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ABSTRACT

Using Watkins'[]] dominant mode design for a circuiar resonant
structure in microstr%p, several circular disc radiators were fabricated
on a copper-clad laminate of teflon/glass using conventiona] printed-
circuit board etching techniques. The input impedance and far field
patterns of these antennas were measured .as a function of feed pos%tion
and dielectric thickness. The effect of a cross-polarizing of the
radiators was also measured assuming that Hatkins' surface current -
distribution on the disc for the n=1 mode would result in a linearly
polarized radiation. Finally, a comparison between the reasured and
theoretical radiation properties is presented for various combinations

of antenna feed position and dielectric thickness.
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"CHAPTER 1
INTRODUCTION

With the introduction of the printed-circuit board to the
electronics industry, came great reductions in circuit weight and
compiexity. In many cases involving spacecraft or aircraft, antennas
which are lightweight and simple to fabricate are of primary ‘concern
to the designer. Recently, printed circuit technology has been applied
to the fabrication of printed-circuit board antennas.[2’3] Not only
are these antennas lightweight and easy to fabricate, but also they are
low-profile and extremely reproduceable. These antennas are fabricated
using standard printed-circuit board etching techniques. The printed-
circuit antenna now offers a homogeneous technology for the fabrication
of communication systems since it is -now possitie to design the antenna,
feed network, phase shifters, and associated circuitry on the same
printed-circuit board. This type of technology will offer to the engineer
great reductions in the size, weight, and cost of communication systems.

The printed-circuit, circular disc antenna shown in Figure 1 was
chosen to be analyzed experimentally with the:u]timate'goa1>being to
verify or disprove the validity of Watkins' zeroth-order theory for

various dielectric substrate thicknesses and ‘antenna feed positions.
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CHAPTER 11
DESIGN AND CONSTRUCTION OF THE ANTENNAS

I1.1  Zeroth-Order Theory

From a close observation of Figure 1, one can see that the area
between the outer edges of the ﬁisc and the ground plane form an aperture
through which radiation may occur. This must be so if a disc over a
ground plane separated by a dielectric sheet is to behave 1ike an antenna.
In Watkins' analysis of circular resonant structures in microstrip, he
assumed that the distance between the disc and the ground plane was very
small compared to a wavelength in the dielectric material, i.e. kd<<a.
With the relationship between the radiator/ground plane separation and
wavelength established, Watkins made two additional assumptions in his
analysis. He statad fringe effects at the edge of the dicsc are negligible
and radiation from the aperture formed by the edge of the disc and the
ground plane is much smaller than the ;tored energy in the parallel-plate
region. These three assumptions are basic to the zeroth-order theory,
although they may seem inappropriate if the disc/ground plane configura-
tion is to be used as a radiating device. However, Watkins' theory does
provide a starting point for an experimental study of the printed-circuit,

circular disc antenna.

'I1.2 Design Considerations

The antennas were designed such that for a given disc radius, R,
resonance occurred for the lowest order or n=1 mode. From Watkins, this

radius is given by:



- 30
R(em) = 1.84118 X Z“f“::f (1)
where: f = frequency in gigahertz

relative dielectric constant

™
L]

Several commercial companies offer a wide variety of copper-clad
dielectric materials in various thicknesses and with various relative
dielectric constants. A teflon/glass substrate materiél with a relative
dielectric constant of approximately 2.45 was chosen* because of its
availability and its desirable physical characteristics. The teflon/glass
substrate is not brittle as is a substrate material Tike Rexolite, and
tolerances on its thickness can be accurately maintained.

Before a design radius, R, could be established, other factors had
to be considered. First, the cost of the copper-clad dielectric board
prohibited a circular disc radiater that was excessively large, bescause it
was decided that the width and height of the square ground plane would be
at least three times larger than the diameter of the disc. Second, the
availability of suitable test equipment which operated at the chosen de-
sign frequency had to be considered. This tgst equipment included signal
sources, a network analyzer, directional couplers, crystals, pyramidal
horn antennas, power meters, receivers, and an anechoic chamber. The
anechoic chamber was designed to operate in the range from 2 to 4 gigahertz,
and this frequency range was well within the design limits of the other
test equipment that was available. In order to investigate the broadband
characteristics of the printed-circuit, circular disc antenna, an

operating frequency of approximately 3.0C gigahertz, a frequency c]ose‘to

*made by 3M Company, St. Paul, Minn. .



the midpoint of the 2 to 4 gigahertz range, was chosen.

Letting: .«

p = 2.45
f = 3.0 GHz
30
R =1.84118 X 2"(3-9) /3,45
R=1.87 cm
or
D=~ 3.74 cm

Using a disc diameter of 3.74 cm would mean the dimensions on the
ground plane would have to be at least 11.2 ¢cm X 11.2 cm. A ground

plane of this size would certainly not be prohibitive.

I1.3 Design of the Antennas

Measured test data on the electrical and physical characteristics
~of the copper-clad dielectric materials was seﬁt‘with each sample that
had a different dielectric substrate thickness. This data is shown in
“Table II.1. In order to accurately eva]uate'the effects of different

dielectric substrate thicknesses on the circuit and radiation properties

K-6098-11 Dissipation Dielectric Substrate Thickness
Product Factor Constant ’ '
.Number @ X-band @ X-band Ave. Min. Max.
" LX-1004 - 2.47 0.16 cm - -
LX-1030 0018 5 48 0.0296 in. 0.0291 in. 0.0299 in.

0.075 cm. 0.074 cm. 0.076 cm.
0.0143 in. 0.0142 in. 0.0144 in.
0.036 cm. 0.036 cm. 0.036 an.

Table II.1 - Manufacturer's Data on
3 Thicknesses of Copper-Clad Dielectric Board

LX-1010 .0020 2.45




of the printed-circuit, circular disc antenna, it was desirable that each
copper-clad board have the same relative dielectric constant. From

Table Ii.], one can see that this was almost accompiished. The manu-
facturer would only guarantee in their ordering brochure that each copper-
clad board would have a relative dielectric constant within a certain
tolerance of +.04. Therefore, the actual dielectric constant of each
sheet was not known until the time of delivery. This variation in
relative dielectric constant produced a negligible change in the calcu-
lation of the resonant frequency for the n=1 mode of a given size radiator.
A circular disc with a radius of 1.88 cm was chosen for this experimental

investigation. Solving equation (1) for frequency, one has:

30
f(GHz) = 1.84118 X , o o ' (2)
For o
€. = 2.45 >  f =2.987 GHz
€. = 2.47 ~» = 2,975 GHz
€. = 2.48 >  f =2.969 GHz

Thus the worst case difference in relative dielectric constants for the
three sheets that were used accounted for a 0.6% change in the calculated

resonant frequency.

IT1.4 Construction of the Antennas

As was mentioned earlier, a disc radius of 1.88 cm was used in the
design regardless of the dielectric substrate thickness or the position
of the feed point. The physical properties of each antenna are shown in

Table II.2.



Antenna _ R Relative Dielectric Dielectric Feed

# (cm) - Constant ' Thickness Point
(cm)
1 - 1.88 2.47 0.16 R
2 1.88 2.47 0.16 3/4 R
3 1.88 2.47 0.16 1/2 R
4 1.88 2.48 0.075 ] R
5 1.88 2.48 0.075 3/4 R
6 1.88 2.48 0.075 1/2 R
7 1.88 2.45 0.036 R
8 1.88 2.45 - 0.036 3/4 R
9 1.88 2.45 0.036 1/2 R

Table II.2 Physical Properties of the Printed-Circuit,

Circular Disc Antennas

Thus, three separate antennas which were fed at different points were
fabricated on each of three copper-clad substrate materials of different
thickness. This accomplished two tﬁings. First, the effects of moving
the feed point to three separate locations on.§ substrate maFerial with
the same thickness could be experimentally invgstigated. The first,
second, and third feec¢ point were respectively located at R, 3/4 R, and
1/2 R, where R, the radius, was measured from the center of the disc.
Second, the effects of changing the dielectric substrate thickness for
radiators that were.fed at the same point could be evaluated.

A11 nine circuiar disc radiators were fabricated using conven-
tional photographic etching techniques[4]. Nine separate copper-clad

boards were cut to dimensions of approximately 14 cm by 14 cm. Each

board was coated with photoresist on both sides and then spun in a low ..



temperature oven to dry the photoresist. A rubylith masque was made for
each side of the printed-circuit board. One masque was made for the
radiating disc and another masque was made for the feed-through hoie in '
the.ground plane. Each side of the board was exposed to an ultraviolet
lamp for approximately 15 minutes with the appropriate masque accurately
positioned over the printed-circuit board. A great deal of caution had
to be exercised to make certain that the feed-through hole in the ground
plane wa; accurate1y aligned with the feed position on the d%sc radiator.
- After exposure to the ultraviolet lamp, each copper-clad board was placed
in a developing solution of thichloroethylene. Finally, the boards were
placed in a mechanically agitated container of etching solution made of
ferric chloride. After the etching process was completed, each printed-
circuit board had a disc radiator with a radius of 1.88 cm etched on one
side, and an appropriately located feed-through hole ctched in the ground
plane on the opposite side. The diameter of the feed~through hole was
important because any discontinuity caused by the ground plane in the
coaxial line of the SMA panel mount connector would affoct the fmpodanie

‘measurements of the circular disc antenna,



CHAPTER III

MEASUREMENT . OF THE INPUT IMPEDANCE
OF THE ANTENNAS

III.1 The Network Analyzer Systemts]

The network analyzer system shown in Figure 2 was used for all
impedance measurements. This system consists of a sweep osc{llator with
an appropriate RF plug-in, a transducer, a harmonic frequency converter,
a network analyzer mainframe, a polar display unit, and a precision x-y
recorder. ’

The 8690B sweep oscillator provides a CW or a swept RF signal
which can be leveled over the entire sweep range of the plug-in. However,
a leveled source is not required by the network analyzer sincé there are
two matched AGC (automatic gain control) amplifiers in the 8410A main-
frame to compensate for any RF power fluctuations during a sweep. Re-
gardless, to insure accurate results in this experimental study, the
86908 sweep oscillator was leveled externally with the use of a direct-
ional coupler and a crystal detector. As a precaution against spurious
outputs and harmonic outputs, an in-line coax%a] low pass filter was
inserted in the RF path which leaves the sweep oscillator.

The transducer, placed as it is betweén the signal source and the
harmonic frequency converter, has three functions. First, it has to
split the incoming signal into a reference and test channel. Secondly,
it has to provide the capability of extending the electrical length of the
reference channei so that tﬁe distances that the reference and test
signals travel are equal. Thirdly, it correctly connects the system for
transmission or reflection measurements. Figure 2 shows the HP 8743A

transducer configured for complex reflection coefficient measurements.
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Input impedance can be obtgined directly from the complex reflection

coefficient by using the relation:

Zin - 1+7T (3)
0 1-T
where: zin
) 7— = normalized input impedance
0
Zo = characteristic impedance of the system (50Q)
r = complex reflection coefficient

The HP 8411A harmonic frequency converter unit and the HP 8410A
network analyzer mainframe serve as the core of the entire system. The
test channel and reference channel information enter the harmonic fre-
quency converter from the transducer where, by harmonic sampling, the
input signals are converted to a fixed IF frequency. This enables low
frequency circuitry in the network analyzer to measure amplitude and
phase relationships. Through harmonic sampling, the system can operate
over an extremely wide frequency range; in this case the range is 110 MHz
to 18 GHz.

The amplitude and phase detectors are in the HP 8414A polar
display unit. This unit provides a polar plot of complex reflection
coefficients and can be used with either CW or swept freqﬁency. The
magnitude of the complex reflection coefficient of the device under test
is read on the concentric circles, with |T| = 0 at the center of the
display and [r| = 1 at the edge of the display. The phase angle of each
point is read by noting where the radial line tﬁat passes.through the
point intersects the outside ring of the graticule.

Since divisions on the polar &isp]ay graticule were rather coarse,

a visual observation of the reflection coefficient points was not
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accurate. By using the HP 7047A precision x-y recorder, the reflection
coefficient trace shown on the polar display unit could be accurately
duplicated on a Smith chart. Copies of the precision x-y recorder Smith
chart plots are shown in Appendix 1. From these plots, the magnitude

and phase of the complex reflection coefficient was accurately determined,
since the reflection coefficienf graticule on the Smith chart has many
more divisions than the reflection coefficient graticuie on the polar

display unit,

II1.2 Calibration of the Network Analyzer System

Prior to the measurement of the input impedance of the printed-
circuit, circular disc radiators, the network analyzer system was cali-
brated using a short-circuit termination. After initial calibration of
the system, impedance measurements were begun cn the printed-circuit
circular disc antennas. Since the physical position of the short-
circuit termination was established as the reference point for future
impedance measurements, particular care had to be taken to insure that
‘the reference plane chosen as the load position of the printed-circuit,
circular disc antennas occurred at the same peint in the system as did
the short-circuit termination. Different reference points would cause
an ambiguity in the measurements, since from-the following relationship
_ for a terminated lossless transmission Tine, one can observe that input
impedance changes with position from the load.

+ .Z_  tan 82

z .
L Jo
2(2) = 2 (a) (4)
0 Z0 + jZL tan 8%

where Z(2) = impedance at a distance ¢
looking toward the load ()
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N
1]

characteristic impedance of the line ()

N
I

L= load impedance (@)

propagation constant (m™1)

™w
1]

©
n

distance from the load (m)

The effective ioad position chosen for the printed circuit, circular
disc antennas was the substrate ground plane, and this was made to
coincide witn the position of the short-circuit termination that was

used in the system calibration.

II1.3 Impedance Measurement Results

1I1.3a Tabulated Impedance Measurements

Tables III.1 through III.9 contain the results of the impedance
measurements. Real and imaginary parts of impedance were calculated from
the measured complex reflection coefficients by ﬁsing equaticn (3). This
task was sfmp]ified by writing a computer program on the Wang 720C
-Programmable Calculator. This computer program is included in Appendix 2.
Tables III.1 through III.3 contain data that was takenlon three printed-
circuit, circular disc antennas that were fabricated on a substrate
thickness of approximately 0.16 cm. The feed position of each radiator
. is denoted on each table. Tables III.4 through III.6 are pertinent to
printed-circuit, circular disc antennas that were fabricated on a sub-
strate thickness of approximately 0.075 cm. Tables III.7 through III.9
apply to circular disc antennas that were fabricated on a substrate

materia} with a thickness of approximately 0.036 cm.
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SUBSTRATE THICKNESS: .16 CM.
DIELECTRIC THICKNESS: 2,47
EDGE FED RADIATOR

FREQUENCY REFLECTION REFLECTION IMPEDANCE IMPEDANCE

(GHZ) COEFFICIENT COEFFICIENT REAL PART 1IMAGINARY PART
MAGNITUDE ANGLE -
2.400 1.00 80 0 60
2,600 .93 56 8 93
2,680 «92 40 18 135
2,700 .91 38 22 142
2,710 .91 36 24 150
2,720 .91 32 30 169
2,730 .90 29 7 40 185
2,740 .89 27 50 196
2.750 .88 24 68 215
2.760 + 86 21 97 230
2.770 +35 18 131 248
2.780 .84 14 195 269
2.790 .33 11 262 , 267
2,800 .82 7 367 224
2.810 .80 2 439 68
2.815 79 0 426 0
2.820 .79 -2 417 -61
2,830 17 -6 332 =131
2,850 273 =15 ‘ 190 =154
2.860 .72 =20 146 -149
2.870 .71 -25 114 -138
2.880 .70 =32 84 -122
2.890 .68 ~38 69 =107
2,900 «67 -44 57 -85
3.000 .66 -118 14 -28
3.100 77 -173 . 7 . -3
3.200 .89 156 ' 3 11

Table I1I1.1 Impedance Measurement
Results
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SUBSTRATE THICKNESS: .16 CM.
DIELECTRIC CONSTANT: 2.47
FEED POINT AT 3/4R

FREQUENCY REFLECTIOYN REFLECTION IMPEDANCE IMPEDANCE

(GHZ) COEFFICIENT COEFFICIENT REAL PART TIMAGINARY PART
MAGNITUDE ANGLE .
2,400 1,00 94 0 47
2,600 .94 68 5 . 74
2.710 +90 45 18 118
2.720 .89 42 22 127
2.730 .88 38 29 140
2,740 «87 35 37 150
2,750 .86 32 - 46 162
2.760 .84 28 66 177
2.770 .83 25 84 190
2.780 .81 21 120 202
2.790 +80 17 164 213
2.800 .78 12 , 237 127
2,810 17 8 300 158
2,820 «75 0 350 ' 0
2.830 72 -5 287 -74
2.840 .70 -10 229 -166
2.850 .68 -15 181 -118
2.860 .67 -21 139 -121
2.870 © .66 -27 109 -115
2.880 .65 =34 : 84 -105
2.890 64 -41 67 -94
2.900. .63 =49 53 -83
3.000 .68 -123 12 -25
3.100 «79 -168 6 -5
3.200 89 167 3 6

3.400 .95 136 ’ 1 20

Table I1I.2 Impedance Measurement
Results
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SUBSTRATE THICKNESS: .16 CM.
DIELECTRIC CONSTANT: 2.47
FEED POINT AT 1/2R

FREQUENCY REFLECTION REFLECTION IMPEDANCE IMPEDANCE
(GHZ) COEFFICIENT COEFFICIENT REAL PART MAGINARY PART
-MAGNITUDE ANGLE i
2,400 1.00 108 0 36
2.600 «93 85 4 54
2.760 .76 40 51 118
2,770 .74 35 67 127
2.780 .71 29 95 131
2,790 .68 22 133 126
2,800 .64 15 . 170 96
2,810 60 6 192 38
2.818 .58 0 188 0
2.820 57 : -3 131 =15
2,830 .54 -13 148 -50
2,840 «50 -25 109 -61
2,860 .46 =47 67 ' =57
2.870 46 -60 52 -53
2.880 .46 =75 40 -45
2,890 47 -88 33 -39
2.900 .49 -100 27 =34
3.000 .76 -175 . 7 -2
3.100 87 159 . 4 9
3.200 .95 144 1 16

Table I1I.3 Impedance Measurement
Results

v : .
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- SUBSTRATE THICKNESS: 075 CM.
DIELECTRIC CONSTANT:. 2,48
EDGE FED RADIATOR

FREQUENCY REFLECTION REFLECTION IMPEDANCE IMPEDANCE

(Gliz) COEFFICIENT COEFFICIENT REAL PART IMAGINARY PART
MAGNITUDE ANGLE .
2.500 .99 108 0 36
2,700 .94 80 4 59
2.7990 .87 48 21 109
2.800 . 86 42 . 28 125
2.810 .84 36 42 143
2.820" .82 29 69 167
2.830 .79 22 118 186
2.840 .76 15 193 180
2.850 .74 8 276 . 126
2.860 . .72 0 307 0
2.870 .70 -10 229 -109
2.880 .69 -20 146 -131
2.890 . .68 -31 91 -118
2.900 .67 -4y 57 -35
3.000 .81 -141 6 -17
3.100 .90 179 . 3 0
3.400 : .98 139 1 19

Table 111.4 Impedance Measurement
" Results
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- SUBSTRATE THICKNESS: .075 CM.
DIELECTRIC CONSTANT:- 2.48
FEED POINT AT 3/4R

FREQUENCY REFLECTION REFLECTION IMPEDANCE IMPEDANCE

(GHZ) COEFFICIENT COEFFICIENT REAL PART IMAGINARY PART
MAGNITUDE ANGLE .
2.500 1.00 121 0 28
2,700 +93 94 3 47
2.780 «88 66 11 76
2,820 .81 42 38 120
2.830 .78 34 62 138
2,840 «75 - 26 102 153
2,850 72 18 162 149
2,860 .69 10 224 102
2,869 «68 0 262 0
2.880 > .66 -13 189 -99
2,890 65 : -25 118 -112
2.900 «65 -38 73 -100
2.910 - .64 =50 50 ~83
3.000 .81 -135 6 -20
3.100 .90 ~171 3 -3
3.400 .98 153. 1 12

Tahle III.5 Impedance Measurement
Results
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SUBSTRATE THICKWESS: .075 CM.
DIELECTRIC CONSTANT: 2.48
FEED POINT AT 1/2R

FREQUENCY REFLECTION REFLECTIOX IMPEDANCE IMPEDANCE
(GBZ) COEFFICIENT COEFFICIENT REAL PART IMAGINARY PART
MAGNITUDE ANGLE
2.500 .99 133, 0 22
2,700 .92 113 3 33
2,800 .84 83- 19 .56
2,850 .66 44 58 94
2.860 .61 32 93 96
2,870 « 56 18 138 70
2.875 .54 9 157 38
2.880 + 52 0 158 0
2.885 .49 -13 133 -38
2,890 48 -21 115 =51
2.900 47 =43 73 -60
2.950 .67 -~130 12 -22
3.000 .83 -163 5 -7
3.100 . .92 171 2 4
3.400 .97 147 1 15

Table 1I1.6 Impedance Mcasurement
Results
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SUBSTRATE THICKNESS: .036 CM,
DIELECTRIC CONSTANT: 2,45
EDGE FED RADIATOR

FREQUENCY REFLECTION REFLECTION IMPEDANCE IMPEDANCE

(GHZ) COEFFICIEXT COEFFICIENT REAL PART IMAGINARY PART
MAGNITUDE ANGLE
2.600 ' .95 127 2 25
2.800 .86 90 7 49
2.850 .68 54 ° 41 83
2.860 : .63 42 65 92
2.870 .57 29 103 84
2.875 W54 20 128 67
2.880 .52 12 144 43
2.885 .49 0 146 0
2.8990 A7 -9 133 -25
2.895 46 -22 110 ~48
2.900 45 -35 86 * -55
2.995 45 -48 66 ~55
2.910 46 -60 52 ~-53
2,950 .68 ~128 12 «23
3.000 .85 ~163 4 -7
3,200 .98 162 1 8

Table 1I1I1.7 Impedance Measutement
Results
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SUBSTRATE THICKNESS: .036 CM. -
DIELECTRIC CONSTANT: 2.45
FEED POINT AT 3/4R

FREQUENCY REFLECTION REFLECTION IMPEDANCE IMPEDANCE
(GHZ) COEFFICIENT COEFFICIENT REAL PART IMAGINARY PART
MAGHITUDE ANGLE
2.600 ' .98 135. 1 21
2,800 .83 94 9 46
2.840 62 56 ° 45 14
2.850 35 42 72 76
2.855 .51 32 94 68
2,860 .48 24 109 55
2,865 45 13 122 31
2,870 42 0 122 0
2,875 o4 -14 112 -26
2.880 .40 ~-32 87 -4 4
2.885 40 -4 4 72 ~47
2.890 41 -59 56 -47
2,900 48 -86 33 =41
2.950 «80 -149 6 ~-13
3.100 .94 172 2 3
3,600 .93 150 0 13

Table I11.8 1Impedance Mecasurement
Results
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SUBSTRATE THICKNESS: .036 CM.
DIELECTRIC CONSTANT: 2.45
FEED POINT AT 1/2R

FREQUENCY REFLECTION REFLECTION IMPEDANCE IMPEDANCE
(GHZ) COEFFICIENT COEFFICIENT REAL PART IMAGINARY PART
MAGNITUDE ANGLE
2,600 : .98 145, 1 16
2,800 . +83 112 7 33
2.830 .63 88 - 22 47
2,840 . ¥V 76 36 50
2.850 .38 59 57 43
2.855 .30 45 68 32
2,860 W24 30 73 19
2.864 .18 0 72 0
2.870 .18 -42 63 . ~-15
2,875 24 -380 48 ~24
2.880 31 -98 38 -25
2.9920 .60 -136 14 -18
3.000 .94 175 2 2
3.200 .99 163 0 7

Table III.9 Impedance Measurement
Results
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I11.3b Effects of the Dielectric Substrate Thickness on Input Impedance»

Figures 3 through 8 graphically display the effects of the dielec-
tric substrate thickness on the input impedance. Figures 3 and 4 show
the effects on resistance and reactance, respectively, of edge-fed
radiators etched on different substrate thicknesses. Two pheromena are
immediately observable from these figures. First, the magnitude of the
resistive and reactive component of input impedance decreases for de-
creasing substrate thickness. Secondly, the resonant frequency, br
frequency at which the reactive component of impedance is zero, increases
for decreasing substrate thickness. For edge fed radiators, resonance
occurred at 2.815 GHz, 2.86 GHz and 2.885 Gﬁz, for dielectric thicknesses
of 0.16 cm, 0.075 cm and 0.036 cm, respectively.

Figures 5 and 6 are similar to Figures 3 and 4, respectively,
except these figures pertain to radiators that were fed at 3/4 of a disc
radius. Once again the magnitude of the resistance and reactance de-
creased for decreasing dielectric thickness. For these 3/4 R fed radia-
tors, resonance occurred at 2.82 GHz, 2.869 GHz, and 2.87 GHz for
substrate thicknesses of 0.16 cm, 0.075 cm, and 0.036 cm, respectively.
Note that the difference in the resonance fréguency of the radiator
etched on the 0.075 cm substrate thickness ana the fadiator‘etched on
the 0.036 cm substrate thickness is only 1 MHz.

Figures 7 and 8 display the resonance behavior of 1/2 R fed
radiators etched on different substrate thicknesses. As was the case
for radiators that were edge fed and 3/4 R fed, the magnitude of the
resistance and reactance for 1/2 R fed radiators decreased with de-
creasing substrate thickness. However, the resonant frequency for 1/2 R

fed radiators did not continuously increase for decreasing substrate
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thickness. This was evidenced by the fact that resonance occurred at
2,818 GHz for d = 0.16 cm, 2.88 GHz for d = 0.075 cm, and 2.864 GHz for
d = 0.036 cm.

II1.3c Effects of Feed Position on Input Impedance

Figures 9 through 14 grabhical]y display the effects of moving
the feed point of the radiators which have a substrate material with the
same thickness. Figures 9 and 10 respectively show the resistance and
reactance variations caused by moving the feed point of three radiators
etched on a substrate material with d = 0.16 cm. One observation that
is immediately noticeable is that the magnitude of the resistance and
reactance decreases as the feed point is moved closer to the center of
the disc. Upon close observation of the curves, one also notices that
the resonant frequency of each radiator changes very little as the feed
point is moved closer to the center of the disc.

Figures 11 and 12 respectively show resistance and reactance
curves for three radiators etched on a substrate material with thickness
d = 0.075 cm. Once again, the magnitude of the resistance and reactance
of the antennas decreased as the feed point was moved closer to the
center of the disc. Also, the resonant frequency gradually increased by
0.72 as the feed point was moved from R to 1/2 R.

Figures 13 and 14 contain graphs cf the resistance and reactance,
respectively, for thr-e differently fed radiators etched on a dielectric
material with a thickness of 0.036 cm. As was the case for thicker sub-
strate materials, the magnitude of the resistance and reactance of the
antennas decreased fc~ feed positions located closer to the center of

the disc. However, for the 0.035 cm substrate material, the resonance
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frequency ccntinuously decreased by a total of 0.73% after successive

feed positions from the disc edge to 1/2 R. - -

IT1.4 Comparisons Between Measured Results and the Zeroth-Order Theory

In order to minimize fringing effects and radiation, Watkins made
the assumption that the dielectrric thickness, d, was small compared to a
wavelength in the dielectric, i.e., kd<<x. Table III.10 compares the
dielectric thicknesses of the three printed-circuit boards used in this
investigation to the wavelength in the dielectric at the theoretical

resonant frequency for the n=1 mode.

Dielectric d Calculated kd kd _d A
Constant (cm) Resonant (radians) T A d
@ X-band Frequency '
(GHz)
2.47 '0.16 2.975 ‘0.156 0.025 40
2.48 0.075 2.969 0.073 0.012 83.3
2.45 0.036 2.987 0.035 0.006 166.7

Table III,10 Calculated Values of kd for.Three

Copper-Clad Dielectric éoards'

From Table III.11, one is able to maké several conclusions
regarding the accuracy of Watkins' zeroth-order theory as it applies to
the prediction of the resonant frequency for the printed-circuit, cir-
cular disc antenna. I'irst, for all the antennas that were tested, the
measured resonant frequency was lower than the theoretical resonant
frequency, regardless of the substrate thickness or the feed position.

For the edge fed radiators, the percentage error between measured
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d Dielectric Feed Point Measured Calculated % error

(em) . Constant Position Resonant Resonant (calc—meas 100)
@ X-band Point Point " meas. X OV

(GHz) (GHz)

0.160 2.47 R 2.815 2.975 | 5.68

0.160 2.47 " 3/4 R 2.820 2.975 5.50

0.160 2.47 1/2 R ' 2.818 2.975 5.57

0.075 2.48 R 2.860 2.969 - 3.81

0.075 2.48 3/4 R 2.869 2.969 3.48

0.075 2.48 1/2 R 2.880 2.969 3.09

0.036 2.45 R 2.885 . 2.987 3.54

0.036 2.45 3/4 R 2.870 2.987 4.08

0.036 2.45 1/2 R 2.864 2.987 4.29

Table III.11 Comparison Between Theoretical and |

Experimental'Results

resonance and theoretical resonance decreased from 5.68% to 3.54% as the
dielectric. substrate thickness was decreased from 0.16 cm to 0.036 cm.
This was not altogether true for the antennas which were 3/4 fed and
1/2 R fed, since for each of these feed point§, the percentage error
decreased as dielectric thickness was changed'frcm 0.16 cm £o 0.075 cm
but increased as dielectric thickness was chgnged from 0.075 cm to
0.036 cm.

Discrepancies between measured and calculated resonances could
only be attributed to violations of Watkins' assumptions for the zeroth-
order theory and/or higher order modes in the region between the disc

and ground plane being simultaneously present with the n=1 or dominant

mode,
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CHAPTER IV

MEASUREMENT OF THE RADIATION PROPERTIES
OF THE ANTENNAS

IV.1 Test Confiquration for Measuring the Far Fields of the Antennas

Figure 15 shows the test configuration used in the measurement of
the far fields of the printed-circuit, circular disc antennas. To avoid
the reception of unwanted signals during the pattern measurements, an
anechoic chamber was used. With the use of 'microwave absorbing material
inside the chamber, a free space condition was simulated. Details of the
antenna ground plane are shown in Figure 16. Since the 0.91 m x 1.52 m
ground plane was a finite structure, its edges were lined with microwave
absorbing material to reduce edge effects due to diffraction. The effects
of this material on the far field patterns are presented later in the

polar plots of the antenna patterns.

'>IV;2' Far Field Pattern Measurements

""IV.,2a General Results of the Measurements

On every printed-circuit, circular disc antenna that was fabri-

- cated, two components of the electric field, Eg and E@, were measured as

a function of o for various ¢ planes. These components, Eé and Ek, are

shown in Figure 17. Note in Figure 17, that along the Z-axis (8 = 0),
Eé in the ¢ = 0 plane is the same component of the electric field as F@
in the ¢ = 90° plane. Table IV.1 contains data pertinent to the far

field measurements of each antenna. Note that during the far field
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measurements, each radiator was fed at its measured resonant frequency.

Far Field

Antenna Feed Measured Substrate ¢ Planes Ground
Point Resonant Thickness Component Plane
Frequency that was Configuration
# (GHz) (cm) Measured (deg.)
1 R 2.815 0.16 [El vs & 0,30,60,90 w/absorber
iE¢[ vs 6 90,60,30,0 w/absorber
2 3/4R  2.82 0.16 E] vs 8 0,30,60,90 w/absorber
|E¢l vs & 90,60,30,0  w/absorber
3 1/2 R 2.818 0.16 |Ee|,vs 8 0,30,60,90 w/absorber
]E¢| vs 8 90,60,30,0 w/absorber
4 R 2.86 0.075 [Eel VS © 0,30,60,90 w/o absorber
|E¢| vs 6 90,60,30,0 w/o absorber
|E;l vs &  0,30,60,90 w/absorber
|E¢| vs 8 90,60,30,0  w/absorber
5 3/4 R 2.869 0.075 |E61 vs 8 0,30,60,90 w/absorber
|E¢| vs 8 90,60,30,0  w/absorber
6 1/2R  2.88 0.075°  |E| vs 6  0,30,60,90 w/absorber
|E¢| vs 8 90,60,30,0 w/absorber
7 R 2.885 0.03  [Ej| vS o  0,30,60,90 w/absorber
|E¢| vs & 90,60,30,0 w/absorber
8 3/4 R 2.87 0.036 |Eg| vs &  0,30,60,90 w/absorber
|E¢] vs & 90,60,30,0 w/absorber
9 1/2 R 2.8.4 0.036 IEel Vs 8 0,30,60,90 w/absorber
|E¢| vs 8 90,60,30,0 w/absorber
Table IV.1 Summary of Measured Far Field Patterns
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Figures 18 through 23 apply to radiators etched on a 0.16 cm
dielectric substrate. Figures 18 and 19 respectively show |Ee| Vs 6
and |E§| vs 6 for an edge-fed radiator which was being driven at its
resonant frequency of 2.815 GHz. Figures 20 and 21 respectively show
|Egl vs o and |E¢] vs 8 for a 3/4 R fed radiator being driven at its’
resonant frequency of 2.82 GHz. Finally, Figures 22 and 23 show
|Ee] vs 6 and |E¢] vs 6 for a 1/2 R fed radiator being driven at
2.818 GHz, its resonant frequency.

Figures 24 through 31 apply to radiators that were etched on a
dielectric substrate material of 0.075 cm. -Figures 24 and 25 are
similar to Figures‘26 and 27, respectively, with the exception being
that Figures 24 and 25 show patterns that were measured on an edge-fed
radiator mounted on a ground plane without absorber while Figures 26
and 27 show patterns that were measured on an edge-fed radiator mounted
on a ground plane with absorber. Note that the absorber had virtually
no effect on the patterns involving |E¢| but th&t the absorber eliminated
the f1uctu$tions in the |Eel patterns. Morel [7] theoretically calcu-
Tates far field patterns for IEeI vs 8 and |E¢| vs 8 for the circular
disc, printed-circuit antenna which are smooth. Thisvgmooth pattern for
IEGI vs 6 was obtained when the ground plane was lined with microwave
absorber material. Figures 26 and 27 show |E6| vs 6 and |E¢| VS 8,

. respectively, for an edge-fed radiator being driven at its resonant
frequency of 2.86 GHz. Figures 28 and 29, respectively, show |Egl vs 6
and |E¢[ vs o for a 3/4 R fed radiator at its resonant frequency of
2.869 GHz. Figures 30 and 31 show IEel vs 6 and [E¢] VS 8, respec-
tively, for a 1/2 R fed radiator being driven at 2.88 GHz, its resonant

frequency.‘
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Figure 30: Ee vs. & for Different Values of ¢
d: 0.075 cm.
Feed Point: 1/2R
Frequency: 2.88 GHz.
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Figurés 32 through 37 pertain to radiators that were fabricated
on a substrate material with a thickness of 0.036 cm. Figures 32 and 33
show the electric.fields of a radiator that was edge-fed and driven at
its resonant frequency of 2.885 GHz. Figures 34 and 35 show the e]gctric
fields of an 3/4 R fed radiator at resonance. Its resonant frequency
was measured to be 2.87 GHz. Eina]]y, Figures 36 and 37 respectively,
show lEe! vs 6 and |E¢| vs 8 for a 1/2 R fed radiator driven at its
resonant frequency of 2.864 GHz.

The most noticeable observation from Figures 18 through 37 is the
general shape of the |Ee| vs 6 and the IE¢| vs 8 patterns. Regardless
of the feed position or the ¢ angle, there was usually a finite value for
|Eg| at o = 90° while lE¢| at 8 = 90° was usually zero. Also, in the
¢ = 0° plane, the principal plane cut for |Ee| vs 8, and the ¢ = 90°
plane, the principal plane cut for [E¢] vs 0, the half-power beamwidth
(measured between the -3 dB points of the beam maximum) was larger for

the Eé component than for the E¢ component for any given feed position

or dielectric thickness.

IV.2b Effects of Feed Position on the Far Fields

For the three radiators fabricated on the dielectric substrate
material with d = 0.16 cm, the position of the feed point, i.e. R,
3/4 R, 1/2 R, had little effect on the shapes of the lEel Vs 6 or
|E¢| vs 8 patterns regardless of the ¢ cut. The magnitudes of the
patterns for radiators with different feed points could not be compared
since the feed point movement caused a shift in the resonant frequency.
This frequency change caused many other factors to change in the test
configuration for measuring the patterns. A change in the output level

of the signal generator, a change in the input impedance of the pyramidal
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horn, and a change in the space loss between the transmitting

horn'and the receiving antenna were just a few of the factors that would
prohibit any comparison of the magnitude of the electric fields for
radiators with different feed points. Table IV.2 summarizes the

6. dB beamwidth of the electric fields for the d = 0.16 cm radiators.

) |Egl vs @ : |E¢| VS 8.

?;de) R FED 3/4R FED 1/2R FED R FED 3/4R.FED. .. .1/2R FED
90 NA NA NA 119° 118° 117°
60 152° 151° 150° 120° 118° 118°
30 151° 152° 151° o 119° 120° 120°
0 149° 147° 147° NA ... NA NA

Table 1IV.2 6 dB Beamwidths for

Various Feed Points (d = 0.16 cm)

For the three radiators fabricated on the dielectric material with
a thickness of 0.075 cm, the position of the feed point once again had
little effect on the shape of the far field patterns. A summary of the

6 dB beamwidths for various feed points is shown in Table IV.3.

;.

) IESI Vs 6 . - |E¢| Vs 6
Plane R FED  3/4R FED  1/2R FED | R FED  3/4R FED  1/2R FED
(dog ) . : R
90 NA NA NAC | mITe 116° n7e
60 154° 150° 151° | 115° 1150 114°
30 155° 1532 - 183° | 113° 114° 111°
0 1150° 148° . 149° N .. N . . NA

. Table IV.3 6 dB  Beamwidths
for Various Feed Positions (d = 0.075 cm) .
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Table IV.4 summarizes the 6 dB beamwidths of the far field
patterns for differently fed radiators fabricated on the dielectric
Materiai with d = 0.036 cm. Once again no drastic changes occur in the

6 dB beamwidth when the feed position is changed.

[Egl vs 6 . |E¢| Vs 6

‘(’(‘jgge) RFED 3/4R FED 1/2R FED | R FED  3/4R FED  1/2R FED

S0 NA NA NA 114° 115° 116°

60 147° 148° 150° 113° 114° 114°
30 150° 151° 151° 110° 112° 113°
0 147° 148° 149° _ NA NA NA.

-Table IV.4 6 dB Beamwidths

for Various Feed Positions (d = 0.036 cm)

IV.2c Effects of Dielectric Thickness on the Far Field Patterns

By comparison of the appropriate figures, one can see that the
far field patterns change for radiators at resonance with the same feed
point but etched on different dielectric thicknesses. If one compares the
6 dB beamwidths on the patterns for radiators which were fed at the
same point but etched on a different substratE thickness, this change is
not obvious. However, for radiators driven at their resonant frequency,
small dips start occurring at e = 0 in both ]Eel vs 6 and |E¢| Vs 6
patterns as the dielectric thickness gets smaller. This data is summa-
rized in Table IV.5. Values of these dips were rounded to the nearest

1/2 decibel. This dip at 6 = 0 for both IEel and |E¢| was not predicted
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by Morel in ais theoretical analysis of the far fields using Watkins'
zeroth—grder theory for the n=1 mode. Since all the patterns were
measured at the résonant frequency of the individual radiators, one
logical explanation for these dips is that the radiators fabricated
on the 0.075 cm and the 0.036 cm dielectric thicknesses were being
driven at a frequency such that'higher order modes were generated in

the region between the disc and the ground plane.

IV.2d Effects of Frequency Variation on the Far Field Patterns

To investigate the frequency dependgnce of the far fields,
several measurements of lEel vs 6 and |E¢| Vs 6 were made on an edge-
fed radiator fabricated on a dielectric material with d = 0.16 cm. The
results of these measurements are shown in Figures 38 through 51.
Figures 38 and 39 show |E | vs & in the ¢ = 0° plane and lE¢| vs 8 in
the ¢ = 90° plane, respectively. The operating frequency was 2.6 GHz,
well below the resonant frequency of this radiator which was 2.815 GHz.
Figures 40 and 41 show the electric field components for a frequency of
2.7 GHz, Figures 42 and 43 show the electric field components at the
resonant frequency. Figures 44 and 45, respégtive]y, show [Ee] vs o for
¢ = 0° and |E¢| vs 6 for ¢ = 90° measured at a frequency of 2.82 GHz.
Figures 46 and 47, 48 and 49, and 50 and 51 show the electric field com-
ponents for the edge-fed 0.16 cm radiator at 2.85 GHz, 2.96 GHz, and
3.0 GHz, respectively. Note that the electric field changed significantly
as the frequency was ceviated from the resonant frequency. Dips in the
magnitude of the electric field began to occur at 6 = 0 as the frequency

was increased above 2 815 GHz.
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IvV. 3 AComparison of the Calculated and Measured Far Field Patterns

Using Watkins' zeroth-order theory for the n=1 mode, More]hcalcu-
lated the far fields from the fictitious magnetic currents in the
aperture between the disc and the ground plane.

These fields are given by the expressions:

-jk r

3 0 . ' L

- JEOe J1(ka)s1n(k0d cos6) a cos¢ J](koa sine) (5)
6 r cose

o ~3kgr . . .

E - JEe J](ka) s1n(k0d cos6) sing J1(k0a sine) (6)
¢ kor sing .

where: .

d = dielectric thickness

a = radius of the disc

ko = free space wavenumber = 27/

ka = ko/ e, a= 1.84118

J. =

1 first order Bessel function of the first kind

Ji derivitive of the first order Bessel function of the first kind

The expressions for |E | and |E¢[ were normalized by a factor of
-jk r i
O 1/r and calculated for ¢ angles of 0°, 30°, 60°, and 90° as

—jE0 e
o varied from 0° to 90° in 5° steps for each ¢ angle. Since the relative
dielectric constants of the printed-circuit boards used in this experi-
mental study were so closely matched, there was'a neg]igibﬁe change in
the calculated values of IEel vs 6 and |E¢| vs & for each ¢ plane as e

varied from 2.45 to 2.48. Thus, only one set of theoretical [ Eel VS 6
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and IE¢| vs 8 (normalized) patterns for different ¢ angles was cal-
“culated. These theoretical patterns are compared with the exper-
imental patterns in Figures 52 and 53. The theoretical patterns were
calculated using a dielectric constant of 2.47. The experimental
patterns were measured on an edge fed circular disc antenna which had
2 substrate material with a dielectric constant of 2.47 and a thick-
ness of 0.16 cm., Figure 52 shows both theoretical and expérimenta]
values of |Ee| vs 8 for the ¢ = 0°, 30°, 60°, and 90° angles. Figure
53 shows theoretical and experimental values of |E¢| vs 6 for the
¢ = 90°, 60°, 30°, and 0° angles. -

The measured fields and the calculated fields are remarkably

similar in the following ways. Firsi, for |Ee| vs 6 there is good

agreement between the theoretical and measured results for 8<70°. For
8>70° the caicu1ated |E6| is greater than the measured |Ee|; However,
both the theoretical and measured patterns reveal a component of lEe[
at e = 90°, For |E¢| vs 8 , there is good agreement between the theo-
retical and measured results for values of 0°<6<90°. Note that both
the calculated and measured results reveal that no component of |E¢l
exists at 8 = 90°. Secondly, the measured End ca]cu]ated‘patterns
both reveal that the magnitude of Ee decreases as the ¢ angle in-

creases, and the magnitude of E, decreases as the ¢ angle decreases.

Theoretically, there is a 1.25.38 drop in |Ee|as ¢ goes from 0° to

30° and a 6 dB drop in IEel as ¢ goes from 0° to 60°. A 1.25 dB drop

in |E¢| also theoretically occurs as ¢ goes from 90° to 60° and a

6 dB drop can be calculated for |E¢| as ¢ goes from 90° to 30°. Thirdly,
both the theoretical and measured results show that the 3 dB beamwidths

of Ee are greater than those for E¢. The theoretical and measured 3 dB
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beamwidths of a resonant edge fed circular disc radiator etched on three

-different substrate thicknesses are shown in Table IV.6.

substrate ) 3 dB Beamwidths
thickness angle Theoretical Measured
(cm) - (degrees) Eq E¢ Eq E¢
0 100 NA 132 NA
30 100 80 ~ 106 66
0.16
60 100 80 136 65
90 | NA 80 NA 68
0 100 NA 132 NA
30 100 80 107 70
0.075
60 100 80 134 71
80. . - “NA . 80 -~ NA 7
0 100 NA 91 NA
30 100 - 80 - 94 69
0.036
60 100 80 119 70
90 NA . 80 | NA 73

i

Table IV.6 Calculated and Measured 3 dB Beamwidths

of Resonant Edge Fed'Radiators |

The measured fields and the calculated fields differ in that for
the thinner dielectric materiais, i.e. 0.075 cm and 0.036 cm, no dip
occurs in the calculated |Ee] vs g and |E¢] vs g patterns at 6 = 0° as

it does in the measured far field patterns.
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IV.4 Polarization Measurements

Figures 18 and 19, respeétive1y, show, among other things,
|Ee|'vs 8 for ¢ = 90° and |E¢| vs 8 for ¢ = 0°. From Equations (5) and
(6), one sees that IEeI vs 6 for ¢ = 90° and ]E¢| vs 8 for ¢ = 0° are
both zero. Thus theoretically, for the n=1 mode, the printed-circuit,
circular disc antennas are 1iﬁear1y polarized in the x direction for feed
points along the x-axis. To test their po1arizafion purity, the trans-
mitting horn was cross-po]afized with each printed-circuit, circular
disc antenna for measurements of |E | vs & and |E¢| vs 6. From
Figure 18, one can observe that the ratio,of |E,| @ 6 = 0°, ¢ = 90° to
[Egl @ @ = 0°, ¢ = 0° is approximately -21 dB or 0.089. From Figure 19, °
the ratio of |E¢l @e=20%¢=0°to |E¢l @6 =0%¢=90°is
approximately -22 dB or 0.079. These ratios were typical for all the
. printed-circuit, circular disc antennas that were fabricated. Thus, for
all practical purposes, this type of antenna was experimentally found to

be T1inearly polarized.
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CHAPTER V
CONCLUSIONS

From the impedance measurements that were conducted in this .
experimental study, several conclusions can be drawn about using Watkins'
zero-order theory for the n=1 mode in the design of the antennas. First,
it was shown that the calculated resonant frequency was always higher
than the measured resonant frequency regardless of the feed position or
the dielectric thickness. However, the dielectric thickness affects both
fhe resonant frequency and the magnitudes o% the resistive and reactive
components. For the edge-fed radiators and 3/4 R fed radiators, the
measured resonant frequency approached the calculated resonant frequency
as the dielectric thickness was decreased. For the 1/2 R fed‘radiators,
the difference between the measured resonant freqﬁency and the theo-
retical resonant frequency decreased as the dielectric thick-
ness was decreased from 0.16 cm to 0.075 cm, but increased as
.the dielectric thickness was decreased from 0.075 cm to 0.036 cm. Also,
it was shown that regardless of the feed poihp, the magnitudes of the
resistance and reactance curves decreased forrdecreasing dié]ectric thick-
ness. Secondly, it was shown that for a givgn thickness dielectric, the
feed position changed the impedance magnitudes, but had a negligible

" effect as far as changing the resonant frequency of the printed-circuit,
circular disc antennas. In general, for a given dielectric thickness,
moving the feed point from the edge to a position closer to the center of
the disc caused the magnitudes of both the resistance and reactance

curves to decrease. However, no more than a x0.7% change in the resonant
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frequency occurred vhen the feed point was moved from R to 1/2 R for any
of the three dielectric thicknesses which were ekperimenta11y investigated.

"Wadkins' zeroth-order -theory -for the n=1 mode was used by Morel
to calculate the far fields, Eb and E}; When these theoretical patterns
were plotted versus 6 for different ¢ angles; it was discovered.that
radiation was max imum in a direction normal to the p]ang of the disc. Also,
it was shown theoretically that there was a component of Eb at 8 = 90f for
all ¢ angles except 90° and no component of E; at o = 90f fog all ¢
angles. Finally, the calculated patterns using the zeroth-order theory
for the n=1 mode revealed that the beamwidth for Eé was greater than the
beamwidth for F@. These theoretical predictions regarding the far fields
were experimentally verified for the printed-circuit, circular disc
antennas which were fabricated on a dielectric thickness of 0.16 cm.
However, for the thinner dielectric materials, i.e. 0.075 cm énd 0.036 cm,
it was shown experimentally that~rad1ation was not maximum in a direction
normal to the plane of the disc. Dips began to occur at ¢ = 0° for the
thinner dielectric materials.

Watkins' zeroth-order theory also predicted that the printed-
circuit, circular disc antennas operating in the n=1 mode were Tinearly
polarized. This was experimentally verified %or three feed‘positions,

R, 3/4 R, and 1/2 R, and three dielectric thicknesses 0.16 cm, 0.075 cm,
and 0.036 cm.
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APPENDIX 2 ~

WANG 720C COMPUTER PROGRAM



VWRNIMNESWNEO

MARK
00 02
UP

9

0

DOWN
MARK

00 03

UPp

3

6

0

DIVIDE
DOWN
INTEGER X

4

X
DOwW?
INTEGER X

WRITE ALPHA

SQRT X

PI

X

2

DIVIDE

DOWN

x2

STORE DIRECT
%EGISTER 3

6

UP

1

STORE DIRECT

REGISTER 0

MARK

15 14

RECALL DIRECT

- REGISTER 3

x DIRECT
REGISTER 0
DOWN

DIVIDE DIRECT
REGISTER 0
1 . '

DOWN

-

OO OONSNSNSNINSISNSNSNNyNOoONOVOVOVOVOVO\OsONnninlnbnbnn
W8

00 €O 00 0o 00 OO
\O o~ OV B

OO
[ =]

O WOOWOWO
AP WN

O\ O
\O 00~

HOWONAUVMSWNFOWVRNSOUMIBWNFHOWORNOOTWVMPWNEO |
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CHANGE SIGYN
DIVIDE DIRECT
REGISTER 0
1

+ DIRECT
REGISTER 0
WRITE ALPHA
WRITE

SEARCH

15 14

RECALL Y
REGISTER 0
5

SET EXP
CHANGE SIGN
1

1

DOWN

WRITE ALPHA
END PROG
SEARCH

15 15

MARK

00 07

WRITE ALPHA
CLEAR X

UP

5

SKIP IF Y GE X
WRITE ALPHA
X2

1

+ .
STORE Y
REGISTER O
2

RECALL DIRECT
REGISTER 0
DIVIDE

DOWN

STORE Y
REGISTER 1
x

STORE Y
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101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149

%EGISTER 0
STORE DIRECT
REGISTER 3
1

5

up

8

STORE DIRECT
REGISTER 2
MARK

15 13

RECALL DIRECT
REGISTER 0
x DIRECT
REGISTER 3
RECALL DIRECT
REGISTER 2
x DIRECT
REGISTER 2
EXCHANGE DIRECT
REGISTER 2
x DIRECT
REGISTER 3
DOWN

+ DIRECT
REGISTER 3
2

1

- DIRECT
REGISTER 2
EXCHANGE DIRECT
REGISTER 3
DIVIDE DIRECT
REGISTER 3
RECALL DIRECT
REGISTER 2
WRITE ALPHA
LOG e X
SEARCH

15 13

RECALL Y
REGISTER 1
RECALL DIRECT
REGISTER 3

X

WRITE ALPHA
GO

X

‘105

4

5

WRITE ALPHA
10X

DOWN

WRITE ALPHA
END PROG
SEARCH

15 15

MARK

09 04

STORE DIRECT
REGISTER 1
00 02
EXCHANGE DIRECT
REGISTER 1
00 03

DIVIDE DIRECT
RECISTER 1
RECALL DIRECT
REGISTER 1
RETURYN

MARK

00 05

03 00 !

00 n7

RETURY

MARK

03 00

STORE DIRECT
REGISTER 3
/x/

Uup

1

SKIP IF¥ Y EQ X
SEARCH

15 12

RECALL DIRECT
REGISTER: 3
SET EXP

2

0

SEARCH

15 15

MARK

15 12

DOWN

X2

CHANGE SIGYN
UP



1

+

DOWN

SQRT X

DIVIDE DIRECT
REGISTER 3
RECALL DIRECT
REGISTER 3
SEARCH  ~

15 15

MARK

90 06

03 00

00 07

uP

9

0

EXCHANGE

DOWN

SEARCH

15 15

MARK

00 00

up

WRITE ALPHA
STOP

MARK

15 11

X

DOWXN
SEARCH
15 15
MARK
00 01
UpP
WRITE ALPHA
GO
SEARCH
15 11
MARK

.00 09

STORE DIRECT
REGISTER 1
00 03

X

DOWN

EXCHANGF DIRECT
REGISTE.. 1

12 15

NRNRNNRNNNNN
NSNS NSNS NN

269

Nelo . RNT R, gV Y LY Yo
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14 08
00 02

X

RECALL DIRECT
REGISTER 1
RETURYN

MARK

017 08

WRITE ALPHA
WRITE -
SEARCH

15 05

WRITE ALPHA
SET EXP
EXCHANGE
RETURN
CHANGE SICN
up

1

8

0

RETURN

MARK

15 05 )
WRITE ALPHA
LOG e X
SEARCH

15 04

1

SET EXP
CHANGE SIGY
9

5

MARK

15 04

WRITE ALPEHA
eX .

DIVIDE

X2

STORE DIRECT
REGISTER 0
12 05

14 08

X2

4+ DIRECT
REGISTER 0
RECALL DIRECT
REGISTER 0
EXCHANGE
WRITE ALPHA
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LOG 10 X

1/x

CHANGE SIGN
00 07

STORE DIRECT
?EGISTER 0

WRITE ALPHA
LOAD PROG
uP

9

0

X

RECALL DIRECT
REGISTER O
+

12 05

14 08

SQRT X
EXCHANCE
RETURN

MARK

00 10

03 01

MARK
15 09
2
DIVIDE
DOWN
SEARCH
15 15
MARK
03 01
eX

UpP

1/x
RETURN
MARX
00 11
03 01
+

SEARCH

15 09

MARK

09 12

03 01

STORE Y
REGISTER 3
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VOV OVOVOVOWVRPORMWOPORNNNNNNNNYNATORTRAROT U ULLTLILILTLIL LT LA
WCOROSNOUNMBWNHOWAONOUVIBWNEHEOWONMNMBWNMEHOWOWONOUVIBWNIEHEOOVONONCNSWNMO

+ DIRECT
REGISTER 3
RECALL DIRECT
RECISTER 3
DIVIDE

DOWY

SEARCH

15 15

MARK

00 13

03 02

+

MARK

15 10

DOWN

SQRT X ‘
RECALL Y
REGISTER 3
+

DOWY

LOG & X
SEARCH

15 15

MARK

03 02 '
STORE DIRECT
REGISTER 3
x2

up

1

. RETURN

MARK
00 14
03 02

'SEARCH

15 10

MARK

00 15

UP

CHANGE SIGN
STORE DIRECT
REGISTER 3
1

+

+ DIRECT
REGISTER 3
RECALL DIRECT
REGISTER 3
DIVIDE
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DOWN
. 450 02 09
ggc e X 451 02 95
) 452 02 12
2 VIDE 453 02 07
454 01 04
DOWN
455 01 09
MARK
456 02 06
15 15 457 00 02
12 15
458 09 02
14 08
) 459 00 02
RETURYN
460 01 04
MARK
461 01 15
LOG e X
462 00 05
STOP 463 02 05
STORE DIRECT
464 02 13
REGISTER 10
465 01 12
WRITE ALPHA
466 02 06
01 02 |
467 02 12
00 02
468 02 05
99 02
469 00 02
00 02 :
470 00 02
00 14
471 00 02
01 13
472 09 02
02 05
473 01 04
00 0% .
474 01 15
02 14
475 00 05
02 05
47¢ 02 05
02 06
477 02 13
02 12
478 01 12
00 01
479 02 06
00 02
480 - 02 12
00 02
481 02 05
00 02
482 01 08
00 02
483 00 02
01 13
484 00 02
02 05
485 00 02
00 14 :
486 0D 02
02 09
487 09 02
02 05
488 01 03
02 12
489 03 00
02 07 .
490° 00 15
01 04
491 02 01
01 09
492 01 02
02 06
493 03 07
00 02
494 01 03
00 02
495 03 01
00 02
496 01 02
01 13
497 00 02
02 05
29 498 00 02
00 1 499 00 02



500
501
502
503
504
505
506
507
508
509
510
511
512
513
514
515
516
517
518
519
520

521.

522
523
524
525
526
527
528
529
530
531
532
533
534
535
536
537
538
539
540
541
542
543
544
545
546
547
548
549

00
00
00
02
01
02
00
00
01
02
01
02
02
02
00
00
02
01
02
00
0o
01
02
01
02
02
02
00
00
01
02
01
02

00

00
01
01
02
00
00
0l
01
01
00
01
02
01
01
00
00

02
02
02
12
09
05
14
14
04
12
04
05
06
07
02
02
12
09
05
14
14
04
12
04
05
06
67
02
02
13
05
12
09
02
05
12
13
07
02
02
04
15
12
15
04
06
12
13

oL

02

(S AV, AV, G AV NV, RV, )V, LV, KV, ¥ )
QO I sInI IS
QWS WO

598
599

END ALPHA
WRITE

12 15
WRITE ALPHA
00 02 -
00 02

01 15

01 12

00 15

02 06

01 04

02 07

02 14

02 13

02 05

END ALPHA
WRITE

12 06
WRITE ALPHA
01 12

02 06

00 15

02 09

02 05

01 08

" 01 08

END ALPHA
MARK

eX

STOP

STORE DIRECT
REGISTER 27
STOP ‘_
STORE DIRECT
REGISTER 11
STOP

STORE DIRECT
REGISTER 12
RECALL Y
REGISTER 11

RECALL DIRECT

REGISTER 12
00 09 :
STORE Y

REGISTER 13
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STORE DIRECT

RECISTER 14 2?2 %EE&EEE$ 23

D

e ST T

ST ey 653 RECALL DIRECT
B D 654 REGISTER 22

STORE DIRECT 655 -

REGISTER 15 656 STORE Y

RECALL DIRECT 657 REGISTER 24

REGISTER 14 658 RECALL Y

ggéggED§éggT 659 REGISTER .23

660 RECALL DIRECT

REGISTER 16
RECALL DIRECT
REGISTER 14

- UP

REGISTER 24
g0 09 -
STORE Y

1 REGISTER 25
+ STORE DIRECT
STORE Y REGISTER 26

REGISTER 17
RECALL DIRECT

RECALL DIRECT
REGISTER 190

RN NORONN

WWWWWWWRNNNNDMN
AUV WM OWOSN AL W

AONON
wWwWLw
O 00~

x DIRECT
%gGISTER 16 670 REGISTER 25
u 671 x DIRECT
1 672 RECISTER 26
t ORE ¥ 673 RECALL DIRECT
674 REGISTER 27
REGISTER 18 675 WRITE
RECALL Y 13 676 05 03
REGISTER
RECALL DIRECT 235 33135 ALPHA
REGISTER 17 679 09 02
ggogg v 680 - 00 02
EeR 19 681 END ALPHA
gEGI 682 RECALL DIRECT
TORE DIRECT 683 REGISTER 11
REGISTER 20 684 WRITE
REgALL Y Ls 685 06 02
REGISTER
RECALL DIRECT 239 33135 ALPHA
REGISTER 18 688" 00 02
230ks + HEY
REGISTER 21 e39  END ALPHA
REGISTER 21 691 RECALL DIRECT
692 REGISTER 12
REGISTER 22 693 WRITE

RECALL Y
REGISTER 19
RECALL DIRECT

69 09 00

69
REGISTER 21 gg

69

69

4

5 WRITE ALPHA
6 00 02

7 00 02

8 00 02

9 00 02

DIVIDE
STORE Y



=t et b e et

SIS SNISNI SIS SN SNISNINSE NSNS SN NSNS NSNS NN
SRR WWLWLWLLWLWLWLWLNNNDNNN
WOSNOWVMPWNFOOVONOOUVEWNHFHOWRNONWUL S

00 02
00 02
00 02

END ALPHA
RECALL DIRECT
REGISTER

upP

*

5

EXCHANGE
SKIP IF Y LT X
SEARCH

1/x
1

+ DIRECT
REGISTER

MARK
1/x

RECALL DIRECT
REGISTER

WRITE
04 00
WRITE
00 02
00 02
00 02
00 02
07 02

END ALPEA
RECALL DIRECT
REGISTER

UpP

INTEGER X

5

EXCHANGE
SKIP IF Y LT X
SEARCH

PI
1

+ DIRECT
REGISTER

MARK
PI

RECALL
REGISTER

WRITE

SIS SI SN
(SR RO, RV, RV, W, )V, )
NP WN=O

INTEGER X

m

06 00

WRITE ALPHA
01 08

END ALPHA
SEARCH

eX

END PROG -



