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Dr. Krešimir Josić
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Abstract

In this dissertation we study a problem in mathematical physics concerning the

eigenvalues of random matrices. A network may be represented by any of several

matrices whose set of eigenvalues is the network’s spectrum, and can act as a tool

in understanding a network’s topological and dynamical characteristics. We focus

on the spectrum of the graph Laplacian, which is the discretization of the continu-

ous Laplace operator and naturally arises in diffusion and synchronization problems

on networks. As a prototypical simple example of spatial networks, we study the

ensemble-averaged spectra of random geometric graphs (RGGs) and find that the

spectra consist of both a discrete and continuous part. The discrete part, a collec-

tion of Dirac delta peaks at integer eigenvalues, does not appear in the spectra of

non-spatial graphs and is a direct result of the topology specific to an RGG. We iden-

tify two types of mesoscopic symmetric structures that produce integer eigenvalues

whose corresponding eigenvectors are exactly localized on the motif and analytically

calculate the expected contribution of these motifs to the spectrum of 1d RGGs.

Symmetric motifs are of particular interest because the localized eigenvectors im-

ply that mesoscale structures can exist whose dynamics are mostly independent of

the embedding network. The continuous part of the spectrum contains groups of

eigenvalues that separate from the bulk. We show that the number that separate off

together can be deduced by approximating the graph Laplacian with the continuous

Laplace operator. Contained within the first separated peak is the smallest nonzero

eigenvalue, or algebraic connectivity, whose value is directly related to a network’s

attack tolerance. We show that the algebraic connectivity varies as a dimensionally

dependent power of the average degree. Additionally, we examine the behavior of

eigenvalue separation for large N in several scaling regimes and identify a transition,
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above which separation is lost, but below which separation remains. The elimination

of gaps in the spectrum is significant because it implies a smoother path towards

synchronization or consensus formation on a network. Also, an approximation for

the expected number of separated peaks is given.
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1.2 Examples of Erdős-Rényi graphs below (red vertices) and above (blue
vertices) the giant component transition at z = p(N − 1) = 1 con-
structed using p = 0.007 and p = 0.035, respectively. Both graphs
contain N = 100 vertices. The red graph consists of many small com-
ponents and the blue graph contains a giant component with few other
small components. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.3 Examples of small-world graphs with p = 0, p = 0.2, and p = 0.8,
from left to right, in red, blue, and green, respectively. At p = 0, the
graph is a regular ring graph with degree four. At smaller values of
p, the regular underlying structure is still discernible, but at higher
values of p, the small-world graph resembles a random graph. . . . . . 8

1.4 Examples of RGGs in one and two dimensions. . . . . . . . . . . . . . 10

1.5 The ensemble-averaged Laplacian spectrum for 1d RGGs on the unit
circle, with N = 100 and r = 0.1. The results are obtained from nu-
merical diagonalization and averaged over 106 realizations. A bin size
of ∆µ = 0.001 was used to construct the histogram. (a) The RGG
spectrum (red) consists of discrete, Dirac delta peaks at integer eigen-
values. The envelope of these peaks is roughly centered on the mean
degree of the network, which in this case is 〈k〉 = 20. (b) A zoom-in of
the top figure. Between the discrete peaks, the RGG spectrum (red)
has a continuous part. The ensemble-averaged Laplacian spectrum for
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Chapter 1

Introduction

One goal of studying complex systems is to answer the question of how the parts of

the system influence the collective behavior of the whole system. In the past this

was done by studying either the behavior of individual units, or small groups of

units, in the system or the behavior of the interactions between units. For example,

if we wish to understand the behavior of the United States power grid, we might

study the performance of a particular substation or we might study the different

types of transmission lines. More recently, a third approach has emerged. This

approach encompasses studying the underlying pattern of connections in the system.

In the above example, this could mean studying how performance changes as power

is rerouted across the grid. To study this aspect of a complex system, it is both

helpful and convenient to reduce it to simply a network of nodes and links.

Even with this simplification, understanding the structure and dynamics of the

underlying networks remains a difficult endeavor. One means of studying a network

is to represent it by a zero-one matrix A in which the rows and columns are indexed

1



by the nodes. The element in the ith row and jth column is one if there is a link

between nodes i and j and zero if there is not. This matrix is known [26, 68] as the

Adjacency, or connectivity matrix. Other matrices to represent a network may also

be constructed, often by building upon the Adjacency matrix. In this dissertation,

we consider the graph Laplacian [42] L = D −A, where D is the diagonal degree

matrix, i.e., the diagonal entry in the ith row is the number of connections of node i.

The graph Laplacian is the discrete version of the continuous Laplace operator and

thus, naturally arises in diffusion and flow problems on a network.

A natural question to ask is, “What might the eigenvalues of these matrices say

about the structure of the network?” Accordingly, much effort has been directed at

trying to understand the link between a network’s topology and its spectrum, or set

of eigenvalues, yet much remains unknown. How exactly a network’s spectrum can

be used to describe and characterize the network and processes taking place on it

has not been fully specified.

To make progress, simplified graph models are often studied in lieu of the com-

plex topologies found in real-world networks. Many of these models disregard any

information about the nodes’ geographical positions. However, in many complex

systems, such as the power grid in our earlier example, connectivity is a function

of the distance between nodes. In this dissertation we investigate random geomet-

ric graphs (RGGs) [131, 44] as an example of a graph model that incorporates the

spatial location of nodes.

We study the ensemble-averaged spectra of RGGs and identify mesoscopic sym-

metric structures that give rise to integer-valued Dirac delta peaks in the Laplacian

spectra. These integer eigenvalues comprise a significant fraction of the Laplacian
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spectra and are not found in the spectra of non-spatial networks. The existence of

such a large number of these structures has a profound effect on the way that RGGs

behave dynamically. Of particular importance to the dynamics of a network is its

smallest nonzero eigenvalue and we show that for RGGs, the algebraic connectivity

varies as a dimensionally dependent power of the average degree. Additionally, the

relationship between the discrete graph Laplacian and the continuous Laplacian op-

erator is used to understand the eigenvalue separation in the spectra of RGGs. For

1d RGGs, we consider several scaling limits and determine whether or not separation

occurs, and if so, an approximate expression for the expected number of separated

peaks is given. The implications of these findings for the behavior of spatial graphs

is also discussed.

1.1 Types of graphs

The following definitions may be found in any general graph theory textbook such

as [26] or [68]. A graph, or network, G consists of a vertex set V (G) and an edge set

E(G). A vertex, or node, is the fundamental unit of the graph and an edge, also called

a link, is an unordered pair of distinct vertices in G. If x and y are vertices, and xy is

an edge, then x and y are said to be adjacent, connected, or neighbors. A undirected

graph is a graph in which the links do not have an orientation and a directed graph is

a graph in which the links have a direction associated with them, i.e, the links point

from one vertex to another. An example of a simple undirected network with ten

red vertices, labeled a− j, and twelve black links is shown in Fig. 1.1. The degree of

a vertex is the number of edges connected to it. In the example in Fig. 1.1, vertices

e and f have degree two and vertex g has degree four. If all vertices in a graph have

3



a

b

c

d
e

f

g

h

i

j

Figure 1.1: An example of a small network with ten red vertices, or nodes, labeled a
- j, and twelve black links, or edges. Vertices e and f have degree two and vertex g
has degree four.

the same degree, the graph is called regular.

Many of the world’s complex systems may be represented by graphs. Examples

include the Internet [58, 120], the power grid [160, 114, 128], neural networks [106,

97, 55], and gene networks [6, 149]. This has motivated much scientific research in

developing and understanding graph models with characteristics similar to real-world

networks. Until the late 1990s, most of these studies concerned either completely

random or completely regular graphs even though most real-world networks contain

features not captured by either of these models. Around this time, computing power

increased and empirical studies became possible, drawing the attention of physicists.

Models that are neither completely random nor regular, such as the Barabási-Albert

model [18, 4, 19] and the Watts-Strogatz model [155, 154], were introduced and

helped capture features unique to real-world networks.

4



1.1.1 Poisson random graphs

In the uncorrelated random graph model [56], introduced by Paul Erdős and Alfréd

Rényi, a graph G(n, L) is chosen uniformly at random from the ensemble of all

graphs with n vertices and L links. In a closely related model [66], a graph G(n, p)

is constructed by independently connecting each pair of vertices with probability p.

Thus, the expected number of links of G(n, p) is Lnp = pn(n−1)/2 and for large n the

ensembles of G(n, L = Lnp) and G(n, p) have similar properties. Though most real-

world networks are correlated systems and their topology differs from random graphs,

Erdős-Rényi graphs are still studied because many of their properties are exactly

solvable in the large N limit where N is the number of vertices. [31]. Typcially, this

limit is taken while holding the average degree z = (N − 1)p constant.

A component of a graph is a subset of vertices in which any two vertices are

connected to each other by a finite set of edges. The example graph shown in Fig. 1.1

consists of two components, {b} and {a, c, d, e, f, g, h, i, j}. In random graphs, when

p = 0, there are no edges and the largest component is size one and independent

of the system size N , but when p = 1, the graph is fully connected and the largest

component is size N . One of the defining features of random graphs is that as p

increases, they exhibit a phase transition from a low-density state in which there

are few edges and many small components to a high-density state in which a giant

component of size O(N) containing a constant fraction of all vertices forms [57]. All

vertices not in the giant component are in smaller components with size O(logN).

This transition takes place at z = 1. Figure 1.2 shows a examples of an Erdős-Rényi

graph above and below the giant component transition. The red graph on the left

is below the transition and has many small components, whereas the blue graph on
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Figure 1.2: Examples of Erdős-Rényi graphs below (red vertices) and above (blue
vertices) the giant component transition at z = p(N − 1) = 1 constructed using
p = 0.007 and p = 0.035, respectively. Both graphs contain N = 100 vertices. The
red graph consists of many small components and the blue graph contains a giant
component with few other small components.

the right is above the transition and consists of the giant component and a few other

small components.

1.1.2 Small-world graphs

Small-world graphs [155, 154], also known as Watts-Strogatz graphs after their cre-

ators, were introduced as a means of interpolating between a regular and random

graph and are created by randomly rewiring, with probability p, each edge of a reg-

ular graph. Small-world graphs may be built on any number of lattices, but the best

studied case is that based on the one-dimensional regular ring graph. A regular ring

graph of degree 2k is a one-dimensional lattice with periodic boundary conditions

and N vertices such that each vertex is connected to all vertices k or less lattice

spacings away. Examples of small-world graphs with p = 0, p = 0.2, and p = 0.8,

from left to right, in red, blue, and green, respectively, are shown in Fig. 1.3. The
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p = 0 graph is simply the regular ring graph with degree four. For smaller values

of p, the regular structure is still discernible and there are relatively few short-cuts

added to the graph. At larger values of p, the small-world graph resembles a random

graph.

The clustering coefficient [121, 155] is a measure of how likely it is that two

vertices, which share a common neighbor, are connected to each other. It is defined

as

C =
6 × the number of triangles in the network

number of paths of length two
. (1.1)

The path length [68] between two vertices is the number of links one must traverse

to travel from one vertex to the other. The average path length for a network is

the average of the path lengths for all pairs of vertices. For many choices of p,

small-world graphs have short average path lengths and a high clustering coefficient,

as do many real-world networks. However, its degree distribution does not reflect

the presence of hubs, vertices with high degree relative to other vertices in the net-

work, found in many real-world networks. They are frequently used to model the

underlying graph structure in studies of dynamical processes, such as diffusion [46],

synchronization [152], and epidemic spreading [113].

1.1.3 Scale-free graphs

Scale-free graphs correctly model the power-law degree distribution found in many

real-world networks [39]. A power-law degree distribution reflects the presence of a

few hubs connected to many low-degree nodes in the network. One way of generating

a scale-free network is the Barabási-Albert model [18, 4, 19]. To build a Barabási-

Albert network, start with an initial connected network of m0 ≥ 2 vertices. The final
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Figure 1.3: Examples of small-world graphs with p = 0, p = 0.2, and p = 0.8, from
left to right, in red, blue, and green, respectively. At p = 0, the graph is a regular ring
graph with degree four. At smaller values of p, the regular underlying structure is
still discernible, but at higher values of p, the small-world graph resembles a random
graph.

structure does not depend on m0. At each time step, add one vertex to the network

and connect it to the existing vertices following the preferential attachment rule.

That is, connect the new vertex to each existing vertex i with probability pi = ki
P

j kj

where ki is the degree of vertex i. Thus, new vertices have a “preference” to “attach”

to high degree vertices and hubs are formed. Constructing scale-free graphs with the

Barabási-Albert model leads to correlations between the degrees of connected nodes.

Uncorrelated scale-free graphs can be generated with the configuration model [110,

122] or with the direct construction method [45].

1.1.4 Spatial graphs

Using one of the previously mentioned models to study a complex system means

considering only the nodes and interactions between them, but disregarding any

information about the nodes’ geographical positions in space. However, many real-

world networks have interactions based on proximity and thus topologies formed by

geographical constraints. For example, in wireless sensor networks, each sensor usu-

ally has only a short radio range and in neural networks, regions in the brain that are
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closer together have a higher probability of being connected. Several models such as

RGGs [131, 44], the Waxman model [156], scale-free networks on a lattice [137, 153],

planar Erdős-Rényi graphs [47], and spatial generalizations of the Wattz-Strogatz

model [85, 141, 140] have been proposed to properly model spatially embedded sys-

tems [22, 35]. All of these models include a metric that defines a distance between

vertices which is used to determine connectivity.

1.1.4.1 Random geometric graphs (RGGs)

As a prototypical simple example of spatial networks, we study RGGs, which result

from randomly placing vertices in space and connecting those that are close. RGGs

are commonly used to model wireless sensor networks [76], transportation and power

grids [160], neural networks [97, 55], and certain biological processes [79, 2].

A random geometric graph G(X ; r) is defined as follows: Let f be some specified

probability density function on R
d, let X = {Xi; i ∈ N} be a family of independent

and identically distributed random variables on R
d with common density f , and let

‖ · ‖ be some norm on R
d. Then, G(X ; r) is the undirected graph with vertex set

X and edges between vertices Xi and Xj if and only if ‖ Xi − Xj ‖≤ r [131]. We

study RGGs in which the vertices are distributed randomly with uniform probability

and two vertices are connected if the Euclidean distance between them is smaller

than a threshold distance, r. An example of a 1d RGG embedded on a circle is

shown in Fig. 1.4(a) and an example of a 2d RGG embedded on a square is shown

in Fig. 1.4(b).
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(a) A 1d RGG embedded on a circle. (b) A 2d RGG embedded on a square.

Figure 1.4: Examples of RGGs in one and two dimensions.

1.1.4.2 Uniform geometric graphs (UGGs)

At times, it will be helpful to refer to the properties of a UGG. A d-dimensional

UGG with N = nd vertices is a deterministic graph with vertices placed at the

intersections of lines parallel to the axes and spaced a = 1/n apart. Connectivity

is determined in the same manner as for an RGG. As an example, consider the 1d

UGG with N vertices and a ≤ r < 2a. This is simply a 1d lattice with nearest

neighbor connections. If periodic boundary conditions are imposed, it is the regular

ring graph of degree two.

1.2 The graph Laplacian

Understanding the structure and dynamics of complex systems is not easy. New

mathematical techniques, such as spectral graph theory [43, 74, 38, 105, 42], have
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been developed to aid in describing their behavior. Any network may be repre-

sented [68, 123, 105] by any of several matrices. The simplest of these is the ad-

jacency matrix A which has rows and columns indexed by the graph vertices. If

vertices i and j are connected, the matrix element Aij = 1. If vertices i and j are not

connected, Aij = 0. Thus, graphs without self loops have zero along the diagonal

and an undirected graph has a symmetric Adjacency matrix.

Perhaps a more natural representation, partly because of its physical interpre-

tation representation, is the graph Laplacian L = D −A where D is the diagonal

degree matrix. Thus,

Lij =







∑

j 6=iAij = ki if i = j

−1 if i 6= j and i and j are connected

0 otherwise

(1.2)

where ki is the degree of vertex i. The Laplacian is the discretization of the contin-

uous differential Laplace operator ∇2 and thus naturally arises in diffusion and flow

problems on a network. Its zero row sum expresses global translational invariance.

By definition, the Laplacian is a symmetric matrix and thus has a complete set of

orthogonal eigenvectors. There are other methods of representing a graph, but in

this dissertation we focus on the graph Laplacian.

1.2.1 Eigenvalues of the Laplacian

After representing the graph by a matrix, it is natural to begin asking questions

about the spectral properties of that matrix. For a finite network of size N , the

spectral density is a collection of delta functions given by ρ(λ) = 1
N

∑N
i=1 δ(λ − λi)

where λi is the ith largest eigenvalue. To avoid confusion, we refer to the eigenvalues
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of the Adjacency matrix as λi and those of the Laplacian as µi. For reasons that will

become clear in Ch. 4, we label the eigenvalues of the Adjacency matrix from i = 0

to i = N − 1 such that λ0 is the largest eigenvalue. The largest eigenvalue of the

Laplacian is µ1.

Science and mathematics has a long tradition of using transformations, most

notably the Fourier transform. In this sense, studying a network, or ensemble of

networks, by studying its spectrum is like transforming to eigenvalue space. The

hope is that while some problems concerning networks might be most easily solved

in the topology domain by considering graphs as a set of nodes connected by links,

others might be more tractable in the spectral domain where the graph is represented

by its set of eigenvalues and eigenvectors. One advantage of this transform is that

a matrix representing a network of size N has N2 entries, but only N eigenvalues.

In theory, the “eigenvalue transform” is invertible; however, in practice this can be

difficult because one must know the eigenvectors as well. For the real symmetric

matrix L, its eigenvalues are found from the orthogonal transformationX⊺LX = Λ

where X is an orthogonal matrix that contains as columns the eigenvectors of L.

Thus, the inverse transformation is XΛX⊺ = L. The distribution and properties of

eigenvector components is thus also of interest, but as yet, not much is known [41].

Though knowledge of the eigenvalues alone is not enough to perform the inverse

“eigenvalue transform” and two graphs with the same spectrum are not necessarily

isomorphic [68], it has been suggested that perhaps for a significantly large graph, its

spectrum is like a fingerprint in its ability to uniquely identify a graph [150]. Deter-

mining which graphs are uniquely determined by their spectrum is an open question.

Spectral graph theory as applied to the study of complex networks tries to under-

stand the link between the structure and dynamics of a network and its spectrum.
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Because eigenvalues weigh the importance of eigenvectors, which are all indepen-

dent and orthogonal, yet conventional graph metrics, such as betweenness [21, 63],

clustering coefficient [121, 155], and vertex and edge connectivity [61], are generally

correlated, features a graph’s spectrum can be linked characteristics of the graph not

captured by existing metrics.

Some basic known results [109] for the Laplacian spectra of a graph with N

vertices are:

1. L has nonnegative real eigenvalues.

2. The smallest eigenvalue is µN = 0 and corresponds to the eigenvector for which

each component is equal to one.

3. The multiplicity of µi = 0 is the number of components.

4. The sum of the eigenvalues is twice the number of edges.

5. µ1 ≤ max{k(u) + k(v); for all edges uv} where k(u) is the degree of vertex

u [9].

6. µ1 ≥ n
n−1

kmax where kmax is the maximum degree [61].

(1) is a result of the fact that L is a symmetric, positive semidefinite matrix. To

see that L is positive semidefinite, let us first define the Oriented Incidence matrix

B for a graph with N vertices and L links. B is an N × L matrix with entires

bnl =







+1, if n is the terminal vertex of l

−1, if n is the initial vertex of l

0, if n and l are not incident.
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It is well known [26] that

L = BB⊺ (1.3)

for an arbitrary choice of orientation of the links in an undirected graph. Then, for

an eigenvector x with associated eigenvalue µ of L,

x⊺Lx = x⊺BB⊺x = ‖B⊺x‖2 ≥ 0 and

x⊺Lx = µx⊺x = µ implies

µ ≥ 0. (1.4)

(2) is a result of the zero row sum. If all entries of x are the same, then Lx = 0.

Thus, the vector 1 = (1, 1, . . . , 1)⊺ is an eigenvector of µ = 0.

(3) results from a suitable relabeling of the vertices such that we may write L

as a block matrix

L =












L1 0 · · · 0

0 L2 · · · 0

...
...

. . .
...

0 0 · · · Ln












(1.5)

where Li is the Laplacian for the ith component. Then, it is clear that L has at

least n orthogonal eigenvectors with eigenvalue zero.

(4) is a result of the fact that TrL is both the sum of the degrees and the sum

of the eigenvalues.
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(4) and (5) are stated without proof, but the reader is referred to the given ref-

erences.

A subgraph [68] is a graph whose vertices and edges are a subset of a larger graph

and a network motif is a frequently occurring subgraph. Generally, subgraphs do

not produce specific eigenvalues [43], but it is known that certain mesoscale struc-

tures, namely symmetric (or quasi-symmetric) motifs reveal themselves in the spec-

trum [17, 94]. The eigenvectors of the eigenvalues resulting from symmetric motifs

are exactly localized on the motif such that the only nonzero components correspond

to vertices of the motif. Symmetric motifs are thus of particular interest [95, 162], be-

cause their spectral properties imply that the presence of a single such motif in a given

network can have distinct, well-defined consequences for system-level processes such

as diffusion, synchronization, or more complex dynamics [12, 28, 52, 49, 14, 50]. Con-

finement of dynamical modes inside the symmetric structure means that mesoscale

structures can exist whose dynamics are largely independent of the embedding net-

work. While symmetric structures are relatively rare in random non-spatial graphs,

in Ch. 2 we show that they occur abundantly in RGGs.

1.2.2 The algebraic connectivity

The second smallest Laplacian eigenvalue µN−1 is of particular importance and is

known as the algebraic connectivity. It partly gets its name from the fact that, as

shown in Sec. 1.2.1, a graph is connected if and only if µN−1 > 0. The algebraic

connectivity is related to many topological properties of graphs and imposes bounds

on many properties which are difficult to explicitly compute for large graphs. It is
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known [108] that for a graph with N nodes and minimum degree kmin

4

ρN
≤ µN−1 ≤

N

N − 1
kmin (1.6)

where ρ is the diameter, or longest shortest path, of the graph.

A larger algebraic connectivity implies a more highly intertwined subgraph struc-

ture [5]. That is, for any two clusters A and B in a graph, a large µN−1 means that

there is a high number of links between A and B. As an extreme example, let us

consider the complete graph K100 and the cycle graph C100. The complete graph

KN [68] is a graph with N vertices in which each pair of vertices is connected by an

edge. Thus, there are N(N−1)
2

links in KN . The cycle graph CN [68] is a graph with

N vertices that are connected in a chain. Thus, CN has N links and each vertex has

degree two. CN is the regular ring graph with degree two as described in Sec. 1.1.

K100 has µN−1 = 100 and C100 has µN−1 = 0.0039. That µN−1 for K100 is so

many times larger than µN−1 of C100 should not be surprising because K100 has 4950

links while C100 only has 100. For any choice of A and B there will always be links

between them in K100, but it is easy to choose an A and B in C100 where there are

no inter-cluster links. µN−1 also imposes the following bound [61] on the number of

links κL or nodes κN that must be removed to disconnect a graph,

2κL

[

1 − cos
π

N

]

≤ µN−1 ≤ κN (1.7)

For this reason, µN−1 is often used as a means of measuring the robustness of complex

networks [80, 81].

The isoperimetric number of a graph i(G), another means of measuring the con-

nectivity of a graph, is very hard to compute and even obtaining bounds can be

difficult [109]. The isoperimetric number of a graph G with vertex set V (G) and

16



edge set E(G) is defined as

i(G) = min

{ |δX|
|X| ;X ⊂ V (G), 0 < |X| ≤ |V |

2

}

(1.8)

where δX is the set of all edges going from a vertex in X to a vertex outside of

X [68]. If one imagines discrete packets being transported across the network, i(G)

can be interpreted as a measure of whether or not the graph has a bottleneck. If

i(G) is small, but positive, then the graph has a bottleneck in that there are two

relatively large sets of vertices with few links between them. In [107] it is shown

that

µN−1

2
≤ i(G) ≤

√

µN−1(2kmax − µN−1). (1.9)

Numerical studies [93, 100, 99] indicate that even a small increase in a network’s

clustering coefficient causes a dramatic decrease in µN−1.

The eigenvector associated with µN−1, known as the Fiedler vector, can be used to

partition the network into two sets of vertices such that the number of links between

the two sets is a minimum [145]. An intuitive understanding of this can be gained

by imagining a network that is a chain of point masses connected by string in which

the masses are the vertices and the strings are links. As we will show in Ch. 3, the

frequencies of the normal modes of vibration are the Laplacian eigenvalues and the

eigenvectors are the normal mode solutions. The normal modes are standing waves;

thus, for a string with fixed ends, µN−1 is associated with a standing wave with

wavelength equal to the length of the string. At a given instant in time, half the

masses will be above the equilibrium position and half will be below. To partition

the network using the Fiedler vector, place all nodes whose component is negative

in the Fiedler vector in one component and all nodes whose component is positive
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in the other. The smaller µN−1 is, the more likely the Fiedler vector finds a good

partition [145].

1.2.2.1 Applications of µN−1 to network dynamics

Not only is µN−1 related to topological properties of a network, but it also has im-

plications for dynamics on a network such as the synchronizability and stability of

a network of coupled oscillators and the convergence rate of consensus algorithms.

In Ch. 4 we show that µN−1 for RGGs scales as a dimensionally dependent power of

the average degree.

Master Stability Function

Using the Master Stability Function (MSF) formalism it has been shown [130] that

the smaller the eigenratio µ1/µN−1, the easier it is to achieve synchronization. Thus,

a larger µN−1 implies higher synchroznizability and numerous studies [116, 115, 124]

have been done to determine optimal network structures for achieving synchroniza-

tion by maximizing the algebraic connectivity.

To see this, we follow the discussion in [11] and start with a connected network of

coupled identical oscillators, whose positions in phase space are represented by the

d-dimensional state vector x. We also assume that each oscillator has an identical

output functionH(x) which generates a signal from state x and sends it to the other

oscillators in the network.

As a simple example, consider the case of two coupled Lorenz oscillators [92]. In

this case, the state space is three-dimensional and x = (x, y, z). The equations of
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motion for an uncoupled oscillator are

ẋ = α(y − x)

ẏ = x(β − z) − y

ż = xy − γz

where α, β, γ are the system parameters. If the oscillators are coupled through the

z variable only, then H(x) = (0, 0, z) and we have

ẋ1 = α(y1 − x1)

ẏ1 = x1(β − z1) − y1

ż1 = x1y1 − γz1 + σ(z2 − z1)

ẋ2 = α(y2 − x2)

ẏ2 = x2(β − z2) − y2

ż2 = x2y2 − γz2 + σ(z1 − z2)

where σ is the coupling strength.

More generally, if the equation of motion for an isolated, uncoupled oscillator is

ẋ = F (x)

then for N coupled oscillators, we have

ẋi = F (xi) + σ

N∑

i

aijwij [H(xj) − F (xi)] (1.10)

= F (xi) − σ

N∑

j

CijH(xj) (1.11)

where A = aij is the Adjacency matrix, wij are the connection weights, and σ is

the coupling strength of the oscillators. C is the coupling matrix and by definition,
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has zero row sum. In the following, we consider the case of an unweighted network

for which the coupling matrix C = L. Because of the zero row sum, there exists a

completely synchronized state

x1(t) = x2(t) = · · · = xN(t) = s(t). (1.12)

The subspace where all oscillators evolve together is the synchronization manifold.

If all oscillators are on the synchronization manifold, they will remain there, but

we would like to know the stability of the synchronized state. That is, do small

perturbations δxi grow or decay in time? Setting

xi(t) = s(t) + δxi(t) (1.13)

in Eq. 1.11 and expanding F and H in a Taylor series yields

δẋi = DF (s)δxi − σDH(s)

N∑

j

Lijδxj (1.14)

where DF is the Jacobian matrix of F . These equations have a block form and can

be diagonalized into N eigenmodes

ξ̇l = [DF − σµlDH ]ξl for l = 1, . . . , N (1.15)

where ξl is the eigenmode associated with the Laplacian eigenvalue µl.

Because µN = 0 with corresponding constant eigenvector, the eigenmode ξN cor-

responds to a perturbation parallel to the manifold and all other N − 1 modes are

transverse to the manifold. To have a stable synchronization, these modes should

be damped out such that an initial small perturbation δξ0 from the synchronization

manifold decreases exponentially in time. This is expressed in therms of the Lya-

punov exponent λ. For two trajectories in phase space with an initial separation δZ0,
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the Lyapunov exponent characterizes the rate at which the two trajectories diverge

as

‖δZ(t)‖ ≈ eλt‖δZ0‖. (1.16)

Thus, λ < 0 implies that the two trajectories in phase space remain similar.

Note that all N eigenmode equations Eq. 1.15 are of the same form and differ

only by a parameter αl = σµl. To determine the stability of the synchronized state,

the largest Lyapunov exponent λmax is numerically calculated as a function of α.

Then the mode is stable for λmax(α) < 0. In the bounded case, for which λmax < 0

only within a finite interval αmin < α < αmax, we must have

αmin < σµN−1 ≤ σµN−2 ≤ · · · ≤ σµ1 < αmax. (1.17)

Thus, it is only possible for the network to synchronize if the eigenratio

R =
µ1

µN−1
<
αmax

αmin
(1.18)

and the synchronized state is stable for

αmin

µN−1
< σ <

αmax

µ1
. (1.19)

In the unbounded case, for which λmax < 0 for all α > αmin, Eq. 1.17 will hold for

any σ > αmin/µN−1. Thus, in either the bounded or unbounded case, a larger µN−1

implies higher synchroznizability for a network.

Consensus Algorithms

In a related problem, it is known that topology is important in determining the

convergence rate Tc for consensus algorithms in sensor networks [34] and that the

algebraic connectivity places a lower bound on Tc [127, 15, 138]. Consider a network
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of N sensors with measurements xi(t) where each sensor has an initial measurement

xi(0). The goal of the consensus algorithm is to have every node in the network

agree on a function of the measurements, say x∗. The computation of x∗ is done

only through a decentralized mechanism that builds on interactions though con-

nected nodes only and works to minimize the disagreement between the states xi of

interacting nodes. The convergence rate Tc is defined [127, 15] as the time for which

|xi(t) − x∗| ≤ γ|xi(0) − x∗| for i = 1, . . . , N (1.20)

for γ ≪ 1. Thus, Tc is the time it takes for the disagreement between the initial

measurement at each sensor and the desired consensus value x∗ to decrease by a

factor γ.

As a simple example, let us consider the case where x∗ is the average of the initial

measurements. The disagreement may be quantified as

J(x) =
1

4

N∑

i=1

∑

j∼i
(xi − xj)

2 (1.21)

where xi is the measurement of sensor i and the second sum is over the neighbors of

node i. This can be written in terms of the Laplacian by noting

J(x) =
1

4

N∑

i=1

N∑

j=1

aij(xi − xj)
2

=
1

2
x⊺Lx. (1.22)

The minimization of Eq. 1.22 is reached through the following update rule [127]

ẋi(t) = −
∑

j

Lijxi(t). (1.23)

where x(0) = x2
0. If the graph is connected, the x(t) converges to

x(t) → 1

N
11⊺x0 = x∗ (1.24)
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where 1 is an N × 1 vector with all entries equal to one and x∗ is the average of the

initial measurements. The system converges to consensus exponentially

‖x(t) − x∗1‖ ≤ ‖x(0) − x∗1‖O(e−µt) (1.25)

and the time to consensus is bounded by the slowest decaying mode determined by

µN−1. Thus using Eqs. 1.20 and 1.25

Tc = − log(γ)

µN−1

. (1.26)

There have been studies done to reduce Tc by maximizing µN−1 for certain choices

of link weights [161, 33]. The algebraic connectivity of RGGs is of particular interest

because many wireless ad hoc sensor networks, which can be modeled by RGGs, run

consensus algorithms. In Ch. 4 we show that µN−1 forRGGs varies as a dimensionally

dependent power of the average degree.

1.2.3 Applications of Laplacian spectra

The algebraic connectivity is certainly of particular importance for network dynam-

ics, but the full spectrum is relevant as well [100] as the Laplacian eigenvalues arise

in solutions to diffusion and synchronization problems on networks.

Diffusion

To see this, consider a network on which diffusion is taking place. If, ψi is the amount

of the diffusing substance at node i, the flow rate from node j to node i is C(ψj−ψi)

23



where C is the diffusion constant. Then,

ψ̇i = C
∑

j

Aij(ψj − ψi) (1.27)

= C
∑

j

(Aij − δijki)ψj

where Aij is the ijth entry of the Adjacency matrix and ki is the degree of node i.

In matrix form,

ψ̇ + CLψ = 0. (1.28)

The solution to ψi(t) can be written as a linear combination of normal mode solutions

where the normal modes are the Laplacian eigenvectors vi such that

ψj(t) =
∑

i

bi(t)vi. (1.29)

bi(t) is found by substituting Eq 1.29 into Eq. 1.28 so that

bi(t) = bi(0)e−Cµit. (1.30)

That Eq. 1.28 is the same as Eq. 1.23 is not surprising, because mathematically dif-

fusion and consensus are the same problem. In diffusion, one starts with an amount

of substance at each node and equilibrium is reached when each node has the same

amount and in the consensus algorithm, one starts with an initial measurement at

each node and consensus is reached when every node has the same measurement.

If the measurement is viewed as the amount of substance, the problems are iden-

tical. In [20, 70] the Laplacian spectra is used to study diffusion on complex networks.

Kuramoto Oscillators

Equation 1.28 once again arises in studying the synchronization of a network of cou-

pled Kuramato oscillators. The Kuramoto model [87, 146, 1] consists of N coupled

24



interacting limit-cycle oscillators where each oscillator exerts a phase dependent in-

fluence on the others such that the phase of the ith oscillator evolves in time according

to the following dynamics

θ̇i = ωi + σ

N∑

j=1

Aij sin(θj − θi) (1.31)

where ωi is the natural frequency of the ith oscillator, σ = K/N is the coupling

strength between pairs of oscillators, and Aij is the ijth entry of the Adjacency

matrix. The macroscopic complex order parameter

r(t)eiψ(t) =
1

N

N∑

j=1

eiθj(t) (1.32)

measures the collective dynamics of the population. When r = 0, the oscillators

are moving incoherently and when r = 1, they are phase locked. In the mean-field

approximation all nodes are globally coupled and the time evolution of an oscillator

may be written in terms of the global order parameter. The local order parameter [12]

ρij(t) = 〈cos[θi(t) − θj(t)]〉 (1.33)

measures the correlation between pairs of oscillators. Multiplying both sides of

Eq. 1.32 by e−iθi and equating the imaginary parts yields

r sin(ψ − θi) =
1

N

N∑

j=1

sin(θj − θi). (1.34)

Substituting the above into Eq. 1.31 gives

θ̇i = ωi +Kr sin(ψ − θi) (1.35)

which shows that the oscillators interact with each other through only the mean field

quantities r and ψ.
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However, the mean-field approach is not applicable to studies of Kuramoto oscil-

lators on networks with complex topologies because Aij is not always equal to one. In

a network of identical oscillators ωi = ω for all i and using the rotational symmetry

of the model we can set ω = 0. Considering the dynamics close to the attractor of

synchronization [12, 49, 71], we may linearize Eq. 1.31

θ̇i = σ

N∑

j=1

Aij(θj − θi). (1.36)

Note that this equation is the same as Eq. 1.27 governing the dynamics of diffusion

on a network. Thus,

θ̇ + σLθ = 0 (1.37)

which is the same as Eq. 1.28 and we may write the solutions in terms of the normal

modes. Thus,

θ̇i(t) =

N∑

j=1

bj(t)vj (1.38)

where vj are the Laplacian eigenvectors and

bj(t) = bj(0)e−σµj t. (1.39)

Finally,

θi(t) =

N∑

j=1

bj(0)e−σµjtvj (1.40)

which shows that the Laplacian eigenvalues µj govern the dynamics of a network of

Kuramoto oscillators near synchronization.

It can be shown that gaps in the spectrum represent different time scales at which

groups of oscillators are synchronized [126, 12, 91, 49]. If the system of equations

given by Eq. 1.40 is ordered in descending order of the eigenvalues, the right-hand
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side of Eq. 1.40 will approach zero in a hierarchical way. The presence of hubs in

a network produces large eigenvalues whose associated modes will decay very fast.

These modes represent the synchronization between the hub and the average phase

of the network. Modes corresponding to eigenvalues of similar value represent the

synchronization between those nodes. These nodes will synchronize with the whole

network on the same time scale. Thus, in random networks without community

structure, in which from a topological standpoint each node is roughly the same, we

expect a Laplacian with a continuum spectrum of eigenvalues. Whereas, in networks

with a defined community structure, we expect the Laplacian spectrum to have gaps

indicating the different time scales in which the communities synchronize.

1.3 Graph spectra of ensemble averages

Thus far, when we have referred to a graph’s spectrum we have been referring to

the eigenvalues of a specific matrix. Most of the research in spectral graph theory as

applied to complex networks concerns the ensemble-averaged spectrum for a certain

class of networks. The ensemble-averaged spectrum is given by

ρ(λ) =

〈

1

N

N∑

i=1

δ(λ− λi)

〉

(1.41)

where 〈. . . 〉 denotes an average over the ensemble. Examples of classes of graphs

include the Erdős-Rényi graph for a particular choice of p, graphs with a specified

degree sequence, or in our case, RGGs with a specified embedding space and given

values of N and r.
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1.3.1 The replica method

Before the study of complex networks and the interest in their spectra, people were

already studying the ensemble-averaged spectra of large random matrices. The en-

ergy levels of a quantum system are given by the eigenvalues of the Hamiltonian and

in 1955 Eugene Wigner hypothesized that for certain highly excited large quantum

systems, the ensemble-average spectra for certain classes of matrices with randomly

distributed Gaussian elements would correctly model a particular system under ob-

servation [157, 158, 101, 78]. The Hermitian matrices are divided into classes based

on whether their elements are real, complex, or real quaternion [62]. For its relation

to the study of complex networks, we consider the case of real elements.

A random real symmetric N ×N matrix M belongs to the Gaussian orthogonal

ensemble if the diagonal entries are independently chosen with p.d.f

p(mjj) =
1√

2πσ2
e−m

2
jj/2σ

2

(1.42)

and the upper triangular elements are independently chosen with p.d.f.

p(mjk) =
1√
πσ2

e−m
2
jk
/σ2

. (1.43)

In the case that 〈mij〉 = 0 in the limit of large N

ρ(λ) =







1

2πσ2

√
4σ2 − λ2 if |λ| < 2σ

0 otherwise.

(1.44)

This result is known as the Wigner semicircle law [157, 158, 101, 78].

This type of matrix again surfaces in the Sherrington Kirkpatrick (SK) model [142,

104] for a spin glass in which each spin interacts with the others with an interac-

tion strength that is a Gaussian random variable. However, in the SK model, the
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elements have a nonzero mean. They were able to solve for the spectrum using the

replica method and inspired by SKs success, Edwards and Jones [53] used the same

technique to rederive Wigner’s semicircle law. The replica method is worth mention-

ing because it has been used to some success in obtaining results for the spectra of

many types of complex networks.

The replica method makes use of the identity

ln x = lim
n→0

(
xn − 1

n

)

(1.45)

and is used in the SK model to find ensemble averages of the Helmholtz Free Energy

F = −kT lnZ where Z =
∑

i e
−βEi is the partition function. The ensemble average

of the Helmholtz Free Energy is given by 〈F 〉 = −kT 〈lnZ〉 but it is often difficult

to average over lnZ so the replica trick is used and instead one calculates

〈F 〉 = −kT lim
n→0

1

n
(〈Zn〉 − 1) . (1.46)

There are now n replicas of the system. It is assumed that Zn can be calculated for

all integer values of n and the replica trick assumes that this is sufficient to calculate

the limit n→ 0.

To see how the replica method can be used to find the spectrum of a random ma-

trix we follow the discussion in [135, 119, 117]. Using the Lorentzian representation

of the delta function

δ(x) = lim
ǫ→0

ǫ/π

x2 + ǫ2
(1.47)

we may write the spectral density as

ρ(λ) = − 1

Nπ
lim
ǫ→0

Im

N∑

i=1

1

λ− λi + iǫ
. (1.48)
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In the appropriate basis, the sum on the right-hand side is equal to the trace of the

matrix [(λ+ iǫ]I −M ]−1] and the spectral density is then

ρ(λ) = − 1

Nπ
Im Tr〈(λI −M)−1〉. (1.49)

To calculate ρ(λ) it is convenient to introduce the generating function

Z(λ) =

∫ ∞

−∞

(
∏

i

dxi

)

exp

[

i

2

(

λ
∑

i

x2
i −

∑

ij

Mijxixj

)]

(1.50)

where it is understood that λ = λ + iǫ. Using Eqs. 1.49 and 1.50 and writing the

trace in terms of derivatives of a Fresnel integral we have

ρ(λ) =
2

Nπ
Im

∂ lnZ

∂λ
. (1.51)

The ensemble-averaged spectrum is found by replacing lnZ by 〈lnZ〉 in the above

equation and 〈lnZ〉 is calculated using the replica trick

〈lnZ〉 = lim
n→0

〈Zn〉 − 1

n
. (1.52)

About a decade after Edward and Jones first used the replica method for a random

matrix with Gaussian distributed elements with zero mean, Rodgers and Bray [135]

used the same method to get results for a N ×N symmetric random matrix M with

entires from the p.d.f

p(mij) =
(

1 − p

N

)

δ(mij) +
p

2N
[δ(mij − 1) + δ(mij + 1)] . (1.53)

They showed that for large p the spectra of a large sparse random matrix follows

Wigner’s semicircle law, but for small p it differs from the Wigner semicircle distri-

bution and has a tail at large eigenvalues. Note the similarity between the matrix

M and the Adjacency matrix for an Erdős-Rényi graph. The replica method has

since been used to study the spectra of scale-free networks [84, 134], networks with
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a local treelike structure [51], modular networks [86], networks with a given degree

distribution [136], and bipartite networks [118]. Most of these works concern the

Adjacency spectrum rather than the Laplacian. The replica method has not been

successfully applied to RGGs because the elements of the Adjacency and Laplacian

matrix are not independent, but are in fact strongly correlated.

1.3.2 Euclidean random matrices

The Adjacency and Laplacian matrices of RGGs belong to a class of random ma-

trices called Euclidean Random Matrices (ERMs) [103, 32]. In ERMs the disorder

is due to the random positions of N points and the matrix elements are given by a

deterministic function of the distances between the points. If N points are randomly

distributed in a d-dimensional Euclidean space of volume V , then the entries of an

N ×N ERM M are defined as

Mij = f(xi − xj) − uδij
∑

k

f(xi − xk) (1.54)

where xi are the positions of the N points and u is a parameter. Note that when

u = 0, if f(0) = 0, M is like an Adjacency matrix and when u = 1, M is like a

Laplacian matrix. Most applications of ERMs are for the u = 1 case, some of which

include the study instantaneous normal modes in liquids [159, 151, 37], electron hop-

ping in amorphous semiconductors [54], vibrations in DNA [40], and combinatorial

optimization problems [102].

The Laplacian for a 1d RGG on a circle is achieved by choosing f(xi − xj) =

Θ[r− |xi−xj |] + Θ[1− r− |xi−xj |] and u = 1. Here Θ[n] is the Heaviside function.

In the case that u = 0 it has been shown that for a high density of points, in the

large N limit the spectral density an ERM converges to the Fourier transform of
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f(xi − xj) [103, 32]. This idea will be revisited in Ch. 4. However, this is not the

case for u 6= 0.

Contrary to other random matrices, the probability distribution p(Mij) is not

known analytically and thus when computing the ensemble averages of statistical

properties of M , the average must be performed not with respect to p(Mij), but

rather with respect to the probability density p(ri) of the points with position ri. A

useful trick [144] is to associate an operator M̂ with the matrix M such that

Mij = 〈ri|M̂ |rj〉 (1.55)

and then change the basis from {ri} to {φα} which is orthogonal in the space in

which the the points are distributed. Then, one may write M = HTH⊺ where H

is random, but independent of the function f and T is not random, but depends of

f . The elements of H are identically distributed random variables with zero mean

and variance of 1/N , but they are not independent.

In the case that f is a rapidly decaying function, then in the low-density limit, the

only sizable Mij are for the points i and j nearest neighbors and M can be approxi-

mated by a block diagonal matrix with N/2 blocks of size 2×2. This approximation

has been used [8] to study the spectrum of exponential ERMs. An exponential ERM

has f(rij) = e−rij/ξ, where rij is the Euclidean distance between points i and j and

ξ is the range of exponential interaction, and has been used to study localization in

random elastic networks [7] and anomalous diffusion [8]. However, this approxima-

tion gives the unphysical result that half the eigenvalues are zero. This comes from

the fact that the zero row sum cannot be applied to each block independently.

A renormalization group approach has also been used [8, 112] to obtain the eigen-

value density of ERMs with u = 1 and f a positive function that decays to zero at

32



large distances. In this case, one imagines a network of unit masses connected by

springs such that the spring constant between masses i and j is given by Mij . Then

the eigenvalues λi of M are related to the the frequencies ωi of the normal modes of

vibration for the system by λi = ω2
i . If the density is low enough, the largest spring

constant K will not be very much affected by neighboring springs. Thus, the largest

frequency ω2 = K
µ

where µ = m1+m2

m1m2
is the reduced mass of the two masses with

the stiffest spring constants. At each renormalization group step, choose the stiffest

spring, calculate its ω2, and then “glue” the two masses together to create a single

mass m1 +m2. Then, renormalize the springs attaching to the new mass so that the

spring constant between a mass mi and the new mass is the sum of the two springs

between mi and each of m1 and m2. Initially, all masses are equal, and the large

eigenmodes are built by a pair of masses, but as the process progresses, clusters of

masses form that create smaller eigenvalues. Note, that this method cannot be used

for u = 0 because in that case M no longer has a zero row sum and the spring anal-

ogy is not valid. Also, note that this approach may not be used for RGGs because

all connected masses have the same spring constant.

In the exponential ERM, the rapidly decaying function f , ensures that in the

limit of large N for a fixed density η = N/V of points, the eigenvalue density ρ(λ)

is independent of N and is determined only by η. We also find this to be the case

for 1d RGGs. In the case that f decays slowly and oscillates in space, ρ(λ) depends

on both η and N . One example is the cardinal sine ERM which has

f(rij) =
sin(k0rij)

k0rij
(1.56)

and has been studied [3, 139, 147, 148] in the context of light scattering and emission
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by large ensembles of atoms. Another example is the cardinal cosine ERM which has

f(rij) = (1 − δij)
cos(k0rij)

k0rij
(1.57)

and whose eigenvalue density has been shown [144] to be unbounded from below.

The particular choice of f(xi − xj) = |xi − xj |, i.e., the matrix element Mij is

the distance between points i and j, is also considered [29]. If the metric space

is Euclidean or spherical, M has one large positive eigenvalue and N − 1 non-

positive eigenvalues [30]. It is shown [29] that in a d-dimensional space in the large

N limit, the density of the small negative eigenvalues follows a power-law behavior

ρ(λ) ∼ |λ|−2(d+1)/(d+1) and that the corresponding eigenvectors are strongly localized.

A strongly localized eigenvector has only a few nonzero components.

1.3.3 Eigenvalue separation

The Wigner semicircle law applies only to matrices whose elements have zero mean

and early in the study of Gaussian random matrices with a shifted mean, numerical

studies indicated that the largest eigenvalue did not lie within the Wigner semicircle,

but rather it separated from the bulk [88]. When Edwards and Jones [53] first used

the replica method to study random matrices with a shifted mean, they showed that

the largest eigenvalue does separate from the bulk. Later, it was shown [82] that

if the elements have a finite mean equal to c/
√

2N , then separation only occurs for

c > 1. This phase transition has since been observed in other classes of random

matrices [16, 129, 96, 23, 24, 25].

In the mathematical literature, the distribution of the separated eigenvalue λ1

is considered. In a theorem due to Füredi and Komlós [65] it is shown that for an
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N × N real symmetric matrix whose elements are independent, but not identically

distributed, bounded random variables with a common mean µ > 0 off the diagonal

and ν on the diagonal, and with variance σ2, then the distribution of λ1 can be

approximated to within order O
(

1√
N

)

by a Gaussian distribution with mean

E(λ1) ≃ (N − 1)µ+ ν +
σ2

µ
(1.58)

and variance 2σ2.

1.3.4 Numerical studies

In general, it has proven difficult to obtain analytical solutions for the spectra of

complex networks, but as computing power increased numerical simulations became

possible. Most studies have been about the Adjacency spectrum rather than the

Laplacian and all of the following results are for the average spectral density of the

Adjacency matrix.

Numerical results confirm that the average spectral density for Erdős-Rényi graphs

converges to a semicircle in the limit that N → ∞ and p is constant [60]. However,

this is shown not to be the case in the limit N → ∞ while Np is constant. In general

numerical studies indicate that the spectra of complex networks does not follow the

Wigner semicircle rule.

The spectra of small-world graphs changes as the value of p changes [60, 111]. At

p = 0 the small-world graph is the regular ring graph and its spectrum can be solved

exactly. Here there is no ensemble average and the spectrum is simply a collection of

N delta functions. At p = 1 the graph is entirely random and the spectrum converges

to that of the Erdős-Rényi graph. More sharp peaks are present in the spectra, the
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closer p is to zero and as p increases towards one, the peaks begin to round out until

the semicircle distribution is reached. In [72] a mean-field prediction for the spectra

that interpolates between the regular and random topologies is given.

The spectra of scale-free graphs has a triangle like shape with power-law tails [60,

59, 69]. The peak of the triangle is in the center of the spectrum and its height is

well above that of a semicircle distribution for a random graph of the same average

degree. The largest eigenvalue λ1 depends on the system size and scales as λ1 ∼ N1/4.

1.3.5 Spectra of spatial graphs

As yet, there is very little known about the spectral characteristics that are unique

to spatial networks and it remains an open question to determine the defining fea-

tures of the spectra of spatial networks. While there have been studies [49, 64, 89]

about synchronization on spatial networks, only [49] gives any information about the

spectrum of the underlying network. In [49] the Laplacian spectrum of a particular

realization of an RGG is compared to that of a particular realization of a random

graph by plotting the index of the eigenvalue i vs 1/µi. From the plot, it is clear

that the RGG spectrum contains many more smaller eigenvalues than the random

graph spectrum and that the gap between µ1 and µN−1 is much larger.

In the context of virus spreading in RGGs, a probabilistic upper bound for the

largest eigenvalue λ0 of ARGG is given [132] as λ0 < cdNr
d for large N where d is

the dimension of the embedding space and cd is a dimensionally dependent constant.

Empirical results are presented for d = 1 that confirm the upper bound.

In [27] numerical results for the ensemble-averaged Adjacency spectra of spatial

Erdős-Rényi networks, spatial small-world networks, and spatial scale-free networks
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are presented. In each case as a parameter that controls the spatial dependency

of the network increases, the spectra become more asymmetrical and right-skewed.

Additionally, a peak at λ = −1 forms due to an increased number of pairs of vertices

that share the same neighbors. We show that this leads to integer eigenvalues in the

Laplacian spectra.

We study the ensemble-averaged spectra of the Laplacian matrices of RGGs with

vertices distributed randomly with uniform probability and two vertices connected

if their Euclidean distance is less than a threshold distance, r. As can be seen in the

example shown in Fig. 1.5, the spectra consist of discrete Dirac delta peaks at integer

eigenvalues and a broad distribution of eigenvalues between the integers. The part of

the spectra between the integers becomes continuous in the large network limit. We

refer to the Dirac delta peaks as the discrete part of the spectra and the remainder

as the continuous part. As the figure suggests, and as we will analytically prove for

1d RGGs, the discrete eigenvalues comprise a finite fraction of the spectra. Note

that the height of the Dirac delta peaks, but not the continuous part of the spectra,

depend on the bin size used. The relative height of the peaks and, thus, the shape

of their envelope is, however, independent of bin size. By contrast, similar peaks are

not visible in the ensemble-averaged Laplacian spectra of non-spatial random graph

models such as the Erdős-Renyi graphs, as the example shown in Fig. 1.5 indicates.

We also consider the continuous part of the spectrum, which contains the algebraic

connectivity. Notice that, in the case shown in Fig. 1.5, pairs of eigenvalues split-off

or separate from the bulk continuous distribution at the small end of the spectrum.

These separated eigenvalues contain the smallest nonzero one, the algebraic connec-

tivity.
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Figure 1.5: The ensemble-averaged Laplacian spectrum for 1d RGGs on the unit
circle, with N = 100 and r = 0.1. The results are obtained from numerical diago-
nalization and averaged over 106 realizations. A bin size of ∆µ = 0.001 was used
to construct the histogram. (a) The RGG spectrum (red) consists of discrete, Dirac
delta peaks at integer eigenvalues. The envelope of these peaks is roughly centered
on the mean degree of the network, which in this case is 〈k〉 = 20. (b) A zoom-in of
the top figure. Between the discrete peaks, the RGG spectrum (red) has a continu-
ous part. The ensemble-averaged Laplacian spectrum for Erdős-Rényi graphs with
the same N and 〈k〉 is shown for comparison (blue).
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1.4 Dissertation Outline

In Ch. 2 the discrete part of the spectra is discussed and we show that the inte-

ger eigenvalues result from the presence of mesoscopic symmetric structures. We

analytically calculate the expected number eigenvalues due to these structures and

consider their contribution in both the intensive and extensive limits. Other sources

of integer eigenvalues such as linked almost orbits and almost equitable bipartitions

are also discussed.

In Ch. 3 the Laplacian’s relationship to the continuous operator ∇2 is exploited

to explain the how the number of separated eigenvalues in each peak depends on

the dimension and boundary conditions of the embedding space of the RGG. We

first show that by discretizing the Laplace equation ∇2f = 0 one gets the Laplacian

matrix of the discretized space. We then show how the Laplacian eigenvalues are

related to the frequencies of normal modes of vibration and that the number of

eigenvalues that separate off from the bulk together in the RGG spectra can be

deduced from knowing the degeneracy of the corresponding normal mode solution to

the wave equation using boundary conditions equal to that of the RGG.

Chapter 4 is a discussion of how the algebraic connectivity varies as a dimension-

ally dependent power of the average degree. RGGs are approximated as UGGs and

making use of the circulant structure of the UGG Laplacian, we are able to calculate

µN−1 for a d-dimensional UGG. Numerical results are presented that confirm that

µN−1 for RGGs also follows this same scaling.

Finally, in Ch. 5, for 1d RGGs on a circle, we examine the behavior of eigenvalue

separation for large N where r scales as r ∼ cN−α for a constant c and different

values of the parameter α. We identify a transition at α = 1/3. For α > 1/3 the
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separated peaks get closer together as N increases and eventually separation will

be lost, but for α < 1/3 the peaks get farther apart and separation remains as N

increases. Also, an approximation for the expected number of separated peaks for a

given N and r is given.
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Chapter 2

Discrete part of the spectrum

The discrete part of the spectrum is a collection of integer-valued Dirac delta peaks

centered about the mean degree of the network. To make progress analytically,

we focus mainly on the Laplacian spectrum of 1d RGGs embedded on the unit

circle, that is, in the domain [0, 1] with periodic boundary conditions. We show that

mesoscopic structures occur abundantly in RGGs and that they are responsible for

the integer-valued Dirac delta peaks in the spectra. The following results presented

in this chapter have been submitted for publication.

Unlike non-spatial networks, spatial networks have a large multiplicity of integer

eigenvalues in their Laplacian spectra. This is because the structure of spatial graphs,

but not non-spatial graphs, naturally contains mesoscopic substructures that produce

automorphisms in their corresponding Laplacian matrices. These mesoscopic struc-

tures are known as graph orbits. Orbits occur whenever a set of vertices share the

same neighbors so that a permutation of the indices of the vertices in the orbit leaves

the graph’s Laplacian matrix unchanged. This is more likely to happen in spatial
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Figure 2.1: A Type-I orbit (a) and a Type-II orbit (b) in 1d RGGs on the unit circle.
Vertices in an orbit are colored red and their edges are shown as solid lines. Edges
between vertices not in an orbit are shown as dashed. Vertices in Type-I orbits are
connected to each other, but vertices in Type-II orbits are not. In (a), vertices 1 and
2 are connected to each other and have one shared neighbor, vertex 3. This produces
eigenvalue µ = 3 with eigenvector x = (1,−1, 0, 0, 0). In (b), vertices 1 and 3 are
not connected to each other and have one shared neighbor, vertex 2. This produces
eigenvalue µ = 2 with eigenvector x = (1, 0,−1, 0, 0).

graphs, such as RGGs, because of the geographical proximity of neighbors. If the

vertices in such a simple orbit are all connected to each other, so that they form a

clique, we call the orbit a Type-I orbit. If they are not connected to each other, then

we call it a Type-II orbit. Simple examples of Type-I and Type-II orbits are shown

in Fig. 2.1.

The network structure that causes a given eigenvalue can be identified by con-

sidering the corresponding eigenvector. In an RGG, the eigenvectors of many of the

integer eigenvalues are exactly localized on the symmetric motifs described above

such that the eigenvector’s only nonzero components correspond to vertices of the

motif. Let us now consider the eigenvalues associated with the respective orbits.

We first consider Type-I orbits. For each such orbit containing n nodes of degree k

there are exactly n− 1 independent eigenvectors that are localized on the orbit and
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correspond to an eigenvalue k+1. To see this, let us first consider as an example the

network in Fig. 2.1(a). Here we expect to see an integer eigenvalue, µ = 3, as a result

of the orbit with two vertices (1 and 2) of degree two. Calculating the spectrum,

ρ(µ) = {0, 0.52, 2.31, 3, 4.17}, confirms this. The corresponding localized eigenvector

is x = (1,−1, 0, 0, 0).

To arrive at the general relationship, let i and j be two vertices in an orbit and

x be a vector with xi = 1, xj = −1, and zero for all other components. We then

compute,

Lxr =
∑

s

(−arsxs + δrsxsks)

= krxr −
∑

s∈U(r)

xs, (2.1)

where U(r) is the set of topological neighbors of r. For r = i(j), the above sum is

xj(xi) = −1(1) = −xi(−xj) and vanishes otherwise. Thus, Lx = (k + 1)x. The

n− 1 eigenvectors come from the n− 1 ways of independently choosing i and j. For

Type-II orbits, nodes i and j are not connected and the sum in Eq. 2.1 vanishes.

Thus, for Type-II orbits there are n − 1 independent eigenvectors corresponding to

an eigenvalue k.

In the remainder of this chapter, we analytically calculate the expected number of

simple orbits in 1d RGGs with vertices uniformly distributed on [0, 1] and connected

if their Euclidean distance is less than a threshold distance r. Additionally, investi-

gating the occurrence of the specific eigenvalue µ = 0, we identify a phenomenon that

is reminiscent of Bose-Einstein condensation. In Sec. 2.2 we show that the discrete

part of the spectrum comprises a substantial finite fraction of the total number of

eigenvalues, even in the large network limit. We also consider the extensive limit in

which N → ∞ while the average degree Nr = z is constant. Simple orbits alone do
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not account for all integers found in the spectra of RGGs and in Sec. 2.3 we discuss

some other mesoscopic structures that produce integer eigenvalues. We also consider

a network’s quotient graph as a means of identifying additional types of symmetry.

2.1 Calculation of expected number of orbits

We begin the calculations by defining the following terms. The geographical neigh-

borhood N (i) of a vertex i is the region within a distance r of the vertex. For a

pair of vertices, their shared neighborhood Ns(i, j) = N (i) ∩ N (j) is the common

region that is in the neighborhood of both vertices and their excluded neighborhood

Nex(i, j) = (N (i) ∪ N (j)) \ (N (i) ∩ N (j)) is the region that is in the neighborhood

of one vertex, but not the other.

2.1.1 Type-I orbits

To calculate the average multiplicity of eigenvalues due to Type-I orbits we use a

pairwise probabilistic description of the network. Consider each of the N(N − 1)/2

pairs of vertices and calculate the likelihood that they are nearest neighbors with

exactly k − 2 vertices in their shared neighborhood and no nodes in their excluded

neighborhood. Such a motif produces an integer eigenvalue equal to k. Requiring

that the pair is a nearest neighbor pair ensures that the correct multiplicity of the

eigenvalues is obtained because in a 1d RGG orbits that are chains of size n have

n − 1 nearest neighbor pairs. A nearest neighbor pair, a distance x apart, has a

shared neighborhood of length 2(r− x) and an excluded neighborhood of length 2x.

A graphical depiction of this configuration is shown in Fig. 2.2. Note that the total
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Figure 2.2: A nearest neighbor pair, a distance x apart, with k − 2 nodes in the
shared neighborhood (blue) and no nodes in the excluded neighborhood (red) is a
Type I orbit that produces eigenvalue µ = k. The part of the shared neighborhood
between the vertices is colored red because it must not contain any vertices for the
pair to be a nearest neighbor pair.

length of the region considered is 2r + x and 0 ≤ x ≤ r so that for r > 1
3

the region

considered wraps around and overlaps itself.

If P(x) = 2 is the probability that two vertices are a distance x apart, Pk−2∈Ns
(x, r,N)

is the probability that k−2 nodes fall within the part of the shared neighborhood not

between the vertices, and P0∈Nex
(x, r,N) is the probability that none of the remain-

ing vertices fall within the excluded neighborhood or between the the two vertices,

the expected number of eigenvalues equal to k is

E(µ = k) =
N(N − 1)

2

∫ r

0

dxP(x)Pk−2∈Ns
(x, r,N)P0∈Nex

(x, r,N). (2.2)

Because the vertices are distributed randomly with uniform probability, the prob-

ability that a particular number of them are in a region of a given size is given by

the binomial distribution. Thus, for r ≤ 1
3
,

Pk−2∈Ns
(x, r,N) =

(N − 2)!

(k − 2)!(N − k)!
(2r − 2x)k−2(1 − 2r + 2x)N−k (2.3)

and

P0∈Nex
(x, r,N) =

(
1 − 2r − x

1 − 2r + 2x

)N−k
. (2.4)
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Using Eqs. 2.3 and 2.4, Eq. 2.2 becomes

E(k) =
N !

(k−2)!(N−k)!

∫ r

0

dx(2r−2x)k−2(1−2r−x)N−k (2.5)

=
N !r(2r)k−2(1 − 2r)N−k

(k − 1)!(N − k)!
2F1

[
1, k −N, k, r

1−2r

]
(2.6)

where 2F1 is the hypergeometric function.

For 1
3
< r ≤ 1

2
, we require x ≤ 1 − 2r to prevent overlap. The expected number

of eigenvalues µ = k is then

E(k) =
N !

(k−2)!(N−k)!

∫ 1−2r

0

dx(2r−2x)k−2(1−2r−x)N−k (2.7)

=
N !(2r)k−2(1 − 2r)N−k+1

(k − 2)!(N − k + 1)!
2F1

[
1, 2 − k,N − k + 2, 1−2r

r

]
. (2.8)

For 1
3
< r ≤ 1

2
and 1 − 2r < x ≤ r, there is an extra contribution to the orbits with

eigenvalue µ = N . In this case, there are three regions in the shared neighborhood,

two of length r − x and one of length x − 1 + 2r and the only possible orbit occurs

when all remaining N−2 vertices fall within the shared neighborhood. The expected

number of such orbits is

E∗(N) =N(N − 1)

∫ r

1−2r

dx(4r − 1 − x)N−2

=N(2N−1 − 1)(3r − 1)N−1. (2.9)

Note that even if N orbits are found, there are only N −1 independent eigenvectors.

Then, noting that Type-I orbits can produce eigenvalues ranging from 2 to N ,
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the total number of integer eigenvalues due to Type-I orbits for r ≤ 1
3

is

T1 =
N∑

k=2

E1(k) (2.10)

=

∫ r

0

dx
N∑

k=2

N !

(k−2)!(N−k)!(2r−2x)k−2(1−2r−x)N−k

=

∫ r

0

dx

N∑

k=0

N !

k!(N−k)!
[
k(k − 1)(2r−2x)k−2

]
(1−2r−x)N−k

=

∫ r

0

dx
N∑

k=0

N !

k!(N−k)!

[

lim
α→0

∂2

∂α2
(2r−2x)k

]

(1−2r−x)N−k

=

∫ r

0

dx lim
α→0

∂2

∂α2
(1 − 3x+ α)N

= N(N − 1)

∫ r

0

dx(1 − 3x)N−2

T1 =
N

3

[
1 − (1 − 3r)N−1

]
. (2.11)

Similarly, for 1
3
< r ≤ 1

2
,

T1 =
N

3

[
1 − (6r − 2)N−1

]
. (2.12)

The total number of integer eigenvalues due to Type-I orbits is then

T1 =
N∑

k=2

E(k)

=







N

3

[

1 − (1 − 3r)N−1
]

0 ≤ r ≤ 1
3

N

3

[

1 − (6r − 2)N−1
]

+ E∗(N) 1
3
≤ r ≤ 1

2
.

(2.13)

Figure 2.3 shows a comparison of the average multiplicity of integer eigenvalues

for an ensemble of 1d RGGs found using numerical diagonalization with the number

due to Type-I orbits predicted analytically using Eq. 2.6. Also shown is the number

of orbits, found by analyzing the Adjacency matrix, that produce a given eigenvalue.

The numerical results are calculated from an ensemble of 106 random ensemble real-

izations. In the case considered, N = 100 and r = 0.1, there is excellent agreement
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Figure 2.3: Ensemble-averaged integer eigenvalue multiplicity for 1d RGGs with
N = 100 and r = 0.1. The red points are the results of numerical diagonalization
of 106 random ensemble realizations, the black points are the number due to Type-I
orbits according to Eq. 2.6, and the blue points are the number of orbits producing
a given eigenvalue obtained by analyzing the Adjacency matrix.
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between the number of eigenvalues due to Type-I orbits as predicted by Eq. 2.6 (black

circle) and the number of such orbits found by analyzing the Adjacency matrix (blue

triangle). The total number of eigenvalues due to Type-I orbits is ∼ 33.3, which is

∼1/3 of all eigenvalues. This is in agreement with Eq. 2.11. In Sec. 2.2 we show that

in the intensive limit of large N and fixed r, for all r, the fraction of eigenvalues due

to Type-I orbits is 1
3
. The discrepancy between the theoretical and numerical curves

in Fig. 2.3 arises due to the presence of orbits with more complex symmetries and

other mechanisms, some of which will be discussed in Sec. 2.3.

2.1.2 Type-II orbits

In 1d RGGs, Type-II orbits and their neighbors always consist of an entire component

of the graph. For most values of N and r, Type-II orbits are not likely to occur

because there must be at least one region of length greater than r that is empty.

However, in the regime where Nr ∼ 1, the graph consists of many components and

Type-II orbits do appear.

The average multiplicity of eigenvalues due to Type-II orbits can be calculated

similarly as to those due to Type-I orbits, except that now one must calculate the

probability that a pair of vertices not connected to each other shares exactly the same

k neighbors. Such a motif creates an integer eigenvalue µ = k. As shown in Fig. 2.4,

the length of the shared neighborhood is 2r − x and the excluded neighborhood is

of length 2x. Just as for Type-I orbits, the total length of the region considered is

2r+ x, but for Type-II orbits, r < x ≤ 2r, so for r > 1
4
, the region considered wraps

around and overlaps itself.

If P(x) = 2 is the probability that two vertices are a distance x apart, Pk∈Ns
(x, r,N)
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Figure 2.4: A Type II orbit that produces µ = k consists of two unconnected vertices
a distance x apart (x > r) with k − 1 nodes in the shared neighborhood, shown in
blue, and no vertices in the red excluded region.

is the probability that k nodes fall within the shared neighborhood, andP0∈Nex
(x, r,N)

is the probability that none of the remaining N−2−k vertices fall within the excluded

neighborhood, the expected number of eigenvalues equal to k is

E(µ = k) =
N(N − 1)

2

∫ 2r

r

dxP(x)Pk∈Ns
(x, r,N)P0∈Nex

(x, r,N). (2.14)

Using the binomial distribution, for r ≤ 1
4
,

Pk∈Ns
(x, r,N) =

(N − 2)!

k!(N − 2 − k)!
(2r − 2x)k(1 − 2r + 2x)N−2−k (2.15)

and

P0∈Nex
(x, r,N) =

(
1 − 2r − x

1 − 2r + 2x

)N−2−k
. (2.16)

Using Eqs. 2.15 and 2.16, Eq. 2.14 becomes

E(k) =
N !

k!(N−2−k)!

∫ 2r

r

dx(2r−2x)k(1−2r−x)N−2−k (2.17)

=
N !

k!(N−2−k)!

∫ 2r

r

dy(r−y)k(1−3r−y)N−2−k where y = x− r

=
N !rk+1(1 − 3r)N−2−k

(k + 1)!(N−2−k)! 2F1

[
1, k + 2 −N, k + 2, r

1−3r

]
. (2.18)

where 2F1 is the hypergeometric function. For 1
4
≤ r ≤ 1

3
, we require that r < x ≤

1 − 2r to prevent overlap. Changing the upper limit of integration in Eq. 2.17 to
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1 − 2r yields

E(k) =
N !

k!(N−2−k)!

∫ 1−2r

r

dx(2r−2x)k(1−2r−x)N−2−k (2.19)

=
N !rk+1(1 − 3r)N−1−k

k!(N−1−k)! 2F1

[
1,−k,N − k, 1−3r

r

]
. (2.20)

There is an extra contribution to the eigenvalue µ = N − 2 that occurs when 1
4
≤

r ≤ 1
3

and x > 1 − 2r and pairs of vertices are connected to all other vertices, but

not each other. The number of such pairs is calculated by noting that the shared

neighborhood now consists of two regions, the familiar 2r − x region and another

region of length 2r+x−1 resulting from overlap. Their combined area is 4r−1 and

the number of such pairs is

P = N(N − 1)

∫ 1/2

1−2r

dx(4r − 1)N−2 (2.21)

= N(N − 1)(4r − 1)N−2(2r − 1
2
). (2.22)

The number of eigenvalues µ = N − 2 resulting from these pairs is

E∗
a(N − 2) =

2

N
P

= (N − 1)(4r − 1)N−1. (2.23)

For 1
3
< r ≤ 1

2
, only orbits producing eigenvalues of µ = N − 2 are possible. Again,

the shared neighborhood is of length 4r− 1. The calculation for the number of pairs

is the same as Eq. 2.21, except that the integration is from r to 1/2. The number of

pairs is then

P = N(N − 1)(4r − 1)N−2(1
2
) (2.24)

and the number of eigenvalues is

E∗
b (N − 2) = (N − 1)(4r − 1)N−2(1 − 2r). (2.25)

51



Type-II orbits can produce integer eigenvalues ranging from 0 to N − 2 so the

total number of integer eigenvalues due to Type-II orbits is found by summing either

Eq. 2.17 for 0 ≤ r ≤ 1
4

or Eq. 2.19 for 1
4
≤ r ≤ 1

3
. For 0 ≤ r ≤ 1

4
,

T2 =

N−2∑

k=0

N !

k!(N−2−k)!

∫ 2r

r

dx(2r−2x)k(1−2r−x)N−2−k (2.26)

= N(N − 1)

∫ 2r

r

dx
N−2∑

k=0

(N−2)!

k!(N−2−k)!(2r−2x)k(1−2r−x)N−2−k

= N(N − 1)

∫ 2r

r

dx(1 − 2x)N−2

T2 =
N

2

[
(1 − 2r)N−1 − (1 − 4r)N−1

]
. (2.27)

Similarly, for 1
4
≤ r ≤ 1

3
,

T2 =
N

2

[
(1 − 2r)N−1 − (4r − 1)N−1

]
. (2.28)

The total number of integer eigenvalues due to Type-II orbits is then

T2 =







N
2

[

(1 − 2r)N−1 − (1 − 4r)N−1
]

0 ≤ r ≤ 1
4

N
2

[

(1 − 2r)N−1 − (4r − 1)N−1
]

+ E∗
a(N − 2) 1

4
≤ r ≤ 1

3

E∗
b (N − 2) 1

3
≤ r ≤ 1

2
.

(2.29)

Finally, in addition to the µ = 0 eigenvalues due to Type-II orbits in which two

vertices are between r and 2r apart and their shared neighborhood is empty, there

is an extra contribution of eigenvalue µ = 0 to the spectrum that occurs when pairs

of vertices more than 2r apart have no edges at all. Such pairs are too far apart to

have a shared neighborhood. The contribution to the spectrum is analogous to the

accumulation of particles in the lowest energy level in Bose-Einstein condensation.

In the analogy, r plays the role of temperature and the eigenvalues are the energy
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Figure 2.5: Ensemble-averaged integer eigenvalue multiplicity for 1d RGGs with
N = 100 and r = 0.01. The red points are the results of numerical diagonalization
of 106 random ensemble realizations, the black points are the number due to Type-I
orbits according to Eq. 2.6, the green points are the number due to Type-II orbits
according to Eq. 2.18, and the blue points are Type-I and Type-II orbits added
together.

levels. The number of pairs of isolated vertices more than 2r apart is

P = N(N − 1)

∫ 1/2

2r

dx(1 − 4r)N−2

= N(N − 1)(1 − 4r)N−2(1
2
− 2r) (2.30)

and the number of associated eigenvalues is

E∗(0) =
2

N
P

= (N − 1)(1 − 4r)N−1. (2.31)

Note that limr→0E
∗(0) = N − 1 and the condensate contains all the eigenvalues.
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Figure 2.5 shows a comparison of the average multiplicity of integer eigenvalues

for an ensemble of 1d RGGs found using numerical diagonalization with the number

due to Type-I orbits and Type-II orbits as predicted analytically using Eqs. 2.6

and 2.18. In the case considered, N = 100 and r = 0.01, both types of orbits occur,

though Type-I orbits still dominate. The results are in agreement with Eq. 2.13

which predicts 31.7 Type-I orbits and Eq. 2.29 which predicts 5.9 Type-II orbits.

Additionally, there is an expected extra 1.7 eigenvalues µ = 0 in the condensate.

2.2 Contribution of orbits in large network limits

The fraction of the spectra due to simple orbits in large network limits can be calcu-

lated using Eqs. 2.13 and 2.29. In the intensive limit of large N and fixed r, for all

r, limN→∞
1
N
T2 = 0 because there are no Type-II orbits, but there are many Type-I

orbits and the fraction of corresponding eigenvalues is

lim
N→∞

1

N
T1 =

1

3
. (2.32)

Thus, the discrete part of the spectrum comprises a substantial finite fraction of the

total number of eigenvalues, even in the large network limit.

Perhaps a more important thermodynamic limit though is the extensive limit in

which N → ∞ while the average degree Nr = z is constant. Figure 2.6 shows that,

in this limit, for z ≫ 1, as in the nonextensive limit with fixed r, a third of the

eigenvalues are due to Type-I orbits, while virtually none are due to Type-II orbits

and the µ = 0 condensate is empty. However, near the giant component transition,

z ∼ 1, the situation changes. Here the fraction of eigenvalues due to Type-I starts

to decrease, the µ = 0 condensate starts to fill, and the fraction of eigenvalues due
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Figure 2.6: Fraction of eigenvalues due to Type-I orbits (red), Type-II orbits (blue),
and in the µ = 0 condensate (green) in the extensive large network limit as a function
of z = Nr. Inset shows the fraction of eigenvalues not in the µ = 0 condensate that
are due to Type-I (red) and Type-II (blue) orbits.
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to Type-II orbits reaches a maximum. For z ≪ 1, the condensate absorbs almost all

of the eigenvalues, while the fraction of the eigenvalues that are due to simple orbits

vanishes. However, as shown in the inset of Fig. 2.6, even for z ≪ 1, a substantial

fraction of the eigenvalues that are not in the condensate are always eigenvalues due

to simple orbits. In this limit Type-I and Type-II orbits each produce a quarter of

the eigenvalues that are not in the condensate.

In higher dimensional RGGs, similar calculations of the expected number of eigen-

values due to simple orbits are not easy to do exactly. However, what is generally

true in higher dimensions is that in the extensive thermodynamic limit in which

mean vertex degree is preserved the number of simple orbits and the integer eigen-

values they produce are maximal when the mean degree is near the threshold of bond

percolation where the giant component forms. This occurs when the mean degree

is of order one. In the limit of low mean degree almost all vertices are isolated and

thus almost all eigenvalues are zero and part of the condensate. As mean degree is

increased, small clusters of vertices begin to form. Symmetries are plentiful in these

small clusters. As the mean degree increases further, the number of components

decreases with the giant component dominating the graph, and the number of both

Type-I and Type-II orbits decrease. In two-dimensional RGGs, we find numerically

that the eigenvalues due to Type-I orbits comprise about 12% of the spectrum near

the giant component transition in connectivity.

2.3 Other sources of integer eigenvalues

Type-I and Type-II orbits account for most, but not all of the integer values in the

spectrum of RGGs. In this section, we discuss a few additional symmetries that lead
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Figure 2.7: An example of a linked pair of almost orbits that produces an integer
eigenvalue. A neighboring red and blue node make up an almost orbit. Note that
they share the same neighbors except that the red node is connected to one more,
the blue node in the other almost orbit. The two red nodes have the same degree
and the two blue nodes have the same degree.

to integer eigenvalues.

2.3.1 Almost orbits

After Type-I orbits, the most common integer producing mesoscale structure consists

of a pair of linked almost orbits. In 1d RGGs these linked pairs account for about 80%

of the integer eigenvalues not caused by Type-I or Type-II orbits. An almost orbit

is a pair of vertices that shares the the same neighbors except one. If the unshared

neighbor has the proper degree and is also in an almost orbit whose unshared neighbor

is a member of the first almost orbit, an integer eigenvalue results. An example is

shown in Fig. 2.7. Each linked almost orbit consists of neighboring red and blue
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nodes. Note that they share the same neighbors, except that in each case the red

node is connected to an extra node, the blue node in the other almost orbit. In the

case that the blue nodes have the same degree k, an integer eigenvalue µ = k + 2

results. To see this, construct an eigenvector that is −1 on the red nodes and +1 on

the blue nodes.

This basic structure may be tweaked to create more complicated structures also

resulting in integer eigenvalues. For example, the red nodes may be replaced by

Type-I orbits or more than two almost orbits may be linked together.

2.3.2 Almost equitable bipartitions

For certain choices of N and r, almost equitable bipartitions make a significant

contribution to the integer peaks. An partition π of the vertex set into k cells

{C1, C2, . . . , Ck} is equitable if for all i, j the number of neighbors in Cj of a node

in Ci is the same for nodes in Ci [68]. An almost equitable partition removes the

constraint that the members of a cell must have the same number of links amongst

themselves [36]. The quotient graph of an equitable partition of a graph is a directed

graph with the cells of the partition π as its nodes. The number of links between Ci

and Cj in the quotient graph is the number of links that join a node in Ci to a node

in Cj. A
π and Lπ are the Adjacency matrix and Laplacian matrix, respectively,

for the quotient graph formed from a partition π. It is known [68] that when π is

equitable, the eigenvalues of Aπ and Lπ are a subset of the eigenvalues of A and L.

For Lπ this is also the case for an almost equitable partition [36].

If a G has an almost equitable partition π = (C1, C2), such that the number of

neighbors in C2 of a node in C1 is k1 and the number of neighbors in C1 of a node in
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C2 is k2, then k1 +k2 is an eigenvalue [36]. This is seen by solving for the eigenvalues

of Lπ. In this case,

Lπ =






k1 −k1

−k2 k2




 (2.33)

which has eigenvalues 0 and k1 + k2.

As an example, we consider the extra integer eigenvalues at N/2. If we construct

an almost equitable bipartition such that two nodes are in C1 and the remaining

N − 2 nodes are in C2 and k1 = N−2
2

and k2 = 1 then N−2
2

+ 1 = N
2

is an eigenvalue.

At connectivity thresholds near r = 1/4, this partition is likely to exist because

the geographical neighborhood of a node is nearly half the available space. The

possibility of this type of partition exists whenever N−|C1|
|C1| is an integer. For N =

100 and appropriate values of r, this accounts for some of the extra eigenvalues at

µ = {50, 25, 20, 10, 5, 4, 2}.

In a similar manner as in Sec 2.1, we can calculate the expected number of

eigenvalues due to this type of partition. If P(x) = 2 is the probability that two

vertices are a distance x apart and Pv∈s(x,N) denotes the probability that v vertices

are within a region of length s then the expected number of additional eigenvalues

at N/2 for 0 ≤ r ≤ 1
4

is then given by

E(µ =
N

2
) =

N(N − 1)

2

(∫ 2r

0

dxP(x)PN/2−1∈xPN/2−1∈x

+

∫ 1/2

2r

dxP(x)PN/2−1∈2rPN/2−1∈2r

)

. (2.34)

In the first term, the two vertices have a shared neighborhood that must be empty

and in the second term, the two vertices do not have a shared neighborhood so N
2
−1

vertices must fall in the geographic neighborhood of each vertex. Substituting in the
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probabilities and integrating gives

E(µ =
N

2
) =

N !

(N
2
− 1)!2

(
∫ 2r

0

dxxN−2 +

∫ 1/2

2r

(2r)N−2

)

=
N !

(N
2
− 1)!2

(2r)N−2

(
1

2
− 2r

N − 2

N − 1

)

. (2.35)

For 1
4
≤ r ≤ 1

2
, to prevent the regions considered from overlapping we replace 2r by

1 − 2r in Eq. 2.34. This results in

E(µ =
N

2
) =

N !

(N
2
− 1)!2

(1 − 2r)N−2

(
1

2
− (1 − 2r)

N − 2

N − 1

)

. (2.36)

Figure 2.8 shows the integer eigenvalue multiplicity for a 1d RGG on a circle

with N = 100 and r = 0.25. Results are from the ensemble-averaged spectra of 106

realizations. The total number of integers is shown in red, those due to Type-I orbits

in black, and those not due to Type-I orbits in green. Additionally, the number of

integer eigenvalues as predicted by Eq. 2.6 is shown in blue. The extra contribution to

µ = N/2 = 50 is evident. For this choice of N and r, Eq. 2.35 predicts a multiplicity

of 4.02 and the extra contribution in Fig. 2.8 is 4.09.

2.4 Discussion

The existence of such a large number of orbits has a profound effect on the way

that spatial networks behave dynamically. Laplacian spectra describe the normal

modes of diffusion on the network, and if the vertices are connected elastically, the

normal modes of vibration. Generally the occurrence of symmetries in a networked

system signals that, to linear order, its behavior can be decomposed into a contri-

bution that is confined to a given symmetric structure, and a contribution which

affects all vertices in an orbit equally. On the one hand, this impacts controllability
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Figure 2.8: Ensemble-averaged integer eigenvalue multiplicity for 1d RGG on a circle
with N = 100 and r = 0.25. The red points are the results of numerical diagonalization
of 106 random ensemble realizations. The blue points are the number of Type-I orbits
producing a given eigenvalue obtained by analyzing the Adjacency matrix, the black
points is the integer eigenvalue multiplicity predicted by Eq. 2.6, and the green points
are integer eigenvalues not produced by simple orbits. Note the extra contribution
to µ = N/2 = 50 that is caused by almost equitable bipartitions.
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of dynamical systems on spatial graphs as the confined modes cannot be excited to

linear order by a controller situated elsewhere [90]. On the other hand, the con-

finement of dynamical modes inside the symmetric structure means that mesoscale

structures can exist whose dynamics are largely independent of the embedding net-

work, but which may be able to communicate with the embedding network through

nonlinear effects. One can imagine then, that reusable structures are created that

can perform the same function independently of the surrounding networks. Symmet-

ric structures in dynamical networks could therefore have an important effect, for

instance, on the evolvability of biological systems. They also have important conse-

quences, for example, in neural networks [97, 55], where an orbit implies that that

exactly anticorrelated neurons can be locally excited, and wireless communication

networks [49, 64].

The existence of such a large number of orbits in spatial networks can also be used

to simplify the analysis of their behavior. By considering a quotient graph [94, 14]

the integer eigenvalues can be removed, leaving only the continuous part of the

spectrum. The continuous part of the spectrum describes much of the important

properties of the network’s behavior. For example, the smallest nonzero eigenvalue

in graph Laplacian matrices determines the number of vertices or edges that must

be cut to sever the network [61]. Also, its eigenvector can be used to partition the

network into communities [145]. Notice from Fig. 1.5 that, in the case shown, pairs of

eigenvalues split-off or separate [23, 24] from the bulk continuous distribution at the

small end of the spectrum. These separated eigenvalues include the smallest nonzero

one. As we will show in Ch. 3 the number of eigenvalues that split off together

from the bulk continuous distribution can be deduced by approximating the graph

Laplacian with a continuous Laplacian operator corresponding to disordered random
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media and considering the degeneracy of the modes with smallest eigenvalues.

Thus, we have shown analytically that symmetric mesoscale structures are highly

abundant for all r in 1d RGGs. These motifs lead to integer eigenvalues that com-

prise a substantial fraction, more than a third, in both intensive and extensive large

network limits. Approximate arguments and numerical results indicate that similar

behavior occurs in higher dimensional RGGs as well. This behavior differs remark-

ably from that of non-spatial graphs, which in thermodynamic limits have almost no

orbits.
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Chapter 3

Eigenvalue separation and the

Laplacian as the discretized

continuous differential operator ∇2

In this chapter we turn our attention to the continuous part of the spectrum and

in particular the eigenvalues that split off or separate from the bulk continuous

distribution at the small end of the spectrum. By approximating the graph Laplacian

with a continuous Laplacian operator, we show that the number of eigenvalues in

the nth separated peak corresponds to the degeneracy of the nth lowest normal

mode solution to the wave equation with boundary conditions equal to that of the

embedding space of the RGG. Thus, the number of eigenvalues that separate off

together depends on the dimension and boundary conditions of the embedding space

of the RGG.

64



3.1 L as the discretization of ∇2

By discretizing the Laplace equation, ∇2f = 0, one gets the Laplacian matrix L of

the discretized space. To see this, let us consider as a simple example the 2d square

lattice of size N × N . The lattice points have uniform spacing ∆x = ∆y = ∆ and

are indexed such that xi = i∆x and yj = j∆y. This is a 2d UGG on a square as

defined Sec. 1.1.4.2 with 1
N

≤ r <
√

2
N

. The values of φ(x, y) on the grid are denoted

by φij = φ(xi, yj). Laplace’s equation in two-dimensional Cartesian coordinates is,

∇2φ =
∂2φ

∂x2
+
∂2φ

∂y2
= 0. (3.1)

To solve Laplace’s equation on the lattice, we use the finite difference method to

approximate the partial derivatives. The first derivative of a function f(x) is ap-

proximated by

f ′
i(x) ≈

fi+1 − fi
∆x

(3.2)

and the second derivate by

f ′′
i (x) ≈ fi+1 − 2fi + fi−1

∆x2
. (3.3)

Using the above approximation in Eq. 3.1 gives,

4φij − (φi+1,j + φi−1,j + φi,j+1 + φi,j−1) = 0. (3.4)

Solving this linear system of equations leads to the matrix equation

Lφ = 0 (3.5)

where φk=i+4j = φi,j and L is the graph Laplacian for the 2d square lattice.
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3.2 Relation between Laplacian eigenvalues and

normal mode frequencies

This relationship between L and ∇2 aids in the study of the graph Laplacian spectra

because much is already known about the eigenfunctions and eigenvalues of ∇2. In

fact, solving for the Laplacian eigenvalues of an RGG is the same problem as solving

for the normal mode frequencies for transverse planar oscillations of a set of masses of

mass m connected by springs with spring constant κ where the equilibrium position

of the masses is the location of the vertices in the RGG. Thus, the springs all have

the same spring constant, but have different equilibrium lengths.

If ψj(x, t) is the displacement from equilibrium of mass m at time t, then the

equation of motion for the jth mass is,

mψ̈j = κ
∑

k∼j
(ψj − ψk) (3.6)

where the sum is taken over the neighbors of jth mass. Assuming harmonic oscilla-

tions and normal mode solutions of the form

ψj(t) = Aφj cos(ωt+ θ), (3.7)

where φj is the normal mode amplitude, leads directly to the eigenvalue equations

for L when inserted into Eq. 3.6.

3.2.1 One-dimensional example

As a simple example, let us consider the N point 1d lattice with lattice spacing

a = 1/N and nearest neighbor connections only. Recall that the cycle graph, CN ,
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defined in Sec. 1.2.2, is graph of N vertices connected in a circuit such that each

vertex has degree two. The path graph PN is a graph with no closed loops and N

vertices which may be arranged in a line such that the terminal vertices have degree

one and all other vertices have degree two. Thus, this type of lattice graph is the

path graph PN or, if periodic boundary conditions are imposed, the cycle graph CN .

Note that PN is a 1d UGG on a line with 1
N

≤ r < 2
N

and CN is a 1d UGG on a

circle with 1
N

≤ r < 2
N

. The eigenvalues of PN are known [105] to be

µm = 2 − 2 cos

(
πm

N + 1

)

for m = 1, . . . , N (3.8)

and those of CN to be

µm = 2 − 2 cos

(
2πm

N

)

for m = 0, . . . , N − 1. (3.9)

For simplicity, let us first consider CN . In this case, the equation of motion (Eq. 3.6)

is

mψ̈j + 2κψj − κ(ψj+1 + ψj−1) = 0. (3.10)

Using the normal mode solutions of Eq. 3.7 in the above equation of motion yields,

(2 − λ)φj − φj+1 − φj−1 = 0, (3.11)

for λ = ω2m/κ. A nontrivial solution to the above set of N equations for the normal

mode displacements φj exists only if the determinant of the coefficients,

DN =

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

2 − λ −1 0 0 · · · −1

−1 2 − λ −1 0 · · · 0

0 −1 2 − λ −1
. . . 0

...
...

...
. . .

. . .
...

−1 0 0 0 −1 2 − λ

∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣

(3.12)
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vanishes. To find the eigenvalues of L(CN) one must solve det(L(CN)−λI) = 0 and

because DN = det(L(CN) − λI) the normal mode frequencies ω2 are related to the

eigenvalues µCN
of the graph Laplacian by the following relation, µCN

= ω2m/κ.

In the continuum limit, as N → ∞ and a → 0 as Na = ℓ remains constant, this

becomes solving the wave equation with the boundary conditions determined by the

embedding space of the graph. In this limit the graph becomes a random media. To

illustrate this, let us return to the example of the 1d lattice with periodic boundary

conditions CN represented as a circular chain of oscillating masses. First, let us note

that the equilibrium position of the jth mass is xj = ja. We then seek solutions to

Eq. 3.10 of the form

ψ(xj, t) = Aei(kxj−ωt). (3.13)

Substituting the above solutions into the equation of motion (Eq. 3.10) gives the

eigenvalue relation

ω2 = 2 κ
m

(1 − cos ka). (3.14)

Next, we discretize k and ω by imposing the boundary conditions. Periodic

boundary conditions require that moving a distance Na returns one to one’s initial

position or, ψ(xi) = ψ(xN+i). Applying this condition to the assumed solutions in

Eq. 3.13 implies eikNa = 1. Thus the allowed values of k are

kn =
2πn

Na
for n = 0, 1, 2, . . . , N − 1 (3.15)

and the associated eigenfrequencies are

ω2
n = 2

κ

m

(

1 − cos
2πn

N

)

for n = 0, 1, 2, . . . , N − 1. (3.16)
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Note that, as stated above, for κ/m = 1 the eigenfrequencies given in Eq. 3.16 for

a 1d chain of oscillating masses with periodic boundary conditions are exactly the

Laplacian eigenvalues for CN given in Eq. 3.9.

To consider the continuum limit, instead of N masses connected by springs, let

us consider N point masses equally spaced on a stretched massless string that at

equilibrium has constant uniform tension τ . In this case, κ is replaced by τ/a in the

preceding discussion. In the continuum limit, N → ∞ and a → 0 while the length

of the string Na = L and the mass density of the string m/a = σ are kept constant.

In this limit,

ω2
n =

4τ

ma
sin2

(πn

N

)

for n = 0, 1, 2, . . . , N − 1 (3.17)

→ τ

σ

(πn

L

)2

for n = 0, 1, 2, . . . . (3.18)

and the assumed solutions of Eq. 3.13 become plane waves propagating along the

string.

3.2.2 Continuous wave equation

In the discrete systems discussed above, the low frequency normal modes correspond

to long wavelengths in which masses near each other all move together in phase. For

these modes, the discrete nature of the system is irrelevant and the same results can

be obtained by treating the system as continuous. It is exactly these low frequency

modes that make up the separated peaks in the spectra of RGGs and for this reason

the degeneracy of these lowest modes reveals the number of eigenvalues in each

separated peak.
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We thus seek solutions to the continuous wave equation

∇2ψ(x, t) =
1

c2
∂2ψ(x, t)

∂t2
(3.19)

using boundary conditions equal to that of the embedding space of the RGG. It is

important to note that vertices located on the boundary of an RGG are not fixed

and are free to oscillate, thus Neumann boundary conditions in which the derivative

of the wave function vanishes on the boundary must be used. This differs from the

usual vibrating drumhead problem for which Kac [83] asked, “Can one hear the shape

of a drum?” In that problem, the wave function itself is required to vanish at the

boundary and Dirichlet boundary conditions are used.

To solve the wave equation (Eq. 3.19), we begin by using separation of variables

such that

ψ(x, t) = φ(x) cos(ωt+ δ). (3.20)

Substituting this into the wave equation yields the eigenvalue equation, known as

the scalar Helmholtz equation,

(
∇2 + ω2

)
φ(x) = 0 (3.21)

for c = 1. Solving this equation for the specific geometry of a given ensemble of RGGs

and determining the degeneracy of the lowest modes tells us how many eigenvalues

are in each separated peak of the spectrum for that RGG.
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3.3 The number of eigenvalues in each separated

peak

We studied the spectra of RGGs with varying boundary conditions in one and two

dimensions and verified that the number of eigenvalues in the nth separated peak

equals the degeneracy of the nth lowest mode of a vibrating string or membrane with

equivalent boundary conditions. To say that a peak has x number of eigenvalues

means that integrating the spectrum ρ(µ) as bounded by the peak and found by

computing the area under the peak is equal to x/N .

The effects of periodicity and dimension can be seen in Fig. 3.1. The figures on

the top (Fig. 3.1(a) and Fig. 3.1(b)) show the spectra of 1d RGGs and the figures

on the bottom (Fig. 3.1(c) and Fig. 3.1(d)) of 2d RGGs. The separated peaks in the

spectra of 2d RGGs have twice the number of eigenvalues as the corresponding peaks

in 1d just as the normal mode solutions to the wave equation are doubly degenerate

in 2d. The figures on the left (Fig. 3.1(a) and Fig. 3.1(c)) show the spectra of RGGs

with open boundary conditions and those on the right (Fig. 3.1(b) and Fig. 3.1(d))

show the spectra of RGGs with closed boundary conditions. The separated peaks in

the spectra of RGGs with closed boundary conditions also have twice that of their

1d counterparts, as the normal mode solutions to the wave equation allow for waves

traveling in both the positive and negative directions. All spectra in Fig. 3.1 were

obtained from numerical diagonalization, averaged over 106 realizations, and binned

using a bin width of ∆µ = 0.01. In Secs. 3.3.1 and 3.3.2 we explicitly solve the

wave equation for the boundary conditions of the spectra shown in Fig 3.1 and in

Sec. 3.3.2.3 we consider the case for which the embedding space of the RGG is a disk

of unit area.
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Figure 3.1: The ensemble-averaged Laplacian spectra for RGGs with varying em-
bedding spaces. Only the portion of the spectra exhibiting eigenvalue separation is
shown. The number of eigenvalues in the nth separated peak is equal to the de-
generacy of the nth lowest normal mode for a vibrating membrane with the same
boundary conditions. The results were obtained from numerical diagonalization of
106 realizations and a bin size of ∆µ = 0.01 was used to construct the histogram.
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3.3.1 One dimension

In 1d, the Helmholtz equation, Eq. 3.21 reduces to

d2φ

dx2
+ ω2φ = 0 for φ = φ(x) and 0 ≤ x ≤ L (3.22)

where L is the length of the string. We seek solutions of the form

A cos(ωx) +B sin(ωx). (3.23)

3.3.1.1 Line - 1d non-periodic boundary conditions

Imposing Neumann boundary conditions such that φ′(0) = 0 and φ′(L) = 0 yields

φn(x) = cos(ωnx) where ω2
n =

(nπ

L

)2

for n = 0, 1, 2, . . . (3.24)

In this case, each eigenfrequency ω2
n for all n is nondegenerate. Thus, we expect each

separated peak in the spectrum of a 1d RGG on a line, shown in Fig 3.1(a), to contain

exactly one eigenvalue. The area under each separated peak is 1/N , indicating that

it contains one eigenvalue.

3.3.1.2 Circle - 1d periodic boundary conditions

Periodic boundary conditions require φ(0) = φ(L) and φ′(0) = φ′(L). Thus solutions

of the form in Eq. 3.23 involving either sine or cosine, but not both, are valid and

φnodd
(x) = cos(ωnx) φneven(x) = sin(ωnx) (3.25)

where ω2
n =

(nπ

L

)2

for n = 0, 1, 2, . . . (3.26)

In this case, each eigenfrequency ω2
n for all n > 0 is doubly degenerate because the

periodic boundary conditions allow for waves traveling along both directions of the
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string. The portion of the spectra exhibiting eigenvalue separation for a 1d RGG

with periodic boundary conditions is shown in Fig. 3.1(b). Here each separated peak

contains two eigenvalues; however, note that they repel each other.

3.3.2 Two dimensions

In 2d Cartesian coordinates, the Helmholtz equation, Eq. 3.21, becomes

∂2φ

∂x2
+
∂2φ

∂y2
+ ω2φ = 0. (3.27)

Here, the boundary conditions separate in the x and y directions and we again use

separation of variables and look for solutions of the form

φ(x, y) = X(x)Y (y). (3.28)

Substituting the above into the 2d Helmholtz equation, Eq. 3.27, gives

ω2 +
1

X

d2X

dx2
= − 1

Y

d2Y

dy2
(3.29)

from which we deduce that

d2X

dx2
+ ω2

xX = 0 and
d2Y

dy2
+ ω2

yY = 0 (3.30)

where ω2
x + ω2

y = ω2. The 2d problem has thus been reduced to two 1d problems

which we have already solved in Sec. 3.3.1.

3.3.2.1 Square - 2d non-periodic boundary conditions

Neumann boundary conditions require that the spatial derivative of the wave function

vanish on the boundary. Explicitly, we require

∂φ

∂x

∣
∣
∣
∣
x=0

=
∂φ

∂x

∣
∣
∣
∣
x=Lx

=
∂φ

∂y

∣
∣
∣
∣
y=0

=
∂φ

∂y

∣
∣
∣
∣
y=Ly

= 0. (3.31)
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Using the 1d solutions already found in Sec. 3.3.1.1, we find that for a vibrating 2d

rectangular membrane of size Lx × Ly the normal mode solutions are

φnm(x, y) = cos(ωnx) cos(ωmy) (3.32)

where ω2
nm = ω2

n + ω2
m =

(
nπ

Lx

)2

+

(
mπ

Ly

)2

for n,m = 0, 1, 2, . . . .

For a square membrane (Lx = Ly = L), the lowest mode, designated as (n,m), has

degeneracy two, i.e., (0,1) and (1,0), whereas the next lowest mode, (1,1), is not

degenerate. This is reflected in the spectrum of an RGG on a square as shown in

Fig 3.1(c) for which the area under the first peak is 2/N and the area under the

second is 1/N . Note that in this case the eigenvalues do not repel each other, but

rather simply form a single gaussian peak. This is because the modes in the x and y

directions decouple from each other. Perturbing the length of either Lx or Ly breaks

the degeneracy and the two eigenvalues that form the first peak begin to separate

from each other. The third separated piece consists of two overlapping peaks, each

of weight two, corresponding to the doubly degenerate (n,m) = (0, 2), (2, 0) and

(n,m) = (1, 2) = (2, 1) modes.

3.3.2.2 Torus - 2d periodic boundary conditions

Imposing periodic boundary conditions yields the following normal mode solutions.

φ1nm
(x, y) = cos(ωnx) cos(ωmy) (3.33)

φ2nm
(x, y) = cos(ωnx) sin(ωmy)

φ3nm
(x, y) = sin(ωnx) cos(ωmy)

φ4nm
(x, y) = sin(ωnx) sin(ωmy)

where ω2
nm = ω2

n + ω2
m =

(
nπ

Lx

)2

+

(
mπ

Ly

)2

for n,m = 0, 1, 2, . . . .
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Here, each choice of (n,m) has degeneracy four. The lowest mode (n,m) = (1, 0), (0, 1)

would have degeneracy eight, but because sin 0 = 0, four of the wave functions vanish

and the mode only has degeneracy four. This is also the case for the third lowest

mode (n,m) = (2, 0), (0, 2) so it also has degeneracy four. All wave functions exist for

the second lowest mode (n,m) = (1, 1) and fourth lowest mode (n,m) = (1, 2), (2, 1)

so the second lowest has degeneracy four and the fourth lowest degeneracy eight.

These degeneracies are reflected in the separated eigenvalues in the spectrum of a

2d RGG on a torus, as shown in Fig. 3.1(d). The area under the first, second, and

third, separated pieces is 4/N and the area under the fourth separated piece is 8/N .

Note that here, as in the 1d periodic case, the eigenvalues repel each other.

3.3.2.3 Disk - 2d circular domain

In 2d polar coordinates, the wave equation, Eq. 3.21, becomes

(
1

r

∂

∂r
r
∂

∂r
+

1

r2

∂2

∂θ2
+ ω2

)

φ(r, θ) = 0. (3.34)

We again use separation of variables and assume solutions of the form

φ(r, θ) = R(r)Θ(θ) (3.35)

which leads to the polar angle equation

−d
2Θ

dθ2
= m2Θ (3.36)

and the radial equation

r2d
2R

dr2
+ r

dR

dr
+ (ω2r2 −m2)R = 0 (3.37)

with eigenvalues m2 and ω2. To be physically meaningful, solutions to the polar

angle equation Eq. 3.36 must be single-valued such that Θ(θ + 2π) = Θ(θ). This
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is equivalent to imposing periodic boundary conditions so the solutions to the polar

angle equation are

Θm(θ) = eimθ for m = 0,±1,±2, . . . . (3.38)

The radial equation Eq. 3.37 is known as Bessel’s equation and has solutions given by

Jm(ωr) and Nm(ωr), the Bessel functions of the first and second kind, respectively.

Only Jm(ωr) gives physical solutions because Nm(ωr) has a singularity at the origin.

As usual, the boundary of the disk is free to vibrate so we use Neumann boundary

conditions and require that the spatial derivative of the solution to the radial equation

vanish at the boundary r = a =
√

1/π. This is the radius of a circle with unit area

and we chose it to be consistent with the square with unit area studied in Sec. 3.3.2.

Let βm,n denote the nth zero of the first derivative of the mth Bessel function such

that

J ′
m(βm,n) = 0. (3.39)

The eigenvalues are then

ω2
mn =

β2
m,n

a2
and m = 0,±1,±2, . . . (3.40)

For a given m, ω2 is determined by the zeros of the derivative of the mth Bessel

function. The first four zeros of the derivative J ′
m(x) for m = 0 to m = 4 are shown

in Table 3.1 [13].

The normal mode solutions are

φ1nm
(r, θ) = cos(mθ)Jm

(

βm,n
r

a

)

(3.41)

φ2nm
(r, θ) = sin(mθ)Jm

(

βm,n
r

a

)

for m = 0,±1,±2, . . . and n = 1, 2, . . . .
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n J ′
0(x) J ′

1(x) J ′
2(x) J ′

3(x) J ′
4(x)

1 3.83 1.84 3.05 4.20 5.32
2 7.02 5.33 6.71 8.02 9.28
3 10.17 8.54 9.97 11.35 12.68
4 13.32 11.71 13.17 14.56 15.96

Table 3.1: This first four zeros, βm,n, of J ′
m(x) the derivative of the Bessel function

of the first kind [13].

All modes, denoted (m,n), are doubly degenerate except for those with m = 0. The

four lowest modes in order from low to high are: (1,1), (2,1), (0,1) and (3,1). Each of

these modes has degeneracy two, except for the third which is nondegenerate. Note

that these modes are different than those of the vibrating circular drumhead with a

fixed boundary. The four lowest modes in that case are: (0,1), (1,1), (2,1), and (0,2).

Figure 3.2 shows the portion of the spectra for a 2d RGG on a disk of unit area

that exhibits eigenvalue separation. Calculating the area under the curves of the

separated peaks shows that the first and second peaks contains two eigenvalues and

the third contains three. The first two are as expected, given that the two lowest

modes, as found above, as doubly degenerate. However, the third lowest mode (0,1)

is non degenerate, but the third peak has three eigenvalues. This is because the

eigenvalues for the third and fourth lowest modes, (0,1) and (3,1), respectively, are

close together and the corresponding peaks in the spectra overlap. We expect that

as the system size increases, two distinct peaks will form.

3.4 Discussion

The number of eigenvalues that separate off together in the spectrum of RGGs is

determined by the dimension and boundary conditions of the embedding space of
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Figure 3.2: The ensemble-averaged Laplacian spectrum for 2d RGGs on a disk of
unit area with N = 800 and r = 0.2. Only the portion of the spectra exhibiting
eigenvalue separation is shown. The first separated peak contains two eigenvalues.
This agrees with the degeneracy of the lowest normal mode for a vibrating disk with
a free boundary as given in Eq. 3.41. The results were obtained from numerical
diagonalization of 106 realizations and a bin size of ∆µ = 0.01 was used to construct
the histogram.
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the RGG. By approximating the discrete Laplacian L by the continuous Laplace

operator ∇2 we have shown that the number of eigenvalues in each separated peak

is equal to the degeneracy of the corresponding normal mode solution to the wave

equation with equivalent boundary conditions.

This information has applications in understanding the path towards synchro-

nization on a complex network. As discussed in Sec. 1.2.3, it has been shown [126,

12, 91, 49] that for a network of coupled Kuramoto oscillators gaps in the spectrum

represent different time scales at which groups of oscillators are synchronized. Thus

the eigenvalues in the same peak represent nodes of the RGG that synchronize on

the same time scale. That these eigenvalues are smaller than and separated from the

bulk of the distribution implies that they will be the last ones to synchronize.
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Chapter 4

Scaling of the algebraic

connectivity µN−1

The second smallest Laplacian eigenvalue µN−1 is known as the algebraic connec-

tivity and partly gets its name from the fact that the graph is connected if and

only if µN−1 > 0, a corollary of the theorem stating that the number of Laplacian

eigenvalues equal to zero is the number of components. The algebraic connectivity

is related to many topological properties of graphs and has important consequences

for dynamical processes, such as diffusion and synchronization, taking place on a

network. Recall that, as presented in Sec. 1.2.2.1, according to the Master Stabil-

ity Function formalism, the smaller the eigenratio R = µ1/µN−1, the easier it is

to achieve synchronization on a network. In the context of studying the synchro-

nization of Kuramoto oscillators on RGGS, ensemble-averaged numerical results for

the eigenratio R are presented [49]. However, the authors do not specify what size

network N or average degree 〈k〉 the eigenratio corresponds to, nor do they present

any results for how the eigenratio changes as N or 〈k〉 changes. In a study [138]
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of the convergence rate of consensus algorithms on wireless sensor networks, µN−1

of 2d RGGs is compared to µN−1 of 2d UGGs and an expression for µN−1 of a 2d

UGG on a torus is given in terms of sums involving the elements of its Adjacency

matrix. However, the authors are unable to explicitly compute these sums because

of the complexity of the analytical expressions for the matrix elements and they do

not present any analytical scaling results for µN−1. Additionally, they consider only

the two-dimensional case.

In this chapter we show that the algebraic connectivity of RGGs varies as a

dimensionally dependent power of the average degree

µN−1 ∼
1

6

( π

N1/d

)2

(〈k〉 + 1)
d+2

d . (4.1)

Here, N is the number of vertices, 〈k〉 is the average degree, and d is the dimension.

Recall from the discussion of ERMs in Sec. 1.3.2 that that the Adjacency matrix of

an RGG is an ERM where Aij = f(xi − xj) and xi is the position of point i. By

treating the Adjacency matrix of an RGG as an ERM, in [32], the author obtains

the same scaling result as Eq. 4.1 by considering the large N limit and taking the

Fourier transform of the function f(xi − xj). However, results are not presented for

finite N , whereas our method gives an exact expression for µN−1 of a UGG with N

vertices and then takes the large N limit obtain Eq. 4.1.

To make progress analytically, we approximate RGGs with uniform geometric

graphs (UGGs) formed using the Chebyshev distance and argue that the scaling

result is still valid. This is partly justified because it is known that in the large

N limit the spectrum of the Adjacency matrix of an RGG converges to that of a

UGG [133, 32]. Also, in the depiction of a UGG or RGG as a set of oscillating masses

connected by springs, we know from Ch. 3 that the small eigenvalues correspond to
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low frequency normal modes in which masses near each other all move together in

phase. Thus, for small eigenvalues, we do not expect there to be much difference

between the spectrum of a UGG and that of an RGG. However, this is definitely

not the case for larger eigenvalues, in which the irregular structure of the RGG will

become apparent. We start by calculating µN−1 for a UGG in 1d and show how the

solution changes as the dimension is increased. Recall that the eigenvalues of the

Adjacency matrix are labelled as λ0 ≥ λ1 ≥ · · · ≥ λN−1 and those of the Laplacian

are labeled as µ1 ≥ µ2 ≥ · · · ≥ µN .

4.1 UGGs formed using the Chebyshev distance

Recall, as defined in Sec. 1.1.4.2, that a d-dimensional UGG with N nodes is a

deterministic graph with vertices placed at the intersections of lines parallel to the

axes and spaced a = N−1/d apart. Connectivity is determined in the same manner

as for a RGG, that is, all vertices whose distance is less than a threshold distance

r apart are connected. Thus far we have considered only the Euclidean distance.

However, in dimensions d ≥ 2 it is a nontrivial problem to determine the sequence

of vertex connections for increasing r in a UGG . In [138] an expression for µN−1

for a 2d UGG on a torus is given in terms of sums involving the elements of its

Adjacency matrix, but the authors are unable to explicitly compute these sums

because of the complexity of the analytical expressions for the matrix elements. To

make progress analytically we instead calculate µN−1 for UGGs formed using the

Chebyshev distance.

The Chebyshev distance [143] between two points x and y with coordinates xi and

yi is the maximum distance between them along any coordinate axis, i.e., d(x, y) =
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(a) (b)

Figure 4.1: UGGs formed using r = 2/a. The graph on the left uses the Euclidean
distance to determine connectivity and the graph on the right uses the Chebyshev
distance. In each case, the red vertex in the center is connected to all vertices on or
inside the red line.

max
i

(|xi − yi|). In 1d, the Chebyshev distance and the Euclidean distance are the

same. Using the Chebyshev distance, a circle of radius r is a square with sides of

length 2r and parallel to the axes. The difference between UGGs formed using the

Euclidean distance and Chebyshev distance is illustrated in Fig. 4.1. In the examples

shown r = 2/sqrtN . In the figure on the left, the Euclidean distance is used and the

red vertex in the center is connected to all vertices lying on or inside the red circle.

All vertices have degree 11. In the figure on the right, the Chebyshev distance is

used and the red vertex in the center is connected to all vertices on or inside the red

square. All vertices have degree 24. In general, the degree of a d-dimensional UGG

with N = nd nodes formed using the Chebyshev distance is

k = (2x+ 1)d − 1 where x = ⌊nr⌋. (4.2)

Here ⌊⋆⌋ is the floor function and is the greatest integer less than or equal to ⋆.
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4.2 Eigenvalues of matrices with circulant struc-

ture

A n× n matrix C is circulant if each row is a cyclic shift of the row above it. That

is, the last element in a row is the first element in the row above it and all other

elements are shifted to the right by one so that, cjk = c(j−k) mod n and

C =
















c0 cn−1 cn−2 · · · c1

c1 c0 cn−1 · · · c2

c2 c1 c0
. . . c3

...
...

. . .
. . .

...

cn−1 cn−2 cn−3 · · · c0
















. (4.3)

Block circulant matrices are defined similarly, except that the structure refers to

blocks, rather than elements. In general, the blocks are free to have any structure,

but we are interested in the case when the blocks are also circulant. We call these

matrices block circulant with circulant blocks (BCCB). Note that both n×n circulant

and BCCB matrices have at most n different entries and are completely determined

by the first row.

Next, following the discussion in [73], we show that the eigenvalues of a circulant

matrix are given by the discrete Fourier transform (DFT) of the first row of the

matrix. For a sequence of n complex numbers a0, a1, . . . , an−1 the DFT is defined as

follows

αm ≡
n−1∑

k=0

ane
−2πimk/n. (4.4)

Using the circulant structure of the matrix, one can write the eigenvalue equation
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Cx = λx as a set of n difference equations

n−1−m∑

k=0

ckxk+m +

n−1∑

k=n−m
ckxk−(n−m) = λxm for m = 0, 1, . . . , n− 1. (4.5)

Assuming solutions of the form xk = ρk yields,

n−1−m∑

k=0

ckρ
k + ρ−n

n−1∑

k=n−m
ckρ

k = λ. (4.6)

If we choose ρ−n = 1, that is, ρ is one of the complex nth roots of unity such that

ρm = e−2πim/n for m = 0, 1, . . . , n− 1 we have an eigenvalue

λ =

n−1∑

k=0

cke
−2πimk/n (4.7)

with corresponding eigenvector

x(m) =
1√
n

(
1, e−2πim/n, . . . , e−2πim(n−1)/n

)⊺
. (4.8)

Comparing Eq. 4.4 and Eq. 4.7 shows that the eigenvalues are given by the DFT of

the first row of the matrix.

The 2d DFT of the n× n matrix A is the matrix α of the same size with entries

αlm =
n−1∑

g=0

n−1∑

h=0

Agh exp

(

−2πigl

n

)

exp

(

−2πihm

n

)

(4.9)

for l,m = 0, 1, . . . , n− 1.

The eigenvalues of a symmetric BCCB n1n2×n1n2 matrix B with n1 circulant blocks

each of size n2×n2 can be found by taking the 2d DFT of the n1×n2 matrix formed

by arranging the elements of the first row of B, b0, row-wise [77]. To see this, we

note that B has the following spectral decomposition

B = F†ΛF (4.10)
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where the Λ is a diagonal matrix whose entries are the eigenvalues of B and F is the

2d DFT matrix [125]. That is, F = Fn1 ⊗Fn2 where FN is the N-point DFT matrix.

Multiplying both sides of Eq. 4.10 by F gives

FB = ΛF. (4.11)

Consider only the first columns in the above equation

FB1 = ΛF1 (4.12)

and note that every entry in the first column of F is 1. Therefore,

FB1 = λ. (4.13)

Thus, to find the eigenvalues of B, arrange the elements of its first row in a n1 × n2

matrix row-wise and using Eq. 4.9 take the 2d DFT. The elements of the resulting

matrix are the eigenvalues.

This procedure may be generalized to find the eigenvalues of a symmetric matrix

B with any number of levels of circulant structure. A matrix with d levels of circulant

structure is diagonalized by the d-dimensional DFT matrix F = Fn1 ⊗Fn2 · · ·⊗Fnd
.

Following the same procedure as above, the eigenvalues of B are found by taking the

d-dimensional DFT of the n1 × n2 · · · × nd rank d tensor formed from the first row

of B.

4.3 Calculation of µN−1

Let us first recall that regular graphs are graphs for which every vertex has the

same degree, dj = k for all 1 ≤ j ≤ N , and that L = D − A. Then, because
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det(L − µI) = det((k − µ)I − A), the Laplacian and Adjacency eigenvalues of

regular graphs are related by

µj = k − λN−j and (4.14)

µN−1 = k − λ1. (4.15)

where λ1 is the second largest eigenvalue of the Adjacency matrix. Because the zeros

along the diagonal make working with the Adjacency matrix easier, we first solve for

λ1 and then use Eq. 4.15 to obtain µN−1. In the following calculation, all UGGs are

formed using the Chebyshev distance. To calculate λ1 for a d-dimensional UGG with

periodic boundary conditions formed using the Chebyshev distance we note that its

Adjacency matrix AUGG has d levels of circulant structure.

4.3.1 One dimension

AUGG for a 1d circle with N = n vertices is a circulant matrix whose first row is the

sequence {a0, a1, . . . , an−1}. By definition, a0 = 0, ah = 1 if vertex 0 and vertex h

are connected, and ah = 0 if vertex 0 and vertex h are not connected. Using Eq. 4.2,

the degree of a 1d UGG is k = 2x where x = ⌊nr⌋. That is, each vertex is connected

to x vertices on each side. Thus,

ah =







0 for h = 0, or x < h < n− 1 − x

1 otherwise.

(4.16)
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Using Eqs. 4.4 and 4.16 we solve for the eigenvalues,

λm =

n−1∑

h=0

ahe
−2πihm/n (4.17)

=

x∑

h=1

e−2πihm/n +

n−1∑

h=n−x
e−2πihm/n

=
x∑

h=1

2 cos(2π
hm

n
)

λm =
sin
(
(k + 1)mπ

n

)

sin(mπ
n

)
− 1, m = (0, . . . , n− 1). (4.18)

This result has been previously reported in many places, most notably in [60]. The

eigenvalues in Eq. 4.18 are unordered and though the ordering process is nontrivial,

it is clear that the largest eigenvalue is λ0 = k and the next largest is λ1. The

ordering of the eigenvalues will be discussed in more detail in Ch. 5. Thus, for a 1d

UGG on a circle,

µN−1 = k + 1 − sin ((k + 1)π/n)

sin(π/n)
. (4.19)

4.3.2 Two dimensions

Let us now consider a 2d UGG on a torus. Its Adjacency matrix is no longer circulant,

but it is BCCB. AUGG for a torus with N = n2 vertices has n circulant blocks each

of size n × n. Each block in the matrix is the Adjacency matrix for the nodes inn

two rows of vertices in the UGG. Thus, the blocks along the diagonal are each equal

to AUGG for a line with n vertices because they are for connections among vertices

in the same row. The off-diagonal blocks are the for vertices in different rows. For

example, the third block in the first row contains information about the connectivity

between vertices in the third and first rows. Because all equally spaced rows of

vertices have the same interconnections, AUGG is BCCB.
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Using Eq. 4.9 to take the 2d DFT of the n × n matrix C, formed by arranging

the first row of AUGG gives the eigenvalues,

λlm =

n−1∑

g=0

n−1∑

h=0

cgh exp

(−2πi(gl + hm)

n

)

. (4.20)

Again, the eigenvalues in the adove equation are unordered, but it is clear that the

largest eigenvalue is λ0 = λ00 = k and that the next largest is

λ1 = λ01 = λ10 =

n−1∑

g,h=0

cghexp

(−2πih

n

)

. (4.21)

If the vertices of the UGG are labeled such that vertex zero is located in the top

left corner and vertex number increases left to right across rows, then the matrix

elements cgh represent the connectivity between vertex zero and the vertex in the

gth row and hth column labeled vertex gn+ h. As shown in Fig 4.1(b), vertex zero

is connected to the x vertices to the right and left in each of the x rows above and

below itself. Of course, it is also connected to the x vertices to the right and left on

its own row. Thus,

cgh =







0 for x < g||h < n− 1 − x

or g&h = 0

1 otherwise.

(4.22)

Note that for g = 0, Eq. 4.21 is the same as Eq. 4.17, the equation for the eigenvalues

of a 1d UGG. Thus, for g = 0, the sum over h in Eq. 4.21 is λ1 for a 1d UGG as given

in Eq. 4.18. For the other 2x values of g for which cgh = 1, g ≤ x and g ≥ n− 1−x,

the evaluation of the sum over h differs from that of the 1d case in Eq. 4.17 by the

addition of one term. In this case, cgh = 1 for h = 0, whereas a0 = 0. Thus, the sum

evaluates to λ1 + 1 and

λ01 = λ10 = (2x+ 1)(λ1 + 1) − 1. (4.23)
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Using µN−1 = k−λ01 and the Eq. 4.2, the expression for the degree of a UGG formed

using the Chebyshev distance, results in

µN−1 = k + 1 − (k + 1)1/2 sin
(
(k + 1)1/2π/n

)

sin(π/n)
. (4.24)

4.3.3 Three dimensions

The Adjacency matrix for 3d UGG on a cube with periodic boundary conditions has

one more level of circulant structure. For a 3d UGG with N = n3 vertices, AUGG3d

is block circulant with n blocks that are each BCCB with n blocks of size n× n. In

this case, the blocks along the diagonal are AUGG2d
for a torus with n2 vertices and

the off-diagonal blocks represent connections between vertices in different levels. All

equally spaced levels have the same interconnectivity so the matrix is block circulant.

To find the eigenvalues, recall that a matrix with this structure is diagonalized by

the 3d DFT matrix and the eigenvalues are given by the 3d DFT of the third rank

tensorC formed by arranging the elements from a0, the first row ofAUGG3d
row-wise.

Thus,

λjlm =

n−1∑

f,g,h=0

cfgh exp

(−2πi(fj + gl + hm)

n

)

. (4.25)

Again, in general, the eigenvalues in the above equation are unordered, but the

largest is λ0 = λ000 = k and the next largest is

λ001 = λ010 = λ100 =
n−1∑

f,g,h=0

cfgh exp

(−2πih

n

)

. (4.26)

If the vertices in each level of the UGG are labelled in the same manner as for the

2d torus starting on the bottom level such that the node in the top left corner of the

fth level is vertex fn2, then cugh = 1 if vertex zero is connected to the vertex in the
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fth level, gth row, and hth column. Thus,

cfgh =







0 for x < f ||g||h < n− 1 − x

or f&g&h = 0

1 otherwise.

(4.27)

Then, for f = g = 0, the sum over h in Eq. 4.26 is the same as Eq. 4.17. For the

additional (2x+ 1)2 − 1 values of f, g which cfgh = 1, the evaluation of the sum over

h differs from that of the 1d case in Eq. 4.17 by the addition of one term. In this

case, cfgh = 1 for h = 0, whereas a0 = 0, so the sum evaluated to λ1 + 1 and

λ001 = (2x+ 1)2(λ1 + 1) − 1. (4.28)

Again, using µN−1 = k − λ001 and k = (2x+ 1)3 − 1, we have

µN−1 = k + 1 − (k + 1)2/3 sin
(
(k + 1)1/3π/n

)

sin(π/n)
. (4.29)

4.3.4 Extension to d dimensions and large N limit

Each dimension adds another level of block circulant structure toAUGG. Thus,AUGG

for a d-dimensional UGG with periodic boundary conditions is diagonalized by the n

dimensional DFT matrix and its eigenvalues are found by taking the d-dimensional

DFT of the rank d tensor C formed from a0. Thus,

λm1,m2,...,md
=

n−1∑

h1,h2,...,hd=0

ch1,h2,...,hd
exp

(−2πi

n
m · h

)

(4.30)

The largest eigenvalue is λ0,0,...,0 = k and the next largest is given by

λ0,...,0,1 = (2x+ 1)d−1(λ1 + 1) − 1 (4.31)
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so that

µN−1 = k + 1 − (k + 1)
d−1

d

sin
(
(k + 1)1/dπ/n

)

sin(π/n)
. (4.32)

Equation 4.32 is an expression for the algebraic connectivity of a d-dimensional

UGG formed using the Chebyshev distance. In the large N limit and for 〈k〉 ≪ N ,

we may approximate the sine functions in Eq. 4.32 so that

µN−1 ∼
1

6

( π

N1/d

)2

(〈k〉 + 1)
d+2

d .

which is Eq. 4.1 and shows that the algebraic connectivity varies as a dimensionally

dependent power of the average degree.

4.4 Results for scaling of µN−1 for RGGs

In this section we present numerical results for the algebraic connectivity of 1-, 2-,

and 3-dimensional RGGs with either periodic or non-periodic boundary conditions

and compare them to the predictions of Eq. 4.32. In all cases, the result is the

ensemble-aveaged µN−1 for 106 realizations. Recall that µN−1 is part of the first

separated peak and that for an RGG on a line, this peak contains only that one

eigenvalue, whereas the first peak for an RGG on a circle has two eigenvalues that

interact with each other. See Figs. 3.1(a) and 3.1(b). In both cases, the eigenvalue,

or eigenvalues, in the first separated peak corresponds to the the frequency of the

lowest normal mode solution of the wave equation on the line, or circle, respectively.

On the line, the lowest mode is nondegenerate, but on the circle, it has degeneracy

two. In the wave equation and the UGG the degeneracy is exact, but in the RGG,

it is slightly split. Because we are comparing the results of µN−1 for a UGG to
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that of an RGG, we should include both eigenvalues in the first separated peak of

the spectrum for an RGG on a circle. Thus, in the following results we report the

average of the smallest two nonzero eigenvalues, or center of the first peak, as µN−1.

Figure 4.2 is a log-log plot of µN−1 vs average degree 〈k〉 for graphs with periodic

boundary conditions. The red points are for a 1d RGG with N = 1600, the blue

for a 2d RGG with N = 1600, and the green are for a 3d RGG with N = 1728.

The seemingly strange choice of N = 1728 is because for the 3d UGG calculation of

µN−1, N must be a perfect cube. In each case the smaller grey points are calculated

from Eq. 4.32 for a UGG with the same system size as the RGG. We find that for

1d, µN−1 ∼ 〈k〉3, for 2d, µN−1 ∼ 〈k〉2, and for 3d, µN−1 ∼ 〈k〉5/3 and from the figure,

it is evident that the algebraic connectivity does scale with the average degree as

predicted by Eq. 4.32.

Figure 4.3 is a similar plot, but for the non-periodic case. Here also, µN−1 scales

as predicted by Eq. 4.32 and we find that 1d, µN−1 ∼ 〈k〉3.2, for 2d, µN−1 ∼ 〈k〉2.1,

and for 3d, µN−1 ∼ 〈k〉1.8. As the system size increases, edge effects will become less

important, and the scaling result for the non-periodic case should converge to that

of the periodic case.

4.5 Discussion

The algebraic connectivity is arguably the most important eigenvalue in terms of

understanding the topology of a network and dynamical processes taking place on

it. By approximating an RGG by a UGG formed with the Chebyshev distance, we

have been able to express µN−1 as a dimensionally dependent power of the average
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Figure 4.2: A log-log plot of µN−1 vs 〈k〉 for an RGG in 1d (red), 2d (blue) and
3d (green) with periodic boundary conditions. The grey points are calculated from
Eq. 4.32 for a UGG with the same system size as the RGG. As expected, for 1d,
µN−1 ∼ 〈k〉3, for 2d, µN−1 ∼ 〈k〉2, and for 3d, µN−1 ∼ 〈k〉5/3.
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Figure 4.3: A log-log plot of µN−1 vs 〈k〉 for an RGG in 1d (red), 2d (blue) and 3d
(green) with non-periodic boundary conditions. The grey points are calculated from
Eq. 4.32 for a UGG with the same system size as the RGG. Here, we notice some
edge effects and find that for 1d, µN−1 ∼ 〈k〉3.2, for 2d, µN−1 ∼ 〈k〉2.1, and for 3d,
µN−1 ∼ 〈k〉1.8. For larger system size, the boundary will become less important and
these results should converge to those of the periodic case.
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degree. This result is useful in the design of wireless ad hoc sensor networks in which

the position of the sensors is unknown [138]. In these types of networks, µN−1 places

a lower bound on the convergence time Tc of consensus algorithms [127, 15, 138].

If the predicted µN−1 is too small and the resulting Tc too large, network designers

might have to consider adding a few permanent long range connections that would

increase µN−1 and in turn decrease Tc. Similarly, this result has implications for

synchronization of oscillators on RGGs [49].

Additionally, as discussed in Sec. 1.2.2, µN−1 places a lower bound on the number

of links that must be removed to disconnect a graph. Thus, if it is known that a

certain number of sensors are likely to fail in a wireless sensor network, the network

can be designed with an average degree such that its algebraic connectivity is larger

than the number of sensors likely to fail. In this way, the network is likely to remain

connected.
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Chapter 5

Eigenvalue separation in the large

N limit with Nαr constant

In Ch 4 it was established that it is appropriate to approximate the position of

the first separated peak in the Laplacian spectrum of a 1d RGG by the smallest

nonzero eigenvalue of an equivalent UGG. In this chapter, we extend that result

and show that the position of the nth separated peak can be approximated by the

nth smallest nonzero UGG Laplacian eigenvalue. Here the degenerate eigenvalues of

LUGG are not counted. These approximations are used to examine the behavior of

the eigenvalue separation in the limit of large N where Nαr = c is constant for some

value of parameter α. We identify a transition at α = 1/3, above which the separated

peaks get closer together and as N increases separation is lost and below which the

peaks get farther apart separation remains as N increases. Again, approximating

the position of the peaks by their UGG counterparts, we give an expression for the

expected number of separated peaks.
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5.1 Scaling regimes

Let us assume that Nαr = c is constant so that r scales as r ∼ cN−α and look at

how the bulk, which is centered about the average degree, and the first separated

peak, centered about µN−1 as given in Eq. 4.1, scale with N . Recall that Eq. 4.1

states

µN−1 ∼
1

6

( π

N1/d

)2

(〈k〉 + 1)
d+2

d . (5.1)

Thus for 1d RGGs,

〈k〉 = 2Nr ∼ 2cN1−α and (5.2)

µN−1 =
π2(2Nr + 1)3

6N2
∼ c′N1−3α (5.3)

where c′ is some other constant. We would like to know what happens to µN−1 and

〈k〉 as N increases for different values of α.

It is instructive to look at a plot comparing f(α) = 1 − α and g(α) = 1 − 3α,

the exponents of N in the scaling of 〈k〉 and µN−1, respectively. From Fig. 5.1, we

identify seven scaling regimes based on the value of the parameter α.

A) α < 0: µN−1 increases faster than 〈k〉 and we expect that as N increases the

peak will eventually get absorbed by the bulk. This case is not very interesting

because for any value of c, increasing N leads to the fully connected graph in

which all N − 1 nonzero eigenvalues are equal to N .

B) α = 0: This is the intensive limit in which N → ∞ and r is constant. In this

limit, the bulk and the first separated peak increase at the same rate.

C) 0 < α < 1

3
: Here the bulk moves to the right faster than the first separated

peak. Thus, we expect that as N increases, more separated peaks break off
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Figure 5.1: A plot comparing f(α) = 1 − α (blue) and g(α) = 1 − 3α (red), the
exponents in 〈k〉 ∼ 2cN1−α and µN−1 ∼ c′N1−3α. For α < 0, µN−1 increases faster
than 〈k〉. At α = 0, r is constant and µN−1 and 〈k〉 increase at the same rate. For
0 < α < 1

3
, 〈k〉 increases faster than µN−1. At α = 1

3
, µN−1 is stationary and 〈k〉

increases. For 1
3
< α < 1, µN−1 decreases and 〈k〉 increases. At α = 1, 〈k〉 is constant

and µN−1 decreases. For α > 1, µN−1 decreases faster than 〈k〉.
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from the bulk. In Sec. 5.4 we show that the spacings between these separated

peaks increases with increasing N .

D) α = 1

3
: The first separated peak remains stationary and the bulk moves to the

right, shedding more separated peaks as it moves.

E) 1

3
< α < 1: The exponent for µN−1 is now negative, indicating that the peak

moves to the left as N increases and the bulk continues to move to the right.

In Sec. 5.4 we show that in this case the spacings between the separated peaks

decreases with increasing N and that eventually true separation between the

peaks is lost.

F) α = 1: This is the extensive limit in which 〈k〉 is constant. In this regime, the

bulk is stationary as the first separated peak moves to the left. Here, as well,

more separated peaks occur as N increases, but the spacing between them

decreases as N increases and eventually true separation is lost.

G) α > 1: Here the peak moves to the left faster than the bulk. However, we do

not consider this regime because as we will show in Sec. 5.2, as N increases,

the ensemble of graphs will contain many disconnected graphs.

5.2 Critical connectivity rc for 1d random geomet-

ric graphs

If a graph consists of multiple components, its spectrum is the union of the spectra

of the components. To see this, simply relabel the vertices of the graph such that its

Laplacian may be written in block diagonal form as in Eq. 1.5. We are interested in
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studying eigenvalue separation only in the case of an ensemble of connected graphs.

By considering the probability of maximal spacings in an RGG on a line, it has been

shown [48, 10, 67] that for threshold distance r and a constant c functions of N , if

r(N) =
lnN + c(N)

N
(5.4)

then as N → ∞ the graph is connected almost surely if c(N) → +∞ and discon-

nected almost surely if c(N) → −∞. Then, for an ensemble of 1d RGGs if r is greater

than a critical connectivity rc = 1
N

lnN , most of the graphs will be connected.

This is similar to the connectivity result [56, 57] for the Erdős-Rényi graph, which

states that for p and c functions of N , if

p(N) =
lnN + c(N)

N
(5.5)

then as N → ∞ the graph is connected almost surely if c(N) → +∞ and discon-

nected almost surely if c(N) → −∞. Though the two results are strikingly similar,

entirely different techniques were used in their proof because the probability of ver-

tex connectivity is not independent in an RGG like it is in the random graph. In

the context of wireless networks, the critical connectivity of 2d RGGs is given by a

another similar result [75]. In the 2d case,

πr(N)2 =
lnN + c(N)

N
. (5.6)

Thus, we must determine for which values of α, given that r ∼ cN−α and rc =
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Figure 5.2: If f(N) = NNα−1
> ec, then r < rc and with high probability, an

ensemble of 1d RGGs will have many disconnected graphs. The red, blue, and green
lines are for α=0.2, 0.5, and 0.8, respectively.

1
N

lnN , will r become less than rc for increasing N . To have

r < rc means

c

Nα
< 1

N
lnN. So if

f(N) = NNα−1

> ec then (5.7)

r < rc. (5.8)

It is not easy to visualize f(N), so a plot is presented in Fig. 5.2. The red, blue,

and green lines are for α = 0.2, 0.5, and 0.8, respectively. In these three cases, only

for very small values of c, is f(N) > ec. Recall that c = Nαr so that small values of

r imply small c. This is not surprising because, in general, we expect disconnected

graphs only for graphs with small average degrees. Depending on the choice of α, ec

can be a wide range of values. For example, if one wishes to scale a network starting
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at N = 100 and r = 0.1, then ec = 1.11 for α = 0, but ec = 2.20 × 104 for α = 1. In

general, for 0 ≤ α < 1, limN→∞ f(N) = 1 and for α ≥ 1, limN→∞ f(N) = ∞. Thus,

as mentioned in Sec. 5.1, for α > 1, the graphs quickly become disconnected. As

seen in Fig. 5.2, the closer α is to zero, the faster f(N) approaches its limiting value

of one and thus, only for values of α near one, are disconnected graphs an issue.

To determine when the possibility of r < rc exists, we calculate the maximum

value of f(N) by setting f ′(N) = 0. This yields

fmax(N) = e
1

e(1−α) at N = e
1

1−α (5.9)

and that fmax > ec for

α > 1 − 1

ec
. (5.10)

Thus, only for values of α meeting the condition of Eq. 5.10, is there a high likelihood

of disconnected graphs for certain values of N . As an example, consider c = 20, as

in the numerical results presented in Sec. 5.3. In this case, the possibility of r < rc

exists if α > 0.98; however, for the largest system size considered, N = 1600, r > rc.

5.3 Numerical results

In this section, we present numerical results for the ensemble-averaged spectrum of

RGGs on a circle for the scaling regimes listed in Sec. 5.1. Results are not presented

for case A, α < 0, because as mentioned, this results in the uninteresting fully

connected graph. Nor are results presented for case G, α > 1, because in this

regime, the RGGs quickly become disconnected. Additionally, case B, α = 0, is

omitted because it is difficult to discern from looking at the spectra that the peak
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and the bulk are increasing at the same rate. For system sizes of N = 200, shown

in red in Figs. 5.3 - 5.6, and N = 800, shown in blue, the results are the ensemble-

averaged spectra of 106 realizations and for N = 1600, shown in green, the results

are from 105 realizations. In all cases a bin size of ∆µ = 0.01 was used to construct

the histogram.

Let us first examine the cases where either the bulk or the first separated peak

is stationary. These are cases F, α = 1, shown in Fig 5.3 and case D, α = 1
3
, shown

in Fig. 5.4, respectively. Note that, for α = 1, the bulk of the spectra for all three

system sizes is centered about µ = 40 and that for α = 1
3
, the position of the first

separated peak does not change as system size increases. Also note that, for α = 1
3
,

as the bulk sheds more peaks as it moves to the right and that these additional peaks

are also lined up. In Sec. 5.4 this will be explained by revisiting the eigenvalues of

the UGG.

Next, let us consider cases C, 0 < α < 1
3

and E, 1
3
< α < 1, for which we present

as representative values α = 0.15 in Fig 5.5 and α = 0.5 in Fig. 5.6, respectively. As

expected, the separated peaks get farther apart for α = 0.15 and closer together for

α = 0.5. In the latter case, for a large enough value of N , true separation between

the peaks will be lost.

5.4 Spacing between separated peaks

To explain the spacing of the separated peaks we return to the spectrum of the

UGG. Here we show that not only is it valid to approximate the position of the first

separated peak in the RGG spectrum by the smallest nonzero eigenvalue of LUGG, or
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Figure 5.3: The ensemble-averaged spectra of 1d RGGs on a circle with N = 200
(red), N = 800 (blue), and N = 1600 (green), in the scaling regime α = 1 and
c = 20. Note, that for all three cases, the bulk is centered about 〈k〉 = 40 and that
µN−1 decreases ad N increases.
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Figure 5.4: The ensemble-averaged spectra of 1d RGGs on a circle with N = 200
(red), N = 800 (blue), and N = 1600 (green), in the scaling regime α = 1

3
and

c = 20. As N increases the bulk moves to right, shedding more peaks. For the
different system sizes, corresponding peaks are approximately in the same place
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Figure 5.5: The ensemble-averaged spectra of 1d RGGs on a circle with N = 200
(red), N = 800 (blue), and N = 1600 (green), in the scaling regime α = 0.15 and
c = 20. In this regime, the separated peaks get farther apart as N increases.
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Figure 5.6: The ensemble-averaged spectra of 1d RGGs on a circle with N = 200
(red), N = 800 (blue), and N = 1600 (green), in the scaling regime α = 1

2
and

c = 20. As N increases, the bulk moves to right while the first separated peak moves
to the left and the peaks get closer together. For a large enough N , true separation
will eventually be lost.
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equivalently, the second largest eigenvalue λ1 of AUGG, but it is also appropriate to

approximate the position of nth separated peak by the (n+ 1)th largest, eigenvalue

λn. Here the degenerate eigenvalues in the spectrum of AUGG are not counted.

Additionally, by expressing λm in terms of the Chebyshev polynomials of the second

kind, we show that though in general, the eigenvalues of AUGG given by Eq. 4.18

λm =
sin
[
(k + 1)mπ

N

]

sin(mπ
N

)
− 1, m = (0, . . . , N − 1). (5.11)

are unordered, in the regime of separation in the RGG spectrum, λ0 > λ1 > · · · > λn

where n is the number of separated peaks.

Chebyshev polynomials of the second kind

Chebyshev polynomials of the second kind arise in many areas of numerical analysis

are used in the development of four-dimensional spherical harmonics used in angular

momentum theory and are defined as [98]

Un(x) =

⌊r/2⌋
∑

r=0

(−1)r
(n− r)!

r!(n− 2r)!
(2x)n−2r. (5.12)

Letting x = cos θ

Un(x) =
sin [(n+ 1)θ]

sin θ
. (5.13)

The Chebyshev polynomial Un(x) has n simple roots in the interval [−1, 1]. Using

Eq. 5.13 and

cos
[π

2
(2m+ 1)

]

= 0 (5.14)

shows that the n roots are

xj = cos
jπ

n+ 1
for j = 1, . . . , n. (5.15)
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Figure 5.7: The first three Chebyshev polynomials of the second kind Un(x) with
even n. U2(x) is red, U4(x) is blue, and U6(x) is green. Un(x) has n roots and n/2
local minima in [-1,1]. The values of the extrema increase monotonically as their
distance from the origin increases.

This results in an additional expression [98]

Un(x) = 2n
n∏

m=1

(

x− cos
mπ

n + 1

)

. (5.16)

Using Eqs. 5.11 and 5.13 we may write [105] the N eigenvalues of AUGG for a UGG

with degree k in terms of a Chebyshev polynomial of the second kind

λm = Uk

[

cos
(mπ

N

)]

− 1 for m = 0, 1, . . . , N − 1. (5.17)

Because the degree of a UGG is always even, we are only interested in the Chebyshev

polynomials with even k. The first three are listed here and shown in Fig. 5.7.

U2(x) = 4x2 − 1

U4(x) = 16x4 − 12x2 + 1

U6(x) = 64x6 − 80x4 + 24x2 − 1

Note that they are all even functions with n roots and have n/2 minima. It is also

true that the values of the local maxima increase as their positions gets farther away
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from the origin. The positions of the extrema are not readily determined because

solving

d

dx
Un(x) =

d

dx

sin [(n+ 1)θ]

sin θ
= 0 (5.18)

leads to the transcendental equation

tan [(n + 1)θ] = (n+ 1) tan θ 6= 0. (5.19)

Later, in Sec. 5.5 we will approximate the position of the extrema as half-way between

the zeros.

Equation 5.17 implies that the eigenvalues for all UGGs with degree k are deter-

mined by the same Chebyshev polynomial Uk. That λ0 > λ1 · · · > λn where n is the

number of separated peaks is clear from inspection of a plot of Uk
[
cos
(
mπ
N

)]
vs m

N

in which λm is determined by the value of Uk
[
cos
(
mπ
N

)]
at the x-coordinate found

by moving m steps of 1/N along the x-axis.

As an example, consider the case k = 10. Fig. 5.8 shows a plot of U10

[
cos
(
mπ
N

)]

vs m
N

. In the case that N = 50, the x-axis is divided into 50 equal segments of 1/50

and λm is determined by the value of U10 at the end of the mth segment. These are

the black points shown in the figure. For N = 50 and m = 1, Uk
[
cos
(
π
50

)]
= 10.15,

λ1 = 9.15, and µN−1 = k − λ1 = 0.85. If, for example, N=25, then only every other

black point represents an eigenvalue.

The eigenvalues do not begin to become unordered until their values fall below

that of the first local maximum in Uk. The ordered eigenvalues are larger than and

remain separated from the eigenvalues in the bulk distribution. Thus, in the regime

of separation in the spectrum of a RGG, the position of the nth separated peak ζn

may be approximated as ζn = k−λn. Note that because each separated peak contains
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Figure 5.8: The N eigenvalues λm of a 1d UGG on a circle with degree k are de-
termined by Uk

[
cos
(
mπ
N

)]
. In the case shown, k = 10, and N = 50 and the black

points are λm + 1.

two eigenvalues, ζn is not the nth smallest nonzero RGG Laplacian eigenvalue µN−n,

but rather the position of the nth peak.

Recalling the expression for λm, Eq. 5.11, and approximating the sine functions

by a Taylor series expansion gives

ζn ≈ 1

6

(nπ

N

)2

(〈k〉 + 1)3 . (5.20)

Then, using the the expressions of 〈k〉 and µN−1 in the different scaling regimes where

r ∼ cN−α, Eqs. 5.2 and 5.3, respectively, we may write

ζa − ζb ≈ c′N1−3α(m2
a −m2

b). (5.21)

Thus, as presented in the numerical results, for increasing N and α > 1
3

the peaks

get farther apart, and for α < 1
3
, they get closer together and separation is eventually
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lost. For α = 1
3
, as N increases, the spacing between successive peaks remains the

same and as shown in Fig. 5.4, the peaks will be in the same place.

5.5 Number of separated peaks

In this section we use the result from Sec. 5.4 that the position of the nth separated

peak ζn in the spectrum of an RGG may be approximated by ζn = 〈k〉 − λn where

λn, given by Eq. 5.17, is an eigenvalue of a UGG of the same system size and degree

to approximate the expected number of separated peaks. If Umax is the value of

Uk
[
cos
(
mπ
N

)]
at its first and largest local maximum, then the number of separated

peaks is given by the largest integer m for which

ζm < 〈k〉 + 1 − Umax. (5.22)

In Fig. 5.8, this is true for m ≤ 3 because the first three black points are above the

first local maximum. Substituting Eq. 5.20 into Eq. 5.22 implies that for

mmax =
N

π(〈k〉 + 1)

√

6 − 6Umax

〈k〉 + 1
(5.23)

there will be n = ⌊mmax⌋ separated peaks.

To calculate the value of Umax, we approximate its position as half-way between

the second and third zeros, as given by Eq. 5.15. This results in

Umax = Uk

[

cos

(
5π

2(k + 1)

)]

= csc

(
5π

2(k + 1)

)

. (5.24)

As an example, consider the ensemble-averaged spectra of 1d RGGs on a circle

with N = 1600 and r = 0.05 shown in Fig 5.6. Note the seven separated peaks.
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Here, 〈k〉 = 160, Umax = 20.5, and mmax = 7.24. Thus, in agreement with the

spectra shown in the figure, we expect seven separated peaks.

Let us now examine the behavior of the expected number of separated peaks in

the scaling regimes defined by Nαr = c. For 〈k〉 ≫ 5
2
π, we may approximate Umax,

given in Eq. 5.24, as

Umax ≈ 2(k + 1)

5π
. (5.25)

Using this approximation and Eq. 5.2 in Eq. 5.23 yields

mmax ∼ Nα

2πc

√

6 − 12

5π
. (5.26)

Note that the above scaling result is only valid for 5
2
π ≪ 〈k〉 ≪ N .

5.6 Discussion

In this chapter we examined the behavior of eigenvalue separation in the spectra of

1d RGGs in several scaling regimes based on the parameter α such that r ∼ cN−α.

There is a transition at α = 1
3
, above which the separated peaks get closer together

as N increases and true separation is eventually lost, whereas for α < 1
3
, the peaks

get farther apart. At the transition value α = 1
3
, as N increases the position of the

first separated peak is stationary as the bulk moves to the right and sheds more

peaks. In the extensive limit, α = 1, 〈k〉 is constant and the bulk is stationary

while the position of the first separated peak moves to the left as more separated

peaks occur. Additionally, we showed that position of the nth separated peak ζn

in an RGG spectrum may be approximated by the nth smallest nonzero Laplacian

eigenvalue, not counting degeneracies, of a UGG with the same system size and
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degree. By expressing the UGG eigenvalues in terms of a Chebyshev polynomial, an

approximation for the expected number of separated peaks in terms of N and the

average degree is given. In the scaling regimes considered, the expected number of

peaks scales with Nα.

These results have implications concerning dynamical processes taking place on

RGGS. For example, in case that 〈k〉 is constant, as the system size increases, eigen-

value separation is eventually lost. Given that gaps in the spectrum represent dif-

ferent time scales of synchronization [12, 49], a larger network with the same con-

nectivity threshold will have a smoother path towards synchronization. This has

applications in wireless sensor networks, because adding more nodes to the network

and decreasing the transmission range will decrease the power required to operate

the network while keeping the average degree the same and creating a smoother path

towards synchronization. However, if one adds more nodes to the network without

decreasing the transmission range, the gaps in the spectrum will remain. Addition-

ally, knowing the number of separated peaks gives information about the number of

pairs of sensors that synchronize with each other, but not the rest of the network.

If a consensus algorithm is operating on a wireless network, perhaps there is some

level of disagreement in the sensors that is tolerable and N and r can be chosen

accordingly. Also, given that a smaller value of the ratio µ1/µN−1 indicates that

the synchronized state on network is stable for a larger range coupling strengths σ

between oscillators [130], adding more nodes to a network such that r ∼ cN−1/3 en-

sures that µN−1 stays approximately the same, but µ1 increases, thus increasing the

eigenratio and decreasing the range of σ that leads to a stable synchronized state.
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Chapter 6

Conclusion

Complex systems are ubiquitous in the world around us, yet we as scientists and

mathematicians, are just learning how to properly describe them and understand

their behavior. One possible way of describing a complex system is to consider the

system as a network consisting of a set of nodes or vertices connected by links or

edges. In this case, the network may be represented by any of several matrices, such

as the Adjacency matrix or graph Laplacian. The set of eigenvalues of one of these

matrices is known as the network’s spectrum and can act as a tool in understanding

topological and dynamical characteristics of a network, yet much remains unknown

about this link between a graph’s spectrum and its properties. Because of its appli-

cations to dynamical processes such as diffusion and synchronization, we focused on

the spectrum of the graph Laplacian and by studying the ensemble-averaged spectra

of RGGs, as an example of a prototypical simple spatial network, we have made

gains in understanding how the topology of a network affects its spectrum.

We found that the spectra consist of both a discrete and continuous part. The
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discrete part is a collection of Dirac delta peaks at integer eigenvalues roughly cen-

tered about the mean degree. These peaks at integer values do not appear in the

spectra of other types of graphs, such as random graphs or scale-free graphs, and

are a direct result of the topology specific to an RGG. We identified two types of

mesoscopic symmetric structures, Type-I and Type-II orbits, that consist of sets of

nodes which may be permuted amongst themselves without altering the network

structure. The vertices in these orbits share the same neighbors and thus, these mo-

tifs are more abundant in RGGs than other graphs because in an RGG, connectivity

is determined by proximity and vertices near each other are likely to have the same

neighbors. We analytically calculated the expected contribution of these orbits to

the spectrum of a 1d RGG on a circle and considered their contribution in both the

extensive and intensive limits. In the intensive case, we showed that Type-I orbits

account for one third of the eigenvalues and in the extensive limit the contribution

of the orbits depends on the average degree of the network.

The existence of such a large number of integer eigenvalues, and thus orbits, in

RGGs has implications for the way that these networks behave dynamically. The

occurrence of these symmetries means that mesoscale structures exist whose dynam-

ics are largely independent of the parent network. Thus an abundance of integer

eigenvalues in the Laplacian spectrum of a real-world network, such neural network,

indicates that groups of neurons can be locally excited.

The broad distribution of eigenvalues between the integers becomes continuous

in the large network limit. We found that in the spectra of RGGs, the continuous

distribution consists of a bulk distribution centered about the average degree and

eigenvalues that split off or separate from the bulk at the small end of the spectrum.

By considering a RGG as a set of point masses connected by springs oscillating about
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their equilibrium position, we showed that these separated eigenvalues correspond

to the frequencies of the corresponding normal mode of vibration. In the large

network limit, the RGG becomes a random media and by approximating the discrete

Laplacian matrix by the continuous Laplace operator, we showed a correspondence

between the number of eigenvalues in each separated peak to the degeneracy of the

normal mode solutions to the wave equation with equivalent boundary conditions

to the embedding space of the RGG. These groups of separated eigenvalues have

implications for the dynamics of networks of coupled oscillators and correspond to

nodes that synchronize on the same time scale. That these peaks are separated from

and smaller than the bulk indicates that groups of nodes that synchronize with each

other, but not the remainder of the network, will remain long after the bulk of the

network has achieved synchronization.

To further understand how the topology of a network is revealed in its spec-

trum we compared the ensemble-averaged spectra of RGGs to the spectrum of a

UGG of the same system size and degree. We showed that the smaller eigenvalues

that make up the separated peaks are roughly centered around the corresponding

eigenvalues in the UGG spectrum. Contained within the first separated peak in the

spectra of RGGs is the algebraic connectivity µN−1, which is related to many topo-

logical properties of graphs and has important consequences for dynamical processes

such as diffusion and synchronization. By approximating the value of µN−1 for a

d-dimensional RGG with periodic boundary conditions with that of µN−1 for a UGG

formed using the Chebyshev distance, we showed that the algebraic connectivity

varies as a dimensionally dependent power of the average degree. The scaling of the

algebraic connectivity has implications for the design of wireless sensor networks in

that it places lower bounds on the convergence time of consensus algorithms and the
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number of links that must be removed to disconnect a network. Thus, knowing how

µN−1 scales with the average degree means that a network of wireless sensors with

a certain failure rate can be designed in such a way that its average degree implies

an algebraic connectivity larger than the number of sensors likely to fail. Thus, the

network is likely to remain connected.

We also studied the behavior of eigenvalue separation 1d RGGs with periodic

boundary conditions in different scaling regimes based on a parameter α such that

Nαr = c is constant as N increases. We identified a transition at α = 1
3
, above

which the separated peaks get closer together as N increases and true separation is

eventually lost, whereas for α < 1
3
, the peaks get farther apart. This result has ap-

plications to wireless sensor networks that are adding sensors at some rate or whose

connection radius is changing. Adding nodes to a network while keeping the average

degree constant ensures that eventually the gaps in the spectrum will be lost. Also,

given that a smaller value of the ratio µ1/µN−1 indicates that the synchronized state

on network is stable for a larger range coupling strengths σ between oscillators [130],

adding more nodes to a network such that r ∼ cN−1/3 ensures that µN−1 stays ap-

proximately the same, but µ1 increases, thus increasing the eigenratio and decreasing

the range of σ that leads to a stable synchronized state. Additionally, assuming the

position of the nth separated peak is given by the nth smallest, in which degenerate

eigenvalues are not counted, nonzero Laplacian eigenvalue for a UGG, we calculate

an approximate value for the expected number of separated peaks.

Studying the ensemble-averaged spectra of RGGs has revealed ways in which

topology can influence a graph’s spectrum. In particular, symmetric motifs are

revealed as integer eigenvalues in the Laplacian spectrum and for RGGs, the algebraic

connectivity scales with a dimensionally dependent power of average degree. As
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many real-world applications of RGGs are for two or three dimensions, it would be

useful to extend analytical calculations for the expected number of orbits to higher

dimensional RGGs or other types of spatial networks. An approximation for the

expected number of separated peaks for higher dimensional RGGs would also be

interesting. Additionally, to further understand the difference between the spectrum

of the ordered UGG and disordered RGG it would be interesting to see how the

spectrum changes as disorder is added to a UGG, perhaps by some sort or rewiring

mechanism.
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