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ABSTRACT'

The Fast Fourier Transform has demonstrated its 

power in the fields of communication, optics etc. It 

has never "been applied to control system analysis.

This thesis presents the fundamentals of the Fast 

Fourier Transform first; then develops several related 

theorems for Laplace transforms. It is believed that 

this is the first time to use the Fast ’Fourier Transform 

to perform the inverse Laplace transform of irrational 

transfer functions and transcendental transfer functions. 

Sixteen computer programs are included.
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I. Fundamentals of Fourier Transform

1. Fourier Transform Formula
Given a function, X(t), the integral

/■CO
I -1 wtX|(co)= I x(t)e dt (1)

-03

is called the Fourier integral or Fourier Transform of x(t)
The inversion formula of (1) is

x(tj f03 3^
X((to)e di'

- co

Substituting the basic relation, 
o)=2nf

into (1) and (2) respectively, we obtain

X , (27Tf ) = x(t)e dt
co

f
x(t)= J X|(2nf)e df

(2)

(la)

(2a)

Let
X|(2nf)=X(f); (3)

we have finally: rco 
, . . . -J27TF£X(f)= I x(t)e dt (lb)

x(t)=J X(f)ejt2Tr-rdf (2b)

-CO

Equations (lb) and (2fc>) are our two basic relations re
presenting the Fourier Transform^

2.Exponential Function

Let us take an ex'ponential function as an example to show
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in

(5)

x(t)=

1
2rrj

Fourier Transforn of (*).  

the following table form

1
a+j27Tf

? dt

-QtD

Rearrangement gives

The symbol "3,u corresponds the transformation:

how to use the transform.
-Cvt

First, ve substitute the function x(t)=e u(t) shown

Fig. 1, into (lb)

o Stzufe
-™) df:

It means "taking the 
or we can write into 

___ xlt)_____  
e~otu( t)

Secondly, we take the inverse Fourier 2’ransform of (4) or

J1 X(f)=x(t)= J X(f)e df 
6^0

which is the application of (2b).
Substitution yields

jt2 7Tf 
®------------- -
a+j2 7Tf

—5------------- aff-j ai
J 2iT

U(t)=-- ■ 7.-x a+j2rrf
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2ir,j

Re

;ily detei'nined by the fundamental re

sidue theorem.

(7)

/7/7

(7a)

However, (7) can be decomposed into two parts:

(8)

the second term is ide:

(9)
_1_ 
21fj

1 
2lTj

1 
27T j

For evaluating (5a), we usually apply the contour integration 

of

ejt27Tf

-at = e

3tZTT-F e  
f-,i il 

2rr

------------- >.—

Fig. 2.

Jt2TTf 
™--y—df f-j A 

21T
2nj /

zero while

r 2rr

For t>0, we take 17 contour for the integtation.
\2,n

ejt2nf 

r, ZTr 
ihe first term is equal to 
tical to (5) 
Then, we obtain

5t2TT^
-few- d£ 

2H

i z* t y-v-a--8f=e

* see section VIII JordarisLemma

J hr



On the other hand, for t<J, ve take the contoor of integration,

3.

It is obvious that the result is equal to zero. 
Therefore, ue proved Pair.(4a).

Sy-r-etrical e.uponential func tion
Verify the folio vang transform pair:

(10)

The time function is shoun in Fig. 1A-

Its Fourier transform can be evaluated by direct substitution.
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z(f)=
f00

-aiti -jZnft,.e e ' at

f at -i2Trit , -at -,i2nftI e e d dt+ e e dt
-co "o

___2a___
a=+z:ir?f2 (11)

The inverse Fourier Transform of the frequency function is

relatively involved. VJe vrite:

x(t)= a2 +Z,-iT2f2" df

(f+^ ) (f-i— )’,2K/ J2IT 1

,jt2irf e of
(12)

Again we use contour integration.

For t>0, applying the same reasoning used in the last 
example shown in Fig. 2, we obtain:

Fig. 5.

(13)



wo have

i ai

a .
"2TT2 2kj

e(3t2TT)(-j^)’] ~at 
-,-j a. 7 2 ' e

Hie saue integration can also be evaluated as follows

2rrft e df

= f X(f )e;,t21Tfdf + f X(f )e^t2rrf df
Jr2 Jr5

Considering the second term being zero, we obtain

= X(f)ejt2nf df 
"CO

=- f X(f)e;5t2'Tf df

=-x(t).

(1'0

(15)

Comparing (1^) and (15), the following relation is established, 

x(t>eat (16)

Eased on the results shown in (13) and (16), Pair (10) is 
proved.

k-. Derive the pair for a unit impulse

X(f)

(1?)

VJlien 5(t-a) is defined as follows:
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f =0» t\3.

( J f(t)6(t-a)dt=f(a)
-oo

(18)

The Fourier Transform is obtained as

c00X(f)= j 6(t-a)e"'ii2TT£1"' dJb 

-co

=e-j2rrfa

It is seen that Fail1 (1?) is almost verified by definition.

5. A Train of Unit Impulses

A very useful pair vihich is for an infinite pulse train is

given bel ow:

x(t)

b(t-nAt)
H =.-09

X(f)
r=<» „

e-.127TfnAu (19)

Repeatedly using (18), we can easily prove the pair.

6. Ileighted impulse train

The Fouriej’ Transform of a weighted pulse train plays an 
irroortant role in signal analysis. The pair is as follow:
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Starting irith the left hand side of (20),

x(t) X(f)

co
At O(t-nAt) 

h=-oo
=q(t)

cc*
2 t(r-S) (20)

n=— oq
-Q(f)

'ihe proof of this pair is 
shmm rigorously:

not very straightforward but can be

1
It is noted that the function is periodic with the period ,

At 0(t-nAt)=
n=-co

At 6(t-nAt)e"d2lrft

'co n=-oD

dt

cO f03 --O ft
^At^ I 6(t-nAt)e~'1 17 i dt 

n=-co -co
by using (17), e-j2mitf (21)

n=-c-o

Tlicn we corciider the ri[;ht hand side of (20);

co
5 6<r- ir>

n = -co

a Fourier series, or
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where

n=<»
< Cne"'12n™tf

C - -L r 6(f)ei2"n4tf dt
n Al

using (18),

(22)

(23)

At ej2nnzit*0  

= At(l)

=At (2h)

therefore,
n=oo n.=co
5 ^ )= 5 Ate’j2n!rAtf (22a)

n = -co
The right hand sides of (21) and (22a) are identical. Their 
left hand sides must be equal to each other, then we have

n=co rl=oo
5 AtS f (t-nAt)= S b(f- -Q-) (20)

nn=-<o

So pair (20) is proved.

?. Weighted sampling.function

Tne product of an arbitrary function, x(t), and the 
2

weighted impulse train function, q(t), is particularly useful 

in our later derivatioris of the Fourier method. We would inves
tigate tbe nature of the product in detail.

Let
x(t) • q(t)=y(t) (23)

where y(t) can be called a weighted sampling function.
Substituting q(t) gives

x(t)-^> Atb(t-nAt)=y(t) (23a)
rt=-co
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Fourier transforming (23a), we have

(24)X(f)*  Q(f) = lr(f)

where denotes Fourier convolution.
Substitution (20) into (24) yields

(25)
n=co

X(f)*  5 ?i“)= Y(f)
A LH--oo

If X(f) is knovm as shovm in Fig.8-

and we know that Q(f) is expressed by Fig.6, Y(f) can be obtained 

by the convolution of the curves shown in Fig. 8 and Fig. 6. 

The result,Y(f), 

Fig. 9.

would look like the curve shown in Fig. 9. If ^t decreases, the 
period of the wave will increase accordingly, v.ben —— of

4u
Fig. 6 is greater than 2a of Fig. 8, function Y(f) becomes se
parate rulses as shown in Fig. 10.
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Then the relationship between X.(f) and Y(f) would be as follows

X(f)=Y(f),

X(f)=o,
2At ""■L ~ 2At

otherwise
(26)

In other words, Y(f) is a periodic function, while X(f) is an 
aperiodic one. However, in the interzal f -1- , x(f) 

Zzxt 24t
and Y(f) are identical. In the Fourier transform methodf we take 
the advantage of this relation. Instead of finding X(f) directly, 
we evaluate Y(f) and take one period of Y(f) as the answer, X(f).
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II. Discrete Fourier Transform

1. Derivation of Discrete Formula
tie rewrite equation (23) of section I,

n=«>
y(t)=x(t) » ^> Atb(t-nAt) (1)

n = -co n=oc> n
= x(t)Ato(t-nAt) (la)

htr-OD
Since

x(t)6(t-nAt)=x(nAt)f (t-nlt)
n-oo

y(t)= x(nAt)At6(t-nAt) (2)
n=- os

If x(t) belongs to a special class which has the following
properties:

x(t)=0 , t^O

x( t)=negligible, t^T, where T is a constant,
and x(t)=finite values, O^t^T

(3)

Graphically, this c"‘ass looks like the cuive showm in Fig. 11.

Equation (2) can be appropriated ry

N-l
y('t)= 5. x(nA.t)4tb(t-nAt) 

n=o
wnere „ T

lj = At”

w

(5)

Fourier transfcriiiing ('1), we obtain

or

/-co
I'M

^(1)= x(nit)?itd(t-nit)e J lx ' dt
, n= o
-cX)
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Y(f)-5 y.(nAt)4te-i2nfnAt (6)

n-o
As ue mentioned before, Y(f) is a periodic function, with period
-^■e iihen Y(f) is determined,one period of Y(f) is the same

as the aperiodic function,X(f).
If we only ask the numerical ?L(f), equation (6) then can 

be used in the following way:
' Let

f= and k=0 first and substitute them into (6).

The value Y(0) is found:

Y(0)= x(n4t)Ate° (?)
7l=O 

then let k=l, repeating the process yields

1 M"' -O-n-1 A4-
Y( “-)= 2 x(nAt)Ate"j2TTr nAt (8)

n = o

In general 

1 ^“1 -o *4
Y( l~)=2 x(n4t)Ate"j2TrT nAt (9)

1 n=o

noting that At= — r:

Equation (7)’~(9) can also be written as 

, N-l .o„k ?
Y( ~)= 2 x(nAb)Ate"J2n7" n "1T k=O,l.........II-l. (10)

n=0
Equation (1") is called the Discrete Fourier Transfon.-.

2. Discrete For/iula j.n ioatrix Form

For example, taking K=3, the esqsanslcn of (10) should: be 
as follows:
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1

(11)

x(OAt)A

x(2Zt)&t

(12)
(10) to theFor clarity,we change followirij notations

/0 a

f0 q

where

(13)or

2
T

k
T

A1

S2

A0so

S1

n-,j2Tr-i‘2‘l
e J

e-j2n-2-2

/0 q /2 q

,2TT
e'-'T

(CAt)Ate~a2lT'2' J‘3' + x(lAt)Ate-a2!r,2,1*3""  + x(2At)Ate"a2ir‘2*2’3

A2 .

(CAt)Ate-a2ir'1’>|

217 
a=-"N

)4te“-',2'r'‘1*1,3 + x(2At)Ate"a2n'1'2*S

Y(°-)=x(0At)Ate"a2K’°* 3' 3 + x(lAt)Ate“a2lT’0’1"3-' +- x(2At)Ate“a27I,°'2"3~

Ak=x(kAt)At

IJe can write a general formula of (12a)

e-.12,.0.2.i
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or the coripac’.. fori:i as follox.-s:

M-l .2rr ,
S = A e"^ll'nx k nn=o

(I'la)

(V4b)

3. Illustrative Exanple

Find the Fourier spectrui.] of the time curve shoun in Fi^.lS.
The nuir.erical data is tabulated below. The curve is generated 
from the function x(t)=lO(e~1:' -e-^^).

t
0

0.5
1.0

1.5
2.0

2.5
3.0

3.5 
^.o

x(t)
0.000

2.387
2.325

1.733
1.170

0.75'4
Oji-72

0.292
0.180
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First of all, we should find A^,

A =At x(nAt) (15)

we use t=0.5, and N=8, T=^, substituting the given data into 

(l/i), we have

1111111
22T ^TJ 8 IT 10 TT 12K 1^

"8 "8 "8 "8 ’ ' "8" "8" "8

Utt 8JF 1211 16IT
"8 "8 "8 "8 

6rr 12IT 18TT
"8 "8' "8 

8TT 
" 8“ :......................................................................

iojt 
“8 "......................................................................

12TT
"8 

iVilT ' ■ W
"8' ................................................................ " 8",

0

1.199

1.163

0.867

0.585

0.377

1 0.286

O.V16

(15)

or
k=0,l, 7. where

The first equation of (15) reads:

80=0+1.199+1.163+0.867+ 0.585+ 0.3774.0.286+ 0.1^6=k: 62 

which is the 11a aiitude of the frequency spectrum when f=0. 
Theoretically, it should be found as

sr s2,

10
J2nf+1

10___
j2rrf+2 = 5.

f=0.

and can be evaluated similarly.

(16)
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4, Vector Diagran Interpretation

Eamtion (14) in general, or equation (15) in particular can 
, ,3

be geometrically interpre cea as xoilovis:

V.re rewrite the equation of (14a) in its expansion forn, for

exa/'.ple, 
,2K n , .2ir , -

0,1 + *1* -j^.1-7
+ Kr?e JK (

= “Q /‘^ ® + /l O, +.................................................. /? CC

If each term is considered as a vector as shovm in Fig. 13a,
S, becomes a summation of many vectors or the resultant vector.

If is desired, we simply double the angle of each-., 
vector and then take the suimnation. The geometrical corrspond- 
ence is shovm in Fig. 13b.

Therefore, from the geometrical viewpoint, equation (lz:) can
be stated as follows:
The frequency spectrin matrix, (, is equal to the’angular 
matrix f /nkee 1 times the’magnitude" matrix f A 1 . Each term of

the square icatrix is a pure angle while each term of the last
column matrix is a pure scalar. However, each term of the spectrin
matrix is a complex number in general.

5. Computer Program for Discrete Fourier Transform

Eased on equation (14), a computer program is written and 
an example is tested. In the first run, we use N=8, the answer 
coincides with that obtained from the graphical method. In the 
second run, we use 11=1024,The comparison of the results is shown 
in table 1.
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Fig. 13
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Table 1

F Absolute Value
N=8 K=1024

.-1.00000 0.59835 0.238267
^0.75000 0,67242 0,^05277
r.0,50000 0.98687 0.813938
^0,25000 2.07848 2,110291
0,000000 4.56685 4.996576
0.25000 2.07848 2.110291
0.50000 0.98688 0.405279
0.75000 0.67243 0.405279

Fig. 14 is the frequency spectrum of the example problem.

Cor.paring this spectrum with that shown in Fig. 10, we Imow
that the second half starting to S

7 of Fig 14, should be moved
ahead of Sq, or be shown as in Fig, 15, This means that we obtain
X(f) from Y(f).

Fig. 15.
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C al
C DISCRETE FOUPIF-R TPA\SF0«M
C IF ND ECOUAL 0 F0R f UNCT I UN1. ST^ERW I SE FUR INPUT DATA
C T IS THE TOTAL TlMt,2**M  IS T^e TOTAL P0INTS
C FUNCTION

FUN(T)=10.>(EXP("T)-EXP(-2e*T)  )
c main program

COMPLEX S/DES
LIK'E‘-SI0\: A(5C00)
READ(5,400) M^T/ND

4 00 F0RMA1(11qj F15«b> I 5j
N = 2 * ». ,N
pET=T/N
IF(ND)10/19/10

10 READ <5, 402) (A (I ), I=UN)
402 FORMAT(5F16•6)

G8 TO 29
19 CONTINUE

DO 2C 1=1 A1
20 A(I)=FUN((I-1)DET)*
29 kRlTE(6/403)

403 FORMATdbX/ TREqUENCY’/SX# 'REAL f’ART 1 / 6>X# ' I MAG J NE RY PART 1 x by, '• AF3^fi 
1LUTE VALUE’)

NN-N/2
DO 30 1=1/MN
S = ( 0 ♦ X 0 » )
DO 40 J = 1,.N

4q S = S+[)ET*CMPLX(A(  U)/Ot )*CEXP(  (Oe/il, ) *2«#3ei416*(MN-f-Iel  ) *(  J.1 )/m)
F=)/T
ABL=CA3S(S)

30 -Rite:(5/ 404 ) f#s/abl
404 FORMAT(gX/4F16f6)

DO 50 1=1/MN
s = (0 • / 0«)
DO 60 J=l/N

6Q S = S + :;ET*CMPLX(A(U)/O»  )*CEXP(  ( 0 m - 1» ) *2»  *3  ♦ 1416 * ( I-J ) * (U“ 1 )/N ) 
F=(I«1)/1
ABL=CA9S(3)

50 '/.RITE. (6/404) F/S/ADL
STOP
END
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III. Inverse Discrete Fourier Transform

1. The Inverse Formula and its Proof

We rewrite the discrete Fourier fonnula,

Sk=
n=o

.2irnk 
A e-J N 
n

k=0,l,2,............... IM. (1)

and we would like to claim that the inverse discrete Fourier
formula is as follows:

1 N- .2TTnk
Vit" 2^ Ske3 n=0,l,2,

k=o
A proof of equation (2) is offered below:

Starting from the right hand side of (2)

M-l. (2)

q N-l ^2irnk

K=0
we substitute S, of (1) into it. k

, Nzl , N~f .2nnk
=^- > > A e"J"N

Li I <—- ID 
K-0 m=0

.2rmk 
e’-1 N

(3)

noting that we changed the subscript n into in, then interchange
the sur.imations

q W-l M~|
■ir2 M 

r,)=o k=o
1 M-l M-l

hi = O K^O

.2nmk .Ptw 
e~a‘L" eJ"ll

■J2n(m-n)k 
e"J M (2..)

=:V~ HA
N n

(6)
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From (^) to (5), we used the folloi-Jing relation:

V- ,27i(ifl~n)k
21 e"J E
K=o

=0 , if mn
=N if m=n (7)

Therefore, equation (2) is proved.

2. The matrix form of (2) is written as follows

/-O'g 1-0 a..................

/-!• g /-2 g.

1-2.0.....................................

/-o»g Usq/k

A(M-l)tt S1/l!

The square matrix of (8) is similar to that of (2); but each
term is with a negative sign.

be also can use vectors to egress the operation involved in 

(8)', hoxrever, because Sp is a comple:-: number, the picture is not 
as simple as before.

3. ComiDuter Prograi?. for Inverse Discrete Fourier Transform
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C PR&GRAM
C INVERSE DlSCRFTF F9UPIFR TRAK'SFpRM
c IF Nd equal 0 FeKFlJNCTION,eTHERWISE F0R iNPjt DATA
C T IS THE TQJAL TI^E/2**M  IS JHe TBtAL SA^PLe pqin't 
c nain program

COMPLEX S/DES/A/CFUM^SL
DI mens I on S(5000)
READ(5,400) M,T,MD

400 FORMAT( HQ,F15.5/15)
r: = 2 * *-  m
det=t/n
DES=(O.,1,)*P»*3.1416/T
IF (ND) 10M9,10

10 READ(5,402) (S(I),I=1,N)
'<R I TE ( 5, 401 )

401 FORMAT(15X,'INPUT DATA')
•a'RITE(6,404) (S(I),I = 1,N)

40? FORMAT(8F10»5)
30 TO 29
C>9 TO 29

19 MN = N'/2
DD 20 I=1,MN
S(I)=CFUN((1-1)*DFS)

20 S(MN+l)=CFUN((-MU+I-1)DFS )*
29 RRITE(&,4o3)

4 03 FORMAT (15x.» 'TInei, 10X, 'X(T) ' )
DO 30 1 = 1,N
A=(O./O* )
DO 4() JsljfX'

40 A=A+S(J)xCEXP((0«,l«)*2*3.1416*(i-l )*( j.i)/N)
TN=(1-1)>DET
AP=REAL(A)/T

30 WRITE(6,4Q4) TN,AR
404 FORMAT(10X,2F16.6)

, STOP
END

FUNCTION SUBROUTINE"
CpMPlfX FUNCTION CFUN(SL) 
complex sl
CFuN=(10-,0«)/((Sl+(1•,0«))«(SL+(2.,0. )))
RETURN L
END

TIME
0*090000  
0’500000 
1’000000 
1*500000  
2*000000  
2’500000 
3’000000 
3’500000

X(T)
0’665416 
2’454723 
2’392231 
1’772028 
1’206119 
0’746917 
0’523303 
0’209283
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IV. Fast Fourier Transform— Decimation in Time

1. Basic Algorithm

The Fast Fourier Transform is an algorithm that makes possible 
the compatation of the Discrete Fourier Transform of a time series 
more rapidly than other algorithw-available. The two basic

^.5,6,7,8,.
forms of the Fast Fourier Transform are (1) Decimation in time
and (2) Decimation in frequency. V.e will explain the first 
technique as follows:

Consider (l^a) of section II again:

For convenience, let K be even. Expanding yields

S,=A e~J N + A1e~‘1 K + Aoe~a N +... KU 1 c

.2n(l!-2)k .2n(/V~l)k
+ W 1: “ (la>

Regrouping gives

r _ .211'0-k .2n-2- k
Sk= I A0e""a + N +.............................)

or

r _ -2E.11L!: 
+ [ A-^e""J M + Aoe"'J N

N/2-1 .2TT2rk hfe-l .2n(2r+l)k
- 5 * 5 --------

r=o r=o

.2rd£_ -Snrl^
6 N A2r+le"a'-^-

r=o 2
(2)

Bote that the first term is with the standard Discrete Fourier 
Transform form while the second term is a factor e-'-—1—— tires 

i.
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that standard form. Therefore, vd:en we let:

N/2-1 -Zllrk
pk- 2 (3)

r=o 2

and Hi!" I .2nrk
«k- 2 - W

r=O 2

Equation,(2) becomes

■Zirk 
SR= PR + e"a 1; Qk , k=0,l......... M-l. (5)

The periodic nature of Pk and Qk should be observed.

V Pk4g <6a)

Qk=Qk,N (6b)
K KT 2

These two relations (6a) and (6b) are easily proved by substi
tution.

By usin-; (6a) and (6b) , we have the following reasoning:

,2nk 
sk-pkte"3"1: «k (7a)

v.nen
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Therefore, equation (5) can be written as two equations.

•i 2rrk_ Sk- V e"3~ 1= ’ «k

.2rrk
Si.. - pk - 1! «k

2*"
k=0,l -- -1.

Equation (8) is the Fast Fourier Transform algorithm.

The confutation of the Discrete Fourier transforn of li sariplcs 
can be reduced to computing the Discrete Fourier Transforms of 
two sequences of ~ sansplcs each; the computation of ^(cr Q^) 
can be reduced to commutation of sequences of samples. If we

Itlet 1=2 , these reductions can be carried out continuously.

2. Signal Flow Graph Illustration

Suppose K=8, Equation(8) becomes

-2nk
< S, = P, + e 6 Q.
. k k k (9)

. 2iTk
St'+k= Pk " e"'3 8 Qk k=0,l,2,3

Equation (9) can be illustrated as a signal flow graph shown in 
Fig. 16.

Fig. 16.
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Refcrin'-; to the basic definitions in (3) and (^), v/e can con- 
L

sider (P|J and to bo generated fro;n the sar.i/les Aq, A2, A^., 
Ag, and the sai.ples A^, A^, A^-, A^, respectively.

Fig. 1?.

Graphically, i.re express the generation process in Fig. 1?.

3. Vector-Diagram Interpretation of FFT

We have used vectors to interprete DFT in the last section.
A question naturally arises : w"nat is the vector picture which 
corresponds FFT?

Let us repeat Fig. 12. and reshow it as Fig. 18. We have 

explained that the resultant of Fir (18a) is Sj_. How, decompose 
the set of vectors into two sets: namely, Aq, A^, and A.^ as 

a group and Ap.A^, A^, and A,^ as another group. Then equation (9) 
can be regarded as the combination of the two graphs: vectors
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(b)

Vector Diagram for 
finding by DFT

are suoerii.iposed by the vectors shoun in (18d).

Finding the result
ant vector gives

shoun in Fig. (18b)

Fig. 18
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j4-. Matrix Explanation

Assiui’ing K=8, eauation of section II becomes:

51

S2

S3

S4

S5

S6

1

1

1

1

1

1

1

1

111111 .1 

/ a /2a /3a / z-'a 15^ /6a /?a

/2a /^.'a /6a /8a /10a /12a /Via

/3a /6a / 9a /12a /15a /18a /2j a

/^a /8a /12a /16a /20a /2'''a /28a
(10)

The corresponding simultaneous equations are:

^o"^o + ^1 + ^2 4 ^3 + 4 ^5 4 ^6 4 ^7

(11)

We re-group these equations by coiabining the even terms and 
the odd terms respectively.
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S0=A0 +A2 +A4 +A6 +a1 +A3 +A5 +A7

^l=A0 +A2 +A^ ^:a +a6 +Ai^- +Aj +A5 /■5cc +A7

+A2 +Ak + a6 +AiZ^a +-^ 16a, A-k^ +A2

 Sy=A0 Ark^^ A-k^/YZa. +A6/18ci +A1/3g, A-k^f^ +A^/1^ +A7/21a, 

sZj."Aj +^2^5® +A^ l--^3, +a£ /2/-’a + k^ /12a +k^ [ZOa, A-ly, /2'6a.

 S5=kQ +A2/lto +A;,jfe0a+A6^0a +A1/^t A-k, /15a +A5/2^ +^[3^.

  ^6=A0 + ^Z ^a' "l A'l ^/'a + A6 *!"A]_/^x +a^ /Ifia *kr  /30a +k^lLiZa,

S7=kQ +A2/l/ia +A4/2?a +A6/22a +A}Jra, +A3/21a *̂[3^

Then wi-itin;: these equations into the matrix form a^ain, i?e have

S3

S'i-

S5

S6

'1111 

1 /2a /‘la /6a 

1 /;to /Sa /12a 

1 /6a /12a /18a 

1 /8a /16a /?J’a, 

1 /10a /20a /30a 

1 /2^-to /36a

1 /l£to /28a [I'-Za

1111 

./la /3a /Sa /7a 

/2a /6a /Lug /1/ia 

/3a /9a A5a /21a 

/ha, /iZa A'Oa /28a

ZSL /ISt 5a

/6a /18a /30a p’Za,

/ 7a /21a /3.5a /^9a

ft, >*•0

i a6 ;
A1

5 II
A5

Or in compact notation: (=) (13a)
/ st

It is noted that the frequency vector Sq Srd is in the
natural order while the icaqnitude vector in the time domain 

^A^., A2, k;v k^ is not in the natural order. We call this

scrabbled pattern DEOIL.ATIC1; IE TIEE.

(12)

(13)
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The square matrix in (13) can be factored into two square
matrices as follows

1 0 0 0 /Oct. 0 0 o'

01000 /la 00 
0 0 1 0 0 0 /2a 0

0 0 0 1 0 0 0 /3a
1 0 0 0-/0a 0 0 0

0 1 0 0 0 -,0a 0 0
0 0 1 0 0 0 -^a 0

0 0 0 1 0 0 0 -/3a

1111000 o'

1 /2a /^a /ga 0 0 0 0
1 0 0 0 0

1 Z6aA2«^ 0 0 0 0
00001111

0 0 0 0 1 /2a Ibg. /(a
0 0 0 0 1 /^ /8a A 2a
0 0 0 0 1 /6a /12a

(1A)

or
(w) - (ni)(vx) (l*a)

Substituting (l^a) into (13) and putting(v)(a) together, we obtain

(15)

Rewrite (13) with the new notations so far developed:
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(16)

5. Repeating Use of the Algorithm

Consider

(16a)

One of the advantages of the Fast Fourier Transform is that 

its basic algorithm can be used again and again in all stages.

Q3

Q1 

%

Q3

P1

P2

P3 

p^

Equation (16) is the matrix explanation of the signal flow 

graph shown in Fig. 1?.

po

P1

P2

P3

%
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for this N=8 example, it means:

1 1 1 1 0 0 0 0 A0
fp

0
1 12a, /^a [6a 0 0 0 0 P1

1 lha, / 8x /12a 0 0 0 0 P2

1 l_6a [12a /18a 0 0 0 0 A6 D 
'3

0 0 0 0 1 1 1 1 A1 %

0 0 0 0 1 [2a / 6a A3 Q1

0 0 0 0 1 Un /8a /12a A5 e2

0 0 0 oc 1 16a /12a /18a
>

A?,
.93j

(17)

VJithout changing the results, we can write the left hand
side into an alternative form.
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Again, factoring the square matrix of (17a) into two matrices:

1 1 1 1 0 0 0 0 ' A0
v

1 /6a 0 0 0 0 AZj. P1

1 12a, ^2a 0 0 0 0 A2 P2

1 A2a /6a 0 0 0 0 A6 P3
1

0 0 0 0 1 1 1 1 A1 Qq
(17a)

0 0 0 ■ 0 1 /Up, 12a, /6a, A5 Q1

0 0 0 0 1 /Ua, /12a, Q2

0 0 0 0 1 /12a, /^a. A. s
J

' or

1 0 /(3q 0 0 0 0 0 ' *1 0 0 0 0 . 0 o' X)
0 1 0 /2a 0 0 0 0 1 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 1 /Oa 0 0 0 0

0 1 0-^a 0 0 0 0 0 0 1 -20a 0 0 0 0 A6

0 0 0 0 1 0 /Oa 0 0 0 0 0 1 /0a 0 0

0 0 0 0 0 1 0 /2a 0 0 0 0 1 - /-Oa 0 0 K5

0 0 0 0 1 0 — Ax 0 0 0 0 0 0 0 1 yOcti a3
0 0 0 0 0 1 0 -/2a 0 0 0 0 0 0 1- /Oa, A

Therefore, we can write the complete equation as follows:

(sb(ui)N(MN (19)

The corresponding signal flow graphs is shown in Fig. 33
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Fig. 19

(S1 [Ul] pll]

I-Jhere
(=

H
 

O
 

O
 6 0 0 0

0 1 0 0 0 /la 0 0
0 0 1 0 0 0 /2a 0a

 

0
 

0
 

0
 

rdO
 

O
 

O
1 0 0 0 -[0a 0 0 0
0 1 0 0 0-/la 0 0

0 0 1 0 0 0 -/2a 0
0 0 0 1 0 0 .0 -/3a

■ t5> (ui)(uii)[vi)N
Where z \

1.0/0a 0 0 0 0 0
010/2a0000

1 0 -/to 1 0 0 0 0

IT *1  — 0 10 -/2a 0 0 0 0

0 0 0 0 1 0 /2a 0
0 0 0 0 0 1 0 /2a

0 0 0 0 1 0 -/to 0
0 0 0 0 0 1 0 -/2a

/

Where
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6. Computer Program for Decimation in Time Fast Fourier Transform

7. Inverse Fast Fourier Transform

func ti.cn

the for-

CSl)n=0,l,’’ N-l.

gives

(22)

2"nn2r N5-I S.
+

r-0-

r = o

(23)

Let

and

r=o
(2^)

B = n

C = n

N
2

Two computer program for the Fast Fourier Transform are 
written as shown in Program #3 and program $4-.

Program #3 is using the analytic time function as an input 
while program #4 uses numerical information as input.

Vie still apply the example shown in section II-(3) in 

testing these two new programs

j' 2irnr 
e

as we mentioned before (Section III —l-(2)) 

Putting N behind the summation sign

If the frequency spectrum is given and the time domain 

is required, in the discrete Fourier Transform, we use 
mula

.2nn(2r+l) 
eJ N

S2r+1
N

2-": nk
1 N

■4 
N
2

•2-n-nr 
eJ N

2
"ST 2r 
Z N 
r=o

- W-l .Zrrnk 
An-r 2 sk=3» 

k=o

Expanding and regrouping yield,

M."IS2r i21Tn^
V z — e N 

r=o
^_-'S2r

S2r+1
"N~e3 4

2

.2nnr 
eJ'
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C F'RhG^A.M 43
c fast transform -decimation in time
c is THE TOTAL NUMBER OF SAMPLE pOINTS/T IS THE TOTAL
C FOR INPUT FUNCTION ONLY
C FUNCTION

F(X)=10»»(EXP(-X>-EXP(-2«*X))
COMPLEX A(25OO),T1
READ(5,1) p/T

1 F0hMAT( I10..F15.5)
N =?• K- kM 
dEe; = i e/T 
DET=T/N 
NH=N/2 
NH; s' H + i 
HIT REVERSAL 
DO 20 M/N 
NA=1=1 
NN = O 
DO 30 U»l/M 
fjN = m .*2  
NB=NA-na/2>2 
N A s N A / 2 

30 NNaNN+oB
20 A(MN+1)=F((I-1)*DET)*DET

F A S T F y l R’ 1 E R T R A N S F 8 R M
DO 1N0 I=1;M
IA=2»*("«I )
L. = F**(I-1)
pO 2L0 J=1#IA
•DO 200 < = 1^1.
1 l»A(2x (J-1 )*[- fl + < ) »cEXP( ( Gf/-1 e > *2,  *3e  1416*  (K-l)/( 2**1  ) )
A(?*(U-1)*L +L+X)=A(2x(U-U*L+K)-T1

200 A(pit(J=i)*L.  + :<>=A(c*(U"5  ) *L ’+ K ) +T1
100 continue

-RITE(6/2)
2 F 8RMAT (15X/ 1 F't 1.5X, ! REAL 3 ART ! ? 1 OX, i I NAG I EERY PART' H OX, 

1 VALUE') ABSOLUTE
30-0 I=NH1/N

FN=-(N.T*1 )*DES  
A.RaRE Al ( a ( I ) ) 
Al=AIMAG(A(I)) ' 
AT=CABS(A(I))

SOO aR I re: (-S, 3 ) FN/AR,AI,AT 
3 F t'RMAT(10X,4F15,5)

DO 4(0 I=1/NH
( i -1) *dl:s 

AR=RLAL(A(I)) 
Al=AIMAu(A(i))

AT = ca3s(A(1 ) )
400 ?rite(6,3) FN/ARjAI/AT 

STOP
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C PR9GRAM
,c fast fburier transform -decimation in time
C IS ThE IqTAl NUMBEr qF SAMPLE PqInTS^T IS T|-|E TqTAe TIME
C FOR INPUT DATA ONLY

COMPLEX A,T1 
dimension A(1100111001 
ReAD(5,1) M,T

1 FORMAT ( U0>F15«5)
N = 2 * ■*  M ■'
DES=1./T 
det=t/n 
NM=N/2 
NH1=NH+1 
READ(5/5) (B(I)H = 1>N) 
DO 10 I=1jN

10 B(I)=B(I)*DET
5 FORMAT(8F10»5)

C BIT REVERSAL 
DO SO I=l/N 
NA=I-1 
NN = O 
DO 30 J=l/M 
NN=NN* 2 
NB=NA-NA/2*2  
NA=NA/2 

30 NNsNN+NS 
20 A(I)=CMPLX(B(NN+i)/0.)

c Fast Fourier transform 
DO 100 I=l/M 
IA=2**(M-I)  
L=2**( 1-1) 
DO 200 J=1/IA 
DO 200 K=l/L 
T1=A(2*(  J-l) *L  + L + K)*CEXP(  (o»>"1. )*2»*3»  141,6*  (K-l )/( 2**1  H 
A(2*(J-l)*L+L+K) =a(2*( J-l)*L+K)-T1  

200 A(2*(J-l )* l+k)=A(2*(J-1)* e+K)+T1 
100 CONTINUE

WRITE(6>2)
2 FORMAT(15X,iFI,15X/iREAL PARTi,1 OX#’I MAG INERY PART I» 10x#’ABSOLUTE 

1VALUE')
DE) 300 I=NH1^N
F = - (N-U1 ) *DES  
AR=REAL(A(I)) 
AlsAlMAGtA(I)) 
AT=CABS(A(I)) 

300 WRITE(6/3) AR,AliAT.
3 FSRMAT(10X,4F15,5) 

DO 400 1=1,NH
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F=(I-1)*DES
AR=REAL(A(I)) 
AI=AIMAG(A(I)) 
ATsCARS(A(I))

400 WRITE(6#3) F,AR/Al#AT 
STBP
end

REAL PART IMAGINARY PART1 *00000
0*75000

-0*59335
-0*65295

0*00000
0*16064

0*59835
0*672420*5  jCOO ■0*81425 0 • 5576q 0*986870*25000 -0*51703 2.01314 2*078480*00000 4«56685 0*00000 4*566850*25000

0*50000
-O*517o5
-0*81425

-2*01314
-0*55760

2*07848
0*986880*75000 ■0•65296 ■0*16064 0*67243

ABSOLUTE VALl
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Then (23) becomes

j2iT n
A = B + e II C n n n

n=0,l, K-l. (25)

Again, Bn and Cn have the folloting periodic nature:

V B (n^)

°n- C(n+4- ) <26>

Equation (25) can be vrritten into two equations:

A = B + eJ ' R C , when OZn Z-y- 
n n n x 2 ;

N 1Let n= + n;

+n

(25a)

=Bn, - e^ N Cn,

Therefore, we obtain the basic algorithm of the inverse Fast
Fourier Transform as follows:

n -i N n—0,1, e • •—^*■"“1
(26)

The corresponding signal flow graph of (26) is shown in Fig. 20.
(n=8, for example)
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Fig. 20.

where P=-^-

It should be noted that while vze used a=—, or negative

, for the Fast Fourier Transform; we now use P=-^- , or posi
tive-^-, for the inverse Fast Fourier Transform. Structurally, 

Fig. 20 and Fig 16 are the same if we use the following proper 
notation changed;

S ----------------  A
P ---------------- -- B
Q -------------  C

a -------------—p

8. Computer Programs for Inverse Fast Fourier Transform
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r- f s r ' . A * r-

C I^VE-.SF. FFT
C c'* ‘v k- I'/TAL SAMPLE IS UTAL TIML
C F■'••■ PU’.CTI'JN k'-LY

C ’ P L L < A t ] 11 f. F s i C!- U \ * S
L I' L SI2’, A ( >
r. F / D ( 5, 1 ) :■ > T

1 F Ar .1 ( 1 U.rlP.b)
■ P1 r_ ( A, < ;

E Fkv.'.T Vcl-s.,. 'TJFE ’ t !X£T) ’ )
\ = C N < M
i'Hs'VS
1:Lt=t/-.
CLS=(0-z1.)*?*  *3- 141</T 
se 1.0 1 =1, ;s
•■A = H1

L-’ - L.V u 3 1 4 .' 
; u \ : k

.V A =•.... / ?
<.'V' = \ +,3

n (1 Pv-O.'CDS # ?t; J
<"S 1. u (■.+ 1 ) sc( ( I - 1 ) -.-DES )

T - 1

? *5' A ( ’ 4 1 ) s s " U F ( ( ” \ + J " 1 ) *■  D L S )
4,'v.: L“‘. t j k,;jr

Ck 3..0 I-l/Y
IA = 2<*(  )
L = E»-<I - 1 )

4.0 _ = 1,IA
■;:? v.-o < = 1»L
I 1 s A ( 2 k- ( j - 1 ) •*  L + L + ) x C L X P < ( C »i 1 » ) * 2 • * 3»1 16 * (r< - 1 ) / ( 2 * * J ) )
; (?4( j-i )*L.  + 1. + <)=a (P*  ( J-l) *L  + < ) - 11

AL'.'_. A(;’*(  J-l )4| +< ) =,\ ( c-K- ( J- 1 )*L 4O + rl 
ry .tp.je

l b2 ] - 1 i XH
TV-=?»M 1-1 ) xOLT ■
A" -:^L --J ( A ( p >4 J - 1 ) ) /I

■vy: . Tt. < 6/) T.\,Ak
r- ■ ■ k.. -T(i-)X<I2F'15:.6)

ST-'•>

C-V'Pi.Ly FU? Cl lb,.. Cf-3 kS)
CO; P U L / 3
u F i \ = (1 'i < • ')« ) / ( (S + (1 « / 0 • ) ) * ( S + ( 2 * # 0 * ? > >
-xLT.J ?
E"-;,



C PROGRAM //6
C INVERSE EFT
C 2**M  IS TOTAL SAMPLE POINTS/T IS TOTAL TIME
C FOR INPUT DATA ONLY .

COMPLEX AjTI/SI
DIMENSION A(8200)/SI(4)
READ(5,1) M/T

1 FORMAT! U0/F15«5)
Ns2#* m
NH=N/2
DET=T/N
N8=N/8
DO 10 I=l/N8
READ(5/3) (SI ( IA)/IA=1M)

3 FORMAT(8F10.5)
DO 50 IB=1/4
NA=MH+4* (1-1)+IB-l
nn=o
DO 90 J=1,M
NN=NN*2
NB = NA"\iA/2*2
NA. = NA/2

90 NNsNN+NB
50 A(NN+1)=SI(IB)
10 CONTINUE

DO 100 I=l/N8
READ(5/3) (SI( IA), IA=1,4)
DO 150 13=1,4
NA = 4*(  I-D + IB-l
NN = O
DO 200 U=l/M
NN=NN*S
NB=NA-NA/2*2
NA=NA/2

200 NN=NN+NB
150 A(NN+1)=SI(IB)
loo continue

WRITE(6/2)
2 F0RMAT(20X,’TIME’/IOX,'X(T)’) 

DO 300 I=l/M
IA=2**(M-I)
L=2** (1-1)
DO 400 U=1/IA
DO 400 K=1,L
T1=A(2*(J-l }*l+l+K>*CEXP( (0«/ le)*2.*3.1416*(K"l)/(2**D)
A(2*( j-1)#L*L+K)=A(2*( j-1)*L'*K)-T1

■400 A(2«(J-l)«L+K)=A(2* (j-l)*L+K)+T1
300 continue
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V. Fast Fourier Transf01*111 —Decimation in Frequency

1. Basic .Algorithm

Again, we starting with the formula of the discrete Fourier 

Transform (Section II-l^J- (a))

NJ ,12nnk
sk = > An e*  N k=0,l,2,....N-l. (1)

n=o

We regroup it in the following nev; way:

-^-1 .j27rnk H .i2Tmk
Sk - 2 » * S An e" (2)

m=o
The second term of the right handside starts with n=^~ which 

is not convenient for later formulation. We can write an equiva
lent form, consequently, we have

^-1 .ZTTnk H/o-l .27T(titn)k

h=D n=o 2~M'n

4."1 _j2TT.nk_ -^-l _.kTr _.2rrnk_
= 5 An e J N A K e J • e J N 

n=0 ^-q -^-n

M I
2 41, „ -^irnk= 5 <An+^ e-^11 ) e~u H

n “ 0 2*"^^

k=0,l N-l. (3)

When k is even, letting k=2r,

N 1y-l .2Tin 2r
S2r-S 15

n=0 2""!'n
M I _
2 ~1 .2*rTnr

“ 2 ’ c";i 4-

■ r=O,l.....-S~-l. (A)
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■when k is odd, letting k=2r+l

. 2it n(2r+l)
S2r»l=5 (An" Vn)e"3 M

n = o r-*11

n . 2tt nr
5 A- > e"° ” e"° -I- 
n-o r^n . 2 N

r=0,l (5)

Equations (4) and (5) are the basic algorithm of Fast Fourier
Transform ---- Decimation in Frequency.

2. Vector Diagram Interpretation

Decimation in frequency, for our n=8 example, means that 

we find Sq, S2, S^, and Sg by using (4); and calculate S-^, ,
S^, and by using (5)» keeping AQ, A^, A? in the natural 

"order.
The given data are shown in the table below

Ao 0

^1 i;i99

1.663

A3 0.867

A4 0.585

A5 0.377

A6 0.286

0.146
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Find the correspondins frequency spectrum by the method of 

decir;ation in frequency.

When we substitute the data (6) into (^) and (5) respectively,

• — .tt n2r
(Ah e"3 “ r.0.1,2,3, . (7)

n=o

and •
S, ,= V (A -A. ) e-V n e-i-F n'2r
2r*l  ' n s+n

n=° r=0,l,2,3 (8)

Their expanded forms are

S0=(A()4-A^)/to+(A1+A5) /0cc+(A2+A6)/Ocm-CA^+A^)

S2= A0+A2j-/2g*  (^4 A5) /2a+ (A6) [Ma+ () ^6a

S^CAq+A^) /&4+(A1+A^)/^+(A2-f-A6) t&M.CA^+A^) /12a

S^(Ao+A2j.)/^(Ai+A5)/^+(A2+A6) (?a)

and
S^^Aq-Aj^) /Oq)/Qx+ [(A1-A5)j^g ((Ag-A^) /2a)/0a+ [(A^^) j/Oa

s3= ftAo"A4^ /lajjgcw- {(A2-A6) [(A3~A?) Dg. )/6$

s5= RAo“A4^ /9g).fe+I(A1-A5) ^a]£to+ [(Ag-A^) ^a)^+ [(A^-Ay) /3a )S:2q 

S?= ((A0~V [(A2“A6)i2a}to*(  (A^-A^) tL&c

(8a)

Each equation can be interpreted as summation of a set of vectors. 
However, the "additional or substractional orders are different 

from the orders we used before.
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For finding Sp we show two diagrams: (a), is for discrete 
Fourier Transform and (b) is illustrating how to find Sp 
through the method of decimation in frequency. Of course, the two
answers should be the same.

Fig. 22 shows a graphical interpretation for finding Sg.

3. Matrix Explanation

The matrix expression of the algorithm has been mentioned in
II—(1^), we rewrite here:

so ' 1 1 1 1 1 1 1 1

S1 1 /a /2a /5a /6a /?a

S2 1 ^q l^a /6a /8a AOa A2a

S3 1 /3a /6a /9a /12a 1*1-5^ /18a /21a

1 Z^a /8a A2a /16a /20a /28a

S5 1 /5a /10a A 5a /20a Z25^

S6 1 /6a /12q /18a /24'a /30c& /36a /^2a
d

1 /7a /l^ia /21a /28a /^2a

A4

A5

A6

A.

(9)

Expanding the above matrix equation into eight simultaneous equations 
then put the second, fourth, sixth and eighth equations as the first 
group, and put the first , third, fifth and seventh as the 
second group. Then rewrite the adjusted equations into a matrix 
equation again.

and
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(b) Decimation in Frequency

Fig, 21. Evaluation

(a) Discrete Fourier Transform (b) Decimation in Frequency

Fig. 22. Evaluating
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Factoring the square matrix:

so ' * 1 .1.1 1 1 1 1 1 ' Ao

S2 1 /2a /^a /6a /8a /10a /L2a

1 /^ /8a A2a A6a AOa A^a A Sa

S6 1 /6a /12a A8a A^a AOa /36a /^2a a3

S1
*—

1 /la /2a /3a /^a /5a /6a / 7a (10)

S3 1 /3a /6a /9a A^a A 5a A8a /21a s
S5 1 /5a A5a /20a jZ^n. /30a /3^ a6
S7 J 1 /7a /l^ta /21a /26a A5a A2a A9a A7 ,

or (sJ-^Ka) (10a)

s2 1 M
sZj. 1

0 0 0 0

S- 0 0 0 0
5

S?J (0000

111

1 /8a /L6a 0 0

0 10 0

0 0 10

0 0 0 1

10 0 0

0 -/Qq 0 0

.0 0 -/la 0

0 0 0 -/2a 

(11)

or simply write

(Sl) (Ha)
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Combining the last square matrix and the last vector, we
have

/ 5 z
so 1 1 1 1 0 0 0 0 Ao * AZj.

S2 1 /2a /6q 0 0 0 0 A1

1 /ha / 8x ji2a 0 0 0 0 ^2 + a6

S6 1 /8x /16a /24x 0 0 0 0
(12)

S1 0 0 0 0 1 1 1 1 ( Aq - A^)

S3 0 '0 0 0 1 ^a l^t (A1 - A5) /la

S5 0 0 0 0 1 Ba /8a /12a - A6)/2a

s?. 0 0 0 0 1 /8a A6a /2/Ja
J A - A^,)/^

Equations (13) and (1^) are (?a) and (8a) respectively.

(13)

(14)
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4. Signal Flovr Graph Representation

A correspanding signal flow graph is easily drawn as shown 

in the Fig. 23b

Fig. 23b,

The natural order of ^Aj and the disturbed order ofare 

clearly indicated in Fig. 23.

5. Repeating Use of the Algorithm

Rewrite (Ila)

(Ha)



53

so

S2

'1

1

1

/2a

1 1 0

0

1 16a, /12a 0

S6 1 /8a lL6a IZUa 0

S1 0 0 0 0 1

S3 0 0 0 0 1

S5 0 0 0 0 1

. S7 0 0 0 0 1

Without changing the result. we

X '1 1 1 1 0

s4 1 //to /8a /12a 0

S2 1 Z2a fe 0

S6 1 /8a ^6a. /2^a 0

S1 0 0 0 0 1

S5 0 0 0 0 1

S3 0 0 0 0 1

St 0 0 0 0 1

Then factoring the main square m=
'so z

1 ?1 0 0 0 0 0 o’

S4 1 0 0 0 0 0 0

S2 0 0 1 1 0 0 0 0

S6 0 0 1 0 0 0 0

S1 0 0 0 0 1 1 0 0

S5 0 0 0 0 1 lUa, 0 0

S3 0 0 0 0 0 0 1 1
lS7 J 0 0 0 0 0 0 1

0

0

0

0

1

^a

0

0

0

0

1

z^a

0

0

0

0

1
(15)

A'a /8a A2a

/8a 116a, A^a

sarrcinge the rows:

0 0 0

0 0 0

0 0 0

0 0 0 / s > s

1 1 1
['P i] M (16)

/Zja /8a /12a

/2a lUa, /6a

/8a /L2a /2^a
J

;rix of (16).

1 0 1 0 0 0 0 0

0 .1 0 1 0 0 0 0

10a 0 - /Oq 0 0 0 0 0

0 /2a • 0 - /2a 0 0 0 0

0 0 0 0 1 0 10
k -Mx

0 0 0 0 0 10 1

0 0 0 0 I2& 0 0 U7

0 0 0 0 . 0 i2a 0 - /2a



y-v

or

(17a)

A surmary of the decomposition processes and the signal 
flow graphs are shown in Fig. 23 which is self explainary.

[s J = f/nlcx^l ^A

Fig. 23(a)

Fig. 23 (b)
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Fig. 23(d)

6. Computer Program for the Fast Fourier Transform----Decimation in
Frequency

Computer Program #8 and #7 are for the Fast Fourier Transform— 
decimation in frequency. The former is using an analytic function 
as input while the input of the latter is numerical.
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C PR^Q'xA^ 67
C FTt i?LCI^ATinN IN FRLQUENCY
C T IS The TGTAL Tl^E/d**N  IS THe T0TAL SAMPLE POINTS
C FOR INPUT DATA 6NLY

ceypuEx AHI
DINE^SIE,^ A (1100)/B (1100)
READ(5,1) K/T

1 F- O.’^AT (I10#F15»b)
k = E * > M
RH«N/P
DET = 1/XI
kHl=\H+l
READ(5z7) (B(I)/I=1zN)

7 FORMAT(SF10»5)
DO IQ I=l,k

10 A(I)SCMPLX(3(I);0.)*DET
c ftt

DO 100 Ial/M
1A = 2»* (i-l)
Lsc**(Y-I)
DO 2J0 J = 1HA
DO 200 < = 1.«L
T1=A(2*(J-l)*L+K)
A(2>( j-1 )*L,  + <) = T1+A (2*(  j-1 ) * U + L + X )

200 A(?»(J-1)*L+L  + K)»(T1-A(2*(J-1)*L+L  + K) ) *CEXP  (((}./^l. ) *2*3  <1416*  (K-l 
1)/(2fL ) )

100 C^NTINJE
(6/3)

3 F0RMAT(2OX/'F'REG. i/lOX, IREAL PART 1 , lOX# i I MAGI NERY PART!)
DO 300 i=RH1/N
NA =I«I
NNiQ , ■
DO 400 J=l/M
NNskj
NB=\A-\A/2*2
nA = xia/2

4 00 ,\Ns\\ +'>3
FN=-(N-i+l)/T
AR=REAL(A(NN+1))
AlsAIMA3(A(NN+l))
AT=CaBS(4(\N+1))

30Q * RITE (6/ MEN# ar, Al, AT
4 F 0 R M A T ( 10 X i 4 F16  6 )*

DO 500 I=1/NH
NA =1^1
N:N = 0
DO 600 J=l/M
R\I = N\*2
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KE3 = \A-'JA/2*a
\As\a/2

600 i\N = N^ + \y
F"N= C I -1 )/T
AR = Rt.AL(A(\N + l ) ) 
AI=AIMAG(A( W' + l ) ) 
AT=CABS(A(\N+1))

£>OO a RI T L ( 6 < A ) p N t A AI , A T 
STmFj
LR'D

FR'EO, 
"1*000000  
■C«7bC000 
" 0 ♦ 5 0 0 0 0 0 
-0»2C..'0000 

0«0 0 0 C 0 0 
0 • 2 0 C 0 C 
0«5C0OO0 
0«7^0000

REAL, PAR?
-0,592.351
-0»65??9b0
-0,814248
-0,517035
4,566848

-0.517055
*! 0.8142 51
-Q .652958

I MAG I MF RY 
0,0 0 0 0 0 0 
0,160541 
0.557600 
2,013143 
0,000000 

"c,013139 
-0,557600 
"0*160645

PART
0*598351  
0*672421  
0,986872 
2*078476  
4,566848
2<!078478 
0,986875 
0,672429



58

C PR8GRAM
C FFT DECIMATI0N IN FREQUENCY
C I IS THE TOTAL TIME>2**M  IS THE TOTAL SAMPLE POINTS
C FfiR FUNCTION eNLY

FUN(X)=1O.*(EXP(-X)-EXP(-2.*X) )
COMPLEX A^Tl
DIMENSION A(llOO)
READ(5,1) M/T

1 Ft-RMATt U0/F15f5)
N = 2*  *M
NHsN/2
DET=T/N
NR1=NH+1
DO 10 I=l/N

10 A(I)=(!,,o.)*FUN( (I"1)*DET )*DET
C FFT

DO 100 I=l/M
IA=2**(l.l)
L=2** (M-I)
DO 200 J=1/IA
DO 200 K=l/L
T1=A(2* (J-l)*L+K)
A(2*(J-l)#L+K)=T1+A(2#(J-1)*L+L+K)

200 A(2*( j-i)* l+L+K)=(T1-A(2*( J-1)*L+L+K))*CEXP( (0•» -1•)*2*3♦116*( K
1 )/(2*L) )

100 CONTINUE
WRITE(6/3)

3 FORMAT(20X#'FREQ.i/10X#’REAL PART • > 10X,’IMAGINERY PART’)
DO 300 I=NH1jN
N'A=I-1
MN = O
DO 400 Jsl/M
NN=NN* 2
NB=NA-NA/2*2
NA=NA/2

400 NN=NN+N3
Fi\ = - (N-l + 1 )/T
AR=REAL(A(NN+1))
AI=AIMAG(A(NN+1))
AT=CAES(A(NN+1))

300 ,.',RITE(6/4)FN/ARjAIjAT
4 F6RmAT(10X/4f16»6)

DO 500 I=1,NH
NA = I -1
NN = O
DO 600 J=1^M
M \i z N * 2
NS=NA-NA/2*2
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NA=NA/2
600 NM = N\! + NB

FN=(I-1)/T
AR=REAL(A(NN+1))
AJ=AIMAG(A(NN+1) )
AT = CAE3S( A(NN + 1 ) )

500 WRITE (6/4 )FN, AR, M> AT 
FTt’P
END
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7. Inverse Fast Fourier Transform

The basic discrete Fourier Transform:

q A/-I j27Tkn 
An="T-5 Ske'^r~ n=0’1’..........N-1’ (18)

-k~o

is divided into two groups as follows:

n=0,l........... N-l.

(19)

when n is even, letting n=2r, we have

r=0,l............|-1. (20)

when n is odd, letting n=2r+l, we have

r=0,l............| -1. (21)

Equations (20) and (21) are the another pair of the basic al
gorithm for the inverse Fast Fourier Transform. For n=8, the 
complete signal flow graph is shown in Fig. 2^.
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Fig. 2^

8. Computer Program for Inverse Fast Fourier Transform
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C ifft
C T IS TRIAL TME,a»*M  IS THE TBTAL SAFFLE PRINTS
C FR.K FUNCTION ONLY

CBFPlEX a tll/DLS'S'CFUN
Dlr'E'-Sl3>J A(1500)
READ (5., 1) N,T

.1 FSRy.ATdlO/Flbtb)
N - * * N
NH = \|/2
DEI=T/N
DES=(O’?1*  )*2**3*1A16/T
DO 13 I=1/NH
A(I )=CFUN((1-1)xDLS)

10 A(\H+I )=CFUN(-(Nw-I+1)*DES)
C INVERSE fast FOURIER TRANSF3RM 

DO ISO 1=1#M
I A = £ * * ( J -1 )
I =E*x(H-I )
DO 2-20 J = hIA
DO 2-30 K^l#L
T1«A(2*(J-l)*L+K)
A(£'d J-1 ) mL + <)=T1+A(2»(U“1 )*L  + l. + K)

FOO A(2»(U-i)*L+L+<) =(Tl-A(2*(J-l )kl+L+K))*CEXp((C»/ 1»)*2»*3«1416*(K  
1)/(2*L)1

ICO CONTINUE
'ARm:<6/3)

3 F0r<,MAT(20Xz 'TlME'dOX# 1X(T ) > )
DO 300 I=1#N 
i\ A s J «1 
\\ = 0 
pa 4oo 
\N = N',*2  
M3=\a-na/2*2
N. A s \ A / ?

ti0C \N = N‘.+ JI3
A R 3 R L A u ( A ( N N +1 ) ) / T
TN=(1-1)*DET

3 0 Q x RI f t ( A # '4 ) T N > A R
4 FORMAT (10;X/2F 16,6) 

STOP
END

COMPLEX FUNCTION CFU^(S)
COf.PlEX S
C F U N = (1 c «> c • ) X ( (S + (1 ♦ * 0' ) ) * ( 0 + (2 » # Q » ) ) )
RET J";N
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C ^RgGRAf'V/10 - - ■
C 1 IFFT
C T IS ThE T6TA|_ TImE/2**M  IS T^E T6TAi SAmPiE RSImTS 
c Fe)R INPUT DATA ONLY U U N

COMPLEX A/TBDES 
DIMFNSI BN A(i500> 
READtB,!) M,t

1 FORMAT(110/pl 5.5) 
N = 2   M* *
NHsN/a 
DE.T = T/N 
NHlsNH+l 
DES=(O»/lt)*2.*3.1416/T  
READ(5/2) (A(I)/I=NH1,N) 
RE AD(5/2) (A(I),I = 1/NH)

2 F&RMAT(8F10»5)
C INVERSE FAST FOURIER TRANSFORM 

DO 100 I=l/M 
IA=2**( 1-1) 
L=2** (M-I) 
DO 200 Jsl/IA 
DO 200 K=l/L 
T1sa(2*(J-1 )* l+K)

dmo ^2*(J-1)* L+K)=T1+A(2*(J~1)* L+L+K)
? xV,*  J"1 )*L + L + K> a ( Tl-A(2#( j”1 )*L+L+ k> )*CE xP( (0m1< )*2e*3»1416#  ( 

loo continue
NrITE(6/3)

3 FORMAT(20x/1TIME'/IOv, 'v(T) 1 ) 
De 300 1=1/N
NA=I-1 
NN = O
DP 400 J=l/M
NN=NN*2
NB=NA-NA/2*2
NAsN‘A/2

400 NN=NN+NB
AR=REAL(A(NN+1))/T
TN=(1’1)*DET

300 NR HE (6/4) TN/AR
4 FgRMAT(10X/2F16.6)

STOP
EN'D

Tlf’E 
0*000000  
0*  500000. 
1 •000000 
1*500000  
2-000000
2- 500000
3- 000000 
3-500000

X(T)
0’000020 
1’850727 
1-961199 
1*754748  
1’169979 
0-732273
0-835800 
0-828251
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VI. Fourier Series Evaluation

1. Coefficients of the Exponential Form
4Originally the algorithm was developed by Tukey and Cooley 

for Fourier series Coefficients evaluation. Later, their work 
has been expanded into Fast Fourier Transform. We rather based 
on the FFT algorithm to derive a method for Fourier series Coeffici
ents evaluation.

Consider thatthere is a periodic function f(t) vdLth period 
T and its Fourier Coefficients are required.

We write, by definition, the expansion from

11=03 .Zn-rrt
f(t)= CneJ T (1)

n--QD

where

1 (T -2n7T t
cn= / f(t)e"J T dt (2)

'O

Because T is a constant, we can write

fTA .2n7r t .
cn= J ^f(t)e"a T Al (3)

letting
£(£) =g(t),

we have

rT .Bnir t
Cn= / g(t)e"J T dt (4)

'o

Now assume that there is a new function h(t) such that

r =g(t), o^t^T
h(t) ] n . (5)

I otherwise
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The corresponding Fourier Transform H(f) is found as 

h(t)e~^2n‘ ftdt«= f g(t)e*̂ 277 ftdt (6)

-40 ''O

Therefore

rT •21r nt
H(^-) = j g(t)e"3 T dt (7)

•*0

Comparing (?) and (4), we can easily see that Cn=H(^-) . Of course, 

based on the previous sections, we can evaluate H (immediately 
by using a method of FFT.

2. Computer Program for Finding Coefficients C^

Essentially, this program is similar to program a slight 
modification is added.

3. Fourier Coefficients of Common Wave Forms

By using the computer program, two examples are evaluated.
The summary is shown in the following table:
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•ftt) a | xs/,y ( 2.rr-fc > I

N
-10
-9
"8
"7
■ 6
-5
-4
-3
er P
-1

0
1
2
3
4
5
6
7
8

-0'001597
-0'001972
-0*002499
-0'003267
-0'004454
-0'006432
-0'010107
-0*018191
-0'0vt24 43
-0*212209
0'636616

-0'212210
-0'0z+2443
-0*018192
-0*010107
-0'006433
-0'00^^54
-0'003267
-0*002499

IMAGINERY PART

0'000000 
0»000000 
0'000000 
0*000000  
0*000000  
0'000000 
0'000000 
0'000001 
0'000002 
0'000007 
0'000000 

-0*000001  
”0'000000 
-0'000000 
-0'000000 
-0'000000 
-0'000000 
-0*000000  
-0*000000

9
10

-I;)

••
-7

"b
-4

-I
0
1

3
4

6
7

-0'001973
-0*001598

-0'000977 
-0'000977 
-0'000977 
-0'000977 
-0*000977  
-0.030977 
-0'000977 
-0'000978 
-0'0039/8 
-0*000981

0'43AQ23 
•'0'000976 
-0'030976 
-0*000976  
-0'033976 
-0*000976  
"0'0939/6 
-0*0009/6  
-0*000  176

-0'000000
-0'000000

-0'015895 
-0«017666 
-0*019878  
-0*022722  
-0'326514 
-0t031821 
-0.039781 
-0*053946  
**0'079574
-0=159153 
0*000000  
0«159152 
0*079573  
0*053345  
0*039781  
0'031821 
0'026514 
0'022722 
0*019878

9 -0.000976
10 -0*0309/6

0*017666
0*015895



67

C r'^t 3:vA‘-1
C FIr<D THE FeURU’R CQEFF ICIEMS BY FF T ME THOD
C IF \D EQUAL, 0 FUR IS;pijT F jn.qT 1 ON/9 THER-VISE FOR DATA
C TOTAL SAMPLE POINTS/T 1$ THE PERIOD
C FU\crl'i\

FUN(x)=X
C MAIN PRf);.iRAM

COyPuEx. /VT1 
DI.’-'E sSinx A(11CG)/B(11CO) 
READiBz 101) 
\ = 2 * * M 

_ . DLT=T/N 
NH = \i/2 
RHlsXHtl 

101 F OrhaT ( UO/FlbtCj# 15) 
IF(NL') 5/9/5

5 READ(5,102) < ti(I)/I=l/N) 
109 F 0Ay:AT(2Fir,.5)

DC) 6 I=1»N
-6 )=:3(D/n

39 T-’J 19 
. .9 CORT I RUE 

DO l.j 1=1,N
10 3(1 )=Fu\'( (I-l)*DET)/\
19 CONTIN.jF.

C .LIT AEVER5AI, 
DO 20 1=1,N 
N A = I * 1 
RN = 0 
DO 3j 3=1/M 
RNsNX*r 
NB=S4-\a/2^2 
NA = .\JA/2 

3Q KNaN'. + 'siR 
EC A( I ) =CMPLX(-3(NN+1 ),0» ) 

DS K'O i = 1,m 
jA::2t*(>>I  ) 
L. = 2»*(I-1)  
L" 3 2 0 J = 1 / I A

. - DO.2-0 .< = 1,L
T1=A(2*( J-l)*L+L +<)*CEXP( (0»/-1.)*2. *3t 141a*(k-1)/(2**I )) 
A ( E * ( J-1) *L.  + i< ) = A ( 2 * ( J-1) + L+ X ) ’T1

r-OQ A(2*  ( j»i )*L>O=A(2#(  j-1 )*L  + <)+Tl 
loo cg-tinje

R I T L. ( 6 /103)
103 FORMAT (15X/'‘-H/iOX, I REAL PART gX/ ♦ I MAGI NFRY PART1) 

DO 300 I=\R1/N
. NC'L = ’• ( - 1 +1 )
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= AL ( 4 ( I ) )
C I = AI-14G ( A c I > >

30C ^.RITL (-/ 104 )
104 F5-<MAT(1DX# 110/2^16,6)

D9 4.;0 I=1#XH
-.CC=1-1
CR = RLAl_(A( I ) )
Cl=AiyA-3(A( I ))

A 00 >*  K’ I T( 6 < 1 () 4 )
STUP .
L/'iD .
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4. Fourier Coefficients of the Trigonometrical Form

Sometimes the Trigonometrical form is more useful than the 
exponential form. We usually write the form as follows.

I A

f(t)» l-a.+ ya cos 2n^t, + X b sin Salt- (8) 

n=! n=l

where T
a0= y- f f(t) dt (9)

an= |-£Tf(t)cos dt (10)

b = y" dt (11)
*1 1 **0  1

Comparing with the exponential form we see that

an=|r-f(t)cos^y^ dt

t .j^n tt t -.i2n7r t 
=Y-f f(t) ------ at

'o

1 r .12mr t - z T -;i2n7T t
=— f(t) e T dt + y~ e T dt

\-F/Tf(t)sin22p dt

°ZT j2nir t _ _ -.i2n7Tt
f f(t) 2-----1_______ e. T____

T j0 tVt,) • 2j

,12n7r t
e T

1 rT -.12n-n t 
dt - Y" Jo fCt) e T dt

-KC n - Cn) 
x -n n

= d ( cn- c_n) (13)
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■When f(t) is a real function, we have

* 1 fT / \
Cn =j- / f(t) e T dt

= C , that is -n

when Cn= x + jy ( where x.y are real numbers) 

then C_n= x - jy 

therefore

an =Cn +C_n =x * jy +x-jy =2x =2 real (Cn) (l^)

and
b =j( C -C ) =j(x+jy-x+jy) =-2y »-2 imaginary (c ) n n — ii

Based on (1^) and (15), we write the following computer program 
for evaluating the coefficients of a and b n n

5. Computers Program to Evaluate Fourier Coefficients of Trigo-

. ■. .'.nometrical Form

6. Fourier Coefficients of Common Wave Forms

By using the computer program, two examples are evaluated. 
The summary is shown in the following table;

(15)



?1

-FK'i

•PC-6-) - | <sw(2ir-t) |

N cos SJN
0 1*273232
1 -0*424419

-0*084887
3 -0*036384
4 -0*020214  ■
5 -0*012866
6 -0*008908
7 -0*006535
8 -0*004997
9 -0*003946

10 -0*003195
11 -0*002641
12 -0*002218
13 -0*001891
14 -0*001630
15 -0*001421
16 -0*001249
17 -0*001107
18 -0*000987
19 -0*000887
20 -0*000800
21 -0*000726

N C'jS
0 0*998347
1 -0*001332
2 -0*001953
3 - 0 * 0 ) 19 5 2
4 -0.001953
5 -3.0Q1953
6 -0*001953
7 "0*001953
•D -0.001953
3 -0*001353

13 -0*001953
11 -0*001953
12 -0*001953
13 -0*001953
14 -0*001953
15 -0*001953
16 -9*001953
17 -0*001953
is -0*001953
13 "0*001953
23 "0*001953
2j -0*001953

SIN

0*000000  
0*000001  
0*000001  
0*000000  
0*000000  
0*000000  
0*000000  
0*000000  
0*000000  
0*000000  
0*000000  
0*000000  
0*000000  
0*000000  
0.000000 
0*000000  
0*000000  
0*000000  
0*000000  
0*000000  
0*000000  
0*000000

0*000000  
-o»3ia3ob 
-0*  1=59146 
-0.106090 
1*0*079561  
-0*06364?
- 0 » 0 b 3 0 c 7 
-0045444*
-0*039757  
» 0 * 03533P 
-0*031791  
-0*028^93  
-0*026478  
-0*024433
-G* 022680 
-0*021160  
-0*019530  
-0*018656  
-0*01761 p 
-0*316677
— 0  v 151> 3 -- 
-0015074

*
*
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C 12
C . T-iL FDU^IER COEFFICIENTS BY Ft J METHOD
C IF ND EQUAL 0 FOR F J\CT I ON/6 THLRa ISL FUR DATA
c ?** v total sample pointsh is the period
C FUNCT IoN

F U N ( X ) = X
C NA IN Program

CevPLEK A., T1
DINFXSIOX A(11OG)/H(11GO)
KEAD(5?101) M/T,ND
N = 2 x t '.A

. Df-1 = l/N
NH=n/2

1Q1 F ONY.AT (I10/Flh»5/ lb)
IF(NU) 5x9/5

. S READ(5,102) (F3 (I )/ I»1,N)
.10? FORMAT(St ICfE)

DO 6 I=l/N
6 t>( I ) *B(  I )/\

GO TO 19
9 CONTINUE

QO lv I=l/N
10 -u( I ) -FJ\ ( ( 1-1 )->DET )/N

. IP CONTINUE
C bl I REVERSAL

DO 20 I=l/N
,\A = I-1
\ - g
DO 3.) J»l/M
.\\' = N *2
\B = -jA-NA/2x2
\A=\a/?

30 NN = N, + '.;B
A ( I ) =C’1PLX(B(NN+1 ) ,Q. )

c fast Fourier transform
do iao.i=i,M
IA = 2<=*( m-I )

. LS?*UI-1)
DO PgO J=1/IA
DO .2-0 X = l/L
T1 = A(2*(  J-l ) xL+L+K ) xCEXt’t (Ce/-1 f )*2.  (K-l )/(2*<J  ) )
A (2*{  J^i ) kl +L-»• K) =A (2*  ( J-l) *L  + k ) -T 1

POO a(2»(J-1)*[  +<)=A(2x(..j-i)« +KPT1
ICO C.8'-!T INNJE

^RlTr (9/133)
103 FORMAT(15X»'N'>10X, iCOS'/lQXx 'SIN! )

DO 3a0 I=1,NH
r-Au=I-l
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a\ = 2, >S'EAL<A( 1 ) )
E\ = -L'« *AIMAG(  A ( I ) ) 
r-RlTt.(6,134 ) kAH/A\, :iN 
rOr^AT (IGxalO^EF 16.6} 
GTfjP
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’Til. Convolution, Cross-correlation and Auto-correlation

1. Convolution Integral

An iiroortant aoplit-'cation of the Fast Fourier Transform is
9,12 to evaluate the convolution integral.

f(t)= J ^(T) f2(t-7)dT= Jf2(7)f1(t-7)d7 (1)

-co -co

where f-^(t) and fgCt) are two tine functions.
A natural approach to this problem is working in the fre

quency domain, because

F(f)=F1(f)F2(f) (2)

where F(f), F^(f) and F2(f) are the Fourier Transforms bf f(t), 
f/t) and fgCt) respectively. It is seem that both the Fourier 
Transform and the inverse Fourier Transform are needed.

A simple derivation of (2) is given as follows: 
Fourier transforming f(t) by definition yields

F(f)= f(t) e~j2TrfLdt
^OO

Substituting (1) into (3)

'dt
CO

f1(7)f2(t-z)dr e~j21Tft<

>

)f / f2(t-T)e~j2TTftdt dr

Letting t-7=t‘, then t=t’+7 and dt=dt’ 
Consider the integral

(3)

W

r60
I f?(t-Z)e~32lTftdt

-4co

-CO
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r00-e-j2Tfr j r,(f)e-i2,rltdt'
-oo

(5)

Substituting (5) into (^), we obtain

C00F(f)= J f1(T)e"j2‘7rfrF2(f)d7
*^.co

=F1(f)F2(f)

2. Finding the Response Function

If an input time function f^(t) is excited to a system which 
has a weighting function and response function is re- 

. /quired, we use the Fast Fourier Transform to obtain F^Cf) and
F2(f) respectively; Multiply them in the frequency domain to get 
F(f), the inverse Fast Fourier Transform is then applied. Finally 
the answer, f(t) is obtained.

The process is illustrated as follows

Fig. 25(a1)

3.Computer Program for Convolution Integral Evaluation

A computer program which consists the Fast Fourier Trans
form and the Inverse Fast Fourier Transform is written. We use 
f^(t)=e‘‘t and f2(t)=e”2 as a test example^ the result is quite 

satisfactory.



n 
on

n 
nn

n
?6

PROGRAM ^13
evaluation of convolution by fft method
2**M  IS THE TOTAL NUMBER OF SAMPLE POINTS/ T IS THE TOTAL TIME 
INPUT DATA FROM Fl TO Fg
IF ND IS EQUAL Tq 0 FOR INPUT FUNCTI ON/oThErWISE FOR DATA 
FUNCTION

Fl(X)=1O.*EXP(-X)
F2(X)=10•*EXP (-?»*X )

COMPLEX A/B/Tl
DIMENSION A(1500)/B(1500)/AN(10)/BN(10)
READ(5/1) M/T/ND

1 FORMAT!I10/F15.5/15 )
M = 2 * * M
DET=T/N
NH=N/2
IF( ND »NE. 0) GO TO 19
DO 10 I=l/N
A(I)=(1»/O.)*F1((I-1) nDET)*DET

10 B(I)=(l./0e)*F2((I-l)*DET)*DET
GO TO 99

19 N8=N/S
DO 20 Ir.l/N8
READ(5/3) (AN(J)/J=l/8)
DO 25 IJ=l/8

25 A(3*(I-1)+IJ) b(1.,0.)*AN(IJ)
20 CONTINUE

DO 30 I=l/N8
READ(5/3) (BN(J)/J=l/8)

3 FORMAT(8F10•5)
Do 35 10=1,8

35 B(8* (1-1) + IJ) = (l,/0«)*BN(I  J)
30 CONTINUE
99 continue

c fast Fourier transform
DO 100 1=1,M
IA=2**( 1-1)
L=2**(M-I)
DO 200 J=l/IA
DO 200 K=l/L
T1=A(2*(J-l)*L+K)
A ( 2 * ( J " 1 ) * L + K ) = T1 + A(2*(J'»1  ) * L + L + K )
A(2*(J-l)*L  + L + X) = (T1-A(2*(J-l )*L  + L + K))*CEXP( (0•/-1 *)*2• »3.1416*( K 

11)/(2*L))
T1=B(2*(J-l )*l+K)
R(2*(  J-l > «L*K )-T1 + BI2*  (J-l )*L+L  + !<)

200 B(2*(J-1)*L+L+K) =(Tl-R(2»(J-1)*L+L+K ))*CEXP( (0»/-1•)*2•*3.1416*( K
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11)/(2*L)  )
100 C9NTINUE

00 300 I=l/N
300 A(J)=A(I)*B(I  )

INVERSE FAST FOURIER TRANSF0RM 
00 400 I=1^M
IA=2**(M-I )
L = 2**(  1-1)
00 500 J = l/ IA
00 500 K=l/L
T1=A(2*(J-l )*L+L+K)*CE xP((0•>1•)*2**3.1416«(K-1)/(2**I ))
A(2*(  J-l )*L  + L + I<) = A(2*  ( J-l) *L  + K )-T1

500 A(2*( J-l)*L+K )=A(2*( J-1)*L+K)+T1
400 C0NTINUE

WRITE(6/2)
2 FBRMAT(20X/lTIME'/15X/’F(T)’)

00 600 I=l/N
TA=(I-1)*DET
AR=REAL(A(I))/T

600 WRITE(6#4)TA,AR
4 F0RMAT(1OX,2F16.6)

ST0P
end
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Fig. 25(b)
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h-. Cross-correlation
13.1^

The definition of Cross-correlation is

f00
f(t)= / f2(7)f1(t+z) dz (6)

-GO

The difference between (6) and (1) is only a sign, although 

their physical interpretations are quite different. Cross-corre
lation plays an increasingly important role in communication and 
statistical control analysis.

Mathematically, however, the evaluation of (6) is not more 
complicated than that of (1).

For evaluating (6)

We change the independent variable.

(7)

(8)

t +Z = t’

and have yo
f f1(t+7)e"j27rfdt 

"Loo
= f f1 (t*  )e~j2Tr ~?)dt’ 

-Z.CO -

- e327rIrF,(f)

Substituting (9) into (8), we obtain

F(f)= y<f2(z)ej27rfFi(f)dz

(9)

-co
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=F1(£) j f2(z)eJ27rfZ'dZ-

-OQ
^(f) F*(f)  (10)

Noting that the relation

f2('Z)ej27r f(11) 

-as
has been used.

The following diagram illustrates how to use the Fast 
Fourier Transform to obtain the cross-correlation function.

5. Computer Program for Cross-correlation

Program #13 is for finding the cross-correlation function 
by using FFT.

6. Autocorrelation

If f2(t)=f^(t) in equation (6), x^e have

/CO 
f1(7)f1(7+t)d (12)

—co
13

Both cross-correlation and autocorrelation functions are 
extremely useful in studing statistical theory of communication 
and control.

?. Computer Program and Example

A computer program for the auto-correlation function is shovm 
in program 1rl5»
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C FRdGRAM ^14
C 2**M  IS THL TOTAL, NU‘T8E.R 5F SAmPL,E POINTS# T IS THE TOTAL Tl‘?£
C INPUT DATA FROM Fj, TO F2
C IF ND IS EQUAL TO Q FOR INPUT FUNCjI ON,QTHPRXJSE FOR DATA
C function
C

Fl(X)=10e*EXP(-X)
F2(X)=10,*EXP("2e*X)

C
COMPLEX A,R,T1
DIMENSION A(1500);8(1500)/AR(lo)# Bn(10)
READ(5;1) M/T/ND

1 FORMAT ( ilQ#Flb»bH5)
N = 2*  k-M
detst/n
NH=N/2
IF( ND ,NEe 0) GO TO 19 
DO 10 1=1/N
A(I)=(l,/De)xFl((I-l)>DET)»DET

1C 8(I)=(i,,o.)*F 2((t.j)* oeT)*DET
GO TO 99

19 N8=R/8"'
DO 20 I=1>N8
READ(b/3) (AN(U)/J=l/8)

3 FORMAT(8F105)*
D9 25 IJ=l/8

25 A (8 * ( I 1) +1 J > = (1e/0•)*AN (I J)
20 continue

DO 30 I=l/N8
KEAD(5<3) (0N( J)/U = l<*8)
DO 35 U = l/8

35 8(8*(I-l)+IJ)=(lt/0,)*BN (10)
30 CONTINUE
99 CONTINUE

c fast Fourier transform
DO 10,0 1=1/^!
IA=2**(I'1)
L=2**(M-I )
DO 200 J=U I A
DO 2G0 K=1»E
T1=A(2*(U-l)*L+K)
A(2*(  J«i )*[.  + <) =T1 + A(2*(  J-l )<L + L + !<)
A(2*(  J-*1)*L+L  + K) = (T1"A(2*(U-1  )*L+L  + K) )*CEXP(  (Qe# r It > *2,  *3,1416*  ( K 

11>/(2*L))
T1=B(2*(J-1 )* l+K)
B(2*(  J-l )*L  + <)=T1 + E3(2»(U"1 )*L+L  + K)

200 b('2*(J-l)*L.+L  + <) = (Tl’’0(2*(J-l)*L  + L + K) ) *CEXP  ( (Q, # -1, ) *2t  *3,1416*  ( K 
11>/(2*u ))
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loo cq-'Ztinue
C9 300 I = UN

300 A( I )=A{ I )#C0N,JG(B( I ) )
c inveksb: fast fouRIer transform 

DO 400 I=nM
I a = 2k* (r,-i)
L = 2*HI-1)
D» 500 J=1/1A
DO 500 K=1iL
T1 *A(2*  (J-l) *L+L+i<  ) *CEXP(  (Qm1»)*2 9*3*1416*(K- j)/(2**D)  
A(2*.(  J-l )*L+L  + K) =A(g*(  J-l )*L  + K)^T1

500 A (2*  (xj-l) *L  + < ) =A ( 2*  (.J-l) *L  + t< )+Tl
400 COrJTINijE

>.RITE. (5/2)
2 FORMAT (20X.» 1 TIME'/ISX/ 'F(T) । )

DO 600 I=l/N
TA=;( 1-1 ) »DET
aR=R':.al(A( I ) )/T

(-00 /<RIT::(6/4)TA/AR
4 F'ORMAT(10X.>2F16,6) 

STUP 
EN'f)
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C PRaGRAM #15
C EVALUATION AUTBC9RRELAT I ON BY EFT METH8D
C 2**M  is THE TQTAL NUMBER 8F SAMPLE POINTS, T IS THE TOTAL TIME
C IF ND IS EQUAL TO 0 FOR INPUT FUNCTI ON,OTHERWISE FOR DATA
C FUNCTIqn
C

F1(X)=1O«»EXP(-X)
C

COMPLEX A/B/Tl
DIMENSION A(1500)/AN(10)
READ(5,1) M,T,ND

1 FORMAT ( U0/F15.5, 15)
N = 2 * * M
DET=T/N
NH=N/2
IF( ND .NE» 0) GO TO 19 
DO 10 I=l/N

10 A( I )s(1.,0,)*F1 ((1-1)*DET)*DET
G0 TO 99

19 N8=N/8
DO 20 I=1,N8
READ(5,3) (AN(J),J=l,«)

3 F6RMAT(8F10«5)
DO 25 IJ=1,8

P5 A(8*(I-l)+IJ)=(l.,0.)»AN(IJ)
20 continue
99 CONTINUE

c fast Fourier transform 
do 100 1=1,M 
IA = 2**(  I-l) 
L=2**(M-I ) 
DO 200 j=l,IA 
DO 200 K=1,L 
T1=A(2*(J-1)*L+K)
A ( 2*  ( J-l ) *L  + K ) =T1 + A ( 2*  ( J-l ) *L  + L + i< )

200 A(2*(J-l )* l+l+K)=(T1-A(2*( J-l)* L+l+K))*CEXP ((0•,-1•)*2»*3.1416*( K 
11)/(2*D)

loo continue
DO 300 I=1,N

300 A(I)=A(I)«CONJG(A(I))
C INVERSE FAST FOURIER TRANSFORM

DO 400 I=l/M
IA=2**(M-I )
L=2**( 1-1)
DO 500 J=l,IA
DO 500 K=1,L
T1=A(2*(J-1)*L+L*K)*CEXP((o»/l» )*2»*3. 1416* (K-l)/(2**1))
A(2* (J-l)*L+L+K)=A(2HJ-l)*L+K)-T1



8^

500 A(2* (J-l)*L+K)=A(2*( Jr1)*L+K)+T1
400 CONTINUE

WRITE(6>2)
2 F0RMAT(8OX,«TIMEf/15X,'F(T)')

09 600 I=1^N
TA=(I-1> *DET
AR=REAL(A(I))/T

600 WRITE(6M)TA/ AR
4 FeRMAT(10X/2F16.6)

STOP
END
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VIII. Inverse Laplace Transform of 
Rational Transfer Functions

1. Jordans’s Lemma

Can we perform the inverse Laplace transform by usin? Fourier 
transform? The answer is । afirmative ; It is also a common prac
tice in the engineering field. The justification of doing this 

is based on the Jordan Lemma.

Suppose Q(s) is a function of a complex variable s. It has 
the following properties:

(a) In the upper half plane, it has finite number of singu
larities.

(b) When OZ/s Z_ir and |s |Q(s) uniformly approaches 
zero.

and
(c) 771 is postive.

Then

Lim J e^mS Q(s)ds=0 (1)

where C is the semicircle shown in Fig. 30.
Equation (1) is usually refered as the Jordan Lemma.

Fig. 30

Laplace transform can be considered as an application of this lemma.
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2. From Laplace Transform to Fourier Transform

Consider the Laplace transform pair;

/<»
F(s) = / f(t) e"st dt (2)

f(t) = J F(s) eSt ds (3)

•'g -/-<=>

To perform the inverse Laplace transform by using (3), we 
usually take the contour integral

F(s) ds W

The;constand c is large enough such that all the sigularities
are enclosed in the left of the line c-j«>to c+j^. This is shown
in Fig. 31•

By using the Jordan Lemma, if the second term of (^) is equal to

zero. Then we have

rC+3
2irjf(t) = estF(s) ds
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F(s) est ds

=2rr j (2 Res- inside the contour) (5)

Let s=c + jo) , 

then ds= jd<0 

Substituting (6) into (5), we have

f(t) = f FCc+jco) e(c+j:i))t jdtD 
H J J

1 f60 TAf • \ (C+ jD)t j= / F(c+jti)) es doo
tsir -<co

= / ect F(c+jcij) e^1 do
cv ^eo

fOC>
= ect -~r J F(c+jo) do

= F(c+jo)

(6)

(6a)

?X7)

(8)

For control engineers, only asgmpotically stable systems are 
interested. In those systems, all singularities are in the left 
half plane. Therefore, we can choose c=0 . Equation (8) then 
becomes

fCt)^"1 F(jm) (9.)

Using the Fast Fourier Transform to perform the inverse 
Laplace transform is thus justified.

3. A Special Case

If a transfer function^ say, M(s) = « has a pole in the
origin of the s plane, Fast Fourier Transform can not be directly 
applied. We can easily overcome this difficulty by removing the 
pole first, or taking the inverse Fourier transform of G(s).



After finding the time function g(t), then a numerical inte
gration is performed in order to find m(t).

Computer Program for Inverse Laplace Transforming------------- L

Program #16 is for inverse Laplace transform of the special 

case shown in the last section.

In the next section, we will use this program many times 
to inverse transform the irrational transfer function.

5. Illustrative Examples

For the general case, however, we simply chang s to jco 
and do the Fast Fourier Transform. These examples are tested 
by using program #5 and #9.

Example 1.

Example 2.

T-l 10.
(s+1)(s+2)

Example 3.

t-1 10•k o
(s+l) (s+2)

The results are shown in Fig. 32. It is noted that the repeated 
root case does not give us particular difficulties of complica
tion.
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C PR0GRA14 #16
C T IS THE TOTAL SAKPLE TIKE, Ai;D 2**N  IS TOTAL NUKEER OF SAKPLE POINTS

: A C'^'^UTr/x' Ff»R CPMPUl PK3 THE INVE'.RSE laplase TPANSFO!^
( ‘L. r x A # 11. / f'E S > CFI J" I/ E A > EE11 S

I • 'L‘- S I -'3\ A( '■•000)
r F ^r-; (t-x, 1 ) M,T

1 r-': <-AT( ] l;),n 5.5)
"•-’IT-: ( \,7')

2 P-^OLATdO-/, 'TI^EdlOX. »Sr?RT ( T) 'dOX, ' X C T ) ' )
■ - ;■> •> y • <
■?r FbT/v
r(o./1.) xr.*3. 1 ai 6/T

I c' 1C'O I = d'!
!. A = I - 1.

'; = ■.)
j = idi

’ ?.s’- x -

■ '■ “ I. X /?
7 r 2 : ■ = + \R

IF ( I -■■ h) P'53, p50? ?6O
7--n /. (TM ) -cru-:( ( I - j ) ♦Drs ) 

r-" V' id:'.
: (..■■+1 ) = "Fj\;( (+i-1)*DF3)

; ■) '! T I a;:jE
3 ’D I = ld<

I '■ =? •> *(  --1 - I )
L )
'r *;•■.)  j = iha

■ If < T < = 1/L
■T: - A ( X ( J-l ) vl.+L K ) *CFXt' l( (C*  » 1»)*2» x3«1416*( k-1)/(2*«I))

J-1 )>1. + LF<)c.A(?>(J-i )>L + k')-7i
!' 00 •• ( 2*  ( J-l ) t-L + x ) =/■ ( 2 *(  J-l) *L+K  ) +T I
"’TO C^'-TIxiUE

)/2
'ALd

V.:':
T- . > dXr T
T •< ■- S . i ( 7 'z )
.'L^-Al vcEl.Al. ( ) ) + A . *RE/L  ( A ( P*  I ) )+RE AL ( A ( 2*  I U ) ) )/(3.*N)

L'V . ?• iTHA»501) "’IdT'A/Al..
r< 1 F ; F'-.AT ( I"//, Ar 1A.A )

s I ./F
F d)

o.'"°L':x fuxctio.x criJ\(S)
Cc''dI.l:< 5,LA,rE;
t ( :-*  / 1 • ) *2  - *3.1  7 16/3 60- *70  •

f> -F-CS:;A'T (? ) / ( ( CSnPT ( S) - CEXP(EA ) ) > ( CSGRT ( S ) -CEXP ( FB ) ) ) 
t-F. T'J-'!
F *:D
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Fig. 32
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IX. Inverse Laplace Transform of
Irrational Transfer Functions

1. Difficulties in Analytical Approach

A large number of control systems have distributed parame- 
10 H ters? The mathematical models of those systems contain the 

operator s under the radical sign. To find the inverse Laplace 
transforms of those irrational transfer functions is extremely 
difficult.

Among the availabel methods, the most notable one is deve
loped by Kilomeitseva and Netushil. We summarize their theory 

first and then examine the difficulties involved.

An irrational transfer function is usually given as follows:

W(s) =
m m-1 ans + a, s +----------------+ a0 1 ________ __________ m _______

8 js (2n+l) g Js^n^ a. nr ^2n-l) g 
povs + P1/s + P2VS +—+s2n+l

Let /s =z; equation (1) becomes a rational transfer function of 

z. or 

an2^m + a, z^ +----------- 1- a
0_______ 1____________________ m_______

a „2n+l n 2n H „2n-l, QRoz + + S2Z +--------- +32n.l

or simply
m 2(m-i) a. z '

i=0
2n+l

e.z2n+1-i
(3)

This rational fraction may be factored into a sum of elementary 
fractions

W(2) = 2-2.
i=l 1

if there is no repeated root in the characteristic equation Of 
(2).

(1)
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The inverse Laplace transform of the typical term of (ji) 
with a unit step as input can be performed by using the follow

ing Laplace transform pair:

_________ f(t)_______________________
2 2ea (b-a erf(a/T)J-be^ ^erfc(b/t)

or let
a=0, for special case:

h2
b - beD 1 erfc(b/t)

F(^) 
b2-a2 

(s-a2) (b+/s)

s(7s+b) (5)

By using (5)» we have the inverse Laplace transform of a typical 
term of (^), as follows: 

L"1 sT7s+"ay.... = ea ^rfcCa/t)] (6)
D^yDTd/1 cL X <

If complex roots are involved, pair (5) can not be directly 
applied, Kilomeitsiva and I’etushil's approach is to reform the 
pair into a new function. For example, assume the complex con
jugate roots are z. and z, ,, u k k+1’

Consider1

k  | k-t-1 E Dz
z"2k 2"zk.l "n)

k S k+1;

The inverse Laplace transform will be

-i W^Cz)L 4— (8)
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1 ( t- z--±-----J ezk erfc(-z, «Tt 
0 1 * * * * *•

1 f 1 zf n tl=----------- -I------- 1+e k+1
1 zk“zk-l Izk+l I

erfc(-zk+iro]-

[l-eZkt'erfc(-zk\/t)J J

2 . >
-ezk+l erfc(-z^+^Vt)|

Fig.33.



94
<

Zk“fe*̂  and K0 an^ ml ^unct^ons are

given by graphical forms as shown in Fig. 33.

The difficulties involved in their approach are as follows.

In the first place, if there is a repeated root in the transfer 
function , they don't have a corresponding formula for the in

verse Laplace transformation.

Secondly, this is not a complete analytic method, because 
they have to use tables or auxiliary figures, in Fig. 33 to eva

luate the curves.

To remedy the shortcomings of this me.thod is by no means 
easy task. However, if we look at the problem from a different 
angle and attack it from a numerical viewpoint in the very begin
ning, we would appreciate the power and simplicity of the Fast 
Fourier Transform method.

2. Fast Fourier Transform Approach

We use a simple problem which involves function element to 
explain the procedure.

Consider the feedback system shown in Fig.34.

where Pand /?are defined by

Fig. 34
Find the response function c(t), if a unit step is applied.

First, find the close loop transfer function as follows.

k(s) = ------------------------------ 122-----------------
} (s+1) (0.63/s +1) + 100

(8)



Program :,rl6 will give the answer c(t).

The sub-step involves in the program can be summarized as 

follows.

(1) Substituting s by jo to evalute
(2) Inverse Fast Fourier Transform to obtain m(t)
(3) Numerical integration to get c(t)

The input of this program should be mitten as subroutine. For 
this example it reads

complex fia'ctirn cfun(s)
COMPLEX S'EA/EB
CFUN=(10G./0,)/((S+(1*/0. ))* (0»63*CSQ rT(S)+(l./0»))+(100-/0»))
PFTU^N
END

The output curve c(t) is plotted as shown in Fig. 35*

3. Special Case involving Repeated Root

Vihile there is no available analytical method for evaluating 

an irrational transfer function with repeated roots, we use an 
example to demonstrate that there is no difficulties in the Fast 

Fourier Transform method.

Solve for the response of the following system with a unit
step as input

(/S' - e^)2

Fig. 36



Fig.35
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Again, we use program #16, with the following subroutine as 

computer input

CBMPuEX FUNCTION CFUN(S)
COMPLEX S/EA#EB
EA»(Q«j1?)*2»*3»1416/36Q»«-55»
EB = EA
CFUN = CS5RT(S)/((CSQRT(S)-CLXP(EA>)*( CSQRT(S)^CEXP(EB) ) )
RETURN
end

The computer output y(t) is plotted as shown in Fig. 37.

4. Verification of m^

The curves shown in Fig. 33 were given by Kiloneitseva and 

Netushil, V.Te would use the Fast Fourier Transform method to verify 
their results. Thus we have calculated and plotted as shown in 
Fig. 38. There is no recognizable difference between their results 
with ours.
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Fig. 37
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i

Fig. 38
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X. Inverse Laplace Transform of 
Transcendental Transfer Function

1. Time Delay Functions

If a control system involves a time delay element, its 
transfer function ■would involve an element of e s which makes 

10,15 
the analysis of the system very difficult.

One of the approaches to the problem is to replace the ex- 
ponentical function of s by a ratio of two polynomials. The 

. 10method is known as Fade's approximation. In fact, the appro-
. ‘.uiximate technique is the only practical method so far available.

When we have the powerful tool- Fast Fourier Transform, the 
solution of the problem becomes routine.

2. Delay Function in the Over All Transfer Function

We first use the following simple example: Find the weight
ing function of the system:

-s
rn- CD

By using Program # 5 and write the subroutine as follows

COMPLEX FUNCTION CFUN(s)
COMPLEX S
CFUN=CEXP(-S)/(S+(1.,O.))
RETURN

END

The output curve w(t) is shown in Fig. 39- Inspecting this 
curve, we note, that our result is so accurate that it is much

I better than that obtained by Fade's formula.
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Fig. 39
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3. Delay Function in the Loop

If the delay element is either in the feedforward path (Fig. 
LOa) or in the feedback link of a feedback system (Fig. ^la), the 

problem becomes complicated. However, with our approach , the 
solution is still a routine. After using program #16, we find the 

step responses of the system of Fig.^O(a) and ^l(a) are the curves 
shown in Fig. ^O(b) and 41(b) respectively.

4. Two Delay Functions

When two delay functions areapplied in a feedback system as 

shown in Fig. 42, the solution problem is more complicated . 
Again, we solve it by using program #16 and find the step res
ponse as shown in Fig. 43.

5. General Transcendental Transfer Functions

If a system consists a general transcendental function, 
which could be both of s and etc. There is no any par

ticular difficulty if we use the Fast Fourier Transform method 
to solve it.



(b)

Fig. 40
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XI. Conclusion

The Fast Fourier Transform has demonstrated its power in the,, 
field of communication, optics etc. It has never been applied 

to control system analysis. This research first, states the 
difficulties of performing the inverse Fourier Transform by com

plex variable approach; in the meantime, we establish several use
ful transform pairs. Secondly, a new interpretation of Fast 

Fourier Transform is presented. Third, Decimation in time and 
Decimation in frequency are explained and derived. Fourth, the 

inverse (Fourier Transform formulas have been established. Fifth, 
application to Fourier series evaluation is demonstrated. Sixth, 

applications to convolution, autocorrelation and crosscorrelation 
are explained. Seventh, this powerful tool, when applied to 
irrational transfer functions, and transcendental transfer "i .. , 
functions, the inverse Laplace transform become routine.

Sixteen detailed computer programs are included. All of them 
are tested at the Sigma 7 digital computer.

It is belived that this research is the first one to use 
Fast Fourier Transform to perform the inverse Laplace Transforma

tion of irrational transfer functions and transcendental transfer 
functions in literature.
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