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ABSTRACT

In this paper the Gel'£and representation of a commutative Banach 

algebra is developed. The fundamental results are as follows. 1) Any 

complex commutative Banach algebra A is homomorphic to an algebra of 

continuous complex valued functions on a locally compact Hausdorff space. 

If A has an identity then the space is compact and in any case the func­

tions vanish at infinity. The representation is noi'm decreasing. 2) If 

A is semi-simple the representation is an isomorphism. 3) If A is such 

that J | x2 | | = ]|x||2 then the Gel'fand representation of A is isometric 

to A. Finally the Gel'fand representation is used to prove the Banach- 

Stone Theorem and the essential uniqueness of the Stone-Cech compacti­

fication, and the Gel'fand representation of an element of L^C-00 , 00) is 

seen to be the Fourier transform of that element.
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CHAPTER I

INTRODUCTION

In 1941, I. M, Gel'fand published his result that every com­

mutative Banach algebra with identity can be represented as an 

algebra of complex valued functions on a compact Hausdorff space. 

These results were later extended to the case where an identity is 

not present. Some of Gel'fand’s results can be extended to the 

poncummutative case, but the representation cannot be obtained 

because the quotient of a ring modulo a maximal ideal is not neces­

sarily a field. This paper develops the representation of a com- . 

mutative Banach algebra.

A Banach algebra is a complex Banach space in which a multipli­

cation is defined such that the Banach space is also an algebra in 

which scalars are complex numbers. The additional requirement is 

that the norm of a product must be less than or equal to the pro­

duct of the norms. In any Banach algebra multiplication is contin­

uous .

The key to the Gel'fand representation is the fact that, in any 

commutative Banach algebra, every homomorphism of the algebra to the 

complex numbers is continuous and the norm of the homomorphism is 

less than or equal to one. Furthermore, there is a one to one corres­

pondence between the regular maximal ideals of the algebra and the homo­

morphisms onto the "complex numbers. These results are est ablished in 

Section 7 of Chapter II.

Sections 1 through 6 of Chapter II are devoted to establishing 
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the preliminar)’’ results needed for Section 7. Sections 2 through 

5 establish the algebraic results needed to show that the quotient 

of a commutative Banach algebra modulo a regular maximal ideal is a 

field. Section 6 establishes analytic results which lead to the con­

clusion that a complex commutative Banach algebra which is also a field 

is isometrically isomorphic to the complex numbers.

The results of Section 7 lead immediately to the Gel'fand repre­

sentation, namely, that any commutative Banach algebra is homomorphic 

to an algebra of continuous complex valued functions on a locally com­

pact Hausdorff space. This homomorphism is in general norm decreasing. 

The representation has the further property that if the algebra has an 

identity, the space is compact, and that in any case the functions of 

the representation vanish at infinity. The points of the space are the 

regular maximal ideals of the algebta.

In Section 9 the spectrum of an element is defined. The spectrum 

of an element is shown to be the range of the function which is the 

Gel'fand representation of the element. The spectral norm of an element 

becomes the supremum of the absolute values of the range of the function 

which is the representation of the element.

The radical of a commutative Banach algebra is the intersection of 

the regular maximal ideals of the algebra. An algebra is*semi-simple if 

and only if the radical contains only the zero element. In Section 10 

it is shown that the Gel'fand representation is an isomorphism if and only 
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if the algebra is semi-simple.

Questions concerning the isometry of a Banach algebra and its 

Gel'fand representation are considered in Section 11. A necessary 

and sufficient condition that the Gel"fand representation of a commu­

tative Banach algebra be isometric to the algebra is that the norm of 

the square of each element of the algebra be equal to the square of 

the element’s norm.

An analogue for analytic functions of an element of a commuta­

tive Banach algebra is developed in Section 12. It is shown that, 

with proper restrictions, a Banach algebra is closed under the applica­

tion of analytic functions to elements of the algebra.

In Chapter III examples of the Gel'fand representation are given. 

In Section 1 the fact that the space of maximal ideals depends only on 

the structure of the algebra is used to draw some topological conclu­

sions. In Section 2 the Fourier transform of an absolutely integrable 

function from the real line is seen to be the Gel'fand representation 

of the function.



CHAPTER II

DEFINITIONS 5 THEOREMS 
■t**-^*»**^^***ewe»<**e*eerie»**""^^T*<*e^e*e*^er*«^*^»

SECTION 1 DEFINITIONS

Definition: A Banach algebra is set A such that:

a) A is a Banach space' in which scalars are complex numbers ,

b) A is an algebraf

c) For all x, y E A, | |xy| | | | x| | . | |y| | .

Definition: A Banach algebra with identity is a Banach algebra A 

which contains an element e such that ex = xe = x for all 

x £ A.

Definition: A commutative Banach algebra is a Banach algebra.A 

such that xy = yx for all x,y £ A.

Notation: Throughout Chapter II, A will be used for a Banach algebra 

(with or without identity), A for a Banach algebra with identity, 

e for the identity of a Banach algebra with identity, and C for 

the complex numbers.

SECTION 2 ELE? fENTARY PROPE RTIES

In this section some elementary properties of Banach algebras

are discussed, namely that multiplication is continuous, that any Banach 

algebra may be imbedded in a Banacli algebra with identity, that a Banach 

algebra with identity may be renormed such that | |e|| - 1> and that any 

Banach algebra may be viewed as a ring of operators on a Banach space.
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Proposition 1; In any Banach algebra multiplication is continuous. 

Proof: Let {xn) be a sequence such that xn -> x. Let {yn) be a sequence 

such that y •* y. Then

I IVn " xyl । = । lxnyn ’ xyn + xyn " xyll

<, I |xnyn - xyn| | ♦ | |xyn - xy| |

it lynl I *1 lxn - xl I * I Ml •! Iyn - y| I.

Therefore

lim I IVn " Xyl (l lynl I *1 lxn " XM) + Aim N lxl M lyn - yl D 

3 llyll Ijjn l|xn - x|| + I lx| I lim ||yn - y|] = 0.

Thus, xnyn -> xy as n-*=°, or multiplication is continuous.

Proposition 2: If A is a Banach algebra without identity, then A can 

be imbedded isometrically and isomorphically in a Banach algebra 

Ae with identity.

Proof: Let Ae = {(X,x) | X e C, x e A}, No confusion will arise if Xe + x 

is written instead of (X,x) for (X,x) e Ae> Define 

(Xe + x) + (Xe + x) = (X * X ) e * (x + x ), 
112 2 12 12

X(X e + x ) = (XX ) e + XX , 
111 1

and

(X e * x )«(X e + x ) = (X X )e + (X x + X x + x x ) .
1 1 2 2 1 2 1 2 2 1 1 2

It is easily verified that Ae is an algebra and that e = e + 0 

is an identity for A .
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Let 1|Xe + x|| = ]X| + ||x||. It is easily verified that 

| | ,\e + x| | is a norm. 'Hie algebra Ac is complete in this norm, 

since | | (Xme + - (Anc + xn) ] | = | - Xn| + | | xm -xn| | -> 0,

if and only if |x - X | 0 and | |x - x I | -> 0. If (X e + x }

is a Cauchy sequence, then Xn -> Xq and xn -> x^ and (X^e + xn) ■* 

X + x . so A is complete. It follows that o o e
I I(\e + x ) (X e + x )I I = IX X I + I IX x + X x * xx II 

1 1 2 2 1 2 1 2 2 1 2

= 11X e + x I I•I I X e * x II.
1 12 2

Henceforth, whenever a Banach algebra without identity is said 

to be extended to a Banach algebra with identity, the extension will 

be understood to be performed in the manner described in Proposition 2.

Proposition 3: Any set satisfying a) and b) in the definition of a 

Banach algebra which also has an identity and continuous multi­

plication is isomorphic and homeomorphic to a Banach algebra with 

identity such that ||e|| = 1. Moreover, the isomorphism is such 

that any Banach algebra may bo viewed as an algebra of linear 

transformationson a Banach space where composition is multipli­

cation.

Proof: Let A be a set satisfying a) and b) with identity and continuous 

multiplication.
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Let IIom(Ae,Ae) be the set of all bounded linear transfor­

mations from Ae to Ag with the usual operator norm. Let A' 

= lx' e Hom(Ae, A^)| there is an x e Ae such that x"(y) = xy 

for all y e Ao}. Now for all x e A„ there is an x' e X' satis- e e e

fying the above and the mapping is one to one, since if x | x 
1 2

in A@ then x^e x^e, which implies that x'(e) £ x'(c) , or 

X" X'*. 
12

Now it is sufficient to show that A' is closed in Hom(Ae,Ae).

If an = lim a^, a„ A', then for each an, there is a w„ e A„
v ** * Ji v * ii* ii e

such that an(x) = wnx for all x e Ae> Now for all x,y e Ae, 

ao(xy) = lim a(xy) = lim w xy = (lim w x)yv n rj-xo 11 n-*®3 n

= (lim a (x))«y = (a (x))-y. ^>00 n u

Letting xQ = aQ(e), then for all y e Aq 

ao^ = a0(ey) = (a0(e))*y = x^,

therefore aQ s A^, or X' is closed, hence A^ is a Banach algebra.

Let 5>:A' -> A„ by 4>(x') = x. Then

Ilx>lI = s up I|xy|| > 
I|yIl<i

x» e

I HI
Thus | | x | | <_ | | e | | • | | x' | | or 5 is bounded.

x = x

But since $ is a one

to one bounded linear transformation from a Banach space Aq onto a 

Banach space Aq,^"1 is continuous.
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Therefore A' is isonorohic and homeomorphic to Ap. Moreover, e
A' is a ring of operators as promised, and for all x', y' e k' 

and w e Ae

ll(x'oy') (W)I I = ||x'(y'(w))lI < I |x"||-|ly"(w)||

I Ix-I | • | ly'l I * I M I , or I Ix'oyl | <, Hx'| | ‘ | |y'l I •

It also follows that ||e"(y)|| = ||ey|| = ||y||, or ||e'|| = 1,

In any Banach algebra with identity, e, ||e|| >. 1, since other­

wise | |e| | < | |e| |n 0 as n -> Since any Banach algebra with iden­

tity satisfies the hy^wthesis of Proposition 3, it may be renormed such 

that ||e|| = 1. Henceforth, in any Banach algebra with identity, the 

norm of the identity will be assumed to be equal to 1,

SECTION 3 INVERSE AND ADVERSE

Definition: The inverse of an element x of a Banach algebra with iden­

tity is an clement x-1 such that xx"1 = x-1x - e.

It will be shown that in a Banach algebra with identity, the set 

of elements having inverses is open.

Lemma. 1; If x is an clement of a Banach algebra such that ||x-e|| < 1, 

then x has an inverse.
n

Proof: Consider the sequence {xn} where xn = e + £ (e - x) ; (xn} is 
i=l

a Cauchy sequence, since, given e > 0, there is an N such that
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for m > n > N,

l|x - x || = || £ (e - x)1!] = ||(e - x)N £ (e - x)11 | 
m n i=n i=n-N

x, m-N . M m-N
^lle - x||N||, (e - x)1||<||e - x||N [ ||e - xl]1 

i=n-N i=n-N

for sufficiently large N. Let x"1 = lim x = e + V (e - x)1, 
n-*» n i=i

Then x = e - (e - x) and

xx*1 = (e - (e - x))x-1
= e + ? (e - x)1 - (e - x)(e - x)1 

i=l i-l
00 e 00

= e + £ (e - x)1 - Y (e - x)1 = e, or xx*1 = e. 
i=l i=l

Proposition 1: If A is a Banach algebra with identity, then the set

of elements of AQ having inverses is open.

Proof: Let V = (x | x £ AQ and x"1 existsh

Let Ug = {x | x e Ae and | |x - e | | < 1). The set Ue is open and 

Uec V by Lemma 1. If x £ V then x has an inverse x* 1 such that 

xx-1 = e. Since multiplication is continuous, there is a neigh­

borhood U of x such that Ux* 1 = (y | y = x "x" 1 for some x ' £ U <=• y 

Therefore for all z £ U, zx* 1 eUe-or zx“ 1 has an inverse w. Since 

e = (zx* = zCx-1 w), then x-1 w is an inverse for z; therefore U oV, 
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But x was any element of V, so V is open. Of course, V is not 

empty, since e = e-1 e V.

Since a Banach algebra may not have an identity, the properties of 

inverses are not meaningful in that general setting. The notion of 

inverses does admit generalization in the following sense.

Definition: If A is a Banach algebra, and x e A, then an element y e A 

is a right adverse of x if and only if x + y - xy = 0. The 

element x is said to be a left adverse of y.

Now, if y is a right adverse of x in a Banach algebra A, and A

is imbedded in an algebra with identity, then e - y is a right inverse

of e - since

(e - x) (e - y) = e - ex - ey * xy = e - (x + y - xy) = e.

In any commutative Banach algebra a left adverse is also a right

adverse. This is not true in general in the non-commutative case, i.e. 

an element might have a left adverse but not a right adverse. Neverthe­

less, the following may be said of any Banach algebra.

Proposition 2: In any Banach algebra, if an element x has both a left and 

a right adverse, then the adverses are equal and consequently 

unique.

Proof: If u is a left adverse of x and y is a right adverse of x, then 

(after imbedding the algebra in an algebra with identity if
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necessary) e - u is a left inverse of (e - x); and e - y is

a right inverse of (e - x). Now

e - u = (e - u)‘(e - x)•(e - y) = e - y.

Hence e-u=e-yoru=y.

If x has a right and left adverse, then this unique element will be 

called the adverse of x and will be denoted by x' . Theorems concerning 

adverses often follow the same line as theorems concerning inverses.

Lemma 2: If x is an element of a Banach algebra such that ||x|| < 1, 

then x has an adverse, 
n .

Proof: Let y = - T x1. For m > n
n i=l

mm. m
llxm - y„ll = II - L^ll < Lllxll1 - llx|ln.y INI1 

n+1 n+1 1=1

A I I x | |n(—JJaLL—_) 0 as n + «,
1 - I Ixl|

Therefore {y^} is a Cauchy sequence, 

- 00
If y = lim y = - J x1, then

-- - n-xo 11 x-i 
CO 00

X * yo ■ xyo = x ' I xi * x I X1 
i=l i=l

CO CO OO 00
= x -.y x1 * .y~x^ = - y x^ + y x^- = o. 

1*1 1*2 i«i ifei

So yQ is a right adverse of x. Similarly x = yQ - yQx = 0, so 

y0 is an adverse of x and
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” . n n
• llyoll = ll-I xlll = Ilii" -I x1!! = ii"ll-I x1)!

0 i=l n i=l i=l
n i

<, I |x| I lim X I |x| I =| |x| 1/(1 - I |x||) 
n^”i=O

Proposition 3: If A is a Banach algebra, then the set of elements having 

adverses is open.

Proof: Define x<>y = x + y-xy for all x,y e A. Then y is a right 

adverse of x if and only if x <» y = 0. It follows immediately 

that o is associative,

Let V' be the set of all elements of A having adverses. Since

0 has an adverse, V' <j>.

If y e V' let x e A be such that ||x|| < (1 +||y'||)’1. Now 

|Ix-xy'l|;<||x||*(l+||yx||)<l, By Lemma 2, u = x - xy' has an 

adverse, u'. Now

(y + x) oy' = y*x*y'-yy'-xy' = x-xy''; 

consequently

(y +.x) o (y' o u') = ((y + x) o y') « u' = 0, 

or y' o u' is a right adverse of y ♦ x.

Similarly, if ||x|| < (1 + ||y'||)-1 then ||x-y'x|| < 1 and

v = x - y'x has a left adverse v'.and y' o (y + x) = x - y'x = v. 

Now v' o y' is a left adverse of y + x.

Hence, y + x has an adverse. Thus, if z c A and

||z - y| | < (1 + Hy'll)""1 then z has an adverse, and thus V' is open.
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Proposition 4: In any Banach algebra, the mapping x -> x' is 

continuous.

Proof: Using the notation of Proposition 3,

(y * x)* - v' = (yx o U') - y' = u' - y'u'.

Thus,

||(y * x)' - y'|| ^ ||u'||•(! + ||y'||)

< I|u||(1 - I IUI I)-1(1 + I|y-|I)

< I|x|I(1 + I|y'|I)2 , 

1-11x11(1 + Hy'il)

Letting a = (1 + lly'll)""1; then

I I (y + x) ' - y' 1 | <, -> 0
1 - s'1 I Ix11 (a - I x||)a

as | |x| | -> 0, or the mapping x -> x' is continuous.

Proposition 5: In any Banach algebra with identity, the mapping 

x ->• x”1 is continuous.

Proof: Let V be the set of elements having inverses. Let V be 

the set of elements having adverses. Let 4>:V' -> V be defined 

by 4(x) = e - x. Let tp:V ■+ V be defined by ip(x) = x".

Now if x e V then e - x e V' and (e - x)' = e - x-1, since 

(e - x) + (e - x-1) - (e - x) (e - x"1) 

=e-x+e-x-1 - e+x+x"1 - xx-1 = 0.

The mapping x ->• x"1 is the mapping 4oip°<i>, since



’i’C’H'Hx))) = - x)) = (fi(e - x-1) = x"1.

But $ is continuous, and ij; is continuous, therefore the nap­

ping x x-1 is continuous.

Since the mappings x •* x'and x x-1 are one to one, and since 

these mappings are their own inverses, the mappings are in fact home­

omorphisms.

SECTION 4 MAXIMXL IDEALS

In the first part of this section, certain properties of Banach 

algebras are discussed which are consequences of the fact that a Banach 

algebra is a ring. In the second part, the topological properties of 

maximal ideals are discussed.

Definition: If R is a ring, a subset I of R is a right ideal of R, 

if and only if the following are satisfied:

1) if x e I and y e I then x - y e I,

2) if x e I and z e R then xz e I,

3) I is a proper subset of R.

A left ideal is a subset I of R satisfying 1) and 3) and the 

requirement 2") ' if x e I and z" e R then zx e I. An ideal of 

R is maximal if and only if it is properly contained in no 

other ideal of R. (Maximal right and left ideals are defined 

analogously).
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V
Proposition 1: If R is a ring with identity, and I is an ideal of 

R, then there exists a maximal ideal M containing I.

Proof: Let S be the set of ideals of R containing I, partially 

ordered by inclusion. Let & be any chain in S. Then (J I 
TceC c 

(Every I is proper

and hence cannot contain e.) Therefore & is bounded above, 

and by Zorn’s Lemina, there is a maximal element of S,

Definition: Let R be a ring, and let I be an ideal of R. An element 

u of R is a left identity mod I if and only if for all x e R, 

(ux - x) e I. An ideal I of a ring R is regular if and only 

if R has a left identity mod I.,

Tine following proposition is proved in the same manner as Propo­

sition 1.

Pi'oposition 2: If R is a ring and I a regular (right) ideal, then 

there exists a maximal regular (right) ideal containing I.

Proof: Let u be a left identity mod I. How u | I for if u e I, 

then, for all x e R, ux e I. But ux - x e I; therefore every 

element of R would be an element of I. Similarly, if J is any 

ideal containing I then J is regular, and u J since u is 

a left identity mod J. If d is any chain of ideals containing 

I, u is not in O J and L) J is an ideal containing I. Hence, 
ceC, c ceC c

by Zorn’s Lemma, there is a maximal ideal containing I,

is a proper ideal of R fore | Ic.
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In an algebra with identity, naxinal ideals will play a key role 

in the representation of a Banach algebra. The analogous role in an 

algebra without identity is played by tlie regular naxinal ideals. If 

an algebra has an identity, then every ideal is, of course, regular, 

since c is a left identity modulo any ideal. There is furthermore a 

correspondence between the regular maximal ideals of an algebra with­

out identity and certain of the maximal ideals of the extension of this 

algebra, which is discussed now.

Proposition 3: If A, an algebra without identity, is extended to Ae, 

an algebra with identity, then there is a one to one correspon­

dence between the regular ideals of A and the ideals of Ag which 

arc not subsets of A,

Proof: Let I be any right ideal of A not included in A. Then there e e
is an element of the form - e + x in I , where x e A.e *
Let v = - e + x; then x is a left identity mod IQ in Ae, since 

for all y e Ae, xy - y = (x - e)y = vy e Ie. But x e A and, for 

all y e A, xy - y e A; hence, Ien A'is a regular ideal in A.

If I is a regular (right) ideal in A, and u is a left iden­

tity mod I in A, define I = (y | uy e IH Ie is a subring of 

Ae, and if x c Aq then u(yx) = (uy)x. But uy el, and I is an 

ideal in A ; hence, uyx e I. Since u | I, e I . Thus Ie is an 

ideal of Ae. Moreover, u - e e Ie since (u - e)u = uu - u.e I.
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But u - e A A, thus I is not a subset of A.
e

Proposition 4: In a ring R with identity, an element x has a right 

inverse if and only if x lies in no maximal right ideal of R.

Proof: If x has an inverse and I is a maximal ideal containing x, then 

xx-1 = e e I and z = ez e I or I = R; so if x has an inverse, 

then x is an element of no maximal ideal.

Now if x lies in no maximal ideal then x has an inverse, for 

if x does not have an inverse, then I = {xy | y e R} is a right 

ideal, and (e | I), and I is contained in a maximal right ideal.

Proposition 5: In any ring R an element x has a right adverse if and 

only if there is no regular maximal right ideal modulo which x 

is a left identity.

Proof: If x has a right adverse, x', and if x is a left identity modulo 

a maximal ideal I, then x = xx' - x'e I, and for all y e R, 

y = xy - (xy - y) e I. So if x has a right adverse, then there 

is no regular maximal right ideal modulo which x is a left iden­

tity. If there is no maximal right ideal modulo which x is a 

left identity, then x has an adverse, for if x does not have an 

adverse, then I = (xy - y | y e R} is a regular right ideal and x 

is a left identity mod I. This follows from xz - z e I for any 

z e R, and x I, since .if x e I, x = xx-* -x' for some x'e R, and 

x" is a right adverse of x. Now I is contained in a regular maxi­
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mal right ideal modulo which x is a left identity, which contra­

dicts the h)mothesis, so x must have a right adverse.

Similar theorems concerning left inverses and adverses could be 

formulated, and these could be used in conjunction to lead to the 

statement that the set of elements having inverses is the set of ele­

ments which lie in no maximal ideal and that the set of elements having 

adverses is the set of elements x such that there is no maximal ideal 

modulo which x is a relative identity.

The following propositions assert some topological properties of 

maximal ideals.

J
Proposition 6: If I is an ideal in a Banach algebra A, then its topo­

logical closure I is an ideal of A or is A.

Proof: If x,y e I, then there is a sequence {x^} c. I, and a sequence 

{yn} c. I, such that x -* x and yn ■> y. Then 

x + y = lim x„ + lira v,, = lira (x_ + y ) e I

since x + y e I for all n, Also, xz = (lim x„)z = limfx • z) e I 
pi n ri-^00 ii-xx>' n *

since x e I for all n. n
If I A, then I is an ideal, otherwise I = A,

Now maximal ideals in rings with identity and regular maximal ideals 

in rings without identity are closed.

\/
Proposition 7: If A is a Banach algebra with identity, and M is a 

maximal ideal of A , then M is closed.
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Proof: By Proposition 6, M is an ideal and by Proposition 4,

M C- Ae - V where V is the set of elencnts having inverses.

Since V is open, M CAg - V = A - V wliich is a proper subset 

of A . Thus M is an ideal containing M; but M is maximal.e
Hence M = M, or M is closed.

Proposition 8: If A is a Banach algebra and M is a regular maximal 

ideal, then M is closed.

Proof: If x is a relative identity for M, then define p(M, x)

= inf {[ |y - x| | | y e M}. Now p (M, x) >_ 1, since if there

is an element y e M such that ||x - y]| < 1, then x - y has

an adverse a.. Then (x - y)a - a - (x - y) = 0, but

(x - y) a - a - (x - y) = (xa - a) -ya + y- xc I, and

xa - a, ya, ye I, so x e I. But if x e I then, since

xz - z e I for all z e A, it follows that z e I for all

z e A. So p(M, x) > 1, then p(M, x) > 1. Thus, M is a regu­

lar ideal containing M, but M is maximal, so M = M, or M is 

closed.

SECTION 5 QUOTIENTS AND FIELDS

If R is a ring and I is an ideal of R, then R/I will denote the 

quotient ring of R by the ideal I, and (x) will denote the coset of 

I containing the element x.
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Proposition 1: If R is a ring and I is an ideal of R, then a subset 

of R/I is an ideal of R/I if and only if it is of the form J/I 

where J is an ideal of R containing I. Moreover, J/I is regular 

and/or maximal if and only if J is a regular and/or maximal ideal 

of R and J contains I.

Proof: J is an ideal of R containing I if and only if

1) x + y c J for all x,y e J which occurs if and only if

(x) + (y) e J/I for all (x), (y) e J/I,

2) xz e J for all x e J, z £ R, which occurs if and only if 

(x)*(z) e J/I for all (x) e J/I, (z) £ R/I.

3) J | R which occurs if and only if J/I R/I.

Thus, J is an ideal of R containing I if and only if J/I is an 

ideal of R/I. Maximality and regularity follow in a similar manner.
/

Proposition 2: A commutative ring R with identity is a field if and only 

if there are no nonzero ideals of R.

Proof: Since R is a commutative ring, it suffices to show that every 

nonzero element of R has an inverse. There are no nonzero ideals of 

R if and only if {0} is a maximal ideal of R. By Proposition 4 of 

Section 4, {0} is a maximal ideal if and only if for all x e R - (0), 

x-1 exists.

Proposition 3; If R is a commutative ring and M is a regular ideal of R,

then R/M is a commutative ring with identity.
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Proof: Obviously R/M is a commutative ring. If u is a relative 

identity of R mod M, tJien ux - x c M for all x in R, then 

(u)-(x) - (x) = (0) for all (x) e R/M, or (u)«(x) = (x) for 

all (x) e R/M.

Proposition 4: If R is a commutative ring and M is a regular maxi­

mal ideal, then R/M is a field.

Proof: By Proposition 3, R/M is a commutative ring with identity. 

Since M is a maximal ideal, {(0)} is the only ideal of R/M, by 

Proposition 1. Therefore R/M is a field.

4
If A is a Banach algebra and I is an ideal of A, then for any

(x) e = inf (| |y| | ye (x))j and let $: A -> A/I be

defined by x -> (x) .

4
Proposition 5: If A is a Banach algebra, and I is a closed ideal of

A, then A/I is a Banach algebra and 4>: A -> A/I is continuous, 

and | | $|| 1.

Proof: For (x) e A/I, (x) is a closed subset of A, since (x) = x + I, 

and the mapping, f (y) = x + y of A to A, is a homeomorphism. 

Now,'

1) That | |x| | >_ 0 is clear. Now | |x| | = 0 if and only if there 

is a sequence {xn}co C I, such that | lxn| | 0. Since (x) is

closed, | |xn| | ->• 0 if and only if 0 e (x) or (x) = I.
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2) ||(x) + (y)I I = inf {||x + y|| x e (x), y e (y)}

inf {| | x 11 + ] | y | | | x e (x), y e (y)}

= inf (||x|| | x e (x)} + inf {||y|| | y e (y)}

= H(x)11 ♦ ||(y)ll

3) ||X(x)|| = inf {||Xx|| x e X(x)}

= inf <| X| • | |x| | | x e (x)}

= |X| inf {||x|| | x e (x)} = |X|•||x||

Consequently, ||x|| is a norm.

If {(x)^} is a Cauchy sequence in A/I, there is a subse­

quence (y) of (x) such that | | (y) - (y) | I < Z"11./ Form
11 H n+1 n '

a sequence in A as follows: Let y e (y). Choose yn+j 

by noticing that since (y)n*i - 7n = Mn+1 “ there is a 

^n+i e such that Hyn+i - ynl I = 11 Cy)n+i - Wnll < 2'n-

Then yn is a Cauchy sequence, and if y0 = lim yn, then (y0)

= lim (y) = lim (x) since (x ) is a Cauchy sequence and (yn) n D-xs H 11 I*

is a subsequence of (x)n« Consequently, A/I is complete. 

The norm behaves properly under multiplication since

H(x)'(y)|| = inf <| |xy| | | x e (x) , y e (y)}

<. inf <l|x||-|ly|l | X E (x), y £ (y)}

= inf (||x|| | x e (x)}« inf {||y|| | ye (y)}

= .Mtoll-H(y)ll-

Thus, A/I is a Banach algebra.
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Now, for all x e A, ||(x) 11 = inf (|]y|| yr (x)}

< ||x|| or ||$|| 1 and $ is continuous.

Now if M is a regular maximal ideal of a commutative Banach 

algebra, then A/M is a field which is also a Banach algebra, (Propo- 
t v. 3

sitions 4 and 5). In Section 7 this normed field will be shown to 

be isometrically isomorphic to the field of complex numbers. In 

order to prove this isomorphism, some results concerning analytic 

functions will be required.

SECTION 6 ABSTRACT ANALYTIC FUNCTIONS

Definition: A subset D of the complex plane C is a region of Cif 

and only if it is an open connected subset of C.

Definition: A function F:[0,1] -> C is a simple closed curve if 

and only if botli of the following are true:

1) P is continuous

2) P(x ) = P(x ) if and only if x =0 and x = 1.
12 12

If P is a simple closed curve, then the image of f will be 

. denoted by P*.

Definition: If D is a region of C and r is a simple closed curve such 

that I*c D then P is said to be a simple closed curve on D.

Definition: A simple closed curve P is a closed path if and only

if there are finitely many points 0 = $o < g <•...< sn = 1
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such that for each interval 1 Sj -T» sj= 11 2> * * "n ’

F has a continuous derivative on [Sj-lf sj]«

Definition: If D is a region and P is a closed path on D and

X e D - P*, then the number 1 d E, is called the
27ii J 5 - X 

r

index of X and is written Ind (X).

rriie set of all such X that Ind (X) = 1 is called the

region enclosed by T.

Definition: A function $ from a region D to a Banach algebra A ($:D -> A)

is analytic on D if and only if for all X e D,

lim . _4>U+h) 0(h).exists, where the limit is taken in the
| h | -> Q h

sense of convergence in the norm of A.

If 0 is analytic on a region D then the above limit is called

the derivative of 0 at the point X. ('Hie derivative is an ele­

ment of A).

Higher order derivatives are defined in a manner analogous to

the usual definition. 'Plie symbol (A) will be used for the •

nth derivative of 0 at the point X.

Definition: If P is a closed path on a region D, then a subset {Xg....Xn} 

of P* is a partition of P if and only if there exist

0 = t0 <_ t0 t <, tn = 1 such that P(ti) =Xi for i = 0,1,...n.
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Definition:If {X ,X .....X ) is a partition of a closed path r on a o ’ J * n

region D then a point X. 'is said to be between Xv and X K K K + l
if and only if there is a tj,- such that

tk 6 S' £ tkn a"11 r(tk,) - XV-

Definition': If A is a Banach algebra, D is a region, 5:D A, r is

a closed path on D and I^C^) exists where

n-1
... I ($) = lira \ »(X ,) (X - A )

1 max|xk+1 - Xk|-*0 k=0 k+1 K

(X ,X, ,X„) is any partition of F and X. , is between X, and X, , o' 1* n ' f k k k+l

and where the limit is taken in the sense of convergence in the

norm of A, then the above limit is called the integral of 5> over 

r and is written / 3>(X)dX. (Define f'i>(X)|dX| analogously.)

The above generalized definitions of the derivative and the inte­

gral of a function from C to a Banach algebra A permit the development 

of a theory of abstract analytic functions. This theory parallels very 

closely the theory of analytic functions of a complex variable. In 

particular, a useful technique in proving a given theorem for an ab­

stract analytic function will be to shift the range of the function to 

the complex numbers and use the analogous regular theorem.

If D is a region of the complex plane, A is a Banach algebra, T is 

a closed path on D, and 4>: D -+ A is continuous, then since r* is 
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compact, $ is uniformly continuous on F*. The existence and unique­

ness of the integral over F of such a continuous function follows in 

the same manner as the existence and uniqueness of the ordinary 

Riemann.integral. The linearity of the integral is also straight­

forward, as is the inequality | |/»(X)dXj | <_ f | | $(A) | | dx|.
F “ F

The next two propositions establish the validity of the tech­

nique mentioned above since C, the complex numbers, is itself a 

Banach algebra.

Proposition 1: If A and A' are Banach algebras, D is a region of C,

SiD -> A is analytic on D, and f:A -> A' is a bounded linear

- function, then fo$ is analytic on D, and (fo$)' = fo$''.

Proof: f(5>(A + h) - ff $(X + h) - $(A) 
h " v “

Let = lira 0(A + h) - $(A) . Since f is continuous
lhb° h

h

h

lim f(O(A + h)) - f($(A)) 
hHo -.... ..........h........... ...........

$ (A + h) - $(A) 11 = f (<$>'( A) )

1 im I $(A + h) - 4>(A)

= ff lim
|h|^0

for any A e D,
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Thus fo$ is analytic on D and

(fo$)' (X) = f(4>' (x)) = (f»4>')(X).

Proposition 2: If A and A* are Banach algebras, D is a region of C, 

P is a closed path on D, $:D -> A is continuous, and f:A -> A* 

is a bounded linear function, then

J f(4>(X))dX exists and J f(<i>(X))dX = f (f<i,(X)dX),r r r

Proof: The composition fo$:D -> A' is continuous; therefore, 

ff($(X))dX exists. For any partition of P,.

n-1
Z f(^(X'kJ) (X - X )

k=o k+1 k

n-1 
f(

k=Q
$(xk-) (X

k+1

since f is linear. Since f is continuous

ff(5(X))dX = f(f»(X)dX).
r r

Theorem (Cauchy): If X is a Banach algebra, D is a region of C, P 

is a closed path on D, and $:D -> A is analytic on D, then 

p(X)dX = 0.

Proof: f$(X)dx exists. Suppose p(X)dX = y | 0, By the Hahn-Banach 

theorem, there is a bounded linear transformation f:A -+ C such 

that f(y) 0. By Proposition 1, fo$:D -+ C is analytic on D.
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By the ordinary Cauchy's Theorem, /(f°i>)(X)dA = 0. But by Pro­

position 2, ^(fo5>)(A)dX = f(^O(X)dX) = f(y) | 0, This is a 

contradiction, so /O(X)dX = 0.

Cauchy's Integral Formula-: If A is a Banach algebra, D is a region 

of C, F is a closed path on D, 0:D -> A is analytic on F and X 

is inside of F, then

»(A) . _L fiTOdC
2Tri r 5-x

Proof: Let y = ^(X)- —— j—k-2-----  . Supnose y 0. By the Hahn-Banach
2iri

theorem there is a bounded linear functional f:A -> C such that

f(y) 0. By Proposition 1, foS is an ordinary analytic function

on D. By the ordinary Cauchy's Integral Formula

0 , (f.t) (X) . — f IfctlhljlL- 
2TT1 ' - X

- £(»(X) - = £(y) f 0.
ah1 b • A

But this is a contradiction. Thus the formula is valid,

Proposition 3: If A is a Banach algebra, D is a region of C, F is

a closed path on D, $:D -> A is continuous on F*, then the func-

ti-011 Fn(X) =/ is analytic on the region enclosed
r (5-x)n
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by r and its derivative F'(A) = nF .(X).n n-1

Proof: The analvcity of F follows in the same manner as in the rey- 

ular case replacing absolute values by norms, cf. Ahlfors 

[ 1, p. 97]. The validity of the formula can be verified as 

follows: Let y = F^(x) - nFn+^(x). If y 0 by the Hahn-Banach 

theorem there is a bounded linear functional f :A ->■ C such that 

f(y) 0. Then

0 i f(y) = f(F'(X) - nFn+1(X)) 

= (foF)^(X) - n(foF)(X) = 0. 

But this is a contradiction.

The above formula establishes the validity of the formula for 

derivatives of analytic functions.

6(n)fxl _ Jil f npdg

where X is a point enclosed by the closed path P on the region D.

Theorem (Liouville) : If $:C -> A is analytic and bounded on C, the 

whole plane, (| |<$>(X) | | <_ M for all X e C), then there is an 

x e A such that 4>(X) = x for all X e C.

Proof: Suppose $ is not a constant,- then there are X ,X e C such 
1 2 ’

that <?(X ) i 0(X ). By the Hahn-Banach theorem there is a 
1 2

bounded linear functional f:A -> C such that fC^CX^Jjf f(5>(X )). 

Yet again this leads to a contradiction of the regular Liouville 

Theorem, since for all X £ C
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I (f^)(X) I <. I |f| I *1 1^1 I < I |f| I ’M and

0 j= fC4>(X ) - f(O(A ) = (fo$)(X ) - (fo$)(X ) = 0.
1 2-1 2

4
Proposition 4: If Ae is a Banach algebra with identity, and x e A 

then the mapping $x(X) = (x - Xe)"1 is analytic on the points 

of C where it is defined.

Proof: Mien |x| > ||x||, x/X has an adverse and x/X - e has an inverse. 

Thus when |x| > ||x||, x - Xe has an inverse. Thus there is a X 

for which $x(X) is defined. The mapping X x - Xe is contin­

uous as is the mapping (x - Xe) -> (x - Xe)-1. Thus the set of 

points where the mapping is defined is open. Moreover

4>x(X + h) - 4>x(X) (x - (X + hje)”1 - (x - Xe)-1

= (x - (X + hje)-1 (x - Xe)-1

But the mapping x -> x-1 is continuous, so

lim 5>(X + h) - $(X) lira (x - (X + h)e)-1 (x - Xe)-1 
|h|->0 ~™ "Ti [h|->0

= (x - Xe)2,
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SECTION 7 HO?!O:MORPHISMS /XND ISOMORPHISMS

Definition: An algebra homomorph ism is a ring homomorphism v.’hich 

preserves scalars, i.e.: 'I’CXx) = X^tx).

The following proposition establishes the key to Gel band’s 

theorem.

4
Proposition 1: If A is a commutative Banach algebra, and M is a 

regular maximal ideal of A, then A/M is isometrically iso­

morphic to C, the field of complex numbers.

Proof: Recall that by Proposition 4 of Section 5 that A/M is a field. 

It is sufficient to show that for any x c A/M there is a X £ C 

such that x = Xe. Suppose, on the contrary, that there is an 

x e A/M such that for all X e C, x £ Xe. Then x - Xe is ne­

ver zero and therefore (x - Xe)-1 exists for all X e C. By 

Proposition 4 of Section 6, the napping $X(A) = (x - Xe)-1 is 

analytic on C. Notice that X-1 -> 0 as X -> 00 and (xX-1 - e) -> -e 

as X Thus, since

H^xC^Dll = ll(x - Xe)-11 | := lx-1! •[ | (xX*1 - e)*1!! -> 0 

as X -* », ^(X) is bounded.- By Liouville's theorem $x(x) = x0, 

a constant. Since I |x0| | -> 0 as X -> «, xQ = 0 or (x - x®)-1 = 0, 

a contradiction. Consequently, A/M is isomorphic to C.
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Proposition 2: If $:A ■* C is a homomorphism of a commutative Banach 

algebra A onto C, then is a regular maximal ideal of A.

Proof: 4>-1(0) is a regular ideal since an element of A whose image

is 1 is a relative identity mod ^(O), But A/[$-1(0)] is a 

field. Therefore, there are no nontrivial ideals of A/[4>-1(0)] 

or [^(O)] is a maximal ideal of A.

Since the kernel of any homomorphism of a commutative Banach alge­

bra onto the complex numbers is a regular maximal ideal, the fundamental 

homomorphism theorem for rings and Proposition 1 show that any such 

homomorphism is continuous and has norm less than or equal to 1. Fur­

ther, by Propositions 1 and 2, there is a one to one correspondence 

between the regular maximal ideals of a commutative Banach algebra 

and the homomorphisms of the algebra to the complex numbers,

SECTION 8 THE GEL'FAND REPRESENTATION

From this section on, only commutative Banach algebras will be 

discussed. In any statement the term Banach algebra will be under­

stood to mean commutative Banach algebra.

Let1nr| be the set of all regular maximal ideals of a Banach alge­

bra A; let A be the set of all (continuous) homomorphisms of A onto 

the complex numbers C. Since there is a one to one correspondence 

between the set of regular maximal ideals and the continuous homomor­

phisms of A onto C, let h^ be the homomorphism corresponding to the 

maximal ideal M, and let be the maximal ideal corresponding to the 

homomorphism h.
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In this section, a nonr.ed function algebra which is homomorphic 

to A will be constructed. The domain of the functions will bet^Cor 

equivalently A). If x e A, define x:1rr^-> C,(x:A -> C), by 

x(Mh) = x(hM) = hM(x).

Let A be the set of all such functions. The function x will be 

called the Gelxfand representation of the element x e A. The mapping 
A ■* A,^(x -> x) will be called the Gel'fand representation of A.

A is an algebra of complex valued functions when addition, multi­

plication, and scalar multiplication are defined pointwise.

1 
Proposition 1: If A is a commutative Banach algebra and A is the

Gel^fand representation of A, then the Gel"fand representation 

is a homomorphism.

Proof: For any h s A and any x,y e A and any X e C 

x^y (h) = h(x * y) - h(x) + h(y) = x(h) + y(h) 

/Xc (h) = h(Xx) = Xh(x) = Xx(h) 

"xy (h) = h(xy) = h(x)h(y) = x(h)y(h)

But h was any point in A, so ^+^y* = x + y, /^< = \x, and 

xy = xy.

Thus the mapping A -> A, the Gel'fand representation of 

A,is a homomorphism.

Proposition 2: If A is a commutative Banach algebra and A is the Gel'fand 

representation of A, then the functions of A are bounded.



Proof: Let x e A. There is an x e A such that x -* x. Now for 

all h e A, | |h| | <_ 1 by Section 7. Now x is bounded since 

|x(h)| = |h(x)| <_ | |x| |.

Since the functions of A are bounded, let 

||x|| = sup {|x(h)| |h e A}.

A is a norrned linear space and the mapping x ■* x is norm 

decreasing (hence continuous). ^Jn Section 10 conditions under 

which the Gel'fand representation is an isomorphism are discussed. 

In Section 11 conditions under which the algebra is complete are 

discussed.

The functions of A can be used to generate a topology on the 

set1lr|. Let '2/w be the weak topology generated by the functions- 

of A, The sets of the form

Ux e M = {M e "tn I |x(M) - x(M )i < e}

for x e A, e > 0, MQ e are a subbase for *jrw. Since A is also 

an algebra of functions on A, the weak topology may be induced on 

A. A subbasic open set for the weak topology is of the form

Ua , = (h e AI lx(h) - x(h )| < e}.x .e h 1 1 o 1• 1 o

Since the subbasic open sets of 'Vr^ and A are exactly the same 

under the one to one correspondence, h <->■ this correspondence 

is a homeomorphism. Since for all x e A, x(h ) = x(Mj), the alge-

3U
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bra A behaves exactly the same under the correspondence. The spaces 

tlr| and A will be used interchangeably.

The space with the above topology will be called the maximal 

ideal space of a Banach algebra A; the space A will be called the space

of continuous homomorphisms of a Banach algebra A.

The following propositions demonstrate thatTV^ is either a com­

pact or a locally compact Hausdorff space.

Proposition 3: Yo is a Hausdorff space under 5^.

Proof: Suppose e j M^. Then there is an x e A such

that x e M and x i M , (or vice versa). Then x(M,) = 0 | x(M ) 
12 12

Let = lM Eh,
tL , = (M etq 
x,e,M 

2

|x(M) - xCM^I }

I x (M) - x (M ) I < }
2 3

Now U is a neighborhood of M , and U» is a neigh-
5,0^ 1' x,e,M2

borhood of M .
2

Furthermore, U* £ D U» £ for sup­

pose M is in the intersection.

This leads to a contradiction since

|x(M )| <= |x(M ) - x(M )|< |xCM ) - x(M0)| + |x(Mo) - x(M )|
2 2 12 ° 1



36

3 3

Thus,TT^ is a Hausdorff topological space. .

A homomorphism of a Banach algebra to the complex numbers is 

automatically a bounded linear functional, hence a member of A*, the 

set of bounded linear functions on A viewed as a Banach space. Since 

any homomorphism has norm less than or equal to 1, any set of homomor­

phisms is a subset of the unit sphere S C A*, S = {x*e A* | |x*| | <, 1}.

The weak* topology on A* is the weak topology induced on A* by the 

elements of A when they are imbedded in A**. It is the topology of 

pointwise convergence of elements of A*, i.e. if {fn} is a sequence 

in A* and f is the weak* limit of {fn), then for each e > o and for o 11
each x e A there is N such that for n > N, |fn(x) - fo(x)| < e. The norm 

topology on the other hand is the topology of uniform convergence'.1 The 

fact that the unit sphere is compact in the weak* topology will be used 

to show that I'll is either compact or locally compact.

4
Proposition 4: If H is a sot of homomorphisms of a Banach algebra A to 

the complex numbers C, and h is an element in the closure of H, 

as a subset of A* with the weak* topology, then h is a homomor­

phism of A to C.

Proof: Since h e A*, h is linear. It is sufficient to. prove that 

h(xy) = h(x)h(y) for all x,y s A. If x and y are elements of A
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and e > 0, there is an h0 e H such that

|h(x) - ho(x)| < e

|h(y) - hQ(y)| < e

|h(xy) - hQ(xy)| < e .

Then |h(x)h(y) - h(xy)|

<, |h(x)h(y) - h0(x)h(y)| + |h0(x)h(y) - ho(x)ho(y) | + |h0(xy) - h(xy) |

5, |h(y)|*|h(x) - ho(x)| * |ho(x) | • |h(y) - hQ(y) | + |h0(xy) - h(xy) | 

|h(y) | • e + |h(x)|« e + s f.E’dhCy)! + ||x|| + 1).

Thus for all e > 0, |h(x)h(y) - h(xy) | <, e (|h(y)| + | |x| | +1), 

Consequently, h(x)h(y) - h(xy) = 0, or h(x)h(y) = h(xy), so h is 

a homomorphism.

If the set II in Proposition 4 is A, the collection of all homomorphisms 

of A onto the complex numbers, then the only other homomorphism of A to the 

complex numbers is the zero homomorphism, which sends every element, to zero. 

The set A is either closed, ot the closure of A consists of A and only one 

additional point, 0,

If the elements of A are imbedded in the second conjugate space of A, A**, 

then the weak topology of A induced by A is a subset of the weak* topology of 

A*induced on A, If A is compact (locally compact) under the weak* top­

ology, then, since c c^*, A is compact (locally compact) under the weak 

topology,

Proposition 5: If A is a Banach algebra, 777, (A), the maximal ideal 
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space of A endowed with the weak topology induced on’I^Y the 

functions of the Gel'fand representation A, then"b^ is locally 

compact. If A has an identity,is compact. In any case, the 

functions of A vanish at infinity.

Proof: Since A is a closed subset of the unit sphere. A* is compact 

under 77^,*. If A = A- then A is compact under (7W*; otherwise 

A* = A U {0} is a compact Hausdorff space under (7M*; if "A = A-{0}, 

then A is locally compact under 7W*. Since A is compact or lo­

cally compact under and C (7is compact or locally 

compact undel* 7^. If A has an identity, then h(e) = 1 for all 

h £ A, Then if h is the zero homomorphism, 
o

Ue o = (x* e A*| |x*(e)| < 1/2} is a weak* neighborhood of 0, 

which does not intersect A, or A is weak* closed. Then A is

weak* compact and hence weakly compact.

If A is locally compact but not compact, the zero homorphism 

corresponds to the point at infinity in the Alexandroff one-point 

compactification, and if x e A and e > 0, then

Ux c 0 = |x(M)| < cHs weakly open in "A, hence

A- - Ua is weak* closed and weak* compact. But
x,£,0

A - U» £ Q = (M e1^| |x(M)| e} so x vanishes at infinity.

The results of this section can be restated as in the following.
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Theorem (Gel’'fand): Any commutative Banach algebra is homomorphic 

to an algebra of continuous functions on a locally compact 

Hausdorff space. If the algebra has an identity, the space is 

compact; if the algebra does not have an identity, the functions 

vanish at infinity.

Henceforth, or AQ will denote the one point compactification 

of ’1t<y or k and the functions of A will be continuously extended by 

x(«) = 0.

SECTION 9 THE SPECTRUM AND THE SPECTRAL NORM

Definition: If Ae is a Banach algebra with identity, and X is a 

complex number, then X is in the spectrum of x if and only if (x - Xe) 

does not have an inverse.

If A is a Banach algebra without identity, then a complex X 

is in the spectrum of x if and only if (x - Xe)*1 does not exist when A 

is extended to a Banach algebra with identity. The spectrum of an ele­

ment, x, of a Banach algebra is the set of all complex numbers X such 

that X is in the spectrum of x. The spectrum of an element x will be 

denoted o(x). •

If A@ is an algebra with identity, then by Proposition 4 of Section 4, 

X I o(x) if and only if (x - Xe) lies in no maximal ideal of Ae. In parti­

cular, an element, x, has an inverse if and only if 0 | a(x). In a Banach
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algebra without identity a correspondence between the spectrum of an 

element and adverses is established below.

Proposition 1: If A is a commutative Banach algebra without identity, 

and x e A, then 0 e o(x) and 0 | X e o(x) if and only if x/X does 

not have an adverse in A.

Proof: First, 0 e <j(x), for suppose y + Xe is an inverse of x * Oe = x 

in Ae, the extension of A, then e = x(y + Xe) = xy + Xx e A, a 

contradiction. If X | 0, then (x - Xe) = X(x/X - e) and 

X | o(x) if and only if (x - Xe)-1 exists. But

(x - Xe)”1 = X-1(x/X - e)"1exists if and only if x/X has an adverse.

Another extremely useful characterization of the spectrum of an ele­

ment is the following.

Proposition 2: If A is a commutative Banach algebra and x e A, then the 

spectrum of an element x corresponds to the range of x, the Gel"fand 

representation of x. (a(x) = x('h^o)).

Proof: A complex number Xis inoCx) if and only if x - xe lies in some 

maximal ideal M. This occurs if and only if h^(x - )@) = 0, or 

hM(x) = X. Thus X e o(x) if and only if there is an M Eh^0 such 

that x(M) = X*
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Using the results of Proposition 2, the spectrum of an element is 

compact, since it is the continuous image of a compact set. Moreover, 

the spectrum is closed and bounded.

Definition: If A is a BAnach algebra, x e A, then the spectral norm

| | x | | is defined by I IxI ISp = SUP (IM X e o(x)}

By Proposition 2, ||x|| = sup{|x| X e o(x)}

= sup {| X | X = x (M) for some M e 'th } = | | x | | .
I co

Since | |x| |sp = | |x| | , and | |x| | <. | |x11, | |x11sp ^ | |x11.

Proposition 2 also leads immediately to the following conclusion.

Proposition 3: If A is a Banach algebra, and x e A, then o(xn) = (a(x))n.

Proof: a(xn) = 'xn(ft|0) ; since x -> x is a homomorphism,

= xn(V = (5(-nlo))n = (a(x))n.

The spectral norm of an element x of a Banach algebra is related 

to the norm of the element by the following.

Proposition 4: If A is a commutative Banach algebra, and x e A then

||x|| = Hci ||xn||‘/n
r n^C0

Proof: For all n. Proposition 3 shows that
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||x||n = ||xn||sp, but ||xn||sp ||xn||. Thus 
sp

1 Ix I I cn — I 1xI11 I » or I Ix II — I IxTl I 11 /n for n • There- 
5P — sp —

fore ||x|| 
sp

i • ii nii1/11 = I Ix H
n-x»

It vzill be shown that for all but a finite number of 

n's, if a is such that | jx| |s a, then | |xn| 11^ri a. 

Define ^XC^) = (x - Xe)"1 (Embedding A in an algebra with

identity if necessary). The function $x is defined for all

X such that Ix| > I IxlI .1 1 11 11sp Let D = {X| X e C, |x| >, | |x| | }.

Then 5>X:D -> A is an abstract analytic function on D.

»(X) « -X-1(e - x/X)-1 = -X^Ce + J (x/X)n)
n=l

Now if f is any bounded linear functional on A, f(li,x(X)) 

is analytic on D and

oo n
£C»x(x)) = -x^Cfd) + I f(^)

n=l

= -X-1(f(l) + I X"nf(xn)) for all |x| ||x||
n=l sp

Now for any a such that ||x|I < a < a.
sp.

f(xn/an) converges for any f e A*. So by the uniform 
n-1



boundedness principle ||xn/an|| is bounded for all n by 

say K, Thus | |xn| | _< Kctn or | |xn| |1?/n K1/,na. But as

n -> <=, K1/71 -> 1 and for all but a finite number of the 

n’s, K1/71 < a, or ||xn||1/,n < a.

But a tvas any number such that | |x | |s < a, so

lim 
n-*”

xn I I Vn
'sp

Tims I lx I I = lim I lx11 I |Vn. 
sp n-*°® 1

SECTION 10 THE RADICAL AND SEMI-SIMPLICITY

Definition: An element x of a Banach algebra is a generalized 

nilpotent if and only if lim | |x n| | = 0.
n-x”

Definition: The set of all generalized nilpotents of a Banach 

algebra A is the radical of A,

An equivalent definition of the radical is the fol­

lowing.

Proposition 1: The intersection of all regular maximal ideals 

of a commutative Banach algebra A is the radical of A.

Proof: An element x of A is in the radical of A if and only if

43
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lim||xn||1/n = 0. But
n-xo

lim||xn||1/n = | |x|| = | |x|| ■= 0
n-XO ap

if and only if x(M) = 0 for all M , But x(M) = 0 for all

M e if and only if h^(x) = 0 for all M e , or, equivalently

x e M for all M e iV^.

Definition: A Banach algebra A is semi-simple if and only if the radi­

cal of A is zero (contains only the zero element).

Proposition 2: If A is a commutative Banach algebra and A is the

Gel'fand representation of A then A is isomorphic to A/radical(A)

Proof: If 4>:A -> A is the Gel'fand representation of A, then 

ker(S) = {x e A|x = 0} = {x e A|x(M) = 0 for all M e 

= [x e A|x s M for all M e = radical (A).

Tims, A is isomorphic to A/ker($) = A/radical(A) .

Proposition 3: If A is a commutative Banach algebra and A is the 

Gel'fand representation of A, then A is isomorphic to A if and 

only if A is semi-simple.

Proof: Now A is isomorphic to X if and only if ker^) = 0, but 

ker(0) = radical(A). So A is isomorphic to A if and only if 

radical(A) = 0, or A is semi-simple.

The results of this section can be summarized as:

In a commutative Banach algebra the following conditions are equi-
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valent:

1) A is semi-simple

2) The radical of A is zero

3) A contains no generalized nilpotents

4) A is isomorphic to A.

Proposition 4: If A is a commutative Banach algebra and A is the

Gel'fand representation of A, then A is semi-simple.

Proof: If x0 is in A and Xq | 0, then there is an Mq such

that x (M ) | 0. The mapping h^ :A ■> C, determined by
A A 9 a

h^ (x) = x(M ) is a homomorphism of A onto the complex numbers, 
o 0

The kernel of h^ is a regular maximal ideal and xq £ kerCh^ ).
0 a ‘ ‘0

But Xq was any nonzero element of A;.thus A is semi-simple,

11) ISOMETRIES OF A AND A

In this section, necessary and sufficient conditions that the 

Gel^fand representation be a homeomorphism are developed.

Definition: If A and A are Banach spaces and T is a linear function 
1 2

from A to A then T* the adjoint of T is the mapping from A* to 
12 2

A* defined byT*fx*) for x* e A* is the element x* e A* deter- 
1 2 2 2 1 1

mined by

x*(y) = (T*(x*)(y) =x»(T(y)) 
1 2 2

for each y e A .
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Proposition 1: If and A are commutative Banach algebras and T is

an algebra homomorphism of A} onto a dense subset of A^, then 

the adjoint T* defines a homeomorphism of ,the maximal ideal

space of A , onto a closed subset of the maximal ideal space 

of A .
1

Proof: The mapping T* of this proposition is the adjoint mapping re­

stricted to A C A*. This mapping is well defined on A and
2 2 2

has a subset of as its range, for if h2 e A2 then for all

y e Aj,

(T*(h2))(y) = h2(T(y)) = (h2oT)(y).

But h^oT is a homomorphism of A^ to the complex numbers. Since 

h^ maps A^ onto the complex numbers and T(A^) is dense in A , 

there is an element y e A such that h (T(y)) | 0. Thus the im- 
2

age of h^ is a homomorphism of A^ different from the zero homo­

morphism. By the results of Section 7, this homomorphism is a 

continuous homomorphism of A* onto the complex numbers. Since 

the homomorphisms in A are continuous and T(A ) is dense in A ,
2 1 2

then if h | h e A , there is a y e A such that
12 2 1

h^CTCy)) 4 h^(T(y)). Thus the mapping of A^ to A^ is one to one.

Notice that if y e A and h e a2 the function (T(y))A is given by 
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(T(y))'(h) = h(T(y)) = (T*h)(y) - y(T*h). Since T(A^) is dense 

in A and since the Gel'fand representation is norm decreasing, 

the functions in A determined by elements of T(A ) are dense
2 1

in A . This dense subset of A is sufficient to determine the 
2 2

weak topology of i.e,, all sets of the form

Ua = {h e A I lx(h) - x(h )l < e and x is the Gel^fand 
x.e»ho 2 °

representation of an element of T(A )},

are a subbase for the weak topology of A , But each set 
2

T*CUX,E,ho) ” (Uy,e,T*(h j5 Where T(y) = x and x " x-

Thus, T* gives a one to one correspondence between elements of 

subbases for the topologies for A^ and T*(A2). Consequently, 

T* is a homeomorphism of A onto T*(A2).
2

Now T*(A2) is closed in A^ since if gQ e T*(A2) in the weak 

topology of A^ , then gQ is such that given e > 0, x^,x ,...xn e A^, 

there is an a e A^ such that |go(Xj_) - a(Tx^) | < e for i = l,2,,..n.

Define hQ:T(A^) -> C by ho(T(x)) = gQ(x). The mapping is well 

defined since if T(x ) = T(x ) then g (x ) = g (x ),
1 2 0 1 0 2

and |h (y) | <_ | |y| | for y e T(A ). Thus h is a continuous homo- 
o io

morphism of a dense subset of A onto the complex numbers, and can 
,2

be uniquely extended to all of A^. Thus g^ = T*(hQ) or T*(A2) is 

closed.

Proposition 2: When both A^ and A2 are commutative Banach algebras, 

A2 is semi-simple, and T is a homomorphism of Aj onto a dense
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subset of A then T is continuous. 
2

Proof: The proof of this proposition uses the Closed Graph Theorem.

If r is the graph of T in and (x0»yQ) E f" then there is 

a sequence {(xn»yn)} e T such that (xn,yn) -> Cx0»y0). In parti­

cular xn -> xQ and T(xn) -> yQ. It must be shown that T(xq) = yQ. 

But i f xn -> x0 then xn -*• xQ uniformly, and if yn yQ then yn -> y0 

uniformly. But for all z e A, and for all h e A , 

z(T*(h)) = (Tz)A(h). Thus

(Tx0)*(h) = x0(T*(h)) = lim xn(T*(h) = lim(Txn)*(h) yo(h) .

Thus T(xQ)A = yQ . But since A is semi-simple, T(x0)A = yQ im­

plies that T(x0) = yQ or (xo,yo) e T. By the closed Graph Theo­

rem T is continuous.

Proposition 3: If A is a semi-simple commutative complex algebra, then 

there is at most one norm (to within topological equivalence) with 

respect to which A is a Banach algebra.

Proof: Suppose there are two norms such that A is a Banach algebra with 

respect to each. Now A is semi-simple with respect to each and the 

identity mapping is an algebra homomorphism. Thus the identity map 

is continuous from A with either norm to the other. Consequently, 

the identity is a homeomorphism or the norms are equivalent.

An immediate consequence of Proposition 2 is that every automorphism 

of a semi-simple Banach algebra is a homeomorphisnu
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Proposition 4: If A is a connutative Banach algebra and A is the Gel'fand 

representation of A then a necessary and sufficient condition that 

A be semi-simple and A be uniformly closed is that there exist a 

constant K > 0 such that | |x| |2 <_ K| |x2| | for every x e A.

Proof: If a is semi-simple and A is uniformly closed, then the Gel'fand 

representation is a one to one, continuous linear transformation 

of a Banach space onto a Banach space. Consequently, the inverse 

mapping is continuous. Thus there is a K > 0 Such that 

11x|| K||x11, Then

I I x | |2 ,< K2 | | x | | 2 = K21 | (x2) A | I <, K2 | | x21 |. 

Conversely, if ||x||2 K||x2||then

||x|| < K1/2||x2||1/2 < k1/2 + 1/41 |^| |1A < ...

< k1/2 + ••• 2“n||x2n||2-n.

Thus | |x| | <_ K lira ||xn||1/,n = K| |x| | and the Gel'fand representation 

is uniformly closed. By Proposition 4 of Section 10, A is semi­

simple. But A is isomorphic to A. Consequently, A is semi-simple.

Proposition 5: If A is a commutative Banach algebra and A is the Gel'fand 

representation of A, then a necessary and sufficient condition that 

A be isometric to A is that ||x||2 = ||x2|| for every x e A,

Proof: If A is isometric to A then ||x||2 = 11x||2 = ||(x2)"|| = ||x2||. 

If 1|x||2 = ||x2j| then just as in Proposition 4 with K - 1, 

llxll2 < Hill2 < l|x2H = ||x| I2 or ||x|| = Hill.
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SECTION 12 ABSTRACT ANALYTIC FUNCTIONS IN A

In this section it is shown that the Gel""fand representation of

a commutative Banach algebra A is closed under the application of ana­

lytic functions.

Proposition 1: If A@ is a commutative Banach algebra with identity, 

Ae is the Gel"fand representation of Ae> x e Ag, D is a region 

of C containing the spectrum of :x (x(ti|)), f:D -> C is analytic on 

D, then there is a y £ AQ which is such that f(x(M)) = y(M) for 

all M e'tQ. Moreover, the element y of Ae is given by

y= _L r _—- dx
2iri J (Xe - x)

T 
where the integral is the generalized integral defined in Section 6 

and P is a closed path on D which encloses the spectrum of x.

Proof: Since no point of the spectrum of x is a member of r*, the ele­

ment (Xe - x)"1 exists and is continuous on r*. Moreover, since 

f is analytic on D, the function g:r* -*■ Ag defined by 

gtX) = f(X)*(Xe - x)*1 is uniformly continuous on T*. Thus, 

/ g(A)dX exists, 
r

Since the Gel'fand representation <$:Ae -> Ay is in particular 

a bounded linear function from the commutative Banach algebra Ae 

to the commutative Banach algebra Ae, Proposition 2 of Section 6
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can be applied to yield

<$> 1
27fi

/(<i|Og) (X)dX 
r

/g(x)dx 
r

i
2ni

or

y.c 1 /g(X)dX = 1 /f(X) (Xe - x)-1dX.
2tT r Twi

But (x) = x is a homomorphism, and thus

y = 1 /f(X)(Xe - xJ-^X = 1 /f(X) (X - xj’^X.
TnT TttT

Now if M is any element of 1/^, the mapping h^zA^ -» C is 

a homomorphism of Ae to C. In particular h^ is a bounded lin­

ear functional from AQ to C, Using the same reasoning as above

7(M) = h (y) = 1 /f(X)(X - x(M))'1 = f(x(M)).
M 77T

In the setting of a commutative Banach algebra without identity, 

the above proposition may be reformulated using adverses. Additional 

restrictions must be placed on either f or T, however.

Proposition 2: If A is a commutative Banach algebra without identity, A 
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is the Gel'fand representation of A, x e A, D is a region con­

taining the spectrum of x, f:D -> C is analytic on D, r is a 

closed path which encloses the spectrum of x, and either

a) f(0) =0 or

b) r does not enclose 0,

then there is a y e A which is such that y(M) = f(x(M))

for all M e 17^.

Moreoever, the element y e A is given by

where (x/X)" is the adverse of x/X.

Proof: Let AQ be the extension of A to an algebra with identity. Now 

(xe - x)* 1 = X" -x/x)" 1= X" - X* ^x/X) By Proposition 1,

1
2iri

1 r f(X) fx 
2Tfi lx lx

The first term is an element of Ae> the second is an element1of 

A. If the term in brackets is zero, the result is in A, and by 

Proposition 1, y(M) = f(x(M)) for all M But the term in

brackets is zero whenever either a) or b) is satisfied.



CHAPTER III

EXAMPLES AxND APPLICATIONS

SECTION 1 ALGEBRAS OF FUN’CTIONS

If X is a nonvoid set, then a set of bounded complex valued func­

tions on X will be a commutative Banach algebra if addition, multipli­

cation, and scalar multiplication are defined pointwise, the norm is the 

supremum norm, the set is closed under addition, multiplication, and 

scalar multiplication, and the set is closed with respect to uniform 

convergence. An algebra satisfying the above will be called a function 

algebra. Given a function algebra on a set X, the weak topology induced 

on X by the elements of the algebra will make the algebra one of contin­

uous bounded complex valued functions on a topological space. Thus any 

function algebra may be viewed as ah algebra of continuous bounded com­

plex valued functions on a topological space. If the set X already has a 

topology then the weak topology might have no relation to the original 

topology. If the functions are continuous in the original topology, then 

the weak topology will be a subset of the original topology.

In this section, certain function algebras will be discussed and 

relations between the algebraic properties of the function algebra and 

topological properties of the space X will be drawn.

The Algebra C(X)

If (X,(/) is a-compact Hausdorff space, then the set of all contin­
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uous complex valued functions on X is a Banach algebra. Let C(X) denote 

the set of all continuous complex valued functions on X. This algebra is 

commutative and has an identity, the .function which is 1 everywhere.

In this section it will be shown that C(X) is isomorphic to "CCX)^ 

the Gel'fand representation of C(X), and that X is homeomorphic t0^« 

Notice that points of X determine maximal ideals of C(X) since if p is a 

point of X the mapping h^iCCX) ■> C determined by h^tf) = f(p) for f e C(X) 

is a hoiOmorphism of C(X) onto the complex numbers. The kernel of h^is the 

set of functions which are zero at the point p. Let Mp denote the kernel 

of h .
P

Proposition 1: If C(X) is the algebra of continuous complex valued func­

tions on a compact Hausdorff space and I is an ideal of C(X), then

there is a point p of X such that I is a subset of Mp.

Proof: Suppose I is an ideal of G(X) such that I is a subset of no Mp.

Then for each p e X, there is an f el such that f(p) 0. But

?(p) = TIpT e C(X); thus |f|2 = f«f e I and |f|2(p) > 0. Thus for

each For each g
P 

positive on

p e X there is a gp e I such that gp(p) > 0. 

there is an open set containing p such that gp is

that open set containing p. The collection of all sets of this

form are an open cover of X. Since X is compact there is a finite

subcover of X. The sum of the function associated with the open

sets of this subcover is an element of I. But this sum is a func­

tion which is bounded away from zero. Call this function fo< Then 
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l/f0 £ C(X) and fo*(l/f ) = e e I. (e is the identity for C(X),) 

But then I = C(X), a contradiciton. Thus there is a p e X such 

that I C M .
P

Now in particular maximal ideals of C(X) are determined by points 

of X; that is, if M is a maximal ideal of C(X), then there is a point p 

of X such that M = Moreover, since the functions of C(X) separate 

points, there is a one to one correspondence between the points of X 

and the maximal ideals of C(X), p**

Notice that the algebra C(X) is semi-simple since Ums

by Section 10 of Chapter II the Gel'fand representation is an isomor­

phism, Since the representation is an isomorphism and since there is 

a one to one correspondence between the points of X and the points of 

the space X endowed with the weak topology of the functions of C(X) is 

homeomorphic to The weak topology is a subset of the original top­

ology. But the weak topology is a Hausdorff topology and the original 

topology is a compact topology, thus the two topologies must be the same.

The one to one correspondence p ■«--> M is thus a homeomorphism.

It has been demonstrated that the algebra C(X) is isomorphic to 

the Gel'fand representation and that the space X is homeomorphic to the 

space of maximal ideals; thus the Gel'fand representation of C(X) is 

faithful in the sense that all algebraic and topological properties are 

preserved. Moreover in any algebra of functions, ||f2|| = ||f||2 for 
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any f in the algebra. By Proposition 5 of Section 11, Chapter II, 

C(X) is isometric to its Gel'fand representation.

One immediate consequence of the fact that the Gel'fand repre­

sentation is faithful is the Banach-Stone Theorem.

Theorem (Banach-Stone): Two compact Hausdorff spaces are homeomor­

phic if and only if their corresponding function algebras 

C(X) and C(Y) are isomorphic.

Proof: If X is homeomorphic to Y then C(X) is clearly isomorphic 

to C(Y). Moreover, if C(X) is isomorphic to C(Y), C(X) and 

C(Y) have the same Gel^fand representation. But X and Y are 

each homeomorphic to the space "7^ of this Gel'fand represen­

tation. Consequently, X and Y are homeomorphic.

The Algebra CO(X)

If (X,5S is a locally compact but not compact Hausdorff space, 

then the set of all continuous complex valued functions which vanish 

at infinity is a commutative Banach algebra. Let CO(X) be the function 

algebra of continuous complex valued functions which vanish at infinity 

on X. The algebra CO(X) does not have an identity. The extension 

of CO(X) to an algebra with identity is the algebra of all elements 

of the form X * f, where X is a complex number and f is an element 

of CO(X). If X' is the Alexandroff one point compactification of X, 
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then every element g of C(X;') is an element of the form g(°=) * f, where 
f is in CO(X). The isomorphism of the extension of C0(X) and C(X') shows 

that the Alexandroff one point compactification corresponds in the above 

sense to the extension of C0(X) to an algebra with identity. Thus, two 

locally compact Hausdorff spaces X and Y are homeomorphic if and only if 

CO(X) is isomorphic to CO(Y).

Completely Regular Spaces

A topological space (X.'Z) is completely regular if and only if 

for any point x e X and any closed subset F of X which does not contain 

x there is a continuous real valued function f such that f:X -> [0,1] 

and f(x) = 0 and f(F) = {I}. In particular, every compact or locally com­

pact Hausdorff space is completely regular.

If X is a completely regular space, let C(X) denote the continuous 

complex valued functions on X. Now C(X) has the following properties:

1) C(X) is a commutative Banach algebra with identity.

2) If p is a point of X, then M is a maximal ideal of p.

3) If p1 and p2 are points of X, then there is an f e C(X) such

that ffpp =1= f( Ip

4) If f e C(X) then f e C(X)

5) If f e C(X) and glb[|f(p) | |p e X} > 0, then 1/f e C(X)

It follows from statement 1 that the Gel^fand representation of 

C(X) is an algebra of continuous complex valued functions on a compact 
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Hausdorff space. Since any function algebra is semi-simple, the 

Gel'fand representation is an isomorphism.

It follows from statements 2)- 5) that distinct points of X 

determine distinct maximal ideals. The points of X can thus be 

imbedded in TT^ . Since the closure in TQ of the image of X is a 

compact Hausdorff space, the proof of Proposition 1 shows that the 

maximal ideals of C(X) are given by points of this closure. Conse­

quently, the image of X is dense in*h^. Since this image is dense 

in nj, CC^), the algebra of continuous complex valued functions 

on must be just C^X^.

Recall that the Stone-Cech compactification BX of a completely 

regular space X is such that the functions of X can be uniquely ex­

tended to continuous function on the compactification. This unique 

extension property is equivalent to the statement that C(X) is iso­

morphic to C(BX). Thus the Gel^fand representation is isomorphic 

the maximal ideal space of the Gel'fand representation.

to C(BX). But since C(X) is isomorphic to CCft^), CtlT^) is isomor­

phic to C(BX), By the Banach-Stone Theorem, BX is homeomorphic to"^ 
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SECTION 2 THE FOURIER TRANSFORM

An important class of Banach algebras can be characterized as 

convolution algebras. An example of convolution algebra is the space 

of functions from the real line to the complex numbers whose absolute 

values are Lebesque integrable. Let L (-»,”) denote this set. This 

space is a Banach space when addition and scalar multiplication are 

defined pointwise and the norm of an element of L is the inte­

gral of the absolute value of that element,

I |f| | = 7 |f(x) |dx.
— CO

Henceforth, whenever the limits of integration are -« and «,
CO 

the symbol / will be used in place of

If the product of two elements is defined as convolution, 

(f*g)(y) = / f(x)g(y - x)dx

tor y e R, the real numbers, and f,g e the Banach space

L (-00,®) becomes a Banach algebra. Since

||f*g|| = /|/f(x)g(y - x)dx|dy ff|f(x)|•|g(y - x)|dxdy, 

but by the Tonelli Theorem this is

= //|f(x)|•j g(y - x)|dydx.

Letting w = y - x the above is

= H|f(x)|•|g(w)|dwdx

= (/|f(x)|dx).(/]g(w)idw)

= llfll-llgll.
Consequently, L (-00,”) is closed under multiplication, and the 
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norm inequality on products is satisfied.

The linearity of the integral leads immediately to the fact that 

multiplication is distributive and that the mixed associative law holds. 

The Tonelli Theorem leads to the fact that multiplication is associ­

ative.

The above discussion indicates that L is a Banach algebra

with convolution for multiplication. Moreover, multiplication is com­

mutative since for any f,g, e and any y e R,

(f*g)(y) = ff(x)g(y - x)dx.

Letting w = y - x, the above is 

•co 
= / - f(y - w)g(w)dw 

= /f(y - w)g(w)dw 

= (g*f)(y),

or f*g = g*f for any f,g e L

The algebra L does not have an identity. In order to prove

this result the following Lemma is needed.

Lemma 1: If g,f e L (-“,») and g is bounded (|g(t)| <_ C for all t) then 

g*f is a continuous function.

Proof: Let z(t) = (g*f)(t), then 

|z(t * h) - z(t)| 

= |/g(x)f(t + h - x)dx - fg(x)f(t - x)dx| 

<, f|g(x)(f(t * h - x)- f(t - x)) |dx

<_ Cf|f(t + h - x) - f(t - x) Idx - ------------
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Letting w = x - t the preceding is

C/|f(h - w ) - f(-w)|dw.

Since any function can be approximated by a simple function 

and when f in the above integral is a simple function,,the 

integral approaches 0 as h •* 0. Consequently z is a uniformly 

continuous function,

Suppose that L C-00 , 00) contained an identity element. Then multi­

plication by the identity maps every bounded function to a continuous 

function. Moreover, this continuous function must equal the bounded

function almost everywhere. This is a contradiction, since in parti­

cular, if Xjis the characteristic function of [0,1] then Xj is in

L and there is no continuous function which is equal to Xj

almost everywhere. This contradicts the assumption that (-»,») has 

an identity. Consequently L does not have an identity.

Henceforth L will denote L L will denote the Gel'fand 

representation of L , 1T) will denote the maximal ideal space of L .

At least some of the points of "tn are given by points of

in the following sense. Consider the mapping h^ from (-»,”) to the

complex numbers (hyiL -> C) defined by

hy(f) = ff(x)e^x^dx for f e L .

The mapping is linear and preserves scalars since the integral is linear.
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Moreover, the mapping is a homomorphism of L onto the complex

numbers since

hy(f*g) = feixy(ff(t)g(x - t)dt)dx

= //^(t)g(x - t)eixydxdt.

Letting w = x - t; then hy(f*g)

= fff(t)g(w)ei(w + t)ydwdt

= (ff (t) e^ty) • (fg(w) e-'-^dw)

= hy(f)-hy(g).

Thus homomorphisms of to C are given by points in the above

sense. The points of (-”,00) can thus be identified with a subset of 

the maximal ideal space "Ir^of (-”,«=). Moreover, the value of a func­

tion f at the image of the point y in the maximal ideal space is given 

by

f(hy) = f(y) = ff(x)eixydx.

This is the Fourier transform of the function f at the point y.

It will be shown that the continuous homomorphisms of (-”,«>) onto 

the complex numbers are precisely those given by points of (-00 ,00). Sup­

pose h is any homomorphism of onto the complex numbers. Then in parti­

cular h is a bounded linear functional on . Consequently, h can be rep­

resented as an integral of the form h(f) = ff(x)$(x)dx for all f e 

where $ is an essentially bounded function on $ e L

Moreover,
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h(f)h(g) = h(f)/g (y)»(y) dy = /h(f)g(y)4>(y)dy 

and

h(f)h(g) =h(f*g) = /(f»g)(x).$(x)dx

= /g(y)(/f(x - y)<$>(x)dx)dy 

= /g(y)h(fy)dy

where f is the translate of f defined by f (x) = f(x - y) for all

x e Consequently, h(f)«i>(y) = h(f ) almost everywhere in

But the mapping y ■* h(f ) is a continuous function on for
each f c , Since f was any function in L^, choose f such that

h(f) ]= 0. Then, letting $(y) = h(f )/h(f), $ is a continuous function .

of y almost everywhere in (-00 ,00).

Letting y = x + z,

h(f)$(x + z) = h(fx) = h((fx)) = h(fx)» = h(f)»(x)».

Thus 0(x + z) = $(x)$; or $ is a continuous homomorphism of the real 

numbers as an additive group to the complex numbers as a multiplicative 

group. But every such homomorphism is of the form 5>(x) = e1Xy. Thus 

every homomorphism of is given by a point of (-“v0) .

Now distinct points of determine distinct homomorphisms;

that is, if y , y e then there is an f c L such that

hy^(f) hy (f). Thus the identification of points of y^ with maximal 

ideals is one to one and onto.

Moreover, the functions of L are continuous functions of y
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in the usual topology of the real line since if hn -> 0 

i- '» । । • ix(y * hn) ixy|f(y + hn) - f(y)| < |/f(x)(e n - e Z)dx|

j|eixhn _ 1|.|f(x)elxy|dx

< Z|eixhn - l|*|f(x)|dx.

But the integrand is dominated by 2|f(x)|. Thus
« A ixhn

lim |f(y + h ) - f(y)| < lim ;|e . - l|*|f(x)|dx,
n-*” 11 = n-y» 1

and by the Lebesgue Dominated Convergence Theorem the last limit is 

flimleixhn - 11•If(x) dx = 0;
n->°»

thus f is continuous.

Since the functions of are continuous under the topology of 

and under the topology of (-”,00) when identified with'h'| and since by 

the Riemann-Lebesgue Lemma the functions of L^ vanish at infinity, the 

the functions of L are continuous on both the real line with the 
1

Alexandroff one point compactification and the maximal ideal space 'hjo* 

But the topology of 1h^0 is a subset of the topology of the compactifi­

cation of the real line. Thus the mapping of points of the compactifi­

cation of the real line to points of the maximal ideal space is a one 

to one continuous and onto mapping of a compact space onto a Hausdorff 

space. Hence the inverse is continuous and the spaces are horiedmorphic.

Thus the Gel'fand representation of L^ is just the algebra of 

Fourier transforms of the elements of L , 
1

The proof that L is semi-simple is too long to be included here.
1

The interested reader is referred to Loomis. Nevertheless, since L is 
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semi-simple the Fourier transform is an isomorphism. Thus different 

elements of L have different Fourier transforms.
1

The results of Section 12 can be applied to yield the following 

proposition. If ? is an element of and $:D -> A is analytic on a 

region containing the range of ? and $(0) = 0, then there is an absolu­

tely integrable function g such that the Fourier transform of g is such 

that g(y) = ^(fCy)) for all y e
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