PERTURBATION IN AN ELECTRON GAS -

A Thesis
Presented to .
the Faculty of the Department of Physics

University of Houston

In Partial Fulfillment
of the Requirements for the Degree

Master of Science

,

by
Chei-mei Chou Li

January, 1966

343451



ACKNOWLEDGHMENT

Appreciation and gratitude are extended to Dr. R. H. Walker
who has unceasingly and readily offered his advice and help in tine
overall formation of this work. |

The author is also thankful to her parents and her husband for

their éncouragement and thoughtfulness.




PERTURBATION IN AN ELECTRON GAS

An Abstract of & Thesis

Presented to

the Faculty of the Depértment of Physics

University of Houston

In Partial Fulfillment
of the Requirements for the Degree

Master of Science

-

oy

T

P 4 2 a3
vhnelt=mel Lo LI

— January, 1966 —




ABSTRACT

A fifst order perturbation method is used for treating localized
défects in metals in a self-consistent way. The calculations are
performed under the Hartree approximation using both the ordinary
Coulomb interactions between'electrons appropriate for the one elec~
tron approximation and fhe effective short-range potential resulting
from the Bohm-Pines plasm§ theory of metals. The results of the
above approximations are tested for self-consisténcy by the spplica=-
tion of the Friedel sum rule. The results are then compared with
the'statisfical approximetion of the Thomes-Fermi method. It is

found that they are very similar.
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- CHAPTER I
INTRODUCTION

Many of_’ the interesting properties of solids have t}neir origin
in imperfections which interrupt the periodicity of the lattiqe upon
vwhich the solid is based. These imperfections can be dislocation,
interstitial atoms, missing atoms, etc. The effect of a given im~-
perfection on electrons in a solid has been considered by many au-
thors, such as Slater and Kbster,l Du Pree and Roth.3-

Thomas and ]E‘er.milL develop§d a statistical model for treating
the problem of the self-consistent field. Our present work is con-
cerned with the application of first order perturbstion theory to
the one electron method of treating a many electron system. From
this theory we obtain a methdd for finding a self-consistent poten-
tial in terms of a given unscreened perturbation. The approach is
that originally suggested by Bardeen5 in his treatment of the elec-
trical conductivity of monovalent metalsL We solve this problem
using Hartree's6 approximation for both the ordinary'Coulomb inter-
action and the effective short-range interaction resulting from the

Bohm-PinesT’ 8,9,10

plasms theory of metals.
11

As a test of the self-consistency of a given potential, Friedel
developed & sum rule involving the phase shifts that arise in scat-

tering from the potential. This rule is applied to determine the

range of densities for which our theory is valid. The results of




D

this work indicate that neither *hz statistical treatment nor th:

(

rerturbation treatment are valid approximetions for real metels, at

T

least for point impurities.




CHAPTER II
THE SELF-CONSISTENT FIELD METHOD

The Thomas-Fermi Approximation

The general treatment of the Thomas~Fermi spproximation starts
from the minimum energy pr:i.nc.‘i.ple.h-’:L2 We assume the conduction
electron: and the ion system to be represented by a Lorentz plasma,
that is, a uniform cloud of electron. mow}ing in a background of fixed
positive 'charge‘. The Thomas~Fermi approximation follows from equat-
ing the electronic kinetic energy to that given 5y statistical

~mechanics, namely

%
T=¢|Perrdv, (2-1)

vhere C is & constant of proportionality and f( ¥) is the electronic
charge density. If the potential due to ‘the uniform background of
positive charge is VN » the total energy of the electron gas with

unscreened perturbation S Vo is

% .
E= Cff(?)dv + [V, ffrdy
+1 J’L"'-’;%awv% f sy prav. P

It f( ¥) 1is the correct charge distribution, the energy ﬁinimm

principle statesthat E  should be stationary under arbitrary



variation of f(F) . Since total charge is conserved, however,

vwe must consider only those variations for which

const = ffﬂ"JdV . - '. (2-3)

We then have

% (F) ’ »
C fpmeet[I2ans = 5, ey

where A\ is a Iagrangisn multiplier resulting from the comstraint (2-3).
When an unscreened perturbation é'V, is introduced, the charge

density changes from its unper’c{lrbed value f, to a perturbed value
i ) ey ] + v . . . -
fm ﬁ § fm _ (2-5)

Upon substitution of (2~5) into (2-4), the quantity V,, is seen to
be cancelled by the potentisl due to the unperturbed electron gas, and

there results

f-c %-95&“‘51{, =X, (2-6)

- where

SV¢FD ’
fu= leTs;L-?’:W

is the electrostatic emergy due to the change in charge density, § f .
It S% vanishes, that is, no perturbation is introduced, M is
seen to be exactly the Fermil energy E.°~~ . We write the screened

perturbation as




sV = su+ SV, ) . (2-7)
and hence
. Y |
- 3 . :
j’(r) =[&'(E°- SVJ] . (2-8)
Under the assumption &V << E, s we expand (2-8) and retain
c;nly the terms linear in -S?V- . We then have
°
sp=-2 gy 9
2 E ‘

o

The change in electronic charge density 5f can be related to§U
through Poisson's equation which in fact insures self-consistency.
Then 36U = ~4Te Sf . This expression, with the help
of (2-9), becomes

(vVApr8U =5 }

'6’= fme '!%,

(2-10)

Equation (2-10) is recognized as a form of the inhomogeneous Helmholtz
equation, which has well known solutions.

The éffect of the introduction of a charge % -will be a redis-
trivution of the electron gas. | Whether 1;he electronic charge density
decreases or increases in the vicinity of the chargeﬁepends upon whether

z is positive or negative. The electron gas, in fact, "screens" the

charge % s 80 that the net field at large distance is zero. This




screening, however, will be negligible for points sufficiently close

+o charge ? . The boundary conditions on § V( ¥) are therefore

(F) =2 0o as Y ) OO
SV ’ } . (2-11)
SV(F) —s %. as rv-— 0
BEquation (2-10) has the particular solution
g 1 dy
= =
U = -ﬁf%(r,ns;{,mdv (2-12)
with the Green's function - éP( ¥, ¥°) satisfying
(Vg 6‘5&, F) = ~aT S(F~F') . (2-13)

The appropriate Green's function which satisfies (2-13} and the boun-~

dary condition (2-11) is easily seen to be

.
G F) = e"F o (2-1%)
f I?‘."F" . L]

For any given unscreened perturbation § % , the shielding potential
§U in the Thomas-Fermi approximation is given by the evaluation
of (2-12). To this end it is useful to expand the Green's function

13
in spherical harmonics, i.e.

'} -

w § | 5
ép(ﬁfl’z-ﬂliggfﬁu pﬁ;eﬁg} };;'9,«?)1::9' 4 (2-15)




_ . . :
The function JQ( f) is the spherical Bessel function of order l
and has the asymptotic behgvior

. - 212.’ 2
3,0 7o’ o] |

J‘Qq’) F_;;" _rg_/;n,(f-érr);

(1)) .
while the function f; ( r) is the spherical Hinkel function of

the first kind and behagves as

) (2! ~t4+)
A >0,
z f—’o L2 !.

‘ﬁed)(r) ——;h-}—e’xP{iCj’—gﬁﬂfl)]} R

r--ba

1f SV, has spherical symmetry only the term 1:0 in (2-15) con-

tributes, and (2-12) reduces to the result

- Y - v, 2
Su = —;[QFI r’;lé(r’Jﬁ?nhPF dr

o ..Ier’ (2-16)
. 7 4
+,¢mI|lBrj Y'Sl/o(r’)e dar ] .
. .
2 f .
ze . o .
For S l/° = —.r'.- > corresponding to a point impurity of charge Ze ,

equation (2-16) is easily evaluated and gives

SV==e' . : (2-17)




This special case of (2-17) is exactly the result of Mott:,lh who made
the earliest attempts to treat impurities in metals in a self consist-
ent way. From equation (2-17), it is seen that p is.a. constant
characterized only by the density of conduction eiectrons and #—

is a méasure' of the screening distance. Mott's development assumed
that the conducti_on electrons could be represented by a gas of uni-
form density and thet the Fermi level was nb‘b altered by perturbation.
This last assumption is reasonable since the Fermi energy is deter-
mined solely by the density, and the effects of the perturbation are
negligibly small cutside a radius "é' . EHence the density is-es-
seni;ially unchanged over the major part of the metal. For exsmple,

if we assume that the electron gas is that of the vaience electrons
in g monovalent metal, ‘then In terms of the atomic radius n s

that is the radius of & sphere containing one electron, we have

f 3e
0 4.“1;3 7

and
2
' o Keanyd g
E° "';r—"( 4-) C& H
s0 that
)5
Aot ary3
e =@ @R,
..ha
vhere &, = PGi is the Bobr radius. If T, is measured

in stomic units, this gives




—A— = 0. 44 1;)5' atoxﬂic units. | ' | .

For sodium Y, is about ) atomic units, so that

L =g
F aé? A;

which is smaller than the average inter-electronic distance.
It is instructive to write the differential equation (2-10) in
another form, which is convenient for. comparison with later results.

Through Fourier transformation,
a - :
Su(g) =- ;,-%; Sl/o(‘pz | (2-18)

which combined with the definition of the total perturbed potential

giveé

5y = SR

b " % : '(2 19)
where

-i3-T
Sl/ot'-z-) = L JTS(/,(Y-‘).e } dv . (2-20)

By this technique, we see that an alternate but equivalent solution

of (2-10) is

sver) fSV‘ije ‘“(i . (2-21)
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-

The results (2-19) and (2-21) will be compared with the quantum me-
chanical solution to the problem obtained by perturbation theory.

This is the problem +to which we now turn.

Perturbation on the Continuous Specirum

Since ve shall be interested in the effect of S V on a set of
conduction electrons in a metal, we now investigate the formalism of
perturbation theory with a continuous spectrum.

Consider a systen with a continuous spec’cz;um E‘§ and eigen~
functions \}jﬁt ) subject to the perturbation SV‘F) . Let g/
end IP-E ‘be such that g

g =Y
£ SV
where ({/ 'is en eigenfunction of the unperturbed Hemiltonian. If

the Y’ comprise a complete set, we may write
]

A' _J‘.E_’-t
“4E 4 . v - F had
gl_-_—.(/JeifirZE(K,h)e . (2-22)
£ A I
EP; and {k_ satisfy the Schrddinger equation,

k.

4 2%

& at .

a . (2-23)

HY
ol
HY =ik 258

where Ho is the unperturbed Hemiltonian operstor, and H = H9+SV




Substitution of (2-22) into (2-23) yields

AEt dbCRR) -#:-E_,,,t
vy e g 7 L:xt e *
{ ) h,, R _
-"’E A‘f. (2-24)

+LpERIVE e "o
K. :

12 §V can be considered as being turned on at t=o » that is,
' -y u -’, L
when £ —0 bCkhk) —| end bCR,R) —> 0 , first order

perturbation theory gives‘l5
-r - |. "":(E ~E /)t
db(roR) _ (7 TR OR
= t<klsv!£>e ' (2-25)

Upon integrating equation (2-25) fromt =o tot=1T , one obtains
<RIsVIR> .
LR R [, -
E_-E.
R k

yJ ——h
vhere the matrix < R ISVIKR > is defined as

~$(E-E )t
e

L) = RO ] 0 (226

-— | *
<RISVIR D =f'4;¢" 5V‘[% v , . (2-27)

Therefore, so far as the first order perturbation theory is concerned,

the perturbed wave function SP E is



12

-L (e, - ,)t “rER
b= 4 ¥at TR TR

{ . -4 t
= <R1sVIR> . 7;'(5 'EE,)'( } %F
“F% E-E [I-e ' ”ﬁ € )

Since we sre considering perturbation on the continuous spectrum, we
may express J, ~as an integration over the states of the whole energy

K

range, i.e. .
% =f?(Eﬂ“)dEE' ’

vhere 7( EE') is thedensity of eigenstates between EE’ and

E ‘+dEﬁ, . We also choose to regard EE as a complex variable.

- There ore (2-28) becomes

" (2-29)

The integral '(2-29) is taken along the real axis, and is well defined.

-
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We can displace slightly the path of integration into lower half
plane without changing the value of integral, since there is no sin-
gularity on the real axis.

Now consider this -integral as to be composed of two parts,

<RIsSVIRD>
dE 9(E ) —
f Elj l’ (l)l ER-EE’

and

Y “(E t)'t
£ <kIsVIR> %
f“‘Eh'7( 5')4;;' BeEp :

Since the imaginary part of Ek_, is negative on the path of integra-
tion, the second integral appfoaches zZero as 't approaches infinity.
In the first integral, we may again make the real axis the contour of
integration provided we add a,n infinitely small negative number to EE’ .

to insure that we pass below the singular point. Thus we obtain the

1:1mi't;ing form of the perturbed wave function for large time as
_q.) —[‘l) + S <ElSV!E>(}, ] RET (2-30)
k E E +ie /

Perturbation in the Hartree Approximation

We now consider perturbations on the conduction electrons in an
electron gas in the Hartree aspproximetion. 7 This problem was first

>
considered by Bardeen in his investigation of the electrical
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conductivity of monovalent metals. He assumed that the wave func-
tions of the electron in the undistorted crystal weré plane waves,
and used these to calculate the charge distribution, This requires‘
that the periodic part.of the actual wave functions vary slow;y
throughout the major part of the volume. The calculations of Wigner
and Seitz,16 and of Sla,terl7 sh&w that this assumption is wvalid for
sodium, and it probably holds reasonably well for other monovalent
metals. Recently W’alker12 has approached the problem using a similar
method. Our treatment follows that of Bardeen and Walker.

The Hartree equation for the conduction electrons may be written

in the form
.ﬁ: 2 . Fy = ry .
(-;’_nv.*v.(.U)%(r) EELPE(Y')

The potential b/ is that due to the interaction of the conductive
electrons and the positive background of the plasma model, and U is
an operator that accounts for the interaction of the electrons among

themselves. The potential u has the form

f 4y - (2-31)

with

I(F) e

—0
~
)
(7

I

|

n
~C
S~
b 1

—
1 E

(2-32)

The summation here goes over all occupied states, that is over all
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2

states having an energy less than Fermi energy E° = —5-%'“" k: .
Strictly speaking, the state F = E ’ should be cmitted, since it rep-
resents the self-interaction of the electrons. This does not alter
the conclusions which follow because the eigenfunctions for the elec-
trons éxtend throughout the plasma and the interaction energy of such
an electron with itself is negligible. '

Suppdse now an unscreened perturbation S Vo is introduced which

alters the charge density f( r) and hence u . The total perturba-

tion is then
sV =58 +5U . . (2-33)
The screening effect is i;ncluaed in §U , which may be written as
§U=-e f SIE 4 4 (2-34)
I¥-rl . _ ' :

The problem is to determine s f » and then SU using perturbation

theory so that §|/ is self-consistent. - To this end, we write
*
cy=_—e§ ({J .
§f {,’ bt

* *
=-py +Yigy |, (2-35)
Q‘E[S‘% q;: | % )

and express the difference in the perturbed and unperturbed wave

functions following (2-22), as
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§Y =2 LRRDY., (2-36)

RI k’, E
with
vy = <RISVIRD
p(RY= T e - (2-37)
KR -
Substitution of (2-36) and (2-37) into (2-35) yields
—_— + (
sp=-e2 T [bK E)‘I’ VERLE T,

K<k K

Here ’Z is the sum over all states from the lowest state up to the
K<k,
Fermi 1evel, while )'_'. is the sum over all possible states. The

symmetry property of E

E = E ) : (2-39)

b(R, E')‘{'* . =X L f(-F:-R)q;;, Y . (ko)

M
=M

From substitution of (2-40) into (2-38), we obtain
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" :
=~ *—-,/", —’:E, 7 e
g GBSO LY

In order to carry out the integrations in (2-34), we make use of the

explicit form of the.electronic wave function

EF

L}’ (r) = (l")% e |, : (2-42).

with the normalization volume taken as one cm3.' Equation (2-34) may

then be rewritten as
URRDF

(U =X % s SeR Mmj e

, P '
_.4116 ZZ [L("- ‘El)"'b(k E)] _E___R.q) -R ‘]b (2 L43)

(17! K-k

kek K

The relation
. 74 Yy =1 7 =0 Py
{R-EYF LCR=R).T
S dy’ = ‘$"~ 2 €
(P71 IR=R . (2-1k)

has been used in obtaining (2-43).

The matrix element of S() may nov be calculated and gives

a
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<h+1l$UIk>—f‘P SU‘I’ W

s R%9)- r
> (bCR-R ’)+L(/zk>]f k- 1
(a.v) K<k, h" IR”-R’|?

fomaed

and  [bER-3,-K)+b R4 ,/?)] (2-L5)
= 3'1'()5 z 2 : R
1 e, 7

In arriving at (2-45) we have made use of the Dirac delta function

in the form

-~

R F _
§R) =z f (2-146)

Since.the operator SV is Hermltlan, it has the property

CRISHEY = <-RIVI-K> (2-i)

and we may write

I R+3lsv| R
b*(—h-z,-kJ = z > . (2-18)
ROwg
Making use of (2-37) and (2-48) we have
<R IV|R I | _
CRJIHE) = —%’ T et = =] ea9)

S | R R B



We now apply the identity

R Y : ’
' e’
in which the symbol P »indicates that the Cauchy principal part is

to be taken in integration, that is

~& [
[f foIdx + j(x)dx] .
Joo €

& —0

Pj?(x)dx = L;m

From this definition we obtain the matrix element S U( z )

U = CReIsIRD

P <E"f‘§|5V'E’
{<k,
K, T (B Bug)

* (2-51)

Since (2-7) is the condition for self-consistency, the matrix of the

required potential is given by

R+ISVIR >
h*ilﬂ/lﬁ? (h#zlSUlE?‘f £ Fhk <Z (ZE _c =) 1 (2-52)
R4

This equation has the form of an imhomogeneous Fredholm integral equa-

tion of the first kind. Its solution for this particular cese is
. ol
trivial. The matrix of $V is independent of R , and is dependent
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only on ? » the difference between initial and final wave vectors.

"' Therefore the solution can be immediately obtained and is

£
Su =SSPt g SV‘3>P<k e  (2:53)

?

The sum in this equation has been calculated by Bardeen, who finds

. ‘
ei L—PZ .E__LE__ =Ll , (2-54)
Tr 3 k<k° E/ R{fi 0.

with .

: l-’( 1+X
Foo =5+ loy }:~x . (2-55)

and

Therefore, SV( '-3.) » the matrix of the self-consistent potential is

determined, and has the value

SUCH)
I+ —Z/?- f& - @)

swg) =

gV(F) is found by Fourier inversion to be

SV = L - (2-57)



Comparison of equation (2-19) and (2-56) shows that the results of
the perturbation theory reduce to that of the Thomas~Fermi approxima-
tion with the replacement :ﬁ* — [ . Figure I shows the behavior

of function :f“ (x).

Plasma Oscillation in Metals

During recent years a theory of the interaction of electrons in
metals has been developed which offers a simple Justification of the
independent particle spproximation. This is the coliective coordinaté

4,7-10

theory of Bohm and Pines. The essence of the result of this

theory may be interpreted in the following way. Suppose as a result
of a chance fluctuation in the thermal motion, the electron charge
density in some region is below the average density. Then the posi-
tive background charge attracfs neighboring electrons to restore
charge neutrality. But the attracted electrons acquire momentum and
more electrons accumulate in the region than is necessary to neutralize
the positive charge. The excess charée fhus created repels electrons
outward again, and so oscillations of the electron gas are set up.
These are in fact plasma oscillations.

Because of the plasma osciilation, an electron can no longer in-
teract independently with another electron. This is reasonable since,
if one displaces an electron from an equilibrium position, the result-

ing electron cloud will produce a screening effect. This correlstion

in the motion of the electrons has been carefully studied by Bohm and




" FIGURE 1
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. Pines. They found that the potential energy between two electrons s

distance IF‘ "Y} I apart was no longer of the Coulomb form, but
effectively was given by
R —.—\7.
- ¢ 4ne k- (7, 1 ) _
Ver-ro = i ) (2-58)
k<k

where kc = 0.3§ Y;'K R, is that value which minimized the total
energy of the system.

The sum in. (2-58) may be evaluated in the limit of large normel-
ization volume and there results

. 2 ROG-)D
Wi =Z e T

kek,

— e - _ =

=_= 1-Y:1 (2-59) .
:z-'g'.lF(k‘ 7)),

vwhere
E— —_2. < )
Far=| w Si¢§) (2-60)

with

J .
=[°pnt
S:.‘P ‘[ -t df v (2-61)

A sketch of V(F) is shown in Figure II.




FIGURE II

2L

2
Vi) = e

Vo = Vg p

Vin= FexpEir]
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Perturbation Theory with Bolm-Pines Short-Range Interaction

10
In the Bohm-Pines plasma theory  the potential of two electrons

Y.'- I apart due to the short-range interaction is

]

a distance ]ﬁ-

[

effectively '
LRA(G-T)
)M “kz e J
R<k,

Using a similar analysis to that described in section 3 of this chap- -

ter, but replacing the Coulomb interaction by Bohm-Pines result, one

may obtain the self-consistent potential Y ch) as

s <;> =SY<P, for sk
L P P g ot

and

) = 'SVci>
l+€-f(;§_)

where fkf)‘) and P are the same as defined earlier in this chap-

for Tk,

ter. The analysis leading to this result is similar to the previous
analysis and will not be repeated here.
The asymptotic behavior of § VB f~( }) shows that

(?) ——9oo

A ) -N
which indicates that § V( Y') must behave for large Y as r

with NN< 3 . This is in conflict with the fact that the impurity

must be shielded. The reason for this contradiction is that we have
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considered only the Bolm-Pines short-range interaction which tends

to pile the electrons around the impurity.. We have neglected all
exchange effects which give rise to a repulsion between electrons of
like spins. If we consider "exchange" temrms, it becomes very diffi-
cult to éolve the resulting integral equation corresponding to that
given by equation (2-52). The results of the trestment by Bolm and
Pines indicates that there would be little difference between this
calculation and that given by the simple Hartree theory. For these
reasons, We consider only the Hartree theory for purposes of numeri-'

cal calculations.

(]

The Condition for Self-Consistency

The meaning of a self-consistent potential is that the potential
in which a system of electroﬁs is assumed to move must be such as to
produce wave functions for the electrons which gives rise to the same
potential. Therefore the potential & /(F) obtaining by Fourier

transformation
ger

§Ver> =/$vc;‘>e i dl%

should be self-consistent at least in the first order approximation.
To obtain an exactly self-consisteht potential, it would be necessary
to solve the Schroedinger equation for electrons of all energies less
than Fermi energy. Then a new potential SDin) could be evaluated

from the resulting wave functions. Since the electronic wave functions



extend throughout space and the necessary integrals would be diffi=-
~cult to determine with any precision, this is an almost impossible
task; Instead, can we perform e test toAverify the’self-consistency
of an .assumed potential? Friedelll has given an affirmative ansver
in his "sum rule" which results from the following simple argument.
Friedel réplaced the periodic boundary conditions by a perfectly
reflecting spherical surface of a large radius R. The wave function

for the unperturbed electrons are spherical Bessel functions which

have the limiting behavior

: > L 4 L
h(kr) o Ry AinCRT=32°T )

Similarly the wave functions for electrons after being scattered by

a potential are

I .
RaCkr) rordiy 1 Ain (Rr zﬂ""&),

Here ]E ig the wave vector, 11 is the angular momentuﬁ quantum num-
ber, and &; is the phase shift resulfing from the scattering.

Since it has beén assumed that there is a perfectly reflecting boun-
dary surface at R, the wave functions should vanish there. This gives

the allowed values of k for the unperturbed system. These values are

kR"‘g’lT =mMmT ;
and for the perturbed system

RR- ;err+& =T,




Thus the change in wave vector for two consecutive allowed values

'-.ofk‘are
AhR =Tl';

and L
' ARR + Ah ag =T |

respectively. Therefore the number of states per increment of k

L 25

introduced by the perturbation is = for each
y T -S-F zZ

The total change of the number of states up o some value k is
R
= L 35 =L k)~ (0)] -
rrf'g“;{“’k LR ) )
-0

. Suppose the perturba'bion' introduced is due to & change Ze .
In order that this be shielded at R —>» 00 , there must be intro-
duced- enough states to hold Z electrons below the Fermi level.
Since each angular momentum eigenstate has an orbital degeneracy of
(2£+l ) , and since each state can hold two electrons because of

spin, the total number of states introduced below Fermi-energy is
. 2 <0
Z =’TT-Z (21+l)[£(k0)‘&(011 . (2-6}4)
g=0 :

This is the Friedel sum rule, and must be satisfied by a self-consist-
ent potential.
It should be pointed out that the behavior of the phase shift

1
for vanishingly small energy is such that

é ) =17, (2-65)
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" where n 2 is the number of bound states of orbital angular momentum
. £ . Hence for the case of a weak atbtraction potential possessing
no bound states or for an arbitrary repulsive potential, the sum

rule is . .

z = _1‘?1:23:-3 (z,eu)Sn'(k,) .  (2-66)

L)

Recently Rawls and Schulzl9 have suggested a classical treatment
for the calculation of selected energy levels in a Yukawa potential '
that utilizes the Bohr theory. X They also obtained an expression for
the number of bound states of given angular momentum. Since our
screened potential is similar to the Yukawa type, we may use their
treatment to estimate the maximum Y; for which no bound state ap=-
pears. For n >( Y; )MM.. » the potential is strong enough to pro-.
duce bound states. This implies that the first order perturbation
theory is no longer valid for this potential. Thus our estimate of

( T; )mo.x. is an uppei' bound in the validity of our calculations.

Rawls and Schulz found that the smallest value of P for which

no bound state of zero angular momentum corresponding to the principal

quantum number n can occur is given by

z '
p =o.736;1 . | (2-67)

Taking P to be that resulting from the statistical treatment of sec-

tion 1, that is

- ke

ot

P:(g"e% - 1.5
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_ we find that the maximum atomic radius for producing no bound states

is

A3
(‘: )max. = (—ZZ—-) (2-68)

From equation (2-68), we may expect that for Z =+| s I < 4.4 AU.
and for Z =42, To <2 AlL. our theory should be

valid.




CHAPTER ITI
NUMERICAL PROCEDURES

A point impurity of charge Z @ gives rise to the unscreened

potential S V°( ¥) vhose matrix is

ch)

Substitution of (3-1) into (2-56) yields

sVep = R (3-2)

We then obtain the self-consistent potential S V( T) as

,cm r

‘8 (3-3)

WU— j'+%1(

Since the function J(H( X) Qefined by equation (2-55) has the

asymptotic behsvior

s
j“(X) X ——)a:l 37(2 )

* we choose g value 7’” ox such that

* ~ 452h:
b = 3«




Then we may rewrite equation (3-3) as
o~ 2€ I s gr
Vi) = I [ F(%)m'n'zrd‘g + d} ) (3-k)
. .

with

Fp = T -,%C (% ] | (3-5)

To evalugte S V(F) , many numerical integrations must be performed.

The first part of SV{F) , in equation (3-4) has the form

b .
jon =] F(pangrdg.
a .
Ordinary techniques of numerical integration, particularly for large
value of r, are difficult to apply due to the rapid oscillation of
20 .
A?M%r . Filon has given a method of performing integrations of
this type by a generalization of Simpson's rule. If the range of in-
tegration is divided into AN intervals of equal length 'g , Filon has

shown that the integral' may be approximated by

o =£{J[F(a)m h«-‘chcmkb]ﬂ% Sz,,'* TS;F_‘}. (3-6)

with
1 4 covdring _ 2 4in’@
6 6* 63
=9 (t+con6) 28MM0 cor8 ] ——
P = [ ‘ o3

o
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"Y=4'[M6 _ 8
n

Sz = 2 F(at2pf) sim [h(«uf{)]-F(a),_a.u‘ukaa}:(b),d..hb

e

Pt

3 ;o Fla+ 5T R) ain [RCa+ T RO]

9= 4+ -

The error involved in the use of this integration formula is approxi=-

mately the same as the error inherent in the evalugtion of

['rpay

by Simpson's rule.

*

The second part of the integration in (3-4) can be rewritten as

[ [

= ‘E‘ - 'S,c(Zmaxr) J

where . :S}(s) is the ordinary sine integral.

( In this way, a tentative s;lf-consistent potential was calculated
by means of equation (3-4). Using this potential thé scattering phase
shifts were determined, and from them the Friedel sum obtained. The
departure of this sum from its required value is a measure of the lack

of self-consistency.
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The required phase shifts were obtained by ordinary methods as

1
described by Schiff, > namely

4143 - di3) 13
"Larﬂgg =*Jo/ 15 Jd
N~ @ Ny 5 =ha

where dz is the ré.tio of the wave function to its derivative for
energy corresponding to k, and a is the radius for which the scatter-
ing potential is sufficiently smali. For the numerical evaluation of
the phasé shifts, a computer program written by Mayeszl was used. A
description of this program can' be found in Mayes' thesis.

Our calculations were carried out for four cases, namely for
zZ= +I’ +2, =] @and —~2 . Figure III shows plots of the phase
shift sum against atomic radius Y; . From these data one may ascer=
tain the fa.nge of r:, for which self-consistency approximately holds.
Since for these four cases the region of self-consistency is around
"’; = 0.5 A.U. , one concludes that fhe perturbation treé.tment is
not valid for real metals at least for point impurities. This follows
since the range of Y, for typical metals is from2.66 A.Uto & 72 AU,
'Figure IV shows a plot of the self-consistent potential for Z=+{ and
n = 0.$ AU , that value of T; p;roducing self~consistency. We have
also given a plot of 2 e_ﬁ r on this figure to show the comparison

of the results from statistical and quantum mechanical treatments.

It is seen that these are very similar to each other. Table I gives
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alist of T andT*V for Z=+| and Y; = o0& A K. .

... From these data we may observe a significant fact, namely the long

range oscillation of the perturbing potential surrounding a localized
impurity. This phenomena can be explained on the basis of Wa.lker's12
expression for the displaced charge density which behaves asymptotic-

ally as

af > ‘e“r,,mczh T+¢)

F e 3T

with .
demd = ,'_ %C—) (zQﬂ),cm.:.SCk P

L]

daimt = Zfagan) in2§yhe)

It is clear that an asymptotically oscillating charge density gives

rise to a similarly oscillating potential.
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FIGURE III
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FIGURE IV

T R eI T A R R e e et

0.5A0, 2=l

YA:
-p

(r«v)
28

"
J

]
"
[ ]
[
[}
]
[}
[}

Y, T0.5AU, Z=+l.

—a|5 [~

2.0

YAU) —>



TABLE I

THEORETICAL DATA OF r*V FOR Z = +1 AND ry = A.U.

T ¥y
(a.v.) (A.U.)
0.05000 -1.99660
0.05500 : ~1.80410 X
0.10500 -1.63103
0.15500 -1.46643
0.20499 ~1.31290
0.30499 - =1.04382
0.40499 -0.82700
0.50499 -0.65728
0.60499 -0.52561
" 0.70499 - -0.42246
0.80499 -0.33997
0.90499 , -0.27273
1.00499 -0.21756
1.20499 . -0.13691
1.40499 , -0.08735
1.60L99 -0.05697
1.80499 -0.03642
2.00499 -0.02249
2.20499 : ' -0.01433
2.60499 -0.00622
3.00499 -0.00224
3.40499 ' -0.00115
3.80499 -0.00027
4 . hokg9 ~0.00003
4, L8499 " +0.00003
L.64499 0.00001
4.80499 ~0.00010
5.04499 : -0.00009
5.20499 0.00003 |
5.36499 . 0.00007
5.44499 . 0.00005
5.60499 -0.0000k4
5.76499 -0.00008
6.08499 . 0.00005
6.16499 0.00006
6.241499 0.00005
6.32499 0.00001
6.40499 -0.00002

-6.56499 - -0.00006



(A.U:)

6.72499
6.88499
6.96499
T.04499
T.12499
T.20499
7.36499
7.60499
T.76499
_T.84h99
7.92499

TABLE I (Continued)

loNeRoNoNoNoNoNeoRoNo o]

r*V
(a.U.)

.00002
. 0000k

. 00005

0000k -

.00002
.00001
.00005
.00001
.0000k
.00003
.00002
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CHAPTER IV
CONCLUSIONS

A fi&st order per%urbation theory for an electron gas based upon
Hartree's approximation has been developed which yields a self-con-
sistent potential around given impurities. Mathematical complexities
make it necessary to use the plane wave approximation to describe
their unperturbed motion. Numerical calculations have been carried

_out based upon ehe theorétical formulations. The results of pertur-
bation theory was compared with that resulting from the statistical
approximation and the differences between these results were found
té 5e very small. Pertufbation theory, contrary to the statisticsal
theory, predicts long range oscillations in the potentisl. Friedel's
sum rﬁle was applied as a test of self-con;istency of the calculated :
potentials. The result of this work indicates that neither the sta-
tistical treatment nor the perturbation treatment are valid for real
metals, at least for point impurities. It appears the only way to
formulate the problem within the framework of Qﬁantum Mechanics is
to exténd the calculation to sgcond or higher order perturbation

theory for which the mathematical difficulties seem intractable.




1. G.
2. A.
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