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Abstract

Reactive dissolution of carbonate rocks is a common technique used to stim-

ulate the oil and gas wells. In this process, an acidic solution is injected into the

porous rock. The acid dissolves some of the rock and creates highly conducting

channels. These channels facilitate the flow of hydrocarbons during the produc-

tion phase and lead to enhanced production. The shape and structure of these

conducting channels depends upon the combined effect of acid transport, reac-

tion, and rock properties. For instance, at a very low injection rate (such that the

characteristic time scale for reaction is very low compared to acid transport), acid

continues dissolving the entire face of the rock, causing facial dissolution. Con-

versely, at a very high injection rate (such that the characteristic time scale for acid

transport is very low compared to reaction), acid reaches every part of the domain

and increases the porosity and permeability uniformly, causing uniform dissolu-

tion. At intermediate flow rates, where both convection and transverse dispersion

are comparable in magnitude, long channels called wormholes are formed. These

are recognized as the most efficient means to stimulate wells.

In this work, we present 3-D numerical simulations and analysis of reactive dis-

solution and wormhole formation in carbonates with Newtonian and non-Newtonian

acids using a two-scale continuum model. More specifically, we present a sensitiv-

ity analysis of the dissolution process with respect to acid injection rate, molecular

diffusivity, rheological models, dissolution rate constant and rock properties such

as initial average permeability, heterogeneity and permeability-porosity relation-

ships. Additionally, we develop a new two-parameter (pore connectivity and pore

broadening) structure-property relation to account for change in permeability, pore

radius and interfacial area per unit volume with porosity, unlike to previous studies

where only one parameter was used. We also present scaling criteria to estimate

the wormhole tip diameter and optimum acid injection rate, for vuggy and non-
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vuggy carbonates with Newtonian and non-Newtonian acids. Finally, we present

the flow dynamics of acid during wormhole formation and compare the simulation

results with the available experimental data.
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Chapter 1 Introduction

1.1 Preamble

The phenomenon of reactive dissolution of porous media presents a complex

problem that influences many processes such contamination in groundwater re-

sources, mineral mining, and recovery of oil. These processes involve surface

reactions that result in unique pore growth and evolution of conducting channels

as the media are dissolved. Understanding the evolution of these conducting chan-

nels is of fundamental importance to analyze dissolution processes. An industrial

applications where channel evolution is most prevalent is the acidization of carbon-

ate reservoirs, which is the focus of this study.

In case of carbonate reservoirs, hydrocarbon production rate decreases with

time as a result of completion and production operations. In particular, solid parti-

cles dispersed in the drilling mud are trapped by the rock during drilling operation,

reducing the permeability of the reservoir. Similarly, skin factor (resistance to flow)

increases in production phase where particles eroded from the reservoir migrate

along with the flow accumulate near the wellbore region (Schechter 1992; William

et al. 1992; Economides et al. 1993). Therefore, to resolve the issue, acid is in-

jected through the wellbore where it reacts with the medium. The dissolution leads

to an increase in the conductivity of the fluid and hence increases the production

rate (Economides and Nolte 1992). Figure1.1 shows the reservoir containing the

hydrocarbons (generally hundreds of feet in diameter) and the wellbore (generally

8 to 10 inches in diameter) through which oil is produced. The near-well bore dam-

aged region or the treatment zone (typically 3 to 4 feet in diameter) is shown in

the schematic in brown. In the figure, permeability of the damaged zone, Kdmg; is

much lower than the undamaged reservoir permeability, Kres. Dissolution results
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Figure 1.1: Schematic view of a wellbore, damaged zone and reservoir.

from the acid-carbonate reactions as

CaCO3 + 2H
+ ! Ca2+ +H2O + CO2 and (1.1)

CaMg(CO3)2 + 4H
+ ! Ca2+ +Mg2+ + 2H2O + 2CO2, (1.2)

where calcite (CaCO3) and dolomite (CaMg(CO3)2) are the typical carbonates.

CO2 produced during the reaction is assumed to be in the liquid phase under high

pressure reservoir conditions. HCl is the most commonly used acid because it is

inexpensive and reacts with the carbonate with a high rate of reaction. Slower re-

acting acids like organic acids or the chelating agents are used when the reservoir

temperature is high or when retardation of reaction rate is desired. Since the reac-

tion products are in the fluid phase, highly conducting channels are formed along

the path of acid flow.
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Several experimental studies on acidization have been conducted in both linear

and radial carbonate cores to analyze the shape and structure of these channels.

In these experiments, acid is injected at a fixed rate and the overall pressure drop

across the core is monitored. This overall pressure-drop is related to the perme-

ability and injection rate through Darcy’s law (Eq.2:18). As the acid dissolves the

rock sample, local porosity increases, which in turn increases the permeability. So,

for a constant injection rate, when a flow path with negligible resistance to flow is

etched into the sample, the pressure drop approaches zero following the Darcy’s

law. The time at which this happens is defined as the breakthrough time and is

normalized with the initial pore volume of the rock to obtain a dimensionless quan-

tity known as pore volumes to breakthrough (PVBT ). Hence, PVBT is used as a

measure of both the volume of acid and the time required to breakthrough. A com-

mon observation in experimental studies is that the shape and structure of disso-

lution patterns is dependent on the combined effect of transport, reaction and rock

properties such as porosity, heterogeneity in porosity, permeability (Daccord 1987;

Fredd and Fogler 1998; Fredd and Miller 2000; Bazin 2001; Golfier et al., 2002;

Panga et al., 2004 and 2005; Steefel 2005; MacQuarriea and Mayer 2005; Kalia

and Balakotaiah 2007; Tardy et al., 2007; Chang et al., 2008; Cohen et al., 2008;

Szymczak and Ladd 2009; Meakin and Tartakovsky 2009; McDuff et al., 2010; De-

twiler 2010; de Oliveira et al., 2012; Ratnakar et al., 2012 and 2013; Maheshwari

et al., 2013; Maheshwari and Balakotaiah 2013a; Elkhoury et al., 2013; Hao et

al., 2013). For instance, at a very low injection rate (such that the characteristic

time scale for reaction is very low compared to acid transport), acid continues dis-

solving the entire face of the rock, causing facial dissolution. Conversely, at a very

high injection rate (such that the characteristic time scale for acid transport is very

low compared to reaction), acid reaches every part of the domain and increases

the porosity and permeability uniformly, causing uniform dissolution. In between

3



Figure 1.2: Dissolution patterns observed at different injection rates (a) uniform
dissolution (b) ramified dissolution (c) wormhole (d) conical dissolution
(e) face dissolution

these two extreme (very low and high) injection rates, conical, dominant, and ram-

ified dissolution patterns are observed because the acid injection rate is increased

from low to high, as can be seen from Figure 1.2 (Hoefner et al., 1987; Hoefner

and Fogler 1988; Fredd and Fogler 1998 and 1999; Maheshwari and Balakotaiah

2013a; Luhmann et al., 2014; Vialle et al., 2014).

From the Figure 1.2, it should also observed that amount of acid required to

increase the average permeability of rock by a certain factor (typically 100 times)

depends on the acid injection rate. For example, at a very low acid injection rate

which corresponds to face dissolution, the amount of acid required to breakthrough

(PVBT ) approaches the asymptotic limit of stoichiometric amount of acid required

to completely dissolve the rock. In contrast, at a very high injection rate which
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corresponds to uniform dissolution, PVBT keeps on increasing with acid injection

rate (Q) as Q1=3 (Daccord et al., 1989; Bazin, 2001; Maheshwari and Balakota-

iah, 2013). The acid injection rate at which the least amount of acid is required to

breakthrough is called the optimum injection rate and corresponds to wormholing

regime. It has also been observed that the skin (resistance to flow) of the well de-

pends on the type of dissolution pattern formed (Wang et al., 1993; Buijse 2000).

For example, for a fixed amount of acid injection, skin reduction corresponding to

wormhole pattern is the highest compared to all other dissolution patterns. There-

fore, acid is always preferred to be injected corresponding to wormholing regime.

1.2 Literature Review

Wormhole formation has been extensively researched in the past using several

experimental and theoretical studies to predict conditions under which wormholes

are created. Several factors known to influence pattern formation have been the

subject of investigation. Thus, the effect of injection rate, temperature, reaction

kinetics, geometry of the system, heterogeneity, mineralogy, etc. on wormhole for-

mation has been researched. Numerous models have also been developed in the

literature to describe the phenomenon. These include dimensionless model that

identify dimensionless parameters to explain experimental observations, capillary

tube models that consider only the mechanisms occurring inside the wormholes,

pore-scale models or network models, that account for reaction, transport and dis-

solution at the pore scale, and Darcy scale models that describe the phenomena

occurring at the Darcy scale using conservation laws. A brief description of some

of these experimental and numerical studies are described in this section.

1.2.1 Review of Experimental Studies

One of the earliest works on wormholing has been reported by Williams et

al. (1979) where acid injection at highest possible flow rate was recommended to

avoid face dissolution near the wellbore. Experiments in radial and linear cores
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made of plaster were performed by Daccord et al. (1987, 1993a, 1993b) by in-

jecting water into plaster. In the experiments, dissolution patterns are created in

plaster by injecting water. The patterns are similar to the patterns formed during

dissolution of a porous medium due to chemical reaction. Figure 1.3 shows a dis-

solution pattern observed in a radial core made of plaster The nature of dissolution

was found to change with the injection rate of water. At very high injection rates, the

entire medium was uniformly dissolved and at very low injection rates only the front

part of the medium was dissolved. At intermediate injection rates only a selective

portion of the plaster was dissolved creating wormholes.

Lund et al. (1973, 1975) and Hoefner and Fogler (1989) and Chang et al.

(2008) conducted similar experiments in limestone and dolomite cores by injecting

hydrochloric acid (HCl) from one end of the linear core. A high back pressure was

used in the experiments to maintain the carbon dioxide released during the reaction

in the liquid phase. The dissolution patterns observed in these experiments were

very similar to the patterns observed in experiments with plaster. The volume of

acid required to breakthrough the core was observed to depend on the injection

rate of acid. At low injection rates a large volume of acid was required to penetrate

through the core and at very high injection rates the acid escaped the medium

without reacting. Thus, to increase permeability of the core by a given factor at high

injection rates also required a large volume of the acid. At intermediate injection

rates (or in the wormholing regime), acid dissolved only a part of the medium,

minimizing the volume of acid required for breakthrough.

Wang (1993) performed experiments to study the influence of rock mineral-

ogy, acid concentration and temperature on optimum injection rate and minimum

pore volume required for breakthrough using different types of cores (Indiana lime-

stone, Glen Rose limestone and Dolomite). Frick (1994) conducted radial core

experiments on limestones to study the effect of permeability, injection rate, acid
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Figure 1.3: Wormholes in a radial core made of plaster (Daccord and Lenormand
1987). Pure water is injected from an inner cylindrical hole of diameter
2 mm and length 50 mm. The porosity of the medium is 60% and
permeability is 60 �m2:

concentration and temperature. He concluded that the optimum acid injection rate

increases with temperature. Thus, the same acid when used to stimulate a well

at a higher temperature than the temperature in a laboratory experiment has to

be injected at a much higher flow rate. Injecting acid at a lower rate can lead to

face dissolution that is not desired. To study the influence of reaction and transport

mechanisms on wormhole formation and optimum conditions for injection, Fredd

and Fogler (1998) conducted experiments on limestone cores using different acids.

The various acids used in the study had significantly different reaction and trans-

port rates when compared to HCl. It was observed in their experiments that the

reaction and transport mechanisms affect the optimal conditions for injection. Fig-

ure 1.4 shows experimental breakthrough curves obtained for different acids on

limestone cores of diameter 3.8 cm and length 10.2 cm at 22oC. The initial per-

meability and porosity of the cores are in the range of 0:8 � 2 md and 0:15 � 0:2,

respectively. The acids, 0.5-M HCl, 0.5-M ethylenediaminetetraacetic acid (EDTA)
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Figure 1.4: Breakthrough curves obtained in the experiments (Fredd and Fogler
1998) when different acids are injected into limestone cores. The opti-
mum injection rate changes with the type of acid injected into the core.

and 0.5-M acetic acid (HAc), used in the experiments have significantly different

reaction and transport rates. For example, surface reaction rate constant of EDTA

(chelating agent), ks = 5:3 � 10�5 cm/s, is several orders less than that of HCl,

ks = 0:2 cm/s. Similarly, molecular diffusivity of EDTA, Dm = 6 � 10�6 cm2=s, is

lower than that of HCl,Dm = 3:6�10�5 cm2=s. From Fig. 1.4, it can be seen that the

optimum injection rate of these acids is significantly lower than HCl. This behavior,

which is result of reaction and transport mechanisms is highly desirable in tight

reservoirs, where the pumping capacity is not sufficient to inject HCl at optimum

injection rate leading to face dissolution. In such cases, use of acids like EDTA with

a lower optimum injection rate than that of HCl, increases the stimulation efficiency.
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Buijse (2000) reported a few observations on optimum injection rate and mini-

mum pore volume of acid required for breakthrough in large diameter cores. Bazin

(2001) conducted experiments similar to the ones conducted by Wang (1993) to

study the effect of length, permeability of the core, temperature and concentration

of acid on optimal conditions by injecting HCl in Lavoux and Estaillades limestone

cores. The core-flow experiments reported by Bazin (2001) were conducted for

both constant flow rate and constant pressure conditions. She concluded that the

optimum injection rate and acid volume increased with increase in acid concentra-

tion, temperature and permeability of sample. Golfier et al. (2002) conducted

dissolution experiments by injecting under-saturated salt solution into a porous

medium made of salt grains. The dissolution patterns observed in the salt-pack

experiments were very similar to the patterns formed during acidization. In addi-

tion, experiments were conducted using emulsified acids where the diffusion rate

of acid is retarded.

Recently, Ziauddin and Bize (2007) conducted coreflow experiments similar to

the ones conducted by Bazin et al. (1995) on different types of carbonates. They

studied the heterogeneity in the carbonate samples using several imaging tech-

niques and based on the imaging and acidizing results, categorized the different

carbonate types according to the porosity spatial distribution. Tardy et al. (2007)

conducted acidizing experiments under linear and radial conditions and proposed

a 1-D averaged model for radial flow using data from linear experiments. From

the numerous experimental studies conducted so far, it has been established that

several factors are known to influence reactive dissolution of carbonates such as

temperature, concentration, injection rate, dissolution rate constant, rock proper-

ties (i.e., porosity, permeability, pore-connectivity, heterogeneity in porosity), etc.

The experiments discussed above demonstrate the influence of some of the

factors on the design parameters of interest in acidization, namely the minimum
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pore volume required to breakthrough (PVmin) and the optimum injection rate (Qopt).

Information on the effect of these factors on optimum injection rate could greatly

reduce the experimental effort involved in determining optimum injection rate and

help in selection of acids with better stimulation efficiency.

In field operations, hydrochloric acid is the most commonly used acid for car-

bonate acidizing because of its low cost and high dissolving power. However, for

high temperature carbonate reservoirs it cannot be used as the high surface re-

action rate of acid with rock limits the acid penetration in the reservoir and cor-

rosiveness to well tubulars (Crowe et al., 1981). In such cases, polymer based

gelled or emulsified acids are normally used. Initially, gelled acids were developed

primarily for acid fracturing because of their higher viscosity. Additionally, they

were used as a carrier fluid for ball sealers or particulate diverters. Since these

acids retard the reaction as well as reduce the leak-off rate they find application

for matrix acidization to create deeper penetration of wormhole. In the literature,

numerous experimental studies have been performed to analyze the effect of acid

gelation and emulsion on carbonate acidization (Nierode and Kruk, 1973; Crowe

et al., 1990; Buijse and Domelen, 1998; Navarrete et al., 2000; Taylor and Nasr-El-

Din, 2003; Al-Mutairi et al., 2007; Gomma et al., 2010). From these studies, it has

been observed that a thinner wormhole is formed corresponding to both gelled and

emulsified acids compared to HCl. In addition, PVmin is lower for both these acids

compared to HCl. One of the most interesting finding of the these experimen-

tal studies was that the optimum acid injection rate does not exist for emulsified

acid unlike gelled acid and HCl. Additionally, there are few theoretical studies that

describe the flow dynamics (i.e., pressure drop, flow paths) of an unreactive power-

law fluid through a porous media (Ikoku et al., 1979; Bird et al., 1987; Pearson and

Tardy 2002; Balhoff and Thompson 2006; Morais et al., 2009; Sochi 2010). How-

ever, to the best of the authors’ knowledge, there is no qualitative or quantitative
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theoretical study that presents results on the reactive flow of gelled and emulsified

acids in porous media. More specifically, an analysis of the transport and rheolog-

ical properties (i.e., shear thinning behavior) of gelled and emulsified acids on the

acidization process is not available in the literature.

1.2.2 Review of Theoretical Studies

Several mathematical models have been developed to describe the acidization

process and wormhole formation. These models can be classified mainly into four

types: a) dimensionless model (Daccord et al. 1989, 1993a, 1993b); b) capillary

tube model (Schechter and Gidley, 1969; Hung et al., 1989; Gdanski, R., 1999;

Gong, and El-Rabaa, 1999; Buijse, 2000); c) network model (Hoefner and Fogler,

1988; Fredd and Fogler, 1998) and d) continuum model (Liu, et al., 1996; Chen,

et al., 1997; Golfier et al., 2002; Panga et al., 2005; Kalia and Balakotaiah, 2007;

Cohen, et al., 2008; Ratnakar et al., 2012; Maheshwari et al., 2014). A thorough

review of these models can be found in Schechter, 1992; Fredd and Miller, 2000;

Golfer et al., 2002; Panga et al., 2005 and Maheshwari at al., 2014. Here, we

review briefly each of these models.

Fractal and Dimensionless Parameter Models

Relating the important dimensionless groups of the system to experimental ob-

servations is an approach followed to model the acidization process. For example,

Fredd and Fogler (1998, 1999) have reported the dependence of wormhole forma-

tion on the Damköhler number and predicted an optimum Damköhler number of

0:29 for different fluid/mineral systems. Daccord et al. (1989, 1993a, 1993b) also

used dimensionless parameter-based approach and coupled it with the concept of

fractals to obtain the propagation rate of wormholes. The dimension of the fractal

pattern was found to be 1:6 from radial flow experiments. To derive the important

dimensionless groups of the acidization process they used the analogy of a wall

reaction in single capillary tube and extended the arguments to a porous medium.
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The idea of mass transport limited regime and kinetic regime in a capillary tube was

extended to a porous medium. The important dimensionless groups identified in

their models are the Damköhler, Peclet, kinetic and acid capacity numbers. Pitchler

et al. (1992) and Kurmayr et al. (1992) presented a stochastic model for wormhole

growth and investigated the effect of permeability anisotropy and heterogeneity of

the formation on wormhole growth. However, the minimum PVBT cannot be ob-

tained using this approach. In addition, a systematic study of wormholing process

cannot be done using this approach, as the system contains a large number of

parameters.

Capillary Models

Capillary tube models assume the existence of wormholes. In these models,

a wormhole is represented as a capillary tube where transport and reaction are

analyzed in detail (Hung at al., 1989; Huang et al., 1997, 1999; Buijse et al., 2005;

Gdanski, 1999). This semi-analytical approach on the contrary with network mod-

els, is very simple and computationally very fast and can describe the wormhole

propagation and its interaction with other wormholes. For example, Bujse(2000)

and Huang et al. (1999) showed that the growth rates of multiple wormholes in

a domain depends on separation distance between them, which is in accordance

with experimental observations.

While these models are very simple, they need prior informations such as

wormhole densities and expression for fluid leakage (which depends on worm-

hole structure and medium heterogeneity), which are very difficult to obtain. In fact

there is no theoretical or experimental works available in literature on wormhole

density. In addition, capillary models do not capture wormhole initiation, dissolu-

tion patterns and effect of heterogeneity or pore scale reaction and transport on

wormhole formation.

12



Network Models

In network models, the porous medium is represented as a network of nodes

which are interconnected by the bonds of capillary tubes. These nodes represent

pore space and act as fluid mixing sites. The acid reacts at the wall of the tube and

increases the tube radius. Network models predict dissolution patterns qualita-

tively correct and show the existence of the optimum injection rate, as observed in

the experimental studies. However, the minimum PVBT predicted by these models

was found to be very high when compared to the experimental observation. Phys-

ically representative network model (PRN) which is an extension of network model

developed by Hoefner and Fogler (1988), predicts better results than the network

models, but still PVBT predicted using PRN model is higher when compared to the

experimental value. In addition, both network/PRN models require huge compu-

tational power even for core scale simulations. All of these short comings make

network/PRN models infeasible for the core scale simulations.

Continuum Models

Continuum models (Liu et al., 1996; Golfier et al., 2002; Panga et al., 2005;

Kalia and Balakotaiah, 2007, 2009; Ratnakar et al., 2012; Maheshwari et al., 2014)

describe the transport and reaction phenomena at intermediate or Darcy scale

(that is bigger than the pore scale and smaller than the core/field scale). Darcy-

scale (� mm) are the length scale where Darcy-law is applicable. These models

requires information on the pore-scale processes, which are obtained from a pore

scale model. Thus, these models are computationally less expansive as com-

pared to the network models and can describe the effect of pore-scale reaction

and transport mechanisms, heterogeneities, wormhole density, geometries, etc.

on carbonate dissolution and optimum conditions, unlike the capillary tube models.

However, the model developed by Liu et al. (1996) does not consider the effect

of mass transfer on the reaction rate and is valid only in the kinetic regime where
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dissolution is very slow as compared to transfer of solute from bulk to the soild-fluid

interface. Similarly, though Golfier et al. (2002) reproduced the experimentally ob-

served dissolution patterns numerically by using Darcy-Brinkman formulation and

a local non-equilibrium model, the model is valid only in the mass transfer con-

trolled regime where the transfer of solute from bulk to fluid-solid interface is slower

than the rate of dissolution. These limitations were removed in two-scale contin-

uum models (Panga et al. 2005; Kalia and Balakotaiah, 2007, 2009; Ratnakar et

al., 2012, Maheshwari et al., 2014) which captured both the extremes of reaction

(kinetic and mass transfer controlled) simultaneously by using two concentration

variables and a mass transfer coefficient. A good match was obtained when com-

pared the model predictions with 2-D salt pack experiments conducted by Golfier

et al. (2002). Panga et al. (2005) introduced a qualitative optimum criterion to

predict wormhole formation that depended on the fluid petro-physical properties

but was independent of the domain size.

1.3 Objectives

As discussed in preceding section, reactive dissolution of carbonate rocks has

been extensively researched in the past using several experimental and theoretical

studies to predict conditions under which wormholes are created. Several factors

(such as acid injection rate, temperature, reaction kinetics, geometry of the system,

heterogeneity, mineralogy, etc.) came to know which influence dissolution pattern

formation, have been the subject of investigation. Theoretically, there is no com-

prehensive study to analyze the effect of above mentioned factors on the reactive

dissolution in 3-D which is close to actual representation of the acid-rock system.

The results obtained from 1-D and 2-D simulations matches qualitatively but quan-

titatively far from the experimental study. For example, a qualitative comparison

of the acidization curve (obtained by 1-D, 2-D and 3-D numerical simulations from

a two-scale continuum model) and dissolution patterns (obtained by 1-D and 2-
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D numerical simulations and the experimental study by Bazin, 2001) is shown in

Fig.1.5. It can be observed from this figure that 1-D numerical simulations pre-

dict higher optimum acid injection rate and higher pore volumes to breakthrough

when compared to 3-D numerical simulations. In addition, 1-D numerical simula-

tions are unable to predict various dissolution patterns (such as conical, wormhole

and ramified). Nonetheless, 1-D numerical simulations are computationally inex-

pensive and provide insight about the transport and reaction parameters affect-

ing the dissolution process. 2-D numerical simulations are able to predict various

experimentally observed dissolution patterns but the optimum injection rate and

predicted by 2-D simulations are still higher than the 3-D simulations. This work

involves systematic simulation and analysis of 3-D dissolution process with New-

tonian (i.e., EDTA, HCl) as well as non-Newtonian acids (i.e., gelled, emulsified)

using a two-scale continuum model and validation of the simulation results with

the available experimental data. This thesis is organized as follows. Chapter 2 de-

scribes the model development, discretization and solution technique. In Chapter

3, the model is simulated for 3-D linear flow to analyze the effect of transport, kinetic

and rock properties (i.e., initial rock permeability, heterogeneity magnitude and

length scale, and structure-property relation etc.) on dissolution patterns, fractal

dimension and amount of acid required to breakthrough. In addition, we develop a

new two-parameter structure-property relation (i.e., permeability, pore radius, and

interfacial area per unit volume as a function of porosity) to quantitatively predict

experimental observed acidization curve and dissolution patterns. In Chapter 4,

we analyze the effect of shear thinning behavior on dissolution patterns, fractal di-

mension of wormhole, and acidization curve. In Chapter 5, we compare acidization

curves and wormhole patterns in carbonates with constant pressure and constant

volumetric rate injection. Chapter 6 summarizes the main contributions of this work

and possible extensions are enumerated.
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Figure 1.5: Qualitative comparison of acidization curves (Panga et al., 2005) and
dissolution patterns obtained by 1-D and 2-D numerical simulations
and experimental study by Bazin (2001).
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Chapter 2 Two-Scale Continuum Model

2.1 Preamble

The phenomenon of acidization involves several orders of length scales start-

ing from few microns to a few centimeters. The mass transport of acid species

occurs from fluid bulk phase to pore surface where heterogeneous reaction takes

place between the carbonate rock and acid species. A schematic of different length

scales is shown in Fig. 2.1. Therefore, to describe the phenomena mathematically,

we use two-scale continuum model. This model describes the reactive transport of

acid as a coupling between Darcy scale (a length scale at which continuum quan-

tities can be defined) and pore scale (at which dissolution is taking place). Darcy

scale model consists of acid transport, continuity, species balance and porosity

evolution equations. In contrast, the pore scale model appears in the form of clo-

sure relations where Darcy scale properties (i.e., permeability, pore radius and

interfacial area per unit volume) are obtained as a function of local porosity. The

details and development of the model development have been discussed in Panga

(2003) and Panga et al. (2005). However, the model was applicable only to New-

tonian acids. In this chapter, we extend the model to non-Newtonian fluids whose

rheology can be described either by the power-law or Ellis model. Once the model

is in place, it can be used to study the reactive dissolution of porous media with

Newtonian as well as non-Newtonian (i.e., gelled and emulsified) acids.

2.1.1 Rheological Models for non-Newtonian Acids

In general, the rheological behavior of an acid depends on temperature, shear

rate, and proton concentration/pH. Therefore, to describe the flow dynamics of

an acid inside the porous medium, we have to account for the individual effects

of these parameters on viscosity. Here, we develop a semi-empirical rheological

model for the acids whose rheology can be described either by the power-law
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Figure 2.1: Schematic of different length scales in a porous medium.

or Ellis model. Once the rheological model is in place, we extend a two-scale

continuum model to describe the flow of these non-Newtonian (i.e. gelled and

emulsified) acids in the porous medium.

It is found that viscosity of most of the liquids decreases with increase in temper-

ature while this may not be true for the gases. However, the effect of temperature

on viscosity is very small and can be described mathematically as

� = �o Exp

�
��T � To

To

�
� �o

�
1� �T � To

To

�
; � > 0 for liquids, (2.1)

where To is the reference temperature, � is the temperature coefficient of viscos-

ity and �o is the viscosity of fluid at reference temperature To. The experimental

studies by Navarrete et al. (2000) and Nasr-El-Din el al. (2008) also confirm that

viscosity of both gelled and emulsified acids decreases exponentially with temper-

ature.

Numerous empirical models for the non-Newtonian viscosity (�) as a function
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shear rate (
�
) or shear stress (�) are proposed (summarized in Corapcioglu, 1996).

The most widely used rheological model to describe flow through porous media are

the Ellis model and Ostwald–de Waele law model (Bird et al., 1960) that represents

the non-Newtonian viscosity � as

� = Ho _
n�1; for Ostwald-de Waele model and (2.2)

�o
�
= 1 +

�
�

� 1=2

���1
; for Ellis model (2.3)

whereHo is the consistency factor; _ is the shear rate and n is the power-law index;

� is the viscosity at any shear rate; � 1=2 is the shear stress at which � = �o=2; and

� is an indicial parameter. It should be noted that Ostwald-de Waele model is a

two-parameter model that gives a linear log-log plot of viscosity vs shear rate. For

the special case of n = 1, it represents the Newtonian fluid where the consistency

coefficient H is equal to the viscosity of the fluid. Because of its inherent simplicity,

the power-law is of considerable interest in applications and is used to approximate

the rheological behavior of both the shear thinning or psuedo-plastic (n < 1) and

the shear thickening or dilatant (n > 1) fluids over a large range of flow conditions.

However, the major limitation of this model is that it predicts infinite viscosity at

vanishingly small shear rate/stress. In other words, it can not describe the constant

viscosities �0 and �1 at very low and very high shear rates where most of the fluids

(i.e. gelled acid) follow Newtonian behavior. On the other hand, Ellis model is a

three parameter model and can capture the asymptotic limit of viscosity at a very

low shear rate along with the shear thinning effect. For the special case of � = 1,

it represents the Newtonian fluid. The application of Ellis model is limited at a very

high shear rate, as it predicts zero viscosity. Lynn and Nasr-El-Din (2001) showed

that the rheological properties of most of the acids (i.e., EDTA, HCl, gelled acid

and emulsified acid that are in scope of this study) can be given either by the Ellis
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Figure 2.2: The bulk rheology of a power-law fluid on logarithmic scales for finite
shear rates.

model or Ostwald-de Waele. For this reason, we extend the two-scale continuum

model for these two types of rheological model. Now, we combine Eqs. 2:1, 2:2 and

2:3 to obtain a complete rheological model that accounts for the combined effect of

temperature and shear rate/stress as

�a (T; _) =

�Ho _n�1 �1� � T�ToTo

�
; for Ostwald-de Waele model

�o

�
1 +

�
�
�1=2

���1��1 �
1� � T�To

To

�
; for Ellis model

�
; (2.4)

where �a (T; _) is the apparent viscosity of an acid whose rheology can be de-

scribed either by the Ellis or Ostwald-de Waele model. A generic graph demon-

strating the bulk rheology, that is viscosity versus shear rate on logarithmic scales

corresponding to the Ostwald-de model and the Ellis model, are shown in Figures2.2

and 2.3.
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Figure 2.3: The bulk rheology of an Ellis fluid on logarithmic scales for finite shear
rates.

2.1.2 Darcy Law for non-Newtonian Acids

The non-linear relationship between velocity and pressure drop adds to the

challenges in understanding the flow dynamics of non-Newtonian fluid in porous

media. Since length-scales associated with porous media vary from micro-scale

to macro-scale, it is very important to find the momentum equation or Darcy law

equivalent at mesoscale. Here, we explain in brief the development of Darcy law

equivalent model using the procedure described by Christopher and Middleman

(1965).

Power-Law model

We start with well-known Blake-Kozeny equation given by

vs =
"3d2p

150(1� ")2
1

�

�P

L
; (2.5)
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for flow of power-law fluids through a packed bed, where vs is the superficial veloc-

ity, " is the porosity, dp is the particle diameter, � is the fluid density, L is the bed

length, � is the fluid viscosity and �P is the overall pressure drop across the bed.

From the Blake-Kozeny equation, we can derive Darcy equation as

vs =
"3d2p

150(1� ")2
1

�

�P

L
=
kd
�

�P

L
; (2.6)

where kd is the permeability of the porous media and is defined as

kd =
"3d2p

150(1� ")2 : (2.7)

Now, we obtain Hagen–Poiseuille equation (Bird et al., 1960) for the power-law

fluids by solving one dimensional momentum balance (assuming steady, laminar

and incompressible flow) through a capillary with no-slip boundary condition that

leads to the average velocity, hvi ; as

hvi =
�
�P

4HL
D

�1=n
n D

2(3n+ 1)
; (2.8)

where D is the capillary diameter.

Once we know the relationship between overall pressure drop and average ve-

locity for a capillary, we can derive the Darcy-law equivalent for porous media by

substituting (i) average velocity, hvi ; in capillary with vs
"

, where vs is the super-

ficial/Darcy velocity; (ii) capillary diameter, D; with hydraulic diameter of porous

media, DH , given by,

DH =
4 � flow area

wetted perimeter
=

4"

av(1� ")
=

2" dp
3(1� ") ; (2.9)

where av is the area per unit volume of the solid; (iii) particle diameter, dp; with
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(1�")
"

q
150kd
"

, and scaling the length of capillary L by tortuosity �(=25
12
); i.e., L =

�L. Thus, the Darcy law equivalent for a power-law fluid flowing through a porous

medium can be given by

vs =
kd

�effPower

�P

L
; (2.10)

where �effPower is the effective viscosity of fluid following power-law model and is

given by

�effPower =
Ho
12

�
9 +

3

n

�n
(150kd")

(1�n)=2 kvskn�1 ; (2.11)

where the constant `150’ in the bracket depends on pore connectivity and should

be measured experimentally.

It should be noted that �effPower does not have the same unit as viscosity and

is given in terms of power-law parameters (consistency factor, H and power-law

index, n) and rock-properties such as permeability, kd; and porosity, ": Since per-

meability, kd, depends only on the porous media, the rheological properties of fluids

are accounted by effective viscosity terms. In addition, these models are valid for

non-uniform particle sizes as none of the parameters are directly dependent on

particle diameter.

Ellis model

Following the similar procedure using eq. 2:3;the average velocity profile of fluid

(whose rheology can be described using the Ellis model) flowing in a capillary tube

of radius R is given by

hvi =
�
R�R
4�o

�"
1 +

4

�+ 3

�
�R
� 1=2

���1#
; (2.12)

where �R is the wall shear stress defined as

�R =
R�P

2L
: (2.13)
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We now regard the porous medium as a conduit with a complicated cross-

section with mean hydraulic radius RH ; hence for the porous medium:

hvi =
�
RH�RH
2�o

�"
1 +

4

�+ 3

�
�RH
� 1=2

���1#
; (2.14)

where �RH is defined as

�RH =
RH�P

L
=
�P

L

�
" dp

6(1� ")

�
: (2.15)

Now, we replace average velocity, hvi ; in capillary with vs
"
; and scaling the length

of capillary L by tortuosity �(� = 25
12
); i.e., L = �L, to obtain the Darcy law equiv-

alent for a fluid (whose rheology can be described using the Ellis model) flowing

through a porous medium as

vs =
kd

�effEllis

�P

L
; (2.16)

where �effEllis is the effective viscosity of fluid following the Ellis model is given by

�effEllis =

"
1

�o

"
1 +

4

3 + �

�
�RH
� 1=2

���1##�1
: (2.17)

2.1.3 Two-Scale Continuum Model

The TSC model describes the phenomenon of reactive dissolution in carbon-

ates as a coupling between transport and reaction processes occurring at two

scales: Darcy scale and pore scale. The transport process such as convection

and dispersion are important at core scale (much larger than the pore scale or

darcy scale), whereas, diffusion and reaction are the main mechanism at the pore

scale. The transport processes are described by conservation laws such as con-

tinuity equation, momentum balance, species balances and dissolution equation
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at darcy scale, whereas, reactive dissolution changes the pore-structure continu-

ously, which changes effective properties (such as transfer/dispersion coefficients)

and rock properties such as (permeability, pore radius etc.) used in the model and

hence, these properties must be expressed at pore-scale.

2.1.4 Darcy scale model

The flow of a non-Newtonian fluid, whose rheology can be described either by

the Ellis or Ostwald-de Waele model, through a porous medium can described by

an equivalent Darcy’s law. The equivalent Darcy’s law corresponding to both the

above mentioned rheological models (i.e., Ellis and Ostwald-de Waele models) is

as

U = � 1

�eff
K �rP; (2.18)

where U = (U; V;W ) is the Darcy velocity vector; K is the permeability tensor; P

is the pressure; �eff is the effective viscosity of acid that is given by

�eff =

� �
1
�o

�
1 + 4

3+�

�
�
�1=2

���1���1 �
1� � T�To

To

�
; for Ellis model

Ho
12

�
9 + 3

n

�n
(150K")(1�n)=2 kUkn�1

�
1� � T�To

To

�
; for Ostwald-de Waele model

�
;

(2.19)

K is the magnitude of local permeability; " is the porosity, k�k represents the norm

of a vector/matrix, �o is the low-shear viscosity; � is an indicical parameter; � 1=2 is

the shear stress at which �eff = �=2; � is the shear stress and is given by

� =rP
�

" dp
6(1� ")

�
= 12KrP (150K")�1=2 : (2.20)

The effect of porosity increment because of the dissolution of rock on velocity

profile is described by continuity equation in the fluid phase and is given by

@"

@t
+r �U = 0: (2.21)
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Because of the reactive transport of acid inside porous media, concentration of

acid keeps on changing with time and local coordinates. Therefore, we use species

balance equation to account for these changes, which is given by convection-

diffusion-reaction equation as

@ ("Cf )

@t
+r� (U Cf ) =r� ("De�rCf )� kcav (Cf � Cs) ; (2.22)

where Cf is the cup-mixing concentrations of the acid; Cs is the concentration of

the acid at fluid-solid interface; De is the effective dispersion tensor of acid; kc is

the local mass transfer coefficient and av is the interfacial area per unit volume of

solid available for reaction.

It should be noted that the amount of acid transferred from bulk fluid phase to

fluid-solid interface is the same as the amount being consumed at the rock surface.

Thus, the flux balance at fluid-solid interface can be written as

kc (Cf � Cs) = R (Cs) ; (2.23)

where R(Cs) is the reaction rate. It should also be noted that the surface reaction

may be highly non-linear. But for simplicity, we assume the linear kinetics, i.e.,

R(Cs) = ksCs, where ks is the reaction rate constant. In this case, the interfacial

concentration Cs can be written in terms of the cup-mixing concentration of acid as

Cs =
kcCf
kc + ks

: (2.24)

Dissolution of rock leads to increase in local porosity of the rock that can be

obtained by equating the amount of solid dissolved to the amount of acid consumed
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using the stoichiometry of the reaction as follows:

@"

@t
=
R (Cs) av�c

�s
; (2.25)

where �s is the density of the rock and �c is the dissolving power of the acid and

defined as grams of solid dissolved per mole of acid consumed.

2.1.5 Pore scale model

Mass transfer and Dispersion Coefficient

As mentioned earlier, the above model is valid at Darcy scale and pore-scale

physics are retained with effective properties such as effective dispersion coef-

ficient, local mass-transfer coefficient, local permeability etc. appearing in the

model. The mass transfer and dispersion of the acid at the pore scale are de-

scribed by the following relations (Gupta and Balakotaiah, 2001; Balakotaiah and

West, 2002):

Sh =
2kcrp
Dm

= Sh1 +
0:7

m1=2
Re1=2p Sc1=3; (2.26)

DeX = �osDm +
2�X kUk rp

"
; and (2.27)

DeT = �osDm +
2�T kUk rp

"
for (T = y and z); (2.28)

where Sh is the Sherwood number or dimensionless mass-transfer coefficient; rp is

the mean pore radius; Dm is effective molecular diffusivity of acid at any shear rate;

Sh1 is the asymptotic Sherwood number; m is the ratio of pore length to diameter;

Rep is the pore scale Reynolds number that signifies the relative importance of

inertia over viscous forces and is expressed as Rep =
2 kUk rp
�

; � is the kinematic

viscosity; Sc is the Schmidt number defined as Sc =
�

Dm

; �os is a constant that

depends on the pore connectivity; DeX is the longitudinal dispersion coefficient;

DeT is the transverse dispersion coefficient in y and z direction; �X and �T are
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constants which depend on the pore structure (�X � 0:5; �T � 0:1 for a packed-

bed of spheres). The first term in mass transfer and dispersion correlations is

diffusion contribution that is dominant for small pores or at very low pore Reynolds

numbers, while the second term is the convection contribution that is dominant for

large pores or at higher Reynolds numbers (Maheshwari et al., 2013).

Since, viscosity and diffusion coefficient are inter-related (Einstein, 1905); we

use the Stokes-Einstein relation to account for the change in local diffusion coeffi-

cient with viscosity as

�effDm = constant, (2.29)

where Dm is the local diffusion coefficient of acid.

Structure-Property Relations

As dissolution proceeds, the structure of the porous medium changes continu-

ously and so the local porosity, permeability and interfacial surface area also evolve

with time. During dissolution, the fluid-solid interface changes in a complex man-

ner, and in general, the relationship between these local quantities depends on the

history of the dissolution process (Civan, F., 2001). However, for a given rock, sev-

eral direct relationships between the permeability and the porosity, i.e. K("), are

formulated empirically (Civan, F., 2001; Ziauddin and Bize 2007). Here, we use a

modified Carman-Kozeny correlation to describe the increase in local permeability

with local porosity due to dissolution that is given as

K

Ko

=
"

"o

�
" (1� "o)
"o (1� ")

�2�
;
rp
ro
=

r
K"o
Ko"

;
av
ao
=
"ro
"orp

; (2.30)

where "o, Ko, ro, and ao are the initial mean porosity, permeability, pore radius

and interfacial area available for reaction per unit volume of the core respectively

and � is a pore-broadening parameter which accounts for the increase in perme-

ability due to increase in pore radius. It should be noted that we use only one
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parameter (i.e. pore-broadening parameter (�)) structure-property relation to ac-

count for the changes in local permeability (K), mean pore radius (rp) and inter-

facial area per unit volume (av) with porosity ("). However, for the actual carbon-

ate rock, there may be two or more parameters (i.e. pore-broadening and pore-

connectivity) through which permeability, mean pore radius and interfacial surface

area per unit volume are correlated with porosity (Maheshwari and Balakotaiah,

2013). Although, the qualitative nature of the dissolution process will be retained

by the use of above mentioned structure-property relation; however, for quantita-

tive comparison of numerical results with the experimental data, we have to use

the appropriate structure-property relation that can be obtained experimentally as

discussed in next section. Figures 2.4, 2.5 and 2.6 show the variation in perme-

ability, pore radius and area per unit volume available with porosity. These figures

are plotted for different values of pore-broadening parameter (�) that is one of the

characteristics of carbonate rocks. Higher � implies the higher rate of change in

permeability for a fixed change in porosity due to dissolution. The same is true with

the rate of increase in pore radius and rate of decrease in area per unit volume.

However, the change in area per unit volume, av, is due to competition between

increase in porosity and increase in pore radius, i.e., av increases with porosity but

decreases with pore radius; and so for lower value of � where initial rate of increase

in pore radius is very small, the area per unit volume, av, may initially increase with

porosity as can be seen in Figure 2.6.

It must be noted that the structural-property correlation gives the relation be-

tween the change in porosity and permeability due to dissolution, but the initial

porosity "0 and the initial permeability K0 are not correlated and depend on the

types/characteristics of the rock. In other words, the high porosity rock may have

very low initial permeability and vice-versa. However, the change in porosity and

permeability due to dissolution follow the structural-property correlation (which is
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Figure 2.4: Variation in permeability with porosity due to dissolution for typical val-
ues of � = 0:5, 1:0 and 1:5:

true when pores are connected).

2.1.6 Initial and Boundary Conditions

Acid can be injected into the medium either at a constant injection rate or at a

constant pressure. For constant injection rate, we fix the acid injection rate at the

inlet face and pressure at the exit face, which is expressed as

U = (U; V;W ) = (uo; 0; 0) at x = 0 and (2.31)

P = Pexit at x = L; (2.32)

where uo is the axial component of injection velocity of acid; Pexit is the pressure at

the exit boundary of the domain and L is the length of the core. Conversely, for the
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Figure 2.5: Change in pore radius with porosity due to dissolution for typical values
of � = 0:5, 1:0 and 1:5:

constant pressure operation, pressure at both the faces (i.e., inlet and exit face)

is held constant till the breakthrough of the acid. The boundary conditions for this

case are given by

P = Pin at x = 0 and (2.33)

P = Pexit at x = L; (2.34)

where Pin is the inlet pressure. It should be noted that rest all the boundary and

initial conditions for both the above mentioned modes of operation remain same.

For species balance equations for acid, we use Danckwert’s condition at inlet and
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Figure 2.6: Change in area per unit volume available for reaction as porosity
changes due to dissolution for typical values of � = 0:5, 1:0 and 1:5:

zero flux condition at the exit as

U Cf � "DeX
@Cf
@x

= uoCo at x = 0 and (2.35)

@Cf
@x

= 0 at x = L; (2.36)

where Co is the inlet concentration of the acid. At transverse boundaries, zero-flux

boundary conditions are used for pressure and concentration as

n �rP = n �rCf = 0 at transverse boundaries, (2.37)

where n is the normal vector perpendicular to the transverse boundary.

For both the above mentioned cases, we assume that the core is saturated
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Figure 2.7: Schematic of core in 2D with boundary conditions and illustrating how
initial porosity field is assigned randomly to each grid block while main-
taining the overall porosity constant.

initially with brine solution, i.e., no acid is present in the core or Cf = 0 at t = 0:

Since, carbonate rocks are highly heterogeneous (Ziauddin and Bize, 2007); we

account the heterogeneity of rock by uniformly distributing the initial porosity field

with an average porosity "o = 0:2 and heterogeneity magnitude 4"o = 0:15; i.e.,

" = "o + "
0 at t = 0; (2.38)

where "0 is random fluctuation in the initial porosity field. This random number ("0)

is assumed to be uniformly distributed in the interval [�4"o to4"o] and is added to

the mean value of porosity "o. A schematic of core in 2D with boundary conditions

and illustrating how initial porosity field is assigned randomly to each grid block

while maintaining the overall porosity constant is shown in Figure.2.7. The average

porosity of the sample is 0:2 but the local porosity values vary from node to node

with heterogeneity magnitude of �4"o = 0:2; resulting in local porosity values in

the range of [0; 0:4] for this case.
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2.1.7 Further comments on the model:

a) The two-scale continuum model described above, is valid for both kinet-

ically controlled (kc >> ks) as well as for mass-transfer controlled dissolution limit

(ks >> kc). It should be noted that unlike for Newtonian acids, the continuum

model for gelled and emulsified acids has a strong coupling between transport and

reaction phenomena due to a highly non-linear viscosity profile.

b) The two-scale continuum model used here does not account for polymer

adsorption at the pore walls. In some cases, polymer present in the gelled acid

may adhere and affect the diffusivity and reaction rate of acid with carbonates.

c) The two-scale continuum model used here does not account for the

emulsion droplet size distribution. It has been assumed that emulsion droplets are

very fine and their sizes remain unaffected as the acid moves through the porous

medium.

2.1.8 Numerical Scheme

Due to the strong coupling between transport and reaction, obtaining accurate

solution for 3-D acidization process is very challenging as it requires a very fine

mesh. This leads to high computational time and memory requirement, which

makes the choice of solution technique very crucial. Therefore, we use the operator

splitting method with upwinding finite volume discretization (Whitaker, 1999) and

employ the multi grid technique, to obtain the solution efficiently. To solve any

instability issues, we use implicit time integration with extrapolation.

Since the initial concentration and porosity fields are known, first Poisson’s

Eq.4:2 is solved for pressure field using the multigrid method and the velocity field is

determined using Darcy’s law. Then, we use the operator splitting scheme with the

multigrid method to solve species balance equation, where the diffusion-convection

34



operator is solved in the first step as

"n+1=2
@C

n+1=2
f

@t
+r:

�
UnC

n+1=2
f

�
= r:

�
"n+1=2De:rCn+1=2f

�
;

@"n+1=2

@t
= 0; (2.39)

and the reaction operator is solved in the second step as

@Cn+1f

@t
= 0;

@"n+1

@t
=

kskc�av
(ks + kc)�s

Cn+1f : (2.40)

It should be noted that in both the steps, we solve the model implicitly in time (using

the Backward Euler method). We used second order finite volume discretization

for the dispersion term and first order upwind differencing for the convection term.

Thus, the numerical scheme is stable and has first order accuracy in time and

spatial mesh size.

Once concentration and porosity field is updated, we repeat the same proce-

dure until the permeability increases to a certain value or wormhole breakthrough

occurs. Here, breakthrough is defined when overall permeability is increased by a

certain factor; or overall pressure drop falls by the same factor from its initial value.

A detailed description of numerical scheme can be found in Appendix A.
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Chapter 3 Carbonate Acidization with Newtonian Acids

3.1 Preamble

In this chapter, the two-scale continuum model presented in chapter 2 is used

to study reactive flow with Newtonian fluids in 3-D conditions. More specifically,

a sensitivity analysis of the dissolution process with respect to acid injection rate,

dissolution rate constant and rock properties such as initial average permeability,

heterogeneity and permeability-porosity relationships in 3-D is presented. In addi-

tion, the properties of the dissolution front (such as front speed and thickness) and

how they change with transport and reaction parameters are analyzed. Further, a

new two-parameter structure-property relation is developed to capture pore-scale

physics accurately. Finally, the wormhole properties such as tip diameter and frac-

tal dimension are determined and simulation results are compared to available

experimental data.

This chapter is organized as follows: In the next section, the model described in

chapter 2 is simplified for Newtonian acids in 3-D. In section 3, we present analysis

of dissolution front using 1-D version of the model. In section 4, we present the

analysis of wormhole tip diameter and optimum acid injection rate. In section 5, we

present 3-D simulation result and discussion of reactive dissolution. In section 6,

we summarize our results.

3.2 Model Description for Newtonian Fluids

The two-scale continuum model described in chapter 2 can be simplified for

Newtonian acids by choosing the numerical value of power-law index (n) or indicial

parameter (�) as 1. The Darcy-scale model consists of flow equation and species

balance of the acid at Darcy-scale. To describe the flow, we combine the Darcy’s

law and the continuity equation to obtain Poisson’s equation for the pressure field
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given by

@

@x0

�
Kx

�

@P

@x0

�
+
@

@y0

�
Ky

�

@P

@y0

�
+
@

@z0

�
Kz

�

@P

@z0

�
=

kskcav�

(ks + kc)�s
Cf ; (3.1)

where Kx; Ky; Kz are the component of permeability tensor in x; y and z direction

respectively; P is the pressure; � is the viscosity of the acid solution; ks is the

dissolution rate constant; kc is the local mass transfer coefficient; av is the interfacial

area available for reaction per unit volume of the rock; �s is the density of rock, �

is the dissolving power of the acid, defined as grams of solid dissolved per mole of

acid reacted and Cf is the cup-mixing concentration of the acid in the fluid phase.

Similarly, the species balance for the acid is given by the convection-diffusion-

reaction equation that can be written for linear kinetics, as

@�
0

@t0
+

@

@x0
(UCf ) +

@

@y0
(V Cf ) +

@

@z0
(WCf ) =

@

@x0

�
"D

0

ex

@Cf
@x0

�
+
@

@y0

�
"D

0

ey

@Cf
@y0

�
+
@

@z0

�
"D

0

ez

@Cf
@z0

�
; (3.2)

where �
0
= "

�
Cf +

�s
�

�
; " is the porosity; U , V; W are the velocity component in

x; y and z direction respectively; D
0
ex; D

0
ey; D

0
ez are the effective dispersion tensors

in x; y and z direction respectively.

As the dissolution proceeds, the local porosity is increased and is described in

terms of the local acid cup-mixing concentration (Cf ) by

@"

@t0
=
av�

�s

�
1

ks
+
1

kc

��1
Cf =

kskcav�

(ks + kc)�s
Cf ; (3.3)

where ks is the dissolution rate constant; kc is the local mass transfer coefficient

and av is the interfacial area available for reaction per unit volume of the rock.

The mass-transfer coefficient and the effective dispersion coefficients are given
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by

Sh =
2kcrp
Dm

= Sh1 + 0:7Re
1=2
p Sc1=3 and (3.4)

D0
eX = �osDm +

2�X jUj rp
�

;D0
eT = �osDm +

2�T jUj rp
�

for(T = y0; z0); (3.5)

where Sh is the Sherwood Number or dimensionless mass transfer coefficient;

Sh1 is the asymptotic Sherwood Number; Rep is the pore scale Reynolds number

defined as Rep =
2 jUj rp
�

; � is the kinematic viscosity; Dm is effective molecular

diffusivity of acid; Sc is the Schmidt number defined as Sc =
�

Dm

; �os is a constant

that depends on the pore connectivity; D0
eX is the longitudinal dispersion coeffi-

cient; D0
eT is the transverse dispersion coefficient in y0 and z0 direction; �X and

�T are constants which depend on the pore structure (�X � 0:5; �T � 0:1 for a

packed-bed of spheres). The first term in mass transfer and dispersion correla-

tions is molecular diffusion contribution that is dominant for small pores or very low

pore Reynolds numbers, while the second term is the convective contribution that

is dominant for large pores or at higher Reynolds numbers.

The change in local permeability (K), mean pore radius (rp) and interfacial area

per unit volume (av) with respect to local porosity are given as

K = KI;
K

Ko

=
"

"o

�
" (1� "o)
"o (1� ")

�2�
;
rp
ro
=

r
K"o
Ko"

;
av
ao
=
"ro
"orp

; (3.6)

where I is the identity tensor; Ko is the initial average value of permeability, ro is

the initial mean pore radius, ao is the initial solid-fluid interfacial surface area and �

is pore-broadening parameter.

The initial and boundary conditions are given as follows

UCf � "D
0

eX

@Cf
@x0

= UoCo at x0 = 0; (3.7)
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�KX

�

@P

@x0
= Uo;

@p

@y0
= 0;

@p

@z0
= 0 at x0 = 0; (3.8)

P = Pe;
@Cf
@x0

= 0 at x0 = L; (3.9)

n:rP = 0; n:rCf = 0, on transverse boundaries and (3.10)

"(l) = "o + f̂ ; Cf = 0 at t = 0; (3.11)

where Uo is the axial component of injection velocity; Co is the inlet concentration

of the acid; Pe is the pressure at the exit boundary of the domain; L is the length of

the core in the flow (x0) direction; n is the normal vector perpendicular to the trans-

verse boundary; "o is the average initial porosity and f̂ is random fluctuation in the

initial porosity field. By means of this random fluctuation (f̂ ) in porosity, we intro-

duce heterogeneity into the system which is needed to create unstable dissolution

front leading to wormhole formation. This random number (f̂ ) is assumed to be

uniformly distributed in the interval [��"o;�"o] and is added to the mean value of

porosity "o. The dimensionless length scale of heterogeneity (l), which is defined

as l = lHT= (2ro) ; where lHT is the heterogeneity length scale and ro is initial mean

pore radius.

3.2.1 Dimensionless TSC Model

The Darcy scale model along with the pore scale model is complete and can be

non-dimensionalized by using the following dimensionless variables and parame-

ters. For simplicity of calculation, we consider a rectangular parallelepiped shaped

core and define

x =
x0

L
; y =

y0

L
; z =

z0

L
; �y = �z =

H

L
; u =

U

Uo
; t =

t0

(L=Uo)
; (3.12)

r =
rp
ro
; Av =

av
ao
; � =

K

Ko

; � =
K

Ko

; cf =
Cf
Co
; p =

P � Pe
�UoL

Ko

; � =
�
0

Co
= "

�
cf +

1

Nac

�
; and

(3.13)
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Da =
ksaoL

Uo
; �2 =

2ksro
Dm

; �2 =
ksaoL

2

Dm

; Nac =
�Co
�s
; � =

2ro
L
; (3.14)

where H is the height/width of the domain; �y and �z are the aspect ratios in the

transverse directions y and z respectively; Da is Damköhler number, defined as

the ratio of convective time to reaction time based on the length of the core; �2

is the pore-scale Thiele modulus, defined as the ratio of diffusion time to reaction

time based on the initial pore size; �2 is the macro-scale Thiele modulus which is

the equivalent of the micro-scale Thiele modulus except it is defined at the core

scale; Nac is the acid capacity number, defined as the volume of solid dissolved

per unit volume of the acid and � is the ratio of two length scales: pore scale and

core scale.

The non-dimensional model can be written as

@

@x

�
kx
�

@p

@x

�
+
@

@y

�
ky
�

@p

@y

�
+
@
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�
kz
�

@p

@z

�
=
DaNacAv�
1 + �2r

Sh

�cf ; (3.15)

@�

@t
+

@

@x
(ucf ) +

@

@y
(vcf ) +

@

@z
(wcf ) =

@

@x

�
"Dex

@cf
@x

�
+
@

@y

�
"Dey

@cf
@y

�
+
@

@z

�
"Dez

@cf
@z

�
; (3.16)

@"

@t
=
DaNacAv�
1 + �2r

Sh

�cf ; (3.17)

DeX =
�osDa

�2
+
�X juj r�

"
; DeT =

�osDa

�2
+
�T juj r�

"
for (T = y; z); and (3.18)

� = �I; � =
"

"o

�
" (1� "o)
"o (1� ")

�2�
; r =

r
�"o
"
; Av =

"

"or
: (3.19)
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The dimensionless initial and boundary conditions are given by

��x
�

@p

@x
= u = 1;

@p

@y
= 0;

@p

@z
= 0 at x = 0; (3.20)

cf � "DeX
@cf
@x

= 1 at x = 0; (3.21)

p = 0;
@cf
@x

= 0 at x = 1; (3.22)

n:rp = 0; n:rcf = 0 on transverse boundaries, and (3.23)

" = "o + f̂ ; cf = 0 at t = 0: (3.24)

3.3 Analysis of the Dissolution Front

In this section, we analyze the properties of the dissolution front (such as front

speed and thickness) and how they change with other parameters. For this analy-

sis, we consider only the one dimensional (1-D) version of the model as the main

difference between the 1-D and 3-D versions model is the transverse dependence,

which will affect the optimum injection rate and wormhole properties (such as

wormhole tip diameter, etc.).

To simplify the analysis, we assume that dispersion coefficient and mass trans-

fer coefficient do not change with acid injection rate. In addition, no heterogeneity

in porosity is present in the system.

The non-dimensionalized 1-D Darcy scale model can be written as

@"b
@t
+
@ub
@x

= 0; (3.25)

"b
@cb
@t

+ ub
@cb
@x

=
1

Peeff

@2cb
@x2

� DaAv�
1 + �2r

Sh

�cb; and (3.26)

@"b
@t

=
DaAvNac�
1 + �2r

Sh

�cb; (3.27)
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where subscript b denotes the base case, Peeff is the effective Péclet number,

defined as the ratio of diffusion time to convection time Peeff =
UoL

Dm"o�os
:

The dimensionless boundary and initial conditions are given by

ub = 1; cb �
1

Peeff

@cb
@x

= 1 at x = 0; (3.28)

@cb
@x

= 0 at x = 1; and (3.29)

" = "o; cb = 0 at t = 0: (3.30)

To analyze the dissolution front of the 1-D model, we introduce the moving

coordinates � = x�vdt and � = t. Here, vd is the speed of the dissolution (reaction)

front in the x direction. This transformation divides the domain into two zones

(� � 0 and � > 0) one where rock is completely dissolved by acid and the other

where reaction is occurring.

For (� > 0), the model equations reduce to

�vd
d"b
d�
+
dub
d�

= 0; (3.31)

(ub � "bvd)
dcb
d�

=
1

Peeff

d2cb

d�2
� DaAv�

1 + �2r
Sh

�cb; and (3.32)

�vd
d"b
d�

=
DaAvNac�
1 + �2r

Sh

�cb: (3.33)

For (� � 0), as the acid has completely dissolved the rock ("b ! 1; Av ! 0);

therefore, model equations reduce to

�vd
d"b
d�
+
dub
d�

= 0; (3.34)
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(ub � "bvd)
dcb
d�

=
1

Peeff

d2cb

d�2
; and (3.35)

�vd
d"b
d�

= 0: (3.36)

In the moving coordinates (�; �), the boundary conditions are given by

"b = "o;
dcb
d�

= 0 at � !1 and (3.37)

ub = 1; "b = 1; cb = 1;
dcb
d�

= 0 at � ! �1: (3.38)

Here, we have made a reasonable assumption that far upstream of the dissolution

front, porosity (") and acid concentration (cf ) approach unity. By solving Eqs.3:31�

3:38 simultaneously, we can obtain the expression for dissolution front velocity (vd);

which is given by

vd =
Nac

(1� "o) +Nac
: (3.39)

From the Eq.3:39, we observe that dissolution front velocity (vd) is independent

of transport properties of the acid and depends only on the initial rock porosity and

acid dissolving capacity. It will be high for strong/highly concentrated acid and rock

having large initial porosity. Conversely, if Nac << (1� "o) or for small values of

the acid capacity number, vd =
Nac

(1� "o)
; in accordance with the result obtained by

Panga et al., (2005).

The solid-fluid interfacial area and pore radius increase with time where disso-

lution occurs. Therefore, to obtain the simplified expression for the acid concen-

tration, porosity and velocity profiles, we take the average values of surface area

(hAvi) and pore radius (hri). These average values will depend on the property of

rock as well as physical and transport properties of acid.

By solving Eqs.3:31 � 3:38 simultaneously, the concentration, porosity and ve-
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locity profiles can be obtained as follows:

cb =

�1� (1� co) exp �(1� vd)
Peeff

�

�
; � � 0

co exp [��] ; � > 0

�
; (3.40)

"b =

� 1; � � 0

"o �
Da hAviNac�
1 + �2hri

Sh

�
vd�

co exp [��] ; � > 0

�
; and (3.41)

ub =

� 1; � � 0

1 +
Da hAviNac�
1 + �2hri

Sh

�
�
co [1� exp [��]] , � > 0

�
; (3.42)

where the concentration at the front (co) and � are given as

co =
1� vd

1� vd � �=Peeff
; � =

(1� vd)Peeff �
vuut[(1� vd)Peeff ]2 + 4Da hAviPeeff�

1 + �2hri
Sh

�
2

:

(3.43)

For the parameters and dimensionless numbers used in tables 3.1 and 3.2, acid

concentration, porosity and velocity profiles for three acid injection rates (Da = 50,

Da = 250 and Da = 500) are shown in Fig.3.1. It should be noted that acid con-

centration behind the dissolution front (� < 0), is not unity and decreases from

unity (for � ! �1) to co (at � = 0). The reason behind decrement in acid con-

centration is the dissolution occurring at and ahead of the dissolution front. As

the acid injection rate is lowered from Da = 50 to Da = 500, the characteristic

time for acid transport will increase and the spent acid will not be fully replenished

by the upcoming fresh acid. While, porosity and velocity both are unaffected by

the acid injection rate and remain at unity, behind the dissolution front. However,

ahead of the dissolution front, both approaches to their asymptotic limits (lower the

acid injection rate sooner the asymptotic limits are achieved). The asymptotic limit

for porosity is the average rock porosity (�o) which is 0:2 in our study. However,
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the asymptotic limit of velocity (uasm) depends on the physical as well as transport

properties of acid and is given by uasm = 1 +
Da hAviNacco�
1 + �2hri

Sh

�
�
: For very low acid in-

jection rate (Da >> Peeff ) or very fast reaction, the asymptotic value of velocity

depends only on the average rock porosity (�o) and acid capacity number (Nac)

and is given by uasm =
1� "o + "oNac
1� "o +Nac

. For the simulation parameters taken in our

numerical study, this asymptotic limit of velocity is 0:953. It is also very interesting

to note that reaction zone (region where concentration decreases for � > 0) also

decreases with the acid injection rate. This means that a very narrow reaction zone

will be formed for very low acid injection rate or for very fast reaction and to capture

that very fine mesh will be required.

The width of the reaction zone (��; distance in which the acid concentration

decreases to 1=20th (or 5%) of the initial value) is determined by the numerical

value of the parameter �. For slow reaction case (Da << Peeff ) width is given by

�� � 3

Daeff
; (3.44)

where Daeff =
Da hAvi�
1 + �2hri

Sh

� :
While for fast reactions (Da >> Peeff ) and very low acid injection rate, the acid

concentration, porosity and velocity profiles can be simplified and are given by

cb =

�1�
 
1�

(1� vd)
p
Peeffp

Daeff

!
exp

�
(1� vd)
Peeff

�

�
; � � 0

(1� vd)
p
Peeffp

Daeff
exp [��0�] ; � > 0

�
; (3.45)

"b =

�
1; � � 0

exp [��0�] ; � > 0

�
; and (3.46)

ub =

�
1; � � 0

1�Nac (1� vd) [1� exp [��0�]] , � > 0

�
; (3.47)
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Figure 3.1: Dimensionless base concentration, porosity and velocity profiles for a
dissolution front moving at a constant speed.

where

�0
2

= DaeffPeeff ; (3.48)

is effective macro-scale Thiele modulus.

Now, from the Eq.3:45, we can obtain thickness of the reaction zone for fast

reactions and low acid injection rate, which is given by

�� � 3

�0 : (3.49)
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Since the dimensionless thickness of the reaction zone for fast reaction case

or very low acid injection rate is of the order
1

�0 , in order to capture the dissolution

front accurately, we need to take the mesh size to be about
1

�0 (or smaller) in the

numerical simulations.

3.4 Analysis of Wormhole Tip Diameter and Optimum Injection

Rate

The wormhole diameter and the optimum injection rate are always quantities

of interest in acidization literature. As dissolution progresses, acid continuously

etches and leaks through the wall of the wormhole, which continuously increases

the wormhole diameter. Here, we estimate wormhole tip diameter which depends

only on the heterogeneity and transverse dispersion-reaction length scale. This

wormhole tip diameter can be estimated as

dw �

8><>: lT ; if lT > lHT

lHT ; if lHT > lT

9>=>; ; (3.50)

where dw is the wormhole tip diameter and lT is the transverse dispersion-reaction

length scale which depends on the transport and reaction parameters (as dis-

cussed below). However, heterogeneity length scale (lHT ) is an inherent property

of the rock.

In the transverse direction, dispersion is the main mechanism of transport be-

cause of the low convective velocity. Therefore, lT is governed by dispersion and

reaction as
@

@y0

�
"D0

eT

@Cf
@y0

�
= �keffCf ; (3.51)

where keff is an effective rate constant defined as

1

keff
=
1

av

�
1

ks
+
1

kc

�
: (3.52)
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Thus, the length scale over which the acid is consumed in the transverse direc-

tion is given by

lT �

s
"oD0

eT

av

�
1

ks
+
1

kc

�
=

s
"o
av

�
�osDm +

2�T uopt ro
"o

��
1

ks
+
1

kc

�
; (3.53)

where uopt is the optimum injection velocity of the fluid and calculation of uopt is

presented subsequently (for both cases when lT > lHT or lHT > lT ).

It should be noted that lT given by Eq.4:21 is valid for both mass-transfer as well

as kinetically controlled reactions. For kinetically controlled reactions (kc >> ks),

lT can be approximated by

lT �

s
"oD0

eT

avks
=

s
"o
avks

�
�osDm +

2�T uopt ro
"o

�
: (3.54)

From Eq.3:54, we note that lT increases as the intrinsic surface reaction rate con-

stant (ks) decreases. However, for the mass transfer controlled reaction (ks >> kc),

lT is independent of the kinetic parameters and depends only on the acid transport

and rock properties as

lT �

s
"oD0

eT

avkc
�

s
"o

Sh1Dm

�
�osDm +

2�T uopt ro
"o

�
ro: (3.55)

The estimation of wormhole tip diameter (dw) is verified using the 3-D simulations

presented in the next section.

Using scaling analysis, Panga et al., (2005) developed a criterion to predict the

optimum injection velocity (uopt). They showed that when the ratio of transverse

(lT ) to axial length scale (lX) � =
lT
lX

� 0:1 � 1; wormhole forms and the acid

injection rate corresponding to this criterion will be the optimum injection rate.

An estimate of the value of lX can be obtained from the convection-reaction
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equation as follows (as convection dominates over dispersion in flow direction) :

uopt
@Cf
@x0

= �keffCf : (3.56)

Thus, the length scale over which the acid is consumed in the flow direction is

given by

lX �
uopt
keff

: (3.57)

It should be noted that the formula given by Panga et al. (2005), to calculate

optimum injection velocity is valid only when transverse dispersion-reaction length

scale (lT ) is bigger than the heterogeneity length scale (lHT ). Here, we extend the

scaling analysis to both cases (lT > lHT or lHT > lT ) and analyze the effect of initial

permeability (Ko) on the optimum injection velocity (uopt) for both cases.

Case 1: When the transverse dispersion-reaction length scale is larger than the

heterogeneity length scale (lT > lHT ):

From the scaling analysis presented by Panga et al. (2005), we know that the

optimum injection velocity (uopt) is approximately given by

uopt �
p
"oD0

eT keff �

s
"oao

�
kskc
ks + kc

��
�osDm +

2�T uopt ro
"o

�
: (3.58)

By neglecting the convective contribution to the mass-transfer coefficient, we

obtain the optimum injection velocity (uopt) as

uopt �

s
"oao

�
1

ks
+

2ro
Sh1Dm

��1�
�osDm +

2�T uopt ro
"o

�
: (3.59)

Eq.3:59 is non-linear in uopt and can be solved for given rock properties (e.g.

"o; ro; av) and fluid properties (e.g., Dm; ks). Typical values of parameters are listed

in Tables 3.1 and 3.2.
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For the kinetically controlled reaction (kc >> ks), optimum injection velocity

(uopt) can be approximated by

uopt �
p
"oD0

eT aoks �

s
2"oksp
Ko

�
�osDm +

2�T uopt ro
"o

�
: (3.60)

If the convective contribution to the dispersion term is negligible then Eq.3:60 im-

plies that for kinetically controlled reactions, optimum injection rate decreases with

initial permeability as K�1=4
o :

While for the mass transfer controlled reaction (ks >> kc), the optimum injection

velocity (uopt) can be approximated by

uopt �
p
"oD0

eT aokc �

s
"oDmSh1

Ko

�
�osDm +

2�T uopt ro
"o

�
: (3.61)

Again, if the convective contribution to the dispersion term is negligible, then

Eq.3:61 implies that for mass transfer controlled reactions, optimum injection rate

decreases with permeability as K�1=2
o : It should be noted that for both kinetic as

well as mass transfer controlled reactions, the optimum injection velocity increases

with the initial rock porosity approximately as "1=2o :

Case 2: When heterogeneity length scale (lHT ) is larger than the transverse

dispersion-reaction length scale (lT ), the wormholing criterion will be given by (as

the wormhole tip diameter will be equal to lHT )

� =
lHT
lX

� lHTkeff
uopt

= 1: (3.62)

Therefore, according to scaling analysis, optimum injection velocity will be given by

uopt � lHTkeff : (3.63)

For the kinetic controlled reaction (kc >> ks), optimum injection velocity (uopt)
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can be approximated by

uopt � lHTaoks �
2lHTksp
Ko

: (3.64)

From Eq.3:64; we observe that optimum injection rate decreases with initial perme-

ability asK�1=2
o compared toK�1=4

o ; when the transverse dispersion-reaction length

scale (lT ) is larger than the heterogeneity length scale (lHT ).

For the mass-transfer controlled dissolution (ks >> kc), optimum injection ve-

locity (uopt) can be approximated by

uopt � lHTaokc �
DmSh1
Ko

: (3.65)

From Eq.3:65; we observe that optimum injection rate decreases with initial per-

meability as K�1
o compared to K�1=2

o ; when the heterogeneity length scale (lHT ) is

larger than the transverse dispersion-reaction length scale (lT ). The effect of initial

permeability on the optimum injection rate is verified by the simulations presented

in the next section.

3.5 3-D Simulation Results and Discussion for EDTA

The model Eqs.3:15 � 3:19 along with the initial and boundary conditions in

Eqs.3:20� 3:24 are numerically solved to study the dissolution process in 3-D. The

model is simulated for a cuboid shaped 3-D porous medium of dimensions 3:5 cm

� 1:4 cm � 1:4 cm. The calculations reported here are done with number of mesh

fixed at 150� 60� 60 (or 150 cells in the x-direction and 60 cells each in the y and z

direction), therefore for a cubic mesh, this gives an aspect ratio of 0:4. The number

of mesh points are fixed based on the above mentioned discussion that we need to

take at least �
0
(which is close to 146 for the parameters used in Table 3.1) number

of mesh points in the flow direction, to capture dissolution front accurately. It should

be pointed out that without upwinding, the number of mesh required to avoid os-

cillations in the numerical solution for high Peclet number is large and leads to
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Table 3.1: List of parameters used in simulation.

Parameter Value
L 3:5 cm
ro 1 �m
avo 50 cm�1

Ko 10 md
ks 1:4 � 10�4 cm/s
Dm 4:0 � 10�6 cm2/s
�s 2:71 g/cm3

� 1 cp

very high computational time. The solution accuracy was verified by varying the

grid size and comparing the pore volumes of acid at breakthrough. We performed

simulations on PC clusters available at University of Houston. The computational

time varies based on the acid injection rate. For example, at a very high and low

acid injection rate, computational time is in days. However, computational time is

close to 2 to 3 hours, near the wormholing regime. In this section, we present the

simulation results on the sensitivity of the dissolution process to the acid injection

rate, dissolution rate constant, and rock properties (such as initial permeability, het-

erogeneity, permeability-porosity relation). The values of various parameters and

dimensionless numbers used in simulations are shown in tables 3.1 and 3.2. All

these values are fixed unless otherwise stated.

3.5.1 Effect of Acid Injection Rate

Here, we present the effect of acid injection rate (Da�1) on the dissolution pat-

terns and pore volumes of acid required to breakthrough (PVBT ) while keeping the

other parameters fixed. From the experimental studies (Fredd and Fogler, 1998), it

has been found that the amount of acid required to increase the permeability by a

certain factor depends on the acid injection rate. For very high and very low acid in-

jection rate, amount of acid required to breakthrough is very high when compared

to some intermediate acid injection rate at which PVBT is least. Similar trend is

observed by our numerical study, as shown in Fig.3.2. For example, at very low
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Table 3.2: List of dimensionless numbers used in simulation.

Dimensionless Parameter Value
Sh1 3:66
"o 0:2
�"o �0:15
�os 0:5
�2 0:007
�2 2:14� 104
Nac 0:05
�y 0:4
�z 0:4
� 2

lHT=�x 2
�X 0:5
�T 0:1

injection rate (Da = 104), normalized permeability increases very slowly with pore

volume of acid injected. Therefore, a large amount of acid is needed to increase

the permeability by certain factor (50, in our case). As the acid injection rate is in-

creased, normalized permeability increment rate increases with acid injection rate

up-to a certain injection rate (Da = 200 for this case). At this intermediate injection

rate, permeability increment is steepest when compared to any other acid injection

rate (Kalia and Glasbergen, 2010). Therefore, least amount of acid is required to

breakthrough. This is the optimum injection rate and depends on the combined

effect of reaction and transport properties, as presented in previous section. For

higher injection rates (e.g., for Da = 10 and Da = 1), permeability increment rate

decreases with increase in acid injection rate, which again leads to higher amount

of acid requirement to increase the permeability by the same factor. The amount of

acid required to breakthrough for various acid injection rate is plotted in Fig.3.3a.

Here, we observe that PVBT increases with acid injection rate as Q1=2:9 for injec-

tion rates higher than the optimum injection rate. This is similar to Q1=3 reported

for salt-water system by Daccord (1987) and Hoefner and Fogler (1985). As ex-

perimentally observed, the following five types of dissolution patterns are observed
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based on the acid injection rate:

1. Uniform Dissolution: When acid is injected at a very high rate, it does not

have sufficient time to react. Therefore, most of the acid goes through the medium

unreacted and as a result large amount of acid is required to breakthrough, as

predicted by experimental and numerical results. Due to very high injection rate,

acid reaches every part of the rock and increases porosity uniformly, as shown in

Fig.3.3b.

2. Ramified Wormhole: When acid injection rate is lowered such that convec-

tion slightly dominates over dispersion, a ramified wormhole is formed, as shown in

Fig.3.3c. The PVBT for this case is lower as compared to the uniform dissolution.

3. Dominant Wormhole: When acid injection rate is lowered further such that

convection and dispersion become comparable, acid preferentially goes to bigger

pores and etches the pore throats, which results in increased pore connectivity

and acid flux to these pores. Therefore, the bigger pores keep growing with time

and turn into a dominant wormhole, as shown in Fig.3.3d. Initially, numerous worm-

holes may form at the acid injection face, but only a few propagate, while the growth

of others is suppressed, as the leading wormholes draw most of the acid. Optimum

acid injection rate which corresponds to the lowest PVBT , exists in this dissolution

regime. For the simulation parameters used in tables 3.1 and 3.2, the optimum

acid injection rate corresponds to Da = 200:

4. Conical wormhole: When the acid injection rate is lower than the optimum

injection rate, dispersion slightly dominates over convection. Due to this, instabil-

ity fronts created due to heterogeneity are suppressed by transverse dispersion

and conical wormhole is created (Chadam et al., 1986 and 1991, Hinch and Bhatt,

1990), as shown in Fig.3.3e. In this case, PVBT is higher compared to the wormhol-

ing regime because relatively higher amount of rock is dissolved.

5. Face dissolution: At a very low acid injection rate, dispersion strongly domi-
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Figure 3.2: Permeability response (mobility curves) for various acid injection rates
obtained from 3-D simulations.

nates over convection and acid dissolves the entire rock face, as shown in Fig.3.3f.

Due to very low injection rate, acid is consumed in a very narrow reaction zone

and porosity behind the reaction zone approaches unity. The PVBT approaches

the asymptotic value (amount of acid required to dissolve the entire rock) which

is given by PVBT =
1� �o
�oNac

: The asymptotic value of PVBT ; corresponding to the

simulation parameters taken for our study, is 80:0.

3.5.2 Effect of Dissolution Rate Constant

Here, we analyze the effect of dissolution rate constant on the dissolution pat-

terns, optimum injection rate and pore volume required for breakthrough. From
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Figure 3.3: Breakthrough curve and dissolution patterns for various acidization
regimes a) Acidization curve, b) Uniform dissolution, c) Ramified disso-
lution, d) Wormholing regime, e) Conical wormhole, f) Face dissolution.
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the experimental studies (Fredd and Fogler, 1998), it has been observed that the

wormhole patterns created by fast reacting acid is more branched when compared

to slow reacting acid. However, the optimum injection rate is higher and PVBT is

lower for fast reacting acid. For instance, if the fast reacting acid is injected at

the optimum injection rate corresponding to a slow reacting acid, it may lead to

conical or face dissolution regime. Similar trends are observed by our numerical

study, the dissolution patterns at the optimum injection rate for different reaction

rate constants are plotted in Fig.3.4a, b and c. We observe that the wormhole

formed for fast reacting acid is thinner and more branched when compared to the

slow reacting acid. The PVBT as a function of �2=Da (dimensionless injection rate

independent of the reaction rate constant) is plotted in Fig.3.4d. We observe that

PVBT is lower for fast reacting acid which agrees qualitatively with the experimental

observations (Fredd and Fogler, 1998) and confirm 2-D modeling results of Panga

et al. (2005). It should be noted that in our simulation study, we are assuming linear

(first order) kinetics while the model is valid for non-linear kinetics as well. It should

be pointed out that in the literature, there is no agreement about the reaction order

and the magnitude of the rate constant for various acid-rock systems. For exam-

ple, according to Lund et al. (1975), the reaction order for HCl-carbonate system

is 0:63. While, according to Fredd and Fogler, (1998), HCl-limestone follows first

order kinetics with a rate constant (ks) of 0:2 cm/s. However, according to Gdanski,

(1999), the reaction order of HCl-carbonate system is 0:5 with a rate constant of

10�2 moles0:5/ft1:5s. A change in the reaction order and the magnitude of reaction

rate constant will lead to a change in PVBT and the optimum acid injection rate but

the qualitative nature of the acidization curve and dissolution patterns will remain

the same.
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Figure 3.4: Effect on reaction rate constant on wormhole pattern and acidization
curve a) ks = 1:4 � 10�4 cm/s at Da = 200, b) ks = 1:4 � 10�3 cm/s at
Da = 500; c) ks = 1:4� 10�2 cm/s at Da = 5000; d) Acidization curves.

3.5.3 Effect of Rock Properties

Carbonate rocks are very heterogeneous in nature. Different rocks have dif-

ferent properties such as initial permeability, heterogeneity (magnitude as well as

length scale) and pore connectivity. Here, we analyze the effect of above men-

tioned rock properties on the acidization process.

Effect of Initial Permeability

Here, we analyze the effect of initial rock permeability on the optimum acid in-

jection rate as well as PVBT . It should be kept in mind that initial permeability is an

inherent property of the rock and depends on the formation of the rock. The av-
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erage permeability of the rock keeps on increasing as the acidization progresses

and depends on the acid-rock interaction. The effect of initial permeability on the

acidization curve is shown in Fig.3.5. Here, we observe that stimulation becomes

less efficient (as PVBT at the optimum injection rate is higher for large permeability

rock) with increase in initial permeability, which is in accordance with the exper-

imental study by Frick et al. (1994) and Bazin (2001). However, optimum acid

injection rate decreases with increase in initial permeability. As shown in the pre-

vious section, for kinetically controlled reactions (as in our numerical study) when

lHT > lT , the optimum injection rate decreases with initial rock permeability as

K�1=2 where K is the initial permeability of rock. The numerical simulations shown

in Fig.3.5 confirm this result from scaling analysis. While, it may seem contradic-

tory to the experimental study by Bazin (2001), it should be kept in mind that each

rock is characterized by its porosity/permeability distributions, heterogeneity and

pore connectivity. Any change in these rock properties will represent different type

of carbonate rock and different optimum injection rate will be observed. In our nu-

merical study, we have only increased initial permeability of rock while keeping all

other rock properties fixed, which might not be realistic to compare with the exper-

imental study in which all the rock properties are not reported. If we assume that

higher permeability rock also has higher average porosity, then according to our

scaling analysis, optimum injection rate will increase with initial rock permeability

(if the transverse dispersion-reaction length scale (lT ) is greater than the hetero-

geneity length scale (lHT ) and relative increment in average porosity (�o) is higher

than the initial permeability (Ko)), which agrees qualitatively with the experimental

results of Bazin (2001).

Effect of Medium Heterogeneity

Heterogeneity in the rock may present in terms of porosity, permeability or min-

eralogical distribution. This distribution depends on the formation of the rock. As
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Figure 3.5: Effect of normalized initial permeability (�) on the optimum injection
rate and pore volumes required to breakthrough (PVBT ).

previously discussed, heterogeneity is defined by its magnitude as well as length

scale. The effect of both (heterogeneity magnitude as well as length scale) on

the 2-D acidization process was previously discussed by Kalia and Balakotaiah

(2009). However, Oliveira et al. (2012) has discussed the effect of mineralogical

heterogeneity on the 3-D acidization process but the individual effect of hetero-

geneity magnitude and length scale on 3-D acidization process is not clear. Here,

we study the effect of heterogeneity magnitude and length scale on the dissolu-

tion process. Finally, we analyze the effect of constant total heterogeneity ($, the

product of heterogeneity magnitude and heterogeneity length scale as defined by

Kalia and Balakotaiah, 2009) on dissolution patterns by varying the heterogeneity

magnitude or length scale.

The effect of heterogeneity magnitude on the dissolution pattern is summa-
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rized in Fig.3.6. As expected intuitively, wormhole becomes highly branched as

the heterogeneity magnitude is increased. For example, at low heterogeneity mag-

nitude (��o = 0:01 in this case), the variation in local permeability is not so high,

therefore acid doesn’t change its flow direction and pretty much straight wormhole

is observed, as shown in Fig.3.6a. At the limiting case, when no heterogene-

ity (��o ! 0:00) is present in the rock, the dissolution pattern will be similar to

face dissolution. At the intermediate heterogeneity magnitude (��o = 0:1 in this

case), one dominant wormhole forms with few number of side branches and dis-

solving the least amount of rock, as shown in Fig.3.6c. The growth of some of the

branches is stopped because the one providing the least resistance to flow draws

most of the acid. Whereas, for very high heterogeneity magnitude (��o = 0:19 in

this case), variation in local permeability will be very high, therefore, acid finds a

lots of high permeability zones to flow, creating a highly branched wormhole, as

shown in Fig.3.6d. To analyze the effect of heterogeneity magnitude on the disso-

lution pattern, the fractal dimension (df ) is measured using box counting method

and it was found that fractal dimension increases exponentially with the hetero-

geneity magnitude as shown in Fig.3.7. At the optimum injection rate, the effect

of heterogeneity magnitude on PVBT is shown in Fig.3.8. It is interesting to note

that there exists a critical heterogeneity magnitude (��o = 0:07 in this case) for

which PVBT is minimum. At very low heterogeneity magnitude, rock doesn’t have

as high as permeability regions as rock having high heterogeneity magnitude have.

Therefore, acid has to dissolve more rock compared to the rock having high het-

erogeneity magnitude, to increase the average permeability by same factor, which

leads to high PVBT value. On the other hand, for rock having high heterogene-

ity magnitude, highly branched wormhole is formed. Thus, acid dissolves overall

more rock compared to the rock having critical heterogeneity, which leads to higher

PVBT value.
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Figure 3.6: Effect of heterogeneity magnitude (�"o) on wormhole patterns a)�"o =
�0:01; b) �"o = �0:05; c) �"o = �0:10; d) �"o = �0:19.

A similar trend is obtained when we examined the effect of heterogeneity length

scale (lHT ) on PVBT , as shown in Fig.3.9. At very low as well as high heterogene-

ity length scale, dissolution occurs similar to that in the face dissolution regime,

where acid dissolves the whole rock behind the reaction front which leads to high

PVBT . Therefore, there exists a critical heterogeneity length scale (lHT=�x = 10;

in this case) or total heterogeneity ($) at which PVBT is minimum, which also con-

firms the results obtained by varying the heterogeneity magnitude. The effect of

heterogeneity length scale on wormhole pattern is shown in Fig.3.10a,b and c.

We observed that wormhole becomes less fractal in nature, as the heterogeneity

length scale is increased. In addition, the wormhole tip diameter is of the order of
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Figure 3.7: Effect of heterogeneity magnitude (��o) on the fractal dimension of the
wormhole formed at close to optimum injection rate.
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Figure 3.8: Effect of heterogeneity magnitude (��o) on the pore volumes of acid
required to breakthrough (PVBT ).

heterogeneity length scale, which confirms our scaling analysis presented in pre-

vious section. For example, in Fig.3.10c where heterogeneity length scale (� 1:2

mm) is bigger than the reaction length scale (� 0:4mm), we notice that the worm-

hole tip diameter is order of the heterogeneity length scale. The fractal dimension

(df ) of wormhole decreases exponentially with increase in heterogeneity length

scale, as shown in Fig.3.10d.

For constant total heterogeneity ($), PVBT is nearly constant throughout vari-

ous dissolution regimes (as Da = 10 corresponds to uniform dissolution, Da = 200

corresponds to wromholing regime, Da = 1000 corresponds to conical regime), as
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Figure 3.9: Effect of heterogeneity length scale (lHT ) on the pore volumes of acid
required to breakthrough (PVBT ) for a fixed �"o = �0:15.

shown in Fig.3.11, which confirms the 2-D study by Kalia and Balakotaiah, (2009).

The dissolution patterns for constant heterogeneity ($), differ from one another

depending on the heterogeneity magnitude and length scale, as shown in the

Fig.3.12, even though PVBT is constant. We observed that wormhole becomes

highly branched and fractal in nature with increase in heterogeneity magnitude.

The fractal dimension (df ) of wormhole increases exponentially with increase in

the heterogeneity magnitude while keeping the total heterogeneity ($) constant,

as shown in Fig.3.13.

65



Figure 3.10: Effect of heterogeneity length scale (lHT ) on wormhole patterns and
fractal dimension a) lHT=4 x = 1; b) lHT=4 x = 2; c) lHT=4 x = 5;
d) fractal dimension vs. lHT=4 x:

Sensitivity Analysis of Dissolution Process to Permeability-Porosity Relation

To describe the change in local permeability with porosity, we have chosen the

modified Carman-Kozeny equation (Eq.3:66) in the pore scale model. The choice of

this correlation was independent of the other model equations and parameters. A

single parameters � was used to describe the change in permeability, average pore

radius and surface area per unit volume with porosity. The numerical value of �

depends on the rock formation and should be found out experimentally. Therefore,

we analyze the sensitivity of the acidization process to the permeability-porosity

relation through two ways: first by changing the parameter � used in Eq.3:66; and
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Figure 3.11: PVBT as a function of heterogeneity length scale (lHT ) for constant
total heterogeneity ($):

second, by different choice of permeability-porosity relation given by Eq.3:67
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K
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"o
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"(1� "o)
"o(1� ")

�2�
= f1(") and (3.66)
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K
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"o

�3
exp

�
�

�
("� "o)
(1� ")

��
= f2("): (3.67)

From Fig.3.14a, it should be noted that permeability increases at a faster rate

with porosity, as � value increases. It means that dissolution of small amount of
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Figure 3.12: Effect of heterogeneity magnitude with a fixed $ = j�"oj lHT = 0:007
on wormhole patterns a) �"o = �0:075; b) �"o = �0:03; c) �"o =
�0:015; d) �"o = �0:01:

rock will be required to breakthrough. Similar trend is observed by our numerical

study as shown in Fig.3.14b. As � value is increased form 1 to 7, PVBT at the

optimum injection rate, goes down from 10:3 to 3:0. It is also interesting to note that

the optimum injection rate decreases with increase in � value. This trend is due

to the fact that surface area per unit volume and hence the effective reaction rate

constant (keff ) decrease with increase in � value. The decrement in effective reac-

tion rate constant (keff ) leads to decrement in optimum injection rate, as optimum

injection rate (Qopt) is related with reaction rate constant (keff ) as Qopt n
p
keff ,

presented in Eq.4:24.

Now, we choose a different permeability-porosity relation (Eq.3:67) to analyze

the dissolution process and compare with the acidization curve obtained using the
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Figure 3.13: Fractal dimension versus heterogeneity magnitude (��o) for constant
total heterogeneity ($):

Carman-Kozeny Eq.3:66 as shown in Fig.3.15a and b. It is found that lower PVBT

is obtained for the rock for which permeability increases faster with porosity, com-

pared to other rock. In contrast, close to the face dissolution regime, PVBT for both

rocks approaches the asymptotic limit which is given by PVBT =
(1� "o)
"oNac

. Worm-

hole patterns obtained for different permeability-porosity relations are different from

each other in terms of wormhole diameter and branching as shown in Fig.3.15c

and d. Therefore, to compare the simulation results with the experimental data, we

must know the permeability-porosity relation during dissolution accurately.
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Figure 3.14: Effect of pore-broadening parameter (�) on the permeability variation
with porosity and acidization curve.

3.6 3-D Simulation Results and Discussion with HCl

In previous section, we focused on a qualitative comparison of 3-D numerical

results for slow reacting acids with experimental data and presented a sensitivity

analysis of the acidization process with respect to various transport, reaction and

rock properties. The primary objective of this section is to quantitatively predict

the experimentally observed acidization curve and dissolution patterns in carbon-

ates, so that the validated model could be used for field scale simulations. In

this section, we use a new two-parameter (pore connectivity and pore broadening)

structure-property relation to account for change in permeability, pore radius and

interfacial area per unit volume with porosity, unlike previous studies where only

one parameter was used. The reason behind two-parameter structure-property

relation is that permeability is very sensitive to porosity during acidization, when

compared to pore radius and interfacial area per unit volume. The numerical val-

ues of these parameters depend on the acid-rock interaction and can be obtained

by performing acidization experiment in uniform dissolution regime. The details of
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Figure 3.15: Impact of using different permeability- porosity correlations (a) on the
acidization curve (b) and wormhole structure at optimum injection rate
(case (c) for � = f1(�) and case (d) � = f2(�)).

two-parameter structure property relation is as follows:

3.6.1 Two-parameter structure-property relation

As dissolution proceeds, local permeability, porosity and interfacial area per

unit volume change with time. The change in these local rock properties, depend

on the history of dissolution. However, for a given rock, several direct correla-

tions have been formulated to describe these changes with porosity (Civan, F.,

2001). The choice of the correlation is independent of the Darcy scale model

but greatly affects the acidization process. In several previous studies, a modi-

fied Carman-Kozeny correlation was used; where a single parameter governs the
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change in permeability, pore radius and interfacial area per unit volume with poros-

ity. However, pore radius and pore-connectivity can change independently and

both can lead to increase in permeability. Therefore, we use a new two-parameter

(pore-connectivity and pore-broadening) structure-property relation to capture the

change in permeability, pore radius and interfacial area per unit volume with poros-

ity, more accurately. The pore-connectivity parameter accounts for the increment

in permeability resulting from the opening of pore throat restrictions (without af-

fecting the pore radius and interfacial area per unit volume). In contrast, the pore-

broadening parameter accounts for increment in permeability resulting from the

broadening of pores by the surface reaction. The numerical values of these pa-

rameters depend on the acid-rock interaction and can be obtained by performing

acidization experiment in the uniform dissolution regime. In these experiments, a

short-length rock sample should be used to ensure that no concentration gradient

exists along the length of core (i.e., acid concentration is nearly same throughout

the rock sample and permeability increases uniformly throughout the rock). Now,

as dissolution progresses, the average permeability of the rock can be measured

with time by measuring the pressure drop across the rock sample. Similarly, the

average porosity can be measured with time by measuring the Ca+2 ion concentra-

tion in the effluent. Once, we have the permeability and porosity data with time, we

can evaluate the parameters used in structure-property relation by performing re-

gression analysis. Since there are no experimental data available on permeability

variation in uniform dissolution regime for Indiana limestone (on which most of the

experimental studies are done) with HCl, we choose these parameters based on

the experimental study by McCune et al. (1979) where the thin disks of Spergen

limestone (1:5 inch diameter and 0:25 inch or less in length) were acidized with HCl

in the uniform dissolution regime. Here, we adjust slightly the numerical values of

the pore-connectivity and the pore-broadening parameters to match the simulation
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results with the experimental data for Indiana limestone-HCl system. It should be

noted that these parameters are scaled-up parameters (as the actual dissolution

takes place inside pores) and the numerical values of these parameters depend

on the rock structure, diffusivity and reactivity of the acid. Therefore, these val-

ues are specific to rock-acid system and should be determined experimentally, as

discussed above.

In the two-parameter structure-property relation, the permeability, pore radius

and interfacial area per unit volume as a function of porosity are given by

K = KI;
K

Ko

=

�
"

"o

� �
rp
ro

�2
;
rp
ro
=

�
" (1� "o)
"o (1� ")

��
;
av
ao
=

�
"

"o

��
ro
rp

�
; (3.68)

where K is the magnitude of local permeability; I is the identity tensor; Ko is the

initial average value of permeability, rp is the mean pore radius, ro is the initial

mean pore radius, ao is the initial interfacial surface area per unit volume, � is

pore-broadening parameter, and  is the pore-connectivity parameter.

The model Eqs.5:1�5:7 along with the initial and boundary conditions in Eqs.3:7�

3:11 using 5:5 are numerically solved to study the dissolution process in 3-D. It

should be noted that we need approximately 160 million number of cells to capture

the face dissolution accurately for a 4 � 4 � 10 cm rectangular parallelepiped car-

bonate rock acidizing by HCl, as per the 1D model analysis presented in above

section. The numerical simulation with such a large number of cells will be imprac-

tical. Therefore, for this study, we restrict ourselves close to the wormholing and

uniform dissolution regimes where we don’t need such a large number of cells.

Here, we fix the mesh size at 180� 72� 72 cells with 180 cells in the flow direction

and 72 cells each in the transverse directions. The mesh size is selected on the

basis of the final values. The dimensional mesh size is . The mesh is refined until

the final values become insensitive to the mesh size. It should be noted that we
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Table 3.3: List of parameters used in simulation.
Parameter Value

L 10 cm
ro 1 �m
avo 50 cm�1

Ko 1 md
ks 0:2 cm/s
Dm 3:6 � 10�5 cm2/s
�s 2:71 g/cm3

� 1 cp
Sh1 3:66
"o 0:18
�"o �0:03
�os 0:5
� 9
 30

lHT=�x 2
�X 0:5
�T 0:1

are simulating 4� 4� 10 cm rectangular parallelepiped shaped core instead of the

cylindrical core (with diameter 3:8 cm and length 10:2 cm) used in the experimental

study by Fredd and Fogler (1998). Therefore, a slight deviation in the optimum

acid injection rate and from the experimental values is expected. The values of

various parameters and dimensionless numbers used in simulations are shown in

table 3.3. All these values are fixed unless otherwise stated.

3.6.2 Effect of Acid Injection Rate

In this section, we present the effect of acid injection rate on average rock per-

meability, pore volumes to breakthrough (PVBT ) and dissolution patterns while the

other parameters are fixed. In the experimental studies, acid is injected at a con-

stant rate at one face of the core and collected at the other face. The pressure

drop across the rock is measured as dissolution progresses and average perme-

ability of the rock is calculated using Darcy’s law. It has been observed from these

experimental studies that the amount of acid required to increase the average rock

permeability by a certain factor depends on the acid injection rate. Hoefner and
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Fogler (1988) studied the limestone-HCl system and concluded that amount of

acid required to increase the average permeability decreases with increase in acid

injection rate as shown in Fig.3.16a. For example, as the acid injection rate in-

creases (from Q = 6:0 � 10�4 m3/hr to Q = 24 � 10�4 m3/hr) acid requirement

decreases. These experimental results are valid only for the range of acid injection

rate studied. From the experimental study on limestone-EDTA system (Fredd and

Fogler, 1998), it has been observed that there exists an optimum acid injection

rate at which amount of acid required to increase the average permeability is the

least. Similar to the experimental study by Fredd and Fogler (1998), the existence

of an optimum acid injection rate is observed from our numerical studies as shown

in Fig.3.16b. For example, at very low acid injection rate (Q = 5:4 � 10�4 m3/hr),

average permeability increases very slowly with pore volumes of acid injected. As

the acid injection rate is increased, the rate of increase in average permeability

increases up-to a certain acid injection rate (Q = 11:5�10�4 m3/hr). At this acid in-

jection rate, permeability increment is steepest as compared to other acid injection

rates. This injection rate is the optimum injection rate and depends on the trans-

port, reaction and rock properties, as discussed in the previous section. For higher

acid injection rates (i.e. Q = 28:8 � 10�4 m3/hr) than the optimum acid injection

rate (Q = 11:5 � 10�5 m3/hr), the rate of permeability increment decreases with

increase in acid injection rate. The reason behind such trend is due to the fact that

acid leak-off increases with increase in acid injection rate as a result neither new

pore connections are made nor do pore radii increase which are the contributing

factor in increment of permeability.

The acidization curve obtained from the 3-D numerical simulations and exper-

iments (Fredd and Fogler, 1998) are shown in Fig.3.17. It can be seen from this

figure that the acidization curve obtained using the new two-parameter structure-

property relation matches very closely with the experimentally observed acidization
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Figure 3.16: Permeability response at various acid injection rates a) Experimen-
tally observed mobility curve for limestone-HCl system (Hoefner and
Fogler, 1988), b) Numerically simulated mobility curve for limestone-
HCl system.

curve. For example, according to Fredd and Fogler (1998), the optimum injection

rate for HCl-Indiana limestone is 1�2 cm3/min which is close to the numerical sim-

ulated optimum injection rate (Q = 1:92 cm3/min). In addition, the amount of acid

required to breakthrough at the optimum injection rate is close to one PVBT , as ex-

perimentally observed. It should also be noted that the amount of acid required to

breakthrough in the uniform dissolution regime increases with acid injection rate as

Q1=3; as experimentally observed by Bazin (2001). However, at very high injection

rates, PVBT increases proportionally with acid injection rate (Panga et al., 2005).

The change of slope from 1=3 to 1 in uniform dissolution regime is an interesting

observation which will be pursued in future studies. At a very low acid injection

rate, approaches the asymptotic value which is given by

PVBT ;face=
(1� �o) �s
�o�Co

; (3.69)

where PVBT ;face is amount of acid required to completely dissolve the rock. For the

simulation parameters taken for the numerical study, this asymptote value is 455:5,

which is hard to achieve by 3-D numerical simulation, as discussed in the previous
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Figure 3.17: Comparison of Acidization curve obtained from experimental and nu-
merical study: a) Experimentally determined acidization curve (Fredd
and Fogler, 1988) and b) acidization curve obtained from 3-D numer-
ical simulation.

section.

The experimentally observed and simulated dissolution patterns (uniform, rami-

fied, wormhole, conical and face) for various injection rates are shown in Fig.3.18a,

b, c, d, e and f, respectively. At a very high acid injection rate, acid reaches to every

part of the domain and increases the porosity uniformly thus uniform dissolution

pattern is formed. As the acid injection rate is decreased such that convection still

dominates over dispersion, a highly branched wormhole called ramified wormhole

is formed. At some intermediate acid injection rate (Q = 1:92 cm3/min) where

convection and transverse dispersion become comparable, a dominant wormhole

with few branches is formed. As the acid injection rate is decreased further such

that transverse dispersion slightly dominates over convection, conical wormhole is

formed. At very low acid injection rate, instabilities created due to heterogeneity

are suppressed by the transverse dispersion and acid dissolves the whole rock

face that leads to the face dissolution pattern.

As discussed in above section that pore radius and pore-connectivity can change
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Figure 3.18: Comparison of dissolution patterns obtained from experimental and
3-D numerical simulations (i) Experimentally observed dissolution; (ii)
Numerically simulated dissolution a) Uniform, b) Ramified, c) Worm-
hole, d) Conical, e) Face.
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independently and both can lead to increase in permeability. Therefore, we present

a sensitivity analysis of these parameters to acidization curve. From a sensitivity

analysis of pore-broadening parameter, it has been observed that the optimum acid

injection rate and minimum PVBT both decreases with increase in numerical value

of �;as shown in Fig.3.19. The decrement in optimum injection rate is due to the

fact interfacial area per unit volume (av) (Eq.5:5) and hence the effective reaction

rate constant (keff ), defined as

keff =

�
kskc
ks + kc

�
av; (3.70)

decreases with increase in value �. The decrement in effective reaction rate con-

stant (keff ) leads to decrement in the optimum injection rate, as optimum injec-

tion velocity is related with effective reaction rate constant as (uopt), presented in

Eq.4:24 and 3:63. The decrement in the minimum PVBT can also be understood

by the fact that permeability increases at a faster rate with increase in � value

(Maheshwari et al., 2013). Hence, a lower amount of rock needs to be dissolved

to increase the permeability by a certain factor (which is usually taken 100) when

compared to the acid-rock system having lower value.

From the sensitivity analysis of the pore-connectivity parameter (), it was ob-

served that acidization curve shifts vertically (minimum PVBT either increases or

decreases) while the optimum injection rate remains unchanged, as shown in

Fig.3.20. The reason behind the vertical shift in acidization curve can be under-

stood by the fact that if pores are well connected and small amount of acid will be

required to dissolve the blockage in between them to increase the permeability by

a certain factor. Since the interfacial area per unit volume and so the effective reac-

tion rate are not affected by the pore-connectivity parameter, the optimum injection

rate remains unchanged.
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Figure 3.19: The effect of pore-broadening parameter (�) on the acidization curve.
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Figure 3.20: The effect of pore-connectivity parameter () on the acidization curve.
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3.6.3 Effect of Heterogeneity in Porosity Distribution

In carbonates, heterogeneity in porosity, permeability or mineralogy varies vastly

in terms of magnitude as well as length scale. Several experimental and numer-

ical studies (Ziauddin et al., 2007; Kalia and Balakotaiah, 2009; Oliveria et al.,

2012) have been attempted to analyze the effect of heterogeneity on the acidiza-

tion process. On the basis of porosity distribution, Ziauddin et al. (2007) classified

carbonate rocks and observed that the behaviors of rocks of particular type are

same. Oliveria et al. (2012) investigated the effect of mineralogical heterogeneity

and found that rock composition greatly affects The 2-D numerical study by Kalia

and Balakotaiah (2009) provided insight of the effect of heterogeneity magnitude

and length scale in porosity distribution on the dissolution process. However, the

effect of heterogeneity magnitude and length scale in porosity distribution on the

3-D dissolution (which is close to actual dissolution phenomena) still remained to

be investigated. In this study, we first analyze separately the effect of heterogene-

ity magnitude and length scale on the 3-D dissolution process. Finally, we analyze

the effect of heterogeneity magnitude or length scale for constant total heterogene-

ity ($ = j��oj lHT ), the product of heterogeneity magnitude and length scale, as

defined by Kalia & Balakotaiah, 2009).

Effect of Heterogeneity Magnitude

The effect of heterogeneity magnitude on is shown in Fig.3.21. It is interesting

to note that there exists a critical heterogeneity magnitude (��o = �0:03) at which

is minimum when compared to very low (��o = �0:001) and high heterogeneity

magnitude (��o = �0:07) rock. In low heterogeneity magnitude rock, there are

not as many high permeability regions as in the rock having high heterogeneity.

Therefore, acid has to dissolve more rock in the former case as compared the lat-

ter case to increase the average permeability by the same factor, which leads to

high PVBT : At the limiting case, when no heterogeneity (��o ! 0:00) exists in the
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Figure 3.21: Effect of a fixed heterogeneity length scale and varying magnitude
(��o) on the pore volumes of acid required to breakthrough (PVBT )
obtained by numerical simulations.

rock, dissolution occurs similar to the face dissolution and PVBT approaches the

asymptotic value of amount of acid required to completely dissolve the rock. On

the other hand, a rock having high heterogeneity magnitude has lots of alternate

low resistance paths for the acid to bypass the low permeability regions. There-

fore, acid flows in various directions and dissolves overall more rock thus higher

PVBT is observed when compared to the rock having a critical heterogeneity. The

existence of the critical heterogeneity obtained by numerical simulations matches

the experimental study by Daccord et al. (1987).Dissolution patterns at the opti-

mum acid injection rate from 3-D numerical simulation are shown in Fig.3.22 a,

83



b, c, for various heterogeneity magnitude rocks. At low heterogeneity magnitude,

wormholes are straight and smooth. As the heterogeneity magnitude is increased,

wormhole becomes highly branched and fractal in nature. Box counting method

is used to measure the fractal dimension of the dissolution patterns. It has been

found that fractal dimension of wormhole increases linearly with the heterogeneity

magnitude, as shown in Fig.3.22d. However, in the numerical study by Maheshwari

et al. (2013), where Carman-Kozeny relation was used to describe the change in

permeability with porosity, fractal dimension of the wormhole increases exponen-

tially with the heterogeneity magnitude. It shows that fractal nature of the disso-

lution pattern depends strongly on the acid-rock interaction (permeability-porosity

relation).

Effect of Heterogeneity Length Scale

The sensitivity of the dissolution process to the heterogeneity length scale (lHT )

also confirms the existence of a critical heterogeneity length scale, as shown in

Fig.3.23. At very low and high heterogeneity length scales, dissolution will oc-

cur similar to the face dissolution where acid dissolves the whole rock behind the

reaction front, which leads to high PVBT . However, at the critical heterogeneity

length scale (lHT=�x = 2 or lHT = 1:1 mm), a dominant wormhole with few side

branches is formed thus dissolving the least amount of rock or requiring the least

amount of acid. The dissolution patterns corresponding to various heterogeneity

length scales are shown in Fig.3.24 a, b, c and d. It is interesting to note that the

wormhole tip diameter is of the order of heterogeneity length scale which confirms

our scaling analysis presented in the previous section. For example, in Fig.8 c

where heterogeneity length scale (lHT = 2:22 mm) is bigger than the transverse

dispersion-reaction length scale (lT � 0:10 mm); we notice that the wormhole tip

diameter is order of the heterogeneity length scale. It has also been observed that

fractal dimension of wormhole decreases linearly with the heterogeneity length
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Figure 3.22: Effect of a fixed heterogeneity length scale and varying magnitude
(��o) on wormhole patterns and fractal dimension a) ��o = �0:001
, b) ��o = �0:02, c) ��o = �0:03, d) Fractal dimension (df ) as a
function of heterogeneity magnitude (��o).

scale, as shown in Fig.3.25.

When the total heterogeneity ($) is constant at 0:033 mm, the sensitivity of

the dissolution process to the heterogeneity length scale or magnitude is shown

in Fig.3.26. It can be easily seen from this figure that PVBT is nearly constant

throughout the various dissolution regimes (as Q = 192 cm3/min corresponds to

uniform dissolution, Q = 1:92 cm3/min corresponds to wormholing regime and Q =

0:48 cm3/min corresponds to conical regime). It matches with the 2-D study by

Kalia and Balakotaiah (2009). However, the wormhole structures differ from one
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Figure 3.23: Effect of a fixed heterogeneity magnitude (��o = �0:03) and vary-
ing length scale (lHT ) on the pore volumes of acid required to break-
through (PVBT ) obtained by numerical simulations.

another depending on the heterogeneity magnitude and length scale, as shown in

the Fig.3.27 a, b, c, d. Wormholes become highly branched and fractal in nature

with increase in heterogeneity magnitude or decrease in heterogeneity length scale

when total heterogeneity remains constant. In this case, the fractal dimension of

the wormholes deceases linearly with the heterogeneity length scale as shown in

Fig.3.28.

3.6.4 Flow in the Wormhole

In the literature, most of the studies were focused on analyzing the effect of acid

injection rate on dissolution patterns at breakthrough. The information regarding
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Figure 3.24: Effect of a fixed heterogeneity magnitude (��o = �0:03) and varying
length scale (lHT ) on wormhole patterns a) lHT=�x = 1, b) lHT=�x =
2, c) lHT=�x = 4 and d) lHT=�x = 6:

the flow of acid, obtained from analyzing the dissolution patterns at breakthrough

is limited. More specifically, we want to know how wormholes of different size grow

and their rate; if the side branches created during dissolution grow continuously;

and what happens ultimately to the flow of the acid at the breakthrough. Here, we

study the flow dynamics of acid during acidization in 2-D (as vector visualization

is easier in 2-D than 3-D) which will answer some of these questions. The main

difference between the 2-D and 3-D analysis will be the number of wormholes and

side branches. Since, we are interested only in qualitative understanding of flow

during acidization, the 2-D simulations are sufficient to provide this insight.

To analyze the flow dynamics of acid, we choose � = 1;  = 1; �o = 0:2;��o =
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Figure 3.25: Effect of a fixed heterogeneity magnitude (��o = �0:03) and varying
length scale (lHT ) on fractal dimension (df ) of wormhole.

�0:15 and Nac = 0:1similar to used in previous studies (Panga et al., 2005; Kalia

and Balakotaiah, 2009) as flow dynamics is easy to visualize. Here, we plot both

porosity and velocity field at intermediate times before the wormhole breakthrough.

Intermediate porosity profiles provide qualitative information about the flow of acid,

as porosity increases wherever acid reaches. However, the velocity field of acid

provides quantitative information about the flow of acid in each wormhole and side

branches. From the Fig.3.29a, it is noted that two wormholes are initiated at the

acid injection face, but the one providing the least resistance to flow draws more

acid and suppresses the growth of the other wormhole (Fig.3.29b, c). After some

time (Fig.3.29d velocity vector), the leading wormhole draws almost all the injected

88



Figure 3.26: PVBT as a function of heterogeneity length scale (lHT ) for constant
total heterogeneity ($).

acid. The comparison of porosity fields (Fig.3.29c and d porosity fields) shows that

there is no significant growth of the upper wormhole, which confirms that there is

negligible flow in the upper wormhole. By comparing the velocity fields in Fig.3.29

b and c, it can be observed that the side branches also compete between them-

selves. The growth of most of the side branches is suppressed except for the one

providing the least resistance to the flow. However, it should be kept in mind that

the side branches created during acidization will help in production phase. These

branches provides low resistance path to the oil and connect it to main wormhole

channel through which most of the oil will flow to the wellbore. It should be noted

89



Figure 3.27: Effect of heterogeneity length scale or magnitude for constant total
heterogeneity ($ = 0:033 mm) on wormhole patterns a) lHT=�x = 2
or �"o = �0:03, b) lHT=�x = 3 or �"o = �0:02, c) lHT=�x = 4 or
�"o = �0:015 and d) lHT=�x = 6 or �"o = �0:01:

that because of the low aspect ratio; only one dominant wormhole reached the

exit. However, for a large aspect ratio rock, there may be more than one dominant

wormhole which may grow independently.

While the focus of the present work was on the simulation of the core acidization

experiments, the model and numerical technique can be extended to radial flow

which represents the actual flow of acid near a wellbore. It can be also be extended

to other boundary conditions such as open-hole applications or multiple perfora-

tions distributed around a well. Finally, the present approach can be extended to

simulate wormholing with non-Newtonian acids such as in-situ gelling/cross-linking

and emulsified acids. Obviously, the computational task for these extensions is
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Figure 3.28: Fractal dimension (df ) versus heterogeneity length scale, for constant
total heterogeneity ($).

more challenging and is a topic for future investigations.

3.7 Summary

In this work, we studied 3-D acidization process using the two-scale continuum

model. The effect of acid injection rate on the 3-D dissolution patterns are pre-

sented which match qualitatively with the experimental results. In addition, a new

two-parameter (pore-broadening and pore-connectivity) structure-property relation

to describe the change in permeability, pore radius and interfacial area per unit

volume with porosity is developed. It is observed that 3-D numerical study predicts

quantitatively the experimentally observed acidization curve using two-parameter

structure-property relation. Thus, the validated model can be used for field scale
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Figure 3.29: Porosity and velocity vector as dissolution progresses a) porosity and
velocity field at 1:97 pore volumes injected, b) at 2:95 pore volumes
injected, c) at 4:43 pore volumes injected and d) at 6:75 pore volumes
injected.
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simulations and can minimize the experiment requirement.

Using scaling analysis it is shown that wormhole tip diameter (dw) is the maxi-

mum of heterogeneity length scale (lHT ) and transverse dispersion-reaction length

scale (lT ). Heterogeneity length scale (lHT ) is inherent characteristic of the car-

bonate rock while transverse dispersion-reaction length scale (lT ) depends on the

reaction and transport properties of acid-rock system. For kinetically controlled re-

action (ks << kc); transverse dispersion-reaction length scale (lT ) decreases with

increase in reaction rate constant (ks) while for mass transfer controlled reaction

(kc << ks), transverse dispersion-reaction length scale (lT ) is independent of ki-

netic parameters and depends only on the transport properties. If the leakoff is

very low, wormhole diameter will be order of wormhole tip diameter. Therefore, for

vuggy carbonates when acid leak off rate is low, wormhole diameter will be order

of the vug diameter.

The effect of dissolution rate constant on wormholing is studied and it was found

that PVBT and optimum injection rate decreases with increase in dissolution rate

constant (ks). This study confirms our scaling analysis as well as experimental

result presented in the literature.

The effect of initial permeability on the dissolution process shows that PVBT

increases with increase in initial permeability (Ko); similar to the experimental ob-

servations. While, the optimum injection rate decreases asK�1=4
o for the kinetically

controlled reaction and K�1=2
o for the mass transfer controlled reaction when the

transverse dispersion-reaction length scale (lT ) is larger than the heterogeneity

length scale (lHT ). Whereas, the optimum injection rate decreases as K�1=2
o for

the kinetically controlled reaction andK�1
o for the mass transfer controlled reaction,

when the heterogeneity length scale (lHT ) is larger than the transverse dispersion-

reaction length scale (lT ). The effect of initial permeability (Ko) on the optimum

injection rate, is verified by our simulation study.
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The effect of heterogeneity magnitude (��o) on the dissolution process has

been studied and it was found that there exists a critical heterogeneity at which

PVBT is minimum. Wormhole patterns become highly branched and fractal in na-

ture with increase in heterogeneity magnitude (��o). The fractal dimension (df )

of the wormhole increases exponentially with heterogeneity magnitude (��o). The

effect of heterogeneity length scale (lHT ) on dissolution process also confirms the

existence of critical heterogeneity. The study shows that fractal dimension (df ) of

the wormhole decreases exponentially with lHT . The effect of constant total het-

erogeneity ($) on the dissolution process by increasing lHT suggests that, PVBT

for various regimes does not depend on lHT but the wormhole becomes less fractal

in nature with increasing lHT .

Preliminary study of flow dynamics inside a wormhole shows that the growth

of wormhole is dependent on the presence of nearby wormhole, as the leading

one draws more acid and the growth of others is suppressed. Additonally, side

branches created during acidization also compete themselves. The growth of most

of the side branches is suppressed except the one providing the least resistance

to flow. Finally, at breakthrough, almost all the acid goes through the main branch

of the wormhole.

From the sensitivity analysis of the permeability-porosity relation, it is observed

that different permeability-porosity relations give different dissolution patterns, op-

timum injection rate and PVBT . For a rock for which permeability increases at a

faster rate with porosity, optimum injection rate will be high while PVBT will be low.

Therefore, to compare the numerical results with the experiments data, we must

know the following five rock properties a) overall porosity, b) overall or core scale

mean permeability, c) heterogeneity magnitude, d) heterogeneity length scale and

e) permeability-porosity relation (to describe the pore connectivity during dissolu-

tion).
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Chapter 4 Carbonate Acidization with Gelled and Emul-

sified Acids

4.1 Preamble

In this chapter, the two-scale continuum model presented in chapter 2 is used

to study reactive flow with gelled and emulsified acids in 3-D conditions. More

specifically, a sensitivity analysis of the dissolution process with respect to acid

injection rate, molecular diffusivity, shear thinning behavior in 3-D is presented. In

addition, scaling analysis is developed to estimate the optimum acid injection rate

for an acid whose rheology can be described the Ostwald-de Waele model. Finally,

simulation results are compared to the available experimental data.

This chapter is organized as follows. In the next section, the model described

in chapter 2 is expanded in 3-D for gelled and emulsified acids. In section 3, we

develop a scaling criterion to estimate the optimum injection rate for non-vuggy

and vuggy carbonates. In section 4, we present 3-D simulation results on the

dissolution process and its sensitivity with respect to acid injection rate, power-law

index, rheological models and compare with the available experimental data. In

the last section, we summarize our main results.

4.2 Model description for Gelled and Emulsified Acids

The experimentally determined viscosity vs shear rate curve for a typical gelled

acid (with polyacrylamide as the polymer) at 100 and 150 oF is shown in Fig.4.1.

The same curve for a non-ionic surfactant based emulsified acid (HCl and diesel)

at 75 and 150 oF is shown in Fig.4.2. From the Figures 4.1 and 4.2, it should be

noted that both gelled and emulsified acids exhibit shear thinning behavior (i.e. the

viscosity of acid decreases with increase in shear rate). In addition, unlike emul-

sified acid, there exists a transition shear rate (a shear rate below which viscosity
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is independent of shear rate or acid follows Newtonian behavior) for gelled acid.

For example, at 100 oF, viscosity of the gelled acid is almost 62:17 cP at all shear

rates lower than 4 s�1, as shown in Fig.4.1. Therefore, we use the Ellis model to

describe the rheology of gelled acid and the Ostwald-de Waele model to describe

the rheology of emulsified acid as

�a (T; _) =

��o �1 + � �
�1=2

���1��1 �
1� � T�To

To

�
; for Gelled acid

Ho _
n�1
�
1� � T�To

To

�
; for Emulsified acid

�
; (4.1)

where �a (T; _) is the apparent viscosity of an acid whose rheology can be de-

scribed either by the Ellis or Ostwald-de Waele model. It should be noted that the

viscosity of gelled acid is known to be nearly independent of proton concentra-

tion/pH unlike in-situ gelled and emulsified acids (Navarrete et al. 2000; Gomaa et

al. 2010). For example, the viscosity of in-situ gelled acid first increases because

of the cross-linking between metal ions with polymer gel at a certain pH and then

decreases because of the precipitation of these metal ions above a specific pH

(Gomaa et al. 2010). Conversely, the viscosity of emulsified acid drops as emul-

sion breaks down on acid spending (Navarrete et al. 2000). The decrease to the

viscosity of emulsified acid regarding emulsion breakdown could not be incorpo-

rated because of the unavailability of viscosity versus pH experimental data and

can be pursued during future studies.

A comparison of experimentally observed data for both gelled and emulsified

acids as shown by dots (red circular and blue rhombohedral dots) with the fitted

rheological model using the Ellis and Ostwald-de Waele models is shown in Fig-

ures 4.1 and 4.2. It should be noted that the transition shear rate and power-law

index are nearly independent of temperature. For example, the transition shear

rate of gelled acid is almost 4 s�1 at 100 and 150 oF and the power-law index for

emulsified acid is 0:25 at 75 and 150 oF.
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Figure 4.1: Comparison of experimentally observed rheological data of gelled acid
with the fitted rheological model using the Ellis model parameters a)
�o = 62:17 cp, � 1=2 = 3:5 pa, and � = 1:47 at 100oF and b) �o = 42:27
cp, � 1=2 = 3:5 pa, and � = 1:47 at 150oF.
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Figure 4.2: Comparison of experimentally observed rheological data of gelled acid
with the fitted rheological model using the Ostwald-de Waele model
parameters a) Ho = 28408 and n = 0:24 at 75oF and b) Ho = 18027
and n = 0:24 at 150oF.

Thus, the two-scale continuum model corresponding to both gelled and emulsi-

fied acids is as

(U; V;W ) =

�
� Kx

�eff

@P

@x
;� Ky

�eff

@P

@y
;� Kz

�eff

@P

@z

�
; (4.2)
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where �eff is the effective viscosity of acid that is given by

�eff =

� �
1
�oT

�
1 + 4

3+�

�
�
�1=2

���1���1 �
1� � T�To

To

�
; for Gelled acid

Ho
12

�
9 + 3

n

�n
(150K")(1�n)=2 kUkn�1

�
1� � T�To

To

�
; for Emulsified acid

�
;

(4.6)

� is the shear stress and is given by

� = 12KrP (150K")�1=2 : (4.7)

The mass-transfer coefficient and the effective dispersion coefficients are given

by

Sh =
2kcrp
Dm

= Sh1 + 0:7Re
1=2
p Sc1=3 and (4.8)

DeX = �osDm +
2�X jUj rp

�
; DeT = �osDm +

2�T jUj rp
�

for (T = y; z): (4.9)

From the Figures 4.1 and 4.2, it should be noted that both gelled and emulsified

acids exhibit shear thinning behavior (i.e., viscosity of acid decreases with increase

in shear rate). Therefore, Stokes-Einstein relation is used to account for the change

in local diffusion coefficient with viscosity as

�effDm = constant. (4.10)

The change in local permeability (K), mean pore radius (rp) and interfacial area
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per unit volume (av) with respect to local porosity are given as

K = KI;
K

Ko

=
"

"o

�
" (1� "o)
"o (1� ")

�2�
;
rp
ro
=

r
K"o
Ko"

;
av
ao
=
"ro
"orp

: (4.11)

The initial and boundary conditions are given as

UCf � "DeX
@Cf
@x

= UoCo at x = 0; (4.12)

�Kx

�

@P

@x
= Uo;

@p

@y
= 0;

@p

@z
= 0 at x = 0; (4.13)

P = Pe;
@Cf
@x

= 0 at x = L; (4.14)

n:rP = 0; n:rCf = 0, on transverse boundaries, and (4.15)

"(l) = "o + f̂ ; Cf = 0 at t = 0: (4.16)

4.3 Analysis of optimum injection rate

From the experimental study by Fredd and Fogler, (1998), it has been observed

that the amount of acid required to breakthrough (PVBT ) at extreme acid injection

rates (very high and low) is higher when compared to some intermediate injection

rate. The injection rate that corresponds to the least PVBT , is called the optimum

injection rate. To estimate the optimum injection rate, Panga et al. (2005) and

Maheshwari et al. (2013) compared the characteristic length scales in flow and

transverse directions and developed a criterion for Newtonian acid. Here, we use

the same approach to develop a criterion to estimate the optimum injection rate for

power-law acids.

The transverse length scale is the maximum of transverse dispersion-reaction
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length scale or heterogeneity length scale and is given by (Maheshwari et al., 2013)

`T �

8><>: `rT ; if `rT > `HT

`HT ; if `HT > `rT

9>=>; ; (4.17)

where `T is the transverse length scale; `rT is the transverse dispersion-reaction

length scale that depends on the transport and reaction parameters (as discussed

below) and `HT is the heterogeneity length scale that is an inherent property of the

rock.

Since, dispersion is the main transport mechanism in the transverse direction;

the transverse length scale over which acid is consumed can be obtained by solv-

ing dispersion-reaction model as

@

@y

�
"DeT

@Cf
@y

�
= �keffCf ; (4.18)

where keff is an effective rate constant defined as

1

keff
=
1

av

�
1
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1
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�
�
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1
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2ro
Sh1Dm

�
1

ao
; (4.19)

Dm is effective molecular diffusivity of acid at any shear rate and is given by

Dm =
DmoH

�eff
= 12

�
9 +

3

n

��n
(150K")�(1�n)=2u1�nopt Dmo; (4.20)

and uopt is the optimum injection velocity of acid.

Thus, the length scale (`rT ) over which the acid is consumed in transverse

direction is given by

`rT =

s
"DeT

keff
�

s
"o
ao

�
�osDm +

2�T uopt ro
"o

��
1

ks
+

2ro
Sh1Dm

�
: (4.21)
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Similarly, convection is the main transport mechanism in the flow direction; the

axial/longitudinal length scale over which acid is consumed can be obtained by

solving convection-reaction model as

uopt
@Cf
@x

= keffCf : (4.22)

Thus, the length scale over which the acid is consumed in the flow direction (`x) is

given by

`x =
uopt
keff

: (4.23)

Wormholes are formed when the transverse and longitudinal length scales are

comparable (`T � `x) (Panga et al., 2005; Maheshwari et al., 2013). Therefore, the

optimum injection rate can be estimated from Eqs.4:17; 4:21 and 4:23, as

uopt �

8><>:
r
"oao

�
�osDm +

2�T uopt ro
"o

��
1
ks
+ 2ro

Sh1Dm

��1
; if `rT > `HT

`HTao

�
1
ks
+ 2ro

Sh1Dm

��1
; if `HT > `rT

9>=>; : (4.24)

It should be noted that Eq.4:24 is non-linear in uopt (as Dm is also function of

uopt;as per Eq.4:20) and can be solved for given rock properties (e.g., "o; ro; ao),

transport and reactive properties (e.g., n; Dmo; ks). Typical values of parameters

are listed in Tables 4.1 and 4.2. Since, the optimum injection rate given by Eq.4:24

is valid for both mass-transfer (ks >> kc) as well as kinetically controlled reactions

(kc >> ks); we analyze the optimum injection rate for both these reactions for

following two cases a) transverse dispersion-reaction length scale is larger than

the heterogeneity length scale (`rT > `HT ) and b) heterogeneity length scale is

larger than the transverse dispersion-reaction length scale (`HT > `rT ) as follows:

Case 1: When the transverse dispersion-reaction length scale is larger than the

heterogeneity length scale (`rT > `HT ):

For mass transfer controlled reaction (ks >> kc), the optimum injection velocity
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(uopt) can be approximated by (from Eq.4:24)

uopt �

s
"oSh1Dm

Ko

�
�osDm +

2�T uopt ro
"o

�
: (4.25)

If the convective contribution in dispersion is negligible, the optimum injection rate

can be simplified as

uopt �
�����12
�
9 +

3

n

��n
Dmo

q
150�(1�n)K

�(2�n)
o "noSh1�os

�����
1=n

; (4.26)

where Dmo is the diffusivity of acid at zero shear rate.

Whereas, for the kinetically controlled reaction (kc >> ks), the optimum injection

velocity (uopt) can be approximated by

uopt �

s
2"oksp
Ko

�
�osDm +

2�T uopt ro
"o

�
: (4.27)

Again, if the convective contribution to the dispersion term is negligible, the opti-

mum injection rate can be simplified as

uopt �
�����24
�
9 +

3

n

��n
ks�osDmo

q
150�(1�n)K

�(2�n)
o "

(n+1)
o

�����
1=(n+1)

: (4.28)

From the Eqs.4:26 and 4:28; it should be noted that the optimum injection rate

decreases with initial rock permeability as K�(2�n)=2n
o and K�(2�n)=2(n+1)

o for mass

transfer and kinetically controlled reactions respectively for carbonates where trans-

verse dispersion-reaction length scale is larger than the heterogeneity length scale

(`rT > `HT ). For the limiting case of Newtonian acid (n! 1), optimum injection rate

decreases with initial rock permeability (Ko) as K�1=2
o and K�1=4

o for mass transfer

and kinetically controlled reactions respectively, which is same as predicted by Ma-

heshwari et al. (2013). On the other hand, for highly shear thinning acid (n ! 0),

mass transfer controlled reactions will not exhibit the existence of optimum injection
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rate unlike kinetically controlled reactions.

Case 2: When the heterogeneity length scale is larger than the transverse

dispersion-reaction length scale (`HT > `rT ):

For mass transfer controlled reaction (ks >> kc), the optimum injection velocity

(uopt) can be approximated by

uopt � `HTaokc �
DmSh1
Ko

: (4.29)

Again, if the convective contribution in dispersion is negligible, the optimum

injection rate can be simplified as

uopt �
�����12
�
9 +

3

n

��n
�osDmoSh1

q
150�(1�n)K

�(3�n)
o "

�(1�n)
o

�����
1=n

: (4.30)

Whereas, for the kinetically controlled reaction (ks >> kc), the optimum injection

velocity (uopt) can be approximated by

uopt � `HTaoks �
2`HTksp
Ko

: (4.31)

From the Eq.4:29;it should be noted that optimum injection rate decreases with

initial rock permeability (Ko) as K�(3�n)=2n
o for mass transfer controlled reaction for

vuggy carbonates where the heterogeneity length scale is larger than the trans-

verse dispersion-reaction length scale (`HT > `rT ). For the limiting case of New-

tonian acid (n ! 1), the optimum injection rate decreases with initial rock perme-

ability asK�1
o for mass-transfer controlled reactions, which was numerically verified

by Maheshwari et al. (2013). In addition, for highly shear thinning acid (n ! 0),

mass transfer controlled reactions will not exhibit the existence of optimum injec-

tion rate, as predicted for carbonates where `rT > `HT . In contrast, for kinetically

controlled reaction, optimum injection rate is independent of power-law index (n)
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and decreases with initial rock permeability as K�1=2
o . It should also be noted that

Eqs.4:29 and 4:31 can be used to estimate the optimum injection rate for vuggy car-

bonates (because vug diameter is usually greater than the transverse dispersion-

reaction length scale), by replacing the heterogeneity length scale with the average

vug diameter.

4.4 3-D Simulation results and discussion

In this section, we present 3-D simulation results describing the sensitivity of

acidization process with respect to acid injection rate, power-law index and rhe-

ological model. The model equations 4:2 � 4:11 along with initial and boundary

conditions 4:12 � 4:16 are integrated until the breakthrough occurs. Here, break-

through is defined when over all permeability of rock is increased by a factor 100;

or overall pressure drop falls by the same factor from its initial value. To obtain

accurate solution from the model, we use finite volume discretization with implicit

time-integration method, and employ operator-splitting and multigrid techniques for

fast convergence, as discussed in Maheshwari et al. (2013). The calculations re-

ported here are done with number of mesh fixed at 200 � 80 (or 200 cells in the

x-direction and 80 cells in the y direction), therefore for a square mesh, this gives

an aspect ratio of 0:4. The mesh size is selected on the basis of final PVBT values.

The dimensional mesh size is �x = �y = 0:5 mm. The mesh is refined until the

final PVBT values becomes insensitive to mesh size. The values of parameters

used in the simulations are listed in tables 4.1 and 4.2. All these values are fixed

unless otherwise stated. We performed simulations on high performance clusters

available at University of Houston. The computational time varies based on the

acid injection rate. For example, at a very high and low acid injection rate, compu-

tational time is in days. However, computational time is close to 2 � 3 hours, near

the wormholing regime.

105



Table 4.1: List of parameters used in simulation.

Parameter Value
L 10:0 cm
ro 1 �m
avo 50 cm�1

Ko 10 md
ks 0:2 cm/s

DmHCl 3:6 � 10�5 cm2/s
DmGelled 7:2 � 10�5 cm2/s
�s 2:71 g/cm3

�HCl 1 cp
�gelled 62 cp
n 0:68

Table 4.2: List of dimensionless numbers used in simulation.

Dimensionless Parameter Value
Sh1 3:66
"o 0:2
�"o �0:15
�os 0:5
Nac 0:1
�y 0:4
� 2

lHT=�x 2
�X 0:5
�T 0:1

4.4.1 Effect of acid injection rate

Both gelled and emulsified acids exhibit shear thinning behavior (i.e. viscosity

decreases with increase in shear rate) and shear rate at any location in the domain

depends on the local velocity. Therefore, to analyze the effect of acid injection

rate on the dissolution process, we simulate following three cases: a) shear rate

( _) in porous media is always lower than the transition shear rate ( _� ) at all acid

injection rates, b) shear rate ( _) in porous media is always higher than the transition

shear rate ( _� ) at all acid injection rates, and c) shear rate ( _) in porous media can

be higher or lower than the transition shear rate ( _� ) based on the local velocity.

The first case where _ < _� ; will only be applicable to gelled acid as emulsified
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acid does not exhibit transition shear rate. In this case, gelled acid will follow

Newtonian behavior and the only difference between gelled acid and neat HCl will

be in their viscosities. For example, the base viscosity of gelled acid is higher

(because of the presence of polymer) when compared to HCl or the diffusivity

of gelled acid is lower than the diffusivity of HCl by a factor of viscosity ratio of

gelled acid to HCl (as per Eq.4:10). Therefore, the main objective of this case is to

analyze the sensitivity the dissolution process with respect to transport properties

(i.e. higher viscosity and lower diffusivity of gelled acid when compared to HCl). In

the second case where _ > _� ; both gelled and emulsified acids will exhibit shear

thinning behavior and we account this non-Newtonian behavior using Ostwald-de

Waele model (because of its simplicity). Here, we analyze the combined effect of

shear thinning behavior and differences in transport properties on the dissolution

process. Finally, the third case where _ < _� or _ > _� ; will only be applicable only

to gelled acid, as discussed above. Here, gelled acid can follow both Newtonian

and non-Newtonian behavior based on the local shear rate. Therefore, we use Ellis

model (because of its simplicity) to account for the asymptotic value of viscosity

at low shear rate (zero shear viscosity) along with the shear thinning behavior at

high shear rates. It should be noted that all the above mentioned three cases are

discussed for gelled and emulsified acids but these cases will also be valid for

other non-Newtonian acids (i.e., in-situ gelled and viscoelastic acids). A detailed

discussion of dissolution process corresponding to each case is as follows:

Case 1: Shear rate in porous media is always lower than the transition shear

rate ( _ < _� )

A comparison of acidization curves for gelled acid and HCl is presented in

Fig.4.3. As can be expected, the acidization curves for gelled acid and HCl are very

similar except that the acidization curve for gelled acid is shifted approximately by

62 times to lower optimum injection rate. For example, the optimum injection rate
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for gelled acid is 0:16 ml/min when compared to 10 ml/min for HCl. The prediction

of lower optimum injection rate for gelled acid when compared to HCl is also veri-

fied by scaling analysis presented in preceding section. For instance, the optimum

injection rate is proportional to molecular diffusivity for mass transfer controlled re-

actions (i.e., HCl-limestone and gelled acid-limestone) and molecular diffusivity of

gelled acid is 62 times lower than HCl. However, it is interesting to note that the nu-

merical value of minimum PVBT for both gelled acid and HCl is 2:92. The reason for

the same minimum PVBT is due to the fact that the transverse dispersion-reaction

length scale is independent of transport properties for mass transfer controlled re-

actions, as discussed in the preceding section. As a result, same amount of rock

is dissolved for both the acids, which leads to same amount of acid requirement

to breakthrough. Since, the diffusivity of gelled acid is lower when compared to

HCl, convective contribution to dispersion is dominant over molecular diffusion at a

lower acid injection rate for gelled acid. For the same reason, ramified/uniform dis-

solution regime and higher amount of acid is required to breakthrough is observed

at a lower injection rate for gelled acid when compared to HCl, as shown in Fig.4.3.

For example, at the acid injection rate of 1000 ml/min, PVBT for gelled acid is 28:25

when compared to 8:25 corresponding to HCl. In contrast, at a very low acid injec-

tion rate (10�4 ml/min), PVBT for both the acids approach the asymptotic limit. The

asymptotic limit of PVBT depends on the acid strength and rock properties and is

given as

PVBTface =
(1� �o) �s
�o�cCo

; (4.32)

where PVBTface is the asymptotic value of PVBT at low injection rate. For the simu-

lation parameters taken for the numerical study, the numerical value of PVBTface is

40 that is also verified by simulation study, as shown in Fig.4.3.

A comparison of dissolution patterns for gelled acid having unity power-law in-

dex (n) and HCl is shown in Fig.4.4. Based on the acid injection rate, different types
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Figure 4.3: A comparison of numerically simulated acidization curves for HCl with
gelled acid having power-law index (n) = 1:0.

of dissolution pattern (i.e., uniform, ramified, wormhole, conical, face) are formed

for gelled acid and HCl. For example, at 0:01 ml/min, conical wormhole forms

for gelled acid when compared to face/compact dissolution for HCl, as shown in

Fig.4.4a. The reason behind such discrepancy in dissolution patterns at the same

acid injection rate is due to the fact that the effective diffusivity of HCl is higher

when compared to gelled acid (as discussed in the preceding section). Because of

the higher diffusivity of HCl, instabilities developed at the dissolution front are com-

pletely suppressed and acid keeps on dissolving the whole face of the rock that

leads to face/compact dissolution. On the other hand, for gelled acid, instabilities

developed at the dissolution front can grow in the flow direction that leads to forma-

tion of conical dissolution pattern. Since, the diffusivity of gelled acid is lower when

compared to HCl; all the dissolution regimes (i.e., conical, wormhole, ramified) ex-
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ist at a lower injection rate for gelled acid when compared to HCl. For example,

at 0:2 ml/min, conical wormhole forms for HCl whereas wormhole forms for gelled

acid, as shown in Fig.4.4b. At an injection rate (10ml/min) higher than the optimum

injection rate of gelled acid (0:2ml/min), ramified dissolution pattern is observed for

gelled acid when compared to wormhole for HCl, as shown in Fig.4.4c. At a further

higher acid injection rate (1000 ml/min) where convection strongly dominates over

dispersion, uniform dissolution pattern is observed for gelled acid when compared

to ramified dissolution pattern for HCl, as shown in Fig.4.4d.

Case 2: Shear rate in porous media is always higher than the transition shear

rate ( _ > _� )

If the shear rate ( _) in the porous medium is always higher than the transition

shear rate ( _� ) at all acid injection rates, both gelled and emulsified acids will ex-

hibit shear thinning behavior. We account this behavior using Ostwald-de Waele

model (because of its simplicity). It should be noted that the numerical value of

power-law parameters corresponding to the experimentally observed rheological

data for gelled and emulsified acids will be different. Since, we are interested

only in qualitative understanding of the effect of shear thinning behavior on the

acidization process; we perform numerical simulations using power-law parame-

ters corresponding to the experimental data of gelled acid at 100 oF. The numerical

values of model parameters corresponding to the experimentally observed rheo-

logical data of gelled acid are listed in Table 5.1. A detailed comparison of acidiza-

tion curves and dissolution patterns corresponding to all five dissolution regimes

(i.e. face/compact, conical, wormhole, ramified, and uniform) for gelled acid and

HCl is as follows:

a) Face dissolution: At a very low acid injection rate (10�5 ml/min) such that dis-

persion dominates over convection, acid dissolves the entire face of rock that leads

to formation of face/compact dissolution pattern, as shown in Fig.4.5a. Since, acid
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Figure 4.4: A comparison of dissolution patterns for HCl with gelled acid having
power-law index (n) = 1:0; a) dissolution pattern at 10�2 ml/min, b) at
0:20 ml/min, c) at 10:0 ml/min, and d) at 1000:0 ml/min.
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dissolves the whole rock, PVBT approaches the asymptotic value (amount of acid

required to completely dissolve the rock (PVBTface)) that is given by PVBTface =
(1� �o) �s
�o�cCo

: The asymptotic value of PVBT corresponding to the simulation para-

meters taken for our numerical study, is 40:0 that also matches with numerically

obtained PVBTface for both the acids, as shown in Fig.4.6.

b) Conical wormhole: At an acid injection rate higher than the face/compact

dissolution regime such that convection starts contributing to the transport mech-

anism, instabilities developed at the dissolution front because of the heterogeneity

in porosity, start growing in the flow direction and lead to formation of conical worm-

hole, as shown in Fig.4.5b for gelled acid and Fig.4.5c for HCl. It should also to

be noted that the acid injection rate at which conical wormhole forms for gelled

acid is lower when compared to HCl. For example, at 10�3 ml/min, conical worm-

hole forms for gelled acid when compared to face/compact dissolution for HCl, as

shown in Fig.4.5b. The reason behind such discrepancy between the dissolution

patterns at the same acid injection rate is because of the differences in effective

diffusivities of HCl and gelled acid. The effective diffusivity of HCl is higher when

compared to gelled acid, as discussed in the preceding section. Because of the

higher effective diffusivity of HCl, instabilities developed at the dissolution front are

completely suppressed even at a higher injection rate (10�3 ml/min) that lead to

formation of face dissolution. On the other hand, instabilities developed at the dis-

solution front can grow in the flow direction for gelled acid and leads to formation

of conical wormhole. Since, the amount of rock dissolved by acid corresponding

to the conical dissolution is less when compared to the face/compact dissolution;

PVBT is lower corresponding to gelled acid when compared to HCl. For example,

at 10�3 ml/min, PVBT for gelled acid is 5:25 when compared to 40 for HCl, as shown

in Fig.4.6.

c) Dominant wormhole: At an acid injection rate higher than the conical wormhol-
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Figure 4.5: A comparison of dissolution patterns for HCl with gelled acid having
power-law index (n) = 0:68; a) dissolution pattern at 10�5 ml/min, b) at
10�3 ml/min, c) at 0:5 ml/min, d) at 40:0 ml/min, and e) at 104 ml/min.
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ing regime such that the individual contribution of convection and dispersion in the

transport mechanism becomes comparable, acid selectively dissolves a small part

of the rock leading to formation of dominant wormhole (Maheshwari et al., 2013),

as shown in Fig.4.5c for gelled acid and Fig.4.5d for HCl. Initially, numerous worm-

holes may form at the acid injection face, but only a few propagate, while the growth

of others is suppressed, as the leading wormholes draw most of the injected acid

(Maheshwari and Balakotaiah, 2013b). The acid injection rate that corresponds

to the least PVBT exists in this dissolution regime. From the Fig.4.6, it should be

noted that the optimum injection rate for HCl is higher (10 ml/min) when compared

to gelled acid (0:2 ml/min). The prediction of higher optimum injection rate for HCl

when compared to gelled acid is verified by scaling analysis presented in preced-

ing section. From the Fig.6, it is also interesting to note that optimum dissolution

regime for gelled acid exists for a large variation in acid injection rate when com-

pared to HCl. For example, PVBT is almost insensitive to the variation in acid injec-

tion rate from 0:02 ml/min to 10 ml/min for gelled acid whereas it changes from 33:9

to 2:92 for HCl. The reason behind the existence of optimum dissolution regime for

a large range of acid injection rate is due to the fact that the effective diffusivity for

gelled acid is not constant (according to Eqs.4:6 and 4:10) unlike HCl. As a result,

the optimum injection rate (Qopt) that increases with acid diffusivity (Dm) as Qopt �

Dm for mass transfer controlled reaction, will not be unique. For instance, the diffu-

sivity of gelled acid changes with acid injection rate as kUk1�n (as per Eqs.4:6 and

4:10). As a result, dissolution remains in the wormholing regime until the acid injec-

tion rate is such that the transverse dispersion is comparable with convection in the

flow direction. For example, at the optimum acid injection rate of HCl (10 ml/min),

wormhole is observed for gelled acid, as shown in Fig.4.5d. From the Fig.4.5d, it is

also interesting to note that the wormhole for gelled acid is thinner when compared

to HCl. The reason for thinner wormhole for gelled acid is the power-law behavior.
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Because of the power-law behavior, the viscosity of gelled acid near the wormhole

wall will be very high (as per Eqs.4:6), as velocity approaches zero at the wormhole

wall. As a result, acid near the wormhole wall will provide extra resistance to leak

off in the transverse direction which results in formation of thinner wormholes for

gelled acid. Because of the formation of thinner wormhole, PVBT at the optimum

injection rate for gelled acid (2:05) is lower when compared to HCl (2:92), as shown

in Fig.4.6.

d) Ramified/Uniform dissolution: At an acid injection rate higher than the wormhol-

ing regime such that convection dominates over dispersion (1000 ml/min), highly

branched dissolution pattern that is also called ramified dissolution pattern is ob-

served for HCl, as shown in Fig.4.5e. Since, the diffusivity of gelled acid is lower

than HCl; convection is the main transport mechanism for gelled acid. As a result,

acid reaches to every part of the domain and porosity and permeability of the rock

increases uniformly and leads to formation of uniform dissolution pattern, as shown

in Fig.4.5e. Since, the major part of the injected acid passes away unreacted in

uniform dissolution regime; higher amount of acid is required to breakthrough is ob-

served for gelled acid when compared to HCl, as shown in Fig.4.6. For example,

at 1000 ml/min, PVBT for gelled acid is 14:1 when compared to 8:25 for HCl.

Effect of power-law index The power-law index (n) of an acid depends on the

acid composition, temperature, salts present and composition of the rock. For

example, power-law index keeps on changing with polymer used in preparation of

the gelled acid. Here, we analyze the sensitivity of the power-law index on the

dissolution process and comment whether a high or low shear thinning acid will be

effective for acidization process. It should be noted that all other parameters are

fixed in the simulation study.

From the Fig.4.7, it is interesting to note that acidization becomes more effi-
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Figure 4.6: A comparison of numerically simulated acidization curves for HCl and
gelled acid having power-law index (n) = 0:68.

cient in conical and wormholing regime (as PVBT is lower) for acid having lower

power-law index. For example, at 10�3 ml/min, PVBT corresponding to acid having

0:2 as power-law index is 1:62 when compared to 2:95 for acid having 0:8 as power-

law index. The observed trend is due to the fact that, at a low shear rate (less

than 1 s�1) which is usually the case near wormhole wall, viscosity of acid having

lower power-law index is higher when compared to acid having higher power-law

index, as shown in Fig.4.8. For example, at 0:1 s�1, viscosity of acid having 0:8

as power law index is 3:0 when compared to 8:0 for acid having 0:2 as power law

index. Therefore, the effective resistance in the transverse direction for acid having

0:2 as power-law index will be 2:66 times higher when compared to acid having 0:8

as power-law index. For the same reason, acid that is having lower power-law in-

dex provides lower leak-off in the transverse direction, which results in formation of
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thinner wormhole (as shown in Fig.4.9a and d) and lower PVBT requirement when

compared to acid having higher power-law index. In addition, it should to be noted

that the fractal dimension of wormhole decreases linearly with power-law index,

as shown in Fig.4.10. It is also interesting to note that face dissolution regime is

difficult to achieve for an acid having lower power-law index when compared to an

acid having higher power law index, as shown in Fig.4.7. For example, at 10�4

ml/min, conical dissolution regime exists for acid having 0:2 power-law index when

compared to face dissolution regime for acid having 0:8 power-law index. The ob-

served trend is because of the fact that effective viscosity increases and effective

diffusivity decreases with decrease in power-law index, as discussed above. As a

result, the transverse dispersion which is the main reason to achieve face disso-

lution is lower for an acid having lower power-law index and face dissolution can

only be achieved at a lower acid injection rate when compared to an acid having

higher power-law index. On the other hand, at a high shear rate (higher than 1 s�1),

viscosity of the acid having lower power-law index is lower when compared to acid

having higher shear rate, as shown in Fig.4.8. Therefore, the resistance to flow

will be lower for acid having lower power-law index and it will be more uniformly

distributed inside the domain when compared to acid having higher power-law in-

dex. As a result, more uniform dissolution pattern and higher PVBT requirement

is observed for acid having lower power-law index when compared to acid having

higher power-law index, as shown in Fig.4.7. For example, at 100 ml/min, PVBT is

4:95 for acid having 0:2 power-law index when compared to 3:85 for acid having 0:8

power-law index acid. It is also interesting to note that minimum pore volumes to

breakthrough decreases linearly with decrease in power-law index. Therefore, at

low and optimum acid injection rates, acid having lower power-law index are more

efficient when compared to acid having higher power-law index and vice versa. In

addition, it should be noted that acidization curve shifts towards left with decrease
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in power-law index. The decrease in the optimum acid injection rate with decrease

in power-law index is verified by the scaling analysis presented in preceding sec-

tion.

Figure 4.7: Effect of power-law index (n) on the acidization curve.

Case 3: Shear rate can be lower or higher than the transition shear rate ( _ <

_� or _ > _� )

In general, shear rate ( _) at any location in porous media can be lower or higher

than the transition shear rate ( _� ). In that case, zero shear viscosity has to be

accounted along with the shear thinning behavior. Therefore, we use the Ellis

model to govern the rheological behavior of such acids. A brief description of the

Ellis model and corresponding Darcy’s law is discussed in the preceding section.

Here, we analyze the effect of rheological models (Ellis or power-law model) on the

dissolution process and compare the results corresponding to a Newtonian acid
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Figure 4.8: Effect of power-law index on the viscosity of gelled acid (having H = 1)
as a function of shear rate.

(i.e., HCl). The numerical values of rheological model (i.e., Ellis and Ostwald-de

Walele) parameters corresponding to the experimental fit rheology data of gelled

acid are listed in tables 5.1 and 5.2.

A comparison of acidization curve corresponding to HCl with acids following

the Ellis and power-law models is shown in Fig.4.11. It is interesting to note that

the minimum PVBT is in following order: PVBTHCl > PVBTEllis > PVBTPower ;where

PVBTHCl, PVBTEllis and PVBTPower are the minimum pore-volumes to breakthrough

corresponding to HCl and acid following the Ellis and power-law models, respec-

tively. The difference in the numerical values of minimum for HCl and acid following

the Ellis and power model is because of the non-Newtonian behavior. For exam-
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Figure 4.9: Effect of power-law index on wormhole pattern; a) wormhole for acid
having power-law index (n) = 0:8, b) wormhole for acid having n = 0:68,
c) wormhole for acid having n = 0:4, and d) wormhole for acid having
n = 0:2.

ple, as the velocity of acid at the wormhole wall approaches the no-slip limit of

zero, the viscosity of the acid near the wormhole wall becomes higher than the

acid far from the wall (as per Eq.6). Because of the higher viscosity, acid near the

wormhole wall will provide extra resistance to the flow and limit the rock dissolution

in the transverse direction. As a result, PVBTEllis and PVBTPower are lower when

compared to PVBTHCl : For example, the minimum PVBT corresponding to the Ellis

and power-law models are 2:40 and 2:05 respectively when compared to 2:92 for

HCl. Furthermore, PVBTEllis is higher when compared to PVBTPower because of the

fact that there is a maximum value of viscosity at low shear rate for acid following

the Ellis model (i.e., zero shear viscosity) unlike power-law model where there is
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Figure 4.10: Effect of power-law index (n) on the fractal dimention (df ) of wormhole.

no upper limit on viscosity. Because of the higher viscosity, higher resistance is

provided in the transverse direction corresponding to the power-law model when

compared to the Ellis model. As a result, lower PVBT is observed corresponding to

acid following the power-law model when compared to the acid following the Ellis

model. It should also be noted that the highest acid injection rate at which face dis-

solution can be achieved ( ) is in following order: QfaceHCl > QfaceEllis > QfacePower ;

where QfaceHCl ; QfaceEllis and QfacePower are the highest injection rates at which face

dissolution can be achieved corresponding to HCl and acid following the Ellis and

power-law model, respectively. The observed trend is due to the transverse dis-

persion. Transverse dispersion is the main reason to cause face dissolution at

low acid injection rates and it is in following order: DmHCl > DmEllis > DmPower;
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where DmHCl, DmEllis and DmPower are the effective dispersion for HCl and acid

following the Ellis and power-law model, respectively. Higher the transverse dis-

persion rate higher will be the acid injection rate at which face dissolution regime

can be achieved, as already discussed in the preceding section. Since, the diffu-

sivity of HCl is 62 times than that of zero shear diffusivity for gelled acid; QfaceHCl

will be higher than QfaceEllis and QfacePower : For example, QfaceHCl is 10�2 ml/min

when compared to 5 � 10�4 ml/min and 10�5 ml/min corresponding to QfaceEllis

and QfacePower : Furthermore, viscosity increases and diffusivity decreases with de-

crease in shear rate, as discussed previously and there is no upper limit on the

viscosity for acid following the power-law unlike the Ellis model. Therefore, the ef-

fective diffusivity corresponding to acid following the power-law model will be lower

when compared to acid following the Ellis model. As a result, face dissolution is

achieved at a lower injection rate for acid following the power-law when compared

to one following the Ellis model. It should also be noted that acidization curve

is least shallow for HCl followed by acid following the Ellis and power-law model

respectively. The observed trend is also because of the fact that the effective diffu-

sivity is not a constant for an acid whose rheology is following the power-law or Ellis

model, as discussed previously. Therefore, acidization remains in the wormholing

regime until the transverse dispersion remains comparable to convection. For ex-

ample, acidization remains in wormholing regime from 0:2 to 20 ml/min for acid fol-

lowing the Ellis model and 0:02 to 10ml/min for acid following the power-law model.

Furthermore, there is no asymptotic limit of viscosity for acid following the power-

law, unlike the Ellis model; as a result dissolution remains in wormholing regime for

a larger variation in acid injection rate corresponding to power-law model. For the

same reason, emulsified acid that usually follows power-law rheological behavior

exhibit very shallow acidization curve or even some times optimum injection rate

is not observed for them. For example, in the experimental study by Bazin (2000)
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optimum injection rate was not observed unlike the experimental study by Sayed et

al. (2012). A detailed comparison of 3-D simulation results for both emulsified and

gelled acids with the experimental data is presented in the next section. It is also

interesting to note that, at a high acid injection rate, PVBT corresponding to both

acids following the power-law and Ellis models are same while that corresponds

to HCl is lower. For example, at 1000 ml/min, the pore volume to breakthrough

corresponding to both acids following the Ellis and power-law model is 14:1 when

compared to 8:25 corresponding to HCl. The prediction of the same PVBT corre-

sponding to the power-law and Ellis model is because of the fact that both models

predict the same rheological properties at a high shear rate. The prediction of

higher PVBT for acids following the power-law and Ellis models when compared to

HCl is because of the fact that viscosity approaches zero at a high shear rate. As a

result, acid will be more uniformly distributed in every part of the domain and also

a large of it will pass through the rock unreacted. This would lead to higher PVBT .

4.5 Comparison with experiments

Here, we present a qualitative comparison of simulation results with the avail-

able experimental data. A quantitative comparison was not possible as all the

transport and rock properties i.e., shear thinning behavior, heterogeneity in porosity

(magnitude and length scale), and porosity-permeability relation were not known.

It should be noted that to compare the results obtained from 3-D numerical sim-

ulations with the experimental data, we use appropriate rheological models (i.e.

Ostwald-de Waele model for emulsified acid and Ellis model for gelled acid) with

the model parameters fitted corresponding to the experimental data of acid used.

The numerical values of all the parameters used in the simulation study are listed

in Table 5.1.

From the Fig.4.12a, it should be noted that the prediction of a shallower acidiza-

tion curve for emulsified acid from 3-D numerical simulations is verified by the ex-
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Figure 4.11: A comparison of numerically simulated acidization curves for HCl, El-
lis model (� = 1:47) and Power-law model (n = 0:68).

perimental data of Bazin (2000). For example, experimentally observed for emul-

sified acid is almost insensitive to acid injection rate from 0:06 cm/min to 1 cm/min.

In fact, the existence of the optimum injection rate was not observed for emulsified

acid unlike HCl. The discrepancy between the simulation results (that predicts the

existence of the optimum acid injection rate) and the experimental data is because

of experimental limitations. For example, acidization study for emulsified acid was

performed for a limited variation of acid injection rate (0:06 cm/min to 1:2 cm/min).

In addition, the prediction of a lower minimum PVBT for emulsified acid when com-

pared to HCl from 3-D simulations may seem contradictory to experimental results.

For example, the minimum PVBT for emulsified acid and HCl predicted from 3-D
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simulations is 2:12 and 2:92 respectively, whereas, the experiments predict the val-

ues of 0:7 and 0:4 respectively. The reason behind the discrepancy between simu-

lation and experimentally observed data is because of the fact that emulsified acid

(petronate HH) used for the experimental study was less concentrated when com-

pared to plain HCl. For instance, the emulsified acid was prepared by mixing 50

ml HCl solution (7% concentrated) with 50 ml oil. As a result, the effective concen-

tration of HCl in emulsified acid used in experiments is approximately 3:5% when

compared to 7% concentrated plain HCl. Since, we know that PVBT changes pro-

portionally with acid concentration (Panga et al. 2005); higher concentrated acid

predicts lower minimum PVBT or vice versa. For the same reason, lower minimum

PVBT was observed for HCl when compared to emulsified acid in the experimental

study. If a 7% concentrated petronate HH was used in the experimentally study,

acidization curve would have been shifted downward by a factor of 2 and the mini-

mum would have been approximately 0:35, as shown by the dotted line in Fig.4.12a.

The prediction of thinner wormhole for emulsified acid when compared to HCl is

experimentally verified, as shown in Fig.4.12b and c.

A comparison of numerically obtained acidization curve and wormhole pattern

for gelled acid and HCl with the experimental data of Gomma et al. (2010) is

shown in Fig.4.13. It should be noted that the prediction of a lower minimum PVBT

for gelled acid when compared to HCl from 3-D simulations is verified by the exper-

imental study of Gomma et al., 2010. For example, the minimum PVBT for gelled

acid and HCl predicted from 3-D simulations is 2:40 and 2:92 respectively, whereas,

the experiments predict the values of 1:4 and 1:7 respectively. However, it should

be noted that the numerical values of the minimum PVBT for both gelled acid and

HCl obtained from numerical simulations are higher when compared to the experi-

mental data. The reason for this could be because of the fact that we are using a

single parameter structure-property relation to describe the change in permeabil-
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Figure 4.12: Qualitative comparison of experiments (Bazin, 2000) and 3-D simula-
tion results on acidization curve and wormhole pattern for emulsified
acid and HCl (a) acidization curve, (b) wormhole pattern for HCl, and
(c) wormhole pattern for emulsified acid.
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ity, mean pore radius and interfacial per unit volume with local porosity. For the

actual carbonate rock, there might be two or more parameters to describe the rock

microstructure and the changes in permeability, mean pore radius and interfacial

surface area per unit volume with local porosity. For example, for a two-parameter

structure-property relation, acidization curve shifts vertically with change in pore-

connectivity parameter (Maheshwari and Balakotaiah, 2013a). Higher the numeri-

cal value of pore-connectivity parameter lower is the minimum PVBT or vice versa.

Therefore, to predict the experimentally observed acidization curve we have to

use the appropriate structure-property relation as discussed by Maheshwari and

Balakotaiah (2013a). In addition, the prediction of thinner wormhole for gelled

acid when compared to HCl is also verified by the experimental study. However,

wormhole patterns for both gelled acid and HCl obtained from 3-D numerical sim-

ulations are highly branched and fractal in nature when compared to the exper-

imentally observed wormhole patterns. This could be because of the limitations

of the resolution of CT-scan used in the experimental study or differences in het-

erogeneity in porosity and mineralogy between the rock used for experiments and

porous medium created for numerical simulations. For example, highly branched

and fractal wormholes are formed in rocks that are highly heterogeneous in poros-

ity magnitude (Maheshwari et al., 2013).

4.6 Summary

In this chapter, a modified two-scale continuum model has been used to study

carbonate acidization with gelled and emulsified acids. From the numerical simu-

lations, the following observations are made:

1) If the shear rate in porous media is always lower than the transition shear

rate, acidization curve for non-Newtonian acid (i.e., gelled and emulsified acid) will

be similar to HCl, except it will be shifted towards lower optimum injection rate. In

addition, the ratio of the optimum injection rates of gelled/emulsified acid to HCl
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Figure 4.13: Qualitative comparison of experiments (Gomma el al., 2010) and 3-
D simulation results on acidization curve and wormhole pattern for
gelled acid and HCl (a) acidization curve, (b) wormhole pattern for
HCl, and (c) wormhole pattern for gelled acid.
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will be the ratio of their molecular diffusivity. From the scaling analysis, it was

also observed that the transverse dispersion-reaction length scale is independent

of molecular diffusivity for mass-transferred controlled reactions. As a result, the

minimum pore volume to breakthrough for both gelled acid and HCl will be same,

which was also numerically validated.

2) If the shear rate in porous media is always higher than the transition shear

rate or acid follows the power-law behavior, acidization remains in the optimum dis-

solution regime for a large variation in acid injection rate, thinner wormholes and

lower PVBT is observed for these non-Newtonian acids (i.e., gelled and emulsified

acids) when compared to HCl. At a very low acid injection rate such that dis-

persion is the main transport mechanism, face dissolution is observed and PVBT

approaches the amount of acid required to completely dissolve the rock for all the

acids. However, at a very high injection rate, PVBT for the power-law acid is higher

when compared to HCl. Therefore, based on the numerical results, it is not ad-

visable to perform the acidization process using gelled and emulsified acids at a

very high injection rate. From the sensitivity analysis of the power-law index, it was

observed that acidization becomes more efficient (as minimum PVBT decreases)

and fractal dimension of wormhole decreases linearly with decrease in power-law

index (n). Therefore, acid having high shear thinning behavior (i.e., acid having low

power-law index) seems more promising for field operations.

3) If shear rate can be lower or higher than the transition shear rate, the follow-

ing observations are made:

a) The minimum pore volumes to breakthrough (PVBT ) are in the following

order: PVBTHCl > PVBTEllis > PVBTPower ; where PVBTHCl; PVBTEllis and PVBTPower

are the minimum pore-volumes to breakthrough corresponding to HCl and acid

following the Ellis and power-law model, respectively. Since, the only difference

between power-law fluid and Ellis model fluid is the existence of transition shear
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rate; acid having very lower transition shear rate (i.e., power-law fluid) seems more

efficient (as lower PVBT is observed).

b) The highest acid injection rate at which face dissolution can be achieved

is in following order: QfaceHCl > QfaceEllis > QfacePower ; where QfaceHCl ; QfaceEllis and

QfacePower are the highest injection rates at which face dissolution can be achieved

corresponding to HCl and acid following the Ellis and power-law model, respec-

tively. Therefore, power-law fluids have better applicability (as face dissolution is

minimized) at low acid injection rates.

c) The acidization curve is least shallow for HCl followed by acid following

the Ellis and power-law model respectively. Therefore, acid following power-law

rheological behavior have a wide optimum acid injection range which is good for

field operations as chances of face and uniform dissolution are minimized.

4) Using scaling analysis, it is shown that the optimum injection rate decreases

with initial rock permeability (Ko) as K�(2�n)=2n
o and K�(2�n)=2(n+1)

o for mass transfer

and kinetically controlled reactions respectively for carbonates where transverse

dispersion-reaction length scale (`rT ) is larger than the heterogeneity length scale

(`HT ), where n is the power-law index. For the limiting case of Newtonian acid

(n ! 1), optimum injection rate decreases with initial rock permeability (Ko) as

K
�1=2
o and K�1=4

o for mass transfer and kinetically controlled reactions respectively,

which is same as predicted by Maheshwari et al. (2013). In addition, for highly

shear thinning acid (n! 0), mass transfer controlled reactions does not exhibit the

existence of optimum injection rate unlike kinetically controlled reactions. In con-

trast, for carbonates where the heterogeneity length scale (`HT ) is larger than the

transverse dispersion-reaction length scale (`rT ), optimum injection rate decreases

with initial rock permeability (Ko) as K�(3�n)=2n
o for mass transfer controlled reac-

tion. For the limiting case of Newtonian acid (n ! 1), the optimum injection rate

decreases with initial rock permeability as K�1
o for mass-transfer controlled reac-
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tions, which was numerically verified by Maheshwari et al. (2013). In addition,

for highly shear thinning acid (n ! 0), mass transfer controlled reactions will not

exhibit the existence of optimum injection rate. On the other hand, for kinetically

controlled reaction, optimum injection rate is independent of power-law index (n)

and decreases with initial rock permeability as K�1=2
o :
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Chapter 5 Comparison of Constant Pressure and Con-

stant Volumetric Rate Carbonate Acidization

5.1 Preamble

In field operations, acid is more feasibly injected at a fixed pressure instead of at

a fixed volumetric rate. However, prior works indicate that a majority of the acidiza-

tion studies are focused on acid injection at a fixed volumetric rate instead of at

a fixed pressure. A preliminary 1-D numerical study of constant pressure acidiza-

tion was performed by Panga et al. (2002). The study provided the insight of the

parameters affecting the dissolution process. However, some of the basic ques-

tions i.e. how are the acidization curves corresponding to constant pressure and

constant injection acidization are different, whether there exists an optimum pres-

sure at which amount of acid is required is minimum and whether various types of

dissolution patterns (i.e., uniform, ramified, wormhole, conical, face) exist for con-

stant pressure acidization. In this work, we study constant pressure acidization in

2-D using two-scale continuum model (TSC) and answer some of the above men-

tioned unanswered questions, which will help in better understanding of acidization

process.

This chapter is organized as follows. In the next section, we present a brief de-

scription of the two-scale continuum model and 1-D analysis of constant pressure

acidization. In section 3, we analyze the flow inside leaky wormhole and estimate

the maximum length of wormhole beyond which acid cannot be transported. In

section 4, we present 2-D simulation results on the dissolution process i.e., the ef-

fect of pressure gradient on dissolution patterns and PVBT , flow dynamics of acid

during wormhole formation and dual layer acidization. Additionally, we compare

the constant pressure acidization with constant injection acidization. Finally, we

summarize our main results and discuss some possible extensions of the current
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work.

5.2 Model Formulation

The two-scale continuum model described in detail in chapter 2 is used to sim-

ulate the linear flow in 2-D for Newtonian fluids with constant pressure boundary

conditions.

For 2-D linear flow, the model becomes:

(U; V ) =
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= Sh1 + 0:7Re
1=2
p Sc1=3; and (5.6)

DeX = �osDm +
2�X jUj rp

�
; DeY = �osDm +

2�T jUj rp
�

: (5.7)

To solve the model eq.5:1-5:7, a constant pressure condition is imposed for flow

whereas Danckwert’s inlet condition with zero exit flux is used for species balance

equation in the axial direction. However, no flux boundary conditions are used in

the transverse directions for both. It is assumed that no acid is present initially

inside the rock.
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The boundary and initial conditions in mathematical form are given as

P = Po; at x = 0; (5.8)

P = Pe; at x = L; (5.9)

UCf � "DeX
@Cf
@x

= UCo at x = 0; (5.10)

@Cf
@x

= 0 at x = L; (5.11)

n:rP = 0; n:rCf = 0 on transverse boundaries, and (5.12)

Cf = 0; " = "o + f̂ at t = 0; (5.13)

where Po is the pressure at the inlet face of the domain; Pe is the pressure at the

exit boundary of the domain; L is the length of the core in the flow (x) direction; U

is the axial component of velocity at the injection face; DeX is the axial dispersion

coefficient; Co is the inlet concentration of the acid; n is the normal vector per-

pendicular to the transverse boundary; "o is the average initial porosity and f̂ is

random fluctuation in the initial porosity field. By means of this random fluctuation

(f̂ ) in porosity, we account for the heterogeneity present in the carbonate reser-

voirs. This random fluctuation (f̂ ) is assumed to be uniformly distributed in the

interval [��"o;�"o] and is added to the mean value of porosity "o.

From the above boundary conditions (Eqs.5:8-5:9), it should be noted that pres-

sure difference across the rock is maintained to a fixed value during constant pres-

sure acidization unlike constant injection acidization where acid injection rate is

maintained at a fixed value. The acid injection velocity at any of time during con-

stant pressure acidization can be obtained from Eq.5:14 as
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U =
1

�
Keff

�
�P

L

�
; (5.14)

where Keff is the overall permeability of the rock at that time; �P is the pressure

difference across the core and L is the length of the core. Since the overall per-

meability of the rock continuously increases as dissolution proceeds; acid injection

velocity will also increase with time, as per Eq.5:14. The effect of continuous in-

crement in acid injection velocity on the dissolution patterns and PVBT has been

analyzed by numerical simulations presented in the next section.

The earlier system of equations 5:1-5:7 can be reduced to a simple form at

extreme (very high or low) pressure gradients to obtain analytical relations for pore

volumes of acid required to breakthrough. For instance, at a very low pressure

gradient such that acid injection velocity is very low, acid continues dissolving the

entire face of the rock and PVBT approaches the stoichiometric amount of acid

required to completely dissolve the rock (PVBTface) given by

PVBTface =
(1� �o) �s
�o�Co

: (5.15)

Conversely, at a very high pressure gradient such that acid injection velocity

is very high, most of the injected acid passes away the domain unreacted. As a

result, acid concentration throughout the medium could be approximated as the

inlet concentration of acid. Under this assumption, Eq.5:4 could be reduced to

d"

dt
=
av�

�s

�
1

ks
+
1

kc

��1
Co: (5.16)

Denoting the final porosity required to increase the permeability by a certain

factor, by �f (this could be calculated from eq.5:5), the eq.5:16 can be integrated to
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estimate the breakthrough time as
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where �uniform is the breakthrough time in uniform dissolution regime.

To estimate the pore volumes of acid required to breakthrough (PVBT ) in the

uniform dissolution regime, we integrate the acid injection rate over a period of

breakthrough time as
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Since the acid injection velocity (U) keeps on increasing as dissolution pro-

gresses. As a result, a higher amount of injected acid will pass away unreacted

through the domain. For the same reason, it is intuitively expected that a higher

PVBT will be observed for constant pressure acidization compared to constant in-

jection case for the same initial acid injection rate. The detailed comparison of

PVBT at various initial acid injection rates is discussed in the next section.

The eq.5:18 can further be simplified in terms of pressure gradient
�
�P

L

�
as

PVBTuniform =
�s

�Co�o�L
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From the eq.5:19, it is interesting to note that breakthrough volume in uniform

dissolution regime increases linearly with pressure gradient. However, the slope

will depend on structure-property relations (i.e. how does permeability, pore radius

and surface area per unit volumes varies with porosity during dissolution) along

with the transport and reaction properties of the acid.
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Since spatial gradients do not appear in these asymptotic limits (very low and

very high pressure gradients); PVBT obtained from 1-D, 2-D and 3-D models will

approach the values obtained from Eq.5:15 and Eq.5:19.

5.3 Flow inside a leaky wormhole

Acid loss through the permeable walls of wormhole greatly affect the growth of

wormhole and the maximum acid penetration length (Buijse, 2001). For instance,

if a large amount of acid is leakedoff, the amount of fresh acid that reaches the

wormhole tip is low and the growth of wormhole is suppressed. Similarly, if the

amount of acid leakage is low, most of the injected acid reaches the wormhole tip

and hence lead to deep penetrated wormholes.

In the literature, there has been no work reported regarding the flow inside a

leaky wormhole to estimate the amount of fluid leakoff and the maximum acid pen-

etration length. Here, we analyze this case and develop an analytical solution for

them. The flow inside a wormhole strongly depends on the transport and reaction

properties of acid along with the pore structure that keeps on evolving with time

due to surface reaction (Maheshwari and Balakotaiah, 2013). Therefore, the esti-

mation of acid leakage through the walls of wormhole to the formation has to be

obtained numerically. However, the numerical simulations on a reservoir scale are

highly computationally expensive. Here, we simplify the analysis and assume no

reaction at the wormhole wall to estimate the leakoff flux and the maximum acid

penetration length. The maximum acid penetration length obtained from this analy-

sis will help in judgemental decision for field operations whether acid will be able

to bypass the damaged zone completely or not.

Fig.5.1 shows the schematic of a leaky cylindrical wormhole where fluid leaks

through the permeable walls. To simplify the analysis, we assume that flow inside

the wormhole is in steady-state laminar region (Reynolds number (Re) << 1). In

addition, we neglect the end effects that is, we ignore the fact that at the wormhole
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Figure 5.1: The schematic of a leaky wormhole of length L and radius R.

entrance and exit; flow will not necessarily be parallel to wormhole wall.

The mass balance of fluid through any cross-section of wormhole is given by

the continuity equation as

1

r

@ (rur)

@r
+
@uz
@z

= 0; (5.20)

where r is the radial distance from the axis of wormhole; z is the axial distance

from the injection face; ur is the radial component of velocity and uz is the axial

component velocity.

For the laminar flow inside wormhole, momentum balance of fluid in z and r

direction are given as
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where P is the pressure and � is the viscosity of fluid.
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To further simplify analysis,we use the lubrication approximations, i.e.
R

L
<< 1

or
@

@z
is small and ur is small. This approximation translates the model equations

5:20� 5:22 to as
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To solve the model Eqs.5:23 � 5:25, we fix pressure at the inlet and rest of the

boundaries and no slip boundary condition at the wormhole wall as

P = Pi at z = 0; (5.26)

P = Pr at rest of the boundaries, and (5.27)

uz = 0 at r = R; (5.28)

where Pi is the pressure at the inlet boundary and Pr is the pressure at rest of the

boundaries.

Furthermore, we assume that � is the thickness of the boundary layer over

which leakage flux is significant. In that case, the radial component of velocity (ur)

can be obtained in terms of pressure difference following Darcy’s law as follows:

ur(r = R; z) =
�

��
[P (z)� Pr] = � [P (z)� Pr] ; (5.29)

where � is the mobility per unit length, defined as � =
�

��
:

Since the flow inside a leaky wormhole is similar to the Poiseuille flow except

the fluid leakage through the permeable wall. Therefore, the axial component of
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velocity (uz) can be written in terms of the average axial component of fluid velocity

at any distance z from the injection face as

uz = 2�v(z)

�
1� r2

R2

�
; (5.30)

where �v(z) is the average axial component of fluid velocity at any distance z from

the injection face.

The average axial component of fluid velocity �v(z) can be written in terms of the

average fluid injection velocity and leakage function as

�v(z) = �uof(z); (5.31)

where �uo is the average fluid injection velocity and f(z) is the leakage function.

From the Eqs.5:23; 5:30 and 5:31, the axial and radial components of velocity

can be written in terms of the average injection velocity (�uo) and leakage function

(f(z)) as

uz = 2�uo

�
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f(z) and (5.32)
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From the Eqs.5:32 and 5:33, it should be noted that leakage function is required

to obtain the axial and radial component of velocity.

We use Eqs. 5:29, 5:25 and 5:32 to obtain the differential equation for leakage

function (f) as

f̋(z) =
16��

R3
f(z)� 4��

R

�
1� r2

R2

�
f̋(z). (5.34)

The solution of the above mentioned Eq.5:34 will exists only when

4��

R
<< 1: (5.35)
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Assuming that the Eq.5:35 is valid, then the Eq.5:34 reduces to

f̋(z) =
16��

R3
f(z): (5.36)

If we assume that flow near the entrance is the usual Poiseuille flow (i.e. f(z) =

1 at z = 0) and leakage function (f(z)) remains finite for z ! 1. In that case, the

leakage function will be given by

f(z) = exp
�
�4� z

R

�
; (5.37)

where � is given by

� =

r
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R
: (5.38)

From the Eqs.5:29 and 5:33, we can obtain the differential equation for pressure

in terms of leakage function (f ) as
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It should be noted that Eq.5:39 can be solved using the above mentioned boundary

condition (5:26) to obtain the pressure profile inside the wormhole as
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Since the axial and radial components of velocity can be expressed in terms of

leakage function by Eqs.(5:32 and 5:33). Thus, the approximate solution of the flow

inside a leaky wormhole is given as
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It should be noted that the solution mentioned given by (??�?? ) is valid only when

�2 =
��

R
=
�

R�
<< 1: (5.44)

However, the condition mentioned in Eq.5:44 is usually satisfied when the per-

meability (K) of the rock is small. Thus, the solution mentioned in Eqs.5:41 � 5:43

can be used to calculate the fluid leakage flux and the maximum penetration length

to wormhole beyond which fluid will not reach to the wormhole tip (as discussed in

preceding section).

From the Eqs.5:42; we can calculate the leakage flux through the permeable

wall of wormhole as

QL =

LZ
0

2�rur (R; z) dz = �R
2�uo

�
1�

�
1 + 4�

L

R

�
exp

�
�4� L

R

��
; (5.45)

where QL is the volume of fluid leaked through the permeable wall of wormhole.

Whereas, the inlet flux of fluid (Qo) to the wormhole can be obtained in terms of

average injection velocity (�uo) as

Qo = �R
2�uo: (5.46)

Therefore, the fraction of fluid leaked through the permeable wall of wormhole is

given by

fL =
QL
Qo

= [1� (1 + �) exp(��)] ; (5.47)

where fl is the fraction of fluid leaked through the permeable wall of wormhole and
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� is dimensionless parameter which is given as

� = 4�
L

R
: (5.48)

Hence, the fraction of fluid that reaches the wormhole tip is given by

fend =
Qo �QL
Qo

= 1� fL = (1 + �) exp(��); (5.49)

where fend is the fraction of the fluid that reaches the wormhole tip.

The fraction of the fluid that reaches the wormhole tip as a function of dimen-

sionless distance (�) is shown in Fig.5.2. From the Fig.5.2, it is interesting to note

that almost all the fluid leaks through the permeable walls of wormhole for � > 10:

In such case, wormhole will not grow in length. However, a significant fraction of

fluid (fend > 0:4) reaches the wormhole tip for � < 2. Therefore, it is expected that

wormhole will keep on penetrating until � < 2 or

L

R
<

r
�R

4K
: (5.50)

When the relation (Eq.5:50) is not satisfied, fluid will not reach the wormhole tip

and the growth of wormhole will be stopped.

If we assume that the thickness of the boundary layer is approximately same

as the radius of wormhole (� = R): In that case, the maximum length of wormhole

can be estimated as

L <
R2

2
p
K
: (5.51)

From the Eq.5:51; it is interesting to note that the maximum length of worm-

hole decreases with increase in permeability (K) of the rock as K�1=2. There-

fore, shorter wormholes will be observed for highly permeable rocks. This results

also seems intuitively correct because higher fluid leak off will occur through the
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Figure 5.2: Fractional flow inside leaky wormhole.

permeable wall of wormhole for higher permeability rock and hence shorter acid

penetration length.

5.4 Numerical results and discussion

The model in Eqs.5:1�5:7 is integrated using the inlet, initial and boundary con-

ditions in Eqs.5:8 � 5:13 till the breakthrough for a rectangular shaped 2-D porous

medium of dimensions 10:0 cm � 4:0 cm. Here, breakthrough is defined when the

overall permeability of the rock is increased by a factor 100 from its initial value

or the initial acid injection rate is increased by the same factor. To obtain an ac-

curate solution from the model, finite volume discretization is used with implicit

time-integration method, and operator-splitting and multigrid techniques are used

for fast convergence, as discussed in Maheshwari et al. (2013). The numerical
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Table 5.1: Numerical values of parameters used in simulation.

Parameter Value
Core Length (L) 10:0 cm

Initial mean pore size (ro) 1 �m
Initial interfacial area per unit volume (avo) 50 cm�1

Initial average permeability (Ko) 1:0 md
Surface dissolution reaction rate constant (ks) 0:2 cm/s

Acid diffusivity (Dm) 3:6 � 10�5 cm2/s
Rock density (�s) 2:71 g/cm3

Acid viscosity (�) 1 cp

Table 5.2: Numerical values of dimensionless numbers used in simulation.

Dimensionless Parameter Value
Asymptotic Sherwood number (Sh1) 3:0

Average porosity ("o) 0:2
Heterogeneity magnitude (�"o) �0:15

Heterogeneity length scale (lHT=�x) 1
Acid capacity number (Nac) 0:1

Aspect ratio of the domain (�y) 0:4
Pore-broadening parameter (�) 1

Constant in Dispersion correlations (�os) 0:5
Constant in axial Dispersion correlation (�X) 0:5

Constant in transverse Dispersion correlation (�T ) 0:1

values of various parameters and dimensionless numbers used in numerical sim-

ulations are mentioned in tables 5.1 and 5.2. The calculations reported here are

done with number of mesh fixed at 200 � 80 (or 200 cells in the x-direction and 80

cells in the y direction), therefore for a square mesh, this gives an aspect ratio of

0:4. The mesh size is selected on the basis of the final PVBT values. The mesh

is refined until the final PVBT values become insensitive to the mesh size. Sim-

ulations were performed on high performance clusters available at the University

of Houston. The computational time varies based on the acid injection rate. For

example, at an extreme (very high and low) acid injection rate, computational time

is in hours. However, computational time is close to 20 to 30 minutes near the

wormholing regime.
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5.4.1 Effect of pressure gradient

The effect of pressure gradient on the amount of acid required to breakthrough

(PVBT ) is shown in Fig.5.3. It can be seen from this figure that there exists an op-

timum pressure gradient (20 bar/cm) at which amount of acid is required to break-

through is least (PVBT = 5:02) compared to any other pressure gradient. At a

very low pressure gradient (2 � 10�4 bar/cm), PVBT approaches the asymptotic

limit of PVBT = 40 that is the stoichiometric amount of acid required to completely

dissolve the rock, as discussed in preceding section. Conversely, at a very high

pressure gradient, PVBT increases linearly with pressure gradient, as predicted by

1-D analysis presented in preceding section. The optimum pressure gradient at

which PVBT is minimum can be estimated using the lambda criterion (developed

by Panga et al., 2005 and extended by Maheshwari et al., 2013, 2014).

According to the criterion, PVBT requirement is minimum in the wormholing

regime or when the transverse and axial length scales are comparable as

� =
lT
lX
� 1; (5.52)

where � is the ratio of the transverse to axial length scales; lT is the transverse

length scale which is the maximum of transverse dispersion-reaction and hetero-

geneity length scale (Maheshwari et al., 2013) defined as

lT =

8><>: lTr if lTr > lHT

lHT if lHT > lTr

9>=>; ; (5.53)

lTr is the transverse dispersion-reaction length scale defined as lTr =
q

"oDeT
keff

; lHT

is the heterogeneity length scale that is an inherent property of the rock; lX is

the axial length scale defined as lX =
U

keff
and keff is the effective reaction rate
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Figure 5.3: Effect of pressure gradient on pore volumes to breakthrough (PVBT ).

constant defined as
1

keff
=
1

av

�
1

kc
+
1

ks

�
: (5.54)

From the above equations, it should be noted that both the transverse dispersion-

reaction and axial length scales depend on the acid injection velocity that contin-

uously increases as dissolution progresses, as discussed in preceding section.

Therefore, we use the average value of acid injection velocity (hUi) to estimate the

these length scales and can be estimated as

hUi = 1

� opt

�optZ
0

Udt; (5.55)
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where � opt is the breakthrough time at the optimum pressure gradient. It should be

noted that breakthrough time at any pressure gradient depends on the combined

effect of acid transport and rock properties and has to be determined experimen-

tally or by numerical simulation. However, if we assume that acid injection velocity

increases linearly with time, the average value of acid injection velocity can be

estimated as

hUi = 1

� opt

�optZ
0

Udt � 1

� opt

�optZ
0

Uo

�
1 +

99t

� opt

�
dt � 50:5Uo = 50:5

Ko

�

�
�P

L

�
opt

; (5.56)

where Uo is the initial acid injection velocity and
�
�P
L

�
opt

is the optimum pressure

gradient.

From the Eqs.5:52 � 5:56, we estimate the optimum pressure gradient for the

two cases (lTr > lHT and lHT > lTr) as follows:

Case 1: When the transverse dispersion-reaction length scale (lTr) is larger

than the heterogeneity length scale (lHT ), the optimum pressure gradient
��

�P
L

�
opt

�
is given by �

�P

L

�
opt

� �

50:5Ko

q
"o hDeT i hkeffi: (5.57)

Case 2: When the heterogeneity length scale (lHT ) is larger than the transverse

dispersion-reaction length scale (lTr), the optimum pressure gradient
��

�P
L

�
opt

�
is

given by �
�P

L

�
opt

� �

50:5Ko

lHT hkeffi ; (5.58)

where hDeT i is the average effective transverse dispersion tensor, defined as

hDeT i �
"
�osDm +

101�T roKo

��

�
�P

L

�
opt

#
; (5.59)
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hkeffi is the average effective reaction rate constant, defined as

1

hkeffi
� 1

ao

�
1

hkci
+
1

ks

�
; (5.60)

and hkci is the average effective mass transfer coefficient, defined as

hkci �
Dm

2ro

24Sh1 + 0:7"101roKo

��

�
�P

L

�
opt

#1=2
Sc1=3

35 : (5.61)

It should be noted that Eqs.5:57 � 5:58 are highly non-linear in optimum pres-

sure gradient
�
�P
L

�
opt

and can be solved for given rock and fluid properties (e.g.

�o; r0; av; �; Dm; ks). The typical values of these rock and fluid properties are men-

tioned in tables 1 and 2. Additionally, Eqs.5:57� 5:58 are developed for non-vuggy

carbonates. However, Eq.5:58 can be used to estimate the optimum pressure gra-

dient for vuggy carbonates (as vug diameter is usually greater than the transverse

dispersion-reaction length scale) by replacing the heterogeneity length scale (lHT )

with the average vug-diameter.

Since the pressure gradient and acid injection velocity are related through Darcy’s

law; it is expected that various dissolution regimes (i.e. face, conical, wormhole,

ramified, uniform) as observed during constant injection acidization, will also be

observed during constant pressure acidization. However, there may be cases that

dissolution that started initially in the conical regime may shift to the wormholing

regime or dissolution that started initially in the wormholing regime may shift to the

ramified/uniform dissolution regime because of the continuous increment in acid

injection velocity. Therefore, in order to analyze the effect of continuous increment

in acid injection velocity during constant pressure acidization, we compare both the

processes for the same initial acid injection rate in various dissolution regimes as

follows:
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Face dissolution: From the Fig.5.4, it can be observed that, at a very low acid

injection velocity, PVBT for both the processes approach the asymptotic limit of

PVBT = 40; as predicted by 1-D analysis presented in preceding section. However,

it should be noted that a much lower acid injection velocity is needed to achieve this

limit for constant pressure acidization compared to constant injection acidization.

For example, initial acid injection velocity at which face dissolution can be achieved

for constant pressure acidization is Uo = 10�6 cm/s compared to 10�5 cm/s for con-

stant injection acidization, as shown in Fig.5.5a. This because of the continuous

increment in acid injection velocity for constant pressure acidization. For instance,

instabilities developed at the dissolution front that are usually suppressed by the

transverse dispersion for constant injection acidization and lead to facial dissolu-

tion, start growing in flow direction. As a result, dissolution that started initially in

the face dissolution regime shifts to conical dissolution regime. Therefore, a much

lower initial acid injection velocity is required, which ensures that all the instabil-

ities developed at the dissolution front are suppressed by transverse dispersion

throughout the dissolution process and lead to facial dissolution.

Conical wormhole: At an initial acid injection velocity higher than the one cor-

responding to face dissolution, conical wormholes are formed for both the cases,

as shown in Fig.5.5b. However, conical wormhole formed during constant pressure

acidization is thinner and requires lower PVBT compared to constant injection case.

For example, at 10�3 cm/s as initial injection velocity, PVBT for constant pressure

acidization is 8:6 compared to 12:06 for constant injection acidization. The rea-

son behind the formation of thinner conical wormhole and lower PVBT for constant

pressure acidization case is also the continuous increment in acid injection veloc-

ity. Because of the continuous increment in acid injection velocity dissolution that

started in conical regime shifts to wormholing regime. As a result, only a selective

portion of the rock is dissolved and hence lower PVBT is observed for constant
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Figure 5.4: Comparison of acidization curve for constant pressure and constant
injection acidization process.

pressure acidization compared to constant injection acidization.

Wormhole: At some intermediate initial acid injection velocity (Uo = 2 � 10�2

cm/s), wormholes are formed for both the acidization processes (see Fig.5.5c).

However, near the exit face highly branched wormhole that is similar to rami-

fied/uniform dissolution is observed for constant pressure acidization. This is also

because of the continuous increment in acid injection velocity. Because of this

increased velocity, dissolution that started in wormholing regime shifts to rami-

fied/uniform dissolution regime. For the same reason, a higher PVBT is observed

for the constant pressure acidization (PVBT = 5:02) compared to constant injection

acidization (PVBT = 4:75).
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Ramified/Uniform dissolution: At a very high initial acid injection velocity, ram-

ified/uniform dissolution patterns are formed for both the processes, as shown in

Fig.5.5d and e. However, the average porosity of rock corresponding to constant

pressure acidization is higher compared to constant injection acidization. For in-

stance, the average porosities of the rock corresponding to constant pressure and

constant injection acidization are 0:72 and 0:55 respectively. This is because of the

fact that a larger amount of fresh acid at a higher injection rate passes through

the domain during constant pressure acidization compared to constant injection

acidization, because of the continuous increment in acid injection velocity. For

the same reason, a higher amount of unreacted acid passes through and leads

to a higher PVBT in the ramified/uniform dissolution regime for constant pressure

acidization compared to constant injection case, as shown in Fig.5.4. For exam-

ple, at initial injection rate at 1:0 cm/s, PVBT corresponding to constant pressure

acidization is 223:92 compared to 9:8 for constant injection acidization.

5.4.2 Flow dynamics of acid inside wormhole

In literature, most of the experimental and numerical studies are focused on

analyzing the effect of acid injection rate on the shape and structure of dissolution

patterns at breakthrough. The information regarding the flow of acid, obtained

from analyzing the dissolution patterns at breakthrough is limited. More especially,

these studies does not provide information regarding the growth of side branches,

does the growth of wormhole is affected by the presence of nearby wormhole,

amount of acid flowing in each branch of wormhole. Recently, the numerical study

by Maheshwari et al. (2013) has answered some of these basic questions for the

constant injection acidization process. The study has shown that wormhole formed

during acidization compete each other and the one providing the least resistance

to the flow start drawing higher amount of injected acid. As a result, wormhole

providing the least resistance keeps growing while the growth of other wormholes
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Figure 5.5: Comparison of 2-D dissolution patterns for constant injection and con-
stant pressure acidization for various dissolution regimes a) face, b)
conical, c) wormhole, d) ramified, e) uniform.
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is suppressed. After a while, it is the dominant wormhole which draws almost all

the injected acid. This study has also shown that side branches created during

acidization also compete among each other and most of acid flows through the

main branch of wormhole at breakthrough. Since the study was limited to the

constant injection acidization. Therefore, the flow dynamics of acid for constant

pressure acidization is still remained to be understood. In this section, we study

the flow dynamics of acid for constant pressure acidization and compare with the

constant injection acidization.

To analyze the flow dynamics of acid, we plot both porosity and velocity profiles

at intermediate times before the wormhole breakthrough. Intermediate porosity

profiles provide qualitative information about the flow of acid, as porosity increases

along the path of acid flow. However, the velocity vector of acid provides quan-

titative information about the flow of acid in each wormhole and side branches.

From the Fig.5.6a, it should be noted that acid is injected uniformly throughout the

injection face. However, as the wormhole starts forming (due to heterogeneity in

porosity), the injected acid start distributing among them. The wormhole providing

the least resistance to flow draws more acid (Fig.5.7). As a result, the growth of

the other wormhole is suppressed (Fig.5.7b, c). After a while (Fig.5.7d velocity

vector), it is the leading wormhole which draws almost all the injected acid. The

comparison of porosity fields (Fig.5.7c and d porosity fields) confirms that there is

negligible flow in the wormhole, as the porosity does not increase near the other

wormhole. By comparing the velocity fields in Fig. 5.7 b and c, it can be observed

that the side branches also compete among themselves. The growth of most of the

side branches is suppressed except for the one providing the least resistance to

the flow. It should be kept in mind that acid injection velocity keep on increasing as

dissolution progresses, as discussed in previous section. At breakthrough which

is defined when the overall permeability of rock increases to 100 times of its initial
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value, the acid injection velocity will also be 100 times of its initial injection value.

The effect of increased acid injection velocity can be clearly seen at the break-

through (Fig.5.7e). It is interesting to note that acid flows in highly ramified manner

unlike the clear breakthrough as observed for constant injection case (Maheshwari

and Balakotaiah, 2013). Thus, the flow dynamics of acid for constant pressure

acidization is similar to the constant injection case except at breakthrough where

acid flows in a highly ramified manner because of the continuous increment in acid

injection velocity.

5.4.3 Dual core acidization

Carbonate reservoirs are often found to be composed of a number of layers

whose characteristics (i.e. porosity, permeability) are different from each other.

There exists many reservoirs where the layers do not communicate or fluid can-

not move between layers. In such reservoirs, the main objective of the acidization

process is to stimulate all the layers equally. However, in case of constant injec-

tion acidization, it has been observed that injected acid distributes among layers

according to their overall permeability. Thus, high permeability layers draw higher

percentage of the injected acid when compared to the low permeability layers. As

a result, high-perm layers get stimulated while leaving the low permeability layers

unstimulated. An example of such case is shown in Fig.5.7a. Here, the ratio of ini-

tial permeability of the two layers is 4:1 and acid is injected at the optimum injection

rate of low-perm layer to achieve the best stimulation of low-perm layer (Ratnakar

et al., 2013).

In this section, we perform constant pressure acidization for dual core system

and analyze if better stimulation of low-perm layer can be achieved when compared

to constant injection case. To achieve the same initial conditions as for constant

injection acidization, we fix the pressure gradient for constant pressure acidization

such that the initial acid injection rate in the low-perm layer corresponds to its opti-
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Figure 5.6: Porosity and velocity vector as dissolution progresses a) porosity and
velocity field at 1:89 pore volumes, b) at 2:89 pore volumes, c) at 3:89
pore volumes, d) at 4:89 pore volumes and e) at 5:02 pore volumes.
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mum acid injection rate (Uo = 2� 10�2 cm/s). In addition, we fix the total amount of

acid to be injected which is equal to the breakthrough volume for constant injection

case (PVBT = 5:76). As soon as the total injected acid reaches the breakthrough

volume of constant injection case (PVBT = 5:76), acid injection is stopped. By

comparison of the porosity profiles at this injected volume (see Fig.5.7 a and b), it

is interesting to observe that approximately equal stimulation of both the cores is

achieved for constant pressure acidization unlike the constant injection case where

high-perm layer gets stimulated leaving low-perm layer unstimulated. The reason

behind approximately equal stimulation of both the cores for constant pressure

case, is that the amount of acid flowing into each layer depends only on its own

permeability and pressure gradient. Thus, amount of acid drawn by each core

remains unaffected by the properties of the adjacent layers unlike the constant in-

jection case where acid distributes according to the permeability of core. Although,

it is true that the high perm core draws higher amount of acid when compared to

low-perm core and gets overstimulated.

If there is no restriction on the amount of acid being injected until the break-

through of low-perm layer; acid penetrates much deeper into low perm layer when

compared to the constant injection case, as shown in Fig.5.7c. However, it should

be kept in mind that dissolution in high-perm layer happens in ramified/uniform

dissolution regime at the optimum injection rate of low perm layer. As a result, the

total amount of acid required for constant pressure acidization will be very high. For

example, at the breakthrough of low-perm layer the total PVBT is 9:69. Therefore,

economic factors (i.e., acid price) and reservoir conditions (that over stimulation

does not lead to structural damage or rock does not collapse) has to be accounted

before applying the constant pressure acidization for field operations. For example,

if acid is cheap and there is high interest in stimulation of low perm layer, acid can

be injected until the desired level of stimulation (i.e., acid injection velocity in the
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Figure 5.7: Comparison of 2-D porosity profiles of low and high-perm layers for
constant injection and constant pressure acidization at U = 0:02 cm/s
a) at PVBT = 5:60, b) at PVBT = 5:60 and c) at PVBT = 9:69.

low perm core increases to predefined factor). However, if reservoir is suscepti-

ble to over stimulation, diverting acids (i.e., in-situ crosslink acid, viscoelastic acid)

should be used to achieve the stimulation of low-perm layer. Otherwise constant

pressure acidization seems promising for the layered carbonate reservoirs where

layers do not communicate or there is no cross flow among them.

5.5 Conclusions and Discussion

In this work, a two-scale continuum model is used to study the reactive disso-

lution of carbonate rocks for constant pressure boundary conditions. From the 1-D

analysis of the model, it is shown that acid injection velocity keeps on increasing as
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dissolution progresses for constant pressure acidization. Thus, constant pressure

is just opposite case of constant injection acidization where acid injection veloc-

ity remains fixed and pressure at the acid injection face keeps on decreasing as

dissolution progresses. In addition, it has been observed that the amount of acid

required to breakthrough (PVBT ) linearly increases with pressure gradient in uni-

form dissolution regime. Where, the slope of the curve depends on the acid-rock

interaction (i.e. how does permeability, pore radius and surface area change with

porosity). At a very low pressure gradient PVBT approaches the asymptotic limit

of the stoichiometric amount of acid required to completely dissolve the acid, as

observed in constant injection case. From the sensitivity analysis of the dissolu-

tion process with respect to pressure gradient, it has been observed that there

exits an optimum pressure gradient at which the least amount of acid is required to

breakthrough (PVBT ). The optimum pressure gradient can be estimated using the

lambda criterion.

The effect of continuous increment in acid injection velocity for constant pres-

sure acidization is analyzed by comparing the constant injection and constant pres-

sure acidization processes for the same initial acid injection velocity. By comparing

the dissolution patterns, it has been observed that dissolution regime can change

during the process for constant pressure acidization because of the continuous in-

crement in acid injection velocity. For example, dissolution which started initially

in conical regime may shift to wormhole or ramified dissolution regime. Similarly,

the dissolution which started in wormholing regime can shift to ramified or uni-

form dissolution regime. The continuos increment in acid injection velocity also

affect the acidization curve. For example, a much lower acid injection velocity is

required to achieve the face dissolution for constant pressure acidization when

compared to constant injection acidization. Because of the continuous increment

in acid injection velocity, the instabilities developed at the dissolution front which

159



are suppressed by the transverse dispersion at a low injection velocity, start grow-

ing in flow direction. As a result, dissolution shifts from face to conical wormhole.

Hence, a much lower initial acid injection velocity is needed which ensures that

all the instabilities developed at the dissolution front will be suppressed by trans-

verse dispersion throughout the process. In conical dissolution regime, a much

lower PVBT is observed for constant pressure acidization when compared to con-

stant injection case for the same initial acid injection rate, as dissolution shifts

from conical to wormholing regime during the process. However, a higher PVBT

is observed in wormholing, ramified and uniform dissolution regimes for constant

pressure acidization when compared to constant injection acidization, because of

the continuous increment in acid injection velocity.

From the analysis of flow inside a leaky wormhole, it is shown that leakage

flux increases exponentially with wormhole length. In addition, acid penetration

length decreases with increase in reservoir permeability as K�1=2. As a result,

acid penetration length will be smaller for reservoir having higher permeability. It

can also be think intuitively that acid leakage flux will be higher for high permeability

rock which will result in shorter wormhole.

From the flow dynamics of acid during wormhole formation, it has been ob-

served that wormhole inititation and propagation for constant pressure acidization

is similar to the constant injection case where wormholes compete with each other

and the dominant wormhole draws most of the acid. In addition, side branches also

compete with each other and the one providing the least resistance keep growing.

However, near the breakthrough acid flows uniformly to every part of the domain

unlike the constant injection case where a sharp hole is created in the rock.

The acidization of dual core system shows that acid flowing in each core re-

mains independent to each other for constant pressure acidization. As a result,

both the cores get stimulated for constant pressure acidization unlike the constant
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injection case where high-perm layer gets stimulated while leaving low-perm layer

unstimulated. Thus, constant pressure acidization seems promising for layered

reservoirs where layers are separated through each other impermeable layers, as

without using any diverting mechanism all the layers gets stimulated. However, the

acid requirement is high for constant pressure case. In addition, it has to kept in

mind that high-perm layer gets over stimulated. If the reservoir has layers of ex-

treme properties (i.e., very high and low permeability layers) and is prone to over

stimulation then diverting acid (i.e., in-situ gelling acid, viscoelastic acid) should be

used. The modeling and simulation of these acids for constant pressure acidiza-

tion will be pursued in future studies. In addition, wormholing in perforated wells

and estimation of wormhole density will be pursued in future studies.

161



Chapter 6 Conclusions and recommendations for fu-

ture work

6.1 Conclusions

The objective of this work is to enhance our understanding of reactive dissolu-

tion of carbonate rocks with Newtonian and non-Newtonian (i.e., gelled and emul-

sified) acids. The problem is approached theoretically in 3-D and is analyzed by

using a two-scale continuum model. Additionally, the results obtained by numerical

simulations are compared against the available experimental data. The following

are the main findings of the current study:

6.1.1 Constant Injection Acidization

(i) Wormhole tip diameter (dw) is the maximum of heterogeneity length scale

(lHT ) and transverse dispersion-reaction length scale (lT ). Heterogeneity length

scale (lHT ) is inherent characteristic of the carbonate rock while transverse dispersion-

reaction length scale (lT ) depends on the reaction and transport properties of acid-

rock system. For kinetically controlled reaction (ks << kc); transverse dispersion-

reaction length scale (lT ) decreases with increase in reaction rate constant (ks)

while for mass transfer controlled reaction (kc << ks), transverse dispersion-reaction

length scale (lT ) is independent of kinetic parameters and depends only on the

transport properties.

(ii) The optimum injection rate decreases with initial rock permeability (Ko) as

K
�(2�n)=2n
o and K�(2�n)=2(n+1)

o for mass transfer and kinetically controlled reactions

respectively for carbonates where transverse dispersion-reaction length scale (`rT )

is larger than the heterogeneity length scale (`HT ), where n is the power-law in-

dex. For the limiting case of Newtonian acid (n ! 1), optimum injection rate de-

creases with initial rock permeability (Ko) as K�1=2
o and K�1=4

o for mass transfer and

kinetically controlled reactions respectively. In addition, for highly shear thinning
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acid (n ! 0), mass transfer controlled reactions does not exhibit the existence of

optimum injection rate unlike kinetically controlled reactions. In contrast, for car-

bonates where the heterogeneity length scale (`HT ) is larger than the transverse

dispersion-reaction length scale (`rT ), optimum injection rate decreases with initial

rock permeability (Ko) as K�(3�n)=2n
o for mass transfer controlled reaction. For the

limiting case of Newtonian acid (n! 1), the optimum injection rate decreases with

initial rock permeability as K�1
o for mass-transfer controlled reactions. In addition,

for highly shear thinning acid (n ! 0), mass transfer controlled reactions will not

exhibit the existence of optimum injection rate. On the other hand, for kinetically

controlled reaction, optimum injection rate is independent of power-law index (n)

and decreases with initial rock permeability as K�1=2
o :

(iii) The effect of acid injection rate on the 3-D dissolution patterns and PVBT are

presented which match qualitatively with the experimental results. At acid injection

rates higher than the optimum, PVBT increases with acid injection rate (Q) as Q1=3.

However, at very low acid injection rate, PVBT approaches the asymptotic value

(corresponding to completely dissolve the rock).

(iv) The effect of dissolution rate constant on wormholing shows that both PVBT

and optimum injection rate decreases with increase in dissolution rate constant

(ks). This study confirms our scaling analysis as well as experimental result pre-

sented in the literature.

(v) The effect of initial permeability on the dissolution process shows that PVBT

increases with increase in initial permeability (Ko); similar to the experimental ob-

servations. The effect of initial permeability (Ko) on the optimum injection rate, is

verified by our simulation study.

(vi) The effect of heterogeneity magnitude (��o) on the dissolution process

shows that there exists a critical heterogeneity at which PVBT is minimum. Worm-

hole patterns become highly branched and fractal in nature with increase in hetero-
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geneity magnitude (��o). The fractal dimension (df ) of the wormhole increases ex-

ponentially with heterogeneity magnitude (��o). The effect of heterogeneity length

scale (lHT ) on dissolution process also confirms the existence of critical hetero-

geneity. The study shows that fractal dimension (df ) of the wormhole decreases

exponentially with lHT . The effect of constant total heterogeneity ($) on the dis-

solution process by increasing lHT suggests that, PVBT for various regimes does

not depend on lHT but the wormhole becomes less fractal in nature with increasing

lHT .

(vii) From the sensitivity analysis of the permeability-porosity relation, it is ob-

served that different permeability-porosity relations give different dissolution pat-

terns, optimum injection rate and PVBT . For a rock for which permeability increases

at a faster rate with porosity, optimum injection rate will be high while PVBT will

be low. Therefore, to compare the numerical results with the experiments data,

we must know the following five rock properties a) overall porosity, b) overall or

core scale mean permeability, c) heterogeneity magnitude, d) heterogeneity length

scale and e) permeability-porosity relation (to describe the pore connectivity dur-

ing dissolution). Based on the two-parameter structure-property relation, 3-D nu-

merical study predicts quantitatively the experimentally observed acidization curve.

Thus, the validated model can be used for field scale simulations and can minimize

the experiment requirement.

(viii) From the analysis of porosity and velocity profiles during dissolution, it

has been observed that the growth of wormhole is dependent on the presence of

nearby wormhole, as the leading one draws more acid and the growth of others is

suppressed. Side branches created during acidization also compete themselves.

The growth of most of the side branches is suppressed except the one providing

the least resistance to flow. At breakthrough, almost all the acid goes through the

main branch of the wormhole.
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(ix) From the sensitivity analysis of shear thinning behavior following observa-

tions are made:

a) If the shear rate in porous media is always lower than the transition

shear rate, acidization curve for non-Newtonian acid (i.e., gelled and emulsified

acid) will be similar to HCl, except it will be shifted towards lower optimum injection

rate. In addition, the ratio of the optimum injection rates of gelled/emulsified acid to

HCl will be the ratio of their molecular diffusivity. From the scaling analysis, it was

also observed that the transverse dispersion-reaction length scale is independent

of molecular diffusivity for mass-transferred controlled reactions. As a result, the

minimum pore volume to breakthrough for both gelled acid and HCl will be same,

which was also numerically validated.

b) If the shear rate in porous media is always higher than the transition

shear rate or acid follows the power-law behavior, acidization remains in the opti-

mum dissolution regime for a large variation in acid injection rate, thinner worm-

holes and lower PVBT is observed for these non-Newtonian acids (i.e., gelled and

emulsified acids) when compared to HCl. At a very low acid injection rate such

that dispersion is the main transport mechanism, face dissolution is observed and

PVBT approaches the amount of acid required to completely dissolve the rock for

all the acids. However, at a very high injection rate, PVBT for the power-law acid is

higher when compared to HCl. Therefore, based on the numerical results, it is not

advisable to perform the acidization process using gelled and emulsified acids at a

very high injection rate. From the sensitivity analysis of the power-law index, it was

observed that acidization becomes more efficient (as minimum PVBT decreases)

and fractal dimension of wormhole decreases linearly with decrease in power-law

index (n). Therefore, acid having high shear thinning behavior (i.e., acid having low

power-law index) seems more promising for field operations.

c) If shear rate can be lower or higher than the transition shear rate, the
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following observations are made:

(i)The minimum pore volumes to breakthrough (PVBT ) are in the fol-

lowing order: PVBTHCl > PVBTEllis > PVBTPower ; where PVBTHCl; PVBTEllis and

PVBTPower are the minimum pore-volumes to breakthrough corresponding to HCl

and acid following the Ellis and power-law model, respectively. Since, the only dif-

ference between power-law fluid and Ellis model fluid is the existence of transition

shear rate; acid having very lower transition shear rate (i.e., power-law fluid) seems

more efficient (as lower PVBT is observed).

(ii)The highest acid injection rate at which face dissolution can be

achieved is in following order: QfaceHCl > QfaceEllis > QfacePower ; where QfaceHCl ;

QfaceEllis and QfacePower are the highest injection rates at which face dissolution

can be achieved corresponding to HCl and acid following the Ellis and power-law

model, respectively. Therefore, power-law fluids have better applicability (as face

dissolution is minimized) at low acid injection rates.

(iii) The acidization curve is least shallow for HCl followed by acid fol-

lowing the Ellis and power-law model respectively. Therefore, acid following power-

law rheological behavior have a wide optimum acid injection range which is good

for field operations as chances of face and uniform dissolution are minimized.

6.1.2 Constant Pressure Acidization

(i) Acid injection velocity keeps on increasing as dissolution progresses for con-

stant pressure acidization. Thus, constant pressure acidization is just an com-

plementary process of constant injection acidization where acid injection velocity

remains fixed and pressure at the acid injection face continues decreasing as dis-

solution progresses.

(ii) The effect of continuous increment in acid injection velocity for constant

pressure acidization is analyzed by comparing the constant injection and constant

pressure acidization processes for the same initial acid injection velocity. Following
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observations are made from the numerical simulations:

a) Dissolution regime can change during constant pressure acidization be-

cause of the continuous increment in acid injection velocity unlike constant injection

acidization. For example, dissolution which started initially in conical regime may

shift to wormhole or ramified dissolution regime. Similarly, the dissolution which

started in wormholing regime can shift to ramified or uniform dissolution regime.

b) The continuos increment in acid injection velocity also affect the acidiza-

tion curve. For example, a much lower acid injection velocity is required to achieve

the face dissolution for constant pressure acidization when compared to constant

injection acidization. Because of the continuous increment in acid injection veloc-

ity, the instabilities developed at the dissolution front which are suppressed by the

transverse dispersion at a low injection velocity, start growing in flow direction. As a

result, dissolution shifts from face to conical wormhole. Hence, a much lower initial

acid injection velocity is needed which ensures that all the instabilities developed

at the dissolution front will be suppressed by transverse dispersion throughout the

process. In conical dissolution regime, a much lower PVBT is observed for con-

stant pressure acidization when compared to constant injection case for the same

initial acid injection rate, as dissolution shifts from conical to wormholing regime

during the process. However, a higher PVBT is observed in wormholing, ramified

and uniform dissolution regimes for constant pressure acidization when compared

to constant injection acidization, because of the continuous increment in acid in-

jection velocity.

(iii) At a very low pressure gradient, amount of acid required to breakthrough

(PVBT ) linearly increases with pressure gradient. Where, the slope of the curve de-

pends on the acid-rock interaction (i.e., how does permeability, pore radius and sur-

face area change with porosity). At a very low pressure gradient PVBT approaches

the asymptotic limit of the stoichiometric amount of acid required to completely dis-

167



solve the acid, as observed in constant injection case. From the sensitivity analysis

of the dissolution process with respect to pressure gradient, it has been observed

that there exits an optimum pressure gradient at which the least amount of acid

is required to breakthrough (PVBT ). The optimum pressure gradient can be esti-

mated using the lambda criterion.

(iv) From the analysis of flow inside a leaky wormhole, it is shown that leakage

flux increases exponentially with wormhole length. In addition, acid penetration

length decreases with increase in reservoir permeability as K�1=2. As a result,

acid penetration length will be smaller for reservoir having higher permeability. It

can also be think intuitively that acid leakage flux will be higher for high permeability

rock which will result in shorter wormhole.

(v) From the flow dynamics of acid during wormhole formation, it has been ob-

served that wormhole initiation and propagation for constant pressure acidization

is similar to the constant injection case where wormholes compete with each other

and the dominant wormhole draws most of the acid. In addition, side branches also

compete with each other and the one providing the least resistance keep growing.

However, near the breakthrough acid flows uniformly to every part of the domain

unlike the constant injection case where a sharp hole is created in the rock.

(vi) The acidization of dual core system shows that acid flowing in each core

remains independent to each other for constant pressure acidization. As a result,

both the cores get stimulated for constant pressure acidization unlike the constant

injection case where high-perm layer gets stimulated while leaving low-perm layer

unstimulated. Thus, constant pressure acidization seems promising for layered

reservoirs where layers are separated through each other impermeable layers, as

without using any diverting mechanism all the layers gets stimulated. However,

the acid requirement is high for constant pressure case. In addition, it has to kept

in mind that high-perm layer gets over stimulated. If the reservoir has layers of
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extreme properties (i.e., very high and low permeability layers) and is prone to over

stimulation then diverting acid (i.e., in-situ gelling acid, viscoelastic acid) should be

used. The modeling and simulation of these acids for constant pressure acidization

will be pursued in future studies. In addition, wormholing in perforated wells and

estimation of wormhole density will be pursued in future studies.

6.1.3 Future Work

(i) The two-scale continuum model developed here does not account the effect

of polymer adsorption/desorption. In some cases, polymer molecules that are very

big in size as compared to pores throats in carbonates, get filtered as dissolution

proceeds. As a results, diffusivity and reaction rate of protons with carbonates

changes that change the gel formation and its dynamics. Therefore, the current

model can be extended to include the effect of filtration or adsorption/desorption of

polymers. Similarly, two-scale continuum model used here does not account for the

emulsion droplet size distribution. It has been assumed that emulsion droplets are

very fine and their sizes remain unaffected as the acid moves through the porous

medium.

(ii) Here, we have assumed the reaction is irreversible and occurs in a single

step, which might not be the case for retarding acids such as EDTA, DTPA etc.). In

addition, CO2; produced due to dissolution of carbonates with acids, are dissolved

in the solution and form carbonic acids. As a result, ionic equilibrium is achieved

that restrict the pH in narrow range (around pH 4). This effect is very important

for in-situ gelling acids as the pH-range of gel formation may overlap this equilib-

rium. So, the another important extension of the work is to include the multistep

chemistry and effect of ionic-equilibria in dissolution process.

(iii) We presented numerical simulations based on the two-parameter (i.e., pore-

broadening, pore-connectivity) structure-property relation. Another important ex-

tension of current work is to design the lab/core experiment to obtain the numerical
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values of these parameters.

(iv) Other possible extensions include the analysis of radial flow and field scale

operation in 3-D to estimate wormhole properties such as density, length, fractal

dimension etc. in extended domains; improvement of pore scale mass-transfer and

dispersion effects; and, extension to other non-Newtonian acids such as viscoelas-

tic acids.
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Appendix A: Numerical Scheme

A.1 Preamble

This appendix shows the spatial discretization of the PDE’s in the two-scale

continuum model presented in chapter 2 using finite volume discretization method.

The TSC model contains Darcy-law and material balance equations (continuity

equation, species balance equations and dissolution equations) as given below:

r� (M �rp) = �r � u = Da
�
1 +

�2r�

Sh

��1
Av cf ; (A.1)

@�

@t
+r� (u cf ) =

1

PeL
r� ("De�rcf ) ; and (A.2)

@"

@t
= NacDa

�
1 +

�2r�

Sh

��1
Av cf ; (A.3)

where

� = "

�
cf +

1

Nac

�
; (A.4)

De is the effective dimensionless dispersion tensor, and Mi; is given by

M =
k

� kukn�1
: (A.5)

The non-dimensionlized pore-scale model is given by

� = �I; � =
"

"o

�
" (1� "o)
"o (1� ")

�2�
; r =

r
�"o
"
; Av =

"

"or
and (A.6)

DeX =
�osDa

�2
+
�X juj r�

"
; DeT =

�osDa

�2
+
�T juj r�

"
for (T = y; z); (A.7)
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where DeX and DeT are effective dimensionless axial/transverse dispersion coeffi-

cients, respectively.

The inlet/initial/boundary conditions are given by

uin = 1;
@p

@y
= 0;

@p

@z
= 0 at x = 0; (A.8)

cf � "DeX
@cf
@x

= 1 at x = 0; (A.9)

p = 0;
@cf
@x

= 0 at x = 1; (A.10)

n:rp = 0; n:rcf = 0 on transverse boundaries, and (A.11)

" = "o + f̂ ; cf = 0 at t = 0; (A.12)

where Mx is the dimensionless axial permeability.

Here, we use finite volume discretization for spatial gradients as shown in Fig-

ure A.1 and implicit first order Euler method coupled with extrapolation techniques

for time derivatives. The discretization of these derivatives leads to large number

of linear equations that we solve using multigrid linear solvers. Figure A.2 shows

the main steps involved in obtaining the numerical solution of the model. Initially,

the concentration (of acid and polymer) and porosity field are given and boundary

conditions are specified. Based on these input, we solve for pressure and velocity

field in each core. Once, we have velocity profile, we use them to solve for concen-

tration and porosity fields at next time step, then update the pressure and velocity

profile at that time. We continue the procedure until breakthrough is achieved, i.e.,

the overall pressure across the core drops by the factor 100.

As described earlier, we start with the initial and boundary conditions given

for concentration (of protons) and porosity field as well as the quantities (such as

permeability, viscosity, mobility etc.) that appear in the model equations. Initially,
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(a)

(b)

Figure A.1: Finite volume descretization in 3D (solid circles denote the node points
where concentrations, porosity and pressure are defined; w, e, s, n, b
and t denote the west, east, south, north, bottom and top faces of the
element, (a) meshing (b) control volume.
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Figure A.2: The main steps used in obtaining numerical solution of the two-scale
continuum model.

porosity is field is generated using random number generation distributed uniformly

between 0.05 to 0.35 with average porosity, h"0i = 0:2 and heterogeneity magni-

tude,4" = 0:15: Initially, the cores are assumed to be saturated with brine solution,

so we assume there are no acid present in the cores initially and juj = 1. Now we

explain the main steps used in solving the model one by one in detail.
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A.2 Pressure Profile

To solve for the pressure profile, we first discretize the pressure equation (A.1)

using control volume approach. Figure A.1 (b) shows a schematic of the control

volume used for discretization. The faces of the control volume are placed at the

center of two adjacent nodes and are denoted by e, w, n and s corresponding to

east, west, north and south boundaries of the control volume, i.e.,

4x = 4xe +4xw
2

;4y = 4yn +4ys
2

;4z = 4zt +4zb
2

; (B.13)

where, 4xe; 4xw; 4yn; 4ys; 4zt and 4zb are distance from node point to east,

west, north, south, top and bottom boundaries, respectively and are given by

4xe = xi+1 � xi; 4xw = xi � xi�1;

4yn = yj+1 � yj; 4ys = yj � yj�1; (B.14)

4zn = zk+1 � zk; 4zb = zk � zk�1;

where (xi;yj; zk) denotes the coordinate of the node (i; j; k) : Here, we assume the

uniform

meshing, i.e.,

4xe = 4yn = 4zt =
1

Nx � 1

and

xi = i4xe; yj = j4yn; zk = k4zt:

for internal nodes.

At the boundaries of the core domain, the control volume is shown in Figure

A.3, i.e., at i = 1, the node lies on west boundary (4xw = 0); at i = Nx, the

node lies on east boundary (4xe = 0); at j = 1, the node lies on south boundary
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(4xs = 0); at j = Ny, the node lies on north boundary (4xn = 0); at k = 1, the

node lies on bottom boundary (4xb = 0); and, at k = Nz, the node lies on top

boundary (4xt = 0).

(a) (b)

(c) (d)

(e) (f)

Figure A.3: Surface of control volume at the boundaries, (a) west boundary, i =
1, (b) east boundary, i = Nx, (c) south boundary, j = 1, (d) north
boundary, j = Ny, (e) bottom boundary, k = 1, (a) top boundary, k =
Nz.
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Now we use integrate the pressure equation (A.1) over the control volume (x

from w to e; y from s to n; z from b to t; depending on dimension of the problem) for

each core as

1

4x4y4z

eZ
w

nZ
s

tZ
b

r� (M �rp) dxdydz

=
1

4x4y4z

eZ
w

nZ
s

tZ
b

Da

�
1 +

�2r

Sh

��1
Av cf dxdydz; (B.15)

which leads to discretized equation as follows:

1

4x

�
M
@p

@x

�e
w

+
1

4y

�
M
@p

@y

�n
s

+
1

4z

�
M
@p

@z

�t
b

=

$
Da

�
1 +

�2r

Sh

��1
Av cf

%
i;j;k

= fi;j;k: (B.16)

It should be noted that r.h.s. of above equation is calculated based on earlier values

of concentrations, porosity and velocity profile. Now, we can write derivative terms

in equation (B.16) using central difference and boundary conditions (A.8-A.12) as

M
@p

@x

����
e

=

8><>: Me
pi+1;j;k�pi;j;k

4xe ; i < Nx

0; i = Nx

(B.17)

M
@p

@x

����
w

=

8><>: Mw
pi;j;k�pi�1;j;k

4xw ; i > 1

�uo; i = 1
(B.18)

M
@p

@y

����
n

=

8><>: Mn
pi;j+1;k�pi;j;k

4yn ; j < Ny

0; j = Ny

(B.19)

M
@p

@y

����
s

=

8><>: Ms
pi;j;k�pi;j�1;k

4ys ; j > 1

0; j = 1
(B.20)
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M
@p

@z

����
t

=

8><>: Mt
pi;j;k+1�pi;j;k

4zt ; k < Nz

0; k = Nz

and (B.21)

M
@p

@z

����
b

=

8><>: Mb
pi;j;k�pi;j;k�1

4zb ; k > 1

0; k = 1
: (B.22)

Thus the equation (B.16) can further be written for internal nodes as

Me
pi+1;j;k � pi;j;k
4x4xe

�Mw
pi;j;k � pi�1;j;k
4x4xw

Mn
pi;j+1;k � pi;j;k
4y4yn

�Ms
pi;j;k � pi;j�1;k
4y4ys

Mt
pi;j;k+1 � pi;j;k
4z4zt

�Mb
pi;j;k � pi;j;k�1
4z4zb

= fi;j;k; (B.23)

)

Me

4x4xe
pi+1;j;k +

Mw

4x4xw
pi�1;j;k +

Mn

4y4yn
pi;j+1;k

+
Ms

4y4ys
pi;j�1;k +

Mt

4z4zt
pi;j;k+1 +

Mb

4z4zb
pi;j;k�1

�

0B@ Me

4x4xe +
Mw

4x4xw +
Mn

4y4yn

+ Ms

4y4ys +
Mt

4z4zt +
Mb

4z4zb

1CA pi;j;k = fi;j;k; (B.24)

where, since the effective properties like mobilities are known at node points based

on earlier values of concentration, porosity and velocity profile, the mobilities at the

surfaces are calculated as follows:

4xe
Me

=
xi+1 � xe
Mi+1;j;k

+
xe � xi
Mi;j;k

; (B.25)

4xw
Mw

=
xi � xw
Mi;j;k

+
xw � xi�1
Mi�1;j;k

; (B.26)

4yn
Mn

=
yj+1 � yn
Mi;j+1;k

+
yn � yj
Mi;j;k

; (B.27)

4ys
Ms

=
yj � ys
Mi;j;k

+
ys � yj�1
Mi;j�1;k

; (B.28)
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4zt
Mt

=
zk+1 � zt
Mi;j;k+1

+
zt � zk
Mi;j;k

; and (B.29)

4zb
Mb

=
zk � zb
Mi;j;k

+
zb � zk�1
Mi;j;k�1

: (B.30)

The discretized equation (B.24) can further be written in standard form as

east pi+1;j;k + west pi�1;j;k + north pi;j+1;k+

south pi;j�1;k + top pi;j;k+1 + bottom pi;j;k�1�

(east+ west+ north+ south+ top + bottom) pi;j;k = source; (B.31)

where,

east =
Me

4x4xe
; (B.32)

west =
Mw

4x4xw
; (B.33)

north =
Mn

4y4yn
; (B.34)

south =
Ms

4y4ys
; (B.35)

top =
Mt

4z4zt
; (B.36)

bottom =
Mb

4z4zb
; and (B.37)

source = fi;j;k: (B.38)

Similarly, equation (B.16) can be simplified for the boundaries using relation given

in equations (B.17-B.22) that gives the similar form form of discretized equation as

given in equation (B.23), except there will be no term containing east for i = Nx

and so on., i.e.,

east = 0 for i = Nx (B.39)

west = 0 for i = 1 (B.40)

189



north = 0 for j = Ny (B.41)

south = 0 for j = 1 (B.42)

top = 0 for k = Nz (B.43)

bottom = for k = 1; and (B.44)

source =

8><>: fi;j;k +
uin
4x for i = 1

fi;j;k else
: (B.45)

Thus, the discretized equation leads to system of linear equation that can be solved

by using linear solvers (based on Gauss-Jacobi, Gauss-Seidel, SOR etc.). Since

heterogeneity in the formation creates the transverse component of velocity, it very

important to calculate the pressure profile as accurate as possible to capture the

branching and dissolution patterns more accurately. For these reasons, we use

advance multigrid techniques (Wesseling, 1992) that converges faster than any

other technique available in the literature.

After we solve the pressure profile, we can determine the velocity profile at the

faces of the control volumes using Darcy-law, u = �M �rp. Thus, the velocity in

x, y and z-directions for internal nodes can be given as,

ux;e = �Me
pi+1;j;k � pi;j;k

4xe
; ux;w= �Mw

pi;j;k � pi�1;j;k
4xw

; (B.46)

uy;n = �Mn
pi;j+1;k � pi;j;k

4yn
; uy;s= �Ms

pi;j;k � pi;j�1;k
4ys

; and (B.47)

uy;t = �Mt
pi;j;k+1 � pi;j;k

4zt
; uy;b= �Mb

pi;j;k � pi;j;k�1
4zb

: (B.48)

It should be noted that

ux;eji;j;k = ux;wji+1;j;k ; uy;tji;j;k = uy;bji;j+1;k ; uz;tji;j;k = uz;bji;j;k+1 ; (B.49)

for internal nodes.
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A.3 Concentration and Porosity Evolution

Once we calculate the velocity profile, we use them to solve the species bal-

ance and dissolution equations. We use the operator splitting method for species

balance and dissolution equation, where upwind scheme is implemented for the

convective term and second order discretization scheme for the dispersive term.

For time derivative, we use the implicit first order (Euler) method and solve the

system of linear equations using the multigrid techniques. We also use the extrap-

olation techniques to increase the order of accuracy of the solution.

A.3.1 Operator Splitting

The balance equations for concentrations and porosity given in equations (A.2

- A.3), can be written as
@F1
@t

= LDCF+ LRF; (C.50)

where, F1=

0B@ �

"

1CA ; the diffusion-convection operator, LDCF, is given by

LDCF =

0B@ 1
PeL
r� ("De�rcf )�r� (u cf )

0

1CA (C.51)

and reaction operator, LRF; is given by

LRF =

0B@ 0

NacDa
�
1 + �2r r�

Sh

��1
Av cf

1CA : (C.52)

Now we use operator splitting where we solve the diffusion-convection operator

first and then use the solution to solve the reaction operator as

F�1 � Fn1
4t = LDCF

� and (C.53)

191



Fn+11 � F�1
4t = LRF

n+1; (C.54)

where LDC and LR represents the discretized version of diffusion-convection and

reaction operators, respectively. We repeat the same steps with half time steps

and use extrapolation to find more accurate solution. It should be noted that we

used implicit Euler (first order) method for discretization of time derivatives. Here,

superscripts ‘*’, ‘n’ and ‘n + 1’ represent the intermediate (or virtual) time, older

(previous) time and new (or next) time.

A.3.2 Finite Volume Discretization for Diffusion-Convection Operator

The diffusion-convection operator from first splitting (equation C.53) can be

written in operator form as follows:

�� � �n
4t =

@�

@t
=

1

PeL
r�
�
"�De�rc�f

�
�r�

�
u c�f

�
and (C.55)

"� � "n
4t =

@"

@t
= 0: (C.56)

The equation (C.56) leads to constant porosity through out this step, i.e., "� = "n:

Now, we use this result and integrate Equation C.55 w.r.t. x from w to e; y from s to

n; z from b to t (as done in previous section) as

�� � �n
4t =

1

4x4y4z

eZ
w

nZ
s

tZ
b

r� (D �rc� � u c�) dxdydz ; (C.57)

with c� = c�f ; D = "�De

PeL
for acids. It simplifies the equation (C.55) as

"
c� � cn
4t =

1

4x

�
D
@c�

@x
� uxc�

�e
w

+
1

4y

�
D
@c�

@y
� uyc�

�n
s

+
1

4z

�
D
@c�

@z
� uzc�

�t
b

:

(C.58)

Now, we can write derivative terms in equation (C.58) using central difference and

convective term using upwinding scheme at internal nodes and boundaries (with
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boundary conditions (A.8-A.12) as follows:

D
@c�

@x
� uxc�

����
e

=

8><>: De
c�i+1;j;k�c�i;j;k

4xe � (0; ue)max c�i;j;k � (0; ue)min c�i+1;j;k; i < Nx

�uec�i;j;k; i = Nx

;

(C.59)

D
@c�

@x
� uxc�

����
w

=

8><>: Dw
c�i;j;k�c�i�1;j;k

4xw � (0; uw)max c�i�1;j;k � (0; uw)min c�i;j;k; i > 1

�uincin; i = 1
;

(C.60)

D
@c�

@y
� uy

����
n

=

8><>: Dn
c�i;j+1;k�c�i;j;k

4yn � (0; un)max c�i;j;k � (0; un)min c�i;j+1;k; j < Ny

0; j = Ny

;

(C.61)

D
@c�

@y
� uy

����
s

=

8><>: Ds
c�i;j;k�c�i;j�1;k

4ys � (0; us)max c�i;j�1;k � (0; us)min c�i;j;k; j > 1

0; j = 1
;

(C.62)

D
@c�

@z
� uz

����
t

=

8><>: Dt
c�i;j;k+1�c�i;j;k

4zt � (0; ut)max c�i;j;k � (0; ut)min c�i;j;k+1; k < Nz

0; k = Nz

; and

(C.63)

D
@c�

@z
� uz

����
b

=

8><>: Db
c�i;j;k�c�i;j;k�1

4zb � (0; ub)max c�i;j;k�1 � (0; ub)min c�i;j;k; k > 1

0; k = 1
:
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Thus the equation (C.58) simplifies further in following form:

east c�i+1;j;k + west c
�
i�1;j;k + north c

�
i;j+1;k+

south c�i;j�1;k + top c
�
i;j;k+1 + bottom c�i;j;k�1��

node + nodw + nodn + nods + nodt + nodb �
"

4t

�
c�i;j;k = source�

"cn

4t ;(C.64)

where,

east =

8><>:
1
4x

�
De
4xe � (0; ue)min

�
; i < Nx

0; i = Nx

; (C.65)

west =

8><>:
1
4x

�
Dw
4xw + (0; uw)max

�
; i > 1

0; i = 1
; (C.66)

node =

8><>:
1
4x

�
De
4xe + (0; ue)max

�
; i < Nx

ue
4x ; i = Nx

; (C.67)

nodw =

8><>:
1
4x

�
Dw
4xw � (0; uw)min

�
; i > 1

0; i = 1
; (C.68)

north =

8><>:
1
4y

�
Dn
4yn � (0; un)min

�
; j < Ny

0; j = Ny

; (C.69)

south =

8><>:
1
4y

�
Ds
4ys + (0; us)max

�
; j > 1

0; j = 1
; (C.70)

nodn =

8><>:
1
4y

�
Dn
4yn + (0; un)max

�
; j < Ny

0; j = Ny

; (C.71)

nods =

8><>:
1
4y

�
Ds
4ys � (0; us)min

�
; j > 1

0; j = 1
; (C.72)
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top =

8><>:
1
4z

�
Dt
4zt � (0; ut)min

�
; k < Nz

0; k = Nz

; (C.73)

bottom =

8><>:
1
4z

�
Db
4zb + (0; ub)max

�
; k > 1

0; k = 1
: (C.74)

nodt =

8><>:
1
4z

�
Dt
4zt + (0; ut)max

�
; k < Nz

0; k = Nz

; (C.75)

nodb =

8><>:
1
4z

�
Db
4zb � (0; ub)min

�
; k > 1

0; k = 1
: (C.76)

and

source =

8><>: �uincin
4x for i = 1

0 else
: (C.77)

Here, the effective diffusivities are known based on earlier values of concentration,

porosity and velocity. So, the effective diffusivities at the surfaces can be calculated

as follows:

4xe
De

=
xi+1 � xe
Di+1;j;k

+
xe � xi
Di;j;k

; (C.78)

4xw
Dw

=
xi � xw
Di;j;k

+
xw � xi�1
Di�1;j;k

; (C.79)

4yn
Dn

=
yj+1 � yn
Di;j+1;k

+
yn � yj
Di;j;k

; (C.80)

4ys
Ds

=
yj � ys
Di;j;k

+
ys � yj�1
Di;j�1;k

; (C.81)

4zt
Dt

=
zk+1 � zt
Di;j;k+1

+
zt � zk
Di;j;k

; and (C.82)

4zb
Db

=
zk � zb
Di;j;k

+
zb � zk�1
Di;j;k�1

: (C.83)

Thus, the discretization of transient diffusion-convection operator leads to system

of linear equations (C.64) that can be solved by using linear solvers. We use
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advance multigrid techniques (Wesseling, 1992) to solve this equation. Similar

disctretized system of equation for polymer concentration can be used by following

the same procedure. Once, we solve for these concentrations and porosity field

at intermediate step, we use these solution to solve the second splitting (reaction

operator) given in equation (C.54) to find the solution at the next time step.

A.3.3 Solution of Reaction Operator

The second part of the operator splitting method is the solution of reaction

operator given in equation (C.54) that can be rewritten as

�n+1 � ��
4t =

@�

@t
= 0 and (C.84)

"n+1 � "�
4t =

@"

@t
= NacDaeffc

n+1
f : (C.85)

where effective Damkohler number, Daeff ; is given by

Daeff = Da

�
1 +

�2r r�

Sh

��1
Av: (C.86)

The equation (C.84) leads to � =constant, or, �n+1 = �� )

cn+1f =
"�

"n+1

�
c�f +

1

Nac

�
� 1

Nac
: (C.87)

Thus, if "n+1 is known, we can calculate concentration of acid from equation (C.87).

To calculate "n+1, we rewrite equation (C.85) by using equation (C.87) as follows:

"n+1 � "�
4t = NacDaeffc

n+1
f = Daeff

�
"�

"n+1
�
Nacc

�
f + 1

�
� 1
�
; (C.88)

that gives the quadratic equation in porosity "n+1 as

�
"n+1

�2 � ("� �Daeff4t) "n+1 �Daeff4t "� �Nacc�f + 1� ; (C.89)
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that has two roots:

"n+1 =
1

2
("� �Daeff4t)�

q
("� �Daeff4t)2 + 4Daeff4t "�Nacc�f : (C.90)

One of these roots is negative and other is positive, we choose the positive roots

(as porosity can not be negative). Thus the porosity at next time step is calculated

as

"n+1 =
1

2
("� �Daeff4t) +

q
("� �Daeff4t)2 + 4Daeff4t "�Nacc�f : (C.91)

Once we calculate the new porosity field, we update the concentrations of acid

using equation (C.87).

A.3.4 Extrapolation

Earlier, we presented the numerical method to solve the concentrations of acid,

and porosity field at next time step (at tn+1) based on their values at the current

time step (at tn). The discretization for temporal derivatives are performed using

implicit Euler method which has first order accuracy in time (O(4t)). For 3-D prob-

lems which is computationally very expansive, very small time steps may be very

difficult and time taking in obtaining solutions. For these reasons, higher order

methods are used. But in literature, it is shown that first order method coupled with

extrapolation technique is not only leads to higher order accuracy but also speed

up the calculations.

It can be seen by simple example of solving a linear problem,

dc

dt
= ��c and (C.92)

c = c0 @t = 0; (C.93)
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which has exact solution as

c = c0 exp (��t) (C.94)

that gives the exact solution at nth time step (tn = n4t) as

cn;exact = c0 exp (��n4t) � c0
�
1� n�4t+ n

2

2
�24t2 +O (4t)3

�
: (C.95)

Using the implicit first order Euler method, we get the solution at nth time step

(tn = n4t) with step size 4t as

c1n = c0

�
1

1 + �4t

�n
� c0

�
1� n�4t+ n (n+ 1)

2
�24t2 +O (4t)3

�
(C.96)

while with step size 4t
2

as

c2n = c0

 
1

1 + �4t
2

!2n
� c0

 
1� n�4t+

n
�
n+ 1

2

�
2

�24t2 +O (4t)3
!
: (C.97)

We can see that solutions from Implicit Euler method given in equations (C.96 and

C.97) have the first order accuracy. If we extrapolated these solution as follows:

c = 2c2n � c1n � c0
�
1� n�4t+ n

2

2
�24t2 +O (4t)3

�
; (C.98)

which has accuracy to second order.

Thus, here, based on the variables at current time step tn, we determine the

two solutions at next time steps tn+1 with the step size, 4t and 4t
2
: Let cf1; "1 are

solutions (acid concentration and porosity, respectively) with step size 4t and cf2;

"2 are solutions when step size is 4t
2
: Then the extrapolated solutions (cf1; "1) can

be written as
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cf = 2cf2 � cf1 and (C.99)

" = 2"2 � "1: (C.100)

As shown earlier, these extrapolated solution have second order accuracy O(4t2)

in time.
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