq. (2-103). For U-wrapped and side-bonded 

beams, the bond capacity limits from Eq. (2-104) are used. Since CSA S06-06 does not 
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explicitly consider the design of side-bonded FRP, only the first term of calculation of k2 

in Eq. (2-104) is presented. 

2.4.4.5 fib-TG9.3 Bulletin 14 (fib-TG9.3, 2001) 

The international Federation of Structural Concrete (fib), under Task Group 9.3, 

published Bulletin 14 (2001), a technical report regarding externally bonded FRP 

reinforcement for reinforced concrete structures. fib-TG 9.3 Bulletin 14 calculates the shear 

contribution of FRP based on Triantafillou and Antonopoulos (2000) effective strain 

model. The code provides different safety factors to account for the difference for 

preformed FRP and wet lay-up FRP system. Debonding is considered using a simplified 

bilinear bond model. The shear contribution of FRP was proposed as 

,0.9 (cot cot )sinfd fd e fu f wV E b d      . (2-113) 

The design value for effective strain is multiplied by a reduction factor 0.8 to obtain 

the effective strain, fe . The effective strain is given for different types of FRP and also 

different FRP configurations as 
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In Eq. (2-114), fu is the ultimate FRP tensile strain; cmf  is the mean concrete 

compressive strength in MPa and taken equal to cf  ; and fE is the FRP elastic modulus on 

GPa. 

2.4.4.6 JSCE–CES-41 (2001) 

The Japan Society of Civil Engineers (JSCE) presented a document as part of their 

Concrete Engineering Series (CES) 41 (2001), regarding recommendations for upgrading 

of concrete structures with the use of externally bonded FRP sheets. The following 

equation was presented for calculating the shear contribution of FRP. 

z(sin cos )f fud f f
fd

f

A f
V K

s

 
 ,        (2-115) 

where z is the lever arm length taken as d/1.15, and K is the shear reinforcing efficiency, 

which is a function of elastic modulus, given in GPa, and the FRP reinforcement ratio: 
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2.4.4.7 AASHTO FRPS-1 (2012) 

AASHTO presented the guide specifications for design of bonded FRP systems for 

repair and strengthening of concrete bridge elements. Based on the experimental tests 

results of RC T-beams and AASHTO type prestressed concrete (PC) I-girders presented in 

NCHRP Report 678 (2011), relevant modifications were suggested to AASHTO LRFD 

Bridge Design Specifications. The effective FRP strain was expressed by two separate 
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design expression based on different predominant failure modes, namely FRP rupture 

(complete wrap or U-wrap with anchors) and FRP rupture (side bonding or U-wrap).  

The shear contribution of FRP is calculates as 

(cot cot ) sin
=

,

f fe f
f

f

fe fe f

A f d
V

s

f E

  







 (2-117) 

where,   is the angle of diagonal compression and   is the angle of transverse 

reinforcement relative to the longitudinal axis of the member. 

For the cases with complete wrap or U-wrap with anchors: 
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where f fE  is in ksi units and limited to 300 ksi.  

For the cases with side bonding or U-wrap without anchors or if the “full-

anchorage” is not provided: 

  0.67

0.012

/

3 1.0.

fe fu

fu fu f

f f

R

E

R E

 

 




 



 

 (2-119) 

Since the effective strain fe  is highly dependent on failure modes, the experimental 

databased in NCHRP Report 678 was grouped by the failure modes of the experimental 



 

77 

 

tests. The expressions of R in Eqns. (2-118) and   (2-119) were obtained by regression of 

the test data in each group. 

2.4.4.8 Concrete Society TR-55 (2012) 

The concrete society of Britain presented the Technical Report 55 (TR-55) to 

provide design guidance for strengthening concrete structures using fiber composite 

materials.  The same design suggestion in fib-TG 9.3 Bulletin 14 is presented in this report 

(Concrete Society, 2004).Also, many practical issues related to application of FRP 

materials in practice are discussed. The suggested equations are based on truss model 

approach with the crack inclined at an angle of 45º, similar to other codes. The FRP area 

is calculated based on a FRP effective width, wfe. The effective width is a function of the 

shear crack inclination and the FRP strengthening configuration. With the assumption that 

θ = 45°, the effective width is taken as df - Le for U-wraps and df - 2Le for side bonds, in 

which the effective bond length, Le, is given by 

  58.0

3.461

ff
e

Et
L  ,          (2-120) 

where, tf  is the FRP thickness in millimeters, and Ef is given in GPa. 

For FRP rupture failure, the maximum design value for effective strain is limited 

to half of the ultimate strain of the material. For debonding failure, this report adopted an 

equation proposed by Neubauer and Rostasy (1997). However, in all cases, same as ACI 

440.2R-08 and CSA S6-06, the FRP effective strain is limited to the maximum value of 

0.004. 
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2.4.4.9 CNR-DT-200 R1 (2013) 

Initially published in 2004, the Italian National Research Council design guidelines, 

CNR-DT-200 (2013) presented the guide for the design and construction of externally 

bonded FRP systems for strengthening existing structures, which were based on the 

research performed by Monti and Liotti (2007). In the new CNR guidelines (CNR-DT-200, 

2013) only U-wrapped or fully wrapped configurations are allowed for shear strengthening. 

In the previous version (CNR-DT-200, 2004), two unique FRP shear resistance equations 

were presented , one for side bonds, and one for U-wraps and close wraps (full wrap).  For 

side bonds, the unfactored FRP shear capacity based on CNR-DT-200 (2004) is give as 
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for U-wraps and full wraps, the unfactored FRP shear capacity is given in CNR-DT-200 

R1 (2013) as 
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where, d is the distance from the extreme compression fiver to the centroid of tension steel 

reinforcement; hw is the height of the beam web; ffed is the effective design strength of the 

FRP shear reinforcement; tf is the thickness of FRP shear reinforcement; bf and sf are the 

width and the spacing of FRP strips, respectively. 

For side bonds, the design effective strength is given as (CNR-DT-200, 2004) 
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where the term zrid,eq and leq are defined by the following expressions: 

eqrideqrid lzz , ,          (2-123) 

fewrid lhdz sin),9.0min(  , and       (2-124) 

f
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eq Ef

slip
l sin

/
 ,         (2-125) 

where slipf  is the ultimate debonding slip, assumed to equal 0.2 mm. The term le is the 

effective bond length which is given in Eq. (2-126). The term fdd is the ultimate design 

strength for debonding in MPa, which is given in Eq. (2-130). The FRP modulus, Ef, is 

given in MPa. 

The design effective strength for U-wrapping is determined as (CNR-DT-200, 

2013) 
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and the design effective strength for full wrapping (close wrap) is determined as (CNR-

DT-200, 2013) 
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where ffd is the design ultimate strength of the FRP, which is equivalent to the  ultimate 

tensile strength, ffu. The second term in Eq. (2-125) should be set to zero if it produces a 

negative value in calculations.  
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The effective bond length used in all design effective strength equations is 

calculated as 

ctm

ff
e f

tE
l

2
 ,                      (2-128) 

where fctm is the concrete mean tensile strength. 

The un-factored ultimate design strength for debonding used in all design effective 

strength equations is calculated as  
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where FK  is the specific fracture energy; ckf  is the characteristic concrete strength; and 

kb is the covering/scale coefficient. 

2.4.4.10 Summary of FRP Shear Design Guidelines 

In Section, 2.4.4, nine international design standards and guidelines were presented. 

To emphasize the various design methods for shear strengthening using externally bonded 

FRP, a summary of the influencing factors is shown in Table 2.1. The first two factors 

simply indicate whether debonding and rupture are incorporated in the design methods. The 

next three factors focus on the debonding model: whether it considers an effective bond or 

anchorage length, the FRP stiffness due to thickness and the elastic modulus, and the FRP 

geometry relating to the strip width and spacing. The next factor regards inclusion of the 



 

81 

 

compressive stress or crack inclination, θ, in the FRP shear resistance formulation. The final 

factor indicates whether the effect of transverse steel on the FRP performance is directly 

considered, beyond use of the variable inclination of θ in the shear strength equation. 

Table 2.1 Summary of the Influencing Factors in Design Guidelines 

 

As seen in Table 2.1, most of the available design guidelines focused on debonding 

models for side-bonds and U-wraps, while only few guidelines provided formulations to 

calculate the effective rupture strain for full wraps rather than just providing a limiting 

value for the effective strain. Most debonding models are given in terms of an effective 

bond or anchorage length. Only in CNR-DT-200 (2013), the FRP strip width and spacing 

geometry was considered. The effect of transverse steel on the FRP shear contribution was 

not considered in the design guidelines shown in Table 2.1. Past research using direct 
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pullout tests with concrete prisms showed that the width of FRP sheets versus the width of 

concrete had a significant effect on the maximum bond strength achieved (Colalillo, 2012). 

2.5 SUMMARY 

In this chapter, a review of the basic concepts of the shear behavior of RC beams 

has been presented. The principle mechanism of shear resistance in RC beams is discussed. 

Also, the development of truss model theories and the constitutive laws of materials in each 

model are reviewed. Furthermore, a comprehensive review on the shear strengthening of 

RC structures with externally bonded FRP sheets is conducted. Analytical and 

experimental investigations have been reviewed.  

Overall, most of the current experimental tests are on rectangular and small scale 

specimens. Results of such tests cannot predict the true pure shear behavior due to the 

presence of flexural and other non-shear related effects that cannot be filtered out. 

Therefore, precise shear design theories cannot be developed. Also, several factors which 

have effect on the shear behavior were not fully evaluated. Furthermore, sufficient data is 

not available to study parameters such as the scale factor, pre-loading and cracking, shear 

fatigue load, and prestressing on shear strengthened of RC beams and members using FRP 

sheets. 

The literature review presented in this chapter indicates that a huge gap exists in 

the experimental and analytical investigations of the shear behavior of FRP shear 

strengthened RC beams.  As a case study in NCHRP report 678 (Belarbi et al., 2011), the 

contribution of FRP sheets in the overall shear capacity of a rectangular RC beam with          
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U-wrap wrapping scheme was predicted using eleven models and four design guidelines 

as shown in Fig. 2.18.  

 

Fig. 2.18 Comparison of FRP Contribution to Shear Capacity Using Different Models  
and Codes (adopted from NCHRP Report 678) 

The vertical and horizontal axis shows the shear stress contribution due to FRP and 

the axial rigidity of FRP, respectively. The comparison of models shows significant 

discrepancies in predictions which, is due to high level of complexity associated with the 

shear behavior and also lack of accurate constitutive laws used in modeling. 

To fill the gap and to reach a rational approach for evaluation of shear behavior, the 

detail of experimental and analytical investigations related to the behavior of FRP 

strengthened RC members will be presented in the following chapters.   
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CHAPTER 3 EXPERIMENTAL WORK 

3.1 TEST PROGRAM 

In order to evaluate the shear behavior of FRP strengthened RC members and to 

investigate the main factors that influence the behavior of such members, full-scale tests 

on 8 FRP strengthened RC panels and 2 RC panels were conducted. The experimental 

program was designed to investigate the effects of different parameters on the shear 

behavior of FRP strengthened RC members. Furthermore, the test results were used to 

develop an analytical model for FRP strengthened RC members based on the SMM. Also, 

a nonlinear reinforced concrete finite element program is developed by implementing the 

new model into the finite element framework OpenSees (McKenna and Fenves, 2002). The 

experimental results are used to validate the analytical and finite element models. 

As discussed in Chapter 2, shear is a very complex problem and a comprehensive 

approach to the problem does not exist. Shear strengthening of RC members with 

externally bonded FRP has become popular in recent years and has been studied by several 

researchers. These experimental and analytical studies have provided valuable insight; 

however, several unresolved issues in shear strengthening of RC beams with FRP persist. 

The differences in prediction models in design codes shows that major aspects of the shear 

strengthening with FRP are still not fully understood (Mofidi and Chaallal, 2014). This is 

due to neglecting certain parameters in the calculation of the shear contribution of FRP 

which, have been found experimentally to have a major influence on the behavior. Previous 

research has shown that parameters such as: the geometry of the member, properties of 

concrete and reinforcements (steel and FRP), type of resins,  strengthening schemes, pre-

cracking, fatigue loading, and pre-stressing have influence on the shear behavior.  
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Among these parameters, the effect of internal transverse steel reinforcements is 

one of the influencing parameters which researchers have not reached a commonly 

accepted agreement (Mofidi and Challaal, 2014). Therefore, this effect is not yet 

considered in the design codes and guidelines, including ACI 440.2R-08 (ACI Committee 

440, 2008).There exists a high interaction between the components of the strengthening 

system, specifically steel and FRP reinforcements, when subjected to shear. Thus, different 

combinations of FRP/steel reinforcement ratios were selected in the test program. Also, as 

an important parameter affecting the behavior of FRP strengthened RC members, the effect 

of different wrapping schemes were also studied. Three of the most commonly used 

wrapping methods in shear strengthening were chosen, namely, full wrap, side bond, and 

U-wrap with FRP anchor. Details of these three wrapping schemes are discussed and 

presented in the following sections. 

In this chapter, the details of the test program are given. This includes: (1) the 

objectives of the experimental program, (2) test variables, (3) materials, and (4) fabrication 

of the specimens. Also, a brief description of the testing facilities is given, and 

instrumentation methods are discussed. 

3.1.1 Objectives 

This research aims to contribute to a better understanding and modeling of the shear 

behavior of RC members externally strengthened with FRP sheets. To establish the shear 

constitutive behavior of such members subjected to pure shear, a series of large scale FRP 

strengthened RC panels are constructed and using the University of Houston’s state of the 

art panel tester, pure shear load is applied to simulate the behavior. The shear behavior of 

FRP strengthened RC members is influenced by various factors. This study focuses on 
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parameters that have been recognized to have more influence on the behavior. These 

parameters are FRP sheet thickness, wrapping scheme, and transversal reinforcement ratio. 

3.1.2 Test Specimens 

The test specimens were panels 55 in. by 55 in., and 7 in. (1400 mm×1400 mm×178 

mm) thick square reinforced concrete elements, as shown in Fig. 3.1. The steel and FRP 

reinforcements were arranged at 45 degrees with respect to the principal directions of the 

applied loads (1-2 coordinates) along l and t directions. The steel reinforcement was grade 

60 deformed bars with cross-sectional areas of 0.11 in2 (#3 rebar) and 0.2 in2 (#4 rebar) 

spaced at 7.4 inch in longitudinal and transverse directions. The FRP sheets consist of 

unidirectional carbon fiber sheets as strips attached on two opposite surfaces, but along the 

same direction of the panel specimens, which are typically used for shear strengthening. 

The strips had a width of 5.66 in., and 7.4 in. center to center distance. The designated 

strength of concrete was 7.5 ksi. The reinforcing bars were welded onto a pre-embedded 

connector inserts that were connected to the loading actuators. Details of the specimens are 

shown on Fig. 3.1.   

The test program is mainly designed to identify the necessary data points for the 

development of the required constitutive relations and verification of the analytical and 

finite element model. The main variables considered in the experimental program to 

investigate the shear behavior of FRP strengthened RC members are FRP sheet thickness, 

wrapping scheme, and transversal reinforcement ratio. The test matrix of the test specimens 

is shown in Table 3.1.  
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a) FRP Layout                                        b) Rebar Layout 

Fig. 3.1 Dimensions of Test Panels  

Table 3.1Principal Variables of Test Panel  

 

The specimens are identified using transversal rebar size (#3, and #4), FRP 

thickness (0.025 in. and 0.040 in.) and wrapping schemes, namely, Full Wrap (FW) (see 

Fig. 3.3a), Side Bond (SB) (see Fig. 3.3b), and U-wrap with FRP Anchor (FA) (Fig. 3.4). 

As an example: P4-025-SB stands for the specimen with #4 transversal rebar, 0.025 inch 

Series Specimen Name f'c (ksi) (%)  (%) (%) fpull-off (psi) 

REF 
REF-P3 7.68 0.76 0.43 - - 

REF-P4 7.54 0.76 0.76 - - 

P3-FW 
P3-025-FW 7.39 0.76 0.43 0.54 640 

P3-040-FW 7.25 0.76 0.43 0.87 650 

P4-FW 

P4-025-FW 6.52 0.76 0.76 0.54 645 

P4-040-FW 7.54 0.76 0.76 0.87 680 

P4-080-FW 7.83 0.76 0.76 1.74 655 

P4-SB P4-040-SB 6.38 0.76 0.76 0.87 NA 

P4-FA 
P4-025-FA 7.54 0.76 0.76 0.54 NA 

P4-040-FA 7.54 0.76 0.76 0.87 550 
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thick FRP and side bond (SB) wrapping scheme method. REF-P3 and REF-P4, stand for 

RC reference specimens with #3 and #4 transversal rebars, respectively. 

3.1.3 Test Variables 

In order to investigate the effects of different parameters on the shear behavior of 

FRP strengthened RC members, as shown in Table 3.1, the test specimens cover the 

following variables: 

(1) FRP sheet thickness: 0.025 in. (0.6 mm), 0.04 in. (1.0 mm), and     

      double layer of 0.04 in. (0.08 in.) 

(2) Wrapping scheme: Full Wrap, Side Bond, and U-Wrap with FRP Anchor. 

(3) Transversal reinforcement ratio: 0.76% (#4 bars), and 0.43% (#3 bars). 

Extensive research has been conducted to study the behavior and the effect of 

various parameters on the shear strengthening of FRP strengthened RC beams. As 

discussed in Chapter 2, previous research has shown that the selected parameters have more 

influence on the behavior of FRP strengthened structures. Other parameters such as the 

concrete compressive strength, the longitudinal reinforcement ratio, and the scale effect are 

kept constant in this research. 

3.1.3.1 FRP Sheet Thickness 

The first variable which affects the contribution to shear strength of FRP material 

is the FRP sheet thickness.  Previous research studies have indicated that there may be a 

limit with respect to axial rigidity (increase in FRP thickness) of the applied materials 

beyond which no increase in shear capacity is expected (Bousselham and Chaallal, 2004). 
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When the thickness of the FRP sheets applied to the beam increases, the ultimate shear 

strength gain is limited by premature debonding from the concrete substrate (Bousselham 

and Chaallal, 2006). Also, the disproportionate strength gain when the FRP thickness (FRP 

layers) increases, is due to the fact that the ultimate failure is primarily governed by the 

concrete cracking, splitting and loss of aggregate (Adhikary et al., 2004). Furthermore, as 

the FRP axial stiffness increases, the effective strains in the sheets decrease (see Fig. 3.2) 

and therefore, the FRP materials will not reach their expected capacity before failure. In 

this case, the failure mode of the member will be concrete crushing and not FRP rupture. 

 

Fig. 3.2 Effect of Axial Stiffness on Measured Effective Strain (adopted from NCHRP 
Report 678, 2011) 

Design guidelines such as ACI 440.2R-08 (2008), CAN/CSA S806-12 (2012), and 

fib-TG9.3 Bulletin 14 (2001) fail to incorporate such behavior for strengthened beams 

when the thickness of FRP sheets (and hence the stiffness) is high. These design guidelines 
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are based on Triantafillou’s (1998) statement that the contribution to shear strength will 

increase linearly with low values of axial stiffness. Therefore, only when FRP sheets with 

low thickness is applied, the current design guidelines are satisfactory (Khalifa et al., 2000). 

The influence of FRP axial stiffness on the measured effective strain in the FRP 

reinforcement at shear capacity of the test data available in literature is presented in Fig. 

3.2. Six type of markers used in the plot are to distinguish different parameters of the test 

data. Data of specimens with no steel shear reinforcement (no Av), with shear steel 

reinforcement (w. Av), deboning failure mode (Deb), rupture failure mode (Rup), and other 

failure modes are shown in the figure. As shown in Fig. 3.2, based on previous research, 

with the increase of the FRP axial stiffness the effective strain in the FRP sheets decreases.  

In this research, the panels are strengthened with FRP sheets of two different thicknesses 

(0.025 in. and 0.04 in.). These two common FRP sheet thicknesses have been selected to 

investigate the effect of axial rigidity on the shear capacity and the interaction between 

steel and FRP reinforcements. The thinner FRP thickness (0.025 in.) was selected as the 

lower bound of FRP axial stiffness ( 	65 ksi) in this study, to study the shear gain in 

FRP strengthened RC members. Furthermore, the thicker FRP sheet (0.04 in.) with FRP 

axial stiffness of 91 ksi, and double layer of the thicker FRP sheet (0.08 in.) with FRP axial 

stiffness of 182 ksi was used to study the effect of increase in axial rigidity on the bond. 

The range of FRP axial stiffness of test panels is shown in Fig. 3.2. 

3.1.3.2 Wrapping Scheme 

The second variable includes the wrapping scheme, which affects the confinement 

effect of the FRP sheets and the potential for debonding. Three common wrapping schemes 
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in shear strengthening were adopted: (a) full wrap, (b) side bond, and (c) U-wrap with FRP 

anchor. The full wrap is to ensure that debonding is isolated and FRP will reach its ultimate 

strain, while the side bonding scheme is to evaluate the behavior up to the debonding point. 

The U-wrap with FRP anchor is to simulate the real case of shear strengthening with FRP 

in T-beams, in which full wrap cannot be used because of flanges. Full wrap and side 

bonding wrapping scheme of the panels are shown in Fig. 3.3a and Fig.3.3b, respectively. 

Also the details of the U-wrap with FRP anchor are given in Fig. 3.4. 

The FRP anchor provides an innovative way of anchoring the FRP composite to 

the RC substrate. After it was invented in Japan (Jinno and Tsukagishi, 1998), there have 

been several investigations regarding the design recommendation (Eshwar et al, 2003 and 

2008; Özdemir, 2005; Orton, 2007; Niemitz, 2008; and Kim & Smith, 2009; Kim et al., 

2012).  

The considered parameters when designing the FRP anchor include anchor 

diameter, number of anchors needed and anchor length. The FRP anchor used in this 

research was Tyfo® SCH Composite Anchor manufactured by Fyfe. Co., the anchor has a 

diameter of 0.5 in. and a length of 24 in. A contact length of 8.5 in. was used to cover the 

whole width of the FRP sheets with 0.25 in. extra on both sides, which satisfies the 

recommended length suggested by Kobayashi et al. (2001).  
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Fig. 3.3a) FRP Layout, b) Full Wrap, and c) Side Bond Wrapping Scheme Cross Sections  

 

Fig. 3.4 U-Wrap with FRP Anchor Details 

(Unit: inches) 
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3.1.3.3 Transversal Reinforcement Ratio 

Previous researches have revealed that the magnitude of increased shear capacity 

associated with the application of FRP materials does not depend only upon the type of 

FRP that is being used, but also on the amount of internal shear reinforcement (Bousselham 

and Chaallal, 2006; Grande et al., 2009; Mofidi and Chaallal, 2014). Researchers have 

indicated that the benefit of using FRP material will be reduced as a beam becomes heavily 

reinforced with transverse steel. As the transversal reinforcement ratio increases, the 

increase in shear capacity due to FRP will reduce. The influence of steel shear 

reinforcement on the measured effective strain in the FRP reinforcement at shear capacity 

of the test data available in literature is presented in Fig. 3.5. Six types of markers in Fig 

3.5 are the same as in Fig. 3.2. As shown in Fig. 3.5, with the increase of the amount of 

steel shear reinforcement the measured effective strain will reduce. 

The third variable includes two levels of transversal reinforcement ratios, 

	 	 = 0.43% and 0.76%. These two transversal reinforcements were selected to evaluate the 

interaction of internal steel reinforcement with the external FRP sheets and the shear 

behavior of FRP strengthened members. The smaller reinforcement ratio ( 	 = 0.43%) was 

selected to study the interaction of low transversal reinforcement ratio with the increase of 

FRP sheet thickness. It should also be noted that when reinforcement ratios in longitudinal 

and transversal (l and t) directions are different, an additional effect on the behavior of the 

panels are observed. The higher reinforcement ratio ( 	 =0.76%) was selected to compare 

the shear behavior with the smaller reinforcement ratio and to investigate the effect of 
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internal shear reinforcement on the shear behavior. The range of steel shear reinforcement 

of test panels is shown in Fig. 3.5. 

 

Fig. 3.5 Effect of Steel Shear Reinforcement on Measured Effective Strain (adopted from 
NCHRP Report 678, 2011) 

3.1.4 Materials 

The shear panels were constructed using concrete, steel rebar, and FRP sheets of 

specific material properties. The designed concrete strength was 7.5 ksi; grade 60 deformed 

bars with different sizes (#3 and #4) were chosen as internal steel reinforcements. FRP 

sheets with two thicknesses (0.025 in. and 0.04 in.) were used as the externally bonded 

FRP reinforcements. The following sections present the details of concrete, steel, and FRP 

materials used in the test panels. 
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3.1.4.1 Concrete 

The designed cylinder compressive strength of the concrete in this research was 

chosen to be 7,500 psi (51.2 MPa).  The concrete mix proportions, based on weight, were 

1:1.3:2.12 corresponding to cement, sand and aggregate, respectively. The water cement 

ratio was chosen to be approximately 0.45. The slump test was performed for workability 

control with a desired value of 8 inches. Type III high-early-strength Portland cement was 

used. The sand satisfies the requirements per ASTM C33. The graded limestone aggregate 

had a maximum size of ¾ in. 

Six standard cylinders with dimension of 6×12 inches and one 6×6×20 inch beam 

were cast along with each test panel. The concrete cylinders were used to calculate the 

average compressive strength of test panels. The cylinders and beam were cast and cured 

under the same environmental condition as the panel specimens and were removed from 

the form at the same times as the panel specimen. The cylinders were grinded using the 

DIAM-end grinder and tested on a FORNEY compressive testing machine located at 

University of Houston. The cylinder tests satisfy the ASTM C39 requirements. All the 

cylinders were tested at the same day as the panel specimens. The beam was cast to test the 

pull-off strength of the FRP-concrete interface. The details of the pull-off test are shown in 

the Section 3.1.3.3. The average concrete compressive strengths obtained from cylinder 

tests for each panel and the pull-of test results are shown in Table 3.1. 

3.1.4.2 Steel Reinforcements 

Grade 60 deformed reinforcing bars of two sizes (#3 and #4) manufactured by 

GERDAU AMERISTEEL were used as the steel reinforcements in all the testing panels. 
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The cross-sectional areas of #3 and #4 rebar used in the experimental program was 0.11 

in2 (71 mm2) and 0.2 in2 (129 mm2), respectively. 

The stress-strain characteristics of the rebars were determined by coupon tests. The 

steel rebar was provided by the manufacturer in several batches; for each batch and each 

size of the rebar, three 16 inch coupons were cut as samples to be tested. The coupons were 

tested with the Tinius Olsen universal testing machine located at University of Houston. 

The tensile strain of the coupon tests was measured by an axial extensometer with 2 inch 

gauge length. The load was captured by a calibrated load cell on the hydraulic cylinder of 

the Tinius Olsen universal testing machine. 

The test setup of the specimen requires welding at the end of the rebars. The 

excessive heat generated in the steel from the welding could cause early failure at the edge 

of the specimen (Belarbi, 1991). Therefore, weldable high ductility rebars were used in the 

panel specimens. The rebars used in this particular test program were ASTM A706 low-

alloy steel deformed bars. This type of rebar is specially made for structure steel that 

requires welding. The ultimate strains from the conducted coupon tests were all greater 

than 20%. Typical stress strain curves for both #3 and #4 rebars are shown in Fig. 3.6. It 

can be seen that #3 rebar has the yielding plateau, and the #4 bar does not have a clear 

yielding plateau. The material properties of the rebar are shown in Table 3.3, the modulus 

of elasticity is 27,359 ksi (189 GPa) and 27,565 ksi (190 GPa) for bars #3 and #4, 

respectively. The yield strength is 66.5 ksi (459 MPa) and 67 ksi (462 MPa) for bars #3 

and #4, respectively. The yield strength for bar #4 is obtained using 0.2% strain offset 

method, the elasticity modulus are determined by the slope of the linear portion of the 

stress-strain curve. 
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Fig. 3.6 Typical Stress-Strain Relationship of the Rebars 

Table 3.2 Mechanical Properties of the Rebars 

 

3.1.4.3 FRP Sheets 

Two types of FRP sheets were used in this research, namely Tyfo® SCH-11UP and 

Tyfo® SCH-41S. The Tyfo® S Epoxy adhesive was used for the application of these two 

FRP sheets, as recommended by the manufacturer, Fyfe Co. The Epoxy has two 

components A and B, which are mixed by a ratio, based on volume, of 100:42 for 5 minutes 

at a mixer speed of 400-600 RPM until uniformly blended. The curing time of the epoxy 

was suggested to be at least 72 hours. To have a quality control of the bond strength of the 

FRP-concrete interface, the standard pull-off tests were carried out by using the Dyna Z16 

pull-off tester. The test follows the requirements of ASTM D7522. Before the pull-off test, 

several 2 in. diameter cores were cut by a core drill, then the 2 in. diameter aluminum disks 

Rebar Size  (ksi)  (ksi)  (ksi)   

#3 66.5 87.4 27,359 0.245 

#4 67.0 106.2 27,565 0.212 
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were attached onto the FRP sheets by Devcon high strength epoxy, with manufacture tested 

strength of 1500 psi (Fig. 3.7a). The strength of the epoxy has to be greater than the epoxy 

used for the FRP sheets to guarantee the failure occurs inside the concrete. When testing, 

the disk was attached to the pull-off tester and the pull-off load was applied by the manual 

crank (Fig. 3.7b). The ultimate load was captured by the load indicator and used to calculate 

the pull-off strength. A typical failure mode can be observed in   Fig. 3.7c. The minimum 

required bond stress of the pull-off test for the FRP-concrete interface is recommended by 

ACI 440.2R-08 (2008) to be 200 psi. The results of the pull-off tests are presented in the 

Table 3.1. The test results showed that the bond strength satisfies the ACI requirements. 

Coupon tests for the FRP composites were previously conducted by Moslehy 

(2010); the results of the coupon tests showed a close correlation (within 5% difference for 

both Young’s Modulus, , and the ultimate stress, ) with those provided by the 

manufacturer. The material properties of the FRP sheets are presented in Table 3.3. 

 

a) Disk Attached to Core 

b) Setup of Pull-off Test c) Typical Failure Mode 

Fig. 3.7 Pull-Off Tests for the FRP-Concrete Interface (adopted from Yang, 2015) 
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Table 3.3 Mechanical Properties of the FRP Sheets 

 

3.1.5 Fabrication of Specimens 

3.1.5.1 Casting 

The specimens were cast in a steel form as shown in Fig. 3.8. The casting form was 

previously designed and manufactured to cast test panels of 55 square inches and up to 16 

inch thick. The casting form consisted of a steel table and four pieces of steel side walls. 

The side walls could be adjusted up or down to accommodate the desired panel thickness. 

 The panels had two layers of steel rebars in l and t directions, as shown in Fig. 3.1. 

The two layers of steel rebars were welded to anchor inserts which were bolted to the form. 

The steel reinforcement and accessories were installed in the oiled casting form in the 

following steps: 

(1) The bottom layer anchor inserts were bolted to the side faces of the casting form 

and the transversal rebars (t-direction) were welded to the anchor inserts. Extra 

rebar (10 in. long) were welded at the tension side of the panel along the transversal 

rebar to prevent the local damage of the specimen. 

(2) The bottom layer of the steel mesh were released from the form and flipped over 

and bolted back to the form. Afterwards, the longitudinal rebars (l-direction) were 

welded to the inserts. 

FRP Sheet Thickness (in) (ksi) (ksi) 

Tyfo® SCH-11UP 0.025 120 12,000 

Tyfo® SCH-41S 0.04 127 10,500 
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(3) For the top layer of steel mesh, first the anchor inserts were bolted to the form and 

then the longitudinal rebars were welded to the anchor inserts and then the steel 

rebars in transversal direction were welded to the anchor inserts. 

(4) Eight threaded bars with coupling nuts on both sides were fastened vertically onto 

the base of the form. These threaded bars with coupling nuts were used to fasten 

LVDTs onto the surface of panels during testing. Two U-shape hooks were 

positioned near the two diagonal corners of the form for the handling during the 

removal of the panel after concrete was cast and cured. 

With the reinforcing steel bars secured inside the casting form, each panel was cast 

in a horizontal position using two batches of concrete, approximately 6.5 ft3 each. Each 

batch of concrete was mixed using a 12 ft3 capacity mixer and then spread uniformly in the 

casting form. 

 

Fig. 3.8 Welding and Layout of the Steel Reinforcements in the Form  
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After the form was filled, an internal spud vibrator was used to consolidate the 

concrete. The concrete adjacent to the perimeter of the casting form was intentionally 

vibrated intensively so that the ultimate failure of the panels would occur away from the 

edges. The six cylinder molds and the beam mold were also filled with concrete and 

vibrated (three cylinders for each batch). The concrete in the companion cylinders was 

cured in the same way as the test panels. 

Once the concrete was cast, a smooth finish was obtained on the top surface of the 

panels, the cylinders, and the beams; afterwards, they were cured with saturated burlap 

covering on top, beneath a plastic sheet in the air-conditioned lab temperature. The concrete 

was kept in a humid condition for the first seven days. Then the panels and the cylinders 

were stripped from the molds and cured in the air-conditioned laboratory till the test was 

performed. 

3.1.5.2 Application of the FRP Sheets 

After proper curing of the panels, FRP sheets were placed on the surface of the 

panel. The wet lay-up system was used for installation of FRP sheets. The panel specimens 

were first grinded, sandblasted and power washed to provide proper concrete surface 

conditions that would develop the necessary bond strength between the FRP sheets and 

concrete substrate. The grinding was to smoothen the concrete surface in order to ensure a 

full contact with FRP sheets. The sandblasting and power washing was to remove all the 

loose parts on the surface. The sandblasting of a panel specimen is shown if Fig. 3.9. As 

suggested by the manufacturer, putty was applied to fill the small holes on the surface. 
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Fig. 3.9 Sandblasting of Panel Specimen 

The first step of FRP application was to apply primer (a thin layer of the same 

epoxy) on the concrete surface and cured for 30 minutes. The second step was to 

impregnate the FRP sheets by epoxy resin and apply them to the surface of concrete panels. 

Rollers were used to ensure a good contact between FRP sheets and concrete surface and 

the extra epoxy was removed. Panel specimens were then cured in the air-conditioned lab 

temperature for at least 72 hours before testing. A panel specimen being cured in the lab 

after application of FRP is shown in Fig. 3.10. I should be noted that in case of full wrap 

or U-wrap FRP application, in order to maintain the alignment of FRP sheets for both north 

and south side of the panels, two separate FRP sheets were used for both sides and 

overlapped at the edges. 
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Fig. 3.10 Panel P4-025-FW Being Cured in the Lab 

Panel specimens strengthened with the U-Wrap with FRP anchor wrapping scheme 

needed additional preparation before FRP application. The recommendation of section 

6.4.2 in ACI 440.2R-08 was considered in grinding the edge of anchor holes to a diameter 

of 0.5 inch, to avoid stress concentration. The FRP anchor was fabricated by a bundle of 

the same carbon fiber as the FRP sheets to provide compatibility between the materials 

used. After saturating the FRP anchor into epoxy resin (Fig. 3.11a), one end of the anchor 

was inserted all the way through a pre-drilled hole on the concrete surface (Fig. 3.11b), and 

then the remaining fibers from both sides were fanned out on top of the FRP sheet (Fig. 

3.11c); then a ply of saturated FRP sheet was applied on top of the anchorage area (Fig. 

3.11d). The details of a typical FRP anchor application are shown in Fig. 3.11. 
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Fig. 3.11 Typical Procedure of FRP Anchor Application 

3.2 TEST FACILITIES 

The experimental panel tests in this research were carried out using the Universal 

Panel Tester (Hsu et al., 1995) at the University of Houston. The Universal Panel Tester 

was built in the 1980s to study the behavior of RC membrane elements subjected to any 

combination of in-plane and out-of-plane forces, which led to development of several 

analytical models related to shear and torsion. In the following sections, the details of the 

panel tester are presented. 

3.2.1 General Description 

The panel specimens are 55 inch square and up to 16 in. thick. Such panels are 

considered full-size specimens, because they can be reinforced with deformed bars up to 

one inch in diameter. The south and north views of the panel tester are shown in Fig. 3.12. 
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a) North View                                             b) South View 

Fig. 3.12 a) North and b) South View of the Universal Panel Tester 

The Universal Panel Tester is capable of applying varies combination of in-plane 

and out-of-plane loads to the specimen through 37 in-plane jacks (with a capacity of 200 

Kips/jack in tension and 250 Kips/jack in compression) and 3 in-plane rigid links and 3 

out-of-plane rigid links. Each jack can be controlled individually by a sophisticated 

hydraulic distribution system so that any possible stress conditions encountered in actual 

structures can be simulated. The illustration of the load application for in-plane and out-of-

plane jacks is shown in Fig. 3.13. The 40 in-plane jacks are fixed onto two layers of 15.7 

ft.×15.7 ft. steel reaction frame. The specimen was first mounted onto the connector yokes 

by threaded bolts, and the yokes then connects with the hydraulic jacks by cylindrical pins.  

The universal panel tester was originally designed to test specimen using only load 

control mode with an Edison load maintainer and distribution unit. Later in 1993, in order 

to provide the deformation control capability, a closed-loop servo-control system was 

installed in the universal panel tester (Hsu, Zhang, and Gomez, 1995). By using the strain 

control mode, the post-peak behavior can be captured more accurately.  
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                              a) Front Section                                            b) Side Section 

Fig. 3.13 Illustration of the Load Application for Jacks (adopted from Belarbi, 1991) 

3.2.2 Servo-Controlled Hydraulic System 

The hydraulic and control systems (Hsu, Zhang, and Gomez, 1995) of the Universal 

Panel Tester are illustrated by the schematic diagram in Fig. 3.14. The control of the 

hydraulic system can be executed either by a servo control system or by a set of 60 

manually operated valves (manual control system). The manual control mode is designed 

specifically for specimen installation or removal. When the specimen is in position, each 

of the hydraulic jacks can be extended or contracted individually to fit the exact position 

of the pin connections between the yokes and the jacks. The servo-control system has ten 

channels, each including a servo controller and a servo-valve package. Each servo-valve 

package includes a servo-valve, a manifold with 10 pairs of outlets, and a pair of Delta P 

pressure transducers. Different oil pressures in the manifold can be applied by each of these 

ten channels. These different oil pressures can be applied to any specific jack by connecting 
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the jack with the manifold using the specially designed Quick-Disconnected fittings. A pair 

of flexible hoses is connected to the pair of jack terminals which is connected to the jack 

by a pair of fixed steel tubing. These ten manifolds are controlled electronically by ten 

servo boxes which receive command from the programmer computer. The close-loop 

control or each servo valve is achieved with the feedback from either the Delta P pressure 

transducers (load control mode) or the LVDTs (Strain control mode). 

 

Fig. 3.14 Schematic Diagram of Control System (Zhu, 2000) 

3.2.3 Data Acquisition System 

The universal panel tester is equipped with a data acquisition system, supplied by 

Gardner System Inc., which provides a total of 128 channels. Half of the 128 channels are 

for low-level voltage signals (i.e., load cells and strain gauges) and the other half are for 

high-level voltage signals (i.e., LVDTs). In this research, 43 channels were used for jack 

load cells (or rigid links) and 14 for LVDTs. During the test, the data acquisition unit scans 
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all the monitored channels at 10-second intervals. The scanned test data are then stored in 

terms of micro-volts for further processing. 

3.2.4 Control Arrangement 

In this research, control arrangement was incorporated in the design of controllers 

and manifolds. For the shear tests, eight oil pressures in the 8 servo valve manifolds were 

each controlled by a servo valve which, in turn, was monitored by a controller. On each 

manifold, 5 jacks were connected by flexible hoses and fixed steel tubing. Of the eight 

controllers (boxes), two are called programming controllers, No. 4 and 10 (programmer 1 

and 2, respectively). These were directly controlled by the programming computer to 

achieve the expected load levels. The other six controllers were controlled either by the 

signals from these four programming controllers or by the signals from the in-plane rigid 

links. Three in-plane rigid links are installed to supply reactions from the jacks and to fix 

the test panel in space. In the north side (Fig. 3.15), jacks N1l and N15 are the rigid links 

to fix the test panel in the vertical direction. Jack N8 is the rigid link to fix the test panel in 

the horizontal direction. During a test, all the unbalanced forces would be taken by the rigid 

links. The load cell reading in the rigid links send load signals that can be used as input 

signals to the controllers. For the panel tests in this research the 20 jacks in the south side 

and the 17 jacks in the north side were controlled individually to make the strains on both 

faces of a panel more uniform. Controllers 4 and 10 were controlled directly by the 

programming computer. Controllers 3 and 8 were controlled by controllers 4 and 10, 

respectively; with a switch connection to change the sign of the command. Controllers 1 

and 2 were controlled by controllers 4 and 3, respectively. Controller 7 was controlled by 

the signal from rigid link N8; and controller 9 was controlled by the average signal from 
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rigid link N11 and N15. The control arrangement of the servo control system and the cable 

arrangements of the shear tests are shown in Fig. 3.15 and Fig. 3.16. 

On the south face of the panel tester, the jacks at the bottom, to the west, and at the 

top, and to the east were supplied by manifolds 3, 4, 2, and 1, respectively. On the north 

face, the five jacks at the bottom and to the west were supplied by manifolds 8 and 10, 

respectively. The four jacks N6, N7, N9, and N10 were controlled by manifold 7; and the 

three jacks N12, N13 and N14 by manifold 9. After yielding, the strain-control procedure 

was used. The average value of four vertical LVDT signals on the north face and the 

average value of two vertical LVDT signals on the south face of the panels were sent to 

controllers 8 and 3, respectively, as vertical strain feedbacks. In a similar way, the average 

values of four horizontal LVDT signals on the north and the average of two horizontal 

LVDT signals on the south face were sent as horizontal strain feedbacks to controller 10 

and 4, respectively.  
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                                                               a) North Side                                    

 

b) South Side 

Fig. 3.15 Control Arrangement for the Shear Tests (adopted from Yang, 2015) 
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Fig. 3.16 Cable Arrangement for the Shear Tests 
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3.3 INSTRUMENTAION 

3.3.1 Load Measurement 

In order to apply any pattern of in-plane stresses on the panels, the Universal Panel 

Tester was equipped with thirty-seven in-plane jacks and 6 rigid links. Each jack was 

equipped with a load cell near the tip of the plunger. Each load cell consisted of a steel 

cylinder with four strain gauges and a strong steel cover to protect the strain gauges. Each 

strain gauge consisted of two perpendicular linear resistance gauges capable of measuring 

the change of load in both directions. The four strain gauges were evenly attached to the 

surface of the plunger and connected with electrical wires to form a Wheatstone bridge. 

The effect of eccentricity of axial loading on jacks was eliminated by such arrangement of 

strain gauges. The Wheatstone bridge on each jack was connected to the data acquisition 

system via a transducer consisting of a transducer adapter and a signal conditioner module. 

The transducer amplifies the feedback signal from the Wheatstone bridge to obtain more 

accurate data and more control. The load signals from rigid links are sent directly to the 

controllers and the data acquisition system. 

3.3.2 Strain Measurement 

3.3.2.1 Measurements by LVDTs 

The average (smeared) strains in the horizontal, vertical, and diagonal directions 

were measured by a total of 14 Linearly Variable Differential Transformers (LVDTs) 

attached on both sides of the panel specimen. A LVDT is a small electrical-magnetic device 

that can be used to measure relative displacements between two points. With the stable 

reading from LVDTs, the stress-strain curves of concrete panels in the post peak branches 

were reliably monitored. 



 

113 

 

One the North side, the panel specimen is instrumented symmetrically by 10 

LVDTs. Four of the LVDTs are aligned horizontally, and another set of 4 LVDTs are 

aligned vertically, and each one of the remaining two is aligned along a diagonal direction 

as shown in Fig. 3.17. On the south side of the specimen, 4 LVDT’s were used; two 

horizontal and two vertical. The LVDTs are attached to the panel through brackets which 

in turn are screwed into threading bars.  

The threading bars and the brackets are aligned on the perimeter of a square with 

dimensions of 31.5 in. × 31.5 in. Therefore, the gauge lengths of the LVDTs varied for 

each direction; 44.5 in. for diagonal and 31.5 in. for both Horizontal and vertical directions. 

The difference between the dimensions of the panel and the instrumentation area is to 

ensure that the stresses are uniform within the area where measurements are recorded. The 

initial values of the LVDTs were zeroed mechanically by adjusting the position of the rods 

(with sensor attached), then electronically zeroed by the servo-boxes before the test started. 

The readings of the LVDTs were gathered by the data acquisition system. 

 
                              a) North Side                                               b) South Side 

Fig. 3.17 LVDT Arrangement for the Panel Specimens 
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3.3.2.2 Measurements by Strain Gauges 

The local strains on steel rebars and FRP sheets for each panel specimen were 

measured by 10 strain gauges. Before steel yielding, the strains of rebars were generally 

uniform and the readings from individual gauges were reasonably consistent. However, the 

readings of strain gauges became very non-uniform after the steel yielded. The gauges on 

FRP sheets and steel rebars near cracks gave higher outputs than those of the gauges far 

away from cracks. Most of the gauges on steel rebars failed before the tests were complete. 

The position of strain gauges on steel rebars and FRP sheets are shown in Fig. 3.18 and 

Fig. 3.19, respectively. Strain gauges on the longitudinal rebars are labeled Nl1 and Sl1 for 

the north and south side, respectively. Strain gauges on transversal rebars are labeled from 

Nt1 to Nt3 and St1, for the north and south side, respectively. Also, the strain gauges on the 

FRP sheets are labeled FN1 to FN3
 and FS1, for the north and south side, respectively.  

 

                           a) North Side                                                 b) South Side 

Fig. 3.18 Strain Gauge Layout on Steel Rebars of Panel Specimens 
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                           a) North Side                                                 b) South Side 

Fig. 3.19 Strain Gauge Layout on FRP Sheets of Panel Specimens 

Strain gauges manufactured by Micro-Measurements were used in this research. 

For the rebars, strain gauge C2A-06-062LW-350 with a grid resistance of 350±0.6% and a 

gage factor of 2.125±0.5% was used. For the FRP sheets, strain gauge C2A-06-250LW-

120 with a grid resistance of 120±0.6% and a gage factor of 2.085±0.5% was used. 

3.3.3 Optical Measurement System 

The digital image correlation (DIC) technique has been used in this research for 

investigating the evolution of strains and formation of cracks during experimental tests. 

Digital image correlation is an optical, non-contact based measurement method, which 3D 

displacements and deformations of a specimen are measured. DIC systems are well known 

techniques for non-contact full field measurement of deformations and strains. The basic 

principle consists of matching pixels between the initial and deformed images. The 

fundamental correlation function, C, which is a function of the coordinates of the reference 

image, defines the relationship of the reference image and the deformed image is defined 

as 
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where, the displacements in both directions are defined as u and v, and I is the reference 

image and is a function of the pixel values x+i and y+j. I* represents the image after 

deformation and is a function of the pixel values with the deformations applied. The 

correlation functions C, is the sum of the squared differences between the reference image 

and the deformed image, where the function is summed over the subset size n. The 

measured subset is defined as a small area which contains points being tracked by the 

correlation function (Ghiassi et al., 2013) 

Two cameras were used to capture a stereographic image of the specimen in a 3D 

measurement (Fig. 3.20).The size and location of measuring volume with respect to the 

cameras, the angle of cameras, and the position of the two cameras with respect to each 

other are first determined by system calibration. Calibration is performed by taking pictures 

of a calibration object, which has targets mounted on it with known sizes and distances to 

each other, through a set range of motions within the volume where the measurement is 

being captured. 

Full field displacements of a specimen are captured by collecting digital images at 

pre-determined time intervals throughout the test and comparing the first image which 

represents the reference configuration with other images. By post processing the digital 

images, the ARAMIS DIC-3D software recognizes the structure of the stochastic pattern 

and allocates coordinates to image pixels. The displacement field is measured through 

overlapping image details (or facets) which have a certain size, defined across the region 

of interest. A facet is used because it has a wider variation in gray levels which can be 
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uniquely identified from other facets in the deformed image (Gencturk et al., 2014). In Fig. 

3.21, a facet assigned to a digital image is shown. The deformation of the facet after several 

steps in testing is shown with respect to the reference image. Typically increasing the facet 

size enhances the accuracy of the measurements but will lower the spatial resolution which 

is defined by the facet size (Ghiassi et al., 2013). 

 

Fig. 3.20 Aramis 3D sensor setup 

 

Fig. 3.21 Deformation of a Facet 

In this research, the ARAMIS DIC-3D software by GOM (GOM mbH, 2011) was 

used on the south side of the specimens (if applicable). In the test set-up, the DIC system 

was positioned facing the surface of the specimen (Fig. 3.22). The measuring distance for 
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all the tests was set about 80 inches. To focus the image on the specimen’s surface, the 

aperture of the lens was first completely open and then during the test, to improve the depth 

of field the lens aperture was closed. The shutter time was set to 60 ms. Finally, to avoid 

over exposure and to have a uniform illumination of the measuring surface, the light source 

was adjusted. A facet size of 19×19 pixels was chosen and the facet step was set to 15×15 

pixels to avoid statistically correlated measurements. The crack characteristics including 

crack width, number of cracks, and spacing were monitored by using the ARAMIS system.  

 

Fig. 3.22 Aramis Setup for Panel Specimens 

3.4 SUMMARY 

This chapter presents the details of the experimental tests conducted in this research 

work. The details of test specimens, test variables, fabrication of specimens, test facilities 

and instrumentation method are discussed.  In the following chapter, the general test results 

of panel specimens will be presented. 
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CHAPTER 4 EXPERIMENTAL RESULTS AND DISCUSSION 

4.1 INTRODUCTION 

This chapter will present: (a) the experimental results of panel tests, which include 

the overall behavior of shear stress-strain curves and other pertaining load-deformation 

relationships; (b) the experimental compressive stress-strain curves of concrete; (c) the 

softening coefficient for FRP strengthened RC members and pertaining modifications and 

(d) discussion on the behavior of test panels and the effect of test variables on the shear 

behavior of FRP strengthened RC panels. 

The objective of this research is better understanding the shear behavior of RC 

members externally strengthened with FRP sheets. To study the shear behavior of such 

members, a series of full-scale FRP strengthened RC panels were constructed and using 

the universal panel tester, pure shear load is applied to simulate the behavior. As discussed 

in Chapter 2, the shear behavior of FRP strengthened RC members is influenced by various 

factors. This study focuses on parameters that have been recognized to have more influence 

on the behavior. These parameters are FRP sheet thickness, wrapping scheme, and 

transversal reinforcement ratio. Parameters such as the concrete compressive strength, the 

longitudinal reinforcement ratio, and the scale effect are kept constant in this research. 

4.2 GENERAL BEHAVIOR OF TEST PANELS 

Ten concrete panels with various reinforcement ratios externally strengthened with 

FRP sheets were subjected to pure shear loads in the l-t coordinates (see Fig. 4.1). The 

loading sequence of the tensile and the compressive stress results in different load paths 

namely, sequential loading and proportional loading. In the sequential loading tensile stress 
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is first applied to a desired level and maintained constant and followed by the application 

of the compressive stress until failure. In the proportional loading, the tensile and 

compressive stresses are applied simultaneously with a certain ratio. A proportional load 

path was used in this research for the test of panels. In these tests, horizontal tensile stresses 

and vertical compressive stresses were applied with equal magnitude (	 ) to 

simulate a pure shear state in the 45º direction (Fig. 4.1). 

 

Fig. 4.1 Proportional Loading of Panel in 1-2 Directions 

The main test results at the peak shear stress for all the test panels are listed in Table 

4.1. The subscript “m” indicates the load stresses at the peak shear stress and the subscript 

“o” indicates the strains that are measured at the peak shear stress. 

 The stress transformation equation equations of the element in terms of principle 

applied stress are given as 

1
2

11
2

2 sincos  l ,             (4-1) 

1
2

11
2

2 cossin  t , and             (4-2) 

  1112 cossin  lt .              (4-3) 

Substituting 1 = 45º into Eq. (4-3), the shear stress, , can be calculated in terms 

of the principle stress from Eq. (4-4) as 
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1  lt .              (4-4) 

The measured vertical principal strain,	 , is the average value of the 4 vertical 

LVDTs on the north side and 2 vertical LVDts on the south side of the panels. The principal 

horizontal strain, , is the average value of four horizontal LVDTs on the north side and 

2 horizontal LVDTs on the south side of the panels. The two diagonal strains,  and , 

are the average values of the two diagonal LVDTs on the north side of the panels. These 

strains are also considered as  and , respectively. 

The strain transformation equations of the element in terms of principal strains are 

given as 
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Substituting  451 into Eq. (4-7), the shear strain, ,is determined form Eq. (4-

8) as  

21  lt .              (4-8) 
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Table 4.1 Applied Stresses and Corresponding Measured Strains at Peak Load Stage 

 

4.2.1 Shear Stress-Strain Relationships ( )  

As discussed in Chapter 3, in the test panels, the steel rebars were oriented at an 

angle of 45º with respect to the principal 1-2 coordinate system of the applied stress. As 

shown in Chapter 2, = 45º. The shear stress and the shear strain of the panels were 

calculated in terms of the principal stresses and strains using Eq. (4-4) and Eq. (4-8), 

respectively. The typical shear stress-strain curve of RC panels is shown in Fig. 4.2. The 

curves mainly exhibit five stages, namely, the elastic stage up to concrete cracking, the 

post-cracking elastic stage up to the first yielding of steel rebars (l or t direction), the post-

cracking stage up to the second yielding of steel rebars, the plastic stage after yielding of 

transversal and longitudinal rebars up to peak, and the post peak deformation softening 

stage after initiation of concrete crushing up to failure of panel. 

Series 
 

Panel 
 

 
(psi) 

 
(psi) 

 
(psi) 

 
(in./in.) 

 
 (in./in.) 

 
(in./in.) 

 
(in./in.) 

 
(in./in.) 

REF 
REF-P3 -519 483 501 -0.000113 0.0228 0.0073 0.0172 0.0229 

REF-P4 -596 597 597 -0.000147 0.0219 0.0085 0.0117 0.0220 

P3-FW 
P3-025-FW -606 542 574 -0.000164 0.0108 0.00632 0.00429 0.1089 

P3-040-FW -681 598 640 -0.000241 0.0121 0.0059 0.0060 0.0122 

P4-FW 

P4-025-FW -582 645 613 -0.000265 0.0067 0.0037 0.0024 0.0070 

P4-040-FW -804 816 810 -0.000798 0.0166 0.0100 0.0050 0.0174 

P4-080-FW -958 856 907 -0.000328 0.0165 0.0177 0.0065 0.0162 

P4-SB P4-040-SB -566 679 623 -0.000114 0.0089 0.0047 0.0018 0.0091 

P4-FA 
P4-025-FA -744 690 715 -0.000233 0.0162 0.0098 0.0045 0.0164 

P4-040-FA -805 724 764 -0.000101 0.0187 0.0131 0.0042 0.0188 
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Fig. 4.2 Typical Shear Stress-Strain curve of RC panels 

In case of RC panels reinforced with equal reinforcement in l and t directions               

( tl   ), the steel in both directions will yield simultaneously. For FRP strengthened RC 

panels, similar behavior to RC panels is expected. The addition of FRP sheets along the 

transversal direction (t-direction) of the RC panels will result in an increase in the effective 

reinforcement ratio in that direction. This will result in the delay of steel yielding in the t-

direction and the steel in l-direction will yield first. Furthermore, due to the strengthening 

system, the failure mode might be other than the concrete crushing in RC panels. In this 

case, FRP rupture or debonding at early stages will result in a different behavior. 

The shear stress-strain curves of the panels tested in this research are plotted in Fig. 

4.3 through Fig. 4.5. Before concrete cracking, the behavior of all the panels was linear-

elastic with a constant slope in the shear stress-strain curves. After the stress in concrete 

reached its tensile capacity, , the slope of the curves which resemble the shear stiffness, 



 

124 

 

were suddenly reduced. The roughly linear increase of the applied shear stresses continued 

with the increase of shear strains until the yielding of the rebars. This stage is referred to 

as the post-cracking elastic stage. The shear stiffness in this range was much smaller 

compared to the pre-cracking stage. In the FRP strengthened panels, due to presence of the 

FRP sheets in the transversal direction, t, first, the steel rebars in the longitudinal direction, 

l, yielded and shortly after that rebars in transversal direction yielded. After steel yielded, 

a rapid increase of shear strains was produced with a very small increase of the shear 

stresses. The concrete crushing of FRP strengthened RC panels initiated at the peak shear 

strengths, before the strengthening system failed due to FRP failure. Once the crushing of 

concrete occurred, the shear stresses declined with the increase of deformation beyond the 

peak point up to the failure of panels, referred to as post peak deformation softening.  

 

Fig. 4.3 Effect of FRP Stiffness on Shear Stress-Shear Strain curves of P4-FW Panels 

Panel REF-P4 was reinforced with an equal amount of steel reinforcement in both 

longitudinal and transversal directions. Therefore, due to symmetry of reinforcement and 

the external load, steel in l and t directions yielded approximately at the same time. Also, 



 

125 

 

the inclination of cracks in this case coincides with the direction of principal compressive 

stress. Therefore, the interlocking action of aggregates between concrete struts vanishes. 

As discussed in Chapter 2, in the fixed angle truss models, the direction of cracked are 

assumed to be fixed after cracking of concrete. As a result, the shear stress on crack surfaces 

will be generated from crack interlock and the dowel action of rebars. For the test panels 

with equal amount of steel in the two directions (i.e., REF-P4) and subjected to symmetrical 

loading in 1-2 axes, the shear stress will vanish due to symmetrical conditions. 

To study the shear behavior of FRP strengthened RC members and investigate the 

effect of FRP stiffness, panels with same steel reinforcements in l and t directions, but 

different FRP reinforcement ratios are tested. It would be expected that the application of 

FRP in the t-direction will result in an increase of effective reinforcement ratio in that 

direction. Therefore, a different behavior is expected to be observed. To compare the 

behavior of panels, the shear stress-strain curves of panels series P4-FW, with the same 

steel reinforcement ratio in l and t directions ( %76.0 tl  ) and different FRP 

reinforcement ratios fully wrapped, are shown in Fig. 4.3. It can be observed that, with the 

increase of FRP reinforcement ratio, the shear strength of panels increase. The maximum 

shear strength of test panels P4-025-FW, P4-040-FW, and P4-080-FW are 613 psi, 810 psi, 

and 907 psi, respectively. With the increase of FRP reinforcement ratio, the stiffness of 

strengthening system increases and the contribution of FRP reinforcement to shear capacity 

will increase; therefore, the shear strength of panels increases. The presence of FRP sheets 

along the transversal direction delays the yielding of steel rebars in t-direction. Therefore, 

the rebars in the longitudinal direction will yield sooner compared to rebars in the 
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transversal direction. In other words, the rebars in l and t direction will not yield at the same 

time as in panel REF-P4. This fact will be discussed in detail in Section 4.2.2. 

To study the shear behavior of FRP strengthened panels with different steel 

reinforcements in l and t directions and also to investigate the effect of FRP reinforcement 

ratio in such panels, panels REF-P3 and P3-FW were tested. Panel REF-P3 was a RC panel 

reinforced with longitudinal and transversal reinforcement ratios of 0.76% and 0.43%, 

respectively. Panels P3-FW were reinforced similar to panel REF-P3 and strengthened with 

FRP fully wrapped along the transversal direction with different FRP reinforcement ratios 

as of %54.0f  and %87.0f  for panels P3-025-FW and P3-040-FW, respectively. It 

would be expected that the panels have a different behavior compared to panels P4-FW 

which were reinforced with equal amount of reinforcement in both l and t directions. The 

steel in l and t directions are anticipated to yield at different stages of the test.  

As shown in Fig. 4.4, in panel REF-P3 which had small steel reinforcement ratio in 

transversal direction (ρt = 0.43%), the transversal steel yielded shortly after the concrete 

cracked. After steel yielded in both directions, the shear stress increased with the increase 

of shear strain up to the peak point. Subsequently, the strain increased rapidly with minor 

change of the shear stress up to failure of the panel. 
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Fig. 4.4 Effect of FRP Stiffness on Shear Stress-Shear Strain Curves of P3-FW Panels 

As observed in Fig. 4.4, panels P3-025-FW and P3-040-FW exhibited a different 

shear behavior compared to the reference panel (REF-P3), due to presence of FRP sheets. 

After steel yielded in both longitudinal and transversal directions, FRP sheets had a great 

contribution in the gain in shear capacity. With the increase in FRP reinforcement ratio, 

the shear gain due to FRP increased. Similar behavior was observed for P4-FW panels. 

With the increase of the stiffness of the strengthening system, the contribution of FRP 

reinforcement to shear capacity will increase and therefore, the shear strength of panels 

increases. As shown in Table 4.1, the experimental shear strengths of test panels REF-P3, 

P3-025-FW, and P3-040-FW were 501 psi, 574 psi, and 640 psi, respectively. It can be 

observed that the application of FRP sheets increased the shear capacity of RC panels by 

30% for P3-040-FW and 15% for P3-025-FW.  As discussed, the increase in the shear gain 

is proportional to FRP Stiffness ( ff E ). Increase of FRP stiffness from 64.8 ksi for panel 

P3-025-FW to 91.4 ksi for panel P4-040-FW, resulted in increase of the shear capacity. 
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As mentioned earlier, panels REF-P3 and REF-P4 are the unstrengthened panels 

tested as reference specimens to be compared with the strengthened specimens. Comparing 

the shear stress-strain curves of the two RC test panels (REF-P3 and REF-P4) conducted 

in this research show that the maximum shear capacity of a shear panel is a function of the 

amount of reinforcement ratio. The shear resistance increases with an increase of steel 

reinforcement ratio. From Table 4.1, the maximum shear strength, , for panel REF-R3 

is 501 psi and for panel REF-P4 is 597 psi. This finding is in line with previous researchers 

conducting shear tests on RC panels (Pang, 1991; Zhu, 2000; Wang, 2006). 

FRP does not exhibit plastic yielding as steel does and behaves elastically up to 

failure. This results in a brittle failure of the strengthening system. Ductility is defined as 

the ability to undergo inelastic deformation before failure. It is evident from Fig. 4.3 and 

Fig. 4.4 that application of FRP sheets to RC panels decreased the ductility of the member. 

FRP sheets acting as additional transversal reinforcement results in earlier crushing of 

concrete, reducing the deformation capacity. Furthermore, the failure modes associated 

with the FRP strengthened RC panels have significant effect on ductility of the panels. 

Failure modes of the tested FRP strengthened RC panels will be discussed in detail in 

Section 4.4.1. 

In order to study the effect of different wrapping schemes on the behavior of FRP 

strengthened RC members, panels with equal steel reinforcement ratio in l and t directions 

and different FRP wrapping schemes are tested. Also, the effects of FRP reinforcement 

ratio (FRP stiffness) on the behavior of such panels are investigated. It is anticipated that 

different wrapping schemes result in different confinement effect on the panels and 

therefore, result in different failure modes. This could result in different shear gain of FRP 
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strengthened panels. Panels P4-FA, are reinforced with equal amount of reinforcement in 

l and t directions ( %76.0 tl  ) and different FRP reinforcement ratio strengthened 

with U-wrap with FRP anchor wrapping scheme. Similarly, panel P4-025-SB is reinforce 

with equal amount of reinforcement ratio ( %76.0 tl  ) and wrapped with FRP using 

the side bond wrapping scheme. In Fig. 4.5, the shear stress-strain curves of panels with 

the same steel reinforcement in l and t direction ( %76.0 tl  ) and different FRP 

reinforcement ratios as of f =0.54% and f =0.87% for panels P4-025-FA and P4-040-

FA, respectively, strengthened with U-wrap with FRP anchor wrapping scheme are shown. 

It was observed that with the increase of FRP reinforcement ratio (FRP stiffness) the shear 

capacity did not increase significantly. The maximum shear strengths, , are 764 psi and 

715 psi for P4-040-FA and P4-025-FA, respectively. Panel P4-025-FA failed immediately 

after crushing of concrete due to FRP anchor failure. Panel P4-040-SB, shows a similar 

behavior to panel series P4-FA up to failure. The increase in shear capacity was limited to 

the debonding failure mode, in which the strains are lower than the ultimate strain of FRP 

when the FRP separates from the concrete substrate. At these lower strain levels, the FRP 

is not able to utilize its full tensile capacity, effectively lowering the efficiency of the 

strengthening system. Immediately after debonding of FRP sheets crushing of concrete was 

observed at a lower shear strain compared to other FRP strengthened RC panels. 



 

130 

 

 

Fig. 4.5 Effect of FRP Stiffness on Shear Stress-Shear Strain Curves of P4-FA and P4-SB 
Panels 

4.2.2 Shear Stress-Steel Strain Relationships ( , ɛ ) 

The behavior of FRP strengthened RC panels will be discussed in this section 

through the relationships of shear stress-steel strain curves. As discussed earlier, the 

presence of FRP sheets along the transversal direction of the panels will result in the 

increase of effective reinforcement ratio in that direction. Therefore, in case of panels 

reinforced with the same amount of steel in l and t directions, yielding will not occur 

simultaneously. By comparing the shear stress-steel strain relationships of panels, the effect 

of FRP reinforcement ratio (FRP stiffness) on the behavior can be observed. 

     The relationships between the applied shear stress, , and the average steel 

strains in longitudinal and transversal directions (  and ) are plotted in Fig. 4.6 through 

Fig. 4.8.  To compare the behavior of panels, the relationships between  and                  

ɛ  of panels series P4-FW, with the same steel reinforcement ratio in l and t directions 

( %76.0 tl  ) and different FRP reinforcement ratios fully wrapped is shown in                 
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Fig. 4.6. Panel REF-P4 is reinforced with equal amount of steel in l and t directions. Due 

to symmetry of the loading and the reinforcements, the strains in the l-direction, ɛl, equals 

the strain in the t-direction, ɛt. As shown in Fig. 4.6, the measured strains in the two 

directions for panel REF-P4 are very close to each other from the beginning of testing up 

to failure of the panel. Panels in series P4-FW were reinforced with equal amount of steel 

in l and t directions (ρl = ρt = 0.76%). However, they were strengthened with different FRP 

reinforcement ratios along the t-direction. Therefore, the presence of FRP sheets resulted 

in the increase of the effective reinforcement ratio in transversal direction and the steel in 

l-direction yielded sooner than the steel in t-direction (Fig. 4.6). After steel yielded in both 

l and t directions the strain in longitudinal direction, ɛl, increased rapidly compared to the 

strain in transversal direction, ɛt. The FRP sheets aligned in the t-direction prevented the 

rapid increase of strain along the transversal direction. It is observed from Fig. 4.6 that with 

the increase of FRP reinforcement ratio, the difference in steel strains in l and t directions 

increases. For instance, in panel P4-025-FW the ɛl at failure is 20% more than the ɛt. With 

the increase of FRP reinforcement ratio this difference increases. In panels P4-040-FW 

(ρf = 0.87%) and P4-080-FW (ρf = 1.74%), the ɛl at failure is bigger than the ɛt by 53% and 

60%, respectively. With the increase of FRP reinforcement ratio (FRP stiffness) in the 

transversal direction, the effective reinforcement ratio in the t-direction increases. This will 

result in increase of deformation in the l-direction which is less reinforced.  
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Fig. 4.6 Effect of FRP Stiffness on 	and  Relationships of P4-FW Panels  

To compare the behavior of panels, the relationships between  and	 ɛ  

of panels series P3-FW, with different steel reinforcement ratio in l and t directions                        

( %76.0l  and %42.0t ) and different FRP reinforcement ratios fully wrapped is 

shown in Fig. 4.7. Panel REF-P3 is reinforced with different ratios of steel in l and t 

directions, therefore, the steel strain are not equal in both directions. The steel in t-direction 

had a smaller reinforcement ratio (ρt = 0.43%) and as shown in Fig. 4.6, yielded before the 

steel in l-direction which had a higher reinforcement ratio (ρl = 0.76%). The steel in both 

directions yielded before crushing of concrete, because the amount of steel was not 

excessive. Similarly, panels P3-025-FW and P3-040-FW had different reinforcement ratios 

in l and t direction. FRP sheets were aligned with the transversal direction of steel rebars. 

Although, the steel reinforcement was less in t-direction, the presence of FRP sheets 

resulted in the increase of the effective reinforcement ratio in the transversal direction. 

Therefore, the steel in l-direction yielded sooner than the steel in the t-direction (Fig. 4.7). 
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Fig. 4.7 Effect of FRP Stiffness on 	and  Relationships of P3-FW Panels  

Similar observations are made in panel series P4-FA which were reinforced with 

the same steel reinforcement in l and t direction ( %76.0 tl  ) and different FRP 

reinforcement ratios as of %54.0f  and %87.0f  for panels P4-025-FA and          P4-

040-FA, respectively, strengthened with U-wrap with FRP anchor wrapping scheme. As 

shown in Fig. 4.8, after yielding of steel, the strain of steel in the l-direction increased much 

faster than that in the t-direction. In panel P4-040-SB, which was strengthened with side 

bond wrapping scheme, the difference in strains in l and t directions were less significant 

compared to panels strengthened with the same reinforcement ratio but different wrapping 

scheme, e.g., P4-040-FA. This is due to debonding of FRP sheets from the concrete 

substrate after yielding of steel, which reduced the effective reinforcement ratio in the t-

direction. For example, the ratio of strains at failure of panel P4-040-FA in the l-direction 

to the strain in the t-direction was around 2.3, were in panel P4-040-SB which had the same 

reinforcement ratio in l and t direction but different wrapping scheme, this ratio was about 

1.6.  
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Fig. 4.8 Effect of FRP Stiffness on 	and  Relationships of P4-FA and      
P4-SB Panels  

Fig. 4.9 compares the average steel strains measured from LVDTs with the average 

strains measured from strain gauges installed on the rebars in panel P4-040-FW. The strains 

measured by both types of instruments were close to each other when the load level was 

small.  

After concrete cracked the strains of strain gauges increased relatively faster than 

those of LVDTs. This was due to the position of strain gauges near crack locations, 

therefore, local strains on rebars near cracks increased rapidly. On the other hand, the 

LVDTs measured the strains over a large length (i.e., 31.5 inches), which includes several 

cracks and thus gives the average strains as oppose to strain gauges which give the local 

strains. 

After the steel yielded, most of the strain gauges broke and only the strains from 

LVDTs were measured until concrete crushing. The steel strains from both LVDTs and 
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strain gauges are plotted against the applied shear stress for test panels and presented in the 

Appendix I. 

 

Fig. 4.9 Comparison between Strains from Strain Gauges and LVDTs in P4-040-FW 

4.2.3 Stress-Strain Relationships of Concrete in Shear ( ) 

As discussed in Section 2.3.6.5, a rational and simple shear modulus was derived 

theoretically by Zhu, Hsu, and Lee (2001) for a stress and strain analysis based on the 

smeared-crack concept. It was shown that the relationship between the shear stress and 

shear strain of cracked concrete in the 1-2 coordinate systems could be rationally derived 

from the equilibrium and the compatibility equations by assuming that the direction of 

principal stresses coincides with the direction of principal strains. The constitutive law of 

concrete in shear is given as 
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c .               (4-9)  

As discussed in Chapter 2, in a reinforced concrete membrane element, the concrete 

shear stress, , is the source of the concrete contribution, , for the shear resistance in 
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both the FA-STM and SMM by defining the cracks in the principle 1-2 coordinate of the 

externally applied stresses. In the fix angle theory, a concrete strut is subjected not only to 

the axial compressive stress, , but also to a concrete shear stress in the direction of cracks. 

The direction of cracks in SMM is assumed to be fixed after the first cracking of concrete. 

As a result, the shear stress on crack surfaces will be generated from the crack interlock 

and the dowel action of rebars. This concrete shear stress also exerts a strong effect on the 

softening coefficient of concrete. Increasing the concrete shear stress, , will reduce the 

compressive capacity of the concrete struts and, thus, the softening coefficient (Wang, 

2006). With the increase in the difference between the reinforcements in the two directions, 

the shear stress on the concrete will increase. 

The concrete shear stress,	 , and concrete shear strain, , curves are plotted in 

Fig. 4.10 through Fig. 4.12. The parameter η is defined to represent the differences in the 

amount of reinforcements in l and t directions as 

ly
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 ,           (4-10) 

where,  and  are the reinforcement ratios in transversal and longitudinal directions, 

respectively;  and  are the yield strength of rebar in transversal and longitudinal 

directions, respectively;  is the FRP reinforcement ratio, and n is the ratio of Young’s 

modulus of FRP to steel (
s

f

E

E
). 

In Fig. 4.10, the concrete shear stress-strain curves of panels P4-FW are shown to 

investigate the effect of FRP reinforcement ratio (FRP stiffness) on the shear behavior. The 
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value of parameter η for panels REF-P4, P4-025-FW, P4-040-FW, and P4-080-FW are 

1.00, 1.31, 1.43, and 1.87, respectively. Panel REF-P4 has equal amount of reinforcements 

in l and t directions; therefore, as discussed earlier, the contribution of concrete in shear 

vanishes. Panels in P4-FW series have equal amount of steel reinforcement in l and t 

directions, but different FRP reinforcement ratio along the t-direction. Therefore, with the 

increase of FRP reinforcement ratio, the difference in amount of reinforcement in l and t 

direction increases. Consequently, the concrete shear stress increased with the increase of 

FRP reinforcement ratio. 

In Fig. 4.10, it can be observed that with the increase of FRP reinforcement ratio 

and consequently, increase in the difference in the amount of reinforcement in l and t 

directions, concrete shear stress,	 , increased. The maximum concrete shear stress, , 

for panel P4-025-FW is 0.145 ksi as for panel P4-040-FW is 0.24 ksi and for panel P4-040-

FW is 0.59, which shows an increase in the concrete shear stress with increase of FRP 

reinforcement ratio in panels P4-FW series. 

In Fig. 4.11, the concrete shear stress-strain curves of panels P3-FW are shown to 

investigate the effect of FRP reinforcement ratio (FRP stiffness) on the shear behavior. The 

value of parameter η for panels REF-P3, P3-025-FW, andP3-040-FW are 0.69, 0.98, and 

1.12, respectively. As shown in Fig. 4.10, with the increase of the difference in the effective 

reinforcement ratios in l and t directions the concrete shear stress increases. Panel REF-P3 

has the biggest difference in the ratio followed by panel P3-040-FW and P3-025-FW. Panel 

P3-025 FW has the lowest difference in the reinforcement ratios, 0.98, and therefore, the 

lowest concrete shear stress. 
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Fig. 4.10 Effect of FRP Stiffness on Concrete Shear Stress-Concrete Shear Strain Curves 
of P4-FW Panels 

 

Fig. 4.11 Effect of FRP Stiffness on Concrete Shear Stress-Concrete Shear Strain Curves 
of P3-FW Panels 

In Fig. 4.12, the concrete shear stress-strain curves of panels P4-FA are shown to 

investigate the effect of FRP reinforcement ratio (FRP stiffness) on the shear behavior. 

Panel P4-040-FA and P4-04-SB, have the same reinforcement ratios in l and t directions, 

but different wrapping schemes. As shown in Fig. 4.12, the curves for panels P4-040-FA 
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and P4-040-SB are similar up to failure of panel P4-040-SB due to debonding of FRP 

sheets. Therefore, it can be concluded that the wrapping scheme does affect the concrete 

shear stress-strain behavior of strengthened panels due to different failure modes. Also, 

similar conclusion can be made for panels P4-FA series in terms of concrete shear stress. 

With the increase of FRP reinforcement ratio the concrete shear stress increased (Fig. 4.10). 

 

Fig. 4.12 Effect of FRP Stiffness on Concrete Shear Stress-Concrete Shear Strain Curves 
of P4-FA and P4-SB Panels 

4.3 SMEARED STRESS-STRAIN RELATIONSHIPS OF CONCRETE IN 
COMPRESSION 

The softening coefficient is the most important parameter affecting the smeared 

stress-strain relationships of concrete in compression. Several researchers have 

investigated the softening coefficient in RC members and determined that the most 

effective parameters are: concrete compressive strength, , the uniaxial tensile strain , ̅ , 

and the deviation angle , β. In case of FRP strengthened RC members, the FRP sheets also 

have significant effect on the softening of concrete (Moslehy, 2010; Yang, 2015). 
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4.3.1 Experimental Curves for FRP strengthened RC 

In the Softened Membrane Model, the equilibrium equations for RC panels in shear 

are given as 
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Substituting α1 = 45º into Eq. (4-13) and rearranging the equation, the compressive 

stress of the concrete in compression is given as  

lt
cc σσ 212  .                         (4-14)  

In Eq. (4-14), the applied shear stress, , can be calculated from the applied 

principal stresses measured form the panel testing, as expressed by Eq. (4-4). The average 

tensile stresses of concrete in tension, , is relatively small in magnitude and as presented 

in Section 2.3.6.4, can be calculated from the tensile stress-strain relationships of concrete 

expressed as  
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where, ̅  is the average tensile strain of concrete;  is the average compressive stress in 

concrete;  and  are the strain and stress at cracking, respectively. The factor wK  

describes the effect of wrapping schemes to the tensile behavior of concrete. For full 
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anchorage (rupture failure expected), i.e., full wrap or U-wrap with anchors, 1, and 

for other anchorage (non-rupture failure more likely), i.e., side bond or U-wrap, 1.6. 

The factor /  is to describe the effect of FRP/steel stiffness ratio to the tensile behavior 

of concrete. It is proposed as 
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where, s  and f  are the reinforcement ratios of steel and FRP, respectively; sE  and fE  

are the modulus of elasticity of steel and FRP, respectively. 

The stress-strain relationships of concrete in tension for FRP strengthened RC 

members were proposed by Yang (2015) from uniaxial tensile tests of FRP strengthened 

RC prisms. 

In the SMM, the relationships between the uniaxial strains and biaxial strains were 

proposed by Zhu (2000) as  
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The Hsu/Zhu ratio , which is the tensile strain caused by the perpendicular 

compressive strain, is zero. Substituting 0 into Eq. (4-12), the uniaxial compressive 

strain of the concrete is obtained as  

22   .             (4-20) 
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The biaxial compressive strain, , in Eq. (4-13) can be calculated directly from the 

panel tests by averaging the vertical LVDTs. Using Eqns. (4-8) and (4-13), the 

experimental smeared stress-strain curves of concrete in compression in panel series                     

P3-FW, P4-FW, P4-FA and P4-SB are plotted in Fig. 4.13 through Fig. 4.15. 

In panels tested under proportional loading, both the stress and strain are softened. 

The stress and strain softening coefficients are approximately the same (Pang and Hsu, 

1995; Zhang and Hsu, 1998; Wang, 2006). As shown in Fig. 4.13 through Fig. 4.15, similar 

conclusion could be made for FRP strengthened RC members; both stress and strain of 

concrete were softened under proportional loading.  

 

Fig. 4.13 Experimental Concrete Compressive Stress-Strain Curves of Panels P3-FW 
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Fig. 4.14 Experimental Concrete Compressive Stress-Strain Curves of Panels P4-FW 

 

Fig. 4.15 Experimental Concrete Compressive Stress-Strain Curves of Panels                         
P4-FA and P4-SB 

4.3.2 Mathematical Modeling of Smeared Stress-Strain Curves of FRP Strengthened 

RC in Compression 

In Section 2.3.6.3, the smeared constitutive relationship of concrete compressive 

stress, , versus the uniaxial compressive strain, , in the Softened Membrane Model, 

shown in Fig. 4.16, were given as  
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Fig. 4.16 Monotonic Non-Softened and Softened Stress-Strain Curve                           
(adopted from Hsu and Mo, 2010) 

As discussed earlier, the softening coefficient in Eq. (4-21) is expressed as the 

product of the function of concrete compressive strength, , uniaxial tensile strain, ̅ , and 

deviation angle, β, as  

      ffff c 1 , where              (4-22) 

  9.0
8.5

'

' 
c

c
f

ff  ( '
cf  in MPa),                                                                                 (4-23) 

Eq. (4-21b)

Eq. (4-21a)
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Previous researches showed that in FRP strengthened RC members, FRP 

reinforcement has significant effect on the softening coefficient (Moslehy, 2010; Yang, 

2015). Therefore, in FRP strengthened members the softening coefficient is expressed as  

       FRPfffff cFRP  1 ,             (4-26)    

where, the first three terms on the right hand side of Eq. (4-26) are the same as the softening 

coefficient for RC, Eqns. (4-23) to (4-25), proposed by other researchers at University of 

Houston (Belarbi and Hsu, 1994; Pang and Hsu, 1996; Zhang and Hsu, 1998; Wang, 2006). 

The fourth term is proposed by Yang (2015) as 

  ff EFRPf 0076.01  (in MPa).                                       (4-27) 

In the proposed equation, fEf were adopted to account for the area of the concrete. 

It should be noticed that the proposed equation converges to the result of RC when fEf 

equals to zero, in which case f (FRP) equals to 1 and the expression will be the same as for 

RC.  

To express the smeared stress-strain curves of the concrete in compression in FRP 

strengthened RC members, the same parabolic equation, Eq. (4-21), is used. The softening 

coefficient is derived from Eq. (4-26). The experimental results of FRP strengthened RC 

panels subjected to shear will be used to validate the function of deviation angle, β, in the 

softening equation of RC members for FRP strengthened RC members. 
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As mentioned earlier, the angle β is the deviation angle between r-d coordinate and 

1-2 coordinate, equal to αr-α1 (see Fig. 4.17). β is a function of the strain state, and can be 

expressed in terms of the three strains, ɛ1, ɛ2, and γ12 using the compatibility equations as 











 

21

121tan
2

1


 .                                                 (4-28) 

  

Fig. 4.17 Deviation Angle β (Hsu and Mo, 2010) 

The deviation angle, β, is equal to zero if the element is reinforced with the same 

amounts of steel bars in l and t directions and subjected to pure shear loading, e.g.,                    

REF-P4. The values of β and  from FRP strengthened RC panel tests are listed in 

Table 4.2. The concrete compressive strength, , and the uniaxial tensile strain, ̅ , of the 

concrete in the 1-direcrion at the peak point of the shear stress-strain curve for each panel 

are listed in Table 4.2. The values of , ̅  and  are calculated using Eqns. 

(4-23), (4-24), and (4-27), respectively. Dividing the experimental value of the softening 

coefficient, , by , ̅ , and  the experimental  for each panel is 
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obtained and listed in Table 4.2. The value of 	  for each panel is calculated using                        

Eq. (4-28). 

Table 4.2 Calculation of β and f(β) for FRP Strengthened RC Panels 

 

According to the data in Table 4.2, the  versus β relationships for the FRP 

strengthened RC panels is plotted in Fig. 4.16 along with the data for the reinforced 

concrete panel tests (Pang and Hsu, 1995; Zhang and Hsu, 1998; and Chintrakarn, 2001) 

derived by Wang (2006). Also, the straight line defined by Eq. (4-18) is plotted in Fig. 

4.18.  

The  versus β relationships for FRP strengthened RC panels show a different trend 

than that for RC panels. Therefore, Eq. (4-18) should be modified before it can be applied 

Specimen  
′  

(ksi) 
′     fEf  

(ksi)  
  º 

P3-025-FW 0.184 7.39 0.812 0.017 0.367 67.2 1.164 0.529 8.0 

P3-040-FW 0.158 7.25 0.820 0.012 0.413 94.5 1.193 0.390 9.0 

P4-025-FW 0.198 6.52 0.864 0.012 0.415 67.2 1.164 0.473 5.5 

P4-040-FW 0.204 7.54 0.804 0.018 0.349 94.5 1.193 0.608 7.3 

P4-080-FW 0.110 7.83 0.789 0.016 0.367 182.7 1.269 0.298 13.0 

P4-040-SB 0.190 6.38 0.874 0.010 0.452 94.5 1.193 0.402 9.6 

P4-025-FA 0.184 7.54 0.804 0.017 0.359 67.2 1.164 0.547 7.2 

P4-040-FA 0.200 7.54 0.804 0.029 0.280 94.5 1.193 0.744 5.3 
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to FRP strengthened RC members. Similar to RC members, the relationship between β and 

 is approximately linear. A regression analysis of the FRP strengthened RC data is 

performed to develop the new function of the deviation angle, β, in the softening coefficient 

of FRP strengthened RC members as  

  







 




16
1FRPf .                                                 (4-29) 

 

Fig. 4.18 f(β) versus β Relationships for RC and FRP Strengthened RC Panels 

The effect of deviation angle, β, on the softening coefficient in FRP strengthened 

RC members is more complicated than that in RC members. The presence of FRP along 

the transversal direction increases the stiffness in that direction and therefore, increases the 

difference in the stiffness in the l and t directions. Thus, the deviation angle increases 

followed by a decrease in the softening coefficient. The new function of the deviation 
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angle, , will be used later on in Chapter 5 for the softening equation of the new 

softened membrane model for FRP strengthened RC members.  

4.4 PARAMETERS INFLUENCING THE BEHAVIOR OF TEST PANELS 

The shear behavior of RC elements is influenced by various factors such as the 

concrete compressive strength, longitudinal and transversal steel reinforcement. For the 

case of FRP strengthened RC elements, additional parameters may affect the behavior. This 

is mainly due to the fact that FRP strengthened elements show various types of failure 

modes. In the following sections, the overall failure modes of the panels and the effect of 

the main variables of the test program on the behavior of FRP strengthened panels will be 

discussed.  

4.4.1 Failure Modes Associated with FRP Strengthened RC Panels 

In RC members subjected to compression-tension biaxial stresses, various types of 

shear failure occurs; such as diagonal cracking, splitting, shear-compression failure, and 

web crushing. These all involve cracking and crushing of concrete in a biaxial stress state 

(Pang, 1991). In FRP strengthened RC members, additional failure modes are observed. 

The two main failure modes which were observed in test panels are FRP rupture and FRP 

debonding. In the case of FRP rupture, the fibers reach their ultimate strain value and 

fracture at the point of maximum stress. In the case of debonding, failure is experienced at 

strains lower than the ultimate strain of FRP, when the FRP sheets separates from the 

concrete substrate. 

In panels P3-FW and P4-FW, which were strengthened with full wrapping scheme, 

the main observed failure modes were FRP rupture followed by crushing of concrete, 
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except for panel P4-080-FW which failed by concrete crushing. Fig. 4.19 shows the main 

failure mode in panel P3-025-FW. As shown, the FRP sheets reached their maximum strain 

and ruptured.  

 

Fig. 4.19 Failure Mode of Panel P3-025-FW 

Panel P4-080-FW, which was strengthened with a higher FRP reinforcement ratio 

compared to other panels (ρf = 1.74%), had a different failure mode. The governing failure 

mode in this panel was concrete crushing. The increase in amount of FRP reinforcement 

resulted in decrease of the effective strain in the FRP sheets and therefore, FRP sheets did 

not reach their expected capacity before failure and the panel failed due to concrete failure 

(see Fig. 4.20). 

In panels P4-FA series, which were strengthened with U-wrap with FRP anchor 

wrapping scheme, a mixed failure mode was observed. In panel P4-025-FA, anchorage 

failure was observed on the south side of the panel while on the north side FRP rupture of 
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one of the FRP strips was seen. In panel, P4-040-FA, FRP anchors did not show any sign 

of failure and the failure mode of the panel was governed by rupture of FRP sheets. 

 

Fig. 4.20 Failure Mode of Panel P4-080-FW 

Panel P4-040-SB, was strengthened with the side bond wrapping scheme. Once the 

concrete cracked, local debonding of FRP sheets initiated from the concrete substrate. As 

shown in Fig, 4.21, the panel ultimately failed by debonding of all FRP sheets at a lower 

load level compared to other strengthened panels. In this panel, the FRP was not able to 

utilize its full tensile capacity and therefore, debonding of FRP sheets at lower strain levels 

occurred, which lowered the efficiency of the strengthening system.  
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Fig. 4.21 Failure Mode of Panel P4-040-SB 

4.4.2 Effect of FRP Sheet Thickness on the Shear Behavior 

The panels where strengthened with FRP sheets of three different thicknesses, i.e., 

0.25 and 0.04 inches and a double layer of 0.04 in. sheet, to evaluate the effect of the FRP 

stiffness on the overall shear behavior of the panels.  

As shown previously in Fig. 4.3 and Fig. 4.4, in panels P4-FW and P3-FW series 

with the increase in the amount of FRP reinforcements, increase of axial rigidity along the 

t-direction, the shear capacity increased. On the other hand, as shown in Fig. 4.5, in panels 

P4-FA with the increase in FRP reinforcement the shear capacity did not increase 

significantly. It can also be observed that the ductility decreases in FRP strengthened RC 

panels compared to RC panels due to the brittle behavior of FRP sheets. 

As shown in Fig. 4.6 and Fig 4.7, with the increase of axial rigidity (FRP stiffness) 

along t-direction, the difference in steel strains in l and t directions increases. Therefore, 



 

153 

 

the steel along the longitudinal direction yields sooner than the steel along the transversal 

direction. In Fig. 4.8, it was observed that in panel P4-040-SB, the difference in strains in 

l and t directions are less significant due to premature debonding of FRP sheets from the 

concrete substrate after yielding of steel. 

As discussed previously, with the increase of the difference in reinforcement ratios 

in l and t directions the concrete shear stress increases. Increase in axial rigidity of panels 

in t-direction, due to increase of FRP reinforcement ratio resulted in the increase of the 

contribution of concrete in the overall shear behavior (see Fig. 4.10).  

4.4.3 Effect of Wrapping Scheme on the Shear Behavior 

Wrapping scheme affects the confinement effect of the FRP sheets and the potential 

for debonding. As discussed in Section 3.1.2.2, the panels were strengthened with three 

common wrapping schemes in shear strengthening namely, full wrap, U-wrap with FRP 

anchor, and side bond. 

The effect of wrapping scheme on the shear stress-strain curves of the panels are 

shown in Fig. 4.22 and Fig. 4.23. Panels with the same steel and FRP reinforcement ratios 

(ρs = 0.76%, ρf = 0.87%), but different wrapping schemes are shown in Fig. 4.22. The 

behavior of panel P4-040-SB was similar to panel P4-040-FA up to failure. However, the 

shear capacity of panel P4-040-FA was 22% higher than panel P4-040-SB. As discussed 

previously, panel P4-040-SB failed due to premature debonding of FRP sheets. Panel P4-

040-FW showed a different behavior compared to the other two panels. The stiffness of 

the panel P4-040-FW after cracking was much higher compared to       P4-040-FA and P4-

040-SB panels which showed the same post cracking behavior. This was due to a better 
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bond between the FRP sheets and concrete substrate after cracking of concrete in panel P4-

040-FW, which resulted in the increase of the overall stiffness. The shear capacity of panel 

P4-040-FW was 6% and 30% higher than panels P4-040-FA and P4-040-SB, respectively. 

 

Fig. 4.22 Shear Stress-Shear Strain Comparison of Wrapping Scheme in Panels P4-040 

In Fig. 4.23, panels with the same steel and FRP reinforcement ratios (ρs = 0.76%, 

ρf = 0.43%), but different wrapping schemes are compared. The two panels showed similar 

behavior up to failure. However, the shear capacity of panel P4-025-FA was 15% higher 

than panel P4-025-FW. This difference was due to a lower concrete compressive strength, 

, of panel P4-025-FW (6.5 ksi) compared to panel P4-025-FA (7.5 ksi).  

The concrete shear stress-shear strain curves of panels with the same steel and FRP 

reinforcement ratios (ρs = 0.76%, ρf = 0.87%), but different wrapping schemes are shown 

in Fig. 4.24. The concrete shear stress-strain curves of the panels are similar up to point of 

failure. 
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Fig. 4.23 Shear Stress-Shear Strain Comparison of Wrapping Scheme in Panels P4-025 

As mentioned before, panel P4-040-SB failed sooner due to premature debonding failure. 

Also, as discussed previously, panel P4-040-FW has a higher overall shear capacity 

compared to panel P4-040-FA (see Fig. 4.22). However, the maximum experimental 

concrete shear stress calculated from Eq. (4-9) for panel P4-040-FW is lower than that of 

panel P4-040-FA. Although, this behavior is complicated to explain, but this can be due to 

LVDT measurements of panel P4-040-FA, which failed by FRP rupture at higher measured 

strains compared to panel P4-040-FW. Similar behavior was observed in Fig. 4.25, were 

panels with similar steel and FRP reinforcement ratios (ρs = 0.76%, ρf = 0.43%), but two 

different wrapping schemes are compared in terms of concrete shear stress-strain curves. 

The lower maximum concrete shear stress measured in panel P4-025-FW compared to 

panel P4-025-FA is due to its lower concrete compressive strength.  
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Fig. 4.24 Concrete Shear Stress-Shear Strain Comparison of Wrapping Scheme                   
in Panels P4-040 

 

Fig. 4.25 Concrete Shear Stress-Shear Strain Comparison of Wrapping Scheme                   
in Panels P4-025 

4.4.4 Effect of Transverse Steel Reinforcement on the Shear Behavior 

In order to study the effect of internal shear reinforcement on the increased shear 

capacity due to FRP strengthening, the panels were reinforced with two levels of 

transversal steel reinforcement ratios, ρt = 0.43% and 0.76%. As discussed earlier, the 
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presence of FRP reinforcement reduces strains in the transverse steel and delays yielding 

of the transverse steel reinforcement.  

The shear stress-strain curves of panels with the same FRP reinforcement ratio and 

wrappings scheme, but different transversal reinforcement ratios are compared in Figs. 

4.26 and 4.27. The shear stress-strain curves of panels P3-040-FW and P4-040-FW are 

compared in Fig. 4.26. The panels are reinforced with the same FRP reinforcement ratio 

(ρf = 0.87%) and the wrapping scheme is full wrap. It can be observed that panel P4-040-

FW had a higher shear strength compared to panel P3-040-FW, due to a higher transversal 

reinforcement ratio. Previous researches have revealed that the magnitude of increased 

shear capacity associated with the application of FRP sheets does not depend only upon 

the amount of FRP reinforcement that is being used, but also on the amount of internal 

shear reinforcement. 

 

Fig. 4.26 Shear Stress-Shear Strain Comparison of Transversal Steel Reinforcement                  
in Panels 040-FW 
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In Fig. 4.27, the shear stress-strain curves of panels P3-025-FW and P4-025-FW 

are compared. The panels are reinforced with same FRP reinforcement ratio (ρf = 0.54%) 

and the wrapping scheme is full wrap. The two panels showed similar behavior in terms of 

maximum shear stress. It was expected that panel P4-025-FW show higher shear strength 

compared to panel P3-025-FW. Although, panel P4-025-FW had a lower concrete 

compressive strength (  = 6.52 ksi) compared to panel P3-025-FW (  = 7.39 ksi), panel 

P3-025-FW reached its peak strength at a lower shear stress and strain compared to panel 

P4-0250-FW. 

 

Fig. 4.27 Shear Stress-Shear Strain Comparison of Transversal Steel Reinforcement                  
in Panels 025-FW 

In Fig. 4.28 and Fig. 4.29, the strain of FRP sheets and transversal steel, measured 

using strain gauges, are compared at same load levels. Fig. 4.28 compares the transversal 

steel strain and FRP strain of panel P4-040-FW. It can be observed that before reaching the 

tensile strength of concrete, the strains in FRP and steel were very small. After concrete 

cracked strain on both steel and FRP suddenly increased. Before yield of steel, FRP strain 
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was higher than steel strain at the same load level. After steel yielded, the steel strain 

rapidly increased compared to FRP strain. The same behavior was observed for panel P3-

040-FW (Fig. 4.29); in panel P3-040-FW immediately after steel yielded, since the steel 

reinforcement ratio was low the strain increased rapidly and became higher than FRP 

strain. In panel P4-040-FW, immediately after steel yielded, the steel strain did not get 

bigger than the strain of FRP due to a larger steel reinforcement ratio it had compared to 

panel P3-040-FW and also different yield behavior rebars #3 and #4 had compared to each 

other. 

 

Fig. 4.28 Comparison of Transversal Steel Strain and FRP of Panel P4-040-FW  
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Fig. 4.29 Comparison of Transversal Steel Strain and FRP of Panel P3-040-FW  

The strains in the FRP and the transverse steel are different, even at the same 

locations, because the strain on the fiber sheets increases drastically near the crack, due to 

the bond between the FRP and the concrete substrate. Also, the crack widths are smaller at 

the rebar location and increase at the surface. 

4.5 SUMMARY 

The experimental results of panel tests were presented in this chapter. The general 

behavior was evaluated in terms of load-deformation relationships. The effect of test 

variables, namely, the FRP sheet thickness (FRP stiffness), wrapping scheme, and internal 

steel reinforcement ratio on the shear behavior of FRP strengthened RC members were 

discussed. It was found that these main variables have great impact on the shear behavior. 

The application of FRP sheets increased the shear capacity of RC panels. Also, with the 

increase of FRP reinforcement ratio the shear strength increased. It was noticed that the 

wrapping scheme has a great effect on the behavior of strengthened panels due to 

confinement and various type of failure modes encountered. Furthermore, the softening 
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coefficient for FRP strengthened RC members and the pertaining modifications were 

presented. The modified softening coefficient will be implemented in the new SMM model 

for FRP strengthened members, presented in the next chapter. 
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CHAPTER 5 SOFTENED MEMBRANE MODEL FOR FRP STRENGTHENED 

RC ELEMENTS 

5.1 INTRODUCTION 

One of the main objectives of this research is to expand the scope of the existing 

Softened Membrane Model (SMM) for FRP strengthened RC members (SMM-FRP) to 

predict the response of FRP strengthened RC panels subjected to shear loading.  

This chapter summarizes the governing equations of SMM-FRP model, namely: 

equations of equilibrium, compatibility, and the constitutive relationships of concrete, 

steel, and FRP used in the SMM-FRP. The solution algorithm to solve the equations and a 

case study of SMM-FRP calculation procedure are presented. Finally, the analytical results 

are presented and compared with the experimental test results of the panels conducted in 

this research. 

5.2 FUNDAMENTALS OF THE SOFTENED MEMBRANE MODEL FOR FRP 
RC 

The SMM-FRP satisfies Navier’s three principles of mechanics of materials, 

namely (1) the equilibrium equations, (2) the compatibility equations, and (3) the 

constitutive laws for concrete, steel, and FRP. Fig. 5.1a shows an FRP strengthened RC 

element subjected to in-plane membrane stresses. This element is based on superposition 

of several components, namely concrete element (Fig. 5.1b), steel grid element (Fig. 5.1c) 

and FRP strip element (Fig. 5.1d). Similar to the SMM, two coordinate systems are used 

in the SMM-FRP, as shown in Fig. 5.1e. The first reference l-t coordinate system represents 

the directions of longitudinal and transversal reinforcements. The second reference 1-2 

coordinate system represents the directions of the principal compressive stress (2-axis) and 
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tensile stress (1-axis). In SMM-FRP, the cracks are assumed to occur along the principal 

2-axis. After cracking, the concrete element is divided into several struts that carry 

compression stress, 2 , in 2-axis, also the tension stress, 1 , in 1-axis (see Fig. 5.1e-f).  

 

Fig.  5.1 Stress Diagram for FRP Strengthened RC Element Subjected to In-Plane 
Stresses (adopted from Hsu and Mo, 2010) 

To predict the behavior of the FRP RC element shown in Fig. 5.1a, the stress-strain 

relationships of concrete, steel, and FRP are required in terms of the principal tensile 

direction (1-axis) and the principal compressive direction (2-axis). In the steel element, 

since no dowel actions are considered, only constitutive laws of steel in tension (in l and t 

directions) are required. Similar to the steel reinforcement, the constitutive laws of FRP in 

tension (in l and t direction) are needed. An RC element subjected to shear is in the 

condition of biaxial stresses and strains; therefore, in order to use the uniaxial material laws 

in the SMM-FRP model, the biaxial strains have to be transferred into uniaxial strain by 

involving the Poisson ratio. Once the biaxial principal strains 1 and 2 along the direction 



 

164 

 

of applied tensile and compressive loads are evaluated, the Poisson ratios of cracked 

concrete are required to derive the equivalent uniaxial strains in 1 and 2 directions. 

5.2.1 Equilibrium and Compatibility Equations 

The three equilibrium equations (stress transformation equations), which relate the 

applied stresses ( , , and  to the internal stresses of concrete ( , , and ), steel 

rebar (  and ), and FRP sheets (  and  in a membrane element, are expressed as 

flflll
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21
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In Eqns. (5-1) and (5-2), in addition to the contributions of concrete and steel, two 

additional terms fl flf  and ft ftf  are incorporated into the original equilibrium equations 

of SMM to include the tensile contributions of FRP in the l and t directions. 

The three compatibility equations for FRP strengthened RC elements are the same 

as theequations of RC elements. The compatibility equations which represent the 

transformation between the biaxial strains ( , , and ) in the l-t coordinate system along 

the direction of reinforcements and the biaxial strains ( , , and ) in the 1-2 coordinate 

system along the direction of applied principle stress  are given as follow 
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The compatibility conditions, defined by Eqns. (5-4) through (5-6), contains six 

variables, namely, , , , , , and . The solution of the three equilibrium equations 

and the three compatibility equations requires the stress-strain relationships of concrete, 

mild steel rebars and FRP sheets.  

5.2.2 Biaxial Strains vs. Uniaxial Strains 

In order to relate stresses in the equilibrium equations to strains in the compatibility 

equations, the stress-strain relationships of concrete and reinforcements are required. The 

shear element is in the condition of biaxial stress, therefore, the set of strains used in the 

compatibility equations given in Eq. (5-4) through Eq. (5-6) are expressed as biaxial 

strains. The constitutive laws between stresses and biaxial strains are related to uniaxial 

strains through the Poisson ratios of cracked concrete. The Poisson effect has to be 

considered in the softened membrane model since all the material laws were developed 

based on uniaxial tests (Hsu and Zhu, 2002). In order to use uniaxial material laws in the 

SMM-FRP model, the biaxial strains in the shear element are transferred into uniaxial 

strains by using the Poisson ratio. The relationships between the uniaxial strains ( ̅ , ̅ , ̅  

and ̅ ) and the biaxial strains ( , ,	 , and ) are given by Zhu (2000) as 
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Due to the additional bond action created by the externally bonded FRP sheets, the 

post cracking Poisson ratios (Hsu/Zhu ratios) are different in case of FRP strengthened RC 

members. In previous research conducted by Yang (2015), the Hsu/Zhu ratio was found to 

be affected mainly by the post-yielding stiffness in the tensile direction. The ratio  

was chosen as the parameter to describe the FRP contribution to the post-yielding stiffness. 

The following equations were proposed for calculating the Hsu/Zhu ratios  and  in 

FRP strengthened RC members as  

sfk  2.012                     when ysf   ,                                                                (5-11a)  

ff E 004.09.112           when ysf   ,                                                                (5-11b) 

where 
y

ff E
k


004.07.1 

    (in ksi), and                                (5-12) 






crackingAfter 0

cracking Before  2.0
21 ,                                   (5-13) 

 where sf  is the average tensile strain along the reinforcements in l and t directions, 

whichever yields first.  

5.2.3 Constitutive Relationships of Concrete 

In order to use the SMM to predict the behavior of the FRP strengthened RC 

members subjected to pure shear, new constitutive laws for each material component of 

the member have to be established. The material laws of concrete in SMM-FRP includes: 

concrete in tension, concrete in compression, and concrete in shear. These materials laws 

were modified based on the tests results presented in this research and also tests conducted 

by Yang (2015).  
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5.2.3.1 Concrete in Tension 

Based on the uniaxial tensile tests of FRP strengthened RC prisms performed by 

Yang (2015), the smeared stress-strain relationships of concrete in tension are given as 

11  c
c E                  when cr 1  and                              (5-14a) 
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cr
cr

c f 









1
1 


          when cr 1 , where                                  (5-14b) 

sfwkkc / .                  (5-15) 

The factor wK is used to describe the effect of wrapping schemes on the tensile 

behavior of concrete. For full anchorage (rupture failure expected): fully wrap or U-wrap 

with anchors, 

1wK   and         (5-16a) 

for other anchorage (non-rupture failure more likely): side bond or U-wrap 

1.6wK  .                                                                                                                    (5-16b) 

The factor /  is used to describe the effect of FRP/steel stiffness ratio on the tensile 

behavior of concrete and is proposed as 
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,                                                                                          (5-17) 

where, ̅  is the average tensile strain of concrete,  is the average compressive stress in 

concrete, s  and f  are the reinforcement ratios of steel and FRP, respectively; sE  and 

fE  are the modulus of elasticity of steel and FRP, respectively; cr  and crf  are the strain 
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and stress at cracking; wK  and /f sK  are two factors considering the effect of wrapping 

schemes and FRP/steel stiffness ratio. 

5.2.3.2 Concrete in Compression 

The smeared constitutive relationships of concrete compressive stress, , and the 

uniaxial compressive strain, ̅ , in FRP strengthened RC members are discussed in detail 

in Section 4.3.2 and given as  
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,                (5-18b) 

where FRPζ is the softening coefficient. 

The softening coefficient in Eq. (5-18) can be determined as follows: 

       FRPfffff FRPcFRP  1 ,                                         (5-19) 

where, 

  9.0
8.5
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c
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cf  in MPa),                                                                                 (5-20) 
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f                                                                                                      (5-21) 

  




16
1FRPf , and                                                                                    (5-22)  

  ff EFRPf 0076.01   (in MPa).                               (5-23) 
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5.2.3.3 Concrete in Shear 

As discussed in Section 2.3.6.5, the relationship between the shear stress and the 

shear strain of cracked concrete in the 1-2 coordinate system was derived from equilibrium 

and compatibility equation by assuming that the directions of principal stresses and strains 

coincides. The equation relating concrete shear stress, , and the concrete shear strain, 

, in the 1-2 coordinate system is given by 

 
  12

21

21
12 2








cc

c ,            (5-24) 

where,  and  are calculated from Eq. (5-13) and Eq. (5-17), respectively;  and   

are biaxial strains in 1 and 2 directions, respectively. 

5.2.4 Constitutive Relationships of Reinforcements 

Two reinforcements are used in FRP strengthened RC members, namely, mild steel 

bars and externally bonded FRP sheets. The constitutive laws of steel in tension and FRP 

in tension are given below. 

5.2.4.1 Mild Steel Bars Embedded in Concrete 

In SMM-FRP, the smeared tensile stress-strain relationships of mild steel 

embedded in concrete in the l-t coordinate system are similar to SMM. A bilinear 

expression was proposed by Belarbi and Hsu (1994) to predict the tensile behavior of steel 

in RC element. The apparent yielding stress  was proposed to describe the reduction of 

yielding stress. The equations are 

sss Ef                                                                     '
ys    and                              (5-25a) 
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    ssys EBfBf 25.002.0291.0                     '
ys   ,                         (5-25b) 

where,  

syy Ef /'  ,         ,293.0 yy fBf                                                                             (5-26) 

5.1

1












y

cr

se f

f
B


,           (5-27) 

)(75.3 psiff ccr  , and %15.0se .                                                                        (5-28) 

Based on the given equations, the apparent yielding stress will increase as the steel 

reinforcement ratio increases. This is due to the fact that more steel reinforcement at the 

crack location results in the increase of bond stress between steel rebars and concrete which 

tends to prevent the cracks from opening, therefore, the local stress concentration on the 

rebar reduces, and consequently the apparent yielding stress increases. The same idea can 

be applied onto the externally bonded FRP sheets. The externally bonded FRP sheets also 

help prevent the cracks from opening and reduce the stress concentration. Yang (2015), 

assumed that the strain distribution of FRP and steel are the same along the specimen. 

Based on this assumption, the FRP reinforcement was transferred to the “equivalent” steel 

reinforcement. The test result of uniaxial FRP RC prisms in tension was used to describe 

the effect of FRP reinforcement on the behavior of the steel in tension by introducing a 

new parameter called Equivalent Reinforcement Ratio, , as   

fsfsse n  / , where            (5-29) 

s

f
sf E

E
n / .              (5-30) 
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In the above equations, l replaces s in the subscript of symbols for the longitudinal 

steel, and t replaces s for the transversal steel. 

5.2.4.2 Externally Bonded FRP Sheets 

The smeared stress-strain relationship of FRP sheets in the l-t coordinate system is 

expressed as 

fsfsfs Ef              fufs    and                                  (5-31a)    

0fsf                    fufs   ,                              (5-31b) 

where Efs is the Young’s Modulus of Elasticity of the composite, ̅  is the average uniaxial 

strain of FRP along the fiber direction, and  is the ultimate strain of FRP before it 

ruptures. In the above equations, l replaces s in the subscript of symbols for the longitudinal 

FRP, and t replaces s for the transversal FRP. 

5.3 SOLUTION ALGORITHM 

The solution procedure for the SMM-FRP is provided in Fig. 5.2. There are a total 

of 22 variables ( , , ,	 , , , ̅ , ̅ , ̅ , ̅ , , , ,  , ,  , , , ,  , 

, and ). In pure shear cases,  and  are equal to zero. When a value of  is selected, 

the remaining 19 unknownvariables can be solved by the 19 independent equations (6 

equations for equilibrium and compatibility, 3 for constitutive laws of concrete, 2 for 

constitutive laws of steel in l and t directions, 2 for constitutive laws of FRP in l and t 

directions, 4 for relationships relating the strains under uniaxial loading and strains under 

biaxial loading, and 2 for Hsu/Zhu ratios). The summary of the 19 governing equations for 

FRP strengthened RC 2-D elements are summarized below: 
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Stress equilibrium equations: 

flflll
ccc
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Strain compatibility equations: 
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ff E
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Concrete in tension 
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Concrete in shear 
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c               [16] 

Mild steel bars 

sss Ef                                                                 '
ys                                     [17a] [18a] 

    ssys EBfBf 25.002.0291.0                 '
ys                                   [17b][18b] 
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                         [17d][18d]

)(75.3 psiff ccr                                                                                 [17e][18e] 

fsfsse n  /                             [17f] [18f] 

s

f
sf E

E
n /                            [17g] [18g] 

Externally bonded FRP sheets 

fsfsfs Ef              when fufs                                                    [19a]    

0fsf                     when fufs                                   [19b] 

Equations [17a] to [17g] are intended for the longitudinal steel when the subscripts 

s are replaced by subscript l, and Eqns. [18a] to [18g] are intended for the transverse steel 

when the subscript s are replaced by subscript t. 
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Fig.  5.2 Flow Chart of Solution Procedure for SMM-FRP 

The following equations are derived from the equilibrium equations, Eq. (5-1) and 

Eq. (5-2), to make the solution procedure more efficient. 

   cc
tlftftttflflll ffff 21                                                          [20] 
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    112121 2sin22cos  ccc
tlftftttflflll ffff          [21] 

The solution procedure shown by the flow chart in Fig. 5.1 is described as follow: 

Step 1: Select a value of strain in the 2-axis,	 . 

Step 2: Assume a value of shear strain in 1-2 coordinates, . 

Step 3: Assume a value of strain in the 1-axis, .   

Step 4: Calculate steel strains , , , and  from Eq. [4], [5], [11a], and [12]. 

Step 5: Calculate uniaxial strains ̅ , ̅ , ̅ , and ̅  from Eqns. [7] to [10].  

Step 6: Calculate FRP and concrete stresses ,  , and   from Eqns. [14a], [15], [13]      

and [16], respectively.   

Step 7: Calculate the reinforcement stresses ,  , , and  from Eqns. [17], [18] and 

[19]. 

Step 8: Calculate ftftttflflll ffff   and ftftttflflll ffff   . 

Step 9: Calculate    cc
tl 21    and     112121 2sin22cos  ccc

tl  . 

Step 10: Compare the calculations ftftttflflll ffff    with    cc
tl 21   . 

When the right hand side of Eq. [20] is larger than the left hand side, increase the 

tensile strain . Otherwise, decrease . Repeat steps 3 to 11 until the left and 

right hand sides of Eq. [20] are close enough within the specified accuracy. 

Step 11: Compare the calculations ftftttflflll ffff    with

    112121 2sin22cos  ccc
tl  . When the right hand side of Eq. [21] 
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is larger than the left hand side, increase the value of shear strain . Otherwise, 

decrease the shear strain . Repeat steps 2 to 11 until the left and right hand 

sides of Eq. [21] are close enough within the specified accuracy. 

Step 12: Calculate the applied shear stress  and the corresponding shear strain  from 

Eqns. [3] and [6], respectively. This will provide one point on the -  curve. 

Step 13: Select another value of  and repeat steps 2 to 12. Calculations for a series of  

values will provide the whole -  curve. 

5.3.1 Case study of SMM-FRP Calculation Procedure 

To illustrate the calculation procedure of SMM-FRP, panel P4-040-FW is taken as 

an example. Before calculations an input file is presented in   Table 5.1 which includes the 

data for the concrete compressive strength, , the compressive crushing strain, , the 

concrete cracking strain, , the bare steel bar yielding strength in transversal and 

longitudinal directions, , and  , respectively, the steel ratios  and  in transversal 

and longitudinal direction, respectively, the steel elastic modulus , the FRP 

reinforcement ratio , and FRP elastic modulus . 

Table 5.1Material Properties for Panel P4-040-FW 

 

′  

(ksi) 

 

(in./in.) 

 

(in./in.) 

 
(ksi) 

 
(ksi) 

   
 

(ksi) 

 

(ksi) 

7.55 0.002 0.00008 67 67 0.00772 0.00772 0.00876 27557 10443 
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A computer program is written in MATLAB software according to the solution 

procedure in Fig. 5.2. The calculated results are shown in Table 5.2 and the shear stress, 

, shear strain, , curve for panel P4-040-FW is shown in Fig. 5.3.  

Table 5.2 Calculation Results of Panel P4-040-FW 

 

ǂ    a1= ftftttflflll ffff           b1= ftftttflflll ffff    

     a2=    cc
tl 21                        b2=     112121 2sin22cos  ccc

tl   

The four points on the curve represent the first yielding point of steel, second 

yielding point of steel, peak point, and a typical point in the descending branch, 

respectively. In panel P4-040-FW the effective reinforcement ratio longitudinal direction 

was less than the transversal direction, therefore, the first yield point in the shear stress 

versus shear strain curve is due to the yielding of the transverse steel as shown in Fig. 5.3. 

Variables Equation 
Calculated Values 

Crack First Yield Second Yield Peak Point Descending 

2 selected - -7.0E-5 -0.00016 -0.00017 -0.0004 -0.0030 

1 last assumed - 0.0001 0.0043 0.0052 0.0150 0.0223 

12  last assumed - 1.76E-7 0.0003 -0.0007 -0.0041 -0.0054 
 Eq. (5-4) 1.4916E-5 0.0022 0.0029 0.0093 0.0123 
 Eq. (5-5) 1.5092E-5 0.0019 0.0021 0.0052 0.0123 

12  Eq. (5-11) 0.2082 1.5366 1.5366 1.5366 1.5366 

1̅ Eq. (5-7) 8.9137E-5 0.0041 0.0050 0.0143 0.0177 

2̅ Eq. (5-8) -5.2172E-5 -0.0001 -0.0001 -0.0004 -0.0030 
̅  Eq. (5-9) 1.8394E-5 0.0021 0.0028 0.0090 0.0100 
̅  Eq. (5-10) 1.8570E-5 0.0017 0.0020 0.0049 0.0046 

 Eq. (5-19) 0.9389 0.4996 0.4165 0.1962 0.2084 

2 , ksi Eq. (5-18) -0.3879 -1.1098 -1.1868 -1.4799 -1.3891 

1 , ksi Eq. (5-14) 0.3634 0.1246 0.1185 0.0904 0.0858 

12 , ksi Eq. (5-24) 0.0003 -0.0518 -0.0898 -0.2095 -0.1593 
, ksi Eq. (5-25) 0.5067 56.8269 57.5055 62.8227 63.5854 
, ksi Eq. (5-25) 0.5116 49.4609 56.8632 59.3122 50.7529 
, ksi Eq. (5-31) 0.1938 18.7427 21.3947 51.4344 48.1907 
a1ǂ - 0.0658 6.7912 7.3729 9.5888 8.9791 
a2ǂ - 0.1684 6.7941 7.3676 9.5826 8.9887 
b1ǂ - -0.0110 -0.7246 -1.2495 -2.8992 -2.2083 
b2ǂ - 0.0053 -0.7147 -1.2395 -2.8910 2.1983 
, ksi Eq. (5-3) 0.3704 0.6172 0.6526 0.7852 0.7374 

 Eq. (5-6) 0.0001 0.0045 0.0054 0.0154 0.0253 
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Fig. 5.4 shows that the concrete compressive stress vs. concrete compressive strain curve 

goes into the descending branch after the concrete compressive strength reaches the peak 

point.  

 

Fig.  5.3 Analytical Applied Shear Stress-Shear Strain Curve  

The concrete shear stress vs. the concrete shear strain curve is shown in Fig. 5.5. 

After the second steel yields, the slope of the curve decreases up to the peak point. The 

peak point of the applied shear stress (Fig. 5.3) is accompanied by the peaks of concrete 

properties in Fig. 5.4 and Fig. 5.5, indicating that the compressive strength (Fig. 5.4) and 

the shear strength (Fig. 5.5) of the concrete are exhausted. 
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Fig.  5.4 Analytical Concrete Compressive Stress-Compressive Strain Curve 

 

 

Fig.  5.5 Analytical Concrete Shear Stress-Concrete Shear Strain Curve 

The concrete tensile stress versus the uniaxial and biaxial tensile strain curves are 

shown in Fig. 5.6. The transversal and longitudinal steel tensile stress versus biaxial tensile 

strain curves are shown in Fig. 5.7. The transversal and longitudinal steel tensile stress 
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versus uniaxial tensile strain curves are shown in Fig. 5.8. The FRP stress versus biaxial 

and uniaxial FRP strain curves are shown in Fig. 5.9.  

 

(a)                                                                    (b) 

Fig.  5.6 Analytical (a) Concrete Tensile Stress-Uniaxial Tensile Strain, (b) Concrete 
Tensile Stress-Biaxial Tensile Strain 

 

(a)                                                                     (b) 

Fig.  5.7 Analytical (a) Transversal Steel Stress-Biaxial Steel Strain, (b) Longitudinal 
Steel Stress-biaxial Steel Strain 
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(a)                                                                    (b) 

Fig.  5.8 Analytical (a) Transversal Steel Stress-Uniaxial Steel Strain, (b) Longitudinal 
Steel Stress-Uniaxial Steel Strain 

  

(a)                                                                    (b) 

Fig.  5.9 Analytical (a) FRP Stress-Uniaxial FRP Strain, (b) FRP Stress-Uniaxial FRP 
Strain 

Looking at the steel bars, the peak point is accompanied by large strains of the 

longitudinal steel bars in Fig. 5.7b and Fig. 5.8b.  In Fig. 5.8a, it can be observed that the 

uniaxial steel strain decreases after the peak point due to stress release from the steel rebars. 
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The strains in the transversal steel behave in an interesting way after reaching the peak 

point; while the uniaxial strain decreases elastically after peak point (Fig. 5.8a), the biaxial 

strain increases significantly along a descending branch (Fig.5.7a) due to Poisson effect. 

The incorporation of Poisson effect allows SMM-FRP to predict the descending branches 

shown in Fig. 5.3, Fig. 5.4, and Fig. 5.5. While the loading history of shear stress versus 

shear strain curve in Fig. 5.3 moves from the peak point to a typical point in the descending 

branch, both the stresses and the strains in the longitudinal steel increase rapidly into the 

strain-hardening region, as shown in Fig. 5.7b and Fig. 5.8b.  Beyond the typical point, the 

longitudinal and transverse steel stresses decrease. 

The tensile strains are plotted as a function of shear strain, , in Fig. 5.10. It can 

be observed that after the peak point, the uniaxial steel strains,  and , in which the 

Hsu/Zhu ratios are assumed to be zero, decrease with the increase of shear strain, . In 

contrast, the biaxial steel strains,  and , which take into account the Hsu/Zhu ratios, 

increase continuously as the shear strain increases. 

 
Fig.  5.10 Tensile Strains , , ̅ , ̅ , ̅ , ̅   as a Function of Shear Strain  
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5.4 APPLICATION OF SMM-FRP TO TEST PANELS 

A computer program is written in MATLAB software according to the solution 

procedure in Fig. 5.2 to predict the shear behavior of FRP strengthened RC panels. The 

program is presented in Appendix II. The applied shear stresses versus shear strain 

relationships predicted by SMM-FRP are compared with the experimental results of 8 FRP 

strengthened RC panels. Also, SMM is used to predict the shear stress versus shear strain 

relationships of the two remaining reference panels (REF-P3 and REF-P4). In Fig.5.11 

through Fig.5.20, the experimental and analytical shear stress-shear strain curves of 10 

tested panels in this research are shown.  

The predictions for panel series P3-FW which were reinforced with longitudinal 

and transversal reinforcement ratios of 0.76% and 0.43%, respectively, and strengthened 

with FRP fully wrapped along the transversal direction with different FRP reinforcement 

ratios as of %54.0f  and %87.0f  for panels P3-025-FW and P3-040-FW, 

respectively, are shown in Fig. 5.13 and Fig. 5.14. The analytical results gave conservative 

yield strength predictions due to small steel reinforcement ratios in transversal direction. 

Also, the post crack shear strain was bigger than the experimental results which lead to a 

higher prediction in the post crack stiffness. This was due to neglecting the bond effect 

between the FRP sheets and concrete substrate which prevented the cracks from opening 

and was not considered in the model. The peak point in these panels where predicted to be 

higher than the experimental results. The conservative predictions in the yield strength of 

panel series P3-FW are caused by neglecting the effect of steel ratio on the softening 

coefficient. This effect was not taken into consideration as a variable in the softening 

coefficient for simplicity. When the steel reinforcement ratio decreases, the concrete struts 
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sustain less stress and less deterioration, and the concrete contribution increases (Hsu and 

Zhu, 2002). Predictions of other panels which had higher steel reinforcement ratios were 

satisfactory. 

 The SMM-FRP model is a smeared model; therefore, the local failure of FRP was 

not captured by the model.  The model predicted the shear behavior up to the failure of the 

strengthening system. Members which failed by concrete crushing rather than FRP rupture 

(P4-080-FW), the behavior especially the descending branch were modeled accurately. 

However, members which failed by FRP rupture (P4-040-FW), debonding (P4-040-SB) or 

anchorage failure (P4-025-FA) were not modeled accurately in the descending branch.  

 

Fig. 5.1 Shear Stress-Shear Strain Curves of Panel REF-P3 
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Fig. 5.2 Shear Stress-Shear Strain Curve of Panel REF-P4 

 

Fig. 5.3 Shear Stress-Shear Strain Curve of Panel P3-025-FW 
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Fig. 5.4 Shear Stress-Shear Strain Curve of Panel P3-040-FW 

 

Fig. 5.5 Shear Stress-Shear Strain Curve of Panel P4-025-FA 
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Fig. 5.6 Shear Stress-Shear Strain Curve of Panel P4-025-FW 

 

Fig. 5.7 Shear Stress-Shear Strain Curve of Panel P4-040-FA 
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Fig. 5.8 Shear Stress-Shear Strain Curves of Panel P4-040-FW 

 

Fig. 5.9 Shear Stress-Shear Strain Curves of Panel P4-040-SB 
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Fig. 5.10 Shear Stress-Shear Strain Curves of Panel P4-080-FW 

5.5 SUMMARY 

The governing equations of SMM-FRP model, namely: equations of equilibrium, 

compatibility, and the constitutive relationships of concrete, steel, and FRP was 

summarized in this chapter. The solution algorithm to solve the equations and a case study 

of SMM-FRP calculation procedure are presented. Finally, the predictions of the SMM-

FRP model are presented and compared with the experimental test results of the panels 

conducted in this research.  

In order to further verify the analytical model, a finite element program is 

developed and introduced in Chapter 6 to expand the analytical SMM-FRP from a local 

element level to a global level. The finite element formulation of the SMM-FRP is 

presented in Chapter 6. 
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CHAPTER 6 FINITE ELEMENT MODELING OF FRP STRENGTHENED RC   

MEMBERS 

6.1 INTRODUCTION 

Generally there are two kinds of finite element modeling for cracked RC members, 

(1) the microscopic models and (2) the macroscopic models (Hsu and Zhang, 1997). 

Microscopic models are based on the stress-strain relations of plain concrete and steel. The 

interactions of reinforcement and steel through bond slip along the reinforcing bars and 

also through shear-sliding along cracked surfaces is the main focus. Due to complicated 

interactions between the components which cannot be modeled either by the simple 

superposition of the material laws of plain concrete and steel, or by the introduction of 

bond and shear interface elements, the microscopic modeling is found to be inappropriate 

for large structures. Therefore, the macroscopic models were developed to overcome this 

issue. The macroscopic approach, also referred to smeared crack concept is based on the 

average stress-strain relationships of concrete and steel where bond slipping and shear 

sliding are implicitly included (Hsu and Zhang, 1997). 

This chapter will present: (a) the finite element formulation of the Softened 

Membrane Model for FRP strengthened RC members (SMM-FRP); (b) the uniaxial 

material modules for concrete, steel, and FRP based on the SMM-FRP are demonstrated; 

(c) The coordinate system, equilibrium and compatibility equations used in the SMM-FRP 

are described in a finite element formulation, resulting in a material constitutive matrix of 

reinforced concrete based on the SMM-FRP. Also, the iterative solution procedure of finite 

element analysis for FRP strengthened RC structures is presented; (d) a nonlinear 

reinforced concrete finite element program is developed by implementing the SMM-FRP 
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into the finite element framework OpenSees (McKenna and Fenves 2001); (e) the finite 

element program is validated through comparison with experimental results of panels 

specimens tested in this research and also beam tests reported in literature. 

6.2 UNIAXIAL MATERIAL MODELS 

In this study, a uniaxial concrete model ConcreteF01 and a steel model SteelF01 

are created based on the uniaxial constitutive relationships of concrete and steel in the 

SMM-FRP. The models are created by modifications in the previously developed concrete 

and steel models (ConcreteZ01 and SteelZ01) in CSMM (Zhong, 2005). The new models 

are described in the following sections. 

6.2.1 ConcreteF01 Module 

The concrete module “ConcreteF01” was developed based on the uniaxial concrete 

model in SMM-FRP, discussed in Section 5.2.3. The module is a monotonic uniaxial 

concrete model with consideration of the softening effect due to the perpendicular tensile 

strain on the concrete struts. The effect of FRP on the softening coefficient is also taken 

into account. The equations defining the envelopes are expressed in the following section. 

The stress-strain curves used in ConcreteF01 are illustrated in Fig. 6.1. 

6.2.1.1 Compression Stress-Strain Relationship 

The ascending and descending branch of concrete in compression is given by Eqns. 

(6-1a) and (6-1b).The stress-strain relationship of concrete in compression, shown in Fig. 

6.1, is given as 

 (Stage C1): 
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(Stage C2): 
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where, FRP  is the softening coefficient expressed as 

       FRPfffff FRPcFRP  1            (6-2) 

where, 
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6.2.1.1 Tension Envelope 

The ascending and descending branch of concrete in tension is given by               

Eqns. (6-7a) and (6-7b).The stress-strain relationship of concrete in tension, shown in Fig. 

6.1, is given as 

 (Stage T1): 11  c
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1wK   (Fully wrap or U-wrap with anchors),            (6-9) 

1.6wK   (Side bond or U-wrap),    (6-10) 
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Fig. 6.1 ConcreteF01 Material Module 

6.2.2 SteelF01 Module 

The steel module “SteelF01” was developed based on the uniaxial constitutive 

relationships of mild steel model incorporated in SMM-FRP, discussed in Section 5.2.4. 

The stress-strain curve used in SteelF01 is illustrated in Fig. 6.2. The equations for the bi-

linear curve (Belarbi and Hsu, 1994) are given as  

(Stage 1): sss Ef                                                                     '
ys   ,                  (6-12a) 

(Stage 2):     ssys EBfBf 25.002.0291.0                '
ys   , and                  (6-12b) 
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(Stage 3):  spsps Eff                                              ps   ,              (6-12c) 

where,  

syy Ef /'  ,         ,293.0 yy fBf                                                                             (6-13) 
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)(75.3 psiff ccr  , and %15.0se ,                                                                        (6-15) 

fsfsse n  / , where  
s

f
sf E

E
n / .          (6-16) 

The stress-strain curves used in SteelF01 are illustrated in Fig. 6.2. 

. 

Fig. 6.2 SteelF01 Material Module 
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6.3 FINITE ELEMENT FORMULATION OF SMM-FRP  

6.3.1 Coordinate System  

In Fig. 6.3, three Cartesian coordinate system defined in the reinforced concrete 

elements, x-y, 1-2, and xi-yi, are shown. The local coordinate of the elements are 

represented in the x-y coordinate system. The directions of the principal stresses are 

defined in the 1-2 coordinate systems, which have an angle 1  with respect to the x-y 

coordinate. Steel bars or FRP sheets can be distributed in different directions in the concrete 

element. Coordinate xi-yi shows the ‘ith’ direction of the reinforcing steel bars or FRP 

sheets, where the ‘ith’ steel bar or FRP sheet is located in the direction of axis xi with an 

angle i  to the x-y coordinate.      

 
                                               a)                                                 b) 
Fig. 6.3 Coordinate Systems for FRP Strengthened RC Elements: (a) Applied Principal 

Stresses in Local Coordinate (b) Reinforcement Component in Local Coordinate 

The stress and strain vectors in the x-y coordinate system are denoted as: 
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, respectively, and the stress and strain vectors in the 1-2 coordinate 

system are denoted as: 
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, respectively. It should be noted that in the 1-2 coordinate system, the 

shear stress, 12 = 0 because the 1-2 coordinate systems represented the principle stress 

directions. 

The stresses and strains are transformed between coordinate systems using the 

transformation matrix   T  which is given as     
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T ,       (6-17) 

where   is the angle between the two coordinate systems. 

6.3.2 Equilibrium and Compatibility Formulations 

The equilibrium equations which relate the applied stresses in the x-y coordinate         

( x , y , and xy ) to the internal concrete stresses in the principle directions ( c
1 , c

2 , and 

c
12 ), and also the stresses in the reinforcing bars ( sif ) and FRP sheets ( fif ) in the directions 

of the reinforcements as 
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198 

 

where, si and fi are the rebar and FRP reinforcement ratio in the ith direction, 

respectively;   1T  and   iT   are the transformation matrices from the 1-2 

coordinate and the xi-yi coordinate to the x-y coordinate system, respectively.  

The compatibility equations relates the steel and FRP strains in the xi-yi coordinate 

and the concrete strain in the principle 1-2 coordinate system, expressed as 

  












































12

2

1

1

2

1

2

1 











i

i

i

i

T .                       (6-19) 

It should be noted that in Eq. (6-19) the reinforcement strains ( i ) and the principle 

concrete strains ( 1 ) are biaxial strains. 

6.3.3 Biaxial and Uniaxial Strains 

As discussed in Section 2.3.6.2, biaxial strains are related to uniaxial strains using 

the Hsu/Zhu ratios ( 12 , 21 ) proposed by Hsu and Zhu (2002). The biaxial strains of 

concrete ( 1 , 2 ) are transformed to uniaxial strains of concrete ( 1 , 2 ) using the Hsu/Zhu 

ratios. Afterwards, they are transferred to the uniaxial strains of reinforcements ( i ) as 
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The stresses of concrete and reinforcements in Eq. (6-18) are determined based on 

the uniaxial constitutive relationship of the materials. 

6.3.4 Material Stiffness Matrix 

The stresses and strains of an element are related with a material stiffness matrix, 

which is also referred to as the material constitutive matrix. The material stiffness matrix 

can be expressed in terms of secant or tangent formulations. The secant material stiffness 

matrix relates the absolute values of strains and stresses of the element, while the tangent 

stiffness matrix defines the relationship between the increment of the stresses and strains 

of the element. In this section, the material stiffness matrix for the FRP strengthened 

reinforced concrete membrane material using SMM-FRP is derived in terms of tangent 

formulations, since OpenSees adopts the tangent stiffness formulations. 

The tangent material stiffness matrix  D  for a FRP strengthened RC element is 

formulated as 
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where  cD  is the uniaxial tangential stiffness matrix of concrete;  riD  is the uniaxial 

tangential stiffness matrix of reinforcements;  V  is the matrix defined in Eq. (6-21) which 

transforms the biaxial strains to uniaxial strains using the Hsu/Zhu ratios;  )( 1T  is the 

transformation matrix from the local x-y coordinate to the 1-2 coordinate system;  )( 1T  

is the transformation matrix from the 1-2 coordinate to the x-y coordinate system;  )( iT   

is the transformation matrix from the xi-yi coordinate to the x-y coordinate system; 

 )( 1 iT  is the transformation matrix from the 1-2 coordinate to the xi-yi coordinate 

system. 

The uniaxial stiffness matrix of concrete  cD  is given as 
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where 
c

E1 and 
c

E2  are the tangential uniaxial modulus of concrete in the 1 and 2 directions, 

respectively, which is evaluated at a certain stress/strain state. The off diagonal terms 
1

2




 c

 

and 
2

1



 c

 are obtained by using the uniaxial constitutive relationships and taking into 

account the states of the concrete stresses and uniaxial strains in 1 and 2 directions. The 

shear modulus if concrete cG12  is given by Eq. (2-67). 

The uniaxial stiffness matrix of reinforcements  riD  is evaluated as  
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where siE  and fiE  are the uniaxial tangential modulus of rebars and FRP, respectively, 

determined for a particular stress/strain state. ). It is assumed that the steel and FRP 

reinforcement can only take axial stresses and therefore, any possible dowel action is 

neglected. 

6.4 ANALYSIS PROCESURE OF FRP-RC PLANE STRESS STRUCTURES 

The tangent element stiffness matrix  eK  is evaluated from the tangent material 

stiffness matrix  D  by using the basic finite element procedure expressed as 

      dVBDBK
V

T
e  ,            (6-27) 
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where  B  is a matrix that represents the shape function of the element and depends on the 

assumed element displacement function of the elements. 

An iterative tangent stiffness procedure was developed by Zhong (2005) to perform 

nonlinear analyses of reinforced concrete structures. The procedure was modified to 

perform nonlinear analyses of FRP strengthened RC structures. In Fig. 6.4, a flow chart for 

an iterative analysis solution under load increment using the Newton-Raphson method is 

described. First, the tangent material stiffness matrix  D  is determined, and then the 

tangent element stiffness matrix eK , and the element resisting force increment vector 

 f  are calculated. Then, the global stiffness matrix [K] and global resisting force 

increment vector  F are assembled. In each iteration, the material stiffness matrix  D , 

the element tangent stiffness matrix eK , and the global stiffness matrix [K] are iteratively 

refined until convergence criterion is achieved.  

The procedure for establishment of the material stiffness matrix using SMM-FRP 

is shown in the grey block in Fig. 6.4. It is noted that an additional iterative loop is defined 

to obtain the material stiffness matrix  D  for FRP-RC plane stress elements. Because the 

principal stress direction θ1 is an unknown value before  D  is established. The procedure 

for the stiffness calculation of FRP-RC planes stress elements is outlined by the outer white 

block in Fig. 6.4.  

The flow chart shown in Fig. 6.4, presents a simple analysis procedure of FRP-RC 

plane stress structures using load increment. It can be incorporated with other static 
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integrators such as displacement control. The incremental equilibrium equation [K]{Δu}= 

{ΔR} shown in the flow chart is for static analysis.  

 

Fig. 6.4 Nonlinear Finite Element Analysis Algorithm (adopted from Zhong, 2005) 
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Convergence criterion is required to determine if convergence has been achieved 

at the end of an iteration step. The criterion can be based on the accuracy of the unbalance 

nodal force, and displacement increment. The criterions based on the relative normalized 

values are as 

Force Criterion: 
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Displacement Criterion: 
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,             (6-29) 

where u is the nodal displacement increment; R is the nodal unbalanced force; 

subscription “i” represents the ith iteration; subscription “0” represents the first iteration; 

and TOL is the specified tolerance, which will be dependent on the accuracy required and 

the problem type. 

An incremental procedure is usually used in finite element problems. For nonlinear 

problems, the incremental procedure will lead to a buildup of error. An iterative procedure 

using a certain solution algorithm should be used to correct the build-up errors (Zhong, 

2005). Therefore, in most finite element analysis a combination of the incremental and 

iterative procedures are used. The integrator determines the next predictive step during the 

analysis procedure and specifies the tangent matrix and residual vector at any iteration. 
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6.5 IMPLEMENTATION OF THE NONLINEAR FINITE ELEMENT PROGRAM 

New material classes for reinforced concrete (RC) and prestressed concrete (PC) 

were implemented into OpenSees framework by Zhong (2005) and Laskar (2009), 

respectively. In order to perform analysis on FRP strengthened RC plane stress structures, 

in this research, new material classes related to FRP strengthened RC are implemented into 

the OpenSees framework. Details of the implementation and modifications are presented 

as follows: 

Two uniaxial material classes for concrete and steel in FRP strengthened RC, 

ConcreteF01 and SteelF01 are created and implemented into OpenSees based on the 

ConcreteZ01 and SteelZ01 material models developed by Zhong (2005). The features of 

these new material modules were described in Section 6.2. An object of ConcreteF01 needs 

five input parameters: ultimate compressive strength cf  , the compressive strain 0

corresponding to cf  , FRP reinforcement ratio f , FRP Young’s modulus fE , and the 

parameter “c” of concrete in tension, discussed in Section 5.2.3.1. An object of SteelF01 

needs four input parameters: yield stress yf , Young’s modulus sE , concrete compressive 

strength cf  , and effective steel reinforcement ratio se , discussed in Section 5.2.4.1. The 

latter two parameters are used to calculate the smeared yield stress and strain of embedded 

rebars. 

A 2D material class named “FRPRCPlaneStress”, which is a class for FRP 

strengthened RC plane stress material using SMM-FRP, is created and implemented into 

OpenSees. In FRPRCPlaneStress, the material stiffness matrix derived in Section 6.3.4 is 

evaluated and the stress vector is calculated. An object of FRPRCPlaneStress material 
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needs the tags of the newly created uniaxial steel and concrete objects of SteelF01 and 

ConcreteF01, the directions of the steel grids, the steel ratio for the steel in each direction, 

concrete compressive strength, yield stress, steel Young’s modulus, FRP reinforcement 

ratio, and FRP Young’s modulus. Two uniaxial concrete objects are needed in defining one 

FRPRCPlaneStress object, which represents the concrete in the two principal stresses 

directions. The steel orientations are not necessary in the horizontal and vertical, and the 

user can define the arbitrary angles of the steel.  

In Fig. 6.5, the implementation of the FRPRCPlaneStress into OpenSees is shown. 

The “Analysis” and “Recorder” objects are omitted in this figure. The FRPRCPlaneStress 

is implemented with the Quadrilateral element to represent the FRP-RC plane stress four 

node elements. The FRPRCPlaneStress is related with ConcreteF0l and SteelF0l to 

determine the tangent material stiffness matrix and calculate the stress of the elements. 

For each trial displacement increment in the analysis procedure, FRPRCPlaneStress 

will receive the strains of the elements, determine the uniaxial strains of the concrete and 

reinforcements, and then send the uniaxial strain of concrete and the tensile perpendicular 

strain to the two uniaxial concrete objects. After receiving the uniaxial strain and 

corresponding tensile strain, the concrete object will calculate the tangent stiffness and 

stress and then send the values back to the FRPRCPlaneStress object. Similarly, 

FRPRCPlaneStress will send the uniaxial strain of the steel to the uniaxial steel object and 

receive the tangent stiffness and stress from the related uniaxial steel objects.  

After receiving the uniaxial stiffness and stress of concrete, steel, and FRP the 

tangent stiffness matrix will be evaluated and the stress vector calculated. As shown in Fig. 
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6.4, an iterative procedure is defined to obtain the converged material stiffness matrix and 

stress vector for a given strain vector. 

The displacement control scheme in the OpenSees was modified for an arbitrary 

displacement path. The displacement paths of the degree-of-freedom of the node whose 

response controls the solution can be defined by the user. The displacement increment for 

each path of the displacement scheme can also be varied. To overcome some numerical 

problems in the nonlinear analysis, the size of displacement increment is changed. 

 

Fig. 6.5 Finite Element Implementation of SMM-FRP (adopted from Zhong, 2005) 

The FRPRCPlaneStress material is implemented with the quadrilateral element in 

OpenSees, which constructs a four node quadrilateral element object to represent the FRP-
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RC plane stress four node elements. The four node quadrilateral element object uses a 

bilinear isoparametric formulation. It should be noted that a standard isoparametric element 

faces many limitations such as shear locking were the displacement values could be smaller 

than expected. Shear locking is the term used to describe the development of shear stresses 

when the element is subjected to pure bending. 

6.6 SIMULATION OF FRP STRENGTHENED RC PANELS 

In this section, the developed nonlinear finite element program is verified by the 

experimental results of FRP strengthened RC panels under monotonic shear. The 

reinforcement grids in all panels were set parallel to the plane of pure shear, as shown in 

Fig. 6.6. The panels were reinforced with different steel and FRP reinforcement ratios as 

discussed in Chapter 3.  

Since the material properties and stress conditions were uniform throughout all the 

panels, they were modeled using one 2-D FRP-RC element as shown in Fig.6.7. The 

applied load pattern and boundary conditions are defined to simulate the pure shear load 

on the panel. The predicted responses of panels are compared to the experimental results 

in Fig. 6.8. 
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Fig. 6.6 Reinforcement Orientation of Panel Specimens 

 

Fig. 6.7 Finite Element Mesh of Panel Specimens  

As shown in Fig. 6.8, the predicted results of most of the panels agree very well 

with the experimental results in the whole loading history in both the ascending and 
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descending branches. The post cracking shear strain and the descending branches of panels 

REF-P3 and P3-FW series did not match well with the experimental results. This can be 

due to the low steel reinforcement ratios in transversal directions in these panels. The post 

crack shear strain was bigger than the experimental results which lead to a higher prediction 

in the post crack stiffness. This was due to neglecting the bond effect between the FRP 

sheets and concrete substrate which prevented the cracks from opening and was not 

considered in the model. The predictions of panels which had higher steel reinforcement 

ratios were satisfactory. Panel P4-040-SB failed by debonding of FRP sheets from concrete 

substrate, therefore the finite element prediction was satisfactory for this panel only up to 

failure. The behavior of panel P4-080-FW which had the highest FRP reinforcement ratio 

was predicted very well in both ascending and descending branches. It can be concluded 

that the failure mode has a great impact on the predictions. In panel P4-080-FW since failed 

by concrete crushing rather than FRP rupture, the behavior especially the descending 

branch was modeled accurately. Other panels which failed by FRP rupture, debonding or 

anchorage failure were not modeled accurately in the descending branch. The SMM-FRP 

model is a smeared model; therefore, the local failure of FRP was not captured by the 

model.  The model predicted the shear behavior up to the failure of the strengthening 

system. This could be considered as the limitation of the developed finite element program. 
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Fig. 6.8 Comparison of Experimental and Finite Element Analysis of Panels 
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Fig. 6.9 shows the comparison of shear stress and shear strain curves between the 

experimental panel tests and two different SMM finite element analyses of panels              

P4-040-FW and P4-040-FW. One is the SMM with the original constitutive laws of 

concrete and steel in tension for RC members with just the addition of the FRP 

reinforcements in the equilibrium equations. The other one is the SMM-FRP which 

includes all the new material models for concrete, steel, and FRP. It can be seen that the 

original model underestimated the tension stiffening effect of concrete, while the SMM-

FRP model with modified constitutive laws shows a much better predictions. The new 

softening equations and also the new Poisson’s ratio resulted in a better prediction of the 

behavior especially in the descending portion of the curves. 

 

a) Panel P4-040-FW                                 b) Panel P4-080-FW 
Fig. 6.9 Comparison of SMM and SMM-FRP Finite Element models of Panels 

6.7 SIMULATION OF FRP STRENGTHENED RC BEAMS 

In this section, the developed nonlinear finite element program is verified by the 

experimental results of FRP strengthened RC beams reported in literature (i.e., Mofidi and 

Challaal (2014); Colalillo and Sheikh (2014)).  



 

213 

 

The finite element model of the FRP strengthened RC beam specimens created for 

the analysis is described. Furthermore, the experimental results of beams are compared 

with the analytical results obtain using the finite element program. 

6.7.1 Finite Element Model of Beams 

The finite element models of the FRP strengthened RC beams created for analyzing 

the beams using the finite element program are described in this section. The top and 

bottom region of the beam with longitudinal reinforcement, which resist the bending 

moment acting in the beams, are modeled as “NonlinearBeamColumn” elements with fiber 

sections. In case of T-beams or I-beams, flanges resist bending; in case of rectangular 

beams, the top and bottom region consisting longitudinal reinforcements resist bending. 

The “NonlinearBeamColumn” elements were previously developed in OpenSees (Taucer 

et al., 1991). The web of the beam, which resists the shear force acting on the beam, is 

defined by the developed FRPRCPlanseStress quadrilateral elements.  

It should be noted that because the SMM-FRP is a fully smeared cracked model, 

the finite element that contains the cracked concrete and the embedded steel rebars is 

considered as a continuum. Therefore, it is not necessarily true that more accurate solution 

would be achieved with smaller mesh size. In order to minimize the precious computation 

time, a relatively small number of FRP RC plane stress elements is adequate to obtain 

accurate outcomes using the proposed finite element program. 

6.7.1.1 Beams tested by Mofidi and Chaallal (2014) 

The finite element program was used to simulate two of the RC T-beams 

strengthened with externally bonded FRP tested by Mofidi and Chaallal (2014). The T-
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beams were 14 ft, 10 in. long, and their T-sections had overall dimensions of 20 in. by 16 

in. The width of the web and the thickness of the flange were 6 and 4 inches, respectively 

(Fig 6.10a). The longitudinal steel reinforcement consisted of four 25M bar with a diameter 

of 1 in., laid in two layers at the bottom, and six 10M bars with a diameter of 0.4 in., laid 

in one layer at the top flange. The internal steel stirrups (where applicable) were 5/16 in. 

in diameter. Both tests were conducted in three-point load flexure (Fig. 6.10b). The beams 

had a compressive strength of 4 ksi obtained during the tests. The longitudinal steel 

reinforcement consisted of 25M bars (modulus of elasticity 27000 ksi, and yield stress 72 

ksi), and the transverse steel reinforcement consisted of deformed 5/16 in. bars (modulus 

of elasticity 29800 ksi and yield stress 94 ksi). The composite material was a unidirectional 

carbon-fiber fabric epoxy-bonded over the test zone in a U-shape around the web. The dry 

CFRP sheet had an ultimate tensile strength of 500 ksi, an elastic modulus of 33000 ksi), 

and an ultimate strain of 1.5%, as reported by the manufacturer. The thickness of the CFRP 

fabric used was 0.004 in. 

 

Fig. 6.10 Test Setup Configuration: a) Cross Section of Tested RC T-beams, b) Side  
View of Loading Configuration (Mofidi and Chaallal, 2014) 

The FRP strengthened RC T-beams are modeled using the finite element mesh 

shown in Fig. 6.11. The top flange in the beam and also the bottom region of the beam are 

defined as 16 NonlinearBeamColumn elements each. Each NonlinearBeamColumn 

element is defined with 2 control sections, one representing the concrete and the other 

20 

16 
4 

5/16  

41.35

122.45 48.57.0 Units:  inches 
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representing the steel bar. The configuration of the section discretizing of the top flange is 

shown in Fig. 6.12a. Each section representing the top flange is discretized into 20 fibers 

of concrete and 6 fiber of longitudinal rebar. In Fig. 6.12b, each section representing the 

bottom region of the beam is discretized into 4 fibers of concrete and 4 fibers of rebar. 

 

Fig. 6.11 Finite Element mesh of Beam Specimens Tested by Mofidi and Chaallal (2014) 

 
a) Top Flange with Mild Steel Rebars                            b) Bottom region of Beam 

Fig. 6.12 Section Discretization of NonlinearBeamColumn Elements of Beams 

To define the concrete and steel fibers in the cross section Concrete0l and Steel0l 

are used, respectively. The Concrete01 module used herein is a uniaxial material module 

of concrete previously created in OpenSees following the modified Ken and Park model 

(Scott et al., 1982). 

The web regions of the beams are modeled by 16 FRPRCPlaneStress quadrilateral 

elements. The transversal and longitudinal steel orientations in the elements are defined in 

the vertical and horizontal directions, respectively. The steel ratio in the vertical direction 

is determined based on transverse steel ratio in the web of the respective specimens. 
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ConcreteF01 and SteelF01 are used to create the uniaxial material models of concrete and 

reinforcements in the FRPRCPlaneStress module, respectively. 

The first beam NR-ST-HF is not reinforced with transversal steel ( %0v ) and 

is heavily strengthened with FRP strips ( %1.0f ). The second beam NR-ST-LF is not 

reinforced with transversal steel ( %0v ) and is lightly strengthened with FRP strips           

( %072.0f ). 

The monotonic behavior of beams NR-ST-HF and NR-ST-LF obtained from the 

nonlinear finite element analysis are compared with the experimental results of beam tests 

under monotonic loading. The measured and calculated load-deflection curves for beam 

NR-ST-HF and NR-ST-LF are shown in Fig 6.13 and Fig. 6.14, respectively. 

 

Fig. 6.13 Experimental and Analytical Load-Displacement Curves of Beam NR-ST-HF 

The analysis predicts the load versus deformation characteristics of the specimens 

including the initial stiffness, post cracking stiffness, yield displacement, and the ultimate 

strength. The maximum load carrying capacity of the specimen NR-ST-HF as observed 
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from the tests is 52 kips and from the analysis is 47 kips.  The analytical and experimental 

curves in in Fig. 6.12 showed good agreement. However, as discussed earlier the failure 

mode was not captured by the finite element model. The local failure of FRP in the FRP 

strengthened RC structures was not captured by the model. The model predicted the shear 

behavior up to the failure of the strengthening system 

 

Fig. 6.14 Experimental and Analytical Load-Displacement Curves of Beam NR-ST-LF 

The analysis of beam NR-ST-LF well predicts the load carrying capacity. The peak 

strength of beam NR-ST-LF as observed from the test is 44 kips. The peak strength of the 

beam from analysis is 45 kips which is very close to the experimental results. 

6.7.1.2 Beams tested by Colalillo and Sheikh (2014) 

The finite element program was used to simulate two of the RC rectangular beams 

strengthened with externally bonded FRP tested by Colalillo and Sheikh (2014). The beams 

were 11 ft. long, and 25.6 in. deep by 15.7 in. wide. Longitudinal steel reinforcement 

consisted of eight 30M bar with a diameter of 1.18 in. at both top and bottom regions. The 

internal steel stirrups (where applicable) were #3 rebars, as shown in Fig. 6.15a. Both tests 
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were conducted in three-point load flexure (Fig. 6.15b). The beams had a compressive 

strength of 6.9 ksi obtained during the tests. The longitudinal steel reinforcement consisted 

of 30M bars (modulus of elasticity 31000 ksi, and yield stress 69.8 ksi), and the transverse 

steel reinforcement consisted of #3 bars (modulus of elasticity 28200 ksi and yield stress 

72.7 ksi). The FRP composite system consisted of unidirectional carbon fiber fabric having 

a nominal thickness of 0.039 in., epoxy-bonded over the test zone in a full wrap around the 

web. The FRP sheet had an ultimate tensile strength of 146 ksi, an elastic modulus of 13600 

ksi), and an ultimate strain of 1.01%. 

 

Fig. 6.15 Test Setup Configuration: a) Cross Section of Tested RC beams, b) Test  
Apparatus (Colalillo and Sheikh, 2014) 

The FRP strengthened RC rectangular beams are modeled using the finite element 

mesh shown in Fig. 6.16. The top and the bottom region of the beam are defined as 17 

NonlinearBeamColumn elements each. Each NonlinearBeamColumn element is defined 

with 2 control sections, one representing the concrete and the other representing the steel 

rebar. The configuration of the section discretizing of the top and bottom region of the 

beam is shown in Fig. 6.18. Each section representing the top and bottom region is 

discretized into 16 fibers of concrete and 8 fiber of longitudinal rebar. 

a b
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Fig. 6.16 Finite Element mesh of Beam Specimens Tested by Colalillo and Sheikh (2014) 

 

Fig. 6.17 Discretization of NonlinearBeamColumn Elements of Beams 

To define the concrete and steel fibers in the cross section Concrete0l and Steel0l 

are used, respectively. The web regions of the beams are modeled by 17 FRPRCPlaneStress 

quadrilateral elements. The transversal and longitudinal steel orientations in the elements 

are defined in the vertical and horizontal directions, respectively. The steel ratio in the 

vertical direction is determined based on transverse steel ratio in the web of the respective 

specimens. ConcreteF01 and SteelF01 are used to create the uniaxial material models of 

concrete and reinforcements in the FRPRCPlaneStress module, respectively. 

The first beam S5-CS is reinforced with transversal steel ( %071.0v ) and is 

strengthened in a full wrap with FRP strips ( %25.0f ). The second beam S2-UA is 

reinforced with transversal steel ( %142.0v ) and is strengthened with U-Wrap FRP 

sheets ( %5.0f ). 

The monotonic behavior of beams S5-CS and S2-UA obtained from the nonlinear 

finite element analysis are compared with the experimental results of beam tests under 

Unit: inches 
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monotonic loading. The measured and calculated load-deflection curves for beam S5-CS 

and S2-UA are shown in Fig 6.18 and Fig. 6.19, respectively. 

 

Fig. 6.18 Experimental and Analytical Load-Displacement Curves of Beam S5-CS 

 

Fig. 6.19 Experimental and Analytical Load-Displacement Curves of Beam S2-UA 

The FE analysis of beam S5-CS shows a stiffer behavior than the experimental 

results. This could be due to the effects of external environment such as initial settlement 

of test setup. The maximum load carrying capacity of the specimen S5-CS as observed 
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from the tests is 162 kips and from the analysis is 176 kips.  The analytical and experimental 

curves in in Fig. 6.19 showed an overall good agreement.  

The analysis of beam S2-UA well predicts the load carrying capacity. The peak 

strength of beam S2-UA as observed from the test is 153 kips. The peak strength of the 

beam from analysis is 134 kips which is very close to the experimental peak strength. 

6.8 SUMMARY 

This chapter presented the finite element formulation of the SMM-FRP. Uniaxial 

material modules were developed and a nonlinear finite element program was compiled by 

implementing the SMM-FRP into the finite element framework OpenSees. 

The developed finite element program is used to predict the behavior of FRP 

strengthened RC panels under monotonic shear, tested in this research. The predicted 

results of most of the panels agree very well with the experimental results in the whole 

loading history in both the ascending and descending branches. However, for some panels 

the descending branch did not fit well with the experimental results due to limitations in 

considering the failure mode in the finite element model. 

Furthermore, the finite element program was used to simulate the behavior of four 

FRP strengthened RC beams subjected to monotonic loading, reported in literature.  The 

analytical models of the beams are described. The analytical results of all beams were then 

compared with the experimental results, which showed a good agreement in terms of initial 

stiffness, post cracking stiffness, yield displacement, and ultimate strength.  
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CHAPTER 7 CRACK CHARACTERISTIC OF FRP STRENGTHENED RC 

ELEMENTS 

7.1 INTRODUCTION 

This chapter presents and discusses the experimental results of FRP strengthened 

RC members tested under uniaxial tension and FRP strengthened RC members subjected 

to pure shear in terms of crack width and crack spacing. The tensile RC members (prisms) 

were reinforced with externally bonded FRP sheets. Same as panel specimens, the prisms 

had different steel and FRP reinforcement ratios combined with different wrapping 

schemes. Details of the tensile behavior of prisms and also the crack characteristic analysis 

of the prism and panel specimens are presented. The digital image correlation (DIC) 

technique has been used in this study for investigating the evolution of strains and 

formation of cracks during experimental tests. The experimental results are compared with 

code provisions and the suitability of the prediction models is analyzed. Finally, a new 

formulation for crack width and spacing for FRP strengthened RC members, calibrated 

using the experimental results, has been proposed which, considers all the main affecting 

parameters. 

7.2 SERVICEABILITY IN FRP STRENGTHENED RC MEMBERS 

For the design of a structure, both the ultimate limit state and the serviceability limit 

state must be verified. An FRP strengthened RC member is designed for the required 

strength and afterwards checked for serviceability and the ultimate state criteria (e.g., crack 

width, deflection, fatigue and creep). It should be noted that in many cases, the 

serviceability criteria controls the design (Nanni, 2003). For FRP strengthened RC 

members the cracking behavior is typically evaluated by using the same approach used for 
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RC members (Ceroni and Pecce, 2009). According to ACI 440.2R-08 (2008), to avoid 

inelastic deformations in FRP strengthened RC members at serviceability limit states, the 

stress in steel reinforcement should be limited to 80% of the yield strength. 

Compared to the large numbers of experimental results on FRP strengthened RC 

elements which aim at studying the behavior at the ultimate stage, few results are available 

for verification of serviceability conditions (Farah and Sato, 2011). Moreover, increase in 

the ultimate capacity due to FRP strengthening will not necessarily result in a proportional 

increase in the service load (Ceroni and Pecce, 2009); therefore, verification of 

serviceability limit state in FRP strengthened RC elements is crucial. A number of 

experimental tests have been conducted by researchers to evaluate the cracking of FRP 

strengthened RC flexural elements (Elsanadedy et al., 2014; Noel and Soudki, 2014; Mias 

et al, 2015). However, the tensile behavior of FRP strengthened RC members was not the 

focus of many researchers (Sato et al., 1999; Yoshizawa and Wu, 1999; Matthys, 1999; 

Ueda et al., 2002; Lee et al., 1999; Tripi et al., 2000; Ceroni et al., 2004;). 

For RC structures, reliable and effective models are available for evaluating 

deflections and crack widths at the serviceability limit state, which also takes into account 

the tension stiffening effect (Ceroni and Pecce, 2009). The modelling of tension stiffening 

in RC beams is typically based on several experimental tests on specimens in uniaxial 

tension and bending. The code formulas are advanced by now for RC members. Also, 

studies related to members strengthened with FRP rods are progressing (Pecce et al., 2000, 

Baena et al., 2011). However, for RC members strengthened by externally bonded FRP, 

the serviceability in terms of crack characteristics has not been well established; in this 

case further studies are needed regarding the transfer of stresses at the concrete-FRP 
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interface, and also the interaction of the external reinforcement with internal steel. Few 

researchers have studied the crack characteristics and tension stiffening of externally 

bonded FRP strengthened prisms and beams. 

Some design provisions provide equations for calculating crack width and spacing 

for RC elements at serviceability conditions (Eurocode 2, 2004; ACI 318, 2005; JSCE, 

2007; CAN/CSA S806-12, 2012). However, fewer provisions are available for the 

serviceability conditions and crack width and spacing predictions in design codes for FRP 

strengthened RC structures. An available code formula for the prediction of mean crack 

spacing and width is presented in fib Bulletin 14 (2001), which is based on the work 

presented by Matthys (1999). 

Applying FRP reinforcement significantly changes the crack width and spacing of 

the RC member; average crack widths are generally smaller than for un-strengthened 

members at the same smeared strain level, due to the additional bond action developing at 

the FRP-concrete interface which reduces the crack spacing (Farah and Sato, 2011). 

7.3 EVALUATION OF CRACK SPACING AND CRACK WIDTH 

7.3.1 Principles of the Cracking Phenomena  

If a continuously increasing tension load is applied to a member, the first crack will 

form when the tensile strength of the weakest section in the member is reached. This crack 

will result in a local redistribution of stress in that member. At the crack, all the tensile 

force will be transferred to the reinforcements, and the stress in the concrete adjacent to the 

crack will drop to zero (ACI 224, 2004). With increasing distance from the crack, force is 

transferred from the reinforcements to the concrete by bond stress until, at some distance, 
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S0, from the crack the stress distribution within the section remains unchanged from what 

it was before the crack formed. This local redistribution of forces in the region of the crack 

is accompanied by an extension of the member. This extension, plus a minor shortening of 

the concrete which has been relieved of the tensile stress it was supporting, is 

accommodated in the crack. The crack thus opens up to a finite width immediately on its 

formation. The formation of the crack and the resulting extension of the member also 

reduce the stiffness of the member. As further load is applied, a second crack will form at 

the next weakest section. However, it will not form within S0 of the first crack since the 

stresses in this region will have been reduced by the formation of the first crack. If the 

second crack is formed at a distance more than 2S0 away from the first crack, there is a 

certain length between the two cracks where the concrete stress reaches the concrete tensile 

strength. This means at least one crack will form between two existing cracks if they are at 

a distance more than 2S0 apart. Further increase in load will lead to the formation of more 

cracks until there is no remaining area of the member surface which is not within S0 of a 

previously formed crack. Further loading will result in widening of existing cracks but no 

new cracks will form; therefore, a stable crack pattern with a crack spacing of S 

(S0 ≤ S ≤ 2S0) is achieved. The variation of steel, concrete and FRP strains between two 

adjacent cracks are shown in Fig 7.1. Steel strain ( S ) and FRP strain ( f ) reduces from a 

peak at the crack location to a minimum halfway between the cracks; the concrete strain             

( c ) follows a converse pattern. It is assumed that the strain in FRP and steel at the crack 

location are the same ( so ). Because the bond stress between steel and concrete is not the 

same for FRP and concrete, with the increase of distance from the crack the strain variation 
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of FRP and steel differ from each other, In Fig. 7.1, sm  and cm  are the average steel 

strain and average concrete strain, respectively. In RC members, the crack opening is 

computed as the integral of the difference between the steel and concrete strains over two 

half crack spacing (Fig7.1). 

 

Fig. 7.1 Schematic of Strain Distribution after Cracks are Formed 

Since no crack can form within the distance of S0 of an existing crack, this defines 

the average spacing of the cracks. The maximum spacing is 2S0; if crack spacing was wider 

than this, a further crack could form. 

It is in the calculation of S0 that the most significant differences arise between the 

equations in code provisions. The distance S0 depends on the rate at which the stress can 

be transferred from the reinforcements, which are carrying all the force at a crack, to the 

concrete. This transfer is affected by bond stresses on the reinforcements. It is assumed that 

the bond stress is constant along the length S0, and the stress will reach the tensile strength 

of the concrete at a distance S0 from a crack (Fig. 7.1). 



 

227 

 

7.3.2 Code Provisions for Crack Spacing and Crack Width 

In the past, tremendous amount of effort has gone into developing methods to 

predict the crack width and spacing in RC members. Many equations have been proposed 

in different formats. A summary of the previous work on crack width and spacing 

formulations in RC members are presented by Borosnyoi and Balazs (2005). In general, 

these equations have the following format (Beeby, 2004): 












 b

k

d
kw ,               (7-1)                         

where kw  is the average crack width. From the equation it can be seen that the key elements 

which affect the crack width are the bond characteristic parameter k, the bar diameter bd , 

the reinforcement ratio	 , and the average strain . 

In the following sections the well-known code provisions of crack width and crack 

spacing in RC and FRP strengthened RC members will be reviewed. 

7.3.2.1 Eurocode 2  

In EC2-92 (1992), it is assumed that all the deformation of the member when a 

crack is formed is accommodated in that crack. When all cracks have formed, the crack 

width is given by the following relationship, which is based on compatibility: 

smrmkk Sw  ,               (7-2) 

where, wk is the average crack width, 	βk may be taken as 1.7 for load induced cracking, Srm 

is the average crack spacing and εsm is the average strain.  
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As shown in Eq. (7-3), in EC2-04 (2004), the average strain is assumed to be equal 

to the average strain in the reinforcements, εsm, taking account of tension stiffening, and by 

taking out the average strain in the concrete at the surface, εcm (see Fig. 7.1) the crack width 

is defined as  

 cmsmrmkk Sw   .                                                                                               (7-3) 

The following equation has been presented in EC2-92 (1992) for average crack 

spacing: 

eff
rm kkS




2125.050  ,                                                                                              (7-4) 

where, k1 is the bond coefficient equal to 0.8 for deformed bars and 1.6 for plain bars; k2 is 

the coefficient to take into account the type of loading equal to 0.5 for bending and 1.0 for 

pure tension;   is the diameter of steel bar; and eff  is the effective reinforcement ratio. 

Studies have shown that the cover of concrete also has a significant influence (Ferr-

Borges, 1966; Farra and Jaccoud, 1992). In EC2-04 (2004) the following equation was 

proposed to evaluate the maximum crack spacing for RC elements: 

eff
r kkcS




21max, 425.04.3  ,          (7-5)                           

where, c is the concrete cover and k1, k2,  , and ρ are defined same as EC2-92 (1992) in 

Eq. (7-4). It was found experimentally that a reasonable estimate of the characteristic crack 

width is obtained if the maximum crack spacing is assumed to be 1.7 times the average 
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crack spacing (EC2-04, 2004). Therefore, based on EC2-04 (2004), the average crack 

spacing, Srm, can be calculated as  




2125.02 kkcSrm  .             (7-6) 

The other parameter in the crack width equation is the average strain. In EC2-92 

(1992),  is defined as: 
























2

212 1
s

cr
sm 

 ,             (7-7) 

where  considers the bond characteristics of the internal steel rebars (1 for ribbed and 0.5 

for smooth bars),  considers the loading type (1 for short and 0.5 for long term 

loading);	  is the tensile stress in the steel bar at the first cracking load, 	and  are the 

stress and strain in the steel bar at the cracked section. 

In EC2-04 (2004) a different form of the equation is adopted and the difference in materials 

strains between cracks is described as 
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 ,          (7-8)               

where	 	is the stress in the tension reinforcement, calculated by assuming a cracked section, 	is 

the modular ratio (Es/Ec), kt is a factor depending on the duration of the load (0.6 for short-term 

loads and 0.4 for long-term loads). 

7.3.2.2 JSCE  

The formulation of crack spacing in JSCE (2007) is presented by the following 

equation 
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   srm cckkkS 7.041.1 321 ,            (7-9) 

where, c is the concrete cover, cs and   denote center to center distance and diameter of 

outer layer tensile reinforcement; k1 is the coefficient that characterizes the effect of surface 

geometry of reinforcement (1 for deformed bars, and 1.3 for plain bars and prestressing 

steel); k2 is a constant to take into account the effect of concrete quality, which is calculated 

as 

7.0
20

15
2 




cf
k ,                                  (7-10) 

where  is the compressive strength of concrete in MPa; k3 is a constant to take into 

account the effect of multiple layers of tensile reinforcement and is calculated as 

 
87

25
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n

n
k ,             (7-11) 

where n is the number of layers of tensile reinforcement. 

7.2.2.3 CAN/CSA S474 

The Canadian offshore code CAN/CSA-S474-04 (2014) proposed the following 

formulation for the average crack spacing of cracks normal to the reinforcement as 

 
tNs

cr kkScS



211.00.2  ,          (7-12) 

where c denotes the concrete cover thickness (not greater than 55mm); S is the bar spacing 

of the outer layer tension reinforcement; k1 is the coefficient that characterizes the bond 

properties of bars (0.4 for deformed bars, and 0.8 for plain bars); k2 is the coefficient to 

account for the strain gradient calculates as 
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k ,                       (7-13) 

where, ε1 and ε2 are the largest and smallest tensile strains in the effective embedment 

zones;   is the bar diameter of the outer layer tension  reinforcement; tNs is the effective 

reinforcement ratio calculated as 

bh

A

eff

st
tNs  ,                        (7-14) 

where effh  is the effective embedment thickness, taken as the greater of (a1+7.5 ), and 

(a2+7.5 ), but not greater than the height of tension zone; a1 and a2 are the distances from 

the centers of the bars to the surface of the concrete; b is width of the section; Ast is area of 

reinforcement within the effective embedment thickness. 

The Norwegian code NS 3473E (1992) provides the similar approach for the 

calculation of the average crack spacing as that of CAN/CSA S-474 (2014). 

7.3.2.4 CEB-FIP  

The CEB-FIP (2010) suggests two distinct formulations for plain and fiber 

reinforced concrete structural members. In both cases the maximum crack width can be 

calculated as 

  







L

k
lw cscmsmsk

max,max, 2 ,       (7-15) 

where ls,max is the length over which slip between concrete and steel occurs; εsm and εcm are 

the average strains of steel bars and concrete, respectively, over the length ls,max,; εcs is the 

strain of the concrete due to free shrinkage. The average crack width can be calculated by 
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dividing the maximum crack width, Eq. (7-15), by 1.5 (Borosnyoi and Balazs, 2005). ls,max 

has two different expression for plain and fiber reinforced concrete, Eq. (7-16) and Eq. (7-

17), respectively. 
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  and                     (7-16) 
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 ,                            (7-17) 

where ftsm  is the residual tensile strength equal to 0.45; k is an empirical parameter to 

account for the influence of the concrete cover, considered to be 1; τbm is the mean bond 

strength between concrete and steel equal to 1.8fctm for stabilized cracking in both short and 

long term loading. 

7.3.2.5 ACI 224.2R-92 

In ACI 224.2R-92 (2004) the expression for the maximum tensile crack width 

developed by Broms and Lutz (1965) is presented as 

2

max 4
1000138.0 










c
cs d

s
dfw ,         (7-18) 

where sf is the stress in the reinforcement; cd is he distance from center of bar to extreme 

tension fiber and s is the bar spacing. Eq. (7-18) can be used to predict the maximum crack 

width in fully cracked tensile members. The maximum flexural crack width is presented as  

Adfw cs
3

max 000076.0  ,                       (7-19) 
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where   is the ratio of distance between neutral axis and tension face to distance between 

neutral axis and centroid of reinforcing steel and A is the area of concrete symmetric with 

reinforcing steel divided by number of bars. The flexural crack width expression in Eq. (7-

19), with 2.1 , is used in the following form in ACI 318-95: 

Adfz cs
3 .            (7-20) 

7.2.2.6 FIB 14 

In fib 14 (2001), the average crack spacing in RC members strengthened with FRP 

sheets, taking into effect of both the internal and the external reinforcement, is calculated 

using the following formulation:  
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,     (7-21) 

where fctm is the mean tensile strength of concrete, us and uf are the perimeters of the steel 

bar and FRP sheets bonded to concrete, τfm=1.8fctm  and τsm=1.25fctm  (Matthys, 1999) are 

the bond stresses along the concrete-steel interface and concrete-FRP interfaces, which are 

assumed constant and  is a bond parameter given as 

sffsm

fssfm
b uAE

uAE




  .            (7-22) 

In fib14 (2001), the same approach as EC2-92 (1992) is used for calculation of the 

average strain and average crack widths; by assuming that the initial strain at the extreme 

tensile fiber before strengthening is zero,  can be calculated as  
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 where 	and  are the total tensile force in steel and FRP respectively.  

7.2.2.7 Summary of Design Guidelines for Crack with and Spacing 

Crack formation is generally a complex mechanical behavior to model. Available 

crack width and spacing formulations are usually based on simplifications. The formulation 

of crack width is usually based on the average crack spacing and average reinforcement 

strain. Based on extensive research, the average crack spacing is influenced by several 

parameters such as bar diameter, bond characteristics, effective reinforcement ratio, 

concrete cover, bar spacing, and size effect. The equations presented in design guidelines 

consider some of these effecting parameters in their proposed equations. Enormous 

research activities have been focused on the study of cracking behavior of RC members. 

However, there is no globally accepted formulation for crack width and crack spacing. In 

case of FRP strengthened RC members, fewer provisions are available for crack width and 

spacing predictions in design codes. In view of increasing importance of serviceability in 

design, more research should be focused in this field. 

7.4 UNIAXIAL TENSILE TESTS 

In order to evaluate the behavior of FRP strengthened RC elements under tension, 

and to investigate the serviceability conditions, a series of full-scale tensile tests of FRP 

strengthened RC prisms have been conducted. The uniaxial tensile tests, consisting 10 full-

scale FRP strengthened RC prisms and three RC prisms tested under direct tensile loading 

was conducted by Yang (2015). Only a brief summary of the work and the main data are 

presented here. The test setup and dimensions of the specimens are shown in Fig. 7.2. The 
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specimens are 55 in. long RC prisms with a cross section of 10.125 in. × 7 in. FRP sheets 

with a width of 8 in. were applied on the two opposite wider sides of the specimen. At each 

end of the specimen, four hydraulic actuators with a total tension capacity of 400 Kips were 

used to apply tensile loading to the specimens through the pin connections on the connector 

yokes. Pin connection was used at the ends to eliminate any potential bending effect and 

ensure pure uniaxial loading. Three different wrapping schemes were used, including Side 

Bond (SB), Full Wrap (FW) and U-wrap with FRP Anchors (FA). Testing initially started 

using load control up to the first cracking and then switched to displacement control until 

failure of the specimen. 

In Table 7.1, the test matrix of the uniaxial tension test is shown. Also, the 

properties of materials are reported; fy and Es being the yielding stress and Young’s 

modulus of steel, respectively, Fu,FRP and Ef the ultimate strength and Young’s modulus of 

FRP, respectively, s  and f  are the internal steel and the external FRP reinforcement 

ratios, respectively. The results of pull-off strength tests (discussed in Section 3.1.1.3) are 

also presented. The steel rebar and FRP sheets used in fabrication of prism specimens had 

the same material properties as the materials used in fabrication of panels.  

 

a) South View of Test Specimen 
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b) Specimen Layout 

Fig. 7.2 Test Setup and Specimen Layout 

The specimens are identified by steel rebar sizes (#3, #4 and #5), FRP thicknesses 

(0.025 in and 0.040 in), and wrapping schemes (Fully Wrap, Side Bond, U-wrap with FRP 

Anchor). As an example: S4-025-SB stands for the specimen with #4 rebar, 0.025 in thick 

FRP sheet and Side Bond (SB) wrapping scheme method. REF-R3, REF-R4, and REF-R5 

stand for RC reference specimens with #3, #4 and #5 rebars, respectively. 

For the test procedure, load control was first used until the cracks occur, after that 

the displacement control mode was used until the failure of the specimen. In the loading 

control mode, tensile load was applied at increments of 0.5 kips/jack/min. For the 

displacement control steps in the post-cracking stage, the increment of the strain is set to 

0.0001 (in/in)/min. 
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Table 7.1 Material Properties of the Uniaxial Tension Test 

 

In the following sections the experimental results of the uniaxial tensile tests of 

FRP strengthened RC specimens are presented. Details on the tensile behavior and cracking 

analysis of externally bonded FRP strengthened RC members are given. 

7.4.1 Tensile Behavior 

The load-average strain curves (P- ) of the tests are shown in Fig. 7.3. The 

average strain is calculated based on the measurements of LVDTs over the test region as 

shown in Fig. 7.2b (i.e., 31.5 in.).  

 The uniaxial tensile behavior of the FRP strengthened RC members can be defined 

by three different regions. The stress-average strain curve has an initial linear branch with 

steep slope, which corresponds to the un-cracked condition of the member (pre-cracking 

stage). As discussed in the previous section, after the first cracking, testing mode was 

switched to displacement control; therefore, the load dropped to accommodate the increase 

Specimen 
Name 

f'c 
(psi) 

s 

(%) fy (ksi) 
Es 

(ksi) f (%) fu,FRP (ksi) 
Ef 

(ksi) 
fpull-off 
(psi) 

REF-R3 6,119 0.31 66.5 27,359 0 NA NA NA 

REF-R4 6,119 0.55 67.0 27,565 0 NA NA NA 

REF-R5 6,119 0.87 68.0 28,326 0 NA NA NA 

S3-025-FA 6,699 0.31 66.5 27,359 0.56 120 12,000 610 

S3-040-FA 6,699 0.31 66.5 27,359 0.90 127 10,500 610 

S4-025-FA 6,971 0.55 67.0 27,565 0.56 120 12,000 680 

S4-040-FA 6,699 0.55 67.0 27,565 0.90 127 10,500 610 

S5-025-FA 6,699 0.87 68.0 28,326 0.56 120 12,000 610 

S5-040-FA 6,971 0.87 68.0 28,326 0.90 127 10,500 680 

S4-025-SB 6,119 0.55 67.0 27,565 0.56 120 12,000 550 

S4-040-SB 6,971 0.55 67.0 27,565 0.90 127 10,500 680 

S4-025-FW 6,119 0.55 67.0 27,565 0.56 120 12,000 550 

S4-040-FW 6,971 0.55 67.0 27,565 0.90 127 10,500 680 
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in strain due to cracking. Afterwards, the cracking stage begins and the slope of the stress-

strain curve decreases due to progressive cracking in the FRP strengthened RC member. 

Finally, at the post-yielding stage, the crack development has been stabilized and the stress-

strain curve increases monotonically until failure (Fig. 7.3). 

Fig. 7.3a and Fig. 7.3b show the results of the specimens with same steel and FRP 

reinforcement ratios but different wrapping scheme. It can be observed that the externally 

bonded FRP sheets significantly increases the capacity of the RC member. Also, the 

observed failure modes are debonding for specimen with side bond wrapping scheme, and 

FRP rupture for specimens with fully wrap and U-wrap with FRP anchors. In both cases, 

the average strain at failure is significantly smaller than that in RC members. Moreover, it 

can be observed that the specimens with fully wrap and FRP anchors have a greater gain 

in capacity when compared to side bond wrapping scheme. This can be attributed to the 

fact that the failure mode for the side bond wrapping scheme is FRP debonding while the 

failure mode for fully wrap and FRP anchors is FRP rupture. In the case of debonding, 

failure is experienced at a strain level which is lower than the ultimate strain of FRP, when 

the FRP separates form the concrete substrate. At these lower strain levels, the FRP is not 

able to utilize its full tensile capacity, effectively lowering the efficiency of the 

strengthening system. In the case of FRP rupture, the fibers reach their ultimate strain value 

and fracture at the point of maximum stress. Therefore, the effective strain for FRP rupture 

is highly greater than that of FRP debonding, which explains the greater gain in capacity. 
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a) Specimen (s = 0.55%, f = 0.56%)             b) Specimen (s = 0.55%, f = 0.90%) 

Fig. 7.3 Experimental Load-Average Strain Curves 

7.4.2 Tension Stiffening Effect 

The tensile contribution of concrete, known as tension stiffening, is usually 

neglected when calculating the strength of RC members. However, tension stiffening 

affects the post-cracking stiffness and consequently the overall behavior in terms of 

deflection and crack width of the member under service load (Bischoff, 2003). Tension-

stiffening effect are useful in investigating the post-cracking behavior of the FRP 

strengthened RC members and can provide additional information to explain the bond 

characteristics between the FRP and concrete interface, which is crucial for investigation 

of the crack width and crack spacing. If the tension stiffening effect is neglected, the 

calculated strains and deformations may be overestimated. 

Fig. 7.4 shows the curves of normalized tensile stress of concrete with respect to 

the average tensile strain of tested specimens. The derivations of these curves are presented 

elsewhere (Yang et al, 2014). Fig. 7.4a shows that the tension stiffening effect tends to be 

greater in the specimen with higher steel reinforcement ratio. With the increase in steel 

reinforcement ratio the bond characteristics between steel and the surrounding concrete 

increases and therefore influence cracking (Beeby, 2004). Fig. 7.4b indicates that compared 

with un-strengthened reference specimen (REF-R4), the specimen with FRP exhibited a 
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greater tension stiffening effect. Also, when comparing specimens wrapped with different 

thickness of FRP sheets, it was found that the specimens strengthened with thinner FRP 

sheets (smaller FRP reinforcement ratio), tend to have a greater tension stiffening effect. It 

can be observed from Fig. 7.4c that that the tension stiffening is more evident in specimens 

strengthened using the fully wrap and FRP anchor method compared to those using side 

bonding methods. The greater tension stiffening effect for the fully wrap and FRP anchor 

can also be attributed to the greater performance of the bond action due to these wrapping 

methods. 

 

 

Fig. 7.4 Average Stress-Strain Curves of Concrete in Tension 
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The contribution of the concrete in tension affects the stiffness of the FRP 

strengthened RC members after cracking. Therefore, the crack spacing and crack width are 

affected at service load level. Comparing the average stress-strain curves of concrete in 

tension for different specimens show that wrapping scheme and FRP reinforcement ratio 

affect the bond behavior of steel-concrete and also, FRP-concrete interface in FRP 

strengthened RC members. This will result in a different crack pattern in such members 

compared to RC members. 

7.5 CRACK EVALUATION USING DIC SYSTEM 

The DIC system has been used in this research for investigating the evolution of 

strains and formation of cracks during shear tests of panel specimens and also, uniaxial 

tensile tests of prisms tested by Yang (2015). As a result, the cracks were measured 

precisely at any load stage. The principles of the DIC measurement technique was 

presented in Chapter 3. 

A thin layer of white flat paint was first applied on the surface, followed by a 

distribution of black dots using spray paint, similar to the examples shown in Fig. 7.2. A 

suitable balance between the average black-white spots must be achieved in order to 

enhance the accuracy of the measurements.  

The crack characteristics including crack width, number of cracks, and spacing of 

panel specimens and prism specimens were monitored by using the ARAMIS system. The 

DIC system will generate contour plots of the axial and lateral surface deformations of the 

panels, which will help determine the exact pattern around and in between the FRP sheets. 

In Fig. 7.3, the strain field in the direction of applied load  of a specimen at a specific 
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load level is shown using color gradient. The cracks are identified at locations with sudden 

increase in strain,	 . The crack widths are measured by assigning two points near the 

cracks and continuously measuring their distances.  

 

a) Uniaxial  Tensile Prism Specimen 

 

b) Shear Panel Specimen 

Fig. 7.5 The Pattern on the Surface of a Prism and Panel Specimens 

 

 

a) Uniaxial Tensile Test 
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b) Pure Shear Test 

Fig. 7.6 Full Strain Field in the Direction of Applied Load of Specimen at a Specific 
Load Level 

7.5.3 Crack Spacing 

7.5.3.1 Experimental Results 

The stabilized cracking phase is reached when the crack spacing between two 

existing cracks are too small for a new crack to develop in between. To determine the crack 

spacing, the cracks in the last phase of the test are considered since it is closest to the 

stabilized cracking. In Table 7.2, experimental measurements of the average crack spacing, 

Srm, maximum crack spacing, Sr,max, and minimum crack spacing, Sr,min, are presented. The 

experimental average crack spacing is defined by the measurement of the spacing between 

the adjacent cracks along the length of the prism at different heights and averaging for the 

entire specimen at the stabilized cracking stage. The maximum and minimum crack spacing 

is defined based on the maximum and minimum measured crack spacing at the stabilized 

cracking stage throughout the specimen, respectively.  In Fig.7.7, experimental values for 

the ratio Sr,max/Srm, computed for each prism in the stabilized cracking phase is shown. The 

mean value of the ratio Sr,max/Srm  and  Sr,min/Srm  are shown with  horizontal dashed lines. 
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As mentioned before, EC2-04 (2004) assumes a value of 1.7 for the ratio of the maximum 

to average crack spacing for RC structures; which is observed to be high compared to the 

experimental value of Sr,max/Srm equal 1.38 for FRP strengthened RC members. 

Table 7.2 Experimental Maximum, Minimum and Average Crack Spacing of Prisms at 
Stabilized Cracking Stage 

 

  

Fig. 7.7 Ratios of Maximum and Minimum to Average Crack Spacing vs. Average Crack 
Spacing in Tensile Tests 

Specimen No. of cracks ,  (in.) , (in.)  (in.) 

REF_R3 3 9.85 1.12 0.87 
REF_R4 4 9.20 1.31 0.71 
REF_R5 4 9.30 1.09 0.80 

S3-025-FA 7 4.69 1.41 0.48 
S3-040-FA 9 4.36 1.32 0.74 
S4-025-FA 8 4.45 1.28 0.78 
S4-040-FA 8 4.38 1.49 0.71 
S4-025-FW 8 4.22 1.50 0.81 
S4-040-FW 7 4.38 1.69 0.45 
S4-025-SB 7 4.81 1.46 0.72 
S4-04-SB 5 6.73 1.64 0.46 

S5-025-FA 6 5.73 1.37 0.52 
S5-040-FA 6 5.26 1.30 0.89 
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7.5.3.2 Comparison with Design Provisions 

The experimental results of the tests presented herein, and also the experimental 

data available in literature (Matthys, 1999; Ueda et al., 2002; Ceroni and Pecce, 2009) are 

used to review the effectiveness of the Eurocode2 and fib 14 design provisions for 

calculating the crack spacing in FRP strengthened RC members. 

In Fig. 8, the experimental values of mean crack spacing, Srm,exp, are compared with 

the design values provided by EC2-92 (Eq. (7-4)),  EC2-04 (Eq. (7-6)), and fib14 (Eq. (7-

18)). 

Ceroni and Pecce (2004) proposed the following expression for the calculation of 

effective reinforcement ratio, to consider the effect of externally bonded FRP in Eurocode 

2 equations 

effc

sffs
eff A

EEAA

,

/
 ,           (7-24) 

where As is the area of steel reinforcement, Af is the area of the FRP reinforcement, Ef and 

Es are the Young’s modulus of FRP and steel respectively. Also, Ac,eff is the effective area 

of concrete in tension. 
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       c) fib 14 

Fig. 7.8 Experimental and Code Values of Crack Spacing a) EC2-92, b) EC2-04, c) fib14 

In order to assess the suitability of the code predictions, for each approach 

examined, the mean percentage of deviation, σ%, of the code provisions with respect to 

experimental results are calculated as  

1

exp

exp

1

2

% 

 






 

 
n

coden

i i

ii

 ,         (7-25) 

where, codei is the code provisions corresponding to the experimental result, expi, and n is 

the total number of available experimental results used in the statistical analysis. 

Furthermore, the average ratio of code predictions to experimental results, δ, the standard 

deviation of variable δ, coefficient of determination, R2, and correlation coefficient, r, are 

reported in Table 7.3. R2 indicates how well the experimental results fit the prediction 

models. Correlation coefficient, r, is a measure of the degree of linear dependence between 

experimental results and the prediction models. 
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Table 7.3 Statistical Parameters of the Crack Spacing for Code Guidelines and 
Experimental Results 

 

The statistical parameters reported in Table. 7.3 shows that for crack spacing the 

code guidelines of EC2-92 (1992) and EC2-04 (2004) presents a larger scatter compared 

to the fib 14 (2001) prediction. The mean variable of parameter δ equal to 1.21 and 1.63 

for EC2-92 and EC2-04, respectively, shows the over-estimation of the experimental 

results. As in fib 14, δ equals 0.97, which shows a good agreement between experimental 

results and the code predictions. Also, evaluating the R2 and r values for fib 14 compared 

to EC2-92 and EC2-04 show that fib 14 predictions show a better agreement with the 

experimental results. The R2 value for EC2-04 equals -1.27, which shows that the 

prediction are very scatter compared to EC2-92 and  fib 14. The comparison of code 

predictions and experimental results for crack spacing in FRP strengthened RC members 

highlights the need for further investigations and development of new formulations to 

accurately predict the crack spacing in FRP strengthened RC members. 

7.5.4 Crack width 

7.5.4.1 Experimental Results 

Crack width measurements obtained using the DIC system is presented in this 

section. Using the DIC system the crack widths were measured continuously during the 

test. It was observed that in FRP strengthened RC members; average crack widths were 
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generally smaller than for un-strengthened members at the same smeared strain level (Fig. 

7.9a), due to the additional bond action developing at the FRP-concrete interface which 

reduces the crack spacing (Ceroni and Pecce, 2009). As shown in Fig. 7.9a, full wrap and 

U-wrap with FRP anchor wrapping schemes provide better control of crack width as 

compared to side bonding. Furthermore, the thinner FRP (0.025 in.) provides better crack 

control compared to the thicker FRP (0.04 in.). It can be concluded that the full wrap 

method with thinner FRP shows a better behavior in terms of crack control compared to 

the other wrapping schemes and FRP thicknesses. This can be attributed to the greater 

tension stiffening effect in members strengthened with thinner FRP, which results in an 

increase in the bond between FRP and the concrete substrate and thereby decrease in crack 

width. Fig. 7.9b, shows that with the application of FRP sheets, the internal reinforcement 

ratio is not dominant in controlling the crack width in the U-wrap with FRP anchor 

wrapping scheme. 

 

a) Specimen (s = 0.55%, f = 0.56%)            
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   b) Specimen (f = 0.56%, FRP Anchors) 

Fig. 7.9 Relationship Between Average Crack Width and Average Strain, a) Effect of 
Wrapping Scheme, b) Effect of Internal Steel Reinforcement 

Once the cracking load has reached, the first crack will form. Due to increment of 

applied load progressive formation of new cracks was observed and a combination of 

transverse and splitting cracks took place. Once the stabilized cracking stage was reached, 

no more new crack was developed and only the opening of existing cracks was observed. 

In Fig. 7.10, the final crack patterns at the stabilized cracking phase of three specimens are 

shown; an un-strengthened specimen (REF-R3), and two strengthened specimens with 

different FRP reinforcement ratios (S3-025-FA and S3-040-FA). It can be observed that 

applying externally bonded FRP results in increase in number of cracks, decrease in crack 

spacing and therefore decrease in crack width. As shown in Fig. 7.10a, three main cracks 

formed at the stabilized cracking stage in specimen REF-R3. With the addition of FRP in 

specimen S3-025-FA (Fig. 7.10b), the number of cracks increased. As discussed earlier, 

this is due to the increase in the tension stiffening effect. Similar behavior was observed 

for the specimen S3-040-FA (Fig. 7.10c). In specimens strengthened with smaller amount 
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of FRP, the bond stress between FRP and concrete substrate increases while the bond stress 

between steel and concrete decreases. The increase of the FRP bond is dominant, so the 

tension stiffening increases compared to un-strengthened RC elements; when the amount 

of FRP reinforcements increases, the crack spacing decreases, which causes a greater 

deterioration of steel bond. Therefore, the specimens strengthened with thinner FRP had a 

better control of crack widths.  

 

Fig. 7.10 Final Crack Pattern a) REF-R3, b) S3-025-FA, c) S3-040-FA 

Fig. 7.11 shows a typical strain variation of the tested specimen S5-025-FA at 

different load levels. The evolution of cracks on the concrete surface can be followed easily 

using DIC technique. The red area on the strain field indicated points with very high strain, 

which corresponds to the location of the cracks. The white area at the center of the 

specimen is the areas blocked by the LVDTs and cables so that no results can be obtained 

(Unit: inches) 
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for them. The strain variations along the specimen between two specific cracks at different 

load levels, shown in Fig. 7.11with an arrow, are presented in Fig. 7.12. A length of 19.7 

in. is considered for evaluating the strain variation. Also, the crack widths of crack 1 and 

crack 2 over time of testing at different load levels are shown in Fig. 7.12. 

  

Fig. 7.11 Tensile Strain Field from DIC for Specimen S5-025-FA 

When the first crack forms (crack 1), a local redistribution of stress in the member 

occurs. At the crack, all the tensile force will be transferred to steel and FRP 

reinforcements. Therefore, as shown in Fig. 7.12a, the strain on FRP at the crack location 

suddenly increases. With the increase of tensile load, the second crack (crack 2) forms and 

the strain on FRP at the crack location increases (Fig. 7.12b). 

a) Load= 31 Kips 

b) Load= 33 Kips 

c) Load= 37 Kips 

d) Load= 75 Kips 

Cr

Crack 2 
Crack 1 

Crack 1 

Crack 1 

Crack 2 

Crack 2 
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Fig. 7.12 Strain variation on FRP sheets along two cracks in specimen S5-025-FA 

a) Load= 31 kips

b) Load= 33 kips

c) Load= 37 kips

d) Load= 75 kips



 

253 

 

Increase of strain on FRP at the crack locations will result in a local debonding of the FRP 

sheets. With further increase of tensile loading, more cracks will develop between the two 

initial cracks. Therefore, the strain on the FRP sheet along the specified length will increase 

extensively (7.12c). At this high level of loading, the debonding of FRP sheet was also 

captured using the DIC system (Fig. 7.11d). 

7.5.4.2 Comparison with Design Provisions 

In order compare the experimental crack widths with the code predictions at 

serviceability conditions, a load stage of steel tensile stress equal to 54 ksi is considered 

for the evaluation. This assumption agrees with the commentary of Eurocode 2, where the 

database used to calibrate the code formula for crack width is made of results within a 

range of steel stress from 22 to 55 ksi (Ceroni and Pecce, 2009). In Fig. 7.13, the 

comparison between the experimental results in the database and code provisions is shown. 

Fig. 7.13a shows the comparison of experimental crack width results with EC2-92                       

(Eq. (7-2), Eq. (7-4), and Eq. (7-7)). Fig. 7.13b shows the comparison of experimental 

crack width results with EC2-04 (Eq. (7-3), Eq. (7-6), and Eq. (7-8)). Also, using Eq. (7-

2), Eq. (7-18), Eq. (7-7) and, Eq. (7-20), the crack width prediction of fib 14 are calculated 

and compared with the experimental results (Fig. 7.13c). 
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Fig. 7.13 Experimental and Code Values of Crack Width, a) EC2-92, b) EC2-04, c) fib 14 

In Table 7.4, the statistical summary of the experimental results of crack widths and 

the code provision comparison are reported. The statistical parameters reported in Table. 

7.4 shows that same as the crack spacing, for crack width, wk, the code guidelines of EC2-

92 (1992) and EC2-04 (2004) presents a larger scatter compared to the fib 14 (2001) 

prediction. The mean variable of parameter δ equal to 1.61 and 2.57 for EC2-92 and EC2-

04 respectively, shows the over-estimation of the predictions. As in fib 14, δ equals 1.23, 

which shows a better agreement between experimental results and the code predictions. 
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Table 7.4 Statistical Parameters of the Crack Width, wk, for Code Guidelines and 
Experimental Results  

 

Also, evaluating the R2 and r values for fib 14 compared to EC2-92 and EC2-04 

show that fib 14 predictions show a better agreement with the experimental results. It is 

evident that the predictions of fib 14 which is specifically for FRP strengthened RC 

members, and uses the expression of average strain proposed in EC2-92, shows a better 

accuracy compared to Eurocode 2 predictions. EC2-92 shows a better prediction compared 

to EC2-04 (132.34% and 1.61 Compared to 214.76% and 2.57, respectively).  

7.6 CRACK CHARACTERISTICS FROM PURE SHEAR TESTS 

The shear tests of panel specimens were discussed in detail in previous chapters. In 

order to study the crack characteristics on panel specimens, the DIC system was used on 

the south side of the specimen. The DIC system will generate contour plots of the axial and 

lateral surface deformations of the panels, which will help determine the exact pattern 

around and in between the FRP sheets. The crack characteristics including crack width, 

number of cracks, and spacing of panel specimens which were measured using the DIC 

system are presented in the following sections. It should be mentioned that during testing 

of three panels, P4-025-FW, P4-040-FA, and P4-040-SB, the ARAMIS system was not 

available and crack characteristics were not measured. 

  wk (EC2-92) wk (EC2-04) wk (fib 14) 

n 
σ% 

48 
132.34 

1.61 
1.16 
-0.19 
0.61 

48 
214.76 

2.57 
1.41 
-0.22 
0.54 

35 
64.42 
1.23 
0.60 
0.43 
0.72 

δ
σδ 
R2 

r
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7.6.1 Crack Spacing 

As mentioned earlier, the stabilized cracking phase is reached when the crack 

spacing between two existing cracks are too small for a new crack to develop in between. 

Same as in uniaxial tensile tests, the crack spacing were determined at the last phase of the 

testing, since it is closest to the stabilized cracking. In Table 7.5, experimental 

measurements of the average crack spacing, Srm, maximum crack spacing, Sr,max, and 

minimum crack spacing, Sr,min, in panel specimens subjected to shear are presented. The 

experimental average crack spacing is defined by the measurement of the spacing between 

the adjacent cracks on the panel at different heights and averaging for the entire specimen 

at the stabilized cracking stage. The maximum and minimum crack spacing is defined 

based on the maximum and minimum measured crack spacing at the stabilized cracking 

stage throughout the specimen, respectively.  In Fig.7.14, ratios of maximum and minimum 

to average crack spacing versus average crack spacing in shear tests of panel specimens 

are presented. The mean value of the ratio Sr,max/Srm  and  Sr,min/Srm  are shown with  

horizontal dashed lines.  

Table 7.5 Experimental Maximum, Minimum and Average Crack Spacing of Panels 
at Stabilized Cracking Stage 

 

Specimen No. of cracks ,  (in.) , (in.)  (in.) 

REF-P3 10 5.98 2.81 4.15 

REF-P4 8 4.77 1.87 3.46 

P3-0250-FW 12 7.20 2.77 4.28 

P3-040-FW 11 5.36 2.56 3.88 
P4-025-FA 10 5.47 1.71 3.84 
P4-040-FW 12 6.10 2.09 3.93 
P4-080-FW 13 4.98 1.55 3.53 
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Fig. 7.14 Ratios of Maximum and Minimum to Average Crack Spacing vs. Average 
Crack Spacing in Shear Tests 

7.6.2 Crack Width 

Crack width measurements of shear tests of panel specimens obtained using the 

DIC system is presented in this section. Using the DIC system the crack widths were 

measured continuously during the test. It was observed that similar to uniaxial tensile tests, 

in FRP strengthened RC members; average crack widths were generally smaller than for 

un-strengthened members at the same shear strain level (Fig. 7.15), due to the additional 

bond action developing at the FRP-concrete interface. Although, number of cracks did not 

increase significantly in strengthened members but, the crack widths decreased compared 

to RC panels. In contrast with the tensile tests, the thicker FRP (0.040 in.) provided better 

crack control compared to the thinner FRP (0.025 in.). This can be attributed to the 

difference in the loading procedure in tensile tests compared to shear tests and also, the 

size of the specimens. 
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Fig. 7.15 Crack width Comparison of Panel Series P3-FW and REF-P3 

 

Fig. 7.16 Crack Width Comparison of Panel Series P4-FW and P4-FA 

Similar results were observed for panel series P4-FW and P4-FA. As shown in Fig. 

7.16, in panels strengthened with FRP, average crack widths are generally smaller than un-

strengthened RC panels at the same shear strain level. For panels P4-FW series, with the 

increase of FRP reinforcement ratio, the crack widths did not change significantly in lower 

shear strains.  
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7.7 NEW FOMULAS FOR PREDICTION OF CRACK WIDTH AND CRACK 
SPACING IN FRP STRENGTHENED RC 

The experimental database which consists of the uniaxial tensile tests performed by 

Yang, (2015) and also the available experimental results in literature on RC elements 

externally strengthened with FRP (Matthys, 1999; Ueda et al, 2002; Ceroni and Pecce, 

2004) was used to calibrate a new formula for predicting the cracks spacing in externally 

bonded FRP strengthened RC members. The same approach used in EC2-04 (2004) for 

calculating crack width and spacing was adopted. Based on previous research studies, the 

main parameters influencing the cracking phenomena such as rebar diameter, effective area 

of concrete, concrete cover, FRP reinforcement ratios, and parameters such as wrapping 

scheme was considered in the development of the new formula. The following expression 

is proposed for the crack spacing prediction in FRP strengthened RC members: 
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where c is the concrete cover, ,  is the effective area of concrete, db is the rebar 

diameter,  and  are the area of rebar and FRP, respectively,  and  are the Young’s 

modulus of elasticity of steel and FRP,  respectively. The variable k considers the effect of 

wrapping scheme on the crack spacing. In the case of fully wrap method and U-wrap with 

FRP anchor, k=1.0, and side bonding, k=0.95. In order to use this formulation for crack 

spacing in RC members, the k factor should be assumed 0.9. 

The comparison considered between the experimental data base and the proposed 

model in Eq. (7-23) is shown in Fig. 7.17. The statistical parameters are reported in Table. 
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7.5; the mean percentages of deviation and the average ratio of code predictions to 

experimental results for the proposed equation have reduced compared to EC2-92,        Eq.  

(7-4), EC2-04, Eq. (7-6), and also, fib 14, Eq. (7-18). The variable δ and the standard 

deviation of variable δ are computed as 1.01 and 0.20, respectively; which show a better 

prediction compared to the code formulations. 

 

Fig. 7.17 Experimental vs. Theoretical Values of Crack Spacing, Eq. (7-26) 

To calculate the average crack width using the proposed crack spacing equation, 

Eq. (7-26), the approach suggested in EC2-04 (2004) is used by introducing the proposed 

crack spacing,	 , , in Eq. (7-3). The analytical crack width is calculated as 

 cmsmrmkAnk Sw  , .           (7-27) 

The comparison between the experimental database and the proposed crack width 

formulation, wk,An, shown in Eq. (7-27) is presented in Fig. 7.18. 
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Fig. 7.18 Experimental vs. Theoretical Values of Crack Width, Eq. (7-3) and Eq. (7-26) 

The statistical parameters reported in Table. 7.6 shows that the mean percentages 

of deviation and the average ratio of code predictions to experimental results for the 

analytical crack width equation have reduced compared to EC2-92 and EC2-04 crack width 

predictions. The variable δ and the standard deviation of variable δ are computed as 1.18 

and 0.36, respectively; which show an improvement in crack width prediction compared 

to the Euro Code and fib 14 formulations. 

Table 7.6 Statistical Parameters of the Crack Width and Spacing for the New Proposed 
Formulation and Experimental Results  

 

7.8 SUMMARY 

In this chapter, the experimental test results of externally bonded FRP strengthened 

RC panels and prisms have been presented and discussed in terms of crack spacing and 

widths. Crack control in FRP strengthened RC members is an important factor which must 

be considered for durability of the member. Same as RC members crack widths in FRP 

 n σ% δ  σδ R2 r 

Srm,An 48 19.6 1.01 0.2 0.87 0.93 

wk,An 48 45.96 1.18 0.36 0.74 0.88 
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strengthened RC members should be limited in order to protect the steel reinforcement 

from corrosion.  

The crack characteristics including crack width, number of cracks, and spacing 

were monitored by using the DIC system (ARAMIS) at the conducted experiments. With 

the use of the DIC system crack openings are monitored precisely and the crack width 

measurements are obtained continuously during the tests. The DIC method has more 

accuracy and precision compared to visual observation and simple measurements for crack 

analysis. 

At serviceability conditions the presence of the FRP sheets significantly affects the 

crack characteristics of RC members due to the additional contribution of the FRP in 

transferring tensile stresses to the concrete. Also, wrapping scheme was found to have a 

great impact on the crack characteristics of the FRP strengthened RC members in tension. 

The effectiveness of the Eurocode 2 formulations and fib 14 for crack spacing and crack 

width predictions were evaluated using statistical analysis of the experimental results of 

tests conducted in this research and tests performed by other researchers on FRP 

strengthened RC tensile members. Application of Eurocode 2 provisions on crack spacing 

and width of FRP strengthened RC members clearly overestimates the experimental values. 

Euro code 2 provisions of crack spacing and width do not provide accurate results when 

applied to FRP strengthened RC tension members and clearly overestimate the 

experimental values. Crack spacing and width formulations in fib14 show better 

predictions compared to Eurocode 2 formulations.  



 

263 

 

Because the current design guidelines do not take into account all the governing 

parameters for crack width and spacing predictions in their formulation, therefore, the 

experimental database is used to propose a new formulation to evaluate crack spacing and 

crack widths, which considers all the effecting parameters in the cracking phenomena. A 

substantial improvement in the crack spacing and width predictions are obtained using the 

crack spacing formulation presented in this research; a good agreement with experimental 

results and a clear statistical significance are attained. 
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CHAPTER 8 CONCLUSIONS AND RECOMMENDATIONS 

8.1 GENERAL 

To predict the increase in shear capacity due to FRP strengthening, several 

analytical models have been proposed. However, when these models are compared to other 

researcher’s experimental results, they show inconsistencies and large errors. This is due 

in part to the high level of complexity associated with the shear behavior, but more 

importantly due to the lack of accurate constitutive models for FRP shear strengthened 

elements.  

The main objective of this proposed work was developing an analytical model 

based on the softened truss model theories to predict the behavior of FRP strengthened RC 

elements subjected to pure shear. Softened truss model theories have been developed and 

widely used to predict the behavior of RC element under in-plane shear stress fields. The 

softened truss model theory requires equilibrium equations, compatibility equations, and a 

set of constitutive laws that links stress and strain. In order to use the softened truss model 

theory to predict the behavior of the FRP strengthened RC elements subjected to shear, 

new constitutive laws for each material component in FRP strengthened RC element have 

to be re-established. 

At the first phase of this research project, the constitutive laws related to concrete 

in tension, steel in tension, the softening coefficient and the modified Hsu/Zhu ratios were 

investigated by Yang (2015), and new material laws were developed. The second phase of 

the project, which was presented in this dissertation, focused on performing experimental 



 

265 

 

investigations and developing analytical and finite element models to predict the behavior 

of FRP strengthened RC elements subjected to pure shear.  

The work presented in this dissertation with regard to the study of the behavior of 

FRP strengthened RC members are summarized in the following section. 

8.2 CONCLUSIONS 

In order to evaluate the shear behavior of FRP strengthened RC members and to 

investigate the main factors which influence the behavior, full-scale tests on 8 FRP 

strengthened RC panels and 2 RC panels were conducted. The effects of different 

parameters on the shear behavior of FRP strengthened RC members were investigated. 

Also, the test results were used to develop an analytical model for FRP strengthened RC 

members based on the softened membrane model. The following conclusions can be made: 

1) It was found that application of FRP sheets increased the shear capacity of RC 

panels. Also, with the increase of FRP reinforcement ratio the shear strength increased. 

With the increase of FRP reinforcement ratio, the stiffness of strengthening system 

increases and the contribution of FRP reinforcement to shear capacity will increase; 

therefore, the shear strength of panels increases. However, application of FRP sheets to RC 

panels decreased the ductility due to the failure modes associated with the strengthening 

system. 

2) The presence of FRP sheets resulted in the increase of the effective reinforcement 

ratio in transversal direction and the steel in l-direction yielded sooner than the steel in t-

direction. After steel yielded in both l and t directions the strain in longitudinal direction, 

ɛl, increased rapidly compared to the strain in transversal direction, ɛt. The FRP sheets 
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aligned in the t-direction prevented the rapid increase of strain along the transversal 

direction. Also, with the increase of FRP reinforcement ratio, the difference in steel strains 

in l and t directions increases. 

3) In a reinforce concrete membrane element, the concrete shear stress, , is the 

source of the concrete contribution, , for the shear resistance in SMM-FRP by defining 

the cracks in the principle 1-2 coordinate of the externally applied stresses. As a result, the 

shear stress on crack surfaces will be generated from the crack interlock and the dowel 

action of rebars. It was observed from the experimental results that with the increase in 

difference between the reinforcements in the transversal and longitudinal directions, the 

shear stress on the concrete will increase. 

4) The softening coefficient is the most important parameter affecting the smeared 

stress-strain relationships of concrete in compression. Previous research studies showed 

that in addition to effective parameters in the softening coefficient of RC members, FRP 

sheets also have significant effect on the softening of concrete in FRP strengthened RC 

members. In this research, a new softening coefficient for FRP strengthened reinforced 

concrete in compression is proposed based on panel tests.  The new softening coefficient 

includes the modified deviation angle factor, )(f , in terms of the deviation angle β. The 

presence of FRP along the transversal direction increases the stiffness in that direction and 

therefore, increases the difference in the stiffness in the l and t directions. Thus, the 

deviation angle increases followed by a decrease in the softening coefficient. The new 

function of the deviation angle was implemented in the softening equation of the new 

softened membrane model for FRP strengthened RC members.  
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5) The shear behavior of RC elements is influenced by various factors such as the 

concrete compressive strength, longitudinal and transversal steel reinforcement. For the 

case of FRP strengthened RC elements, additional parameters affect the behavior. This is 

mainly due to the fact that FRP strengthened elements show various types of failure modes. 

The two main failure modes observed in test panels were FRP rupture and FRP debonding. 

Furthermore, the wrapping scheme affects the confinement effect of the FRP sheets and 

the potential for debonding. In this research the panels were strengthened with three 

common wrapping schemes in shear strengthening namely, full wrap, U-wrap with FRP 

anchor, and side bond. In panels that were strengthened with full wrapping scheme, the 

main observed failure modes were FRP rupture followed by crushing of concrete. In panels 

strengthened with U-wrap with FRP anchor wrapping scheme, a mixed failure mode was 

observed. In panel which did not fail by FRP anchor failure, FRP rupture was the governing 

failure mode. Moreover, the panel strengthened with the side bond wrapping scheme, failed 

by debonding of all FRP sheets at a lower load level compared to other strengthened panels. 

Debonding of FRP sheets at lower strain levels lowered the efficiency of the strengthening 

system.  

6) It was observed that that the magnitude of increased shear capacity associated 

with the application of FRP sheets does not depend only upon the amount of FRP 

reinforcement that is being used, but also on the amount of internal shear reinforcement. 

The strains in the FRP and the transverse steel are different, even at the same locations, 

because the strain on the fiber sheets increases drastically near the crack, due to the bond 

between the FRP and the concrete substrate. 
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7) The Softened Membrane model for FRP strengthened Reinforce Concrete 

(SMM-FRP) is presented in this dissertation as an analytical model to predict the shear 

behavior of FRP strengthened RC members, considering the new constitutive laws. The 

SMM-FRP is an extension of the SMM developed at the University of Houston (Hsu and 

Zhu, 2002; Zhu, 2000; Zhu and Hsu, 2002). This new model is applicable to FRP 

strengthened RC members, with any ratio of longitudinal steel to transverse steel, and in 

any orientation of steel reinforcement with respect to the principal stresses. 8) A computer 

program has been developed using the finite element framework of OpenSees. The new 

constitutive models of FRP strengthened RC has been implemented into Opensees. The 

developed finite element program is used to predict the behavior of FRP strengthened RC 

panels under monotonic shear, tested in this research work, which agreed very well with 

the experimental results in the whole loading history in both the ascending and descending 

branches.  Furthermore, the finite element program was used to simulate the behavior of 

four FRP strengthened RC beams subjected to monotonic loading, reported in literature.  

The analytical results of all beams were then compared with the experimental results, 

which showed a good agreement in terms of initial stiffness, post cracking stiffness, yield 

displacement, and ultimate strength. 

9) Applying FRP reinforcement significantly changes the crack width and spacing 

of the RC member; average crack widths are generally smaller than for unstrengthened 

members at the same smeared strain level, due to the additional bond action developing at 

the FRP-concrete interface which reduces the crack spacing. In this research, the 

experimental results of FRP strengthened RC prisms tested under tension by Yang (2015), 

in terms of crack characteristics, were compared with code provisions and the suitability 
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of the prediction models were analyzed. Furthermore a new formulation for crack width 

and spacing for FRP strengthened RC members, calibrated using the experimental results, 

has been proposed which considers all the main affecting parameters. 

8.3 LIMITATIONS AND FUTURE WORK 

Continues research activities are still needed to fulfill the gaps in literature 

regarding the complex shear behavior of FRP strengthened RC members. The following 

topics can be further studied in terms of the behavior of FRP strengthened RC members 

subjected to shear: 

1) For future experimental work, it is recommended that all shear reinforcement be 

thoroughly instrumented with strain gauges to capture the full strain variation of steel and 

FRP throughout the member. This will lead to accurate estimations of steel and FRP shear 

strengths and ultimately shear capacity of concrete along the member. 

2) Previous research work has concluded that for RC beam without shear 

reinforcement, the shear resistance decreases as the beam size increases. This was also 

observed in FRP strengthened RC beams; as the height of the specimen increased the shear 

gain due to FRP decreased. More experiments can be conducted to investigate the effect of 

scale on the shear behavior of the FRP strengthened RC members. For instance, FRP 

strengthened RC panels of different thicknesses should be tested. 

3) The bond strength between the FRP and concrete substrate depends on the 

concrete compressive strength. However, in this research, the effect of concrete strength 

has not been thoroughly evaluated. Therefore, the influence of this parameter on the bond 
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strength and ultimately the behavior of FRP strengthened RC members should be further 

investigated. 

4) Shear fatigue behavior has not been well studied for FRP strengthened RC 

members. Only limited flexural experimental fatigue tests has been conducted which,  

show a very limited degradation of shear behavior of FRP strengthened RC beams under 

fatigue load compared to static load. Since fatigue loading conditions extensively exist in 

bridge members strengthened with FRP sheets, further investigations should be conducted. 

5) The effect of FRP on the softening equation was studied by sequential loading 

tests conducted by Yang (2015). However, in the real shear loading stress condition, the 

stress is proportionally applied to the structure member. For un-strengthened RC members, 

loading patterns have been proven to be a factor that affects the behavior of concrete under 

compression, but similar research was not available for FRP strengthened RC elements. 

Therefore, research needs to be conducted to study the effect of the loading patterns on the 

softening coefficient for the FRP strengthened RC members. 

6) The SMM-FRP is a two dimensional model under plane stress conditions. The 

developed finite element program is good for predicting the behavior of two dimensional 

plane stress FRP strengthened RC structures. A three dimensional model could be a future 

extension of this two dimensional model for FRP strengthened RC members, especially for 

the case under combined loading. 

7) FRP strengthened RC structures in earthquake regions are subjected to cyclic 

loading. Further research should be carried out to investigate the shear behavior of such 

structures and to develop cyclic softened membrane models for FRP RC members.  
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APPENDIX I ANALYZED DATA OF TEST SPECIMENS 

The test data of the 10 panel specimens are given n this appendix. For each test 

panel subjected to pure shear loading the following items are included: 

(1) A general summary sheet, describing the dates of casting and testing, and the 

material properties of the panels. Also, two graphs are provided for each specimen, 

showing the steel and FRP reinforcement arrangements.  

(2) The test data of the shear tests including the average tensile and compressive 

loads in horizontal and vertical directions, respectively. The average strain in horizontal 

and vertical directions, and the corresponding shear stress and shear strain values at each 

time step. 

(3) Two graphs comparing strains from strain gauges and LVDTs in the 

longitudinal and transversal direction in terms of shear stress- steel strain curves. 
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LIST OF NOTATIONS 

VL  =  Average vertical compressive load on the specimen (kips/jack). 

HL =  Average horizontal tensile load on the specimen (kips/jack). 

τ  =  Average shear stress on the specimen (ksi). 

εV  =  Average of  vertical LVDT readings on the specimen (in./in.). 

εH  =  Average of  Horizontal LVDT readings on the specimen (in./in.). 

γ =  Average Shear Strain on the specimen (in./in.). 
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TEST PANEL REF-P3 

 

Casting Date:   June 02, 2015 

Testing date:    June 18, 2015 

Materials: 

Concrete 

               '
cf =7,680 psi (1st batch: 7750 psi; 2nd batch: 7,610 psi) 

Steel Reinforcements 

    l-direction:   #4 rebar   0076.0l  0.67yf  ksi 

    t-direction:   #3 rebar   0043.0t  5.66yf  ksi 

FRP Reinforcement 

               No FRP 

 

 

Unit: inches 
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Test Data: REF-P3 

 

Time VL HL τ εv εH γ

100 -1.12083 -0.61583 0.00656 -0.00001 -0.00001 0.00000

600 -4.14167 -0.92167 0.04182 0.00001 -0.00002 -0.00003

1100 -7.63333 3.28458 0.14179 -0.00002 0.00002 0.00004

1600 -9.63542 5.78333 0.20024 -0.00005 0.00040 0.00045

2100 -13.05833 9.81167 0.29701 -0.00010 0.00131 0.00141

2600 -2.39792 -3.32917 -0.01209 0.00013 0.00042 0.00029

3100 -3.74375 -1.36750 0.03086 0.00026 0.00042 0.00016

3600 -4.33125 -0.99292 0.04335 0.00024 0.00042 0.00018

4100 -3.56458 -2.33875 0.01592 0.00024 0.00042 0.00018

4600 -6.70833 1.66042 0.10869 0.00003 0.00062 0.00059

5100 -6.07292 1.08125 0.09291 0.00004 0.00056 0.00053

5600 -6.97917 2.53375 0.12354 0.00002 0.00075 0.00073

6100 -8.67917 3.74083 0.16130 -0.00001 0.00098 0.00099

6600 -13.20208 8.64500 0.28373 -0.00007 0.00161 0.00168

7100 -13.53125 8.40833 0.28493 -0.00007 0.00173 0.00181

7600 -16.23542 11.65292 0.36219 -0.00011 0.00261 0.00271

8100 -17.68958 13.25083 0.40182 -0.00013 0.00373 0.00387

8600 -17.41875 14.76250 0.41794 -0.00017 0.00458 0.00475

9100 -19.83333 14.12250 0.44098 -0.00020 0.00531 0.00551

9600 -20.44375 15.31125 0.46435 -0.00021 0.00628 0.00649

10100 -20.80208 15.63042 0.47315 -0.00024 0.00727 0.00752

10600 -18.80625 15.91750 0.45096 -0.00024 0.00818 0.00842

11100 -22.19375 16.98042 0.50876 -0.00028 0.01047 0.01075

11600 -22.38542 17.38833 0.51654 -0.00032 0.01391 0.01423

12100 -21.60208 16.63000 0.49652 -0.00033 0.01571 0.01604

12600 -21.80208 17.09208 0.50512 -0.00032 0.01641 0.01673

13100 -22.27917 17.14792 0.51204 -0.00032 0.01725 0.01757

13600 -22.52083 17.62625 0.52139 -0.00030 0.01823 0.01853

14100 -22.80625 17.69250 0.52596 -0.00029 0.01894 0.01923

14600 -21.03542 16.53833 0.48797 -0.00023 0.01998 0.02020

15100 -21.26042 17.06625 0.49775 -0.00018 0.02132 0.02150

15600 -22.43958 17.22417 0.51511 -0.00015 0.02200 0.02216

16100 -22.89792 17.56042 0.52543 -0.00012 0.02272 0.02284

16600 -22.67917 17.60458 0.52317 -0.00007 0.02365 0.02372

17100 -21.40625 17.63792 0.50707 -0.00002 0.02476 0.02478

17600 -22.79167 17.80458 0.52722 -0.00005 0.02562 0.02566

18100 -22.36667 17.79917 0.52163 -0.00009 0.02630 0.02639

18600 -21.13542 17.64125 0.50359 -0.00001 0.02801 0.02802

19100 -22.05417 17.28417 0.51089 0.00013 0.03005 0.02992

19600 -21.57500 17.45292 0.50686 0.00037 0.03197 0.03160
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TEST PANEL REF-P4 

 

 

Casting Date:   September 12, 2014 

Testing date:    October 15, 2014 

Materials: 

Concrete 

               '
cf =7,540 psi (1st batch: 7432 psi; 2nd batch: 7,648 psi) 

Steel Reinforcements 

    l-direction:   #4 rebar   0076.0l  0.67yf  ksi 

    t-direction:   #4 rebar   0076.0t  0.67yf  ksi 

FRP Reinforcement 

               No FRP 

 

Unit: inches 
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Test Data: REF-P4 

 

Time VL HL τ εv εH γ

100 -0.24417 -0.11875 0.00634 -0.00001 -0.00002 -0.00001
600 -2.34417 -4.29375 0.06089 0.00006 -0.00004 -0.00010
1100 -3.02833 -2.12500 0.07866 0.00022 -0.00005 -0.00027
1600 -5.07458 0.10625 0.13181 0.00016 -0.00003 -0.00019
2100 -6.64667 2.78125 0.17264 0.00009 -0.00001 -0.00009
2600 -7.92125 4.56875 0.20575 0.00003 0.00016 0.00013
3100 -9.44917 7.66875 0.24543 -0.00001 0.00019 0.00020
3600 -11.33750 9.27500 0.29448 -0.00009 0.00173 0.00182
4100 -8.07667 3.80625 0.20978 -0.00005 0.00097 0.00102
4600 -4.80167 0.36875 0.12472 0.00002 0.00050 0.00048
5100 -4.32542 -1.18750 0.11235 0.00002 0.00044 0.00042
5600 0.42875 -7.25625 -0.01114 0.00006 0.00022 0.00016
6100 -3.88417 -0.59375 0.10089 0.00006 0.00026 0.00021
6600 -5.87583 2.56250 0.15262 -0.00001 0.00075 0.00076
7100 -7.92542 5.99375 0.20585 -0.00005 0.00120 0.00125
7600 -10.94167 9.20625 0.28420 -0.00008 0.00160 0.00168
8100 -13.23958 12.11250 0.34389 -0.00011 0.00206 0.00216
8600 -14.72750 14.89375 0.38253 -0.00014 0.00261 0.00274
9100 -15.81708 16.81875 0.41083 -0.00016 0.00302 0.00318
9600 -17.18083 17.91250 0.44626 -0.00020 0.00372 0.00393

10100 -18.11500 18.96875 0.47052 -0.00022 0.00420 0.00443
10600 -18.88375 20.03750 0.49049 -0.00024 0.00502 0.00526
11100 -20.00375 21.59375 0.51958 -0.00024 0.00600 0.00623
11600 -19.45792 21.95625 0.50540 -0.00024 0.00684 0.00708
12100 -20.03917 22.28750 0.52050 -0.00025 0.00803 0.00828
12600 -20.77208 23.15625 0.53953 -0.00025 0.00862 0.00887
13100 -20.93500 23.30625 0.54377 -0.00024 0.00995 0.01019
13600 -20.94208 23.88125 0.54395 -0.00022 0.01182 0.01204
14100 -21.25875 24.40000 0.55218 -0.00020 0.01303 0.01322
14600 -21.36667 24.23750 0.55498 -0.00019 0.01492 0.01511
15100 -22.70750 24.90625 0.58981 -0.00019 0.01627 0.01646
15600 -27.16144 24.91875 0.70549 -0.00019 0.01862 0.01880
16100 -22.66250 24.83125 0.58864 -0.00015 0.01958 0.01973
16600 -23.02500 25.37500 0.59805 -0.00015 0.02115 0.02130
17100 -22.53333 25.63125 0.58528 -0.00017 0.02251 0.02269
17600 -21.69375 24.12500 0.56347 -0.00016 0.02238 0.02255
18100 -27.14250 25.85000 0.70500 -0.00020 0.02400 0.02419
18600 -26.62406 25.35625 0.69153 -0.00029 0.02628 0.02658
19100 -22.40667 23.13125 0.58199 -0.00086 0.02911 0.02996
19600 -8.52792 11.31875 0.22150 -0.00120 0.02880 0.03000
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Fig. AI. 1 Strain Gauge and LVDT Measurments in l-direction for REF-P4 

 

 Fig. AI. 2 Strain Gauge and LVDT Measurments in t-direction for REF-P4 
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TEST PANEL P3-025-FW 

 

Casting Date:   April 15, 2015 

Testing date:    May 21, 2015 

Materials: 

Concrete 

         '
cf =7,390 psi (1st batch: 7251 psi; 2nd batch: 7,529 psi) 

Steel Reinforcements 

    l-direction:   #4 rebar   0076.0l  0.67yf  ksi 

    t-direction:   #3 rebar   0043.0t  5.66yf  ksi 

FRP Reinforcement 

           One layer of 0.025 inch thick FRP sheet, Full Wrap 

          0054.0f  0.120uf  ksi 
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Test Data: P3-025-FW 

 

Time VL HL τ εv εH γ

100 -0.86250 -0.41250 0.00584 0.00001 -0.00001 -0.00001
450 -3.78125 -1.17125 0.03390 0.00000 -0.00002 -0.00002
800 -5.46250 0.76750 0.08091 -0.00001 0.00000 0.00001

1150 -9.35000 5.62500 0.19448 -0.00004 0.00002 0.00006
1500 -12.70625 10.09250 0.29609 -0.00006 0.00006 0.00012
1850 -15.50000 12.83625 0.36800 -0.00008 0.00077 0.00085
2200 -5.90000 2.09375 0.10381 -0.00002 0.00032 0.00033
2550 -4.49375 0.11000 0.05979 0.00000 0.00020 0.00020
2900 -5.57500 1.66750 0.09406 -0.00001 0.00020 0.00021
3250 -11.31875 6.23875 0.22802 -0.00004 0.00056 0.00060
3600 -16.58750 14.47625 0.40343 -0.00005 0.00149 0.00155
3950 -19.38750 16.87625 0.47096 -0.00006 0.00240 0.00245
4300 -20.59375 18.14500 0.50310 -0.00006 0.00296 0.00302
4650 -22.01875 19.32250 0.53690 -0.00007 0.00342 0.00349
5000 -22.76250 19.20750 0.54506 -0.00007 0.00393 0.00401
5350 -23.65625 20.14000 0.56878 -0.00005 0.00454 0.00460
5700 -24.34375 20.57125 0.58331 -0.00004 0.00506 0.00509
6050 -24.75625 21.17250 0.59648 -0.00005 0.00579 0.00584
6400 -25.61250 21.71125 0.61459 -0.00007 0.00642 0.00649
6750 -25.16250 22.02875 0.61287 -0.00007 0.00698 0.00705
7100 -24.80625 22.30250 0.61180 -0.00006 0.00752 0.00758
7450 -25.34375 23.00625 0.62792 -0.00004 0.00837 0.00841
7800 -24.85625 21.99250 0.60843 0.00003 0.00901 0.00899
8150 -25.10625 22.24750 0.61498 0.00003 0.00951 0.00948
8500 -25.42500 22.11250 0.61737 -0.00003 0.01018 0.01021
8850 -25.55625 22.66000 0.62619 -0.00005 0.01086 0.01092
9200 -25.37500 22.38125 0.62021 -0.00007 0.01150 0.01157
9550 -26.32500 22.95375 0.63998 -0.00006 0.01221 0.01227
9900 -26.40000 23.15875 0.64362 0.00006 0.01275 0.01270
10250 -24.55000 20.39625 0.58372 0.00279 0.01399 0.01120
10600 -25.23750 21.30250 0.60442 0.00278 0.01461 0.01183
10950 -25.16250 21.80750 0.61000 0.00280 0.01520 0.01240
11300 -24.95000 20.14750 0.58568 0.00222 0.01623 0.01400
11650 -26.98750 21.10000 0.62451 0.00207 0.01669 0.01462
12000 -27.08750 21.29250 0.62831 0.00193 0.01760 0.01567
12350 -26.61250 20.96750 0.61792 0.00180 0.01789 0.01609
12700 -25.71250 19.89000 0.59224 0.00153 0.01886 0.01733
13050 -25.00000 19.73500 0.58097 0.00142 0.01976 0.01833
13400 -25.65000 20.38000 0.59779 0.00125 0.02074 0.01950
13750 -24.67500 19.18750 0.56964 0.00112 0.02134 0.02022
14100 -22.67500 17.90250 0.52698 0.00056 0.02190 0.02133
14450 -22.46250 17.84500 0.52347 0.00029 0.02134 0.02106
14800 -22.88750 18.93500 0.54315 0.00009 0.02373 0.02364
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Fig. AI. Strain Gauge and LVDT Measurments in l-direction for P3-025-FW 

 

Fig. AI. 3 Strain Gauge and LVDT Measurments in t-direction for P3-025-FW 
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TEST PANEL P3-040-FW 

 

Casting Date:   January 28, 2015 

Testing date:    February 25, 2015 

Materials: 

Concrete 

 '
cf =7,250 psi (1st batch: 7162 psi; 2nd batch: 7,338 psi) 

Steel Reinforcements 

    l-direction:   #4 rebar   0076.0l  0.67yf  ksi 

    t-direction:   #3 rebar   0043.0t  5.66yf  ksi 

FRP Reinforcement 

    One layer of 0.040 inch thick FRP sheet, Full Wrap 

    0087.0f  0.127uf  ksi 
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Test Data: P3-040-FW 

 

Time VL HL τ εv εH γ

100 -0.01875 -0.06750 -0.00063 0.00000 -0.00004 -0.00004
450 -1.18750 -2.28375 -0.01424 0.00000 -0.00004 -0.00004
800 -4.42500 -0.66000 0.04890 -0.00002 0.00000 0.00002

1150 -7.94375 4.99875 0.16808 -0.00004 -0.00001 0.00003
1500 -10.13750 8.38500 0.24055 -0.00006 0.00003 0.00008
1850 -12.59375 10.89125 0.30500 -0.00008 0.00004 0.00012
2200 -14.96875 13.77375 0.37328 -0.00009 0.00009 0.00018
2550 -12.73125 9.91250 0.29407 -0.00012 0.00043 0.00054
2900 -8.65625 5.13250 0.17907 -0.00007 0.00020 0.00028
3250 -9.17500 5.80625 0.19456 -0.00007 0.00024 0.00031
3600 -13.66250 11.35625 0.32492 -0.00010 0.00042 0.00053
3950 -12.18750 10.26125 0.29154 -0.00009 0.00064 0.00073
4300 -15.11875 14.19375 0.38068 -0.00013 0.00130 0.00143
4650 -17.93750 16.03875 0.44125 -0.00015 0.00198 0.00214
5000 -18.45000 17.65375 0.46888 -0.00015 0.00265 0.00280
5350 -19.20000 17.92125 0.48209 -0.00014 0.00329 0.00343
5700 -19.50625 19.20125 0.50269 -0.00013 0.00397 0.00410
6050 -20.53125 19.67875 0.52221 -0.00013 0.00450 0.00463
6400 -19.90000 21.21125 0.53391 -0.00011 0.00528 0.00539
6750 -21.62500 20.98625 0.55339 -0.00010 0.00584 0.00594
7100 -21.81875 21.12250 0.55768 -0.00009 0.00644 0.00653
7450 -21.69375 21.30250 0.55839 -0.00008 0.00699 0.00707
7800 -21.68125 20.84500 0.55229 -0.00008 0.00777 0.00785
8150 -21.96250 21.47500 0.56412 -0.00004 0.00845 0.00849
8500 -21.92500 21.30250 0.56140 -0.00003 0.00903 0.00906
8850 -22.27500 20.55625 0.55625 -0.00002 0.00972 0.00974
9200 -21.78750 20.43750 0.54838 -0.00007 0.01035 0.01042
9550 -24.36875 21.45875 0.59516 -0.00015 0.01098 0.01113
9900 -22.28750 21.04750 0.56279 -0.00016 0.01173 0.01188
10250 -22.23750 21.20000 0.56412 -0.00015 0.01246 0.01261
10600 -22.54375 21.78000 0.57563 -0.00016 0.01302 0.01318
10950 -22.96875 20.44375 0.56380 -0.00016 0.01377 0.01393
11300 -21.51250 19.70875 0.53534 -0.00017 0.01443 0.01460
11650 -20.60000 19.30500 0.51825 -0.00010 0.01504 0.01513
12000 -20.86875 19.22625 0.52071 -0.00010 0.01570 0.01580
12350 -20.68750 19.54500 0.52250 -0.00009 0.01633 0.01642
12700 -19.03750 19.01875 0.49424 0.00002 0.01697 0.01695
13050 -19.38125 19.05375 0.49916 0.00011 0.01759 0.01748
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Fig. AI. 4 Strain Gauge and LVDT Measurements in l-direction for P3-040-FW 

 

Fig. AI. 5 Strain Gauge and LVDT Measurements in t-direction for P3-040-FW 
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TEST PANEL P4-025 -FW 

 

Casting Date:   June 10, 2013 

Testing date:    July 30, 2013 

Materials: 

Concrete 

 '
cf =6,520 psi (1st batch: 6,320 psi; 2nd batch: 6,720 psi) 

Steel Reinforcements 

    l-direction:   #4 rebar   0076.0l  0.67yf  ksi 

    t-direction:   #4 rebar   0076.0t  0.67yf  ksi 

FRP Reinforcement 

    One layer of 0.025 inch thick FRP sheet, Full Wrap 

    0054.0f  0.120uf  ksi 
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Test Data: P4-025-FW 

 

Time VL HL τ εv εH γ

100 -0.48036 -1.74792 -0.01646 0.00000 -0.00005 -0.00005
500 -3.81339 1.00764 0.06261 -0.00001 -0.00003 -0.00002
900 -6.76429 6.34375 0.17023 -0.00003 0.00001 0.00005

1300 -8.23214 8.44306 0.21656 -0.00006 0.00009 0.00014
1700 -9.62411 10.06806 0.25574 -0.00007 0.00025 0.00032
2100 -9.72679 9.66736 0.25187 -0.00008 0.00031 0.00039
2500 -11.70625 10.69167 0.29088 -0.00008 0.00036 0.00044
2900 -11.50357 11.94236 0.30449 -0.00010 0.00069 0.00078
3300 -11.80357 12.47500 0.31531 -0.00011 0.00094 0.00105
3700 -12.01786 13.14861 0.32684 -0.00011 0.00111 0.00123
4100 -11.74732 12.13403 0.31015 -0.00012 0.00106 0.00118
4500 -11.29107 11.48889 0.29584 -0.00011 0.00106 0.00117
4900 -10.86161 11.23194 0.28693 -0.00011 0.00103 0.00114
5300 -10.45357 10.96181 0.27812 -0.00010 0.00098 0.00108
5700 -10.84911 11.09375 0.28497 -0.00011 0.00104 0.00115
6100 -11.20625 12.63750 0.30966 -0.00012 0.00112 0.00124
6500 -10.42946 10.54722 0.27242 -0.00011 0.00119 0.00130
6900 -10.40982 10.57986 0.27259 -0.00012 0.00123 0.00135
7300 -11.08125 11.59444 0.29449 -0.00012 0.00128 0.00140
7700 -11.98482 12.38056 0.31643 -0.00013 0.00138 0.00151
8100 -12.66786 12.86667 0.33162 -0.00012 0.00148 0.00161
8500 -12.20446 12.95764 0.32678 -0.00013 0.00155 0.00168
8900 -12.80000 13.49167 0.34145 -0.00014 0.00164 0.00178
9300 -12.34018 13.32153 0.33327 -0.00015 0.00174 0.00189
9700 -12.55179 13.99931 0.34482 -0.00015 0.00177 0.00191
10100 -12.62321 13.79583 0.34310 -0.00015 0.00180 0.00195
10500 -13.85089 14.72917 0.37117 -0.00016 0.00194 0.00209
10900 -14.22232 15.44375 0.38527 -0.00015 0.00207 0.00221
11300 -14.55536 16.00417 0.39688 -0.00015 0.00231 0.00246
11700 -15.31786 16.32431 0.41094 -0.00016 0.00259 0.00275
12100 -15.08750 16.84097 0.41466 -0.00017 0.00281 0.00297
12500 -16.50714 18.45278 0.45402 -0.00018 0.00315 0.00333
12900 -17.56429 19.76806 0.48484 -0.00020 0.00355 0.00374
13300 -18.16429 20.38542 0.50065 -0.00020 0.00386 0.00407
13700 -19.67054 21.61319 0.53615 -0.00022 0.00431 0.00452
14100 -19.72768 21.48958 0.53529 -0.00022 0.00472 0.00494
14500 -20.55000 22.15139 0.55456 -0.00024 0.00506 0.00530
14900 -20.54554 22.85208 0.56361 -0.00025 0.00550 0.00575
15300 -21.66786 23.29653 0.58395 -0.00026 0.00589 0.00615
15700 -21.82411 23.84028 0.59304 -0.00026 0.00637 0.00663
16100 -21.27321 24.25625 0.59129 -0.00027 0.00682 0.00709
16500 -21.25893 23.90208 0.58651 -0.00027 0.00718 0.00745
16900 -21.09018 23.91736 0.58451 -0.00027 0.00717 0.00744
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TEST PANEL P4-040 -FW 

 

Casting Date:   October 30, 2014 

Testing date:    December 17, 2014 

Materials: 

Concrete 

 '
cf =7,540 psi (1st batch: 7,390 psi; 2nd batch: 7,690 psi) 

Steel Reinforcements 

    l-direction:   #4 rebar   0076.0l  0.67yf  ksi 

    t-direction:   #4 rebar   0076.0t  0.67yf  ksi 

FRP Reinforcement 

    One layer of 0.040 inch thick FRP sheet, Full Wrap 

    0087.0f  0.127uf  ksi 
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Test Data: P4-040-FW 

 

Time VL HL τ εv εH γ

100 -0.35625 -0.39333 -0.00048 0.00001 -0.00001 -0.00001
450 -1.63750 -4.16958 -0.03288 -0.00001 -0.00003 -0.00002
800 -3.12500 -2.49375 0.00820 -0.00001 -0.00001 0.00000

1150 -5.12500 -0.00125 0.06654 -0.00001 -0.00002 0.00000
1500 -7.11250 2.27417 0.12190 -0.00003 -0.00001 0.00002
1850 -9.98750 6.06792 0.20851 -0.00005 0.00001 0.00006
2200 -12.75000 9.38042 0.28741 -0.00007 0.00003 0.00010
2550 -15.41250 12.76208 0.36590 -0.00012 0.00019 0.00031
2900 -9.20625 3.67500 0.16729 -0.00008 0.00046 0.00054
3250 -5.38750 0.84833 0.08098 -0.00004 0.00025 0.00029
3600 -4.25625 -0.79792 0.04491 -0.00004 0.00023 0.00027
3950 -3.44375 -2.95083 0.00640 -0.00003 0.00019 0.00023
4300 -4.60000 0.66542 0.06838 -0.00004 0.00019 0.00024
4650 -4.48125 0.70000 0.06729 -0.00004 0.00021 0.00025
5000 -11.25000 11.69583 0.29800 -0.00009 0.00071 0.00080
5350 -14.77500 11.82958 0.34551 -0.00012 0.00111 0.00123
5700 -16.45625 14.52792 0.40239 -0.00015 0.00140 0.00155
6050 -15.63750 15.06625 0.39875 -0.00015 0.00190 0.00205
6400 -19.50000 18.48083 0.49326 -0.00018 0.00249 0.00268
6750 -21.40625 20.96167 0.55023 -0.00019 0.00309 0.00328
7100 -23.01250 24.54500 0.61763 -0.00021 0.00383 0.00404
7450 -24.70000 25.27042 0.64897 -0.00023 0.00446 0.00468
7800 -26.51250 26.87833 0.69339 -0.00023 0.00528 0.00550
8150 -27.56250 26.29958 0.69951 -0.00023 0.00625 0.00648
8500 -27.18750 27.62375 0.71183 -0.00024 0.00697 0.00721
8850 -26.77500 28.00333 0.71141 -0.00024 0.00760 0.00784
9200 -27.96250 28.33667 0.73116 -0.00025 0.00806 0.00831
9550 -28.08750 28.25500 0.73172 -0.00027 0.00849 0.00876
9900 -28.55000 28.37792 0.73932 -0.00030 0.00909 0.00939
10250 -28.56250 29.04833 0.74819 -0.00034 0.00987 0.01021
10600 -28.28125 29.06042 0.74470 -0.00035 0.01035 0.01069
10950 -29.19375 29.65042 0.76421 -0.00040 0.01130 0.01171
11300 -30.60000 29.06125 0.77482 -0.00047 0.01230 0.01277
11650 -29.91250 29.92083 0.77706 -0.00054 0.01321 0.01376
12000 -28.73125 30.53083 0.76964 -0.00067 0.01431 0.01498
12350 -29.44375 30.86708 0.78326 -0.00072 0.01526 0.01598
12700 -30.33750 31.50583 0.80316 -0.00077 0.01634 0.01711
13050 -30.45625 31.21875 0.80097 -0.00094 0.01751 0.01845
13400 -30.37500 32.57292 0.81751 -0.00099 0.01896 0.01995
13750 -27.04375 29.15042 0.72979 -0.00102 0.02027 0.02130
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Fig. AI. 6 Strain Gauge and LVDT Measurments in l-direction for P4-040-FW 

 

Fig. AI. 7 Strain Gauge and LVDT Measurments in t-direction for P4-040-FW 
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TEST PANEL P4-080-FW 

 

Casting Date:   December 16, 2014 

Testing date:    February 11, 2015 

Materials: 

Concrete 

 '
cf =7,830 psi (1st batch: 7,754 psi; 2nd batch: 7,906 psi) 

Steel Reinforcements 

    l-direction:   #4 rebar   0076.0l  0.67yf  ksi 

    t-direction:   #4 rebar   0076.0t  0.67yf  ksi 

FRP Reinforcement 

    Two layer of 0.040 inch thick FRP sheet, Full Wrap 

    0174.0f  0.127uf  ksi 
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Test Data: P4-080-FW 

 

Time VL HL τ εv εH γ

100 -0.10625 -0.40333 -0.00386 -0.00001 0.00000 0.00001
550 -0.81250 -4.34708 -0.04590 -0.00001 0.00000 0.00001

1000 -3.37500 -0.89500 0.03221 -0.00001 0.00001 0.00002
1450 -6.96875 1.47542 0.10966 -0.00002 0.00002 0.00004
1900 -12.60625 7.96167 0.26712 -0.00008 0.00008 0.00015
2350 -15.03125 10.68667 0.33400 -0.00010 0.00008 0.00018
2800 -17.42500 13.15125 0.39709 -0.00013 0.00040 0.00053
3250 -5.98125 1.16083 0.09275 -0.00006 0.00018 0.00024
3700 -5.44375 0.04250 0.07125 -0.00005 0.00013 0.00018
4150 -6.36250 2.32917 0.11288 -0.00007 0.00034 0.00041
4600 -5.60000 0.30958 0.07675 -0.00007 0.00029 0.00036
5050 -5.40625 -0.06792 0.06933 -0.00007 0.00025 0.00032
5500 -9.85625 6.71333 0.21519 -0.00010 0.00046 0.00056
5950 -15.16875 10.58875 0.33451 -0.00013 0.00069 0.00081
6400 -16.92500 12.22208 0.37853 -0.00014 0.00087 0.00101
6850 -18.61875 14.62000 0.43167 -0.00015 0.00115 0.00130
7300 -20.91875 16.55208 0.48663 -0.00016 0.00149 0.00165
7750 -20.71875 17.48167 0.49611 -0.00015 0.00199 0.00214
8200 -24.63750 20.33250 0.58403 -0.00017 0.00251 0.00269
8650 -26.00625 23.46667 0.64251 -0.00019 0.00311 0.00330
9100 -28.80625 25.03375 0.69922 -0.00020 0.00369 0.00389
9550 -30.61250 26.36583 0.73998 -0.00020 0.00429 0.00449
10000 -32.08125 28.16208 0.78238 -0.00017 0.00496 0.00513
10450 -32.88750 28.65792 0.79929 -0.00016 0.00562 0.00578
10900 -33.53125 29.18417 0.81449 -0.00014 0.00623 0.00637
11350 -32.66250 28.75958 0.79769 -0.00012 0.00661 0.00673
11800 -34.27500 30.68417 0.84363 -0.00010 0.00732 0.00742
12250 -33.33125 30.63250 0.83070 -0.00005 0.00777 0.00782
12700 -34.09375 29.67292 0.82814 0.00002 0.00843 0.00841
13150 -32.63125 31.74583 0.83607 0.00010 0.00896 0.00886
13600 -33.28125 32.83375 0.85864 0.00016 0.00957 0.00941
14050 -33.98750 31.37833 0.84891 0.00020 0.00992 0.00972
14500 -34.90625 31.68167 0.86478 0.00029 0.01059 0.01030
14950 -35.44375 32.05625 0.87662 0.00037 0.01118 0.01082
15400 -35.44375 31.73542 0.87246 0.00039 0.01189 0.01150
15850 -35.63750 31.71125 0.87466 0.00040 0.01244 0.01204
16300 -36.93750 32.65583 0.90381 0.00039 0.01335 0.01297
16750 -34.95625 31.80875 0.86708 0.00034 0.01413 0.01380
17200 -36.71250 32.42750 0.89792 0.00031 0.01499 0.01468
17650 -36.79375 33.27333 0.90996 0.00031 0.01565 0.01534
18100 -36.13750 32.65750 0.89344 0.00032 0.01662 0.01630
18550 -35.67500 31.22167 0.86879 0.00040 0.01760 0.01720
19000 -35.05625 33.70833 0.89305 0.00045 0.01819 0.01774
19450 -34.85000 32.95375 0.88057 0.00054 0.01910 0.01856
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Fig. AI. 8 Strain Gauge and LVDT Measurments in l-direction for P4-080-FW 

 

Fig. AI. 9 Strain Gauge and LVDT Measurments in t-direction for P4-080-FW 
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TEST PANEL P4-040-SB 

 

Casting Date:   May 10, 2013 

Testing date:    June 05, 2013 

Materials: 

Concrete 

 '
cf =6,380 psi (1st batch: 6,124 psi; 2nd batch: 7,636 psi) 

Steel Reinforcements 

    l-direction:   #4 rebar   0076.0l  0.67yf  ksi 

    t-direction:   #4 rebar   0076.0t  0.67yf  ksi 

FRP Reinforcement 

    One layer of 0.040 inch thick FRP sheet, Side Bond 

    0087.0f  0.127uf  ksi 
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Test Data: P4-040-SB 

 

 

Time VL HL τ εv εH γ

100 -0.25000 -2.74097 -0.03235 0.00001 -0.00003 -0.00004
350 -0.27500 -1.97014 -0.02201 0.00001 -0.00003 -0.00003
600 -1.50625 0.19931 0.02215 -0.00001 -0.00003 -0.00002
850 -3.28125 2.66875 0.07727 -0.00003 -0.00002 0.00001

1100 -5.10000 5.08056 0.13222 -0.00003 -0.00001 0.00002
1350 -7.11875 5.90208 0.16910 -0.00005 0.00001 0.00006
1600 -8.68125 8.82847 0.22740 -0.00006 0.00003 0.00009
1850 -9.41875 9.93889 0.25140 -0.00008 0.00057 0.00065
2100 -9.33750 9.90069 0.24985 -0.00009 0.00062 0.00070
2350 -9.95000 10.43681 0.26476 -0.00011 0.00085 0.00096
2600 -11.38750 12.69861 0.31281 -0.00014 0.00102 0.00116
2850 -11.70000 12.54792 0.31491 -0.00015 0.00106 0.00122
3100 -13.16875 14.57361 0.36029 -0.00016 0.00127 0.00143
3350 -14.38750 15.48889 0.38801 -0.00017 0.00218 0.00235
3600 -13.97500 14.80694 0.37379 -0.00019 0.00266 0.00285
3850 -13.40625 14.31736 0.36005 -0.00018 0.00256 0.00274
4100 -14.25000 15.58681 0.38749 -0.00019 0.00267 0.00286
4350 -14.51875 16.26458 0.39978 -0.00019 0.00277 0.00296
4600 -15.03750 17.03333 0.41650 -0.00019 0.00290 0.00309
4850 -15.48125 17.17500 0.42411 -0.00018 0.00301 0.00320
5100 -15.76250 17.56458 0.43282 -0.00019 0.00306 0.00326
5350 -15.58125 16.95208 0.42251 -0.00019 0.00315 0.00334
5600 -16.86250 19.52431 0.47256 -0.00019 0.00376 0.00395
5850 -17.90625 20.33889 0.49669 -0.00019 0.00460 0.00479
6100 -18.40625 21.20903 0.51448 -0.00018 0.00537 0.00555
6350 -19.43750 22.58958 0.54581 -0.00019 0.00613 0.00632
6600 -20.31875 22.41875 0.55503 -0.00017 0.00663 0.00680
6850 -20.23750 23.02083 0.56180 -0.00019 0.00660 0.00680
7100 -20.49375 23.74306 0.57450 -0.00019 0.00672 0.00692
7350 -18.46250 23.03958 0.53899 -0.00019 0.00663 0.00682
7600 -20.77500 24.74236 0.59113 -0.00018 0.00697 0.00714
7850 -21.55625 25.59236 0.61232 -0.00015 0.00795 0.00810
8100 -22.13125 26.29236 0.62888 -0.00013 0.00894 0.00907
8350 -22.26250 26.34167 0.63122 -0.00020 0.01004 0.01024
8600 -18.31250 22.13125 0.52524 -0.00019 0.01081 0.01100
8850 -3.39375 4.04583 0.09662 0.00001 0.00757 0.00756
9100 -2.24375 3.36111 0.07279 0.00005 0.00691 0.00685
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TEST PANEL P4-025-FA 

 

Casting Date:   October 08, 2014 

Testing date:    October 24, 2014 

Materials: 

Concrete 

 '
cf =7,540 psi (1st batch: 7,460 psi; 2nd batch: 7,620 psi) 

Steel Reinforcements 

    l-direction:   #4 rebar   0076.0l  0.67yf  ksi 

    t-direction:   #4 rebar   0076.0t  0.67yf  ksi 

FRP Reinforcement 

    One layer of 0.025 inch thick FRP sheet, U-Wrap with FRP anchor 

    0054.0f  0.120uf  ksi 



 

315 

 

Test Data: P4-025-FA 

 

Time VL HL τ εv εH γ

100 -1.46667 -0.85833 -0.02229 -0.00001 0.00000 0.00001
500 -2.42333 -2.85833 -0.07424 -0.00001 -0.00001 0.00000
900 -4.51333 -0.43125 -0.01120 -0.00002 0.00003 0.00005

1300 -6.53667 1.68125 0.04367 -0.00004 0.00002 0.00005
1700 -9.45667 5.88958 0.15298 -0.00006 0.00005 0.00011
2100 -12.21500 9.28125 0.24107 -0.00008 0.00005 0.00013
2500 -15.41667 12.36667 0.32121 -0.00010 0.00010 0.00020
2900 -17.12000 13.56042 0.35222 -0.00015 0.00151 0.00166
3300 -10.33333 5.80833 0.15087 -0.00010 0.00082 0.00092
3700 -6.37000 1.51875 0.03945 -0.00006 0.00047 0.00053
4100 -4.05500 0.48542 0.01261 -0.00004 0.00037 0.00041
4500 -3.88833 -0.44375 -0.01153 -0.00003 0.00036 0.00040
4900 -10.62333 3.48750 0.09058 -0.00009 0.00094 0.00103
5300 -13.98333 10.72917 0.27868 -0.00015 0.00135 0.00150
5700 -18.09667 15.28958 0.39713 -0.00019 0.00197 0.00215
6100 -19.91333 17.12708 0.44486 -0.00020 0.00241 0.00260
6500 -20.96333 17.99375 0.46737 -0.00020 0.00298 0.00318
6900 -21.13667 18.94792 0.49215 -0.00021 0.00316 0.00337
7300 -22.67333 20.80833 0.54048 -0.00022 0.00384 0.00406
7700 -23.41333 21.97292 0.57073 -0.00022 0.00440 0.00462
8100 -24.15000 23.15208 0.60135 -0.00022 0.00503 0.00526
8500 -24.74000 23.96458 0.62246 -0.00022 0.00574 0.00596
8900 -27.53333 24.84167 0.64524 -0.00024 0.00633 0.00657
9300 -27.36833 25.31250 0.65747 -0.00024 0.00703 0.00727
9700 -27.93167 25.34583 0.65833 -0.00024 0.00764 0.00788
10100 -27.80333 25.67917 0.66699 -0.00024 0.00809 0.00833
10500 -28.96167 26.24583 0.68171 -0.00025 0.00896 0.00921
10900 -28.48333 26.18542 0.68014 -0.00024 0.00960 0.00984
11300 -29.10167 26.32083 0.68366 -0.00022 0.01033 0.01055
11700 -29.02000 26.05625 0.67679 -0.00018 0.01116 0.01134
12100 -29.34333 26.45625 0.68718 -0.00021 0.01186 0.01208
12500 -29.94500 26.88958 0.69843 -0.00019 0.01269 0.01289
12900 -29.38167 26.88542 0.69832 -0.00015 0.01328 0.01343
13300 -30.47000 26.85417 0.69751 -0.00012 0.01422 0.01434
13700 -30.63000 26.80208 0.69616 -0.00010 0.01480 0.01490
14100 -30.80667 27.27708 0.70850 -0.00008 0.01567 0.01575
14500 -30.37833 26.88958 0.69843 -0.00006 0.01617 0.01623
14900 -29.92500 26.87500 0.69805 -0.00004 0.01722 0.01726
15300 -18.58677 17.05208 0.44291 0.00012 0.01620 0.01608
15700 -1.64635 1.51042 0.03923 0.00033 0.01283 0.01250
16100 -1.34667 0.74792 0.01943 0.00036 0.01254 0.01218
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Fig. AI. 10 Strain Gauge and LVDT Measurments in l-direction for P4-025-FA 

 

Fig. AI. 11 Strain Gauge and LVDT Measurments in t-direction for P4-025-FA 
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TEST PANEL P4-040-FA 

 

Casting Date:   September 14, 2012 

Testing date:    November 28, 2012 

Materials: 

Concrete 

 '
cf =7,540 psi (1st batch: 7,620 psi; 2nd batch: 7,460 psi) 

Steel Reinforcements 

    l-direction:   #4 rebar   0076.0l  0.67yf  ksi 

    t-direction:   #4 rebar   0076.0t  0.67yf  ksi 

FRP Reinforcement 

    One layer of 0.040 inch thick FRP sheet, U-Wrap with FRP anchor 

    0087.0f  0.127uf  ksi 
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Test Data: P4-040-FA 

 

Time VL HL τ εv εH γ

100 -1.32500 -0.99500 0.00429 -0.00001 -0.00003 -0.00002
700 -5.10000 2.92500 0.10422 -0.00002 -0.00001 0.00000

1300 -10.14375 6.33500 0.21401 -0.00004 0.00002 0.00007
1900 -14.70625 10.64000 0.32917 -0.00006 0.00002 0.00009
2500 -16.35000 13.87000 0.39247 -0.00011 0.00143 0.00154
3100 -29.49375 11.63000 0.53407 -0.00019 0.00206 0.00225
3700 -28.65625 10.55500 0.50924 -0.00018 0.00196 0.00214
4300 -30.49375 9.66500 0.52154 -0.00016 0.00192 0.00208
4900 -29.93125 8.62500 0.50073 -0.00017 0.00187 0.00204
5500 -30.45625 10.85000 0.53644 -0.00017 0.00186 0.00204
6100 -9.20000 5.04500 0.18500 -0.00011 0.00131 0.00141
6700 -15.42500 12.90500 0.36792 -0.00016 0.00198 0.00214
7300 -15.43750 12.80000 0.36672 -0.00016 0.00201 0.00217
7900 -16.91250 14.43500 0.40711 -0.00017 0.00209 0.00226
8500 -19.14375 13.85500 0.42856 -0.00019 0.00236 0.00255
9100 -20.16250 17.17500 0.48490 -0.00022 0.00276 0.00299
9700 -21.05000 15.63000 0.47636 -0.00024 0.00329 0.00353
10300 -21.59375 17.53000 0.50810 -0.00026 0.00370 0.00395
10900 -22.11875 18.74500 0.53070 -0.00028 0.00401 0.00429
11500 -23.17500 18.80500 0.54519 -0.00029 0.00446 0.00475
12100 -23.78125 20.15500 0.57060 -0.00030 0.00492 0.00522
12700 -24.06875 20.22500 0.57524 -0.00031 0.00548 0.00579
13300 -25.22500 21.49000 0.60669 -0.00032 0.00626 0.00658
13900 -25.08125 21.06500 0.59930 -0.00032 0.00684 0.00716
14500 -26.40625 20.49000 0.60904 -0.00035 0.00764 0.00798
15100 -26.41250 21.80000 0.62614 -0.00035 0.00837 0.00872
15700 -26.24375 22.29000 0.63031 -0.00033 0.00886 0.00919
16300 -27.21875 23.44500 0.65797 -0.00033 0.00936 0.00969
16900 -27.78750 24.24000 0.67568 -0.00032 0.01054 0.01087
17500 -27.73125 24.45500 0.67774 -0.00031 0.01146 0.01177
18100 -28.61250 24.37000 0.68808 -0.00034 0.01329 0.01363
18700 -29.65000 25.81000 0.72026 -0.00031 0.01518 0.01549
19300 -30.85625 25.70500 0.73456 -0.00016 0.01719 0.01735
19900 -31.05000 25.62000 0.73597 -0.00008 0.01938 0.01946
20500 -31.56250 24.80000 0.73198 0.00011 0.02346 0.02335
21100 -32.46250 24.88000 0.74471 0.00027 0.02697 0.02670
21700 -31.72500 22.28500 0.70143 0.00065 0.03111 0.03046
22300 -29.26250 21.19000 0.65523 0.00076 0.03506 0.03430
22900 -24.23750 16.27500 0.52614 0.00056 0.03946 0.03890
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APPENDIX II SMM-FRP COMPUTER PROGRAM 

A computer program is written in MATLAB software according to the SMM-FRP 

solution procedure to predict the shear behavior of FRP strengthened RC panels. The 

program for predicting the applied shear stresses versus shear strain relationships by SMM-

FRP for panel P4-080-FW is presented below: 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%        Pure Shear in l-t     %% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
sigmal=0; 
sigmat=0; 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%       Steel Reinforcement    %% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% Longitudinal Steel   %%%%%%%%%%% 
rol=0.00762;  
fly=462; %Mpa 
Esl=190000; %Mpa 
% Transversal Steel   %%%%%%%%%%% 
rot=0.00762; 
fty=462; %Mpa 
Est=190000; %Mpa 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%    Concrete properties       %% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
ecr = 0.00008; 
fc = -54; %Mpa (Negative: Compression) 
Ec=3900*sqrt(abs(fc)); %Mpa (Ec=3900sqrt(fc)) 
eps0=-0.002; 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%%    FRP Reinfrocement         %% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
rof=0.0087;  
ftf=876; %Mpa 
Eft=72000; %Mpa 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%% Reinforcement Angle          %% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
alpha1=45*pi/180; 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%% gamma/eps incremets          %% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
stpgamma=-0.00000001; 
stpeps=0.00000001; 
i=0; 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%% Initial parameters           %% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 



 

320 

 

v21=0.2; 
tol=.01; 
eps1=0.00000513; 
gamma12= 0.000000176; 
% % Concrete in tension initial parameters 
Kw=1; %(Kw=1.6 SB, Kw=1.0 FA, Kw=1.0 FW) 
Kfs=0.25*(rof*Eft)/(rot*Est)+0.15; 
alphaf=Kw*Kfs; 
%Concrete Initial Parameters 
fcr=0.31*sqrt(abs(fc));%Mpa %(fcr=3.7*sqrt(abs(fc));%psi) 
z1=min(5.8/sqrt(abs(fc)),0.9); 
%% Steel initial Parameters 
rote=rot+Eft/Est*rof; 
Bt=1/rot*(fcr/fty)^1.5; 
fypt=(0.93-2*Bt)*fty; 
epsypt=fypt/Est; 
Bl=1/rol*(fcr/fly)^1.5; 
fypl=(0.93-2*Bl)*fly; 
epsypl=fypl/Esl; 
kp=(1.7-0.00058*rof*Eft)/(fly/Esl); 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%% Result File                              %% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
fileID = fopen('p4080FW.txt','w'); 
fprintf(fileID,'%12s %12s %12s %12s %12s %12s %12s %12s %12s %12s %12s 
%12s %12s %12s %12s 
%12s\n','gamalt','Tlt','eps2b','sigma2c','epsL','fl','epsT','ft','epsLb
','epsTb', 'gamma12c', 'T12c', 'eps1b', 'sigma1c','eps1','Ffrp'); 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%% 
j=0; 
for eps2=-0.00001:-0.000001:-0.01 
    i=i+1; 
    conv1=5; 
    conv2=5; 
    eps2 
    while  (conv1>tol || conv2>tol) 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%% Calculate epsT                           %% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
epsT(i,:)=eps2*(cos(alpha1))^2+eps1*(sin(alpha1))^2+gamma12*sin(alpha1)
*cos(alpha1); 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%% Calculate epsL                           %% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
        epsL(i,:)=eps2*(sin(alpha1))^2+eps1*(cos(alpha1))^2-
gamma12*sin(alpha1)*cos(alpha1); 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%% Calculate poissons ratio                 %% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% Calcuklate v12 
        if rol >= rote 
            epssf=epsT(i,:); 
          else 
            epssf=epsL(i,:); 
        end 
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        if epssf <0.002 
            v12=0.2+kp*epssf; 
          else 
            v12=1.9-0.00058*rof*Eft; 
        end 
 % Calcuklate v21 
        if eps1>ecr 
            v21=0.0;  
        end 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%% Calculate Uniaxial Strains               %% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%Calculate eps1b 
        eps1b(i,:)=1/(1-v12*v21)*eps1+v12/(1-v12*v21)*eps2; 
%Calculate eps2b(i,:) 
        eps2b(i,:)=v21/(1-v12*v21)*eps1+1/(1-v12*v21)*eps2; 
%Calculate epsLb 
epsLb(i,:)=eps1b(i,:)*(cos(alpha1))^2+eps2b(i,:)*(sin(alpha1))^2-
gamma12*sin(alpha1)*cos(alpha1); 
%Calculate epsTb  
epsTb(i,:)=eps1b(i,:)*(sin(alpha1))^2+eps2b(i,:)*(cos(alpha1))^2+gamma1
2*sin(alpha1)*cos(alpha1); 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
% Calculating Softening coefficient         %% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
        Beta=0.5*atan(gamma12/(eps1-eps2))*180/pi; 
        z2=1/sqrt(1+400*eps1b(i,:)); 
        z3=1-abs(Beta)/16; 
        z4=1+0.0076*sqrt(rof*Eft); 
        zeta=z1*z2*z3*z4; 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%% Constitutive Laws of materials           %% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%% concrete in compression 
        if eps2b(i,:)/(zeta*eps0)<1 
            sigma2c(i,:)=zeta*fc*(2*(eps2b(i,:)/(zeta*eps0))-
(eps2b(i,:)/(zeta*eps0))^2);%Mpa 
          else 
            sigma2c(i,:)=zeta*fc*(1-((eps2b(i,:)/(zeta*eps0)-
1)/(4/zeta-1))^2);%Mpa 
        end 
%% concrete in tension 
        if eps1b(i,:)<=ecr; 
            sigma1c(i,:)=Ec*eps1b(i,:); 
          else 
            sigma1c(i,:)=fcr*(ecr/eps1b(i,:))^alphaf; 
        end 
%% concrete in shear 
        T12c(i,:)=(sigma1c(i,:)-sigma2c(i,:))/(2*(eps1-eps2))*gamma12; 
%% Mild Steel parameters 
        %longitudinal steel stress fl 
        if eps2 > -0.002375 
            if epsLb(i,:)>epsypl 
                fl(i,:)=(0.91-2*Bl)*fly+(0.02+0.25*Bl)*Esl*epsLb(i,:); 
            else 
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                fl(i,:)=Esl*epsLb(i,:); 
            end 
        else 
            fl(i,:)= fl(2365)-Est*(epsLb(2365)-epsLb(i,:)); 
        end 
%transversal steel stress ft 
        if eps2 > -0.000416 
             
            if epsTb(i,:)>epsypt 
                ft(i,:)=(0.91-2*Bt)*fty+(0.02+0.25*Bt)*Est*epsTb(i,:); 
                 
            else 
                ft(i,:)=Est*epsTb(i,:); 
            end 
             
        else 
            ft(i,:)= ft(406)-Est*(epsTb(406)-epsTb(i,:)); 
        end 
%% FRP parameters 
%% Transversal FRP stress Ff 
        ff(i,:)= Eft*epsTb(i,:); 
         
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%% Check equilibrium equations              %% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
        eq1=rol*fl(i,:)+rot*ft(i,:)+rof*ff(i,:); 
        eq2=rol*fl(i,:)-rot*ft(i,:)-rof*ff(i,:); 
        eq3=(sigmal+sigmat)-(sigma1c(i,:)+sigma2c(i,:)); 
        eq4=(sigmal-sigmat)-(sigma1c(i,:)-
sigma2c(i,:))*cos(2*alpha1)+2*T12c(i,:)*sin(2*alpha1); 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%% %Check convergance                       %% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
        conv1= abs(abs(eq1)-abs(eq3)); 
        conv2=abs(abs(eq2)-abs(eq4)); 
        if conv1>=tol; 
            if abs(eq3)>abs(eq1) 
                eps1=eps1+stpeps; 
            else 
                eps1=eps1-stpeps; 
            end 
        else 
            if conv2>=tol 
                if abs(eq4)>abs(eq2) 
                    gamma12=gamma12+stpgamma; 
                    eps1=eps1+stpeps; 
                else 
                    gamma12=gamma12+stpgamma; 
                    eps1=eps1+stpeps; 
                end 
            end 
        end 
    end 
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%% Calculate Shear Stress/Strain            %% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
%calculate Tlt Mpa; 
    Tlt(i,:)=(sigma1c(i,:)-
sigma2c(i,:))*sin(alpha1)*cos(alpha1)+T12c(i,:)*((cos(alpha1))^2-
(sin(alpha1))^2); 
%Calculate gammalt 
    gamalt(i,:)=2*(eps1-
eps2)*sin(alpha1)*cos(alpha1)+gamma12/2*((cos(alpha1))^2-
(sin(alpha1))^2); 
A=[gamalt, Tlt, eps2b, sigma2c, epsL, fl, epsT, ft, epsLb, epsTb, 
gama12, T12c, eps1b, sigma1c, epscc, ff]; 
    fprintf(fileID,'%12.8f %12.8f %12.8f %12.8f %12.8f %12.8f %12.8f 
%12.8f %12.8f %12.8f %12.8f %12.8f %12.8f %12.8f %12.8f 
%12.8f\n',A(i,1),A(i,2),A(i,3),A(i,4),A(i,5),A(i,6),A(i,7),A(i,8),A(i,9
),A(i,10),A(i,11),A(i,12),A(i,13),A(i,14),A(i,15),A(i,16)); 
end 
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