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ABSTRACT 

 

It is essential to predict the behavior of hydraulic fractures accurately based on the 

understanding of fundamental mechanisms, governing process. The prevailing approach for 

hydraulic fracture modeling relies on Linear Elastic Fracture Mechanics (LEFM) that gives 

reasonable predictions for hard rock hydraulic fracturing, but often fails to give accurate 

predictions of fracture geometry and propagation pressure in soft/unconsolidated formation. 

The reasons are that the fracture process zone ahead of the crack tip, elasto-plastic material 

behavior and strong coupling between flow and stress cannot be neglected in these 

formations. 

 In this study, we developed a fully coupled poroelastic and poroplastic hydraulic 

fracturing model with cohesive zone method. The impact of formation plastic properties on 

fracture process is investigated. The results indicate that formation plastic behavior can have 

a great impact on fracture net pressure and geometry, especially when the plastic 

deformation area is large. 
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1.   INTRODUCTION  

1.1 Hydraulic Fracturing 

Hydraulic fracturing is an extensively used method of stimulating oil and gas 

reservoirs to enhance the production of hydrocarbons. In recent years as the technology of 

horizontal wells advanced and price of oil and gas increased, there is a boost in the 

application of hydraulic fracturing in the oil and gas industry, which makes it an interesting 

research topic. Modeling hydraulic fracture propagation is a challenging problem. The 

mathematical formulation of the problem is represented by a set of nonlinear integro-

differential equations. Also, the problem has a moving boundary where the governing 

equations degenerate and become singular. The complexity of the problem often restricts 

researchers to consider only simple fracture geometries.  

1.2 Hydraulic Fracture in Unconsolidated and Soft Formation 

 The prevailing approach for hydraulic fracture modeling relies on Linear Elastic 

Fracture Mechanics (LEFM). Generally, these methods, that use the stress intensity factor at 

the fracture tip, give reasonable predictions for hard rock hydraulic fracture processes, but 

fail to give accurate predictions of fracture geometry and propagation pressure in 

soft/unconsolidated formation. The reasons are that the fracture process zone ahead of the 

crack tip, elasto-plastic  material  behavior  and  strong  coupling  between  flow  and  stress 

cannot be neglected in these formation.  

The  high  permeability  and  porosity  and  low  drained  bulk  modulus  of 

unconsolidated  formation  result  in  a  stronger  coupling  between  the  mechanical  

deformation  and the pore pressure than is the case for consolidated rocks. Hence, the 
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process of fluid  flow  needs  to  be  coupled  with  the  mechanical  response  in  order  to  

better description of fracture propagation mechanisms  in  soft formations.  In addition, the 

mechanical constitutive model must be elasto-plastic to model the post failure plastic 

yielding.  

Although classic hydraulic fracturing simulators based on LEFM and analytical 

solutions are convenient to use and can give reasonable predictions for hard rock formation, 

there are still fundamental questions on adequacy of certain physical criteria (assumptions) 

used in the model and their effect on propagation regimes. One of them is inadequacy of 

LEFM approach to description of hydraulic fracture propagation in weakly 

consolidated/soft rock. Numerous laboratory studies have shown that deformation of very 

weak uncemented sands and shales can even occur through elastic-visco-plastic constitutive 

behavior, and the deformations of these types of rocks can’t predicted by linear elasticity 

(Sone and Zoback 2011).  Research works involving surveying on net pressures (difference 

between the fracturing fluid pressure and the far-field confining stress) indicated that the net 

pressures encountered in soft formation are on average 50–100% higher than the predicted 

ones based on LEFM, net pressure is even higher in poorly consolidated formations 

(Papanastasiou and Thiercelin 1993).  

Horsrud  (1982)  studied  the  stress  distribution  around  an  injection  well  drilled  

through a poorly consolidated rock. He made his solution based on different elastic and 

plastic properties of the formation. The method he used is strength of material approach 

which cannot predict the opening of the fracture and its propagation. This approach just can 

give the fracture initiation pressure. The results show that plasticity causes a lower fracture  
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initiation  pressure,  by  as  much  as  10%  lower  than  the  elastic  solution,  but  it 

depends on Poisson’s ratio and horizontal to vertical effective stress ratio. 

Murdoch (1993c) uses linear elastic fracture mechanics (Irwin, 1957; Tada et al. 

1985) to predict the pressure required for hydraulic fracture initiation. Murdoch observed 

that  the  pressure  required  to  initiate  the  hydraulic  fracture  in  soil  is  a  function  of  

the initial slot and the water content of the soil. It was the first application of linear elastic 

fracture  mechanics  for  prediction  of  onset  of  hydraulic  fracture  in  soil.  The stress 

intensity factor for a penny shaped fracture is given as 

   
 

 
  √    ,                                                           (1.1) 

where     is stress intensity factor,    is the driving pressure and   is the half length of the 

fracture.  Figure  1.4  shows  that  the  fracture  toughness  calculated  from  the  fracture 

initiation  pressure  seems  to  be  independent  of  the  length  of  the  starter  slot.  Finally 

Murdoch  concluded  that  the  small-scale  yielding  criterion  of  linear  elastic  fracture 

mechanics appears to support the use of     to predict hydraulic fracturing in silty clay.   

 

Figure 1.1 Fracture toughness as a function of the half length of the fracture opening 

(Murdoch, 1993a). 
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Murdoch (1993b) observed that when soil is saturated,     is essentially zero and well  

developed  hydraulic  fractures  were  not  created  in  soils  of  negligible  toughness. There 

is an upper limit of water content above which injection of glycerine will just form a bubble 

like feature rather than a fracture. Therefore, although     appears to be a useful indicator  

of  the  onset  of  propagation,  it  cannot  predict  conditions  in  which  hydraulic fracture 

will not form. 

Mori and Tamura (1987) and Jaworski et al. (1979) have done experiments on 

hydraulic fracturing in sand. Their aforementioned experiments do not have a starter slot 

like the experiments by Murdoch (1993) but the fluid is injected into an open cylindrical 

hole (open-hole completion). The pressure record from these experiments was found hard to 

duplicate  presumably  due  to  small  preexisting  cracks  or  pores  intersected  by  the 

wellbore acting as the starter slot. Thus    (initial fracture half opening) was unknown and  

probably  varied  through  different  samples,  so  the  effects  of  initial  fracture  size 

cannot be studied. 

Papanastasiou and Thiercelin (1993) have studied the influence of inelastic rock 

behavior on hydraulic fracturing. They used the finite element method for solving the 

fracture propagation problem based on elastoplastic fracture mechanics (EPFM).  The 

geometry of the problem is a simple KGD model. The numerical results suggest that the 

plastic effects in hydraulic fracturing result in a wider fracture with less fluid lag at the tip 

of the fracture.  However,  the  fracture  initiation  pressure  did  not  differentiate  a  lot  for 

elastic and elastoplastic fracture cases. 

The results show that plastic yielding near the tip of a propagating fracture provides 

an effective shielding, resulting in an increase in the rock effective fracture toughness by 
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more than an order of magnitude. Fig 1.5 shows that by increase toughness in elastic model 

we van match the net pressure in plastic formation. 

Dam et al. (2000; 2001) have studied the impact of rock plasticity on hydraulic 

fracture propagation and closure based on theory and experiments. Figure 1.2 shows the 

plastic zone due to shear yield around the fracture in elastoplastic hydraulic fracturing.  

 

Figure 1.2 Stresses and process zone at a hydraulic fracture tip (Dam et al, 2000). 

 

Zhai and Sharma (2005) have modeled hydraulic fracturing in unconsolidated sand 

without use of LEFM. Instead they studied the pressure diffusion and subsequently, porosity 

and permeability change due to effective stress change. Therefore the definition of fracture 

in their study is not the typical mode I (opening tensile mode fracture) but it is defined as 

the region of enhanced porosity and permeability. Their model includes both the shear and 

tensile failure.  They observed that the volume of the shear enhanced permeability is 

substantial compared to the volume of the open tensile fracture induced, which is limited to 

an area just close to the wellbore. 
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 Dean and Schmidt (2009) developed fully coupled a geo-mechanical reservoir 

simulator that combined hydraulic fracture growth, multiphase/multicomponent Darcy/non-

Darcy porous flow, heat convection and conduction, solids deposition, and 

poroelastic/poroplastic deformation in a single application. The program contained two 

separate criteria that could be used to model fracture propagation: a critical fracture-opening 

criterion based on a stress-intensity factor and a cohesive zone model that used quadrilateral 

cohesive elements in the fracture. The cohesive zone model includes a cohesive strength 

and an energy release rate in the calculations at the tip of a propagating hydraulic fracture. 

Simulated fracture lengths without leak-off are compared with analytical solution for both 

KGD and penny-shaped model, but poroelastic/poroplastic formation behaviors are not 

investigated in this study. 

 Vyacheslav Mokryakov (2011) proposed an analytical solution for hydraulic 

fracture with Barenblatt’s cohesive tip zone based on KGD model, by assuming 

impermeable, elastic rock without considering leak-off. It is also mentioned that derived 

(cohesive tip zone model) solution can fit the experimental data (pressure log) much more 

accurately for the case of soft rock fracturing and thus give additional information during 

interpretation. The relationship between the cohesive parameters and rock limit fracture 

toughness is also investigated.  
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Figure 1.3 In the cohesive zone model, an inviscid fluid has zero pressure drop along the 

fracture (Vyacheslav, 2011). 

 

E. Sarris et al.  (2012) developed a poroelastic cohesive zone method and 

investigated the effects of permeability, injection rate and formation compressibility on 

fracture geometry, it is concluded that higher pressures are needed to extend a fracture in a 

poroelastic medium than in an elastic medium, and the created profiles of poroelastic 

fracture are wider. A constant permeability of cohesive zone is assumed in this study instead 

of a rigorous leak off model. 

 YaoYao (2012) developed a 3D cohesive zone model to predict fracture 

propagation in brittle and ductile rocks and effective fracture toughness method was 

proposed to consider the fracture process zone effect on the ductile rock fracture. A 

theoretical method has been introduced to calculate the effective fracture toughness for 

quasi-brittle/ductile rocks depends on process zones in defferent material. 

The result show that with the increase of fracture toughness, the pore pressure 

cohesive zone model gives predictions that are more conservative on fracture length as 

compared with pseudo 3D and PKN models. However, the propagation pressure is not 

investigated and the leak-off model used in this study is not consistent between cohesive 

zone model and analytical models. 
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1.3 Research Objectives 

There are three main objectives of this study:  

1. Develop a fully coupled numerical model to investigate the impacts of formation 

plastic behavior on fracture net pressure and geometry. 

2. Find out the controlling factors that influence the effects of plastic behavior. 

3. Compare the results between poroelastic and poroplastic formation. 

1.4 Organization of This Thesis 

This  thesis  tries  to  capture  the  differences  between  the  fracture  propagation 

mechanism in hard and soft rocks by taking both poroelatic coupling and plastic 

deformation effects in to consideration, in addition, the effects of different parameters 

affecting  the fracture mechanism  in  soft  rock  formations are also investigated.  

 Chapter 2 presents the theoretical background for this study, modeling hydraulic fracture 

in a fully coupled manner with cohesive zone method. 

 Chapter 3 describes the model and all the input parameters. 

 Chapter 4 includes the simulations results and analysis for both short term and long term 

injection. 

 Chapter 5 presents the conclusions and recommendations for future work based on the 

results and observation through this research. 
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2. MATHEMATICAL MODELING OF HYDRAULIC FRACTURE 

The physical process of the fluid driven fracture involves the pumping of a viscous 

fluid that pressurizes the fracture surfaces which deform. Increasing the pressurization, 

critical loading conditions will be reached ahead of the tip splitting the rock and driving 

hydraulically the fracture. Depending on the formation properties, in-situ stresses and 

pumping parameters, the fracture may propagate for more than hundred meters. The 

simulation of the HF process is not a trivial task because it involves the coupling of at least 

four physical mechanisms: (1) the fluid-flow within the fracture, (2) the deformation of the 

surrounding medium induced by the fluid pressure on the fracture surfaces, (3) the leak-off 

of the fracturing fluid in the permeable medium, and (4) the fracture propagation. 

2.1 Fluid Flow in the Fracture 

Rheological characteristics of a fluid determine its response to imposed stresses or 

inversely, the stresses generated when a fluid moves under imposed deformations or 

motions. Depending on the response of the fluid under stress, they are classified as 

Newtonian or non-Newtonian fluids. Newtonian fluids are defined to be those exhibiting a 

direct proportionality between shear stress and shear rate in laminar flow 

   
  

  
 ,                                                             (2.1) 

where   is the viscosity. The simplest rheological model used for non-Newtonian fluids is 

the power-law model. This model has two constants, namely a power-law index, n, and a 

consistency index, K , and is written as (Whittaker, 1985) 

       ,                                                       (2.2) 
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where   is the shear rate. If n > 1. the fluid is dilatant; and if n < 1. It is pseudo- plastic. 

Most fracturing fluids possess a non-Newtonian behavior and in most applications, 

the power-law model is used. This is a good assumption for most uncrosslinked gels. In 

order to avoid additional complexity added by fluid behavior, incompressible and 

Newtonian fluid is assumed in this study.  The continuity equation which imposes the 

conservation of mass in one dimensional flow is (Boone and Ingraffea 1990) 

  

  
 

  

  
                                                                       

 

where   is the local flow rate along the fracture in direction   ,    is the local fluid loss in 

rock formation and   is the crack opening. For a flow between parallel plates, the 

conservation equation of momentum balance can be used to relate the pressure gradient to 

the fracture width for a Newtonian fluid of viscosity ： 

      
    

     
                                                                   

2.2 Fluid Leak-off 

The fluid which leaks from the fracture into the rock formation is referred to as fluid 

loss. As a first approximation, assuming that the fluid in the fracture has the same viscosity 

and compressibility as the reservoir fluid, the fluid leak-off is calculated using a one-

dimensional steady-state potential flow perpendicular to the fracture wall. This is referred to 

as Carter's model of leak-off, which is usually written as (Howard and Fast, 1970): 

   
  

√ 
                                                                                  

  

  
    √                                                                       
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where   is leak-off velocity,    is leak-off coefficient,   is the time elapsed since the start of 

the leakoff process,    is the fluid volume that passes though the surface    during the time 

period from time zero to time  , the integration constant    is called spurt loss. The two 

coefficients    and   , can be determined from laboratory tests.   

2.3 Flow in Porous Medium 

For the movement of the fluid in the porous skeleton, with respect to the solid, it is 

assumed that the diffusion of pore fluid obeys the Darcy law. This classical transport law 

for isotropic, porous media relates q to the gradient of the fluid pressure p according to 

Equation (2.7) as follows: 

   
 

 
                                                                       

where   is fluid flux velocity in the porous media,   is tensor permeability,    is formation 

pressure gradient and   are the fluid volume forces. 

2.3 Poroelasticity 

The poroelasticity theory is a macroscopic continuum mechanics approach with the 

stress strain relations defined over a uniform and homogenized region which is large enough 

to include a large number of grains and pores. Using  the  convention  that  a  positive  stress  

implies  tension  and  positive  strain implies extension, and denoting the total stress tensor 

by  σ and the strain tensor by ε , the constitutive relations for an isotropic solid are (Jaeger et 

al., 2007) 

          
   

    
          ,                                      (2.8) 

where 
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              = the shear modulus, 

  = the drained Poisson’s ratio, 

  =   
 

  
, is the Biot’s effective stress coefficient, 

K = drained bulk modulus, 

   = bulk modulus of solid matrix, 

         =             is the bulk volumetric strain, and 

I = identity matrix. 

The  strains  are  related  to  the  displacements  according  to  the  compatibility relations: 

  
 

 
          .                                                   (2.9)  

The equilibrium equations are 

       ,                                                           (2.10) 

where F is the body force vector per unit volume of the bulk material. The constitutive 

equation for the pore fluid is: 

         ),                                                        (2.11) 

where 

  = variation  of  fluid  volume  per  unit  volume  of  the  porous  material, 

  = 
    

  
, is the Biot modulus, 

   = undrained bulk modulus, and  

   = bulk volumetric strain. 

The continuity equation for the fluid phase is 

  

  
       .                                                     (2.12) 

Finally Darcy’s law states 
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(        )                                                             

where 

  = gravitational acceleration vector, 

  = position vector. 

The above equations can be reduced by substitution and elimination into a Nervier 

type equation for the displacements and a diffusion type equation for the pore pressure, both 

containing a coupling term. The Nervier-type equation for the displacements is (Detournay 

and Cheng 1993) 

     
 

    
            .                                           (2.14) 

The coupling term     in the above equation may be seen as an additional body 

force proportional to the gradient of the pore pressure. The diffusion equation for p for a 

uniform homogenous porous material is 

  

  
 

 

 
        

   

  
 

 

 
   (     )                                (2.15) 

Here  again  the  coupling  term  proportional  to  the  rate  of  change  of  volumetric 

strain    
   

  
 can be seen as an additional external force or a source term driving the  

pressure distribution.  Given appropriate initial and boundary conditions over the domain  of  

interest,  the coupled  equations  (2.14)  and  (2.15)  can  be  solved  for  the displacement 

vector  u and the pressure field  p in space and time. More detailed treatment can be found 

in Detournay and Cheng (1993) and Jaeger et al. (2007).   
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2.4 Plastic Yield 

The Mohr-Coulomb plasticity model is implemented for modeling elasto-plastic 

behavior of rock, where there is a regime of purely linear elastic response, after which some 

of the material deformation is not recoverable. The elastoplastic material behavior of 

formation is modeled by writing the constitutive equations in incremental form.  

2.5 Fracture Initiation and Propagation 

In examining the plentiful literature concerning fracture mechanics the cohesive 

zone modeling has been adopted by many authors to model fracture initiation and 

propagation. The cohesive zone is a region ahead of the crack tip that is characterized by 

microcracking along the crack path. The main fracture is formed by inter connection of 

these micro cracks. The idea of a cohesive zone appeared from attempts to resolve the tip 

singularity contradiction predicted by LEFM. The constitutive behavior of the cohesive 

zone is defined by the traction-separation relation derived from laboratory tests. The 

traction-separation law for the surface is such that with increasing separation, the traction 

across this cohesive surface reaches a peak value and then decreases and eventually 

vanishes, permitting for a complete separation. A cohesive potential function   is defined so 

that the traction is given by 

  
  

  
                                                                          

 

where   is traction force and   is the displacement across a pair of cohesive surface. 

Various types of traction-separation relations (potential functions) for cohesive surfaces 

have been proposed to simulate the fracture process in different types of material systems. 
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This law assumes that the cohesive surfaces are intact without any relative displacement and 

exhibit reversible linear elastic behavior until the traction reaches the cohesive strength 

     (tensile strength) or equivalently the separation exceeds the displacement of damage 

initiation,   . Beyond   , the traction reduces linearly to zero up to the displacement of 

complete failure   , and any unloading takes place irreversibly. For mode-I plane strain, the 

area under the traction-separation curve equals the fracture energy    , which is the work 

needed to create a unit area of fully developed crack. For elastic solids this energy is related 

to the rock fracture toughness     through (Rice 1968; Kanninen and Popelar1985): 

     
   

 

 
(  ν

 
)                                                           

 

where   is Young’s modulus of formation and νis Poisson’s ratio. For bilinear traction-

separation law, displacement of complete failure    can be determined by: 

   
     

    
 

    
 (  ν

 
)

     
                                                   

 
The stress-displacement relation in the initial part of the loading curve corresponds to linear 

elastic deformation as follows: 

  
     

  
                                                                  

 
where    is the stiffness of the stress-displacement relation in the loading regime and is 

assumed to be equivalent to the stiffness of formation in this study according to the 

following equation: 
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where   is the initial thickness of cohesive surfaces and the post-peak softening regime the 

deformation is given by the following: 

      [  
      

       
]                                                       

 
In order to guarantee solution convergence, and to properly capture the details of the 

deformation field in the vicinity of the crack tip and the traction distribution within the 

cohesive zone, the cohesive element size must be smaller than the cohesive zone length. 

The cohesive zone length is an inherent length scale determined by material properties. For 

mode-I crack growth under plane strain conditions, the cohesive zone length    is 

determined by: 

   
     

 

      
  

      

            
                                              

 
   Conventional hydraulic fracture models treat  the  fracture  as  a  mode  I  fracture,  which  

is  compatible  with  the  field  and  lab observations for hard rock formations, however, it is 

not sufficient when a pronounced shear stress component exists. Mode II type fracture can 

play an important role under certain loading conditions in rock fracture mechanics.  

 

Figure 2.1 Traction-separation response 
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The Traction-Separation Law presented for Mode-I-based fracture criteria can be 

easily extended to mixed-mode fracture criteria. For an isotropic formation, the traction-

separation responses in different modes are assumed to be the same, as shown in Fig. 2.1. 

where          refer to the nomal, the first, and the second shear stress components; and 

  
    

    
  represent the peak values of the nominal stress when the deformation is either 

purely normal to the interface or in the first or the second shear direction;   
    

    
  

corespond to the displacement of initial damage in the normal, the first, and the second 

shear stress direction and   
 
   

 
   

 
 are the displacement of complete failure in these there 

directions. 

The elastic behavior can then be written as  

  {

  
  
  

}  [
         

         

         

] {

  
  
  

}     ,                                           

where K is the elasticity matrix. The elasticity matrix provides fully coupled behavior 

between all components of the traction vector and separation vector. Set the off-diagonal 

terms in the elasticity matrix to zero if uncoupled behavior between the normal and shear 

components is desired. In this study, we assume no coupling effects between the normal and 

shear stress, which is then 

  {

  
  
  

}  [

   

   

   

] {

  
  
  

}  .                                                  

The initial response of the cohesive element is assumed to be linear as discussed 

above. However, once a damage initiation criterion is met, material damage can occur 

according to a damage evolution law. Damage initiation refers to the beginning of 

degradation of the response of a material point. The process of degradation begins when the 
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stresses and/or strains satisfy certain damage initiation criteria. In this study, Damage is 

assumed to initiate when a quadratic interaction function involving the nominal stress ratios 

reaches a value of one. This criterion can be represented as 

{
〈  〉

  
 }

 

 {
  

  
 }

 

 {
  

  
  
}
 

   .                                                     

The symbol 〈 〉 used in the above equation represents the Macaulay bracket with the usual 

interpretation. The Macaulay brackets are used to signify that a pure compressive 

deformation or stress state does not initiate damage.There are two components to the 

definition of the evolution of damage. The first component involves specifying the energy 

dissipated due to failure    , The area under the stress-displacement curve, Fig.2.2. The 

second component to the definition of damage evolution is the specification of the nature of 

the evolution of the damage variable, D, between initiation of damage and final failure. 

 

Figure 2.2 Linear damage evolution for mix-modes 

 

The scalar damage variable, D, represents the overall damage in the material and 

captures the combined effects of all the active mechanisms. It initially has a value of 0. If 

damage evolution is modeled, D monotonically evolves from 0 to 1 upon further loading 
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after the initiation of damage. The stress components of the traction-separation model are 

affected by the damage according to 

  {
      ̅                    

 ̅                             
  .                                          

 ̅  are the stress components predicted by the elastic traction-separation behavior for the 

current strains without damage. To describe the evolution of damage under a combination 

of normal and shear deformation across the interface, it is useful to introduce an effective 

displacement (Camanho and Davila, 2002) defined as 

   √〈  〉     
    

  .                                                       

For linear softening (see Figure 2.7), the evolution of the damage variable, D, that 

reduces to (Turon et al., 2006) 

  
  
 
（  

      
 ）
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 ）
 .                                                          

The mode mix of the deformation fields in the cohesive zone quantify the relative 

proportions of normal and shear deformation. The damage evolution for mixed-mode failure 

in the current model is defined based on the Benzeggagh–Kenane fracture criterion 

(Benzeggagh and Kenane 1996), when the critical fracture energies during deformation 

along the first and the second shear directions are similar. 

     
 +(  

    
   

      

      
    ,                                                

where          
    

 ,                 
 .   

    
    

   are the work done by the 

tractions and their conjugate relative displacements in the normal, first, and second shear 

directions.  



20 

 

3.  SIMULATION MODEL 

3.1 Model Description 

Following fracture initiation, further fluid injection results in fracture propagation. 

Based on classical models, biwing fractures are created and the geometry of the created 

fracture can be approximated by taking into account the mechanical properties of the rock, 

the properties of the fracturing fluid, the conditions with which the fluid is injected (rate, 

pressure), and the stresses and stress distribution in the porous medium. 

There general families of models are available in describing fracture propagation: 

two-dimensional (2D), pseudo-three-dimensional (P-3D) and, fully three-dimensional (3D). 

The latter allow full three-dimensional fracture propagation with full two-dimensional fluid 

flow; the fracture is allowed to propagate laterally and vertically.  

 

Figure 3.1 Reservoir and fracture grid around fracture path. 

 

A two dimensional plane strain fluid-driven fracture in porous rock is simulated, as 

shown in Fig.3.1. The initially unopened fracture is represented by an embedded array of 

cohesive zone elements without initial separation along the entire fracture path. Four-node, 
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plain strain, isoparametric elements were used to model the domain and six-node cohesive 

elements to model the fluid-flow in the fracture and the fracturing process. Both types of 

elements, additionally from their pressure, displacement translation degree of freedom are 

equipped with a pore-pressure degree of freedom to account for the fluid saturation in the 

domain. A one-to-one correspondence exists between the plain strain flow and domain 

elements at the corner nodes along the fracture path, ensuring that the fluid mass is 

conserved across their interface. The two additional nodes in the cohesive elements, 

positioned in their center, are used to simulate the fluid-flow during the propagation. An 

incompressible Newtonian fluid is injected at a constant rate. The cohesive elements at the 

injection point are defined as initially open as perforation tunnel to allow entry of the fluid, 

so that the initial flow and fracture growth are possible. Grid size along the fracture path is 

0.2 m and all the outer boundaries of this model are fixed. No special remeshing scheme 

was used because the mesh was defined to be sufficiently fine along the fracture. 

The inelastic rock material behavior follows the Mohr-Coulomb flow theory of 

plasticity for a cohesive frictional dilatant material. Associative behavior with constant 

dilatation angle is considered. These assumptions are justified by the presence of high 

confining stresses prior to crack propagation and to a decrease in the initial in-situ mean 

pressure near the crack tip during propagation. There different types of formation were 

investigated, which are poroelastic formation, poroelastic formation with increased effective 

toughness and poroplastic formation. For typical quasi-brittle materials, the effective 

toughness can be 1.141 to 2.236 times higher than original toughness, and for ductile rock, 

the effective toughness can be determined by investigating softening behavior 

experimentally or computationally (YaoYao 2012). The effective toughness is assumed to 



22 

 

be 3 times higher than the original toughness in this study and the stress-strain curve was 

adjusted for formations with different plastic behavior. The cohesion yield strength of 3 

types of formations are 2 MPa, 4 MPa and 6 MPa respectively, which represent formations 

with relative low, moderate and high yield strength in this study. Low cohesion yield 

strength can be explained by weakly cemented formation grains, the  presence  of  

microfractures  and  other  planes  of  weaknesses,  or  by reactivation  of  pre-existing,  

sealed  natural  fractures. All the other input parameters are shown in Table.3.1 unless 

otherwise specified. 

Table 3-1 Input Parameters 

Elastic Modulus, Gpa 20 

Poisson’s Ratio 0.25 

Fluid viscosity, cp 1 

Tensile strength, Mpa 2 

Formation Permeability, md 10 

Flow rate Q (  /s/unit height)  0.0005 

Specific Weight of Fluid,       9.8 

Initial Pore Pressure, Mpa 20 

Maximum Horizontal Stress, Mpa 42 

Minimum Horizontal Stress, Mpa 37 

Vertical Stress, Mpa 70 

Fracture Toughness ,    √  1 

Carter's Leakoff Coefficient, m/√  2.00E-06 

Spurt Loss Coefficient, m 2.5E-04 

Porosity 0.2 

Friction angle      

Dilation angle     

3.2 Numerical Implementation 

The theory of poroelasticity can be approximated numerically by using the finite 

element method and a standard Galerkin formulation as described by Zienkiewicz (1984) 

and Lewis and Schreffler (2000). Governing equations are discretized in space by the finite 

element method and in time by the finite difference method. The generalized discrete finite 
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element equations that also account for transient behavior are described hereafter at the 

element level. Adopting the Lewis and Schreffler (2000) notation, the final equations yield 

the following: 
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 ,                     (3.1) 

where,    = elastic stiffness matrix; Q = coupling matrix; H = permeability matrix, S = 

compressibility matrix;    = forces resulting from displacements; and    = forces resulting 

from pressures.   , is the time operator that defines the type of numerical method used to 

approximate the time in the equations, 0 ≤ θ ≤ 1. Eq. (3.1) can be decomposed into the 

following matrices to account for both, stiffness and flow equations: 
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where   ，   as the shape functions to account for the displacements and fluid pressures, 

respectively; L = differential operator;    = tangential elastic stiffness matrix; n = porosity 

of the solid phase;    = density of the fluid; μ = viscosity of the fluid;    and    = solid 

and fluid bulk modulus, respectively; and finally, k = intrinsic permeability. 

For the numerical approximation of the aforementioned set of equations, Newton-

Raphson technique was used to solve the coupled equations, The primary variables of the 

system are the fluid pressures in the reservoir, the fluid pressures in the fracture (or fluid 

volumes in the fracture if partially saturated), and the well pressure. Because a fracture may 

grow or contract during a time step, the fracture solution for a time step is computed 

through use of a three-step process: 

1. The first step assumes that the fracture boundaries are fixed and the system of 

equations is solved for the given fracture configuration (a fracture may open wider or 

become narrower, but the edges of the fracture do not change). The system of equations is 

solved by use of a Newton-Raphson technique in which the Jacobian is generated for the 

entire system of equations and incremental corrections are found by use of a linear solver 

that includes all the solution variables. The program generates the Jacobian for the full 

system to increase robustness and to preserve second-order convergence for the nonlinear 

iterations. 

2.  After the solution has converged for the given fracture geometry, the program 

then uses one of the propagation criteria described above to determine if the fracture edges 

move and checks the displacement solution to see if portions of the fracture surface have 

closed. If  no  changes  are  detected in the boundaries, then the program goes on to the next 

time step; otherwise, the program proceeds to step 3 and then starts over at step 1 with the 
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new fracture boundaries. This process continues until no additional changes occur in the 

fracture boundaries for that time step. 

3.  If the propagation criteria are exceeded and the fracture grows, then displacement 

constraints are removed at the appropriate boundary nodes and the fracture is allowed to 

open at those points and the fluid pressure in the fracture becomes a traction condition at the 

newly created fracture surfaces. If the fracture shrinks (i.e., the surface displacements 

predict a negative fracture width) then the displacement constraints are re-applied at those 

nodes. 

The program for numerical calculations were developed in FORTRAN and finite 

element code ABAQUS. Two injection cases for both short time and long time treatment 

were simulated. In the first case, 2 minutes injection and fall off was simulated and the 

fracture propagated long enough to allow analysis of the results and reach conclusions for 

long fractures. In the second case, 30 minutes injection was simulated and the results can 

provide a direct insight of how the fracture geometry and fluid efficiency will be different in 

a more realistic situation if plasticity is considered. 
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4. SIMULATION RESULTS AND ANALYSIS 

In this section we present results and analysis of the simulation to demonstrate the 

importance of the plasticity in modeling hydraulic fracturing in soft/unconsolidated 

formations for both short term and long tern injections. The fracture propagation geometry 

and fracturing net pressure under different conditions are simulated.  In addition, the main 

factors that affect the poroelastic backstress and the effects of formation plasticity on 

hydraulic fracture are also investigated.  

4.1 Model Validation 

 

Figure 4.1  Numerical and analytical net pressure at well bore. 

 

In order to examine the accuracy of this model in simulating hydraulic fracture 

propagation in porous medium, the numerical results were compared with the analytical 

solution of a 2-D KGD plane-strain tensile fracture model. The analytical solution is given 

in previous chapter. Because it is not possible to find the analytical solution for the fluid 
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diffusion and mechanical process, so the comparison to the analytical solution given only 

for non-coupling effect. To eliminate the poroelasticity effect,  Biot’s  constant  is  set  to  

be   zero  by  equating  the  bulk  modulus  and  the  grain  modulus. All the input parameters 

are shown in Table3.1. The comparisons between the analytical and numerical solutions are 

shown in Figure  4.1 and Figure 4.2 

 

 

Figure 4.2  Numerical and analytical fracture width at wellbore. 

 

The comparison indicates that the simulation results of this model match the analytical 

solution very well, except for the net pressure in the early stage of injection; this is because 

the analytical solution does not account for the period before breakdown.  It also should be 

mentioned that the numerical model is quite sensitive to the mesh size along the fracture. A 

perfect match between the analytical and numerical solution requires the mesh size to be 

substantially refined. 
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 4.2 Short Term Injection and Fall-off 

In the first case of 2 minutes injection, fracture propagation and fall off were 

simulated for both elastic and plastic formations. Fig.4.3 demonstrates the relationship 

between net pressure and fracture width at the wellbore as a function of time.  All the input 

parameters are from Table.3.1 and no plastic properties are included. 

 

Figure 4.3 Net pressure and width at wellbore in elastic formation during injection. 

 

From Fig.4.3 we can see that after the start of injection, the net pressure increases to 

a peak point and then decreases continuously as fracture propagation, this is a typical 

pressure trends in KGD model which indicates the fracture height is not contained by stress 

barrier and fracture length is shorter than fracture height. When the net pressure reaches the 

breakdown pressure, which is often much higher than fracture propagation pressure, the 

fracture initiated and fracture width increases as fracture propagating.  

The oscillation of the simulation curve corresponds to halt and sequel in the fracture 

propagation process step by step for serious of time increments. The pressure drops when 

new fracture volume created and sudden spurt loss through newly created surface, and then 
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pressure increases until the cohesive element in front of fracture tip was damaged and new 

fracture volume was created.   

 

 

Figure 4.4 Net pressure and width at wellbore in elastic formation during injection. 

 

Fig.4.4 shows the net pressure and maximum fracture width during the fall-off 

process in elastic formation. As pump stops inject fluid into the fracture after 2 minutes of 

treatment, the fluid inside the fracture continues leaking off into to the formation slowly, so 

with less and less fluid remains in the fracture, the pressure inside the fracture decreases and 

so does the net pressure. Fracture volume also shrinks and the fracture closes (fracture width 

at the wellbore drops to zero) as the net pressure approaches to zero.  

The Carter’s Leak-off model was implemented in the simulation as discussed in 

previous chapter, The cumulative leak-off volume through per cohesive element surface 

(0.2m) based on was shown in Fig. 4.5, the element was chosen at the wellbore and as we 

can see, there’s a sudden leak-off at the moment of element damage when new fracture 

surface are created and exposure to injection fluid, then the filtrate cake was build up and 
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the leak-off rate continues decreasing and the thickness of filtrate cake increases. Overall, 

the curve of cumulative leak-off volume indicates a relative low leak-off rate, so the fracture 

will propagate relative longer in a short treatment.  

 

             Figure 4.5 Cumulative leak-off volume through per element surface. 

 

Next, two minutes injection and fall-off process was simulated for plastic formation, 

all the input parameters remains as the same as elastic formation, except for that the plastic 

yield behavior was added to formation. By comparing the results of the simulation, we can 

investigate how plasticity can influence fracture geometry and net pressure. 

 

Figure 4.6 Net pressure and width at wellbore in plastic formation during injection. 
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Fig.4.6 shows the net pressure and maximum fracture width during the fall-off 

process in plastic formation. The results also follow the general trend of typical KGD model, 

net pressure decreases after break down and fracture width increase before pump shuts 

down. Compared with the results in the elastic formation, it can be noted that the net 

pressure in plastic formation is nearly 2 Mpa higher than that in elastic formation, and the 

fracture width at wellbore in plastic formation is wider that that in elastic formation after 2 

minutes of injection. So in comparison to elastic rock, plastic formations require higher 

pressure to propagate the fracture under the same treatment conditions and wider fracture 

tends to be created in plastic formation.   

It can also be noted at the moment when the pump stops, there is a larger instant 

pressure drop in the plastic formation when compared with elastic formation, and also a 

sudden decrease in fracture width can be observed corresponding to that instant pressure 

drop. This can be explained by the fact that the energy absorbs by rock deformation in 

plastic formation will not release as much as elastic formation to compensate fluid pressure 

drop instantly after shut in. 

Fig.4.7 shows the net pressure and maximum fracture width during the fall-off 

process in plastic formation. The fracture width and net pressure continues to decrease as 

expected as fluid inside the fracture seeps into the surrounding porous formation. It can be 

noted that it takes a longer time for the net pressure to drop to zero than that in elastic 

formation. This comes from the fact that with the same leak-off model and injection rate in 

both elastic and plastic formation, the fracture is wider in plastic formation. This leads to 
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shorter fracture length according to material balance, and hence less leak-off surface, which 

can results larger fracture volume in plastic formation.  

 

         Figure 4.7 Net pressure and width at wellbore in plastic formation during fall off. 

 

It should be also noted that when the net pressure drop to zero, the fracture is still 

open at the wellbore, this can be explained by that some portion of the rock along fracture 

path will not return to original state in the unloading process because of permanent plastic 

deformation. It also suggests that the fracture will close completely at negative net-pressures 

(fluid pressure less than the far field stress). Application of classical analysis which assumes 

that the fracture closes completely when the fluid-pressure drops to the value of the far-field 

stress, would lead to the underestimation of the minimum in-situ stress. 

As discussed in previous chapter, the plastic yielding near the tip of a propagating 

fracture provides an effective shielding, which results in increased toughness. The 

conception of effective toughness was used by many authors to handle plasticity. With this 

method, the elastic model of hydraulic fracture can be modified by replacing its origin 
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toughness with the increased effective toughness, calculated numerically or determined by 

experiments, to account for the effect of plasticity. 

 

   Figure 4.8 Net pressure at wellbore in elastic and plastic formations. 

 

In this study, the original toughness of elastic formation is      √ , the cohesion 

yield strength of moderate plastic formation is 4 MPa. The injection process can be 

simulated with all the input parameters in Table.3.1, net pressure during fracture 

propagation can be generated for moderate plastic formation. In order to make the net 

pressure predicted by effective toughness method matches the net pressure in plastic 

formation; the effective toughness can be adjusted after each run until two curves finally 

close to each other. In this case, when the effective toughness was set to be      √ , 

which is 3 times higher than the original toughness, the net pressure simulated in elastic 

formation is almost the same as that in plastic formation with moderate yield strength, as 

shown in Fig.4.8. The net pressure curves also reveals that plasticity and increased 

toughness can lead to higher break down and propagation pressure.   
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     Figure 4.9 Maximum fracture width in elastic and plastic formations. 

 

Both fracture geometry and net pressure are the most important output of hydraulic 

fracture model, net pressure and fracture geometry are closely related. Even though the 

method of effective toughness based on elastic model can generated the same net pressure 

as predicted by plastic model, however, the fracture is not the same in both model as shown 

in Fig.4.9. The fracture is wider in plastic formation than that in elastic formation with 

increased toughness. This discrepancy can be larger in formation with lower yield strength. 

Since the method of effective toughness only considers the plastic shielding effect at 

fracture tip, with lower yield strength, the plastic deformation zone will be larger around 

fracture. This account for shielding effect in front of fracture tip along, this will not be 

accurate enough to describe the whole plasticity effects.  It can also be noted that both 

plasticity and increased toughness lead to wider fracture geometry.  
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      Figure 4.10 Fracture width profile along fracture path after 2 minutes injection. 

 

The profile of fracture width predicted by different models was shown in Fig.4.10. It 

shows that the fracture is longest in poroelastic model with original toughness; the fracture 

length decreases if toughness was increased or plasticity was taken into consideration. The 

shorter the fracture length, and the wider the fracture will be created. When compare the 

results between poroplatic model and poroelastic model with increased toughness under the 

same net pressure, it should be noted that the fracture is wider in poroplastic model with the 

same net pressure, which is already demonstrated in Fig.4.8, and the fracture is also shorter 

in in poroplastic model. It suggests that the method of effective toughness can also result in 

shorter and wider fracture, but it can underestimate fracture width, and overestimate fracture 

length even if the predicted net pressure can match that in plastic formation, because it only 

account for the impact plastic deformation near the fracture tip. We can also notice that how 

big difference can be even in such a small treatment if we do not consider plasticity at all.  

In all cases, the pressure drop along the fracture path is negligible, the pressure 

inside the fracture is all most equivalent to the pressure at wellbore except for area near 

fracture tip, this is because the fracture length is relative short and fluid viscosity is small, 
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and according the Equation (2.4), the biggest pressure drop happens at the fracture tip where 

the width vanishes to zero. The fluid pressure distribution in poroelastic formation is shown 

in Fig.4.11, the fluid pressure along the fracture remains almost the same and drops to 

formation pore pressure across the tip of fracture. The fluid pressure also drops to formation 

pore pressure in the direction that perpendicular to fracture surface, when the fluid leak-off 

into formation across filter cake. It can be also noted that the initial pore pressure is not 

affected by leak-off process in this circumstance. 

 

Figure 4.11 Fluid pressure distribution with 10md permeability. 

 

Previous literature has demonstrated that wider fracture profiles are obtained with 

higher injection rates in poroelastic formation. In this study, we investigated how injection 

rate will affect fracture geometry and propagation pressure in plastic formation. Two 

different injection rates were simulated and the results are shown in Fig.4.12 and Fig.4.13. It 

demonstrates that that with higher injection rate, wider fracture profiles are obtained with 

faster propagation. Also larger zones of plastic deformation and higher net pressure are 
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observed.  It can also be noted that with higher injection rate, less time is required to initiate 

the fracture propagation. 

 
 

Figure 4.12 Maximum fracture width with different injection rate in plastic formation. 

 

 

Figure 4.13 Fracture length with different injection rate in plastic formation. 

 

Previous study has found that shear failure is observed to be the dominant failure 

mechanism in case of low  efficiency  fluids,  with  very  little  fracture  growth  in  tensile  

mode.  However, tensile fractures of considerable length surrounded by a zone of shear 

failure are obtained in the case of high efficiency fluids or in the case of fracture face 

plugging by particles present in the injected fluid. High leak-off leads to larger zones of 

material in a state of plastic shear due to pore pressure increase in the matrix.  

0

0.002

0.004

0.006

0.008

0.01

0 2 4 6 8

Fr
ac

tu
re

 W
id

th
 (

m
) 

Distance from perforation tip (m) 

Poroplastic, Q x1

Poroplastic, Q x5

0

5

10

15

20

25

30

0 20 40 60 80 100 120

Fr
ac

tu
re

 h
al

f 
le

n
gt

h
  (

m
) 

Injection time (s) 

Poroplastic, Q x1

Poroplastic, Qx5



38 

 

 

   Figure 4.14 Fracture length with different injection rate in plastic formation. 

 

In this study, we investigated how pore pressure in the formation can have impact on 

fracture geometry and net pressure in plastic formation. The pore pressure was set to be 

10Mpa and 20 Mpa, respectively, and the far field in-situ stress remains the same. The 

simulation results were shown in Fig.4.14 and Fig.4.15. From Fig.4.14, we can see that 

higher pressure needed to propagate the fracture with increase pore pressure under the same 

far field stress, the implications that result in higher net pressure can be found in Fig.4.14, 

which shows that the higher the pore pressure, the larger the plastic deformation area around 

the fracture and hence, formation plasticity has greater impact on fracture geometry and net 

pressure, that leads to wider and shorter fracture. This result can also lead to the fact that for 

low efficiency fluid, high leak-off rate tend to increase pore pressure around fracture surface, 

result in larger plastic deformation zones and shear failure. 
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Figure 4.15 Plastic strain with different pore pressure. 

 

There is no doubt that the closer the initial reservoir stress conditions to the shear 

failure surface, the more likely shear failure will be triggered around fracture during 

propagation. Next, we investigated how stress contrast can have impact on plastic 

deformation around fracture surface.  Increase the horizontal stress contrast from 1.1 to 2 

while all other parameters remain the same, the result shows in Fig. 4.16. Compared to Fig. 

4.15, it be can be observed that higher contrast  between  the  initial  minimum  and  

maximum  total  stresses can lead to wider plastic deformation area. 

 

Figure 4.16 Plastic strain, horizontal stress contrast=2. 



40 

 

 

 

        Figure 4.17 Net pressure and maximum width with different leak-off rate in plastic 

                            formation, k=10 md. 

 

One important feature of poroelasticity is the fluid leak off into the formation porous 

media can develop backstress (changes in total stresses corresponding to changes in pore 

pressure) which reduces the differential  pressures  across  the  fracture  face  resulting  in  

lower  stress  concentrations  at  the  fracture tip. Here we investigate the how leak-off rate 

and formation permeability can contribute to poroelastic backstress, and in turn, affect 

fracture geometry and net pressure. 

First, increase the leak-off coefficient 100 times, the results are compared with that 

of original leak-off coefficient. Higher leak-off rate can lead to much shorter fracture length 

with the same injection rate, but only have limited impact on net pressure and fracture width, 

as shown in Fig.4.17. Slightly higher net pressure and smaller fracture width are obtained 

with higher leak-off rate because of poroelastic backstress. Even though the leak-off rate 

increase 100 times, but the permeability is still large enough to allow the pore fluid to move 
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freely and dissipate energy at the same time scale as the fracture opening, so the pore 

pressure around the fracture can be considered nearly constant and poroelastic backstress 

induced by leak off volume and plastic deformation affected by changes of pore pressure is 

relative small. 

Next, remain the original leak-off rate but change the formation permeability from 

10md to 0.001md. The simulation results were shown in Fig.4.18. It can be observed that a 

large net pressure increase is observed in lower permeability formation, but only small 

changes occur in fracture width. This is because that pore pressure increased significantly 

around the fracture surface because of low permeability impeded the diffusion process even 

with original low leak-off rate, as shown in Fig.4.19.  We can see that the pore pressure 

around the fracture is almost 5 Mpa higher than original pore pressure. The increased pore 

pressure around fracture leads to larger zones of plastic deformation and poroelastic 

backstress, which in turn, contributes to higher net pressure. However, the difference 

between fracture widths is small due the large poroelastic backstress, which offset some 

effect of higher net pressure and larger plastic deformation. 

 

       Figure 4.18 Net pressure and maximum width with different permeability in plastic 

formation,   = 2E-6   √ . 
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           Figure 4.19 Fluid pressure distribution in formation matrix, k=0.001. 

 

In this study, we also found non-wetting zone can be developed at the fracture tip in 

low permeability formation when fracture propagates quicker than the fracture fluid can fill 

up new fracture volumes that are created at the tip of a propagating fracture. This is 

manifested by negative pressures develop at the tip of a propagating fracture as shown in 

Fig.4.20, the formation permeability was reduced to 0.0001 md and injection rate was 

increased to 0.05 m^3/s/unit height. 

A dry zone may occur at the fracture tip in a physical application because the 

fracture is running ahead of the viscous fluid, or a dry zone may also arise because of the 

numerical technique that is used for fracture propagation. A dry zone will develop as an 

artifact of the numerical technique when nodes are released at the beginning of a time step 

and the time step size is too small for the fluid to fill up the newly created fracture cells. For 

a dry zone to develop, the program allows cells in the fracture to be partially saturated with 

fluid. The fluid pressure in a partially saturated cell is prescribed to have a constant value 

until the cell fills completely with fluid.  
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      Figure 4.20 Non-wetting zone in front of fracture tip. 

 

Three types of plastic formations with different yield strength were investigated to 

reveal how plastic property itself can have impact fracture geometry and net pressure. The 

cohesion yield strength of 3 types of formations are 2 MPa, 4 MPa and 6 MPa respectively, 

which represent formations with relative low, moderate and high yield strength in this study. 

The simulation results of plastic strain and affected area were shown from Fig.4.21 to 

Fig.4.22. 

 

    Figure 4.21 Plastic strain with high and moderate yield strength. 
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Figure 4.22 Plastic strain with low yield strength. 

 

         Figure 4.23 Net pressure with different yield strength. 

 

      Figure 4.24 Fracture width at wellbore with different yield strength. 
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It shows that the more plastic the formation (with decreasing yield strength), the 

larger the area affected by plastic deformation, and the shorter the fracture length.  The area 

that undergo through plastic deformation are within 0.4m and 1 m around fracture path in 

formation with high and moderate yield strength, but it can extend to a few meters in 

formation with relative low yield strength. It was also found the more plastic the formation, 

the higher the propagation pressure are needed and wider fracture are created, as shown in 

Fig.4.23 and Fig.4.24. 

4.3 Long Term Injection 

In the second case, a 30-minute injection was simulated, with Carter's leak-off 

coefficient          √   and 10md permeability, in which case the effect the poroelastic 

backstress is negligible. The fracture length and fracture width are inherent solutions of 

each time increment in all models. The total injection fluid can be calculated from injection 

rate and pump schedule, the total leak-off volume can be calculated based on equation (2.5) 

by integrating the entire fracture surface domain.  

To investigate the impact of deviations of fracture geometry on production, the 

Unified Fracture Design (UFD) approach (Economides et al., 2002a) was used, The central 

idea of the UFD technique is to select the appropriate optimum compromise between 

propped fracture length and width, for a given proppant volume and depending on the 

properties of the reservoir and the selected proppant. To determine the volume of proppant 

reaching the target layer in a two-dimensional calculation, the fracture height must be a 

known quantity, predicted or presumed. Then 



46 

 

   

   
 
  

 

              
                                                                       

The next step is to calculate the Proppant Number: 

   
      

   
 

 
        

   
   

  
     
     

                                                   

where    is the propped volume inside the pay as calculated from Eq. (4.1) and      is the 

drainage volume of the reservoir. From the value of    the maximum    can be determined, 

as can the optimum fracture conductivity,         (Economides et al, 2002a). For a square 

drainage area, the maximum achievable dimensionless pseudosteady-state productivity 

index as a function of the Proppant Number is given by 
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Similarly, the optimal dimensionless fracture conductivity for the entire range of Proppant 

Numbers is given as 
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Once the optimal dimensionless fracture conductivity is known, the optimal fracture length 

and width can be readily determined: 
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47 

 

 

     √
          

    
                                                                  

Fig.4.25 shows the relationship    and     for a range of Proppant Numbers. 

 
     Figure 4.25 Relationship between dimensionless productivity index and dimensionless 

fracture conductivity. 

 

The real fracture geometry that deviated from the optimal design because of formation 

plasticity can lead to suboptimal dimensionless fracture conductivity,    , which can result 

in reduction of dimensionless production index,   . The dimensionless fracture conductivity 

can be calculated by 

    
   

   
                                                                        

Table 4-1 represents the input data for Unified Fracture Design presented in this work. 

Based on the input data the optimum fracture geometry that provides the maximum 

dimensionless productivity index can be determined. The fracture propagation model is run 

independently until its output matches the conclusions of the UFD. 

Table 4-1 Reservoir and fracture input data for the fracture designs 

Drainage area, acre 320 

Net thickness, h, ft 100 

Fracture height, hf, ft 100 
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Well radius, rw, ft 0.3 

Proppant mass, Mp, lbm 200,000 

Porosity of proppant pack 0.36 

Specific gravity of proppant 2.65 

Proppant pack permeability, kf, md 115,000 

Reservoir Permeability, k, md 10 

 

The simulation results are shown in Table 4-2. From these results, we can see that 

the plasticity can have a substantial impact on fracture geometry after 30 minutes of 

injection. The fracture length can be reduced by nearly 38 % compared to the predicted 

value in elastic formation in this study. In addition, the fluid efficiency increases in the 

plastic formation because the shorter fracture length results in a smaller leak-off surface. 

These results also indicate that the effective toughness method can underestimate fracture 

width and overestimate fracture length even if it can accurately match the net pressure in the 

plastic formation, because it only accounts for shielding effects of the process zone in front 

of the fracture tip and fails to take the entire plastic zone into consideration. 

Table 4-2 Simulation results of 30-minute injection 

 

Optimum 

Design 
Poroelastic 

Poroelastic, 

   x3 

Poroplastic, 

Moderate Yield 

Strength 

   0.03 

Fracture Length (m) 79.8 80.6 58.8 50.2 

Fracture Width (mm) 11.43 11.52 16.95 20.67 

Fluid Efficiency % 73.87 75.20% 80.72% 84.06% 

    1.6 1.6 3.3 4.7 

   0.37 0.37 0.34 0.33 

   Reduction % 0 0 8.1 10.8 
 

 

From a production point of view, a 30-minute injection schedule can generate nearly 

optimal fracture geometry in elastic formation with maximum dimensionless productivity 
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index. However, if the formation exhibits plastic behavior, the real fracture geometry will 

be suboptimal and the dimensionless productivity index,     is 10% lower than the optimal 

value. The reduction in     can be more severe in unconventional reservoirs where 

formation permeability is extremely low. From Eq.(23), the lower the formation 

permeability the higher the Proppant Number. The Proppant Number increases to 3.2 by 

reducing the formation permeability to 0.1 md in Table.2. If the dimensionless fracture 

conductivity,     , is 3 times higher than the optimum value (the same ratio in Table 3) then 

from Fig.25, it can be seen that the deviation from optimal fracture geometry can lead to 

nearly 20% reduction in    . In the case of lower cohesion strength formation rock, 

subjected to higher in-situ stress and horizontal stress contrast, the fracture half-length can 

be reduced to around 40% of that predicted by the elastic model, which can lead to the 

dimensionless fracture conductivity,     , that is 6~7 times higher than the optimal value 

leading to a 40~50% reduction in the   . Thus reduction in fracture length because of 

plasticity has much greater impact on the well production in a low permeability reservoir 

than that in a high permeability reservoir.   
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5. CONCLUSIONS AND REMARKS 

5.1 Conclusions 

In this study, we developed a numerical model of hydraulic fracture based on 

cohesive zone finite element method to investigate fracture propagation in elastic and 

plastic formations. Solid deformation, fluid flow inside fracture and fluid diffusion process 

are fully coupled in this model. The impact of formation plastic properties on fracture 

process is investigated for both short term and long term injection and the results are 

compared with elastic formation. In addition, the main factors that affect the impacts of 

poroelastic backstress and formation plasticity on hydraulic fracture are also investigated. 

From the results of this research, we can conclude that: 

1. In a plastic formation, net-pressure drops to zero while the fracture is still open along a 

proportion of the original length; the fracture will close completely at negative net 

pressure when fluid pressure inside the fracture is less than far-field minimum 

horizontal stress. 

2. In comparison to hard rock, plastic and highly deforming formations have exhibited 

higher breakdown and injection pressures. The more plastic the formation (lower 

cohesion strength), the higher is the net pressure required to propagate the fracture due 

to increased plastic deformation, which leads to shorter and wider fracture. Under the 

same net pressure, a fracture in a plastic formation is wider than that in an elastic 

formation. This discrepancy is larger in a formation with lower yield strength where a 

larger area undergoes plastic deformation. 
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3. The effects of formation plasticity on a hydraulic fracture are mostly controlled by in-

situ stress, the plastic property and pore pressure. The closer the initial stress value is to 

the shear failure value and the greater the total stress contrast, the more likely shear 

failure will be triggered around fracture. With the same far-field stress and formation 

properties, pore pressure can play an important role on the fracture process in a plastic 

formation. When pore pressure increases, net pressure increases due to larger zones of 

plastic deformation because of strong fluid/solid coupling.  

4. Poroelastic backstress is mostly controlled by leak-off rate and formation permeability.  

When the leak-off rate is relatively high and the formation permeability is not large 

enough to allow pore fluid to move freely and dissipate energy at the same rate as the 

fracture opening, the pore pressure around the fracture will increase and induce 

compressive stress on the fracture surface. 

5. Both poroelastic backstress and formation plasticity can contribute to a higher net 

pressure, but they have a different impact on fracture width. Poroelastic backstress tends 

to reduce fracture width, while plasticity tends to increase fracture width. 

6. Non-wetting zone can be developed ahead of the fracture tip in low permeability 

formations when a fracture propagates quicker than the fracture fluid can fill up newly 

created micro-cracks. 

7. Ignoring plasticity in plastic formation can lead to inaccuracy of fracture geometry, net 

pressure prediction and fluid efficiency calculation. The deviations of real fracture 

geometry from elastic formation model can have great impact on well production, 

especially in unconventional, low permeability reservoirs.   
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