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Abstract

Mesoscopic clusters of protein-rich fluid are observed in solutions of several proteins.

The molecular origin and thermodynamics underlying the formation of the clusters

are poorly understood. Here we test the “complexation” scenario of cluster forma-

tion, in which the clusters represent a spatially heterogeneous mixture of protein and

protein containing complexes. Two separate aspects of this microscopic picture are

addressed in the present work. On the one hand, we have developed a novel coarse-

grained model that accounts for anisotropy of the Coulomb component of protein-

protein interaction. Solvent-screened Coulomb interactions between protein molecules

are approximated at the Debye-Hückel level, with corrections to account for polariza-

tion at the protein-solvent interface. We establish that transient complexes formed

by folded molecules of the protein lysozyme are too short-lived to give rise to meso-

scopic clusters; thus complex formation in lysozyme must involve partial unfolding of

individual protein molecules. On the other hand, we develop a complete framework

to treat nucleation in fluid mixtures, in the presence of chemical conversion between

components of the mixture. We establish an expression for the coordinate-dependent

pressure in the Landau-Ginzburg functional theory, which is applicable to mixtures

and non-equilibrium situations. We discover that in contrast with nucleation in mix-

tures with conserved amounts of components, finite-sized metastable phases can be

kinetically stabilized in the presence of chemical conversion between the components.

Clusters of such metastable minority phases will grow indefinitely, upon reaching a

certain critical size; the growth is eventually halted by a mechanical instability. On
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approach to equilibrium, Ostwald-like ripening is predicted to take place, but with a

distinct time-dependence of the cluster size from the Lifshitz-Slyozov-Wagner theory.

The present results provide substantial support for the complexation scenario for the

formation of the mesoscopic clusters.
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Chapter 1

Motivation and Overview of the

Thesis

The most fundamental property of an equilibrated liquid is that it must be spatially

uniform. It stems from translational invariance of physical space. This symmetry is

violated only in special cases, such as coexistence of distinct phases or in a mixture of

immiscible fluids. Even in such special cases, the system is unstable toward minimizing

the spatial extent of heterogenity, by means of reducing the extent of interfacial regions.

When equilibrated, the individual phases are essentially macroscopic and spatially

uniform. These basic notions, ellucidated a long time ago by Gibbs [1, 2], imply

that heterogenious phases—exemplified by emulsions, gels, and living systems—are far

away from equilibrium. They are prevented from equilibration by a kinetic barrier.

The origin of such a barrier is system-specific: For instance, emulsions such as milk

are stabilized by repulsion due to the polarization charge at the bulk-droplet interface
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that results from the dielectric discontinuity at the interface [3]. In true equilibrium,

milk should separate into two macroscopic liquids, aqueous and fatty respectively.

Thus an equilibrium phase should be either macroscopically extended or not exist

at all. This can be viewed from the thermodynamic standpoint in the following way:

If a candidate phase is thermodynamically stable relative to the present phase, it will

eventually take over the sample subject to a nucleation barrier stemming from the

tension of the interface between the current and incipient phases. It is convenient

to designate these two phases as “majority” and “minority” respectively. The above

notions can be formally implemented by computing the free energy profile for nucleating

the minority phase:

F =
4

3
πR3∆g + 4πR2σ, (1.1)

where ∆g is the bulk free energy difference between the minority and majority phases

and σ is the surface tension coefficient. The free energy profile from Eq. (1.1) is

illustrated in Fig. 1.1 for different values of ∆g. If ∆g < 0, the bulk term wins over

the surface term at sufficiently large values of the droplet radius R; the minority phase

must eventually overtake the sample, unless the supply of the minority phase runs

out, as is the case during fog. If, on the other hand, ∆g is positive, nucleation of

the minority phase is subject to both bulk and surface penalty. Every such nucleus

must evaporate before it can reach a meaningful extent. When the bulk free energy

excess ∆g is positive but small, the situation is somewhat subtle. It would seem that

by detailed balance, the minority phase could be made arbitrarily large by making ∆g
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Figure 1.1: Nucleation profile from Eq. 1.1 for a positive and negative bulk free
energy difference, ∆g, between the minority and majority phases. F represents the
free energy of the droplet and R is the radius of the droplet. The horizontal dotted

line represents F = 0. The units are arbitrary.

sufficiently small. For instance, the excess chemical potential of the crystal relative

to the liquid at temperature T = Tm + δT , where Tm is the melting temperature, is

∆µ = (∆s)δT , by the Gibbs-Duhem formula. Here, ∆s is the fusion entropy. For δT

of order one degree, the excess chemical potential is only about 10−2kBT per particle,

since the fusion entropy is about 100kB per particle. Under such circumstances, the

main contribution to the free energy penalty for nucleating the minority phase is due

to the surface term, within a substantial interval in R. This is despite the fact that

the surface term is sub-thermodynamic, i.e., it scales with sublinearly with the system

size. Because ordinarily, the energy scale associated with the surface tension is often

quite large, a kBT per particle or more [4], we do not observe extended metastable

phases. A simple, non-existent example of such a macroscopic metastable phase would

be a (possibly microscopic) iceberg at temperatures above freezing.
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Chemically heterogeneous systems are of cardinal importance to humans but are

intrinsically metastable, according to the above discussion. Appropriately, fabrication

of nanoscopic or mesoscopic phases, which have come into prominence with the advent

of nanotechology and self-assembly techniques, require sophisticated kinetic control.

Most of such technieques have been found by trial and error; a well-known example is

the dramatic slowing down of the growth of nanoparticles with polymer grafted to the

surface [5]. A well-known example of an equilibrium solution containing mesoscopic

inclusions that can appear and evaporate reversibly are micelles [6]. The micelles can

be thought of as long-lived molecules; their size is generally distributed. Thus the

micelles do not technically constitute a separate phase, consistent with the venerable

Gibbs paradigm. Still, micelle formation has some feature reminiscient of a phase

transition: The micelles begin to form beyond a relatively sharply defined threshold

density of the monomer in the bulk solution. Adding monomer beyond the threshold

density results in the formation of more micelles, all the while the monomer density in

the bulk remains constant. This is not unlike what happens during phase coexistence

of vapor and liquid: Adding more substance (at fixed volume) will lead to an increase

in the amount of liquid while the concentration of the vapor will remain unchanged.

A recent discovery of mesoscopically-sized clusters of dense protein liquid in solu-

tions of several proteins, by Vekilov and coworkers [7–10], appears to upend established

paradigms of phase equilibria. The mesoscopic clusters have been observed using three

distinct experimental techniques: dynamic light scattering (DLS) [11], atomic force

microscopy (AFM) [12], and Brownian microscopy (BM) [13]. The measurements are
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Figure 1.2: Light scattering characterization of solutions of sickle-cell hemoglobin
in deoxy-state (deoxy-HbS) [11]. The short and long time shoulders correspond to

monomeric protein and mesoscopic clusters respectively.

Figure 1.3: Clusters detected on the surface of lumazine synthase crystal using
atomic force microscopy. [12] The l.h.s and r.h.s. correspond to two consecutive mea-

surements.

exemplified in Figs. 1.2-1.4.

The clusters are liquid-like [12] and appear to be in equilibrium with the bulk solu-

tion at long times [14]. The evolution of the cluster size can be sometimes time-resolved

and follows an Ostwald-like ripening pattern, although with an overall reduction in

speed by one order of magnitude, compared with established examples of such ripen-

ing [14]. These findings indicate that the clusters are not long-lived giant molecules,

but, instead, are composed of a distinct phase, which is presumably protein-rich. Yet

the clusters are away from the conditions for liquid-liquid coexistence, see the phase

diagram Fig. 1.5. According to Pan et al. [10], the free energy excess of the clusters
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Figure 1.4: Characterization of the cluster population by Brownian microscopy. [13]
A snapshot from a movie from which the cluster Brownian trajectories are determined.
Individual clusters are seen as the bright spots. The monitored volume is 120× 80×

5µm3.

could be as large as several kBT per particle. Formally, the presence of the clusters

implies that there is a new, finite lengthscale in the form of the cluster radius, call it R.

During macroscopic phase coexistence, there is no such finite lengthscale: The phase

is either macroscopic (R = ∞) or does not exist at all (R = 0). Could it be that the

clusters are micelle-like objects? The answer is no since the protein concentration can

be varied in the presence of clusters. Furthermore, the cluster volume fraction rarely

exceeds 10−3 but is usually much smaller [9, 11]. The puzzling mesoscopic clusters

have thus emerged as a major unsolved problem in the field of thermodynamics, phase

ordering, and protein aggregation.

The free energy excess of the clusters, as estimated by Pan et al. [10], assume

the system has only one component. (The solvent may be regarded as implicit given

that it equilibrates on much faster scales than the protein assembly.) Motivated by
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Phase Diagram of Lysozyme Solution

•

•

Figure 1.5: The phase diagram of a Lysozyme solution [10]. The horizontal gray
line denotes the conditions of the bulk soluton at which the mesoscopic clusters are

observed. The gray dot marks the likely composition of clusters, 450 mg/mL.

this notion, the latter authors put forth a microscopic scenario by which the clusters

contain protein-containing complexes, in addition to the protein itself. In the case

of oligomeric protein, such as hemoglobin, such complexes would have to contain a

number of protein molecules different from that typically observed in bulk solutions.

By this scenario, the clusters are kinetically stabilized, see illustration in Fig. 1.6:

The monomeric protein flows toward the center of the cluster, converts there into the

complex, the complex diffuses back in the bulk solution, while decaying into monomeric

protein. Pan et al. [10] have worked out a simple reaction-diffusion scheme that applies

at outskirts of the cluster, i.e., at conditions only slightly perturbed away from those

in the bulk solution. A new lengthscale emerges in this simplified treatment. This new

length corresponds with the distance travelled, via diffusion, by the complex before it
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Figure 1.6: Schematic of concentration profiles in a cluster [10]. nL: total protein
concentration in the bulk solution. nH : total protein concentration in the cluster

core. r: distance from center of cluster. R: cluster radius.

decays:

R ≃
√
D/τ, (1.2)

where D and τ are the diffusivity and lifetime of the complexes respectively. Because

the diffusion-reaction scheme from Ref. [10] does not apply in the whole space, it is

not clear whether this scheme is in fact thermodynamically consistent. For instance,

does the scheme obey detailed balance? This is a potentially damning issue, if not

properly resolved. While the status of the complexation scenario has been regarded as

a microscopic proposal, as opposed to a well established mechanism, no other viable

alternative scenarios have been proposed to our knowledge.

There are two microscopic questions that must be answered in order to test the

complexation scenario proposed in Ref. [10]. From the biomolecular perspective, one

must determine the molecular identity of the protein-containing complex and the mech-

anism of the complexation. From the thermodynamic standpoint, one must establish
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whether it is, in fact, possible to put together a kinetic model, perhaps akin to that

proposed in Ref. [10], which is thermodynamically consistent and applies in the whole

space, not just the outskirts of the cluster.

The present work establishes that complex formation in solutions of protein lysozyme

must be accompanied by partial unfolding of the protein; it thus elucidates a signif-

icant mechanistic aspect of protein complexation. This work also develops an inter-

nally consistent thermodynamic description of kinetically stabilized clusters and thus

definitively establishes thermodynamic consistency of the compexation scenario. These

results affirm the complexation scenario as a viable microscopic picture and thus pave

the way for further, more elaborate studies, both experimental and theoretical, that

will eventually settle this complicated question, of the origin of clusters.

The problem of the mechanism of protein complexation is difficult to tackle using

direct molecular modeling because of its computational complexity. Even in the ab-

sence of partial unfolding, sampling a representative subset of mutual configurations of

two protein molecules is a computationally difficult task, which however could be pos-

sible to tackle using coarse-graining. In the presence of unfolding, the task is even more

complicated, while the potential ambiguity due to uncertainty in the coarse-grained in-

teractions becomes even more likely. A logical line of attack is to first establish whether

partial unfolding is actually involved. To tackle this question, here we develop a sim-

plified, yet relatively accurate potential of mean force between protein molecules. This

approximate potential builds on the venerable Tanford-Kirkwood model of a protein

molecule, where the molecule is approximated as a sphere with imbedded point-like

9



charges that emulate the charged aminoacids. The Coulomb interaction between the

proteins can be accurately and efficiently evaluated using the Debye-Hückel theory

with corrections for polarization charge at the protein-solvent interface. The present

approach allows one to directly account for the significant anisotropy of the Coulomb

component of protein-protein interaction. In this way, it is a major improvement on

approximations that were originally devised for colloidal particles, such as the DLVO

approximation [15], but are now frequently applied to protein solutions.

Despite being relatively complex, the resulting potential of mean force is suffi-

ciently efficient so as to allow one to perform essentially complete sampling of mutual

protein-protein configurations using only modest computation resources. In turn, this

allows one to estimate the input parameters for the decay time of a putative pro-

tein dimer. The resulting estimates of the decay time indicate that protein complexes

formed in the absence of partial unfolding are not sufficiently long-lived to give rise to

the mesoscopic clusters, at least within the orginal scenario of Pan et al. [10]. Hence,

partial unfolding must take place. The present model allows one to straightforwardly

estimate various measurable quantities such as the second virial coefficient. Testing

the predictions of the model against experiment allows one to identify contributions to

protein-protein interactions other than the Coulomb and dispersion forces. Such addi-

tional contributions can be due to ion condensation, attraction between hydrophobic

patches, or partial unfolding. These results are described in detail in Chapter 2.

According to DLS and BM measurements, the cluster size exceeds the protein size

generically by two orders of magnitude. This implies that hundreds of thousands of
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protein molecules are involved in the formation of an individual clusters. In view of

the computational complexity of phase ordering in protein solutions, here we employ

a continuum description in the form of a density functional theory, at the level of

the Landau-Ginzburg functional [1]. This type of description is most often associated

with Cahn and Hilliard [16] but goes back all the way to van der Waals [17, 18] and

even earlier, to classical hydrodynamics and continuum mechanics. Such continuum

descriptions can be viewed as the extreme limit of coarse-graining, which, nevertheless

preserves symmetries of the problem and, most importantly, is thermodynamically con-

sistent. Even at the Landau-Ginzburg level, the resulting reaction-diffusion problem

amounts to solving coupled non-linear differential equations. Numerical solutions of

these equations is feasible but is prone to various numerical instabilities. Here we take

a different approach: We confine the non-linearity to regions of reduced spatial dimen-

sionality, thus allowing us to treat the problem as linear everywhere except within a

well-defined boundary between pure phases. Such linear problems can be solved in an

essentially analytical way, which yields a great deal of physical insight, in particular

into characteristic length scales such as those stemming from chemical conversion be-

tween the components. Patching the solutions at the boundary leads to an interesting

problem in itself, i.e., that of the local pressure in the Landau-Ginzburg functional.

We derive a new expression for the pressure, à la van der Waals, which is general-

ized to mixtures and off-equilibrium situations. These formal findings are described in

Chapter 3, where they are also illustrated with new results on regular nucleation in

mixtures and effects of amphiphillic adsorbents on inter-phase boundaries.
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The results from Chapter 3 constitute the necessary background for tackling the

problem of nucleation in the presence of chemical conversion between the components in

a mixture, as described in Chapter 4. The resulting equations can no longer interpreted

as corresponding to optima on a free energy surface. Nevertheless, the dynamics of

the nucleation can still be described in the space of descriptive variables, viz., the

droplet radius and chemical composition at the droplet interface. In doing so, we

reach a startling conclusion that in the presence of chemical conversion between the

component in a mixture, it is possible to have a critical nucleus for a phase that is

not stable but only metastable. This is a scenario that had not been anticipated by

existing theories of phase equilibria and nucleation. The metastability of the minority

phase does eventually bear on the droplet phase. When larger than the critical size,

the droplet will grow until it reaches a certain upper limit after which it will break

up. The mechanism of the break-up is not obvious: The metastability of the minority

phase reveals itself through the pressure inside the droplet which becomes negative,

relative to the bulk, for a sufficiently large droplet. Such a droplet will eventually

disintegrate via a mechanical, necking-like instability. Such necking is a higher-order

process than the one-particle processes explicitly included in the present reaction-

diffusion treatment. We establish that Ostwald-like ripening should take place in the

present picture, however with a distinct time-dependence of the cluster radius. The

reason is that the classic Gibbs-Thomson expression for the pressure differentiatial at

a droplet’s interface does not apply to the mesoscopic clusters. We thus establish that

the main component of the complexation scenario, i.e., the kinetic stabilization due

12



to the presence of a transient protein-containing complex is robust. Still, the present

analysis shows that the emergence of a new finite lengthscale in the problem is of more

complex nature than was originally proposed by Pan et al. [10]. The finite cluster

size is ulimately determined by a balance between the bulk free energy excess of the

protein-rich liquid and the surface tension of the droplet. The latter is determined by

a combination of factors including, importantly, the presence of chemical conversion

and diffusivities.

The final Chapter 5 gives a brief summary of the work and outlines next steps

we plan to undertake in addressing the difficult and fascinating problem of mesoscopic

aggregation in protein solutions.
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Chapter 2

Anisotropy of the Coulomb

interaction between folded

proteins: Consequences for

mesoscopic aggregation of

lysozyme

2.1 Overview

Toward quantitative description of protein aggregation, we develop a computa-

tionally efficient method to evaluate the potential of mean force (PMF) between two

folded protein molecules that allows for essentially complete sampling of their mutual

14



orientation. 1 The present model is valid at moderate ionic strengths and accounts for

the actual charge distribution on the surface of the molecules, the dielectric discontinu-

ity at the protein-solvent interface, and the possibility of protonation or deprotonation

of surface residues induced by the electric field due to the other protein molecule. We

apply the model to the protein lysozyme, whose solutions exhibit both mesoscopic

clusters of protein-rich liquid and liquid-liquid separation; the former requires that the

protein form complexes with typical lifetimes of the order msec. We find the elec-

trostatic repulsion is typically lower than the prediction of the DLVO theory. The

Coulomb interaction in the lowest-energy docking configuration is non-repulsive, de-

spite the high positive charge on the molecules. Typical docking configurations barely

involve protonation or deprotonation of surface residues. The obtained PMF between

folded lysozyme molecules is consistent with the location of the liquid-liquid coexis-

tence, but produces dimers that are too short-lived for clusters to exist, suggesting

lysozyme undergoes conformational changes during cluster formation.

2.2 Motivation

Protein aggregation is a central problem of biophysics, medicine, and bioengineer-

ing [20–25]. Thus better understanding of the thermodynamics of protein phase be-

havior and the kinetic pathways leading to the formation of protein condensed phases

will lead to progress in several fields. Although a protein solution is essentially a

two-component protein plus buffer-mixture, its phase behavior is significantly more

1The content of this chapter has been published in Biophysical Journal [19].
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complex than the standard textbook picture of binary mixtures [2]. For instance, the

phase diagram of the protein lysozyme, in addition to two solubility lines corresponding

to the rhombohedral and tetragonal crystal phases, contains an additional liquid-liquid

coexistence region, which is often accessible before crystallization takes place [26–29].

Even more surprising is that well outside the stability region of the protein-rich phase,

protein solutions often host compact inclusions of a protein-rich liquid that are meso-

scopic in size, i.e. about hundred times larger than individual proteins [7, 30]. We

have called these inclusions “mesoscopic clusters”. Recent analysis by Pan et al. [10]

shows indirectly the clusters result from the formation of transient protein-containing

complexes; the complexes are strongly stabilized at protein concentrations typical of

the dense protein liquid. This analysis combines the experimentally determined free

energy cost of increasing protein concentration, in the homogeneous region of the phase

diagram, and classical nucleation theory to show that clusters consisting of a uniform

concentrated solution of protein monomers could contain only a few molecules. On the

other hand, a diffusion-reaction scheme that includes the possibility of the formation

of transient complexes yields that clusters of protein-rich solution should exist with a

radius Rcl determined by the lifetime τ and diffusivity D of the complexes in the bulk

solution:

Rcl ≈ (Dτ)1/2. (2.1)

This microscopic scenario is supported by a number of observations [10, 14]. Yet

the identity of the complexes and the mechanism of their formation remain unknown.
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A particularly important aspect of this mechanism is whether the protein molecules un-

dergo partial unfolding or conformational changes during the complex formation. Par-

tial unfolding could result in attraction between solvent-exposed hydrophobic residues

or even domain swapping [31]. Resulting complexes would have relatively long life-

times, which, by Eq. (2.1), could lead to the observed mesoscopic cluster sizes. On the

other hand, recent study of γS-crystallin [32] suggests a higher propensity to aggregate

when the native structure is more conformationally rigid.

The goal of this work is to establish whether folded protein molecules can form a

complex stable enough to give rise to the mesoscopic clusters. This is a necessary first

step before addressing the significantly more difficult case of protein binding accompa-

nied by conformational changes. A common, computationally-simple model for describ-

ing protein-protein interaction is the Derjaguin-Landau-Verwey-Overbeek (DLVO) the-

ory [33, 34]. In this model, the total interaction is modeled semi-phenomenologically

as a sum of screened Coulomb repulsion between two uniformly charged spheres, short-

range dispersive attraction, and hard-core repulsion [15, 35]. This simplified picture

is expected to overestimate the electrostatic repulsion, for the charges on the protein

surface are of both signs and are distributed non-uniformly. Protein molecules thus

can adjust their mutual orientation and substantially mitigate the Coulomb repulsion

even if they carry a net charge, a possibility neglected in the DLVO model. Elcock

and others [36, 37] have developed a microscopically inspired, continuum approach to

protein-protein interactions that accounts for the anisotropy of the Coulomb interac-

tions and protein shape, and desolvation penalty for the protein surface.

17



In the unfavorable case of two like charges facing each other during a binding

event, deprotonation or protonation of one of the residues in question may occur,

thus neutralizing that residue and removing the source of repulsion. Similar acid-

base chemistry might result in creating additional pairs of opposite charges that would

stabilize the protein complex. Consistent with these notions, various studies have

shown water can mediate attractive interactions even between like-charged residues in

protein complexes [38–40].

Here, we develop a computationally efficient model that accounts for the anisotropy

of the Coulomb component of protein-protein interaction and the possibility of charge

regulation with respect to protons. We then apply this methodology to a pair of

lysozyme molecules; lysozyme exhibits many of the protein aggregation phenomena,

including the mesoscopic clusters and liquid-liquid separation. The present approach

allows one to map out the full set of mutual configurations of the proteins and use

those to estimate the lower limit on the rate of dissociation of a typical dimer of folded

lysozyme molecules. We establish that although two folded molecules can form a rel-

atively stable dimer when they are oriented in a special way, a typical dimer is too

short-lived to yield mesoscopic clusters. We then use this result to argue that the

majority of protein molecules must undergo conformational changes during cluster for-

mation. In addition, we establish that the DLVO model overestimates the repulsion

between the proteins, implying that accounting for the interaction anisotropy is es-

sential for quantitative description of protein aggregation, consistent with conclusions

derived from “patch models” of protein-protein interaction [41].
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2.3 The model

We consider two folded protein molecules. We wish to test for the effects of the

mutual orientation of the protein molecules, stemming from the non-uniform charge

distribution, while including the possibility of changes in the charge state of the surface

residues. To separate these effects from the anisotropy induced by the complicated

shape of the protein and with computational efficiency in mind, we assume that the

protein molecules are exactly spherical with radius Rp; the ensuing error is quantified

below. The radius Rp is chosen so that the volume of the sphere is equal to that

of the protein molecule; for lysozyme we adopt Rp = 1.7nm [42]. In the model, the

total interaction consists of the Coulomb interaction (subject to the Debye screening

by the mobile ions in the solution), short-range attraction (due to dispersion and other

interactions), and steric repulsion.

2.3.1 Coulomb interactions

Charged residues are represented with point charges located at a depth b beneath

the surface of the sphere; this depth b is assumed to be the same for all residues. The

charges are located at the same latitude and longitude as in the actual protein molecule;

the coordinate center is at the molecule’s center of mass. This model harks back to the

venerable Tanford-Kirkwood model [43], with the difference that the charge locations

are not random but mimic those of the actual protein. If the charge of a residue is

distributed over two or three atomic sites, we employ the following procedure: for

a protonated arginine, we place charges of +1/3 at each of the three nitrogens of
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configuration of two lysozyme molecules is depicted in Fig. S1:  

 
 

! " ! # $ % &

!

"

!

! " ! # $ % &

!

"

!

(a)

(b)

HIS 15

ASP 87

ARG 45

ARG 68

ASP 87

ARG 45

(a)

(b)

HIS 15

ASP 87

ARG 45

ARG 68

ASP 87

ARG 45

Figure 2.1: (a) Two-dimensional projection of the distribution of residues and
charges on front of two lysozyme molecules. (b) Those charges on the back as would
be seen from the front, if the front surface were transparent. Groups of two (three)
closely spaced points correspond to residues, in which the charge is distributed over
two (three) atomic sites. Blue (red) color corresponds to positive (negative) charge.
Black dots correspond to ionizable residues that are mostly neutral at the present

pH = 7.8. The unit of the coordinate is nm.

the guanidinium group; for deprotonated aspartate and the glutamate, we place -1/2

charges at the two oxygens; for protonated histidine, we place two +1/2 charges at

the nitrogens of the imidazole group. The resulting charge distribution is displayed

in Fig. 2.1. A finite value of b reflects spatial distribution of charge on a residue and

ruggedness of the protein surface. We use two specific values of the depth b, 1.5 and

2 Å, since salt bridges form at separations between the centroids of charged groups

ranging between 3 and 4 Å [44].

The charge states of the ionizable residues depend on the pH of the solvent and on
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the proximity of the other protein, since nearby sources of electrostatic field effectively

modify the pKa value of such residues. To test for the possibility of protonation or

deprotonation of ionizable residues, we assume each of them can have exactly two alter-

native charge states even though more states are possible, in principle; this assumption

will turn out to be internally consistent. The charge states of the ionizable residues are

determined as follows: First, they are divided into 3 groups. Group I consists of Asp

and Glu, group II of Arg, His and Lys, and group III of Tyr and Cys, whose reference

states, by construction, have charge -1, +1, and 0 respectively. For each ionizable

residue i, introduce a variable si equal to -1, if the residue belongs to Group I, or +1,

if it belongs to Group II or III. In the absence of the other protein, the free energy cost

to switch from the protonated (deprotonated) to deprotonated (protonated) state for

a Group II and III (Group I) residue, is given by

∆G
(p)
i = si ln(10)(pKa,i − pH)kBT (2.2)

where pKa,i is the pKa value of residue i for an isolated protein molecule. These pKa

values are determined using the package PROPKA3 [45–48]. When a source of external

field is present—such as resulting from another protein and/or mobile ions from the

buffer—the distribution of the variable si in Eq.( 2.2) is subject to the energy of the

corresponding charge in that field, in addition to the cost ∆G(p) itself. We note that

free ions by themselves could affect the pKa value: According to Wang et al [49], the

resulting pKa change of a fully solvent accessible ionizable group could change by up

to one unit, at the ionic strengths in question. Here, in contrast, we consider a fully
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folded molecule, implying a relatively low solvent accessibility. In addition, we will see

later that the effects of (de)protonation self-consistently turn out to be small. Now,

in the presence of another protein molecule, the free energy of a specific protonation

configuration is computed according to:

G(p) =
∑

i

∆G
(p)
i −

∑

i

∆G
(p)
i,∞ (2.3)

where ∆G
(p)
i,∞ is the thermally averaged value of ∆G

(p)
i at infinite separation between

the proteins and is calculated by Boltzmann averaging Eq. (2.2) w.r.t. the two alter-

native values of si with the “energy” parameter equal to ∆G
(p)
i itself.

The Coulomb component of the interaction between the proteins is determined

by the instantaneous values of the charges and fluctuates in time. In an “adiabatic”

limit of solvent motions being infinitely faster than those of the proteins, the Coulomb

interaction is stationary and is equal to its instantaneous value averaged over 2n con-

figurations, where n is the total number of ionizable residues. Averaging over all 2n

configurations is computationally costly yet usually unnecessary: Only those residues

sufficiently close to the interfacial region might appreciably affect each other, owing

to the decay of the Coulomb interaction with distance, also enhanced by the Debye

screening. Specifically, here we explicitly sample the distinct charge states only on four

residues, two residues per each protein molecule. The latter are chosen to be the closest

to the midpoint between the proteins, for each orientation. This “interface” subset of

residues has 24 = 16 possible protonation states. Any quantity of interest is averaged

over these 16 configurations, with corresponding Boltzmann weights. If needed, the
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subset of the interface residues can be increased (at a higher computational cost).

The pKa values of those residues not in the interface region are only weakly affected

by the other protein. The charge on such residues is assumed to be equal to that on

an isolated protein; we will see below this assumption is internally consistent. The

average value of this charge is thus equal to:

zi =





si
1+10si(pH−pKa,i)

for Group I and II

−si
1+10−si(pH−pKa,i)

for Group III.

(2.4)

where pKa,i is the pKa of residue i on an isolated protein.

The energy of the Coulomb interaction between the two protein molecules in spe-

cific orientations is Boltzmann-averaged over the protonation states, also subject to

the free energy cost G(p) from Eq. (2.3):

ECoulomb =

〈
1

2

∑

i

ziϕi +G(p)

〉

prot

(2.5)

where the summation is over all charges. The angular brackets denote averaging over

the 16 distinct protonation states of the interfacial residues with the Boltzmann weight

(1/Z)e−E/kBT , where E is the expression inside the angular brackets and Z is the

corresponding partition function. The electrostatic potential ϕi on charge i, due to the

other protein, is estimated in the Debye-Hückel approximation modified to account for
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the effects of the dielectric discontinuity:

ϕi =
∑

i

zj
4πǫ0ǫs

(
e−κdij

dij

)
pij (2.6)

where the indices i and j pertain to different protein molecules. In Eqs. (2.5)-(2.6), if

a residue belongs to the interfacial subset, its charge is set equal to its instantaneous

value; otherwise it is computed according to Eq. (2.4). The distance between residues

i and j is denoted with dij , the dielectric susceptibilities of the vacuum and solvent

with ǫ0 and ǫs respectively. The inverse Debye length is computed as κ =
√

2NAe2I
ǫ0ǫskBT

, where I stands for the ionic strength of the solution and NA is Avogadro’s number.

Here, we take I = 30mM, T = 298K to match the experimental conditions in Ref. [10],

yielding a Debye length κ−1 = 0.57nm. The correction factor pij will be defined next.

The Yukawa-like interaction in the round brackets in Eq. (2.6) corresponds to the

interaction between two point-like charges in the Debye-Hückel theory. This is an ap-

proximation, since the charges are buried inside a sphere with a dielectric constant

significantly below that of the solvent. In Appendix A, we illustrate the effect of the

dielectric discontinuity at the protein-solvent interface and the interface curvature on

this interaction. We show that the repulsion between interfacial like-charges can be

significantly enhanced by the dielectric discontinuity, if they face each other; the corre-

sponding effect on the attraction between opposite charges is modest. The correction

factor pij in Eq. (2.6) approximately accounts for those effects; it is estimated in Ap-

pendix A. This correction factor is, by definition, equated to unity whenever at least

one of the residues i or j is at an angular distance from the midpoint between the
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proteins that exceeds a specific cut-off value θc. This value is chosen to be 90 degrees,

based on the comparison of the values of the electrostatic potential resulting from

Eq. (2.6) with those produced by numerical solution of the Poisson-Boltzmann equa-

tion, which is described at the end of Section 2.3.4. We note that solvation/desolvation

of the surface residues is accounted for in the present, continuum approximation, by

including the dielectric discontinuity effects. Finally note that there is no explicit con-

tribution of the mobile ions to the interaction energy between the protein molecules

at the Debye-Hückel level [50], and so they enter the PMF only through the Debye

screening and, possibly, charge regulation, see below.

2.3.2 Dispersion, steric, and other interactions

We model the effective potential stemming from the non-Coulomb interactions

by a functional form that smoothly interpolates between two distinct behaviors, as

pertinent at long and short separation rs between the protein surfaces:

Emol =





E>, rs > r2

E<, rs < r1,

(2.7)

where r1 < r2 and a fifth-degree polynomial is used to patch the short- and long-

distance behaviors so that the derivatives of order two and below are continuous. At

relatively long distances, rs > r2, the interaction is designed to match that between
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two polarizable spheres [51]:

E> = −AH
12

(
1

(x+ 1)2
+

1

(x2 + 2x)
+ 2 ln

(
x2 + 2x

(x+ 1)2

))
, (2.8)

where x = rs/2Rp is the distance between their surfaces divided by the sphere diameter.

The Hamacker constant AH is set equal to 3kBT , which is close to its theoretically

estimated value for lysozyme [52, 53].

At short distances, rs < r1, the non-Coulomb interactions are dominated by disper-

sion interaction between surface residues and attraction between hydrophobic patches,

if any. Additional sources of attraction may also be present, including: depletion in-

teraction caused by HEPES and charge regulation via transient binding of mobile ions

from the buffer [15]. The latter appears to be significant and system dependent [54].

The present study focuses in cluster formation in HEPES, which is a “mild buffer” [55]

and is not expected to bind to or modify the protein surface much. We account for those

attractive forces and the steric repulsion phenomenologically, via a Lennard-Jones like

functional form [56]:

E< = 4ǫ

[(
σ

rs + δ

)2α

−
(

σ

rs + δ

)α]
, (2.9)

where ǫ is the depth of the minimum and rs is the separation between the protein

surfaces. The parameters α, δ, σ, and r1,2 are chosen to satisfy the following con-

straints: (i) the surface of the protein is at its van der Waals location, i.e., rs = 0,

which yields δ = α
√
2σ; (ii) the curvature at the minimum of E< equals 300nm−2, the
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latter figure comparable to those observed for ammonium and methane [57, 58]. Once

(i) and (ii) are satisfied, the region in which E< and E> intersect is rather insensitive

to the precise parameter values; the latter values adopted in this Chapter are given in

Appendix A.

2.3.3 The potential of mean force (PMF)

PMF for each orientation of the two proteins is computed by adding together the

full Coulomb interaction ECoulomb from Eq. (2.5) and Emol from Eq. (2.7)

EPMF = ECoulomb + Emol, (2.10)

c.f. the decomposition of the protein-protein PMF by Elcock and McCammon [36].

Given the value of the PMF, the second viral coefficient, B22, is computed in the

standard fashion [59, 60]:

B22 = −2πNA

M2

〈∫ ∞

0
(e−EPMF/kBT − 1)r2cdrc

〉
(2.11)

where M is the protein mass and

rc = rs + 2Rp (2.12)

is the distance between the proteins’ centers of mass. The angular brackets in Eq. (2.11)

denote averaging with respect to the orientation of the proteins, which is performed

here by discrete summation, see details in Appendix A.
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2.3.4 Tests of the electrostatic potential

In Fig. 2.2, we compare the potentials determined from Eq. (2.6) for all charged

surface residues, to the corresponding potentials obtained by solving the non-linear

Poisson-Boltzmann equation with the Adaptive Poisson Boltzmann Solver (APBS)

software package [61] for a pair of lysozyme molecules. In the APBS calculation, the

size of the grid box is 160.5 × 80.5 × 80.5Å
3
, the grid spacing 0.5Å, T = 298.15K;

I = 30mM as provided by Na+ and Cl− ions; the dielectric susceptibilities of protein

and water are 2 (Ref. [62]) and 78.54 respectively. The protein structure, as determined

in Ref. [63], is obtained from the PDB, structure 2VB1. The residues’ protonation

states were determined using PROPKA3 [45–48] and imported using PDB2PQR [64]

packages, see Fig. A.1. Since we are interested in the potential values near charges,

where the effect of the finite grid size are most significant, we obtain this potential by

averaging its value in 9 points: the closest grid point to the charge (“point one”) and

the eight grid points closest to point one in directions (±1,±1,±1). The position of the

charges were determined using the BioMagResBank database [65]. Note APBS places

charges at the coordinates of actual atoms, not at a fixed depth below the surface,

which is a potential source of discrepancy with the predictions of the present model.

APBS yields the full value of the electrostatic potential, which also includes the

field from the residues in the same protein molecule and the polarization charge at the

two protein-solvent interfaces. To infer the portion ϕ of the potential that depends

exclusively on the inter-protein separation, we compute the full potential as a function

of the separation and then subtract from it its value at the infinite separation, which is
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Figure 2.2: The electrostatic potentials, ϕ, on individual residues obtained using
the present model (b = 1.5Å) and those computed with APBS are plotted against each
other, see text and Figs. 2.1 and A.1 for detailed description of the configuration. Only
the portions that depend on the inter-protein distance are shown. The insets re-plot
the same graphs on the log-log scale to better show the small values of ϕ. Panels
(a) and (b) correspond to the spherical and actual shape respectively. Analogous
comparisons for b = 2Å are given as Figs. A.3(a) and (b). b is the depth of the charge

beneath the surface of the protein sphere.

obtained by solving the Poisson-Boltzmann equation for an isolated protein molecule,

as illustrated in Fig. A.2.

The configuration corresponding to Fig. 2.2 is chosen so that Arg87 faces Asp45;

hereby, actual proteins would face each other with convex regions, see Fig. A.1. The

distance between the protein surfaces is chosen at 3Å: On the one hand, this way

APBS can place at least one water layer above each protein and so its predictions

are representative of the actual values of the potential and are less affected by the

continuum nature of the treatment. On the other hand, the 3Å separation is small

enough that the resulting ranges of the potential values are sufficiently broad to allow

for a meaningful comparison. In Fig. 2.2(a), we compare the potentials computed with

the present model, using the cut-off angle θc = 90◦, and with APBS. In Fig. 2.2(b),
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Figure 2.3: The RMS deviation from the perfect agreement in the comparison plots
for b = 1.5Å, Fig. 2.2, and b = 2Å, Fig. A.3, as a function of the cutoff angle θc. b is
the depth of the charge beneath the surface of the protein sphere. ϕ is the electrostatic

potentials on individual residues.

we compare the potentials computed using the present model without the sphericity

assumption and the APBS produced potentials. In Fig. 2.3, we show the dependence of

the RMS on the scatter graphs in Fig. 2.2 on the cut-off angle θc. According to Figs. 2.2

and 2.3, the sphericity assumption introduces a quantitative, not qualitative error.

Fig. 2.3 justifies using θc = 90◦ as yielding the smallest overall error in the spherical

case and a relatively small error in the actual-shape case. Overall, Fig. 2.2 indicates

that the present model is a viable method for evaluating electrostatic interactions

between large convex molecules.

2.4 Results and Discussion

The potentials of mean force (PMF) computed using the present approximation are

presented in Figs. 2.4(a) and 2.4(b), for b equal to 1.5 and 2Å respectively. The thick
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Figure 2.4: The dependence of the interaction energies for a pair of lysozyme
molecules on the distance between the protein centers of mass. (a) b = 1.5Å; (b)
b = 2.0Å. The vertical dashed lines in the insets indicate the separation at which the
van der Waals surfaces of the molecules are in contact. b is the depth of the charge

beneath the surface of the protein sphere.

solid line shows the total PMF from Eq. (2.10) as a function of the distance between

the centers of the protein molecules rc, averaged over the orientations of the molecules

with corresponding Boltzmann weights. The thin solid line shows the minimum energy

at each separation, i.e., at the orientation at which the Coulomb term from Eq. (2.5)

has is lowest value, for each value of rc. The Coulomb and molecular terms, from

Eqs. (2.5) and (2.7), are shown by the dashed and dash-dotted lines, respectively. The

electrostatic components are shown in the insets of Figs. 2.4(a) and 2.4(b), where they

are compared with the corresponding DLVO values, which were computed using Eq.
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(15) of Ref. [66], see also Ref. [35].

The specific values of the depth ǫ of the molecular term from Eq. (2.7) were chosen

based on the following reasoning. First, we compute the model’s upper bound on the

second virial coefficient B22, defined in Eq. (2.11), by including only the electrostatic

component ECoulomb, while assuming hard-core repulsion at rc = 2Rp. The resulting

value is B22 ≈ 1.31 × 10−3 and 1.30 × 10−3 ml mol g−2 for b = 1.5 and 2 Å (the hard

sphere portion is 0.24 × 10−3). This is equal, within the experimental error, to the

measured value of 1.4× 10−3 ml mol g−2, determined from the low-concentration part

of the Debye plot in Fig. 2a of Ref. [10]. According to Neal and Lenhoff [67], the

spherical assumption results in underestimating the steric portion of B22 by a factor

of ∼1.7, which would raise our estimate of the repulsive portion of B22 to 1.5 × 10−3

or so. This general agreement with the experimental value is reassuring. Still, after

including the attractive interactions, B22 will likely be below the experimental value,

implying the present model may somewhat underestimate the repulsive part of the

interaction. Note that the experimental figure was obtained with HEPES as the buffer.

The HEPES anion is significantly larger than, for instance, Cl−, suggesting a relatively

low accessibility to the protein surface and the protein-protein interface, and hence a

weaker Debye screening than due to point-like ions.

Despite these complications, one may argue that the attractive portion of B22

is comparable to or smaller than the Coulomb portion, so that the virial coefficient

remains repulsive. This notion yields an approximate lower bound on the depth ǫ.

For the sake of concreteness, we have chosen such values of ǫ that lower the second
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virial coefficient, from its Coulomb plus hard-sphere value, by a factor of two. This

way, the overall interaction is repulsive, while its numerical value is still comparable to

the experimental value. At the same time, the Coulomb and molecular contributions

are comparable. Note that simulations of interaction between charged and neutral

aminoacids indicate the depth of the attractive minimum does not exceed 10kBT for

oppositely charged residues and is smaller otherwise [68]. The values of ǫ chosen hereby

are consistent with this figure. Another consistency check on the numerical values of

the parameters of the “molecular term” and the depth b is that at the attractive

minimum of the total PMF, the distance between the centroids of the constituents of

salt bridges remains close to 3 and 4Å, see Table 2.1. This is by no means a given,

since the steepness of the Coulomb portion varies rather strongly with inter-protein

separation, as can be seen in Fig. 2.4, and could shift appreciably the position of the

attractive minimum, which is relatively soft.

Let us now analyze in detail the Coulomb portion of the inter-protein interaction.

The value of the minimum energy term in Fig. 2.4 is noteworthy: it shows that despite

the rather high net charge on each protein, i.e., approximately +7.4, there is always

a mutual orientation that barely exhibits repulsion at any separation. This notion is

brought home by the histogram in Fig. 2.5, where show the distribution of the Coulomb

term ECoulomb at two values of the inter-protein separation, i.e., those corresponding

to the minimum and maximum of the angular-averaged PMF. As expected, the distri-

bution shifts to lower energies with the separation, although the smallest value slightly

increases for the b = 1.5Å case, at small separations. Note that the repulsion, though
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Figure 2.5: Distributions of the Coulomb term ECoulomb. (a) and (b): at the inter-
protein separation corresponding to the minimum and maximum of the PMF, for the
b = 1.5Å case from Fig. 2.4(a). Panels (c) and (d) are analogous to (a) and (b)
respectively, but for the b = 2.0Å case from Fig. 2.4(b). b is the depth of the charge

beneath the surface of the protein sphere.

present, is significantly lower than that prescribed by the DLVO theory. This result

is of significance for simplified treatments of phase and aggregation behaviors of pro-

teins. Note also the overall change of the Coulomb contribution is small and gradual,

resulting in a low, broad barrier.

The actual ensemble of orientations relevant at the ambient temperature is given by

the distribution from Fig. 2.5 multiplied by the corresponding Boltzmann weight. The

resulting distributions, corresponding to Fig. 2.5(a) and (b), are shown in Fig. 2.6(a)

and (b), respectively. We point out that the lowest energy configuration at the min-

imum of the PMF actually has an attractive Coulomb portion, for b = 1.5Å. Not
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Figure 2.6: Boltzmann-weighted distribution of the Coulomb term at two values of
the inter-protein separation: at the minimum, (a), and maximum, (b), of the PMF;
b = 1.5Å is the depth of the charge beneath the surface of the protein sphere. The
panels (a) and (b) correspond to the distributions from Fig. 2.5(a) and (b) respectively.

b is the depth of the charge beneath the surface of the protein sphere.

surprisingly, the contact residues in this configuration, i.e., Lys116-Asp52 are oppo-

sitely charged. Note that the Asp52 residue is partially obstructed, and so it is not

clear that the hereby predicted most probable contact is actually possible. Although

partial accessibility can be modeled by employing a greater depth b for the residue in

question, we choose to use a uniform b here to assess strengths and weaknesses of the

model in its simplest realization.

In Fig. 2.7 we display the typical number of residues whose protonation state differs

from that of isolated molecules. This number is small implying that even at close

separations, the molecules find configurations that satisfy the Coulomb interactions

with almost the same protonation pattern as those on isolated molecules and thus avoid
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Figure 2.7: The charge increment on the two protein molecules, due to depro-
tonation or protonation, averaged over the mutual orientation, as a function of the
inter-protein separation, rc; at b = 1.5Å. The magnitude of this increment is at most
4, by construction, since the interface subset contains four residues, two per each
protein molecule. For instance, a figure -2 would imply two protons, on average, have
detached. Inset: The histogram shows the distribution of the charge increment for all
orientations, at the minimum of the PMF in Fig. 2.4(a). b is the depth of the charge

beneath the surface of the protein sphere.

the free energy penalty for protonation/deprotonation from Eq. (2.2). This observation

is of significance for analyses of phase ordering in large assemblies of proteins, since it

indicates that to a good approximation, one can assume the protein charge depends

exclusively on the pH of the solution, but not the protein concentration.

Fig. 2.6 shows that during dissociation, the vast majority of the angular orienta-

tions are close in energy to the average energy at the respective protein-protein sepa-

ration. Thus, a much simplified picture for binding/dissociation is adequate, in which

the orientations of the protein molecules are averaged out and so the only reaction

coordinate left is the inter-protein separation. Furthermore, the protein motions in

water are strongly overdamped, implying we are in the Kramers limit of the transition

state theory. Neglecting hydrodynamic effects, the typical decay time of the complex
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can be then expressed as [69]

τ =
2πζ

Mω‡ωB
eG

‡/kBT , (2.13)

where the friction coefficient, ζ, is related to the viscosity of solvent [70], η, by the

Stokes Law ζ = 6πηRp. G
‡ is the altitude of the maximum of the PMF relative to it

minimum, as shown in Fig. 2.8, while ωB and ω‡ are the vibrational frequencies at the

attractive minimum and the inverted maximum at the transition state. By Eq. (2.1),

the cluster radius can be presented as

Rcl =

(
2πkBTD2/D1

Mω‡ωB
eG

‡/kBT

)1/2

. (2.14)

where D2/D1 ≈ 0.76 is the diffusivity a dumbbell composed of two identical spheres

relative to the diffusivity of one of those spheres [71]. Note Rcl does not explicitly

depend on the solution’s viscosity.

The expressions in Eqs. (2.13) and (2.14) are underestimates because (a) the

Coulomb component in the initial state of dissociation is distributed, see Figs. 2.5

and 2.6; (b) the average lifetime is determined by averaging Eq. (2.13) w.r.t. the

initial state, with the corresponding Boltzmann weight; and (c) for a distributed

quantity < ex >≥ e<x>. Thus the lifetime in Eq. (2.13) is underestimated, approx-

imately, by a factor < e−ECoulomb/kBT > /e−<ECoulomb/kBT>, where the averaging is

w.r.t. to the distribution from Fig. 2.5. In Table 2.1, we list the lifetimes follow-

ing from Eq. (2.13) as the lower bound and the latter figure multiplied by the factor
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Figure 2.8: Illustration of the PMF, E, as a function of cluster separation, rc. The
dissociation barrier, G‡, in Eq. (2.13) is as indicated.

< e−ECoulomb/kBT > /e−<ECoulomb/kBT>, as the upper bound. These lifetimes yield clus-

ter sizes that are at least one order of magnitude lower than the observed value, see

Table 2.1.

Finally, we discuss the potential error stemming from the assumption that the

attractive term from Eq. (2.7) is isotropic and the neglect of additional modulations

to the PMF, due to the discreteness of water, which are likely present and appear to

be about 2kBT in magnitude [68]. These errors, if any, would not lead to a longer-

lived complex, because such a longer-lived complex necessarily implies a lower yet

B22. Indeed, the integral in the attractive portion of the second virial coefficient, in

Eq 2.11, is dominated by values of the argument that minimize the exponent (which is

the basis of what is called the steepest descent approximation). Thus, this attractive

portion is proportional to eV/kBT , averaged over the orientation, where V is the depth
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b, Å B22, 10
−4mlmol/g2 dmin, Å ǫ, kBT τ , µs Rc, nm

1.5 6.57 2.86 6.31 0.7-3 5-10

2.0 6.50 3.86 6.40 0.5-2 4-8

Table 2.1: Several quantities computed for the two sets of parameters pertaining
to Figs. 2.4(a) and (b). In computing the cluster radius, we assume the diffusivity
D = 4.28 × 10−7cm2/s, based on viscosity 3cPs [68]. b is the depth of the charge
beneath the surface of the protein sphere. B22 is the second viral coefficient. dmin

is the position of the minimum of PMF. ǫ is the is the depth of the minimum in
Eq. (2.9). τ is the lifetime of the protein dimer and Rc is the estimated cluster radius.

of the PMF at a given mutual orientation. On the other hand, the average lifetime

of complex, which enters Eq. (2.1), is proportional to the orientational average of

eG
‡/kBT = e(V+δV )/kBT , where δV is the altitude of the typical association barrier of

the PMF. Hence, the second virial coefficient is approximately a linear function of the

lifetime, with a negative slope. As a result, the presence of deep attractive minima,

requisite for longer times, would imply a second virial coefficient lower than its observed

value. Note conformational changes that enable density-stabilized complexes would not

lead to a decrease in the second virial coefficient since the latter is pertinent to low

densities.

2.5 Additional application to system with different ionic

strength

In this section, we apply our model to recent experimental data from Ref. [72].

The second viral coefficient, B22, is the coefficient of the second order term in viral

expansion of the pressure in terms of density, providing a second-order correction to

the ideal gas law. B22 can be measured experimentally using Static Light Scattering,
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Figure 2.9: The dependence of the second osmotic virial coefficient B2 (Indicated
as B22 in text) on the ionic strength I. pH = 7.8

and can also be obtained from PMF, given by Eq. 2.11. In Fig. 2.9, we compare

the experimental measured Second Viral Coefficient, B22, to that calculated using

our model. We select the parameter of the Emol such that the computed B22 value

of the model is equal to its experimental value at I = 313.13mM. As a result, our

model shows that B22 is overestimated at intermediate distances, implying the actual

attraction is stronger than the present predictions. This result may suggest that there is

partial protein unfolding occurring in the system, which always increases the attraction

between protein molecules.

2.6 Consequences for mesoscopic aggregation

The goal of the present work was to test whether a pair of folded and conforma-

tionally rigid lysozyme molecules could form transient complexes that live long enough
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to give rise to mesoscopic clusters observed in lysozyme solutions. Toward this goal,

we have developed a computationally efficient model for protein-protein interaction in

solutions with moderate ionic strength, in which the Debye screening length is compa-

rable to or larger than the protein size. This model originates in the classic Tanford-

Kirkwood model, but applies it to interaction between the residues on distinct protein

molecules. The model partially accounts for hydration interactions, in a continuum

approximation, by including effects of the dielectric discontinuity at the protein-solvent

interfaces. We explicitly consider the possibility of changes in the charge state of the

ionizable residues stemming from changes in their pKa values caused by the proxim-

ity of another protein. The dispersive and excluded-volume parts of the interaction,

as well as attraction between hydrophobic patches and other ion-induced effects, are

included phenomenologically. The resulting uncertainty is mitigated by testing the

resulting PMF against the measured second virial coefficient.

The present model accounts rather fully for the anisotropic nature of the Coulomb

interactions between biomolecules that stems from inhomogeneous charge distribution

on their surfaces. We have shown that by neglecting this anisotropy, the DLVO ap-

proximation overestimates the repulsion between the proteins. This observation is

consistent with the known general trend that to recover experimental second virial

coefficients using the DLVO theory, one must use significantly greater values of the

Hamaker constant than those calculated from first principles [52]. Also, we have seen

that changes of the protonation state of the surface residues are relatively unimportant,

which greatly simplifies the task of modeling large assemblies of proteins.
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The model is sufficiently simple to allow for complete sampling of the protein ori-

entations with modest computational effort. The resulting PMF is smooth enough so

as to allow for accurate estimates of its second derivatives at the initial and transition

states for the dissociation of a transient protein dimer. We have thus established that

typical dimers of folded lysozyme molecules are too short-lived to explain the meso-

scopic size of the clusters found in solutions of lysozyme and other proteins. Still,

according to Pan et al. [10], the radius of the cluster is determined by the longest liv-

ing complex, which a priori could consist of more than two proteins. Such complexes

would have to be relatively compact, because the lifetime of a chain-like structure is

determined by the lifetime of the weakest link, that is a dimer, which we have already

shown to be too short to explain the clusters. Now, the large N limit of such compact

complexes has been already analyzed by Hutchens and Wang [73], who have shown

that for isotropically interacting protein molecules, a purely electrostatic scenario in

combination with short-range attraction is inconsistent with the presence of the meso-

scopic clusters. The isotropic assumption is appropriate in the present context even

though the interaction within a pair of molecules is rather anisotropic: It is unlikely

that in large collections of such molecules, the “favourable” contacts will be typically

satisfied. To demonstrate this notion explicitly, we analyze the energetics of a lysozyme

trimer in Appendix A and confirm that those conform to the large N trend established

by Hutchens and Wang. We thus conclude that, at least in the case of lysozyme, the

protein molecules do not remain fully rigid but undergo conformational changes dur-

ing cluster formation. These conformational changes may be relatively small, so as to
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increase the contact area, or could include partial unfolding, in which case attraction

between solvent-exposed hydrophobic residues or even domain swapping [31, 74] could

take place.

According to calculations in Refs. [27, 75, 76], the width of the attractive minimum

and the height of the repulsive “hump” are consistent with the observed liquid-liquid

separation in lysozyme. Combined with the above result that cluster formation should

be accompanied by protein-conformational changes, this notion suggests the intriguing

possibility that the formation mechanism of the macroscopic dense-liquid phase and

the mesoscopic clusters in lysozyme are distinct.
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Chapter 3

Pressure in the Landau-Ginzburg

Functional: Pascal’s Law,

Nucleation in Fluid Mixtures,

and a Meanfield Theory of

Amphiphilic Action

3.1 Overview

We set up the problem of finding the transition state for phase nucleation in

multi-component fluid mixtures, within the Landau-Ginzburg density functional. We

establish an expression for the coordinate-dependent local pressure that applies to
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mixtures, arbitrary geometries, and certain non-equilibrium configurations. The ex-

pression allows one to explicitly evaluate the pressure in spherical geometry, à la van der

Waals. Pascal’s law is recovered within the Landau-Ginzburg density functional the-

ory, formally analogously to how conservation of energy is recovered in the Lagrangian

formulation of mechanics. We establish proper boundary conditions for certain singu-

lar functional forms of the bulk free energy density that allow one to obtain droplet

solutions with thick walls in essentially closed form. The hydrodynamic modes re-

sponsible for mixing near the interface are explicitly identified in the treatment; the

composition at the interface is found to depend only weakly on the droplet size. Next

we develop a Landau-Ginzburg treatment of the effects of amphiphiles on the surface

tension; the amphiphilic action is seen as a violation of Pascal’s law. We explicitly

obtain the binding potential for the detergent at the interface and the dependence of

the down-renormalization of the surface tension on the activity of the detergent.

3.2 Motivation

The Gibbs phase rule [1, 2] epitomizes the basic notion that in equilibrium, the

state of a macroscopic substance is fully specified by a small set of intensive variables,

such as temperature, pressure, and the molar fractions of chemically distinct compo-

nents. As appreciated by Gibbs some 140 years ago, equilibria with respect to particle

and momentum exchange differ from each other in a basic way: To ensure equilibrium

with regard to particle exchange between distinct phases, the chemical potentials for

45



each individual component in a mixture must be matched between the phases. In con-

trast, mechanical equilibrium is guaranteed already by uniformity of the full pressure;

there is no need to match the partial pressures of individual species. Thus with each

additional component in the mixture, the number of independent variables that could

be in principle used to describe an equilibrium phase increases. Viewed alternatively,

this means that the number of distinct phases that could be in mutual equilibrium

grows with each additional component.

Situations in which some of the phases are only finite in size, but still contain-

ing a substantial number of molecules, can be also described rather parsimoniously

with the help of equilibrium thermodynamics, at the modest expense of introducing

a free energy cost of an interface between distinct phases. In this picture, the chem-

ical potentials are still spatially uniform, while the pressure changes discontinuously

across the interface, the discontinuity scaling with the interface curvature according to

the venerable Laplace formula. The corresponding limit of an infinitely-thin interface

can be formulated in an internally-consistent fashion for large inclusions of minor-

ity phases, [77] but becomes ambiguous on molecular lengthscales because at its face

value, a discontinuous pressure jump implies there is an uncompensated force acting

on a subset of molecules.

In his seminal work, [17, 18] van der Waals sought to remove this ambiguity by

explicitly accounting for the free energy cost of gradual density variations. Within a

semi-phenomenological framework equivalent to the Landau-Ginzburg functional the-

ory but predating it by a half-century or so, van der Waals treats distinct phases in
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physical contact and their mutual interface on the same footing. He shows that the

pressure and density change continuously across a finite-curvature interface between

two coexisting phases. Van der Waals’s results were rediscovered and generalized in

later analyses by Cahn and Hilliard, [16, 78, 79] and Hart. [80] An alternative, quite

fruitful line of work, in which the surface tension could be directly related to detailed

molecular interactions, was spurred by pioneering work of Kirkwood and Buff, [81] see

reviews in Refs. [77, 82, 83].

Here we extend the van der Waals analysis to multi-component fluids while explic-

itly allowing for a density dependence of the free energy cost for spatial variations in

the density itself; the latter cost generally varies between phases. Importantly, we are

also able to include in the treatment situations that are steady-state only locally; this

is useful for deviations from equilibrium and in the presence of chemical reactions. The

present work is partially motivated by a challenging problem of current interest, viz.,

the formation mechanism of the puzzling mesoscopic clusters of a dense protein fluid

found in some protein solutions. [7–10] Pan et al. [10] have put forth a microscopic

scenario, by which the mesoscopic clusters consist of a spatially inhomogeneous, off-

equilibrium mixture of monomeric protein and a transient, protein-containing complex.

Already in their preliminary analysis, Pan et al. [10] suggest that in the presence of

protein-complex formation and decay, the chemical potentials of the species involved

become spatially inhomogeneous even in steady state. The inhomogeneity is largely

contained within the interface and would not be captured within the thin interface

approximation, thus necessitating a treatment at least at the van der Waals level. The
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reaction-diffusion equations are non-linear and prone to numerical instabilities; numer-

ical solutions lack transparency that can be afforded by analytical treatment. Yet a

certain class of functional forms for the bulk free energy, i.e., a collection of intersecting

paraboloids, allows for analytical treatment while preserving several essential features

of thick interfaces. Hereby, the free energy surface is quadratic throughout except at

some well-defined dividing surface. Thus, by construction, the free energy can expe-

rience a discontinuity in the gradient and even in the function itself. How does one

“patch” together the solutions for the pure phases in the presence of such singularities?

This question can be answered at the Landau-Ginzburg (LG) level, since the lat-

ter affords one a simple expression for the local pressure, which further simplifies in

spherical geometry. In the case of macroscopic coexistence, an LG-based treatment au-

tomatically yields the familiar Pascal’s law, while for spherical droplets, the pressure

excess inside tends to the Laplace expression for large droplets. We will observe that

the boundary conditions that must be imposed on the order parameter at the singular-

ity of the bulk free energy amount to a continuity of local pressure and, in fact, hearken

back to conditions for macroscopic phase equilibrium elucidated by Gibbs, except that

now pressure may be explicitly coordinate-dependent. The resulting treatment allows

one to explicitly build the free energy profile for droplet nucleation as a function of

the droplet radius and the chemical composition at the phase boundary. We establish

that the composition at the droplet boundary changes little during nucleation.

The developed formalism is next generalized to situations where the local pressure

is not spatially homogeneous even for flat interfaces. Important examples of such
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situations are phase boundaries pinned by an external potential; the situation can

alternatively be thought of as amphiphilic molecules collecting at phase boundaries.

In the resulting, simple treatment, we explicitly observe the effects of the amphiphiles’

activity on the renormalization of the surface tension. We obtain explicit coordinate

dependences of pressure and chemical potential within the interface, as well as the

explicit form of the binding potential between the interface and the detergent. The

mathematical simplicity of the formalism allows one to work both in equilibrium and

away from equilibrium, in a steady-state approximation for individual phases.

The Chapter is organized as follows: In Section 3.3 we provide a brief pedagogical

review of how to set up the problem of phase coexistence at the Landau-Ginzburg level.

In Section 3.4, we derive an expression for local pressure for the LG functional, which

yields an explicit formula for spherical geometries. There we establish Pascal’s law

and develop a systematic treatment of local pressure that can be applied to mixtures

and off-equilibrium configurations. These results are used to obtain explicit droplet

solutions for liquid mixtures in Section 3.5 and the problem of a flat interface exposed to

a pinning potential and/or amphiphilic adsorbents in Section 3.6. The final Section 3.7

briefly summarizes the present findings.
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3.3 Phase Equilibrium and Phase Ordering at Landau-

Ginzburg Level: Setup of the Problem

Consider a Landau-Ginzburg free energy functional:

F ({ψ(r)}) =
∫
d3r

[κ
2
(∇ψ)2 + V(ψ)

]
≡

∫
d3rf(r), (3.1)

where f(r) ≡ κ(∇ψ)2/2 + V(ψ) is thus the local free energy density. The quantity

V(ψ) corresponds with the bulk free energy density of a spatially uniform system

ψ = const ⇒ ∇ψ = 0, since under these circumstances F/V = V, where V is the total

volume. In contrast, the full free energy density f also accounts for the free energy cost

of spatial variations in the order parameter ψ. The quantity ψ is a suitable intensive

variable of interest. The continuum integral in Eq. (3.1) can be thought of as a limit of

a discrete sum over cells with fixed volumes, the cells tiling the space. Thus f must be

regarded as a free energy computed at constant volume, insofar as the order parameter

reflects density variations. Prominent examples of such types of free energy are given

by the Helmholtz free energy A:

A = −kBT ln
∑

i

e−Ei(V,N)/kBT (3.2)

and the grand canonical free energy Ω ≡ −pV :

Ω ≡ −pV = −kBT ln
∑

i

e−[Ei(V )−µNi(V )]/kBT . (3.3)
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In the Helmholtz case, the summation is over all possible microstates i such that

Vi = V and Ni = N , while in the grand-canonical case, the particle number Ni is

unconstrained. [1, 84] If, on the other hand, the degree of freedom of interest ψ is

not strongly coupled to the density, as would be the case for the magnetization in a

magnet, the volume integration in Eq. (3.1) largely amounts to a summation over sites

hosting the degree of freedom and does not put limitation on the specific choice of

free energy. An interesting example of the latter situation is represented by continuum

mechanics [85], even though the latter theory explicitly deals with deformations such

as density changes. In continuum mechanics, the integration is over the volume of an

undeformed sample and, thus, can be thought of as, essentially, a sum over lattice sites,

not integration over actual space.

When the order parameter corresponds to a conserved quantity—such as the par-

ticle number—discontinuous phase transitions are signalled by the presence of a sign

change in the second derivative ∂2V/∂ψ2. Consider, for instance, the Helmholtz free

energy of a spatially homogeneous van der Waals gas below the critical point, at fixed

temperature and particle number. The free energy can be computed by formal integra-

tion A2 = A1−
∫ 2
1 pdV of the van der Waals isotherm p = NkBT/(V −Nb)−a(N/V )2,

see sketch in Fig. 3.1(a). At any value of the volume V intermediate between the

boundaries Vl and Vv of the non-concave region in the A(V ) dependence, the sys-

tem can lower it Helmholtz free energy by phase separating into vapor (mole fraction

xv = (V − Vl)/(Vv − Vl)) and liquid (mole fraction xl = (Vv − V )/(Vv − Vl) = 1− xv).

Upon phase separation, the dependence of the free energy on volume is given by the
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Figure 3.1: (a) Sketch of the Helmholtz free energy A as a function of volume V of
a liquid at constant temperature and particle number, below the critical point. The
double tangent corresponds to the free energy of the phase separated system and is
followed in equilibrium. While the two states 1 and 2 are in mechanical equilibrium,
they are not in equilibrium with regard to particle exchange, unless pmech is equal
to the (negative) slope of the double tangent, whereby V1 = Vl and V2 = Vv. (b)
Sketch of the Helmholtz free energy per unit volume, a ≡ A/V , as a function of
particle concentration, at constant volume and temperature. States 1 and 2 are in
equilibrium with respect to particle exchange, but not in mechanical equilibrium,

unless µexch is equal to the slope of the double tangent.

straight line A = xvAv + xlAl, which is the double tangent line that runs under the

A(V ) curve that was calculated under the assumption of complete spatial uniformity

of the gas. We remind the reader that the Helmholtz free energy A = E−TS must be

at its minimum at constant temperature and volume. [1] Viewed this way, the entropy

S = −kB
∑

i pi ln pi (
∑

i pi = 1) is understood in its Gibbsian sense, where the proba-

bilities pi represent the statistical weights of microstates i and can be computed under

a constraint of one’s liking. The curved and flat A(V ) segments at Vl < V < Vv in

Fig. 3.1(a) are computed, respectively, with and without imposition of the constraint

that the system be spatially homogeneous.

An infinite number of configurations 1 and 2 such that −∂A/∂V |1 = −∂A/∂V |2 ⇒
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p1 = p2 ≡ pmech correspond to a mechanical equilibrium, see the short, parallel tangents

in Fig. 3.1(a). Yet only one of those configurations, viz., (A2 − A1)/(V2 − V1) =

∂A/∂V |1 = ∂A/∂V |2 also corresponds to full equilibrium, i.e., when the two parallel

tangents strictly coincide thus implying V1 = Vl and V2 = Vv. Indeed, only at the

corresponding pressure peq ≡ −(Av − Al)/(Vv − Vl) do the Gibbs free energies G =

A + pV and, hence, the bulk chemical potentials of the two phases become equal:

A1 + p1V1 = A2 + p2V2 ⇒ µ1N = µ2N , since G = µN . [85]

In the context of the density functional in Eq. (3.1), it is practical to vary the

particle number at constant volume; density fluctuations are thus viewed as fluctu-

ations of the particle number at fixed volume, not fluctuations of the local specific

volume. The sketch in Fig. 3.1(b) of the Helmholtz free energy density a ≡ A/V as

a function of concentration n = N/V , at constant volume, demonstrates that there

are an infinite number of ways for two phases to co-exist in which there is no particle

exchange between the phases: ∂a/∂n|1 = ∂a/∂n|2 ⇒ µ1 = µ2 ≡ µexch. Yet only one of

these configurations is also in mechanical equilibrium, namely, (a2 − a1)/(n2 − n1) =

∂a/∂n|1 = ∂a/∂n|2. Hereby, A1 − µ1N1 = A2 − µ2N2 ⇒ −p1V = −p2V . At full

equilibrium, µ1 = µ2 = (al − av)/(nl − nv) = µeq.

The value of the chemical potentials µ1 = µ2 in Fig. 3.1(b) has been chosen,

for concreteness, so that the bulk vapor is oversaturated with respect to the liquid.

The notion of the metastability of the vapor state becomes particularly vivid if one

stipulates that either state 1 or 2 be the reference—or standard—state with regard to

the chemical potential. (The choice of the standard state is, of course, arbitrary and
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is made according to one’s convenience.) Formally, making state 1 the standard state

is accomplished by using the free energy density V ≡ a−µ0n where the fixed quantity

µ0 is numerically equal to the chemical potential at concentration n1 (or n2) according

to the original Helmholtz free energy µ0 = ∂a/∂n|n1 = ∂a/∂n|n2 . The equilibrium

values of the concentration—stable or metastable—thus correspond to the minima of

the function V by construction: ∂V/∂n|1 = ∂V/∂n|2 = 0. The free energy density V

corresponding to Fig. 3.1(b) is sketched in Fig. 3.2. One can alternatively think of

µ0 as an externally imposed chemical potential. Hereby, the actual (bulk) chemical

potential µ is equal to µ0 only in equilibrium, i.e., at the minima of V. Because at the

minima, V(n) = (A − µ0N)/V = (A − µN)/V = −p, the depths of the minima of V

are numerically equal to the negative pressure. Note that when the vapor and liquid

are in equilibrium with respect to particle exchange but not in mechanical equilibrium,

as in Fig. 3.2, the pressure is always greater in the undersaturated phase, as expected,

while the magnitude of the deviation |p− peq| from the equilibrium value peq is always

greater in the denser phase.

The free energy density in Fig. 3.2 is a typical example of the free energy density

V from Eq. (3.1) in the context of a discontinuous phase transition. Hereby, the

order parameter has distinct values in the distinct phases of interest; the two phases

correspond to the two minima of the function V, which are separated by a barrier.

Another common example of a conserved order parameter is magnetization, call it

M. In this case, the role of the chemical potential µ is played by the externally

imposed magnetic field h, since dA = −SdT + hdM. The transition itself amounts to
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Figure 3.2: Sketch of the bulk free energy density V as a function of concentration,
n, from Eq. (3.1), as could be obtained, for instance, from the Helmholtz free energy
density by making the equilibrium state also the standard state. In the latter case,
one sets V = a−µ0n, where a is the thick curve from Fig. 3.1(b), and µ0 = µexch. p1,

p2 and peq represent the pressure at state 1, 2 and the equilibrium state.

a reversal of the magnetization of a magnet cooled below its Curie point. In the rest of

the paper, we largely limit ourselves to fluid mixtures made of M components whose

concentrations we denote with ni, i = 1 . . .M .

We specifically allow the coefficient κ at the square gradient term in Eq. (3.1) to ex-

plicitly depend on the order parameters. (The dependence of κ on the coordinate is thus

exclusively through the coordinate dependence of the order parameter, if any.) This co-

efficient directly reflects particle-particle interactions and thus generally differs between

distinct phases of matter. Specifically, the coefficient κ (for a pure substance) scales

linearly with the direct correlation function c(r1, r2) ≡ −βδ2Fex[n(r)]/δn(r1) δn(r2),

where the derivative is evaluated at equilibrium density and Fex is the non-ideal portion

of the free energy. The direct correlation function in a fluid generally scales with the

bulk modulus and thus sensitively depends on the density and temperature. Explicit
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calculations for the coefficient κ can be found in Refs. [86]

We thus adopt the following Landau-Ginzburg functional:

F ({ni(r)}) =
∫
d3r



M∑

ij

κij
2
(∇ni∇nj) + V({ni})


 (3.4)

where the summation is over distinct chemical species. The matrix κij is automatically

symmetric, κij = κji, and, also, positive-definite by construction.

The free energy of the configuration ni(r) + δni(r) within a connected region,

relative to that of configuration ni(r), is given to the first order in a (small) quantity

δni by the expression:

δF ≡ F ({ni + δni})− F ({ni})

=
∑

ij

∫

S
(dS∇nj)κijδni +

∑

i

∫

V
dV µiδni, (3.5)

where the first and second integrals are over the boundary and the bulk of the region,

respectively, and

µi(r) =
∂V
∂ni

−
∑

j

∇(κij∇nj) +
1

2

∑

lm

∂κlm
∂ni

(∇nl∇nm). (3.6)

By Eq. (3.5), the quantity

µi(r) =
δF

δni(r)
. (3.7)

It thus equals the free energy cost of adding a particle to the system at point r, i.e.,

the local chemical potential. We see from Eq. (3.6) that in addition to the obvious
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contribution ∂V/∂ni, the local chemical potential also exhibits contributions due to

the free energy cost of density variations.

If the local cost of adding a particle is not spatially homogeneous, particle fluxes

will emerge spontaneously. In spatial dimensions three and higher, phenomenological

Fick’s law can be used to connect the particle fluxes ji and the gradients of the chemical

potentials of the species present:

ji = −
∑

j

D̃ij∇µj , (3.8)

where the symmetric [87–89] matrix D̃ij is comprised of diffusivity-like constants. The

relation above, together with particle conservation ṅi = −∇ji, allow one to write down

a system of equations governing relaxation of the system toward equilibrium [83]:

ṅi =
∑

j

∇

(
D̃ij∇µj

)
, (3.9)

with µi from Eq. (3.6). The constants D̃ij, which are generally concentration-dependent,

can be related to the regular diffusivities through compressibilities. For instance,

Eq. (3.8) yields for a pure substance near equilibrium: j = −D̃(∂µ/∂n)∇n, while

(∂µ/∂n) = v2/κT , where κT and v are the compressibility and specific volume respec-

tively. Consequently, D = D̃v2/κT .

In full equilibrium, the chemical potential thus must be spatially uniform:

µi = const = 0, in equilibrium, (3.10)
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where we have used that steady state is also the standard state, by construction.

However, the condition for local steady state is much less restrictive. By Eq. (3.9), one

must only require that
∑

j ∇(D̃ij∇µj) = 0, which allows for spatially varying chemical

potentials.

To avoid confusion, we note that Eq. (3.9) is incomplete in two ways, in addition

to being phenomenological. For one thing, it does not account for advection, which is

generally present in mixtures. [83] Indeed, an individual component can flow also with

the mixture as a whole, not only by itself. Still, this complication does not arise in

steady state, when there is no net flow. Also, Eqs. (3.9) are not entirely internally-

consistent in that they do not contain terms accounting for thermal noise. Yet in

many cases, such incomplete equations can still adequately describe relaxation toward

equilibrium.

Although less common, non-conserved order parameters are encountered in appli-

cations too. In the absence of a conservation law for the order parameter, one often

uses the empirical Landau-Onsager ansatz [1, 83, 87, 88, 90] for the time evolution of

the system: [91]

ψ̇ = −KδF
δψ

. (3.11)

Eq. (3.11) is the simplest empirical law one can write down that relates the rate

of relaxation toward or away from steady state to the deviation δψ(r) ≡ ψ(r) −

ψ0(r) of the order parameter ψ(r) from its steady-state value ψ0(r) that optimizes the

functional: δF/δψ|ψ0 = 0.

Finally note that Eqs. (3.7) and (3.10) on the one hand and Eq. (3.11) on the
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other hand imply the equations determining the steady state themselves are identical

for conserved and non-conserved order parameters, even though relaxation toward or

away from steady state is governed by distinct laws in the two cases.

3.4 Pressure in the Landau-Ginzburg Functional

Stationary points of the functional that are also minima correspond to a spatially

uniform system residing wholly in a specific phase. Such a free energy minimum will

be either stable or metastable according to whether the corresponding minimum in

the bulk free energy density V(ψ) is stable or metastable. In the following, we will be

discussing additional stationary points of the functional that correspond not to minima

but to saddle points. Such saddle points, if any, are transition-state configurations that

could arise during a phase transition between two phases. Specifically, we consider

droplet configurations such that the order parameters achieve their bulk values n
(out,b)
i

in the majority phase, at infinity. We demand that near the origin, the mixture is

on the other side of the transition state of the bulk free energy density V, i.e., in the

minority phase.

In the limit of thin interface, the transition-state droplet configuration is obviously

spherically symmetric, since this configuration minimizes the surface area for a given

volume of the droplet. Alternatively said, such spherically-symmetric configuration

satisfies Pascal’s law within individual phases because it insures uniformity of pressure

(separately) on the inside and outside. Below we assume that the bulk free energy

density does not explicitly depend on the coordinate, ∂V/∂r = 0, unless explicitly
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stated otherwise. Now, when the interface is not thin, it appears difficult to make

general statements about the symmetry of the droplet solution because Eqs. (3.10)

are non-linear. Still, inasmuch as we expect the lowest free energy saddle point to

be unique we can also expect the corresponding solution to be spherically symmet-

ric. Indeed, suppose on the contrary that the solution is only of discrete symmetry

with respect to rotations. Further, suppose for the sake of argument that this solution

transforms under the corresponding symmetry operations in the same way as the co-

ordinate x. For each such solution, there will be also two other solutions, transforming

as the coordinates y and z respectively, which contradicts the original assumption that

the solution is unique. Cylindrically—but not spherically—symmetric solutions can

be dismissed by the same token. The following boundary conditions thus apply to

spherically symmetric droplets:

ni(r = ∞) = n
(out,b)
i

∇ni(r = 0) = 0.

(3.12)

The actual values of the order parameters may not reach their bulk values n
(in,b)
i in

the minority phase. However in view of the reflection symmetry of the problem, their

spatial derivatives must vanish at the origin to avoid a discontinuity.
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In the presence of spherical symmetry, Eq. (3.6) yields in D spatial dimensions:

∑

j

κij

(
d2nj
dr2

+
D − 1

r

dnj
dr

)
(3.13)

=
∂V
∂ni

−
∑

j

dκij
dr

dnj
dr

+
1

2

∑

lm

∂κlm
∂ni

dnl
dr

dnm
dr

− µi.

Note the dependence of κij on the coordinate is exclusively through the coordinate

dependences of the concentrations.

Multiplying Eq. (3.13) by dni, summing over i, and integrating from some point 1

to point 2 yields:

∑

ij

κij
2

dni
dr

dnj
dr

∣∣∣∣
2

1

− V|21 (3.14)

= −(D − 1)

∫ 2

1

dr

r

∑

ij

κij
dni
dr

dnj
dr

−
∑

i

∫ 2

1
µi dni.

In deriving the above equation, we have taken advantage of the symmetry of the κij

matrix. One immediately observes that when D = 1, i.e., for a flat interface, and in

complete equilibrium, µi = 0, the following quantity is conserved:

∑

ij

κij
2

dni
dr

dnj
dr

− V = const, D = 1, µi = 0. (3.15)

This is expected based on the formal correspondence between the free energy function

(3.4) in the D = 1, µi = 0 case and the action in classical mechanics. Hereby, the

concentrations ni are the analogs of the mechanical coordinates, the coordinate x of

time, and the bulk free energy density V of the negative potential energy. The conserved
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quantity (3.15) is thus formally analogous to energy in mechanics.

Taking the above, formal correspondence with mechanics a step further, we note

that the mechanical energy is the partial (not full!) derivative of the mechanical action

with respect to time, with the minus sign. [92] We can use this notion to establish that

the analog of the mechanical energy in the present context is actually the mechanical

pressure. The latter statement turns out to be correct not only in 1D, but, more

generally, in any number of dimensions so long as the steady state solution is spherically

symmetric. Indeed, consider first an arbitrary droplet geometry. It will be convenient

to switch to a modified free energy function F̃ :

F̃ ({ni}) ≡ F −
∑

i

∫
µi ni dV =

∫
(f −

∑

i

µi ni)dV, (3.16)

where µi’s are now regarded as some preset functions of the coordinate r. The quantity

f is the Helmholtz free energy density corresponding to the functional in Eq. (3.4).

The free energy of the configuration ni(r) + δni(r) within a connected region, relative

to that of configuration ni(r), is given to the first order in a (small) quantity δni by

the expression:

δF̃ ≡ F̃ ({ni + δni})− F̃ ({ni}) (3.17)

=
∑

ij

∫

S
(dS∇nj)κijδni +

∑

i

∫

V
dV

(
δF

δni
− µi

)
δni.

We now limit our attention to those specific concentration profiles that satisfy Eq. (3.7).

For those specific profiles, the function F̃ is actually a Legendre transform of the
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functional F , namely, the grand-canonical free energy as defined for a coordinate-

dependent chemical potential:

Ω({µi}) ≡ F −
∑

i

∫
µi ni dV (3.18)

Under these circumstances, the volume integral vanishes in Eq. (3.17); one may present

the free energy variation as an integral over the sample’s boundary.

Let us now choose as our boundary an isobaric surface, or surface of constant

pressure. This way, the hydrostatic forces near the boundary are exactly normal to

the latter. Varying the free energy with respect to the displacement l along the nor-

mal to the surface at a specific location thus simply yields the negative pressure at

that location times the (small) area S of the patch over which the variation is per-

formed: (∂Ω/∂l)T, µi/S = (∂Ω/∂V )T, µi = −p. On the other hand, by the chain rule of

differentiation:

dΩ

dl
=
∂Ω

∂l
+

∑

i

∫

S
dS(r)

δΩ

δni(r)

dni(r)

dl
, (3.19)

where δΩ/δni(r) is the functional derivative of the free energy with respect to the

concentration ni(r) at point r belonging to the boundary. According to Eqs. (3.17)

and (3.7), this derivative is given by the expression
∑

j κij(e(r)∇nj), where e(r) ≡

dS(r)/dS(r) is the external normal to the boundary at the point r, e2 = 1. Note

that dni/dl = (e(r)∇ni). Finally, the full derivative dΩ/dl is simply given by the

integrand in Eq. (3.16) integrated over the patch, according to the Newton-Leibniz

formula. Putting these notions together, while taking the limit S → 0, yields the

63



following formula for the pressure in the Landau-Ginzburg functional:

p = −V +
∑

i

µini +

M∑

ij

κij

[
(e∇ni)(e∇nj)−

1

2
(∇ni∇nj)

]
, (3.20)

where e ≡ dS/dS, as before. The above equation, by itself, cannot be used to deter-

mine the pressure in arbitrary geometries, unless the orientation of the isobaric surface

happens to be known. Some insight may be already gleaned, however, when the κij

matrix is diagonal, in which case it is easy to write an upper bound for the pressure

that does not depend on that orientation:

p ≤ −V +
∑

i

µini +

M∑

ij

κij
2
(∇ni∇nj), if κij = κiδij . (3.21)

Note that Eqs. (3.17)-(3.21) also apply when the bulk free energy density V explicitly

depends on the coordinate.

Fortunately, an explicit expression for pressure can be obtained in the presence of

spherical symmetry, whereby the isobaric surfaces also coincide with the surfaces of

constant concentrations and chemical potentials. Consequently, the gradients ∇ni are

strictly parallel to the external normal e and so Eq. (3.20) yields:

p(r) = −V +
∑

i

µini +
∑

ij

κij
2

dni
dr

dnj
dr

, (3.22)

c.f. Eq. (3.21). We thus observe that the quantity (3.15), which is conserved for

flat interfaces (when µi = 0), corresponds with the mechanical pressure. The spatial

homogeneity of pressure for a flat interface—and, hence, during macroscopic phase
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coexistence—is, of course, the familiar Pascal’s law.

Thus, Eqs. (3.14) and (3.22) yield for an equilibrium flat interface perpendicular

to the x axis:

p = −V +
∑

ij

κij
2

dni
dx

dnj
dx

= const, D = 1, µi = 0. (3.23)

One may think of this equation as saying that the variation in the order parameter

exactly compensates for the decrease in pressure, due to the bulk free energy term

V, that arises in the transition state. This is not unlike how the variation in the

chemical potential, due to the bulk free energy term, is exactly compensated by the

spatial variation in the order parameter in Eqs. (3.6) and (3.10). No such pressure

compensation takes place in spatial dimensions greater than one, however, for which

Eqs. (3.14) and (3.22) yield:

p2 − p1 = −(D − 1)

∫ 2

1

dr

r

∑

ij

κij
dni
dr

dnj
dr

+
∑

i

∫ 2

1
ni dµi. (3.24)

This is a generalization of a result first obtained by van der Waals [18] for a single-

component substance and a constant κ to mixtures, concentration-dependent coeffi-

cients κij , and off-equilibrium situations in the sense that µi 6= 0. Another way to look

at formula (3.24) is to recall that in an equilibrated, uniform sample, G =
∑

i µiNi

while dG = −SdT + V dp +
∑

i µidNi. At constant temperature and volume, this

yields p2 − p1 =
∑

i

∫ 2
1 ni dµi for any pair of equilibrium states 1 and 2. According

to Eq. (3.24), such two states can be representative of the very same sample, however
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the expression for the pressure difference must be corrected for a finite curvature of

density variation patterns, if any.

Now choose points 1 and 2 at the center of the droplet and infinity, respectively. In

view of positive-definiteness of the matrix κij , Eq. (3.24) shows that pressure always

increases monotonically toward the center of a spherical droplet in full equilibrium.

(We remind the reader that the equilibrium may be unstable, as is the case with

critical nuclei.) Furthermore, in the limit of infinitely weak undersaturation of the

minority phase, ∆V → 0, the expression for the excess pressure inside the droplet,

relative to the bulk, reduces to the venerable Laplace form. Indeed, sufficiently close

to macroscopic coexistence of the two phases, the droplet size can be made arbitrarily

larger than the interface width. The latter width must be finite and, in fact, is limited

by its value during macroscopic co-existence: According to Eq. (3.14), the derivatives

dni/dr become only larger when D > 1. On the other hand, the interface width

during macroscopic coexistence is finite because otherwise, the system could always

lower its free energy by an infinite amount, by locally “falling” into one of the two

minima in Fig. 3.2. Under these circumstances, the order parameters differ from their

(spatially-uniform) values in the bulk phases in an interval that can be made arbitrarily

narrower than the droplet size. Consequently one can unambiguously define a droplet

radius R. Because the derivatives dni/dr have appreciable magnitudes only within a

finite interval, the 1/r factor in the integrand of Eq. (3.14) can be taken outside the

integral, while the integral itself can be replaced by the value it achieves in macroscopic

equilibrium, ∆V = 0, i.e., for a flat interface. Further, Eq. (3.15) implies that the
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integral is in fact equal to the excess free energy of the flat interface, relative to the

spatially uniform state, per unit area. This integral is thus equal to the surface tension

coefficient σ:

σ =

∫ ∞

−∞

dx
∑

ij

κij
dni
dx

dnj
dx

=

∫ ∞

−∞

dx (V − V∞), (3.25)

where, we remind, ∆V = 0. Thus according to this argument and Eq. (3.24), for any

two points 1 and 2 inside and outside the droplet respectively, we obtain the venerable

Laplace’s formula p1 = p2+(D− 1)σ/R. This result, combined with Fig. 3.1(b) yields

two classic notions: On the one hand, the minority phase must be undersaturated

relative to the majority phase. On the other hand, the result allows one to estimate

the deviation of pressure in either phase compared to its value during macroscopic

coexistence, which then yields the venerable Gibbs-Thompson formula. [1]

For a single-component fluid, Eq. (3.25) can be significantly simplified: [16]

σ =

∫ nmin,2

nmin,1

dn
√

2κ(V − V∞), (3.26)

where nmin,1 and nmin,2 correspond to the two minima of the bulk free energy V(n);

nmin,1 < nmin,2 by construction. The above expression is remarkable in that it allows

one to compute the surface tension coefficient (for a flat interface) without the need to

solve Eq. (3.10). By Eq. (3.26), the surface tension coefficient is determined, generically,

by the height V‡ of the barrier in the bulk free energy term, see Fig. 3.2, and the

value of the coefficient κ around the transition state: σ ≃
√
κ‡V‡. The corresponding

length scale, which reflects the interface width, is l ≃
√
κ‡/V‡, and the surface tension
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coefficient is simply σ ≃ V‡l. Some contributions to both the interface width and the

surface tension coefficient are expected from the order parameter fluctuations near the

minima. The corresponding lengthscale is proportional to [κ/(∂2V/∂n2)]1/2. These

contributions, however, must not be very significant, otherwise the system must be

regarded as being close to criticality, in which case the mean-field Landau-Ginzburg

functional becomes inadequate either quantitatively or, sometimes, even qualitatively.

In a mixture, the surface tension coefficient can still be presented as a line integral

connecting the free energy minima that correspond with the phases in question, in the

{ni} space. This is obvious from the l.h.s. equation of Eq. (3.25). While the resulting

expression allows one to decompose the overall mismatch free energy into contributions

from individual components, it requires one to first solve Eq. (3.10), which is generally

not a simple task.

3.5 Singular Bulk Free Energy Density. Steady State So-

lution.

Equations (3.10) are non-linear because generally, the bulk free energy V is not a

quadratic or linear function of the concentrations while the coefficients κij may have

distinct values between the phases and interfacial regions. Although the equations can

be solved numerically, avoiding numerical instabilities requires extra effort. Since the

actual functional form of V and κij ’s are usually not known in the first place, a practical

strategy is to make V a quadratic function of the concentrations ni everywhere in the
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{ni} space except in a subspace of lower dimensions. And so for each phase α:

V(α) =
∑

ij

mα
ij

2
(ni − n

(α,b)
i )(nj − n

(α,b)
j ) + V(α,b), (3.27)

where n
(α,b)
i denotes the bulk value of the concentration of component i in phase

α and the symmetric matrix mij is positive definite. The quantity ∆V ≡ V(in,b) −

V(out,b) thus gives the bulk free energy difference, per unit volume, between the two

phases, see Fig. 3.2. For two coexisting phases, the bulk free energy V consists of two

paraboloids. If one chooses the phase boundary (in the {ni} space) as the intersection

of the paraboloids, see illustration in Fig. 3.3, the resulting bulk free energy experiences

a discontinuity in the gradient. Otherwise, the discontinuity is in the function itself.

The functional form (3.27) presents some limitations in terms of modelling because it

does not allow one to vary the curvatures of the bulk free energy surface in pure phases

independently from the height of the barrier separating the minima corresponding to

the pure phases. This effectively implies that the lengthscales
√
κ/m and

√
κ‡/V‡,

discussed above, are not independent. Yet we shall see that even this simplified form

of V captures the essential features of thick interfaces that are not accessible to the

thin-wall approximation of the classical nucleation theory.

A trajectory in the {ni} space corresponding to droplet configurations crosses the

phase boundary in that space exactly once; trajectories with more crossings automati-

cally correspond to higher free energies. As a result, the physical space is divided into

two parts separated by a sharp spherical boundary at some radius r = R, the inside

69



and outside parts corresponding to the minority and majority phase respectively. Like-

wise, one may regard κij ’s as constant in each phase but assume they may experience

a discontinuous jump at the phase boundary. Under these circumstances, Eqs. (3.10)

become linear within individual phases:

∑

j

κij∇2nj =
∑

j

mij(nj − n
(b)
j ) (3.28)

while the following boundary conditions must be specified at the dividing surface:

ni(R
+) = ni(R

−) ≡ n‡i (3.29)



∑

ij

κij
2

dni
dr

dnj
dr

− V




∣∣∣∣∣∣

R+

R−

= 0 (3.30)

The first set of conditions, Eq. (3.29), ensures continuity of the concentrations at the

dividing surface. These conditions are chosen based on the physical consideration

that in a fluid, molecules must be able to exchange positions and so a fluid can be only

defined within a finite region, even if very small. Consequently, the concentration must

change continuously in space. To give a counterexample, the effective interface between

a solid and the corresponding vapor can be made arbitrarily narrow sufficiently below

the triple point.

The second condition, Eq. (3.30), which places a constraint on the concentration

gradients at the dividing surface, stems from Eq. (3.14). According to Eq. (3.22), the

condition in Eq. (3.30) corresponds with the continuity of pressure. This is required so

that there is a balance of microscopic forces at each point in space, as mentioned in the
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Figure 3.3: Contour plot of the bulk free energy density V(n1, n2) from Eq. (3.27)
as a function of the concentrations n1 and n2 of the components of a binary mixture.
The upper-left minimum corresponds with the undersaturated, minority phase. The
two “trajectories” correspond to the density profiles of the two droplet solutions that
are illustrated in detail in Fig. 3.4, representing a stationary (Ṙ = 0, saddle-point)
and non-stationary (Ṙ < 0) configuration of a spherical droplet respectively. The
parameters employed in this Section are as follows: κin

11 = 2000, κin
22 = 300, κout

11 = 20,

κout
22 = 15, κ12 = 0, min

11 = 400, mout
11 = 700, min

22 = 40, mout
22 = 20, m12 = 0, n

(in,b)
1 =

0.01, n
(in,b)
2 = 0.2, n

(out,b)
1 = 0.02, n

(out,b)
2 = 0.01, Din

1 = Din
2 = Dout

1 = Dout
2 = 1,

∆V = −0.04. The units are arbitrary; as a rough guide, the unit of length is set at
molecular dimensions and the unit of energy at a small fraction of kBT .

Motivation. Conversely, if the boundary condition (3.30) is not obeyed, the solution of

Eq. (3.10) yields V[ni(−∞)] 6= V[ni(+∞)] for a flat interface, that is, two macroscopic

phases in thermodynamic equilibrium are not in mechanical equilibrium, thus leading

to a contradiction.

Note that there are no separate constraints on individual concentration gradients;

such constraints could be thought of as some matching conditions with regard to partial
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pressures of the components, between the two phases. Only in a pure substance, does

Eq. (3.30) place a hard constraint on the concentration gradient. In any event, we ob-

serve that when the coefficients κij experience a jump across the inter-phase boundary,

so do generally the concentration gradients and hence the quantities
∑

j κij(dnj/dr). In

the aforementioned mechanics analogy, each quantity
∑

j κij(dnj/dr) corresponds with

a momentum: ∂f/∂(dni/dr) =
∑

j κij(dnj/dr). The present results are a consequence

of the Nöther theorem: In the mechanics analogy, the concentration-dependent κij ’s

correspond to coordinate-dependent masses. For a Lagrangian that depends explicitly

on the coordinate but not on time, the energy is still conserved, but not the mo-

mentum. We reiterate that within the formal analogy between the Landau-Ginzburg

density functional theory and the Lagrange formulation of mechanics, Pascal’s law

corresponds to energy conservation.

For concreteness, choose the dividing surface at the intersection of the two parabol-

oids V(in) and V(out), see Eq. (3.27), corresponding to the phases inside and outside

the droplet respectively:

V(in)
(
{n‡i}

)
= V(out)

(
{n‡i}

)
, (3.31)

while assuming that the coefficients κij may experience a discontinuity also at the very

same surface. Under these circumstances, the boundary condition (3.30) simply states

the that dynamic term of the free energy functional (3.4) must be continuous across
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the dividing surface:

∑

ij

κij
2

dni
dr

dnj
dr

∣∣∣∣
R+

R−

= 0. (3.32)

Eqs. (3.29), (3.30), and (3.31) together represent M + 2 constraints.

While natural, the choice of boundary in Eq. (3.31) is not obligatory. If the

boundary is chosen so that the bulk free energy density is discontinuous, then the

most general boundary condition from Eq. (3.30) must be used. If the discontinuity in

the coefficients κij takes place at concentration values other than the dividing surface

for the bulk free energy density, there will be another dividing surface in real space.

The present methodology can be straightforwardly extended to such situations.

Now, the linear equations (3.28), subject to the boundary conditions (3.12) are

solved by the following functions, except in certain degenerate cases that can be han-

dled straightforwardly:

ni =





n
(out,b)
i +

∑
jl C

(j)
l e−klr/r, r ≥ R

n
(in,b)
i +

∑
jlC

(j)
l sinh(klr)/r, r < R,

(3.33)

where the coefficients C
(j)
l and parameters kl satisfy the following equations (for each

i):
M∑

j

C(j)(κijk
2 −mij) = 0. (3.34)

Since the characteristic equation Det(κijk
2 − mij) = 0 has M roots, one can pick

at most M linearly independent vectors C(j) (each of which has M components).
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Consequently, the values of the coefficients at one harmonic determines the coefficients

for the rest of the harmonics. Thus there are only M independent coefficients C
(j)
l in

each phase. Together with the radius R, which must be determined self-consistently,

there are 2M + 1 unknowns.

We thus have (2M + 1)− (M + 2) =M − 1 unknowns to be determined, which is

exactly the dimensionality of the dividing surface in the {ni} space. It is convenient

to take the values of the transition state concentrations n‡i , i = 1, . . . , (M − 1), as

the unknowns. The reason why the problem is so far underdetermined is that we

have solved for stationary-state configurations within individual phases but not at

the interface. Writing down equations at the phase boundary would require one to

separately specify the behavior of the coefficients κij and the bulk free energy V in

that region. A quick way to see that the number (M − 1) of undetermined variables

actually makes sense is to pretend that the components could chemically interconvert at

the interface. In the presence of such interconversion, there would be imposed exactly

(M−1) constraints on the concentrations n‡i . (There areM equations, ṅ‡i = 0, of which

one is automatically satisfied because of particle conservation.) Instead of explicitly

treating dynamics at the interface, we note that since equations (3.10) constitute a

free energy optimization problem, the steady state configuration can be determined

by minimizing the free energy function (3.4)—as computed using the concentration

profiles (3.33)—with respect to the undetermined quantities, i.e., the concentrations

n‡i , i = 1, . . . , (M − 1) at the phase boundary. Simply stated, these variables fully

specify the chemical composition at the interface.
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The above method can be straightforwardly extended to a non-stationary case,

namely, a spherically symmetric droplet that is evaporating or growing; some caveats

will apply. According to the above discussion, a droplet whose radius R is greater or

less than its stationary, critical value will grow indefinitely and evaporate, respectively.

One may make a steady-state approximation, by which the concentrations within the

phases are assumed to equilibrate much faster that the rate of droplet growth/decay.

Generically, such an approximation is adequate when Ṙ/R ≪ D/R2, where D is the

diffusivity of the pertinent species. In this approximation, one uses the steady-state

version of Eq. (3.9) on either side of the dividing surface but not at the dividing surface:

∇2µi = 0, r >< R, (3.35)

where we have assumed that D̃ij = D̃iδij and the diffusivities D̃i are concentration-

independent within each phase. The above equations are supplemented by the general

boundary conditions, c.f. Eq. (3.12):

µi(r = ∞) = 0

∇µi(r = 0) = 0.

(3.36)
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At the phase boundary, the following conditions must be obeyed:

µi(R
−) = µi(R

+) (3.37)

1

n‡i

(
D̃i
∂µi
∂r

)∣∣∣∣
R+

R−

= Ṙ× sign
[
n
(in,b)
i − n

(out,b)
i

]
(3.38)

The chemical potential must be continuous to prevent uncompensated microscopic

fluxes, hence Eq. (3.37). On the other hand, Eq. (3.38) ensures particle conservation

at the boundary: An influx/outflow of the components at the phase boundary results

in the growth or evaporation of the droplet. For instance, in a pure substance, the

total particle influx, 4πR2D̃(∂µ/∂r)|R+

R− , must be equal to 4πR2n‡Ṙ for a liquid droplet

surrounded by vapor but will be equal to −4πR2n‡Ṙ for a bubble of vapor surrounded

by liquid. This is because a liquid droplet grows by collecting particles, while a bubble

grows by giving up particles. The latter notion is reflected by the sign function in

Eqs. (3.38). The latter equations, which apply to allM components, represent (M−1)

constraints. The rate Ṙ is deduced at the end of the calculation.

Eqs. (3.35), together with boundary conditions (3.36) and (3.37), imply that each

chemical potential has the following functional form:

µi =





µ‡i , r ≤ R

µ‡i (R/r), r > R.

(3.39)

Thus compared with the original steady-state problem, there are M new unknown

quantities µ‡i to be determined, while there are only (M − 1) new constraints. This
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p, Ṙ < 0

p, Ṙ = 0
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Figure 3.4: The radial-coordinate dependences of the chemical potential µ, concen-
trations ni, and pressure p for a stationary (Ṙ = 0, saddle-point) and non-stationary
(Ṙ < 0) configuration of a spherical droplet. The radial-coordinate, r, is measured
from the center of the droplet. Note the chemical potentials in the stationary case
Ṙ = 0 are equal to zero: µ1 = µ2 = 0. The units are arbitrary; as a rough guide,
the unit of length is set at molecular dimensions and the unit of energy at a small

fraction of kBT .

allows one to solve for the concentration profiles for values of the droplet radius R

other than the stationary one.

To avoid confusion, we point out that in a non-stationary case, one must solve not

the second-order equations (3.10) but the forth-order equations (3.9), at ṅi = 0. Thus,

like the chemical potentials in Eq. (3.39), the concentration profiles will acquire 1/r

contributions (for r > R) that reflect particle exchange with the bulk. Although it

requires solving transcendental equations for R, in view of Eqs. (3.33), the (numerical)
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Figure 3.5: The pressure difference ∆p ≡ p(r = 0)−p(r = ∞) plotted vs. the value
2σ it would achieve in the thin interface limit, Eq. (3.25), where σ is the surface free
energy per unit area in the thin interface limit, and R is the radius of the droplet.
The radial-coordinate, r, is measured from the center of the droplet. Every point on
both curves corresponds to a critical nucleus. The units are arbitrary; as a rough
guide, the unit of length is set at molecular dimensions and the unit of energy at a

small fraction of kBT .

solution of the problem (3.9) is straightforward and computationally robust. In Fig. 3.4,

we graphically demonstrate such a solution for the binary mixture from Fig. 3.3 for

both the stationary (Ṙ = 0, µi = 0) and a non-stationary case (Ṙ < 0, µi 6= 0).

The corresponding (n1, n2) trajectories connecting the droplet center with the solution

bulk are shown in Fig. 3.3. As remarked earlier, one expects that in steady state,

the pressure is spatially uniform for a flat interface, while increasing monotonically

toward the center of a droplet with non-zero curvature. We observe in Fig. 3.4 that

the converse is also true: For a non-critical droplet, the pressure no longer changes

monotonically with the radial coordinate. In any event, the Laplace formula works

reasonably well, despite the interface being thick, see Fig. 3.5.
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Figure 3.6: The free energy surface of the droplet, F , as a function of the droplet
radius R of the phase boundary and the concentration n‡

1 of component 1 at the phase
boundary. The dots indicate the two droplet configurations from Fig. 3.4. The line
along the ridge of the surface corresponds to stationary points Ṙ = 0; of these points,
only the lowest one is a true solution of Eq. (3.10). The other line is the steepest
descent line for a droplet prepared at the saddle point. The units are arbitrary; as a
rough guide, the unit of length is set at molecular dimensions and the unit of energy

at a small fraction of kBT .

In Fig. 3.6, we show the droplet free energy (3.4) as a function of R and n‡1. In

computing this free energy for non-stationary cases Ṙ 6= 0, the 1/r contributions were

omitted. These contributions are associated with the bulk, not the droplet itself, and,

appropriately, lead to divergent contributions to the free energy (3.4). As already

discussed, (M − 1) concentrations n‡i are artificially not dynamical in the treatment

because we do not explicitly solve Eqs. (3.10) at the phase boundary. This means that

the Ṙ = 0 points form a (M − 1)-dimensional surface in the (R,n‡i ) space. When

M = 2, this surface corresponds to a line; the latter line can be seen to run through
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a “ridge” on the F (R,n‡1) surface. The actual saddle point corresponds to the lowest

point on the ridge. If prepared exactly on the ridge but away from the saddle point,

the system will quickly relax to the saddle point. The characteristic time scale is given

by R2/ν, where ν ≡ η/ρ is the kinematic viscosity, η viscosity, and ρ mass density of

the fluid. The kinematic viscosity, which has dimensions of the diffusivity, significantly

exceeds the diffusivity itself at viscosities in question, i.e., η > 10−2 Ps. This can be

seen straightforwardly by comparing η/ρ and the Stokes-Einstein kBT/(6πηa), where

a is a molecular size.

If prepared away from the ridge, the droplet will quickly relax along the n‡i co-

ordinates while also moving, relatively slowly, along the R coordinate. The latter

evolution will lead to droplet growth or evaporation depending on which side of the

ridge the system was initially prepared. The relaxation in the n‡i coordinates corre-

sponds to changes in the composition at the droplet interface. Such mixing processes

involve hydrodynamic flows and are expected during phase ordering, as discussed early

on by Siggia [93] and later, within a renormalization-group framework, by Bray. [83]

While operating primarily along the phase boundaries for small volume fractions of

the minority phase, such modes affect phase ripening when the latter volume fraction

is sufficiently high. Last but not least, we note that according to Fig. 3.6, the chemical

composition at the boundary depends only weakly on the droplet radius.

Note that the matching conditions (3.30) and (3.37) between the minority and

majority phase are formally identical to those between phases that are in macroscopic

equilibrium, as elucidated by Gibbs a long time ago. These matching conditions cover
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the chemical potentials of the individual species, pressure, and temperature. In the

case of macroscopic coexistence, for each additional chemical species there could be,

in principle, another phase in coexistence with those phases already present. In the

present context, the number of phases is limited to two, by construction. The extra,

“mixing” degrees of freedom stemming from increasing the number of components

result in an increase of the dimensionality of the dividing surface in the {ni} space,

between the minority and majority phases.

3.6 Amphiphilic Adsorbents at the Interface

We now consider a situation where no pressure “conservation” takes place. In

mechanics, the energy is not conserved when the Lagrangian explicitly depends on

time. Likewise, in the present problem, the full free energy density must explicitly

depend on the coordinate:

V = Vn +
∑

i

niV(i)
ext(r), (3.40)

where, by construction, the quantity V(i)
ext(r) is an external potential acting on species

i, ∂V(i)
ext/∂nj = 0, while Vn does not explicitly depend on the coordinate: ∂Vn/∂r = 0.

More general forms of the coordinate-dependent portion of the full free energy density

V can be considered. For non-zero V(i)
ext(r), Eqs. (3.6) can be written out as follows:

∑

j

∇(κij∇nj)−
1

2

∑

lm

∂κlm
∂ni

(∇nl∇nm)

=
∂Vn

∂ni
+ V(i)

ext(r)− µi(r), (3.41)
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while Eq. (3.14) becomes

∑

ij

κij
2

dni
dr

dnj
dr

∣∣∣∣
2

1

− Vn|21 = −(D − 1)

∫ 2

1

dr

r

∑

ij

κij
dni
dr

dnj
dr

+
∑

i

∫ 2

1
dni[V(i)

ext(r)− µi(r)], (3.42)

where a spherically-symmetric geometry is understood. Equations (3.20) through

(3.22) can be rewritten for the specific form of the full free energy density from (3.40).

And so for a flat interface,

p = −Vn +
∑

ij

κij
2

dni
dx

dnj
dx

−
∑

i

ni[V(i)
ext(x)− µi(x)]. (3.43)

Thus, according to Eqs. (3.42) and (3.43), we conclude that the quantity on the l.h.s. of

Eq. (3.42) does not correspond to a pressure difference, nor is it generally conserved in

the presence of an external potential, even for a flat interface in complete equilibrium,

µi = 0.

Still, Eq. (3.43) implies that pressure changes continuously with the coordinate for

a smooth external potential. In the spirit of the preceding Section, we next consider a

singular potential so as to cause the pressure to experience a discontinuity. For the sake

of argument, let us consider a flat interface in a one-component system. We choose

the following form for the coordinate-dependent portion of the bulk free energy:

Vext(x) = −ǫδ(x− L) + ǫδ(x+ L), (3.44)
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Figure 3.7: (a) Schematic of the one-particle potential Vext from Eq. (3.44). x is
the coordinate from the midpoint of the attractive minimum and repulsive “hump”.
(b) The concentration-dependent portion of the bulk free energy density Vn from
Eq. (3.40), employed in the present work to analyze the amphiphilic action. φ is a

dimensionless order parameter of the system. By Eq. (3.27), V‡ = m/2.

see sketch in Fig. 3.7(a). The above potential can be viewed as an extreme limit of a

smoother potential that has an attractive minimum centered at x = +L and a repulsive

“hump” centered at x = −L.

By construction, the shapes of the attractive and repulsive parts are exactly the

same; one may think of the potential in Eq. (3.44) as originating from a “dipole” of

sorts. The latter potential can be thought of a stationary, externally-imposed field,

but can be equally well thought of as resulting from adding an amphiphilic species—

or detergent—to the system. Indeed, suppose we are not concerned with the total

density in a binary solution but only with the partial quantity of the components. The

partial quantity can be described using a single order parameter φ. This way, the
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derivative ∂V/∂φ is related to the actual chemical potentials of the components in a

linear fashion. For convenience, one may choose the minima of the free energy density

V to be at φ = ±1, see Fig. 3.7(b). The potential (3.44) can be thought of as a field

acting on linear molecules so that their two tails prefer to stay in the phases that are

relatively rich in the two components of the mixture respectively. Specifically, for the

bulk free energy density in Fig. 3.7(b), the l.h.s. and r.h.s. peaks of Vext in Fig. 3.7(a)

serve as a repulsive bump and attractive minimum, respectively, in the φ > 0 phase.

The situation is reversed in the φ < 0 phase. The quantity ǫ, by construction, reflects

the surface concentration of the amphiphiles but also their solvation free energy. We

will call the quantity ǫ the activity for brevity. To avoid confusion we note that this is

not the standard definition of the activity of a component in a solution.

What are the appropriate boundary conditions for a singular potential of the type

from Eq. (3.44)? A definitive answer to this question can be obtained, if the coefficient

κ is a continuous function of the concentration near x = ±L. (The situation to the

contrary will be discussed shortly.) Because the potential Vext is infinitely narrow,

κ can be regarded as a constant on the lengthscale of the spatial variation of Vext.

In the mechanics analogy, we now have a situation where the energy is no longer

conserved: Each δ-function peak in Eq. (3.44) corresponds to an infinitely rapid “kick.”

The resulting increment in the momentum is given by the time integral of the kick,

by Newton’s third law. This notion can be implemented in the present context by

integrating Eq. (3.41) in terms of x from L− to L+ (and likewise for the l.h.s. peak
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from Eq. (3.44)). One gets, as a result:

κ
dφ

dx

∣∣∣∣
±L+

±L−

= ∓ǫ. (3.45)

Note that using Eq. (3.42) would not yield unambiguous boundary conditions because

computing the integral
∫
dφVext =

∫
dx(dφ/dx)Vext requires the knowledge of the

derivative dφ/dx exactly at the point of singularity. However, the quantity dφ/dx

experiences a discontinuity at the singularity and thus is not well-defined there. In-

cidentally, we point out that a problem in which a δ-function-like potential is placed

exactly at the phase boundary is generally ill-defined mathematically in the sense that

one cannot place a constraint on the concentration gradient of the type from Eq. (3.30)

or (3.45). To appreciate this, one may invoke the mechanics analogy once again and

think of the singularities in the bulk free energy density Vn and the one-particle po-

tential Vext not as confined to an infinitely narrow region of the coordinate and time

respectively, but, instead, as smeared over finite ranges of the respective variables. At

the same time, the values of the momenta specified on the two sides of the original

singularity should be now thought of as specified at infinity. Presented in this form,

the setup of the problem is entirely analogous to how one thinks of scattering events.

In one-dimensional space, one can evaluate the particle’s momentum long after such a

scattering event without having to solve detailed equations of motion at intermediate

times, if either energy or momentum are conserved (or both), but not otherwise. We

thus conclude that a limit when a discontinuity in V or its derivative and a δ-function-

like potential Vext exactly coincide in space, is ill-defined. This is not a real issue
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in practice, since the distance (coordinate-wise) between the two singularities can be

made arbitrarily small; we shall see this shortly.

To illustrate the above discussion we find the density profile for a flat interface in

the presence of external potential (3.44), subject to boundary conditions:

φ(+∞) = 1 (3.46)

φ(−∞) = −1. (3.47)

For clarity, we assume κ = const. It is obvious from the symmetry of the problem

that the optimal position of the phase boundary x0, defined as φ(x0) = 0, is exactly

at the origin. This notion can be made even more explicit by plotting the free energy

of the system as a function of the separation xint ≡ |x0| of the midpoint between

the two peaks of Vext from the phase boundary. Since xint 6= 0 configurations are

non-stationary, we must solve the full problem (3.9) under such circumstances. As in

the preceding Section, we instead solve a steady-state problem in which ∇2µ = 0 is

everywhere except at x = ±L and the phase boundary. In 1D, this equation is solved

by a linear function, leaving us with the following option, up to an additive constant:

µ(x) =





0, x < x1, x3 ≤ x

µ0(x− x1)/(x2 − x1), x1 ≤ x < x2

µ0(x3 − x)/(x3 − x2), x2 ≤ x < x3,

(3.48)

where x1, x2, and x3 (x1 < x2 < x3) are assigned to the locations of the three sin-

gularities in the ascending order. The presence of the sloped portion of the chemical
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potential in Eq. (3.48) reflects that away from equilibrium, the material must be ex-

changed within the (x1, x3) interval—but not between the bulk phases!—in order to

relax toward equilibrium. The appearance of a new unknown µ0 allows us to regard

the distance xint as a free parameter. The resulting interface free energy per unit area,

as a function of xint, is shown in Fig. 3.8. In this Figure, we show the free energy in two

specific situations, where the pinning potential is “aligned” with the boundary condi-

tions (3.46), ǫ > 0, and anti-aligned ǫ < 0. While the attractive minimum and overall

repulsion near xint = 0 for the aligned and anti-aligned configurations respectively are

expected, it is less obvious that there should be some structure to the repulsive max-

imum in the upper term. Here and in the rest of the Section, we use units such that

the length
√
κ/m and the surface tension coefficient of a standalone interface, which

is
√
κm by Eq. (3.26), are both set to unity.

We now illustrate two specific configurations of the interface for xint 6= 0, pertaining

to the bottom term in Fig. 3.8. These configurations correspond to two distinct mutual

arrangements of the phase boundary and the potential, see Figs. 3.9 and 3.10, where

the phase boundary is located, respectively, between the singularities of the pinning

potential Vext and outside (to the left of) those singularities.

Note that in the symmetric cases, xint = 0 (not shown), which are both optima of

the free energy, the chemical potential is zero throughout. Under these circumstances,

the pressure is now a conserved quantity and thus must be uniform in the −L < x < L

interval, by Eqs. (3.23). (Recall, the potential Vext is zero in that interval.) Within

the −L < x < L interval, the pressure is positive and negative for the aligned and
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Figure 3.8: The free energy of the interface, F , in the presence of potential Vext

from Eq. (3.44), plotted as a function of the distance xint between the phase boundary
and the midpoint of the potential Vext. Here, L = 1.5, ǫ = +1 bottom term, ǫ = −1
top term. L and ǫ are the half-length and activity of the amphiphile. The units are
arbitrary; as a rough guide, the unit of length is set at molecular dimensions and the

unit of energy at the order of kBT .

anti-aligned configurations, respectively.

It is interesting to ask how how big a portion of the free energy F (xint) in Fig. 3.8

accounts for the work needed to move the amphiphile; the remainder is used to

(de)compress the liquid itself. In answering this question, we show in Fig. 3.11 the

derivative of the free energy F (xint) with respect to the separation xint and the differ-

ence between the pressure discontinuities at points x = ±L, both as functions of xint.

The integrals of both quantities w.r.t. to the coordinate are shown in the inset. One

observes that the mechanical work expended in bringing the amphiphile from the bulk

is substantially offset by the free energy cost of redistribution of the solvent near the
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Figure 3.9: The coordinate dependences of the chemical potential µ, order param-
eter φ, and pressure p for a specific configuration corresponding to xint = −0.5 of
the bottom (bonding), term from Fig. 3.8. xint represents the distance between the
phase boundary and the midpoint of the potential Vext from Eq. (3.44). L = 1.5.
Hereby, the phase boundary is located between the peaks of the potential Vext from
Eq. (3.44). The δ-function contributions to pressure are not shown. ǫ = 1. L and ǫ
are the half-length and activity of the amphiphile. The units are arbitrary; as a rough
guide, the unit of length is set at molecular dimensions and the unit of energy at the

order of kBT .

amphiphile.

The rest of the Section focuses exclusively on the equilibrium configuration, which

corresponds to the minimum in the bottom, “bonding” term in Fig. 3.8, located at

xint = 0. Of greatest interest is the degree of renormalization of the surface tension

as a function of the activity ǫ of the amphiphile, which is illustrated in Fig. 3.12, for

three specific values of the amphiphile half-length L. Note that for any value of L,

there are critical values of the activity beyond which the interface tension is exactly
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Figure 3.10: The coordinate dependences of the chemical potential µ, order pa-
rameter φ, and pressure p for a specific configuration corresponding to xint = −3 of
the bottom (bonding), term from Fig. 3.8. xint represents the distance between the
phase boundary and the midpoint of the potential Vext from Eq. (3.44). L = 1.5. The
phase boundary is to the left of both peaks of the potential Vext from Eq. (3.44), c.f.
Fig. 3.9. ǫ = 1. L and ǫ are the half-length and activity of the amphiphile. The units
are arbitrary; as a rough guide, the unit of length is set at molecular dimensions and

the unit of energy at the order of kBT .

compensated by the “solvation” energy of the amphiphile leading to a vanishing of

the effective surface tension. This can be seen explicitly in Fig. 3.12. We note that

for sufficiently large and negative values of ǫ, the curves in Fig. 3.12 bend down and

cross the origin. This is because in the (somewhat trivial) limit ǫ→ ±∞, the intrinsic

energy scale of the interface becomes negligible and the response of the heterophase

system can be approximated by that of a pure phase.
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Figure 3.11: Solid line: The coordinate derivative of the free energy, F , of the
interface in the presence of potential Vext from Eq. (3.44), plotted as a function of the
distance xint between the phase boundary and the midpoint of the potential. Dashed
line: Difference between the pressure discontinuities at the ends of the amphiphile,
also as a function of xint. The inset shows the integrated value of corresponding curve
with respect to xint. The units are arbitrary; as a rough guide, the unit of length is

set at molecular dimensions and the unit of energy at the order of kBT .

The value of the surface tension σ cannot be negative, of course. As σ becomes suf-

ficiently small—but still positive—several things could happen after more amphiphile

is added to the solution, depending on circumstances. If the interface is not allowed

to break up into smaller pieces, it will spontaneously begin to distort so as to increase

in area and become able to accommodate additional detergent. This is a realization

of the Krafft point. [94] The distortion of the interface will occur at a positive value

of σ, even if relatively small, because of the non-zero vibrational entropy of the inter-

face. On the other hand, if equilibrated—which could be facilitated by stirring—the

system can lower its free energy by breaking the original interface into smaller pieces
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Figure 3.12: Dependence of the surface free energy, σ, of the interface on the
activity ǫ of the amphiphile, for three distinct values of half-length of the amphiphile,
L. All curves correspond to the stable minimum in Fig. 3.8, xint = 0, bottom term.
L and ǫ are the half-length and activity of the amphiphile. The units are arbitrary;
as a rough guide, the unit of length is set at molecular dimensions and the unit of

energy at the order of kBT .

thus leading to the formation of a suspension of the minority phase covered with the

detergent. This is, of course, how soap works.

3.7 Summary

This work analyzes several phenomena in the area of phase transitions from a me-

chanical vantage point. It takes advantage of a formal analogy between the Lagrangian

formalism in classical mechanics and the Landau-Ginzburg description of macroscopic
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phase coexistence, in which the analog of time is the spatial coordinate that traverses

the phase boundary. Pressure, which is the partial derivative of the free energy with re-

spect to that spatial coordinate, is formally analogous to the mechanical energy, which

is the partial derivative of the action with respect to time. This analogy allows one to

generalize the old—and surprisingly little known—results of van der Waals on phase

coexistence to multi-component mixtures and certain off-equilibrium situations. While

automatically yielding that Pascal’s law must be obeyed during macroscopic coexis-

tence, the approach can be extended straightforwardly to spherical geometries of the

minority phase and, in some cases, to other geometries. The so obtained mechanical

perspective on phase coexistence allows one to make progress in several problems that

are seemingly disparate yet turn out to be connected.

In the first problem, of interest to mesoscopic phases in liquid solutions, we es-

tablish that certain singular forms of the bulk free energy density are amenable to

essentially analytical solution in individual phases. To patch the solutions at the phase

boundary, where the bulk free energy density is singular, one must require that pressure

be a continuous function of the coordinate. We straightforwardly obtain a saddle-like

free energy profile for a nucleus of the minority phase. The coordinate transverse to the

nucleus size corresponds to the chemical composition at the interface. The coordinate

is interesting in that its dynamics do not involve particle exchange with the bulk; it

thus must operate along the phase boundary, consistent with earlier, hydrodynamics-

based analysis by Siggia. [83, 93] The chemical composition at the interface is seen to

depend only weakly on the droplet radius.
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The opposite situation of the violation of Pascal’s law leads us to a model that

has alternative appllication: Surface tension renormalization in the presence of am-

phiphiles. Simple relations between the amount of renormalization and the activity of

the amphiphile are established.

94



Chapter 4

Metastable Mesoscopic Phases in

Liquid Solutions as a

Chemically-Induced Breaking of

Translational Symmetry

4.1 Overview

We report a mechanism for a novel type of mesoscopic aggregation in liquid so-

lutions, by which a steady state population of finite-sized inclusions of a metastable

phase can emerge in a liquid mixture. The mechanism operates when the molecules

of the primary solute can form transient complexes between themselves or with other

species; finite-sized droplets of a metastable phase are not allowed in the absence

95



of such chemical transformation. The aggregates are thus stabilized kinetically, not

thermodynamically. The effect is non-perturbative; it takes place for sufficiently large

values of the rate constants. We explicitly obtain spatial profiles for the concentrations,

chemical potentials, and pressure. The chemical potentials are not spatially uniform,

implying that the aggregates transiently break the very basic, translational symmetry.

The aggregates are predicted to ripen in an Ostwald-like fashion; their size is limited

by a mechanical instability, viz., when internal pressure becomes negative. The present

results may explain the origin of the mesoscopic clusters observed in protein solutions.

4.2 Motivation

Spatially and chemically heterogeneous systems are of prime importance in ap-

plications, and even more so since the advent of nanotechnology and various self-

assembly techniques. Yet equilibrated systems are spatially uniform; an equilibrium

phase is either macroscopic or does not exist at all, as elucidated more than a cen-

tury by Gibbs, [1, 95]. Consequently, heterogeneous systems are ordinarily metastable;

their manufacturing often requires elaborate kinetic control. A common example of a

metastable, spatially-heterogeneous system is emulsions, which are stabilized by the

charge induced at the droplet-solvent interface. Equilibrium systems that are spatially

heterogeneous, such as micelles, are an exception rather than a rule. Micelles can be

thought of as very large molecules, with distributed sizes and shapes, and thus do not

constitute a proper phase.
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It comes as a surprise that solutions of several proteins host mesoscopically sized

inclusions of what seems to be a distinct, protein-rich phase. The conditions are far

away from the region of stability of the dense protein liquid that appears in protein

solutions during liquid-liquid separation. The mesoscopic inclusions, or clusters, have

been observed using three distinct techniques [7–10, 14] and are likely of liquid consis-

tency. [12] Despite containing a small fraction of the protein [10], viz., between 10−6

and 10−4 or so, the clusters can be detected by light scattering methods because of their

large size. The clusters seem to be stable on time scales of a few months. Sometimes

it is possible to detect time evolution of the cluster size toward its stationary value,

the time-dependence [14] is close to t1/3 although the pertinent data are still quite lim-

ited. This is reminiscent of Ostwald ripening, [83, 93, 96, 97] however the overall rate is

slower by an order of magnitude than what is predicted by the Lifshitz-Slyozov-Wagner

theory. [96, 97]

According to estimates of Pan et al. [10], based on measurements of lysozyme’s

osmotic compressibility, the mesoscopic clusters are at excess free energy that could

be as large as several kBT per particle, relative to the bulk solution. According to

the classical notions of thermodynamics and phase ordering, mentioned above, such a

metastable minority phase should promptly evaporate because its nucleation is subject

to both bulk and surface free energy penalty. As the same time, the total amount of

protein contained within the clusters is quite consistent with the free energy of the

dense relative to the dilute protein phase. Why should this metastable phase organize

itself into mesoscopic inclusions? Could the inclusions be micelles? The answer is no
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because the protein concentration in the bulk solution can be further increased after

the clusters become detectable.

Protein molecules are in several ways similar to colloidal particles. It has been

argued that small-size colloidal aggregates can appear when the particles repel via

a Debye-screened Coulomb interaction at long distances but attract at very short

distances via dispersion forces. [98] In this case, the aggregates’ size is determined by

the Debye screening length. In contrast, the cluster size greatly exceeds the Debye

length in the studied solutions. In addition, clusters have been observed in solutions of

hemoglobin, which is nearly neutral at the conditions in question. Theoretical analysis

by Hutchens and Wang [99] is consistent with those experimental findings. Recent

work [72] further supports the relative unimportance of Coulomb forces for the cluster

mechanism: The Coulomb repulsion can be systematically controlled by changing the

ionic strength of the solution. The cluster size turns out to be largely insensitive to

variation of the ionic strength between essentially ion-free conditions and 300 mM, all

the while the second virial coefficient changes between values +101 and −10−1, the two

limits corresponding to substantial repulsion and mild attraction between individual

molecules.

Given the difficulties with one-particle scenarios described above, Pan et al. [10]

proposed a radically different mechanism, by which another protein-containing species,

call it the “complex,” must be present in the solution. This complex is only transient

and could be a dimer or a higher-order oligomer made of the protein monomers. Assum-

ing for concreteness that the complex is a dimer, a simple reaction-diffusion scheme
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can be written that should be applicable to outer regions of the cluster, where the

deviation from the bulk conditions is small:

ṅ1 = D1∇2n1 − k1n
2
1 + 2k2n2

ṅ2 = D2∇2n2 +
1

2
k1n

2
1 − k2n2. (4.1)

Here n1 and n2 stand for the concentration of the monomer and dimer respectively, D1

andD2 the corresponding diffusivities; k1 the (2nd order) rate constant for dimerization

and k2 dimer decay rate. The solution of the linearized versions of Eq. (4.1) in the

spherically symmetric geometry and in steady state, ṅ1 = ṅ2 = 0, has two distinct

contributions: One depends on the radial coordinate r as 1/r; this term is expected in

the presence of diffusion in 3D and corresponds to cluster growth or decay. Accordingly,

this term has the same sign for both the monomer and dimer. The other solution is

more interesting: Its functional form is Yukawa potetial-like, e−r/L/r, while the signs

of the terms are opposite for the monomer and dimer. Under reasonable assumptions,

the length L is simply determined by the lifetime of the dimer and its diffusivity:

L ≈
√
D2/k2. (4.2)

The presence of such as a solution suggests that a steady-state, finite length-scale

emerges in the problem. This length-scale is entirely of kinetic origin, as it is de-

termined by rate constants for particle transport and inter-conversion. The physical

picture is tentatively as follows: Suppose the monomer-dimer chemical equilibrium is
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strongly shifted toward the dimer at high total protein densities. Imagine a compact

inclusion of a sufficiently concentrated protein solution. The monomer is at chemical

excess inside the cluster, thus resulting in a net monomer-to-dimer conversion there.

As a result, there is a steady influx of the monomer from the bulk solution, see Fig. 1.6.

The so formed dimer diffuses out into the bulk solution while decaying at the same

time. The lifetime of the dimer thus gives the lower bound on the cluster size, ac-

cording to Eq. (4.2). In the complexation scenario above, the clusters are stabilized

kinetically, even as they are at excess bulk free energy relative to the bulk solution.

While Eq. (4.1) accounts for the two basic processes that could occur in the

monomer-dimer mixture at small deviations from equilibrium, it clearly does not repre-

sent a self-contained, internally-consistent description. For instance, Eq. (4.1) is clearly

invalid close the cluster core as the solution of Eq. (4.1) diverges at the origin. Im-

portantly, the description does not explicitly address the mixture’s thermodynamics;

it is not even clear that it satisfies the detailed balance. A unified thermodynamic-

s/kinetics framework is therefore needed to conclusively address the question whether

kinetically-stabilized mesoscopic phases can exist that form according to the particle-

complex scenario outlined above.

Here we develop a unified thermodynamics/kinetics framework demonstrating that

kinetically stabilized mesoscopic phases can can in fact emerge in the presence of chem-

ical conversion between the components in a fluid mixture. In important distinction

with the simplistic analysis in Ref. [10], individual clusters are not stable: There is a

critical size, as during nucleation of a stable phase, below which clusters evaporate,
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but above which the clusters grow. In contrast with regular nucleation, however, the

growth is eventually limited by a mechanical instability. The thermodynamic metasta-

bility of the cluster contents gives rise to a negative pressure inside clusters which

eventually exceeds the positive pressure due to the surface tension. As a result, the

clusters become unstable and split, likely by necking.

4.3 Model

As a starting point, we consider a liquid solution of a chemical species, themonomer,

capable of forming transient complexes with another molecule from the buffer. The

quantities pertaining to the two species, such as the concentrations, diffusivities, chem-

ical potentials, etc, will be labeled by subscripts 1 and 2 for the monomer and complex

respectively. By construction, the complex contains exactly one monomer and so chem-

ical conversion between the two species is first order in the protein monomer; the setup

can be generalized to the complex containing, for instance, two monomers, in which

case the kinetics are second order for the monomer. In the presence of the chemical

conversion, particle conservation implies:

ṅ1 = −∇j1 − k1n1 + k2n2

ṅ2 = −∇j2 + k1n1 − k2n2.

(4.3)
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where j1 and j2 are the monomer and complex fluxes while k1 and k2 are the rate of

complexation and complex decay respectively. We assume the rates are concentration-

independent thus ignoring higher order chemical processes. The transport for each

species is assumed to obey the empirical Fick’s law:[83]

ji = −D̃i∇µi, (4.4)

where ji, µi are the flux and chemical potential of species i. The diffusivity-like

coefficient D̃i is straightforwardly related to the conventional diffusivity via Di =

D̃i(∂µi/∂ni) when only species i is present. Eqs. (4.3) and (4.4) yield:

ṅ1 = ∇(D̃1∇µ1)− k1n1 + k2n2,

ṅ2 = ∇(D̃2∇µ2) + k1n1 − k2n2.

(4.5)

For a spatially inhomogeneous system, the chemical potential at location r is equal

to the cost of adding a particle at that location, as reflected in the variation of the

total free energy, F , with respect to the local concentration:

µi(r) =
δF

δni(r)
. (4.6)
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We approximate the free energy by the Ginzburg-Landau-Cahn-Hilliard functional, [100]

which is a good approximation away from criticality:

F =

∫ [κ1
2

(∇n1)2 +
κ2
2

(∇n2)2 + V (n1, n2)
]
d3r. (4.7)

The coefficients κi’s reflect the free energy cost of spatial variation in the concentrations

and are generally ni-dependent. The quantity V gives the bulk free energy density of

a spatially-uniform system as a function of the concentrations and temperature:

V (n1, n2) = f (n1, n2)− µ1,bn1 − µ2,bn2. (4.8)

The quantity f is the bulk Helmholtz free energy density: (∂f/∂n1)T,n2 = µ1,b,

(∂f/∂n2)T,n1 = µ2,b and µi the bulk chemical potential of species i, a spatially uniform

quantity. The subtraction of the linear terms µi,b ni amounts to making the bulk phase

the standard state with regard to the chemical potential, since ∂V/∂ni = 0 in the bulk.

Consequently, µi = 0 in the bulk. In equilibrium (which implies there is no spatial

variation in the concentration, among other things) the function V is simply equal to

the negative pressure. Indeed, fV −
∑

i µiNi = −pV is equal to the grand canonical

free energy. The species are in chemical equilibrium in the bulk:

k1n1,b = k2n2,b. (4.9)

The free energy density V has a stable minimum at n1 = n1,b, n2 = n2,b and

another, metastable minimum at different values of the species’ concentrations. Thus
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the metastable minimum represents a distinct liquid phase. The transition between

distinct liquid phases corresponds with the vapor-to-liquid transition and is observed,

for instance, in protein solutions as the liquid-liquid separation transition, usually

below the liquidus. With the intent to test the complexation picture due to Pan et

al. [10], we choose the locations of the two minima on the (n1, n2) plane so that the

minority phase is a bubble of vapor with respect to the monomer, but a liquid droplet

with respect to the complex:

nin
1,b < nout

1,b

nin
2,b > nout

2,b,

(4.10)

while assuming the monomer is dominant species on the outside:

nout
1,b > nout

2,b. (4.11)

Because the bulk free energy density V has two minima and the diffusivities D̃i and

coefficients κi are generally concentration dependent, Eq. (4.3) represents a system of

non-linear equations even in the case of first order kinetics for the chemical conversion.

The concentration dependence of D̃i’s and κi’s is not known, even though reasonable

interpolation schemes can be proposed. To reduce potential ambiguity due to such in-

terpolations and simplify the problem mathematically, here we make an approximation

in which the non-linearity is confined to a subspace of reduced dimensions. Specifically,

we expand the free energy in the two phases in terms of the deviation from equilibrium
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and truncate the expansion at the quadratic term:

V(α) (n1, n2) = ∆g(α) (4.12)

+
m

(α)
1

2

(
n1 − n

(α)
1,b

)2
+
m

(α)
2

2

(
n2 − n

(α)
2,b

)2
,

where

∆g(α) =





0, if α = out

∆g. if α = in,

(4.13)

The quantity ∆g thus gives the bulk free energy excess of the minority phase, per unit

volume. For a metastable minority phase, ∆g > 0. The coefficients mi ≡ ∂2f/∂n2i =

∂µi/∂ni reflect the osmotic compressibilities of individual species. For simplicity, we

have ignored the cross-term corresponding to ∂2f/∂n1∂n2. At the same time, we as-

sume that the diffusivities D̃i and coefficients κi are concentration-independent within

individual phases but do differ between the phases. The setup of the problem is ex-

plained in more detail in a recent article. [100]

Eqs. (4.5)-(4.8) and (4.12) thus yield:

ṅ1 = D̃1∇2(−κ1∇2n1 +m1n1)− k1n1 + k2n2,

ṅ2 = D̃2∇2(−κ2∇2n2 +m2n2) + k1n1 − k2n2.

(4.14)
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The time-dependent equations (4.14) can be solved numerically for initial con-

ditions of choice. Here we attempt a solution in a spherically-symmetric geometry

and in the steady-state approximation, which allows for an essentially exact solution.

The free energy density from Eq. (4.7) exhibits singularities right at the phase bound-

ary. The latter thus forms an infinitely thin, spherical dividing surface, call its radius

R. The inside and outside of the dividing surface are occupied by the minority and

majority phase respectively. In the steady-state approximation, we assume that the

stationary version of Eq. (4.14), ṅ1 = ṅ2 = 0 everywhere, which amounts to the as-

sumption that the droplet growth/decay is much slower than the time-scale on which

the concentration profiles of the species equilibrate.

The following boundary conditions must be imposed to patch the solutions of

Eq. (4.14) at the phase boundary:

ni(R
+) = ni(R

−) ≡ n‡i (4.15)

µi(R
−) = µi(R

+) (4.16)

∑

i

κi(∂ni/∂r)
2
∣∣R+

R− = 0 (4.17)

V(in)
(
n‡1, n

‡
2

)
= V(out)

(
n‡1, n

‡
2

)
, (4.18)

−1

n‡1

(
D̃1

∂µ1
∂r

)∣∣∣∣
R+

R−

=
1

n‡2

(
D̃2

∂µ2
∂r

)∣∣∣∣
R+

R−

≡ Ṙ (4.19)

As explained in great detail in Ref. [100], Eqs. (4.15)-(4.18) ensure that the concentra-

tions, local chemical potentials and local pressure be continuous at the interface, as is

prescribed by Eqs. (4.14). Eq. (4.18) specifies the phase boundary in the {ni} space
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by requiring the bulk free energy density V be continuous. Simply put, this phase

boundary is the intersection of the paraboloids from Eq. (4.12). The condition (4.19)

ensures that the rates of change of the droplet radius—as stemming from the mismatch

of the fluxes at the interface—are respectively equal for the two species.

Equations (4.14) are solved by a linear superposition of Yukawa potential-like

functions eqr/r. [100] The characteristic equation for the wavevector q can be written

in a physically transparent form:

0 = q6 − q4
(
l−2
1 + l−2

2

)

+ q2
[
(l1l2)

−2 + (l1L1)
−2 + (l2L2)

−2
]

−
[
(l1l2L1)

−2 + (l1l2L2)
−2

]
, (4.20)

where l2i ≡ κi/mi and L
2
i = Di/ki. The lengths li are correlation lengths of the Landau-

Ginzburg theory; [90] they are static, thermodynamic quantities. In contrast, the

lengths Li originate exclusively from the presence of chemical conversion and are kinetic

quantities that constitute new length-scales in the problem analogously to the length

scale from Eq. (4.2). Cases when the characteristic roots are degenerate can be dealt

with straightforwardly. For instance, the doubly degenerate root q = 0 corresponds to

an additive constant and a 1/r contribution to the solution.

It turns out that the present setup is over-defined in the sense that the kinetic

parameters D̃i are not independent, if a steady-state solution to problem (4.5) were to
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exist. Indeed, note that Eqs. (4.3) yield in steady state ṅi = 0:

∇2(D̃1µ1 + D̃2µ2) = 0. (4.21)

In equilibrium, the above equation is solved by D̃1µ1 + D̃2µ2 = 0, in view of the

condition µi(r = ∞) = 0 (recall µi = ∂V/∂ni = 0 in the bulk by construction). As a

result, one obtains

D̃1µ1 = −D̃2µ2. (4.22)

By Eq. (4.16), the above relation implies that the ratio D̃1/D̃2 must have the same value

in the two phases. This consistency relation can be written equally straightforwardly

when higher order chemical processes are present such as would be the case if the two

species in question corresponded to the monomeric and oligomeric form of a molecule.

As another constraint, we must discard such combinations of parameters that result

in imaginary values of the roots of Eq. 4.20). Finally, the free energy density (4.12)

constitutes an acceptable approximation not too far from the minima. The derivative

of the actual free energy should diverge (logarithmically) when the concentration of any

component vanishes, owing to the entropy of mixing. In practice, one can implement

this constraint by discarding solutions exhibiting negative concentrations. The so

simplified treatment will lead to quantitative but not qualitative error.

For an M -component mixture, the boundary conditions in Eqs. (4.15)-(4.19) leave

(M − 1) parameters undetermined, see detailed explanation in Ref. [100] These can
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be conveniently chosen as (M − 1) of the M concentrations n‡i at the phase boundary.

The remaining (M − 1) constraints are imposed by specifying the rate constants k‡i at

the phase boundary and that there be no chemical conversion at the boundary. For

the first order kinetic scheme (4.5), this implies

ṅ‡1 = −k‡1n
‡
1 + k‡2n

‡
2 = 0 (4.23)

ṅ‡2 = k‡1n
‡
1 − k‡2n

‡
2 = 0. (4.24)

4.4 Results

In the above setup of the problem, one can explicitly obtain coordinate depen-

dences of the concentrations, chemical potentials, and pressure. The latter can be

computed using Eq. (3.22), derived in the preceding Chapter. In addition to the triv-

ial solutions of the stationary problem that correspond to spatially homogeneous bulk

phases, there is also a unique non-trivial droplet solution at positive values of ∆g. That

is, there is finite-sized stationary droplet solution for a thermodynamically metastable

minority phase. This droplet solution is illustrated in Fig. 4.1.

The droplet solution represents a trajectory in the (n1, n2) space, see Fig. 4.2,

where it is superimposed on the contour plot of the bulk free energy V(n1, n2). Note

that for a finite R, the path may not reach the bulk value of the density of the minority

phase.

In discussing the results from Fig. 4.1, we first note that even in equilibrium,

the chemical potentials µi are not spatially uniform. This is contradistinction with
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Figure 4.1: The radial-coordinate dependences of the chemical potential µ, con-
centrations ni, and pressure p for a stationary cluster. The radial-coordinate, r,
is measured from the center of the cluster. The parameters employed are as fol-
lows: κin

1 = κin
2 = κout

1 = κout
2 = 1, min

1 = mout
1 = 52.36, min

2 = mout
2 = 500,

nin
1 = 0.0095, nin

2 = 0.12, nout
1 = 0.019, nout

2 = 0.0095, Din
1 = 0.33, Din

2 = 0.25,
Dout

1 = 1, Dout
2 = 0.76, kin

1 = 0.1, kin
2 = 0.0077, kout

1 = 0.05, kout
2 = 0.1, ∆g = 0.015.

The units are arbitrary; as a rough guide, the unit of length is set at molecular
dimensions and the unit of energy at a small fraction of kBT .

phase coexistence in the absence of chemical conversion, be it at finite size or not.

The deviation of the chemical potential from spatial uniformity implies that there is

particle transport for individual components. Still the total flux in the form of the

monomer and complex, i.e., the quantity
∑

i D̃i∇µi, is always zero in steady state,

by Eq. (4.21). We thus observe that the microscopic scenario of Pan et al.[10], while

generally correct, should be significantly modified: The monomer (species 1) flows

toward the boundary from both the bulk and the cluster core. On the other hand, the
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Figure 4.2: Contour plot of the bulk free energy density V(n1, n2) as a function of
the concentrations n1 and n2 of the components of a binary mixture. The upper-left
minimum corresponds to a minority phase. The trajectory shown corresponds to the
droplet solution in Fig. (4.1). The contour lines represent the line of equal free energy.
The free energy increases gradually as one goes from blue contour lines to red contour
lines. All parameter values are the same as Fig. 4.1. The units are arbitrary; as a
rough guide, the unit of length is set at molecular dimensions and the unit of energy

at a small fraction of kBT .

dimer (species 2), flows away from the boundary. In retrospect, this modification is

natural in that it implies a certain symmetry between the phases. The main “action”

occurs at the interface, not in the cluster core, as was suggested in Ref. [10].

The spatial inhomogeneity in the chemical potential represents a violation of the

most basic symmetry characteristic of fluids, that is, the translational symmetry. To

avoid confusion, we note that the chemical potential will eventually become spatially

uniform, because the droplets themselves are not stationary but, instead, diffuse on a
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finite timescale. Still, we observe that the actual stationary point of the total free en-

ergy that includes the bonding free energy is not spatially inhomogeneous. A somewhat

similar situation is found in supercooled liquids, [101, 102] whereby the free energy is

minimized by a spatially-inhomogeneous, aperiodic density profile, which also violates

the translational symmetry. In the long run, the density profile is spatially inhomoge-

neous owing to activated transitions between the aperiodic free energy minima.

Of special note is the non-monotonic coordinate dependence of the concentration

of the monomer, see Fig. 4.1. This monotonic dependence is also quite evident in the

(n1, n2) trajectory displayed in Fig. 4.2. In the latter figure, one also notices that the

trajectory is not smooth. These unusual behaviors can be contrasted with those found

in the absence of chemical conversion, see Chapter 3.

Also in contrast with the results from Chapter 3, the pressure exhibits a non-

monotonic dependence on the radial coordinate r in a stationary case, c.f. Fig. 3.4.

Most interestingly, pressure decreases inwards, at sufficiently small values of r. This is

expected in view of the discussion in Section 3.3, because the minority phase is higher

in free energy and thus lower in pressure than the majority phase.

We next address the question of the stability of the stationary point. In the

absence of chemical conversion, this question can be resolved by a stability analysis

of the free energy surface in the vicinity of a stationary point. For instance, the free

energy surface in Fig. 3.6 clearly indicates the stationary point is a saddle point. In

the present context, the free energy surface does not show any features of this type, see

Figs. 4.3 and 4.4. The surface is simply a “groove” that exhibits a general increase with
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Figure 4.3: Contour plot of the free energy of the droplet as a function of the
droplet radius R of the phase boundary and the concentration n‡

1 of component 1
at the phase boundary. The horizontal line indicates line of the most likely value
of n‡

1, see text. The contour lines represent the lines of equal free energy. The free
energy increases gradually as one goes from blue contour lines to red contour lines.
The parameters employed are as follows: κin

1 = κin
2 = κout

1 = κout
2 = 40, ∆g = 0.01,

k‡1 = 0.00005, k‡2 = 0.000045, kin
1 = 0.001, kin

2 = 0.000077, kout
1 = 0.0005, kout

2 = 0.001.
All other parameters are the same as Fig. 4.1. The units are arbitrary; as a rough
guide, the unit of length is set at molecular dimensions and the unit of energy at a

small fraction of kBT .

increasing R, as could be expected on purely thermodynamic grounds: The droplet

growth is subject to both bulk and surface penalty, free energy-wise.

Here, instead, we solve our equations at values of n‡1 and R other than at the

stationary point. To do so, we must relax the requirement that ṅ‡1 = 0. (The value of

ṅ‡2 is automatically fixed by the constraint in Eq. (4.18).) Thus for each value of n‡1 and

R, we compute the vector (ṅ‡1, Ṙ). This effectively specifies the equations of motion

in the (n‡1, R) plane, which can be used to determine, numerically, the trajectory of a

droplet prepared at any values of the radius and chemical composition at the interface.

A “flow diagram” consisting of a set of such trajectories for a specific set of parameters
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Figure 4.4: The free energy of the droplet, F , as a function of the droplet radius
R at a fixed, most likely value of the concentration n‡

1 of component 1 at the phase
boundary shown as the horizontal line in Fig 4.3. The units are arbitrary; as a rough
guide, the unit of length is set at molecular dimensions and the unit of energy at a

small fraction of kBT .

in shown in Fig. 4.5. The flow diagram explicitly shows that the stationary point

is, effectively, a saddle point not unlike the critical nucleus solution in the absence

of chemical conversion. As in the latter case, a droplet prepared to the left of the

dividing line, shown as the dash-dotted line in Fig. 4.5, will evaporate. Likewise, those

droplets prepared to the right of the dividing line, would seem to be unstable toward

unlimited growth. The growth/evaporation are predicted to largely follow a “steepest

descent line,” ṅ‡1 = 0, shown as the dashed line on the flow diagram in Fig. 4.5. This

is consistent with our earlier statement that the chemical composition at the interface

relaxes fast on the time-scale of droplet growth. We will denote the value of the radial

coordinate at the stationary point of the flow diagram with R‡ since it constitutes a

transition state.

The unlimited growth suggested by Fig. 4.5 should not take place—in view of
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Figure 4.5: The flow chart of clusters in (n‡
1, R) space, where R and n‡

1 are the
radius and concentration of component 1 at the phase boundary of the droplet. The
black lines and arrows indicate the time evolution of clusters at any point of the line
in the phase space initially. The red dash line represents the line where ṅ‡

1 = 0, and
the blue dotted line represents the separation line where clusters on the right grow,
and vice versa. All parameters are the same as Fig. 4.3. The units are arbitrary; as a
rough guide, the unit of length is set at molecular dimensions and the unit of energy

at a small fraction of kBT .

the metastability of the minority phase—because such growth would mean that the

system could spontaneously convert to a state with a higher free energy. This would

violate the second law. That such violation does not, in fact, take place can be seen

by monitoring the pressure inside the droplet as a function of the droplet radius. In

Fig. 4.6, we show the dependence of the pressure at the droplet’s center, p(r = 0)

relative to its value in the bulk, p(∞), as a function of the droplet radius, for droplets

belonging to the “steepest descent line” in Fig. 4.5.
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Figure 4.6: The pressure, ∆p, in the center of the droplet, relative to its value in
the bulk, as a function of the droplet radius R. The chemical composition is fixed
along the steepest descent line Fig. 4.5. The units are arbitrary; as a rough guide,
the unit of length is set at molecular dimensions and the unit of energy at a small

fraction of kBT .

When the pressure differential ∆p ≡ p(r = 0)−p(∞) approaches zero, this signals a

mechanical instability. Indeed, imagine a droplet distortion into an oblong shape, as in

Fig. 4.7(a). The “equatorial” portions of the boundary now have even a lower curvature

than the curvature before the distortion implying the local pressure differential is now

negative, according to Fig. 4.6. The resulting imbalance of the force with push the

boundary further inward thus making the local ∆p even more negative, and so on. This

mechanical instability will ultimately lead to a break-up of the droplet by necking, as

shown in Fig. 4.7(b).

Both the position of the steady-state, “critical” radius R‡ and the maximum radius

Rmax depend on the parameter values, and, specifically, on the free energy excess
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(b)(a)
Figure 4.7: (a) Illustration of how a deformation of a sphere into an oblong ellipsoid
results in creation of areas of reduced curvature. (b) Those areas of reduced curva-
ture will further deform toward the center of the ellipsoid thus leading to a necking

instability.

∆g. We show these dependences in Fig. 4.8. According to the latter figure, the

critical radius increases with ∆g, in contrast with standard nucleation in the absence of

chemical conversion. The maximum allowed radius Rmax, on the other hand, decreases

with ∆g. Clearly, only configurations such that R‡ < Rmax are meaningful. According

to Fig. 4.8, there is a threshold value of ∆g beyond which the latter condition is not

satisfied. In other words, there is a largest allowed extent of metastability of the

minority phase, after which droplets cannot nucleate. This is, in a sense, similar to

regular nucleation: For a sufficiently big value of the metastability, there is a spinodal

point beyond which the metastable minimum disappears altogether. Such a minority

cannot exist because it would simply “roll down” toward the stable minimum uniformly

without the need for nucleation.
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Figure 4.8: The ∆g dependence of the critical radius R‡ and maximum possible
value of the droplet radius Rmax beyond which the droplet becomes mechanically
unstable. ∆g is the bulk free energy excess of the minority phase per unit volume
from Eq. (4.13). All other parameters are the same as Fig. 4.3. The units are arbitrary;
as a rough guide, the unit of length is set at molecular dimensions and the unit of

energy at a small fraction of kBT .

We summarize the discussion of mechanical instability by reiterating that at a

steady value of ∆g, clusters of the metastable phase are expected to nucleate and grow

in size until they reach the maximum size Rmax beyond which they become unstable

toward disintegration, likely by necking. Thus the present framework predicts that it

is this size Rmax determines the steady state size for clusters.

Finally we discuss ripening in an assembly of clusters coexisting in a solution. On

the one hand, we are motivated by direct observation of such ripening in lysozyme

solutions. [14] On the other hand, one must recognize that when a droplet of protein-

rich liquid grows, this results in some depletion of protein in the bulk. Conversely,

droplet evaporation results in replenishment of protein in the bulk. The latter situation
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is reminiscent of Ostwald ripening in solutions. At a given value of under-saturation ∆

of the majority phase, the rate of growth of an individual cluster is given by a simple

formula: [96]

Ṙ =
D

R

(
∆− α

R

)
, (4.25)

where D is the diffusivity of the species in question and the coefficient α is proportional

to the surface tension of the droplet-solvent interface. The above formula originates

from the Gibbs-Thompson expression for the excess pressure of the saturated pressure

over a droplet with finite curvature, see Chapter 3. The deviation of this excess pressure

from its value during macroscopic coexistence scales with α/R. In the Lifshitz-Slyozov-

Wagner theory, [96, 97] those droplets that are smaller than the critical radius

R‡ ≡ α/∆, (4.26)

will irreversibly evaporate, while those exceeding R‡ in size, will grow. Because of the

decreased curvature, the free energy cost of placing the species inside the droplets will

decrease resulting a (small) increase in the overall volume of the droplets, but, more

importantly, in a decrease of the the concentration in the bulk. The latter results in

a decrease in the over-saturation ∆ and, hence, an increase in R‡. Thus, the average

droplet size will grow with time. To avoid confusion we emphasize that we are in a

regime where the minority phase has already largely formed, but the size distribution

of the droplets has not yet reached its final form. In true equilibrium, the latter form

simply corresponds to one large cluster of the minority phase; this way the total surface
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area of the clusters and ensuing free energy cost are minimized.

Eq. (4.25) can be profitably rewritten in terms of the critical radius and the di-

mensionless radius R̃ ≡ R/R‡:

dR̃

dt
=
αD

R‡3

(
1− 1

R̃

)
1

R̃
(4.27)

Lifshitz and Slyozov [96] have shown that at sufficiently long times, the droplet size

distribution tends toward a scale-free form that is determined by the critical radius R‡

alone. In other words, the distribution of the dimensionless radius R̃ is time indepen-

dent at long times. Averaging Eq. (4.27) w.r.t. to this distribution immediately shows

that for this equation to be internally consistent, one must have at long times:

R‡ = (Dαt)1/3, (4.28)

up to a multiplicative constant of order one. (The coefficient turns out to be 2/9 in

the simplest treatment. [96]) To avoid confusion, we note that the time are sufficiently

long that memory of the initial distribution of the droplet sizes is already lost but not

so long that the number of clusters is subthermodynamic.

Eq. (4.25) implies that R2Ṙ ∝ (R/R‡− 1), that is a straight line. For comparison,

we plot the quantity R2Ṙ, which is the growth rate of a droplet (up to 4π), for our

kinetically stabilized clusters, see Fig. 4.9. Although the two dependences are rather

similar, the dependence of the critical radius R‡ on the under-saturation ∆, which

is proportional to our ∆g, could not be more different from Eq. (4.26). According
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Figure 4.9: The dependence of the rate of growth R2Ṙ of the droplet volume for
conventional nucleation, according to Gibbs and Thompson [1] and the kinetically-
stabilized clusters studies in this work. The red line is the best fitted line according to
the functonal form of Eq. (4.29). The upper limit for the droplet radius R is chosen
at R = Rmax. The units are arbitrary; as a rough guide, the unit of length is set at

molecular dimensions.

to Fig. (4.8), the critical grows with ∆, in contrast with Eq. (4.26). Despite this

distinction, there is still ripening because in contrast with the normal Ostwald ripening.

This is because the bulk phase is over-saturated with respect to the minority phase,

not under-saturated. Indeed, suppose the average droplet radius increases and so the

total surface free energy of the droplets decreases. Consequently, more material is

sequestered from the bulk into the droplets. As the concentration in the bulk drops

(very modestly), ∆g becomes larger thus leading to an increase in R‡, by Fig. 4.8.

As a result, some of the droplets now become smaller than the critical size and will

evaporate thus “feeding” those droplets exceed in size the now increased R‡. We thus

conclude that the supposition of droplet ripening is in fact internally consistent.
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Figure 4.10: The ∆g dependence of the combination (x+ y+ z) of the parameters
from Eq. (4.29) and (4.30). ∆g is the bulk free energy excess of the minority phase
per unit volume from Eq. (4.13). The units are arbitrary; as a rough guide, the unit
of length is set at molecular dimensions and the unit of energy at a small fraction of

kBT .

To get an idea of how fast the ripening of the kinetically stabilized droplets will

proceed, we fit the pertinent curve in Fig. 4.9 by a functional form:

R2Ṙ ∝ RxR‡z
(
Ry −R‡y

)
. (4.29)

(The Gibb-Thompson case would correspond to x = 0, y = 1, and z = −1.) The same

line of logic that led to Eq. (4.28) yields

R‡ ∝ t1/[3−(x+y+z)]. (4.30)

In Fig. 4.10, we show the ∆g dependence of the combination (x + y + z) of the
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Figure 4.11: The ∆g dependence of the combination (x + y) of the parameters
from Eqs. (4.29) and (4.30). ∆g is the bulk free energy excess of the minority phase
per unit volume from Eq. (4.13). The units are arbitrary; as a rough guide, the unit
of length is set at molecular dimensions and the unit of energy at a small fraction of

kBT .

parameters from Eqs. (4.29) and (4.30). We observe that by Eq. (4.30), the predicted

growth implies R‡ ∝ t1/(3.2±0.2) = t0.31±0.02, which is quite close to if not somewhat

faster than the dependence t0.26±0.03 observed by Ye Li et al. [14]. We should mention

that we have not established that the cluster-size distribution is, in fact, scale-invariant

within the present framework, which would be necessary to validate Eq. (4.29). This is

work in progress. Still, the data of Ye Li et al. [14] suggest that the distribution is, in

fact, scale-invariant. In addition, a more detailed study of ripening may shed light on

the apparent overall slowness of the ripening reported in Ref. [14]. The slowing down

compared with regular nucleation is by about a factor of ten, a significant value.

Finally, we mention a potential source of ambiguity stemming from one of our

approximations. In Fig. 4.11, we show the ∆g dependence of the combination (x+y) of
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the parameters from Eqs. (4.29) and (4.30). The quantity (x+y) is numerically around

2, which significantly exceeds its value 1 in the Gibbs-Thompson case. Note that in the

latter case, the droplet growth rate has the same functional form for its R-dependence,

at large R, as diffusion-limited droplet growth. Indeed, diffusion-limited growth cannot

exceed the rate Ṙ ≃ D/R. Now, Eq. (4.29) and Fig. 4.11 imply that beyond a certain

threshold value Rd of the droplet radius, the growth rate of a kinetically stabilized

droplet would be faster than the diffusion limited rate. This result is an artifact of

our having made the steady-state assumption that the diffusion-driven equilibration

of the concentration is much faster than the droplet growth. We may thus tentatively

conclude that in cases when the radiusRmax corresponding to the mechanical instability

is greater than the threshold radius Rd, the ripening will change its characteristics. To

answer this question definitively, one must lift the steady-state assumption and solve

the equation numerically, which is work in progress.

4.5 Summary

We have established that in the presence of chemical conversion between com-

ponents of a mixture, there may emerge finite-size clusters of a metastable phase, a

physical impossibility in the absence of chemical conversion. The clusters are stabilized

kinetically, not thermodynamically. While the nucleation of such metastable phases is

superficially similar to the nucleation of under-saturated minority phases, the growth

of the phases is eventually subject to a mechanical instability. The latter instability
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determines the steady state size of the clusters. Ripening of the clusters is predicted to

resemble ordinary Ostwald ripening, but with a somewhat distinct time dependence.
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Chapter 5

Conclusions and Future Work

This work represents, I believe, a significant step toward elucidating the micro-

scopic origin of the mesoscopic clusters observed in protein solutions. Perhaps the

most puzzling aspect of the clusters is their finite, mesoscopic size. According to es-

tablished paradigms of phase equilibria, stable phases should be either of infinite extent

or not exist at all. The situation may change, however, in mixtures in which chemical

transformation between components is allowed. This notion is the basis of the mi-

croscopic scenario proposed earlier by Pan et al. [10], by which the clusters consist of

a mixture of monomeric protein and a protein-containing complex, such as a protein

dimer or a transient complex between protein and another molecule from the buffer.

In the latter scenario, a new lengthscale emerges that stems from to the finite life-

time or the complex; the lengthscale is determined by the diffusivity of the complex

and the lifetime itself. At the lowest level of approximation, the new lengthscale is

associated with the cluster radius. In setting out to test this microscopic proposal, we
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have divided the problem into two parts: One, of biochemical nature, has to do with

establishing the mechanism of complex formation that would account for a specific

lifetime of the complex. In the other part of the problem, one must test whether the

complexation scenario is thermodynamically consistent and, desirably, establish basic

dynamical features of cluster growth and nucleation.

The key findings of the present work can be summarized as follows. In inquiring

as to the mechanism of complex formation, we have established that in an important

model system, the protein lysozyme, partial unfolding must take place during binding.

The main tool in this part of the study was a newly developed model that builds on

the venerable Tanford-Kirkwood model; the latter is the simplest way to account for

anisotropic distribution of charge on the solvent exposed surface of a protein molecule.

The present model is computationally efficient and allows for an essentially complete

sampling of the mutual configurations of a small colletion of protein molecules. We

have established that despite the large overall charge on lysozyme, at the conditions in

question, there are several stable configurations of putative protein dimers, in which

opposite charges are mutually close while like charges are sufficiently separated so

that their mutual repulsion is efficiently screened by the solvent. Still, these stabilized

configurations are vastly outnumbered by repulsive configurations. As a result, the

ensemble of all possible configurations, properly weighted using the Boltzmann dis-

tribution, corresponds to a protein dimer that is too short lived to account for the

observed cluster size.

In attacking the problem at the mesoscopic scale, we have made two advances.
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In the first, formal advance, we have established a new expression for the coordinate-

dependent pressure in an important class of density-functional theories, i.e., the Landau-

Ginzburg functional. We have generalized the old, and often overlooked, discussion by

van der Waals of coordinate-dependent pressure in a nucleus of an incipient phase to

mixtures and off-equilibrium situations. We have demonstrated an interesting formal

analogy between the energy in classical mechanics and pressure in thermodynamics.

In this analogy, energy conservation corresponds to Pascal’s law. The latter is shown

to apply during macroscopic phase coexistence. In contrast, the pressure must be spa-

tially inhomogeneous when the nucleus is finite-sized. In complete equilibrium and in

the absence of external potential or chemical conversion, pressure always increases to-

ward the center of the droplet, as is expected based on the venerable Laplace formula.

In the present formalism, the Laplace expression is seen as the thin-wall limit of a more

general expression. These somewhat formal results have been illustrated with ordinary

nucleation in mixtures and a discussion of the effects of amphiphillic adsorbents on an

interphase boundary. In the first case, the nearly analytical nature of the approach

allows one to explicitly build the free energy surface of the droplet, whereby the coor-

dinates naturally turn out to be the droplet radius and the chemical composition at

the interace. The critical nucleus is explicitly seen as the saddle point on this surface.

These results, along with the ability to compute the coordinate-dependent pressure,

are a prerequisite for the ultimate goal of the work to develop a description of nucle-

ation in mixtures when chemical conversion is present. In the amphiphile discussion,

we explicitly demonstrate down-renormalization of the interface tension in the presence
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of detergent and discover that binding of the amphiphile to the interface is subject to

a modest barrier.

The preceding developments enable us to systematically treat phase nucleation in

liquid mixtures in the presence of chemical conversion between the components. The

main result is that inclusions of a metastable phase can be indeed kinetically stabilized.

Such finite size inclusions can not be present in the absence of chemical conversion.

Similarly to the latter case, the new lengthscale is similar to a critical nucleus size, even

though there is no apparent saddle point on the free energy surface that corresponds to

this critical size. Indeed, the free energy surface is a monotonically increasing function

of the droplet radius and exhibits no special features, as should have been expected

in view of the bulk and surface contributions to the free energy cost of the droplet.

Despite this circumstance, we explicitly show that there is a region in the space of

order parameters, i.e., the droplet radius and chemical composition at the interface,

which corresponds to an unlimited growth of the droplet. This growth is shown to

be ultimately halted by a mechanical, not thermodynamic instability. At sufficiently

large droplet radii, the negative pressure due to the metastability of the minority

phase overpowers the positive Laplace pressure. This causes the total pressure inside

the nucleus to drop below its value in the bulk, for a sufficiently large droplet. Thus

the surface becomes unstable toward local reduction in curvature, which eventually

leads to disintegration of the droplet, through caving in of the interface and, then, by

necking. With regard to cluster ripening, we obtain that Ostwald-like ripening could

in fact, take place in fact, take place in the presence of chemical conversion, but with
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a time dependence distinct from that in the Lifshitz-Slyozov-Wagner scenario.

The present studies have achieved their goal to test the complexation hypothe-

sis at the continuum level. Still much work remains to connect the experimentally

observed characteristics of the clusters with properties of specific protein solutions,

such as the identity of the protien, ionic strength of the buffer, temperature, and

concentration. A major open question is the identity of the complex. The present de-

velopments justify further, more elaborate studies on both the mechanism of complex

formation in specific systems and computationally-intense, direct molecular studies of

the complexation-caused aggregation that leads to the mesoscopic clusters. Determin-

ing the mechanism of complexation is difficult. Experimentally, the main difficulty

stems from the small volume fraction of the clusters, which makes it difficult to sepa-

rate the signal due to the clusters from that due to the bulk solution. Computation-

wise, studying protein binding accompanied by partial folding is hard because the

corresponding timescales are much longer than what can be presently afforded by an

all-atom simulation. Some coarse-graining can be done. We specifically plan to employ

Associative-Memory Hamiltonians as a method that has worked well for both protein

folding and complexation [103]. In refining modeling of mesoscopic phase ordering,

we plan to first solve the full, time-dependent nonlinear problem (4.3) numerically for

a more realistic functional form of the bulk free energy density. Following that, one

may proceed with direct simulations of aggregation. The density dependent binding

rates will be parametrized based on the results of the direct modeling of complexation

outlined above.
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Appendix A

Supporting Information of

Chapter 2

A.1 Charge distribution on the surface of the model pro-

tein

The model assumes the protein molecules are spherical in shape, as discussed in

the Chapter 2. The charges on the residues are located at a depth b, below the surface

of the sphere, at the altitude and longitude equal to those in the actual molecule, where

the origin of the coordinate system is placed in the center of mass of the molecule in

both cases. A specific view of the actual structures corresponding to Fig. 2.1 is given

in Fig. A.1:
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Figure A.1: The configuration of two lysozyme molecules that was used in compiling
the comparison plot in Fig. 2.2(b). This configuration roughly corresponds to the
configuration in Fig. 2.1, with the only difference that the distance between surfaces
in that Figure is bigger, for clarity. The four marked residues correspond to the subset
of the “interfacial residues,” whose protonation states are explicitly considered in the

present model.

A.2 Electrostatic potential determined via APBS

The electrostatic potentials determined in the present model have been compared

to those obtained with the Adaptive Poisson-Boltzmann Solver (APBS) [61], as detailed

in the Chapter 2. The solver yields the full value of the electrostatic potential in a

given grid point. The potential on a charge is obtained by averaging the potential on

several neighboring grid points. A specific example of the dependence of this potential

on the separation between the two proteins is shown in Fig. S3 by the solid line. This

potential also includes the contribution from the residues and the polarization charges

on the same protein. This contribution, which was computed via APBS for a solitary

protein, is shown by the horizontal dashed line. The difference between the two curves,
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Figure A.2: The dependence of the electrostatic potential, ϕ, on residue Asp66
on the separation between the protein surfaces in the configuration from Fig. A.1,
as computed using APBS on the actual protein. The portion depending exclusively
on the separation is obtained by subtracting the value of the potential at infinite
separation, which was calculated for a solitary protein, also with the help of APBS.

denoted with ϕ, gives the contribution to the potential that is exclusively due to the

other protein. It is this difference that is used for the comparison plots in Fig.2.2 of

Chapter 2 and Fig. A.3 below.

A.3 Enhancement of the Coulomb interactions due to di-

electric discontinuity

Here we estimate the effect of the dielectric discontinuity, due to the solvent-

protein interface, on the interaction between charged residues; these, we remind the

reader, are modeled as point-like charges placed at depth b beneath the surface of a

sphere whose dielectric susceptibility, ǫp = 2, is much lower than that of the solvent,

ǫw = 78. We will assume there are no free charges in the solvent. We will see that the
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Figure S4:  The electrostatic potentials on individual residues obtained using the present model 
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Figure A.3: The electrostatic potentials, ϕ, on individual residues obtained using
the present model (b = 2.0Å) and those computed with APBS are plotted against each
other, see text and Figs. 2.1 and A.1 for detailed description of the configuration. Only
the portions that depend on the interprotein distance are shown. The insets replot
the same graphs on the log-log scale to better show the small values of ϕ. Panels (a)
and (b) correspond to the spherical and actual shape respectively. b is the depth of

the charge beneath the surface of the protein sphere.

effects of the discontinuity are significant only on length scales shorter than the Debye

screening length, implying the present results are applicable at the ionic strengths in

question. The problem of the interaction between two charges imbedded in dielectric

spheres placed in a dielectric with a distinct susceptibility does not appear to have a

closed form solution. Known formal solutions for arbitrary geometry are cumbersome

and can be found in Ref. [104] and references therein. Here we consider the simplest

geometry, which has both axial symmetry about the line connecting the protein centers

and mirror symmetry about the plane perpendicular to that line and crossing it exactly

at the midpoint. Hereby the charges are located on the connecting line facing each

other, so each charge is at a distance ξ = Rp− b to the center of the respective protein,

while the charge-charge distance is thus rc − 2ξ. In the case of like (opposite) charges,
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the electrostatic potential is an even (odd) function w.r.t. reflection about the plane.

We can use this notion and Eqs. (1) and (3) of Nakajima and Sato [105] to expand the

potential in a series in terms of the Legendre polynomials Pn, outside the l.h.s. sphere,

in the l.h.s. half-space:

ϕout(r, θ) =
1

ǫw

∞∑

n=0

Pn(cos θ)

[
an

(
Rp
r

)n+1

±
(
r

rc

)m+1 ∞∑

m=0

(m+ n)!

m!n!
am

(
Rp
rc

)m+1
]
,

(A.1)

where r and θ are the distance and the azimuthal angle w.r.t. the l.h.s. protein center

and an are the expansion coefficients. The second sum corresponds to the field from the

r.h.s sphere reexpanded w.r.t. to the l.h.s. center. The plus (minus) sign corresponds

to the like (opposite) charges case. Inside the protein, the potential is expanded in the

standard fashion [106]:

ϕin(r, θ) =
1

ǫp

∞∑

n=0

Pn(cos θ)

[
1

ξ

(
ξ

r

)n+1

+ bn

(
r

Rp

)n]
, (A.2)

where bn are the expansion coefficients. Again, is the usual way, we obtain a closed

(and infinite) system of linear equations for the expansion coefficients an and bn, by

demanding that at the protein-solvent interface, the potential and the normal compo-

nent of the field are continuous: ϕout(r)r=Rp = ϕin(r)r=Rp and ǫw(∂/∂r)ϕout(r)r=Rp =

ǫp(∂/∂r)ϕin(r)r=Rp . This system of equations can be solved numerically; the second

sum in Eq. (A.2), at r = ξ, θ = 0, yields the value of the potential at the chosen

charge due to the other charge and the polarization charges on both protein-solvent
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interfaces. In Fig. A.4(a), we show the dependence of this potential on the distance

between the protein surfaces for ξ/Rp = (1.7− 0.15)/1.7, as relevant for b = 1.5Å and

Rp = 1.7nm, for like and opposite charges. To determine the portion of this potential

that depends on the distance between the charges, one must subtract from its full value

the contribution of the polarization charge on the protein-solvent interface caused by

its own charge. This contribution can be computed, for instance, using the exact solu-

tion by Finkelstein [107], see also Ref. [108]. This contribution is shown in Fig. A.4(a)

as the horizontal line. In Fig. A.4(b), we subtract this background contribution and

multiply the result by ǫw(rc − 2ξ), which thus yields to the “enhancement” caused by

the dielectric discontinuity. We observe that the enhancement for opposite charges is

only modest, while that for the like charges can be quite significant. In the article,

we use the enhancement factor as computed for the axially symmetric geometry for

the residues from the “interfacial” subset, even if the residues do not face each other

precisely. In the latter case, we assume the argument in Fig. A.4(b) is the distance

between the charges minus 2b.

A.4 Angular integration and averaging

The angular integration in Eq. (2.11) of Chapter 2 and angular averaging of the

PMF over the protein orientations are done by discrete summation over the orienta-

tions of the two proteins. Specifying a set of orientations is equivalent to specifying a

set of points on the surface of a sphere. The “generalized spiral set” algorithm, due
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Figure S5:  (a) The distance dependence of the potential on a positive charge inside one protein 
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Figure A.4: (a) The distance dependence of the potential on a positive charge
inside one protein stemming from a positive and negative charges imbedded in the
other protein, see Chapter 2 for geometry. (b) The correction pij from Eq. (2.6) as
a function of the distance between the protein surfaces. rc is the center-to-center
separation of two proteins. ξ is the distance of each charge to the center of the
respective protein. Note the length is measured in terms of the protein radius, Rp.

to Rakhmanov et al. [109], see also Ref. [110], produces high quality sets of points dis-

tributed approximately uniformly on the surface of a sphere. We use this algorithm to

generate the set of orientations for each protein, according to the following procedure:

First, the proteins are placed in contact and 700 configurations are generated for

each molecule, which, we remind, are spherical. Out of the 700 × 700 = 490, 000 total

configurations, we choose the one with the lowest electrostatic energy. We keep this

lowest energy configuration and discard the rest. Second, we generate sparser grids,

with 100 points for each protein, so that one of the grid points falls on the lowest energy

configuration from the first step. All of these 100 points will contribute to the grid that
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will be employed in the integration and averaging. To better sample the vicinity of the

lowest energy configuration, we generate an additional, denser subset of configurations;

this subset is centered at the “lowest-energy” point and covers an area equal to the

area per point in the 100-point grid. The point density in this subset corresponds to

3,300 grid points per surface of the whole sphere. Depending on a realization, the

denser subset contains 35 or 36 points, call this number ω. In computing averages

or integrals, the points from the denser subset contribute with the weight 1/ω. The

total number of configurations, at each distance, is thus (99 + ω1)(99 + ω2), where

the ω’s give the size of the denser subsets for the two molecules. The figure 3,300 for

the density of the denser subset was chosen, for the sake of concreteness, so that the

distance between the residues within the closest pair is determined with an error not

exceeding 10respect to the dihedral angle between the protein molecules, we sample

uniformly over 8 angular positions of one of the molecules, the rotation being around

the line connecting the centers of the molecules.

A.5 Parameters for the interpolation in the molecular

term Emol from Eq. (2.7)

In the interpolation region, r1 < rs < r2, the molecular term Emol is presented as

a fifth degree polynomial: Emol = c5r
5
s+c4r

4
s+c3r

3
s+c2r

2
s+c1r

1
s+c0, where the energy

is measured in kBT and distance in nanometers. These corresponding parameters, as

well as the parameters for the Lennard-Jones like functional form from Eq. (2.9) are

listed in the table below:
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b = 1.5Å b = 2Å

α 12 12

σ, nm 2.32 2.34

r1, nm 1.23 1.28

r2, nm 2.63 2.68

c0 -2.33 -2.21

c1 4.84 4.42

c2 -4.16 -3.63

c3 1.85 1.53

c4 -0.420 -0.328

c5 0.0391 0.0286

A.6 Energetics of trimers

Here we present the distribution of total “contact energies” for two select geome-

tries of a lysozyme trimer. In the first geometry, called “compact,” every molecule is

in contact with the other two so that the centers of the molecules form an equilateral

triangle; thus the complex has three contacts. (By “contact,” we mean that each pair

is in the minimum of the respective twobody PMF.) In the second geometry, called

“L-shaped,” there are only two contacts. It was possible to set the angle between

the “legs” of the L so that the lowest energy configuration– i.e., Lys116-Asp52–was in

principle accessible for both contacts at the same time. This angle is about 81 deg.

The resulting distributions of the Coulomb energies weighted by the Boltzmann factor

(analogous to Fig. 2.6 of Chapter 2) are shown in Figs. A.5 and A.6 for the compact

and L-shape geometry respectively.

The lowest values of the Coulomb component for the compact and L-shaped clus-

ters are −2.25kBT and −1.43kBT respectively, to be compared with −1.15kBT for a

dimer. We thus observe the lowest energy “bond strength” does not scale with the

number of contacts. On the other hand, the typical energy – which is unfavorable –
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Figure A.5: Boltzmann-weighted distribution of the Coulomb term, ECoulomb, of
a compact lysozyme trimer, in which all three pairs of molecules is at the minimum
of the respective two-body PMF; b = 1.5Å. b is the depth of the charge beneath the

surface of the protein sphere.
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Figure A.6: Boltzmann-weighted distribution of the Coulomb term, ECoulomb, of
an L-shaped lysozyme trimer, in which only two pairs of molecules are at the minima
of their respective two-body PMF; b = 1.5Å. b is the depth of the charge beneath the

surface of the protein sphere.

does approximately scale with the number of contacts. According to the histograms in

Figs. 2.6, A.5, and A.6, this energy is about +2.5kBT , +7kBT , and +6kBT for the

dimer, compact trimer, and L-shaped trimer, respectively. Furthermore, we infer from
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those histograms that the typical state is likelier, compared with the lowest energy

state, for both the compact and L-shaped trimers than for the dimer, by a factor of

5 and ¿10 respectively. (The bin width is the same throughout.) These factors out-

weigh the stabilization of the lowest energy state of the trimer relative to the dimer,

implying the Coulomb-repulsive configurations dominate the phase space of large col-

lections of lysozyme molecules. To summarize, the above behavior is consistent with

the notion made in Chapter 2 that for complexes containing more than two monomers

it is appropriate to regard the Coulomb interaction as approximately isotropic.

Several remarks are due on the precise way we have obtained the histograms in

Figs. 2.6, A.5 and A.6. To avoid re-computing the interaction for the three spheres,

which is rather computationally intensive, we use the energy values computed earlier for

distinct mutual orientations within a dimer. Since the angular grids on the individual

spheres are discrete, it is not generally possible to align the three spheres in such a way

that the precise mutual orientation for all three contacts is represented in the original

data set for the dimer. Now, for any particular orientation of the three constituent

spheres, two contact energies are taken from the dimer data set, which was calculated

using the procedure described in Section A.4. For the remaining contact, we use the

datum corresponding to the mutual orientation from the set that matches best the

actual orientation.
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