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Abstract

In this dissertation we improve Min Ru’s defect relation (as well as the Second
Main Theorem) for holomorphic curves f : C — X intersecting D := Dy + -+ +
D,, where D is a divisor of equi-degree, and Dy, ..., D, are big, nef, and have no
components in common. Our results will decrease the number of divisors D; that
f is needed to omit in order to conclude that f is degenerate. The corresponding

arithmetic results are also obtained.
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Chapter 1

Introduction

When one first begins to study complex analysis, one quickly learns that holomorphic
functions have a high degree of regularity. For example, if f is holomorphic at x € C,
then f has a power series in some neighborhood of z, i.e. f(z) =" ¢, (# —z)" in
some neighborhood of . Another form of regularity is that a holomorphic function of
the form f = u+ v must also have that the u and v be harmonic. Perhaps one of the

more surprising results is the Little Picard Theorem. The theorem is the following.

Theorem 1.1 (Little Picard Theorem [GKO06], page 322). Let f be an entire function,
and suppose that the image of f omits two distinct complex values. Then f must be

tdentically constant.

There are many proofs of this theorem. One proof uses the universal cover, D,
of C with two points removed. A geometric proof, which can be seen as the root of
Nevanlinna theory, can be found in [Kra04], page 78. This proof constructs a metric
of negative curvature on C with two points removed, and then applies the Ahlfors-

Schwarz lemma to conclude the function must be constant. This theorem tells us
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that holomorphic functions have a high degree of rigidity, and that a holomorphic
function is very different from a real-valued smooth function as there are many real-
valued smooth functions that omit two distinct values which are not constants, even
degree polynomials, sin(z), and cos(x) to name a few.

The results of this dissertation will give us a generalization of the Little Picard
Theorem. Note that the function in the theorem was entire. This result was extended
to the case when f is meromorphic, i.e. f: C — CU{oco} = P!. The conclusion then
is that f can omit at most two points in C U {oo} = P!. Over the past near century
the question of how much this theorem can be generalized has been a very interesting
one. One might ask the question “What if f is a holomorphic map from C into P2,
then what must f omit in order to deduce that it is a constant function?” What if
the target space were a general projective variety? That is the case this dissertation
is concerned with. In this dissertation we will prove an improved defect relation for
holomorphic curves f : C — X where X is a complex projective variety. In our set-
ting, divisors will take the place of the points from the Little Picard Theorem. Thus
we need to study the properties of the divisors required for f to omit. Also, since our
results will apply to a complex projective variety of arbitrary dimension, we will not
be concluding directly the function f is constant, but that f is degenerate.

In order to obtain our result we employ the use of Nevanlinna theory. Nevanlinna
theory deals with the asymptotic behavior of meromorphic funtions by defining a
growth function and relating it to the proximity function, both entirely constructs
of Nevanlinna theory. After one accepts the first results of Nevanlinna theory, the
Little Picard Theorem above is obtained as an immediate corollary. Moreover, the
definitions of the growth and proximity functions are easily modified to more general

settings, allowing us to work with more complicated manifolds, rather than just P!.
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Using Nevanlinna theory, generalized to the target space of a complex projective va-
riety, Min Ru obtained a defect relation for holomorphic curves intersecting general
divisors (see [Rulb]). In this dissertation we use his methods, as well as some addi-
tions, to obtain an improved defect relation when the divisors are big, nef, and have
no common components.

We will begin this dissertation with an introduction to some basic concepts in
algebraic geometry, namely sheaves, line bundles, divisors, and cohomology. We
will then recap some important notions of positivity of line bundles and divisors
paramount to understanding our main theorem. These topics will include ampleness,
bigness, and nefness.

In chapter 3 we will give a recap of the development of Nevanlinna theory that
has occurred over the past century. We will begin by discussing the original notions
of Nevanlinna theory as it applies to a holomorphic map f: C — CU {oco}. We will
then cover the generalization of this theory developed by Cartan when f : C — P™.
After that, we will recap the recent results of Min Ru for the case when f: C — X,
where X is a complex projective variety, that will allow us to obtain our result. In

this setting Ru made the following definition.

Definition 1.0.1 ([Rul5]). Let X be a normal complex projective variety, and D be
an effective Cartier divisor on X. The Nevanlinna constant of D, denoted by Neuv(D),

is given by

Nev(D) := inf ( inf dim VN) , (1.1)

N \{pn~n,VN} UN

where the infimum “i%f” is taken over all positive integers N, and the infimum

13 2

inf
{pn,Vn}
and Vy C H°(X,O(ND)) is a linear subspace with dim Vy > 2 such that, for all

is taken over all pairs {uy,Vy}, where py is a positive real number,
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P € suppD, there exists a basis B of Vy with

Z ordg(s) > uy ordg(ND)

seB

for all irreducible components E of D passing through P. If dim H°(X,O(ND)) <1

for all positive integers N, then we define Nev(D) = +o0.

In general, Nev(D) proves difficult to compute. However, a theorem from [Rulb] tells
us that if Nev(D) < 1, then any holomorphic map f : C — X\ D must be degenerate.
Chapter 4 will contain the main results of this dissertation. Our main theorem

will be the following.

Main Theorem. Let X be a complex normal projective variety of dimension n > 2.
Let Dy, ...,D, be effective, big and nef Cartier divisors on X, and that the linear
system |[ND;| (i = 1,...,q) is base-point free for N > Ny,. We further assume
that Dy, ..., D, have no irreducible components in common, and are in [-subgeneral
position. Let r; > 0 be real numbers such that D := Y 7  r;D; is equidegree. Let

f:C — X be holomorphic and Zariski dense. Then

> rmg(r, D;) < <%) (Z%‘ﬂm(ﬂ) [P

J=1 Jj=1

with

. 2792 ming ;<o (r] 23 (DP2.D3)) miny < <o (rf~'r;(DF1.D;))
2

A 7 >0
(nD") ’

where [x] denotes the smallest integer greater than x.

The coefficient on the right hand side of the inequality, 2n[(l + 1)/2]/q(1 + ),

4
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will give us our generalization of Theorem 1.1, and tell us that if ¢ > 2n[(l + 1)/2],
then any holomorphic map f: C — X\ D must be degenerate.

There is a conjecture that gives criteria in terms of the geometric properties of a
projective variety X, and a divisor D, for when a holomorphic map f: C — X\D is

degenerate. The conjecture is the following.

Conjecture 1.2 (Griffiths Conjecture). Let X be a projective variety. If Kx is the
canonical divisor of X, D is a normal crossing effective divisor, and Kx+ D is ample,

then any holomorphic map f: C — X\ D must be degenerate.

For example, if X = P!, and a is a point in P!, then Ky = —2{a}, and we
immediately obtain the result that if f omits 3 points in P!, then it must be constant.
The key difference between this conjecture and our result, is that our result mostly
focuses on the geometry of the divisor D, and largely ignores the geometry of X. Note
that the geometry of X only shows up in the quantity 2n[(l +1)/2]/q(1 + «) with
the dimension n. Whereas the geometry of X is critical in the Griffiths Conjecture
with the inclusion of the canonical divisor.

As mentioned above, the main results of this dissertation will apply to a complex
projective variety of arbitrary dimension n. The dimension n = 2 results are contained

in [Liao], and the results of this dissertation are contained in [MR17].



Chapter 2

Divisors, Line Bundles, and

Positivity

We will use this chapter as a brief recap of sheaves, divisors, line bundles, and the
necessary theorems we will need to prove our result. A more in depth exposition on

these subjects can be found in [GH78] and [Laz04].

2.1 Sheaves and Cohomology

Definition 2.1.1 ([GHT78], page 35). Let X be a topological space. A sheaf % on
X associates to each open set U, an abelian group % (U), called the sections of .%#
over U C X, and a map (called the restriction map) ryy : #(V) — % (U) for any

open sets U C V, satisfying

i. For any opensets U CV C W,

Tvuorwyv = TwuU-
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We will write oy for ry (o).

ii. For any pair of open sets U,V C X and sections ¢ € .F(U), 7 € (V) such

that

U|Umv = T|UﬁV7

there exists a section p € .# (U U V) with

IO‘Uzo-v IO|V:T'

iii. If o € Z(UUV) and

oly =oly =0,

then o = 0.

If the topological space X is a complex manifold (or a complex projective variety),
and U C X is an open set, then we have a few key examples of sheaves which we will

use throughout this dissertation.

i. The sheaf O of holomorphic functions where

O(U) = {holomorphic functions on U};

ii. The multiplicative sheaf O* of nowhere zero holomorphic functions where

O*(U) = {holomorphic functions f on U where f(p) # 0 for any p € U};

7
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iii. The multiplicative sheaf M* where

M*(U) = {meromorphic functions f on U such that f # 0}.

We also have maps between sheaves defined via group homomorphisms as follows.

Definition 2.1.2 ([GHT78], page 36). Let & and .# be two sheaves on X. A sheaf

map, or sheaf morphism, f : & — % is a collection of group homomorphisms

{fu:&U) = Z7U)},

such that for open sets U C V and o € &(V), we have

fv(o)|lo = fulolu).

Then the kernel sheaf and image sheaf of a map between sheaves are also well defined

as

ker(f)(U) = {ker(fy : £(U) — F(U))},

and

Im(f)(U)={se FU) |V¥pe U3V CU withp eV s.t. s|y € Im(fy)}.

Before we continue towards defining the cohomology of sheaves, observe the following
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diagram
0—€% .75 g0,

where &, %, and ¢4 are sheaves, and «, 3 are sheaf maps. We say that this is a short
exact sequence if ker(a) = {0}, Im(8) = ¢, and Im(«) = ker(/3). These special maps

and sheaves will be a useful tool in analyzing the cohomology soon to be defined.

Example 2.1. Let X be a complex manifold. Then the sequence

07500 -0,
where i denotes inclusion, and exp(f) = e*V= for f € O(U), is a short exact
sequence.

Given a sheaf .# on X, let us define a cochain group as follows,

Definition 2.1.3. Let U = {U,} be an open covering of X. Define the k-th cochain

group, C*(U, .F), by

An element o € C*(U, #) consists then of a section 04, 0, € F(Usy N+ NUy,).
Furthermore, we can define amap ¢ : C*(U,.7%) — C*Y(U,.Z), called the coboundary

map, as in [GHT78], page 38, by

J=0
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Example 2.2. Let U = {U;, U, Us} be an open covering of a topological space X.

Then we have that for a cochain element o € C°(U, %),

(60)ij = (o) — 03)

vinu; € F(UiNUy),

and if 0 € CY(U, F),

(60)ijk = 04 + o — o, € F(U;NU; NUL).

A cochain ¢ is called a cocycle if 0o = 0, and a coboundary if there exists a 7 such
that 67 = 0. The coboundary map can be seen as analogous to the differential map

on sheaves by noting the following lemma.
Lemma 2.3. A coboundary is a cocycle. That is, o 6 = 0.

Proof. For the sake of the reader, we will only proof this for the case of example 2.2.
The essence of the proof is the same for the general case, but the notation becomes

a burden. In the setting of example 2.2, we have

((000)0)123 = (d0)23 — (d0)13 + (60)12
= (03— 03) — (03 —01) + (02 — 01)

== Oey(UlngﬂUg)

We omit the restriction notation here as we will in the future. OJ

We can now define the cohomology of a sheaf with respect to a cover U.

10
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Definition 2.1.4 ([GH78], page 39). Define the k-th cohomology group H*(U, %) by

@)=

Note that this definition depends on the open covering U. We can however rectify

this by passing to the direct limit and defining the k-th Cech cohomology group as
H*(X,7) =lim H*(U, 7).
ﬁ

We can even further simplify this by imposing a condition on U.

Theorem 2.4 (Leray’s Theorem [GHT7S8], page 40). Let .# be a sheaf on X, and

suppose U is an open cover of X such that H?(U;, N---NU,

ips

F) =0 for all integers

p >0, and all finite intersections Uy, N --- N U, then for all integers k > 0,
HYU, 7) = HY(X, 7).

What this means is that in practice, we can choose a fine enough cover U, and work
with H*(U, Z) instead of having to worry about the direct limit.

Let A; be groups. We say that a sequence of homomorphisms
e Ay S AL A —

is a long exact sequence if Im(a,,—1) = ker(ay,) for each n. As with other cohomology

theories, we can associate a short exact sequence of sheaves to a long exact sequence of

11
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cohomology in the following way: Suppose we have a short exact sequence of sheaves

0= &S5 75 a0

Then « and ( induce maps

o Ck(g7 g) — Ck(gv g))

and

3:CHU, F)— C*U,9).

Furthermore, o and 8 commute with ¢§, thus they send a cocycle to a cocycle, and a

coboundary to a coboundary. Thus they also induce maps for cohomology

o, HY(X, &) — HY(X,.7),

and

B, H¥X,.Z) - H*(X,9).

The only thing left to define is the coboundary map

6, H¥(X,9) — H*"' (X, &).

For 0 € C*(U,¥) sastisfying do = 0, we can refine U such that there exists 7 €

Ck(U, .F) satisfying 3(7) = o, since 3 is surjective. Then B3(57) = §(3(7)) = do = 0,

12



2.2 EFFECTIVE CARTIER DIVISORS

thus after refining further, there exists u € C*(U, &) satisfying a(u) = 7. Now since
a(op) = d(a(p)) = d6(1) = 0 and « is injective, p is a cocycle and p € ker(9). Then

we can define 6,0 := [u] € H*(X,&). We then have the following theorem.

Theorem 2.5 ([GH78], page 40). Given a short exact sequence of sheaves &, ¥, and

4

0= & — F—-9—0,

the associated long sequence of cohomology

0 - H'X,&) — H'X,7)— H'(X,9)

— HY(X,&) = H (X, %) - H(X,9) — ...

— HP(X,8)— HP(X,7#)— HV(X,9) — ...

18 exact.

2.2 Effective Cartier Divisors

A complex projective (algebraic) variety X C PV is the locus in PV of a finite collection
of homogeneous polynomials {F,(Xo,..., Xn)} ([GH78], page 166). In this setting,

we have the following definition of Cartier divisors.

Definition 2.2.1 ([Laz04], page 8). Let X be a projective variety. A Cartier divisor

on X is a global section of the quotient sheaf M*/O*. We denote by Div(X) the set

13



2.2 EFFECTIVE CARTIER DIVISORS

of all such sections, so that
Div(X) = H(X, M*/O").

However, this definition is fairly abstract and not very illustrative. Specifically,
given a divisor D € Div(X), it is represented by a collection of pairs {(Uj, f;)}, where
{U;} is an open covering of X, and f; € M*(U;) with f;/f; € O*(U, N U;). We will
call the function f; the “local defining function” for D on U;. We define the support

of a divisor D, denoted supp(D) C X, by
supp(D)NU; = {z € U, | fi(z) = 0}.

Definition 2.2.2. Let D = {(U;, f;)}. We say that D is effective, denoted D > 0, if

each of its local defining functions f; is holomorphic on U;.

Div(X) in fact forms a group with respect to the following addition operation:
given two divisors Dy, Dy € Div(X), which are represented by {(Uy;, f1;)} and {(Us;, f2:)}
respectively, the new divisor Dy + Dy is given by the collection {(U;, f1;f2)}-

There will also be mention of Weil divisors.

Definition 2.2.3. A Weil divisor is a formal sum of codimension one irreducible

subvarieties of X. That is, a Weil divisor is of the form

> v,

Vcx

where V' is a codimension one, irreducible subvariety of X, and ny are integers with

all but finitely many equal to zero. We say that a Weil divisor is effective if all of the

14



2.3 LINE BUNDLES

ny are non-negative.

Note that we can associate a Weil divisor to any Cartier divisor in the following

way: Let D be a Cartier divisor, then define the associated Weil divisor as

> ordy(D)[V].

It is then clear that our notions of effectiveness for Cartier divisors and Weil divisors
coincide in this case. In the case that X is smooth, one can also construct a Cartier
divisor from a Weil divisor. We can also define a Weil divisor to a meromorphic

function as follows,

(f) =Y ordv(f)[V].

VCcX

Definition 2.2.4. We say that two divisors Dy and D, are linearly equivalent, denoted

by Dy ~ Do, if Dy — Dy = (f) for some (global) meromorphic function f on X.

2.3 Line Bundles

Let M be a compact complex manifold. It is known, from the maximum principle,
that there are no non-constant holomorphic functions on M. So, instead, we study
(holomorphic) sections of holomorphic line bundles. We have the following definition

of holomorphic line bundles.

Definition 2.3.1 ([GH78|, page 132-133). Let M be a compact complex manifold.
A holomorphic line bundle on M is a complex manifold L together with a surjective

holomorphic map 7 : L — M such that there exists an open covering {U,} of M and

15
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fiber-preserving biholomorphic maps (i.e. 7(¢,"(z,a)) = z for all z € U, and a € C)
Go : T H(Uy) — Uy x C,

such that

(ﬁaO(ﬁEl:(UaﬂUg)XC%(UaﬂUg)XC

is a non-zero linear map on each {z} x C. The map ¢, is called a trivialization of L

over U,.

We define the transition functions g.p : Uy N Uz — C* by
X — (¢a o ¢El>‘{x}><(c € GL(LC) = (C*,

where the GL(n,C) is the complex general linear group of degree n (i.e. the set of
n X n invertible complex matrices). The maps g, are then holomorphic and nowhere

vanishing, i.e. go5 € O*(U, NUp), and will necessarily satisfy the following identities

gag(x)gga(x) =1 forallz e U,NUs

903(2)gp4 () gya(x) =1 forall z € U, NUgNU,,.

On the other hand, given an open cover U = {U,} of M, and holomorphic functions
gap € O (U, N Up) satistying these identities, we can construct a line bundle L with
transition functions g,z by taking the union of U, X C over all a and identifying
{z} x Cin U, x C and U x C via multiplication by g,s(z). Thus we may also refer

to a line bundle as a collection {U,, gus}-
Definition 2.3.2. Let 7 : L — M be a holomorphic line bundle over M. A holomor-

16
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phic section (resp. meromorphic section) s of L is a holomorphic (meromorphic) map
s: M — L such that Tos = som = id. Let H°(M, L) be the set of all holomorphic

sections of L.

Alternatively, let L be a holomorphic line bundle with transition functions {gas},
and let e, (z) = ¢, '(z,1) for z € U,, where ¢, is the local trivialization of L over U,,.
Then we can write, for each s € HY(M, L) (resp. meromorphic section of L), s = s,éq
where s, is a holomorphic (resp. meromorphic) function on U,. It is easy to check
that s, = gapss. Hence we can give this alternative definition: A holomorphic section
(resp. meromorphic section) s of L is a collection of holomorphic (resp. meromorphic)
functions s, : U, — C such that s, = gapss on U,NUg. These definitions also extend
to a complex projective variety X.

There is an important interplay between line bundles and divisors. First of all,
for any meromorphic section s of L, the zero locus [s = 0] C X gives a divisor on
X. Conversely, let D = {(U,, f.)} be Cartier divisor D on X where X is a complex
projective space, we can construct a line bundle associated to D, denoted by [D], over
X as follows: we define our transition functions as

g = Ja
ap - fﬁ.

Then we have g,5 € O*(U, N Us). Furthermore, the collection {g,s} does in fact
satisfy the conditions of transition functions. Notice that f, = gasfs, and we see that
{fa} is a meromorphic section of [D]. This (special) section is called the canonical
section of [D] and is denoted by sp. Furthermore, when D is effective, sp is a

holomorphic section of [D].

We can also associate a Cartier divisor with a sheaf in the following way: let D

17



2.3 LINE BUNDLES

be a Cartier divisor on X, we define the sheaf Ox (D) as
Ox(D)(U) = {f €e M(U): (f) + Dlv = 0}.

Ox (D) also has vector space structure since if (f)+ D]y > 0 and (g) + D]y > 0, then

(af +bg) + D|y > 0 for scalars a and b.

Theorem 2.6 ([GHT78], page 133-137). Let D be a Cartier divisor on X. Then there
is an isomorphism of vector spaces H°(X, [D]) — H°(X,Ox (D)) given by s + s/sp

where sp is the canonical section of [D].

Proof. From the definitions above, a global section f € H°(X,Ox(D)) is a meromor-

phic function f on X satisfying
(f)+D>0.

Let D = {(U,, fa)}. Recall that the associated line bundle [D] has transition functions

Jap = %-

Given s € H°(X, [D]), i.e. a collection s = {s, € O(U,)} with

s _ s

Sa gaﬂ - fa’

then {s,/fa} defines a global meromorphic function g on X. Since (s,) > 0 in every

U,, we have

(Ylva) + (fa) = (sa) = 0.

18
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Thus, (g)+ D > 0 globally on X, and thus g € H°(X,Ox(D)). Note that sp = {fa},
hence s/sp = g, so s/sp € H(X,Ox(D)). It is easy to see that the map s — s/sp is
injective. To show the map is surjective, let f € H*(X,Ox (D)), then the collection

{ffa} defines a section s of [D]. Since

(ffa):(f)+<fa)20

in every U,, s is a holomorphic section of [D]. Obviously, s/sp = f since sp = {fa}-
This proves that the map s — s/sp is surjective.

]

Since we now have this correspondence, we will use the sheaf Ox (D) and the line
bundle [D] interchangeably in the future, and whether we are referring to the line
bundle or the sheaf will be clear from context. That is, we will make no distinction

between the notations H°(X, Ox (D)) and H°(X,[D]), or even H°(X, D).

We can also develop a notion of a “norm” on a line bundle.

Definition 2.3.3. Let L = {U,, gag} be a line bundle over X where U, is an open
covering, and g,p are transition functions. A metric on L is a collection of positive

smooth functions

he : U, — RT,

such that on U, N Ug we have

hﬁ - |ga5|2ha~

19



2.3 LINE BUNDLES

We will use h to denote the collection {h,}. A holomorphic line bundle together with

a Hermitian metric h is called a Hermitian line bundle.

Definition 2.3.4. If h is a metric on a line bundle L, then the global form ¢ (L, h) =
—*/2—?83 log h,, is called the first Chern form of L with respect to the metric h. We
say that a holomorphic line bundle L is positive if L admits a metric h such that its

first Chern form is positive definite everywhere on M.
We have the following landmark theorem by Kodaira.

Theorem 2.7 (Kodaira Embedding Theorem [GHT78|, page 176-181). Let M be a
compact complex manifold, and let L be a positive line bundle over M. Then there

exists ko such that for k > ko, the map
ik M — PN

is an embedding. Here irr is defined in the following way: choose a basis {s1,...,sn}

of H'(X, L*), then define the induced map ipx - M — PN=1 by

x> [s1(x) sy,

where the choice of homogeneous coordinates on PN =1 corresponds to the basis {s1,...,sn}

of HY(X, L¥).

Note that when {t,...,tx} is a different basis for H°(X, L*), then the induced

map is different, but it only differs by composition with an element of PGL(N, C).
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2.4 BIG AND NEF

2.4 Big and Nef

Let D;,;1 <7 < k, be Cartier divisors on an n-dimensional complex projective va-
riety X, and let V' be a k-cycle (a linear combination of subvarieties of dimension
k), then the intersection number Di.Ds. .. .. Dy.[V] € Z can be defined. The def-
inition is rather technical, we refer the reader to [Laz04], page 15, for the precise

definition. There are a few key properties to note from the definition. The number

lence class of the D;. When X = V we will use the abbreviation D;.D,. .. .. D,.[X] =

Definition 2.4.1. We say that a Cartier divisor D on a complex projective variety
X is nef if
D.C>0 (2.1)

for any algebraic curve C' in X.

Theorem 2.8. The nef divisors on a complex projective variety X form a closed

COnver cone.

Proof. Let Dq,...,D; be a finite collection of nef divisors on X, and ay,...,a; > 0

be real numbers. Then for any algebraic curve C' in X, we have the following:
(a1D1 +---+ alDl).C = alDl.C + -+ CLlDl.C 2 0.

]

We can now define what it means for a divisor to be big. Let X be a complex

projective variety. Let L be a holomorphic line bundle on X. We will use the notation
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2.4 BIG AND NEF

that h°(L) = h°(X, L) = dimH°(X, L). Then we have the following definition.

Definition 2.4.2. Let L be a line bundle on a complex projective variety X of

dimension n. Then L is big if and only if there exists C' > 0 such that

hO(L®m> Z Cm™

for all sufficiently large positive integers m.

Since we have already established the link between D and [D], going forward, if
we mention that a divisor is big, what we clearly mean is that the associated line

bundle is big. We can now prove a well known lemma from Kodaira.

Theorem 2.9 (Kodaira [BS95], page 61). Let D be a big Cartier divisor, and E be

an arbitrary effective Cartier divisor on a complex projective variety X. Then

H(X,0x(mD — E)) #0

for all sufficiently large m.

Proof. Consider the short exact sequence

0 — Ox(mD — E) — Ox(mD) — Ox(mD)|g — 0.

From the Theorem 2.5, we have an exact sequence

0 — H(X,O0x(mD — E)) = H(X,Ox(mD)) — H°(E, Ox(mD)|g).

Since D is big, h°(Ox(mD)) grows as m®™X)  On the other hand, dim(FE) <
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2.5 AMPLENESS

dim(X), so dim H(E, Ox(mD)|g) grows at most as m®™X)~1 " Additionally, from

the long exact sequence of cohomology above, we know that
R’ (Ox(mD — E)) > h°(Ox(mD)) — dim H*(E, Ox(mD)|g),

which is positive. Thus H°(X, Ox(mD — E)) # 0. O

2.5 Ampleness

Definition 2.5.1. Let D be a Cartier divisor on a projective variety X. The complete

linear system of D, denoted | D], is given by
|D| ={D" | D' is an effective divisor, and D" ~ D}.

The base locus of |D| is the intersection of the support of all elements of |D|, and we

say |D| is base-point free if the base locus is empty.

Let D be a Cartier divisor on a projective variety X with h°(X, Ox (D)) > 0. We
can define a map, as in theorem 2.7, in the following way: choose a basis {01, ...,05}
of H%(X,Ox (D)), then D defines a rational map (it is defined outside the base locus

of [D])
¢: X =PV,
where N = dimH%(X, Ox (D)), by the rule

x = [o1(x) s og(z) 1 -+ s on(x)].
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Again we note that the induced map will differ if we choose a different basis, but it

only differs by composition with an element of PGL(N, C).

Definition 2.5.2. We say that a Cartier divisor D on X is semiample if [mD)| is base-
point free for some m € N, very ample if the ¢ map defined above is an embedding

of X, and we say that D is ample if mD is very ample for some m € N.

The above definition also extends to holomorphic line bundles over X. With this

definition, from Theorem 2.7, we have the following corollary.
Corollary 2.10. If a holomorphic line bundle L is positive, then it is also ample.

This is perhaps our simplest notion of positivity to understand immediately from the

definition. However, from this simple definition we obtain the following theorem.

Theorem 2.11 (Cartan-Serre-Grothendieck [Laz04]). Let X be a complex projective

variety, and let D be a Cartier divisor on X. Then the following are equivalent:

. D is ample;

1. For every coherent sheaf F on X, there is a positive integer m such that

H'(X,F(mD))=0

for all m > mqg and i > 0 (and these cohomology groups are finite dimensional

vector spaces);
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2.5 AMPLENESS

i1i. For every coherent sheaf F on X, there is a positive integer mqy such that the

natural map

H(X, F(mD)) ® Ox — F(mD)

is surjective for all m divisible by my.

Finally, we note that if D is ample, then D is big and nef. But the converse

statement is not true. See [Laz04] for details.
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Chapter 3

Nevanlinna Theory

3.1 Jensen Formula and First Main Theorem

In the traditional theory of rational functions of one complex variable, one first learns
the importance of the degree. Many properties are controlled by this value. For
example, if f is a rational function on C, then the number of solutions to the equation
f(2) = a, for any a € C, is equal to d, counting multiplicity, where d is the degree of
f. While this result is extremely simple and elegant, it is limited to a very specific
set of functions. What if one wanted to make a similar conclusion for a broader set
of functions, for example, all transcendental meromorphic functions f : C — C =
CU{o0}? Tt was to this end that Nevanlinna theory was developed. Obviously such
functions do not have a “degree” in the classical sense. In this case, we will define
what is called the characteristic function, T(r), which will take on the role of the

classical degree. We will denote the number of solutions to the equation f(z) = a in
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3.1 JENSEN FORMULA AND FIRST MAIN THEOREM

the disc {z : |z| < 7}, counting multiplicity, by n(r,a) = ns(r,a) for any a € C. Let

" t
Ny(r,a) = / s (t’ ) 1. (3.1)
0
Then we have the equation
1 [" -
%/ log | f(re®) — aldd = log|f(0) — a| + N(r,a) — N¢(r, 00). (3.2)

This is called the Jensen formula, which will be used to obtain our main Nevanlinna

theories. First let us introduce some notation. Let 7 = max{xz,0}. We define

1 [ -
my(r.00) = o= [ tog" I7(re)jdo.

—T

and

Using the fact that
log®(z £9) <log™ z +logty,
we obtain

my(r,00) = mys_q(r,0) + O(1).
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3.2 SECOND MAIN THEOREM

Thus we can rewrite the Jensen formula (3.2) as

my(r,00) + Ng(r,00) = mg(r,a) + Ne(r,a) + O(1), r — oo.

This is the First Main Theorem of Nevanlinnna theory (FMT), and it gives us our

motivation for defining the Nevanlinna characteristic Tr(r) by

Ty(r) := mg(r,00) + Ny(r,00).

Since the two functions in the definition of our Nevanlinna characteristic count a-
points and the average proximity of f to a on the circle |z| = r, we will refer to

Ny (r,a) and m¢(r,a) as the counting function and proximity function, respectively.

3.2 Second Main Theorem

The main result of this dissertation will be a generalization of the Second Main
Theorem (SMT), which we are now ready to state and prove. First, let nq(r) = nq ¢(r)
denote the number of critical points of a meromorphic function f in the disc |z| <7,

counting multiplicity. Then we have that

na,¢(r) = np(r,0) + 2ns(r, 00) — np(r, 0o). (3.3)

Now just as in (3.1), we can define N;(r) as

Ni(r) = Nyg(r) == /07’ " dt. (3.4)
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3.2 SECOND MAIN THEOREM

Then we have the following statement of the SMT.

Theorem 3.1 (Second Main Theorem [Nev29]). For every finite set {ay, ..., a,} C C

we have
q
> myg(r,a;) + Ni(r) < 2T4(r) + S(r), (3.5)
j=1
where S(r) is a small error term, S(r) = O(log(rTy(r))) when r — oo, r ¢ E, where
E is a set of finite measure.

In order to prove the SMT we will need the following lemma.

Lemma 3.2. If g is an increasing function on [0, 00] tending to +o0o, and € > 0, then

g < g'™(z) for all x ¢ E, where E is a set of finite measure.

Proof. Let E be the set where ¢’ > ¢'™¢(x), then

g'(z) dy
/Esz/EF(x)dx:/yHe<oo.

O
Proof of the Second Main Theorem. [Ahl39] Consider the area element
dp pQ(w)ﬂlcf(ljZ'Q)z,
where
: 1 S
log p(w) = ;log m — 2log (j:1 fw, aﬂ) +C, (3.6)



3.2 SECOND MAIN THEOREM

and [z,y] is the chordal distance between x and y, and C' > 0 is chosen so that

/dpzl.
C

Then we can use f to pull back our area element dp, and change variables to obtain

|w'|?
n rad —————tdOdt, 3.7
[ nstr-aioto // T PP (3.7)

where w = f(te?). Next apply the derivative with respect to r to the double integral

on the right and divide by 277 to obtain

A(r) = % /_ ' pQ(w)(hUiQdQ. (3.8)

1+ [w]?)
Now note the following inequality,
1 b

o [ostotenar <ton (1 [ o), 3.9)

Combining (3.9) with (3.8) yields

1 [" 1 (" 1 ["
log A\(r) > —/ log p(w)df — —/ log(1 + |wl|?)d6 + —/ log |w'|d.
T ) . ) . ™) .

The first integral can be approximated using (3.6). The second term in (3.6) becomes

irrelevant as it contains a double log, and we obtain

1 /7r log p(f(re?))ds = 2me(r, a;)+ O(log Ty(r)).

™
—r =1
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3.2 SECOND MAIN THEOREM

The second integral equals 4m(r, 00), and the third can be evaluated with Jensen’s

formula. This gives the following relation

Zme(r, aj) + 2{Ny(r,0) — Np(r,00) —2my(r,00)} <log A(r) + Olog T (r).

j=1

The expression in brackets is equal to Ny(r) — 27%(r) by the FMT. Thus
: 1
me(r, aj)+ Ni(r) — 2T%(r) < 3 log A(r).
=1

This is almost our desired result. All that is left to do is to estimate A. To this end,
let dp be a probability measure in C. Now integrate the FMT with respect to a € C

against dp to obtain

L 1" vprey)ao = v(ro) + /@ N (r a)dp(a) — Ny(r,o0),

2 ) .

where

U(w) :/Clog|w—a|dp(a).

Then we can estimate the expression in (3.7) by

/Or % /Ot)\(S)Sds = /(cNf(T, a)dp(a) < Ny(r,00) + 1 /7r U(f(re®))do.

2 ),

But U(w) is a potential of a probaility measure dp, so U(w) < log* |w| + O(1), and
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3.2 SECOND MAIN THEOREM

we obtain that

/OT % /Ot A(s)sds < Ty(r)+ O(1).

Now applying Lemma 3.2 twice we obtain that A(r) < rT¢(r)'*¢,r ¢ E. Thus we can

conclude that log A(r) = S(r) which proves the theorem. O

We can rewrite the SMT using the FMT in the following way (as in [YY03], page
23): let N¢(r,a) be the averaged counting function of distinct solutions of f(z) = a.
Then Y Ny(r,a;) < > Ng(r,a) + Ni(r), and we have

(q—2)Ty(r) <> Ny(r,a) + S(r). (3.10)

J=1

Now that we have the machinery of the FMT and SMT, the Little Picard Theorem
is an immediate corollary. If a meromorphic function f were to omit three values,
then the left hand side of (3.10) would be equal to Ts(r). Thus T(r) < S(r), which

implies f is a constant. We also obtain another, similar lemma.

Lemma 3.3. Let aq,...,as be five points on the Riemann sphere, then at least one

of the equations f(z) = a; has simple solutions.

Proof. 1f all five equations have multiple solutions, then Ny(r, f) > (1/2) 25:1 Ny (r, a;).
Combining this with the SMT implies that (5/2)T¢(r) < 2T(r) + S(r), thus f must

be constant. O

32
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3.3 (Generalizing the First Main Theorem

We now have the FMT and SMT for the case when f is a meromorphic function on C.
Our next step is to generalize the FMT to the case when X is a complex projective
variety, (L, h) is a Hermitian line bundle on X, and f : C — X is a holomorphic map.

Before we do this however, we will need to recall the following theorem.

Theorem 3.4. Let g be a function of class C? on D(r), or a sub-harmonic function

on D(r). Then

Proof. Let Z denote the set of singularities of g, and S(Z,¢€) be the union of small
circles of radius € around singularites with ¢ small enough to remain in D(¢). Then

Stokes’ theorem implies that

/ dd°[g] = / d°[g] — lim dg
I¢|<r = 0. Js(x.0)(1)

1 dgdf . .
== r—— —lim dg,
2 Jigl=r Or2m 0 Jg(x 00

which we can integrate with respect to 1/t to obtain

"dt " dt 1 do "dt

[Hf e [ N,

o b Jiger o tJig=e2 021 Jo b 0 sx o)
1o dh "t

== 02 _ g(0) — [ =Sing, ().
5ot 5E =0 = [ Fsing, (0
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3.3 GENERALIZING THE FIRST MAIN THEOREM

Thus,

Tdt/ 1 [ 0. do
— ddcg:—/ g(re’)— — ¢(0),
|5t =5 [ a5 —o0)

and by definition we have that

/ dd‘[g] = / dd‘g + Sing,(t)
I¢]<t I¢l<t

/ ddg + lim ddeg.
ICl<t

=0 J5(X,0)()

Thus the theorem is proved. O

Lemma 3.5 (Poincare-Lelong Formula [GHT78], page 388). Let f be a holomorphic

function on D(r), then

" dt .
5 dboslsP1= N0

Which we can write as
dd°[log | f|?] = [f = 0],

where [f = 0] =3_ (ord,f) - p is the divisor associated with f.

In order to define the Nevanlinna functions in this new setting, we will need to be
familiar with the concept of a Weil function. Let X be a complex projective variety
and D be an effective Cartier divisor on X. A Weil function for D is a function
Ap @ (X\suppD) — R such that for every z € X there is an open neighborhood U

of z in X, a nonzero rational function f on X with D|y = (f), and a continuous
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function « : U — R such that

Ap(z) = —log|f(x)| + a(x)

for all x € (U\suppD). A continuous (fiber) metric || - || on the line sheaf Ox (D)

determines a Weil function for D given by

Ap(z) = —log ||s(z)]],

where s is the rational section of Ox (D) such that D = (s). As an example, the Weil

function for the hyperplane H = {agzo + - - - + apz,, = 0} on P*(C) is given by

maXop<i<n ’l’z‘ maXop<i<n |CLZ|

lapxo + - -+ + apx,|

Au(z) = log

forx =[zg:---:x,] € P(C)\H.

Definition 3.3.1 (Nevanlinna Functions). Let D be an effective Cartier divisor on a

projective variety X. We can now define the Nevalinna functions in our new setting.

i. The characteristic function T, of f with respect to (L, h) is defined by

" dt
Tt = [T [ racn

Remark 3.6. This definition of the characteristic function behaves precisely as

desired, namely, if L is ample and T (1) is bounded, then f must be a constant;
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ii. The proximity function of f with respect to D is defined by

do

mslrD) = [ An(rre)G

where \p is the Weil function associated to D;

iii. The counting function of f with respect to D is defined by

dt
t?

Nf(’l“, D) = /Ornf(t, D)

where ny(t, D) denotes the number of points of f~!(D) in the disc |z| < ¢

counting multiplicity.

These definitions lead us to the first main theorem which appears just as it did in the

previous section.

Theorem 3.7 (First Main Theorem). Let X be a complex projective variety. Let
(L,h) be a Hermitian line bundle over X. Let s be a holomorphic section of L, and

let D =[s =0]. Then for any holomorphic map f:C — X with f(C) not in D,
Ty p(r) =my(r,D) + Ng(r,D) + O(1).
Proof. By definition, on Uy, ||s||* = |sa|?ha, so by the Poincare-Lelong formula,
dd*[log||s[|*] = —c1(L, h) + [D].

The FMT is then obtained by applying Theorem 3.4. [
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3.4 (Generalizing the Second Main Theorem

Now that we have generalized the FMT to the case when f : C — X where X is a
complex projective variety, we will now state and prove the SMT for the case when
M = P"(C) with the divisors as hyperplanes. In order to do this, we will need the

help of the following lemma.

Lemma 3.8 (Logarithmic Derivative Lemma [Ru01], page 8). Let f(z) be a mero-

morphic function. Then for § > 0

2m
/ log™
0

Proof. For w € C, we define the surface element as follows:

fyl(reie)

™

do 14 06)? 5
7 < (1 + %) log™® Ty (r) + 3 log(r) + O(1)|| £(s)-

1 v —1
o = 5 dw A dw.
(1 +log” |w|)|w|? 2m?

This is a (1,1) form on C with singularities at w = 0, 00. By computation,

1 1
b = ——rdrdf = 1.
/«: /«:<1+1og2 rDlr 272

By the change of variable formula, we have

/A(t) f*q):[%cnf(t,w)q)(w).

Thus, if we let p(r) = [{ % Jaw I*®, we obtain that

[ =
= [ /Am A+ 1og [T dm2 21
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/ec/ Sns(tw)@(w) = [ Ny(r,w)®(w) < Tr(r) + OQ1).

weC

Where the last inequality holds due to the FMT. By Lemma 3.2, we have that

1/ | do 146)2 5.6
- — < (pu(r) 0N | gy,
T Jo=r (1+log” | f])| fI2 27 ’

where b is a constant. As a result of this, Lemma 3.2, and the concavity of log, we

can compute the following:

27 d@ 1 |f/|2
log™ — = = log™ 1 + log? db
| e i (u+m£VMﬂ” s 170

LI’I“Q
e

< = log™ il do
S s T
1
+ o log™ (1 + (log™ | f| +log™ (1/|f]))*)d6
|z|=r
1 />
< = log | 1+ dg
I . ( (1+log® | f])IfI2
1 1
+ 5| log"(log™ || +log (1/|f]))d6 + 5 log2
|z|=r
1 1 /2
< =log |1+ —/ ’f2| do
2 27 Jizj=r (1 +10g? | f)I /]2
1 1
4 5 log(1 +log™ [ f| +log™ (1/]f]))dé + §log2
|z|=r
<

1 1 2
3 log (1 + §M(1+5) (r)r5b5>

1
+ log(1 +my(r) +mays(r)) + 5 log 2|| &

IN

1 1 2
5“@G+§WWWH“ﬁw>+m57ﬂm+oam%
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1+46)? )
< <1+%> log+Tf(7“)+5103;7“+0(1)||E5~

Which proves the theorem. O

We will now ensure that the reader is familiar with how our generalizations of the
Nevanlinna functions appear in this special case when M = P"(C) and L = Opn(1).
Let L = Opn(1) be the hyperplane line bundle with transition functions g,z = w,/wg,
where U, = {w, = 0}. The sections of L are sy = {(a,w)/w,} with [sy =0] = H =
{apwo + - -+ + a,w, = 0}. The metric on L is given by h, = |w,|?>/||w]|[?. The first

Chern form of this metric is given by
c1(L,h) = —dd®log h, = dd°log ||w]|[*.

This is the so called Fubini-Study metic on P”. By Theorem 3.4, the characteristic

function takes the form

"dt o oy, 40
1) = [ 5[ adroglielP = [ toglee)] + 0l
0 [Cl<r 0 ™

where f = (f,,..., fn) is a reduced representation of f, that is, f,,..., f, have no

common zeros. The proximity function will take the form

20 L dg £ || H| o
H={ 1 Yl '
my(r. H) / % s o F(re)]| 2 / * Ta fre?)] 2

as Ag(f(z)) = log W is the Weil-function. Lastly, the counting function of f
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with respect to H is given by

Nyt H) = [ (gt H) = g0, 1)+ g0 H) logr,

where ny(t, H) is the number of points where (a,f) = 0 in the disc |z| < ¢, counting

multiplicity. And by Jensen’s formula,

Nf(r,H):/Oﬂlog|<f(rei9),a>\d—ﬂ+0(1).

We are now ready to state the SMT in this setting.

Theorem 3.9 (Cartan’s Second Main Theorem [Car]). Let Hy, ..., H, be hyperplanes
in P™(C) in general position. Let f : C — P"(C) be a linearly non-degenerate holo-

morphic curve. Then for any > 0, we have

> " my(r, Hy) + Ny (r,0)

j=1

< (n+1)Ty(r) + O(log® Ty(r)) + dlogr + O(1)||g;,
where the Wronskian of fo, ..., fn is denoted by W(fo,..., fn)-

This version of the SMT can be derived from a more general version which we will

now state, prove, and then prove the derivation.

Theorem 3.10 (General Second Main Theorem). Let f = [fo:---: fu] : C — P*(C)
be a holomorphic curve whose image is not contained in any proper subspaces. Let

Hy,...,H, (oray,...,a,;) be arbitrary hyperplanes in P*(C). Then for any § > 0, we
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have the inequality

| S A e )+ N(r,0)
< (n+1)T¢(r)+OlogT(r)) + 0logr + O(1)||g,,

where the mazimum is taken over all subsets K of {1,...,q} such that a;,j € K, are

linearly independent.

Proof. Let Hy, ..., H, be the given hyperplanes with coefficient vectors a;,...,a, €
C™*!. Denote K C {1,...,q} such that a;, j € K are linearly independent. Without
loss of generality, we may assume that ¢ > n+1 and that #K =n+ 1. Let T denote
all injective maps p : {0,...,n} — {1,...,q} such that a,q),...,a,n) are linearly

independent. Then

do

27

2m _ f(re?) a
:/0 fgg%;bg('HE MU | mu)
= /%log{ma)(( ||f 7“629 |n+1 )}
0 el \ [Tio [{E(re®), au()
<[ nnf re) )}d_
0 =t [Ti—o [(£(re®), au))] ) | 2
_ /2”10g {Z W((E 200 (F 2y }
0 [T [{E(re™), )] 2

do

[ el Sl b o), )

_|_

where W ((f,a,0)),- .., (f,a,m))) denotes the Wronskian of the functions
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(f,a,00)), -, (f,a,m))). In the last line of equation (3.11), we use the property of

Wronskians that

(W (fo, - fu)l = W, au), - - - (fs aum))] - C,

where C' is a constant. Now we will estimate the first term on the right-hand side of

equation (3.11). Let

(f, aMU))
Gu(i ,0<1i<n
" au)
Then T, (r) < Ty(r) + O(1) for 0 <1 < n. Hence, by the Logarithmic Derivative
Lemma,
/27r log Z (W ((£, a5(0)>, - ’éf’ Au(n))) (re’) de
0 ueT [T [{E(re), a,(;))| 2
m W(1 e Guln o\ db
:/ 10g+z | » Ju(1) I ))|<7“629> @ +O(1)
0 peT ’gu 1)y --- 7gu(n)| 2m
< O(logTy(r)) + dlogr + O(1)||g,- (3.12)
Now
o nt1 ioy, | 40
log ¢ [[EI1"™/IW (fo, . fu) (re®)] p o~
0 T
2 db 2 1 df
=/ lo f”+1—+/ lo o= —
AL AR v e i
= (n+1)T¢(r) — Nw(0,7). (3.13)
Combining (3.11), (3.12), and (3.13) concludes the proof. O
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In order to deduce the SMT from the general SMT, we will prove the following

lemma.

Lemma 3.11. Let Hy,..., H, be hyper planes in P*(C) located in general position.
Then

q
d9
;mf(r, Hj) < / T?%Z)‘Hm) % L o),
Proof. Let a,;) be the coefficient vectors of Hj;,1 < j < ¢. By definition,
<f7 au(i)> = ag(Z)fO 4+ .. 4 ag(z)fn’ 0<i< ",

where a,;) = (ag @ ekt )) By solving the system of linear equations above,

fi =@ au) + -+ T, au0),0 < i <,

where (a @Y is the inverse matrix of aly @ Thus for any p € T,

()1 < € gus {(£.,) ) (3.14)
For a given z € C, there exists a p € T such that

0 < [{f(2), auo)| < - < [(£(2), aum))| < [{£(2), a5)],
for j # u(i), i =0,1,...,n. Hence by (3.14)

G e EEI
1—I| (2),a;)| <Cm ueT [(F(2), a0 (3.15)

7j=1
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3.4 GENERALIZING THE SECOND MAIN THEOREM

and the lemma is proved. O

We will in fact be able to further generalize this theorem to the setting of a

complex projective variety. In this setting the theorem appears as follows.

Theorem 3.12 ([RV17], Theorem 2.8). Let X be a complex projective variety, and
let D be an effective Cartier divisor on X. Let V be a mnonzero linear subspace of
H°(X,0(D)), and let sy, ...,s, be nonzero elements of V. For eachi=1,...,q, let
D; be the Cartier divisor (s;). Let f : C — X be a holomorphic map with Zariski-

dense image. Then, for any e > 0,

2m
L :
/ maxz /\D].(f(rew))— < (dimV + €)T p(r)],
0 J = 2m

where the set J ranges over all subsets of {1,...,q} such that the sections (s;);es are

linearly independent.

Proof. Let d = dimV. We may assume that d > 1 since otherwise all D; are the same
divisor, the sets J have at most one element each, and the theorem follows from the
First Main Theorem.

Let ® : X — P4~! be the rational map associated to the linear system V. Let
X' be the closure of the graph of ®, and let p : X’ — X and ¢ : X’ — P9~! be the
projection morphisms. Let f : C — X' be the lifting of f.

Note that, even though ® extends to the morphism ¢ : X’ — P4~ the linear
system of H°(X', p*O(D)) corresponding to V may still have base points. However,
there is an effective Cartier divisor B on X’ such that, for each nonzero s € V', there

is a hyperplane H in P4~ such that p*(s) — B = ¢*H. More precisely, ¢*O(1) =
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3.4 GENERALIZING THE SECOND MAIN THEOREM

O(p*D — B). The map
a:H(X',O(p"D - B)) = H(X,0(p" D))

defined by tensoring with the canonical global sections s of O(B) is injective, and
its image contains p*(V'). The preimage a~!(p*(V)) corresponds to a base-point free
linear system for the divisor p*D — B.

For each j = 1,...,q, let H; be the hyperplane in P4~ for which p*(s;)—B = ¢*H;.

Then

By the functoriality of Weil functions, Ap-p, ( f(z) = Ap,(f(2)). Therefore, it will

suffice to prove the inequality

I (m?XZAHMf)(re”)) + AB<f<ref9>>) o

< (dimV + €)Typ(r) |

For any subset J of 1,...,¢, the sections s;, j € J, are linearly independent elements
of V if and only if the hyperplanes H;, j € J, lie in general position in P?~!. Thus

we may apply Cartan’s Theorem from above to obtain that

/0 w mJaXZ )\Hj(qb(f)(rei@));i—e < (dimV + &) T} ().

- m
jeJ

From (3.16), we get T, s(r) = Typ(r) — T; 5(r) + O(1). On the other hand, since
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3.4 GENERALIZING THE SECOND MAIN THEOREM

each set J has at most dimV elements, and B is effective, we get
(#J)Ap(x) < (dimV)Ag(z) + O(1)

for all x € X’. Hence

I (m?XZ M (6(f)(re”)) + AB<f<rei9>>) o
’ JjeJ

< (dimV +€)Ty p(r) — (dimV + )T} z(r) + (dimV)ms(r, B) |

S (dimV—FE)Tf,D(T) H,

where in the last inequality we used from the first main theorem that mz(r, B) <

T} 3(r) + O(1), and the theorem is proved. O

The basic theorem above motivates the notation of the Nevanlinna constant, which
will be key to proving our result. Let X be a normal projective variety, and D be an
effective divisor on X. For any section s € H(X, O(D)), we use ordg(s) to denote
the coefficients of (s) in E, where (s) is the divisor on X associated to s. We will
not recall the definition of normal projective variety here (see [Laz04], page 15 for the
precise definition), but the condition of normality of X is assumed so that ordgD is
defined for any prime divisor F, and any effective Cartier divisor D on X ([Laz04],

Remark 1.1.4). We then have the following definition of the Nevanlinna constant.

Definition 3.4.1 ([Rulb]). Let X be a normal complex projective variety, and D
be an effective divisor on X. The Nevanlinna constant of D, denoted by Nev(D), is

given by

Nev(D) := inf ( inf dim VN) , (3.17)

N \{e~n,VN} UN
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3.4 GENERALIZING THE SECOND MAIN THEOREM

where the infimum “irj\lff” is taken over all positive integers N, and the infimum

(13 2

inf
{un,Vn}
Vy C H°X,O(ND)) is a linear subspace with dimVy > 2 such that, for all

is taken over all pairs {uy, Vy} where puy is a positive real number, and

P € suppD, there exists a basis B of Vi with
Z ordg(s) > uy ordg(ND)

for all irreducible components E of D passing through P. If dim H°(X,O(ND)) <1
for all positive integers N, then we define Nev(D) = +oc.

With this notation we have the following key theorem.
Theorem 3.13 ([Rulb]). Let X be a complex normal projective variety and D be an
effective Cartier divisor on X. Then, for every e > 0,

my(r, D) < (New(D) +€) Typ(r) |z

holds for any Zariski dense holomorphic mapping f : C — X.

Proof. Let oy denote the set of all prime divisors occurring in D, so we can write

D= ordg(D)E.
Ecog

Let

XY= {0’ C 0'0| NEco E 7é 0}
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3.4 GENERALIZING THE SECOND MAIN THEOREM

For an arbitrary = € X, pick o € ¥ (depents on x) for which

)‘D(x) < )\Da,l (ZE),

where D, := > . ordg(s)E. Now for each o € X, by definition, there is a basis
B, of Vy € H°(X, ND) such that

Z ordg(s) > uyordg(ND)

at all points P € Nge, E. Since X is finite, { B, | 0 € X} is a finite collection of bases
of Viy. Thus, we have, using the property of Weil functions that, if D; > D,, then

Ap, > Ap,, we obtain that,

1
< —
Anvp(z) < o max As().

The theorem is obtained by taking x = f(re), integrating, and applying Theorem
3.12. [

Definition 3.4.2. Define ¢(D), the Nevanlinna defect of f with respect to D, by

o my(r, D)
0r(D) =1 f —2 7.
A e T )

Then we have the two following key corollaries.

Corollary 3.14. Let D be an effective Cartier divisor on a smooth complex projective

variety X. Then

d¢(D) < Neuw(D)
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3.4 GENERALIZING THE SECOND MAIN THEOREM

for any Zariski dense holomorphic map f: C — X.

Corollary 3.15. Let D be an effective Cartier divisor on a complex normal projective
variety X. If Nev(D) < 1, then every holomorphic map f : C — X\D is not Zariski

dense, i.e., the image of f must be contained in a proper subvariety of X.

Proof. Note that f : C — X\ D implies that m¢(r, D) = Ty p(r)+O(1). Soé¢(D) = 1.

Assume that f is Zariski dense, then the above Corollary implies that

1=04(D) < Ney(D) <1

which is a contradiction. Thus, f is not Zariski dense. O]

This corollary will be the key to proving our version of the Second Main Theorem
as it reduces the problem to just finding an upper bound for Nev(D). Previous
results can also be obtained by computing this Nevanlinna constant as exhibited in

the following example.

Example 3.16. Let X = P" and D = H,+---+H, where Hy, ..., H, are hyperplanes
in P" in general position. We take N = 1 and consider V; := H°(P",O(D)) =
H°(P", Opn(q)). Then dimV; = (/™). For each P € SuppD, since Hy,..., H, are in
general position, P € H;, N---NH;, with {i1,...,4} C {1,...,¢} and [ <n. Without
loss of generality, we can assume H;, = {z; = 0},...,H;, = {# = 0} by taking
proper coordinates for P". Now we take the basis B = {2 ... 20 | ig+---+1, = q}
for Vi = H°(P",Opn(q)). Then for each irreducible component E of D containing

P, say E = {z;, = 0} with 1 < j, < [, we have ordg{z; = 0} = 0 for j # jo,
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3.4 GENERALIZING THE SECOND MAIN THEOREM

ordg{zj, = 0} =1, and thus ordgD = 1. On the other hand,

. 1 : . q (q+n q .
where the sum is taken for all vectors i = (0, - -+, ip) With 49 + - -+ + i, = ¢, and we
used the fact that the number of choices of i = (10, -+, 0n) With 49+« -+ + i, = ¢ i8
(q:”). Thus we can take yy = -1dimV}, and hence,

dimV;
<

n—+1

Nev(D
( ) 231 q
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Chapter 4

Main Results

4.1 Statement of the Main Results

We are now ready to state and prove the main results of this dissertation. Let X be
a complex projective variety of dimension n, and D be a Cartier divisor on X. We

will use the notation D™ to denote the n-fold intersection of D with itself. Following

Aaron Levin [Lev09], let the divisor D := 7 | be a divisor on X with Dy,..., D,
effective. D is said to have equidegree respect to Dy, ..., D, if
1
D;.D" ' =-D"
4q

for 1 < < q. We also recall that a Cartier divisor D (or the line sheaf Ox (D)) on
X is said to be numerically effective, or nef, if D.C > 0 for for any closed integral

curve C' on X as mentioned in Chapter 2.

Lemma 4.1 ([Lev09], Lemma 9.7). Let X be a projective variety of dimension n. If

D;, 1 < j < gq, are big and nef, then there exist positive real numbers r; such that
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4.1 STATEMENT OF THE MAIN RESULTS

D= 23:1 r;Dj is of equidegree.

Proof. We follow the simple proof given by Autissier [Autl]. Let

A::{(tl,.‘.,tq)ERi’t1_|_..._|_tq:1}‘

Define a map g : A — A by letting, for t = (¢4,...,t,) € A,

o ORI ')
Qi D) t.Dy (05 D) Dy )
‘ -1
here ¢(t) := Z ! By the Brouwer’s fixed point theorem
w : — ( ;%:1 t],Dj)nfl'Di - By p )
there exists a point © = (z1,...,2,) € A such that g(z) =z, i.e.

o(z) = (Z z; D))" (D) for i = 1,...q.
j=1

This implies, by summing up, that ¢¢(z) = (37,

.l’ij)n. Thus

g (Z ijj> = ¢(x) = (z:D;). <Z ijj)

which proves the lemma. O

Recall that the divisors Dy,..., D, on X with ¢ > [ are said to be in [-subgeneral

position if, for any subset of [ + 1 elements {ig,..., 4}, C {1,...,q},
suppD;, N+ --NsuppD;, = 0.

When [ = dim X, then we say that the divisors Dy, ..., D, are in general position on
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4.1 STATEMENT OF THE MAIN RESULTS

X. Now we are ready to state Ru’s theorem.

Theorem A ([Rul5], Theorem 5.6). Let X be a complex normal projective variety of
dimension > 2, and D = D;+- - -+D, be a sum of effective big and nef Cartier divisors,
in [-subgeneral position on X. Let r; > 0 be real numbers such that D := Zgzl r; D;
is of equidegree (such numbers exist due to Lemma 4.1). We further assume that
there exists an integer Ny > 0 such that the linear system |ND;| (i = 1,...,q) is
base-point free for N > Ny. Let f : C — X be a Zariski dense holomorphic map.

Then, for € > 0 small enough,

20 dim X
ermeD ( > (ZT]TJ’D ) ||E;

where ||p means the inequality holds for all r € (0, 00) except for a possible set E

with finite Lebesgue measure.

In this dissertation, we improve the above theorem with an additional assumption
that “Dy,..., D, have no irreducible components in common”. The following is the

precise statement.

Main Theorem (Complex Part). Let X be a complex normal projective variety of

dimension n > 2. Let Dy,...,D, be effective, big and nef Cartier divisors on X,

and that the linear system |ND;| (i = 1,...,q) is base-point free for N > No. We

further assume that Dy, ..., D, have no irreducible components in common, and are
q

in l-subgeneral position. Let r; > 0 be real numbers such that D = ) . r;D; is

equidegree (such numbers exist due to Lemma 4.1). Let f : C — X be holomorphic
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4.1 STATEMENT OF THE MAIN RESULTS

and Zariski dense. Then

]erjmf(ﬁ D;) < <%) (jZTij,Dj(T)> [P

with

2792 miny ;<o (r] 23 (DP2.D3)) miny < <o (rf'r;(DF1.D;))
2

Z (nD")

a = > 0,

where [x] denotes the smallest integer greater than x.

Under the assumptions in the Main Theorem, we have the following defect relation

2n[(l+1)/2]
o/(D) < ——— 4.1
(D)= g(1+a) (41)
for D := "7 r;D;. We note that, in the case when we study f : C — X\D (i.e.

the image of f omits D), by doing a blowing up, the smoothness condition (or the
normal condition) of X, as well as the nefness condition of D;, 1 < j < ¢, can all
be removed by a lemma from Aaron Levin. The following is the exact statement of

Levin’s lemma.

Lemma 4.2 (Lemma 9.10 in [Lev09]). Let X be a complex projective variety. Let D =

;1.:1 D; be a sum of effective Cartier divisors on X. Then there exists a nonsingular
projective variety X', a birational morphism w : X' — X, and a divisor D' = ?:1 D’
on X' such that suppD;- C suppD; for all j, every irreducible component of D' is
nonsingular, |Dj| is base-point free for all j (in particular Dj is nef), and k(D)) =

#(D;) = dim @/ (X') for all j (where k(D;) is the Kodaira dimension of D;).
Thus the defect relation (Cor. 3.15), together with Lemma 4.1, implies the fol-
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lowing result.

Corollary 4.3. Let X be a complex projective variety of dimension > 2, and D =
Dy +---+ D, be a sum of big Cartier divisors, in [-subgeneral position on X. Assume
that D, ..., D, have no irreducible components in common. If ¢ > 2n[(141)/2], then

every holomorphic mapping f : C — X\ ngl D; must be degenerate.

On the arithmetic side, similar to the analytic case, we can prove the following

improvement of Ru’s result ([Rulba], Theorem 4.1).

Main Theorem (Arithmetic Part). Let k be a number field and S C My, be a finite set
containing all archimedean places. Let X be a normal projective variety of dimension
n > 2, and let Dy, ..., Dy be effective, big and nef Cartier divisors on X, both defined
over k, and that the linear system |[ND;| (i =1,...,q) is base-point free for N > Ny.
We further assume that Dy, ..., Dy have no irreducible components in common, and
are in l-subgeneral position. Let r; > 0 be real numbers such that D = ZZ 11Dy s

equidegree (such numbers exist due to Lemma 4.1). Then

q
2n[(l+1)/2
;ijs(x,Dj) S (ﬁ) (Z Tth ) )
holds for all x € X (k) outside a Zariski closed subset Z of X, where

2—3n 2m1n1<zj<q< n— 2 Q(Dn 2 D2)) m1n1<1]<q( —1 (Dn 1 D, ))
2

o0 > 0.

=

The proof of this arithmetic result can be done in a similar way (see [[Rulbal), so

we omit the arithmetic proof here.
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4.2 Proof of the Main Theorem

The proof of the Main Theorem relies on the notion of Nevanlinna constant Nev(D),
and the defect relation (as well as the Second Main Theorem) in terms of Nev(D)
from Chapter 3. Let X be a normal projective variety, and D be an effective Cartier
divisor on X. As mentioned in chapter 3, the condition of normality of X is assumed
so that ordgD (called the coefficient of D in E) is defined for any prime divisor F
and any effective Cartier divisor D on X ([Laz04], Remark 1.1.4). For any section
s € H'(X,Ox(D)), we use ordg s or ordg(s) to denote the coefficients of (s) in
E where (s) is the divisor on X associated to s. This assumption along with the

following key lemmas will be enough to prove our main theorem.

Lemma 4.4 ([Laz04], Corollaryl.4.41). Suppose D is a nef Cartier divisor on a
projective variety X with dim X =n. Then

h’(ND) = %N" + O(N™ ). (4.2)

In particular, D™ > 0 if and only if D is big.

Lemma 4.5 ([Autl], Lemma 4.2). Suppose E is a big and base-point free Cartier
divisor on a projective variety X, and F is a nef Cartier divisor on X such that
F — E is also nef. Let B > 0 be a positive real number. Then for any positive integers
N,m with 1 < m < N, we have

Fron F 1 E
n! (n—1)!

(n—1)F" 2 FE?
+
n!

N"'m

R(NF —mE) >

N™"2min{m? N?} + O(N" 1),
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where O depends on [3.

Proof. Case m < N: The Riemann-Roch Theorem (see [Laz04]) tells us that
1
X(X,NF —mE) = —(NF —mE)" + O(N"™).

n

From this we obtain that
R'(X,NF —mE) = O(N"™")

for all i since F' and F' — E are nef ([Laz04] p. 69), and h°(X,aD) — h'(X,aD) =

x(X,aD) + O(a™') if D is nef by definition. By direct computation, we have that

(NF —mE)* = F'N" —nF" 'EN""'m

+ Y (i— YF*(NF — mE)"'E*N'"*m”.
=2

Combining these proves this case.

Case m > N: Let N <i < N, then we have a short exact sequence
0= Ox(NF - (i+1)E) = Ox(NF —iE) - Oz((NF —iE)|z) — 0,

where Z = div(s) for some s € I'(X, E). Then the long exact sequence of cohomology

implies that

B(OX(NF = (i+1)E)) = K(Ox (NF —iE)) — RO4((NF —iB)|7)).
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Since

anlE -

W(0z((NF = iE)|2)) < W (Oz(NFl) = =

L O(N"2),

we have that

m—1
RY(X,NF —mE) > h°X,NL—- NE) — Z R (Z,(NF —iE)|z)
i=N

Fm F"'E —1
___N" _ Nn_lm + n—
n! (n—1)! n!

v

Fn—QEQNn _ O(Nn_l),

where the lower bound for the h°(X, NL — NE) is obtained from the previous case

when m < N. O

Lemma 4.6 ([Lev09], Lemma 10.1). Let V be a vector space of finite dimension d over
afieldk. Let V=W DWoe DW3D...DWpand V=W DOW;DW3>...OW],
be two filtrations on V. Then there exists a basis vy, vs, ..,vq of V that contains a basis

of each W; and W,

Proof. The proof will use induction on the dimension d. When d = 1 the result is triv-
ial. By refining the first filtration, we may assume, without loss of generality, that W,
is a hyperplane in V. Let W} = W/ N W, for i = 1.... h'. By the inductive hypoth-
esis, there exists a basis vy, ..., V1 of W5 containing a basis of each of W3, ... W),
and Wy, ..., W} Let [ be the maximal index with W} ¢ W5, and let v, € W/\W}".
We claim that B = {vy,...,v4} is a basis with the required property. It clearly con-
tains a basis of W; for each i. Let ¢ € {1,... A'}. If i > [, then W/ = W}, and so by
construction, B contains a basis of W/. If i <[, then vy € W/\W};* C W/\W}. Since

B contains a basis B of W7, and W} is a hyperplane in W/, we see that B U {v,}

K3 7
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is a basis of W/. O

Proof of the Main Theorem. We are now ready to prove our main theorem (the
complex case only). By replacing D with NyD if necessary, we can assume that the
linear systems |D;|,1 < j < g, are base-point free. We first look at the special case

when 7,1 < 5 < g, are all rational numbers.

For P € suppD, let Dp := Z r;D;. Since intersection of any [+ 1 distinct
i:PESUPPD;
D; is empty and no two of Dy, ..., D, have common components, we can write

Dp := Dpy1 + Dpp,

where Dp; and Dp; are effective divisors with no irreducible components in common,
and each Dp; is a sum of at most [(I +1)/2] of the r Dy,...,r,D, for i = 1,2. To
compute the Nevanlinna constant for D, we let N be a sufficiently large positive

integer, which is divisible by the common denominators of r;,1 < j < ¢, and let

Vy = H°(X, ND). We consider the two filtrations for Vy:
W;:=H"(X,ND — jDp;), and W; .= H°(X,ND — jDp>),

and we use Lemma 4.6 above to construct a basis B for Vy which contains a basis for

each W; and W]. Notice that, for s € H(X, ND —mDp;)/H°(X,ND —(m+1)Dp;)

with ¢ = 1, 2, we have m ordg s > m for any irreducible component E of D which
contains P. Hence,
1
_ d 4.3
ordz(ND) ;Or Be (4:3)
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v

I

& [nin > m(h®(ND — mDp;)) = h*(ND — (m + 1)Dp;))
m=0

1 =

 [in 2_:1 h°(ND —mDp;)

Now, for each i = 1,2, we apply Lemma 4.5 with F' = D, ' = Dp; and 3; =

D’n/
nDn_l.Dp,i

v

3

=

/\/\ﬁ S

sy

~

0|

£ ilve

7N
2|3

3

—_

—
S

.

NCERSSEES

, and denote A; := (n — 1)D"2.D%,, it yields

h°(ND — mDp,) (4.4)

A;
N™""'m + EN”_Q min{m?, Nz}) +O(N™)

n

Dn_l.Dpﬂ'
(n—1)!
D" ' Dp; 57 A

PR Shgl)) N 0

Az’ " n+1
+ ﬁg(ﬁi)) D

n! +OWN)

. (1 N 24, g(ﬁi)) DnNn—i-l o)

where g : Rt — R* is the function given by g(z) = Lif # < 1 and g(z) = 2 — 2 for

3

x > 1. From the assumption that D is of equidegree with respect to r1 Dy, ..., 7,D, ,

we have, for 7 =1,...,q,

1
(Tij).Dnil = 5Dn

which implies that, for 1 <i < 2,

Hence

q

D" q

fi = nD" 1 Dp, = n[(l+1)/2]

> (4.5)

S
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Here, above, we can assume that ¢ > [({ + 1)/2] for otherwise the theorem trivially

holds by the FMT. Hence g(f3;) > =5. On the other hand, we have

Ai=(n— 1)D"*2.D%i > min (r;D;)" 2.(r;D;)* = min (r*r3(DI2.D3?)),

~ 1<i,j<q 1<ij<q * 7

and

Bi < D = D

nminy<; j<o(r;D;)"1.(r;D;)  nmini<; <, (r?tr(DFD;))

Hence, by combining (4.3) and (4.6), we have

n

(1+ 201)D”N— +O(N™1),

—ZordEs > 9
ordg(ND) e ~ 2n[(l+1)/2] n!

where
ming<; j<q(rf 3 (D}2.D3)) miny<; j<q(r]'r; (DI 1.D;))

C, = (nDP? (4.6)

and thus, together with Lemma 4.4,

q
(VD) 2= E S 2 gy

seB

(1+2C)h°(ND) + o(h°(ND)).

Therefore, from the definition of Nev(D), we have

hO(ND)
(1+ 2C)hO(ND) + o(hO(ND))

Nev(D) < lim inf 7
N=too oo /2)
2n[(l +1)/2]

q(l + 201) '
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Applying Theorem 3.13 with ¢ = 2"[(”;1)/2] (1+01)%+201)’ for D =3%1_,r;D;, it gives

2n[(l +1)/2]
my(r,D) < ————~—Tp(r B
D) < BT o) |
where C is given in (4.6). This proves the case when r;,1 < j < ¢, are rational
numbers.
We now prove the case that not all of r;,1 < j < ¢, are rational numbers. By
the assumption that D has equidegree with respect to r1Ds,...,7,D,, we have, for

1<j<g,
q n—1 1 q n
(r;Dj). (ZW@') = - (Z%‘Da) :
=1 4\
Let Cy be the constant in (4.6) and fix

274n7101Dn
g(L+273n-1Cy)

5o = (4.7)

By the continuity, we can choose rational numbers a;,1 < j < ¢, which are close r;

with
. €0 . Eo(minlgigq Tj)
] < = . ]
a] T]| > 1min 4 (llgilgq T])v A < 2n[(1+1)/2] ) ) (4 8)
q(1+2—3n—101)
where
2n[(l + 1)/2]2732C
€p = min< 1, nll+1)/2] : ) (4.9)
Q(l + 273"7101)(1 + 273n7201)

and such that .
q n q "
1
(CLZDZ) Zaij < - ZCL]'D]‘ + (50. (410)
1 q 1
J J
Consider D' := 37%_, a;D;, and write Dp := Dy, + D, where Dy, and Dp, are

effective divisors with no irreducible components in common, and each D', ; 1s a sum
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4.2 PROOF OF THE MAIN THEOREM

of at most [(141)/2] of the a1 Dy, ..., a,D,. Similar to the above, let N be a positive
integer, sufficiently large enough, which is divisible by the common denominators of
a;j,1 < j < g, by the same argument as deriving (4.3) and (4.4), there is a basis of
H°(X,ND') such that

1 B ,nN” -
— > — .
ordg(ND") SGZBordES - 1217;132 2 ( BZDn (BZ)) D +O(N"), (4.11)

where 3; = D/£—/1nD/, A; = (n—1)D" 2D} % and g : Rt — R* is the function
n Pp )
given by g(x) = ’”—;if < 1and g(x) =z — 32 for > 1. Now, from (4.10), we have,

fori=1,2,

(D" D) < [(1+1)/2] GD'” " 50> _ x )/ +q1)/ A pm (1 " %—(52) ,

so, noticing that D™ 2 ==D™ we have

b q 1 q 1
nD™ Dy, = nl(+1)/2 (1+ £2) = nl(+1D/2] (1 + 58

Bi = (4.12)

2" qdo

For same reason (i.e. we can assume that ¢ < [(I +1)/2](1 + 55

) for otherwise the

theorem would automatically hold by the FMT), we get 8; > % and thus

9(Bi) = ni (4.13)

Also, noticing that

(D" 2 D%f) > min ((a;D;)" (a;Dy)) > L min ((riDi)n_Q‘(Tij)2>’

1<i,5<q — 2n1<i,j<q
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4.2 PROOF OF THE MAIN THEOREM

and, similarly,

ne 1 . _
(D"'.Dp) > = min ((r:D)""'.(r;D;)),

T 27 1<i,5<q

we have, also using the similar inequality D™ < 2" D™,

1
o _ m=2 2 - : n—22(mn-2 1?2
Ai=(n—-1)D"".Dp;” > o éli,lféq(” i (D;2.D5)), (4.14)
and
D/TL 4nDn
Bi = m—1 / g : n—1 n—1 : (415)
nD™ Dy, T nming< <o (] (D)T.D;))
By combining (4.11), (4.12), (4.13), (4.14), (4.15), and Lemma 4.4, we obtain
! > ord (4.16)
——————— ) ordgs .
ordg(ND') b
seB

Q(l + 21_3”01) 0 / 0 / /
<2n[<l T2 2y D) elRND >>) ords(ND'),

where () is given in (4.6). Hence, from the definition of the Nevanlina constant,

we get
2n[(1 +1)/2)(1 + L)

Nev(D') <
ev(D) < q(1 + 21=32CY)

Applying Theorem 3.13 with

2n[(1+1)/2](1 + 2o )2-3n 0,
€ =
q(1+2-3C)((1 4 21-3nCy) '

we get

=}

n|(l 9% 1
ajmf(rv Dj) < (2 [( q—é—llj-/s]—(;bgl)l) )) (Zaij’Dj(r)> “E

J=1
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4.2 PROOF OF THE MAIN THEOREM

From (4.7),
2—4n—1Can
Q(l + 273n7101)’

5(]:

SO

> i) < (BN (St 1s

=1 i=1
Now, from (4.8),
q
ermf(r D;) < Za]mf r,D;) + Zwmf(r Dj) |k,
J=1 7j=1 7j=1

so, together with the First Main Theorem, we get

q

ermf(r, D;)
2n[(l+1)/2] - (minr;)e [
= (q(l - 2—3"—101)) (; aij%(r)) T (; Tf,Dj(r)> &
_ ([ 2nll+1)/2] - €0 [
B (q(l —1—2—3”—101)) (; aij@(r)) + 1 <]Z1 Tij,D;-O")) &
2n[l+1)/2] |« ’ ¥
(q(l romoicy) Z) <Zl ”Tf’DJ‘“)) o min) (ZTfD )
DT, ()
2n[(l+1)/2] -
- (q(1+2—3n—101) +60) (; Tij,D](T))

2n[(l+1)/2] d
Scry (JZ ””D*”) I
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4.2 PROOF OF THE MAIN THEOREM

where, by (4.9), we get

2792 miny ;<o (r] 23 (DP2.D3)) miny < j<o(rf e (DP1.D;))
. .

(nD")

o =
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