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ABSTRACT'

The Fagt Fourier Transform has demonstrated its
power in the fields »f communication, optics ete, It

has never been avpplied t2 control system analysis.

This thesis presents the fundamentals of the Fast
Fourier Transform first; then develops several related
theosrens for Laplace transeforms, It is believed that
this is the firest time to use the Fast Tourier Transform
to perform the inverse Laplace transform of irrational
transfer functions and transcendental transfer functions.

Sixteen conputer programs are included,
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I. Fundamentals of Fourier Transform

. Fourier Transform Formula
Given a function, X(t), the integral
oo L
X, ((D)"J x(t)eﬂwt at (1)
‘oo
is called the Fourier integral or Fourier Transform of x(t)

The inversion formula of (1) is

x(t) = LJCO:((m)ejwdax (2)
vail P
L oo
Substituting the basic relation,
w=2nwf
into (1) and (2) respeciively, we obtain
co S
Xl(ZHf)=~[ x(t)ejznfv ax (1a)
-2
e Jtaus
x(t)=‘f X, (2nf)e arf (2a)
<o
Let
X, (2nf)=x(£); (3)
ve have finally: ,wo .
X(£)= ij(t)e-")w“dt | (1b)
co .
x(t)=j () ™ g (2b)
o

Equations (1b) and (2&) are our two basic reclations re-

presentine the Fourier Transform%

cExponential Function

Let us take an exponential function as an exanmple to showu



how to use the transform. at
First, we substitute the function x(t)=e u(t) shown in

Fiz. 1, into (1b)

Xt€)
z
Fig. 1.
(2~
e\ -at “jenFt } ()
x<f>_f u(t)e At T u ()=
-

The symbol "9" corresponds the transformation:

NMIOE f (*)e-J.'zwmdt

(14
It nesns "taking the Fourier Transforn of (*).

or we can write into the followinz table form

x(t) | (f)
o) | o

Secondly, we take the inverse Foum.er Transform of (14) or

2uf
F ()= f x(r)e’ M ag (5)
which is the apolication oi‘ (2b).

Substitution yields

bt ejtZ nf
*(t)= J a+j2nf df

-0

Rearranzenent gives

co ytzwf
- J °
= | e e AP

—:-0,21]'3(1".] %) ( ‘

1 > ytzmf
el ar (560)
AL f-—J 2 =

a1

-



For evaluating (5a), we usually apply the contour integration

of
1 jtewf
. e z
ar (%)
. - —x
2m) 56 -J g
For >0, we take T, ~ T; contour for the integtation.
| Z
7 \\7'7
3 {_\=:_53 A
Al
7z
Fig. 2.

Function () can be easily determined by the fundamental re-
sidue thecorem.

N ejtZﬁf
Zny P Tria T A (7)
7 AL
e d oo
= 77 (2riS Res.)
_omat (72)

However, (7) can be decomposced into two partis:

1 Jtans : jtams
AfH o ]
ZﬂjJ f—jz_?_r TS R f (8)
T T T

The first term is equal to zerotwhile the second term is iden-
tical to (5)

Then, we obtain

1 J{CD ejt27rf -at

s | ——ey—df=e

2 -3

15 . £ TE | (9)

* see section VIII JordarsLemma -



On the other hand, for t<U, wve take the contour of integration,

7 s .
T Tz 2s shown in Fig.3. T4

s
X -F.'—’J:ﬁ

It is obvious that tne result is equal to zero.
Therefore, ue proved Fair (4a).
3. Sy.sietrical erconential function

Verify the following trancform pair:

x(t) XEN)
e 1t 22
FhnTE (20)

The time function is shoum in Fig, &

Xt

= N

Fiz. .

Its Fourier transform can be cvaluvated by direct substitution.



o2
"(f) j -attl JZTTftdt

- s>
o (sl qL —' .
'J e -jan Itdt+‘[ o~ate JZUdet
©
23,
Tat4lipire . (11)

The inverse Fourier Transform of the frequency function is

rela.ively involved. We write:

. _itenf

2a¢" \

x(t)= | gEmer T Af
-0

a J[°° o It2me

= 5 af
2m?
o (Eig) (£55) (12)

Agein we use contour intezration.

For t»J, apulyinz the same reasoning used in the last
exanple shown in Fic. 2, we obtain:

x(t)= 5|2 "‘";3"** o
do= .2 (13)
-t 2“
= e
For 149, if we take the con?gyr as saown in Fig. 5,
Z
R 2
‘ : - / -
i =
k ¥ £ Y35 /
/
/
& e
.\__«W B g




wo have

gﬁ K(£) e bye

“oTe [ ATITIT A (L)

‘L c 0
. e(gtznﬁ(-afﬁ}]:_eat
zm

The sa.e intezration can also be evalvated as follous
wfoy 20LE
é A(l)e af

=J[x(f)ejt2"fdf +J(X1f)e3t2nf ar
4 4

2

Considerinz the second term being zero, ve obtain

-@ ]
=J’K(f)eJt2nf af

=4

oo ..
=”f X(f)eJLZNf af

-0

=-x(t). (15)

Comgarzing (14) and (15), the following relaticn is established,
(£ )=t : (16)

Eased on the results shomm in (13) and (16), Pair (10) is

provec.

l:, Derive the rair for a unit imrulse

x(t) | rx(f)
T l - J2mTa (17)

5(t-a)

Vhen &(t-a) is defined as follous:



=0, txa

&(t-a): oz
(b2 { Ii‘(t)é(t-a)dt:f(a) (18)

' )

The Fourier Transfornm is cbtained as

m >
()= J 5(t-a)e MY gy

-2
=e—j2nfa
It is seen that Pair (17) is almost verified by definition.
5, A Train of Unit Impulses

A very useful pair which is for an infinite rulse train is

given belou:

x(£> | " x(£)

n=oy n=co .
S o(t-nat) | > e i2mindl (19)
h :«u:)- . i h=-co

Repeatedly usinz (12), we ¢an easily vrove the pair.

6. \leizhted irpulse train
The Fourier Transform of a weighted opulse train vplays an

irportant role in signal enalysis, The pair is as follow:



x(t) Z(£)

st § &(t-nat) § e(e-£) (20)
-2 New-eD
=q(t) =Q(f)

iﬁe proof of this pair is not very siraightforward but can be
shomm rigorously:
Starting with the left hand side of (20),

o> = e \ ATt
oS eltnst)= | 4tS 6(t-nat)e™ T at
h

==& Zeo Ne~G2
) o .
=At:£ ( 6(t—nAt)e-J2nft dat
ns-eo -2
by using (17), o2 5
=At E e—.jzn’nﬁtf (21)
Nn=-o2

Then we consider the rizght hand side of (20);

[o0wd
n
jg o(f- TE“)
n=-co
It is noted that the function is vericdic with the period , :%E
as showm in Fig. 6, X¢a! éﬁ"E'E)
' )
!
oot~ 'A:E -
- e ) —— Y
7(‘
Fig. 6.

Eecause the veriodic nature, we can naturally revresent it as

a ¥ourier serles, or



!

flzoo
:E c e-jvaAtf
n

_n_y.
e(g--3-)= (22)
N -2
where 1N
t OTNAL
¢ = | a(r)edemA 4p (23)
n .
using (18),
~At.gl2 W nate0
=At(1)
=At (2)
therefore,
Nn=oo n=oo
S a(f- 2= > ate IPHTAL (22a)
) n=-oo

The right hand sides of (21) and (22a) are identical. Their

left hand sides must be equal to each other, then we have

rz=co N=e2
g Atz ¢ (t=nat)= E &(f- Z%’) (20)

h=-02 Nn=-<o

So pair (20) is proved.

Weighted sampling function

The preduct of an arbitrary function, x(t), and the
weirzhted impulse train function, q(t)% is particularly useful
in our later derivations of the Fourier method. We would inves-
tigate the nature of the product in detail.

Let

x(t)+ q(t)=y(t) (23)

where y(t) can be called a weizghted samplinz function.

Substituting q(t) gives

n=co
x(t)s > ata(t-nat)=y(t) ‘ (232)

Nz -wo
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Fourier transforming (23a), we have

X(£)* Q(£)=x(£) (24)

vhere "*" denotes Fourier convolution.
Substitution (20) into (2&) yields

Nz o>
X(£)* > o(f- Jp)= (1) (25)
n—-—
If X(f) is known as shown in Fig.
X5
£
Fig. 8.

and we know that Q(f) is expressed by Fig.5, Y(f) can be obiained

by thé convolution of the curves shown in Fig. 8 and Fig. 6.
The result,Y(r),

| V6P

//_—\/—N\\//—i\
% — ;

Fig. 9.

would look like the curve shown in Fig. 9. If At decreases, the
period of the wave will increase accordingly. When ]%— of

[
iz, 6 is greater than 2a of Fic. 8, function Y(f) becomes se-

parate vulses as shown in Fig, 10.
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Vs

|
I
lq."“__.Z{ - f
Fiz. 10,

Then the relationship between X(f) and Y(f) would be as follows

1
X(£)=¥(£), -2-%70 €1 £ 5o
{ (26)
X(£)=0, otherwise

In other words, Y(f) is a periodic function, while X(f) is an
areriodic one. Yowever, in the interval <1 = f= L , X(£)

2At 24t
and Y(f) are identical. In the Fourier transform nethod  we take
the advantage of this relation., Instead of finding X(f) directly,

ve evaluate Y(f) and take one period of Y(f) as the answer, ¥(I).



IT. Discrete Fourier Trensform

1. Derivetion of Discrete Fommula

We rewrite equation (23) of section I,

n=co
y(£)=x(t) » > atr(t-nat) (1)
cop N=-%2 .
=S x(t)ats(t-nat) (1a)
N=-0o

Since
x(£)5 (t-nat)=x(nat )¢ (t-nat)
n=co R
y(t)= S x(nat)ato(t-nat) 2)
N=-~02>
If x(t) belongs to a specia’l class which has the following

propertilies:

x(t)=0 , <0
x(t)=nesligible, t=1, where T is a constant, (3)
and x(t)=finite valves, 0<t=7
Grarhically, this ciass looks lile the curve shown in Fiz. 11.
xX(t)
\ T €
Fig, 11,
Equaticn (2) can be apprexinated ry
N-1
y(t)= S__ x{nat)atd (L-nat) (4)
n=o
wnere 1= I
At (5)

Fourier transferuinc (4), we obtain
[
, =1
Y{f)= }_ x(nat)ata(t-nat)e

=0
or e

~-jenfit at
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-
Y(f)=f§f x(nAt)Ate_jznant (6)
h=0
As ve rentioned vefore, Y(f) is a periodic function, with period
j%€° when Y(f) is determined,ore period of Y(f) is the same
as the aperiodic function,i(f).
If we only ask the numerical I(f), equalion (6) then can

be used in the following vay:

Let
f= %- and k=0 first and substitute them into (5).

The value Y(C) is found:

N-{ 0
Y(0)= S  x(nat)ite (7)
n=0
then lat k=1, rewveating the process yie'ds
N-1 L
¥( %~)==:2 x(nat)ate N HAL (8)
N=0
In gencral
N-1 ok )
T 5-)= S x(nat)ate” AL (9)
) n=0
T

noting that At=

«za

-

Equation (7)=~(92) can also be written as

i, X jenie n -
¥( 71__--): § x(nAL)ate” <7 T k=0,1,....00-1,
n=Q0 ]
Equati-n (17) is called the Discrete TFourier Transfori:.

2. Discrete Foriwula in ratrix Forn

For eramdle, taking K=3, ihe expansicn of (10) should he

as fellows:

(10)



14

3 - -’\-:J;- -3 { O;L
Y(%-)=X(0At)Ate_J2W 03 3 + x(at)Ate e+ 0-1- 3 + x(2At )Ate -Jjam0-2 3
PRI S 12011 L STERES
y(,]i:--)s w(Cat)ate™ T L ST L kAt ate~ 12T x(20t)Ate~ 92T 3
vk 4omD . sk 1.
Y(%«-)-—- x(0AL) Ao~ A2 I 5T ,(lAt)A\ TRl ST a(2at)atem IR R 2 3
(11)
A corfesponding_ matrix fom is
. 1 . 1 . 1Y ¢ 3
4 "I . v ¢ s — 5 » » o w— — » & ' -
Y -~—) A S CUE A B R 1 I e
I ~pm Lok Lemoled Cjomelezed
Y("f‘> = | e -3 e R e v~ 5 x(1at)At
. 1. 1 . 1
2 - s D6 Qo= - s De To = - « Do =
&) ARSI TS O S 32rr223J | x(zat et
N 7 \ )
(12)

For clarity,we change (10) to the followins notations

S ) [la [5ao [0a) (A )

s-1 =l PQa [La /2 a A (12a)

i}
s, \/Oa /2 a fra) | A, |
Wvhere
8,=Y lc-)
o =-g%-; or Jfu=e "W (13)

A =xu(kat)at

e can write a general formula of (12a)



N 3
/00 viiennnes/0 0 A

Spo1 /[0 a

y 1 "
S, /0 o /0 o
8, VAR /1 a /2 a
S, | /o a /2 ¢,

/(n—l)oc .M' kAn-l‘

k 4 )

Ao ...

or the compac' forw as follous:

3. Illustrative

IMind the

N-1

K :E Ah ¢

n=0
N-1

2

LT,
—3*‘11" nx

=2 A [

n=0

Exannle

.Ql"..O.'l/gll”:'—?a Al
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A,
(1#)

(1ha)

(14p)

rourier svec.iu of the time curve shoum in Fiz.12,

The nuwserical data is tabulated below. The curve is gencrated
fron the function x(t)=10(e"t -e”Zt).

t x(t)
0 0.000
0.5 2.337
1,0 2.325
1.5 1.733
2.0 1.170
2.5 0.754
3.0 0.v72
3.5 0.292
I, 0 0.180

X
3t
2
N
;1 [.
. \] ];];:rw~ —
o / 2 = T=df z

Fig. 12.



Tirst of all, we should find An,

A =4t x(nat)

16

(13)

we use  t=0.5, and l=8, 7T=l, substituting the given data into

(1), we have

(s,] (1 1 1 1 1 1 1
2 4w 6w 8w 10TW 2% 14T
5, 1 7§ 8 8T 8§ 8§ ¥
5, 1 -%T -%F _%yr LT
s; 1 _%y %?r-gm.“.““.“n.““.“
5, B Bl e
55 1 .-gyz...”....“....“....“...“...“
s¢ | |1 _%33 et ee e e
EIRE -%ﬁ" ettt e eee
or ‘

7
5k= ZE An n'-o,
n=0
27
8

The first equation of (15) rcads:

So=0+1.199+1.163+0.86740, 535+ 0,377+ 0.286+0, 146=4. 62

vhich is the manitude of the frequency spectrw: when f=0,

Theoretically, it should be found as

o 10 o
nerl . Tiantez T

£=0,

1 Sz’......and S7 can be evaluated sinilarly.

k=0, 1, 000000ea7e

N

where

1.199
1.163
0.867
0.585

0.377
0.236

0.146

(15)

(16)
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Vector Diagran Interpretation

Equation (14) in general, or equation (15) in varticular can

be geometrically interpreted as follows:

We reurite the equation of (1la) in its expansion forn, for

exa:iple,
2l 5.1 2T 40 2n

= -J B AT ) _j.?_..,
Sl"‘Aoe ll + .Ale N P A,?e I\

1.7
=4 pa4-%[1a+””.“”.““.”m%7ﬁa

If each term is considered as a vector as showm in Fig. 13a,

Sy becomes a swmatlon of many vectors or the resultant vector.

If 52 is desired, we simply double the angle cf each- .
vector and then take the surmation. The geometrical corrsvond-

ence is shown in Fig. 13b.

Therefore, from the geometrical vieuwpoint, equation (1!) can
be stated as follous:
The freguency spectru: ratrix, [Sk] , is equal to the‘angular”
matrix [[hgg] times the'magnitudé‘matrix [Ah] . Each term of
the square watrix is a2 pure an-le wihille each term of the last
colurn matrix is a pure scalar. However, each term of the spectrun

ratriz is a complex number in general.

Coriputer Prosram for Discrete Fourier Transforn

Pased on equation (14), a computer prozram is written and
an example is tested. In the first run, we use N=8, the answer
coinéides with that obtained from the graphical method. In the
second run, we use M=102% The comparison of the results is shown
in table 1.



Ay Lo

2y 20

A3

Ay L2q

(a)

Ao l/ZX

LAy 26X

! Arl1dol

Fig. 13

AgzroX

1 424
(&)

A=zo ﬁd,;qu}

A, 2d

18
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Table 1
F , tbsolute Value
, N=8 K=1024
~1.00000 0.59835 0.238257
~0.75000 - 0,67242 0,L05277
~0, 50000 0.98687 0.813938
~0,25000 2.07848 2,110291
0,000000 k. 56685 L, 996576
0.25000 2.078458 2.110291
0.50000 0.98688  0.405279
0.75000 0.67243 0.405279

Fig. 14 is the frequency spectrum of the exam~le problem.

V)

I ; | .~1——»

Sp ~.l! 'S 2 S 3 "":i S s‘, S? £
Fig. 1&,

Corparing this s»ectrum with that shown in Fig. 10, we know
that the second half startiing S, to 87 of Fig., 14, should be moved
ahead of S5, or be showm as in Fig, 15, This means that we obiain

X{(£) from Y(£).
()
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PRUGRAM 41
GISCRETE FAURIER TRANSFORM
TFOND EQUAL O FOBR FUNCTIEN,OTHERKISE FBR INPUT DATA
T IS THE TOTAL TIML,2#xM IS THL TUTAL POINTS
FUNCTION
FUN(T);109*(EXP("T)-EXP(“80*T))
MAIN PRHGRAM
CAMPLEX SaDES
CIMESSION A(ECO0)
READ(D,400) MaTsND
430 FORMAT(110aF15e5215)
N e M
pET=T/N
TFANGYLG 19,10 -
10 READ(S,402)y (A{l)s1=12N)
402 FERMAT(SF1646)
L8 Ty 29
19 CONTINUE
LR 25 1s14N
20 ALD)=FuUN((I=1)%DET)
29 WRITH(5,403)
403 FERMAT (15%e "FREGUENCY "2 8% 'REAL PART 'pbxe ' IMAGINERY PART!' s ' ABSE
1LUTE VaLue!)
MN=N/2
L8 32 1
S=(0e2Q
DO 40 J=1aN
4o S=SfDET*C%PLX(A(J);Ov)*CEXP((Oe;"ln)*20*3e1416¥(MN+1a1)*(dni)/u)
Fs(=“Nalasl) /T
ABL=CA35(3)
30 WRITE(2,404) FaSaABL
404 FERMAT (gXs4F1646)
L8 B5C I=1,0N
52(0:20.)
L8 6. Jsl,N
6¢ S=S+SET*CHPLX(A(J)go¢)*CEXP((Osa-la)*2:*301416*(1*1)*(q=1>/N)
Fe(lel)/1
ABL=CAR5(3) i
56 vRITL(4,404) FaSsARL
STaup
END

=1sMN
')
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III. Inverse Discrete Fourier Transforn
1. The Inverse Forrula and its Proof

Ve rewrite the discrete Fourier formula,

N-] .2rnl
S - AN A e"J—,‘:\:I}lE k=o,1,2,..-.....N—1. (1)
k né—o n

and we would like to claim that the inverse discrete Fourier

forimula is as follous:

S, ed T N=0,1,2,00000s..1=1.  (2)

A vroof of equation (2) is offered below:

Starting frowm the right hand side of (2)

N-1 21nk

L J—r—— S

> 5 B (3)
K=0

we substitute SKOf (1) into it.

N-I  N-I 21k 20N

L8 Y, Ao

It ~ N
K=0 wm=0

noting that we changed the subscript n into m, then interchanze

the swrmations

1 N N-i _senmk o Znnk
= AI z e v I ev i
=0 K=0
1 M N gleneen)k
T AS e N (&)
m=z=0 K=0
1
=i 1A
N (5)
= A

n . . (6)
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From (4) to (5), we used the following relation:

N-l 2n(n-n)k =0 , if min
> e T (7)
k=0 =N , if wu=n
Therefore, equation (2) is proved.
2. The matrix form of (2) is written as follous
( Yy or e )
A, [0t |-0+q, [0 Gevernnnne [-00q SO/N
Ay [~0ca [l [<2 deveiiine FQI-1)o sl/u
/—O'CL /-Z'CC..............-.-. S 1

/

\Al;(_l L/—O.a /L(r"—l)dl e v es e s -é(II"l >2a \SI:‘!—]_/I':

The square ratriz of (8) is similar to that of (2); but each

tern: is with a nesative sign.

We also can use vectors to exoress the operation involved in
(8)¢ however, because SP is a complex nuwsber, the picture is not
Y

as simple as before.

3. Computer Prograir for Inverse Discrete Fourier Transform
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PROGRAM #2
INVERSE D1SCRETE FAURTER TRAMNSFgRM
IF Rp EQUAL O FGQFUNCTIBN;BTHERWISE FBr INPUT DATA
T IS THE TBTAL TIME,2wxM 1S THE TEBTAL SAMPLE POINT
MAIN PRAOGRAM
CMPLEX $,DES,A,CFUN, gL
DIMENSTION S(5000)
READ(S,400) M, T,ND
HCO FORMAT(110sF1545,15)
PP #aM
DET=T/N
DES:(OoJl;)*Q&*B'l“ié/T
IF(NDY  10419,10
10 READ(5,402) (S(1)s1=1,N)
WRITE (5, 401)
401 FORMAT(15X, ' INPUT DATAY)
ARITE (A2 804) (S(I1)21=212N)
402 FORMAT (BF1045)
G0 T8 29
58 T3 29
19 MN=N/2
Do 2C 1=1,MN
S(I)=CFUN((I=1)xDES)
20 S(MN41)sCFUN((=MN+1~1)xDFS)
29 WRITE (g2403)
O3 FERMAT (15% 'TIME 10X, 'X(T) ")
DB 30 I=1,N
Az(Qep(Qa)
D8 40 U=1,N
40 ASAYS (I XCEXP( (00, 10)42%301416%(Twl)*(Jul)/N)
TN=(]=1)+DET
ARsREECAL(AY /T
30 WRITE(62804) TNsAR
LCH FORMAT(1OXI2F1644)
,ST0P
END

FUNCTIaN SUBRR2UT NG

CeMPLEX FUNCTIAN CFUN(SL)

COMPLEX SL
CFUM=(1Oe:O-)/((SL+(1-:09))«(SL+(2.;O.)))

RETURN

FIND

TIME X{(T)
0+0°0000 665414
Ce550000 Pe4s4LT723
1000000 2392731
1+5120000 1¢772022
2010000 12206117
2+50Cc000 Q746917
3000000 0523303

3+500000

0209233
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IV. Fasi Fourier Transform -— Decimation in Time

1. Basic Algorithnm
The Fast Fourier Transform is an algorithm that rakes possible
the computation of the Discrete Fourier Transform of a time series
more rapidly than other alsoritgmﬁavailable. The two basic
forms of the Fast Fourier Trans{orm are (l) Decimation in tire
and (2) Decimaticn in frequency. We will explain the first

technioue as follows:

Consider (1lka) of section II arain:
N-l 20
= Ty ety ) 3\
S,= > A e (1)
n=o0

For convenience, let I be even. BExcandinz yields

20k 1"2“17‘1‘ K 3 212k
o e A =JTTy
”k“AOe N + Ale N + A2e N torrennanes
_jgg‘@;g)g __j2n(Nfl)k
+ Ay e I + A e N (1a)
Rezrouping gives
_jg_:O-k ~j2n"2-k
Sl:=[j\xoe I\ +A28 I\I +c¢l'.oo'.i.u..)
ALk 21130k
+[Ale i +1\3e'3 N +]
Nz-l  _.2mer: Na-I j2ﬂ(2r+l)k
= A ‘ T
> AZre ! + ZE f2r+le N
r=0 =0
or
Vel 2rrk oy Nl 2mrs
= :E: A, e Il + e JH > A, 1e"3":ﬁf*
o 2 r=o0 < 2

Note tnat the first tern is with the slandard Discrete Fourier
. v 3 -' "
Transform forr while the second term is a factor e-ﬂgﬁ“
i

tires
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that standard form. Therefore, wien we lel:

Nip-I - 12_TL1’1<__
P = e ¥ I
k 2% bor 5 (3)
and Ne~1 2urk
= -J 3 I
Qk ZE A2r+le —~g~ ()
r=0

Equaticn.(2) becoues

_ 2Tk
Sk= Pk + e Y1 Qk . k=0,1,....1-1. (5)

The periodic nature of Py and Q should be observed.

P=P N (6a)
k k+ z

LR WY (6b)
£ 'S "2-

These two relations (6a) and (€b) are easily proved by substi-

tution.

By using (6a) and (4b), we have the follouing reasoning:

21k
8= P, + e J T Q (72)
n 1‘T
then 0Kk 5
et '
5 !
k=~ K
2 i !
.-211[2”" +k ]
S =P + e Y T (7v)
I noe : Q;I !
é'*‘ §—+L é~+k
when N
B> k> 5

,z'zv"
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Thercfore, egquation (5) can be written as two ecquations.

S, = P+ e i3] Q. -

k k ( ()
AR

o D - adT . 1\.!.._ }

-.ILHF = J.k (¢} 1 Qk s K—O,l,..,,,,z l.

St

Equation (8) is the Fast Fourier Transform alsgorithm.
The coriputation of the Discrctc Fouridcr Yrensform of 11 samples
can be reduced to computing the Discrete Fourier Transforrs of
] .
two sequences of > saples eachy the compmtation of Pk(or Qk)
. . N R
can be reduced to comyutation cf scquences cf e samples. I we

et 1=21

—t

+

, these reductions can be carried out continuously.

2. Signal Flow Graph Illustration

Supnose I'=8, Iquation(8) becones

(9)

k ¥=0,1,2,3

Equation (9) can be illustrated as a signal flow srach showm in

Fig. 16.

Fig. 16.
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v
Refering to the basic definitions in (3) ana (&), we can con-

sider [Pk] and [Qk] to be generated fron the saules AO, AZ’ Au,
A6’ and the sainles Al' A3, AS’ A?' reepectively.

oo A

D. F. T.

—

L 1,

Ll

N=l

}snp A

_ﬁ—QAS

T4

Fig. 17.
Graphically, we express the generation vrocess in Fig. 17.

- 3. Vector-Diazram Interpretation of FIFT

Ve have used vectors to interprete DFT in the last section.
A cuwestion neturally arises : What is the vector picture vhich

corresponds FF1'7

Let us repeat Fiz. 12. and reshow it as Fig. 18. e have
exnlained that the resultant of Fi- (18a) is Sl. Towr, decorpose
the set of vectors inte two sets: nemely, AO, AZ, A@’ and A6 as
a group and A1.143, Ag, and A, as another group. Then equation (9)
can be regarded as the combinztion of the two graghs: vectors
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shown in Fig. (18b) are suseriimosed by the vectors shoun in (184).

Vector Diagram for , Finding the result-
finding Sl by DFT ant vector gives Pl
\-.
Ae As
A5
14Nl de | peme
- Av=0 ’
. A3
Ay
A
Az z
(a) (v)
Sl
Finding the re-_ - . _ Rotating by 45°
™ o 2 17
sultant vector \\\ / gives Q, eV Lk
. e 1
gives Q) \\Ar
147 Ar
Py -
\ As ‘.
(c) (a)

Fig. 18.
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L, Vatrix Explanation

Assumine 1=8, eaunation (1l4) of section II becomes:

s, [+ 2 1 1 1 1 1 1] rAO‘
O O 7R - R LR - L v B
S, 1 /20 [t [6a [So [10x [120 [llg A,
S5 L 3 [6a [9a [120 (150 [l [2]a A,
S, | |1 lia [8z 120 [a 200 [2% [2Ca A, (10)
s5 1 /50 Ala flsa [20a 250 [30x [35 A5
S¢ 1 G 120 f€a [2la [3ie |36 [2a A
kS,?“ |1 [T Jlia [2la [27a 350 |42 //!90(“ \ A?

The corresponding simultaneous equations are:

°=
uOAO+A1+ A2+A3+ Al;.+A5+ A6+A?

Sy=ho + Ayfa + A, o+ A3@_3°_"‘ Ay, fa o+ .“«.5[2 + g[S+ A [
s . y .

2=hy + A Ror i, tgHA,j [Gart by, Lg+A5 [lg_ché [_1_2_0(.+A7 [1he

53=1, +hy Lo +hy [ +hy fon 4ty f20 +Ag M0 +Ag Ao+, Pla
Sy=8y +A1[1_'g_ +4, [So +Aq f2q +A, [L6 +A5 RO +hg 2o +4, 28
S5=A_O +A [ +A2/lO:c +A3 [i50 +4, [2Ca +A,D./25a, +hg 30 +1\7[°fg
Sg=4y +Al[§.3 +A2 [L2a +_ﬂ3 [L8a +4; [Rlo +.ﬂ_5 [3C +A, [35a +A7 [12¢

Q)

S7=AO +A1L'_7_°i +A2 [l +A3 121 +hy, P& +A5 B35 +Ag [h2a, +A7/"!'0a

We re-group these equations by coubining the even terms and

the odd terms reswectively.
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So=4g A, Ay A A +A3 +A5 +A7

Sq=hg +hy Lo by [l +hg [Sa A [o +Ag [Pa +Ag [5u +A, |70,

S,=hy +hy L+ By 42, h2a +4 [20 +A3L€g +hy Lo, +4, [Llics
SB=AO +A2/§1 +hy, L2 + A 183 +A) [Ba +.A,3L9_03 +A5Qi:§ +A7@g,
Sy=A, +A, [S +hy L& +Ag 2R + A [la +A3/12c1, +A5 [20g +A?/2'3c7.
Sy=hg +hy (100 + by 20wk Ag [0 +4; [51 +hy L3 +.A5@_53 +h,[35
Sg=to +4 N.2a, +h; 2ha +hg [0, +Al[§g +A3 [13a +A5 [3Ca +A,7/_i!_;?,_c3

So=ho +Ay [l + 4y 270 + A [120 +A) [70 +hq [21a +A5[3_5_oc +4, [292

(12)

Then writin: these equations into the matrix for.: again, we have

11 1 1 1 1 1 11 (&)
S| |1 2o fo o fla Do [ [ .
[6o [Llo [Lha A,
Sq 1 S 2o 8 o 90 [Su [21o L Ag
S, | |1 [ea [y pra fha f2n [20n [2oa]  t Ay (15)
S, 1 [10a 20s fB0a /5 [l5a 25 [35

92
N
-]
T
Q
F |
'D
S
e
>
e

Sg 1 fiza [2ha [ba [bo [L8a [3la [M2o Ay
S, 1 [lba [28 [h2a 70 Rla [55%0 [MOa A,
\ 24 \ ]
y \, /
Or in compact notation: () =[] (4] (13a)

Lo . . . N I \
It is noted that the frequency vectior (SO, seoa .57] is in the
nacural order wnhile the mxacnituvde vector in the time domain
1

[Au’ Ay, MA“/] is not in the natural crder. %We call this
scrabbled zatvtern DECILATICH W7 TIIE.
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The square matrix in (13) can be factored into two square
matrices as follows

4 \

N
7

1 0 0 0/s 0 o0 oJft 1 1 1 0o o0 0 o0
0O 1 0 0 0fla 0 0|l /oo fba fa O 0 0 0
0 0 1 0 0 0/2 0|1 fta Bafl2a O O O O
6 0 0 1 0 0 0 pull|l/ap2apBa 0 0 O 0
=11 o o o0-pa © o0 ofllo 0 o o 1 1 1 1| ¥
0 1 0 0 0-fa O 0|0 0 O 0 1 /oo [ [
0 0 1 0 0 O0-2a Oll0 0 0 0 1 [ /8a[1__
© 0 0 1 0 o o-paflo 0 ©0 0 1 [6xf2a8]
or
W) = (v)(%) (1ka)

7 N\

(W (&)=|?, | (15)

\ L4

Rewrite (13) with the new notations so far developed:

()= (&)
= (o)) (4]
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(16)

Equation (16) is the matrix explanation of the signal flow

graph showm in Fig.

5. Repeatinz Use of the Algorithm

17.

One of the advantages of the Fast Fourier Transform is that

its basic algorithm can be used again and again in 21l stages.

Consider

(%) ()

,

Fo
By

d
N"U

o 0 O O
N = O W

N

(16a)



for this N=8 example, it means:

(
1 1

1 [2a
1 |k

0 0
0 0
0 0
0 0

Without changing the results, we can write the left hand

side into an alternative form.

1 |6 [120 [18a

1 1
o |6
[8a [12a
0 0
0 0
0 0
0

(@]

=t

-

| o

BEFRE o o 6 o o

N o S P

~
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(17)
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1

o

[T o

\

o ©o = K = P
o o o o E§‘ E? E? =

0

Again, factoring

oo, 0
0 [2q

a0
0-/2a
0 o0
0 0
0 0
0 0

T or
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1 1 0o o o o) {a) [r)
Ro [l O O O O Ay, Py
o fiza 0 0O 0 O A, P,
[6o (8 0 0 0 O A Py '

o o 1 1 1 1| la|Tle| @)

0. 0 1 fo 2o [ Ag Q

0 0 1 [fo [sa [A2a Ay Q,

0 0 1 fiza [f6u [ifa | ~A?’ ‘QB

the square matrix of (17a) into two matrices:
o o o)fr/m o 0 o o. o o]fa
0 0 0 1 o 0 0 0 0 0 0 Ah
0 0 0 0 0 1 [Ca 0 0 0 0 A2
0 0 0 0 0 1 -0 0 0 0 0 Aé
0 foo O]]JO0 O © O 1 [ O O N
1 0 fa|f0 O 0 0 1-/0a O Of|A
0 -po O[jO O 0 O 0O O 1 [0u A
1 O-faff0 0 0 0 0 0 1-/m|lA

PN a
o2y [UIII] [AII]
Therefore, we can vwrite the cowplete equation as follous:
(29)

(5] =[U1] [UII] [UIII] [ "‘II]

The ccrresponding signel flow graphs is shown in Fig. 19
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(&)

0-[1a

[UI} =10

0

24
0

0
0-[20:

111
1 [on

0./20
0 [2a

0 -/0

J (') {

T

()

0
0
0
0
1
0
I

1
20
[z

[20

I] [VI]

0o

I

»

0

I
0 ~/Ca
0

U

[

)

1
0

.,IQF [IJI

VWhere,
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€. Computer Program for Decimation in Time Fast Fourier Transform

Two computer program for the Fast Fourier Transform are
wriiten as showvn in Program #3 and program #4.

Program #3 is using the analytic time function as an input
while program #4 uses numerical information as input{

We still apply the example shown in section II-(3) in

testing these two new prograns

7. Inverse Fast Fourier Transform

If the frequency spectrum is given and the time domain functicn

is required, in the discrete Fourier Transform, we use the for-
mula

1 N-1 J.2v'mk
A =5 K_}: SHCRY n=0,1, - N-1. (21)
=0

as we mentioned before (Section III ——1-(2))

Putting N behind the surmation sign gives

%l S, 2ok
A= T el N (22)
(=0

=1
AY

Expanding and regrouping yield,

- E§4522 jEEQZE NZ-18,5 .1 2m(2r+l)

et N T el N
r=0 . r=0. | - s
N@—lsg J 2rnr - .2mn NZ-I _Egr+1 j2n§r
= > T N e'N N e” X
- =z r=o 2
(23)
Let
N/f.”" S 2nr
Bn= EE —%z eJ_i_ and
y=0 2
C = pea Sors1 o 21’::‘“5'_
n N D
r=0 .72

(24)
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FREUGRAM £3
FAST FHURILR TRANSFORM «DECIMATION IN TIME

2xxi 1§ THE TOTAL NUMBER SF SAMPLE pUINTS,T 1S THE TOTAL TiMp

FER OINPUT FUNCTIHBN ONLY
FUSNCT 9N
FUX)10ew (EXP (=X )=EXP (=2 akX) )
COMPLEX A(2500),T1
READ(B,1) MeT
FORMAT(I10:F1545)
=M
DE5=;!/T
CET=T/Y
hHzN /2
AMHLe Myt
BIT REVERSAL
B8 20 I=1sN
WA = 1=1
NN D
L3 32 JsiaM
BNzN %2
NBaNARYA/2R2
NAaNA/D
30 NNavh+nR
el ALN+L ) =F (([=1)xDET)*DET
FAST FOURIER TRANSFBAY
BB 150 T=1.M
TA=2v#(nl)
L=2xx{]=1)
08 200 UsielA
N8B 200 «=i,1,
TISALZx (Jm g )% +| +K)#CEXP((Carmla) %22 #3: 14165 (K1) /(2xx]))
AL2x (Jal )2l +L4K)2A (20 (U= L) %L #K)=TL .
ACZR(dn ) e[ ) 2A (24 (ymy ) ¥L4K)+TY
CONTINUE
wRITE (6, 2)
FOEMAT (15X 'F 2 15%, 1AL PART !, 10X, t IMAGINERY PART' 210X, ' ABS
IVALLTY)
pB 300 rsNHLisN
FNz={Nal+1)xDES
szREAL(A(I))
Al=AIMAG(A(L))
ATsCARS(A(T))
SO wRITE(423) FMAARSAL,AT
ROPERMAT (10X 4F1563)
SB 400 1=z1.NH
FNs(I=1)¥DLS
AR=RIAL (A(]))
AT=AIMAGIALL))

P

"s Ty
200
[ O RS )

™2

AT:CABS(A(i))

4200 »RITE(4,2) FN2PARSATSAT
STup
EN

JLUTE
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PRBCQAM #4
FAST FBURIER TRANDFQRM =DECIMATIABN IN TIME
P¥xM IS THE TeTA| NUMBRER GF SAMPLE POINTS;T 1S THE TaTAL TIME
FER INPUT DATA BNLY
CeMPLEX ANTH
DIMENSIBN A(1100'+B(1100)
READ(B,1) M,T
1 FERMAT(I10,F15¢5)
Nz2%+M
DES=1e/T
DET=T/N
NHEN/E
NH1{ =NH+1
READ(5,5) (B(1)aI=1sN)
D8 10 I=1N
10 8(1)=B(1)*DET
5 FERMAT(8F10+5)
BIT REVERSAL
DA 20 I=1,N
NAz]=}4
NN=Q
Dy 30 J=1i.M
ANsNN»P
NB=NA=NA/2x*2
NA=NA /2
0 NMzNN4NB
20 A(I)=CMPLX(BINN+1) 20}
FAST FOURIER TRANSFORM
DE 100 1=1sM
JAz2%% (M=1)
L=2+%(1=1)
D8 200 g=1,1A
Df 200 K=1.L
TezA(2%(Joi Y xL+L+K)*¥CEXP((Qesnlo)¥2e¥3e1416%(K=1)/(2%%]))
Al2e{Jel Y ¥4 +K)=A(2% (Jnm1) %L +K) =Tl
2C0 A(2%(J=1) % +)5A(2%(Jnl) e +K)+T1
100 CBNTINUE
WRITE (652)
2 FERMAT (15X, 1F1,15X, YREAL PART1, 10X, ' IMAGINERY PART1, 10X, 1ABSBLUTH
1vaLueE")
DB 300 T=NHi N
Fza(N=Ts1)+DES
AR=REAL (A1)
AT=AIMAGIACTD))
AT=CARS(A(L))
300 HWRITE(623) FaARSALLAT.
3 FORMAT(10X,4F15,5)
D3 400 I=1,NH
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F=(1~1)#pES
AR=REAL(A(I))
AT=ATMAG(AC(]))

AT=CARS(A(1))
400 WRITE(623) FsARSALINAT
STEP
END
REAL PART IMAGINERY PART ABSOLUTE VALL

"1*00000 “0*59835 000000 059835
“0*75¢00 ~0e65295 0°16064 Qeb7242
053000 =0+81425 0455760 093687
=0+2°C00 ~0+51703 2+01314 2007848
0+0CC00 4156685 0+00000 456685
0+25000 ~0+51705 =2+0131% 20078483
0*50000 =0+81425 ~0+55760 0098683
075000 0065296 0016064 0067243
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Then (23) becomes

J2Tn

- —-——-———— = ....ooT- -
An— Bn + e 1 Cn n=0,1, N-1 (25)

Again, Bn and Cn have the following periodic nature:

an B (n+-g-)
C= C(n+--§— ) (26)

Equation (25) can be written into two equations:

5278 )
A =B +e N C,» vhen 0gn (-~ . (252)
|
no)
' e
Let n= 'g‘ +n. YT
J-2n‘(%}i +n')
A =B +e N C
lg;+n' -§—+n' —g-+n'
. 5.2mn.
=B -e” N Cp, (250)

Therefore, we obtain the tasic algorithm of the inverse Fast

Fourier Transform as follows:

27T n
A=B +edJ W™ ¢
n n n

j 21 n - N
A X = Bn — e N Cn n=0,1,...-;2--—l
-—2-—~+n (26)

The corresponding siznal flow graph of (28) is shown in Fig. 20.

(n=8, for example)
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652

A 53 %

Fig. 20.

vhere B=Jﬁ-

It should be noted that while we used a=-;%} , Or negative
g;—y‘for the Fast Fourier Transform; we now use B={g; y Or pOSi-
tiveJ%-, for the inverse Fast Fourier Transform. Structurally,

Fig. 20 and Fig 16 are the same if we use the following proper
notation changec,

Q@ O " w»m

8. Computer Programs for Inverse Fast Fourier Transform
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a
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N

L2

et I TaTAL SAMPLE PEINTE,T 1S TuTAL TIVe
PR ELLCTION BANLY
: ApTiafF52CHUNS Y

P

T SR AN

LET=1 /-,
ChGs(feye)x2e¥5e101%/7
o BRI N

LAzt

1
PRSI MR E aE

=\ 4‘*\_1
IF(la"i) PLlsZaCe?L)
KON Yz (Tl ) »DeS)
HYT e e
AC 4l yegmun = 411 ) %008
a8 TN
Lot TENAE
DO Tulgv
IA::.".)‘“("“I)
Ledeallel)
ARt SR .
G2 a0 K=l
TEA2a (=D)LL CEXP Ul Cas Le) %20 230 b ex(ny)/(2¥x]))
AR R LK) 3A (D5 (Jul)x+¥ ) =T]
l.\(;‘ﬂ‘(ul"l)*.!_"'“I\):"\(.(:l'(x.l'l)"L*.’()"'rl

ST IE

I P Y
TVzpax([=1)%3LT
r'x*::gg_;'x_g__(.‘{(‘,:\;l..}))/T
RITo (s, 90100 T as
PR ','AT(:_'_)X;:/_)F‘lf‘o’()
3T

CorPLby FUY CT 10 Crye(8)

C PLE A G

LFosnalines e )7 0(S+ (a0 ) )2 (S+(2e23e)))
<L T !

£l
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PRAGRAM #6
INVERSE FFT , ,
c**M 1S TBTAL SAMPLE PBINTS,T IS TOBTAL TIME
FeRrR OINPUT DATA BNLY | '
CoMPLEX AsT1:S8]
DIMENSIBN A(R200)1,S1(4)
READ(S,1) M,T
1 FORMAT(1104F155)
Nz2xxM
NH=N/2
DET=T/N
N8&=N/8&
DB 10 1=1,N8
READ(523) (SI(IAYsTA=1.s4)
3 FARMAT(BF1045)
- DB B0 IB=1,4
NA=MH+ 4% (I=1)+IB=1
NN:O
D 80 Usi.M
NN=NN#*2
NBaNA=NA/2%2
NAzNA/2
S50 NNzNN+NB
50 A(NN+1)=SI(IR)
10 CHNTINUE
D& 100 I=1,N8
READ(523) (SI(IA)YalAz1:4)
DB 150 1B=1,4
NAz4x(J=1)+]B=]
NN=Q
Da 200 J=1sM
NN:NN*E
NBz=NA=NA/2%2
NA=NA/?
200 NN=NN4+NB
150 A(NN+1)=ST(]IR)
100 CANTINUE
WRITE(622)
2 FARMAT(20Xs 'TIME! ,10Xs ' X(T) ")
DB 300 I=1:M
TA=2%x% (M=)
L=2#%(]~1)
DB 400 y=1s1A
DA 400 K=1.L
T1zA(2% (U=l )|+ +K)¥CEXP((Oss L1e)u20%3e1416%(K=1)/(24x1))
A2 (o1 ) wlal oK) =A(2x (g 1) xL+K)=T1
TH00 A(2x(J=1)eL+K)zA(2¥ (Jat) 2L +K) 4Ty
300 CaNTINUE
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V. Fast Fourier Transform--Decimation in Frequency

i

1, Basic Algorithm

Again, we stariing with the formula of the discrete Fourier
Transform (Section II-14 (a))

NI j2nrk
S, = 2 A e N ' k=0,1,2,....8-1. (1)
n=0

We regroup it in the following new way:

41 _jemk M J2rnk
Sk = z A e X + z A e N (2)
n=0 -1

.

The second term of the right handside starts with n%}—- vhich

-

is not convenient for later formulation. We can write an cquiva~

lent form, consequently, we have

4 2Tnk  Np-l 2T Mk
S => A e N+ Sa VTN

h=0 n=0 2-'—-+n

N v/

i _i2Tnk gl - _s2mwnk
=S T S sy KT,
n=0 n=0 ~5Hn

N

z! i o 2Tk
=> (4« ) &7y

k=0.l,.ooo‘1'1o (3)

Vhen k is even, letting k=2r,

N
- - 27Tn 2r
= ! R -
Sy ‘Z (At ] ) e"ITH
n=0 Z*n
%‘l 27Tnr
= 2> Ak ) enTIT
n=0 '2""!']1 2

10,1, 00l (B)
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when k is odd, letting k=2r+l

No-1 . . 21 n(2r+1)
Sppa1 = > =By ) T

n=o §—+n

Mgl 217 n . 2mnr
= (%1-%! ) e N ™Y N

heb o 2

N -
I‘=O,l,...."‘é“‘— . (D)

Equaticns (4) and (5) are the basic algorithm of Fast Fourier

Transform ——Decimation in Frequency.

2. Vector Diagram Interpretation

Deciration in frequency, for our n=8 examcle, means that
we find Sy, Sy, Sy, and Sg by using (4); and calculate S1» S3 .
SS' and S7 by using (5), keeping Ay Al,.....A7 in the natural
‘order.

The given data are shotm in the table below

i 0
A 1:199
s, 1.663
A3 0.867
Ay, 0.585 (%)
A, 0.377
Ag 0.286
a,o | 0.
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Find the corresponding freguency spectrum by the method of
decimation in freguency.
Vhen we substitute the data (6) into (&) and (5) respectively,
-2 nan
Sy, 2_0 (&, +4, ) e r=0,1,2,3.. (7)
and .
3 ST .
_ _ “im—n -] n2r
sle-nzé (4, By e TR emIThT
r=0,1,2,3 (8)

Their expanded ferms are

SO=(A0+AL|_) @g,-z-(A,l-i—AE) [Oc+ (A2+ Aé,), (Ot (A3+A7) [0,
Sp=(Agray,) [Oor (A A ) (2o (Ayi ) [ (AgeA,) [ b0
SIf(A +A4) /_(_);t,+(A1+A ) [ (A2+A6) [@(A3+A7) 124
"6 (Ao‘*A‘Lp)lQl“(AfA ) [ba (A2+A6) l_]ﬁg+(ﬁ.3-¢A?)L__&7 (72)
and
5,2 (8- (0503 ({22 e ) B+ ((ay-2g) 280 (451 o )J0u
S5=((8g-1y) [0 oo (& -A,) o) oas ((Ay-15) Ralior [(45-2,) D Ji6a

5= [(ag-4,) fo) Lo [(A1 A )a_‘ + [(Ay-Ag) 20)fBar ((A3 &) Da J2q
5, ({81, Do+ A5>11_]L._ bar ((,-0g) 2odhzas( (a-5)) Bo) Da
(8a)

Each equationcan be interpreted as swmation of a set of vectors.
However, the radditional or substractional orders are different
from the orders we used before.
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For finding S;, we show two diagrams: (a), is for discrete
Fourier Transform and (b) is illustrating how to find Sl’
through the method of decimation in frequency. Of course, the two

answers should be the sane,

Fig. 22 shows a graphical interpretation for finding 82.

3. Matrix Explanation

The matrix exoression of the algorithm has been mentioned in
IT—(1%4), we reurite here:

So i 1 1 1 1 1 1 o1& A,

) 1 o ke fa e [ [l e M

S, 1 f2a fie o [8x [0 [2a Jlba A,

S; | | Y Bz [ [9z fl2a 5 1% [2la A

5), 1 fha [Bx f2a f16a R0o [24a [28 A, (9)
Sg 1 /5 [0z 15 (200 25 [30a [35 Ag

S 1 (6o [120 [18s [2la [30a [36a [42q Ag
[ S, | | 1 (72 fhe Rle [28x D5n [b2a f9x | L4 ]

Expanding the above matrix equation into eight simultanecus equations and
then put the second, fourth, sixth and eighth equations as the first
grouvp, and put the first , third, fifth and seventh as the

second group. Then rewrite the adjusted equations into a matrix

equation again.



Asdsd A l4X

\ 4474
< A
. (-4
Aeddx
A;zja(
[ Az 22X

(a) Discrete Fourier Transform

Fig, 21. Evaluation S

4346"(

AqliiA

X 3

N

! Ag £10X

b /‘/(-"'”(

(a) Discrete Fourier Transform

Fig. 22. Bvaluating S

4.4

Ap= 0O 24_.4.0_‘—\'

(4= &) Lex

(A '/ff)‘/

~
B2y
%
9

1(/&"/40)42;(

(b) Decimation in Freguency

1

(A4 Ab)lén

(h3rdy )Léx

(/407"/44 JZoX

2

P

} (dirde) s2a

(b) Decimation in Frequency
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(1 01 .1 1 1 o1 o1 1) [

1 j2a Mo foo o A0a A2a [l N

1 Mo /8 flza [ba R0a fRla /281 A,

1 oo [12a [18 Rla [30s /363 /M2 Ay
Tl fe o [ e pe S [ a, | @0

1 o [ [Sa f2a A5y [18 [2la Ag

1 [5 [l A5y [20a S5y BOo S5 hg

| 1 [7o [lka j2la [28 [353 [2a M9 | |4 ,

(s (< (a) (10a)
Factoring the square matrix:
1 1 1 1 9 0 0o Gfr 0 0 0o 1 0 0 o0
1 20 fho foo O O O OfO 1 0 O O 1 0 O
1 fho [Bafiza O O O OO0 O 1 0 0 O 1 O
1 afibapla 0 0 0 OO0 0 0 1 0 0 0 1
0 0 0 0 1 1 1 1oa 0 0 0-&x O 0 O
0 0 0 0 1 [ Mo [al]O l 0 0 0-fla 0 0
0 0 0 0 1 fio fBfi2all0 O f2a 0 0 0-2a O
CEC 1@@_@@1&)\0 0 0 pBa 0O O O0-Pa

or simply write

SEE N

(11)

(11a)
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Combinirig the last square matrix and the last vector, we

have

. N f h r N

S [ 1 1 1 0 o0 0 0 Ay + Ay

5, 1 Lo [ [ O 0 0 0 Al+.=A5

Sp| |1 [ [8s flza 0 0 0 0| A+

Sgl |Y (B fba [2ba 0O O Of | &+ & (12)

0
s 0 0 0 0 1 1 1 1f|(A) -4l
510 0 0 o 1 e fem| |y - A
S 0 0 0 0 1 /fha /(8 [12a (A, - Ag) 20
\S?J \ 0 0 0 . &_\’1’ &6& @uﬁ) \(Aj - A?) 13_{1)

o

Partitioning (12) and expanding yield

st‘ (1 1 1 1) er+ By

S, 1 20 [k [6a A o+ A

S | Re [ [l2e | A+ gl (13)
ksél \l [8¢ [ba 2140(.‘ Ay + A?J
and

'sl\ (1 1 1 1) 1, - 4, o)

S5 _ 1 [20 [Jha [6o Al-A5Qg

S, 1 [l [8a h2a A, - Agl2a (1%)
5, |1 [ L& @_aJ &5 - 4y Ba]

Equations (13) and (14) are (7a) and (8a) respectively.
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4, Signal Flow Graph Representation'

A correspanding signal flow graph is easily drawn as shown
in the Fig. 23b

52*" De Fo Tu
N=b

The natural order of [A] and the disturbed order of[S}are
clearly indicated in Fiz. 23.

5. Repeating Use of the Algorithm

Rewrite (1la)

[Sllz[ﬂf’ﬂ (4] (11a)



T

\ /

(1

[

|

1

i

\

1 1 1
[2a  [bo  [6a
lia [t [12a
B L [

0 0 0

0 0 0

0 0 0

0 0 0

|

=

-

0 0 0
0 0 0
0 0 0
0 0 0
1 1
ko [
fo  [&a 120
[Ba féa 2ka |

Without changing the result, we rearrange the rows:

-

d \

0

l._l

=

’..-l

0

N

0

o

OOOE!—'

1 1 1
o [8a [12a
22 [ba [ba
Bx [L6x (2l

0 0 0

0 0 0

0 0 0

0 0 0

0

0

0 0
0 0
0 0
0 0
1 0
Lo, 0
0 1
0 1

1
1
1
1

o)
0

0

\

0 0 0
0 0 0
o 0 0
0 0 0
1 1 1
lha  [8a [12a
[2a [k [6a
éa b2a 2l
matrix of (16): /
(1 0 1 o0
o 1 0 1
oo, 0 -Pa 0
0 PRs 0 -[2a
o 0 0 0
0o 0 0 0
0 0 0 0
o 0 0 0

53

| [#) [AJ (15

(17

La O -fy O
0 Pa 0 - |
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) [SIJ]SH7 IIH‘P II]HJ°I] [A] (17a)

A summary of the decomposition processes and the signal

flow graphs are shown in Fig. 23 which is self explainary.

e D. F. T. ey

S, 8 N=8 framc B

s MEGRERIE

5

Fig. 23(a)

S s P s A

0 ) 0

521 p. F. T s\\/?"'l

S .

1 -

363-'

Slk

Sjﬂ

35&‘"4 * *

S7N

Fig. 23 (v)
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oty (4]

[SIII}—[I“IIJJ)[ IIZPrIIﬂ":PIl (4 ]
i oA kﬁllg=[l
55’?85 0¥ >\<><:l:(/ / >\< AL;
& X/ .
EDSC 2N AW

A7
Fig. 23(q)

6. Computer Program for the Fast Fourier Transform—Decimation in
Frequency

Comiputer Program #8 and #7 are for the Fast Fourier Transform--
decimation in frequency. The former is using an analytic function

as input while the input of the latter is numerical.



1SRG ES XS]

PREGRAM £
FFT pLCI™
T 1S THE
FOR INPUT
CBMPLEX A,
CINENSTAn
READ(5,1)

I ORBLmMAT (1Y
TP M
WHaN/2
LET=T/V
MH M
READ(S5,7)

7 FORMAT(8F
LB 10 1=t

10 Al])=Cur
FFT

Ltvcnb

200 Al % (J= -
1)/(81L))
l(.)\’: (__u \TI\“ J"
WRITE (A3
3 FRKMAT (2
D3 300 1=
\A =]
NN=z§
03 430 U=
*\N N *;’
MBaNAeA/
 NA=zNA/2
420 NNz=Nv+uR
FN==(Na]+
AR=REAL (4
ALz ATMAGY
AT-PkFu,(A
o0 «FIT"(~-+
LR“HT(IU
LB 520 1=
NA= 1
NNz D
R 6.0 Us

int b
Q’\_‘ ‘J=-’\)\ %2
=

a2

3.
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7
ATIAN IN FREQUENCY
TETAL TIME,2%%M IS THE TOTAL SAMPLE POINTS
DATA GNLY
T1
Alllco)sB(1100!
Mo T
DaF155)

(3(I>:I;iJW)

1095)

N

X(3(1)a0e)%DET

1M

1)

)

1:1A

lel

=1)*L+K)

#+K)ETL+A (2% (gr1 ) s+ +K)
ALK S (T1mA(2% (= L Yo LHL 4R ) ) ¥ CEXP((Ceamle ) 5D %301 4164 (K
)

X VFREGe !, 10X 'REAL PART!, 10X, t IMAGINERY PART!)
leGN

;;V

2x2

1y/7

(NN+1))
A(NN+1))
(NN+1))
YFN2ARM AT, AT
X1 4F1646)
1aNH

1aM
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hNasNAw A/ 2
NAsNA/E
600 wWNaNv+NB
FNa{i=) /7
ARZRLAL (A(NN+1))
ATSAIMAGIA(NY+L))
AT=CAB%G (A(NN+L1))
C N#ITL(é;#)FN:ARaAIgAT
STup

EAD

Fea]
<3
>

_ FREG REAL PART IMAGINGRY PART ABS, pArirz
*1e000000 =02 596351 0+00CL00 Ce598351

. =G 750000 ~D 632950 D916CHLY : Qeb72421
=0.500000 0814243 NeB57600 CeOb6872
* 0257000 20517035 2e513143 2078476
Cen00000 4eB66R4R 0:000000 4556848
Ga250000C = 051705 »2e013139 22078478
Gah00000 0814251 =04557600 0+986E7H

0e7H0005 (s 65R IR "0e160645 0e672429
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(@)
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PRAGRAM ¥R
FFT DECIMATIBN IN FREQUENCY
T 1S THE TOBTAL TIME,2#*M IS THE T8TAL SAMPLE PBINTS
FBR FUNCTISN BNLY
FUNIX)=10e 2 (EXP(=X)=EXP(=2s%X))
CEMPLEX ATl
DIMENSIBN A(1100)
REAR(S21) MaT

1 FERMAT(1102F15+5)
Nz2x M
NHaN/2
PET=T/N
NH1 sNH+1
DH 10 I=1,N

10 A(I)=(1es0e0)xFUN((I=1)xDET)*DET
FFT
Ce 106C 1=1,M
TA=2*%(]=1)
Lz2#%(M=1)
L& 200 U=1:1A
Ce 200 K=1,L
TizA(2x(J=1) 2L +K)
Al2x(J=1)xl+K)=sT1+A(2x(Jml )%l +L+K)
200 A2 (U= ) %L+ +K)=(T1=A(2%(J 1) 2L+ +K) ) *CEXP((Qea=10)¥2#3014164 (K~
Y/z(e+L))
100 COHONTINGE

WRITE(623)

3 FERMAT (20X, 'FREQ. ' 210X 'REAL PART!,10X» t IMAGINERY PART!)
Lt 300 I=NHLJN '
Mazl=1
“N:O
L9 4CO J=1sM
NNsNNMNxp
NBz=NA<NA/Z+2
NAsNA/2

400 NhsNN4NB

FhNza(N=«l+1)/7

AR=REAL(A(NN+1))

Al=AIMAG(A(NN41))

AT=CABS(A(NN+1))

VRITE(6,4)FN, ARy ATSAT

FERMAT(ICXs4F1646)

0a %00 1=1sNH

MAz]=*
MNN=0

Lo 620 J=1sM
MN=NN#2

NE=NANA/2*2

8]
(@]
O



~CO

K00

Na=NA/2

NNz NVMENB

FNs(I=-1)/T7
AR=REAL(A(NN+1))
AT=ATMAG(A(NN+1))
AT=CABS({A(NN+1))
WRITZ(624)FN,ARSJATSIAT
STap

END

59
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7. Inverse Fast Fourier Transform

The basic discrete Fourier Transforn

1 N~ J21 kn
An=-1r§_ Ske l‘] n=o’l,n0000}‘1"lo (18)
+=0
is divided into two groups as follows:
N -
g 1
A=Z(~Sk)eJ2T§m +§"(S ) \Im
n h.=0 N ‘Z—'«O I
£ s\ 2Mkn  ED Su, 2T 1+ 2T (5+ Xn
(4 Jw
= ( - e H
N
=0 =0
Aol
- X .<Sk . SH,y JnT) (19)
N N
4=0
n=0,1,--.ooN"1t
wohen n is even, letting n=2r, we have
£ s s 27 k
> AL AR S S
A, = ( k otk 9T K
r ! N 5
=0 2
\|
r=0,1,ooooo%"1o (20)

when n is odd, letting n=2r+l, we have

QM+k 2Tk 2nkr
A2r+l :igg<j \ e’

S
Z
I‘=O,l,.....g' '1- (21)

Equations (20) and (21) are the another pair of the basic al-

gorithm for the inverse Fast Fourier Transform. For n=8, the
cotplete signal flow graph is shovn in Fig

. 2k,



Fig. 24

8. Computer Program for Inverse Fast Fourier Transform
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PREGIKAMY 9
IFFT .
T 15 Tepg TOTAL TIME,2*xM IS THE TCTAL SANMPLE PHOINTS
FAI FUNCTION GNLY
CHIPLEL A »T12DES,S2CFUN
DIMEVSIAN A(L1B00)
READ(By 1) MaT
L FERMAT(I102F15e0)
NER*¥M
WH=EN/Z
CET=T/N
CES=(Qasle)¥Tex301416/7
B 13 I=1aNH
ALY =CEUN((I=1)xDLS)
ACHY D) =CFUN(w (ANH=T 41 ) *¥DES)
INVESSE FAST FRURILR TRANSFIKM
LY 150 1=1.M
JAsg#*(1=1)
| sg%x{Ma])
LB 272Q J=sis1A
Le 220 K=la.l
TLl=A{2x(J=1)*L+K)
Al2e(de )L +X)sTL4a (2% (JoL ) x4 +K)
F00 A(2x(Jal ) el +L+K) 2 (T1wA(2¥ (Ul ) xL+L+RI)*¥CEXP((Lorle) *2o%3efulp*(Kr
13/ (2=L)) '
100 CarINvuE
ARITE(613)
FORMAT (20X "TIME 210X 1 X(T ) 1)
;3 370 I=1,N
?.}A:Isl

I\.'\«:-C

DO 400 sl .
NN=N' *p2
NBzNnAe A/ X2
.'\/\:\M/E

450 N\N=\ o+ yn
ARaRE AL (A(NN+LIIN/T
TNz ([=1)¥DLT

RGO SRITE (apn) THIAR

4 FAMAT(10x2F 1 6e6)

STup
END

[N
D

175
o3

COMPLEX FUNCTIEN CFU(S)

COMPLEX 8§
CFUN=(302200) /0 {G+(1220e) ) x(SH(20r0s)))
RET J=N

END
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PREGRAM#10
IFFT
T IS TuE TOTAL TIME,2%xM IS THE TOTAL SAMPLE POINTS
FER INPUT DATA enLY
CeMPLEX AsT1,DES
DIMENSIBN A(1500)
READ(E,1) M, T
1 FERMAT (1102 1545)
NzPwxsM
MH=N/2
CET=T/N
NHisNH41
DES:(O:)IO)*E.*301416/T
READ(522) (A(I)s1=NHIIN)
READ(S22) (A(1)s1=1sNH)
2 FERMAT(BF105)
INVERSE FAST FOURIER TRANSFERM
L8 100 I=1.M
IA=2%x%(1=1)
L=2%*(M=])
DE 290 J=s1i,1A
D% 200 K=1sL
TIsA(2%( Jml) x| +K)
Al2%(J=t )% +K)eT1+A(2% (Jm
200 A(Z*(J-l)*L+L+K>3(T1“A(2*
1)/(2«L))
100 CENTINUE
WRITE(643)
3 FORMAT(20ya 'TIME! ;10ys 'y (T) 1)
De 300 I=1,N
NA:I'l
NN=zD
DEe 400 J=1,M
NN=NN®»D
NB=NA=NA/2*2
NAzNA/2
A00 NN=NN+NR
AR=REAL(A(NN+1))/T
TN=(I=1)pET
300 WRITE (644) TN,AR
4 FORMAT(10Xs2F1646)

aonNn e

1Y% +L+K)
(J’i)*L+L+K))*CExP((O'll!)*29*301416*(K'

ST8P
END
TIME X(T)

0s002000 0+000020
0500000 1850727
1.00000C 1.961193
1500000 1754748
24000002 1¢169979
24500000 0732273
3000000 0835800
3550000 0828251
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VI. Fourier Series BEvaluation

1. Coefficients of the Exponential Form

Originally the algorithm was develored by iukey-and Cooley4
for Fourier series Coefficients evaluation. lLater, their work
has been expanded into Fast Fourier Transform. We rather based
on the FFT algoritm to derive a methoed for Fourier series Coeffici-

ents evaluation.

Consider thatthere is a periodic function f£(t) with period
T and its Fourier Coefficients are required.

We write, by definition, the expansion from

2nTr

£(t)= Zc e ‘T’ (1)
n=-a2
where
1 T _j2n77t
Cn=-,f[f(t)e T dt (2)

Because T is a constant, we can write

Ty ZnTQQ
C, / = p(t)e™d T Al : : (3)
letting
it
‘-l%_.—)- =g(1/),
ve have

7 2nﬂt
C= /g(t)e T dt (&)
14

Now asswie that there is a new function h(t) such that

o ){ =g(t), 0Lt T (5)

=0 otherwise
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The corresponding Fourier Transform H(f) is fourd as

oz . T .
H(f)=/ h(t)e"Jz,Trftdh/g(t)e"jgnftdt (6)
. O
Therefore
T _2Tnt ' .
H(g) = f g(t)e™d T dt (7)
(/]

Comparing (7) and (4), we can easily sce that Cn=H(%%) . Of course,
based on the previous secticns, we can evaluate H (%r) immediately
by using a method of FFT.

Computer Program for Finding Coefficients Cn

Essentially, this program is similar to program #3. a slight
modification is added.

Fourier Coefficients of Common Wave Forms

By using the computer program, two examples are evaluated.

The summary is shown in the following table:



65

t

N REAL PART IMAGINERY PART
Fit) - -10 © =0:001597 © 0+000000
| -9 ~0:001972 0+000000
; =8 =~0+«002439 0+C00000
~7 ~0:003267 0+600000
=5 ~0*004454 0+000000
“5 =0+006432 0+000000
-4 ~0+010107 0+000000
-3 ~0+018191 0¢000001
-2 Qe QU2443 0+000002
-1 0212209 0-000007
0 0+636616 0+000000
v i 0212210 ~0+000001
2 =~ Q42443 =0+000000
3 0018192 =0*000000
s | sw czmés] 4 =0:010107 =0+ 000000
5 0006433 ~0+000000
6 0004454 =0+000000
7 0003267 =0¢000000
8 ~0+(G02499 =0+000000
9 =C*001973 =0+000000
10 -0+001598 =0+000000
_ w17 «0:0N2977 =0+ 215HE98
.7 =5=0350377 =031017666
- =3 0:000277 0019878
-7 ~):000977 =0:022722
-4 0000977 =0 2765214
nh =0:053277 +0:531%221
1/ o ~0:020977 ~0e23978}
3 « D 000978 =0¢ Q03046
- =0 0005 /4 «Ds 073574
ey w0+ 020581 ~0+159153
U Q4739023 0000020
/ 2 1 =0s00N376 0159152
) 2 0000274 0079573
3 0000976 02053045
. 4 w1037 0e23978%
5 0 NIDY7 6 0031821
A n(2000974 Qe026514
/ e5: 000374 09322722
_ N =0.000774 012874
£ =0:030276 00178666
1 20000976 0:0158395
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(@]

(]

PROGRAM 411

FIND THe FOURIER CHEFFICIZINTS HY FFT METHBD
IF NG EQuUAL, O FUR INPUT FUNCTIGONJOTHERAISE FOR
c¥rM TATAL SAMPLE paINTSHT IS THE PLRIOD
FUNCT Ay

FUN(x)=X

MATN PROGRAM

CRMPLEX AsT1

Clresinn ACLICC)»B(11C0)

KEAD(D101) MaTaND

NED % AM

CET=T/Y4

NHzN/2

RHizwH LY

FORMAT(140sF1hes5alty)

TFANDY 550,58

READ(S,152) (B(I), 1= l;k)

2 1 0huaT (271G 5)

Cr’ 6 7"1‘ N
$(1)=3(1) /N
68 Ty o190
CotTINuE

OB 1. 1=1,N

> S SN (T=4) % DET ) /N
9 CUNTINGE

S EIT WEVERSAL

BE 20 JalaN
NAz]al

AN

GO 370 =iWM
WNENL XD
NBaNA=NA/RRR
;‘{A:\J,"n/?
f\lﬂ\ ‘fq‘

A—~F*O(J¢|>Lﬂ

d

V%

2

e K=14L
A

S ¥

¥ 1)*I+<)~A(c*(1 1)*L+<)+7}
T

{

(Jr ) r +L+K)SA (2 (Jm 1) ¥ +K) =T
(

L

03)
ngh
+1
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DATA

2x(Jm 1 VXL HLHL) N CEXP((Coamfe ) a0 %30 161p% (Kml)/(2xx]))

PNY 10X, PREAL PART ', 8Xs 1 JMAGINFRY PART!)



-~ 3

LRSI

Bl

L
o

CR=Ri AL (a(1))
Cl=AlMAC(A(L))
ARITL (4, 106) NCCrCR,CI
FORMAT (12X 11Cs2F15804)
0B 4.0 1=12NH
NCC=1+1
CReRUAL(A(]))
Cl=aIMas(A(])
CRITE (A, 104)
STup

BNy

68
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L, Fourier Coefficients of the Trigonometrical Form

Sometimes the Trigonometrical form is more useful than the

exponential form. We usuvally write the form as follows.

oA

.~} =
o1 2nm t . 2nrt
£(t) 5 ao+zancos + zbnsm = (8)
nzl = '
where 4 .
%—f £(t) at (9)
2 2 t
7{'{0 £(t)cos n“ at (10)
2 , |
T‘f £(t)sin 2L gt (11)

Comparing with the exponential form we see that
Tt ¢

2 2n
-2 f £(t)cos22 Tt

J2nmt . -i2nT t
=___/ f(t) e T 5 e T at

1 Jenm t T zinmt
=§,‘"/f(t) e T dt + },l;— £f(t) e T
A .

ét

-n n : (12)

;
b = /f(t)sin?'“TTt dt
(]

»—BIN

T
J2nmt -j2nmt

-
2 e T e T
T [Df(t) T at
T i2nT t T -i2nT t
1 Jenll o -jénTt
=—J[—;I,—/f(t) e T dt - %—/f(t) e T dt]
() [~

=-3(C_, - Cn)

= 3(Cp- C_p) (13)
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Wnen £(t) is a real function, we have
2nTr %
———f £f(t) e T dt

=C _, that is
n

when C = x+ Jy ( where x,y are real numbers)
then C_n= x - Jy

therefore
a, =C, +C_, =x +Jy +x-jy =2x =2 real (Cn) (14)
and

b =j(C_ -C ) =j(xtjy-x+jy) =-2y »-2 imaginary (¢ )
n 'n "’-n n’ (15)

Based on (14) and (15), we write the following computer program
for evaluating the coefficients of an and bn

Computers Program to Evaluate Fourler Coefficients of Trigo-

«nometrical Form

Fourier Coefficients of Common Wave Forms

By using the computer program, two examples are evaluated.
The summary is shown in the follewing table:
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FC¢) =

S C2i¢)

N

[uey
OWRNONTOFWN-O

s
= W N -

—
[o3]

A e
W ooy O

29

o
-

DO UIN OO W T O

C3s
12273232
=0+ 424419
=0«Q84387
=+ 036384

0020214 -

wCe(12%66
~C+008308
~0+005535
“0+004297
=0+003046
=0 003195
0002641
=0+002218
=0+001391
=0001630
=0«001421
=0+001249
=0eQ01107
=0 «Q00317
~00005887
=0+000300
0000726

Csg
Q+I938347
=02021952
=0:0017253
=0s031082
°0:¢0019583
=02 0019573
~0:001353
n0:001353
=0:0013533
=3«051353
=0:00517253
0001353
=0:001753
~0:0017353
~0e201353
»0¢0317253
=JeD0515253
2001553
»0:071953
n0001953
“5e001983

=G-001753

SIN

SIN
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0000000
0000001
0«D000C1H
00000C0
0000000
0«000000
0000000
0000000
0+000000
0000000
0«000000
0«00C0000
0+000000
0000000
0000000
0.000000
0+000000
0000000
0.0C0000
0000000
0000000
0000000

_0:00008C
«De159146
«011060G39C
»0:0795561
=De 363647
=00 003027
w0 0454LY
«0e039757
=0 038332
=De031721
=Qe DPREGT
«0:0c6478
=02 074433
522226450
«0:021156¢C
=0 219530
~0es 318654
=0:517612
02016677
=0 313835
»0eJ15074
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ft
F
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HGRAMYL2

1D Tap Fo

URTER CupFFICIZNTS

p*eM O TATAL SAMPLE POINTSIT 1S THE

FULCTIAON
FUN(X) =X
MAIN PRaGRA
{6 Plf\ AsT
L‘I \-)l NOA
READ(B,101)
NELw e
LET=1/N

hdsy/z2
FORMAT (110,
IF(NL) 549,

READ(B,122)
FORMAT (514G
0O 6 I=1.Y4
BOIY =BT Y /N
6B TL 19
CONTINUE

L8 10 laisN
.’(1):‘[:-\.],\((1
CENT INUE
BIT <EVC:SA
“8 27 T=1N
: =]=]

NNs)
Lo 30 Jd=igM
NNEN

NB= A= A/2u2

NA:W&/Q
:‘ﬁ‘l‘-.f:.\l )
AT =CHpLX
FAST FauRle
GO 139 1=1,
[A=2ux (21a])
Ledxs (=)
O 200 Usis
b 2,0 K=1,

TlaA(2r (UL )X LAl AR ) ) CEXP{(Caaml o) %20 k3014162 (

k1

1
(1100)ak(1100)
V’[ T, P\D

FlheBaly)
5
(B0I)s1=laN)

e9)

=1)¥DET )/

L

[

B(P\N-Fl)lge
R TRANGFHRM
M

1A

L

A2 {dal ) x| #L+K)sA(2a(Jal ) ¥ +K) =T
ALEx (U1 ) v +8) =A (20 (U=l )% _+K)+T1

A TINGE
A“]Tr(ﬂ114?

WAT 13X PN P 40X, 1 CHS 210X

EB 330 Isis
NA2z]w~y

)
NH

SINT)

BY FET METHBD
FOND EQUAL O FaR IN‘U1 FUNCTIONZOTHLRAISE FOR DATA

PERTID

72

K=1)/(2%%]))
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3

-

AN=2 . ¥REAL(A(D))
ENz=CexaAlHMAG(A(]))
%RIT;(%JlD@) NAB 2 AN 3
FORMAT(10X2 1102200 1645)
STup .

ENG



VII. Convolution, Cross-correlation and Auto-correlation

1. Convolution Integral

An important applim'cation of the Fast Fourier Transform is

to evaluate the convolution integral.g’l2

£(t)= / £,() gy(e-nat= [ 550 (117 (1)

- -
where fl(t) and fz(t) are two time functions.

A natural approach to this problem is working in the fre-

quency domain, because
F(2)-Fy (£)F, (1) - (2)

vhere F(f), Fl(f) and Fz(f) are the Fourier Transforms of f(t),
f£(t) and fz(t) respectively. It is seem that both the Fourier
Transform and the inverse Fourier Transform are needed.

A simple derivation of (2) is given as follows:

Fourier transforming f(t) by definition yields

F(£)= [f(t) e~ I2T gy . (3)

—oo

‘Substituting (1) into (3)
o> o0 .
F(f)=[ [ffl(r>f2(t-z)dz]e‘32“tdt
—D )

=fwfl(t)'[ ffz(t-r)e‘jZWftdt] dz (%)

-

Letting t-7=t', then t=t'+7 and dt=dt!
Consider the intezral

w 3
f fz(t-z)e'JZTTftdt

o0

(=]
=/ £, (£1)e 40 £

-0



75

2
. s ]
=e-32'rrfr/ fz(t')e"]zvft gt

~o

g szz(f) (5)
Substituting (5) into (&), we obtain
e i rd
F(f)=J[. fl(?)e‘Jz"Tf P, (£)d
-0
-F (), (9)

2. Finding the Response Function

If an input time function fl(t) is excited to a system which
has a weighting function fz(t) and the response function is re-
‘quired, we use the Fast Fourier Transform to obtain Fl(f) and
Fz(f) respectively; Multiply them in the frequency domain to get
F(f), the inverse Fast Fourier Transform is then applied. Finally
the answer, £(t) is obZained.

The process is illustrated as follows

£,(¢) - F,(£)

FFT

F(f)

(M——— 1 FFT

£(t)

£ (t) F (f)
2 FFT 2

Fig. 25(a)

3.Corputer Program for Convolution Integral Evaluation

A coxmputer program which consists the Fast Fourier Trans-
form and the Inverse Fast Fourier Transform is written. We use
fl(t)=e"t and fz(t)=e'2t. as a test example; the result is quite
satisfactory.
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PREGRAM #13

EVALUATION 6F CONVBLUTIBN BY FFT METHSD

2**M 1S THE TOTAL NUMBER 8F SAMPLE PBINTS, T IS THE TBTAL TIME
INPUT DATA FRBM F1 T8 Fp

IF ND IS EGQUAL Ta O FAR INPUT FUNCTIeNsgTHERWISE FBR DATA
FUNCT I8N

F1(X)=10e*EXP(=X)
F2{X)=10e#EXP (=29 %X)

CAOMPLEX AJBsT1
DIMENSION A(1500),B(1500),AN(10),BN(10)
READ(Sa1) MpTAND
1 FORMAT(]10sF15¢5,15)
Ma2wuM
CET=T/N
NHasN/2
IF( ND eNEe 0) GB TO 19
D8 10 151N

ACT)=(1es00)%F1((1=1)%DET)*DET
10 B(I)=(1es0e)%F2((I=1)%DET)*DET
Ge 76 99
19 N8=N/R

DB 20 I=1,N8

READ(523) (AN(J)sJ=1,8)

Ls 25 1J=1:8
25 A(Z%(1=l)+ld)=(1.,0e)%AN(TY)
20 CONTINUE

DB 30 I1=1,N8

READ(523) (BN(J)aJ=1s8)

3 FBRMAT(8F10+5)

DB 35 IJ=1:8
35 B(8#(I=1)+1U)=(1es0e)BN(1J)
30 CONTINUE
99 CeNTINUE

FAST FBURIER TRANSFORM

D8 100 I=1,M

TA=z2x%(]1=1)

Le2xx(M=~1)

0y 200 J=1,1A

DB 200 K=1.L

TizsA(2%(J~1) % +K)

A2%(Uml ) %L +K) =sTL+A(2% (J=] ) *L 4] +K)

A{2%(J= L)L+ =(T1-A(2% (U 1)*L+L+K))*CEXp((O-;-l~)*2-*3.1416*(K

1Yy/02+0))

T1=8(2%(J=1) ¥ +K)

Rl2% (J=1)aL+K)=T1+BI2% (J=1)*L+L+K)

200 B(E%(J-i)*L+L+K)=(T1-B(2«(le)*L+L+K))*CEXP((O-:—i-)*27*3-1416*CK'



]

100

3C0

500
400

600

7

11y/7(2%L))

CANTINUE

0B 300 I=1,N

ALTY=A(IY*B(1)

INVERSE FAST FOURIER TRANSFBRM
P8 400 I=1sM

IAz2%% (Ma1)

L=2#x(]=1)

De 500 J=1i:1A

Dy %00 K=1sL
T1=A(2*(J"1)*L+L+K)*CEXP((0011-)*20*301416*(K'1)/(2**I))
A(E*(J'l)*L+L+K)%A(E*(J“l)*L*K)'Tl
Al2x (U=l )*l+K)sA(2*(Jal) 2 +K)+T1
CONTINUE

WRITE(642)
FORMAT(20Xs 'TIME' JIBX,'F(T) )

D8 600 I=1,N

TA={1=1)+DET

AR=REAL(A(I)) /T

WRITE(644)TA, AR
FORMAT(10Xa2F1646)

ST18P

END
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L, Cross-correlation

13,18
The definition of Cross-correlation is

o0
f(t)=/ fz(Z)fl(t+2‘) dz (6)

The difference between (6) and (1) is only a sign, although
their physical interpretations are quite different. Cross-corre-
lation plays an increasingly important role in communication and

statistical control analysis.

Hathenatically, however, the evaluation of (6) is not more
complicated than that of (1).

_ For evaluating (6)

F(£)= / £(t)e™ I3 7 Lt (7)
~&>a9 (=] .
= / [/ fZ(T)fl(u?)dr]e"Jz"ffdt
=/f2(?)[/;l(u?)e'32W%t (8)
-0 Lo

We change the independent varizble,

t+7 = t!

and have o

- 4
£, (t+2)e 2w £y

t
w2

0 --erf(t|-'?)
= | £,(t")e™ at!
-

- ej27rf?E(f> (9)

Substituting (9) into (8), we obtain

F(£)= ﬁzcnej”f&fm

-0
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=F, (£) /a;z(z)eﬁ"f“dz
Zoo \
-7, (£) Fy(1) (10)
Noting that the relation
&> .
P, (£)- / £,(2)e?7 Faz (11)
-0z
has been used.

The following diasgram illustrates how to use the Fast

Fourier Transform to obtain the cross-correlation function.

fl(t) Fourier

Transform }~—

e »
N EP A
TwFl(f)*z(l}Inverse | f(t)
F.‘ T'

o sk
fz(t) Fourier Eéf) Find F, (£
Transfornm Conjugate

5. Conputer Program for Cross-correlation

Program #13 is for finding the cross-correlation funection
by using FFT.

6. Autocorrelation
If fz(t)=fl(t) in equation (6), we have

oo
f(t):] i‘l(Y)i‘l(?+t)d (12)
-2
. . 13
Both cross-correlation and autocorrelation functions are
extremely useful in studing staiistical theory of communication

and control.

7. Computer Program and Example

4 computer program for the auto-correlation function is showm

in program #15.
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FREGRAM 214

2xx4 135 THE TOTAL NUMBER SF SAMPLE POINTS, T IS THE TOTAL 114
INPUT DATA FREM F1 10 F2 :

IF ND 1S EQUAL T8O o FI3R JNPUT FUNCTISN,BTHERA]ISE FBR DATA
FUNCTIAN

FLIX)210exEXP (=X)
FRUX)=10s*%EXP(mRexX)

COMPLEX A R,TL
DIMENSTIAN A(L500)28(4500)eAN(10) 48BN (1D)
READ(S5,1) MaTaND
1 FORMAT(1104F10eb215)
WL %¥M
CETaT/N
NHaN/2
IF( 5D oNEe O) GO TB 1O
1=1sN
lsgae)*rl
1esCs)*F2

—~
—
-

'
-

ic ot

19 NB=N/&

LE 20 1ei,N8

READ (S, 3) (AN(J)pdel128)
3 FBRMAT(RF10e5

08 2L 1J=1.3
2hH Al8x(leaf)+1Ji=(lespe)*AN(T)
20 CONTINUE

6 30 I1=1,K8

HEAD(S;?) {BN(J)r)=148)

LB 3% Tuslasg
35 B(E#(I=l)*]J)=(1es0e)*BN(1Y)
30 CONTINUE
39 CBNTINYL

FAST FOURIER TRANSEFHR™M

C8 100 1=1,M

JAsRwx (1=1)

Lepxelval)

0B 2¢3 JU=1,1A

8 200 Ksi.

Tl=p(2x(J=1)¥L+K)

Al2x(Jmg )2 +K)sTI4A (2% (=1 ) al ¥ +K)

AL2¥ (Jag Yol 4L 4K) = (T1wA (2% (Jml ) #L 4L +K) V*CEXP((Qoarle 142y %3, 1416 % (Ke

11/ 2Ly )

TLaB (2% (Ja1) % +K)

B2 (Ui ) o[ +<)=Th+B3( 2% (Jm 1) 5L+ %)

200 B2 (g )wl+L+K) = (T1aB (2% (Jol ) ul+L+K) )X CEXP((Qeamlo ) ¥2e %3, 1416 (K=
1AV 7(Ex )
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100 CBNTINurp
3 300 1=1sN

300 ALI)=sA(T)«CBNJG(B(I)) :
INVERSE FAST FAURIER TRANSF/RM
DY 400 [=1.M
JA=2x%(Mal)
L=R2*x (Iw])
D 550 JslslA
BB 500 K=1:sl
TLzA(2e (o g )¥LAL ¥R ) #CEXP I (Cor Lo ) %2 %301416%(Kal )/ (25%]))
AlZw(det ) +L+K) A (P2 (Jm) ) ¥ +K)nT]

H50C A% (Jug ) x| +<) A (2% (Jul) XL +K)+T1

20 CHNT INYE
WRITE(642) -

2 FORMAT(2IXa'TIME ' 218X2F(T)!)

D3 600 1=1aN
TA={1=1)DJET
ARSRL AL (A(INI/T

EQ0 wWRITE(6,4)TALAR

b FBRMAT(10X,2F1646)

STup
END
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PRAGRAM #15

EVALUATIAN AUTECSRRELATIAGN BY FFT METHED

2x%xM 1§ THE TOTAL NUMBER 6F SAMPLE POINTS, T IS THE TOTAL TIME
IF ND IS EQUAL T8 O FBR INPUT FUNCTIBON,STHERWISE FBR DATA
FUNCTIBN

F1(X)=10+*EXP(=X)

(@] OO ODOO

CEMPLEX AsB,T1
DIMENSIBN A(1500),AN(10)
READ(5,1) M;T,.ND
1 FARMAT(I104F15e5,15)
Nz2#xM
DET=T/N
NHsN/2
IF( ND «NEe 0) GO TO 19
DB 10 1=s1.N
10 A(T)=(14,0e)%F1((1=1)*DET)*DET
Ge Te 99
19 N&=N/8
DH 20 1=1,N8
READ(523) (AN(J)sd=128)
3 FARMAT(8F1045)
De 25 1Js1s8
25 A(8x(I=1)+lJd)=(1es00)uAN(IY)
20 CBNTINUE
99 CBNTINUE
c FAST FBURIER TRANSFERM
DB 100 J=s1sM
TA=2#%(1=1)
[=2%%(M=1)
DB 200 J=1s,1A
DO 200 K=1sL
TiIsA(R¥(Jm=1) %L +K)
A2 (Jml )L +K)=TL+A{2% (U1 ) %L+ +K)
200 A(2x(J=l) ¥+ +K) = (TimA(2% (U~ 1)*L+L+K))*CEXP((O-:-io)*E-*391416*(K
11)/7(2+L))
100 CoNTINUE
DB 300 1=1sN
300 A(IY=A(1)xCAONJGLA(]))
c INVERSE FAST FOBURIER TRANSFERM
D8 400 1=1sM
JA=P %% (M=1)
L:E**(Iul)
DB B5C0 J=is1A
DB 500 K=isL
Ti=A(2%(Um1) % +L+KI2CEXP((Qosle) ¥2e#301416%(Kn1)/(2%*]))
A(2% (Uml ) %L +L+K)=A(2*¥ (U=l %L +K)wT1



500 A(E*(J-l)*L+K)=A(2*(J~1)*L+K)+T1
400 CONTINUE
WRITE(642)
2 FaRMAT(?ox;'TIME'p15X:'F(T)')
DB 600 1=1sN
TA=(1=1)%DET
AR=REAL(A(I))/T
600 WRITE(6s4)TAsAR
b FORMAT(10Xs2F16e6)
STgP
END

8L
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VIII. Inverse Laplace Transform of
Rational Transfer Functions

1. Jordans’s Lemnma

Can we perform the inverse Laplace transform ty using Fourier
transform? The answer is «afirmative ; It is also a common prac-
tice in the engineering field. The justification of deing this
is based on the Jordan Lemma.16

Suppose Q{s) is a function of a complex variable s. It has
the following proverties:

(a) In the upper half plane, it has finite number of singu-
larities.
(b) ¥hen 0£/s/T and|s |-, Q(s) uniformly approaches

Zero.
and
(¢)m is postive.
Then
Lim J{ eI Q(s)ds=0 (1)
R+2Y(

where C is the semicircle shown in Fig. 30.

Equation (1) is usvally reﬂered as the Jordan Lemnma.

] ¢

-R o ~
Fiz. 30

Laplace transform can be considered as an application of this lemra.
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2. From Laplace Transform to Fourier Transform

Consider the Laplace transform pair;

2]
F(s) .—./ £(t) e 5% gt (2)
° C-I-J‘QD
£(t) = 5%:3 r(s) et as (3)
oo

To perform the inverse Laplace transform ty using (3), we

usually take the contour integral

éF(s) et as
7’ I3
crje
=/ St F(s) ds +/ St F(s) ds (4)
c- oo 7 '

- ;
The: constand ¢ is large enough such that all the sigularities

are enclosed in the left of the line c-~jewto c+j® This is shoun

in Fig. 31.
Iy

P

.

{o,0) &

]

By usinz the Jordan Lemma, if the second term of (4) is equal to

zero. Then we have

c+j

2T 3£(t) = eS'r(s) as
c-J



€7

= Sﬁ F(s) St as

=21 j (S Res. inside the contour) (5)
Let s=c + J» , (6)
theﬁ ds= jdw (6a)

Substituting (6) into (5), we have

(==}

£(t) = Elﬁ_a F(c+ ) e(c+JfD)t S0
-
1 a2 . (c+ )t
=S54, Fle+tim) e do
_ 1 ct s il)t . , I
= 57 e © Fle+iw) e des {7)

oo
ct 1 . Jot
= e —ETF-I;g Fle+jn) e aw
= eCtg;L-l F(e+jw) (8)

For control engineers, only a;gmpotically stable systems are
interested. In those systems, allsinrularities are in the left
half plane. Taherefeore, we can choosé c=0 . .Equation (8) then
becomes

£()=F Fli) (9)

Using the Fast Fourier Transform to perform the inverse
Laplace transform is thus justified.

3. A Special Case

If 2 transfer function, say, M(s) = §§§l , has a pole in the
origin of the s plane, Fast Fourier Transform can not te directly
applied. Ve can easily overcome this difficulty by removing the

pole first, or taking the inverse Fourier transform of G(s).



&

After finding the time function g(t), then a numerical inte-

gration is perfermed in order to find n(t).

_6(s)

s

Computer Program for Inverse Laplace Transforming

Program #16 is for inverse laplace transform of the special

case shown in the last section.

In the next section, we will use this program many times

to inverse transfornm the irrational transfer function.

TIllustrative Examples

For the general case, however, we simply chang s to jo
and do the Fast Fourier Transform. These examples are tested

by using program #5 and #9.

Example 1.

-1 1

L s+l
Exanple 2.

I_--1 10

" (s+1)(s+2)
Example 3.

L-l %O

(s+1)"(s+2)

The results are shown in Fig. 32. It is noted that the repeated
root case does not give us particular difficulties of complica-
tion.
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IX. Inverse Laplace Transform of

“Irrational Transfer Functions
1. Difficulties in Analytical Approach

A large number of control systems have distributed parane-
teré?j%he mathematical models of those systems contain the
operator s under the radical sign. To find the inverse larlace
transforms of those irrational transfer functions is extremely
difficult.

Among the availabel methods, the most notable one is deve-
loped by Kilomeitseva and Netushil. We summarize their theory

first and then examine the difficulties involved.

An irrational transfer function is usually given as follows:
ans™ 4 8™ homem oo + Q
() = — iy Zn) ) (1)
Po® FBETT By S T B

Let Jg =23 equation (1) vecomes a rational transfer function of

2. or
aozzm alzz(m'l) 4 mm——-— -+ o
W(z) = 2n+l 2n 2n-1 (2)
oz 7+ Bpz o+ BprT THemmeee *Bonel
n .
or simply = aizz(m'l)
=0
S (3)
B Z2n+*-1
i
i=0

This rational fraction may be factored into a sum of elementary
fractions

2n+l Ai
i (4)
W(z) = :EE 7 - 2,
i=1 1

if there is no repeated root in the characteristic equation Of

(2).
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The inverse Laplace transform of the typical term of (&)
with a unit step as input can be performed by using the follow-
ing Laplace transform pair:

£(t) | g(sg
5 b2t b -
e t (boa erf(a/t))-ve’ ‘erfc(b/t) (s-a2>a(b+/§>

or let

a=0, for special case:

2 2
b - beP b erfe(b/t) s(/%%bj (5)

By using (5), we have the inverse Laplace transform of a tyoical
term of (4), as follows:

L—l

2
s(/é'+a) = 2 [l- e terfc(a,[{)] (6)

If complex roots are involved, pair (5) can not be directly
applied, Kilomeitsiva and Netushil's apprdach is to reform the

pair into a new function. For example, assume the complex con-

juzate roots are z, and 2z
Jus k kel

Consider
cy o M A1 E Dz (7)
hl(z) T z-2 R “(z-z, )(z-z, )}
k k+l k k+l

(z-2,)(2-2 )

The inverse Laplace transform will be

4 W (2) -
L é = B ’p;mo(ﬁﬁ. 62+ 0 %2 m (/2. 6) ®
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‘ 2
T ‘é {ezkterfc(—z},ﬁ
kK “k+l :

2
7 t
-2 k+l erfc(-zk+l\lt)}

100

n 2
I}
my 1 {1 [l+ezk+1t
Zy=2Z).1 L2kl

1
erfc(-zk+1 \rf)]-- -Z—l:-

[ l-ezlzcterfc( -2y Jf)] }

100

05—

Fig.33.
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where fand #are defined by zk=(>e39

given by graphical forms as shown in Fig. 33.

s and g and my functions are

The difficuliies involved in their approach are as follows.

In the first place, if there is a repeated root in the transfer
function , they don't have a corresponding formula for the in-

verse Laplace transformation.

Secondly, this is not a complete analytic method, because
they have to use tables or auxiliary figiies in Fig. 33 to eva-

luate the curves.

To remedy the shortcomings of this method is by no means
easy task. Powever, if we look at the problem from a different
angle and attack it from a numerical viewpoint in the very begin-
ning, we would appreciate the power and simplicity of the Fast
Fourier Transform method.

2. Fast Fourier Transform Approach

We use a simple problem which involves function element to

explain the procedure.

Consider the feedback system shown in Fig.34.

T 06 c(s)
y s+l 0.63/5 +1

L
S

Fig. 34

o

Find the response function c(t), if a unit step is applied.
First, find the close loop transfer function as follows.

M(s) c(s) 100

- 8
R(s) (s+1) (0.63/57+1) + 100 (8)
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Program #16 will give the answer c(t).
The sub-step involves in the program can te summarized as
follows.
(1) Substituting s by jo to evalute M(jn)
(2) Inverse Fast Fourier Transform to obtain m(t)
(3) Numerical integration to get c(t)
The input of this program should be written as subroutine. For

this example it reads

CeMPLEX FUNCTIAN CFUN(S)

COMPLEX S,EA,ER
CFUN=(10Ces00)/((S+(1es0))%(0+63+CSGRT(S)+(10s00))4(1000,0¢))

RETURN
END

The output curve c(t) is plotted as shown in Fig. 35.

3. Svecial Case involving Repeated Root

While there is no available analytical method for evaluating

an irratiornal transfer function with repeated roots, we use an
example to deronstrate that there is no difficulties in the Fast

Fourier Transform method.

Solve for the resoonse of the following system with a unit

step as input

-—:é-'—- \/—S- Y(s)

(/5 - e38)?

Fig. 36
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Azain, we use program #16, with the following subroutine as

computer input

COMPLEX FUNCTIEN CFUN(S)

COMPLEX GsEAIER

EAZ(Depla)#2e%3,1416/306Q00%55s

EBsEA
CFUNSCUORTISI/ZL(CSORTISIeCEXPIEA) ) % (CSERT(S)=CEXP(EB)Y ))
RETURN

END

The computer output y(t) is plotted as shown in Fig. 37.

L, Verification of gy

The curves shown in Fig. 33 were given by Kiloneitseva and
Hetushil, Ve would use the Fast Fourier Transform method to verify

their results. Thus we have 1., calculated and plotted as shoun in

0
Fig. 38. There is no recognizabtle difference between their results

with ours.
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Fig. 37
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X. Inverse Laplace Transform of
Transcendental Transfer Function

1. Time Delay Functions

If a control system involves a time delay element, its
transfer function would involve an element of e-S which makes

10,
the analysis of the system very difficult.

One of the agproaches to the problem is to replace the ex-
ponentical function of s by a ratio of two polynomials. The
10 -
method is known as Pade's apgroximation. In fact, the appro-

Cwexdmate technique is the only practical method so far available,

When we have the powerful tool-~ Fast Fourier Transform, the

solution of the problem becomes routine.
2. Delay Function in the Over All Transfer Function

We first use the following simple example: Find the weight-
ing function of the system:

-S ’

By using Program # 5 and write the éubroutine as follows

COMPLEX FUNCTION CFUN(S)
COIPLEX S
CFUN=CZ%P(-5)/(5+(1.,0.))
RETURN

END

The output curve w(t) is shown in Fiz. 39. Inspecting this
curve, we note that our result is so accurate that 3t is much
| tetter than ‘that obtained by Pade's formula.
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Delay Function in the Loop

If the delay element is either in the feedforward path (Fig.
40a) or in the feedback link of a feedback system (Fig. 4la), the
problen becomes complicated. However, with our approach , the
solution is still a routine. After using program #16, we find the
step responses of the system of Fig.40(a) and 41(a) are the curves
shown in Fig. #0(b) and 41(b) respectively.

Two Delay Functions

When two delay‘functions are applied in a feedback system as
shown in Fig. 42, the solution problem is more complicated .
Azain, we solve it by using program #16 and find the step res-
ponse as shown in Fig. 43,

General Transcendental Transfer Functions
If a system consists a general transcendental function,
which could be both of s and eSIHCS) ete. There is no any par-

ticular difficulﬁy_if ve use the Fast Fourier Transform method
to solve it. : B : A
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XI. Conclusion

The Fast Fourier Transform has dewonstrated its power in the_
field of communication, optics etc. It has never been applied
to control system analysis. This research first, states the
difficulties of performing the inverse Fourier Transform by com-
plex variable approach; in the meantime, we establish several use-
ful transform pairs. Secondly, a new interpretation of Fast
Fourier Transform is presented. Third, Decimation in time and
Decimation in frequency are explained and derived. Fourth, the
inverse (Fourier Transform formulas have been established. Fifth,
application to Fourier series evaluation is demonstrated, Sixth,
applications to convolution, autocorrelation and crosscorrelation
are explained. Seventh, this powerful tool, when applied to
irrational transfer functions, and transcendental transfer f;..,
functions, the inverse laplace transform become routine. ”

Sixteen detailed computer programs are included. All of them
are tested at the Sigma 7 digital computer.

It is belived that this research is the first one to use
Fast Fourier Transform to perform the inverse Laplace Transforma-
tion of irrational transfer functions and transcendental transfer
functions in literature.



7.

9.

10.

1t.

107
REFERENCES

Athanasios Papoulis, "The Fourier Integral and its Appli-
cation", MaGraw-Hill Book Company, New York, 1962.

J. T. Ton, "Digital and Sampled Data Control System", Mec-
Craw-Hill Book Company, New York, 1959.

C. F. Chen and I. J. Haas, "Elements of Control System
Malysis", Prentice Hall, 1968, pp. 170-179.

J. W. Cooley and J. W. Tukey, "An Algorithm for the Machine
Calculation of Complex Fourier Series", Math of Comput.,
Vol. 19, pp. 297-301, April, 1965.

E. 0. Brigham and R. E. Morrow, "The Fast Fourier Trans-
form", IEEE Spectrum, Vol. 4, pp. 63-70, Dec., 1967.

¥W. T. Cochran, et al, "What is the Fast Fourier Transform?",
TEEE Proc., Vol. 55, p. 1667, Oct., 1967.

W. M. Gentleman and G. Sande, "Faslt Fourier Transforms-for
Fun and Profit", 1966 Fall Joint Comouter Conf. AFIPS Proc.
Vol. 29, Washington, D. C. Spartan, 1965, pp. 563-578.

W. T. Cochran, J. J. Downinz, D. L. Lang, and D. V. Nelson,
"Burst Measurements in the Frequency Domain", Proc. IEEE,
Vol. 54, pp. 830-841, June, 1966. .

T. G. Stockham, "High Speed Convolution and Correlation",
1966 Soring Joint Computer Conference, AFIPS Proe., Vol. 28,
Washington, D. C. : Sparten, 1966, pp. 229-233.

Jd. L. Stewart, "Generalized Pade Approximation", Proceedings
of IRE, Dec. 1960, pp. 2003-20C8.

¥. B. Kilomeitseva, and A. V. Netushil, "Transients in Au-
tomatic Control Systems with Irrational Transfer Functions",
English Translation of futomatika i Telemedhanika, Vol. 26,
NO. 2, Feb., 1965, vp. 335-342,




13.

1k,

15.

16.

V. V. Solodovnikov, Statistical Dynarxics of Linear Automatic

Control System, New York: D. Van Nostrgnd Company, second
edition, 1965, pp. 335-342,

Y. W. Lee "Statistical Theory of Communication®, John Wiley
& Sons Inc. 1960.

Athanasios Papoulis "Probability, Random Variables, and Sto-

chastic Processed", MNeGraw-Hill Book Corpany.

R. H. Macmillan "Progress in Control Enginszering", Vol. 1,

London Heywood & Company. 1962,

108

Pipe, "Applied Mathematics for Engineers and Physicist!,

VcGraw-Hill Book Company, New York, 1958,



