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ABSTRACT 

The classification of galaxies is traditionally carried out using human-eye analysis of 

morphology or through information provided by a large survey of galaxies. Clustering 

methods can reduce the effort of manual classification by automating this process. Out 

of all the different properties available for galaxy classification, classification based on 

emission-line spectra is among the easiest to carry out. Once we have clustering output, 

it is important to evaluate it. Cluster validation involves computing statistics over the 

clustering structure to derive an estimate of how good the clustering is. When performed 

using only clustered data points, cluster validation is said to be internal. When an 

independent external classification scheme is compared to the clustering result, it is 

called external cluster validation. The disadvantage with using traditional cluster 

validation metrics is the lack of a probabilistic model. Traditional cluster validation metrics 

output the average of the similarities obtained between clusters and classes. The novelty 

exhibited by the individual clusters with classes can be lost when an average is taken over 

all the similarity values. Our method for external cluster validation computes the 

separation between individual clusters and its estimated external class by projection of 

individual clusters and classes onto a dimension which preserves the discriminatory 

information in the original feature space. Our method uses a probabilistic approach to 

calculate the cluster separation. This method provides a better understanding of how 

individual clusters are similar or dissimilar to their external classification.  
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The Sloan Digital Sky Survey Dataset (SDSS) was used to evaluate our algorithm. The 

external classification scheme used is the WHAN classification system. We can derive 

clusters similar to at least one of the external classes. The similarity between clusters and 

two external classes of galaxies can be explained by domain knowledge, which are classes 

which can have overlapping properties. The structure derived by the clustering algorithm 

is supported by the numerical experiments. 
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Chapter 1: Introduction 
 

Clustering tools are useful in deriving structure in data when you don’t have labels. 

Clustering algorithms work by grouping similar data points together in an attribute 

feature space. The objective is to obtain data clusters such that any given data point is 

close and similar to data points in its own cluster and far apart and different from data 

points in other clusters. Clustering algorithms that derive these structures by finding 

similarities among intrinsic properties of the data. Clustering algorithms can be distance-

based, density-based, model-based, or hierarchical according to the manner in which the 

clustering is carried out. Clustering algorithms can also have different objective functions 

that they aim to maximize.  

Although many clustering algorithms have been developed, not all algorithms work for all 

types of datasets. Depending on the internal structure and representation of the dataset, 

certain algorithms are better at clustering. Thus, it is important to identify a clustering 

algorithm best suited for a dataset. The first step in the clustering process is cluster 

tendency, which evaluates a dataset for a non-random structure and determines if 

clustering is required. The evaluation of the clustering structure is performed as a post-

processing step called cluster validation. Cluster validation involves computing statistics 

on the derived clustering structure to determine if the clustering is good. There are three 

cluster validation techniques: internal cluster validation, external cluster validation, and 

relative cluster validation. Internal cluster validation involves computing statistics using 

only the clustered data points. Internal cluster validation computes metrics on the 

distance between the data points from one cluster and data points from other clusters 

produced by the clustering algorithm. External cluster validation involves computing 

statistics using an external classification scheme. External classification schemes are 

derived from domain knowledge not related to the clustering. The metrics compute 

statistics comparing the induced clusters obtained through the clustering algorithm to 
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external classes of the classification scheme. Relative cluster validation obtains results 

through multiple applications of the same clustering algorithm which are evaluated 

against each other.  

The metrics for external cluster validation have a few drawbacks. They output a single 

value when comparing the whole clustering result with existing classes. They do compare 

individual clusters with classes, they take an average of all the values for individual 

clusters to obtain a final output. The novelty of individual clusters with classes can be lost 

when the average is taken over all the separation values. Also, there is no probabilistic 

model involved in determining the similarity of the clusters and classes. It is much better 

to evaluate a model based on its probabilistic distribution rather than some arbitrary 

measure such as counts of data points. A probabilistic model gives a better picture of the 

expectation of the distribution of clusters and classes. Our approach focuses on each 

cluster-class pair. We project the multivariate distributions onto a single dimension and 

calculate the similarity of the one-dimensional distributions. We report on the similarity 

of each cluster with each of the classes and rank each class according to its closeness to 

the cluster. Our approach uses a probabilistic model to define one-dimensional 

distributions. 

The galaxy classification of the Sloan Digital Sky Survey dataset was used. The separation 

of galaxies into classes has been a major topic of research. However, most of these 

classifications were performed by hand-eye analysis or with the help of surveys that 

provide extensive collections of homogeneous data. Research has been done to automate 

galaxy classification. Data clustering should serve this purpose if it can capture the 

inherent structure of the data without using class labels.  

Galaxy classification includes morphology, color, shape, optical appearance, and spectral 

features. According to Fernandes et al. (2010), emission-line spectra galaxy classification 

identifies star formation, chemical composition, and nuclear activity. Two emission line 

spectra are used for galaxy classification, log [N II]/Hα and WHα. The WHAN diagram 
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replaced the BPT diagram (Baldwin et al., 1981) and distinguishes galaxies with very little 

nuclear activity (retired galaxy (RG)) and galaxies with a weakly active galactic nuclei 

(wAGN). A WHAN diagram maintains the traditional classification scheme while fixing the 

BPT diagram’s inability to classify RG and wAGN.  

We use the Gaussian mixture modeling with the expectation maximization (EM) algorithm 

to cluster the dataset. After applying our method of external cluster validation, we 

concluded that it is possible to find a clustering technique which may be used as a 

substitute for classification. Some of the clustering results go against the classification 

scheme and can be adequately explained by some astronomical aspects by evaluating the 

aberrations based on existing theories. 

The rest of the document is designed as follows. In Section 2, we look at the existing 

internal and external cluster validation techniques and also discuss drawbacks of using 

these metrics for cluster evaluation. Section 3 gives details about our approach for 

external cluster validation which differs from traditional metrics in that it evaluates each 

cluster-class pair individually. Section 4 gives background on the astronomical aspects 

related to the project. It discusses the WHAN classification scheme which has been used 

as the external classification scheme for the external cluster validation. Section 5 

describes the experiments run for the project and details the results. We report on the 

performance of various clustering algorithms used and the results of our external cluster 

validation approach. Result obtained by Gaussian mixture modelling fit with the results 

from the expectation maximization algorithm. We also discuss the results we got for the 

evaluation which further support the classification and indicate that clusters formed are 

indeed representative of the classes. Furthermore, we discuss some aspects of astronomy 

which might explain a few areas in which the clustering structure looked suspicious but 

in theory, could very much have been possible or even correct. Finally, Section 6 gives a 

brief summary of the work and discusses possible future work related to the project.  
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Chapter 2: Existing metrics and approaches for 

cluster validation 
 

2.1 Outline for the thesis 

 

Before we begin, it would be best to define variables which will be used for the thesis. 

This will provide standard definitions for terms used in the thesis.  

We assume a dataset composed of objects, 𝐷 = {𝑥𝑖}, where 𝑥𝑖 = (𝑎𝑖, 𝑎𝑗 , … , 𝑎𝑘) is the 

attribute vector of the dataset. We refer to an attribute variable as 𝐴𝑖  and a specific 

attribute value as 𝑎𝑖. All attribute values belong to the set of real numbers. The data 

objects are partitioned into m subsets, 𝐾1, 𝐾2, … , 𝐾𝑚 by the clustering algorithm, where 

the union of the m subsets gives the entire dataset, ⋃ 𝐾𝑗𝑗 = 𝐷. We have an external 

classification scheme based on domain knowledge which makes n partitions of the 

dataset, 𝐶1, 𝐶2, … , 𝐶𝑛, such that the union of the n partitions gives the entire 

dataset, ⋃ 𝐶𝑖𝑖 = 𝐷. The external classification is not related to the clustering algorithm. 

The number of clusters can be different from the number of classes. 

Two results are possible for comparison among the clusters produced by the clustering 

algorithm and the classes from the external classification scheme. If clusters and classes 

are similar, we say that the clustering supports the classification scheme and the intrinsic 

data behavior is similar to the classification criteria. If the clusters and classes are not 

similar, we say that the clustering algorithm found a novel structure in the dataset  

2.2 Related Work on Cluster Validation metrics 
 

This section will focus on existing metrics used for cluster validation. More specifically, we 

look at how internal and external cluster validation techniques work. In the next section, 

we go through drawbacks of the existing metrics. 
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The goal of a clustering algorithm is to make data objects within a cluster close or similar 

to each other and data objects from different clusters separated or dissimilar. The two 

criteria clustering algorithms are based on are, 

i. Compactness:  

Compactness measures how close data objects are within a cluster. A good 

measure for estimating compactness of a clustering is by examining the 

variance of clusters. If a cluster has low variance, data objects are closely 

distributed. As mentioned in Liu et al. (2010), other measures that for 

compactness are based on the distance of data objects within the cluster, (For 

e.g., maximum or average pair-wise distance and maximum or average center-

based distance). 

ii. Separation: 

Separation evaluates the distance between clusters. Ideally, distance between 

two clusters should be as large as possible. As mentioned in Liu et al (2010), 

pair-wise distance between two clusters centers or pair-wise minimum 

distance between data objects from two different clusters are good measures 

for computing separation.  

Internal cluster validation metrics compute statistics over the clustered data objects. 

Internal cluster validation metrics which we discuss are the Calinski-Harabasz index, the 

Davies-Bouldin index, the Silhouette index, and the Dunn index. External cluster 

validation metrics compare clusters with classes from an independent classification 

scheme. The external cluster validation metrics discussed are F-measure, NMIMeasure, 

Purity and, Entropy. According to Rendon et al. (2011), the four external cluster validation 

metrics discussed are the most referenced in literature. 
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2.2.1 Internal Cluster Validation metrics 

The below metrics use intrinsic-data properties to evaluate the clustering algorithm. 

i. Calinski-Harabasz index (Rendon et al., 2011): 

The Calinski-Harabasz index computes the average between- and within-cluster 

sum of squares,  

𝐶𝐻 =
𝑡𝑟𝑎𝑐𝑒(𝑆𝐵)

𝑡𝑟𝑎𝑐𝑒(𝑆𝑊)
.
𝑛𝑝 − 1

𝑛𝑝 −𝑚
 

where 𝑆𝐵 and 𝑆𝑊 are the between-cluster scatter matrix and the within-cluster 

scatter matrix, respectively. The number of clusters is m and 𝑛𝑝 is the number of 

clustered samples. 

ii. Davies-Bouldin index (Rendon et al., 1979): 

For each cluster K, similarities between cluster K and all other clusters are 

computed. The highest of these similarity values is assigned as the cluster 

similarity for cluster K.  

𝐷𝐵 =
1

𝑚
∑𝑀𝑎𝑥𝑗≠𝑘 {

𝑑(𝑋𝑗) +  𝑑(𝑋𝑘)

𝑑(𝑐𝑗, 𝑐𝑘)
}

𝑚

𝑗=1

 

where m denotes the number of clusters, k, j are cluster labels. 𝑑(𝑋𝑗) and 𝑑(𝑋𝑘) 

are all samples in cluster j and k to their respective cluster-centroids, and 𝑑(𝑐𝑗, 𝑐𝑘) 

is the distance between these centroids. A smaller value of the DB index indicates 

a better clustering solution.  
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iii. Silhouette index (Rendon et al., 2011): 

This silhouette technique assigns a measure, silhouette width, 𝑠(𝑖), 𝑖 = (1, . . , 𝑐) 

to the 𝑐𝑡ℎ data point of a cluster 𝐾𝑚(𝑗 = 1, … ,𝑚). 𝑠(𝑖) is a confidence indicator 

of the membership of the 𝑐𝑡ℎ data point in a cluster 𝐾𝑚, 

𝑠(𝑖) =
𝑏(𝑖) − 𝑎(𝑖)

𝑀𝑎𝑥{𝑎(𝑖), 𝑏(𝑖)}
 

where 𝑎(𝑖) is the average distance between 𝑖𝑡ℎ sample and all of the samples in 

the cluster𝐾𝑚; 𝑏(𝑖) is the minimum average distance between the 𝑐𝑡ℎ sample and 

all other samples clustered in 𝐾𝑗(𝑗 = 1,… ,𝑚;  𝑗 ≠ 𝑚). 

 

iv. Dunn index (Liu et al., 2010):  

The Dunn index computes the maximum distance between cluster centers as 

separation and the sum of distances between objects and their cluster center as 

the compactness of the cluster, 

𝐷𝑢𝑛𝑛 =  𝑚𝑖𝑛1≤𝑖≤𝑚 {𝑚𝑖𝑛 {
𝑑(𝑐𝑗, 𝑐𝑘)

𝑚𝑎𝑥1≤𝑒≤𝑐𝑑(𝑋𝑒)
}} 

where 𝑑(𝑐𝑗, 𝑐𝑘) is the distance between clusters 𝑋𝑗 and 𝑋𝑘; 𝑑(𝑋𝑒) represents the 

intra-cluster distance of cluster 𝑋𝑒 and m is the number of clusters formed in the 

dataset. A larger value of Dunn index corresponds to a better clustering solution.  

2.2.2 External Cluster Validation metrics 
 

These metrics compare clustering with an external classification scheme independent of 

the clustering.  

i. F-measure (Rendon et al., 2011):  

The F-measure combines concepts from information retrieval, precision, and 

recall. Precision and recall of a cluster with each class can be calculated as, 
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𝑅𝑒𝑐𝑎𝑙𝑙(𝑖, 𝑗) =  
𝑛𝑖𝑗

𝑛𝑖
 

and 

𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛(𝑖, 𝑗) =
𝑛𝑖𝑗

𝑛𝑗
 

where 𝑛𝑖𝑗 is the number of data objects of class i in cluster j, 𝑛𝑗  is the number 

of data objects in cluster j, and 𝑛𝑖  is the number of data objects in class i. The 

F-measure of cluster j and class i can be given as, 

𝐹(𝑖, 𝑗) =  
2(𝑅𝑒𝑐𝑎𝑙𝑙(𝑖, 𝑗) .  𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛(𝑖, 𝑗)

𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛(𝑖, 𝑗) + 𝑅𝑒𝑐𝑎𝑙𝑙(𝑖, 𝑗)
 

The values of F-measure are within an interval of [0, 1] with a higher value of 

the F-measure indicating better clustering output. 

 

ii. NMIMeasure (Rendon et al., 2011): 

The Normalized Mean Information Measure of two data objects is given as, 

𝑁𝑀𝐼(𝑋, 𝑌) =  
𝐼(𝑋, 𝑌)

√𝐻(𝑋). 𝐻(𝑌)
 

where 𝐼(𝑋, 𝑌) represents the mutual information between two data points, X 

and Y, and 𝐻(𝑋) is the entropy of X. Y is the class data point and X is the cluster 

data point. 

 

iii. Purity (Rendon et al., 2011): 

The purity of each cluster 𝐾𝑗 is a fraction of the overall cluster size that the 

largest class of objects assigned to that cluster represents. 𝐾𝑗 is calculated as, 

𝐾𝑗 = 
1

𝑛𝑗
𝑀𝑎𝑥𝑖(𝑛𝑗

𝑖) 

where j is the number of objects in cluster j, and i is the number of objects in 

class i. The overall purity of the clustering is calculated as the weighted sum of 

the purity of the individual clusters. 
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𝑃𝑢𝑟𝑖𝑡𝑦 =  ∑
𝑛𝑗

𝑛

𝑚

𝑗=1

𝐾𝑗 

where 𝑛𝑗  is the size of the cluster j, m is the number of clusters, and n is the 

total number of data objects.  

 

iv. The 2x2 contingency matrix (Rand et al., 1971, Milligan et al., 1983): 

It is a 2x2 matrix where entries of the matrix represent agreement of class and 

cluster data objects. The first entry 𝑋11 denotes the number of data objects 

that fall in the same cluster and class; 𝑋12 denotes the number of data objects 

which are of the same class but a different cluster; 𝑋21 denotes the number of 

data objects which are in the same cluster but a different class; 𝑋22 denotes 

the number of data objects that are in different clusters and classes. Indexes 

based on the 2x2 contingency matrix are, 

𝑅𝑎𝑛𝑑 𝑖𝑛𝑑𝑒𝑥 =  
𝑋11 + 𝑋22 

𝑋11 + 𝑋12 + 𝑋21 + 𝑋22
 

𝐽𝑎𝑐𝑐𝑎𝑟𝑑 𝐼𝑛𝑑𝑒𝑥 =  
𝑋11 

𝑋11 + 𝑋12 + 𝑋21
 

 

2.3 Limitations of currently used metrics 
 

There are drawbacks of using the existing external cluster validation metrics. They can be 

skewed by distributions of data or by the way data is modeled for evaluation.  

The metrics mentioned above give one value as result of the cluster validation. A single 

value can be misleading in determining how similar or dissimilar individual clusters are to 

the classes. The value is obtained by averaging the similarities between individual clusters 

and classes.  

For example, assume we have three clusters 𝐾1, 𝐾2, and 𝐾3 and a class 𝐶1. We get high 

similarity between cluster 𝐾1 and class 𝐶1 and low similarity between cluster 𝐾2 and 
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class 𝐶1, and between cluster  𝐾3 and class 𝐶1.  The final value will be the average of these 

similarities. Since two similarities are low and one is high, the average will be low. This 

provides an inaccurate description of the overall clustering structure. There are two 

clusters that are similar to the classification scheme and one that is novel and is dissimilar 

to the classification scheme.  

The illustration below explains the drawback. As seen in the Figure1, there are three 

clusters, 𝑘1, 𝑘2 𝑎𝑛𝑑 𝑘3 and two classes,  𝐶1 𝑎𝑛𝑑 𝐶2. Clusters 𝑘1 𝑎𝑛𝑑 𝑘2 support the 

classification. But, cluster 𝑘3 represents a novel structure which is not seen in the 

classification. The novelty of cluster 𝑘3 is lost when averaging similarities of all the clusters 

and the classes. 

 

Fig 1. Cluster K3 represents a new cluster formed from the data distribution. However, averaging 

the similarities disregards this novelty.   

Metrics using the contingency matrix take into account the total instances of agreement 

and disagreement between the clusters and the classes. The entries of the contingency 

matrix are based on distributions in the attribute space (i.e., according to Section 2.2.2 

(iv), 𝑋11 = 𝐶𝑖 ∩ 𝐾𝑗, 𝑋22 = 𝐶𝑖 ∪ 𝐾𝑗). However, if we use conditional probabilities of the 

cluster and class distributions, we have an estimate of all the data objects lying on the 

attribute space. Figure 2 below shows a two-dimensional attribute space comparing 

probability distributions of a cluster 𝐾𝑗 and a class 𝐶𝑖. The conditional probabilities 

𝑃 (𝑥 𝐶𝑖)⁄  for class 𝐶𝑖 and 𝑃 (𝑥 𝑘𝑗)⁄  for cluster 𝑘𝑗 have been plotted along a third axis. 
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Fig 2. A probabilistic model offers a better view of the separation between a cluster and a class 

than a contingency matrix. 

When we estimate the similarity using the conditional probabilities, the results will be 

different than what is obtained by the counts in the contingency matrix. According to 

Vilalta et al. (2007), the expectation from the conditional probabilities is based on a pre-

defined probabilistic model that introduces additional (a priori) information.  

In the next section, we address the issues mentioned above and propose our method for 

external cluster validation.  

 

 

 

 

 

 

 

 



12 
 

Chapter 3: Our method for external cluster 

validation 

In this chapter, we discuss our approach for external cluster validation. Our method 

evaluates each cluster against its most similar class. Our method uses a probabilistic 

approach for estimating similarity by comparing the probability distributions of the 

cluster and the class.  

Our approach assumes that the cluster and the class can be modeled as multivariate 

Gaussian distributions. For a multivariate Gaussian distribution, the probability density 

function can be defined by the mean vector µ and the covariance matrix Σ as, 

𝑓(𝑥) =
1

√(2𝛱)𝑘|𝛴|
exp (−

1

2
(𝑥 − µ)𝑡𝛴−1(𝑥 − µ)) 

(1) 

where x is a k-dimensional component vector, µ is the k-dimensional mean vector, and 

⌊𝛴⌋ and 𝛴−1 are the determinant and inverse of the covariance matrix respectively.  

If we can model our cluster and class distributions using the above equation 𝑓𝑗(𝑥) ∶

N [µ𝑗, 𝛴𝑗] is the probability density function for cluster 𝐾𝑗 and 𝑓𝑖(𝑥) ∶ N [µ𝑖, 𝛴𝑖] is the 

probability density function of the class 𝐶𝑖. To achieve our goal of external cluster 

validation, we would need to compute the separation between the two probability 

distributions. Before we discuss our approach, we look into two preliminary metrics which 

can be used for achieving the goal mentioned above. 

3.1 Compute separation by integration over the whole attribute 

space  

A straightforward approach for calculating the separation between the two multivariate 

distributions is to find a distance function that calculates separation between data points 



13 
 

in the original multivariate attribute space. We denote the overall separation between 

𝑓𝑗(𝑥) and 𝑓𝑖(𝑥) as 𝜓(𝑓𝑗 , 𝑓𝑖). We can apply the distance function to each point x, 𝜓𝑓𝑗,𝑓𝑖(𝑥), 

and integrate this function over the attribute space to calculate the overall 

separation 𝜓(𝑓𝑗, 𝑓𝑖): 

  𝜓(𝑓𝑗 , 𝑓𝑖) =  ∫ 𝜓𝑓𝑗,𝑓𝑖(𝑥)
 

𝑥
 𝑑𝑥                                                (2) 

A simple measure of a distance function 𝜓𝑓𝑗,𝑓𝑖(𝑥) is the square distance which is 

defined as,  

𝜓𝑓𝑗,𝑓𝑖(𝑥) = (𝑓𝑗(𝑥) − 𝑓𝑖(𝑥))
2 

         (3) 

When the distributions 𝑓𝑗 and 𝑓𝑖  are identical, the distance function for each data point x, 

𝜓𝑓𝑗,𝑓𝑖(𝑥) would be, 

𝜓𝑓𝑗,𝑓𝑖(𝑥) = (𝑓𝑗(𝑥) − 𝑓𝑗(𝑥))
2

= 0 

(4) 

Thus, the overall separation between the cluster and the class distribution, Ψ (𝑓𝑗 , 𝑓𝑖) is 

zero.  

The integration of Eq. (2) is inexpensive for small number of dimensions and can be 

estimated easily through numerical methods. However, when the integration is 

performed over high number of dimensions, the computational cost is high and the 

integration becomes difficult. It can become unmanageable even for number of 

dimensions greater than 2. If we perform the computation over each attribute separately, 

the computational cost is brought down.  
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3.2 Performing computation over each attribute independently  

Since the computation over the whole attribute space can become intractable, a solution 

could be to compute separation over each attribute independently. The advantage of this 

approach is in projection of data on each attribute. To calculate the separation over an 

attribute, we project the data on the attribute space and calculate the separation of the 

projected distributions. To find the overall separation, we combine the individual 

separations over all the attributes. Then, our complexity is brought down from calculating 

separation over a multivariate space to calculating separation for as many one-

dimensional distributions as there are the number of attributes. Let us look at an 

illustration to better understand this approach.  

 

Fig 3. A projection of the data over a specific attribute transforms the original problem into a 

new problem of one-dimensional Gaussian distributions 

Suppose, we have an attribute space consisting of attributes 𝐴𝑙, 1 ≤ l ≤ k. The projected 

distributions of the cluster and the class on the attribute space can be represented as 

𝑓𝑗
𝑙(𝑥) (corresponding to cluster 𝐾𝑗) and 𝑓𝑖

𝑙(𝑥) (corresponding to cluster 𝐶𝑖). Since our 

distributions are assumed to be multivariate Gaussian distributions, we use the mean 

vector and the co-variance matrix to find parameters of the projected distributions. If we 

want to obtain the one-dimensional distribution on attribute 𝐴𝑙, we use the l-entry of the 

mean vector and the (l, l) -entry of the covariance matrix. 
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Once we have the parameters for the two-one dimensional distributions, we can calculate 

the separation using a distance function 𝜓𝑓𝑗,𝑓𝑖(𝑥). The calculation is very effective 

computationally since it is performed over a single dimension. However, we need to 

define a function which combines the separations over all the attributes. Our overall 

separation between class and cluster distributions, 𝜓(𝑓𝑗 , 𝑓𝑖) can be given as, 

Ψ (𝑓𝑗 , 𝑓𝑖) =  ⋃(𝜓(𝑓𝑗
1(𝑥), 𝑓𝑖

1(𝑥)) , … . . , 𝜓 (𝑓𝑗
𝑙(𝑥), 𝑓𝑖

𝑙(𝑥))) =  ⋃𝜓𝑙
𝑙

 

(5) 

where 𝜓 (𝑓𝑗
𝑘(𝑥), 𝑓𝑖

𝑘(𝑥)) is the separation of the distributions over the attribute k in the 

attribute space. Defining the nature of the function that combines the separations over 

all attributes, ⋃(. ) can be difficult. The illustration below explains another issue with this 

approach, 

 

Fig 4. Two non-overlapping distributions in a k-dimensional space may appear as if they are 

highly overlapped when projected over each attribute (here k=2). 

As seen in the figure above, we have two non-overlapping distributions in the multivariate 

space, 𝐾𝑗 representing the cluster, and 𝐶𝑖 representing the class. When we project the 

distributions on attribute 𝐴1 we find an overlap in the resultant one-dimensional 
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distributions. If we look at the distributions in the original attribute space, we see that the 

final separation Ψ (𝑓𝑗 , 𝑓𝑖) should be zero since there is no overlap in the original attribute 

space. The one-dimensional distributions would be a positive number as there is an 

overlap in the attribute space. By looking at each attribute independently, two 

distributions that are non-overlapping in a k-dimensional space can appear to be 

overlapped when projected over an attribute. To tackle this issue, we find a dimension 

that maintains the true separation in the multivariate space. When projected along that 

dimension the true separation would be preserved between the one-dimensional 

distributions.  

3.3 Projection using Fishers’ Linear Discriminant 

The Fishers’ linear discriminant is a generalization of Linear Discriminant Analysis. Ronald 

Fisher proposed the Fishers’ linear discriminant as a way of finding a linear combination 

of features that characterizes or separates two or more classes (Duda et al., 2001). The 

resulting classifier from this linear combination of features can be used for dimensionality 

reduction. Another approach for dimensionality reduction, principal component analysis 

(PCA) performs the same objective but does not take into account the preservation of 

original class discriminatory information. Linear discriminant analysis performs 

dimensionality reduction such that the separation between original distributions is 

preserved.  

Fishers’ linear discriminant finds a hyper plane in the multi-dimensional space that best 

discriminates the two distributions. In our case, we need to find a hyper plane that best 

separates cluster 𝐾𝑗 data objects from class 𝐶𝑖 data objects. The vector orthogonal to this 

hyper plane will preserve the discriminatory information between the two distributions 

when we project our original distributions onto that vector. We refer to this vector as the 

weight vector w.  
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Fig 5.Projection on the weight vector w provides a better representation of the true overlap 

between the original distributions than projection on the individual attribute axes. 

Figure 5 provides an illustration of the advantage of using Fishers’ linear discriminant over 

projection on individual attribute axes. The one-dimensional distributions obtained by 

projecting over the vector w preserve the true separation of the two distributions for 

cluster 𝐾𝑗 and class 𝐶𝑖. If we were to look at the distributions obtained by projections on 

the individual attribute axes, they don’t maintain the original separation.  

Fishers’ linear discriminant maximizes the ratio of between-class scatter to within-class 

scatter. The objective of Fishers’ linear discriminant is to maximize a function that 

represents the difference between means projected over w and normalized by a measure 

of within-class variability. We find a projection where examples from the same class are 

projected close to one another while the projected means are as far as possible. We 

maximize the below given objective function to find the vector w, 

𝐽(𝑤) =  
𝑤𝑡𝑆𝐵𝑤

𝑤𝑡𝑆𝑊𝑤
  

(7) 
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The term 𝑆𝐵is called the between-class scatter matrix and represents the difference 

between the projected means. It is defined as,  

𝑆𝐵 = (µ𝑗 − µ𝑖)(µ𝑗 − µ𝑖)
𝑡 

(8) 

where µ𝑗is the mean vector of the cluster distribution 𝑓𝑗(𝑥) and µ𝑖 is the mean vector of 

the class distribution𝑓𝑖(𝑥). 

The term 𝑆𝑊 is the within-class scatter matrix and represents the class variability; it is the 

sum of the scatter matrix over the two distributions: 

𝑆𝑊 = ∑ (𝑥 − µ𝑗)(𝑥 − µ𝑗)
𝑡

𝑥 ∈ 𝐾𝑗

+ ∑ (𝑥 − µ𝑖)(𝑥 − µ𝑖)
𝑡

𝑥 ∈ 𝐶𝑖

 

 (9) 

To find the maximum of 𝐽(𝑤) we differentiate and equate Eq. (7) to zero, 

𝑑

𝑑𝑤
𝐽(𝑤) =  

𝑑

𝑑𝑤
 (
𝑤𝑡𝑆𝐵𝑤

𝑤𝑡𝑆𝑊𝑤
) = 0 

      

⇒ (𝑤𝑡𝑆𝑊𝑤)
𝑑

𝑑𝑤
(𝑤𝑡𝑆𝐵𝑤) − (𝑤

𝑡𝑆𝐵𝑤)
𝑑

𝑑𝑤
(𝑤𝑡𝑆𝑊𝑤) = 0 

⇒ (𝑤𝑡𝑆𝑊𝑤) 2𝑆𝐵𝑤 − (𝑤
𝑡𝑆𝐵𝑤) 2𝑆𝑊𝑤 = 0 

Dividing by 2𝑤𝑡𝑆𝑊𝑤: 

⇒ (
𝑤𝑡𝑆𝑊𝑤

𝑤𝑡𝑆𝑊𝑤
) 𝑆𝐵𝑤 − (

𝑤𝑡𝑆𝐵𝑤

𝑤𝑡𝑆𝑊𝑤
) 𝑆𝑊𝑤 = 0 

⇒ 𝑆𝐵𝑤 −  𝐽(𝑤) 𝑆𝑊𝑤 = 0 
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⇒ 𝑆𝑊
−1𝑆𝐵𝑤 −  𝐽(𝑤) 𝑤 = 0 

Solving the generalized Eigen value problem,  

𝑆𝑊
−1𝑆𝐵𝑤 −  𝜆𝑤 = 0   𝑤ℎ𝑒𝑟𝑒 𝜆 = 𝐽(𝑤) = 𝑠𝑐𝑎𝑙𝑎𝑟 

𝑤 = 𝑆𝑊
−1(µ𝑗 − µ𝑖) 

                                                                                                                                                        (10) 

3.4 Projection over weight vector w 

After we find the w vector that is orthogonal to the hyper plane and maximizes separation 

between the cluster and class distribution, we project the original data points onto the w 

vector. We found an efficient approach for measuring degree of separation between 

cluster 𝐾𝑗 and class 𝐶𝑖. In order to obtain the distributions projected on vector w, we will 

perform a scalar dot product for original data point x, 

𝑥′ = 𝑤𝑡. 𝑥 

                                                                                                                                                        (11) 

The parameters of the one-dimensional distributions obtained after projecting the data 

over the w vector can be given as, 

µ =  𝑤𝑡µ, 𝜎′2 =
1

𝑁
 𝛴 (𝑥′ − µ′)2 

                                                                                                                                                        (12) 

where µ is the mean of the original distribution, and µ’ and 𝜎′2 are the projected mean 

and the projected variance respectively, N represents the number of data points 

comprised by cluster 𝐾𝑗 when calculating parameters for the projected cluster 

distribution; otherwise, N is the number of data points comprised by the class 𝐶𝑖 when 

calculating the projected class distribution.  The projected density functions will be 
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referred to as 𝑓𝑖
′(𝑥) for class 𝐶𝑖 and 𝑓𝑗

′(𝑥) for cluster 𝐾𝑗. Our next step is to calculate the 

separation between the two one-dimensional Gaussian distributions 𝑓𝑗
′(𝑥) and 𝑓𝑖

′(𝑥) 

obtained after projecting original data distributions over the vector w.  

3.5 Calculating separation between two one-dimensional Gaussian 

distributions  

Once we have the one-dimensional distributions, 𝑓𝑗
′ for cluster 𝐾𝑗 and 𝑓𝑖

′ for class 𝐶𝑖, 

projected over the w vector, what remains is to calculate the separation between these 

two distributions. We will denote this separation as 𝜓( 𝑓𝑗
′, 𝑓𝑖

′). The metric we use to 

calculate this separation is the Kullback-Leibler distance (relative entropy).  

The Kullback-Leibler distance (Cover et al., 1991), introduced by Solomon Kullback and 

Richard Leibler in 1951, is a measure of difference between two probability distributions 

P and Q. P typically represents the true distribution of data observations while Q 

represents an approximation of P. The Kullback-Leibler distance of Q from P, denoted 

by 𝐷𝐾𝐿(𝑃||𝑄), is the amount of information lost when Q is used to approximate P 

(Burnham et al., 2002). The Kullback-Leibler distance is not a true metric. It does not obey 

the triangle inequality, i.e., 𝐷𝐾𝐿(𝑃||𝑄) ≠ 𝐷𝐾𝐿(𝑄||𝑃). 

The Kullback-Leibler distance between two probability density functions is the 

expectation of the logarithm of a likelihood ratio (Vilalta et al., 2007): 

 𝜓( 𝑓𝑗
′,   𝑓𝑖

′) = 𝐷(𝑓𝑗
′||𝑓𝑖

′) = ∫𝑓𝑗
′(𝑥) 𝑙𝑜𝑔

𝑓𝑗
′(𝑥)

𝑓𝑖
′(𝑥)

𝑑𝑥 

(13) 

The above equation is a measure of error generated when assuming that function 𝑓𝑖
′ is 

used to represent function 𝑓𝑗
′. The integral measures the additional amount of 

information required to describe cluster 𝐾𝑗 given its most similar class 𝐶𝑖. The greater the 
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distance, the greater the amount of information conveyed by cluster 𝐾𝑗 (Vilalta et al., 

2007). 

According to our assumption, the form of the distributions is known to be Gaussian. Thus, 

the metric used can be simplified by using natural logarithms instead of common 

logarithms, 

 𝜓( 𝑓𝑗
′,   𝑓𝑖

′) = 𝐷(𝑓𝑗
′||𝑓𝑖

′) = ∫𝑓𝑗
′(𝑥) 𝑙𝑛

𝑓𝑗
′(𝑥)

𝑓𝑖
′(𝑥)

𝑑𝑥 

                                                                                                                                                        (14) 

The probability distribution of a one-dimensional Gaussian distribution is given by, 

𝑓(𝑥;  µ, 𝜎2) =
1

𝜎√2𝛱
𝑒
−
(𝑥−µ)2

2𝜎2  

(15) 

where µ is the mean of the distribution and 𝜎2 is the variance of the distribution. 

According to Vilalta et al. (2007), substituting the above equation in Eq. (14), 

𝜓( 𝑓𝑗
′,   𝑓𝑖

′) = ∫𝑓𝑗
′ 𝑙𝑛

1

√2𝛱𝜎𝑗
′2

𝑒
−
(𝑥−µ𝑗

′)
2

2𝜎𝑗
′2

1

√2𝛱𝜎𝑖
′2

𝑒
−
(𝑥−µ𝑖

′)
2

2𝜎𝑖
′2

𝑑𝑥 

= ∫𝑓𝑗
′ 𝑙𝑛

(

 
 𝜎𝑖

′

𝜎𝑗
′  𝑒

1
2
(
(𝑥−µ𝑗

′)
2

𝜎𝑗
′2 − 

(𝑥−µ𝑗
′)
2

𝜎𝑗
′2 )

)

 
 
𝑑𝑥 
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= ∫𝑓𝑗
′ 𝑙𝑛

𝜎𝑖
′

𝜎𝑗
′ 𝑑𝑥 + 

1

2𝜎𝑖
′2∫𝑓𝑗

′ (𝑥 − µ𝑖
′)2𝑑𝑥 −

1

2𝜎𝑗
′2∫𝑓𝑗

′ (𝑥 − µ𝑗
′ )
2
𝑑𝑥 

= 𝑙𝑛
𝜎𝑖
′

𝜎𝑗
′∫𝑓𝑗

′ 𝑑𝑥 + 
1

2𝜎𝑖
′2∫𝑓𝑗

′ (𝑥 − µ𝑖
′)2𝑑𝑥 −

𝜎𝑗
′2

2𝜎𝑗
′2 

= 𝑙𝑛
𝜎𝑖
′

𝜎𝑗
′ +
1

2
[
1

𝜎𝑖
′2∫(𝑥 − µ𝑖

′)2𝑓𝑗
′𝑑𝑥 − 1]  

= 𝑙𝑛
𝜎𝑖
′

𝜎𝑗
′ +
1

2
[
𝐸𝑓𝑗

′[(𝑥 − µ𝑖
′)2]

𝜎𝑖
′2 − 1] 

(16) 

The last equation shows the relative entropy between two one-dimensional Gaussian 

distributions. If both distributions are the same, then the expectation of the term 

(𝑥 − µ𝑖
′)2 with respect to distribution 𝑓𝑗

′ is identical to 𝜎𝑖
′2and 𝜓( 𝑓𝑗

′,   𝑓𝑖
′) is zero. The 

Kullback-Leibler distance is zero when the two Gaussian distributions are identical. As the 

distributions move farther apart, the distance increases.  

3.6 Overview of the complete algorithm 

Our method is divided into two steps: 

i. The projection of data points from cluster 𝐾𝑗 and class 𝐶𝑖 over the weight 

vector w that is orthogonal to the hyper plane. This maximizes the separation 

between both the class 𝐶𝑖 and cluster 𝐾𝑗, obtained by the Fishers’ linear 

discriminant. 

ii. The computing of degree of separation between two one-dimensional 

Gaussian distributions using Kullback-Leibler distance. 
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The complete algorithm is as described below, 

Input to the algorithm : data points from cluster 𝐾𝑗 and class 𝐶𝑖 

Output from the algorithm : distance between both distributions, 𝜓( 𝑓𝑗
′,   𝑓𝑖

′)  

find_K-L_Distance (𝐾𝑗, 𝐶𝑖): 

1. Find vector w that is orthogonal to the hyper plane, found using Fishers’ linear 

discriminant, which maximizes the separation between cluster 𝐾𝑗and class 𝐶𝑖: 

a. Compute mean vector µ𝑖 for class 𝐶𝑖 

b. Compute mean vector µ𝑗 for cluster 𝐾𝑗  

c. Computer within-class scatter matrix: 

𝑆𝑊 = ∑ (𝑥 − µ𝑗)(𝑥 − µ𝑗)
𝑡

𝑥 ∈ 𝐾𝑗

+ ∑ (𝑥 − µ𝑖)(𝑥 − µ𝑖)
𝑡

𝑥 ∈ 𝐶𝑖

 

d. Computer vector w: 

𝑤 = 𝑆𝑊
−1(µ𝑗 − µ𝑖) 

 

2. Get projected data points(𝑥′) by projection of original data points(𝑥), from cluster 𝐾𝑗  

and class 𝐶𝑖, onto the vector w: 

𝑥′ = 𝑤𝑡. 𝑥 

 

3. Calculate the probability densities, 𝑓𝑗
′(𝑥)(for cluster 𝐾𝑗) and 𝑓𝑖

′(𝑥)(for class 𝐶𝑖) 

 

4. Compute Kullback-Leibler distance: 

𝜓( 𝑓𝑗
′,   𝑓𝑖

′) = 𝐷(𝑓𝑗
′||𝑓𝑖

′) = ∫𝑓𝑗
′(𝑥) 𝑙𝑛

𝑓𝑗
′(𝑥)

𝑓𝑖
′(𝑥)

𝑑𝑥 

 

5. Return 𝜓( 𝑓𝑗
′,   𝑓𝑖

′) 
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Chapter 4: WHAN Classification 
 

Classification is often one of the first steps taken in a scientific endeavor, and usually 

precedes – and indeed stimulates – the understanding of physical causes behind the 

phenomenon in question. Classification helps in organizing a large collection of objects 

into a fixed number of classes without leaving any object aside. Classification involves 

making rules based on attribute features of the data objects. Data objects are then 

assigned to different classes based on their attributes. Once we have a classification 

scheme in place, new data objects can be assigned a class based on the existing rules 

developed by the classification scheme. In constructing a classification scheme, it is 

important to make rules by choosing properties that best exhibit the inherent behavior 

of the data objects.  

In case of galaxies, a variety of features and properties exist from which a classification 

can be done. Features that can be used are morphology, color, shape, and spectral 

features. There are different techniques to perform classification as well. We can use rule-

based classification, or linear classifiers. The attribute features used and the type of 

classification affect the final classification model. The best classification scheme is the one 

which makes assigning classes to new data objects easy.  

Astronomers have found that classification schemes based on emission lines are easy to 

carry out as they are capable of dealing with issues such as star formation, chemical 

composition, and nuclear activity (Fernandes et al., 2010). Emission lines correspond to 

photons of discrete energies emitted when excited electrons in the gas make transitions 

back to lower-lying energy levels. One of the most famous classification schemes for 

galaxies was proposed by Baldwin, Philips & Terlevich (1981) (BPT). It has been used by 

astronomers to classify galaxies. The BPT classification uses two emission lines, 

[𝑂𝐼𝐼𝐼] 𝜆5007/𝐻𝛽 versus [𝑁𝐼𝐼] 𝜆6584/𝐻𝛼. However, when using the Sloan Digital Sky 

Survey (SDSS) database, the BPT diagram leaves a large proportion of Emission-line 
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galaxies (ELGs) unclassified as these require four emission lines to classify. Another 

classification proposed by Kewley et al. (2006) is even more expensive and demanding, as 

it requires seven emission line intensities to perform the classification.  

In Cid Fernandes et al. (2010), they proposed a much more economical classification 

scheme to perform the classification of data objects from the Sloan Digital Sky Survey 

(SDSS) database. The proposed classification scheme, referred to as WHAN classification 

scheme, uses only two emission lines, 𝐻𝛼 and [𝑁𝐼𝐼]. The two emission spectral lines used 

in WHAN classification are the most prominent. The WHAN diagram plotting the 𝐻𝛼 

equivalent width against [𝑁𝐼𝐼]/𝐻𝛼 is shown below.  

 

Fig 6. WHAN classification used to establish emission-line classes. 
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The above classification contains two categories of galaxies categorized based on how 

bright or strong the emission lines from the galaxies are: passive galaxies and emission-

line galaxies. Emission-line galaxies are further divided into three categories based on the 

source of the emission spectra: star-forming galaxies (SF), Seyferts and low-ionization 

nuclear-emission regions (LINERs): 

a. Passive galaxies: Passive galaxies (PGs) are defined as those with very weak or 

undetected emission lines. These are galaxies which have very little to no star 

formation. Hence, their emission lines are weak in these galaxies. Galaxies are 

deemed passive if the equivalent widths (Wλ) of both Hα and [NII] fall below 0.5 Å. 

 

b. Emission-line galaxies (SF, Seyferts and LINERs): They are defined as everything 

that is not a passive galaxy (i.e. any source where either WHα or W[N II] is ≥0.5 Å). 

Emission line galaxies have bright or strong emission lines. Emission-line galaxies 

are generally subdivided into SF and AGN-like classes. The SF class refers to 

galaxies that have active star formation happening inside them. AGN (Active 

galactic nuclei) are galaxies with a super massive black hole in their center, which 

is the cause of their bright emission lines. The classification of emission line 

galaxies is done on the basis of diagnostic diagrams involving at least four emission 

lines, like the BPT diagram ([O III]/Hβ versus [N II]/Hα). The vertical line at log[N 

II]/Hα = −0.40 corresponds to the optimal transposition of the S06 BPT-based 

SF/AGN division, designed to differentiate sources in which star formation 

adequately provides all ionizing photons from those where a harder ionizing 

spectrum (black hole) is required (Fernandes et al., 2010). Similarly, the division at 

WHα = 6 Å represents an optimal transposition of the Kewley et al. (2006) division 

between Seyferts and LINERs on the basis of seven emission lines. 

 

This LINERs category is supposed to comprise of objects hosting low-level nuclear activity. 

However, Stasinska et al. (2008) says that the LINER region in the BPT diagram also 
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contains galaxies that have stopped forming stars and are actually ionized by the hot low-

mass evolved stars (HOLMES) contained within them. These type of galaxies are referred 

to as ‘retired galaxies’ (RGs). Due to the increase in proportion of retired galaxies, it is 

important to distinguish between RGs and truly ‘active’ galaxies, i.e. galaxies which 

contain a (weak) AGN.  

 

As introduced in Cid Fernandes et al. (2010), an ionizing photon budget (i.e. the ξ ratio), 

can help capture features of RGs. The ξ ratio is given as, 

𝜉 =
𝐿𝐻𝛼
𝑖𝑛𝑡

𝐿𝐻𝛼
𝑒𝑥𝑝(𝑡 >  108 𝑦𝑟)

 

where 𝐿𝐻𝛼
𝑖𝑛𝑡 is the intrinsic (extinction corrected) Hα luminosity of a galaxy, 𝐿𝐻𝛼

𝑒𝑥𝑝(𝑡 >

 108 𝑦𝑟) denotes the luminosity expected from photoionization by populations older 

than 108 𝑦𝑟. If the ratio ξ is 1, we can classify that galaxy as an RG. Otherwise if ξ >1 we 

would assume a black hole also contributes to the ionization of photons thus classifying 

it as a weak AGN. 

 

However, some problems arise when we use the ξ ratio. Apart from problems related to 

the extinction-correction effect, there is a no guideline for what an upper limit for ξ is. 

Thus, although we know that RGs exist at the bottom of the ξ-scale, we can’t say at what 

point it can be marked as an RG with certainty. Also, it requires a lot of population analysis 

to obtain ξ which is not feasible most times. 

 

A better metric to distinguish fake and true AGN (RGs and weak AGN) would be the Hα 

equivalent width. It has similar properties in its distribution as in the distribution of ξ. 

Also, the Hα equivalent width is more universally available and can be calculated very 

easily. Moreover, it is not dependent on the model used. Based on various experiments 

carried out in Cid Fernandes et al. (2010), RGs are ELGs with WHα < 3 Å.  
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With the use of the two parameters, log [N II]/Hα and WHα, Cid Fernandes et al. (2010) 

proposes a revised classification scheme which is able to separate true AGNs from fake 

AGNs(RGs). For Figure 1, in the LINER region, the true AGNs are defined by 3 < WHα < 6 Å 

in the revised classification scheme. We will refer to true AGNs as wAGN (weak AGNs) to 

avoid confusion. Also, to keep the notation consistent, Seyferts are renamed to sAGN 

(strong AGNs). Based on Fernandes et al. (2010), RGs are defined as having WHα < 3 Å. 

Galaxies that fall in the RG classification from the SF region in Figure 1 are assigned the 

RG class in the revised classification scheme.  

 

Five classes of galaxies are identified within the WHAN diagram: 

i. pure star-forming galaxies: log[N II]/Hα <−0.4 and WHα > 3 Å; 

ii. strong AGN (i.e. Seyferts): log[N II]/Hα >−0.4 and WHα > 6 Å; 

iii. weak AGN: log[N II]/Hα >−0.4 and WHα between 3 and 6 Å; 

iv. RGs (i.e. fake AGN): WHα < 3 Å; 

v. passive galaxies (actually, lineless galaxies): WHα and W[N II] < 0.5 Å. 

 

There are three sources of emission lines in the revised classification scheme, young stars, 

AGN and HOLMES. The new classification scheme is based on emission spectra features 

which are cheaply available and able to classify almost all objects in the Sloan Digital Sky 

Survey (SDSS) database. It preserves traditional classification metrics in most of the 

feature space and uses metrics to distinguish between retired galaxies and true active 

galactic nuclei (AGN). 

The S06 BPT-based criterion seen in Figure 1 used to separate star forming galaxies from 

active galactic nuclei is preserved in the revised WHAN diagram. The WHα < 3 Å criterion 

is used to separate RGs from weak AGNs. However, some galaxies hosting an AGN, 

particularly those containing a weakly active nucleus, may drift to the WHα < 3 Å zone. 

According to some numerical experiments it is likely to happen. However, we can still be 

sure of the revised classification scheme using WHα. If an AGN shows properties similar to 
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an RG, it is possible that older stars in that galaxy contributed to the emission lines. The 

border between RGs and PGs is somewhat arbitrary, but this is not really a concern. 

 

 

Fig 7. The WHAN diagram with the revised categories: SF, sAGN, wAGN, RGs and PGs. 

 
 
Based on experiments run in Cid Fernandes et al. (2010), wAGN have properties 

overlapping those of sAGN, while RGs line up with PGs. In other words, wAGN are the 

low-activity end of the AGN family, while RGs are PGs with emission lines. As a matter of 

fact, both RGs and PGs are considered ‘retired’ or ‘passive’ galaxies, the real spectroscopic 

difference between them is simply the presence or absence of emission lines. 
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Chapter 5: Application of our external cluster 

validation approach to WHAN galaxy 

classification data 
 

In this section, we will discuss the application of our methodology to a representative 

sample obtained from the WHAN classification of the Sloan Digital Sky Survey Dataset. 

We attempt to run different clustering algorithms on our representative sample to get 

the best clustering result to classify our dataset. The best clustering result was obtained 

by EMCluster package which performs Expectation-Maximization for model-based 

clustering of finite mixture Gaussian distributions. We apply our algorithm for external 

cluster validation of the clusters obtained from the EMCluster algorithm and the external 

classes of WHAN classification. The results obtained indicate that the clusters are 

representatives of the classification. 

5.1 The WHAN Classification dataset 

The original dataset, from which WHAN classification was built, was introduced in 

Fernandes et al. (2010). They used a sample of the original dataset with close to 379330 

galaxies derived from the Sloan Digital Sky Survey dataset and other sources. The sample 

used in Fernandes et al. (2010) used 152749 galaxies out of the available dataset to 

produce the WHAN classification described in the paper. Figure 8 shows the WHAN 

classification using this sample. 

For the purpose of this project, astronomers selected a representative sample from this 

WHAN classification dataset. The sampling was carried out by digging into various 

catalogs and comparing the classes of the sample galaxies from each of the catalogs. The 

sampling process was time intensive and required effort from the astronomers working 

on the project. Galaxies that were best representative of the WHAN classification dataset 

were selected as the dataset for our project on external cluster validation. We will refer 
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to the sample dataset used for our project as the dataset from here on. The dataset used 

is plotted below,  

 

  Fig 8. Dataset used for the external cluster validation project. This dataset was derived and 

sampled from the WHAN classification dataset provided in Fernandes et al. (2010) 

The above sample follows the same classification criteria for WHAN classification 

mentioned at the end of Section 4. However, the variable on the y-axis, 

log 10. 𝐸𝑊.𝑊.𝐻𝑎.. is simply the log values of the 𝑊𝐻𝛼 values for the WHAN classification 

criteria. The total number of samples in our derived sample dataset is 2542. There are 

three variables in the dataset, two features and one class variable. The two features 

correspond to the emission lines used for WHAN classification in Fernandes et al. (2010). 

The feature variables are log 10. 𝐸𝑊.𝑁𝐼𝐼. 𝐻𝑎.., corresponding to the log [N II]/Hα variable 
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in the WHAN classification and log 10. 𝐸𝑊.𝑊.𝐻𝑎.., corresponding to the log values of 

𝑊𝐻𝛼variable in the WHAN classification. 

 In Figure 8 above, classes have been numbered from 0 to 4. However, a better 

representation depicting the classes and their respective distributions is given in the table 

below: 

Class 

Numbers 

Corresponding class name in WHAN 

classification 

Distribution Size 

0 PG (Passive Galaxies) 173 

1 SF (Star-Forming galaxies) 1393 

2 sAGN (strong Active Galactic Nuclei) 632 

3 wAGN (weak Active Galactic Nuclei) 119 

4 RG (Retired Galaxies) 225  

  Table 1. Class names and distributions for our dataset.  

The next subsection reports the results of different clustering algorithms run on the 

sample dataset. 

5.2 Clustering Algorithms run on the dataset 

We tried three different types of clustering algorithms. From the family of distance-based 

clustering algorithms, we used the k-means algorithm. From the family of density-based 

clustering algorithms, we used the DBSCAN algorithm. From the family of model-based 

clustering algorithms, we used the Expectation Maximization algorithm. We use two 

packages from R related to the Expectation Maximization algorithm, the Mclust and 

EMCluster algorithms. The outputs for these clustering results are given below 
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5.2.1 k-means algorithm 

The k-means algorithm creates a clustering which optimizes the within-cluster sum of 

squares. It works by randomly selecting k centers in the feature space. In the first 

assignment step, it assigns the rest of the data points to its closest center based on some 

distance measure (i.e., Euclidean distance). After the clusters are formed in the update 

step, it calculates the centroids of the clusters and runs the assignment step again. The 

algorithm converges when the centroids do not change in the update step. We ran the 

algorithm with centers 3, 5, 7, and 10. Since the algorithm uses Euclidean distance, it 

generally works well in case of spherical data. Also, the algorithm is sensitive to 

initialization. It would never be able to detect the linear boundaries present in the 

dataset.  

We also found a modified version of the k-means algorithm, k-means++ algorithm. This 

algorithm chooses initial values (seeds) for the centers such that it maximizes the within 

cluster sum-of-squares. It performs the standard k-means algorithm after that. Although, 

k-means++ maximizes the within cluster sum-of-squares, it still did not provide 

appropriate results for the dataset. Based on the clustering results, we concluded that k-

means (or k-means++ is not a good algorithm for clustering this dataset. 

5.2.2 DBSCAN algorithm  

Density-based algorithms work based on packing high-density regions of data points in 

the feature space together and labelling low-density regions in the feature space as 

outliers. The DBSCAN algorithm requires two parameters, eps (a neighborhood in the 

feature space) and minPts (the minimum number of points in the eps-neighborhood). The 

algorithm starts by selecting a random data point and looks in the eps-neighborhood of 

that point; if the neighborhood contains the minimum number of data points (minPts), a 

cluster is started. The same step is iteratively repeated for data points in the eps-

neighborhood of the starting point. Once a dense cluster is formed a new random point , 
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from the ones not clustered, is selected and the algorithm repeats until no additional 

dense clusters are formed. Points which do not have the minimum number of points 

required to be termed as a cluster but are in an eps-neighborhood of a cluster (core) point 

are termed as border points. Outliers are points which are neither cluster (core) points 

nor border points. 

DBSCAN algorithm is unable to handle data with varying densities. As seen in Fig 8, sAGN 

and SF clusters have densities which vary greatly from RG, PG clusters. It is also very 

difficult to determine the parameters, eps-neighborhood and minPts for the DBSCAN 

algorithm. We ran different combinations of eps and minPts for the dataset but were 

unable to find a reasonable enough clustering for the original WHAN classification. We 

thus concluded that DBSCAN is also not an appropriate algorithm for this dataset. 

5.2.3 Expectation Maximization algorithm using Gaussian Mixture Models 

The Expectation Maximization (EM) algorithm works using the concept of Maximum 

Likelihood Estimation (MLE). When we have a corpus of data of say one-dimensional data 

distribution, we can have many different probabilistic models that can apply to that data. 

The objective of an EM algorithm is to find the probabilistic models which maximize the 

log likelihood of our data models. 

When using Gaussian mixture models to model our dataset, we define a specified number 

of Gaussians that we want to fit the data. In our case, this would be the number of 

clusters. At the start of the iteration, the predefined number (i.e., the number of clusters) 

of Gaussian distributions is modeled from the data. All these Gaussian models will have 

parameters, which include mean and co-variance. Now for each data point x, we assign 

the probability of it falling beneath each Gaussian distribution using the parameters of 

the models. Thus, for each data point, we will have a set of probabilities defining the 

likelihood of it falling under each given Gaussian distribution. We assign the data points 

to the cluster with the highest probability. After this, we re-compute the Gaussian 
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distributions using the data points assigned to each distribution and go through the whole 

process in iterations. With each iteration, the log-likelihood of our model increases. The 

EM algorithm converges when there is no large change in the log-likelihood over several 

number of iterations. We used two different packages available in R for clustering. These 

both utilized the EM algorithm using Gaussian mixture models. The two algorithms used 

were, Mclust and EMCluster. Both algorithms perform model-based clustering using finite 

Gaussian mixture modeling fitted via the EM algorithm. The results for these models are 

discussed below.   

5.2.3.1 Mclust algorithm 

We ran the Mclust algorithm twice with parameters set to discover first five and then six 

clusters. The resulting cluster plots and discussion related to the clustering can be seen 

below, 

With five clusters, the Mclust algorithm merges the two classes RG and PG from our 

original classification in cluster 3. Moreover, it discovers a cluster 5 within a cluster 2 in 

the feature space where sAGN, wAGN and several SF galaxy classes existed in the original 

WHAN classification. The partition between SF and sAGN classes is not discovered 

completely. However, the algorithm does manage to find part of the SF classification in 

cluster 4. The rest is merged with the sAGN original classification in cluster 1.  
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Fig 9. Mclust algorithm result with centers=5 

With six clusters, the Mclust algorithm discovers a cluster 3 inside a cluster 4 in the feature 

space where there were RG and PG classes in the original WHAN classification. It also finds 

a small cluster 2 in the RG class region of the original WHAN classification. The partition 

between SF and sAGN classes is not discovered completely. This time around, cluster 5 

represents a very small portion of the SF class from the original classification. A big dense 

cluster 1 merges both sAGN and most of the SF class data points from the original 

classification. Cluster 6 is a mixture of sAGN and wAGN classes. 
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Fig 10. Mclust algorithm result with centers=6 

As seen in the results above, we found clusters inside clusters when using the Mclust 

algorithm with our dataset. Clusters within clusters are generally not a good thing 

especially when the original distributions do not exhibit that sort of behavior. We then 

turned to the EMCluster algorithm to see if it would give us better clustering results.  

5.2.3.2 EMCluster algorithm 

For the EMCluster algorithm, we first perform a call to a function which randomly selects 

the parameters for the starting Gaussian models we will use. This is passed to the 

EMCluster algorithm which then performs clustering to create clusters fitted with EM. 

We initially ran the EMCluster algorithm in R with cluster centers set to 5. The cluster 

plots obtained from that is below: 
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Fig 11. EMCluster algorithm result with centers=5 

The EMCluster algorithm merges the two classes RG and PG from our original 

classification in cluster 1. Moreover, it discovers a cluster 2 inside a cluster 3 in the feature 

space where there were sAGN, wAGN and a little bit of SF galaxies classes in the original 

WHAN classification. The partition between SF and strong AGN classes is not discovered 

completely. However, the algorithm does manage to find part of the SF classification in 

cluster 5. The rest is merged with the original sAGN original classification in cluster 4. 

The machine learning tool WEKA, is an open source tool that has implementations of 

many machine learning algorithms for classification, regression, clustering, and other data 

mining and machine learning tasks. We ran the EM algorithm on the dataset in WEKA 

without specifying the number of clusters as WEKA is able to determine the number of 

clusters on its own. We found the number of clusters obtained for the dataset through 

WEKA to be 6.  
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Fig 12. EMCluster algorithm result with centers=6 

With six clusters, the EMCluster algorithm finds a very peculiar cluster in cluster 1. It is a 

cluster of 151 data points all having values 0.0 for the x and y-axis attributes. Cluster 6 

merges the two classes RG and PG from our original classification. It also covers some 

data points from the wAGN class feature space. Cluster 2 covers many wAGN feature 

space data points. Cluster 3 is a cluster with sAGN class data points and some data points 

from the SF class. The partition between SF and sAGN classes is partially discovered. 

Cluster 5 is mostly SF class data points while cluster 4 is a dense cluster of sAGN class data 

points. 

The EMCluster with centers=6 result is the best result obtained so far if we compare 

cluster and class assignments visually. Finding cluster 1 with its 151 data points of same 

values, (i.e., (0.0, 0.0)) is very important in helping to derive a better representation for 

the other classes. These 151 data points are the primary reasons for which the Mclust 
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algorithm was unable to obtain very good cluster representations of the original classes. 

The derivation of “cluster within a cluster” form in the Mclust results can also be explained 

by these 151 data points. 

We will be using the EMCluster result with centers=6 to apply and test our method for 

external cluster validation.  

Cluster Numbers Number of data points 

1 151 

2 188 

3 298 

4 1348 

5 277 

6 280  
 

Table 2. EMCluster with centers=6 cluster distributions 

 

5.4 Comparing clustering results with external classes 

 

We apply our methodology for external cluster validation to the clustering result obtained 

in Figure 12 which was obtained by Gaussian mixture modelling fitted via the EM 

algorithm. The algorithm is implemented entirely in R. We use some in-built packages for 

clustering and linear discriminant analysis in R. We use the MASS package available in R 

to perform linear discriminant analysis (LDA), the Mclust package in R to perform the 

Mclust algorithm clustering, EMCluster package in R to perform the EMCluster algorithm 

clustering. Once we get the projections on the linear discriminant, we construct the 

probability density function for both cluster and class and compare the one-dimensional 
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distributions using the Kullback-Liebler distance function. The figures and tables below 

explain the results obtained. 

To show a couple of examples of the output of the algorithm, we have included two 

density functions below. The figure titles indicate the KL-distance which we obtained for 

those one-dimensional distributions.  

 

 

Fig 13. KL-distance is very high when the two one-dimensional distributions are far apart from 

one another 
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Fig 14. KL-distance is very low (close to zero) when the one-dimensional distributions are almost 

identical 

As seen in the figures above, the KL-distance is higher as the two one-dimensional 

distributions are situated far apart and it is almost zero when the two distributions are 

nearly identical. 

We report the findings for the KL-distance for all the clusters and classes in a table below.  

 

Classes 

  Clusters 

C1 C2 C3 C4 C5 C6 

PG (Class0) 1.3068 13.6591 26.2953 24.4003 23.8391 7.7794 

SF (Class1) 23.2058 4.7649 2.4628 0.5846 1.4192 25.8497 

sAGN (Class2) 14.6290 2.7464 0.5066 3.5266 22.0260 23.5150 

wAGN (Class3) 30.3960 1.3696 19.9247 29.1680 29.2316 14.2558 

RG (Class4) 2.0662 14.4972 17.7743 30.5360 19.9222 0.1520 

Table 3. Measure of degree of separation in terms of KL-distance between clusters and classes in 

the context of galaxy classification 
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Clusters Most similar class Second most similar class Third most similar 

class 

Cluster 1 PG (1.3068) RG (2.0662) sAGN (14.6291) 

Cluster 2 wAGN (1.3696) sAGN (2.7464) SF (4.7649) 

Cluster 3 sAGN (0.5066) SF (2.4628) RG (17.7743) 

Cluster 4 SF (0.5846) sAGN (3.5266) PG (24.4003) 

Cluster 5 SF (1.4192) RG (19.9222) sAGN (22.0260) 

Cluster 6 RG (0.1520) PG (7.7794) wAGN (14.2558) 

Table 4. Three most similar classes to each cluster based on KL-distance 

From Table 3, we can observe that the minimum value of the degree of separation 

obtained is 0.1520 and the maximum value is 30.5360. The average of the values obtained 

is 14.3937. From Table 4, looking at the values obtained for most similar classes we can 

say that clusters are very similar to the classes they are meant to model. The average 

value across the first column (i.e., most similar class) is 0.88. Looking at the average of all 

the values (14.39), it is a very small value and it is feasible to reason that each of the 

obtained clusters is similar to one of the classes from the original classification. 

Also note that for cluster 1 and cluster 2, the difference in distance between the most 

similar class and the second most similar class is not large. The same is true clusters 3 and 

4 but to a smaller degree since the difference between their most similar class and the 

second most similar class is greater than that for cluster 1 and 2. For clusters 5 and 6, the 

most similar class is very well separated from the second most similar class. It can also be 

observed from table 3 that, in general, all clusters formed are clearly distinct from three 

of the classes from the original classification and are closer to one of the remaining classes 

than the other one class. 
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5.4 Reasoning according to domain knowledge 

As mentioned in Chapter 4, based on experiments run in Cid Fernandes et al. (2010), 

wAGN have properties overlapping those of sAGN, while RGs line up with PGs. In other 

words, wAGN are at the low-activity end of the AGN family, while RGs are PGs with 

emission lines.  

Both RGs and PGs are both considered ‘retired’ or ‘passive’ galaxies, the real 

spectroscopic difference between them is in the presence or absence of spectral emission 

lines. This explains the closeness of cluster 1 with both RG and PG classes. Overlapping of 

wAGNs and sAGNs explains the closeness of cluster 2 to both wAGN and sAGN classes. If 

you compare cluster 3 with its distribution in feature space in the original classification, 

you can see that even though cluster 3 has a significant amount of data points which fall 

under the sAGN class in the original classification, it also has data points which fell under 

the SF class (𝑊𝐻𝛼 < −0.4) as well. Thus, cluster 3 is similar to the SF class as though to a 

lesser degree of similarity than the sAGN class. The same reasoning we mentioned for 

cluster 3 can also be applied to cluster 4’s closeness to both the SF and sAGN 

classifications, though in this case, the similarity is more towards the SF class.  

To understand why the clusters derived the structure that they did, we can refer to 

domain knowledge. The feature space that separates the classes SF and sAGN in the 

original WHAN classification has a very dense cluster of data points. This dense cluster of 

data points is referred by astronomers as the region of composite SF + sAGN. Though this 

linear boundary introduced in WHAN classification is based on emission spectra, it is 

possible that data points surrounding this boundary can end up in any one of the five 

classes. The fact that the data points around this boundary are very dense helps to explain 

the formation of cluster 4. It can be clearly seen that data points distant from that 

boundary end up being classified into separate clusters in cluster 5 and 3, each of which 

correspond in closeness or either the SF or sAGN class. 
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For the wAGN class in WHAN classification, most of its data points are included within 

cluster 2. There are some data points that end up in cluster 5 which is essentially a cluster 

representation for the RG class. According to Fernandes et al. (2010), numerical 

experiments have shown that it is very likely that galaxies hosting an active galactic 

nucleus, particularly ones having a weak active galactic nucleus (wAGN), may drift 

towards the WHα < 3Å criterion which is the criterion for RGs. Fernandes et al. (2010) 

assures that the revised classification scheme is nonetheless reliable, arguing that if an 

AGN exhibits properties similar to an RG, that it may be older stars within that galaxy 

which contribute to the emission lines and not the AGN. Thus, these points which are in 

the wAGN in original classification end up in the RG class cluster in the clustering 

algorithm output. The line between PGs and RGs is somewhat arbitrary in the WHAN 

classification which explains the composition of cluster 5 (which contains data points from 

PG and RG in the same cluster).        
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Chapter 6: Conclusions and Future Work 
 

Clustering algorithms can automate a manual classification task by discovering internal 

structures within the data without requiring class labels. Clustering algorithms work on 

grouping data points based on their closeness to other data points in the feature space. 

Evaluation of a clustering result can be carried out by calculating the degree of separation 

of the clusters with a previously known and independent classification scheme. This is 

referred to as external cluster validation or validation. We quantify the class and cluster 

distributions in consideration as multivariate Gaussian distributions. The goal then is to 

design a probabilistic model that is able to compute the degree of separation between 

the two distributions.  

Approximating separation over multiple dimensions can become unmanageable when 

the number of dimensions increases. The computational cost becomes too great. Another 

alternative is to estimate separation over each attribute individually and summing up the 

separations. However, there is a possibility that distributions may tend to look as if they 

are overlapping when projected over an attribute space whereas there might be no actual 

overlap between them in the original multivariate feature space. These issues can be 

solved by our proposed approach. Our approach involves projection of the data points 

from the original feature space to a dimension that best separates the two distributions 

and preserves the original distinction in the multivariate space as much as possible. We 

find this dimension using Fishers’ linear discriminant. The projection of the data converts 

the problem from calculating separation between two multivariate Gaussian distributions 

to calculating separation between two one-dimensional Gaussian distributions. To 

calculate the distance between two one-dimensional Gaussian distributions, we use the 

concept of relative entropy, the metric also known as the Kullback-Leibler distance. For 

our project, the Kullback-Leibler distance gives the amount of information required to 

describe a cluster given its most similar class. 
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We test our methodology by applying it to a dataset of galaxies obtained from the Sloan 

Digital Sky Survey (SDSS) database. The external and independent classification scheme 

for this dataset is created using two significant emission line spectra observed in galaxies. 

We find a probabilistic clustering algorithm, Gaussian mixture modelling fitted via EM 

algorithm, which gives the most representative clustering of the data points. We evaluate 

our algorithm on this clustering result and find that the classes are representatives of the 

clustering output, and that the distance between each cluster and its most similar class is 

very low (i.e., similarity is high). Further analysis of the clustering result using domain 

knowledge related to astronomy gives more insight into the resultant structure we 

obtained from the clustering algorithm.   

Future research directions could see the application of this methodology and clustering 

algorithm to the whole dataset used in the WHAN classification. It would be interesting 

to see if the clustering algorithm would still maintain a structure which is somewhat 

representative of the WHAN classification. Another possible research direction would be 

to apply other types of hierarchical clustering algorithms (BIRCH, CURE, etc.), or grid-

based clustering algorithms (STING, CLIQUE, etc.). An improved version of the clustering 

algorithm DBSCAN, OPTICS, can be applied to the dataset as well to see if it can discover 

clusters of varying densities. One other possible direction for research would be to apply 

the discussed methodology to a dataset that has more than two dimensions.   
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