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Abstract 

     In this thesis one of the recently developed gain scheduling control methods, the 

linear parameter varying (LPV) technique is demonstrated. Starting from the basic 

definitions of an LMI, important derivations of  time delayed control design conditions 

are derived. In subsequent steps, a motivating example is shown such that the stability 

and performance of the system is guaranteed in the full operating envelope.   

     The thesis consists of methods and derivations to address time-delayed LPV plants. 

The synthesis conditions show that the proposed controllers are not only capable of 

compensating the delay bound but also its rate variation bound. A main benefit of the 

obtained controllers is that the scheduling of the parameters lead to a robust behavior 

even for large delay variation and rate. Numerical examples are used to compare the past 

methods and the current results on the analysis and control design of the same system.  

     Finally the internal combustion engine air-fuel ratio problem is investigated with the 

help of the derived output-feedback controller design results. The same problem is 

addressed with a Smith Predictor based Internal Model Control technique to satisfy 

desired transient and steady-state response characteristics. The LPV control shows better 

performance compared to the IMC method for small values of the delay. Simulations are 

used to evaluate the results for larger values of the delay. For large values of the delay 

the bounds on the Lyapunov –Krasovskii approach introduce some conservatism in the 

control design and thus, performance specifications are compromised.
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CHAPTER 1 

INTRODUCTION 

1.1 Linear Parameter Varying Control 

       Linear Parameter Varying (LPV) control is described as a method of controlling a 

system whose parameters depend on a time varying vector. The LPV control methods 

have been examined in applications ranging from wind turbine control [18, 33], to  

robotics research [20], to aerospace vehicles control  [32], to  automotive suspension 

systems [29], to engine powertrain control systems  [9, 10]. The LPV control is 

applicable to time-varying and non-linear systems. The state-space matrices of the 

systems are varying with a parameter vector      that  is assumed to be unknown in 

advance, but measurable in real-time. Systematic ways of obtaining the controller 

matrices has been developed to apply this method to gain scheduling control of practical 

systems. This systematic approach results in a controller which can guarantee stability 

and performance for all range of the operating points with its bounded rate  ̇    inside a 

determined envelope. The LPV approach provides parameter-dependent controllers such 

that a frozen linear controller is derived for every fixed value of the scheduled parameters 

at each instant of time.  

     There have been a numerous efforts of developing the LPV controllers in the last 

decades that meet practical specifications and constraints. In its applications, multiple 

constraints are introduced to the systems. Then feasibly and optimization problems are 

solved in a  LMI formulation, using effective approaches of parameter gridding in a 

finite-dimensional space.  This efficient optimization algorithms can be  solved using the 

corresponding toolbox in Matlab. 
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      In this thesis, we consider the design of a LPV controller such that stability and 

performance specifications are met in the presence of uncertainty and time delay in a 

LPV plant. In chapter 2, we briefly discuss the conventional gain scheduled controller 

design by using the basic characterization method  [27]. Later on the analysis and the 

construction of the weighted functions are discussed for implementation purposes. 

Finally, open problem of the output feedback time-delayed LPV control is examined and 

applied to a representative air-fuel ratio control problem. 

1.2 Gasoline Engines 

 

      The engine control technology is a growing research area in today’s automotive 

world. A lot of engine control methods have been developed to increase the fuel 

efficiency and decrease the emission regulations. The effort to decrease the emission 

produced starts with the well-controlled air-fuel ratio regulation. Introduction of the three 

way catalyst (TWC) in the exhaust after treatment system has been the key to reducing 

the tail-pipe emissions to satisfy stringent government legislations. In order to achieve 

good emission control, integration of the TWC via the engine control unit (ECU) has 

became a very promising research area in control applications. Maintaining good 

stoichiometric proportion of the air-fuel ratio in the catalyst is very critical to achieve 

reduction of NOx, CO, and HC emissions.  In the past, different types of stoichiometric 

air-fuel ratio regulation have been proposed;  PI [8], Sliding Mode Control [31],  

Adaptive Control [14], Adaptive Fuzzy Control [28],  Linear Parameter Varying Control 

[9], [10]  and others. In this thesis we will focus on Linear Parameter Varying Gain-

Scheduling and Robust Control methods to address the operating condition variability 

and time-delay varying in the engine feedback loop. Unlike previous LPV designs 
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proposed, the input delay is converted to a delay in the state of the controller design 

without any approximation of the delay using Pade methods. Since the LPV control 

technique can be utilized for the full operating envelope, good performance can be 

achieved for all engine speeds.  

     Chapter 1 gives a brief introduction to the four stroke, spark ignited engine model. As 

commonly known this type of engines operate on the based on a rotation of each 

crankshaft 360
o
; thus two revolutions of the crankshaft are needed to complete one engine 

cycle. The crankshaft is rotated through its connection with the piston, which is moving 

forth and back in the cylinder.  The strokes of a SI engine consist of the intake stroke, 

compression stroke, power stroke and exhaust stroke. Successfully completing a 180- 

degree increments of the crank-shaft rotation delineate is the basic principle of the four-

stroke cycle in a spark ignition engine. 

     During the intake stroke the amount of air is filled in the cylinder though the intake 

manifold. When the intake valve opens, the piston start moving downwards such that the 

pressure remains constant during this stroke. Once the piston reaches the bottom center of 

cylinder the intake valve closes. 

     The second stroke is known as compression stroke. In this step, both the intake and 

exhaust valves are closed. The piston starts moving upward in the cylinder until it reaches 

the top center. A mixture of air and fuel is compressed to a higher temperature, pressure 

and density. By the spark plugs, a spark is ignited at an optimum time so that a maximum 

power is generated. 

     In the power stroke, the piston moves in the downwards direction so that the generated 

torque is transmitted to the crankshaft. The amount of work which is done on the piston 
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during the expansion stroke is about five time higher than the work needed during the 

compression [34]. 

     The last stroke is the exhaust stroke. The exhaust valves open to transfer the burned 

gases out of the cylinder while the piston moves in the upwards position.  

     In port-injection gasoline engines, the fuel is injected into each inlet port near  the inlet 

valve, which is called port fuel injection (PFI), and the premixed charge is drawn into the 

cylinders and ignited. PFI gasoline engines have high power output, yet they suffer from 

lower compression ratio, low thermal efficiency and high fuel consumption when 

compared with the diesel or gasoline direct injection engines. The main causes of these 

drawbacks are knock and spontaneous ignition limits, high throttling and limited AFR 

operation range. The PFI gasoline engines run at stoichiometric AFR at most loads. A 

stoichiometric AFR denotes a chemically correct proportion of air and fuel so that there is 

just enough oxygen for conversion of all the fuel into completely oxidized products. For 

current gasoline fuel, the stoichiometric AFR by weight is approximately 14.66. A more 

useful measure is the relative AFR (or lambda)], 

                                                                    λ = 
   

        
 , 

where Mac  is the mass of air in the cylinder and Mf is the mass of fuel in the cylinder.  

1.3 Air-Fuel Ratio Control 

The air-fuel ratio control is one of the most fundaments regulation problems for 

emission reduction in automobiles. There are several factors to be taken into account in 

modern engine operation, such as emissions, fuel economy, and drivability. In the 

exhaust system, the TWC only operates efficiently in a very narrow air-fule ratio 

window. A figure is provided. 



5 
 

 

Figure 1.1   Catalyst conversion efficiency for NOx, CO and HC[34]  

 

    Due to the incomplete and unburned combustion in the engine, there is a number of 

products, such as, NOx, CO and HC that are released  to the environment. These 

pollutants have negative effects on air quality and human health. Elimination of these 

undesired products dependent on accurate regulation  of air-fuel ratio injected to the 

cylinders. The details of the after-treatment control will be discussed in the next section. 

1.4 Harmful Emission Gases 

     Due to the incomplete combustion in the engine, a number of emission products is 

introduced. Thelist of the products is as follows ; 

- Carbon monoxide ( CO, 0.5 vol.   ) 

- Unburned hydrocarbons ( HC, 350 vppm ) 

-  Nitrogen oxides ( NOx, vppm ) 

-  Hydrogen ( H2, 0.17 vol.   ) 

- Water ( H2O, 10 vol.   )  
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- Carbon dioxide ( CO2, 10 vol.   ) 

- Oxygen ( O2, 0.5 vol.   ) 

 

 

Figure 1.2   Closed loop air-fuel ratio control scheme 

 

     Among those HC, CO, and NOx are the major pollutants. HC and CO occur because 

the combustion efficiency is less than 100  due to incomplete mixing of gases and the 

wall quenching effects of the colder cylinder walls. The NOx is formed during the very 

high temperatures (        
0
C ) of the combustion process resulting in thermal fixation 

of the nitrogen in air which forms NOx [15].  

     Hydrocarbons react in the presence of nitrogen oxides and sunlight to form ground – 

level ozone, a major component of smog. Ozona irritates the eyes, damages the lungs, 

and aggravates respiratory problems. Nitrogen oxides are primary elements of the 

formation of ozone. Another harmful effect of that is helping the formation of acid rain. 

Carbon monoxide enters a person’s blood stream and has a negative effect on people with 
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heart disease. Even though there is not a direct effect of carbon dioxide on human health, 

it is a gas that trap’s the earth’s heat and contributes the global warming. 

1.5 Catalytic Converter 

     The catalytic converter is a device that reduces the toxic elements of the internal 

combustion engine exhaust. It was invented by Eugene Houdry a French mechanical 

engineer who lived in the United States.  

 

Figure 1.3 Conventional Catalytic Converter 

There are two types of catalytic converters available  

a) Two way catalytic converter ( Oxidation ) :  Two way catalytic converter 

converts the carbon monoxide ( partially burned fuel ) and the hydrocarbons ( 

unburned fuel ) into carbon dioxide and water. The converter consists of a 

ceramic structure coated with a metal catalyst, usually platinum, palladium or 

rhodium. For the two way catalytic converter  the oxidizing step takes place 

while the gases pass through platinum and palladium catalyst surface. 

b) Three way catalytic converter ( Reduction) : This type of converters other 

than eliminating hydrocarbons and carbon monoxide, it also oxides the nitrogen 
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emission (NOx ). NOx  is am after-treatment gas which is introduced to the 

atmosphere when the temperature reaches  more than 2500 degrees Fahrenheit. 

In order to reduce the NOx , the platinum and rhodium surfaces of the catalytic 

converter are used. When the NO or NO2 contacts with the surface, the catalyst 

splits out the N and O molecules. The Oxygen  molecule is freed in the form of 

O2 to the atmosphere and nitrogen is stored in the catalyst in the form of N2 until 

a certain amount.  

                      

 

                                                                   Oxidation +  Reduction    

          

                

Figure 1.4  Working principle of three way catalytic converter 

 

 

1.6 Time Delayed Systems 

A commonly encountered problem of feedback time delay is seen at almost all of the 

control engineering applications. Time delay can be a result of transportation lag, 

unmodelled dynamics in the system, etc.. There have been extensive studies conducted on 

the effect of the time delay on the stability of systems [16, 17].  It is widely seen that 

delay can bring the systems to an unstable region in the control loop. This is quite clear to 

understand since the controller is forced to use the old information to control the loop 

even though the present information exists in determining the output of the controller. 

HC 

CO 

NO2 

O2 

 

CO2 

H2O 

 N2 

 O2 
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The types of delays and the ways to compensate them have been excessively explored in 

[16, 17].  

From manufacturing process to internal combustion engines, to the communication 

delay in networks and many other examples can be given to show the common features of 

time-delay systems. In this thesis, we seek to compensatre the behavior of the time delay 

in a internal combustion engine. According to [9], time delay in the engine can be divided 

into two parts:  the time from the fuel injection calculation to exhaust gas exiting the 

cylinders and the time it takes for the exhaust gases to reach the UEGO sensor location. 

The variable time delay that is a function of engine speed has a negative effect on the 

bandwidth of the feedback loop. In the present work, design a controller such that the 

variable time delay is successfully compensated,  as well as preserving the stability and 

performance specifications.  

1.7 Outline of the thesis 

     In this work, we will develop linear parameter varying (LPV) controllers for linear 

parameter varying time-delayed plant models. In chapter 2 we focus on some generic 

information on the aspects of LPV controller design. Some useful definitions are 

introduced along with the theoretical outlooks are then investigated. As well-known 

prescribed performance levels, the    -norm and     norm of a given system are defined 

and the corresponding LMI conditions are derived by using Bounded Real Lemma 

(BRL). Later on, the design specifications are extended and useful modifications are 

added as weighting structures to meet design objectives.  These implementations are 

further clarified through a numerical example to validate the results. 
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     In chapter 3, we consider the LPV controller design methodology for time-delayed 

systems. Both state-feedback and output-feedback controllers are derived by using 

Lyapunov-Krasovskii functional. The general design perspective is to minimize the 

energy-energy gain or   -norm  from the disturbance acting on the system to the output. 

All of the conditions are formulated in terms of LMI optimization schemes. Two 

numerical examples are provided to validate the effectiveness and show the 

improvements in the design compared to previous works. 

     In chapter 4, the air-fuel ratio problem is examined with the help of LPV output-

feedback control design results.. For comparison purposes, air-fuel ratio control results 

are also obtained with an Internal Model Control scheme. A modified smith predictor 

structure in IMC control design is used to deal with the variable time delay in the control 

loop. On the other hand, the LPV approach uses the input delay transformed to the delay 

in the states and successful results are obtained with the selection of weights. To 

complete the discussion, step responses are plotted to validate the results.  

     Chapter 5 summarizes the assessments and contributions of the work and provides 

remarks to show future research directions.    
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CHAPTER 2 

LINEAR PARAMETER VARYING GAIN 

SCHEDULING CONTROLLER DESIGN 

     Linear Parameter Varying (LPV) systems are described as the systems whose matrices 

are assumed to be affine with the variations. Basically, LPV systems are expressed in 

terms of Linear Matrix Inequalities (LMI) , then the system matrices that are depend on 

the scheduling parameters are solved with currently available optimization methods. The 

benefit of that technique is the information for all variations and the rates of variation in 

system can be expressed in affine forms and easily solved via global optimization. These 

type of the systems are controlled with the LPV controllers. The most advantageous 

feature of  LPV control among the existing methods is the ability of measurement of the 

variations and schedule the system parameters accordingly. Lyapunov functions are the 

essential key in order to establish stability and performance of the LPV gain scheduled 

systems. The Lyapunov functions may be fixed, [23] or parameter-dependent [24], [26]. 

The latter condition simply means a parameter-dependent LPV controller  used to control  

parametrically depended plant, whose parameter variation and rates are known. As 

opposed to the first case, the second controller performs for whole variation during the 

process, thus providing a potentially less conservative approach. A single Lyapunov 

functions may be used for a parameter varying plant. However, stability and performance 

specification may not be met in the closed loop system due to the arbitrary fast variation 

in the scheduling parameters. As a result, the system may not be internally stable for all 

variations. When the internal stability of LPV system is guaranteed, the Bounded Real 

Lemma(BRL) condition is satisfied. A continuous differentiable matrix is sought such 



12 
 

that the derivative of the matrix is decaying the zero exponentially. This simply gives the 

notion of  the stability of the system. 

     In this chapter, we will discuss some properties of LMI starting from basic definitions 

of the LMI, L2 norm, Η∞ norm to the design of a Linear Parameter Varying Controller 

using a parameter-dependent Lyapunov function for an LPV system. Reference [27] is 

used for the basic definitions. As a next step, the stability and performance characteristics 

of an LPV controller are sought to create design point of view. An illustrative example is 

provided to explain the methods and effectiveness of LPV gain scheduling design as 

opposed to the competitor methods. 

2.1 Definition of an LMI 

An LMI is defined as   

     

        ∑       

 

   

  

                                                                                                                                        (2.1)     

where 

● F0,…..,Fm are real symmetric matrices of dimension n × n, 

●  1,……,  m are real scalar unknowns called decision variables, 

● and the inequality symbol ‘> 0’ denotes ‘     is positive definite’,       all eigenvalues 

of      are positive. 
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It is also possible to define LMIs of the form  

                                                                              and                                           (2.2) 

                                                                                                                            (2.3) 

as well as non-strict LMIs such as  

                                                                                                                               (2.4) 

where       and      are affine in  . It is quite clear to see that (2.2) and (2.3) are 

special cases of the definition (2.1). Also, the matrix inequality (2.2) can be rewritten as  

        and (2.3) as             .  

   Further, multiple LMIs  

                                      , …. ,        ,                                  (2.5) 

can be expressed as a single LMI of the form (2.1),        

                                             [
       

   
       

]   . 

Since the set of eigenvaluesa of       is the union of the sets of eigenvalues of       

 , …. ,        , any   that satisfies        also satisfies (2.5). 

      LMIs of the form of (2.1) can be applied to solve many problems in control theory, 

identification and signal processing by casting as optimization problems with LMI 

constraints. 
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    Often, In control applications LMIs are encountered in problems where the decision 

variables are matrices. An explicit example of this kind of problem is that Lyapunov 

stability method for linear systems. Lyapunov theory states that the system  ̇    =       

is asymptotically stable if and only if there exists a symmetric matrix   such that     

and  

                                                                                                                    (2.6)            

The constraints     and             are actually LMIs where the elements of 

  are the decision variables. As an example, suppose A is a matrix of dimension 2 × 2 

and the unknowns matrix   is defined as an affine function of the decision variables     

      

    X(   =    [
  
  

] +    [
  
  

] +    [
  
  

]  =       +      +     . 

2.2  H∞ norm and H∞ control 

    The H∞  norm of a stable transfer function G(s) is the largest input/output root mean 

square (RMS) gain       

 

                                                 ‖ ‖     
    
   

‖ ‖  

‖ ‖  

                                       (2.7)   

Since H∞ is a disturbance rejection technique, the main purpose is minimizing the effect of 

input disturbance on the output of the system.  
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                                 w z 

   

 

 u y 

  

                                                        Figure 2.1: H∞ Control 

  

The optimal    controller seeks to minimize ‖      ‖  over all stabilizing LTI 

controllers     . 

2.3 L2 Norm 

The function  : [0, ∞) →    is said to be in the space     [0, ∞) or simply L2, if  
 

∫               
 

 

  

The 2-norm, denoted by  ‖ ‖2, is defined as  

                           ‖ ‖2  √∫            
 

 
                     

2.4 LPV Systems       

An LPV  system is described by a state-space realization of the form 

 

                          {
 ̇      (    )       (    )      

      (    )      (    )     
                                (2.8) 

where  (·),  (·),  (·),  (·) are continuous of some time-varying parameter vector θ = 

[θ1,…., θnθ]
T
. 

   P(s) 

   K(s) 
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  It is assumed that the time-varying parameter     and its rate of variation  ̇    are 

bounded as follows : 

1. The parameter   satisfies 

                                               , ∀  ≥              (2.9) 

where   is a compact set. 

2. The rate of the variation  ̇ satisfies,  

                  |  ̇   | <  i,   = 1, …. ,   , ∀  ≥                                                        (2.10) 

           The inequality (2.9) define a hypercube 

                                   Ѵ   { ̇      |  ̇   |                   ∀  ≥  } 

 with vertices in 

Ѵ   {              
        {      }            ∀ ≥   }   

The set of parameter trajectories satisfying assumptions (2.9) and (2.10) will be denoted 

by   
 . 

     We can analyze the local behavior of the LPV system from the underlying the LTI 

systems. On the other hand, the behavior of the LPV systems can be analysed all over the 

particular trajectory       Designing a gain scheduled controller consists of three steps 

which can be integrated as a single design procedure. 

      In the next sections, stability and performance definitions are introduced. It should be 

pointed out both of stability and performance can be checked by solving convex 

optimization problems with LMI constraints. We will clearly see how to synthesis LPV 

gain scheduled controller design steps in upcoming sections.        
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Figure 2.2 Block Diagram of  a LPV Control System 

 

                                             

Figure 2.3 Explicit Block Diagram of LPV  systems 

 2.4.1 Stability  

Stability of an LPV system can be established by finding a parameter dependent 

Lyapunov function. This means establishing the parameter dependent quadratic (PDQ) 

stability. 

2.4.1.A PDQ stability: Given the compact set Ө and the hypercube Ѵ, the continuous 

function      parametrically-dependent quadratic stable if  there exists a continuously 

differentiable symmetric function      such that        and  

                                                                            ̇                     (2.11) 
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where                                                 

 ̇  ∑
     

   

  

   

 

for all (   ̇         Ѵ  

When the function      is PDQ stable, it is said that the LPV system (2.7) is PDQ stable. 

    Note that if there are no bounds on the parameter variation rate (             

          the search for the Lyapunov function      has to be restricted to the set of 

constant matrices and PDQ stability comes down to quadratic stability:  

                                                                                          (2.12) 

2.4.2 Performance  

     In LPV theory, the performance of a closed-loop system is defined by the induced   -

norm. This choice of performance measure allows formulating the control specification 

as in    control theory. The induced   -norm for LPV systems is defined as follows. 

2.4.2.A Induced   -norm: Given the PDQ stable LPV system (2.7) with the zero initial 

conditions, the induced    norm is defined as  

   ‖   ‖     
     Ө

 
   

                   

   
     
   

‖ ‖   

‖ ‖   

  

    The symbol Tzw denotes an input-output operator that provides the forced response to 

an input signal          for zero initial conditions,        

                                                 ∫            
 

  
 <    ∫            

 

  
. 

                                         is the transfer function between      and 

    . For a frozen parameter, the   -norm equals the    norm (see 2.2)  
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                                                    ‖       ‖           (       )  

When    ‖   ‖       holds, then the LPV system (2.7) is exponentially stable with a 

performance bound  .  As a next step we will look at Bounded Real Lemma to evaluate the 

optimization problem with LMI constraints. 

2.4.2.B Stability Theorem: Given the LPV system (2.7) with (   ̇       Ѵ . If there 

exists a differentiable symmetric function      such        and the following holds 

                

                       [

 ̇                                     

              
     

             

]        (2.13) 

 

for all (   ̇       Ѵ. Then, the followings are true 

●  the function       is PDQ stable over the trajectory Ө, 

● there exist a scalar   with          such that  ‖   ‖      .  

2.5 Synthesis of LPV Gain Scheduling Controllers 

     There are two approaches to design LPV gain scheduling controllers. First is LFT gain 

scheduling controllers[28],[29] which are only applicable to LPV system with fractional 

parameter dependence. The second approach is called quadratic gain scheduling, based 

on Lyapunov [30] and [31] theory. This approach is applicable to any LPV system. For 

our work, we will focus on the latter approach. We have an open-loop LPV system with 

state- space form of  

                 {

 ̇     (    )        (    )       (    )    

           (    )         (    )         (    )    

           (    )         (    )         (    )    

          (2.14) 



20 
 

where            is the state             is the disturbance,            is the 

control input,             is the error,             measured variable, and  ̇       
  

the scheduling parameters. The signals      and      are called input and output of the 

system respectively. It is important to note that the signal      is measurable in real time. 

The LPV gain scheduled controller in the form of  

                                     {
 ̇       (    )          (    )     

       (    )          (    )    
                         (2.15) 

We can compute the closed loop matrices as follows  

 

                                           {
 ̇    (    )          (    )     

      (    )          (    )    
                          (2.16) 

where 

                                            [
                               

               
] ,            (2.17) 

                                        [
                       

           
]                                    (2.18)                              

                                                                                  , and  (2.19) 

                                     (                                                              (2.20) 

     After replacing the          ,       (   in the equation (2.11), the unknowns are 

controller matrices   ,   ,   ,    and the Lyapunov function   are to be determined. 

Since              are in the form of multiplication, the LMI is in a nonlinear 

form. There are several approaches to linearize the LMI refer to [27]. 

2.5.A Theorem  (Basic Characterization)[27]: Given the open – loop LPV system 

governed by (2.12) with the parameter trajectories   
 . Suppose that there exists two 

parameter-dependent symmetric matrices X, Y and four parameter dependent matrices  ̂,  ̂,  ̂ 

and  ̂  such that for all (   ̇       Ѵ, For the sake of simplicity (   term is dropped in 
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the equations. And the following LMI gives the controller matrices. When the following 

matrices satisfies,  

[
 
 
 
 
 ̇       ̂         

 ̂       ̂    ̇        ̂       

      ̂    
        ̂    

      
 

       ̂          ̂         ̂        ]
 
 
 
 

       (2.21) 

                                                                                                           [
  
  

]            (2.22)  

Then, there exist a controller of the form (2.15) such that 

i) the closed loop system (2.16) is PDQ stable over Ө and 

ii) the induced   -norm of the operator      is bounded by 

    (      ‖   ‖      . 

Once the parameter-dependent matrices X, Y,  ̂ ,  ̂ ,  ̂  and  ̂  matrices obtained, the 

controller matrices are computed in the following steps: 

 1) Solve for N, M, the factorization problem  

                                                                         .                                    (2.23)                            

Here, we choose                  

     2)  Compute                 with 

      (   ̇     ̇     ̂   (     ̂  )   ̂        ̂)                      (2.24) 

      (  ̂      ̂),                                                                                              (2.25) 

                 

      ̂   ̂        and,                                                                                        (2.26) 

                

    ̂                                                                                                                         (2.27)             
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where  

 ̂     ̂  ∑       
    ̂      ̂     ̂  ∑       

    ̂                                       (2.28)                

 ̂     ̂  ∑       
    ̂       ̂     ̂  ∑       

    ̂ ,                                     (2.29)                  

         ∑       
              ,  and                                                             (2.30)  

              are differential functions of  . 

Our focus here is to design a full order dynamic controller       the size of    is equal to 

A for a  given plant. The idea of a gain scheduling parameter (   in a given set to update t

he controller matrices for every given values in the compact set Ө.  ̇ is basically stating t

hat the parameter bound of variation in the set. It is worth to mention decision variables X

, Y,  ̂,  ̂,  ̂ and  ̂ are affinely dependent to the constraints (2.19) and (2.20). 

Remark 1: As discussed above, the basic characterization method requires the optimizati

on of the control matrices along with X, Y. This technique requires only one matrix inver

sion as seen above and can be easily implemented to the fast varying LPV system. Some r

eaders may refer to    [27] for details. The dependency of θ in the gain scheduling variabl

es shows the different results for corresponding control problems. It should also be noted 

that the designed controller is not a gain scheduled unless the parameter variations and its

 rates are defined. The parameter dependent selection of the Lyapunov matrices, X and, Y

 leads to a better performance level γ. Without lossing of generality, it can be pointed out 

when only one of Lyapunov matrices is chosen as dependent to the variation, it has been 

observed that the resulting controller can better handle of the variations in this case. 

2.5.B Theorem  (Projected Characterisation)[27]: Given the open – loop LPV system 

governed by (2.12) with the parameter trajectories   
 . Suppose that there exists two para

meter-dependent symmetric matrices X, Y such that for all (   ̇       Ѵ, 
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                              [
   
  

]
 

 [

 ̇          

  
       

 

          

] [
   
  

] < 0 ,         (2.31)

  

                               [
   
  

]
 

 [

 ̇          
        

 

  
    

      

] [
   
  

] < 0 and,   (2.32) 

                                                                                               [
  
  

]                       (2.33) 

where    and    denote any base of the null space of [        and          
   respectiv

ely. Then, there exist a controller of the form (2.13) such that 

i) the closed loop system (2.14) is PDQ stable over Ө and 

ii) the induced   -norm of the operator      is bounded by 

    (      ‖   ‖      . 

Assuming that     and     have full-column and full-row rank, respectively. The control

ler matrices can be constructed in the following steps; 

1. Find a solution  ̂ =    for the optimization problem 

                                                             ̅                                          (2.34) 

a set                 . 

2. Find  ̂ and  ̂ solutions to the following linear matrix equations 

                                      [

     

   
     
     

]   [ ̂
 

 
]  =  - [

  

  
  

        ̂     

] 

                                     [
    

  

        

     

]   [ ̂
 
]  =  - [

  
 

   

           ̂    
 

]. 
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3. Compute  

 ̂          ̂   
          ̂              ̂  

 
 [

     

    
]
  

        ̂    
 

        ̂
 

4. Solve for N, M, the factorization problem  

                                                                         .                                   (2.35)                            

Here, we choose                   

5. Solve for the controller matrices from (2.24) –(2.27). 

Remark 2: In terms of computational attractiveness, this approach might put more of a 

numerical burden on the solution. It may require more effort in the computational 

perspective. However, the previous approach has more variables to be optimized, and it 

is observed that more restrictions apply on controller matrices. Therefore, the resulting 

controller is more conservative. So, it is clearly seen that there is a trade-off in both 

cases. For detail, see [27]. 

     The solution to the above inequalities is to be expressed in infinite dimensional space 

unless the parameter gridding method is applied. The idea of gridding the parameter 

space is to provide a finite set of solution on LMI condition. In general, we define a set 

of grids on parameter space (θ) such that the best value of γ is achieved. If this step fails, 

the denser gridding space is defined to reach the best value of the L2 perfomance bound.  

2.6 Performance Specificication in LPV Design 

     The Control design requires the certain knowledge about the plant. A controller is 

designed such that all the performance specifications are met in the closed loop. 

However, this is a ideal case If  all uncertainty are not taken into account for the design. 

This task represent a major effort in the whole control design. We consider the figure 2.4 
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for a given closed loop system where  ̃  ̃  ̃  represent weighted output of the error, 

control input and output respectively. Selection of weighting transfer functions is 

important. Consider the system depicted in figure 2.4, there is a disturbance acting on the 

system.       

     The weighting error transfer function is chosen such that the output error to be small at 

lower frequencies. Similarly, the noise in the system creates high frequency components 

that causes the control input to saturate. In order to penalize the input deteriorations at 

high frequencies, an input weighting function is implemented. The performance channel 

from ref to  ̃  is interpreted eliminating the undesirable behavior of the error on the 

output.  

               

       

Figure 2.4 Weighted Control Structure 

 

The open loop transfer function is given as               .    is called sensitivity 

function and           and    is called complementary sensitivity function and 
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         . In   control theory, ‖          ‖  describes the worst case error 

output with a selection of the weighting function. In the presence of structural uncertainty 

in the system, the performance of the output y for a given disturbance is defined as 

‖   ‖
   

< γ, where γ is the bound on the   -norm from the input to output. 

2.7 Numerical Example 

Consider the problem of designing an LPV controller to control the plant modified and ad

opted from [5] 

     ̇ [
                        

                             
]       [

   
   

]    

 [
          

             
]      

      [
  
  

]       [
 
 
]      

                

The objective is to design a full-order Linear Parameter Varying Controller which ensure

s the guaranteed stability with a good energy-energy gain bound,  good disturbance reject

ion and  zero steady state error . The scheduling parameters are selected as      

           then the parameter space[-1 1]. We can formulate the system 

     ̇ [
              

                  
]       [

   
   

]     [
     

        
]      

      [
  
  

]       [
 
 
]      

                

A unit rectangular disturbance is        for         ,        

for the simulation example the basis functions are to be chosen as an affine form as, 

                                                         and             . 
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Figure 2.5 Disturbance Profile 

   

Figure 2.6 Closed-loop Response   (γ = 0.65) 
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Figure 2.7 Closed-loop Response   (γ = 0.45) 

In order to create a finite set of convex solutions, the parameter space is gridded 21 unifor

mly points. Notice that | ̇   |     . The best achieved    norm bound γ = 0.33 with usi

ng the basic characterization gain-scheduled controller design method. For simulation syn

thesis, two closed loop case shown above for a different values of performance index. It i

s noted that the best value of    creates a chattering problem on the control input force. T

he increased gamma value puts less effort on the control input so that the effect on disturb

ance rejection on the output is performed. On the other hand, the simulation (Figure 2.7) i

s investigated for the case of using a small value of gamma on the closed loop system. As

 expected, we have a better disturbance rejection on the output with more control effort in

 the system. It is interpreted  that there is a virtual constraint on the control design. This c

ase clarifies the concept of a trade-off between performance and cost. 

 

0 5 10 15
-0.4

-0.35

-0.3

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

 

 

Regulated Output

Control Input



29 
 

2.8 Conclusion 

     In this chapter, the definition of LMI and associated basic concepts are investigated. A 

brief discussion on how to design the gain-scheduling controllers is shown. Several 

design considerations are emphasized on the controller design. It is noted that the 

difference on the selection of the parameter independent and parameter dependent 

Lyapunov functions, not only exhibit loss of robustness feature of the controller for 

whole operation range, but also lead to a reduced implementation realization. The 

gridding technique is introduced to generate a set of finite solutions. Moreover, the 

concept of weighing function is briefly discussed. An illustrative example concludes the 

design problem by emphasizing the notion of a trade-off between the performance and 

real time implementation costs.  
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CHAPTER 3 

STABILITY AND PERFORMANCE OF STATE- 

DELAYED LPV SYSTEMS 

     Time delays often appear in many physical, biological and engineering systems due to 

the transmission and transport lags, in general they have a negative effect on system 

stability. The stability and analysis of these systems have been extensively investigated in 

control literature. Stabilization and control results are categorized into two parts; delay-

independent and delay-dependent stabilization. In the first case delay is not a dependent 

of  delay size and hold for all positive time delays. In this case the designed controller 

remains stable against the all variation of the delay. Delay-dependent case hold for all 

magnitude of the delay smaller than a given bound. It is noted that delay-dependent LPV 

controller design may lead to less conservative result especially for small delay values. 

The delay-dependent approach is used to analysis and design of the LPV time-delayed 

systems in this chapter. There are two main approach for stability of delay-dependent 

system. The first is Razumikhin theory which is known as a way of solving continuous 

uniformly bounded delays. The second is Lyapunov-Krasovskii functional which is able 

to tackle both differentiable uniformly bounded delays with delay derivatives bounded 

μ<1,   and continuous uniformly bounded delays. In this thesis the second approach is 

used. Delay-dependent Stability Analysis of LPV systems has been examined using 

Lyapunov-Krasovskii functional both in continuous and discrete cases [1], [2], [3], 

[4],[5], [6], [7], [10],[11]  [12], [13], [15]. The selection of Lyapunov functionals has 

been investigated [13]. In this thesis the method for controller synthesis adopted and 

modified from [2] for our control design purposes. 
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     Control design for delay dependent LPV system can be divided into two catagories; 

State Feedback [1], [2], [4], [6], [7], [10], [13], [15] and Output Feedback [11], Control of 

delay-dependent LPV systems. The designed controllers are not only depend on the 

variation of the delay bound but also depend on rate bound of delay. It is worth 

mentioning that the difference on Output Feedback Controller is having the measurement 

of the system in real time. 

     In the section 3.1 stability of LPV system is investigated with using Lypunov-

Krasovskii functionals, then the results are extended to find the performance analysis of 

LPV system in the section 3.2.  A bounded real lemma (BRL) condition guarantees  the 

   performance is defined, which is then relaxed by introducing so-called slack  

variables.  In the section 3.3 the state-feedback controller synthesis is obtained to find a 

necessary and sufficient conditions for asymptotic stability with the performance level 

(Induced   -norm) for the closed loop system. In the section 3.4 the output feedback 

control of LPV system is investigated. Numerical examples are provided to show the 

effectiveness of the methods.  

3.1 Preliminaries  

The space- space of the LPV time-delayed system is given (3.1),   

 ̇      (    )        (    )                       

        (    )        (    )                       

                (    )     

              ∀  [  (    )  ]                                                   (3.1) 

where           is the system vector,            is the vector of exogenous 

disturbance with finite energy in the space                   is the control input 

vector,          is the vector of the controlled outputs,       denotes the initial system 
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condition, and h is a differentiable scalar function representing the parameter-varying 

time-delay with bounded variation. Initial condition function   is a given function in 

          0],    . The system matrices                                      

            are real-valued continuous functions of a time varying vector      as known 

the scheduling parameter vector. The set of all allowable parameter trajectories is defined 

by  

  
    {       | ̇    |                    }  

where   is a compact set of   . 

3.1  Stability Analysis of LPV system with time delay 

    We first consider the following unforced LPV system with a time delay in the state. 

Consider a system as 

                                          ̇      (    )        (    )             (3.2) 

 Lypunov- Krasovskii functionals provide a useful tool to achieve delay-dependent 

conditions for the system (3.2). The main idea behind this, to find a positive definite 

functional with a infinitesimal upper bound, whose derivative is negative. The following 

theorem provides a sufficient condition for asymptotic stability of the LPV system (3.2).  

Theorem 1. The time delay LPV system (3.1) is asymptotically stable for all        

      if there exist a continuous differentiable matrix function           
     

constant matrices        
    such that for all         

 , there is a feasible solution to 

the following LMI problem 

                                             [

∑   
              

  

  (   ̇)         
  

    

] < 0     (3.3) 

with  ∑   
             ̇        

Proof : We consider the following Lyapunov-Kasovskii functional  

                                                       with      (3.4) 
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             ∫           
 

       

    

          ∫ ∫  ̇          ̇       
 

   

 

     
. 

It is clear to see that         is positive definite with infinitesimal upper bound 

functional. In order to (3.2) to be asymptotically stable, it is necessary and sufficient the 

time derivative of     (3.4) is negative definite along the system trajectory. Then we have  

 ̇         ̇     ̇  ̇      ̇ 

 ̇                    (   ̇   )                

 ̇             
  ̇      ̇    ∫  ̇          ̇    

 

      

     

Since            then 

∫  ̇          ̇    
 

      

     ∫  ̇          ̇    
 

      

      

Using Jensen’s inequality, we can bound the integral term in  ̇         

 
    

    
(∫  ̇    

 

      

  )

 

 (∫  ̇    
 

      

  )  

 
    

    
                               

Finally bounding the  
    

    
   -1, the expression for  ̇        

 ̇              
  ̇      ̇                                   

Substituting the derivative term in (3.4) gives 

                               ̇           ̇         ̇     ̇  ̇      ̇                            (3.5) 

             (   ̇   )                

     
  ̇      ̇                                  
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This inequality  provides the stability condition for  (3.2). To derive the matrix form of 

the equation, we replace  ̇ term in (3.5). One way of writing the equation as  

 ̇       [
    

      
]
 

[
        ̇          

  (   ̇)   
]                                 

+ [
  

  
 ]     

  [
  

  
 ]

 

[
    

      
]     

It is quite clear to see that applying schur complement formula once gives the condition 

(3.5). 

Remark 1: Using the Lyapunov-Krasovskii functional may lead to a conservative result. 

However, computational attractiveness based on convex optimization assure an 

advantage computation with the restricted parameter dependency on   and  . In matrix 

inequality (3.3)   ̇  term can be replaced with ∑      
  

   

 
   ), which means every 

combination of (-) and (+) should be included in the inequality. That is, the inequality 

actually presents     different combination in the summation. For the delay case, 

dependency of   on the parameter varying vector     , its derivative can be replaced with 

∑      
  

   

 
   ) or simply re-written with its upper and lower bounds. 

Theorem 2[2]. The time delay LPV system (3.1) is asymptotically stable for all   

           and satisfies the condition ‖ ‖     ‖ ‖  if there exist a continuous 

differentiable matrix function           
     constant matrices        

    and a 

scalar  >0 such that the following LMI holds for all         
 ,  
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[
 
 
 
 
 
∑   

         

  (   ̇)   

          
  

   
       

  

  

  

     
       

  
     
    ]

 
 
 
 
 

         (3.6) 

Proof: Applying the schur complement formula twice results in respectively         

[
 
 
 
 
∑   

         

  (   ̇)   

     

   
 

  

  
     

 

    ]
 
 
 
 

 

[
 
 
 
     

  

      
  

      
  

 ]
 
 
 

            
       

        
       

                   

[
 
 
 
 
∑   

         

  (   ̇)   

     

   
 

  

  
     

 

    ]
 
 
 
 

  [

  

  
 

  
 

 

]     
  [

  

  
 

  
 

 

]

 

     

Applying the second schur complement, we get the final result in the compact form of  

                [

∑   
            

  (   ̇)    

     

]  [

  

  
 

  
 

]     
  [

  

  
 

  
 

]

 

 [

  

  
 

  
 

]    [

  

  
 

  
 

]

 

    

After collecting the Lypunov functionals, re-write the condition for the matrix inequality 

gives the following expression 

  ̇           [

    
      

    
]

 

[

∑   
            

  (   ̇)    

     

]  [

  

  
 

  
 

]     
  [

  

  
 

  
 

]

 

 

[

  

  
 

  
 

]    [

  

  
 

  
 

]

 

[

    
      

    
]      

 It is important to note that this expression is equivalent to  
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 ̇          ̇     ̇  ̇      ̇                        

             (   ̇   )                

     
  ̇      ̇                                 

             
 

 
             

In the above equation, integrating the both sides from 0 to   leads to ‖ ‖  
   ‖ ‖  

  

Remark 2: For a positive definite matrix P, V >0. Derivative of V leads to a negative 

definite solution. Integration the equation above gives the decrease on the energy of the 

system with a given performance   from the disturbance   to output  . 

Slack variables approach  

     The standard LMI characterization approach may cause bilinear matrix inequality due 

to the multiplication of the terms PA and RA unknown matrix functions are not suitable 

for the synthesis of finding the feasible solutions. One way of dealing with this problem 

is Projection Lemma. This approach does not only provide a flexible way in the 

synthesis, but also introduce a far  less conservative conditions. 

Theorem 3[2]. The time-delay LPV system presented by (3.1) is asymptotically stable 

for all              and satisfies the condition ‖ ‖     ‖ ‖  if there exist a 

continuous differentiable matrix function           
     constant matrices     

   
    , matrix functions           

        and a scalar  >0 such that the following 

LMI holds for all         
 , with       ̇      and       (   ̇)   . The 

feasible solution to the LMI,  
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[
 
 
 
 
 
 
      

     
        

                  

         
           

                

        
   

            
   

        
  

        
                 ]

 
 
 
 
 
 

       

                                                                                                                    .               (3.7) 

Proof. The proof is inspired from [2]. First we write the definition of Projection Lemma 

as follows: 

Given a symmetric matrix Φ and two matrices Λ and Γ of appropriate dimensions, the 

linear matrix inequality 

Φ +        +                                                 (3.8) 

has a feasible solution in terms of   if and only if  

                                                                      
       and                                             (3.9) 

                                                                      
     

                                              (3.10) 

where    and    are any basis of the null spaces of Λ and Γ, respectively. 

                             

   [
   
   
   

   
   
   

] 

                                                                 
   

    
      

and the null spaces of   and   are shown as; 
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[
 
 
 
 
 
    

  
  

    
   
   

  
  
  

   
   
   ]

 
 
 
 
 

    and       

[
 
 
 
 
 
   
   
   
   
   
   ]

 
 
 
 
 

. 

Using the solvability condition (3.9) results in the LMI condition (3.6) and the second 

solvability condition (3.10) is expressed in a LMI form of 

                                                    [
     

  
     

             

]                        (3.11) 

Remark 3: Having less number of slack variables might be desirable in the sense of 

computational effort. On the other hand the designed controller may results in more 

conservative results.  

 3.2[2] State Feedback     Synthesis 

     In this section, starting from the derivation of the closed loop system designing a 

parameter-dependent state feedback controller is sought. The designed controller not only 

provides the required asymptotic stability, but also has a induced   -norm less than  . 

The state feedback control law is given in parameter-dependent form of  

                                                     =  (    )                                                       (3.12) 

Substitution of  (3.12) in system matrix (3.1) results in 

    

                           ̇          (    )        (    )                           (3.13)        

           (    )        (    )                
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where           ) and            . Obviously we replace the matrices in 

(3.7) and introduce new variables to obtain the feasible solution.  The following theorem 

provide the necessary and sufficient condition for such a control law. 

Theorem 4: Consider the time-delayed LPV system (3.1), there exist a state-feedback 

controller of the form of (3.12) such that the closed loop system is asymptotically stable 

for all              and satisfies the condition ‖ ‖     ‖ ‖  if there exist a 

continuous differentiable matrix function  ̃          
     constant matrices 

 ̃  ̃          
    , two given scalars           matrix functions            and a 

scalar  >0 such that the following LMI holds for all         
 , with       ̇    

  and       (   ̇)   . The feasible solution to the LMI,  

 

[
 
 
 
 
 
 
    ̃                              ̃

  ̃   ̃              
     ̃

   ̃         
   

        
  

        

                ̃ ]
 
 
 
 
 
 

< 0,     (3.14) 

where  ̃                           
    ,   ̃     ̃      

   
       

       and  ̃              
      .     and     as defined earlier hold for all 

        
 . The corresponding state-feedback control law provides a guaranteed    

performance level   as                     . 

Proof. First we substitute the closed loop matrices into (3.7) to derive the synthesis 

condition. We choose the three distinct slack variable matrices of the analysis condition 

in (3.7) as          
           and         where    and    are given scalars. 
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Note that the above LMI is an inequality only with fixed    and   .  Defining the new 

variables        and      by applying the congruence transformation using matrix 

diag    (              to LMI (3.7) gives the result of (3.14) with  ̃       ,  ̃  

     ,   ̃         ̃           and  ̃          .  

3.3 Dynamic Output-Feedback    Synthesis  

 In this section we seek to obtain dynamic output-feedback controller for a given delayed 

LPV system. We first consider the state-space model of the plant 

 ̇      (    )        (    )                       

               (    )        (    )                         

                (    )                                                                     (3.15) 

             ∀  [  (    )  ]  

  where           is the system vector,            is the vector of exogenous 

disturbance with finite energy in the space                   is the control input 

vector,           is the measured signal,          is the vector of the controlled 

outputs,       denotes the initial system condition, and h is a differentiable scalar 

function representing the parameter-varying time-delay with bounded variation. Initial 

condition function   is a given function in           0],     . The system matrices 

                                                               are real-valued 

continuous functions of a time varying vector      as known the scheduling parameter 

vector. The set of all allowable parameter trajectories is defined by  

  
    {       | ̇    |                    }  

where   is a compact set of   . 
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A dynamic full order output controller is given as  

                                 ̇        (    )          (    )                

                                        (    )                                                           (3.16) 

 

Defining   

         [
    

     
]  

Substituting the controller matrices in (3.15)  gives the form of the closed loop system as  

 

 ̇        ̃(    )          ̃(    )          ̃     

                                 ̃(    )        ̃(    )         ̃    ,                     (3.17) 

 

where    ̅   [
             

      
] ,  ̅   [

   
    

],  ̅   [
           

     
],  

        ̅                          ,    ̅         ,   ̅                            (3.18) 

Notice that measurement signal      only contains    and      term and the delayed 

states are not included.. These results can be easily extended with the consideration of 

these properties.  

Theorem 5 : Consider the time-delayed LPV system (3.15), there exist a parameter 

dependent matrices   ̃     ̃      ̃              
      and                   

    

also  ̂     ̂               and  ̂               and  ̂                 

and  ̂                , a positive scalar   and real scalar    and    such that for all 

admissible parameter         
  then the following LMI holds and there is a controller 
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in the form of (3.16)  such that the closed loop system (3.17) is asymptotically stable and 

satisfies ‖ ‖     ‖ ‖  for all             .  

[
 
 
 
 
 
    ̃  ̃      ̃    ̃ –    ̃   ̃  ̃   ̃       ̃

  ̃       ̃
   ̃  ̃     ̃

     ̃    ̃  ̃    ̃   ̃

   ̃       ̃ 
 

  ̃     ̃  ̃ 
    ̃

       ̃  
        

                ̃]
 
 
 
 
 
 

                                                                                                                

(3.19) 

where  ̃     ̃   ̃ and   ̃     (   ̇) ̃   ̃  

The controller matrices are obtained in the following procedure 

1) Solve for N, M, the factorization problem  

                                                                          .                                  (3.20) 

Here, we choose              

2)  Compute                 with 

         ̂                                  , 

          ̂           , 

      ( ̂       )  and 

     ̂           . 

Proof : In order to obtain controller matrices we substitute the closed loop matrices 

(3.18) into (3.7)  and select the slacks as               and         with an 

appropriate scalars    and     We choice a Lyapunov  function partitioned in the form  

                                               [
  
   

] ,      [
  
   

]                                   (3.21) 
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where   and   are symmetric matrices of dimension    . Matrices      and     

         ,      and      :        
    . We have set of constraints as  

                                                            = I ,                                             

 Performing the congruent transformation  Є =                       with  

   [
  

   
]. 

Notice that if we define an another matrix as  

    [
  
   ]  

One can refer from the identity       , satisfies      . 

We can define the  

                          ̃         [
  
  

] , ̃       , and  ̃       .                        (3.22) 

The plant matrices are defined as  

 ̃       ̅  

[
                           

                                                 

]  

 [
      ̂          

 ̂     ̂  

]   

  ̃       ̅    [
    

              
]   [

     

 ̂    
]   

 ̃      ̅  [
           

                      
]   [

           

       ̂   
]    

 ̃    ̅                                      

 [         ̂             ]                                                     
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 ̃    ̅              and 

 ̃                  .                                                                                            (3.23) 

The changes of variables are chosen as  

 ̂                                     , 

 ̂                 , 

 ̂              , and 

 ̂                     (3.24) 

Thus the controller matrices are computed with the following expressions 

         ̂                                  , 

          ̂           , 

      ( ̂       )  and  

     ̂            .     (3.25) 

3.4 Numerical Example (State Feedback): Consider the following linear time-varying 

state-delayed system adopted and modified from [6] 

 ̇     [
          

            
]       [

          

                
]  (      )

 [
   
   

]     [
       

           
]      

     [ 
  
  

]       [
 
 
]      

                

We design a state feedback controller which minimizes the energy-to-energy gain and 

gives the optimum output against the variational time delay. We define           and 

parameter space [-1 1]. The parameter space is divided uniformly using 20 points. And 
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the time delay is a varying delay              with 0       ̅   . The induced    

performance level is computed with respect to different time delays      and delay 

variation rates  . For the comparison purposes we have the same basis function as [6]  

             
  

 
    

Table 3.1 Induced    performance level for          (Numbers are as reported in the 

                 corresponding papers) 

      Method                          

          [4]         0.4413         0.4422           0.4442 

          [6]         0.2179         0.2238           0.2390 

  Theorem 4         0.2155         0.2204           0.2218 

 

 

Table 3.2 Induced    performance level for        (Numbers are as reported in the 

                  corresponding papers) 

      Method                          

          [4]         1.0668         1.0817           1.1029 

          [6]         0.2270         0.2678           0.9085 

  Theorem 4         0.2134         0.2305           0.2321 

 

As shown on table 3.1 and table 3.2, improved induced    performance level is achieved 

by using the theorem 4. It is evident from the tables theorem 4 provides a slightly 

decreased robust performance for increased delay variation rates. It should be stressed out 

that the fixed     and    values are selected such that the best induced    performance 

level achieved against the highest delay case and its variation rate  . In this analysis 5 

and 0.5 are chosen respectively.   For all corresponding cases in the tables the controller 

design method with theorem 4 results in a less conservative and more allowable  time 

delay range. 
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3.5 Numerical Example (Output Feedback): Consider the following linear time-

varying state-delayed system adopted and modified from [6] 

 ̇     [
          

            
]       [

          

                
]  (      )

 [
   
   

]     [
       

           
]      

     [ 
  
  

]       [
 
 
]      

                

We define           and parameter space [-1 1]. The parameter space is divided 

uniformly using 20 points. And the time delay is a varying delay              with 

0       ̅   . The induced    performance level is computed with respect to different 

time delays      and delay variation rates  . For simplicity we choose the basis 

functions as 

                                                 and              

This controller design method shows robustness against large time delay bounds and 

rates. Table I and II shows the obtained results for comparison. 

Table 3.3 Induced    performance level for          (Numbers are as reported in the 

                 corresponding papers) 

    Method                 

          [6]      0.2199      0.2377      0.2918 

   Theorem 5      0.2157      0.2198      0.2221 

        

Table 3.4 Induced    performance level for        (Numbers are as reported in the 

                   corresponding papers) 

   Method                     

          [6]      0.3316      0.4941      3.1359 

  Theorem 3.3      0.2499      0.2690      0.2724 
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Clearly, Induced    performance level is improved using the Theorem 3.3. It can be seen 

that robustness of this method against the maximum time delay is high. Even a slight 

increase is observed at          with respect to same variation rates. In this method 

one order basis function is for simplicity whereas in theorem [4], [6] use a second order 

basis function. Higher order basis function gives better results in Induced    performance 

level. One can check these results with respect to the second order basis function. It is 

worth mentioning that the proposed theorem is sensitive against the choice of    and   . 

For this example we used 5, and 0.5 for    and   , respectively.  

              

                                                      Figure 3.1: Disturbance Profile 
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Figure 3.2: System Output (                 ) 

                  

       

Figure 3.3: Control Input ((                 ) 
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Figure 3.4:  System States ((                 ) 

                                     Figure 3.5: System Output (              )    
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Figure 3.6   Control Input ((              )  

 

Figure 3.7:  System States ((              ) 
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     The simulation results show the difference between two different delay variation rates 

and bounds. For the first case delay is bounded within 0-0.5 second with a highest value 

(hmax) 0.5 seconds. The associated plots ensure that output of the system compensates 

the disturbance rejection with a reasonably small control input. It is also seen that the 

delay states converge to the zero after a couple of seconds. As expected the induced    

performance level is obtained as  0.2198 (see the table 3.3) which guarantees the internal 

stability of the closed loop system with a performance bound in the presence of delay.  

General speaking, maximum delay bound and its rate can degenerate the closed loop 

stability and performance at high values. As shown, the case of              , results in 

an overshoot on the output, increased control effort along with deterioration  of the 

convergence on delay state in the steady state. Morover table 3.4 ensures the higher value 

of induced    performance level for different delay variation  .  See the different 

performance results with various delay cases on [21]. 

3.6 Conclusion  

     In this chapter stability and performance of LPV delayed systems is investigated. 

Stability and Performance conditions are derived for both state feedback [2] and output 

feedback cases. Parameter-dependent Lyapunov functionals guarantees the internal 

stability and performance of the closed loop system in existence of a time varying delay. 

Computational results are compared with previous works. Furthermore, different varying 

delays and their rate bounds have been addressed on the simulation results. 
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CHAPTER 4 

OUTPUT FEEDBACK CONTROL OF AIR-

FUEL RATIO  

     In this section, precise control of air-fuel ratio for a spark ignition(SI) engine model is 

investigated. Previous chapter results are successfully implemented for the regulation of 

air-fuel ratio reference. Section 4.1 presents a brief discussion of modeling of air-fuel 

path for a SI engine. Appropriate model selection is shown to be able to achieve required 

performance specification in the presence of time delay and disturbance in the control 

loop. Subsequently Section 4.2, the Linear Parameter Varying Output Feedback 

Controller is implemented to a Linear Parameter dependent engine model adapted and 

modified from [30]. Simulation results show that the LPV Output Feedback Controller 

performs well in terms of rejecting the disturbance and enlarging the closed loop 

bandwidth introduced to the system due to the delay. The purpose of comparison, the 

same engine model is simulated with an Internal Model Controller (IMC) which is one of 

the most popular robust control techniques in control theory. Last Section 4.3, a brief 

discussion is given on the improvements and concludes the chapter.  

4.1 Simplified Engine Model Development 

     The air fuel ratio control problem has been widely discussed on the literature. Precise 

control of the ratio become necessary to minimize the effect of emission gases converted 

to relatively less harmful compounds in Three Way Catalysis (TWC). The TWC is a key 

component on the exhaust after-treatment part which reduces the tail-pipe emission to 

meet government’s strict legislations. In order to achieve this,  precise control of the ratio 
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became necessary. The TWC operates efficiently when the fuel macthes to air charge in 

stoichiometric proportion. 

                

 

Figure 4.1 Air-Fuel Ratio Control 

     There have  been a number of studies concluded on modeling of engine systems 

including engine subsystems [25]. In our work, only air-fuel dynamics are demonstrated. 

The engine air-fuel path can be modeled as the structural properties of air-fuel path. This 

path includes several considerations to be taken into account from wall wetting dynamics 

to the UEGO sensor dynamics. After the fuel is injected into the cylinders, some of the 

amounts directly evaporates which forms fuel film in the intake port . The rest of the fuel 

puddle injected into the cylinder also evaporates. This situation is described the as so-

called Wall-Wetting effect in the system. The vaporized fuel mixes with the air and forms 

the air-fuel mixture. After the combustion, the exhaust gases exit the cylinder, they mix 

with the previously existing exhaust gases and travel through the exhaust manifold until 

they reach the UEGO sensor location. Also, in a multi-cylinder engine, the exhaust gases 
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coming from the individual cylinders enter the exhaust manifold at different times. The 

mixture of the air-fuel and propagation of the exhaust gases can be modeled as a pure 

delay and  a first order lag. Also, the UEGO sensor dynamic has also a first order 

dynamics in the loop. After having taken into account of all these considerations, we limit 

the discussion on the modeling of having a proper model for control design purposes. All 

these subsystems consisting of a third order dynamics becomes a first order transfer 

function with a pure time delay as shown in the equation below. For controller design, a 

first order transfer function in series with a pure time delay is considered where the input 

and the output are the deviations in the commanded in-cylinder air fuel  ratio and the 

measured air fuel ratio. The  transfer function of the system is given with 

      
 

    
      

                                                                                                                                       (4.1) 

 

where   is the time constant and   is the total time delay. The total time delay 

summarizes all delays introduced by the dynamic effects, such as wall-wetting, manifold 

filling and transportation, is described in two categories:        where the time it takes 

from the fuel injection calculation to exhaust gas exiting the cylinders and       where 

the time it takes for the exhaust gases to reach the UEGO sensor location. The 

dependence of the time delay on the engine operation speed ω and the mass-air flow is 

given as follows [30] 

     : depends on the mass air flow and engine speed  , typically varies between 20 and 

500ms. 

     : depends on the engine speed   and approximates 
  

 
 .  
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  : depends on the engine speed ω and approximates to 
        

   
 [13], where CYC denotes 

the number of cylinder in the engine. The total time delay can be summed as         

     . Assumption of a six cylinder engine and             , the parameters can be 

approximated as  

                                                               and        .                                 (4.2) 

Then the LPV presentation of the plant is given by[30] 

 ̇    
  

   
      

  

   
    

   

 
  

                                                                                                                     (4.3) 

where   is the control input,   is a disturbance acting on the output.  

     In order to obtain the LPV state delayed state space representation, an artificial 

dynamic control law is enforced as                     where             K is 

an non-singular gain matrix Λ>0 is selected as the bandwidth of the actuator.      

    The main purpose of air-fuel ratio problem to attenuate the disturbance along with 

proving a perfect tracking error. In order to achieve this two additional states    and     

are introduced to the system, where  ̇       ,   is the reference tracking signal and 

 ̇     . The state    is required to eliminate the effect of the disturbances on the output. 

Final form of the LPV state space representation is as 
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As seen in the above expressions, the regulated output vector is given as   

                  where  ,   and   are the performance weights and chosen as stated on 

[30].   is denoted a number which is necessary to obtain the solution to above 

optimization scheme. 

Remark 1: Unlike the previous approaches [8, 9, 14, 31], the input delay in the system is 

transferred to the delay in the states. This transformation allows us to use the derived 

control strategy in the previous sections with no need of  selection of weighting functions 

on the output channels of the system errors and control inputs, reducing the system 

dependency on the engine speed ω. 

 In the LPV control design problem, the maximum performance level (Induced   -norm) 

for the closed loop system is found by solving the optimization problem. In our problem γ 

is found as 1.52. Moreover, as discussed in the previous sections, in order to maintain a 

finite set of vector parameters, engine speed ω(t) = [800 4000] rpm, is parameterized in 

an interval of 100 rpm such that the solution of the problem is reduced to finite 

dimensional convex optimization problem. The basis function is chosen as 

                                          . 

The LMIs solution is further checked for a denser gridding points. Supposedly better 

performance level is accomplished. The delay of the system is expressed as a function of 

engine speeds ie.,  (    )       . The controller is only scheduled by the 

measurement of engine speed in the control loop. This provides a very systematic 

solution of the LMI problem  not only having a one scheduling varying parameter, but 

also providing a robust performance on all of the range of engine operation points. 
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4.2 Controller Implementation 

     For comparison purposes, there are two types of controller are implemented. The 

designed controllers are validated through step response the simulations. The simulation 

block diagram for LPV and IMC cases are given, 

 Disturbance 

Air-Fuel Ratio Reference                                                                                   Referance 

Output 

 

 

 

 

 

 

 

Figure 4.2 LPV Control Scheme 

Figure 4.3 IMC scheme 

ENGINE MODEL 

LPV CONTROLLER 
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     The smith-predictor based control structure of the IMC scheme is given at figure 

4.3.The error d is zero when process model and engine model are exactly same. See [22] 

for different modifications on smith predictors and extensive explanations with 

corresponding numerical examples. One of the main components of the IMC structure is 

filter constant. In this work filter time constant is selected such that closed loop 

bandwidth is increased for robust stability. In order to present the robustness of the closed 

loop, the filter time constant is tuned with respect to delay variation so that all variation 

of the delay in the closed loop is compensated and the robust stability is achieved.  

     Canister purge and injector uncertainty are comprised of the main disturbance acting 

on the output of the plant. 

                

 

Figure 4.4 Disturbance Profile 

 

     In order to validate the proposed controller, step responses are simulated. Minimum 

and Maximum delay cases are taken into account for both LPV and IMC controllers. 
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Figure 4.5 Step Responses (LPV Controller) 

  

 
Figure 4.6 Step Responses (IMC Controller) 
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Figure 4.7 Step Responses (PI Controller) 

 

      The varying delay of the engine restricts performance specifications in the control 

loop. The presence of time delays typically imposes strict limitations on the control 

design. There are several methods of dealing with the negative effects of the time delays. 

A very common method of the compensating the time delay is the smith predictor 

approach. The smith predictor has been of interest to academics for the estimation and the 

compensation of the processes with the time delays. In this work, we also use the smith 

predictor based PI controller of the engine air-fuel ratio regulation in the presence of the 

uncertainty and external disturbances in the control loop. The Ziegler-Nichols Method is 

a common tuning way of the P, PI, and PID control gains in the existence of the dead-

time and the high order dynamics in the closed loop. However, we obtain the PI gains 

based on the approximation of the internal model design framework, and the smith 
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predictor structure is employed in the control loop to eliminate the negative delay effect. 

The controller gains are adjusted such that the zero steady-state value and no overshoot  

is achieved.  

     Step response is one of the general ways of validating the controller performance. We 

plot the step responses in Figure 4.5, 4.6 and 4.7 min and max delay cases within the 

interval of nine uniform points. As seen in the plots, the LPV controller and the PI 

controller settles around the 5 seconds. This is indeed a quite satisfactory result not only 

the speed of the response viewpoint but also of robust stability viewpoint in the presence 

of varying delay. The robustness of the proposed controllers on the performance caused 

by time-delay values are evident.  

     The main control of objective of the air-fuel ratio problem is that minimizing the 

tracking error in existence of external disturbances and delay. The following simulation 

results demonstrate the tracking enhancement of the controller. To ensure the robust 

stability of the closed loop system, the simulations performed for       of the delay 

bounds. As observed, the controllers provides a smooth tracking error for each cases. And 

It is also trivial to demonstrate that even if the delay takes the maximum value, the 

controller stabilizes the plant as expected. Moreover, The closed loop tracking 

performance of the PI is demonstrated in Figure 4.12. It is observed that there is no 

overshoot even when we assume the +20% estimation error in the delay values. 
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Figure 4.8 Tracking Air-Fuel Ratio Reference(LPV) 

 

Figure 4.9 Zoomed between [100 200] seconds 
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             Figure 4.10 Tracking Air-Fuel Ratio Reference(IMC)      

 
Figure 4.11 Zoomed between [100 200] seconds 
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 Figure 4.12 Tracking Air-Fuel Ratio Reference(PI) 

 

Figure 4.13 Zoomed between [100 200] seconds 
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4.3 Conclusion 

     LPV control of the air-fuel ratio for an engine model is demonstrated. The focus is the 

design of a robust controller structure against the uncertainties and varying delays. The 

simulation results are performed for the LPV and IMC cases for the purpose of 

comparison. It is clearly seen that the well-known controller method of IMC design does 

not provide a good result to compare to the LPV controller. The reason is quite clear 

based on the idea behind the LPV controller design in adjusting the control gains for all 

different variation in the operating envelope. To be more precise, it can be stated that the 

controller schedules the gain at each instant of time on the given operating conditions 

accordingly. On the other hand, the Smith predictor based IMC structure eliminates the 

unwanted dynamics in the loop as well as cancelling the delay quantity. It is seen that the 

IMC design cannot handle design specifications as good as the LPV design. Both 

proposed control methods are validated by step responses for       variable delay 

variation at first. The time responses are examined for comparison of the simulation 

results in a robustness viewpoint. While the effectiveness of the proposed LPV design is 

outstanding for small values of delay, it is worth to admit that when the delay variation is 

high in the loop, the controller violates the stability and performance specifications. To be 

more precise, after the delay bound exceeds 0.6, the suggested controller deteriorates the 

tracking error, as well as, the  overshoot and settling time specifications.  
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CHAPTER 5 

CONCLUSIONS 

5.1 Assessments and Contributions of the thesis 

   In this thesis we have presented concepts of linear parameter varying (LPV) controller 

design for time delay systems along with application to different numerical examples. In 

chapter one, we described the air/fuel ratio control problem in internal combustion 

engines for emission reduction and the justification for the need of precise regulation. 

The control problem of a three way catalysis is investigated and important features are 

highlighted.  

 In chapter 2, conventional gain scheduled design methods are introduced.  LMI 

conditions are formulated to satisfy the stability and performance specifications of a 

given system. It is worth stating that the theory of gain scheduling controller is adjusting 

the gain for all over the operating range of the system. This feature leads to a robust 

controller that is capable of compensating the overshoot and minimizing the cost of the 

controller. Moreover, the uncertainties in the system dynamics can addressed within the 

control loop with no additional effort of design. It is stressed that the obtained controller 

synthesis can be directly implemented to any given linear parametrically varying systems. 

 In chapter 3, we extended our discussion for time delayed systems. It is observed that 

almost all of systems exhibit time delay behavior in closed-loop operation. In order to 

compensate this phenomenon, the necessary and sufficient delay-dependent synthesis 

conditions are formulated following the formulation in [2].  Lyapunov-Kasovskii 

functionals are employed on the LMI derivation. Both state-feedback and output-

feedback controllers are derived and implemented for a delayed-system. The 
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corresponding LMI conditions are not only dependent on the delay bound but also depend 

on the rate of the change of the delay. Admittedly, stabilization and performance level 

(induced   -norm) are guaranteed in the closed loop in the presence of large time delay. 

The results are validated through the simulations and demonstrate less conservative 

controller designs for the systems. 

 In chapter 4, the air-fuel ratio control problem is examined via the use of output- 

feedback controller. A first order simple engine model is considered for the controller 

design. LPV modeling of the engine model and associated parameters of the 

specifications are considered from [30] and the  output feedback controller is 

implemented. One great advantage of the LPV model of the engine is that enabling to 

implement directly the designed controller with no tuning of the parameters and 

appropriate selection of the weighted functions is required. Furthermore, a well-known 

model-based controller design method, internal model controller(IMC) is used for the 

comparison of the results. It is known that IMC performs quite well in the existence of 

the delay and it is one of the robust controller design methods. On the other hand, the 

comparison of the simulation results highlights improved results of the LPV controller 

compared to the IMC. The presented LMI condition based results in scheduled gains all 

over the system dynamics operating conditions as well as the delay bounds and rates. 

However, a Smith predictor based IMC design may outperform the design specification 

such as settling time and overshoot of the given operation envelope.  

 

 

 



68 
 

 5.2 Future work  

The obtained results can be extended through the following investigations. 

i) The designed state-feedback and output-feedback controller can be derived 

with a selection of different Lyapunov-Kasovskii functions. A main source of 

conservativeness introduced to the system stability and performance comes 

from the selection of the Lyapunov functional. Hence, selection of more 

complicated Lyapunov-Kasovskii functionals can benefit the conservatism. 

However, such a selection could impact the formulation of the design problem 

as a convex optimization problem. 

ii) More complicated and accurate models of the system can be utilized for LPV 

control design. However, such a selection will impact the complexity of the 

design process and the order of the controller. 
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