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ABSTRACT

The main part of my dissertation deals with image inpainting - a classical problem in image analysis
that I analyze from the point of view of microlocal analysis and the theory of sparse approximation.
My most important result provides a new set of theoretical performance guarantees for the exact
recovery of missing data in images where the information is dominated by curvilinear singularities.
In fact, my study shows that a shearlet-based approach for the recovery of missing curvilinear
edges in images is provably superior to methods based on conventional wavelets in a precises sense
and gives a quantitative assessment on the size of the region that can reliably recovered. As a
consequence, this result offers the theoretical underpinning for algorithms based on directional
multiscale methods such as shearlets in applications to image inpainting. The arguments in my
proofs rely on a new application of the microlocal properties of shearlets and techniques from
oscillatory integrals that are inspired in part by a seminal paper by Donoho and Kutyniok, who first
introduced methods from microlocal analysis in combination with ideas from sparse representations
for problems of image analysis. The second part of my dissertation is a new study of convolutional
framelets - a method recently introduced to provide a mathematical framework for the patch-based
analysis of images - using tools from tensor analysis. This method gives an alternative approach to
analyze framelets and a deeper insight into the mathematical properties of convolutional framelets.
The first part of the dissertation follows rather closely some material published by the author in

his first journal paper.
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1 Introduction

Today’s world uses images extensively in many fields like science, engineering, medicine, architec-
ture, art to name a few. Those fields rely on electronics to acquire, process, transmit and store
those images. And due to many factors such as the inherent noise from electronic components,
radio interference and defects in manufacture or malfunctions, images may get corrupted and some
information is lost. So, there is the need to recover the missing part of the damaged image.

Human vision is remarkably able to fill these missing parts. Especially in art, conservators use
a series of techniques called inpainting to restore and repair paintings. This word is now commonly
used to describe a range of signal processing techniques for recovering missing blocks of data in
digital images, video and audio. Typical examples of inpainting include the removal of overlaid
text in images, repair of scratched photos and recovery of missing blocks in a streamed video such
as those illustrated in Figure 1.

Many different ideas and methods have been proposed to deal with image inpainting and their
performance may vary depending on the type of images considered as well as the geometry of the
region to be recovered.

A very common approach to inpainting is to apply variational methods such in the work found
in [1,3,4] which motivate the design of filling-in algorithms by geometric considerations. This leads
to the use of partial differential equations (PDE) models which propagate information from the
boundaries of the missing regions in an image while guaranteeing smoothness of some sort. The
variational approach to inpainting has been shown to perform well on piecewise smooth images
(e.g., those idealized images called cartoon image) and carry only geometric information. Yet,
images also contains texture and variational methods do not perform well in such settings. On
the other hand, local statistical analysis and prediction have been shown to perform well at filling
texture content [16,23]. Additional works that use PDEs or variational principles to recover missing
data from the close neighborhood of a region impose additional criteria of regularity to fill in

holes [7,10,27,54].



Figure 1: Examples of image inpainting. Left: corrupted images. Right: images restored using the
inpainting algorithm in [26]

Since real images contain typically edges, smooth regions and texture, there is a major interest
in developing techniques that can handle all these features. Besides that, approaches based on
segmentation which label pixels as cartoon or texture should be avoided since some areas in the
image contain contributions from both texture and cartoon. So, methods that decompose an image
additively into layers may offer some advantages by combining layer-specific methods for filling in
image holes, as done for instance in [5,44, 60] where an image is separated into a cartoon and
a texture component. Then the inpainting is done separately in each layer and the completed
layers are superimposed to form the output image. This layer decomposition can also be based on
variation methods leading to extend the notion of total-variation in [53].

Adapting the same multi-layer idea, Stark et al. introduced in [57,58] a novel method of image
decomposition that optimizes sparsity at each layer of the representation. The core idea is to use

two adapted dictionaries, one to represent textures and the other to represent cartoons that also



also are mutually incoherent. That is, each dictionary is sparse for its target type of content but not
for the other one. Building on this idea, Elad et al. introduced in [26] an inpainting method based
on this sparse decomposition, called morphological component analysis, (MCA) that is capable to
fill in holes in overlapping texture and cartoon image layers.

The idea of applying sparsity in combination with convex optimization has been also explored
in other work, e.g., [6,18]. These methods try to recover an image from highly incomplete linear
measurements by £;-minimization under the assumption that the image admits a sparse represen-
tation in a dictionary such as wavelets. Following this idea, several methods for inpainting have
adopted representations such as wavelets, curvelets or shearlets to frame the inpainting problem as
an optimization problem [6,18,26,30,56]. However, while these papers contain theoretical analyses
of the convergence of their algorithms to the minimizers of specific optimization problems, they
lack a theoretical analysis of how well those optimizers actually inpaint. Other results, especially in
the engineering literature, examine the problem in the discrete setting and do not allow to take into
account the geometry of the problem. By contrast, variational methods are built on continuous
methods and may be analyzed using a continuous model like in [55]. By comparing inpainting
methods performed through variational approaches with those built on ¢;-minimization [7,52] one
can obtain useful insights. For instance, works such as [42,43] provide an intuitive explanation
of why directional representation systems such as curvelets ans shearlets can outperform wavelets
when inpainting images governed by curvilinear singularities.

Perhaps the first paper attempting to formulate the inpainting problem according to a rigor-
ous mathematical setting is the work by King et al. [46,47] where inpainting is examined in the
continuous domain as a function interpolation problem in a Hilbert space. Namely, the inpainting
problem consists in recovering an unknown image x in a Hilbert space H under the assumption
that only a masked object zx = Pgx is known; here Px denotes the orthogonal projection into
a known subspace Hx C H. To solve this problem, King et al. [47] propose an approach relying
on microlocal analysis and sparse approximations based on methods originally introduced in [20].

Under the assumption that the unknown image x is sparse with respect to a certain representation



system @, they search among all possible solutions x* such that Pxx* = xx for the one that mini-
mizes the /-norm of the representation coefficients of 2* with respect to ®. Since images found in
many applications are dominated by edges, it is reasonable to consider an image model consisting
of distributions supported on curvilinear singularities. King et al. [47] proved that, if the missing
information is a line segment, an £'-norm minimization approach in combination with an appropri-
ate function representation ® is able to recover the missing information, asymptotically, provided
the gap size is not too large. Remarkably, the theoretical performance of the recovery depends on
the sparsifying and microlocal properties of the representation system ®, namely, asymptotically
perfect recovery is achieved if the gap size in the line singularity is asymptotically smaller than the
size of the structure elements in ®. In particular, it is proved that inpainting using the shearlet
system — a multiscale anisotropic system that provides nearly optimally sparse representation of
cartoon-like images [31,48] — outperforms wavelets and similar conventional multiscale systems. A
generalization using a more general shearlet system is given in [29].

The result by King et al. offers a rigorous theoretical assessment of the expected performance
of a representation-based inpainting method. However, their approach makes a strong simplifying
assumptions on the image model, namely, that the singularity to be inpainted is linear. This is a
clearly major limitation since edges found in images are not necessarily linear.

One major contribution of this dissertation it to remove the image model restriction of King et
al. [47] and consider more realistic images containing general curvilinear singularities while adopting
the same continuous-domain formulation of the inpainting problem. Handling this more general
type of singularities requires to develop several new technical tools and a significantly new proof.

While our arguments involve the same concept of clustered sparsity employed in [47] and orig-
inally introduced in [20], the fundamental technical elements of the proofs are novel, and rely
critically on microlocal properties of shearlets and techniques from the analysis of oscillatory in-
tegrals associated with the continuous shearlet transform developed. Our main result generalizes
and extends the result of King et al. to images containing curvilinear singularities where a section

of the singularity curve is missing. Similar to [47], we consider two strategies for inpainting: one



based on ¢! minimization and one based on thresholding. Using ¢! minimization in combination
with a shearlet representation, our result recovers the same rate found by King et al. [47] in the
case of linear singularities.

We conclude this introduction by recalling that, besides the above inpainting techniques de-
scribed, deep neural networks have also been applied to image inpainting with promising re-
sults [11,17,61,63] following their success in other data restoration problems. In fact, more and more
such methods are emerging by the day claiming state of the art results. Despite their remarkable
performance though, such methods have some critical drawbacks. First, they rely on an extensive
training procedure and their performance tend to degrade when the test images are moving away
from the image type and format used during training. The other drawback is that deep neural
networks are still difficult to interpret and currently provide no performance guarantees.

This rest of the dissertation is organized as follows. The reminder of this section gives notation
and definitions. Section 2 introduces the mathematical model and gives the main results of this
work. Section 3 gives technical tools to prove the results in Section 2. Section 4 proves the inpainting
results using wavelets and Section 5 using shearlets. These first five sections follow closely some
material in [39]. Section 6 gives the introduction to convolutional framelets which deals with the
second part of this work. Section 7 introduces the tensor approach studied with these convolutional
framelets. And finally, Section 8 tries to extend the notion of Hankel matrix to a tensor and presents

related and future work to do.

1.1 Notation and basic definitions

I
In the following, we adopt the convention that z € R? is a column vector, i.e., z = , and
Z2
that £ € R? (in the frequency domain) is a row vector, i.e., & = (£1,&2). A vector x multiplying a
matrix A € GL2(R) on the right is understood to be a column vector, while a vector £ multiplying

A on the left is a row vector. Thus, Az € R? and €4 € R2,

Given two sequences a = {a;}32,, b = {b;}32;, we write a ~ b if there are constants C #



0, Cy # 0 such that C1b; < a; < Cyb; for all large j. We write a = O(b) is the limit lim;_, Z—;
exists and a = o(b) is the limit lim;_, Z—j =0.

From [28], we have

Definition 1.1. The Fourier transform of f € L'(R?) is defined as

f&=[ fla)e ™" da,
RQ

where &€ € R?, and the inverse Fourier transform is

fla) = [ remeas

From [41], we have

Definition 1.2. A set E = {e) : A € A} in a Hilbert space H is a frame if there a constants
0 < A< B < oo such that A||f|* < Saenl(fren)? < B\ f||? for all f € H. A frame is tight if

A =B and is a Parseval frame if A= B = 1.

Given a frame F C H, the frame synthesis operator F is the operator

F: EQ(I) — 7‘[, F({C)\})\GA) = ZC)\B)\.
A€A

The dual operator of F', denoted by F™*, is the frame analysis operator
F*:H —l(I), F*f={(f,ex): A€ A}
We recall that if E is a Parseval frame then, for any f € H,

FF*f=> (fexex= 1.

AEA

For any measurable set Q in R? and any f in L?(R?), we define Fg f, the orthogonal projection



of f onto the set @), that is,

flz) ifzeq@
Pof(x) =1q(2)f(x) = :

0 ifzdQ

Finally, we use the convention that same symbol ¢ or C' can be used denote a different generic

constants in different expressions.

1.2 Multiscale representations: wavelets and shearlets

In this section, we introduce appropriate multiscale representations for the images we want to
inpaint. Namely we consider (i) a Parseval frames of smooth bandlimited wavelets and (ii) a
Parseval frames of smooth band-limited shearlets.

Images found in most applications are typically dominated by edges and other anisotropic
structures. While wavelets have been very successful in signal processing applications, they have a
geometric bias and are not very efficient to represent edges [51]. Curvelets [8] and shearlets [48,49]
were introduced precisely with the aim to overcome the limitations of conventional multiscale sys-
tems in the representation of edges. As we will show below, shearlets are a collection of functions
defined not only over a range of locations and scale, like wavelets, but also over a range of orien-
tations. Thanks to their increased directional sensitivity, shearlets are much more efficient than
wavelets in representing images with edges [31,33]. It was in fact shown that shearlets provide
optimally sparse approximations, in a precise sense, in the class of cartoon-like images, a function

class that was introduced to model idealize images with edges [22].

1.2.1 Wavelets

Meyer wavelets are some of the earliest known examples of orthonormal wavelets and they have
high regularity [15]. We begin our construction with a smooth function ¢ € C* such that its

Fourier transform satisfies 0 < ¢ <1, % = 1 on [—4, %] and § = 0 outside [, %]. Then for



§=(&,8) € R? we define

B(8) = B(&1,62) = d(61) (&) (1)

and

W(E) = W1, &) = \/B(2-261,2-262)2 — B(61, )2 (2)

So, we have that supp (W) C [—3, 3]% \ [~ 1%, 75]? and the condition > ez (W (2=%¢)]2 = 1, for

a.e. £ € R?. We also define W; := W (27%/.) with j € Z and support inside the Cartesian coronae
Q; 1= [~2%71 9%—1]2\ [9%—4 9%—4)2 - R2, (3)

that are illustrated in Figure 2. And for j € Z and k € Z?, we define in the Fourier domain
0iu(€) =27 W (27 Hg) 22 Tk, (4)

From [12,13,15,45], we have that ® = {¢, : A € A} C L?(R?) is a Parseval frame of Meyer wavelets

where A = UjEZ Aj7 A] = {)\ = (], ]{J), ke Z2} and ¢)\ = gf)j,k

1

l

Figure 2: Frequency tiling of wavelets. Meyer wavelets are supported in the Cartesian coronae @;
in (3). The figure shows some additional partitions inside each corona which can be used to define
an orthonormal wavelet system rather than a Parseval frame.



1.2.2 Shearlets

We now construct our Parseval frame of shearlets like in [34,38] which is a modification of cone-
adapted shearlets in [48]. We do this essentially by adding a directional refinement to the elements

in (4). First, let us consider the following cone-shaped regions in the Fourier domain R2
= {(51,52) cR?: Z’ < 1}, Co = {(51,52) eR: \ ’ > 1}
and let V' € C§°(R) be chosen so that supp V' C [—1, 1] and
Viu—-DP+ VP +|V+ 1) =1 for |ul <1.

Let G1)(&1,&2) = (5—1) and G()(§1,82) = (%), and let W € C§°(R?) be the same window

function as in (2). Then, our shearlet system for L?(R?) is given by

U= {y 1 ke ZYU{yl), 5 >0 <2 ke v=1,2U{tjer:j>0,0=%2 k7%

()
consisting of:
e coarse-scale shearlets {1)_y, : k € Z*} given by ¢_1 = ®(- — k) where ® is given by (1).
e interior shearlets {1/1](.;)7,6 1§ >0,|¢ <27,k €Z?v=1,2} given by
(v —j —92j — niEA ) BT Zk
) (€) = | det A /2 W (27%96) Gy (AT B &P, cee,  (6)

o and boundary shearlets {1j o :j > 0,0 = +27 k € Z?} given by

_ WY (9§ - o) TN, e
Vjek(§) = ‘ ,
W E gy (Vg - ) T e,



where

4 0 1 1 2 0 1 0
Apy = , Buy= , Ap) = » By =
0 2 0 1 0 4 1 1

From [34], we see that (5) is a Parseval frame of shearlets for L?>(R?) whose elements are C*
and band-limited.

From now on, we will write (5) as ¥ = {1, : 7 € M}, and the index set M is expressed as
M = Mc U Mp, where Mg = {k € Z?} are the index set associated with coarse-scale shearlets
and Mp = {n = (j,0,k,v): j > 0,[¢| <2/, k € Z% v = 1,2} is the set associated with fine-scale

shearlets. See [34] for additional details about this construction.

I

Figure 3: Frequency tiling of shearlet system

We recall here that shearlets offer nearly optimally sparse approximations properties, in a precise
sense, for the class of cartoon-like images — an idealized model of images with edges [31,33].

In Figure 3, we can see that the shearlet decomposition provides a finer partition of the Fourier
domain that is associated with directional sub-bands as opposed to wavelets in Figure 2.

Another remarkable property is that the continuous shearlet transform associated with the
shearlet representation provides a precise characterization of curvilinear singularities due to its

microlocal properties [32,36,37,50]. These properties of shearlets underpin several results derived

in this work.
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2 Main results

Here we state the main results of this dissertation after discussing the mathematical model of

cartoon-like images and the inpainting algorithms.

2.1 Mathematical model of inpainting

A simplified model of natural images are cartoon-like images, which emphasizes anisotropic features,
most notably edges. Since these images basically consists of smooth regions separated by edges, it
is suggestive to use a model consisting of piecewise regular functions, such as the one illustrated in

Figure 4.

Figure 4: Example of a cartoon-like image (function values represented using a gray scale map)
extracted from [48]

We follow a continuous image model like in [47] and we first introduce the mathematical model
of the image we want to inpaint. In [48], a cartoon-like image is defined as a function f : R? — C
of the form f = fo + Xpf1 where B C [0,1]? and 9B is a closed C? curve with bounded curvature
and f; € C%(R?) are functions with support supp (f;) € [0,1)2 and || fi||c2 < 1 for i = 1,2.

The simplest edge model is the step function or Heaviside distribution H(z) = 1(z) in R
where the singularity is at 0. Since H (&) =08+ %p.v. (%) where 4 is the Dirac distribution and

p.v. is the principal value distribution, then for any test function ¢

(1.0) = 1.9 = [ 56010 d5+/¢

11



Thus, if we parametrize OB with a C2 curve 7 : [a,b] — R? | then the function X'z acting on a

function ¢ in R? would be

Oor(z)p(x)de = [ (7)dr

R?2 oB
So, we can model a cartoon like-image as a distribution like in [20]. We now formalize this

concept. From [28] we have

Definition 2.1. The Schwartz space is S(R") = {f € C*[R") : |fl(na) < oo, N € N, a}
where o = (ou,...,qp) is a multi-indez, ||f|(na) = Supyern (1 + |2|)N]0%f(x)| and 0*f(z) =

Oy *++ O, ().

So, the Schwartz space consists of those C'>° functions, which together with all their derivatives,

vanish at infinity faster for any power of |z|.

Definition 2.2. A distribution on U C R"™ is a continuous linear functional on C°(U). The
space of all distributions on U is denoted by D'(U) with the topology of point-wise convergence on
CX(U). A tempered distribution is a distribution defined on S. We denote by S’ the space of

tempered distributions.

Let S be a closed smooth curve contained in [~1,1]?> C R? that has nonvanishing curvature
everywhere. We define a tempered distribution 7 € &’(R?) acting on the class of Schwartz functions

¢ € S(R?) and supported on S by

(T.6) = /S 6(5) g(s) do (s)

where g is a real-valued smooth function defined on the curve S. T is the model of a cartoon-like
image we use in this work.
We want to recover a missing portion of this curve model 7. We model this missing portion

using the concept of a mask. For h > 0, we denote as My, the horizontal strip domain

M, = {(:El,l'g) € RQ : |l‘2‘ < h}

12



This horizontal stripe is the mask, and correspondingly, we consider the masked function

[ = Praym, T

This is the model of the image we wish to inpaint. Notice we could also assume that the region to
be inpainted is contained in a vertical strip domain of width h and our proofs below would be very

similar.

2.2 Recovery algorithms

Our argument follows an approach similar to [47], namely we use ¢;-minimization and thresholding
algorithms for inpainting as they provide an efficient theoretical and computational framework to
take advantage of the sparsity properties of the wavelet and shearlet decomposition.

Our approach carries out an asymptotic scale-dependent analysis. So, we start by decomposing
the image into subbands in the Fourier domain and we achieve this by projecting 7 into the Fourier
regions associated with the Cartesian coronae Q;, j € Z, given by (3). Since 7 is supported in
the curve S, we have that 7(£) = (T,e 277) is a C™ function, see [28]. So for j € Z, we let

T; € L*(R?) C 8'(R?) be characterized by
Ti(&) = T©W (2 ¢).

Notice that 7A'] is smooth and compactly supported since W (27%/.) is band-pass filter that appears

in (4). Correspondingly, we have a sequence of masked images
Ij = Provu,, Ti € L2(R?), (7)

where now h; depends on the scale parameter j.

13



2.2.1 Inpainting via /;-minimization

The /1 minimization process to recover an approximate solution has the form

Rﬁ = argmin g, [ F*7j|[1  subject to f; = PR2\M;LJ.7;7

where F' is the frame operator associated with a Parseval frame of wavelets or shearlets.

Notice that the norm is placed on the analysis coefficients rather than the synthesis coefficients
as in [21,25]. This is because we are using a frame operator F' which is not necessarily associated
with a basis. If we discretize the problem, thne we have F € RN*L where L >> N, F has
full rank and FF* = Iy. To solve for the synthesis coefficients * = F¢, we need to minimize
f(e) = ||z — Fe||3 + Mle|l1 where A > 0. So, the Hessian matrix of f contains a term of the form
F*F € RY*L which is not of full rank. In addition, F*F is positive semidefinite. Whereas, to solve
for the analysis coefficients ¢ = F*z, we have to minimize g(z) = |lc — F*z|? + | F*z||; and its
Hessian matrix contains a term of the form FF* = I which is positive definite. That is, g has a
unique global minimum. Therefore, the solution is unique [2]. Several inpainting algorithms are

based on the idea of ¢;-minimization and have been shown heuristically to be successful [6,18,26].

Remark 2.3. When we apply 1 minimization with shearlets, for a technical reason, we slightly
modify the setting in [47] by choosing the missing part to be Pth f(x) = hf“]l‘mghjf(x), for some
fixzed small Ag > 0. For {1 minimization with wavelets and thresholding with both wavelets and

shearlets, we follow [47] to choose the missing part to be Pthf(x) = Ligy<n, [ (2)-

2.2.2 Inpainting via thresholding

For the thresholding strategy, given a Parseval frame of wavelets or shearlets E' = {ex} ca and a
sequence of thresholds o;, j € Z, we let I; = {A € A : |(f,ex)| > oj}. Then the reconstructed
image with respect to E is

R} = F (11, F*T;).

14



2.3 Asymptotic analysis

The width of the area to be inpainted is a useful indication of the power of the inpainting method.
For instance, Chan and Kan [9] proposed a variational inpainting methods and demonstrated that
the local thickness of the region to be inpainted affects the success of the inpainting method more
than the overall size of the area to be inpainted.

In our approach, since we apply a multiscale analysis framework, we examine the impact of the
width of the area to be inpainted by making the gap size h dependent on the scale j, as shown in
equation (7). As we indicated above, we consider a strategy based on ¢! minimization and another
one based on thresholding to recover 7;, j € Z. In both cases, we establish a procedure to construct
an approximate solution R; € L?(R?) and show that

185 — Tjll2

— 0, as j — o0
AL g

provided h; = 0(27%9) for an appropriate a > 0. That is, we show the relative L?-error of the
reconstructed signal R; to the band-passed image 7; approaches to 0 as j increases. We remark
that, since R; — T; € L?(R?), for any ¢ with compact support, it follows that [(R; — T, ¢)| <
|R; — Tll2ll#l2. Thus, ﬁ(Rj -T;)—=0inD".

We will prove that if the reconstruction approach is based on shearlets then the parameter «
controlling the gap size can be taken significantly smaller than in an analogous scheme based on
wavelets. That is, shearlets can asymptotically recover missing data with a significantly larger
spatial support. As we remarked above, it was proved [47] that the wavelet estimate cannot be
improved in the thresholding case, implying that the shearlet result is provably superior to the
wavelet case. It is conjectured that the same holds in the ¢! case but there is no proof at this time

that the wavelet estimate cannot be improved.

Remark 2.4. In this work, we applied parabolic scaling for the shearlet system (that is the pa-

rameters in the dilation matriz A are scaled parabolically). A different scaling approach is used
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in [29] where a universal shearlet system is defined, using scaling matrices Aaj’(h) =
0 2%

2% 0

A (v) = where (o) C (—00,2) is called a scaling sequence. We remark that the anal-
0 4

ysis carried out in [29] only consider the case of inpainting a linear singularity, as in [47], and

concludes that, for the £i-minimization, % decays as o(27N7) provided that hj is of order
J

0(27%7).
2.4 Main results of inpainting analysis

Following our previous analysis, our main results are the following theorems which we wish to

prove.

Theorem 2.5. Let ® be a Parseval frame of wavelets on L?(R?) as defined in Section 1.2 and let Rg
be the reconstructed image of T; obtained via {1 minimization where we assume that hj = o(27%7).

Then
RS — Tjll2

— 0, as 7 — o0.
17512

Theorem 2.6. Let ® be a Parseval frame of wavelets on L?(R?) as defined in Section 1.2 and let
RY be the reconstructed image of T; obtained via thresholding where we assume that 0 < o < 2~

and hj = o(277). Then
175 = Till2

— 0, as — oo.
75 l2 ’

Theorem 2.7. Let U be a Parseval frame of shearlets on L*(R?) as defined in Section 1.2 and let
Rﬁ be the reconstructed image of T; obtained via {1 minimization where we assume that h; = 0(2779).

Then
IRS = Tl

— 0, as 7 — oo.
1712

Theorem 2.8. Let U be a Parseval frame of shearlets on L?(R?) as defined in Section 1.2 and let

R} be the reconstructed image of T; obtained via thresholding where we assume that 0 < o < 24
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and h; = 0(2_2j). Then
177 = Tjll2

— 0, as 3 — o0.
17512

We remark that our estimates for the ¢; minimization case (Theorems 2.5 and 2.7) extend
the results from King et al. [47] to the more challenging setting where the missing information is
curvilinear. As we show below our proof uses a very different approach from the one in the original
paper and it relies in part on properties of the shearlet representation explored in [38] and [37].

In the thresholding case (Theorems 2.6 and 2.8), our estimates improve those found by King et
al. [47] indicating a better inpainting performance (i.e., the size of the missing gap can be larger)
than /1 minimization for both wavelets and shearlets. Furthermore, proofs of Theorems 2.6 and 2.8
do not require the assumption of nonvanishing curvature. Hence our result includes the situation
where the missing region is a line segment and, thus, improves the result in [47].

Our estimates show that the size of the gap that can be filled by shearlets with asymptotically
high precision is larger than the corresponding one for wavelets. King et al. [47] prove that, in the
thresholding case, the wavelet rate cannot be improved for linear gaps. This shows that shearlets
perform better than wavelets. There is currently no proof of a similar negative wavelet result in

the /1 case.
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3 Preparation: Useful technical results

Here we introduce some constructions that will be needed for the proofs of our main results.

We consider a smooth curve S C [~1,1]2. Using a smooth partition of unity, we can decompose
Sas S = in S where each S, has non vanishing curvature (the case where Sy, is a straight line
was already considered in [47]). Each S, can be parametrized either as vertical curve (f(u),u) or
horizontal curve (u, f(u)) where u € (am,bp) and f € C®(am,bm), m =1,..., M. In either case
we assume there is a constant k > 0 such that |f”(u)| > k > 0 for all u € [ay,, by]. We also assume
a vertical curve is defined if the slope of the tangent line to the curve is greater or equal than 2
so |f'(u)| < 1/2. And similarly, a horizontal curve is defined if the slope to its tangent line is less
than 2 so that | f/(u)| < 2. With this assumptions, the function y = 322, z € (—1,1) is a horizontal
curve. Whereas y? = 8z, y € (—1,1), is a vertical curve and it may be written as (%uQ,u) for
ue (—=1,1).

For each curve Sy, 1 < m < M, there is a smooth density function g,, € CJ°(Sy,). So, for any

¢ € S(R?),
M M
T0) = [ 66)a)do(s) = 3 [ 0 n(s)dote) = 3 (T,

m=1 m m=1

where, for each m, 7, is a distribution defined either by
bm
(T, @) = (f(w),u) gm(u)du if S, is a vertical curve
or by
bm
(T, &) = é(u, f(u)) gm(u)du if S, is a horizontal curve.

To be consistent with the above notation, we define 7, ; in the Fourier domain as ?\-m,j &) =
W (272 ¢)T,(€). Hence ’7}(5) = Zf\le ’7A'm (€). Tt is also helpful to use polar coordinates and we

make a change of variable. That is, for any & = (£1,&2), we write £ = pO(0) where p = [¢| =
VE+ &5 and ©(0) = (cos(#),sin(f)) where ©(0) = (1,0) because by convention, the angle at
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origin is zero. Thus, for a vertical curve S, we may write in polar coordinates as

N , b ,

Tog(.6) = W(221p0(0)) [ e 200 U0, () du ©
Similarly for a horizontal curve we have

Tos(.6) = W(22p0(0)) [ &m0 g, () du

Now we establish some useful technical results which will be needed to prove our main results.

Lemma 3.1. Assume that the local curve Sy, is vertical and let 51(.22k = <1/’3('2z)k7 Tm.j), where T, ; is

given above and wﬁ)k is given by (6). Then, for any N € N, there exists a constant Cy, independent

of 3,4, k such that ]BJ(QE),C‘ < Cy 937 9—2Nj

Proof.

B = O T = [ 0 (OTs O

Let £ = (&1,62) = (pcos(0), psin(f)) = pO(0). From (6) we get:
PO = 2P M0 (0)V (2 cot(0) — )OSk

Notice supp (W) C (-3, 3] — [—15, 15])>. Thus, 2% < p < \1[22] Also, supp (V) C [-1,1],

> 16

\_/ @‘H

so |29 cot(f) — £ < 1, thus |cot(f)] < 277(1 +|¢]) < 1+277. Hence |§ — 7/2| < m/4 + ¢; or
|0—3m/2| < w/4+€; where e; — 0 as j — oo. Also, let p(u) = ©(0)-(f(u),u) = cos(0) f(u)+sin(0)u.
For 0 € [m/4 —¢€j,3m/4+¢€;] U [5r/4 — €, Tm /4 + €;] we have |sin(0)| > 5 > 3| cos(6)]. So, there

is ¢ > 0 such that ¢ < [sin(0)| — 3| cos(0)| < |cos(0) f'(u) + sin(6)| = |¢/(u)| since |f'(u)| < 3
80 = [ uoTe
752Y 3m/4+e; T /A+e; , ' '
= / [ / - / ]2_3]/2W(2_2]p@(9))V(23 cot(6) — ¢)
i 5

227 /4—¢; m/4—¢€;
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b
wx  2mirO0)A @Bk (W( ~2p0(9)) / 6(2”ip9(9)'(f(“)’“))gm(u)du) pdbdp

_ 9wl / o [ / S /5 7F/4+6j]}W(p®(9))‘2V(2j cot(6) — 0)

225 w/4—€; 7/4—€;

b .
y (2mgzgp@(9)A(23)B(2§k) (/ 6[27ri22ap¢>(u)] Im (u)du> |p|dOdp.

a

Integrating by parts with respect to the variable u we get:

b )
/ e 2200 oy

b gm(u) 71227 pg(u :027
:/a 27rz'22jm5’(u)6[2 2% po(w)] (2mi2% p¢! (u))du

b
gm(u) [2mi2% pg(u)]

_/bd( gm(u) )e[Qwi22jp¢(u)] du

- 271227 pe’ (u) ¢ du \ 2722 pg! (u)
1 b [27”;22]' pqﬁ(u)]
- _27”22]p /a gm,l(u)e du

since gy, is compactly supported on (a,b). Also, notice 0 < ¢ < |¢'(u)|. Repeating the above

process N times we get

b , —2Nj b o
[ el el g = S [ g atwelm el
a —2mp a
Hence
@) —22] 3m/4+¢; T /4+-¢€; 9 )
= e L e e e -
223 T/4—€; 5m/4—e;

x 2mi2pOO)AGBik) (/ e[zmﬁjp‘ﬁ(u)]gm(u)du) pdedp’

22] 3 /4te; T /4+€; :
[ o e, WROPV@ 00
” 5

<
22J /4—¢; T/4—¢€;
b [27ri22jp¢(u)]
X gm(w)du|pdBdp
55/2 y 227 3m/4+e€; T /4+ej 9 )
< 9% / [/ +/ ]\W(p@(em V(2 cot(8) — )
224 T/4—¢€; 5 /4—e¢;
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2—2Nj

b
55/2 —2Nj
W/a ‘gm,N(u)‘dudedp§23/ Cy27%7. 0O

The following lemma is a special case of the classical method of stationary phase (cf. Proposi-

tion 3 in [59, Chapter VIII]).

Lemma 3.2. Let ¢ and 1 be smooth functions. Suppose ¢'(ug) = 0 and ¢"(ug) # 0. If ¥ is

supported in a sufficiently small neighborhood of ug, then

J(N) :/Re“@(u)qp(u) du = \~1/2 ¢i A (o) (a(u0)+0(x%)),

1

as A — oo, where a(ug) = (%)5 Y(ug).

We remark that, in the following, we will apply Lemma 3.2 for estimates where a(ug) appears
in absolute value. Thus, in the statement above it is irrelevant the choice of a particular square
root.

We will also need the following classical lemma, known as Van der Corput Lemma, from the
theory of oscillatory integrals (cf. Proposition 2 and its corollary in [59, Chapter VIII]) that has
been a key tool in harmonic analysis for finding decay rates of solutions to differential equations

(e.g., Bessel functions).

Lemma 3.3. Let k > 2, A > 0, and ¢(z) be a real-valued function defined on [a,b] such that

|p®) ()| > 1 for all 2 € [a,b]. Also, let ¢ be smooth and compactly supported in [a,b]. Then

b
/ ei’\qs(gc)ip(x)dm

a

b
<O (Iw(b)l +/ W(ﬂ«“)ldct> ,

where Cy, only depends only on k.
Finally, we will need the following observation whose proof relies on Lemmata 3.2 and 3.3.

Lemma 3.4. With the notation introduced above, for any j € Z, we have

I Tjll2 =~ 27.
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Proof. Tf || Ty jll2 = 27 for each m = 1,..., N. Then using the decomposition 7; = S"M_ 7,

m=1

we have |[T;[l2 < Sm || Trm,jll2. Now for M = 2, we have |[T;[l2 > ||| 71

2 — ||72,j|l2|. Therefore,

we have [[7jll2 > [[Till2 = [[T2,4ll2 and [[Tjll2 = [IT2;ll2 — (71

9. Since | Tmjll2 ~ 27, then

C127 < || Tomjlla < C227 for Cy,Cy # 0. Thus,

(Cy = C1)2 < ||Tll2 < (Ca + C2)27.

Therefore, | Tjllz = || Ti5ll2 + | T2,jll2- And inductively, | Tjll2 ~ 5 [T

l2. So, it is sufficient
to show that || 7, j||2 =~ 27 for any m. We will consider below the case where S, is a vertical curve.
The case where S,, is a horizontal curve can be treated similarly.

By a suitable translation and rotation in the definition of S,,, we may assume that there is an
e > 0 such that curve S, is vertical with a,, = —¢, by, = €, and that f(0) = 0, f/(0) = 0 and
gm(0) = ¢ # 0 for some constant c. Letting ¢(u) = —2m cosf (f(u) + tanfu), for u € (—¢,€), and

using equation 8 we can write

Toi(6:0) = W (2 ¥ (peost. psing) [ g, (u) du

—€

where ¢/ (u) = —2m(cos(0) f'(u)+sin(f)) = —27 cos(0)(f'(u)+tan(f)) and ¢" (u) = —2m cos(0) f” (u).

We choose ¢g > 0 small enough so that ey < %e and g, (u) # 0 on [—eg, €g]. Let

0o = min{| tan™" (— f'(—eo))[, | tan™" (= f'(e0))}-

Remember that tan~! is increasing. And also, since f” # 0 on its domain, f’ is either increasing or
decreasing. Therefore, tan~!(—f’) is either increasing or decreasing, hence bijective from [—eg, €]

to

[tan™" (= f'(—e0)), tan ™" (—f"(€0))] 2 [—fo, bo].
Therefore, for any 6 € [—0y, 6] or 0 € [r — Oy, ™ + O] there is a unique uy € [—¢€, €o] such that § =
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tan 1 (—f'(ug)). Also since limg_, (/24 ) tan(f) = £oo, then for § € [—0y, 6] or 6 € [ — 6o, m+ 6],

we see that cos(f) # 0. Thus for || < 6y, or |§ — 7| < Og,we can apply Lemma 3.2 to get,

1

'?m,j(p, 0) = W(27% (pcos b, psin)) p~2 (a(ue) e~ 2mipdlue) 4 O(p_%))

where

211

¢//(u9)

() = () gfua) = (050 (1) gnli) £ 0.

Since 0 < ¢1 < |a(ug)| < ¢o for all ug € [—eg, o], from the conditions on the support of W (272/¢)

and omitting the higher order decay term in 7A’m7j (p,0) , we have that

ARy B e
101<60  J|0—m|<60
229 '
/ / —i—/ W (272 (pcos b, psin 0))|? |a(ug)|?dd p~* pdp
1624 | /101<00  J10—7|<bo

227 .
/ dp ~ 2%
22j—4

For 6y < || < T and 6 < [#—7| < % and for |u| < €, we have |¢"(u)| = 27| cos 0|| f" (u)| > ¢ > 0.

1

12

In this case, we apply Lemma 3.3 with k£ = 2 to get
[T, (0, 0)| < CIW(27% (pcos b, psin )| p2.

We have

L = /[/ +/ ]’fm,j(pﬁ)!?d@pdp
R [Joo<ipi<t  Jooslo-mi<i

22
C/ / —i—/ [W(27% (pcosb, psin6))|>d0 p~ pdp
227 | Joo<iol<z  Jog<|o—n|<T
92

J

IN
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For 7 <|0] < T and § < [0 —m| < T and for |u| < €, we have |¢'(u)| = 27 (| cos § f'(u) +sinf]) >

¢ > 0, where we used the assumption that |f’(u)| < 3 for |u| < e. Thus integration by parts gives

Then we have

IN

C.

Since ||Tm ;113 = I1 + I> + I3, we finally have || Ty, ;|3 ~ 2% and hence || T, ;|2 ~ 27.

This finishes the proof of the lemma. O

We now present some preparation for the ¢;-minimization algorithm. We recall that L?(R?) = H
where H = Hix & Hy, Hy = L2(./\/lh].) and Hyi = L?(R?\ ./\/lhj). We want to recover Rg =

argmin g [[F* ;|1 subject to f; = Pgray th7}. So, we require the following notion from [47]

Definition 3.5. Let F' be a Parseval frame, and let A be an index set of coefficients. We then

define the concentration on Pth by

(RN
k=r(NHy)= sup ————.
feHM HF f”l

This notion measures the total /1 norm which can be concentrated to the index set A restricted

to functions in Hjys. Another important notion is that of clustered sparsity.

Definition 3.6. Fiz d > 0. Given a Hilbert space H with a Parseval frame F, x € H is d —clustered
sparse in F' (with respect to A) if

I LpeF*z|1 < 6.
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And from [46] we have

Lemma 3.7. Fiz § > 0 and suppose x, is § — clustered sparse in F. Let * be a solution of the

{1 -minimization problem. Then,

20
* _ ] <
o = 2%y < =

Now on, we will abuse notation slightly. For a Parseval frame F', we will write PyyF' = {Pyr¢; }i

andPig F' = {Pr¢;}; for the projected frame elements. The following is a modified version of the

notion of mutual coherence introduced by [19,24].

Definition 3.8. Let Fi = {¢1:}ier and Fy = {¢2,;};cs lie in a Hilbert space H and let A C I.

Then the cluster coherence uc(A, Fy : Fy) of F and Fy with respect to A is defined as

pe(A, Fr; Fy) = T?eajiz [(D1is P2,5)]-
€A

And similarly from [46,47],
Lemma 3.9.
k(A Har) < pe(A, Py Fs Py F) = pe(A, Py 5 F).
Therefore, combining Lemmata 3.7 and 3.9 we have

Lemma 3.10. Fiz § > 0 and suppose that x° is § — clustered sparse in F. Let * solve the

{1 -minimization problem, then

20
2uc(N, Py F3 F)

o = 2%z < —

Remark 3.11. Notice that error decreases as linearly with the d — clustered sparsity. Also we
emphasize that both 6 — clustered sparsity and clustered coherence depend on the chosen ”geometric
set of indices” A. This helps us to determine whether the frame F is a good dictionary for inpainting.
However, A is just an analysis tool and it is not needed explicitly in the {1-minimization algorithm.

The larger the set A is, the smaller |1 F*x°||y is. That is, x° is 0 — clustered sparse and the
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larger the cluster coherence. So, if F sparsifies x° well, then a small set A can be chosen to keep

| Lpae F*2°||1 small.

Remark 3.12. A is the set of indices of the cluster of significant frame coefficients. FEither for

wavelet or shearlet.

For the thresholding part, let H be a Hilbert space and fix 2° € H. Let E = {ey : A € A} be
a Parseval frame on H and Pg, Py be projection operators on H such that xg = Pra® + Pya®.
Here Pxa® models the known part of the signal 2° and Pj;2° the missing part of 2°.

The one-step-thresholding algorithm from [47, Section 2.3] (version without noise) is the follow-

ing.
Algorithm 1.

e Input: The incomplete signal T = Pgxo; the Parseval frame E = {ey : X € A}; the

thresholding parameter o.
e Algorithm:

1. Compute (T, e;) for all i;
2. build the set I ={\ € A:|(T,ey)| > o};

3. compute x* = F 17 F*T.
e Output: The set I of significant coefficients; the approzimation x* to x°.

The next lemma, from [47, Proposition 3], gives an estimate o the approximation error of

algorithm 1. We show the proof for completeness.

Lemma 3.13. Let I and x* be computed via Algorithm 1 with the assumption that all elements of

the Parseval frame E = {ey : A € A} have equal norm |le;|| = e for all \ € A. Then

la* = 2°llz < e (|LreFa® |y + [ L F* Para®]l).
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Proof. Since z* = F17F*Pra® and

2% = Pga® 4 Pya®
= FF*Pga’+ FF*Pya®

= F1;F*Pga’ + FleF*Pra® + F1;F*Pya® + Flpe F*Pya®,
S0,

lz* — 2%, = |[F1;F*Pga®— (F]IIF*PKxO + F17eF*Pga® + F1;F*Pya®
+ FILICF*PMQ:()) B
= ||F17eF*Pgal + FlpeF*Pya® + F1;F* Pya®||o

= ”F]l]cF*xO + Fﬂ[F*PMxO]HQ

IN

|ELeF*a®|y + || F1rF* Py

Remember F : (2 — H with F({ax}rer) = Y. cn @r€x. Also we have [ey|]2 = e for all j. So,

N N N
danen| <D lanlllenlz=ed lan,l.
n=1 9 n=1 n=1

Taking N — oo, we have

IF{axhaen)llz = ||D_area|| <ed laal = el{ar}breal-

A€A 9 A€A

IN

Therefore, ||[z* — 2°]|2 |FL1rF*Ppa®||a + ||Flic F*x°||2

IN

eHIlIF*PMa:oHl + eHIlIcF*onl. O

Given a Hilbert space H and a Parseval frame E = {e) : A € A}, a vector x € H is 0 clustered
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sparse in E with respect to I C A if there is a § > 0 such that ||1;, F*2°||; = Y oaere (20, ex)| < 6,
where F* is the frame analysis operator. For the approximation error in Lemma 3.13 to be small,

the signal x¢ must be § clustered sparse in F with respect to 1.
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4 Inpainting using wavelets

In this section, we examine image inpainting using the wavelet system ® = {¢) : A € A} defined in
section 1.2.

In all arguments below, it is enough to analyze a section of the curve S,,, with a fixed m € [1, M]
because T = 2%21 Tm- Hence, to simplify the notation, in the following we denote S, by S and
Tm,j by T;. In addition, we will only consider the case where the curve section is locally vertical;

the horizontal case can be treated in a very similar way.

4.1 Proof of Theorem 2.5 (¢; minimization)

We denote the indices of the wavelet coefficients as A = (J,;cz A; where Aj = {(j,k) : k € /'
for each level j € Z. We also denote as Sy, ; C A; the indices of the cluster of significant wavelet

coefficients and we define as
Swji={k = (k1,ka), k1| <2-2%, |ky| <2-2%}. (9)

As in [20], for each of the sets S, ; C A;, we define the wavelet approzimation error at the level j

as

5= [Tj o0l (10)

AESE,
and the cluster coherences as
He(Sujs Paty, @ @) i=max Y [(Pag, &x éx0)]- (11)
AeSw,]-
Using Lemma 3.10, we have that for any j € Z
2 6}”

175 — (12)

T; 2 < )
il < 7= 2p1¢(Sw,j> Pm,,, @5 P)
where Rf , Tj are defined as in Theorem 2.6, 7’ is given by (10) and p. by (11).
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Therefore, Theorem 2.5 follows directly from the two propositions below and (12).

Proposition 4.1. For any j € Z
5 = o(27) = o(|T; l2)-
Proposition 4.2. Assume that h; = o(27%). Then
uc(Sw,j,Pth ®;®) -0 asj— oo.
The respective proofs follow in the following subsections.

4.1.1 Proof of Proposition 4.1

Let B = <$j.k, 7\3> Thus, we can write (10) as 0 = Ekes&,j |8 k|- So, we have

Bk = 27 / U W (272¢) PPemie2 ™ (k22 (f ds} (u)du

b
= o [ [ [ wigpeemst dé] (u)du

We define the operator

Hence, using (55) in the Appendix

= 9%

/ b [ LN(IW(&)P)L—Ne%ié(kH?j(f(u%”))d& g(u) du
a JR?

/ b (140 22jf(U))2>_N (14 (ot 2%)2)_N

L (W)= 0em)dgg i

= 9%

X
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< 2icy [ (1 - 2 p?) (1 (ke - 2002) gl

We know |ul, |f(u)] < 1. If k € S _, then from 9, either |ki| > 2-2% or |ko| > 2-2%. So,

w,]?

Lot (k + 27 f(w)? 2 (k1 + 27 F(w)? 2 (Jke| = 27| f(w)])* > 2V,

Similarly, we see 1+ (kg — 2%7|u|)? > 2%, Let A = {(k1, ko : |k1| > 2-2%} and let B = {(k1, ko :

|ka| > 2-2%}. Notice that St; =AUB. For N =2 we have

Z 135k |

kesy, ;
keA keB
-2 . -2
<c 22%/ (14 G+ 27 7)) (14 (k4 220)°)  lgfun)]
keA

+C Zz%/ (14 (22 7@)?) " (14 Gha 4 29w)°) o) du

keB

<C223/ 32 4](1+ (k1 + 2% f(u)) )_1 3 <1+(k2+22ju)2>_2\g(u)]du

[k |>2-227 ko€Z
1 ’ —2
+c22j/ > (i e+ 2uR) 3T (1 G+ 2 )2) gt du
|ka|>2-22) k€2

<C2%27% =0(2). O

4.1.2 Proof of Proposition 4.2

Using Fourier Transform, Plancherel’s formula and A.2, we see

—

(Pry,, ks Gipr) = <W*¢Tj,\kv¢j,k/>
= 2h; /ﬂ@/ﬂ{smc(%hm)@; (&€= (0,m2)) dn2 @(5) dé
= 2h;27Y /@ . /R W (272 (&1, & — m2)) sine(27h;m2)

x e—sz%'mkzdm W(2—2j£) 627ri§2*2j(k—k’) de.
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Making the change of variables 7 = 272%7¢ and ~o = 27 %19, we have
(Paty, Bk B} = 2h; 2% /@ g(r) T .
where the function
g(t) = /RW(T — (0,7y2)) W () sinc(2mh 2% y9) e 2™12k2 1y

is compactly supported because W is. Additionally, by dominated convergence theorem, [28], g is

smooth; and therefore,
L(g(7)) = / L(W(T - (0,72))W(T)) sinc(2mh 2% y5) €272k gy
R
So, we see

LDl < [ [L(WG = 02 W) sinc(e,220) 242 g

< /R(L(W(T ~ (0,92) ()| dz < C.

is bounded because W is smooth and compactly supported and |sinc| < 1. Notice also that C
is independent from k, k" and h;. Hence we can apply Lemma A.1 with (55) and the differential

operator L given by (13) to get

| <Pth ¢j,k7 ¢j,k‘/> |

/A L (g(T)) Lt (e%”(k_k,)) dr

R

= 2h;2%

= 2h;2% (1 + (k1 — k1)) 7 (1 + (k2 — k5)*) ™

/\ L (Q(T)) 62m’7(k—k/)d7_
R

< O2h;2% (1 + (k1 — K)?) 7 A+ (k2 — K5)*) ™1
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From there, we see that

Y Pay, bk biadl < C2%hy Y7 (14 (ky = k1)) ML+ (ke — k)%™
kESwJ‘ kez2

< C2% h;.

Since hj = 0(27%7), then ,uC(SwJ,PthCD; ®) - 0,as j > o00. [

Therefore, we have proved Theorem 2.5.

4.2  Proof of Theorem 2.6 (Thresholding)

We now apply Algorithm 1 to the signal 7 using the Parseval frame of wavelets ® = {¢; : j €
Z,k € Z*} defined in Section 1.2. Note that quij2 =|¢||, for all j € Z, k € Z>.

For any j € Z, k € Z?, let i = (b, Pat, T5)s Bk = (bjk: T3) and ajk = Bjk — Yjk- For
j=>0,0<0;< 24 we set I ={k € 72 laj k| > oj}. By applying Lemma 3.13, we obtain the

following estimate.

Proposition 4.3. Fiz j € Z and let the set of significant coefficients I; be given as above. Let the

approzimation R; of the function T; be computed according to Algorithm 1. Then
1B} = Till2 <lIglly UrsFTjll + 11, E* Py, Tilln)-

Observe also that

P Tl = D b Tl = Y 1Bisl;

keI; kel;

111, F* Py, Tille = Y Wbjes Pavan, Tl = D 1k

kel; kel;
and R} = F[]lljF*PRz\th T;]. Theorem 2.6 is proved using the fact that H]leF*Pthﬁﬂl <

HF*PthE |1, Proposition 4.3 above and the following result.
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Proposition 4.4. Fiz j € Z. For any 0 < 0; < 2% and hj = 0(277), we have

(@) E*Puay, Tilli = Y Iyl < €27 by = (|1 Tjl2);

kez?
(i) Z |Bj.k

= 0(2)) = o(|[Tjll2), as j — oo.
kels

4.2.1 Proof of Proposition 4.4

We again use Plancherel Theorem and the change of variable 277¢ = 7. So, we have

Vi = ik P T

o o i 20k oy
= 27Y . W(27%¢) 2™ 7R Py, Ti(€) dé
= 29 | W)@ P, T;(2%m) di.

We also see that

A

@ = [ @
b
= A W(Q_ng) (/ e—27ri£'(f(u)7u) g<u) du) e27‘ri€x dg
R2 a
b -
= / (24] A W(??) 6271’12 n-(xf(f(u),u)> d77> g(u)du
a R2

. b - .
= 24]/ w (223 (az — (f(u),u))) g(u) du
where W is the inverse Fourier Transform of W. Therefore,

P 1) = [ g, @) T @)

- / 1m, (2) 2% /ab W (22j ($ = (f(u), u))) g(u) du o 2mi2¥n g,

b . L. .
-/ ( [ 1aas, (o () 0) e—z’”'?“?<x+<f<“>vu>>g<u>du> 29 (2% 2)dr,
R2 a
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Therefore, in (16) we have

Vik = 22]/ W (n) 2™ Prg, T [ Ti(2%9m) dn

— 221/ / </ ]th (f(u),u)) 627m'22j77(H(f(”)’“))g(u)du)
R2 JR2 a

X

24JW(22jw) dz W (n)e2™ ™ dp

b .
_ 22] / / W(T])@Qﬂ-in. (k+22j (;er(f(u),u))) d?’]
R2 a R2

X

Lt (o () )} |2 (@)

From proposition A.1, we have

W(n)ezmn'(k+22j(x+(f(u)’u)))dn _ / I W 2m77 (k+22j(x+(f(u),u)))}dn
B2 R
-1
= <1+ (k1 22]1?1+f( ))))
-1
(1 (ko + 29 (2 + )%
y / I W 2mn (k+22]'(m+(f(u),u))) dn
R2
So, we get

keZ?

>kl < 22j/Rg[/abZ
X </]R2)L[

(k4 29+ T)?) (14 (ke 2%+ w)?)
kez?

‘dn>]1Mh (@ + (f(u), ) |g(u ‘du]24]‘W<22] )(dx
+

< 229'/R2 [0/ Ly, (& + (F(u),u))]g(u ‘du]Z‘U‘W(QQJ )|
_ 22j/|x<2(wo)j [C/b Ly, (2 + (f(w), w))|g(u ‘du]24])W( 7|z

a

N Y e

= I + Io.

Notice that 1y, (@ + (f(u),

(17)

u)) = 1 whenever —h; — x2 < up < hj — x2. So, for any Ag > 0 and
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|z| < 2=(=20)7 we have:

b
/ ]thj (x + (f(u),u)) ‘g(u)!du < Cih;

where C] is independent of j. Thus

L = 2%C dx

|| <2—(2=20)i

W (222)

b
[ s, (@ (), 0) rg<u>|du] 2%

dx

IA

2%C C1h;2Y

|| <2~ (2= 20)3

W (29)

Remember W is compactly supported and W = W. So, using Lemma A.3, for each N € N there

is C'y such that ‘W(z) < Cn(1+ |2|2)~N. Therefore,

L < 2%c Clhj24j’W<22jx>‘dac
|x‘§2—(2—Ao)j
< 2% Clhj24jCN(1+’22j$’2)_Nd.%’
|x‘§2—(2—Ao)j
< 22f0hch/ (1+ |22) Ndo
|| <2207
< 2% Ch, (18)

for a suitable value of N where C is an independent constant. For |z| > 27(2=20)J  notice
f: 1 M, (x + (f (u),u))‘ g(u)‘du < C where C is an independent constant. Therefore, applying

again Lemma A.3, we have

I, = 2% /
|gg‘>2*(2*A0)J’

< 9% / CON(1 + |22) Nd
|z|>2209

s
N-1

dx

W (29)

b .
¢ [ tan, 2+ (Flu)) rg<u>|du] 2!

= 22CCy (1 4 22807y =N+L (19)

So, for a suitable value of N, we get I < 22 Ch; where j is large enough. Therefore, combining (18)
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and (19) into (17), we have

Skl < L+ < 2%k
kez?

where C' is an independent constant. This proves (14). Now, for (15), we again use Plancherel’s

formula, the change of variable n = 27%/¢ and Lemma A.1 in the Appendix. So, we have for any

N eN
Bj,k = <7A37‘$Jk>
b .
_ / ( / ~2mit(f )(U)duW(2_2j€)> (279 W (2 Hg)e2mi2 eH) g
22J/ |: | ‘W ‘2 —2min- (k+2ﬂ(f(u) u))dn:| g(U)dU
a R2
b
— 9% [ N (lwn)?
L L (wwP)

X (1 + (k1 + 22jf(u))2) <1 + (k2 + 22ju)2>_N 6_27ri77‘(/€+2j(f(u)7u)) dﬂ} g(u)du.

Since W is smooth and compactly supported, for any N € N, there is a constant C'y such that

b _
Bial < 20y [ (14 27 @) (14 Ga ot 2902) T lg(allde. (20

Let Kj = {k: |ky| < 2%FL |ky| < 2WH1} If k € K, then either |ki| > 22+ or |ko| > 22T As

before, if |ki| > 2%*1, for all | f(u)], |u| < 1, it follows that
L (k+2% f(u)? > (k1 + 2% f(u))? > 2V,

Similarly, if |ko| > 22+, we have 1+ (k1 + 2% f(u))? > 2%. We proceed similarly to Proposition

4.1. From (20), we have

Sl < 2 [ 3 (1 22 ?) " (1t 29002) gt

keK¢ a keK¢
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IN

Cy 2% /

LY

b

3 (1 4 (K + 22jf(u))2> - (1 + (ks + 2%)2) -

% k1 |>2%41 kyeZ

(14 G+ 277 ()?) 7 (14 o+ 20)2) " o)l du

k1€Z,|ka|>22311

IN

a

Cy 2% /b2<1—N>4f > (1 O+ 22jf(U)>2)_1 (1+ (ko + 2%70)%) -

kez?

+ 207N ST (1 + 2% f(w)?) N (1 o+ 207?) lotan
kez?

IN

Cn272@N=3)7, (21)

Recall that I; = {k € Z? : |a;| > 0} and B = aj ) + Yk So, using (21) and (14), we have

Z |Bj .kl

keI;

Observe that K; = {k € 72 :

IN

IN

IN

IN

Z 1Bkl + Z |18j.k|

keIs N K; keI N KS

S degel+ DD kDD 1Bkl

keIf N K; kelf N K; keIf N K5

Z k| + Z Vil + Z |Bj.k]
kel M K; kez? keKs

> gkl + C 2% by 4 Cy2 2N, (22)
kel¢ N K,

ke, [ka| < 2%41} so #|K;| = (2% - 24 1)2. Thus,

Yoodagal< DY o< Y oj=05 Y 1=o0#|K;| =027 24 1)7 <26

kelfNK; kel¢NK;

kGKj kGKj

since o; < 274, Using (22) and the inequality above, we have

e F Tilly =

where hj = 0(277) and N = 2.

Z ‘5j,k| < Z ’Ozj,k’ + C1272(2N73)j + 0222jhj
kelf keICNK;

26 + CNQ_Q(ZN_S)j + 0222jhj = 0(2j)

O
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5 Inpainting using shearlets

Now we analyze the inpainting problem using shearlet system ¥ = {V¥, : € M} introduced in
section 1.2. To do this analysis, we need to study the coefficients <wj(»12k, Tmj), v=1orv=2 in

four different cases:
(1) w](,lf),k is horizontal and the curve for S, is vertical,
(2) wﬁ)k is vertical and the curve for S,, is vertical,
(3) 1/1](.714)7,c is horizontal and the curve for S, is horizontal,
(4) w](?f),k is vertical and the curve for Sy, is horizontal.

Since cases (1) and (2) are analogous to cases (3) and (4), we need only to consider cases (1) and (2).
We also remark that boundary shearlets have localization and regularity properties very similar to
the shearlet functions @b](.’yg)’k, v = 1,2, hence the same argument holds for such elements. We can
fix m for the locally vertical curve S, since no horizontal curve need to be examined. Also, as in
the previous Section 4, we will also denote S, by S and 7, ; by 7; to simplify the notation in this

section.

5.1 Proof of Theorem 2.7 ({; minimization)

Let W = {4, : n € M} be the shearlet system where
M={n=(jlkv): j>0,|l| <2 keZ v=12}

We can write M = MM U M® | where MW = {n = (j,4,k,v) € M : v =13}, for i = 1,2, and, for
each i, M) = Ujso M]@, where M;Z) ={(j', 0, k) € MO : j' = j}.

As in Section 4, for each j € Z, we denote as S; ; the set of indices of the cluster of significant
shearlet coefficients (at scale j). The explicit definition of this set will be given below, in the proof

of Proposition 5.1. Corresponding to this set, we define the shearlet approzimation error at the
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level j as 67 = ZWES;J- |(T;,%n)| and the cluster coherence as

He(Ss s Paty,, W3 W) = max Y (P, W, )
K nESs,;
It will be convenient to write S5 ; = Ss 1| Ssj2 C M, where we set S;jo =0 and S, ;1 C Mj(l)

will be determined below. Since S; ;2 = (), we have

max > [(Pagy, Yy o)l S max D0 (P, v AT

UESs,j nESs 3,1

+ max Z PMh ,,¢%1)>|.

77655 7,1

Just like in the wavelet case, from Lemma 3.10 we have

263
7 1= 20(Se 5, Pay, U5 W)

1R — Till2 < (23)

Let ,83('?,C = (w](l;)k,’?}) To prove Theorem 2.7, we need (23) and to prove the propositions
stated below where S ;1 is also constructed. We present the proofs of the next propositions in the

following subsections.

Proposition 5.1. For any j € Z,

= 3 1L X 188 = 0(2) = o Til2)- (24)

(R)EMS\S, 51 (ek)eM;?

Proposition 5.2. Assume that h; = o(277). Then

max Z PMh , ,(]1)>] — 0 as j — oc; (25)
77653 7,1

max Z PMh o %(71)” — 0 as j — oo. (26)
7765&] 1
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5.1.1 Proof of Propositions 5.1

We recall that ?(5) = ff e?m& (f(W)w) g(y)du where [a,b] C [—1,1] and |f(u)| < 1. Using Plancherel

Theorem, we have
1 ~1) &
5](‘,4),k = <T/’](',z),kv73>
= [ T
R2

b i
= 23j/2/ </R2 |W(22j§)|2v(2j2_g>e2ﬂi£-(f41]31 Zk+(f(ﬂ),U))d£>g(u)du' (27)

We make a change of variable n = §A1_j By ‘. therefore,

E(AUBI R+ (f(u),u) = - (k+ BiA(f(u),u))

= 5 (k1 + 2% f(u) + 27 0u, ko + 270).
Let = (k1 + 2% f(u) + 2/0u, ko + 27u). So we have:

b . . )
B](,lf),k _ 23]/2/ </]R2 ‘W(nly 2—J <£771 + 772))‘2V(n2/771)6271'77'(k1+221f(u)+296u,k2+2ju)dn>g(u)du.

Remember that supp W C [~1/2,1/2]?\[~1/16,1/16)? and supp V' C [~1,1]. So, 1/16 < |m| < 1/2
and |nz| < 1/2. Therefore, the function G(n) = ‘W(m, 277 (b + 772))‘21/(7]2/7]1) is still compactly

supported and CS°. Additionally, observe 277|¢| < 1, so using Lemma A.1 we have for each N € N

b ) . .
B = 2%/ / (/RQ NG L (e%n-(kl+22Jf(u)+2”“”“2+2ju)) d77>9(u)du

IN

231/2/ (14 (kg + 2% f(u) + 27 u)?) =N (1 + (k2+2ju)2)N/
a RQ

LY(G ()| dnlg(u)|du

IN

2%/20 /b(l + (k1 + 2% f(u) +270u)®) N (1 + (k2 + 27u)*) " Ng(u)|du. (28)
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Similarly, for each N € N there is a constant C'y such that
2 . b . . .
|B<’,€),k| < 23]/201\[/ (1 + (k1 4+ 27u)?) "N (1 4 (kg + 2% f(u) + 270u)?) ™V |g(u) |du.
For each j > 0 in Z, we define the set
KW = {0, 6,k) € MY« k| <3-2% |ko| < 227}
] 7 ] — ) — *

We observe that, if |ka| > 2-27, then |ko + 29u| > 27 for all u € [a,b]. Also if |k1| > 3-2%, and
remembering || < 27, then |k + 2% f(u) + 270u| > 2% for all u € [a,b]. Then, using inequality (28)

we see

IN

ORI A SR

(ek)eM K @ 10129 [k |>3-2% or |kg|>2-27

(14 (k14 2% f(u) + 2700))) ™V (1 + (k2 + 27u)?) " V|g(u)|du

b
<o 3
* o<
S (A (ke + 2 f () + 27 0u)®) V(1 (B + 27u)®) N
|k1‘23-22j,k2€Z
+ Z (1+ (k1 + 2% f(u) + 270u)®) "N (1 + (ko + 2ju)2)N>
k1 €2, |k2|>2-29
X |g(uw)|du
< Cy239 92~ (N=12 — 0 237 972Nj, (29)

Similarly KJ(.Z) = {(j, 0, k) € MJ@ k1] <227, |ko| < 3-2%} and, using a very similar

argument on Bﬁ) > we have that, for any N € N, there is a constant C such that

T .
S 1B < On2d 2, (30)
(tk)eMPN\K P

Also, we observe that the set K J(.Q) contains O(2%) elements. Then, using Lemma 3.1 we see that

42



for each NV € N there is a constant C'y such that

Z ’l@]@gk’ < Z CN2%j 9—2Nj

(ek)ek (Lk)eK?
< Oy 2%9237972Ni

= Cy2739272Ni, (31)

Using (30) and (31), we have

S o = (X X 8

(k0em (h)eK?  (tk)eMP\K®
7 . 13 . .
< Cy (253 9=2Nj 2?]2*2“)

< Oy 2272725,
Choosing N large enough in the above expression, we have

ST 188 = 0(2)), as j— oo (32)
(ek)em?

We now need to prove }- i)ege . |5§1€)k| = 0(2’) and define Ss ;1. Now in the integral (27), we
b 8,7, tas)

make another change of variable p©(6) = p(cos(#),sin(f)) = 2~2/¢ and obtain

b i
gY, = o / ( /R 2|W<22js>2v(zj§j_e)ew-WBl‘k+<f<“>v“>>d§)g<u>du

_ o¥ /:/000/3;|W(p@(9))\2x/(2jtan9—z)

_
2

.627 —ip=t
627r1223p@(9)'(A(lj)B(l)kJr(f(u)’u)) pdpdfg(u) du

3
. poo per ) ey )
= 23]/ /2 |W(P@(9))|2V(2]tan6—E)e%’QQJpe(e)'A(lgBmk
0 —
b

INE]

X

</ 627T’i22j,09(9)'(f(u)7u)g(u) du) d@ 1% d,O
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As in the proof of Lemma 3.4, by a suitable translation and rotation of the curve segment S,
we can assume that f(0) = f/(0) = 0. Also we may assume that f”(x) > 0 so that f'(x) is strictly

increasing (the same argument for the case of f’(x) being strictly decreasing). We define
d(u,0) =210(0) - (f(u),u) = 2m(cos(f) f(u) + sin(0)u) = 27 cos(0)(f(u) + tan fu)

and observe that ¢'(u) = 27 cos(0)(f'(u) + tan(d)). Again, by a change of parameter, we may
assume a = —e and b = € . Since g € C§°(—¢,€), one can find 0 < ¢y < € such that supp (g) C
[—e€0, €0]. Let 69 = 1(e — €0) and 61 = tan=(—f'(—(€o + d0))), 6o = |tan™1(—f'(eo + &9))| so that
tan(f1) = —f'(—(eo + o)) and tan(—6y) = —f'(eg + o). Since tan is increasing on [—7, T] with
tan0 = 0 and f’(u) is increasing on [—¢, €] with f/(0) = 0, we see that the interval [—6p, 6;] matches

the interval [—(eo + d0), €0 + o). That is, the map
tan~? O(—f’) : [—(60 +d0), €0 + 50] — [—90, 91}

is onto and strictly decreasing; therefore bijective. So, for § € [-7,%]\ (—=0,01) or § — 7 €
(=%, 41\ (=60, 01) and |u| < €y, we have f'(u) + tan # 0.
It follows that there exists a constant ¢ > 0 such that ¢y, (u, 0)| > ¢ for all 0 € [T, ]\ (=00, 61)

or 0 —m €[5, 7]\ (—00,01) and |u| < €. So, we have

€

€ . i22j¢(u70)
1227 p(u €
/ g ) du = (g(u)z'%qb’ (u 9))

52 € , €i22j¢(u,9)d
= 9 e ™

€ , €i22j¢>(u,0) p
_/_eg ) 2277, ) ™

—€

Thus integrating by parts N times gives that for all 0 € [—7, F]\ (=600,61) or 0 — 7 € [, ]\
(—6p,01), we have

< On272N7,

—€

| / 2722 OO (F()0) g ()

Also as in the proof of lemma 3.4, for § < (0| < § or § < |0 — 7| < T and integrating by parts IV
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times, we have

|/€ 627ri22]'p€)(9)-(f(u),u)g(u) du| < CN272Nj‘

So, we see that

1852 W (p0(6)) V(27 tan § — ) 2" PO A Bk

IN

0o 01 T+01
0 —6p T—0g

b .
(/ 62””2]pe(e)'(f(“)’“)g(u) du> dﬁpd,o‘ + ON272N7,

X

So, to find a bound for | ,BJ(»}K)’,CL we may write 5](14) L as

 poo 7r+01
Biie = 2% / / /
0 —
b
/ 27200 O)-(F()) g () du | dB p dp.
a

We also remark that the case for 6 € [ — 6y, m+ 61] is identical for the case 6 € [—6p, 01]; therefore,

| W (00(0))2 V(27 tan 6 — £)e2™ 2 PO A Bk

X

we may again rewrite Bj(.lz) i as
) oo prb4 ) oy ¢
Bj(le)k = 22]/ / W (pO(0))|2 V(27 tan g — £)e*™2 PO AGBayk
"ty 0 _90

b .
(/ 627ri223p@(e)'(f(u)vu)g(u) du) df pdp.

From the choice of f and 61, we have tan~! o(— f) is bijective. So, for each 6 € [0y, 6], there is

X

a unique up € [—(eg + do), (€0 + do)] such that ¢!, (ug,0) = 27 cos(0)(f'(up) + tan(h)) = 0. Now as

in the proof of Lemma 3.4, we apply Lemma 3.2 to get

/ 627ri22jp@(9)~(f(U)M)g(u) du = Q—jp—% (a(ue) e2mi2% pp(ug) | O(p_%))

N[

for 6 € [0y, 01] where a(up) = (¢,, (7;10 0)> g(ug).

45



(1)

Now, omitting high order terms in the above expression, we may write 8 0k 8S

. 2 ot
Jlfk = 22J/ / )’2 V(2 tan@—ﬁ)e%ﬁ 7pOO0) A ) Bk
9\<90

X <CL(’LL9) 62”’223’”5(“9)) do p% dp.

Remember supp (V) € [—1,1], so for given £ and 6 € [0, 1], we must have |27 tan(0) — | < 1.
This is possible when tan() ~ 277¢. This means that |277¢| needs to be small because 6 € [y, 61].
Also, remember || < 27, so we make another change of variable ¢t = 2/ — £ and have |t| < 1. So, we

see

tan(0(t)) = 277 (t + £)

and

ug(t) = (f)H(=277(t +1)).

Observe that wug(t) it is well defined because for large valued of 277 (¢t + ¢) = tan(f) we have
0 ¢ [—0o,61] which correspond to the values where ﬂ](lg)k is neglected. So, using the last change of

variable we have,

e2mip G(t) cos o)
_ 223/ / NPV(t)a a(ug(r)) =TTy p2dtdp, (33)

where G : [-1,1] — R is given by

G(t) = ky + thy + 220 f ()71 (=279 (t+0)) + 2t + ) (f) " (-277 (¢ + 0)).

1

We observe that G is continuous because f and (f’)~! are, also and compactly supported because

1277 (t + 0)] < 279(|t| + |€]) < 277 +1 < 2. Therefore, we there is ¢, € [—1,1] such that

G (tre)| = |;|n<f1 G()]- (34)
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For 57 > 0 fixed, we define the set
Sugn = {0 6,k) € M 5 k| <3-2%, [ko] <227, |Gltyg)| < 2207} (35)

where Ay > 0. Also remember for j > 0 fixed, we defined the sets KJ(.I) ={(j, 0, k) € M]O) sk <

32 |ky| < 2-27}. Similarly we define
QY = {6 k) € MV : |Gt )| < 2807}
and observe that S ;1 = K](-l) N Qg-l). Thus
M S = a0 g Q) = K U (g @) n k).

Therefore, we may write the first sum in (24) as

SooooBh= > B+ M 1B, (36)

(6k)eMINS, ;1 (ekyeMK (k)e(MNQMNK;
From inequality (29) we have that, for every N € N, there is a constant Cy > 0 such that
Z(Z e\ kM) ]ﬂ](-lé)k\ < Cyn 927 92N, Therefore, choosing N large enough in the last expression,
’ i\ "

we have

S 8L = 0@), (37)

(k)eMNK D)

For the second sum in (36), we observe that, for (¢,k) € (Mj(l) \le)) OK]Q), we have |G(t)| > 2807

for all t € [—1,1]. So, using (33) we see

e2mip G(t)cosO(t) |

5 p2dtdp

3. [0 1
Bl = 24 [T [ Weeem) Vo e {5y

5. 1
= 24 [ V(e 5

= L omi cos
1 1+22j(t—|—£)2/0 |W(p@(9(t))|2p2e2 pG(H) e(t)dpdt.
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Since supp (W) € [-1/2,1/2]2\ [-1/16,1/16]?, we integrate by parts and have

o0

NI

2miG(t) cos 6(t)

00 ) )
/0 W (pO(6(1))[? p2e?ir G0 sty — (!W(p@w(t))!%
0

1
2miG(t) cos 6(t)

/‘X’ 5 ('W(PG(H(t))IQP%) e2mip G(t) cosB(t) g
o Op

e2mip G(t) cos0(t) )

X

By repeated integration by parts with respect to the variable p in the integral of B](.lz) x» we have

that, for any N € N, there is a constant C'5; such that

1 1 dt

W | < 231'/
Bianl = On227 | VOl Gy s 112 50 5 02

Hence, for (¢,k) € (M](l) \Q;l)) N Kj(l) and any N € N, there is a constant Cy such that
‘@?k‘ < Cy 257 27N,

Therefore, observing that the cardinality of K M) is of order 2% we have that

J

S 1< Cy2abiaves,
(Lk)e(MIN\Q)NK;

If we choose N large enough, we have that NAg > % so that the sum in the last expression is
0(27). Combining this last estimate with (37) in (36), and then using the estimate (32), we have

that

= > B+ D 18 =e@). O

(Lk)eMINS, ;1 (tk)eM
5.1.2 Proof of Proposition 5.2

In order to prove Proposition 5.2, we need the following result which will be proved later.

48



Lemma 5.3. For j >0 fived and k € Z*, £ € Z, let ty.4 be defined by equation (34) in the proof of

Proposition 5.1. Set
Gryo=k1 + teoko + 225 f[(f) N2 (the + )] + 2 (tgo +€) (f)"H=27 (tge + £))

and Qi = {|¢| <27 : Gy < 22807}, Then for each fized k, the cardinality of the set Qi satisfies the

inequality #(Qr) < CQ%AOj, where the constant C' is independent of j, k

Proof of Proposition 5.2
We begin proving (25) using the definition of Sy ;1 given in (35). As mentioned in Remark 2.3, for
a technical reason, we use Pth = thOIl|x2|§hj. This does not affect the Pth significantly because
for small values of h; we have thO —1as Ay — 0.

Like in the proof of Proposition 4.2, we use Plancherel Theorem and Lemma A.2. So, we have

/\

BT, « ), = 2htHA0 /@ sine(2rh; )0, ((61,62) — (0,72)) dr

(Pmy, 1/’](zk’¢g(‘1e)/ k)
= (hAO]th *wj(Zk’m)
= Qh]HAO /@2 /@Sinc(%hﬂz) @b/;lg)\;g ((€1,&2) = (0,72)) dry m(@ dg§
= e [ w6 - n) v

1
o 2w A Bk LTV (2 Qjé.)v(}j@_el) omig AT B! (k- 1}3(1)19(1§/7c)d€
1

— {) sinc(2mh;m2)

We now make a change of variable n = {A@;Bai so that & = anA]i = (2%, 2/ (fny + 12)) and

d§1 = 22jd’l71 and d£2 = 2jd772. Thus,

1
(Pmy,, 1/{§ 0k wj(',ﬁ)’,k”>
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‘ ; 277 o
= 2h;+A0/A /AW(m, 277 (0 + o) — 2—2J7_2)V(@ _ 77—2)6_%,2 Jroks
R2JR m m
j i ; _ . e,
X sine(2mr2 ) dry W (ny, 279 (€1 + ) V(-2 ) 5B B0 M)y, g

m

We now let v = 27775 and have

1 1
<Pth ¢](',g)7ka wj(’e%,k/)

- 2h31.+A02j/A /AW (279 (s 4+ m2) = 2777) V <"2 e E’)
R2JR m n

X

W (1, 279 (0 + )V (Z)

. iy
27rzn(kafl)B(1) k") d

e 2™ k2gine(27y) dy e n. (38)

Let

Gine () =W (771: 279 (g + ) — 2—j7> Vv (772 _ +0— 2’) W, 279 (I +m2))V <T7Q> i
moom n

We compute the following

iVV = oW+ 82W27j€
om
o? . . . )
WW = OLOW + 090 W20 + 010oW 274 + D90, W 27742794
Ui
iW = 9W27I
on2
92 o
—W = 00,W277277
87’]% 202
om n
9? (12 —7)? 2(n2 — )
— v =y U oy U
on? ni n;
0 1
—V = V=
ona M
0? 1
—V = V'S (39
on? 3 )
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And very similar for W and V. From the computations in (39) and since V and W are com-
pactly supported and smooth, it follows that there is a constant C independent of 7, ¢, ¢ such that
|L(gjee(n,7))| < C where L is the operator defined in (13). Also, observe that (k — Bfl)B(_lglk’) =
(kv — Ky — (¢ — )k, ko — KY). Therefore, using the above observations, Lemma A.1 and (38) we

have

1 1
[(Prty, 081 50 100

= 2h}+A°2j / L (/ gjee(n,7)e 27ri7/’”s,ir1c(27w) d7> ! < 2min (k= B(l)B(1§ k)> dn
= 2h}+A°23 (/R gj.e.00 (MY e~ T k2gine(27y) dfy)

K (= (£ O+ (k= 1) 2P0 g

< 2h}+A°23 </R gjee(n,7y e~ k2gine(2my) d7>

(L4 (k= Ky — (= OY5)) ™ (14 (hy — )t 2B BT dn’

IN

2hITROC(L+ (ky — kY — (€= £)k5)*) (1 + (ko — k5)*) ™
and using the definition of S ;1 given by (35) with Lemma 5.3 we have

Z ’<PMh ]gkﬂl}Jelk/H

(k’,f)essyj,l

<oty YYD (1 (k= K, — (£ — g/)kép)*l (1 + kg — k:§|2>71

|1 |<3227 |ko|<227 LEQy

om0 (1 ) (1Rl

k1€Z ko€cZ
.1 .
< Chythogl 2380,

Hence, since h; = o(277), it follows that

o @ :
max Z |<Pth¢j,€,k7wj,€/7k’>‘ —0 as j — oo.
’ f,kESsJ‘J
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This proves (25).
To prove (26), similarly to the computation above, we apply Plancherel Theorem and the Fourier

transform of 1,4, to write
J

(Pats, 057 0 g

1
= <¢g(‘,£),k7 PM;L , wj(',é)’,k’>

—_— /1\
= <¢j( g)ky h]AO ﬂth * ij(',g)/,k/>

= om0 [ ] sine(mhym) 6l (6106 - (0.7)) dr w40 de

_ 2h1+A02 3]/2/ W 261,60 — 1)V <2J -T2 —E) Qm(oTQ)A(l)B(l‘;k
R

1

2 i 4
x sinc(2mhjm)dm, W(2~%¢)V <;1 —E’) ~2migA Q) B (k=B ALy AG B k) ge.

We now apply a change of variable n = £A J)B_lg (2720¢y, 0272 4+ 277€), so that &€ =

nB( )A(I) = (2%, 27 (bn1 +m2)), and let o = (a1, ) = Bfl)AZUA(QJ)B( 2) "k Thus

2 1
<Pth g(‘,e),lw wg',e)',k'>

— : S —927J
= 2h;+A°/A2/AW(n1,2_](€771 +1m9)) — 274V (W) sinc(27wh ;o)
R2JR

o . 92j )
x XN Ay Wy, 277 (g + m2)) V (Em Jflm - E’) e d.

Similar to the calculation above, letting v = 27775 and then applying Lemma A.1, where L is the

differential operator (13), we have that

Ppng, (2) ,1[)(.1), ) = 2pithogi G 0.0 (n,7) sinc(2wh; 277 ) €22 gy e 2= (40
hi Tk T 500k J 22z 7€, J

where

~ Ix7 —q 75 —q 27
Fi.e.0r () =W (1, 2790+ ma = )V )W (1, 277 (01 +m2)) V(o =€),
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We also compute

_ _ 23
88mv - Vl.(£n?+n7272)2
2 _ — 242 — —2.2% ,
cfnfv =V Gzt G
_ _ —92j
8?72‘/ B V,‘(5n12+77;)2
2 o 94 2 . _9.93 .
aan%V =V gt Gt

Since supp W C [~1/2,1/2]?\[~1/16,1/16]2, we see that 1/16 < 277 |fny +mn2| < 1/2, s0 |n1 +n2| ~
2J. Therefore, with the above computations and similar computations performed in (39) for W, W
and V and the fact they are smooth, it follows that there is a constant C' independent of 7, ¢, ¢’
such that |L(gjee(n,7))| < C where L is the operator given in (13).

Thus applying Lemma A.1 in (40) we have

1
VZ k’>| =

[(Pagy, 9570 0

2h}+Ao 2j

/A L( /A G0 (1,7y) sine(2mh;277)
R2 R
e27ri'yk2d,y>L1 (62ﬂin(ka))dn‘

Chit2 20 (14 (ky — a1)®) "1+ (k2 — a)?) ™!

X

IA

where the indices a1, as depend on . Using the definition of S, 1, given by (35), and next applying

Lemma 5.3 to estimate the cardinality of @), we have

1
S P v )

(k,f)eSS,j,l

SChT B0 30 D (= a)) (1 (k= a))

k1| <3225 |ko|<227 LEQy

< ChitAogigztel 30 %7 ( + |k >71 (1+|l-s2|2f1

k1€7Z ko€Z
. 1 .
< C hit8oi g2,
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Since hj = o(277), it follows that

2 1 ,
max Z ](PMh]_ §’€2’k,,¢§7€{k>\ —0 as j — oo. O
L,keSs j1

)

We finally prove Lemma 5.3.

Proof of Lemma 5.5. Letting y = (f)~1(—=27 (tx¢ + £)), we can write

Gltre) = (k1 + teeka) + 2% (f(y) — F'(W)y)-

Recalling that f(0) = f/(0) = 0, we have that the second order Taylor expansion of f about 0
on [—e, €l is f(y) = f”(c)% where ¢ € (—¢,€) and f'(y) = f"(c)y. Since f"(y) > k> 0 on [—e¢, €] ,
then

F) = fwy = 31" 0.

Neglecting the higher order terms, we have

G (tro)| = (k1 + tieka) + 2% (f(y) — F'()y)| = [(k1 + treka) — 225 " (0)y?. (41)

We consider three cases below and recall that |Gt )| < 227 by definition of Qy.

Case 1: ki + ty ko < 0. It follows that | — 2271 f”(c)y?| < 2%, This implies that

te + €l = 2| (9)] = 27 f"(e)lyl < V2V f7(c) - 220977

and

6 S VRVI(0) - 22590 4 Jtigl < V2VF(0) - 23890 4 1.

So, ¢ is contained on an interval of length less or equal than 2 - (v/21/f"(c) - 223/2 4-1). And also
remember that £ € Z so that the there are at most 2 - (v/21/f”(c) - 2299/2 4+ 1) of such elements £.

Hence #|Qr, ko] < 2 (V2/f"(c) - 2293/2 1 1). So, there is a constant C' independent of j, k1, ko

o4



such that #(Qx) < C 23805,

Case 2: 0 < ki +tpy ko < 2280j+1 Then (41) implies that
2803 2 [(ky + 1 ko) — 2L F(0)yP] 2 199 ()] — [k + tiehol.
Therefore, in this case, we have that
\22j%f”(c)y2\ < |k A+ thoko| + 2897 < 28051 | 98] — 3. 9807,
Similar to case 1, it follows that
[t + € =271 f ()] = 27 f"()ly] < VBV F(c) - 2272

and

€] S V6V f7(c) - 229977 + [ty o] < V6V F(c) - 2277 4 1.

As in case 1, £ is contained on interval of length less or equal to 2 - (v/6+/f"(c) - 2299/2 +1). And
also remember that ¢ € Z so that the there are at most 2- (v/6+/f"(c) - 227/2 4 1) of such elements
¢. So, there is a constant C' independent of j, k1, k2 such that #(Qx) < C23805,

Case 3: ky + ty ko > 2209+ Again (41) implies that
. 1 4
b+ gk — 2507 S 2% D () y? S ks + 270

and, thus,

277 V2
Vi (e)

\/kl +tpeky — 2807 Sy S 27
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This shows that |y| is contained in the interval

\[
V)

I, = [2—3‘\/}{7

\/kl—i-tkng—QAOJ 277 \/k1+tkgk2+2A03:|

whose length satisfies the inequality

1, = Y22
Y W

V227t 93l

(\//ﬂ +tkgk‘2+2A03 — \/kl—Ftkng —2A0]> < f”( )
C

Let m = |0 + tg | so that m = 27| f'(y)| ~ 27 f"(c)|y|. Since the map x — f”(c)z is continuous,
then the expression above maps the interval I, to some other interval I,,. For any mi,ma € I,

we have that

. 1
[y —ma| = 27 "(¢) llya| = |l < 2v2/f"(c) 222

that is, the length of I, satisfies |I,,| < 2v2+/f"(c) 238 From |0 + tge| = m € I,, we have
|€| € I £ty . Since [ty | < 1, as in Cases 1 and 2, there at most 2+v/2/f”(c) 2380 4 2 of those ¢

elements in I,,. So, there is a constant C' independent of j, k1, k2 such that #(Qy) < C2:80,

5.2 Proof of Theorem 2.8 (Thresholding)

For v =1,2, let 'Y(e)k = <”L/Jj(-:2k,Pth7;'> and [5’j“ <1/J](V£)k, )

Since 7T; is related to a local vertical curve, as for the ¢; minimization case, we need only
consider the case v = 1. In the following, we simply denote 'Yj(le)k as Yj.0k Bj(lz)k as ;¢ and set
ajagvk - 5]7£>k - ’sze7k'

For any j > 0 and any 0 < 0; < 27% welet I; = {((, k) : |aj ol > ojtand 65 = pcre |Bj ekl

J
We recall that RT = F[1;,F*7T;] and observe that HI[IJ.\I/*Pthﬁﬂl = Z(Z,k)elj |7j,k|- Lemma

3.13 then implies the following estimate.

Proposition 5.4. For any j € Z, let R}, I; and (5]5 be defined as above. Then there is a constant
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C independent of j and T such that
1R; = Till2 < C(6F + 111, F* Paa,, Tjl1)-
A simple observation shows that, for any j € Z,

1L, Pag,, Tills < 1E*Pay, Tilli = > Pjel-
(£,k)EM,

So, Theorem 2.8 follows from Proposition 5.4 and the following result.

Proposition 5.5. Let j > 0. For any 0 < 0; <27% and h; = 0(2_%j), we have

> ekl = 0(27) = o(|Tjl2) (42)
(4,k)eM;

D Biekl =o0(2) = o(|Tjll2), asj— oo (43)
(K,k:)eI;

5.2.1 Proof of Proposition 5.5

Making a change of variable n = EA(_lgB(_lg and using the expression for Pth computed in Propo-

sition 4.4, we have

YVilk = @;fzkavathﬂ;?
— 93 [ Wy <2j Z - E) STEANPIR By T (€) de

35 —j 2 mink 5 7 '
= 22]/@2 W (m,2 J(€771+772))V<m> e*TE Pag,, Ti(n BlyyAfy) dn
= ng/A W(n1,2_j(€n1+772))V(772> e2mink
R2 m
b . j — .
x / ( / Ly, (24 (f(u),u)) 7 P ““f(“)’"”g(wdu) 29W (2% ) der diy
R2 a

b , .
N 2121j/ / ( | W, 277y +m2)) V <?72> G2rin(k+ Bl ALy (2 +(f(@)0)) d")
R2 Ja R2 m

Ly, (24 (f(u),u)) g(u) du W(szx)dx.

X
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(2)

L : L : (1)
In a similar way as in Proposition 4.4 we write ;¢ = Viek T Vidk where

Tk = 2“/ / </2 (m1,2” ](€n1+n2))V( ) 2min (ke Bl Al (a+(/(w))) dn)
Bag R

< Ay, (@4 (F(u),u)) g(u) du W(2¥x)dx, (44)

b .
%('212)k — 21211'/ / ( A W(m,Tj(ém +n2)V <772> eZmy;(k—f—Bfl)Afl) (a:—i—(f(u),u))) d??)
T R\Ba, Ja R2 m

X Ty, (2 + (f(u),w) g(u) du W (2% z)dx. (45)

and Ba, = {z € R? : |z| < 2727207} with any Ag > 0.
(2)

For Vg We proceed as in the wavelet case. Notice that
k+ B{A](z + (f(u),u)) = (la + 2% (21 + f(u)) + 20w + ), ko + 27 (2 + u))-

Now we apply Lemmas A.1 and A.3 in (45) and remember that ff ]thj (x4 (f(u),un))|g(u)|du <

f; lg(u)|du < C. So, we have

Z ‘7(,22/&| < / /C
R\Ba,

(&k)eM; |e|<2J kez2
o . 2\ 71 A 2
x <1+ <k1+2 J(x1+f(u))+2w(x2+u)) ) <1+ (k2—|—27(x2+u)) >
X |g(w)|du|W (2% )| dx

024 Y / W (2%2)|da
(j<2i / l21>27 (G200

-1

IN

11

249 30 /| o CON(L 4 [af) N
| <20 711>

IN

IA

5 i .
Cc227C 1+ 22807 )N+
POy 1+ 2)

o8



where C'is an independent constant. So, for a suitable value of IV, we have 3, 1) M, |fy](2€) L < o(29).

Now we work on (44). Like in the proof of Lemma 3.4, we may assume that f(0) = f/(0) =0
and that a = —€,b = €. So f(u) =~ f"(c)u?/2, where ¢ € [—¢, ¢€]. Since f € C*[a,b], there is M > 0
such that |f" (u)| < $M for allu € [—¢, €] and |z] < 2-(2=20)i we have | f'(u)| < M h; = 0(27%7') <
3 271 for all large j and all u € [—h; — 22, hj — z2] C [—€, €.

We consider first the case |¢| < 2//%. Applying Lemma A.1 to (44) we have

) _ 9% 9—j 2
A, = 2% /B/ L2 (W 2ien +myve)
L—1<€27r177<k+BfA'i(l“+(f(u)7u)))>d,,7 ﬂhj (l‘—l— (f(u),u))g(u) dUW(22]$) dx
b
=24 [ [ p (W2 ) V)
Bay Ja JR?
—1

<1 + (k:1 + 2% (21 + f(u)) + 274 (z2 + u)>2> - <1 + (kz + 29 (29 + u))2> dn

Xy, (@ + (f(u) ) glu) du W (2¥z) da

X

X

We recall from the proof of Proposition 4.4 that there is C independent of j and x such that

fab L, (x4 (f(u),u)) |g(u)| du < Chy. So, we have

S il

kez?

keZ2

. —1 . .
X (1 + (ke + 27 (g + u))2) Ty, (@ + (f(w),w)) du [W (2% )| da
gczlﬁjhj/ W (2% 2)]| da
R2

< C227h;.
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Therefore, using the assumption that h; = 0(2_%j ), we conclude that

S 3 kil < 02Bab; = C2¥; o)
€| <24/ keZ?

We now consider the case 2//4 < |¢| < 27. For fixed n and |z| < 2=(~20)7  Jet

$(n,x,u) = nBiA] (z + (f(u),u) =

= 2%y (x1 + f(u) + 2901 (29 + u) + 27 ma(z0 4 u).

Then ¢, (n,.u) = m1 (2% f'(u) +296) + 20y = 2y (2 () + €+ 2) , where ¢}, = £6. From
the assumptions of the support of V and W and from (44), it follows that = < |m| < 1 and
|Z—f| <1< %2974 (for j > 11). Hence, for all 211 < |¢| <27 and all u € [~hj — z2, h; — x2], there is

uniform positive constant independent of j, ¢ such that

nal = mt2 (10217 ) - 12))
i 1 . 1 .
> 2J _ Z9i/t _ Z9j/4
> |m (!€| 3 ;
> C 2.
Hence
; < CQ*jwfl' (46)
|pt,(n, x,u)| —

So, for fixed |z| < 272720 and 5, we define

Wm@::/lmwm%%u+wmmmmmm

—€
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and observe that 1, (z + (f(u),u)) = 1 if and only if [x3 +ua| < hj or —hj —x2 < u < hj —x2. So,

hi—xo )
Utpa) = [ s g(u) du

—hj—x2
L pricman—an 1 )
271 qbu (7)7 z, U) —hj —x9
R —
_ L i (e2wi¢(777x,u))/ #
2mi —hj—x2 “ %(7% z, 'LL)

= Ui(n,z) + Us(n,z) + Us(n, ),

where

1 . 1
U _ 2mip(n,x,hj—x2) hi —
in2) = 5 5e &, (n, 2, hj — w2) 9lhs = 2)

1 . 1
U ’ _ 2migp(n,x,—hj—x2)
2(n,0) = =5 e &, (0,2, —hj — x2)

1 fhimr2 1
) =g [ e (L)

271 —hj—z2 Cbgi(naxau

g(—hj — x2)

/

du.

u

Correspondingly, we may write (44) as vj( K)k = 'yj(g )¢ fyj(z k;) + ’y](lﬁc), where, for m = 1,2, 3,

i —2“/ W (m, 277 (g1 +m)) V(22) _2””7'“/3 Unn(n, ) W (2% ) dx dn).

Ao

We first examine fyﬁ’?. Using Lemma A.1, where L is given by (13), we have that

11 -
(1,1) 237 7]' <1> i
e W, 277 (bm +m)) V (12 ) e
3 p— 1 e e—
X /B e2m¢(n,z,hj 2)¢/ (77 o w2) g(hj _ $2) W(22] (x)) dz dn
Ag u\"fs Ly Ilg

11 ;
237 ) 1
_ 1574 —J n2
211 ‘/BAO /@2 L < (7717 2 (6771 + n2)) v (771) 9%(77’957 hj - 33‘2))

x L7 <€_2m’7'(k_(QQj(“Jrf(hj_“))mjhj’gjhj))> dng(hj — xz)mw

11 .
27] . 1
— LW(n,277 e
i /BAO /@2 < m, 2 +m) V (m> ¢ (n,x, hj — x2)>
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-1

X (1 n (lﬁ + 2% (21 + f(hj — 22)) + 2J‘ehj)2> - (1 + (k2 + zjhj)2>

o2 (k—(22j (a:1+f(hj—mz))+€2jhj,zﬂ'h]-))

X dng(h; — z2)W (2% 2) dx

Using inequality (46) and the fact that 211 < [0 <27, L <|m| <&, and |f/(hj —22)| < %2_%j, a

direct computation shows that there is a uniform constant C', independent of j, ¢, such that

/
1 1 o
= |~ 27(27 f'(h; —
(%(7771‘, hj — $2)>m (%(77,96, hj— 1‘2))2 (2'f (h] x2) +{)
< 2127 f'(hy —'$2)+€\
B (|€m1]27)2
< o279t
/
1 e 1 o
qs{u(’r/, . hj B '1:2) 2 (¢4L(777 Z, h/] — 5132))2
2J
(1€l[m|27)?
< C279)?
< C279t

The same estimates hold for mixed derivatives. Thus, using these estimates, we have that

9%
Xkl = Y Y

1. . 2 1. . 2
217 <|¢|<2i K€L 217 <|¢|<2i KEZ

x ‘ /BAO /@2 L (W(ﬁla 279 (b +m2)) V (Z—f) %(%iﬂ,lhj — @))

: . 2\ !
X <1 + <k’1 + 22](.7:1 + f(hj — 1'2)) + 2]€hj> )

x <1 + (k2 + 2jhj)2>_1

6—27ri77~ (k—(22j (x1+f(hj—x2))+£27h;,29 hj))

X dn g(hj — z2)W (22 z) dx
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IN

227 C/ STogtte
B

1. .
O 21i<|0<2i

x 3 <1+ <k1+22j(a:1—|—f(hj —a;Q))+2ﬂ'ehj)2>_l

keZ?
<1 + (ko + 2J'hj)2> B
lg(hy — w2)| |W(2272) | da

<oz 3 [ i)

1. ) |z| <2507
249 <|e|<2s

X

X

Observe that,

27
Yott=2 Y <2 / 71l = 21n(27) — 2In(297) = 2In(2%7%) = In(2)3 /2.
2

) ) ) ) j/4
21/4<|¢|<2i 2i/4<(<2i ’

S W< Y If‘l/ (W ()| de < Cj 237 = o(29),

1 _ |z| <2507
21 <|¢|<2s FEL? 217 <|¢| <2

o (1,2) j
And very similar argument shows that Eﬁjg\z\gm >okezz 17505 | = o(27).
(1,3)

Finally, for the analysis of Vi We apply again Lemma A.1 as above. So, we have that

B2 (e v ()

« -1 (6—27F’L77~(k:—(22] (a:1+f(u))+€2ﬂ'(x2+u),2j(z2+u)))>d77 du W(szm) dz. (47)

We observe that

[QW] ICAUROLORA0

u(n,x,u) u (@b&(nv'x?u))Q ¢L(T],x7u)' <48)

As we did before, from the assumptions of the support of V and W in the integral (47), we have
that 1= < || < § and \”2\ <1< 12ﬂ/4 Also, recall that 227 f”(u)| < 2122 for some constant

M > 0. Hence, for all 217 < 0| < 27 and all u € [—h; — x2,h; — 2], there is uniform positive
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constant C' independent of j, ¢ such that

Z2 (77, £, u) g<u) _
(@ (n, 2, u))?

27| £
SN 1. C17IC) Ry
(m 2@ +2 +2))

Also, from (46) we have that
g'(w)

I < oo i,
¢ (n,z,u)| ~ i

Thus, applying these observations in (48), we conclude that, for all 217 < 0] €2/ and all u €

—h; — x2, hj — x3], there is a uniform positive constant C' independent of j, £ such that
J J

9w o y
Hsﬁ’(n,xu)] <o +27h <o

and, so, that

/@ L <W(77172 I(tm +m2)) V(E) <m> > dn < Clet

Using this estimate in (47), we have that

T b9 < 2“/3 / /RL< nl,zﬂ<fn1+n2>>v<"2>((;yf’7f%)'>
kez? 297 ~hj =2 7
X Z <1 + (lﬁ —x1 — f(u)) — €27 (22 + U)>2> B

kez?

. 2 -1 —~ .
X (1 + (kg — 27 (x9 + u)) ) dnduW (2% ) dz

.
< 229" 1/ / duW (2% z) da
By —hj—x2
< 2230|£ylhj/ W () dx

Ba
< 22900k
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Thus,

S Y bl Y Tt <0k 25 = o(2)),

1 ) 2 1. ‘
219 <|g|<i k€L 219 <|¢|<2J

To estimate the terms (;, we start from the inequality (28) derived above.

. b . . .
1850 < 23]/20N/ (L+ (k1 + 2% f(u) +270u)*) N (1 + (k2 4+ 27u)?) "V |g(u)|du.

In the above inequality, we have |f(u)| < 1 for all u € [a,b] C [—¢,€], with € small. For each
7,4, we set

ij = {k‘ S ZQ : |]€1| < 22j+2, |]{22| < 2j+1}

and

Gie={keZ?: ((,k) € I{}.

It follows from the definition that, if k € K7 ;, then either |ki| > 2%+ or |ky| < 27F1. So we have
that either |k1 — 2% f(u) — £27] > 2% or |ky — 27u| > 27 for all |[¢| < 27 (with |f(u)| < 1, |u| < ¢).
Therefore, performing similar computations as in Proof of Propositions 5.1, it follows from (28)

that, for any IV € N, there is a constant Cy such that

Z Bj.ekl < Cn 957 9—(2N-1)j
keKs,

Setting N = 2 in the last expression, we have that

S 1Bjel < C23927% = 273, (49)
kEKS,

We can write

> 1Biek

(LR)ETS
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< > ayerl+ DY el
(Lk)ers (& k)ers

< D0 > lagerl+ D0 D hies
|]<29 kG0 <2 kez?

< DD el Yo Y eyl + D0 D ekl
01<29 k€GN K0 |01<2 kG e N KE, l|<2) kez?

< DD el Y Y 1Bkl T2 D D el
0|<27 keG, o N K0 |01<2 keGy e N KE, \|<2) kez?

Since k € G, means (£, k) € I and since #(Kj () = 0(2%), it follows that
D lagerl <2927
kGGj’g ﬂ Kj’[

and, hence,

S Y el S0P =0 =o(@). (50)
\Z|§2j kEGj,g ﬂKj,g

Since Gj¢ (1 K$, C K7, the estimate (49) gives that

S Y Bl Y c2 ¥ <02 = o). (51)

|(]<27 k€GN K, je|<2s

Finally, since Z(&k)eMj |7;.0k] = 0(27) by (42), combining this estimate with (50) and (51), we have

proved (43). O
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6 Introduction to framelets

In this section we study a signal representation using a special type of function systems called
framelets that are formed by convolving bases (or possibly frames). The idea of framelets, originally

introduced in [64], is to capture both global and local properties of a signal.

Let f = [fo, f1,---, fn-1]7 € RY and {¢;} € RY and {v;} C R’ be orthonormal bases.

From [64] we have the following expansion

f\\r—t

N ¢
ZZMZ*% &; * vj,

where the convolution is assumed to be circular convolution.
For some d < N, let Fy, = [fm, frns1, -+ fmsd—1] € R? and F = [Fy, Fy, ..., Fy]T e RV F

is known as the Hankel Matriz. Also, from [64] we have

N /L
F=) > Ciéwj

i=1 j=1

where C; ; = tr(F (qbiva)T) = (f, ¢i * vj). One typical example of the former decomposition of F
is the classical Singular Value Decomposition (SVD) F = USVT = Z:i?k(m oipv] where U =
(61 Prank(r)] and V = [v1 ... Vpgpi(r)] are orthogonal matrices and X = diag(o1, -+, Orani(r)) 18
a diagonal matrix containing the singular values of F'. As shown in [64], the matrix C' concentrates
most of its energy (non-zero coefficients) on its upper left corner, so that the representation of F'

and therefore of f with {¢; * v;} is sparse.

6.1 2D framelet

For a 2D signal we have from [64] the following result whose proof is presented to contrast the

results we present after.

Proposition 6.1. Let f € RVN et {vg, 0, 1 1 < €1,02 < £} C R be an orthonormal basis

supported inside the square sub-lattice {({1,02) : 1 < l1,0y < £} and let {¢j, j,} C RM*N be an
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orthonormal global basis. We also assume f is periodic inside a lattice (torus). Then, we can write

f as

N l
1
= 2 Z Z (f, Pjr.ga * 051,52>¢j17j2 * U0y 0

J1,g2=141,02=1

For completeness we introduce the proof given in [64] here.

Proof. Since {¢;, j,} € RV*¥ is an orthonormal basis, we have:

N N
F= Y (1 ip)bigm = Y tr(f6], 1) b5
Ji,j2=1 j1,j2=1

tr(fog i) = tr(if[n’m]¢jl,j2[r7m]>

m=1
N
= Z f[n’ m]d)jhjz[nvm]
n,m=1
N
= > fls1, 825, guls1, 52
s1,52=1
Therefore,
N N N
fo=> tr(fol )= >, | D f[81,52]¢j1,j2[81752]>¢j1,jz'
J1,.J2=1 Ji,g2=1 s1,52=1

N N
flivi) = > D) f[Sl»52]%,]'2[51,82]>¢j1,j2(i1»i2)

Ji1,je=1 “s1,50=1

By translation we have:

flir + b1, + Co]

N N
Z Z fls1+ 1, 82 + 2] djy ja[51, 82]> Gy o 01, 12]-

J1,J2=1 > s1,82=1
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Even though {v/, ¢,} C R, we can pad the elements to 0 and use these functions on RV*.

Then we can write

N N
(ol ) = (Zf[m, S n1) = S kol ke ko)

n=1 k1,ko=1
and we can write
¢
Pyexef = tr(fol v
RExE - ni,ng/ vNi,n2
ni,na2=1

VA N
= Z ( Z f[kl, k2]vn1,n2 [klz k2]) Uny,ng

ni,n2=1 >ki,ka=1

Hence, for translations in RY*V we can write elements of f as

4 N
f[sl + Ela S2 + 62] - E ( Z f[sl + k17 52 + kQ]UTLl,nQ [k17 k2]>vn1,n2 [61762]'

ni,ne=1 *ky,ka=1
Therefore, combining these observations, we have:

N N
fliv+ byig + 6] = Z ( Z fls1+ €1, 82+ Lol by, s [s1, 82]>¢j1,j2 [i1, 2]

Ji,j2=1 *si1,82=1

Jj1.j2=1 “s1,82=1nine=1 “ki,ke=1

XVUny n (015 02] D51 5251 82]) Gy g2 1, 2]

N 4 N N
= Z Z ( Z Z f[Sl+k1,82+kz]’unl,m[kl,kz](ﬁjhh[sl,32]>

Jji.je=1mn1,m2=1 \s1,52=1kq,ko=1

XUni,no [217 62]¢j1,j2 [il’ i2] :

We define,

N N
Cljr o) (nine) = Z Z fls1 4 k1, 52+ k2]vn, n,[k1, k2]@j, 4y (51, 52].

s1,82=1k1,k2=1
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Observing that

N
Unyng * Pji ja [m1, ma] = Z Uny na K1, k2]¢j17j2 [m1 — k1, ma — ko,
k1,k2=1

with a change of indices we have that

N

<f7 Unyng * ¢j1,j2> = Z f[mlv mQ]UTLIWQ * ¢j1,j2 [mlv mQ]
mi,ma=1

N N
= Z flma, ma] Z Vny ng (K15 k2] 0y go[ma — k1, ma — k2]

m1,mz=1 k1,ko=1
N N

= > > flst+ k1, s2+ kaJvn, o[k, k2], guls1, 52

s1,52=1 k1,ko=1

=

J1,32),(n1,n2)"

Thus

fliv+ L, 12 + £o]

N l N N
-y oy (z 3 f[sl+m+kmmmkm,h[sl,sﬂ)

J1,j2=1n1,m2=1 \ s1,52=1kq,ka=1

XUnq,ng [gb €2]¢j1 \J2 [ila i2]

N 4
= Z Z (C(h,jz),(nl,nz))vn17n2[£1762]¢j17j2[i17iQ]

J1,J2=1n1,m2=1

N l
= Z Z <fv Unq,ng * ¢j1,j2>vn1,n2 [61’ 62]¢j1,j2 [ila iZ]

Ji1,je2=1ni,ne=1

So, for any (I, I2) in the N x N lattice, we have

flhn I = %2 Do D> Sl b+ £

i1+41=11 ia+la=I>

N J4
1 o
= 2 Z Z <f’ Unyi,ng * ¢j17j2> Z Z Uny,ng [617 62]¢j17j2 [11’ 22]

Ji,j2=1n1,n2=1 i14+01=1I1 io4+lo=1I>
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N l
1
= 2 Z Z (f,Un1ns * Gj1ja) Vi me * Bju o1, I2]. O

Ji,je=1n1,n2=1
6.2 Numerical examples

We examine here two numerical examples in 2D. We use two different samples of size 200 x 200 from
Lena which is widely use in signal processing, Figure 5. We also remark that numerical examples

of energy compactification performed in [64] vectorize images.

Original Lena image Second sample

First sample
By

200

100 100
300

125 S pri

150 150

175 175

50 s 100 125 150 175

Figure 5: From left to right, Lena image, first sample, second sample

First to adapt the images to the 1D model, we vectorize both samples horizontally and vertically.
Then we generate a Hankel Matrix taking patches from each vectorized sample image. We also
take 2D patches and vectorize them horizontally and vertically. This is the Hankel Tensor (see
Section 8). Then we again form another two Hankel matrices from those 2D patches.

Next, we compute the SVD decomposition and extract the 10 highest singular values. We then
truncate those Hankel matrices to those singular values and obtain F = Zgl aid)iviT. From here

we now get back the reconstructed sample images, Figures 6 and 7.

Table 1: Error of reconstructed images

L2-error first sample second sample
horizontal 0.16422855726305777 | 0.11132959026263807
vertical 0.1429457243180916 | 0.06879351765953533

2D patch horizontal | 0.09820448166825274 | 0.050111964879811316
2D patch vertical | 0.09820448166825295 | 0.050111964879811316

We observe that the L2 — error of the remonstrated images compared to their original ones

71



horizontal vectorization
-

kil 100 125 150 175 EE) 100 125 150

Vertical patch vectorization

Horizontal patch vectorization

50 50
s s
100 100
125 125
150 150
175

Figure 6: Reconstruction of first sample

horizontal vectorization vertical vectorization

100
125
150
175

ke 100 125 150 175

Vertical patch vectorization

100

125

150

175

Figure 7: Reconstruction of second sample
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—— horizontal vectorization
vertical vectorization

—— Horizontal patch vecterization

—— Vertical patch vectorization

lagarithmic scale of eigenvalues

index of eigenvalues

Figure 8: Singular values of the first sample

—— horizontal vectorization
vertical vectorization

—— Horizontal patch vectorization

—— Vertical patch vectorization

logarithmic scale of eigenvalues

30
index of eigenvalues

Figure 9: Singular values of the second sample

vary according on how the patches are taken and how those patches are vectorized, Table 1. We
remark that we get less error in these experiments when we vectorized 2D patches rather thank
taking patches from a vectorized image. We also observe in Figures 8 and 9 that energy is more
compact when taking 2D patches. This leads us to consider a tensor approach when we represent

2D signal with framelet expansion. This is what motivates the following work.
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7 Tensor approach

Our goal is to extend the above analysis to dimension two using tensor tools. We start by defining
a global and a local basis. For N € N, we let {¢;} C RV*Y be be a Parseval frame (our global
orthonormal basis) and, for £ < N, we let {v;} C R®* be another Parseval frame (our local
orthonormal basis) supported inside the square sub-lattice {(¢1,f2) : 1 < 1,05 < £},

Given f € RV*N we want to write f as
1
f=7 2D Afdixvy) dixv; (52)
(2]

where the inner product is given by (A, B) = tr(ABT).

We recall that, in the proof of Proposition 1 from appendix B in [64], there is a matrix V =

[1,--- ,0p] € RP such that VVT = I, which is the frame condition. This is equivalent to the
equation
p p
d(n —m) = Iyn,m] = Z(vw?)[n,m] = sz[n}vz[m] = Zvi ® vi[n, m],
i=1 i=1 i=1

where §(-) is the Kronecker delta and ® is the tensor product introduced in [40]. Notice that,
for any two vectors a,b € RY, we have a ® b € RN*N where (a ® b)[i,j] = a;bj. So, we define

a®be R @R where a,b € R as

((l ® b) [n’ m,p, Q] = a[nv m]b[p, Q]‘

Remark 7.1. We may also regard the tensor a @ b as a linear map a ® b : R — R>? given by

(a®b)(v) = (v,a)b where (v,a) = tr(va®).

Following the approach in [64], we have
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Proposition 7.2. Let {v;: 1 < j < p} C R’ be a Parseval frame, i.e., it satisfies

P
I= Z Vj @ vy
j=1
where I is a 4D tensor with entries I[a,b,c,d] = d(a,b,c,d). Then, for any f € RN*N we have:
12
f=ﬁ2f*vj*vj(—') (53)
j=1

here we take the convention for v(—-) in (53) as

v(—=)[n,m] =v[—n,—m] = v[N —n, N — m)]

assuming periodicity N with respect to both matriz indices

Proof. Direct computations show that

-1
vj % vj(—+)[n1,ne) = Z vj[n1 + mi, ng + maolvj[my, ma.
m1,m2=0
P -1 p
Zvj*vj(—')[nhnﬂ = Z Zvj[nl +ma, nz + malvj[ma, mo]
j=1 m1,m2=0 j=1
{—1 P

= > ) vy ®uvjlng + ma,ng + ma,my, myl
m1,m2=0 j=1
-1
= § I[ny 4+ my,ng + ma, my, mo]

m1,m2=0

/—1
= Z d(ny —ng)

m1,m2=0

= 52(5(711 — 77,2).
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Therefore,
P P
Zf*vj*vj(—-) = fx Zvj*vj(—-) =0Cfxo=0Ff O
=1 j=1

Using (53), and a Parseval frame {¢; : 1 < i < ¢} C RV*N we get

1
02 £

~
I

N

NE

frvjxvi(—)

(i(f *vj(—), ¢i>¢i) * v

i=1

.
Il
-

1
02 4

|
M s

.
Il
—

1

q
72 ¢ Zf*vj ¢z ¢2*U]

=1

|
M <

<.
Il
—

So, in order to have (52), we need

Proposition 7.3. (f xv;j(—), ¢i) = (f, ¢i * v;).

Proof. Direct computations show

(f, dixv;) = tr(f(qbi * Uj)T)
N-1
= flna, n2](di x vj)[na, o]
ni,n2=0
-1 -1
= Z f nl,m] Z ¢z’[n1 —my, N2 — m2]vj[m1,m2]-
n1,n2=0 mi,m2=0
On the other side,
N-1
frvj(=)nma) = > flm —ma,ng —maJuj[N —my, N —my
mi,mz2=0
N-1
= Z fln1 +t1 — N,ng + to — Nvj[t1, to]
t1,t20=0
-1
= Z fln1 + ti, no + talvjfty, to]
t1,t20=0
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We have used periodicity of the 2D signals in the sense that f(-,n) = f(-,n+ N) = f(-,n— N).

So, we get

N-1
(fxvi(=) ¢i) = Z (f xvj(—))[n1, n2ldi[na, nol
ni,nz=0

-1 _
= Z ( Z flna + ma, ng 4+ mofvj[ma, m2])¢i[n1,n2]

,n2=0 ma=0

o N-1
= Z ( > fim +m1,n2+m2]¢i[n1,n2]>vj[m1,m2]

mi,m2=0 ni1,na=0

-1

N-1
= > < D> flttaléilt *m1,t2*m2])vj[m1,m2]

mi1,m2=0 t1,t2=0

8 Hankel tensor

We again review material from [64] for the analysis of 1D signals. Let f = [fo, f1,..., fnv_1]t € RV
and let F, = [fm, frsts---s fmed—1] € RY with d < N, so we have the Hankel matrix F =
[Fo, F1, ..., Fn]T € RNV,

Also, from [64], we have

N ¢
F = Z Z Cijbiv; (54)

i=1 j=1

where {¢;} C RY and {v;} C R’ orthonormal bases and C; ; = tr(F(qSiva)T) = (f, ¢i*vj). Observe

that f(n) = ¢ Zf;% F[n — a,a]. Following [64],

T
X

F[n — a,a)

| =

fn) =

T
= o

(ZZO,J@ )i —a.d]

a=0 =1 j=1

|

77



Notice here that we have a tensor product:

d)iUJTZQSi@Uj eRY @R

Thus, we see:

/—1 -1
(Gixvp)n] =Y (¢v] )In —a,a] = > (i @ vj)[n — a,al.
a=0 a=0

Our approach. We now examine how to extend the above machinery to allow patches in 2D.
We consider a 2D signal f € ]RNXN, and let Fln,m] = f[n:n+{—1,m:m+/{—1] € R be a,

patch where 0 <n,m < N —1and F € ROXN) @ R he defined as a 4D tensor

Fln,m,1,j| := F[n,m][i,j] = f[n+i,m + j]

where 0 < 4,j < £ — 1. This would be our "Hankel Tensor”. So, we have:

/-1

From [40] we have the following elementary tensor definition (A ® B) € RNXN @ R¢x¢

(A® B)[n,m,i,j] == Aln,m]Bli, j]
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where A € RV*N and B € R, Thus, consider the orthonormal bases {ve, 0 11 < Uyl < U} C
R4 {0, i} € RY*N which are a particular case of Parseval frames from Section 7. And also
from [40], {¢j, j» @ Ve, 4, } is a basis for RN @ R®*¢ which is orthonormal under the induced inner

product defined on RV*N @ R4 a5

N-1 -1
(A, B) = Z Alna, ng, my, me] Blni, ng, my, mo)

ni,n2 =0 mi1,m2 =0

where A, B € RVXN @ R¢*¢,

So, we are looking for a similar decomposition of F' as in (54), so we have

Proposition 8.1. Let f € RYN*N and F its correspondent Hankel tensor, i.e., F[n,m,i,j] =
fln+i,m+j]. Also, let {vg o, : 1 < by, < £} C R {¢j, 5,3 € RVXN be orthonormal bases.

Then we can write

N )4
F= Z Z Ciit a1 s P gz © Vey 0y

J1,J2=1 41,02
where Cj, js 11,00 = (f, Pji o * v€1752>‘

Proof. It follows from [40] the fact that {¢;, j, ® v, s} is an orthonormal basis where

Oj17j27€17£2 = <F7 ¢j1712 ® U€1752>' Notice that

N-1 /—1
(F, Pjrja © thz) = Z F[nhn%ml?m?](bjhh @ ey, [n1, n2, m1, mo
n1,m2=0m1,ma2=0
N-1 /—1

= Z Z fln1 +ma, ng +mal@j, j,[n1, n2]ve, e, [ma, ma]

n1,n2=0m1,m2=0

= <f’ ¢j17j2 * Uf1,€2>

where the last line is very similar to the computations performed in section 7. [

79



Remark 8.2. Making again another analogy from the Hankel matriz, we see:

1 /—1
fln,m] = 7 Fln—i,m—j,i,7]
i,j=0
1 -1 N l
= ﬁ Z < Z Z Cj17j27417€2¢j1,j2 ® Wl,b) [n —i,m— j,i,j]
J=0 *j1,52=141,(2
1 N J4 /—1
= o Y > Chimnts > (Digs ® v, 0,)[n —i,m = i, j]
J1,92=141 42 ,j:0
N 4
1 ‘ . .
= 72 Z Cir ot Z ¢J1,J2 Zam_]]vfl,gz[%]]
=141,02 3,j=0
N l
1
= 72 Z Z 317J2,€1,€2¢J1732 * Vey 0o [n, m]
1,52=141 0

So, we have again obtained an alternative derivation of (52).

From here, we need to find an algorithm to perform some form of SV D decomposition in
the tensor space RV*N @ R*L. As vector spaces, RV*N @ R is isomorphic to RVXN*Xt byt
they are not isomorphic as tensors. As an example, consider the vector spaces U, V,W and the
tensor spaces U @ V@ W and U @ (V ® W). They are isomorphic as vector spaces, but the tensor
u® (v ®w1 +v2 ®ws) has rank 2 in the first tensor space and rank 1 in the second space. A simpler
example, consider the spaces R3** which is isomorphic as vector space to R'? via vectorization map
vec. For A € R¥* with rank two, we see that vec(A) € R'? has rank one since vec(A) may be
considered as a 1 x 12 or 12 x 1 matrix. This could be one of the reasons why the Hankel matrices
of taking horizontal and vertical vectorization of a 2D signal have different concentration energy
when taking SVD decomposition.

As far as we know, [64] does not consider tensor product in their work.
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8.1 Related and future work

In [62], framelets are used to model a new type of neural networks called deep convolutional framelets
where several layers of framelet expansion are used to encode and decode signals. They again
vectorize 2D signals. In [62], numerical experiments are performed which show deep convolutional
framelets improve over existing deep architectures. This success is attributed to the novel signal
representation of using non-local basis combined with local basis.

In [14], we find an analysis of convolutional arithmetic circuits through tensors. The authors
prove that besides a negligible set, all functions that can be implemented by a deep network
of polynomial size, require exponential size in order to be realized (or even approximated) by a
shallow network. So, the viewpoint of tensor decomposition implies that almost all tensors realized
by Hierarchical Tucker (HT) decomposition, see [40], cannot be efficiently realized by the classic
CP (rank-1) decomposition. Tensors can effectively model these arithmetical circuits because their
pooling operation is just arithmetic multiplication which is bilinear. And again from [40], all tensors
are related to bilinear (multilinear) forms. This is the universal property of tensors.

Our future work will try to model deep convolutional framelets from [62] with tensors in a similar
way as [14] does and try to extract similar properties. This may give new theoretical understanding

of why numerical experiments shown in [62] improve existing deep architectures.
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9 Appendix

Lemma A.1. Let f € C°(R?) and L be the differential operator L = (I— ﬁé‘%) (I— ﬁ%)

For any N € N, we have that
L—N (627riz-x) _ (1 + l‘%)_N(l + .’L‘%)_N 6271-1'241. (55)

and

f(Z) e27riz-xdz — / LN (f(Z))L_N (627riz-:£) dz.
R2 R2

Proof. Writing « = (z1, z2), we have

L(emio)) = ([_ 1 82)<1_ 1 a2>627ri(z,x)

(2m)% 922 (27)2 023
— 1 9 2mi(z,x) 1 2mi(z,x) . 2
= (I ~ e E?z%) [e (27r)2e (2mizy)
_ 2 . 1 872 2mi(z,x)
= +:z:1)<I (2m)2 82%)6

= (1)1 + aB)enitee,

This implies L™ (e2™*%) = (1 + z3)7!(1 + 23) "' *™** and, by induction, we obtain (55). Using

these observations, by direct computation we have

/ L(f(z))L—1(€27riz-x) dz
R2

—(@rad M) [ L) e

R2
1 1o 1
(42 (1t ad) /R2 (f(z)—(zﬂ)gaz%f(z)—(zﬂ)gaz% (2)

1 9% 92

v 2miz-x
(2m)* 022 022 f(z)) ‘ dz
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Integrating by parts and using the assumption that f is compactly supported, from the last ex-

pression we get:

/ L(f(z))L—l(e%rizm) dz
R2
=142 A4+ 23)7 1 + 22 + 22 + 222d) f( ) €27

f(Z) e27riz-x dz.
R2

The general case N € N follows by induction. O

Lemma A.2. Let My, = {(x1,22) € R? : |z3| < h}, where h > 0 and ¢ € C°(R?). Then

(Tag, * ) (€) = (Tag, * @) (€1, 62) = 2k / sinc(2mhig) ¢ ((€1,€2) — (0,72)) dna.

Proof. Recall that the distributional Fourier transform of 1,4, is

ﬂ/M\h(&, &) = 2hsinc(2whé2)d1 (&1, &2),

where ffﬂ@ 01(x1, x2)P(x1, x2)dx1dTe = fR #(0, z9) dxy. Thus

T+ d)© = [[ Tamac—mdn
= [ 2hsinetemhi 510, 361, &) — ()

~ on /R sinc(2hige) (€1, €2) — (0,m2)) dipp. O

From [35] we have the following

Lemma A.3. Let FF € L?(R") such that F € C®, i.e., Fourier Transform of F is smooth and

compactly supported. Then for each N € N, there is a constant Cy > 0 such that for any x

[F(2)] < 1+ |2)
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