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Abstract

The non-linear properties observed in charge density wave compounds have been
studied for many years. The quasi one-dimensional conductor NbSes is particularly
important because a small electric field can depin the charge density wave above
a threshold field, above which the charge density wave shows non-linear behavior
resembling Zener tunneling.

Transport properties of the one-dimensional linear chain compound NbSesz are
measured using dc transport, ac response, pulsed techniques, direct mixing, and
harmonic mixing as functions of dc bias voltage, applied frequencies, and in some
cases the amplitude of an additional ac signal source.

A phenomenological model, consisting of a shunt resistance in parallel with a
tunnel junction capacitor, based on the Hamiltonian tunneling matrix element, is
presented as a possible mechanism for correctly describing charge density wave dy-
namics. Our results appear to be consistent with time-correlated quantum nucleation
of solitons and antisolitons. Furthermore, mixing experiment results are also com-
pared with photon-assisted tunneling theory. Numerical calculations obtained from
the model accurately reproduce the observed features of charge density wave dynam-
ics. The results reported here thus provide compelling evidence in favor of quantum

tunneling as the mechanism for charge density wave depinning and transport.
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Chapter 1

Introduction

Quantum tunneling refers to the quantum mechanical phenomenon where a
particle can penetrate, and in most cases, pass through a potential barrier. This
barrier is assumed to be higher than the kinetic energy of the particle; therefore, such
a motion is not allowed by the laws of classical dynamics. Tunneling phenomenon is
the most prominent manifestation of quantum mechanics, and its source lies in the
probabilistic behavior imposed by quantum physics. At present, it is known that
tunneling is a common phenomena in many area of physics including semiconductor

physics, atomic physics, nuclear physics, and cosmology.

The tunneling effect has been traditionally treated by solving the time-independent
Schrodinger equation in the continuum part of the spectrum, and then defining ei-
ther transmission and reflection coefficients suitable for one-dimensional problems or
a probability of escape (or penetration) per unit time in two- or three- dimensional

situation [1]. The concept of quantum tunneling has undergone several important



advances since the 1960’s. The tunneling Hamiltonian framework, originally pro-
posed by Bardeen [2] and further developed by Cohen et al. [3], involves matrix
elements in the transfer of particles between initial and final wave functions. The
utility of the functional tunneling Hamiltonian becomes especially apparent since it
permits putting potential energy information in the wave functionals and analyzing
the kinetics of the evolution between initial and final wavefunctional states. The tun-
neling Hamiltonian is extensively used in explaining Josephson’s theory of coherent

tunneling of superconducting electron pairs through an insulating barrier [4].

Another advance occurred with publication of the now classic “Fate of the False
Vacuum” papers [5, 6, 7], discussing quantum instability of a scalar field ¢(r), of en-
ergy described by a double-well potential U(¢). If ¢(r) sits in the higher metastable
well (“false vacuum”), it is unstable to decay. This occurs when ¢(r) tunnels into the
lower potential well within a localized region of space, nucleating a bubble of “true
vacuum” bounded by a domain wall separating it from the false vacuum. Variations
of this model have been applied extensively to theories in quantum cosmology, includ-
ing bubble nucleation of universes [8, 9], tunneling of branes [10], and even repeated

tunneling of the universe, to explain the small, positive cosmological constant [11].

The false vacuum decay is a tunneling phenomena in quantum field theory, whose
dynamic was first studied by Voloshin, Kovzarev, and Okun [12]. This was further
advanced by introducing a method, to calculate the bubble nucleation rate and to de-
scribe the dynamics of a nucleated bubble, by Coleman [5], Callen, and Coleman [7].

In quantum field theory, the term “vacuum” refers to a local or global minimum



energy state and the scalar field ¢ has many interpretations, such as the Higgs or in-
flation field. Nucleation of bubbles in boiling water is, perhaps, the most well known
example of thermal decay of the false vacuum. In this case, ¢ can represent the den-
sity of water, which is low for the vapor state (true vacuum when the temperature
exceeds the boiling point T;) and high for the liquid state (false vacuum when T <
Tp). In the examples considered in this work, ¢ represents the phase of a density
wave. Applying an external driving force (electric field) alters the potential energy
landscape such that the initially lowest energy potential well becomes a metastable
state (false vacuum) once the driving force exceeds a critical value. An elongated
quasi-one-dimensional (1-D) “bubble of true vacuum,” within which ¢ tunnels into
the lower potential well, nucleates. The domain walls take the form of topological

solitons (charge solitons) at the boundaries of the bubble.

The charge density wave (CDW) is an anisotropic (quasi-1-D) correlated electron-
phonon system in which quantum interference between right- and left-moving elec-
tron states creates a charge modulation, p(x,t) = po(x,t) + p1 [cos 2kpx — ¢p(x,1)],
along the main axis of the whisker-like crystal. A spin density wave (SDW) is equiv-
alent to two out-of-phase CDW’s for the spin-up and spin-down subbands. Although
pinned by impurities, a density wave can transport a current if the applied field ex-
ceeds a threshold field Er. The system is described by a periodic pinning potential,

idealized as a sine-Gordon potential, 1 — cos ¢ in the simplest model.

The interest in CDW’s grew dramatically in 1976 when non-linear conductivity
was first observed in the transition metal tricalcogenide NbSes [13]. The non-linear dc

conductivity was the first indication that the CDW could move through the lattice



and transport the charge. This was soon determined by electron, X-ray [14], and
NMR [15] measurements, which strongly suggested that the observed nonlinearity
was due to collective motion of the CDW. In addition to the non-linear conduction,
it was later determined that CDW conduction occures only above a threshold electric

field.

A variety of models have been proposed to describe the CDW or SDW dynamical
response in the presence of defects. The first and simplest is the single impurity
or rigid over-damped oscillator model [16], which describes the CDW as a single
particle on a washboard potential. The single particle model can qualitatively pre-
dict several phenomena associated with CDW sliding. However, for a quantitative
comparison with experimental data, the single particle model is, in most cases, an

oversimplification.

A second and most widely studied model is the classical deformable model pro-
posed by Fukuyama, Lee, and Rice [17, 18]. This model is an extension of the rigid
model and it assumes that the CDW is an elastic medium that can adjust itself at
impurity sites. Two regimes can be identified as the strong-pinning regime, and as
the weak-pinning regime. The classification of CDW conductors into weak-pinning

and strong-pinning materials has been the subject of intensive research and debate.

The Zener tunneling theory, proposed by John Bardeen [19] in 1979, is based on
the experimental observation of a field-activated Zener form J ~ [E—E7| exp(—FEy/E)
of NbSes and TaS3 in the non-linear dc I-V characteristics. This model uses the small
pinning gap in the collective excitation spectrum of the CDW system and invokes

photon assisted tunneling to obtain the ac response.



Maki [20] considered a real-space picture, in which 27-soliton-antisoliton (S-S')
pairs nucleate via quantum tunneling. In a related picture, Maiti and Miller [21] con-
sidered Zener tunneling of quantum solitons, which are heavily dressed, delocalized
particles. Krive and Rozhavsky [22] pointed out the existence of a Coloumb blockade
threshold field for the creation of charged S-S’ pairs, and later extended this picture

to nucleation of soliton-like domain walls [23].

Despite the various successes and failures of each of these two classes of theories
in predicting the exact details of various experimental results, they reproduced qual-
itative features of CDW conduction, threshold field, non-linear conduction, and ac
response. In fact, many qualitative features of CDW dynamics seem to be generic
to all these models, making it difficult to determine which model is the correct de-

scription for CDW transport.

One of the first experimentally observed quantum mechanical phenomena in
CDW compounds is the oscillating magnetoresistance in NbSes, in the presence of
small columnar defects, reported by Latyshev et al. [24]. The collective response of
the CDW to the Aharonov-Bohm flux trapped inside the columnar defects reflected a
h/2e periodicity in CDW magneto-conductance. Very recent experiments on TaSs3
rings [25] also observed h/2e oscillations in CDW magneto-conductance. These ob-
servations strongly demonstrate the quantum character of the CDW condensate.
Moreover, the fact that the period is h/2e, rather than h/2Ne as predicted [26] for

N parallel chains, suggests that the system behaves as a quantum fluid rather than a



single massive object. Another important observation [27, 28, 29, 30] is that ac con-
ductivity, dielectric response, and mixing are nearly bias-independent below thresh-
old in NbSez and TaS3. These observations contradict classical predictions [31, 32, 33]

of increasing or diverging dielectric response.

After several decades and large body of experimentation, theory, and speculation,
CDW still continues to attract interest and generate controversy. In spite of that,
there is still a debate whether classical mechanics is enough to describe the CDW
properties or more advanced quantum mechanical treatment is needed. Recent ex-

periments have shown in favour of quantum character in CDW transport.

The work described in this dissertation is an attempt to accurately explain the
CDW transport phenomena using a quantum mechanical treatment. The CDW
materials studied in this research are quasi-1-D NbSes crystals due to their clean
transport properties compared to other compounds. Dielectric, pulse, dc, ac, direct
mixing, and harmonic mixing measurements, as functions of dc bias voltages, ap-
plied frequencies, and in some cases amplitudes of an additional ac signal source,
are performed to characterize the CDW transport properties. A phenomenological
quantum model consisting of a shunt resistance in parallel with a tunnel junction
capacitor, based on the tunneling Hamiltonian matrix element, is presented as a pos-
sible mechanism for correctly describing charge density wave dynamics. Numerical
calculations obtained from the model reproduce the observed features of CDW dy-
namics accuretly. Our results appear to be consistent with time correlated quantum
nucleation of solitons and antisolitons. Furthermore, mixing experiment results are

also compared with photon assisted tunneling theory. The results reported in this



dissertation thus provide compelling evidence in favour of quantum tunneling as the

mechanism for charge density wave depining and transport.

1.1 Outline of the Dissertation

This dissertation is organized as follows.

Chapter 2 introduces background information, including a description, micro-
scopic formation, and conduction mechanism of CDW. It also provides a description

of the CDW material, NbSes.

Chapter 3 reviews the theoretical models that have been proposed to explain the

CDW dynamics.

Chapter 4 contains the theoretical basis of the false vacuum theory for creation of
soliton-antisoliton pairs. It also presents the phenomenological model as a possible
mechanisms for correctly describing CDW dynamics. A comparison of theoritical
and experimental results of pulse and current voltage responses are also included in

this chapter.

Chapter 5 includes an overview of theoretical basis of the photon-assisted tun-
neling theory, applied to the CDW system. It also compares the mixing experiment

results with photon-assisted tunneling theory.

Finally, Chapter 6 summarizes the results.



Chapter 2

Theoretical Background

2.1 Introduction

Metals may undergo a phase transition to a state exhibiting a new type of
electronic order when cooling. For example, iron and nickel become ferromagnetic.
In these materials, the exchange interaction causes an alignment of the spins of
the conduction electrons, and an ordered state with a nonzero magnetic moment is
formed. Other metals, such as aluminum and lead, become superconducting. In a
superconductor, electrons of opposite momentum are coupled together into Cooper
pairs as a result of their interaction with lattice vibrations. Such Cooper pairs can
move through the superconductor without dissipation. A different type of phase
transition called charge density wave (CDW) state occurs in a class of metals with
a chain crystal structure, namely, quasi-one-dimensional materials, as a consequence

of electron-phonon interactions. The resulting state consists of a periodic charge



density modulation accompanied by a periodic lattice distortion, both their periods
being determined by the Fermi wave vector kr. Consequently, both the electron and

the phonon spectra are strongly modified by the formation of the CDW.

The purpose of this chapter is to introduce CDW’s. CDW conducting materials
have been researched extensively since their discovery in 1976 [13]. The interest in
this field is due to the complex phenomena exhibited by these materials. A number
of excellent reviews have appeared in the literature on this subject [30, 34, 35, 36].
An outline of those reviews is given below. Section 2.2 outlines the introduction
about the CDW. Section 2.3 describes the formation of the CDW and section 2.4
explains the Frohlich theory of CDW conduction. Finally, section 2.5 outlines the
materials that show CDW conduction and the material properties that have been

used in this work.

2.2 Charge Density Wave

Almost 50 years ago, Rudolph Peierls [37] and H. Frohlich [38] independently
suggested that a coupling of the electron and phonon systems in a one-dimensional
metal is unstable with respect to a static lattice deformation of wavevector Q) = 2kp.
CDW is a type of coupled electron-phonon instability found in quasi-low dimensional
materials when cooled below a characteristic transition temperature, known as the
Peierls temperature. Below the Peierls transition temperature (Tp), CDW in one-
dimension can simply be described as a periodic distortion of a quasi-one-dimensional

lattice, which is accompanied by a periodic modulation of the electron density. A spin



density wave (SDW) is closely related, and can be thought of as two CDW'’s for the
spin-up and spin-down electrons that are 180° out-of-phase. Figure 2.1 illustrates a
one-dimensional metal with lattice spacing a( distorted below the Peierls transition
temperature Tp, introducing new periodicity 2ag, in to the lattice. In Fig. 2.1,
wavelength of the modulated charge, Acpw, is four times the original lattice spacing
ag. In NbSes, A\cpw is only approximately four times the lattice constant. In reality
it is incomensurate with the lattice, such that Acpw # nag (n being an integer).
This feature contributes to the fact that CDW’s in this material tend to be very

weakly pinned.

The modulation of the electron charge density depicted in Fig. 2.1 can be written

p(x) = pocos(Q - = + ¢(x)) (2.1)

where pg is the amplitude of the modulated electron density, ) = 2kp is the wavevec-
tor of the modulation, kp is the Fermi wavevector, ¢(x) is the local phase of the
modulation wave with respect to the lattice, and x is the distance along the one-

dimensional chain. Similarly, The lattice distortion can be written as

u(z) = ugcos(Q - x + ¢(x)) (2.2)

where ug is the amplitude of the lattice distortion with respect to the unperturbed
ionic position. The distortions are usually quite small with atomic displacements
about 1 % of the interatomic spacing and the conduction electron density varies by

several percent [39].

10



(a). T>Tp

Electrons

00 000 00000000000 Ions

(b). T < Tp
AcDW

/\/\/\/\ Electrons

000 © 000 © 000 O 000 0 IOns

Figure 2.1: Formation of charge density wave (CDW) state in a one-dimensional
metal. The dots represent the position of the metal ions and the solid lines represent
the spatial variation of the charge density. (a) T > Tp in the metallic state without
the presence of CDW. The metal ions are evenly spaced and the electron charge
density is uniform. (b) T < Tp in the CDW state. The ions are displaced and
electron density is periodically varying.
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2.3 Charge Density Wave Formation

While CDW formation also occurs in materials with two- and three-dimensional
band structure, it is predominantly a one-dimensional phenomena. The basic con-
cept regarding the CDW formation was first proposed by Peierls in 1954 [37], where
he considered a system of free electron gas coupled to the underlying lattice in one-
dimension, and concluded that the system is not stable at low temperature, as it
favors a new ground state displaying a static periodic lattice distortion and a mod-

ulation of the conduction electron density.

The key reason for the occurence of a CDW formation is the low dimensionality
of the materials, where electron-phonon interactions, random pining potentials, and

fluctuation effects are critical to the stability of the system.

2.3.1 Instability in a One-dimensional Electron Gas

The reduction of phase space from three-dimensions to one-dimension has several
important consequences. Both interaction effects and random potentials have a more
profound effect in one-dimension than in higher dimensions. Thermal fluctuations in
the system are also very important. In order to understand the CDW formation, let’s
consider the response of a one-dimensional free electron gas to a time independent
potential at zero temperature. The Fermi surface of the one-dimensional electron
gas consists of two points, one at +kr and the other at —kp, for an extremely
anisotropic metal, two sheets, a distance of 2k apart. The particular topology of the

Fermi surface leads to a response to an external perturbation, which is dramatically

12



different from that obtained in higher dimension. The response of an electron gas to

the time independent potential ¢(r),

o(r) = / d(q)e'"dg, (2.3)

is usually treated within the frame work of linear response theory. The rearrangement

of the charge density, expressed in terms of an induced charge p(r),

pr) = [ p"(g)erda, (2.4)

is related to ¢(r) expressed in the Fourier space,

p"™(q) = x(q)8(q). (2.5)

Here ¢ is the wave vector and the proportionality x(¢) is the so-called Lindhard

response function, which is given in d dimensions by,

(q) = / (dk Jr = friq (2.6)

)
27m)% € — €ktyq

where fi, = f(ex) is the Fermi distribution function. For a one-dimensional Fermi
electron gas at zero temperature, the particular topology of the Fermi surface leads
to an electronic dispersion ¢, — €p = hvp(k — kp) where ep is the Fermi energy and

vr is the Fermi velocity. The Lindhard response function is found to be

q+2kr

2
X(@) =~ N(ep)in |10

(2.7)

where N (ef) is the density of states at the Fermi level. The response function evalu-
ated for all q values for a one-dimensional (1-D) metal is displayed in Fig. 2.2 together

with that for the two-dimensional (2-D) and three-dimensional (3-D) electron gas.

13



In the 1-D case, the response function diverges at ¢ = 2kp, in 2-D, the first deriva-
tive exhibits a discontinuity at 2kg, while in a 3-D system, the response function is
continuous even in the first derivative. It can be seen that the Lindhard response

function dramatically depends on the dimensionality of the system.

The divergence of the Linhard response function at ¢ = 2kg is due to particular
topology of the Fermi surface. While Fermi surface of a free electron gas is a sphere
in the 3-D case, it becomes a circle in 2-D and in the 1-D case, it consists only of
two points at +krp and —kp. This implies that a single wavevector ¢ = 2kp pairs
up all states on either side of the two parallel Fermi surfaces. Such a condition is
usually called as “perfect nesting”. Since all real materials are 3-D, the shape of
the Fermi surface is of fundamental importance in determining whether x(q) will
diverge. A 3-D Fermi surface will still exhibit a 1-D character if the Fermi surface
can be spanned or nested by the wavevector ) = 2kp. Figure 2.3 illustrates the
concept of a nested Fermi surface for a real quasi-1-D material along with one-, two-,

and, three-dimensional electron gas.

The finite temperature dependence of the Linhard response function can be ob-
tained using the Fermi function for 7" # 0 in Eqn. (2.6). At finite temperature the

numerator gives,

1 1 €k
— = tanh . 2.8
exp(—ek/kBT) +1 exp(ek/k;BT) +1 an Qk'BT ( )
Then, Eqn. (2.6) becomes
e0/2ksT tanh
(g =2kp, T) = —eQN(eF)/0 T 0 (2.9)
0 x
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:0)

x(9)/x(q

Figure 2.2: Lindhard response function for a one-dimensional (1-D), two-dimensional
(2-D), and three-dimensional (3-D) free electron gas at zero temperature as a function
of the wave vector q. The response function varies smoothly at 2kg for a 3-D system.
In 2-D, the first derivative exhibits a discontinuity at 2kz, while in a 1-D system,
the response function diverges at 2kp.
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Figure 2.3: Fermi surface topology for one-, two-, three-, and quasi-one-dimensional
free electron gas. The arrow indicates the wavevector. (a) Perfect nesting in 1-D elec-
tron gas. (b) Nesting in 2-D electron gas. (c) Nesting in 3-D electron gas. (d) Nesting
in quasi-1-D free electron gas. Perfect nesting still exists for small dispersion in one

direction.
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The integral can be readily evaluated giving

1.1460
kgT

x(q = 2kp, T) = —*N(ep)iln (2.10)

Here ¢j is an arbitrary chosen cutoff energy which is usually taken to be equal to
the Fermi energy er. The temperature dependence of x(2kr) is approximated as
X(2kr) ~ In(1/kgT). This implies that y(2kr) diverges logarithmically with de-

creasing temperature.

2.3.2 Peierls Transition and Charge Density Wave Forma-

tion

In order to describe the transition to a charge density wave ground state, let’s
consider a one-dimensional electron gas coupled to the underlying chain of ions
through electron-phonon coupling. This weakly coupled electron-phonon system can
be described by the second quantized Hamiltonian [40] proposed by Frohlich, which
is given by,

H = Hy+ Hyp+ Ha—ph (2.11)

where the first term

Hel = ZekakTak (212)
k

describes the Hamiltonian of the unperturbed electron gas, where a;' and a;, are the
electron creation and annihilation operators for the electron states with energy e.

The second term

Hy, =Y huwgb,'b, (2.13)
q
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describes the lattice vibration and qu and b, are the phonon creation and annihilation
operators for the phonons characterized by the wavevector ¢, while w, represents the
normal mode frequencies of the ionic mass. The third term
Hel—ph = qua(kJrq)Tak(bqu + by) (2.14)
k,q

describes the electron-phonon interaction with coupling constant g,.

In the case of a one-dimensional electron gas, the coupled electron-phonon system
is unstable and this instability has fundamental consequences for both the lattice and
the electron gas. The effect of electron-phonon interaction on the lattice vibrations
can be described by establishing the equation of motion of the normal coordinates
(). For small amplitude displacements,

2

Qq == qu - Qghqu<QaT) Qq- (2.15)

The above equation of motion gives a renormalized phonon frequency

2
2 _ 2 207w
Wren,g = Wy h

x(q, T). (2.16)

For a one-dimensional electron gas, the Lindhard susceptibility x(q,T) has its
maximum value at ¢ = 2kr. Consequently, the reduction, or softening of the phonon
frequencies will be most significant at these wavevectors. This softening of the 2kp

phonon is called Kohn anomaly [41]. The phonon frequency for ¢ = 2kr becomes

292n(ep)w2k 1.1460

With decreasing temperature, the renormalized phonon frequency goes to zero.
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Figure 2.4: Phonon dispersion relation of a one-dimensional electron gas at various
temperatures [36].

19



The temperature at which wye,  becomes zero is called the Peierls transition tem-

perature TM¥ | and in the mean field approximation,
kgTHE = 1.14e0e—1/ ), (2.18)

where A = 2¢g%n(er)/h*war, is the dimensionless electron-phonon coupling constant.
This term describes the scattering of an electron by absorbing of a phonon of wave-

vector ¢ or emission of a phonon of wavevector —q.

Below T ¢ = 2kpr becomes macroscopically occupied resulting in the static

lattice distortion, and the mean lattice ionic displacement becomes
(u(x)) = Aucos(2krz + ¢). (2.19)

Here Awu is the amplitude of the lattice distortion and ¢ is the phase of the distortion

with respect to the lattice.

NN

where N is the number of ionic lattice sites per unit length, M is the ionic mass,
and A is the energy gap opened in the energy dispersion at the Fermi level. The

modulation of the charge density in the ground state becomes

p(x) = po+ p1 cos(2kpz + @) (2.21)
where py is the undistorted electronic density, and usually p; << py.

To summarize, for a one-dimensional metal with a linear chain separated by dis-
tance ag, in the absence of electron-electron or electron-phonon interaction at T=0 K,

the ground state corresponds to the situation depicts in Fig. 2.5(a): The electron
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Figure 2.5: Peirerls distortion in a one-dimensional metal. One-electron states with
energy F(k) < E(kp) are filled, while states with E(k) > F(kp) are empty. (a) Nor-
mal state (b) CDW state. In the band diagram, a gap A opens at the Fermi en-

ergy [36].
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states are filled up to the Fermi level ex and the lattice is a periodic array of atoms
with lattice constant ag. In the presence of an electron-phonon interaction, it is
energetically favorable to introduce periodic lattice distortion with period A related
to the Fermi wave vector kpA = m/kp to open up a gap at the Fermi level, as shown
in Fig. 2.5(b). The energies of the occupied states below the Fermi energy ep are
lowered, while the empty states are raised in energy. The gain in electronic energy is
proportional to u?In(u) for small lattice distortion u, while the cost of strain energy
is proportional to u? [42]. Therefore, the total energy u?ln(u) + u* is decreased in

the deformed state; hence, this deformed state is the preferred ground state.

At finite temperature, normal electrons excited across the energy gap screen the
electron-phonon interaction. This, in turn, leads to the reduction of the gap and the
magnitude of the lattice distortion, and eventually to a second-order phase transition
at the Peierls temperature. The material is a metal above the transition temperature

while it is a semiconductor below Peierls temperature with a temperature-dependent

energy gap.
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2.4 Charge Density Wave Conduction: Frohlich

Formalism

The Peierls instability leads to a periodic distortion of lattice and charge density
in quasi-one-dimensional metals. Once the charge density waves are formed, the
wavelength of the CDW is determined only by the Fermi wave vector, there is no
direct relation between A and ag. If the ratio between the wavelength A and lattice
constant a( of the underlying lattice is a rational number, the CDW is commensurate
with the underlying lattice and the CDW energy depends on its phase. On the other
hand, when the ratio of the wavelength A\ and lattice constant aq is an irrational
number, the CDW is incommensurate and the CDW is translationally invariant with
respect to the underlying lattice. Therefore, an incommensurate CDW state does
not have a preferred ground state and ground state energy of the system would not

change if the CDW is displaced.

In 1955, Frohlich [38] demonstrated that the incommensurate CDW can slide
through the lattice upon application of an infinitesimal electric field. Since the
CDW carries charge collectively, it can contribute to electrical conductivity. Frohlich
proposed this as a possible mechanism for superconductivity. Instead, the CDW'’s are
not superconductors, since the CDW is usually pinned to the lattice by impurities and
defects. Therefore, contrary to the Frohlich theory, the collective mode contribution
to the electrical conductivity at low electric field is zero. However, if an moderate
electric field is applied that is large enough to overcome the pining potential, the

CDW is depinned from the underlying lattice and slides through the lattice. The
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sliding of the CDW results in increase of conductivity. A typical example is shown
in Fig. 2.6. Below a threshold voltage V7, the I-V curve is linear, since the CDW
is pinned and the current is due to thermally excited quasi-particles. CDW sliding
starts in at V¢ and the collective CDW motion causes a nonlinear I-V curve. This

non-Ohmic behavior is a unique phenomena of CDW materials.

In the sliding state, the lattice ions oscillate back and forth to propagate the CDW
condensate charge through the crystal, and the frequency of the macroscopically
occupied 2kr phonon condensate becomes nonzero, similar to the drift frequency wy

of the CDW. The lattice distortion in the moving state is described by
u(t) = ug cos [@na — wqt] (2.22)
with the electron density modulation

p(x,t) = pocos [Qr — wqt] (2.23)
moving with a finite drift velocity vq = wy/Q, where Q) = 2kp.

Frohich’s original treatment was based on a one-dimensional free-electron gas
model, and employed a variational calculation to determine the ground state of a
coupled electron-phonon system with a fixed total momentum. Here, by following
the tight binding approach of Allender, Bray, and Bardeen [43], the properties of
the Frohlich transport formalism can be calculated. For the moving lattice wave
described by Eqn. (2.22), the corresponding macroscopic phonon modes can be de-

scribed by,

(bag) = g‘) (14:1‘/[1/5> exp (TFiwat) (2.24)
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Figure 2.6: Sliding charge density waves (CDW) and current-voltage characteristics.
(a) Sliding CDW in motion. Each snapshot corresponds to an advancement of the
CDW by Acpw/8. (b) CDW sliding results in non-linear current-voltage character-
istics [43].
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Figure 2.7: Half-filled tight band which has undergone Peierls transition. The Peierls
energy gap A appears at the Fermi surface. (a) Stationary CDW with a drift velocity

\ Empty states /
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Empty states
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—kF+q 0 k F+q
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Vg = 0. (b) Moving CDW with a drift velocity V; > 0 [44].
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where s = (my/3M )1/ 2V is the sound velocity, V is the Fermi velocity, and wy =
QVy is the drift frequency. The energy gaps with the same magnitude are now
displaced by wavevector ¢ = m;V;/h with respect to their position in the stationary
ground state, and by 0F = hwy in energy as shown in Fig. 2.7. In addition, the
Bragg planes associated with the CDW distortion are now moving, so that the Bragg
reflection involves a loss of both momentum and energy. The energy of the moving
state is increased by the kinetic energy of the electron-ion system, %Nel(m + Mp)VZ,

over that in the stationary state. The total momentum of the system is given by
(p) = Nt (m + Mp) Vg, (2.25)

which shows that, due to the strong electron and phonon with 2kr coupling, the
momentum mVy per electron is enhanced by an effective lattice momentum MpgVj.
For a typical one-dimensional CDW material, the Frohlich mass ratio Mg/m is gen-
erally estimated to be around 100 — 10%, so that the electron mass can be neglected
in the above expression. The expectation value of the electric current carried by the
ground state is

(Jepw) = —n.(0)eVq (2.26)
where n.(0) is the condensed CDW carrier density at zero temperature.

The CDW current in the Frohlich moving ground state is carried by a filled band
and it results from collective motion of electron-phonon condensate. An applied
electric field acts to transfer the system in to a new current carrying ground state.
A moving CDW that carries an electric current represents the only other known

mechanism of collective charge transport besides superconductivity.
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2.5 Charge Density Wave Materials

Charge density wave formation in any material depends on the existence of a
Fermi surface. Charge density waves do not form in electrically insulating materials,
since they already have a band gap above the highest occupied electronic states.
Consequently, materials exhibiting the Peierls transition are electrically conducting

above their transition temperature.

A large number of organic and inorganic solids have crystal structures, in which
the fundamental structural units form linear chains. Among the inorganic linear
chain compounds are, for example, the platinum chain complex Krogmann’s salt
(KCP), the transition metal bronzes, such as Ky 3MoOj (blue bronze), and the tran-
sition metalchalcogenides such as NbSes and TaS3;. While most of these materials
are insulators or semiconductors, several groups have partially filled electron bands

and consequently display metallic behavior at high temperature.

2.5.1 Niobium Triselenide: NbSe;

All the experimental work described in this dissertation is carried out on niobium
triselenide (NbSes), which is one of the most widely studied CDW material. NbSe;
lends itself well to transport experiments, since high purity crystals can be grown and

its CDW transport properties are very clean compared to those of other compounds.

The quasi-one-dimensional conductor, NbSes is a representative of the family of

transition metal trichalcogenides with the general formula MX3, where M = Nb or
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Ta and X = chalcogen (S or Se) [36]. The materials belonging to this group are
strongly anisotropic three-dimensional conductors that consist of conducting chains

weakly coupled by Van de Walls forces [45].

NbSes is probably the most widely studied charge density wave material. It was
first synthesized by chemical vapor deposition at 700° C by Meerschaut and J. Rouxel
in 1975 [46]. NbSes crystals grow as needle-shaped whiskers with several millimeters
long, somewhat flexible along the needle axis, and with a typical cross-section of
50 pm?. The crystal structure, shown in Fig. 2.8(a), consists of chains along the
b - axis of trigonal prism of Se with transition metal approximately at the center
of each chalcogen prism. The chains are linked in the ¢ - direction by interchain
Nb-Se bonds, with lattice parameters, a = 10.09 A, b = 3.481 A, ¢ = 15.629 A, and

B =109.47 A [47]. These chains are parallel to the crystallographic b - axis.

Figure 2.8(b) shows a projection of the crystal structure perpendicular to the
b - axis. The unit cell of NbSes is monoclinic and contains six chains divided in to
three types, I, II and III. These three types can be distinguished by the strength of

the outer Se-Se bonds and the spacing between Se atoms in each prism.

NbSes is metallic at room temperature with resistivity of about 0.2 mQem along
the chain direction [48]. It stays metallic at low temperatures, since part of the
Fermi surface remain ungapped. NbSes is not highly anisotropic. Therefore, per-
pendicular to the b - axis, the room temperature resistivity of NbSes is 10 times
lower. Upon cooling, NbSes undergoes two Peierls transitions to CDW state [14].
The first transition occurs at Tp; = 145 K, which corresponds to the formation of

an incommensurate CDW and associates with the chain III (which has the closest
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Figure 2.8: Schematic representation of the NbSes structure in space. The unit cell
consists of six chains of three different types I, II, and IIT [46].
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Figure 2.9: Temperature dependence of the resistivity of NbSes along chain direc-
tion. Data obtained by cooling (blue circles) and heating (red circles) coincide. The
resistivity anomalies at 145 K and 59 K are associated with two independent Peierls
transitions. Below the second Peierls transition, NbSez remains metallic due to an
incomplete nesting of the Fermi surface.
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chalcogen spacing). The second transition occurs at Tpy = 59 K, which results in
an incommensurate CDW and associates with the type I (chain I which has inter-
mediate chalcogen spacing). Chain II has the largest chalcogen spacing and does
not form charge density waves. These two independent transitions are marked in the
resistivity as a function of temperature by two anomalies as shown in Fig. 2.9. NbSe;
is an unconventional CDW conductor in which part of the Fermi surface remains un-
gapped below the transition temperatures. As a result, the material remains metallic

at all the temperatures.
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Chapter 3

Theoretical Models

3.1 Introduction

Charge density waves were known to exist in the early 1970’s in quasi-one-
dimensional conductors such as TTF-TCNQ and potassium cyanoplatinate (KCP),
as well as in quasi-two-dimensional materials such as TaSs; and NbSes. The interest
in charge density waves grew dramatically in 1976, when non-linear conductivity
was first observed in the transition metal trichalcogenide NbSes [13]. Since then,
a fairly large number of materials have been discovered, and most of the research
work has done on potassium blue bronze Kj3MoQOs, trichalcogenide orthorombic-
TaS3, halogen-transition metaltetrachalcogenide (TaSes)2I materials and much of the
work on NbSes. The single feature these various materials have in common is the
one-dimensional character of the band structure that corresponds to the anisotropic

properties in conductivity.
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The non-linear dc conductivity was the first indication that the CDW could
move through the lattice and transport the charge. It was soon determined by
electron and X-ray [14] measurements, which strongly suggested that the observed
nonlinearity was due to collective motion of the CDW. In addition to the non-linear
nature of the CDW conduction, it was determined that CDW conduction occurred
only above a threshold electric field and the current oscillations with a well-defined
frequency spectrum appeared in the sliding state [49]. In the sliding state (above
the threshold field), the dc conductivity p = J/E increases with increasing field and
obeys a slightly modified Zener tunneling form until it saturates at high field [50].
A frequency-dependent ac conductivity observed at M H z frequencies along with a
very large dielectric constant (10% — 10%) [51], indicates a collective response with
its associated strong polarizability. ac-dc interferences are another effect observed
in a moving CDW due to characteristic periodicity [52]. Finally, metastability and
memory effect in the CDW response have also been observed in a wide variety of

transport measurements [53].
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3.2 Theoretical Models

Two different classes of theories based on classical and quantum phenomena,
have been proposed to describe CDW response in the presence of defects. The most
notable models include classical rigid model and classical deformable model based on
classical phenomena and quantum tunneling model based on quantum phenomena.
All these models neglect variation in the CDW’s amplitude and consider only the
dynamics of the phase. In each case, the CDW is modeled as moving in a periodic

potential that represents the pinning by impurities.

3.2.1 Classical Rigid Model

The simplest model to describe the charge density wave transport is the classical
rigid model. It is also referred to as the single impurity model or the rigid overdamped
oscillator model. In 1981, Griiner, Zawadowski, and Chaikin [16] proposed this purely
phenomenological description of CDW motion. A similar model was considered by
Monceau, Richard, and Renard in 1982 [48]. This model assumes that the CDW is
perfectly ordered and has a single degree of freedom: the CDW phase. This assumes
that the charge density wave amplitude is constant in both time and space, that the
wave does not stretch or compress as it moves, and that the electric field is directly

couples to the macroscopic phase of the CDW.

In the presence of impurities, this model treats the CDW condensate as a rigid
overdamped object in a periodic pinning potential called washboard potential. The

pinning potential is caused by the overall effect of the impurities and it’s periodicity
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is equal to the CDW wavelength. The simplest periodic pinning potential U(z) is

modeled as
*, .2

Ux) = ﬂ;kl;)o sin(2kpz), (3.1)

where m* is the effective mass, w, is the characteristic pinning frequency and =z is
the position of the particle. The driving force of the CDW is the applied electric field
and it is damped by interactions with quasi particles. Therefore, that the equation

of motion for the position of the CDW phase ¢ in an electric field F is taken to be

-1
o+ ;¢+w§ sin ¢ = ;2E(t) (3.2)

where 7 is the damping constant and Mp is the effective mass of the CDW. It

is expected that Mp is much larger than the electron mass, because the lattice

distortion must move with the CDW.

An external voltage applied to the system corresponds to a force E on the particle.
The electric field effectively tilt the washboard potential. For small fields, the particle
remains in a trench and the CDW is pinned. Above a threshold field, Er, the tilt is
big enough to get the particle out of the trench. Then, the CDW slides through the

potential as it rolls down the staircase as shown in Fig. 3.1.

The dc threshold field Er is calculated to be

MFWQ)\cdw
Ep=—-2%" 3.3
r 2me (3:3)
while the dc conductance o4.(E) is calculated as
0 for E < Ep
04.(F) = )2 (3.4)
oy (1= E5)" for E> Er.

36



dc conduction:

V(o)

ac conduction:

@0

BV e W\

Figure 3.1: Classical single particle model of density wave transport. CDW is de-
scribed as a rigid object (that oscillates with frequency w,) moving in a sinusoidal
periodic potential [36].
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Here 0, = %= is the maximum conductivity obtainable for the CDW at high
fields. For small fields, this model predicts an ac conductivity o(w), by making the
approximation sin ¢ ~ ¢,

iw/T
(wf) — w?) +iwT

(3.5)

o(w) = oy

This approach qualitatively predicts much of the observed CDW phenomena.
It predicts a sharp depinnig transition at a threshold field Ep. Also, this model
predicts that the motion of the CDW will be modulated by the washboard, and hence,
this model reproduces the narrow band “noise” spectrum, coherent oscillations, and
interference effects [54]. Most importantly, this model of CDW provides a simple
picture that helps in visualizing how a rigid CDW, interacting with impurities, would

behave.

The model of a rigid CDW, pinned by a single impurity, is not a good description
of a system with many randomly distributed impurities resulting in a distribution
of pinning frequencies and other parameters. The flow to the rigid model is its
negligence of internal degree of freedom and random pinning. Indeed, the rigid

overdamped oscillator model provides a poor qualitative comparison to experiments.
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3.2.2 Classical Deformable Model

The most widely studied model of charge density wave transport is the classical
deformable model. This model, a vast improvement over the classical rigid model
description of the CDW dynamics, is also named as FLR model. The classical
deformable model is developed by Hidetashi Fukuyama, Patrik Lee, and T. Maurice

Rice [17, 18] and later, extended by Snedon, Cross, and Fisher [55].

The deformable model treats CDW as a charged elastic medium that can deform
around the impurities, and thus incorporate an infinite number of internal degrees of
freedom. The phenomenological Hamiltonian, also known as the FLR Hamiltonian,

for the deformable model of the CDW state can be written as

1 [ do®
H= 2/kd¢ dr — (E)/d)(x)dx +3 Vi(z — Ry) (3.6)
x -
where k is the elastic constant of the phase mode, V(z — R;) is the electric potential
at o due to the i impurity at position R;, and E is the externally applied driving
electric field. The position of the impurity as well as their strength V(R;) are assumed

to be random.

The first and the third term in Eqn. (3.6) are introduced by Fukuyama, Lee, and
Rice. The first term represents the elastic energy of the CDW system while the third
term describes the interaction energy of the CDW system, with impurities located
at random positions. The second term, which is introduced by Shedon, Cross, and

Fisher, describes the polarization energy of the CDW in a uniform applied electric

field E.

CDW motion is possible when the applied force is large enough to overcome a
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threshold value, which results from the balancing of elastic and impurity pinning

energy. The deformable model distinguishes two regimes; strong and weak pinning.

In the strong pinning regime, the impurity pinning force is larger than the elastic
force in the CDW. The CDW phase is fully adjusted at each impurity. In the weak
pinning regime, the elastic force is larger than the impurity pinning force. The
CDW phase is adjusted to many randomly distributed impurity sites with a length
scale over which the phase varies by a wave length. This length scale is known as
the phase coherence length [,. [, depends on the impurity concentration and the

pinning properties of the type of impurity.

Many aspects of CDW phenomena have been successfully described in the context
of this model, reproducing the behavior of the classical rigid model, and also including
effects due to the internal dynamics of the CDW. However, a complete description
of CDW dynamics faces some difficulties. Many features of these theories do not
depend on how the CDW is actually accelerated by an electric field, so that they
may prove useful in describing how the CDW deform during the motion. This model
also predicts that the high-field de conductivity has the form a — bE~Y2, where a
and b are constants [55]. This prediction is contradicted by experiments [56] that
show substantial departure from the classically predicted behavior, but essentially

perfect agreement with the Zener form exp(Fy/E), in the high field limit.
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Figure 3.2: Illustration of (a) Strong and (b) Weak pinning of the charge density wave
(CDW) phase in one-dimension. The cross (x) represents the randomly distributed
impurity pining sites while the solid line represents the distorted CDW phase ¢.
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3.2.3 Quantum Tunneling Model

In a very different approach, John Bardeen [19] has suggested that quantum
effects are essential in describing the dynamics of the CDW transport. While all
of the above classical models treat the phase of the CDW condensate as a classical
variable, he assumed that the Zener type tunneling processes are responsible for
the advancement of the average phase of the CDW condensate. Tunneling is first
treated as advancement of the CDW phase by Maki [57]. Bardeen’s model relies
heavily on phase coherence between the neighboring chains. The model starts with
the Fukuyama-Lee-Rice theory and sets periodic pinning forces at distance L, apart.
This gives the position dependent phase as shown in Fig. 3.3(a). Two degenerate

solutions are possible for this particular pinning,

Oa = ;Tsin?oj and — ¢p=-—m— gsin 7;: (3.7)

In the presence of an electric field, a CDW in state ¢4 will move from its optimal
position at an average rate —vyt. The CDW current is determined by the transition
rate between the two states. When the spatial average position is 7/2, ¢4 and ¢p
are equivalent in energy, but separated by an energy barrier. At phases ¢ > 7/2, ¢p

is favorable. The effective pinning potential V' (6) can be written as

—cosf for - <9<§
(3.8)

cosf for g<9<3§.

V(0) ~

This small periodic potential leads to a small pinning energy gap across which

the CDW is excited by the electric field. The energy gap Ej is given by

2 [m*]2
By=- [m] —_ (3.9)
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(b)

Figure 3.3: (a) Phase variation of the CDW. The two states ¢4 and ¢p in the
tunneling model [58]. (b) Zener diagram for tunneling of CDW electrons across
the pinning gap. The bands representing Bloch states are tilted by the the electric
field E [19].
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with w, = 7C,/Ly, where C, is the phason velocity and m* is the effective mass.

The non-linear conduction o(F£) has the typical tunneling form,

0(F) =0s [1 - } exp (—E> (3.10)

* 71'2 2 . . . . . . .
with £, = " V;}: , similar to the equation for the single particle tunneling. Fig-
ure 3.3(b) shows the Zener diagram for tunneling of CDW electrons across the pinning
gap €4. If L represents a maximum distance within which the condensed electrons

can tunnel, then tunneling occurs only when e*E'L > ¢,,.

The model does not treat the low frequency fluctuations that are assumed to be
decoupled for the tunneling that occurs at high frequencies, and also it does not treat

the polarization effects that are important for processes below threshold.
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3.3 Literature Review: Quantum vs. Classical

Models

A long standing debate concerns whether a classical description is sufficient to
describe density wave depinning, or a quantum treatment is required. The pivotal
CDW transport experiment on NbSes [13] revealed a behavior of the form Jopy ~
E exp[—Ey/ E], where Ej proved far too small to represent Zener tunneling of normal
electrons across the Peierls gap. This observation motivated Bardeen [59] to propose
a coherent Zener tunneling of condensed CDW electrons through a tiny “pinning
gap” fixed at +£kp by impurity scattering. Maki derived a similar J vs. E relation
based on soliton pair creation [20]. Later experiments showed a threshold field Er,
for which Bardeen proposed [19] a maximum tunneling distance and modified Zener
form, Jopw o« (E — Er)exp[—Ey/E], seen in many NbSes (Fig. 3.4(a)) and TaSs

samples [60].

Earlier experiments have shown that, in NbSe; and TaSs3, the CDW displaces
very little below the threshold electric field for CDW transport. This is evident in
NMR experiments [15] showing a 2° CDW phase displacement in NbSes, as com-
pared to the classically predicted 90° displacement below threshold. Further evi-
dence provided by dielectric response and other ac responses including frequency
mixing [27, 28, 29, 30] exhibits nearly bias-independent response below threshold.
These flat ac responses are consistent with observed small phase displacements [15]
and contradict classical predictions [31, 32, 33] of increasing or divergent dielectric

response shown in Fig. 3.4(b). Thus, even near threshold, the phase appears to sit
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Figure 3.4: (a) Experimental conductance vs. electric field for NbSe;, as com-
pared to the Zener tunneling characteristic exp|—Ey/E] (solid line) pointed out by
Bardeen [61]. (b) Bias dependent dielectric response (proportional to capacitance),
showing contradiction of classical predictions vs experiment. Classical models in-
clude classical sine-Gordon, random pinning [31], renormalization group (NM [33]),
and incommensurate harmonic chain models (CF [32]), where f = 1 — E/Ep. Some
NbSe; measurements are carried out in our lab (see Appendix A.5.3) using a bridge
circuit, while others were reported by ZG [28, 30] and WMG [29].
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near the bottom of a pinning potential well, suggesting that Er (measured) << Er
(classical). Furthermore, impedance and mixing experiments [27] yield results con-
sistent with photon-assisted tunneling theory up to about 200 K. Aharonov-Bohm
(A-B) quantum interference effect, showing oscillations of period h/2e in the CDW
conductance vs. magnetic flux have been reported for TaSs rings [25]. NbSes crystals
with columnar defects [24] further demonstrate the quantum character of the CDW
condensate. Moreover, the fact that the period is h/2e, rather than h/2Ne, as pre-
dicted [26] for N parallel chains, suggests that the system behaves as a quantum fluid
rather than a single massive object. As in Josephson tunneling, a complete theory
must ultimately consider many microscopic degrees of freedom within the conden-
sate, such as quantum solitons [21] or dressed electrons and holes that incorporate

coupling to the 2kr phonons.
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Chapter 4

Soliton Nucleation Model of

Density Wave Transport

4.1 Introduction

A wide class of nonperturbative phenomena in field theory can be undestood
in terms of quantum tunneling. A well-known example is the quantum decay of the
false vacuum [5], which has been a broad scientific interest in cosmology [62] and
other fields [63] for over two decades. In three-dimensions, the boundary between
the bubble of true vacuum and the surrouding false vacuum, is a type of topological
defect known as a domain wall. A charge (flux) soliton-antisoliton pair in density
waves [20, 21, 64] is a type of topological defect in condensed matter systems, which

nucleate via quantum or thermal fluctuations.
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4.2 Quantum Nucleation of Soliton-Antisoliton Pairs

The quntum decay of the metastable false vacuum of a scalor field ¢, accom-
panied by the creation of solitons and antisolitons in (1+1)-dimensions, has been
studied extensively in quantum field theory. Dias and Lemos [65] have calculated
the effective one-loop action pair creation of soliton in (141)-D sine-Gordon model.
In addition, they have extended their arguments to pair creation of soliton domain

walls in higher dimensions.

Consider the problem of a scalar field theory in (141)-D with a metastable vac-
uum, that is a scalar potential which has a false vacuum 9, and a true vacuum o_,
seperated by an energy density difference €,. In this case, the decay process can be
interpreted as the false vacuum decaying into the true vacuum, plus a creation of a
soliton-antisoliton pair:

9, —0_+ S + 5. (4.1)

The energy necessary for the materialization of pair comes from the energy density
difference between the two vacua. The soliton-antisoliton pair production rate per

unit time and length is given by

T/L = ;—;e<ﬂm2/6v>. (4.2)

Here, m represents the soliton mass and €, represents the gain in energy per unit
length between the two created solitons, which are propotional to the applied electric

field F for a density wave.
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Figure 4.1: Materialized soliton-antisoliton pair. At ¢t = 0, the system makes a
quantum jump and a soliton-antisoliton pair is materialized. After materialization,
the soliton and antisoliton are accelerated, driving away from each other.
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At t = 0, the system makes a quantum jump and a soliton-antisoliton pair is ma-
terialized. After materialization, the soliton and antisoliton are accelerated, driving
away from each other as shown in Fig. 4.1. The energy necessary for the materi-
alization of the pair at rest is £ = 2m. This energy comes from the conversion of
false vacuum in to true vacuum. Since ¢, is the energy difference per unit length
between two vacua, an energy of value £ = 2¢, is released within the pair. So, the
pair materialization only occurs when energy release in a region of length R is equal
to the rest energy: 2¢,R = 2m. After the materialization, all the energy of the
soliton-antisoliton pair released in the conversion between the two vacua, is used to

accelerate the pair.

The current in density wave is I = (Qo/2m)0¢/Jt where Qg ~ 2N.e and N,
is the number of parallel chains. Charge solitons in density wave carry a charge
of Q. The soliton width is A\ = ¢o/wy, where ¢ is the phason velocity and wq
is the pinning frequency. The width )y will increase with the decreasing impurity
concentration (as wy decreases), and may approach the distance between contacts on

extremely pure samples.
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4.3 Macroscopic Coulomb Blockade Model

The Coulomb blockade effect is well known for single electron tunneling and
has also been proposed for charge soliton pair creation in the massive Schwinger
model, which is essentially a quantum sine-Gordon model that includes electrostatic
effects. The quantum picture discussed here interprets the threshold field due to
Coulomb blockade of microscopic quantum solitons that transfer into soliton domain

walls [66, 67].

The quantum interpretation of the threshold field, as a Coloumb blockade effect,
is motivated by Colmen’s paper [68] on soliton pair-creation in the massive Schwinger

model.

A pair of S and S’ domain walls with charge () produces an internal field of
magnitude E* = @Qy/eA, as shown in Fig. 4.2, where A is the cross sectional area
and e is the dielectric constant. When an external field E is applied, the difference

¢

in electrostatic energies of a state with a pair seperation [ and of the “vacuum” is
given by,

AU = ;eAl (B+ B - E?] = Qi BE + E] . (4.3)

Note that AU is positive if |E] < %E* Therefore, conservation of energy forbids
the vacuum to produce a pair if the field is less than a quantum threshold value

Er= %E* = (Qo/2€A, which can be much less than the classical depinning field .

Density waves are often highly anisotropic, where the dielectric response €|, along
the chain direction, is much greater than that of €, in the perpendicular directions.

In this case, the Coulomb blockade threshold for nucleation of a 27 soliton-antisoliton
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Figure 4.2: (a) CDW phase vs. position, showing a nucleated S — S’ domain wall
pair. (b) Model of density wave capacitance in which charge soliton domain walls are
moving towards the contacts. The applied field F, partially or completely cancels
the internal field E*. The distance ¢, soliton width Ay, and crystal thickness are
greatly exaggerared for clarity.
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(dislocation-antidislocation) pair (Fig. 4.3(a)) is comparable to that of domain wall
pair creation, within a factor of &~ 1/2. This is seen by starting with the Maxwell
equation: V-D = p, where (using the summation convention) D; = €;; E;. Here ¢; ; is
the relative dielectric tensor, which is diagonal with elements €| = €., €1, = €y, and
€., = €., if the axes 7,7 = x,y, and z are along principal crystallographic directions.
Introducing rescaled variables @’ = x /¢ , ¥ = y/eiy, and 2’ = z/e, . yield V' - E =
p/€o, resulting in the modified charge distribution, electrostatic potential, and field
lines as shown in Fig. 4.3(b), which assumes that € Le,,. In the rescaled coordinate
system of Fig. 4.3(b), the dislocation pair looks like a parallel plate capacitor that
produces an internal field E* = 2e/2€A.,, where A, is the cross-sectional area of a
density wave chain and € = €,¢y. Figure 4.3(c) illustrates the aggregation of many
27 dislocations of charge 2e into soliton domain walls, each of which may behave as

a quantum fluid and between which the bubble of true vacuum is grown.

A density wave between two contacts behaves as a capacitor with an enormous di-
electric constant. The initial charging energy is Q*/2C, where @ is the displacement

charge and C' = e¢A/L. We define

2 0mE  7E
_2nQ _2nE _7E (4.4)
Qo Ex Er

0

Note that displacement ¢ near the middle creates a non-topological kink-antikink
pair with charge + (%) Qo, if ¢ = 0 at the contacts. The sum of the washboard

pinning and quadratic charging energies can be written as [66]

U(6) = [ do {uo 1 — cos ()] + w0 — 6()} (4.5
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Figure 4.3: (a) COMSOL Multiphysics (COMSOL, Inc.) simulation of the elec-
trostatic potential (red = positive, blue = negative) and electric field lines for an
electric dipole consisting of dislocations represented as positive and negative rectan-
gular charge distributions. (b) COMSOL simulation for the same system, but with
highly anisotropic dielectric constants, in the rescaled coordinate system. The appar-
ent distance between the charges is greatly reduced along the 2’ direction, yielding
an arrangement resembling a parallel plate capacitor. (c) In the original coordinate
system, aggregation of many dislocations into “domain walls”, between which the
bubble of “true vacuum” grows as the domain walls are driven toward the contacts
by the externally applied electric field.
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where the first term represents the pining energy and the last, quadratic term rep-
resents the electrostatic energy resulting from the net displacement charge or equiv-
alently, the applied field and internal fields created by kinks due to phase displace-

ments.

If the system starts out in its ground state, conservation of energy will prevent
tunneling when the applied field is below threshold, 0 < 7 (E < E7r), as shown in
Fig. 4.4. However, when 6 exceeds w, what was formally the true vacuum becomes
the unstable false vacuum. One or more bubbles of true vacuum with soliton domain

walls at their surface then nucleate and expand rapidly.
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Figure 4.4: Plot of potential energy vs. ¢ for two different values of #, in which
the many spatial degrees of freedom are illustrated schematically. (a) When 0 < 7,
tunneling is prevented by conservation of energy. (b) When 6 > m, parts of the
system tunnel into the adjacent well via decay of the false vacuum.
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4.4 Tunneling Hamiltonian Matrix Element

The tunneling Hamiltonian is originally proposed by Bardeen [2] and is also
discussed by Duke in Chapter 18 of Tunneling in Solids [69]. If v, and 1), represent
states on the left- and right-side of a potential barrier respectively; then, in the 1-D

case, the matrix element coupling the two states is given by
Tpq = hilyg, (4.6)

where I, = (h/2mi)[Y; 0,0, — ¥p0,1;] is evaluated anywhere inside the barrier.
First, let’s consider a particle in a 1-D box with a rectangular potential barrier
of width d, separating wells of width L in the two sides of the box as shown in
Fig. 4.5. The wavefunctions are standing waves of energy E,, in the wells and
exponentially decay inside the barrier of height U with a decay constant k ~ % 2mU,
provided U >> FE, ,. By normalizing the wavefunctions, ensuring that they and their
derivatives are continuous at the well-barrier boundaries, and letting 2’ measure the
distance from the left side of the barrier, one finds the wavefunctions inside the

barrier to be

byla!) ~ ZZ\E exp|—ka] (4.7)

and
o)~ 172 el ke - ) (1.8

yielding the matrix element

Tq = —[2pqm®h® [ (mL?)] exp|—kd]. (4.9)
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Figure 4.5: Particle in a one-dimensional box with a rectangular potential barrier of
width d, separating wells of width L in the two sides of the box. The wavefunctions
¥, and 9, are standing waves of energy F, and E, in the wells and exponentially
decay inside the barrier of height U.



Recalling that £, = (n’72h*)/(2mL?), yields the result:

Ty =—[4\/E,E,/(kL)] exp[—kd] (4.10)
T(E) = —[4FE/(kL)] exp[—kd] (4.11)
for states of equal energy FE.

Next, consider an energy gap 2A, tilted by a force F', for which the tunneling

distance is d = ¢ = 2A,/F, in a simple real-space picture as shown in Fig. 4.6. Inside

the gap, k =~ 1/hy/2mAy = Ay/(hcp), since m = Ay/c§ — kd =~ A% /(heF) =
Fy/F.

After a materialized quantum soliton has traveled a distance L, its energy F
relative to the upper band edge is £ = FL, so E/kL = F/k = F\, where A = 1/k,

yielding the simple expression
T(F) = —4F Xexp[—Fy/F). (4.12)

This result has the appeal of being similar to the rate of Schwinger pair production

in 1-D [70].
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Slope = F (Force)

Figure 4.6: Simple real-space picture of an energy gap 24, tilted by a force F', for
which the tunneling distance is d = ¢ = 2A,/F.
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4.5 Time-correlated Soliton Tunneling Model

In this section, we propose an idealized time-correlated soliton tunneling model
similar to the resistively and shunted junction (RSJ) model, to simulate density
wave dynamics, including coherent voltage oscillations and I-V characteristics. This
model has been widely used to describe the behavior of current-biased junctions [71].
It includes a shunt resistance R, representing normal, uncondensed electrons, in
parallel with a capacitive tunnel junction representing soliton tunneling, by analogy

to time-correlated singe-electron tunneling (SET) [72].

In this model, the parallel combination of two elements is driven by a current
source, as shown in Fig. 4.7. The current source applies a current I to a pair of
contacts, while the voltage V(¢) is measured across the same contacts or pair of
inner contacts. Recalling that 6 = 27(Q/Qo), The density wave current can be

written in terms of displacement charge @) as,

aQ _ Qudb

dt 21 dt (4.13)

]DW

Advancing the phase of all parallel chains by 27n creates multiple pairs of soliton
domain walls of total charge £n()y, that quickly reach the contacts. Similar to SET,

the voltage is then proportional to net displacement charge

V =(Q —nQo)/C = (Qu/2rC)[0 — 2mn], (4.14)

when the phase has advanced to (¢) = 2wn between the contacts. More generally, if

the phase expectation value (¢) among N parallel chains advances by a fraction or
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Figure 4.7: Modified resistively shunted junction model, in which time-correlated
tunneling of soliton and antisoliton is represented by analogy to time-correlated SET.
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non-integer multiple of 27, the voltage is

V= (Qo/21C)[0 - ()] (4.15)

where C' = €A/(. This leads to a total current
I=1,+Ipw, (4.16)

where I, = (Qo/2mRC)[0 — (¢)] is the normal current.Defining w = 277/Q, and

7 = RC yields the following equation for the time evolution of 6:

do 1

%:w—;[ﬁ—«bﬂ. (4.17)

Two approaches are used for computing (¢), voltage, and density wave current
vs. time, employing tunneling probabilities and probability amplitudes. Whereas the
method employing probabilities (discussed in Appendix A.6) predicts sharp sawtooth
behavior in coherent voltage oscillations. The latter approach, which yields much
better agreement between theory and experiment on high quality NbSes crystals, is
discussed below. It is motivated by Feynman’s treatment [73] of the superconduct-
ing Josephson junction and employs the Schrodinger equation, to describe the time

evolution of the original and emerging macrostates.

First, we compute (¢) by solving the Schrodinger equation

o1

i
Rawr

= Upo1 +T1p , (4.18)

to compute the original and emerging macrostate amplitudes ¢y(¢) and 1, (¢) (more
generally v, and 1,,,1) for the system to be on branches 0 and 1 (or n and n +

1, Fig. 4.8), respectively. We interpret these amplitudes to represent classically
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robust order parameters, and the above equation is viewed as an emergent classical
equation following Feynman [73]. The macrostates are coupled via a tunneling matrix

element T" with a Zener-like field dependence.

Our model represents the amplitudes 1y ; by

Vo1 = v/Po.1 exp [ido,1] , (4.19)
where pp; = Np1/N is the fraction of parallel chains on the respective branch.

Advancing ¢ () by 27 within a given region, taking ¢ from one branch to the next,
is equivalent to creating a pair of microscopic 27-solitons. Thus, the macrostate order
parameters 1y ;’s are coupled via coherent, Zener/Josephson tunneling of delocalized
quantum solitons [21], with an enormous aggregate of N (up to ~ 10°) such processes

occurring coherently.

The driving force is the energy difference per unit length between potential min-
ima at ¢ ~ 2mn and ¢ ~ 27w(n +1). When a = ugy/ug << 1, this force is given
by

where 6/, = 6 — 27(n + 3). Following Bardeen [2, 69], T is estimated as
T(F) = —4F \exp|—F,/ F], (4.21)

where A™' ~ A, /hug + A\t Ay, is the mean free path length, A, is the microscopic
soliton energy, vy is the phason velocity, and Fy ~ A?O/ hvg. This expression is
similar to the rate of Schwinger pair production in 1-D [70]. Since any negative

energy difference (Figs. 4.2(a) & (b)) within the “bubble” along the z- direction is
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Figure 4.8: (a) Potential energy (u) vs. 6, showing several parabolic branches for
¢ ~ 2mn, representing electrostatic charging energies (Q — nQo)?/2c o< (0 — 2mn)?.
(b) w vs. ¢ when 0 = 2rE/E* > n(E > Er) as the phases ¢x(z) tunnel coherently
into the next well via the tunneling matrix element T.
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balanced by the positive soliton pair energy at its boundaries, T' couples states of

equal energy Uy = U; = U. Thus, defining

o1 = Xxo0a(t) exp[—iUt/h], (4.22)
the Schrédinger equation (Eqn. (4.18)) reduces to

2h8X071/6t = TXLO' (423)

We define: ¢ = t/7, f = wr/27 (x I), ¢ = 0/27, q, = Fy/2Fr = 0y/2m,
Fr = 2eEr, and ¢, = 0/, /21 = ¢ —n — %, to simplify the computations. Finally,
setting xo(t) = co(t) and x1(t) = icy(t), taking ¢ and ¢ to be real, yields the coupled
equations:
dey /dt = [vq, exp(—qo/qq)] co (4.24)
and, for ¢/, > 0,
deo/dt’ = — [yq, exp(—qo/q,)] &1 (4.25)
where v = 3272upA7/h. These are integrated numerically, with initial values ¢y = 1
and ¢; = 0, yielding (¢) = 2r[n + p], where p = |¢1|*. The transition from branch n
to n + 1 is considered complete, and n is incremented while p is reset back to zero,
once p exceeds a cutoff close to one (e.g. 0.9995). When the applied current pulse
is turned off, any remaining displacement charge discharges back through the shunt
resistance and the system retains a memory of the previous macrostate amplitudes.
The algorithm thus incorporates backward transitions from branch n to branch n—1,
when d@Q/dt, F, and ¢/, are negative. We find that no more than three training pulses
are needed to converge to a “fixed point” of one or two voltage oscillation patterns,

which are averaged.

67



4.6 Comparison of Experimental Results with

Soliton Nucleation Theory

4.6.1 Pulse Response

Figures 4.9(a) & (b) show a comparison between the quantum theory simula-
tions vs. experimental coherent voltage oscillations, for several rectangular current
pulses amplitudes. The parameters used to obtain the theoretical plots (solid lines)
in Fig. 4.9(a) are: v = 0.5, go = 0.7, 7 = 51 ns, V* = E*¢ = 1.11 mV (where (=
distance between contacts), and R, = 100 Q. The measured threshold current of
6.93 pA is taken to correspond to f = 0.6, the normalized onset threshold current
consistent with the chosen values of v and ¢q, and the remaining current pulse am-
plitudes f’s are scaled accordingly to the indicated amplitudes in Fig. 4.9(a) ranging
from 9.90 uA to 11.88 pA. The parameters used to obtain the theoretical plots (solid

lines) in Fig. 4.9(b) are: v = 4.2, go = 1.55, and f’s are 2.20, 2.60, and 2.80.

Moreover, the model correctly reproduces the experimentally observed progres-
sion of non-sinusoidal voltage oscillation shapes, ranging from rounded backward
sawtooth behavior for lower current pulse to more symmetrical oscillations for higher
current amplitudes. As in classical models, the coherent oscillation frequency equals
the density wave drift frequency fy = Ipw/Qo in our model. Thus, for a given pulse
width, the number of voltage oscillations increase with pulse amplitude. The model
captures the correct number of oscillations for different applied current amplitudes

using the same parameters.
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Figure 4.9: (a) Theoretical (solid lines) vs. experimental (dotted lines [74]) coherent
voltage oscillations of an NbSes crystal at 52 K, for current pulse amplitudes (bottom
to top): 9.90 pA (black), 10.89 pA (blue), 11.49 uA (red), 11.88 uA (green), with
0.25 mV offset, using a consistent set of parameters for the theoritical plots. (b) The-
oretical (solid lines) vs. experimental (dotted lines) coherent voltage oscillations of
an NbSes crystal at 50 K, for current pulse amplitudes (bottom to top): 29.3 pA
(black), 34.6 pA (red), 37.3 pA (green), with 0.5 mV offset. Inset shows the differ-

ential resistance vs. bias voltage for the same NbSe3 sample at the same temprature.

69



4.6.2 Current Voltage Response

The Ipw-V and dV/dI characteristics of Figs. 4.10- 4.12 are computed by sim-
ulating each applied current as a step function, and then averaging the voltage over
several complete oscillations once the time-averaged voltage reaches a plateau. Fig-
ures 4.10 and 4.11 show resulting plots of normalized density wave current vs. field
and differential resistance dV/dI vs. total current, respectively, for several values of
qo = /27 and a fixed value of v = 1.5. The dotted lines in Fig. 4.10 are obtained
from a normalized Bardeen function [19], Ipw /I* = ['|[E' — E},,] exp[E),,/F'], where
E' = E/E* and I* = (E*()/R,, while E}, = Ep,/E* and Ej,, = Eo,/E* repre-
sent normalized, “measured” threshold and Zener activation fields and I' = 1.0 for
all three plots. The remaining parameters used for the Bardeen function fits to the

simulations, for ¢y = 2, 4, and 6, are shown in Table 4.1 below.

7

do ETm E,Om
2 0.847 0.96
4 1.10 2.5
6 1.40 4.05

Table 4.1: Parameters used to generate plots of the normalized Bardeen function,
Ipw/I* =T|E' — Eb, ]exp[E,,,/E'], for comparison with the simulated Ipy vs. V
curves in Fig. 4.10.

The measured normalized threshold Er,,/E* becomes significantly greater than
the Coulomb blockade threshold, Er/E* = 0.5, as qo increases. This can be clearly
seen in Fig. 4.11 as well. The dotted lines in Fig. 4.11 show, for an NbSe3 crystal, dif-

ferential resistance R = dV/dl, normalized to normal resistance R,, = dV/dI|.erobias

vs. I /Iy, where I is the total applied current and I, = Vi, /R, is the measured
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E/E*

Figure 4.10: Predicted density wave current vs. field for several values of 6y o< Ey/Er
for a fixed value of v = 0.5. The dotted lines are fits to Bardeen’s modified Zener
characteristics jpw x [E — Erp] exp|—Eom/E].
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threshold current. The solid lines in Fig. 4.12 are the results of simulations using the

parameters indicated in Table 4.2 below.

7

Temperature Ipm/I* ol %
20 K 0.87 2.7 3.0
25 K 0.76 3.2 2.3
35 K 1.27 2.8 6.7
70 K 1.71 0.41 8.5
120 K 2.22 0.275 10.0

Table 4.2: Parameters used to generate the simulated dV/dI curves in Fig. 4.12 (solid
lines).

A wide range of experimentally observed behaviors are captured by the model,
with rounded Zener-like behavior [19, 60] emerging for relatively large values of 6y o<
Ey/Er, while more linear I-V curves and dV/dI curves with negative dips, as seen in
NbSes crystals with relatively low impurity concentration [56], result when Ey/Er is
small. For small 6y, when the dV/dI simulations show negative wings, the measured
threshold or onset for non-linear transport FEr,, occurs near the Coulomb blockade
threshold: Er, = Er = E*/2. However, Er, becomes significantly larger than
E*/2 as 0y increases, as seen in Fig. 4.11. Figure 4.12 shows a direct comparison
between theoretical and experimental dV/dIl vs. I measurements, on an NbSe;
crystal that exhibits rounded behavior, in which excellent agreement is obtained for

several temperatures below the upper and lower Peierls transitions.
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Figure 4.11: Simulated normalized differential resistance (R = dV/dIl) vs. I/I*,
where [* = E*(/R,, and { is the distance between contacts, for several values of
go = 6p/2m and v = 1.5.
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Figure 4.12: Theoretical (solid lines) and experimental (dotted lines) differential
resistance vs. current plots for an NbSes crystal at several tempratures below the

upper and lower Peierls transitions. Theoretical plots are obtained using parameters
in Table 4.2.
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4.7 Discussion

The existence of more than one threshold is another feature observed in several
CDW materials. The clearest evidence [75] is seen below 77 K in Ky 3MoOj3 (blue
bronze), where an initial threshold at low fields is followed by a dramatic increase in
differential conductance above a high field threshold, as shown in Fig. 4.13. These
two major thresholds emerge naturally, provided the nucleated soliton conductance
is sufficiently small for 6 to be treated quasi-statically, i.e. 0 = mweE/e; Ep, where

€1 = €(F =~ Er) and € is the field-dependent dielectric response.

The interpretation proposed here is that the low-field threshold Erg is due to
soliton nucleation, while the high-field threshold E. is due to classical depinning
field. Figure 4.13(b) (left) illustrates the quantum (6 > m) and classical (6 > 6,)
instabilities, where 6.(a) = o' + 7/2, when o = ugy/ug << 1. Figure 4.13(b)
(right) plots the pinning potential vs. ¢, when 6 = 7 for several values of a, showing
the electrostatic energy dominance over pinning when ugy/ug > 1. Figure 4.13(c)
shows the resulting 0 vs. ugy/uo phase diagram, which illustrates the fully pinned
states, 0 < 7 and ugy/ug < 1, a region (7 < 6 < 6.) in which soliton nucleation

occurs, and a high field threshold above which classical depinning occurs (6 > 6..).

Experiments suggest that NbSes and TaS3 samples for most temperature ranges
are in the limit ugy/up << 1 (red arrow in Fig. 4.13(c)), so that soliton nucleation
is the primary CDW transport mechanism in these systems. NbSes, in particular,
has an extraordinarily high dielectric constant, which is consistent with ugy; being

much smaller than wug, since ugys scales inversely with €. However, the blue bronze
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Figure 4.13: (a) I-V characteristics of blue bronze [75]. (b) (left) Potential energy u
vs ¢, showing 6 > 7 quantum instability and 6 > 0. classical depinning. (b) (right) u
vs. ¢ at @ = 7 for several values of ugy/ug. (¢) Proposed 0/7 vs. ugp/uo phase
diagram, showing the pinned, soliton nucleation, and classically depinned states. Fr
is the soliton nucleation threshold, €; is the dielectric response for F ~ FEp, and
¢ depends on bias. The red arrow: ugp/ug << 1 for which soliton pair creation
dominates. The green arrow shows both soliton nucleation and classical depinning.
Since ugy o 1/€, the path curves to the left (right) if € increases (decreases). The
black arrows (a) & (c): classical depinning dominates.
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data in Fig. 4.13(a) suggests a higher ugys/ug , which enables both soliton nucleation
and classical depinning thresholds to emerge, as indicated by the green arrow. In
blue bronze, the dielectric response scales with the concentration of normal carriers
thermally excited across the Peierls gap. At 4 K, the normal carriers become frozen
out and the resulting low carrier concentration results in a relatively low ¢, leading to
a value of ugys/ug sufficiently high for classical depinning to dominate, as indicated

by the black arrows in Figs. 4.13(a) & (c).
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Chapter 5

Response at Megahertz
Frequencies: Photon-assisted

Tunneling Theory

5.1 Introduction

The phenomena of photon-assisted tunneling (PAT) theory is first observed in
superconductor-insulator-superconductor (SIS) tunnel junction in 1962 by Dayem
and Martin [76], and explained theoretically in 1963 by Tien and Gordon [77]. The
modifications made later [78] are useful for describing the behavior of the other non-
linear characteristics of the systems at high frequencies. The following section will
summarize the basic PAT theory applied to the CDW system. A formal derivation

of this result may be found in the original literature of Tucker [79] and Miller [27].
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5.2 Photon-assisted Tunneling Theory

Following the treatment by Bardeen [2], and by Cohen, Falicov, and Philips [3],

the total Hamiltonian for the tunnel junction is given by
H = H, + Hr + Hr (51)

where H; and Hp are the full many-body Hamiltonians for the left- and right-hand

electrodes. The transfer Hamiltonian Hr, that couples the two sides, is given by

Hp = Z {quck cq + quc Ch (5.2)
kq
Hpy = Hf + H} (5.3)

where ¢, and ¢, are single-electron operators representing Bloch states on the left-
and right-hand sides of the junction, respectively, and T},’s are the tunneling matrix
elements. The term in H; thus transfers electron from right to left across the barrier,
while H. performs the reverse function. Photon-assisted tunneling theory treats the
current response of the junction to an applied potential eV (¢), which modulates the
energy of each electron on the left-hand side with respect to the right-hand side. It
is assumed that this modulation occurs sufficiently slowly so that the density matrix
for the uncoupled system retains its thermal equilibrium form. The only impact
of the applied potential on the uncoupled system then appears as a simple phase

modulation of all the left-side electron operators,
calt) = exp{ / AtV (¢ } (5.4)
— () exp —i(Vit/) / dw' W (o) et (5.5)
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where ¢)(t) denotes the Heisenberg operator in the absence of an applied potential
and o = h/e represents a quantum scaling parameter between frequency and volt-
age. In Eqn. (5.5), the dc bias has been explicitly extracted and the time varying

contribution expressed in terms of W (w')’s Fourier transform
—i ot o0 .
exp {Z/ dt'[V(t) — VO]} = / dw' W (w')e™™. (5.6)
(07 —00

The expectation value for the total current is calculated by treating the coupling
through the transfer Hamiltonian Hr, as a perturbation, and using linear response

theory, with the result
(I(t)) =1Im /_O:O dw W (W YW (") e @ =" 5 j(w' + V] /a). (5.7)

The complex response function j(w), is expressed in terms of the effective de I-V

characteristics:
im j(w) =I'(aw) and  Re j(w) = I (aw) (5.8)

where I'(V') = I4.(V) for the case of a tunnel junction. Ij, is the Kramers-Kronig
transform of the dc I-V characteristic. The results for the current response to an
applied time-dependent potential may, therefore, be expressed in terms of the dc I-V

characteristics.
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5.2.1 Photon-assisted Tunneling Theory for Current

Response in the Presence of an ac Signal

Let’s now apply PAT theory to calculate the current induced by an applied

sinusoidal potential

V(t) =V, + Re(Vie™"), (5.9)
where V] is taken to be real. The time dependent of the quantum mechanical phase
factor induced by the potential is given by,

— t
exp {o;/ dtVy cos wt} = exp {—i <V1> sinwt} (5.10)

aw

= i Jo(Vi/aw) e” ™t (5.11)

m=—0oQ

The Fourier transform of this induced time dependence is, therefore,

Ww)= > JJ(X) 5w — nw) (5.12)
where X = Vj/aw is a dimensionless parameter proportional to the magnitude of
the applied signal. The current response for this case is obtained by

o0

@) =Im > Ju(X) Jppm €™ jlnw + Vo/a) (5.13)
=ap+ Y [2ay, cosmwt + 2b,, sin mwt] . (5.14)
m=1

The strength of the current components at the various harmonics of the applied

frequency are given by

2a,, = i In(X) [Tnm (2) + T (2)] I' (VG + naw) (5.15)

n=—0oo
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and

2b,, = Z (X)) [Jnim(2) = T (2)] I, (Vg + naw). (5.16)

n=—oo
The induced dc current response I, in the presence of a large-amplitude ac signal

of frequency wy,, is given by,

IV, V) = Z J2(2) (V3 4 naw,e) (5.17)

n=—oo

where I'(V{)) represents the intrinsic dc current response of any applied ac signal,
and x = V,./aw,. denotes the argument of the Bessel function. Taking the third

derivative of both sides of the Eqn. (5.17) with respect to Vj yields

B (VY Vae) >, BTV + naw,)
c y Vac _ ac ) 1
S el DR A0 b v (5.18)

n=—0oo

If a current response is induced by one or more small ac signals of frequencies
other than w,.; then, one would expect that the third derivatives in Eqn. (5.18)
shold be replaced by third finite differences. This suggests that an induced current
response 01, in the presence of an additional ac signal of amplitude V,. and frequency

Wee, should be given by,

SI(Vy, V! Z J2(2)0I' (V] + naw,,) (5.19)

n=—oo

where 61(Vj) represents the induced response in the absence of the additional ac

signal.

Suppose now, that the frequency of the additional ac signal is increased, so that
the quantum step size §V = aw,. becomes significant. From Eqn. (5.19), an induced

ac response at zero bias is now be given by

Z J2(2)6T (nawee) (5.20)

n=—oo
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where x = V,./aw,., with « representing the scaling between frequency and voltage,

and 61'(Vy) representing the intrinsic response as a function of bias voltage Vj.

When the frequency wy, is sufficiently high; however, 61 (naw,.) ~ 0 for |n| > 1,
because the large quantum energies naw,. sample only regions of the I-V curves that

are nearly linear. Then, the Eqn. (5.20) in this limit becomes
01(Vy.) & J§ (Ve 0ac)- (5.21)

Above equations, predict a scaling between the frequency and the voltage. The
scaling parameter o can be obtained experimentally by comparing the measured

current response in the presence of a large-amplitude ac signal.

5.2.2 Photon-assisted Tunneling Theory on Charge Density

Wave System

In a normal quasi particle tunnel junction, the voltage step size that corresponds
to a quantum of frequency w is given by dV = hw/e, so that scaling parameter is
a = h/e. Application of the PAT theory to a CDW system appears to require some
modifications to the scaling parameter a. In CDW systems,, the effective voltage
for accelerating CDW electrons is that across a effective small tunneling length Lp,
known as scaling length, per domain (“tunnel junction”), rather than across the
entire sample length ¢ and relevant charge, which is taken to be 2e. Thus, the

scaling parameter used in the CDW tunneling theory is taken to be

B Nph
2

«

(5.22)
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h t

= —— 5.23
“ 2€LD ( )

where Np=/¢/Lp is approximately the number of Lee-Rice domains in series along
the sample length. Therefore, scaling length

h
Lp=—1/ H.24
b 2ae ( )

can be expressed in terms of a.
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5.3 Experimental Results Compared with Photon-

assisted Tunneling Theory

5.3.1 Linear Response

To calculate the theoretical predictions for the complete ac response for the
NbSes from photon assisted tunneling theory, first, a fit to the dc I-V characteristic

is obtained using the expression,
Iepw (V) = I(V) = G,V (5.25)

Iepw (V) = Gu(V — Vip)e V1Y) L G (V = Vipg)e Vr2/V) (5.26)

where G, = 11.4 mmho, Gy = 0.94 mmho, Gy = 0.013 mmho, Vy = 0.015V,

Ve = 1.15 V, m = 5.70 mho, and n = 3.82 mho.

Figure 5.1 shows the experimentally measured CDW current as a function of
bias voltage for sample NbSesz at 120 K. The solid line is the fitting function of
the experimental result to the Eqn. (5.26). The dc I-V data are well characterized
by this slightly modified version of Zener-type tunneling expression. The detailed
form of the fitting function utilized in Eqn. (5.26) is relatively unimportant, since
calculations based on PAT theory requires only that the true dc I-V characteristic

be accurately represented.
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Figure 5.1: I-V characteristics of NbSe; sample at 120 K. The solid line is the
theoretical fit of the dc data to Eqn. (5.26) with G, = 11.4 mmho, Gy = 0.94 mmbho,
Gy = 0.013 mmho, V1 = 0.015 V', Vo = 1.15 V., m = 5.70 mho, and n = 3.82 mho.
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5.3.2 Non-linear Mixing Response

Mixing experiments provide a very sensitive method of probing the non-linear
CDW dynamics. Measurements are performed using a PCI 1 MHz card lock-in
amplifier with two (for dc bias) or in some cases with three (for ac bias) signal
generators. The samples are mounted on the end of a microstrip transmission line,
and cooled with a Helix closed cycle He cryostat, as discussed in Appendix A.2. A
Voltage of the form

V(t) = Vo + Vi coswit + V5 cos wat, (5.27)

is applied to the sample, inducing current components at the mixing frequency,

Al (t) = |Al|cos(wot + ¢ + ©)
= Al cos(wot + ¢) + Al sin(wot + ¢) (5.28)
where AI, = |Aly|cosy and Al; = —|Aly|sing. The frequency of the induced
response is wy = wy —wy (fo = fo — fi) for direct mixing and wy = wy — 2wy

(fo = fo — 2f1) for harmonic mixing. Figure A.12 shows a schematic of the experi-
mental setup used to measure the direct and harmonic response. A lock-in technique
is used to detect signals generated by the samples at different frequencies. The ex-
perimental configuration used for the mixing experiments are discussed in greater
detail in Appendix A.5.5. For the ac bias responses, the ac current source is replaced

with an additional signal generator w,. (fq.) to supply an ac bias.
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5.3.3 Harmonic Response in the Presence of an ac Bias

Further tests of the tunneling theory involve measuring the scaling param-
eter . To do that, harmonic responses of the sample NbSes to the frequencies
fo=fo—2fi (fi= IMHz and fo = 800 kHz) are measured with the background
ac signal f,. as a parameter. According to PAT theory in Section 5.2.1, an induced
intrinsic ac harmonic response at zero bias,

(V) = i J2(2)0I' (nawa) (5.29)

and high frequencies limit becomes

SI(V!) = JE (Ve aae). (5.30)

Figures 5.2(a) & (b) shows the harmonic response for a NbSes sample of length
¢ =5 mm between the contacts with a ac bias f,.. The data resemble the expected
Bessel type oscillations as predicted by PAT theory. Figure 5.2(b) shows both exper-
imental and theoretical current responses at f,. = 4 M Hz. Theoretical predictions
obtained from JZ(Vye/awq.) with o = 1.1 mV/MHz, are indicated by solid lines.
The theory correctly predicts the mixing response and seen to be in good quantita-
tive agreement as well. The observed behavior gives direct evidence in favor of the
photon-assisted tunneling theory of CDW conduction. Substituting « in Eqn. 5.24,

the scaling length L, is found to be 15 A.
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Figure 5.2: Harmonic response (fy = f1 — 2fs = 800 kH z) for NbSez sample in the
presence of an ac bias voltage at 120 K. Dotted lines corresponds to the experimental
results. (a) Response for frequency f; as a parameter. (b) Response for fixed value of
frequecy f,. = 4 M Hz. The solid lines are the first order bessal fit of the experimental
data to the Eqn. (5.30) with « = 1.1 mV/MHz and f,. =4 MHz.
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5.3.4 Direct Mixing Response in the Presence of a dc Bias

The PAT theory calculations for the intrinsic direct mixing response are outlined
in Appendix A.5.5. The theoretical prediction for the in-phase component of the
induced direct mixing current is found to be,

AL =S () (2) s (21) 1 (22)

ning=—00

Ty 1(21) Tng—1(22)] T (Vy + nyowy + noaws)} (5.31)

where x; = V;/aw;. When the aplied ac voltage Vj2’s are both small compared
to awy 2, or compared to the voltage scale of the dc /I-V nonlinearity, the result of

Eqn. (A.9) reduces in the limit wy — 0 to

1

AT = AIP™ = “ViV, [ (5.32)

I —2I,— 1,4
)

(ow )?

where I, = I'(Vj+naw;). When the applied frequencies wy & ws are both sufficiently
small, the term in brackets approches the second derivative of the collapsed dc I-V

characteristic d2I'/dV".

Figures 5.3(a) & (b) show the experimental and theoretical plots of the bias-
dependent direct mixing response using a low output frequency fo= 1 kHz for a
NbSes sample at applied frequencies f; = 1 M Hz and fy, = 1.1 M Hz, with con-
stant ac amplitudes V) = V5 = 2.0 mV. Direct mixing experiments show excellent

agreement between the PAT theory and the experimental results.
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Figure 5.3: Direct mixing response of sample NbSe; for f
(a) Experimental result f; as a parameter. (b) Theoretical result for f; =1 M Hz.
The theoretical predictions is obtained from Eqn. (5.26) and
amplitude V3 = V4, = 2.0 mV.
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5.3.5 Harmonic Mixing Response in the Presence of a dc

Bias

The PAT theory calculations for the intrinsic harmonic mixing response are
outlined in Appendix A.5.5. In Harmonic mixing, the generated difference frequency
is fo = fo — 2f;. The tunneling theory prediction for the in-phase component of the
induced harmonic mixing current is found to be

AIP™ = 52 L (1) T (22) oy (1) Jo s (22)

ning=-—00

+Jn1+2($1)Jn2,1(5L’2>] I/(‘/; + njaw; + TLQOC(A)Q)} (533)

where z; = V;/aw;. When the applied ac voltages V] 5’s are both small compared to
awi 2, or to the voltage scale of the dc I-V nonlinearity, the result of Eqn. (A.11)

reduces in the limit wy — 0 to the form

m m 1
AI"™ = AL =WV

Iy =20 =21 1 — 1,

(aw1)?(aws)

(5.34)

where I,, = I'(Vj+naw;). When the applied frequencies wy = wy are both sufficiently
small, the term in brackets approaches the third derivative of the collapsed dc I-V

characteristic d®I' /dV".

Figures 5.4(a) & (b) show the experimental and theoretical plots of the bias-
dependent direct mixing response using a low frequency fy = 1 kHz for a NbSes
sample at applied frequencies f; = 1 M Hz and f; = 2.1 M Hz, with constant ac

amplitudes V; = V5, =2 5.0 mV.
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Figure 5.4: Harmonic mixing response of sample NbSes for frequency fo =1 kHz.
(a) Experimental result for frequency f; as a parameter. (b) Theoretical result for
the fi = 1 MHz . The theoretical predictions is obtained from Eqn. (5.26) and
(5.34) with input amplitude V; =V, = 5.0 mV.
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5.4 Discussion

At dc bias voltages above threshold, the tunneling theory is found to give a quan-
titative account of the small signal ac dynamics in the megahertz region using only
one adjustable parameter «, the scaling between frequency and voltage. Bessel-type
oscillations are observed in small signal ac bias harmonic mixing. Such oscilations are
predicted by PAT theory. The agreement between theory and experiment has been
found to be excellent for experiments on both direct and harmonic mixing responses
as a function of dc bias voltage. The results reported here thus provide a compelling
evidence that the quantum tunneling process is important in the depining of charge

density waves in NbSes.
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Chapter 6

Conclusion

Density wave transport is one of the very few known cases of correlated transport
of macroscopic number of electrons over long distances. The agreement between
quantum tunneling theories and experimental results has been found to be excellent
for variety of experiments including linear, non-linear, pulse, capacitance/dielectric
measurements, direct and harmonic mixing responses as a function of dc bias voltage

and in some cases with ac bias voltage.

In conclusion, the results reported here thus provide a compelling evidence that
the quantum tunneling process is important in the depining and transport of charge
density waves in NbSes and related linear chain conductors. Additional area of
impact include improved understanding of other correlated electron systems, flux
vortex nucleation [80], and tunneling in quantum cosmology [62, 81]. Finally, the
implications of the results on the thesis could impact fields as diverse as cosmology,

condensed matter physics, quantum computation, and biophysics.
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Appendix A

A.1 Electrode Design and Fabrication

Electrode pattern is constructed on alumina substrate using thin film microfab-
rication techniques. The complete fabrication process is shown in Fig. A.1. Prior to
the fabrication process, the alumina substrate is immersed in acetone and methanol
to remove the organic impurities, and rinsed in distilled water. The alumina sub-
strate is then placed on a hot plate (100° C) for 1 hour to remove water and all the
other remaining solvents. After that, it is placed on a vacuum spindle spin coater
and a liquidous photoressist (Shipley 1813) is applied to the center of it. The sub-
strate is then rapidly accelerated up to a constant speed, which is maintained for
30 s. Spin speed is generally in the range of 1000-10000 rpm to coat a uniform film
about 0.5-1 pm thick. After spinning, the substrate is “soft-backed” (typically at
100- 120°C for 1 to 2 min) to remove solvent from the photoresist and to increase
resist adhesion to the substrate. Next, the substrate is aligned with respect to the

mask in a mask aligning system, and the photoresist is exposed to ultraviolet light.
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Photoresist development is usually done by flooding the substrate with the de-
veloper (MF212 diluted with 1:1 DH50) solution. The substrate is then rinsed and
dried. After the development, “postbaking” at approximately 100-180°C may be

required to increase the adhesion of the resist to the substrate.

Sputtering technique is used for the deposition of a thin layer of gold. In general,
a thin layer of titanium with a thickness of 50 A is first deposited by sputtering,
to enhance the adhesion between the alumina substrate and the gold layer. The
deposition sequence of the two metals is selected in such a way that the most stable
metal would be deposited first. For both titanium and gold sputtering, pressurized
argon (2x10~* Torr) with a 7.5 mA beam current is used. To deposit a 50 A thick
film of titanium and a 2500 A thick film of gold, the sputtering times are 30 and
45 minutes respectively. After the deposition process, the remaining soluble positive
resist underneath the deposited material is dissolved by keeping inside the acetone
solution for 2 to 3 hours. Finally, the alumina substrate is rinsed and dried to remove

the remaining solvent.
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Figure A.1: Fabrication process of the gold microelectrode.
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A.2 Low Temperature Setup

For the low temperature measurement, a CTI cryogenics model 22 closed cycle
variable temperature refrigerator is used. This allows the sample to cool down to
12 K, under high vacuum. The cryostat is connected to the water cooled CTT 8200
compressor that compresses and expands Helium gas in a closed loop. During the
expansion phase of each cycle, heat is removed from the cold head. A diode ther-
mometer and a 50 €2 heater, which are installed on the cold head, are connected to
a Lakeshore 325 temperature controller. The sample temperature can vary between
12 K to 350 K. The accuracy of the temperature is +1 mK. The low temperature

experimental setup is shown schematically in Fig. A.2.

Before beginning the cool down process, the shroud is evacuated using a fully
automatic Blazer turbo molecular pump and a pressure of 1X10~* Torr is quickly
achieved. Better vacuum level ensures shorter cool down time and lower minimum
temperature. Once the vacuum is established, the compressor and the closed cycle
refrigerator work together, extracting heat from the cold head during the expansion
phase of the Helium gas, and the system reaches the lowest temperature (roughly
12 K). The heater controls by Lakeshore 325 allows varying and measuring the tem-

perature accurately.
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Figure A.2: Low temperature system. (a) Schematic diagram. (b) Instrument setup.
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A.3 Sample Mounting

A.3.1 Low Frequency Measurement

In order to perform low frequency measurement at low temperature, 16 coaxial
cables are soldered to the Janis vacuum shroud through vacuum compatible con-
nector feedthroughs. The other ends of the cables are soldered to the gold spring
contact probes mounted on a Teflon plate in such a way that they touch the electrode
pads to supply the electrical connections to the sample. The sample holder is de-
signed to accommodate several electrode connections on which the sample is directly
mounted. Figure A.3(a) shows the electrode pattern used to mount the samples
and Fig. A.3(b) shows the SEM image of the NbSes crystal on top of the fabricated
electrode. The electrodes are 0.1 mm thick and the spacing between the subsequent

electrodes are 0.5 mm.

Fan?

Figure A.3: (a) Schematic of the gold electrode pattern on alumina substrate with
dimensions of 10 mm x 25 mm. The electrodes are 0.1 mm thick and the spacing
between the subsequent electrodes are 0.5 mm. (b) SEM image of the NbSe; crystal
on top of the gold microelectrode.

Sample crystals are mounted directly on top of the lithographically patterned

gold electrode configuration on alumina substrate, using quick drying silver paint.
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The bottom of the electrode configuration (alumina substrate) is mounted on top of
the cold head of the cryostat and a small amount of thermally conductive grease is

applied in between the two surfaces to ensure a good thermal conduction.

To BNC Connector

Spring
Contacts

= Microelectrode

Thermometer
Heater

Figure A.4: Low frequency measurement sample holder and arrangement.
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A.3.2 High Frequency Measurement

In order to perform high frequency measurement at low temperature, two semi-
rigid stainless steel coaxial cables are run in to the Janis through vacuum compatible
SMA rf feedthroughs. The sample holder is designed to accommodate two microstrip
lines on which the sample is directly mounted. Figure A.5 shows the microstrip
used to mount the samples. The substrate is 0.5 mm thick alumina with a dielectric
constant of €,= 9.8. The 0.5 mm microstripline is fabricated on the alumina substrate

using photolithographic patterning techniques and wet chemical etching. Sample

0.5 mm
e —r— Microstrip
(Zo=50 Ohm)
\\/
7> 0.5mm

Figure A.5: Schematic of the microstrip line (0.5 mm) on alumina substrate with
dimensions of 10 mm x 10 mm.

crystals are mounted directly on top of the lithographically patterned microstrip
electrode on alumina substrate, using quick drying silver paint. The bottom of the
microstrip line is mounted on top of the rf feed through sample holder of the cryostat
and a small amount of thermally conductive grease is applied in between the two

surfaces to ensure a good thermal conduction.
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Figure A.6: High frequency measurement sample holder and arrangement.
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A.4 Computer Interface: LabVIEW

Computer interfacing allows precise control of the instruments and ease of
recording a large number of data in short time intervals. In this work, LabVIEW
(Short for Laboratory Virtual Instrumentation Engineering Workbench) software is
used for data acquisition. LabVIEW is a platform and a development environment
for a visual programing language from National Instruments. Originally released
for the Apple Macintosh in 1986, LabVIEW is commonly used for data acquisition,

instrument control, and industrial automation.
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Figure A.7: Front panel of the labVIEW program.

The programming language used in labVIEW is a data flow language. Execution
is determined by the structure of a graphical block diagram, on which the program-

mer connects different function-nodes by drawing wires. Figures. A.7 & A.8 show
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the front panel and block diagram of the labVIEW program used in differential

resistance, dielectric, and mixing experiments.
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Figure A.8: Block diagram of the labVIEW program.

The advantage of using LabVIEW over other development environments is its
extensive support for accessing the instrumentation hardware. Drivers for many
different types of instruments are included or are available for download. Many
libraries, with a large number of functions for data acquisition, signal generation,
analysis, mathematics, statistics, etc., along with numerous graphical interface el-
ements are provided with LabVIEW. The provided drivers, interface elements and
functions save the program development time. Even people with limited coding ex-
perience can write programs and deploy test solutions in a reduced time frame when

compared to more conventional programming systems.
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A.5 Electrical Measurements

Electrical property measurement techniques include direct current (dc) current-
voltage I-V, differential resistance, dielectric, and pulse measurements. A description

for each of these experimental setups will be given in detail below.

A.5.1 dc Measurement

The experimental set up for the dc I-V measurement system consists of a Keith-
ley model 220 programmable current source,a Keithley model 182 sensitive voltmeter,
and a pc interfaced with GPIB cable and IEEE interface card. I-V characteristics
of the sample are found by using a standard four elecroedes technique, by measur-
ing the corresponding voltage drop in inner two electrodes to current applied to the
outer electrodes, using the ammeter and the voltmeter controlled via the LabVIEW

software.
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A.5.2 Differential Resistance Measurement

The experimental setup for the differential resistance measurement consists of a
SR-830 DSP lock-in amplifier from Standford research system, a Keithley model 200
programmable current source, two 100 k2 resistors, and a pc interfaced with GPIB
cable and IEEE interface card. The circuit diagram for the differential resistance

measurement is shown in Fig. A.9.

100 kQ 100 kQ
— —
I, L f

A

ea @ H e Voo (D loc

Figure A.9: Schematic of the cuitircuit diagram for the differential resistance (dV//dI)
measurement. Ipc is the dc current source, Vpe is the voltmeter, V. is the ac signal
output of the lock-in amplifier, and Rg is the sample under test. Ports A and B are
connected to the lock-in amplifier in differential mode.

The measurement is performed by placing the sample in series with two 100 k(2
resistors such that resistance of the sample is much less than 100 kQ (>> Rumpie)-
Differential resistance (dV/dI) characteristics of the sample are measured by applying
a low frequency (50-500 Hz), a small ac current, and a dc bias to the sample in

a current bias configuration, measuring the voltage drop of the sample in lock-in
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differential mode. Thus, a current of the form
I(t) = Iy + 01y cos(wt) (A.1)

is applied to the sample. The sample nonlinearity induces a voltage response of the
form

V(t) = Vage + 6Vi cos(wt) 4+ 0Va cos(2wt) + ... . (A.2)

The low frequency voltage can be calculated by making a Taylor series expansion
about the dc current bias point, where
V(t) = V()]
av
= V(1) + (6lycoswt) | —
dl ) ,_,.

1 o [(d*V
+ 5(5]0 cos wt) <0U2>I:10 +... . (A.3)

From Eqn. (A.3), the w component of the induced voltage can be found:

5V = (51y) (‘?;)I:IO . (A.4)

Hence, the dV'/dI component of the sample can be measured simply from Eqn. (A.4).
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A.5.3 Dielectric Measurement

The experimental setup for the dielectric constant measurement consists of
a 7265 DSP lock-in amplifier from Signal Recovery, a Keithley model 200 pro-
grammable current source, a variable resistor, two 1 M(Q resistors, a 10 k) resistor,
and a pc interfaced with GPIB cable and IEEE interface card. The ac admittance

is measured using a bridge circuit as shown in Fig. A.10.

1 MQ 1 MQ

V. @ 10 kQ 2 B
IDC

Figure A.10: Schematic of the bridge circuit for ac admittance (including capaci-
tance) measurements. Ipc is the de current source, Vpe is the voltmeter, V. is the
ac signal output of the lock-in amplifier, Rg is the sample under test, and R,, is the
variable resistor adjusted so that the sample’s normal resistance to zero out the real
part of the ac response at zero bias. Ports A and B are connected to the lock-in
amplifier in differential mode.

The measurement is performed using a resistive bridge circuit in order to cancel
out the normal carrier component of the conductivity. Then, the real and imaginary
parts of the voltage are measured at the points A and B from the lock-in differential

mode, while changing the bias current from the current source.
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A.5.4 Pulse Measurement

The experimental set up for the pulse measurement system consists of a signal
generator, an oscilascope, a 100 k(2 resistor, and a pc interfaced with GPIB ca-
ble and IEEE interface card. Figure A.11 shows the circuit diagram for the pulse

measurement circuit.

T A
KQ

100
, @
1 1T

Figure A.11: Schematic of the pulse measurement circuit. V' is the pulse generator,
Rs is the sample under test in series with a 100 k(2 resistor. Ports A and B are
connected to the input channels of the oscilascope.

The measurement is performed by placing the sample in series with a 100 k()
resistor such that resistance of the sample is much less than 100 kQ (>> Rgampic)-
The input and output of the voltage pulse are observed at the points A and B from

the oscilascope 2-channel mode.
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A.5.5 Non-linear Mixing Measurement

The experimental setup for the non-linear mixing technique consists of an AMU 2.4 -
1 MHz PCI-Bus lock-in amplifier from Anfatec Instruments AG, three signal genera-
tors from Agilant technologies, a Keithley model 200 programmable current source,
three 100 kSQ resistors, and a pc interfaced with GPIB cable and IEEE interface card.

Figure A.12 shows the schematic of the mixer configuration.

100 kQ

100 kQ 100 kQ

Vi

@1 (\52 pelL. R:fIN H Rs Vo (1) L.
S

Figure A.12: Schematic of the bridge circuit diagram of the direct and harmonic
mixing experiment configuration. Ip¢ is the dc current source, Vpe is the voltmeter,
Vi, Vo, and Vj are the ac signal sources with frequencies wy, we, and wy, and Rg is
the sample under test. Direct mixing signal is generated at the difference frequency
Wy = We — wy, while a harmonic mixing signal is generated at wyg = wy — 2w;. Ports
A and B are connected to the lock-in amplifier in differential mode to detect the
generated mixing current at different frequencies.

The measurement is performed by connecting two signal generators (phase locked

with each other) and applying a voltage V; and V5 to the sample of the form
V(t) = Vg + Vicos(wit + ¢1) + Va cos(wat + ¢2) (A.5)
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where ¢ = (¢ — ¢1) is the constant phase shift between the two signal generators
and V; is the dc bias voltage. A direct mixing signal is generated at the difference

frequency wg = ws —wy, while a harmonic mixing signal is generated at wg = ws — 2w .

A lock-in amplifier is used to detect the generated ac mixing current Al cos(wt +
¢ + ¢) at the difference frequency wy, where ¢ is the internal phase shift due to the
CDW response. The Fourier transform of the quantum mechanical phase factor in
this case is

’

Ww)= Jnl(:pl)é(wl —nywq) + an(xz)é(w/ — NgWwo) (A.6)

where x; = V;/aw,;. The third signal generator phase locked with others send the
desired output frequency wy to the reference input of the lock-in amplifier. The
induced mixing signal of the sample is simultaneously fed to the signal input of the
lock-in. Substituting Eqn. (A.6) in to the total induced current response term yields
the following expression:

TOY=Tm S T (@2) Jor oot (21) oy (22) g (22)

ning=-—0oo

x exp' MOt m202) T (01 + nows + Vy /) (A7)

where 0; = w;t + ¢;.

For the direct mixing, we are only interested in current components such that,
m; = +1 and ms = —1 or m; = —1 and my = +1. The direct mixing components

of the current response thus reduce to
(I()I = AIP™ cos(wot + o) + AI™ sin(wot + ¢p). (A.8)

Here, wyg = wy — wy and ¢y = ¢3 — ¢1. The in phase component of the direct mixing
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response is given by

AL = i {1y (1) Ty (22) [Ty -1 (71) Sy 41 (72)

ning=-—00

+ Ty a1 (21) Jny—1(2)] T (Vy + nyaw; + ngaw,)}. (A.9)

For the harmonic mixing, we are only interested in current components such that
m; = +2 and my = —1 or m; = —2 and my = +1. The direct mixing components

of the current response thus reduce to
(I(E))™ = AIM™ cos(wot + ¢o) + AL sin(wot + ¢o) (A.10)

where wy = wy — 2wy and ¢y = ¢ — 2¢;. The in phase component of the harmonic

mixing response is given by

AL = 3 {y@0) o (2) g2 @2) Ty (22)

ninz=-—00

+ Jn1+2($1)Jn2_1([E2)] I/(‘/O, —+ niowr + HQOéWQ)}. (A].].)

The quadrature components AI#™ and AI" can easily be shown to vanish for

arbitrary amplitudes V; and V5, when the difference frequency wy approaches zero.

124



A.6 Computation of < ¢ >: Probabilities Method

Here we discuss computation of < ¢ > using probabilities method. If the system
starts on the n-branch, and if p represents the probability that the phase has advanced
from 27n to 2m(n 4+ 1) by quantum tunneling, then the phase expectation value is
given by

(@) =2(1 —p) + 27(n+ 1)p = 27[n + p|. (A.12)

The driving force equals the difference in energy per unit length between the potential

wells at ¢ ~ 2mn and ¢ ~ 2w(n + 1). When a << 1, this is given by
1
F =4nug {H—QW <n+2)] . (A.13)

Defining 0/, = 6 — 2« (n + %) and following refs. [22, 65] for soliton pair production or
using the analogy to Schwinger pair production in a 1-D system [70] , the tunneling

rate, for ¢/ > 0, can be written as
I' = T8, exp[—6o/0.,]. (A.14)

Here 6y = nEy/Er, Ey = WA?O/(hcoe*), A, is the soliton energy and e* the charge
(most likely 2e) per quantum degree of freedom, and I'y is proportional to the high-
field CDW conductance. The time evolution dp/dt is zero for 6/, < 0 and, for 6,, > 0,
given by

dp/dt = T'o0,, exp(—0o/6;,)[1 — pl. (A.15)

Finally, to simplify the computations we make the definitions: ¢’ = t/7, f = wr/2m,
proportional to applied current I, ¢ = 0/27, qo = 6y/2m = Ey/2Er = Ey/E*,

v =2n1ly, ¢, =0, /2r = ¢q—n —1/2, and v = ¢ — p — n is proportional to the
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voltage across the inner contacts and to the normal shunt current. This results in

the coupled differential equations:

dq

a = I

dq , /

i Yanexp(—=qo/q,)[1 —p|, for ¢, >0, and
d

d—z =0 for ¢, > 0.

The equations are numerically integrated, and n is incremented while p is reset back
to zero once p exceeds a cutoff close to one (e.g. 0.996), representing completion of

the transition from branch n to n + 1. Figure A.13(a) shows results of such voltage

(b)

3

2
fat  1° V/Vr

Figure A.13: (a) Computed voltage vs. time (fy = drift or “washboard” frequency)
using probabilities, showing coherent voltage oscillations for several values of 2qy =
Eo/Er , where v = 4.2 and f = 1.2. (b) Computed, using probabilities, differential
resistance R = dV/dI vs. V/Vp for several values of Ey/E7, where Er and Vp are
the Coulomb blockade threshold field and voltage, respectively.

oscillation simulations for several values of 2qy = Ey/Er (v = 4.2, f = 1.2). The

figure shows non-sinusoidal sawtooth behavior similar to that seen in certain CDW
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systems under high magnetic fields, where the oscillation period is in the tens to
hundreds of microsecond range. (We obtain forward sawtooths in the simulations
when Ey/FEr is further reduced and v and f are increased.) However, the voltage
oscillations observed in NbSes crystals, where the period is in the microsecond to
sub-microsecond range, tend to be more rounded. The current-voltage characteris-
tics are computed by averaging the voltage over several cycles in the plateau region.
Figure A.13(b) shows examples of computed differential resistance dV/dI (normal-
ized to R,) vs. normalized voltage V/Vy for several values of FEy/Er (for v = 4.2). As
Ey/ Er increases, the behavior evolves from that showing a sharply defined threshold
and ‘negative wings,” as reported for coherent, relatively pure samples of NbSes [56].
One effect of v is to determine the ratio of normal resistance to high-field resistance,

and our studies suggest an empirical scaling law: o C,+1, where C'is a constant.
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