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Abstract

In this dissertation we address a variety of problems in filtering and control of dynamic
systems with emphasis on their digital implementation. We focus on linear parameter
varying (LPV) systems which have been widely utilized in engineering applications. LPV
systems include a class of linear systems whose dynamic depends on time-varying parame-
ters. These systems have resulted in significant improvements in the study of time-varying
and nonlinear systems.

In a filtering problem, we aim to estimate the states of a dynamic system by utilizing
the output measurement of the system. Applications of filters abound in practical and the-
oretical problems. In a control problem, the objective is to design a controller to ensure the
closed-loop system stability and often to satisfy a prescribed level of performance. A main
concern in the present study is the implementation of the controller or filter which is often
fulfilled by means of a digital device operating in the discrete time domain. Due to the
combination of the system continuous-time dynamics and the controller or filter discrete
dynamics connected through analog to digital and digital to analog converter devices, the
closed-loop system is a hybrid one and is difficult to analyze mathematically. The incor-
poration of continuous-time and discrete-time signals in a system is often referred to as
sampled-data system. A particular difficulty in sampled-data systems is to ensure that the
digital controller (filter) meets the design specifications in between the samples. In this
dissertation, we develop new methods to take into account this requirement.

Two chapters of this dissertation are devoted to the design of filters for LPV systems.
First, we design a continuous-time filter for a continuous-time state-delayed LPV system
whose dynamics includes a time varying delay. Next, we address the sampled-data filter
design problem for continuous-time LPV systems. In the second part of this dissertation, we
investigate the control problem of LPV systems in the framework of sampled-data design.
First we present a new approach for the sampled-data control of continuous-time LPV

systems. Next, we extend the established results for LPV systems with internal delay.
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Chapterl
Introduction

1.1 Linear Parameter Varying system

Linear parameter varying systems (LPV) are a class of linear time-varying systems,
whose dynamics depend on a time-varying vector of parameters. These parameters, also
referred to as scheduling parameters, are assumed to be unknown in advanced when the sys-
tem is modeled, but measurable in real-time [1, 2]. LPV system theory has led to significant
improvements in the study of time-varying and nonlinear systems [3, 4]. Using a technique
called quasi-LPV modeling, many nonlinear dynamic systems can be formulated in terms
of LPV systems. This strategy suitably allows for hiding the nonlinearities of the system
dynamic equations and converts the actual nonlinear model of the system into a simpler
linear model effective for filtering and control design purposes. The employment of LPV
approaches for practical applications have been successfully examined including engines
and rotary machines, robotics, aeronautics and microelectrophoretical systems (MEMS)
[5, 6,7, 8,9, 10].

Traditionally, in order to control a linear time varying or nonlinear system, the system
is linearized at finite number of operating points and a set of local linear time invariant
(LTT) controllers are designed corresponding to each point. Next, the controller is scheduled
according to the operating point. The LPV gain scheduling approach has distinct advantage
over the traditional gain scheduling methods in the sense that the synthesis of the controller
is performed in a direct way such that the stability and performance specification of the
closed loop system is guaranteed for the entire range of operation [11]. In this approach,
the scheduling routine is carried out accurately based on the measurement or estimation of
scheduling parameters.

For decades, linear matrix inequalities (LMIs) have proven useful in synthesis and anal-
ysis of control problems in a systematic way [12, 13]. These problems are formulated as
optimization problems with a linear objective and a set of constraints that are affine in the
decision variables. Once the synthesis conditions are presented as LMIs, they can be solved

numerically using available software packages such as MATLAB LMI Control Toolbox [14],



YALMIP [15], and SeDuMi [16]. The application of LMI approach in filtering and con-
trol problems has been considered in many studies and has been continuously extended for
multi-objective problems, uncertain systems, discrete-time systems, reduced-order design,
as well as analysis of LPV systems [1, 17, 18, 19, 20].

1.2 Sampled-Data Design Framework

In the past few decades, advances in the computing devices has led to efficient ways
to digitally implement the controllers and filters for the physical systems, which function
in continuous-time domain. Digital implementation of the controllers and filters results in
the mixture of continuous-time and discrete-time systems and signals. Due to this hybrid
nature, there is a need to adapt the continuous-time filtering theory to capture this level
of complexity. The new branch of control theory that was born by paying attention to the
problems related to the digital implementation of the controllers (filters) is called sampled-
data control (filtering) theory, also known as hybrid systems theory. In a typical hybrid
process the measurable output signals are periodically sampled with an analog to digital
(A/D) converter. Then, the digitized inputs are processed using a digital device (controller
or filter) and will be used either in a computer program or in real world by converting
to analog values, i.e., a digital to analog (D/A) converter. The problem of digital design
was studied primarily within the area of digital control theory [21, 22]. In contrast to the
modern sampled-data theory, these approaches only approximately cope with the behavior
of the continuous-time signals in the control system since the behavior of such systems
can be captured and studied only at the sampling instants [23, 24]. Modern sampled-data
control theory, on the other hand, provides an exact solution method for the analysis and
synthesis of sampled-data control systems with inter-sample behavior taken completely into
account [25].

An inordinate number of practical systems exist in continuous-time domain, for which it
is more convenient to design a controller in the same domain. However, the implementation
of the designed controller has to be often carried out in a digital device. To this aim, a
designed continuous-time controller can be simply discretized using conventional methods,
e.g., trapezoidal approximation, along with the use of sampling and holding devices cas-

caded with the plant [26, 27]. In this approach, known as the indirect method, the effect of



sampling frequency does not affect the design procedure until the very last step, where the
controller is discretized. Therefore, the need for redesigning the controller for different sam-
pling rates is avoided. But since this method disregards the effect of sampling and holding
devices in the design process, increasing the sampling period degrades the effectiveness of
the control action, which may result in the instability of the closed-loop system. Conversely,
the so-called direct sampled-data design always takes into account the effect of converter
devices in the design process [25]. The main essence of all direct methods is to map the
hybrid closed-loop system to either discrete-time or continuous-time domain and then us-
ing an existing design method in the associated time domain. While the former mapping
is completed using lifting method, the latter one is carried out by means of input-delay
approach.

Using the lifting technique for a control design problem, the plant is first augmented
by the sampler and hold devices and is transformed to a system with a finite dimensional
state space representation and with infinite dimensional input and output spaces. Next, an
equivalent discrete-time system of the lifted augmented system is derived for which an H.o
or Ho discrete-time controller is designed. The idea of lifting technique was extended to the
LPV systems in [28, 29] to design state-feedback and output-feedback controllers. There
have also been additional efforts on sampled-data control design for LPV systems, e.g.,
[30, 31]. In this dissertation, we employ the idea of lifting to synthesize a discrete-time filter
for an LPV continues-time system. To this aim, we lift the continuous-time system and find
its equivalent discrete-time representation. Then, we design a discrete-time filter to solve
the energy-to-energy gain problem for the filtering error system. Alternatively, the input
delay approach proposed in [32] and further developed in [33, 34, 35, 36] can be employed for
direct sampled-data design. Utilizing a zero-order hold as the digital-to-analog converter,
the same control command is used during a sampling period. Here, one can notice a delay
in updating the control action which grows as time passes and then is reset to zero at the
sampling instant. Using this fact, in the input-delay method, the piecewise-constant output
of the zero-order-hold is mapped into a continuous-time signal with a time-varying delay.
By this transformation in the sampled-data control and filter problems, we have a pure

continuous-time system including delay in its model. The presence of delay in the system



dynamics imposed by the input-delay approach, calls for a new design method to ensure
the stability of the closed-loop system, as well as a desirable level of performance. The
interested reader is referred to [37, 38] and numerous references therein on stability analysis
and control of time delay systems. Utilizing this technique for LPV systems requires deep
study of delayed LPV models which are more challenging than LTI systems to handle. There
has been recent efforts devoted to the control design problem of time-delayed LPV systems
[39, 40, 41, 42, 43]. The existing criteria for analysis of time delay systems are categorized
into either delay-independent or delay-dependent approaches. In the delay-independent
approach, a controller is designed such that the system remains stable regardless of the
time delay magnitude. In contrast, by considering the information of the time delay, the
delay-dependent approach leads to generally less conservative results specifically for smaller
time delays. The key solution to delay-dependent synthesis methods is the appropriate
usage of Lyapunov-Krasovskii functionals which takes into account information of the delay,

including bounds on the delay, shape of the delay and rate of the delay.

1.3 Outline of the Thesis

In this dissertation we focus on two direct design approaches, that is, lifting method
and input delay method, to address some open problems in system theory. In chapter 2, a
filter design method for continuous-time LPV systems with time-varying delay is presented
that aims to estimate some signals of the system. The design objective is to ensure the
estimation error system stability and a prescribed level of performance defined to be the
induced energy-to-energy gain (or Heo-norm) from the disturbance input to the estimation
error signal. In this chapter, the filter synthesis conditions are formulated in terms of LMI
optimization problems. To show the capability of this study in estimation, the proposed
design method is examined through a numerical example and the results are compared to
a previously performed related study .

In chapter 3, we address the sampled-data filter design problem for continuous-time LPV
systems. The filtering error system obtained from augmenting a continuous-time LPV sys-
tem and the sampled-data filter is a hybrid system. The sampled-data filter design objective

is to ensure the error system stability and a prescribed level of the induced energy-to-energy



gain (or Heo-norm) from the disturbance input to the estimation error. To this purpose,
we employ a lifting method to design the filter in a direct way. The sampled-data filter
synthesis conditions are formulated in terms of LMI optimization problems. The viability
of the proposed design method to cope with variable sampling rates is illustrated through
numerical examples, where reliable estimation of the LPV system outputs is achieved.

In chapter 4, we examine the sampled-data control problem for continuous-time LPV
systems without and with internal delay. In order to analyze the sampled-data system, from
stability and performance perspectives, first we use the input-delay approach to map the
hybrid closed-loop system into the continuous-time domain with delay in the states. For
an LPV system with internal time delay, this causes a closed-loop system with two types of
delay, that is, the internal delay of the system and the one imposed by input-delay mapping.
Next, for analysis of stability and performance of the system, we utilize Lyapunov-Krasovskii
functionals which lead to delay-dependent matrix inequality conditions. Then, using a set of
appropriately defined slack variables, we propose a sampled-data control synthesis condition
based on the solution to an LMI optimization problem. To complete the discussion, we
consider two structures for the sampled-data controller, namely full-order dynamic output-
feedback and state-feedback controllers. In order to have an organized chapter, we present
the results for the LPV systems without delay and with delay separately. Finally, several
numerical examples will be presented for the sampled-data control of LPV systems with
delay, without delay and for the dynamic output-feedback and state-feedback structures.
The simulation result demonstrate the viability of the proposed control design method to
satisfy the stability and performance objectives.

Chapter 5 summarizes the main contributions of this dissertation and provides remarks
for future work in the area of sampled-data control and filtering.

The notation used throughout this dissertation is standard. R denotes the set of real
numbers and R, is the set of non-negative real numbers. R™ and R"*™ denote the set of
real vectors of dimension n and the set of real n x n matrices, respectively. In addition,
S\ denote the set of real symmetric positive definite matrices. The notation ()7 denotes
the transpose of a real matrix. Given a symmetric matrix X = X7 € R™" X > 0 (X > 0)

denotes matrix positive definiteness (semi-definiteness). Given a matrix Y € R™ ™ with



rank 7, the orthogonal complement Y is defined as the (n — r) x n matrix that satisfies
Y1Y =0and Y'Y 1T > 0. In a symmetric matrix, the star « in the (i, j) element denotes
transpose of the (j,7) element. The Lo-norm of a vector valued function f(t) is defined as
1fllz, = {fooo fT(t)f(t)dt}l/2, which is indeed the energy of the signal f(t). The Ls[a,b]
norm of a continuous-time signal is defined as || f||z,ap = (' |f(t)|2)% The space of the
time series with a finite La[a, b]-norm is called the signal space Lo[a,b]. The lo-norm of a
discrete signal is defined as || f]j;, = i \f(k:)]Q)% Finally, (-)* denotes the adjoint of an

operator on the Hilbert space.



Chapter2
Filtering of Linear Parameter Varying Systems with Delay

2.1 Introduction

Filters utilize the output measurements of a dynamic system to estimate the states or
a combination of the states of the system. From this point of view, an observer which
estimates the non measurable states of a system can also be treated as a filter. Running
in parallel, a filter is served to detect fault occurrence in dynamic systems by comparing
some outputs of the physical system with the expected ones produced by the filter which
represents a healthy system [44, 45]. The performance of a filter is often assessed in terms
of a measure of the state estimation error which is the difference between the actual and the
estimated state. In this context, specially when the statistical information is unknown, the
Hoo filtering method can be employed to minimize the energy of the estimation error signal
for the worst bounded energy disturbance input [46, 47]. Other performance measures such
as energy-to-peak gain, peak-to-peak gain or a combination of these objectives from the
disturbance input to the estimation error signal can be also utilized for the H filter design
as they are used in control design [48].

In this chapter, we are interested in the development of a method for the design of
filters for linear parameter varying (LPV) systems including time-varying delay in the state
vector. It is remarked that a system with delay in the input can readily be converted to
the one with state delay. LPV systems constitute a class of linear systems whose dynamics
depends on time-varying parameters, also known as scheduling parameters. Not only the
time-varying model of the system, but also the inclusion of delay intensifies the complexity of
the problem which calls for a state-of-the-art analysis method to handle this intricacy. The
literature on stability analysis and control of time-delay systems is widespread (see [37, 38|
for LTT and [49, 50, 51] for LPV delayed systems). The existing criteria for analysis of time
delay systems are categorized into either delay-independent or delay-dependent approaches.
In the delay-independent approach, a controller is designed such that the system remains
stable regardless of the time delay magnitude. In contrast, by considering the information

of the time delay, the delay-dependent approach leads to a generally less conservative results



specifically for smaller time delays.

It is noted that there is a close connection between the solution of the Ho filtering
problem and the H., control problem. However, it is rewarding to derive an independent
solution for the filtering problem which results in a simpler set of design conditions. In
recent decades, the filtering problem of LPV systems with time delay has been studied
widely [49, 50, 52, 53]. According to the literature, two class of filters are often utilized;
the memoryless filter that is independent of delay and the irrational filter that includes the
delay in its dynamics. Intuitively, the former structure leads in better performance since
the structure of the filter coincides to that of the plant.

Contribution of this chapter is as following: We propose a method for the design of
filters for LPV systems including state delay. The design should guarantee asymptotic
stability of the estimation error system as well as providing a specified level of performance,
namely the energy-to-energy gain from external disturbance to estimation error signal. The
main result of this chapter is inspired by the method proposed in [54] for continuous-time
controller synthesis of state-delayed LPV systems. The key solution to this problem is to find
a parameter-dependent Lyapunov-Krasovskii functional that results in a delay-dependent
synthesis method that can handle fast-varying time delay. To ensure that the solution to the
synthesis problem is in the form of a linear matrix inequality (LMI) optimization problem,
we introduce slack variables (see [55]) to relax the resulting condition in terms of an LMI
problem. Using the derived formulation based on the slack variables, we then obtain the
synthesis condition for the filtering design that is considerably simpler compared to the
existing methods.

The chapter is organized as following: Section 2.2 presents the problem statement and
preliminaries. In section 2.3, we analyze the stability and performance of LPV systems with
time delay. In Section 2.4, the filter design formulation is presented. Section 2.5 examines
the proposed design methods using a numerical example. The conclusion is presented in

section 2.6.



2.2 Preliminaries and Problem Statement

We consider the following state-space representation for an LPV system

@(t) = Alp(t)x(t) + An(p(t))z(t — h(p(t))) + Bi(p(t))w(t)
2(t) = Cilp@®)z(t) + Crn(p(t))z(t = hip(t))) + D (p(t))w(t)
y(t) = Ca(p(t))z(t) + Canp(t))z(t — h(p(t))) + Dar(p(t))w(t)

2(0) = $0) Ve [—hm 0], (2.1)

where z(t) € R” is the state vector, z(t) € R™ is the vector of outputs to be estimated,
y(t) € R™ is the measurement vector, w(t) € R™ is exogenous disturbance vector con-
taining both process and measurement noise with finite energy. The system matrices A(-),
An(+), Bi(+), Ci(-), Cin(-), D11(+), Ca(-), Can(-) and Dy (-) are real continuous functions of
a time varying parameter vector p(t) and of appropriate dimensions. In this model, A(-) is
a differentiable scalar function denoting the parameter-dependent time delay and satisfies
0 < h(-) < hy. Starting from ¢ = 0, the initial condition ¢(-) determines the integral
solution of (2.1) uniquely. The parameter vector p(t) € Fp is assumed to be measurable in

real-time, where FJ is the set of allowable parameter trajectories defined as

Fh={o(t) €CRRY) : p(t) € P, pu(t) Sv; i = 1,205 WEERL),  (22)

where C'(R, R®) is the set of continuous-time functions from R to R®, P is a compact set of R*,
and {v;};_; are nonnegative numbers. The constraints in (2.2) imply that the parameter
trajectories and their variations are bounded. Now consider an n'*-order discrete-time

parameter-varying filter F' represented by the following state-space description

ip(t) = Ar(p(t)zr(t) + Anr(p(t)zr(t —h(p(t)) + Brp(t))y(t)

2(t) = Cr(pt)xr(t) + Cur(p(t))zr(t — h(p(t)) + Drp(t))y(t), (2.3)

where zp(t) € R™ is the state vector and 2(t) € R"= is the estimation signal. The system

matrices Ap(+), App(+), Br(:), Cr(:), Chr(-) and Dp(-) are real continuous functions of the



parameter vector p(t) and of appropriate dimensions. We aim to design the aforementioned
filter matrices so that 2(¢) be an estimation of the output signal z(¢). It is noted that in
this chapter, we only consider the full-order filter design problem, where the filter has the
same order as the plant. The results presented in this chapter can be extended to design
reduced-order filters as well. The estimation is performed by feeding the information of the
measurement signal y(¢) and the scheduling parameter p(t) to the filter. To this purpose,
we define the estimation error to be e(t) = z(t) — 2(t). Figure 2.1 shows the estimation

error system configuration. For this error system that relates the disturbance signal w(t)

Z +

W —p P(P) )
—» F(p) "
y Z

Figure 2.1: Estimation error system.

to the estimation error signal e(t), the induced Lo-norm (Hoo-norm) is defined as

| Twellizo = sup  sup lell . (2.4)

peFy weLs— {0y lwlle,’

where Ty, is the operator inducing the disturbance w(t) to the estimation error e(t). This
value also known as energy-to-energy gain of the augmented system, indicates the worst
case output energy |||z, over all bounded energy disturbances ||w||z, over all admissible
parameter vector p(t) € Fp. We aim to design the filter ' so that the the filtering er-
ror system consists of system (2.1) and filter (2.3) is asymptotically stable, and also the

corresponding energy-to-energy gain is minimized, i.e.,
min | Toe iz (2.5)

Instead of the optimal design problem (2.5), one can solve the 7-suboptimal energy-to-

energy gain in which a filter F' is sought such that

HTweHi,Q <7, (2.6)
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where v is a given positive scalar. If the inequality (2.6) holds true, then the estimation
error energy will be bounded by 7||wl||z, for any nonzero disturbance w(t) with bounded
energy. That is, as long as w(t) € L2 — {0}, regardless of its nature, the error does not
exceed a specific bound.

Now we augment the plant (2.1) with the filter (2.3) to obtain the state-space represen-

tation of the error system. Defining

z(t) = : (2.7)
zp(t)
we have
r(t) = Az(t)+ Apz(t — h) + Bw(t)
z(t) = Cz(t) + Crz(t — h) + Dw(t), (2.8)
where
_ A 0 _ Ap 0 _ B
A= 5 Ah = 5 B = 5
| BrC>  Ap BrCon  Apr Br Doy
C=|C,—DpCy —Cpl|, Ch= [Cm — DpCy,  — Cpp|,and
D=|Dy — DFDZI] : (2.9)

Equation (2.8) is a continuous-time LPV system with state delay. For the sake of simplicity,
during the discussion we may drop the dependency of the matrices to the parameter vector.
Next, we provide some useful lemmas that will play a key role in the proofs of the main

results of the chapter.

Lemma 2.1. (Cauchy-Schwarz Inequality): For any positive definite matrix P and any

v(a) € R™

T
P

/tihv(a)da} .

h/tt v(a)! Pu(a)da > [/i v(a)do

—h
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(See [56])

Lemma 2.2. (Projection Lemma): Given a symmetric matrix ¥ € R™*™ and two matrices

A and T of appropriate dimensions, the linear matrix inequality
¥+ ATe'T +T7TOA <0 (2.10)
is feasible in matrix © if and only if
NFUNy <0 (2.11)
and
NEUANT <0, (2.12)

where NV, and Nr are any basis of the null-space of A and I'. For a matrix I' € R™*" with

rank 7, Ny € R(®=7)%" and satisfies the two conditions NpI' = 0 and NpNE > 0. (See [48])

2.3 Stability and Performance Analysis of Time Delay LPV Systems
In this section, we present stability and H,-norm performance analysis conditions for
time delay LPV systems by deriving a set of linear matrix inequality (LMI) conditions. To

this aim, we utilize delay-dependent Lyapunov Krasovskii functionals.

2.3.1 Stability Analysis
We first consider the unforced closed-loop LPV system (2.8), that is

) = A(p®)F() + An(p(t)a(t — hlp(t)). (2.13)

Lyapunov-Krasovskii stability theory serves as a useful tool to achieve delay-dependent
conditions for the stability analysis of the system represented by (2.13). To this aim, we
need to find a positive definite functional with an infinitesimal upper bound, whose time
derivative is negative. The interested reader is referred to [57, 56, 58, 37| for an extensive

review of the theory and the Lyapunov-Krasovskii functional selection. As the first result of
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this chapter, we present the following theorem as a sufficient condition to ensure asymptotic

stability of the LPV system (2.13).

Theorem 2.1. The time-delay LPV system (2.13) is asymptotically stable for all A(-) < Ay,
if there exist a continuously differentiable matrix function P : R® — Si"f% and constant
2nx2n

matrices R,Q € ST such that for all p(t) € Fp, there is a feasible solution to the

following LMI problem

ATP+PA+P+Q-R PA,+ R hm AT R
* ~(1-hQ—-R hn,ATR| <0. (2.14)
* * — R

Proof: We consider the following Lyapunov-Krasovskii functional
with

Vi@.p) = & (O)P(()(t),
V) = [ #(©Qa(e) de, and

t=h(p(t))

0 gt ‘
Vi@ = | i /Hei"T(f) h R 3 (€) dE db,

where the notation z;(6) is used to represent z(t+6) for @ € [—hy, 0]. It can be shown that
(2.15) is a positive definite with infinitesimal upper bound functional. It is noted that (2.15)
is chosen to be dependent on the LPV parameter vector p(t) and the maximum sampling
interval h to result in less conservative stability conditions. In order for the system to be
asymptotically stable, it suffices that time derivative of (2.15) along the trajectories of the

system (2.13) is negative definite. One can readily conclude
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Va(zr,p) = &' ()QZ(t) + (1 —h)z" (t —h) Q x(t — h), (2.17)
and
. . t . .
Vi (31, p) = h2,5T ()R #(t) — / #T(0) ho R 3(6)d6. (2.18)
t—hm
Since h < hyy, the integral term in (2.18) satisfies
t . . t . .
—/ z7(0) hy R 2(0) df < —/ z7(0) hm R 2(6)d6.
t—hm t—h

Employing Lemma 2.1, we can bound the right hand side of the above inequality by

—/tthg;«T(e) hon R #(60) d6 < 7’” )TR</tth¢T(9) de):

T’” [Z(t) — z(t — h))" R[Z(t) — Z(t — h)].
Since —hTm < —1, the following inequality is obtained
t . . T
—/ 27 (0) hpR 2(0) df < — [Z(t) — Z(t — h)]" R[Z(t) — Z(t — h)]. (2.19)
t—h
Substituting (2.19) in (2.18), we obtain

Va(Z, p) < B2ET()Ri(t) — [2(t) — (t — h))" R[Z(t) — Z(t — h)]. (2.20)

Substituting for z(¢) in (2.16) and (2.20) and then collecting the terms yields

- - T - T
. z(t) AT AT z(t)
V(zs,p) < X+ | |hR|
z(t —h) AT AT z(t—h)
- 4T T
z(t) hmATR hm AT R z(t)
= X+ | R B ., (2.21)
z(t —h) hm AT R hm AT R Z(t — h)
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where

ATP+PA+P+Q—-R  PA,+R

* —-(1-h)Q—-R
To ensure that V(Z, p) < 0, it is sufficient that

T

ATP+PA+P+Q—-R PA,+R hm AT R hm ATR
+ _ _

* -(1-h)Q-R hmATR hmATR

-1 <0.

Finally, applying Schur complement to the above LMI results in the condition (2.14), and
this completes the proof.
2.3.2 Performance Analysis

Next, we present the performance analysis condition for the time-delay LPV system

(2.8). The derived condition will be used in the next section for filter design.

Theorem 2.2. The LPV system (2.8) is asymptotically stable and the condition ||z||z, <
v||wl|z, holds true for h(-) < h,, and zero initial condition if there exist a continuously
differentiable matrix function P : R® — Sa_"fM, constant matrices R,Q € S?,_n_i_w" and a

positive scalar v such that

ATp +PA+P+Q—-R PA,+R PB CT hmflTR_
* ~1-MQ-R 0 CI h,ATR
* * —~I DT  h,BTR| <0O. (2.22)
* * * =l 0
* * * * —R

Proof: We first define a Lyapunov-Krasovskii functional similar to the one introduced in

Theorem 2.1. Next, we apply the following congruent transformation
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_I 0 0 O O_
0 I 0 0 O
T=10 0 0 I
0 0 I 0 O
0 0 0 1 0]

to (2.22). In the obtained inequality, it can be observed that the negative definiteness of the
upper left 3 x 3 block matrix, in light of Theorem 2.1, concludes the asymptotical stability

of the system (2.8). Applying Schur complement to (2.22) two times results in

T T
ATP+ PA+P+Q—-R PA,+R PB cT cT AT AT
x ~(1-hQ-R o |+ |CT|v|CT| + |AT|hnR|AT| <O
* * —~I DT DT BT BT

Multiplying the above inequality from left and right by [z7(¢) zT(t—17) w?(#)]7 and its

transpose respectively, following by minor algebraic manipulations yields

L () Pz(t) + 27 (t)Px(t) + 7 () PZ(t)

+zT(1)Qz(t) + (1 — h)ZT (t — h) Q (t — h)

+h2 2T ()R (t) — [2(t) — 2(t — b)) R[2(t) — (t — h)]
1

—yw™ (H)w(t) + ;zT(t)z(t) < 0.

Finally, employing (2.16), (2.17) and (2.20), we end up

V (24, p) — ywT (H)w(t) + %zT(t)z(t) <0. (2.23)

Integrating both sides of the inequality (2.23) from 0 to oo and using V]i—g = V]t=ee = 0

(due to the asymptotical stability and zero initial condition), we arrive at

12l . < Alwlic,,
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and this completes the proof.

2.3.3 Introduction of slack variables

In order to establish a synthesis condition for the filter (2.3), the corresponding system
matrices (2.9) are substituted in (2.22); this, however, results in a bilinear matrix inequality
problem due to the byproduct of the Filter matrices with the unknown matrix function P
and matrix R. Therefore, we will seek an alternative method based on the introduction of
slack variables to reformulate the corresponding problem to ensure that an LMI is achieved.

The following lemma provides an alternative way to deal with the matrix inequality (2.22).

Lemma 2.3. The LPV system (2.8) is asymptotically stable for all h(-) < h,,, and satisfies ||z||z, <
||w| z,, if there exist a continuously differentiable matrix function P(p) : R® — S¥***" and param-
eter dependent matrices Vi (p), Va(p), Va(p) : R® — S3"**" and constant matrices R, Q@ € ST*" a
positive scalar v such that for any admissible parameter trajectory p(t) € F3%, the following LMI

problem has a feasible solution

-1 =VvT P—V2T+V1A —V3T+V1Ah ViB 0 hmR
* P+Q-R+ATV] +VhA R+ ATV, + Va4, V2B cT 0
* * -1-hQ—-R+ATVL + V34, ViB cr 0 “o
* * * —~I DT 0
* * * * — I 0
* * * * * —R
) ] (2.24)

_0 P 0 0 0 hmR_
x P+Q-R R o CcT 0
oo |* * ~(1-hAQ-R 0 C, 0
- * * * —~I DT 0 7
* * * * =l 0
* * * * * -R
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and

Vi I 00000
A=|-1 A A, B 0 0|, ©=|w|, T'=lo 17 0 0 0 0 (2.25)
Vs 00T 00 0

The matrix variables Vi, V2 and V3 are known as slack variables [55]. We next use Lemma

2.2 (Projection Lemma) by finding the bases for the null space of A and T' as

Ny = , Nr=1|I 0 0

We then substitute the two matrices above in the solvability conditions of Lemma 2.2. Using
the solvability condition (2.11) results in the LMI condition (2.24). On the other hand, the

solvability condition (2.12) leads to the following LMI

—~I DT 0
« o 0| <0 (2.26)
* * —R

which is part of LMI (2.24) and is always satisfied as long as there is a feasible solution to
(2.24). In summary, feasibility of the LMI condition (2.24) ensures that the LMI problem

(2.22) is feasible and based on Theorem 2.2, the proof of Lemma 2.3 is complete.

Remark It is noted that choosing lower number of slack variables, e.g., one or two, would
be also possible but leads to more conservative results compared to those proposed here.
In fact, using one or two slack variables in (2.25) results in a simpler form of LMI in (2.24)
but the feasibility of the LMI problem is not guaranteed particularly for larger time delays.

On the other hand, we found out that stacking more than three slack variables in (2.25)
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results in a complicated LMI problem, which adds to the design complexity.

2.4 Filter design for continuous LPV systems

In order to find the filter matrices, we employ lemma 2.3 for the closed loop system
(2.8). In the matrix inequality (2.24), we substitute the closed loop matrices A, A, By, C,
and Cy, from (2.9) and select the three slack to be as Vi =V, Vo = AV and V3 = A3V for

given scalar valued A;, Ay and A3. Next, we partition V into

X N
V= . (2.27)
NT F
We then define
Y M
vl= , (2.28)
MT F

where N(p), M(p) : R® — R™ "™ and X(p),Y (p), E(p), F(p) : R® — SI’\". Equations (2.27) and

(2.28) together impose a set of constraints as

XY +NMT I and

YN+ ME

|
e

Next, we perform the congruent transformation 7 = diag(Z*, Z7,Z7,I1,1,Z7) on (2.24) with

Z = : (2.29)
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Consequently, we get the following matrix inequality

—oV p—)\zf/-i-A —/\3‘7+Ah B 0
* ]5+Q—R+)\2(A+AT) R+ MAT + X\ 4, B CT
* * —(1=1)Q - R+ (A, + AT) XsB CF
* * * —~I DT
* * * * —~1
* * * * *
where

_ I
Vv = ZTvz= ,
I X
and also

P=27TpPz, P=2TPZ R=27TRZ, O=27QZ

In addition the plant related matrices are obtained as

<0,

(2.30)

XA+ BC,

~ _ AY A AY
A = ZTvAz = =
XAY + NBpCoyY + NARrMT XA+ NBpCs A
_ _ ArY Ap,
A, = Z"VA,Z =
XAhY+NBFCQhY+NAhFMT XAh+NBFCQh
ALY A
A, XA, + BCy,
- _ By B
B = Z'VB= = 7
XB; + NBpDy; XB; + BDy;
é = CZ = l:ClY — DpCyY — CFMT C) — DFCQ:| = |:01Y — é C) — DFCQ:| y and
Cth = C'hZ = |:0th — DpCoY — ChFMT Cin — DFCQh:| = [Clhy — éh

20
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Here, we have used the change of variables as following:

A = XAY + NBpCoY + NApMT,
A, = XA,Y + NBpCoY + NApyM7T,
B = NBp,
C = DpCyY +CprMT, and
Chn = DpCopY + ChpMT. (2.31)

Finally, by reversing the transformations in (2.31), the filter matrices are obtained as

Br = N7'B,
Ap = N YA—-XAY — NBpC,Y)M™ T,
App = N7YA, — XALY — NBpCo,Y)M™T,
Cr = (C—=DpCY)M™T, and
Chr = (Ch—DpCoyY)M™T, (2.32)

The following theorem summarizes the discussion:

Theorem 2.3. If there exist a parameter-dependant continuously differentiable matrix P (p) : R® —
S2"2" parameter-dependant matrices R(p), Q(p) : R® — S2*" and X (p), Y (p) : R® — S7%" and
also A(p), An(p) : R® — R™™ and B(p) : R® — R™"™ and C(p),Ch(p) : R® — R™*" and
Dp(p) : R® — R™ ™ two given scalars Ay, A3 € R and a positive scalar v such that the LMI
condition (2.30) holds true for all admissible parameter p(t) € F3 and then there exist a filter in the
form of (2.3) such that estimation error system is asymptotically stable and satisfies ||z||z, < v||w||z,
for h(-) < hy,. In addition, matrices of such a controller are obtained as following.

1- Solve M and N from the factorization problem

I—-XYy=NMT".

2- Solve the filter matrices from (2.32).

Remark In LMI (2.30), the (2,2) entry includes a derivative term that can be replaced by

p= %—IZ p. Due to the affine dependency of this matrix inequality on p, it is only required to
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solve this feasibility problem at vertices of p. Therefore, in this matrix inequality, one can
replace the term P with St (vi%) [59]. The summation means that every combination
of 4+ and - should be included in the inequality. That is, the matrix inequality (2.30) actually

represents 2% different combinations in the summation.

Remark The LMI condition (2.30) contains the value of maximum delay h,, and this con-
firms that our developed results are delay-dependent. In addition, due to appearance of h,

the solution is also rate dependant.

Remark The LMI problem (2.30) is infinite-dimensional due to the dependency of the
system matrices on LPV parameters continuously. A standard approach to solve the pa-
rameterized LMIs like (2.30) is to initially select some basis functions to represent the
dependency of the matrix variables on the LPV parameters and then grid the parameter
space. Finally, the obtained finite-dimensional LMI problem is solved at the grid points and
then checked on a finer grid [1]. We may assign various structures to the LMI variables.
One obvious choice is when they are taken constant that results in a simple implementation
but literally ends up in a poor performance measure. Alternatively, a standard approach
is to employ some basis functions to represent the dependency of the LMI variables on the

LPV parameters, e.g.,
1
X =Xo+pt)X1 + 5p“‘(t)X2 + ... (2.33)

and similarly for the other variables. The more elaborate the LMI variables are, the more

satisfactory outcome is obtained at the price of computation effort.

Remark The optimal H., performance can be obtained by solving the LMI optimization
problem of minimizing v subject to the convex constraint (2.30) by fixing Ay and A3. In
addition, a line search may be performed to determine the maximum value of the time delay

interval h,,.

2.5 Simulation Results

In this section, we present an illustrative example to show the effectiveness of the pro-

posed filtering method. Also we compare the obtained results with a related work performed
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in the past (see [51]) which offers an accurate estimation for the case of time-varying delay.

Consider a time-delayed LPV system defined by

0 1+0.2sin(t) 0.2sin(t) 0.1 —0.2
() = x(t) + xz(t — h(t)) + w(t)
—2 —3+40.1sin(t) —0.2+0.1sin(t) —0.3 —0.2

A0 = o ]+ o5 ofate-nte)

yt) = |1 o] x(t) + 0.3w(t). (2.34)

We aim to estimate the output signal z(t), provided the noisy signal y(¢) is measured. We
assume that the sine term in the above model corresponds to the LPV parameter, i.e.,
p(t) = sin(t), whose functional representation is not known a priori but it can be measured
in real time. It is apparent that the parameter space and its rate correspond to [—1 1].
Also the associated time-varying delay is considered to be parameter dependent satisfying
h(p(t)) = A|sin(t)|, where X is the magnitude of the periodic time delay. Next we employ the
Theorem 2.3 to design the filter matrices. We consider a first order polynomial in terms of
scheduling parameter for the LMI variables. We also grid the parameter space and solve
the LMIs at the gridding points and then check them on a finer grid. Table 2.1 shows the
worst case energy-to-energy gain of the estimation error system, versus different magnitude
X of the periodic time delay, using the proposed approach in this chapter and the one in
[51]. It is apparent that the performance of the estimation has been improved. Also it is
observed that for A > 1, where A > 1, the method in [51] fails, whereas, the current study
can handle this case effectively.

Table 2.1: Sub-optimal values for « for various delays regarding to different methods.

) 0105 ]09] 1 | 225
Ref. [51] || 029 | 03 [045 | - | - | -
Theorem 2.3 || 0.04 | 0.12 | 0.34 | 0.54 | 1.3 | 6.7

Shown in Figure 2.2 is the time simulation of the signal z(¢) along with the estimated
signal corresponding to the filter obtained with Theorem 2.3 (signal z;) and the method
in [51] (signal 2). The state initial condition for the plant (2.34) is assumed to be [1,—2],

the magnitude of time delay is A = 0.5 and the disturbance signal is a pulse as indicated in
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Figure 2.2. It is seen that the Theorem 2.3 provides better estimation of signal z(¢) , given

even circumstances.

Filters outputs

-0.4 [k 4 |

-06F Y |

-0.8 | | | | | ! !
0 1 2 3 4 5 6 7 8

Time(Sec)

Figure 2.2: Comparison between two filters; 21 this study, 25 ref [51].

2.6 Chapter Conclusions

In this chapter, a new filtering design method for LPV systems with state delay was pre-
sented. With an appropriate choice of Lyapunov-Kravoskii functional, a synthesis condition
was obtained that was delay and rate dependent. Utilizing slack variables, the synthesis
conditions were expressed in terms of LMI optimization problems to be solved effectively
using the existing tools. We examined the proposed results using a numerical example. We
observed that the proposed method had less conservative results compared to the existing

methods in the literature.
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Chapter3
Sampled-Data Filtering Using Lifting Method

3.1 Introduction

Filters utilize the output measurements of a dynamic system to estimate the states or a
linear combination of the states of the system. The performance of a filter is often assessed
in terms of a measure of the state estimation error which is the difference between the actual
and the estimated state. The literature on various versions of Kalman filtering technique
is rich (see e.g., [60, 61]). Using the statistical information of the exogenous disturbance
input of the system, the Kalman filter minimizes the variance of the state estimation error.
In contrast, when the statistical information is unknown, the H., filtering method can
be proposed to minimize the energy of the estimation error signal for the worst bounded
energy disturbance input [46, 47]. Other performance measures such as energy-to-peak gain,
peak-to-peak gain or a combination of these objectives from the disturbance input to the
estimation error signal can be also utilized for the filtering design problem [48].

Among several factors that affect the search for improved filter design strategies, one
can mention the challenges posed by signal recovery and estimation under time-varying
dynamics. Recently, linear parameter varying (LPV) systems theory has led to significant
steps forward in the study of time-varying systems. LPV systems constitute a class of linear
time-varying systems whose dynamics depends on time-varying parameters, also known
as scheduling parameters. When such parameters are available in real-time, they can be
employed for control and filter synthesis purposes resulting in less conservative conditions
compared to fixed robust controllers and filters [62]. In addition, within the framework of
quasi-LPV, we can model a large class of nonlinear systems as LPV systems. In a quasi-LPV
system, the scheduling parameters are not only a function of exogenous signals but also of
the system states. Some of the recent studies in this area have addressed the filter design
problem in LPV systems, especially in the continuous-time domain. In [63], the H, filtering
problem for a class of polytopic LPV systems is considered. The design of fault detection
and isolation filters for LPV systems has been another area of interest for researchers (see,

e.g., [44, 64]). In addition, the authors in [51] addressed mixed H2/Ho filter design for LPV
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systems, where the system contains delay in the states. While the aforementioned references
examine the LPV filter design problem in continuous-time domain, our main concern in this
chapter is to develop an LPV filter design method that is implemented in discrete time.
In the past few decades, advances in computing devices has led to efficient ways to dig-
itally implement controllers and filters for continuous-time physical systems [65]. Digital
implementation of the filters results in a mixture of continuous-time and discrete-time sig-
nals and systems forming a hybrid dynamical system. In a typical hybrid process, the mea-
surable output signals are periodically sampled with an analog to digital (4/D) converter.
Then, the digitized outputs are processed using a digital device (controller or filter) and fed
to the plant after being converted to analog signals through a D/A converter. Due to the
aforementioned hybrid nature of the system, there has been a need to adapt the continuous-
time filtering theory to capture this level of complexity. The issue of digital implementation
has been studied primarily within the area of digital control theory. Therein, the exist-
ing methods only approximately cope with the behavior of the continuous-time signals in
the control system since the behavior of such systems can be captured and studied only
at the sampling instants [23, 24]. In contrast to the traditional approaches, sampled-data
control theory provides an exact solution method for the analysis and synthesis of sampled-
data control systems with the inter-sample behavior taken into account [25]. Within this
context, [66] presented a framework to design an H., controller for sampled-data systems.
Using a lifting technique, they solved the sampled-data control problem in terms of an
equivalent discrete-time system, where the plant is augmented with the sampler and hold
devices and is lifted to a system with a finite-dimensional state-space representation and
with infinite-dimensional input and output spaces (see [24, 25]). The lifting technique was
shown to preserve the input-output energy-to-energy gain of the closed-loop hybrid system.
In [28, 29], the idea of lifting technique was applied to the LPV sampled-data systems,
where they solved energy-to-energy and energy-to-peak gain problems to design state feed-
back and output feedback controllers. A benefit of this formulation is that the sampling
interval can be varying as a function of the scheduling parameters. This is the case in
event-sampling systems, such as engines where the sampling interval is a function of the

engine speed. There have also been some additional recent efforts on sampled-data control

26



design for LPV systems (see, e.g., [31, 30]).

The lifting method essentially maps the hybrid system to the discrete-time domain in
an equivalent representation. As an alternative method, [32] introduced a sampled-data
Ho control and filtering methodology that maps the hybrid system to the continuous-time
domain (see also [33, 34, 67]). In this approach, the digital control law is represented as
a delayed control and thus the augmentation of the plant and the controller (or the filter)
leads to a state-delay system. Comparing the two approaches described above, the lifting
method is more cumbersome but results in an improved performance, while the input delay
approach is more conservative due to the introduction of delay to the system. In addition,
the input delay method can be extended for systems with intrinsic delay, as well as uncertain
sampling times or uncertain system matrices.

The contribution of this chapter is as follows. We employ the lifting method to synthesize
a discrete-time filter for a continuous-time LPV system. In that aspect the obtained discrete-
time filter captures the inter-sample behavior of the system. The corresponding synthesis
conditions to guarantee energy-to-energy (or H.,) performance objective on the filtering
error are formulated in terms of linear matrix inequalities (LMIs). To this purpose, we
assume that the scheduling parameters of the LPV system are piecewise constant. The
results of this chapter has been published in [68, 69].

This chapter is organized as follows. Section 2 presents the problem statement. In
Section 3, we present the lifting method employed to find an equivalent discrete-time LPV
state-space representation of a continuous-time LPV system. Next, we propose a solution
to the LPV sampled-data filtering problem by designing a discrete-time LPV filter for the
discrete-time LPV system obtained using the lifting method. As an alternative solution, in
Section 4, we describe the conventional procedure to first design a continuous-time filter and
then discretize the designed filter using a discretization method. Section 5 illustrates the
proposed LPV sampled-data filtering design using a numerical example. We also present the
results of comparative studies between the LPV sampled-data design and the approximate

discretization. Section 6 concludes the chapter.
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3.2 Problem Statement

Consider a stable n'"-order LPV system with the following state-space representation

@(t) = Alp(t)z(t) + Bi(p(t))w(t)
z(t) = Ci(p(t)x(t) + Dua(p(t))w(t)
y(t) = Calp(t)z(t), (3.1)

where z(t) € R™ is the state vector, z(t) € R"= is the signal to be estimated, y(t) € R™ is
the measured output vector and w(t) € R™ is the disturbance vector containing process
noise. The system matrices A(-), B1(-),C1(-), D11(-) and Cy(-) are real continuous functions of
a time-varying parameter vector p(t) and of appropriate dimensions. It is assumed that the
parameter vector is bounded piecewise constant. We first describe the sampling scenario
we consider in this study. We assume time intervals [0,¢1), [t1,t2), ..., [tk, tk+1), ... that are
not necessarily equi-spaced with ¢,’s being the sampling instants. For the sake of brevity,
throughout this chapter, k& will be used to represent t;, and the length of the k" interval

will be represented by 7, that is, 7, = tx11 — tg-

Next, we consider an nt"-order discrete-time parameter-varying filter ' described by the

following state-space representation

zp(k+1)

Ap(p(k))xp(k) + Br(p(k))y(k)

zp(k) = Crp(p(k))xr (k) + Dr(p(k))y(k), (3.2)

where zr(k), y(k) and zg(k) represent the discrete-time filter state vector, the discrete
samples of measurement data, i.e., y(k) = y(tx) and the filter output, respectively. All the
system matrices are defined to be of appropriate dimensions. In the aforementioned filter
structure, not only the measured output signal y(¢) is sampled, but also the parameter vector
p(t) is sampled synchronously at ¢, (for k =0,1,2,...). Using zr(k), we build a continuous-
time step-wise signal 2(¢) as 2(t) = zp(k) for ¢, <t < tx41 in order to estimate the signal z(t)
n (3.1). The filter design problem described above is a hybrid filtering problem, where the

physical system has a continuous dynamics, while the filter to estimate the plant output is
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implemented in a digital computer. Figure 3.1 shows the configuration of the hybrid system
under study, the interconnection of the open-loop continuous-time system and the discrete-

time filter, along with the signal conversion devices. We assume the A/D converter is an

— Z(t)
y(t) y(t) Z, (k)
A/D » Filter » DA |—» Z(t)

Lw| AD ]

w(t)—»  Plant

Figure 3.1: The block diagram of the hybrid system.

ideal sampler, the D/A converter is a zero-order hold and that the quantization errors are
neglected. In Figure 3.1, the dependency of the converters on the parameter p(t;) remarks
that sampling and holding frequency is not necessarily constant and may vary arbitrarily
according to the exogenous parameter(s). It is noted that, in a typical LPV system, the
parameter vector p(t) varies continuously and is assumed to be measurable in real-time,

that is the parameter space is

7% E{pp(t) GC(R,RS) p(t) GP? ‘pl(t)‘ < i:1727"'35 VtGR-‘rL (33)

where C(R,R®) is the set of continuous-time functions from R to R®, P is a compact set of
R*®, and {v;};_, are nonnegative numbers. However, according to the configuration in Figure
3.1, in the current study we can measure it only at sampling instants. Therefore, we assume
that in the continuous-time system, the parameter vector does not change in between two
consecutive samples. Hence, the set of all admissible trajectories for the parameter vector

p(t) in (3.1) is defined as

Ep £ {p:p(t) €P, plti +1) = plte) 1i(trn) = pi(te)] < vi,

k e 7%, i=1,2,...,s Vte[0,7)}. (3.4)

Although this assumption seems restrictive, but it is valid in many practical systems, where
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during the sampling instants, the parameter changes are insignificant and without the loss
of generality, it could be neglected.

Figure 3.2 shows the estimation error defined as e(t) = z(t) — 2(t) along with the filtering
problem configuration where P and F are the plant and filter, and S and H are sampling

and holding devices, respectively. For the error system that relates the disturbance signal

Z + e
w— | P(p) '%
S(p) [ F(p) »{H(p)

y z

A

Figure 3.2: Estimation error system.

w(t) to the estimation error signal e(t), the induced L2-gain (or the Ho-norm) is defined as

I Tucllis = sup  sup  Aclles (3.5)
pEEY weLy,—{0} HwHﬁz

where T, is the operator mapping the disturbance w(t) to the estimation error e(t). This
quantity, also known as the energy-to-energy gain of the augmented system, indicates the
worst case output energy ||e||z, over all bounded energy disturbances ||w|| ., for all admissible
parameter vectors p(t) € £4. In this chapter, we aim to design the filter F' so that the

following conditions are satisfied

e The filtering error system is asymptotically stable, and

e The energy-to-energy gain of the filtering error system is minimized, i.e.,

m}n ||TweH7,',2~ (36)

Instead of the optimal design problem (3.6), one can solve the v-suboptimal energy-to-energy

gain problem, in which a filter F' is sought such that

[ Towelli2 <7, (3.7)

where v is a given positive scalar. If the inequality (3.7) holds true, then the estimation
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error energy will be bounded by 7||w|/z, for any nonzero disturbance w(t) with bounded
energy. That is, as long as w(t) € Lo — {0}, regardless of its nature, the energy of the error
signal does not exceed a specific bound.

Remark Here, we only consider the full-order filter design problem, where the filter has the
same order as the plant. It is, however, noted that the results presented in this chapter can
be extended to design reduced-order filters as well, using the approach in [70].

Remark It is noted that in (3.1), we assume there is no feed through matrix Dy; influencing
the measurement signal y(t) in order for the sampling operator to be well defined [66]. This
is not a restrictive assumption and when it is not the case, we can cascade y(t) with a

strictly proper filter to relax this requirement.

Preceding to the discussion and for further justification, we slightly change the afore-
mentioned filtering problem, where we convert the configuration of the filtering problem
to the well known control design problem. This is done so that we can benefit from the
existing techniques developed for sampled-data control design. Figure 3.3(a) illustrates the

new configuration. In this arrangement, we construct a new plant in which e(t) = z(¢) — 2(¢)

0 G
r—-——~—~——_ - " -—""—=-=—-"=-"=—7—"= 1
wi) > a2 ()
0 | 0(p) |
(o) 2, (k) i H(p) ¥ 1 S(p) : (k)
L ;
F(p) =

Figure 3.3: (a) Describing the filter in control configuration (b) Augmenting the sample and hold
devices

is the signal to be controlled and 2(t) is the control input. The state-space representation

of the new augmented plant @ in Figure 3.3(a) is

a(t) = Alp(t)z(t) + Bi(p(t))w(t)
e(t) = Ci(p(t))z(t) + Dir(p(t))w(t) + Di2(p(t))2(t)
y(t) = Calp(t))z(t), (3.8)
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where D15 = —I. The main reason for this rearrangement will be described in the following
section. Next, we have to augment the sample and hold devices with the plant @ so that
we can employ the so-called lifting technique. To this purpose, we form a new plant G
by augmenting the system @ and the sample and hold devices as shown in Figure 3.3(b)
described by

2(t) = Alp®)z(t) + Bi(p(t))w(t)
et) = Cilp(t)z(t) + Dir(p(t))w(t) + Di2(p(t))zr (k)
y(k) = Calp(tr))x(tr)- (3.9)

It is important to note that using this configuration the effect of both converters is directly
taken into account within the design process. A simpler approach to solve the sampled-data
filtering problem without casting it into the control design problem has been addressed by
[68]; however, that is not as accurate as the one proposed in this chapter since only the

sampling device is augmented with the plant before the lifting technique is applied.

3.3 Solution to the Hybrid Filtering Problem

In this section, we introduce the lifting method to address the problem of sampled-data
filtering of continuous-time LPV systems. First we will describe the lifting technique in
detail and apply that on the system (3.9) to map the augmented plant G to the discrete-

time domain. Next, we design a discrete-time filter for the mapped system.

3.3.1 Discretizing Using Lifting Technique

We consider a signal f(t) € £3]0,00). By signal lifting, we mean breaking f(¢) into the
intervals [0,t1), [t1,t2),-- ., [tk, tk+1), ... and constructing a sequence of signals denoted by
Jr(t), whose elements are defined as fi(t) = f(tx +¢) for 0 < ¢ < tr41 — tr or equivalently
0 <t < 7. Collecting all the elements in a vector, we define f = [---, f_1(¢), fo(t), f1(t),---]T.
It is evident that each element fi(t) belongs to £3]0, 7;]. Next, we consider the continuous-
time LPV system G as illustrated in Figure 3.3(b). One can think of G as an operator acting
on the input pair w(t) and zr(k) to provide the output pair e(¢) and y(k). The lifting of

the system G is the process of finding an operator denoted by G that maps the lifted signal
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[wT, 2z (k)T]T to the lifted signal [eT, y(k)T]T as depicted in Figure 3.4, in the sense that both

systems have equivalent closed-loop H..-norm. Next, we derive the state-space realization

w,(t) efl'(t)
W, (t) | ————» > | et)
V\ﬁ(t) . Q(P) q(t)
Z: (k) y(k)
F(p) [«

Figure 3.4: The lifted sampled-data system.

describing the lifted system G. The integral solution to the state-space representation (3.9)

is

bttt
x(ty+t) = ®(tg +t,tr)x(tr) + / Ot +t,s)B1(p(s))w(s)ds, (3.10)

ty

for t € [0,7%), where ®(t2,t1) = exp ( ttf A(p(€))d€) (for 0 <t <ty < 71) is the corresponding
state transition matrix. Since we have assumed the parameter space is piecewise constant,
the state transition matrix becomes ®(¢;, + t,t;) = exp(A(p(tx))7:). Thus, if we change the

integral variable and use the lifted signal definition, (3.10) can be simplified as

t
2i(t) = ACBEL, (0) 4 / APENE) B (b)) (5)ds,
0

for ¢t € [0, 7). Note that zj(t) = xx11(0) for ¢ = 7. Similarly, the lifted output signal is

wlt) = Calp(t) { AP (0) 4 [ AP B o) ()

+D11(p(t))wi(t) + Di2(p(tr))2r (k)

and

yr(0) = Ca(p(te))zr(0).
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Finally, we can represent the state-space realization of G, i.e., the lifted version of G, as

2er1(0) = Ag(p(k))ai(0) + By (p(k))wi(s)
enlt) = Cy(p(k))(0) + Dy, (p(k))wi(s) + Daalp(k))zr (k)
ue0) = Co(p(k))ar(0), (3.11)

where A, = et and

%

B, : L3]0,7] = R, Elwk:/ e (Te=5) B\ (p(ty))w (s)ds,
0

Cy : R" = Lo00,m], (Cyan)(t) = Culp(t))e D ey, and

Dy ¢ Laf0,m] = L200, 7], (Dyywe)(t) = Ci(p(ty)) /06‘4"’““)“‘”31<p<tk>>wk<s>ds

+ Dui(p(te))wr(t)- (3.12)

The lifted system (3.11) has infinite-dimensional input and output spaces but its state-space
realization is finite-dimensional with the dimension equal to that of the original system.
The question is now how to describe this system using a discrete-time LPV model such that
the stability and an upper bound on the H.,-norm of the closed-loop system is preserved.
Indeed, at this stage we seek for the lifted system’s state-space matrices that would be
implemented in discrete-time by sampling the input vector and parameter signals at discrete

time instants. This equivalent discrete-time system is determined to be

za(k+1) = Aailp(k))za(k) + Bra(p(k))wa(k) + Baa(p(k))zr (k)
ea(k) = Cia(p(k))za(k) + D124(p(k))zr (k)
ya(k) = Cap(k))za(k), (3.13)

with the matrices A4y and B4 given by

Aga = A4+ B,D},(v’I—-D,,D},)"'C, and

Boy = §1QT1(72]_Q11QT1)_1Q12~ (3.14)
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In addition, the matrices B4, C14 and Dis4 are given by

BuBl; = 7°B,(y’I-DiD,,)"'Bj and
Cla o L
[Cm D12d:| = 7 (v*I = D, D3;) " {01 D12:| : (3.15)
D{Qd QIQ

The following theorem states the equivalence of the initial hybrid LPV system and the
lifted discrete-time LPV system with respect to stability and energy-to-energy gain.

Theorem 3.1. Consider two dynamical systems, one of which is formed by the interconnection of
the continuous-time system (3.9) with the sampled-data system (3.2), and second one is formed by
interconnecting the discrete-time system (3.13) with (3.2). The following statements are equivalent

provided that Dy, z,0,7,) <7
e The former system is stable and has the energy-to-energy gain less than ~.

e The latter system is stable and has the energy-to-energy gain less than ~.

Proof: Please refer to [25].
In order to apply Theorem 3.1, the £5]0,7;) induced gain of D,,, as well as several other
operator compositions must be evaluated. For a complete discussion on the evaluation of
these operators, the reader is referred to [25], where the design for the LTI case has been
addressed. As a quick reference, the procedure for evaluating the aforementioned operators
is presented in Appendix A.

Using the lifted LPV discrete-time system (3.13), the next step is to design a discrete-
time parameter-dependent filter represented by (3.2). We discuss the design procedure in

the following section.

3.3.2 Discrete-time Filter Design for Discrete-time LPV Systems

In this section, we consider an LPV system represented by (3.13), where the objective
is to design a discrete-time system F described by the state-space representation (3.2) such
that the energy-to-energy gain from the disturbance wy to the estimation error ey is less
than v with v being a given positive scalar. First, we present preliminaries in the form of
two lemmas that are required for the discussions in this section. For a proof of the two

lemmas, the interested reader is referred to [48].
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Lemma 3.1. Consider a stable discrete-time LPV system represented by

za(k+1) = Aa(p(k))za(k) + Balp(k))wa(k)
va(k) = Ca(p(k))za(k),

and let v be a given positive scalar. Then, the energy-to-energy gain of the system from wy to yq
is less than ~ if and only if there exists a parameter-dependent symmetric positive definite matrix
P(p(k)) such that

Aa(p(k))  Balp(k))

0 I |Cip(k)) 0 0 VI

P(p(k—1)) 0 ] .

Lemma 3.2. Consider the matrices I'; A, © and a symmetric matrix R. There exists a matrix F'

such that the quadratic matrix inequality
(©+TFANTR(O+TFA) < Q (3.16)
has a solution if and only if the following conditions hold true
ATH(@Q - 0TROIATLT > 0 (3.17)
and
I'(R7' —eQ'e"rt? > o. (3.18)
In this case, all the possible solutions for the matrix F' are parameterized by
F = —QITROBAT (ABAT)™ + W2 L(ABAT) /2, (3.19)
where L is an arbitrary matrix such that || L|| < 1 and

® = (Q-06TRrRe+e'Rrar’re)t,
= Q- QI'TRO(® — AT (AGAT)'A®)OT RTQ, and
Q = (IM'Rr)~L.

The following theorem gives the solution to the problem mentioned at the beginning of this

section.
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Theorem 3.2. For a given positive scalar ~, there exists an n*"-order system F represented in
state-space form by (3.2) to make the energy-to-energy gain of the system (3.13) from wy to eq less
than ~, if and only if there exist parameter-dependent matrices X > 0 and Y > 0 such that for all

admissible parameters, there is a feasible solution to the set of LMIs

CF* (Y (p(k — 1)) = ALY (p(k)) Aga — CLyCra) CIAT > 0, (3.20)

[BQd - ([X(p(k)) 01 |Adw Bld]T [X(P(kl)) 0 |Aga Bia ) [Bzd LT>07 (3.21)
D12d 0 ’721 C1d 0 0 1 C1d 0 D12d
and
Y(p(k)) AT ] o 522
v X(p(k))

Proof: To solve the y-suboptimal H., design problem, we first examine the closed-loop
representation of systems (3.13) and (3.2) (where y(k) and y4(k) are the same). Defining

Za(k) = [eF (k), 25 (R)]T, we have

za(k+1) = (A+ BFM)z4(k)+ Dwy(k)
ea(k) = (C+ HFM)zq(k),
where

A P | B Baalp(k)) 0
0 o 0 7|

q o |eew o [ B1a(p(k)) o
0 I 0

c = {Cm(/)(k)) 0}7 H = Di2a(p(k)) 0] -

In addition, the matrix F' defined by

p_ | Crion| o

Br(p(k))  Ar(p(k))
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includes the unknown matrices corresponding to the filter state-space representation. Next,
we use Lemma 3.1 as the LMI-based condition to ensure that there is a solution to the
~v-suboptimal filtering problem. The lemma states that there exists a y-suboptimal LPV

filter if and only if there exists a parameter-dependent matrix P(p(k)) > 0 such that

A+BFM D| |P(p(k)) O||A+BFM D P(p(k — 1)) 0
<
C+HFM 0 0 I| |C+HFM 0 0 VI
Next, we use Lemma 3.2 to determine a set of LMI conditions to ensure the existence of

the filter F'. The associated matrices are determined to be

L _ Bag 0
A D B ) C, 0 0
0 = , I'= = 0 I, A= {M ():| = (3.24)
cC 0 H 0 I 0
Dig 0
and
P(p(k 0 P(p(k -1 0
P LR I L) | .
0 1 0 v
It can be verified that
1 I 0 0 I 0 0
Bag
It = ol lo o 1|, A"t = [CQTL 0 0} 0 0 I| (326
D12gq
0o I 0 0o I 0

Next, we partition P as

Y (p(k Via(p(k
Plo(k)) = (p(K)) (kD (3.27)

Via(p(k))  Yar(p(k))

Then, the solvability condition (3.17) leads to the LMI (3.20). In addition, the solvability

condition (3.18) leads to a matrix inequality problem, in which the matrix P~! appears.
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Then, applying the congruence transformation 7 = diag(yI,~vI) and introducing

X(p(k)) Xia(p(k))

X1 (p(k)) Xaa2(p(k))

VP (p(k)) =

leads to (3.21). The (1,1) entries of the two matrices P and P~! are related through

Y — 72X = VY, 'Y >0, (3.28)

which implies that

Y (p(k)) = v X~ (p(k)) = 0,

or equivalently the LMI (3.22).

Remark It is noted that the inequality conditions in Theorem 3.2 are parameterized LMIs.
To solve this infinite-dimensional LMI problem, we initially pick some basis functions to
represent the dependency of the matrix variables on the LPV parameters, e.g., by selecting

first order polynomials as

X =Xo+pX1, Y =Y+ pY. (3.29)

Next, the set of LMI problem is solved to determine Xy, X7,Yy and X; at the selected grid

points. The results are finally checked on a finer grid.

Remark It is important to note that in Theorem 3.2, the matrix inequalities (3.20), (3.21)
and (3.22) are not linear in terms of v, since the associated matrices Agq, Bia, Baa, C14 and
D24 obtained from (3.14) and (3.15) are themselves dependent on +. So, in order to find
the optimum ~, we decrease v successively in a loop and solve the feasibility problem of the
LMIs (with Agq, Bid, Baa, Cha and Diaq updated accordingly). The search is terminated as
soon as the set of LMIs become infeasible.

Remark At each sampling instant, the set of LMIs depends on the LPV parameter vector
at both k' and (k — 1)** samples. Hence, there is a need to store parameters during the

design process. One can also replace p(k — 1) by r(k) in the corresponding LMIs and treat
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it as a new parameter vector r € £3. In this case, the feasibility or optimization problem
corresponding to the sampled-data filter design should be solved over the new parameter
space Ep x Ep.

After solving the LMIs associated with Theorem 3.2 offline, the filter matrices (3.23)

are determined at each sampling instant as following:

Step 1: The scheduling parameter p is measured.

Step 2: For a predetermined value of v and the current value of p, the discrete-time
system matrices in (3.13) are updated, using the process given in Appendix A.

Step 3: The matrices ©, I and A in (3.24) are determined. Using X, X1, Y, and Y3,
from (3.29) X and Y are calculated. Once X and Y are calculated, Y, and Ya; can be
determined from the factorization problem (3.28) using singular value decomposition
(SVD).

Step 4: Next, P is found from (3.27) and subsequently R and Q in (3.25) are deter-
mined.

Step 5: Finally, F' is obtained from (3.19). By partitioning matrix F, the filter

matrices Ar, Br, Cr and Dy are then obtained from (3.23).

3.4 Continuous-Time LPV Filter Discretization

A conventional solution to the sampled-data filter problem is to design a continuous-
time LPV filter for the continuous-time LPV plant and then apply a standard discretization
method to find a discrete-time representation of the filter. In this section, we present the
LMI-based conditions to design a continuous-time filter for a given continuous-time LPV
system. Then, we discuss the use of trapezoidal approximation method to discretize the
designed filter. We first present two lemmas that are important in the proof of the main

results of this section. For more details, please refer to [48].

Lemma 3.3. Consider a stable continuous-time LPV system represented by
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and let v be a given positive scalar. Then energy-to-energy gain of the system from w to y is less

than + if and only if there exist a parameter-dependent symmetric positive definite matrix P(p(t))

that satisfies the following matrix inequality

Lemma 3.4. Consider the matrices I', A, © and a symmetric matrix R. There exists a matrix F'

such that the quadratic matrix inequality
IFA+ (TFA)T+60 <0
has a solution if and only if the following conditions hold true
rter+” <o
and
ATFOATHT <.
In this case, all the possible solutions for the matrix F' are parameterized by
F=-RI'TTOATT + Q2 LU,
where @, R and L are free parameters satisfying
d=TR'TT-0)"'>0, R>0, |L|<1
and ® and ¥ are defined by

Q = R'-R'T7(® - dATTAP)TR™!
(ADATHYL,
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3.4.1 Design of Continuous-Time Filters for LPV Systems
Considering the LPV system represented by (3.1), we define a continuous-time filter F

described by the following state-space representation

tp(t) = Ap(p(t)zr(t) + Br(p(t))y(t)

2(t) = Crp(t)zr(t) + Dr(p(t))y(t). (3.34)

The design objective is to ensure that the energy-to-energy gain from the disturbance w
to the estimation error e becomes less than ~, where v is a given positive scalar and the
estimation error is defined as e(t) = z(t) — 2(¢). The following theorem gives the solution to

this problem.

Theorem 3.3. For a given positive scalar v, there exists an n'"-order filter (3.34) to solve the -
suboptimal continuous-time filtering problem if and only if there exist parameter-dependent matrices
X > 0 and Y > 0 such that for all admissible parameters, there is a feasible solution to the set of
LMIs

X(p) + A(p)X (p) + X (p) AT (p) Bi(p)
Cit(p) O] [Y(p)+Y(p)A(p) + AT(p)Y(p)  Ci(p)| |C3+(p) O ' “0 (3.36)
0 I cT(p) ~1 0 I ’ '
and
Y(p(t)) > X(p(1)). (3.37)

Proof: Defining z(t) = [27(¢), 2L (¢)]7, the estimation error dynamics is given by

z(t) = (A+ BFM)z(t) + Dw(t)
e(ty = (C+HFM)z(t)+ Ew(t), (3.38)
where
1 - Alp(t)) O . B- 0 0 | N Ca(p(t)) 0 ’
0 0 0 I 0 I
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D = , C = [Cl(p(t)) 0} , H= [_[ O], and

and
F= . (3.39)

Next, we apply Lemma 3.3 to the augmented system (3.38) to obtain

P+PA+BFM)+(A+BFM)'P  PD  (C+HFM)T
DTp —~2T ET <O0.

C+HFM E —I

This matrix inequality can be cast in the form of (3.30) with

PB P+PA+ATP pPD CT
=10, A= {M 0 o] , ©= DTp -2 ET |. (3.40)
H C E —I

where

Before we proceed to apply the solvability conditions in Lemma 3.4, we partition P(p(t))
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Y t Ylg t X t X12 t
Plo(t)) = (p(t)) (p(t)) () = (p(1)) (p(t)) ‘ (3.41)

Yis(p(t)  Yaa(p(t)) Xih(p(t)  Xaa(p(t))

The solvability condition (3.31) becomes
. 1
X(p) + A(p)X (p) + X(p) A" (p) + pere (p)B (p) < 0.

Applying the Schur complement on the above inequality yields (3.35). In addition, the (1,1)

entries of the two matrices P and P~! are related through
Y - X =YY V5 >0 (3.42)

that yields (3.37). Once the matrices X and Y are found, the matrices Y2 and Ys; can be
determined from the factorization problem (3.42). Subsequently the matrix P in (3.41) is
calculated. Substituting the obtained matrices in (3.40), the filter state-space matrices in
(3.39) are computed by (3.33).

Remark In the matrix inequalities (3.35) and (3.36), the (1,1) entries include a derivative
term that can be replaced by X = &% and Y = or b, respectively. Due to the affine de-
pendency of matrix inequalities on p, it is only required to solve the feasibility problem
at vertices of p. Therefore, one can replace the term X with 7 + (vi%—)p() and Y with
St (v%—i) , where v; is defined in (3.3) [59]. The summation means that every combina-

tion of + and - should be included in the inequality. That is, the corresponding inequalities

actually represents 2¢ different combinations in the summation.

3.4.2 Trapezoidal Discretization of the Continuous-time LPV Filter
Among various options for discretization of a continuous-time dynamic system, we em-
ploy the trapezoidal approximation that is a counterpart of the bilinear transformation for
LPV systems. The proposed formulation in this section is adopted from the work of [27]. It
is, however, slightly tailored for nonuniform sampling periods. This approach is moderately

accurate and advantageously reduces the computational cost.
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Considering the sampling interval t <t < t;11, we assume that for the continuous-time
filter (3.34), the state vector zp(t;) is known. Then, at the end of sampling interval, we

have

rp(ton) = wr(te) + / " (Ap(p(r)(r) + Br(p(r)y(r)) dr

tr

2(tr) = Cr(p(te))rr(te) + Dre(p(ty))y(te). (3.43)

Using he trapezoidal approximation for the integral part in (3.43) and with a simplified

notation, we obtain

zp(k+1) = xp(k) + %k (Ar(p(k))xr (k) + Br(p(k))y(k) + Ar(p(k +1))zp(k + 1)

+ Br(p(k +1))y(k +1)).

Next, we gather all the terms corresponding to the sampling time ¢;+; and rename them

zq(k + 1), that is
za(k+1) = (I = T Ap(plk + D)))ar(k +1) = 2 Br(p(k + 1)y(k+1), (3.44)

which implies that

wi(k) = (I = P Ap(p(k) ™ (za(k) + 252 Br(p(k) )y (k). (3.45)

Finally, we substitute (3.44) and (3.45) into (3.43) to obtain a discrete-time representation
of the filter designed in continuous-time. The following theorem characterizes the filter

state-space matrices for the implementation purposes.

Theorem 3.4. Consider the LPV filter (3.34) designed in continuous-time. The sampled dynamics

of this filter is represented by the following discrete-time state-space model

zalk+1) = Arpa(pr)ra(k) + Bra(pr)y(k)
2q(k) = Cralpr)za(k) + Dra(pr)y(k),
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where

Apg = (I+%AF)(I—T’“2’1AF)*1,
Bpy — Tk+27'k—1(1_7'k2—1AF)7lBF7
Cra = CF(I—Tkz_lAF)’l,and

Drg = *=20p(I-=1Ap)"'Bp + Dp.

2 2

This discrete-time system is then placed in the Filter block in Figure 3.1. It is noted that the filter

state-space matrices are functions of p(k) and updated at each sampling instant.
3.5 Simulation Results

In this section, we present some numerical results obtained from applying the proposed
sampled-data LPV filter design methods. We consider a forth-order resonant system corre-
sponding to a double mass-spring-damper system with nonlinear springs as shown in Figure

3.5.

ky (1)

J\/\/\/\_

m, m,

T
il
G

L x,(0),x,(1) sz(f),ffz(f)

Figure 3.5: The double mass-spring-damper system.

The dynamic model of the system is described by

mls'c'l + (Cl + Cg)il + (kl + kg)xl — kQIQ — Cgig = wl(t)

MadZa + catta + koo — coft1 — kax1 = wa(t),

where m; and my are masses, k; and ko are stiffness of the springs, ¢; and ¢, are the
damping coefficients, and w;(t) and ws(t) are external force disturbances acting on the
masses. The objective is to design a sampled-data filter to estimate the mass velocities

using the measurement of the positions. The associated state-space model of the system is
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as follows

T 0 1 0 0 1 0 0
i T B 7k1(t)7::1k2(t) — cl;;q — kjff) — 5721 T N "% 0 w1 (t)
dt To - 0 0 0 1 T 0 0 wa(t)
2] [ R R a3 I 21 B U
_ml_

y(t) = : (3.46)
00 1 0f |

T

The parameters are assumed to be

1
mp =Mmg = ﬁ[kg]a
k1 = ko =8+ 2sin(t)[N/m], and

¢1  =c2=0.5[N.s/m]. (3.47)

We assume that the sine term in (3.47) corresponds to the LPV parameter, i.e., p(t) = sin(t),
whose functional representation is not known a priori but since it is a time-dependent vari-
able, it can be produced in a digital device. We note that the parameter space is [—1,1].
It is also assumed that the system is affected by an input disturbance signal w;(t) = 1 for
t € [0,1] and w;y(t) = 0 otherwise. We consider three designs corresponding to different
sampling rates. First, we design a discrete-time filter for the case of a constant sampling
rate 7, = 0.1. Figures 3.6 and 3.7 illustrate the estimates of z;(¢) and z:(t), respectively,
using the proposed sampled-data method along with the actual outputs of the continuous-

time system. For comparison purposes, we have also shown in these figures the trapezoidal
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approximation of an LPV filter designed in continuous-time. As observed, the estimation
performance using the discretization of the continuous-time filter design is inferior to that
of he proposed sampled-data design. It is emphasize that, if we use the rectangular approx-
imation for discretization of the continuous-time filter, the estimation performance even
worsens compared to the trapezoidal approximation. In this example the optimal value of
~ is obtained to be 2.5. It is noted that the output tracking is even improved for lower
sampling rates than 7, = 0.1. In the second scenario, we examine the case of a constant
sampling rate 7, = 0.2 which is quite large with respect to the frequency of the output
signals. Figures 3.8 and 3.9 show the estimation results using the sampled-data and trape-
zoidal approximation methods. While the latter method fails to provide a good estimate,
the former provides reliable estimates of the output of the continuous-time LPV system. In
this case, the optimal value of « is determined to be 4.4. Finally, we consider a case with a

variable sampling rate, in which the sampling rate changes according to the pattern

tht1 = ti + 02(1 + 0.5 sin(0.2tk)).

Starting from ¢y, = 0, the pattern above is associated with a time-varying sampling. Figures
3.10 and 3.11 show acceptable estimation results that the sampled-data LPV filter can
provide. The optimal value of + is obtained to be 5.3. Also shown in these figures are the
results of trapezoidal approximation of an LPV filter designed in continuous-time. It is

obvious that the sampled-data filter exhibits better performance.

3.6 Chapter Conclusions

In this chapter, we presented a sampled-data filter design method for stable continuous-
time LPV systems using the lifting technique. The design method consisted of obtaining
an equivalent discrete-time LPV system by employing the lifting method and subsequently
design a discrete-time LPV filter for the lifted system. It was shown that the sampled-
data approach effectively handles large and even variable sampling rates. Numerical results
demonstrated the viability of the proposed sampled-data filtering method. In addition,

to compare the results with conventional filtering methods, we designed a continuous-time
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LPV filter and discretized it by means of trapezoidal approximation. This approach is a
fast solution alternative for the sampled-data control and filtering problems that reduces
the computational effort at the cost of accuracy. This method can give favorable results
specially when the LMI optimization leads to a sufficiently small H..-norm for the estimation
error system. The simulation results demonstrated the improved estimation performance
achieved using the developed LPV sampled-data filter design method compared to the
discretization of a filter designed in continuous-time. The improvement was observed for

three cases with small, large and variable sampling rates.
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Figure 3.6: The estimation results of 21 (¢) for the sampling rate of 0.1 sec.
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Figure 3.7: The estimation results of z3(¢) for the sampling rate of 0.1 sec.
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Figure 3.8: The estimation results of z1(¢) for the sampling rate of 0.2 sec.
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Figure 3.9: The estimation results of z3(¢) for the sampling rate of 0.2 sec.
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Figure 3.10: The estimation results of z;(¢) with variable sampling rate.
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Figure 3.11: The estimation results of z2(t) with variable sampling rate.

52



Chapter4
Sampled-Data Control of LPV Systems with or without Time Delay
4.1 Introduction

The majority of physical systems function in continuous-time and significant amount of
effort has been dedicated to the design of controllers for such systems. The implementation
of a controller is often fulfilled by means of a digital instrument operating in discrete time.
Among numerous benefits of digital rendering one can notify reliability, flexibility and cost
efficiency [71]. The notion of the sampled-data system points out to the incorporation of
continuous-time and discrete-time signals in a system. In a sampled-data control system, an
analog to digital (A /D) device followed by a digital controller and a digital to analog (D/A)
device along with the continuous-time plant form the closed-loop system. The corresponding
sampled-data control design problem seeks to find a discrete-time controller that guarantees
closed-loop stability and performance for the continuous-time plant. The sampled-data
control design problem is more challenging for time-varying and nonlinear systems compared
to the linear time invariant (LTT) case. The development of linear parameter varying (LPV)
system theory has led to significant advances in the study of time-varying and nonlinear
systems [2]. LPV systems include a class of linear systems, whose dynamics depends on time-
varying parameters, known as scheduling variables. When such parameters are available in
real-time, they can be employed for control synthesis purposes. For a comprehensive study
on LPV systems and applications, see [4].

Digital control of analog systems yields a closed-loop system with hybrid configuration
that is difficult to handle mathematically. A particular difficulty, that has been the main
concern of researchers in this area, is to ensure that the digital controller meets the design
specifications in between the samples. A general approach to address this is to first discretize
the plant, then design a discrete-time controller and finally cascade the digitally designed
controller with the plant using the converter interfaces. It has been shown that this simple
approach, categorized as indirect design, guarantees stability and desired performance of
inter-samples in the case of step inputs but not in general for other inputs [25]. As an alter-
native indirect method, one may begin by designing a continuous-time controller and then

try to find a discrete-time representation by means of a conventional discretization method.
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In [27], the discretization of an LPV continuous-time controller is discussed. For a survey on
discretization methods of LPV systems, as well as the corresponding approximation error,
refer to [72]. This approach benefits from the fact that the control design in continuous-time
domain is well established and easier to do. In addition, as opposed to the former method,
the sampling frequency does not influence the design until the last step where the controller
is discretized. Thus the need for redesigning the controller for different sampling rates is
avoided. But since this method disregards the effect of sample and hold devices in the design
process, increasing the sampling period degrades the effectiveness of the control action that
may result in instability of the closed-loop system. In contrast, the objective of the so-called
direct sampled-data design is to guarantee the stability and performance of the closed-loop
system [73, 74, 75, 76, 77]. One well-established approach for direct sampled-data control
is the lifting method presented by [66]. This approach addresses the sampled-data prob-
lem in terms of an equivalent discrete-time system, where the plant is first augmented by
the converter devices and then lifted to a system with a finite-dimensional state-space but
infinite-dimensional input and output spaces. Using the lifting technique, the authors in
[29] addressed the problem of sampled-data control design for LPV systems. Unfortunately,
the lifting method is computationally complex because it requires the evaluation of some
operators of the lifted system [34]. An alternative direct method proposed in [78] and fur-
ther studied in [32, 33, 34] copes with the hybrid nature of sampled-data control systems

by reformulating the digital control law as a delayed continuous-time system, that is

u(ty) = u(t — (t —tg)) = u(t — 7 (t)), (4.1)

for ty <t < tg41, where ¢ (k = 0,1,2,...) signifies the sampling instant and 7,(t) = ¢t — ¢
denotes a time-varying delay. By taking advantage of this idea, the closed-loop system
is mapped to the continuous-time domain containing a delay in the states. Utilizing the
input-delay method calls for a sophisticated analysis method to overcome the imposed
delay. The literature on stability analysis and controller synthesis of time-delay systems is
rich (see [37, 38] and numerous references therein). The existing criteria for analysis of time

delay systems are categorized into either delay-independent or delay-dependent approaches.
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In the delay-independent approach, a controller is designed such that the system remains
stable regardless of the time delay magnitude. In contrast, by considering the information
of the time delay, the delay-dependent approach leads to generally less conservative results
specifically for smaller time delays. The analysis and control synthesis of LPV systems
with time delay also has been of interest to many researchers in controls community in the
past decade (see, e.g., [59, 40, 41, 79]). One of the deficiencies that the majority of these
approaches suffer from is that they fail to handle fast varying time delay (7% > 1), which we
face with in this study.

The contribution of this study is as following. We propose a method for the design of
sampled-data controllers for LPV systems in two cases, namely LPV systems without delay
and with internal delay. The proposed design guarantees asymptotic stability and a specified
level of induced £ gain performance on the closed-loop hybrid system. The formulation can
address variable sampling rate cases that often appear in engineering applications, such as
automotive engines and manufacturing processes with event-based coupling. The main re-
sults of this study are inspired by those employing the input delay method for sampled-data
control design proposed by [33] and [54] for continuous-time controller synthesis of state-
delayed LPV systems. In particular, we use a parameter-dependent Lyapunov-Krasovskii
functional that results in a delay-dependent synthesis method to handle fast-varying time
delay. To ensure that the solution to the synthesis problem is in the form of a linear ma-
trix inequality (LMI) optimization problem, we introduce appropriate slack variables to
relax the resulting condition in the form of an LMI problem. We consider two different
structures for our discrete-time controller, that is, full-order dynamic output-feedback and
state-feedback structures.

This chapter is organized as follows: Section 4.2 presents the analysis and synthesis
conditions for sampled-data control of LPV Systems without delay. In Section 4.3 all
the results are extended to LPV systems with internal delay. Section 4.4 illustrates the
capability of the proposed design methods using multiple numerical examples in which

different scenarios are examined. The concluding remarks are made in section 4.5.
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4.2 Part I: Sampled-Data Control of LPV Systems without Delay

In the first part of this chapter we study an LPV system without internal delay in its

model. We consider the following state-space representation for the LPV system

&(t) = Alp(t))x(t) + Bi(p(t))w(t) + Bz(p(t))u(t)
z(t) = Culp(t)z(t) + Di(p(t))w(t) + Dia(p(t))u(t)
y() = Calp(t))x(t), (4.2)

where z(t) € R™ is the state vector, z(t) € R™= is the vector of controlled outputs, y(t) € R™
is the measurement vector, w(t) € R™ is exogenous disturbance vector with finite energy
and u(t) € R™ is the control input vector. The system matrices A(-), Bi(-), Ba(-), C1(-),
Dq1(+), D12(-) and Cy(-) are real continuous functions of a time varying parameter vector
p(t) and of appropriate dimensions. The parameter vector p(t) varies continuously and is

assumed to be measurable in real-time, that is the parameter space is

./.'.7% = {,D : p(t> € C(Rv RS),p(t> € Pa |pl(t)‘ < 1= 1727 vy S vt € R-‘r}? (43)

where C(R,R®) is the set of continuous-time functions from R to R®, P is a compact set of
R*, and {v;};_, are nonnegative numbers. It is noted that in (4.2), we assume there is no
feed through matrix D; influencing the measurement signal y(t) in order for the sampling
operator to be well defined [66]. This is not a restrictive assumption and when it is not the
case, we can cascade y(t) with a strictly proper filter to relax this requirement.

Now we consider an n*"-order discrete-time parameter-varying controller K represented

by the following state-space description

Q?d(k +1)

Aq(p(k))za(k) + Ba(p(k))y(k)

uq(k) = Calp(k))za(k) + Da(p(k))y(k), (4.4)

where k stands for ¢, the sampling instant. In addition, z4(k), y(k) and ug(k) represent

the discrete-time controller state vector, the discrete samples of measurement data, i.e.,
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y(k) = y(tx) and the discrete control input, respectively. Again all the system matrices
are defined to be of appropriate dimensions. In this study we assume a potentially variable
sampling scenario, where the time intervals [0, 1), [t1,t2), .- ., [tk, tk+1), - - - are not necessarily
equi-spaced. The sampling intervals are constrained to 0 < tg41 —tg < 7, where 7, is a real
positive scalar. From the fact that 7 (t) = ¢ — ¢, we conclude that 7 (¢) < 7,,. From uy4(k),

we generate a continuous-time step-wise signal u(t) as

u(t) = ud(k) tr <1t <tpy1-

The control design problem described above is a hybrid control problem, where the physical
system has a continuous-time dynamics, while the controller is implemented in a digital
computer. Shown in Figure 4.1 is the configuration of the closed-loop system, the inter-
connection of the open-loop continuous-time plant and the discrete-time controller, along

with the signal conversion devices. In this structure, not only the measured output sig-

W) ] Plant A
p(t)
A/D ®
u(t y(t
® P(tk) ‘
v y v
—| D/A [« Controller («— A/D |«
Uy (t) y(t)

Figure 4.1: The block diagram of the control problem.

nal y(¢) is sampled, but also the parameter vector p(¢) is sampled synchronously at ¢ (for
k=0,1,2,...). However, according to the configuration in Figure 4.1, p(t) is measured only
at the sampling instants. Hence, we will assume that in the continuous-time system (4.2),
the parameter vector remains constant in between two consecutive samples. Consequently,

the set of all admissible trajectories for the parameter vector p(t) in (4.2) is defined as

Ep={p:pt) €P, pti +1) = p(ty), pi(tit1) — pi(te)| < viy
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keZt, i=1,2..,s Vte|0,7)} (4.5)

Interconnecting the plant (4.2), the controller (4.4) and the converter devices, a closed-loop
system T, is configured that relates the disturbance signal w(t) to the controlled signal

z(t). For this closed-loop system the induced Ls-norm (Ho.-norm) is defined as

2l c
||Twz||i,2 = Ssup sup || || 2

. (4.6)
pEEL weLy—{0} ||w||[:2

This quantity, also known as energy-to-energy gain of the closed-loop system, indicates the
worst case output energy ||z||z, over all bounded energy disturbances ||w||., for all admissible
values of the parameter vector p(t) € £5. In this chapter, we aim to design the controller K

so that the following conditions are satisfied
e The closed loop system is asymptotically stable, and

e The energy-to-energy gain of the closed-loop system is minimized, i.e.,

min | T |- (4.7)

Instead of the optimal design problem (4.7), it is more convenient to consider the ~-

suboptimal energy-to-energy gain in which a controller K is sought such that

1T

i,2 <7, (4.8)

where v is a given positive scalar. If the inequality (4.8) holds true, then the energy of the
output signal will be bounded by ~||w||z, for any nonzero disturbance w(t) with bounded
energy.

Since we aim to establish a design scheme in the continuous-time framework, we begin
with a continuous-time controller that takes into account the effect of sampling and hold

devices, that is

er(t) = Ax(p(te))rx(t) + Ax-(p(th)) 2k (tr) + Br (p(tr))y ()
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ur(ty) = Ck(p(te))rk (tr) + Dr(p(tr))y(te)

U(t) = uK(tk) tr <1t <tpy1. (49)

In this configuration, the input to the controller is sampled at ¢, and the output of the
controller is passed through a zero-order hold at each sampling time. With the assumption
(4.5) for the parameter space, we can find an exact discrete-time representation of the con-
troller above to be implemented in a digital computer. Such a conversion will be discussed
later. It is noted that in (4.9), the controller includes an additional term Ag,(p(t))zx (tr).
For the simplicity of further derivations, in the controller above, we replace p(t;) with p(t)

which holds true for ¢, <t < t,41, due to the parameter space (4.5) assumption, i.e.,

ig(t) = Ag(pt)zk(t) + Ar-(p(t)zk (tr) + Br(p(t))y(tr)
uk(ty) = Ck(p(t))zk(tr) + D (p(t))y(tr)
’U,(t) = ’U,K(tk) tr <t <tpyr. (410)

Due to the presence of discrete terms in (4.10), it is difficult to augment the controller with
the analog plant (4.2) to determine a unified state-space representation for the closed-loop
system. Thus, the input delay approach introduced in (4.1) is employed to map this model
to the continuous-time domain. Replacing for y(t;) from (4.2) and using the input delay

representation for the terms z (tx) and uk(t;), we rewrite the controller (4.10) as

tr(t) = Ax(pt))rr(t) + Ax-(p(t)rr(t — 1) + Br(p(t))Ca2(p(t))2(t — %)

ut) = Cr(p(t))rx(t =) + Dr(p(t)Calp(t))2(t — 7h)- (4.11)

Next we augment the plant (4.2) with the controller (4.11) to obtain the corresponding

closed-loop system representation. Defining

we have
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z(t) = AZ(t)+ A, 2(t — 71) + Buw(t)

2(t) = Cxz(t)+ Crx(t —73,) + Diyw(t) (4.12)
where
_ A 0 _ BsDgCy By(Cgk _ By
A= , A= , B= and
0 Ax BrCo Agr 0
O = |:Cl 0:| ) C_V‘r |:D12DKCQ D1:Ck | - (413)

Here, for the sake of simplicity, we have dropped the dependency of the matrices on the LPV
parameter vector. In summary, the interconnection of the open-loop system (4.2) and the
output-feedback controller (4.4) along with converter devices is represented as a continuous-
time LPV state delay system using the input delay approach. In what follows, we develop
the essential tools for stability and performance analysis of the time-delay system (4.12) and
further utilize them to derive the synthesis conditions for the design of the sampled-data

controller.

4.2.1 Stability Analysis
We first consider the unforced closed-loop LPV system (4.12), that is

) = Ap®)E() + A (p())E(t — i (1)): (4.14)

Lyapunov-Krasovskii stability theory serves as a useful tool to achieve delay-dependent
conditions for the stability analysis of the system represented by (4.14). To this aim, we
need to find a positive definite functional with an infinitesimal upper bound, whose time
derivative is negative. The interested reader is referred to ([37, 56, 57, 58]) for an extensive
review of the theory and the Lyapunov-Krasovskii functional selection. As the first result of
this chapter, we present the following theorem as a sufficient condition to ensure asymptotic

stability of the LPV system (4.14).
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Theorem 4.1. The time-delay LPV system (4.14) is asymptotically stable for all 75 (¢) < 7,,, if there

exist matrices P, R € Sﬁ_’f 2" such that for all p(t) € &p, there is a feasible solution to the following

LMI problem

ATP+PA—-R PA,+R 7,ATR
* -R TmAR| <0. (4.15)
* * —R

proof: We consider the following Lyapunov-Krasovskii functional
V(Z, p) = Vi(Z, p) + Va(Zy, p) (4.16)
with
Vi(z, p) = 77 (t)Px(t)

and

0 t )

VaGanp) = [ [ 57O R i) de @,
—Tm Jt+60

where the notation Z; is used to represent z(t + 6) for 0 € [~7,,,0]. It is noted that (4.16) is
chosen to be dependent on the maximum sampling interval 7,,, to result in less conservative
stability conditions. In order for the system (4.14) to be asymptotically stable, it suffices
that the time derivative of (4.16) along the trajectories of the system (4.14) is negative
definite. We have

V(@0 p) = 37 (4) Pa(t) + 27 (1) Pi(t)
and

Vo (@1, p) = 7257 ()R &(t) — / T(0) 7R 3(0)d0. (4.17)

t—Tm
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Since 74(t) < 7y, the second term of the right hand side in (4.17) satisfies

/t z7(0) 1,,R z(0) df < /t z(0) 1., R z(0)do.

Employing Lemma 2.1, we can bound the right hand side of the above inequality by

Since —Z= < —1, the following inequality is obtained
t . .
—/ ZT(0) TR #(0) d < — [T(t) — 2(t — 1(1)]" R[E(t) — Z(t — (2))] .
t—Tm,

Substituting (4.18) in (4.16), we obtain

Further simplification and collecting the terms in (4.19) yields

- - T - T
) Z(t) AT AT Z(t)
V(ze,p) < X+ | 2 R )
z(t —74) T AT 2(t — 1)
- - T - _ T
z(t) AT R TmATR Z(t)
= X+ R ,
(t — 1) Tm AT R Tm AT R Z(t — 1)

where

ATP+PA—-R PA,+R
X = .
* —R

To ensure that V(z;,p) < 0 using (4.20), it is sufficient that
ATP+PA-R  PA,+R TmATR ; TmATR

* -R TmATR TmATR
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V(z,p) < #'Pi+iTPi+ 125 Ri— [2(t) — #(t — 7o ()" R[Z(t) — Z(t — (1)) .-

(4.18)

(4.19)



Finally, applying Schur complement to the above LMI results in condition (4.15), and this

completes the proof.

4.2.2 Performance Analysis

We consider the closed-loop state-space representation for the LPV system (4.12), i.e.,

@(t) = A(p(t)a(t) + Ar(p(t)x(t — (1)) + Bp(t) w(t)

2(t) = Clp®)z(t) + Crp(t)a(t — (1)) + Dia(p(t))w(t). (4.21)

Next, we present the performance analysis condition for the time-delay LPV system (4.21).

The derived condition will be used in the next section for sampled-data control design.
Theorem 4.2. The LPV system (4.21) is asymptotically stable for all 7,(t) < 7,,, and satisfies

2]lz, < 7llwl|z, if there exist constant matrices P, R € S¥/*" and a positive scalar v such that for

all p(t) € £p, there is a feasible solution to the following LMI problem

[ATP+PA-R PA,+R PB CT 1,ATR]
* —-R 0 cr r,ATR
* * —~I D}, 7.BTR| <O. (4.22)
* * * —~I 0

i * * * * -R |

Proof: We use the Lyapunov-Krasovskii functional in Theorem 4.1. Next, we apply the

following congruent transformation

00 I 00

00 0 IO

to (4.22). In the obtained inequality, it can be observed that the negative definiteness of the
upper left 3 x 3 block matrix, in light of Theorem 4.1, concludes the asymptotical stability

of the system (4.21). Applying Schur complement to (4.22) twice, results in
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ATP+PA-R PA.+R PB cT cr AT AT
* ~R 0 | +|cT|yt|er| +|AT| TR |AT| <O.
* * —I DT DT, BT BT

Multiplying the above inequality from left and right by [z7(t) zT(t —7) wT(¢)]T and its

transpose, respectively, following by straightforward algebraic manipulations yields

TPz + 27 Px
+h22T Rz — [(t) — 2(t — 7o ()] R[2(t) — 2(t — 70 (¢))]

T (B (t) + %zT(t)z(t) <0,

and using (4.19), we have
V (%4, p) — ywl (Hw(t) + =27 (t)z(t) < 0. (4.23)

Integrating both sides of the inequality (4.23) from 0 to oo and using V=g = V]i=oo = 0

(due to the asymptotic stability and zero initial conditions), we arrive at

1212, <Alwlie,,

and this completes the proof.

4.2.3 LMI Relaxation Using Slack Variables

For the design of the sampled-data controllers, our objective is to establish a synthesis
condition to ensure that the closed-loop system (4.21) is stable and satisfies a prescribed
level of H,, performance. To this purpose, the corresponding system matrices (4.12) are
substituted in (4.22); this, however, results in a bilinear matrix inequality problem due to
the product of the controller matrices Ay, Ax~, Bx,Cx and D with the unknown matrix
function P and matrix R. Therefore, we will seek an alternative method based on the

introduction of slack variables to reformulate the corresponding problem to ensure that an
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LMI problem is achieved. The following lemma provides an alternative way to represent

the matrix inequality (4.22).

Lemma 4.1. The LPV system (4.21) is asymptotically stable for all 74(¢t) < 7, and satisfies

2]z, < Yllwllz,, if there exist constant matrices P, R € S3**", parameter-dependent matrices

Vi(p), Va(p), Va(p) : R® — STW*" and a positive scalar v such that for any admissible parameter

trajectory p(t) € £p, the following LMI problem has a feasible solution

V-V P-VI+WA — VI + V1A, ViB 0  7nR]
* R+ ATV + VoA R+ ATVE+WA, VB CT 0
* * R+ ATV +V3A, VzB CT 0 0.
* * * —~yI DY 0
* * * * —I 0
i * * * * * —R l

0 P 0 0 0 7R

x R R 0 CT o

v = ,

* K x —I D% 0

* ok * * —I 0

*  x * * * —R

and

I 00 0 0O %1
A=|-1 4 A. B 0o ol I'=1lor1 000 0/,and ©=]y,
0 0 I 00O Vs

(4.24)

(4.25)

The matrix variables Vi, V» and V3 are known as slack variables [55]. We next use Lemma

2.2 by finding the bases for the null space of A and I as
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A A. B 00 000

I 0 0 00 0 0 0

0 I 0 00 0 0 0
NA: and NF:

0 0 I 00 I 00

0 0 0 I 0 0 I 0

0o 0 0 0 I 00 I

We then substitute the two matrices above in the solvability conditions of Lemma 2.2. Using
the solvability condition (2.11) results in the LMI condition (4.24). On the other hand, the

second solvability condition, i.e., (2.12), leads to the following LMI

—I Df; 0
* —~I 0 | <0, (4.26)
* * —R

which is part of LMI (4.24) and is always satisfied as long as there is a feasible solution to
(4.24). In summary, feasibility of the LMI condition (4.24) ensures that the LMI problem

(4.22) is feasible and based on Theorem 4.2, the proof of Lemma 4.1 is complete.

4.2.4 Dynamic Output-feedback Control Design
In this section, we employ the performance analysis condition presented in the previous

section to develop an LMI-based procedure for the sampled-data control design.

Theorem 4.3. If there exist parameter-dependent matrices X (p), Y (p) : R® — S, P(p), R(p) :
R® — S¥X2 A(p), A (p) : R® — R™" | B(p) : R® — R"™", C(p),Cr(p) : R® — R™*" and

Dk(p) : R® — R™*™  two given scalars Ay, A3 € R and a positive scalar v such that the LMI
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condition

Yy I s Y I Ay A
—2 — A2 + R
I X I X A XA
T
_ AY A AY A
* —R+ X2 R + .
XA A XA
* *
* *
* *
* *
Y I ByC' ByDixC. B ]
=3 + f 2A e ' 0 TmR
I X A, BCs X B
T
_ AY A B>C BaDkC B yTcrl
Rt | T |l poe .| ' 0
A XA A, BC, XB ct
A A T A
5 BoC' BaDxC ByC BaDiCh B, C'' DY, <0,
—R 4+ A3 R R . . 3 0
A, BC, A, BCs XBy C3 Di Di,
% —~I DT 0
* * —~1 0
* * * —R
(4.27)

holds true for all admissible parameters p(t) € £3, then there exists a controller in the form of
(4.11) such that the closed-loop system (4.12) is asymptotically stable and satisfies ||z]|z, < v||w]|c,
for all 7%(t) < 7y, In addition, the controller state-space matrices are obtained as follows:

1- Find M and N from the factorization problem

I—-XYy=NMT".

2- Find the controller matrices in the following order

Ak = N Y A-XxAay)M~ T
N

Bx = Y(B — XB,Dg)
Cxk = (C—DgCY)M™T
Agr, = NYA, = XByDgCyY — NBrCoY — XBoCre MT)M T, (4.28)

Proof: In order to find the controller matrices, we apply Lemma 4.1 to the closed-loop
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system (4.12). In the matrix inequality (4.24), we substitute the closed-loop system matrices
A, A, B, C and C, from (4.13) and select the three slack to be V; = V, Vo, = AV and

V3 = A3V with appropriately selected scalars A\, s and A\3. Next, we partition V into

X N
V= . (4.29)
NT F
We then define
Y M
vl= , (4.30)
MT F

where N(p), M(p) : R® — R™" and E(p), F(p) : R — S73". Equations (4.29) and (4.30)

together impose a set of constraints as

XY +NMT =1 and

YN+ME =0.

Next, performing the congruent transformation 7 = diag(Z1, 2%, ZT 1,1, ZT) with

Y I
Z = , (4.31)
MT 0
we have the following matrix inequality
-2V PV +A —\V + A, B 0 TR

* —R-l-)\z(/i—i-AT) R+ XAT + XA, XoB C7 0

* * ~R+M(A, +AT) B CT 0
<0, (4.32)
* * * —~yI DY 0
* * * * —~I 0
* * * * * -R
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where

and P=Z"PZ and R = Z"RZ. In addition, the plant related matrices A, A,, B, C and C.

are defined as

_ B AY A AY A
A = Z'VAzZ= = ,
XAY + NAxM™T XA A XA
- _ B2 (DgCyY +CxMT) ByDgCo
A, = Z'VA.zZ=
XB:DgCoY + NBxCoY + XBoCxMT + NAg-MT  (XBaDx + NBg)Ch
BoC BaDgCs
A, BC,
. _ B
B = Z'VB= ,
XB
¢ = Cz= |:D12(DKC2Y +CrM7T) D12DK02:| = |:D12é D12DgCo| » and
C = Cz= {cly 01] . (4.33)

By substituting these matrix expressions in (4.32), we obtain the LMI in Theorem 4.3. In

(4.33), we have used the change of variables as following

A = XAY + NAgMT,

A, = XByDgChY + NBrCyY 4+ XByCxMT + NAg M7,
B = XByDy + NBg, and

C = DgCyY +CxM”.

Thus by reversing the transformations, the controller matrices are obtained as given in

(4.28). This completes the proof.
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Remark In Theorem 4.3, the LMI problem (4.27) is infinite-dimensional due to the de-
pendency of the system matrices on LPV parameters. A standard approach to solve this
parameterized LMI problem is to initially select some basis functions to represent the de-
pendency of the matrix variables on the LPV parameters and then grid the parameter
space. Finally, the obtained finite-dimensional LMI problem is solved at the grid points
and then checked on a finer grid [1]. To this aim, a certain structure may be imposed on
the decision variables. One obvious choice is to consider them parameter-independent (con-
stant). Alternatively, a standard approach is to employ some basis functions to represent

the dependency of the LMI variables on the LPV parameters, e.g.,
1
X:X()+pX1 +§p2X2+... (434)

and similarly for the other variables. Additional terms could improve the closed-loop per-

formance but at the expense of higher computational efforts.

Remark It is noted that if the there exist a feasible solution for the LMI condition (4.27)
wherein the parameters A, A,, Br,Cx and D are chosen to be independent of the scheduling

parameter, then we can relax the assumption (4.5) and retain the original parameter space

(4.3).

Remark The optimal H., performance of the corresponding formulation can be obtained
by solving the LMI optimization problem of minimizing ~ subject to the convex constraint
(4.27) by fixing Ao and ;. In addition, a line search may be performed to determine the
maximum value of the sampling period 7,,. It is noted that the LMI condition (4.27)
contains the value of maximum delay 7, and this confirms that our developed results are

delay-dependent.
4.2.5 Digital Equivalence of the Designed Analog Controller

Up to this point, we have designed a continuous-time controller (4.9) for the LPV sys-

tem (4.2). To implement this controller, we have to find the corresponding discrete-time
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representation. The integral solution to the controller’s state-space representation yields

41
Tr(ths) = eAK(p(tk))TkIK(tk) + </ e(tk:+18)AK(P(tk:))ds) Agcr(p(te))z i (t)

tr

tet1
+ </ e(tk+15)AK(p(tk))d5) BK(p(tk))y(tk)

tr

ur (tr) = Cx(p(te))zk (t)  +  Dr(p(tr))y(te)- (4.35)

According to the assumption (4.5) concerning the piecewise constant nature of parame-
ter space, the integrals associated with the above expression have a closed form solution.
Therefore, we may find an equivalent discrete-time state-space representation that produces

the exact values of the controller (4.9) described by

za(k+1) = Aalp(k))za(k) + Ba(p(k))y(k)
ua(k) = Ca(p(k))za(k) + Da(p(k))y(k), (4.36)
where
Ay = eAr (p(tr))Ty + (eAK(p(tk))"'k _[) A}l(P(tk))AKT(p(tk)),
By = (Mt 1) 4 (p(ti)) B (p(t))

Cy, = C’K(p(tk)), and

Dq = Dg(p(ty)). (4.37)

The discrete-time controller (4.36) is then used in the configuration shown in Figure 4.1.

Remark In order to solve the sampled-data control design problem, several intermediate
steps are taken. Some of the steps are implemented offline and some in real-time. In
the offline computation, LMI (4.27) in Theorem 4.3 is solved that provides the variables
required for controller design, namely the basic functions associated with X, Y,A A.,B,C
and Dg. The variables are then stored for online computation as following. At each
sampling instant, the scheduling parameter is measured and the aforementioned variables
are updated accordingly. Then, steps 1 and 2 in Theorem 4.3 are evaluated. Once we have

Ak (p(tr)), B (p(tr)), Cx (p(tr)) and Ag,(p(tx)), by utilizing (4.37), we determine the digital
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controller matrices at each sampling instants.

4.2.6 State-Feedback Control Problem

It is extremely beneficial to consider the case of state-feedback as an special case indi-
vidually and state the design procedure for it. For the state feedback controller we assume
that all the state variables are fully available, that is, Co = I or y(t) = z(t) in (4.2). The
controller output at each sampling instant is updated based on the value of the state vector

and corresponding LPV parameter vector, that is,

walt) = K(p(ta)x(ty). (4.38)

Using a zero-order hold, the controller output becomes a piecewise-constant signal and is

fed to the continuous-time plant, i.e.,

u(t) =ua(te) te <t <tppr (4.39)

Therefore, the state feedback controller is characterized as u(t) = K(p(ty))x(t — m,(t)). Ac-

cording to the assumption (4.5), we would rather formulate (4.39) as following

u(t) = K(p(t)(t — 7u(0)). (4.40)

The closed-loop system of interconnection of (4.2) and (4.40) is expressed as (4.12) with

z =z, and also

A=A, A, =ByK, B=B; and

C=0C, C,=DpK. (4.41)

Similar to the output-control case, we aim to design the state-feedback controller matrix
K, such that the closed-loop system (4.12) with matrices (4.41) is stable and its energy-to-
energy gain satisfy (4.8). The stability and performance analysis procedure we proposed

for closed-loop system (4.12) are still valid, however, simpler LMI condition is obtained in
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comparison with Theorem 4.3, as we will state in the following theorem.

Theorem 4.4. Consider the system (4.2). There exist a sampled-data controller of the form (4.38)
such that the corresponding hybrid closed-loop system is asymptotically stable and satisfies ||z]|z, <
Ylw| 2, for all 74,(t) < 7, if there exist a parameter-dependent matrices K(p) : R® — R™*" and
P(p), R(p),U(p) : R® — S"%™, a positive scalar v and real scalars Ay and A3 such that the LMI

condition

—2U P — U+ AU —\sU 4+ BoK By 0 TmR
x  —RH+XN(AUHUAT) R+ MUAT + XoB, K XoB;  UCT 0
* * ~R+X3(BoK+ KTBY) X3By KTDL, 0 ~0
* * * —-~yI DY 0
* * * * —~I 0
L * * * * * —R ]

(4.42)

is feasible for any admissible trajectory p(t) € £p. Then, the corresponding controller gain in (4.38)
is obtained by K (p(t))li=s, = K(p(t))U~(p(t)) ]ty

Proof: We first start from the matrix inequality (4.24) and substitute the system matrices
from (4.41). Then, we place a constraint on the slack variables as V; =V, Vo = A,V and V3 =
A3V, where V : R® — S\ and \g, A3 are real scalars. Applying the congruent transformation
T = diag(U,U,U,I,1,U) with U = V~' and considering U" PU = P, UTRU = R and KU = K,
the LMI condition in (4.42) is obtained and this completes the proof. Interested readers are

referred to [68] for more details on state-feedback design.

4.3 Part II: Sampled-Data Control of LPV Systems with Time Delay

So far we have proposed a sampled-data control design method for LPV systems without
delay in the plant model. In this section we extend the established analysis and synthesis
conditions for state-delayed LPV systems. We consider the following state-space represen-

tation for a time-delay LPV system

2(t) = Alp()z(t) + An(p(t))z(t — h(p(t))) + Br(p(t))w(t) + Ba(p(t))u(t)
2(t) = Culp(t)x(t) + Crn(p(t))z(t — h(p(t))) + Dua(p(t))w(t) + Dra(p(t))u(t)

y(t) = Calp(t))=(t)
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2(0) = ¢(O) Vte[—hm 0], (4.43)

where z(t) € R™ is the state vector, z(t) € R" is the vector of controlled outputs, w(t) € R™
is exogenous disturbance vector containing process noise with finite energy, y(t) € R™ is
the measurement output signal and wu(t) € R™ is the control input vector. The system
matrices A(-), An(-), Bi(+), Ba2(:), C1(-), Cin(:), D11(:), D12(-) and Cs(-) are real continuous
functions of a time varying parameter vector p(¢) and of appropriate dimensions. In this
model, A() is a differentiable scalar function denoting the parameter-dependent time delay
and satisfies 0 < h(-) < hy,. Starting from ¢ = 0, the initial condition ¢(-) determines the
integral solution of (4.43) uniquely. It is assumed that the vector of parameters is bounded
piecewise-constant as (4.5).

First, we consider the full-order dynamic output-feedback structure and then we dis-
cuss about state-feedback structure. Consider an nt"-order discrete-time parameter-varying

controller K represented by the following state-space description

zq(k +1) Aa(p(k))za(k) + Z Aizq(k — i) + Ba(p(k))y(k)

ug(k) = Calp(k))za(k) + Z Ciza(k — 1) + Da(p(k))y(k), (4.44)

where z4(k), y(k) and uq(k) represent the discrete-time filter state vector, the discrete sam-
ples of measurement data, i.e., y(k) = y(tx) and the discrete control input, respectively. All
the system matrices are defined to be of appropriate dimensions. Here, the controller has
delay in its dynamics to get less conservative and improved performance compared to a

memoryless structure. From ug(k) we build a continuous-time step-wise signal u(t) as
u(t) = wua(k) te <t <tptr

The control design problem described above is a hybrid control problem, where the physical
system has a continuous dynamics, while the controller is implemented in a digital computer.

The configuration of the closed loop system is similar to that of Figure 4.1. The design
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should guarantee asymptotic stability and a specified level of performance on the closed-
loop hybrid system, namely the energy-to-energy gain (or equivalently H..,-norm) of the
closed-loop system.

Since we aim to establish a design scheme in the continuous-time framework, we initiate

with a controller which has a continuous state, that is

ir(t) = Ax(p(ti))zi(t) + Axn(p(te))zr (t — h(p(ty))) + Axr(p(tk))z Kk (tr) + Br (p(te))y(tx)

Ck (p(tr))r K (tr) + D (p(t))y(te)

<
X
—~

~+
o
N—

u(t) = uk(tr) by <t <t (4.45)

After designing the controller matrices associated with this model, we will find an equivalent
discrete model such that it nearly produces the output as (4.45). It is remarked, in contrast
to the conventional methods where a continuous-time controller is discretized without taking
the converter devices into account, in (4.45) the influence of sampling and holding devices
are fully included. In this configuration, the input to the controller is sampled at ¢, and
the output of the controller is passed through a zero-order hold at each sampling time. The
existence of discrete-time terms in (4.45) makes it difficult to augment the controller with
the analog plant (4.43) and get a unified state space representation. Thus, the input delay
approach introduced in (4.1) is employed to map this model to the continues-time domain.
Replacing for y(tx) from (4.43) and using the input delay method for the terms z(tx) and

u(ty), we rewrite the controller (4.45) as

ir(t) = Ax(p®)zr(t) + Axn(pt))zx(t —h(p(t))) + Arr(p(t)2r (t = 70) + Br (p(8)) Ca(p(t))x(t — 7x)

u(t) = Cr(pt))rx(t =) + Dr(p(t))Calp(t)x(t — 7). (4.46)

For the simplicity of further derivations, in the controller above, we have replaced p(tx)
with p(t) which is correct for t; <t < tx41, due to the parameter space (4.5) assumption. It
is also stressed that from 7, =t —t; (for t, <t < tyy1), we have 7, < ty41 — t, < 7o, where

Tm defined to be the maximum sampling interval. Now we augment the plant (4.43) with
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the controller (4.46) to obtain the corresponding closed loop system. Defining

x(t
z(t) = ®)
.%‘K(t)
then
r(t) = Az(t)+ Apz(t —h) + A Z2(t — 73) + Bw(t)
2(t) = Cz(t)+ Crz(t — h) + Crz(t — 1) + Dpyw(t) (4.47)
where
_ A 0 _ Ap 0 _ BoDg(Cy ByCk _ By
A= VAL = VAL = ,B= and
é: |:C1 0:| 7C’h = |:C1h 0:| 76’7' = |:D12DKC2 D15Ck | - (448)

In summary, the interconnection of the open-loop system (4.43) and the controller (4.46)
is represented as a continuous-time LPV system including two delay terms, one due to the
inherent system delay and the other as a result of the input delay method. It is noticed that,
if the measurement signal y(¢) in (4.43) had included delayed states or external inputs, some
extra delay terms would have appeared in the closed-loop system (4.47). The results of this
section can be extended to cover these cases as well. It is also noted that in (4.45), the
terms Agn,(p(t))z i (tn) and Ag.(p(t))xk (t) are added purposefully. These terms prevent A,
and A, in (4.48) of being diagonally zero which is necessary for our optimization program
in the future. In what follows, we propose analysis results for stability and performance of
the delayed-state space system (4.47).

4.3.1 Stability Analysis

We first consider the following unforced LPV system obtained from (4.47)

#(t) = Alp(t)@ () + An(p(0)2(t — h) + A, (p(0))2(t — 7). (4.49)
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Similar to section 4.2.1, we employ Lyapunov-Krasovskii stability theory to obtain delay-
dependent conditions for the stability analysis of the system represented by (4.49). The
following result present a sufficient condition to ensure asymptotic stability of the LPV
system represented by (4.49).

Theorem 4.5. The time-delay LPV system (4.49) is asymptotically stable for all 0 < h(t) < Ay,

with 74,(t) < 7, and 7, = 1, if there exist matrices P, Qpn, Rn, R, € Si”f% such that for all

p(t) € EF, there is a feasible solution to the following LMI problem

_21,1 Plzlh + Ry, PAT + R, hmATRh TTYLATRT_
*x  —(1-h)Qn— Ry 0 hmAT R, T ALR,
* * R, hmATR, 7, ATR,| <0, (4.50)
* * * —Ry, 0

| * * * * -R; |

with 11 = ATP+ PA+Qn — R, — R,.

Proof: We consider the following Lyapunov-Krasovskii functional
V(:Etap) = Vl(xvp) +Vh<$t»P) +VT(.Tt7p>7 (451)
with

Vi(@,p) = T (H)Pi(t)

t 0 t
Vi(inp) = / Qs + / - /Hea&T(é)hmRhs'c(f) dcdo

—h(t

0 t
Vi = | /HeécT(f)TmRréc@) dedo,

where 7,() is used to represent z(t+0) for 6 € [—h,,0] or 6 € [—7,,,,0]. It is noted that (4.51)
is chosen to be dependent on the maximum value of delays to result in less conservative
stability conditions. In order for the system (4.49) to be asymptotically stable, it suffices
that the time derivative of (4.51) along the system trajectory (4.49) is negative definite. We

have

Vi(#,p) =27 Pz + 2T Pz
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and
Vi =27 (0)Qnz(t) — (1 — h(t))ZT (t — h)Qnz(t — h) + h2, &7 (t)Rpz(t) — /7;1 27 (0) hy R, (0)d6.

Similar to (4.18), V, is bounded by

Vi < 27Qnz — (1—)z"(t — h)Qna(t — h)
+ b2 &Ry & —[E(t) — 2(t — h))" Ry [2(t) — Z(t — h)]
and also
Vo < w2 iR, 6 (o) — #(t— )" Re [a(t) - #(t - 7).

Substituting in (4.51) for Vi, V}, and V;,, we obtain

V(z,p) < TP+l Pz
+ 27 Qnz— (1-h)zT(t—h) Q, z(t—h)
+ h2, Z"Ry, & —[2(t) — Z(t — h)]" Ry [Z(t) — Z(t — h)]

+ 72 2R, - [z(t) — 2(t — 7)) R [2(t) — Z(t — 7)]. (4.52)

m

To derive an inequality condition in a matrix form, we replace for z in (4.52) from (4.49)

and gather the relevant terms as follows

T T T
z(t) AT AT AT AT z(t)
V(z,p) < |zt—h)| X+ |AT|h%Ru [AT| + |AT|70R, |AT Z(t — h)
Z(t — i) AT AT AT AT 2(t — )
T T T
Z(t) hm AT Ry, hm AT Ry, Tm AT R, Tm AT R, Z(t)
= | #(t—h) X+ |\ hATRy | B’ |hnATRy | T | 7mATR, | B |7, ATR, #(t — h) | »(4:53)
Z(t — 1) hm AL Ry, hm AT Ry, TmATR, TmATR, Z(t — 7%)
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where

with ¥ ; as defined before. To ensure that V(z;, p) < 0 using (4.53), it is sufficient that

T T
hm AT Ry, hm AT Ry, mATR, TmATR,
— -1 — — —1 —
X = hmA}j;Rh (_Rh ) hmA}I;Rh - TTYLAZRT (_RT ) TmA}T;RT <0.
hm AT Ry, hm AT Ry, TmAT R, Tm AT R,

Finally, applying Schur complement to the above inequality condition twice results in the

condition (4.50), and this completes the proof.

4.3.2 Performance Analysis

Next, we consider the state-space model (4.47) and derive the corresponding performance

analysis conditions.

Theorem 4.6. The LPV system represented by (4.47) is asymptotically stable and the condition
12l 2o < vllwlz, is satisfied for all 0 < h(t) < hy, with 74,(t) < 7, 7, = 1 and zero initial condition
if there exist matrices P, Qp, R, R, € Siﬂ“" and a positive scalar v such that for any admissible

parameter trajectory p(t) € £4, the following matrix inequality condition holds true

S, PA,+R, PA,+R. PB CT h,A"R, 7,ATR,]

* Yoo 0 0 CF h,ATR, 7,ATR,

* * —R, 0 C’TT hmAth TmAZRT

* * * —~I DY, h.BTR, 7,B"R.| <0, (4.54)
* * * * =l 0 0

* * * * * —Ry, 0

* * * * * * —R,

where ¥1, = ATP+ PA+Q; — Ry, — R, and B35 = —(1 — 2)Qn — Ry.

Proof: We first consider a Lyapunov-Krasovskii functional similar to the one introduced in
Theorem 4.5. Next, we apply the congruent transformation 7 to matrix inequality (4.54),

where
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00 00 O0O0 I
00 0 I 0 O0O

000 0TI OO

In the obtained inequality, it can be observed that the negative definiteness of the upper
left 4 x 4 block matrix, in light of Theorem 4.5, concludes the asymptotical stability of the

system (4.47). Applying Schur complement to (4.54) three times results in

Y11 PA,+ R, PA,+R. PB cr cT
* 22,2 0 0 C’;q; 1 é?;
+ v
* * —R; 0 cT CcT
* * * —~I DL D
— - — - T _ - _ - T
AT AT AT AT
Av| o, AR Ay, AR
+ ho Rh + T Rr <0.
AT AT AT AT
BT BT BT BT

Multiplying the above inequality from left and right by ¢Z(¢) and ((t), respectively, where

cy=["t) #t-h (t-m) w @)

and with further algebraic manipulations, we obtain

' Pz + 2" Pz
+z27Qnz — (1 — W)z (t — h)Quz(t — h)

+h2 #T Ry — [£(t) — 2(t — h)]" Ry [(t) — Z(t — h)]
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+723 R, 7 — [Z(t) — Z(t — 1)]" R, [E(t) — Z(t — 1))

—yw? (t)w(t) + %zT(t)z(t) <0

and using (4.52), we have

V (%4, p) — ywT (t)w(t) + %ZT(t)Z(t) <0. (4.55)

Integrating both sides of the inequality (4.55) from 0 to oo and using V=g = V]i=oo = 0

(due to the asymptotical stability and zero initial condition), we arrive at

12l . <Alwlic,,

and this completes the proof.

4.3.3 LMI Relaxation Using Slack Variables

For the purpose of control design, the system matrices (4.48) are substituted in (4.54);
this, however, results in a bilinear matrix inequality problem due to the byproduct of the
controller matrices with the unknown matrix function P and the matrices R,, and R,.
similar to what we did in section 4.2.3, we introduce a set of slack variables to relax the

matrix inequality (4.54) in terms of an LMI. The following lemma provides the solution.

Lemma 4.2. The LPV system represented by (4.47) is asymptotically stable for all 0 < h(t) < hy,
and 74, (t) < 7, 7 = 1 and satisfies ||z]|z, < v|lw||z, if there exist matrices P, @, Ry, R, € STV",
parameter dependent matrices Vy, Vo, V3, V4 : R% — Si”f% and a positive scalar v such that for

any admissible parameter trajectory p(t) € £, the following matrix inequality holds true

[ —vi—VE P-VI+ViA VL + Vi 4, -VI+ VA,
* Yoo Ry, + ATV + VL Ay, R, + ATV + VLA,
* * —(1=h)Qn — Ry, + ALV + V3 Ay, ATV +V3A,
* * * —R, + AIVE + V4A,
* * * *
* * * *
* * * *

L * * * *
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ViB 0  hwmRn T |
VaB  CT 0 0
VsB  CF 0 0
i\B CT 0 0
* T , (4.56)
—~I DT, 0 0
* = 0 0
* * —Ry 0
* * * R |
where Yoo = Q — Ry — R, + ATV + VL A.
Proof: We rewrite (4.56) as ¥ + ATOTT + I'"OA < 0 with
0 P 0 0 0 0 hm.Rh TmRT
x Ao Ry, R, 0 CT 0 0
x % Azz 0 0o Cf 0 0
x % x —-R. 0 CF 0 0
U= , (4.57)
* * * * —~1 Dfl 0 0
* % * * * =l 0 0
* * * * * * —Ry, 0
* ok * * * * * -R;

where

Noo=Qn—Ry— Ry, Aszz=—(1-h)Qu— Ry,

and
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I 00 0 0 O0 OO Wi
07 000 O0 OO0 Vs
T - ) @ = ’
00T 0O0O0O0O Vs
000 1 0 0 0 0] | Va |
where the matrix variables V; (i = 1,...,4) are the slack variables. Next, we use Lemma

2.2 by finding the bases for the null space of A and I" as

_A A, A, B 0 0 o_ _0 00 0_
I 0 0 0 000 00 0 0
0O I 0 0 00 0 00 0 0
NA:OOIOOOO,NFZOOOO
0 0 0 I 000 I 00 0
00 0 0 I 00 0 I 0 0
00 0 0 01 0 00 I 0
0 0 0 0 0 0 I 0 0 0 I

Using the solvability condition (2.11) results in the LMI condition (4.54) through some
algebraic manipulations. On the other hand, the second solvability condition, i.e., (2.12),

leads to the following LMI

<0, (4.58)

which is part of the LMI (4.56) and is always satisfied as long as (4.56) holds true. In
summary, feasibility of the LMI condition (4.56) ensures that the LMI problem (4.54) is

feasible and hence the proof of Lemma 4.2 is complete.
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4.3.4 Dynamic Output-feedback Control Design

In order to find the controller matrices, we employ Lemma 4.2 for the closed loop system
(4.47). In the matrix inequality (4.56), we substitute the closed loop matrices A, A, B,
C and C, from (4.48) and select the three slack to be Vi = V, Vo = AV and V3 = A3V
for given scalar valued A;, A2 and A3. Then we partition V, V! similar to (4.29) and
(4.30) respectively, and define Z similar to (4.31) and perform the congruent transformation
T =diag(ZT,z7, 27,27 1,1,27,Z7) on matrix inequality (4.56). Consequently, we have the

following LMI

—2V P- V4 A AV + 4, MV + A,
* I Ry + MAT + M Ay, R, + MAT + XA,
* * —(1 = h)Qn — Ry + X\3(AT + Ap) MAT 4+ X34,
* * * —R, + M(AT + A))
* * * *
* * * *
* * * *
* * * *

B0 hwBa tlt |
B CT 0 0
NBOCFo0 0
MB o CT 0 0
<0, (4.59)
—~I DT, 0 0
* =l 0 0
* * —Rh 0
* * * —RT
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with

=7'v7 = ,

<t

P=27"pz,

Qn=2TQnZ, Ry,=2"R,Z, R.=Z"R.Z,

Yoo =Qn— Ry — R + Xa(AT + A),
and also

A=7"VAz, A,=2"VA,Z A.=Z"VA.Z and

B=27"vB, C=CZz C,=Cyz, C,=C.Z.

Using the fact that

we can obtain the expression for the variables in (4.61) as following

By D Cy

(4.60)

(4.61)

_ AY Y AY A
A= = ’
XAY + NAxgMT XA A XA
_ ALY Y ALY A
Ah - = 5
XALY + NAgpaMT XA, A, XA,
A BQ(DKCQY + CKMT)
XByDgCyY + NBgCoY + XBoCxgMT + NAg, MT (XByDy + NBg)Cs
BsC  BoDyCs
A, BC,
N By - _
B= ,C = {Cly C’l} Ch = {C’th cm} , and
X B
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C; = Dlz(DKCQY—FCkMT) D12DK02:| = |:D126A’ Di3DgCs| - (462)

In the above, we have used the change of variables as following

A = XAY + NAxgMT,
A, = XA + NAgaMT,
A, = XByDyCyY + NBrCsY + XBoCxMT + NAg, MT,
B = XB,Dg + NBg, and
C = DrCyY +CrMT. (4.63)

Thus by reversing the transformations in (4.63), the controller matrices are obtained as

Ak = N YA-XAY)MT,
Agn = N7'(A, - XAY)M T,
Bk = N7YB-XB,Dg),
Cx = (C—DgCyY)M™T and
Axr = N YA, = XByDgCyY — NBrCyY — XByCre MT)M T, (4.64)

The following theorem summarizes the discussion.

Theorem 4.7. Consider the time-delay LPV system represented by (4.43). If there exist parameter
dependent matrices P(p), Qn(p), Bu(p), R-(p) : R® — STV*" and X(p),Y(p) : R® — ST5" and
also A(p), An(p), A-(p) : R® — R™™ and B(p) : R®* — R™™ and C(p) : R® — R™*" and
Dg(p) : R® — R™*"v  a positive scalar v and real scalars Ao, A3 and A4 such that for all admissible
parameter p(t) € £5, the LMI condition (4.59) holds true, then there exist a controller in the form of
(4.45) such that the closed-loop system (4.47) is asymptotically stable and satisfies ||z||z, < v||w||z,
for all 0 < h(t) < hy, and 74(t) < 7y, 7% = 1. In addition, the controller matrices are obtained in
the following procedure

1- Find M and N from the factorization problem
I-XY=NM".

2- Find the controller matrices from (4.64).
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4.3.5 Digital Equivalence of the Designed Analog Controller
Up to this point, we have designed the controller (4.45) for the LPV system (4.43). For
the implementation of this controller, we have to find the corresponding discrete represen-

tation. The integral solution to this state space representation yields

tht1
T (tegl) = e(thrl—tk)AK(P(tk))xK(tk) + / e(tk+1—S)AK(P(tk))AKh(p(tk))xK(s — h(p(ty))) ds
tr

tht1
b ([ A0 s ) A ol o)
tr

tht1
A PR
tr

u(ty) = Cx (p(tr))rk (tr) + Dr(p(t))y(tr). (4.65)

Among three integral terms in the above, the first one to which we refer as I, cannot
be found precisely due to the fact that the continuous state xk(t) is not available in real
time but only at sampling instants. In other hands, due to the assumption (4.5), the rest
of the integrals above are computed precisely. Thus, I; is to be computed approximately.
It is evident that the value of I; is determined by the controller state value in the span
t € [tk — h(p(ty)), tks1 — h(p(tg))] (in short ¢ € [ty — hg,tg41 — hi]). Referring to Figure
4.2, there are possibly N samples associated with the controller states in the past in the

aforementioned span. It is noted that N = N(h;), that is, since the sampling frequency is

t, —h, te—h
L | |
—T T T TV | |
t| t t|+z tI+N Yngs tk b
tk — hk tk—l hk
N N | |
| | —\Vv | |
t| l:|+1 tl+2 Tt tk tk+1

Figure 4.2: Sampling scenario.
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not fixed, the number of samples may change by the passage of time. However, for the sake
of simplicity, we assume the sampling rate does not change drastically and there is only one
sample in the interval of ¢ € [ty — hy, tx41 — hg] . 1t is noted that, this approach implies that
we need to save the previous controller states in advanced up to a certain time depending

on maximum delay h,,. Before simplifying I, it is noted that

ter1—hg
I, = / e(thrl—hk_S)AK(P(tk))AKh(p(tk))xK(s)d5. (4.66)
t

k—hk

In order to approximately find I; with a good precision, we use the method proposed in [71]
as following. Expanding the integral interval and using the trapezoidal approximation, we

have

rx(th — hi) + vx (tiy1)

ti+1
om0 e e p g (o(t) ) s
te—hi
Bt =h t tper — h
+/ e(tm—hk—s)Ax(p(tm)AKh(p(tk))fﬂK(z+1)+w21<(k+1 B s
ti41

which leads in

Ti (ty — he) + o (tig1)
2

+ (e“kﬂ*hk*““)“(ﬂk) - I) At (ox) Arcn(pr) vielbin) ¥ x;(tk“ — )

I, =~ (e(tHl*tk)Ak(Pk) _ e(tk+1*hk*tl+1)AK(Pk)> A;_(l(Pk)AKh(pk)

(4.67)

In (4.67), xx (ty —hi) and g (tg+1 — hi) are not known and should be estimated from the pair
{zx (), rx(tiy1)} and {zx(tii1), Tk (ti2)} respectively (see Figure 4.2). Getting average ,

we have

i (t) + zr(tis1)

xg(ty — hg) = , and
2
t t
T (thrr — hi) =~ 2k (fi1) ;xK( z+2)’
or more accurately, using the linear interpolation
tip1 — (tp — hy tr —hi) — 1
rr(ty —hy) =~ MJH{(M) + (s —he) —ty g (ti41), and
tl+1 —1 tl+1 -1
c1 c2
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bz = (thyr — R thyr — hi) —t
T (togr —hy) ~ 2 (tht1 k)xK(tl+1)+(k+1 k) =t

tiyo — i tigo — tig

T (tiyz).  (4.68)

Cc3 Cq

Therefore, we may find an equivalent discrete-time state space representation that produces

the values of the controller (4.45) approximately described by

1+2
va(k+1) = Aalp(k))za(k) + Y Aiwa(i) + Balp(k))y(k)
i=l
ug(k) = Calp(k))za(k) + Da(p(k))y(k), (4.69)

where

Ay = e(trr1—te) Ax (p(tr)) + (e(tw—l*tk)AK(ﬂ(tk)) _ ]> Al—(l(p(tk))AKT(p(tk)),

By = (eltnmAn ) — 1) AR (plti)) Brc(p(tn),

Cd = CK(p(tk))a and

Dy = Dg(p(tk)), (4.70)
and also

A, = %1 (e<tk+1*tk>AK(P(tk)) _ e<tk+1*hk*tl+1)AK(P(tk))) A p(tr) Ak (p(t)),

An = (HTC?eam—twAK(p(tw) _ ?euw—hk—tHl)AK(pum) _ HT%O A (k) Axcn (p(ty)), and
Ay = %4 (etrrr=he=tie) Ax(e(t)) — 1) ALY (p(tr)) Arcn (p(tr))- (4.71)

As one can see, at the last stage of the proposed algorithm, the discrete-time controller
model is achieved applying an approximation. This is unavoidable since the parameters
are measured only at discrete instants. However, the advantages of the proposed sampled-
data control is that the effect of sampling and holding devices is considered completely as
mentioned earlier by employing input delay method. Also the sampling rate in this method

is quite flexible and may vary according to the rate of variation.
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4.3.6 Summery of the sampled-data controller design

The computation required in determination of the sampled-data control problem are
twofold. First in an offline primary stage, LMI (4.59) of Theorem 4.7 is solved. Conse-
quently, the basis function associated with controller matrices namely XY, A, An, A, B, C,
and Dy are determined for the second stage, that is the real time operation of the controller,
as following: At each sampling instant, the scheduling parameter is measured and all afore-
mentioned LMI variables are updated accordingly. Employing Step 1 and 2 in Theorem 4.7,
the continuous-time controller matrices, i.e., Ax(p(tx)), Bx (p(tk)), Cx (p(tr)) and Ak, (p(tx))
are determined. For implementation purpose, the digital equivalence controller (4.69) is to
be found. This is carried out by means of (4.70) and (4.71). While the controller is working
in the closed-loop system, the most recent states of the controller during the previous A,
seconds are recorded to be used in approaching calculation. The designed controller is the

one shown in Figure 4.1.

4.3.7 State Feedback Control Problem

Similar to the section 4.2.6, here we consider the state-feedback controller structure
as an special case individually. It is assumed that in the plant model (4.43), Cy = I or
y(t) = z(¢). The controller output at each sampling instant is updated based on the value

of the state vector and corresponding LPV parameter vector, that is,

ug(ty) = K(p(t))z(te)- (4.72)

Using a zero-order hold, the controller output becomes a piecewise-constant signal and is

fed to the continuous-time plant, i.e.,

u(t) = ua(tr) tr <t <tgp1. (4.73)

Therefore, the state-feedback controller is characterized as u(t) = K(p(tx))z(t — 7(t)). Ac-

cording to the assumption (4.5), we would rather formulate (4.73) as

u(t) = K(p(t))x(t — 7x(t))- (4.74)
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Augmenting the plant (4.43) and state feedback controller (4.74) yields in the closed loop

system (4.47) with z = x, and also

C=0C, Cn=Cy, C;=DpK. (4.75)

Similar to the output-control case, we aim to design the state feedback controller matrix
K, such that the closed loop system (4.47) with matrices (4.75) is stable and its energy-
to-energy gain satisfy (4.8). The discussions of sections 4.3.1 and 4.3.2 are still valid for
this closed loop system, however, simpler LMI condition is obtained in comparison with

Theorem 4.7, as we will state in the following theorem.

Lemma 4.3. Consider the time-delay LPV system (4.43). There exists a sampled-data controller
of the form (4.73) such that the corresponding hybrid closed-loop system is asymptotically stable
and satisfies ||z]|z, < v||w| ¢z, for all 0 < A(t) < Ay, and 7(t) < 7,,, 7 = 1 if there exist parameter
dependent matrices P(p), Qn(p), Rn(p), Rr(p),U(p) : R® — STX", and K(p) : R® — R™X" a

positive scalar v and real scalars Ao, A3 and A4 such that the LMI condition

—2U P — XU+ AU —AsU + AU
* oo Ri 4+ MUAT + XALU
* * —(1 = h)Qn — R + M3 (UAT + ALU)
* * *
* * *
* * *
* * *
L * * *
MU + BoK B 0 hmBn TmBr |
Ry + MUAT + \oBoK X\B;  UCT 0 0
MUAT 4+ \3By K AsB1 UCT 0 0
—R; + M(KTBY + BoK) MB1y KTDY 0 0 <o, (4.76)
* —I DT 0 0
* * —I 0 0
* * * —Rh 0
* * * 0 .y )
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with 22,2 =Qn—Ry— R, + Ao (UAT + AU) is feasible for any admissible trajectory p(t) € Ep.

Then, the corresponding sampled-data controller gain in (4.72) is obtained from

K (p(t))li=t. = K(p(£))U " (p(1)) =, (4.77)

Proof: Starting from the LMI (4.56), we substitute the system matrices from (4.75). Next,
we impose a constraint on the slack variables as V; =V, V; = N,V (i = 2,3,4), where \;’s
are real scalars. We note that the above choices are made to ensure that the resulting
matrix inequality problem is linear. Next, applying the congruent transformation T =
diag(U, U, U, U, I,1,U) with U = V! and considering UT PU = P, UTQTU = Qu, U RyU = Ry,
UTR,U = R, and KU = K, the LMI condition (4.76) is obtained and consequently (4.77)
gives the controller gain. This completes the proof. Interested readers are referred to [80]

for more details on state-feedback design.

4.4 Simulation Results

In this section, we demonstrate the validity of the proposed sampled-data control design
methods for LPV systems without delay and with internal delay, using several numerical

examples.

4.4.1 Example of Dynamic Output-Feedback Control of an LPV System

without Delay

We consider the following linear time-varying system

i 2sin(0.2t) 1.1 4 sin(0.2t) 0.2 2sin(0.2t)
z(t) = x(t) + w(t) + u(t)
-22+sin(02f)  —3.3+0.1sin(0.21) 0.2 0.1 + sin(0.2¢)
_0 1 0
2(t) = z(t) + u(t)
_O 0 1
yt) = |1 o|=z(d). (4.78)
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A sampled-data controller is sought to stabilize the plant and attenuate the effect of distur-
bance w(t) on the state z,(t) by measuring the state x;(t), while maintaining a reasonable
control action. We are also interested in determining the maximum sampling period such
that the system remains stable. In the all simulations, it is assumed that the system is
affected by a pulse disturbance w(t) = 1 for ¢ € [0, 5] and zero elsewhere. In the model shown
above, the sine term is assumed to be an LPV parameter, whose functional representation
is not known a priori but can be measured in real time. Defining p(¢) = sin(0.2¢), we obtain
an LPV state-space representation with the parameter space p € [-1,1] and v = 0.2. Due to
the slow variation of the scheduling parameter, it can be treated as if it remains unchanged
between two consecutive samples provided that the sampling rate is chosen properly. As
mentioned earlier, one easy solution to the sampled-data control problem is to design a
continuous-time controller for the continuous-time LPV plant and then discretize it. Since
the parameter in this example does not change significantly, the rectangular approximation
of the continuous-time design appears suitable for discrete representation. Figure 4.3 shows
the response of a continuous-time controller designed for the system (4.78). For this design,
optimal v is obtained to be 0.26. However, if we discretize the obtained controller using
the rectangular approximation, even for a very small sampling period i = 0.001 the output
becomes unstable. Next, we employ the proposed sampled-data design for this system as
described in Theorem 4.3. Since this procedure takes into account the inter-sample be-
havior of the plant, we expect that the sampled-data controller can handle even relatively
large sampling rates. As discussed previously, to solve the feasibility problem in Theorem
4.3, we have to decide on the structure of LMI variables X, Y and A, A,, B, C, C; and
Dq1, as well as the scalars Ao and 3. Selecting the structure of those matrix functions is
part of the design and is an ad hoc procedure. For this example, we first use a parameter-
independent structure for the aforementioned LMI variables and solve the LMI problem in
Theorem 4.3. Next, we repeat the process by employing a quadratic structure similar to
(4.34). Table 1 summarizes the energy-to-energy gain of the closed-loop system for various
sampling rates and two choices of parameter-dependency for the LMI variables. The results
highlight that selecting a quadratic structure can handle sampling rates larger than those

in the parameter-independent structure. It is also noted that the value of v corresponding
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Table 4.1: Optimal values of v for various sampling rates with respect to the chosen structure for
LMI variables.

Tm || A2 | Ag | v for parameter-independent structure || Ay | A3 | 7 for quadratic structure
0.1 28] 1.7 0.32 14|15 0.31
0.2 || 3.9 | -0.2 0.54 1.8 0.6 0.35
0.3 2.8 1-0.3 1.62 1.2 04 0.67
0.4 - - Infeasible 08| 1 1.36
0.5 - - Infeasible 06| 0 3.44

to a given bound on sampling rate, i.e., 7,,, is sensitive to the scalars A\ and A\y. These two
scalars can be optimized by performing a 2-dimensional search. In what follows, we utilize
the parameter-dependent LMI variables to achieve an improved performance. We begin the
sampled-data control design for the system for a constant sampling rate 7,,, = 0.1 sec. Figure
4.4 shows that the closed-loop system is stable and has an acceptable performance in terms
of disturbance rejection. Next, we examine the sampled-data control design for a large con-
stant sampling period 7, = 0.5 sec. Figure 4.5 indicates that although the sampling period
is quite large, the system is still stable and a satisfactory response is obtained. Finally, we
consider a variable sampling rate, in which the sampling rate varies corresponding to the

pattern

thi1 = tr +0.2(1 + 0.5sin(0.2t4)). (4.79)

Starting from t; = 0, the pattern above is associated with a sampling that depends on the
parameter variable ranging from 0.1 to 0.3 sec. Figure 4.6 shows an acceptable disturbance

attenuation that the sampled-data LPV controller can provide.

4.4.2 Example of State-Feedback Control of an LPV System without De-
lay

We consider again the linear time varying system (4.78) with
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Figure 4.3: Continuous-time controller response.
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Figure 4.4: Sampled-data controller for 7,,, = 0.1 sec.
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Figure 4.5: Sampled-data controller for 7,,, = 0.5 sec.
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Figure 4.6: Sampled-data controller for variable sampling rate.

Similar to the previous example, a sampled-data controller is designed to stabilize the
plant and attenuate the effect of disturbance w(t) on the state xo(¢t) while maintaining a
reasonable control action. We are also interested in determining the maximum sampling
period such that the system remains stable. To solve the LMI problem (4.42), we have
to decide on the function variables such as K, as well as the scalars A, and A;3. To solve
the LMI problem corresponding to the sampled-data control design problem, we consider
two structures for K: (i) with parameter-independent gain matrix, i.e., K(p) = Ko, and (ii)
with second-order polynomials, i.e., K(p) = Ko+ pK; + pzif(z. Table 4.2 shows the optimized
Hoo-norm of the closed-loop system with respect to different maximum sampling rates and
two choices of parameter-dependency for the matrix function K. We note that tuning the
two scalar parameters Ao and A3 is done independently for each case shown in Table 4.2.
In what follows, for the simplicity of implementation, we utilize a parameter-independent
state-feedback gain.

Next, we illustrate time-domain simulations to show the effectiveness of the sampled-
data control design method to guarantee stability and H. performance of the closed-
loop hybrid systems. To this purpose, we examine two designs corresponding to differ-
ent sampling rates. Shown in Figure 4.7 is the response of the system (4.78) to the dis-
turbance w with a constant sampling rate 7,,, = 0.1. The dashed line corresponds to the

state x5 of the continuous-time system and the solid line indicates the staircase control
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action. For this example, our search results in Ay = 1.3 and A3 = 0.2. Finally, we exam-
ine the case of variable sampling rate, that changes corresponding to the periodic pattern
{0.3,0.4,0.5,0.3,0.4,0.5, .. .}*¢°. This implies the sampling time instants {0,0.3,0.7,1.2,1.5,1.9
,2.4,2.7,...}%¢. For this example the two scalars are tuned as Ay = 1.6 and A3 = 1. Figure 4.8
shows the simulation results demonstrating an acceptable disturbance attenuation obtained
by the controller with a reasonable control action.

Table 4.2: H.-norm for different sampling rates and basis functions.

Tm | parameter-independent | 2"%-order
function polynomial

0.1 0.328 0.325
0.2 0.379 0.375
0.3 0.513 0.495
0.4 1.2 0.905
0.5 Infeasible 1.93
0.6 Infeasible 8.04

0.05

T

u(t) H

Time(sec)

Figure 4.7: Output response for 7,,, = 0.1.

4.4.3 Example of Dynamic Output-Feedback Control of an LPV System
with Delay

As an illustrative example, we design a sampled-data controller to control the chattering

of a milling machine, whose simplified mechanical model is depicted in Figure 4.9. The
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Figure 4.8: Output response for the defined variable sampling rate.

dynamic model of this system can be formulated as an LPV system containing a parameter-
dependent time delay [39, 56, 54]. The system consists of a spindle of mass my and a two-
blade cutter of mass m;. Also two springs with stiffness k; and k; and a damping with
the coefficient ¢ are lumped in the model. The rotation of the cutter causes the removal of
workpiece material from the surface resulting in a force acting on the cutter denoted by f
in the figure. If no control force is applied to the spindle, the machine exhibits chattering.
To reduce chattering during the milling process, a force u is to be applied to the spindle
dictated by a controller. To this aim, we first derive the dynamic equation associated with
the model in Figure 4.9. Introducing the displacement and velocity of the cutter and spindle

as state variables, the dynamic model of the system is described by

m1dy + ki(x1 — x2) = fsin(¢+ B) +w and

Mole + cko + k1 (ZEQ — (L‘l) + koxo = u, (480)

where w represents the external disturbance input. Modeling the contact at the point,
where the blade touches the surface with a spring of stiffness k, the displacement of this
spring equals the difference between the tip position of the consecutive blades that touch
this point. Assuming that the angular velocity of the cutter w(t) remains constant in a

revolution, the time interval between two consecutive blades is equal to Z. As a result, the
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corresponding reaction force of the surface is

F=—k[zi(t) — 21 (t — g)] sin(g).

Therefore, we can rewrite the system equations in (4.80) as

1 k k k
B o= —[—ki — ksin(¢)sin(¢ + B)lwr + —a1(t - E) + gy 4+ —w(t)
my my w my my
k k1 +k
By = —wy— - + 2o — LSfSQ + —u. (4.81)
ma ma ma mo

Table 4.3 summarizes the data corresponding to this example. The obtained model relies

on two measurable parameters ¢ and w. First, we note that

sin(@)sin(¢+ ) = 0.5[cos(8) — cos(26 + B)]

= 0.1710 — 0.5cos(2¢ + B).

Next, we define the scheduling parameter vector as p(t) = [p1(t), p2(t)]T with pi(t) =
cos(2¢(t) + B) and pa(t) = w(t). The rotation speed w is assumed to vary between 200 rpm
(20.94 rad/sec) and 2000 rpm (209.4 rad/sec), and maximum variation rate is assumed to

be 500 rpm/sec (52.35 rad/sec?). The parameter space associated with the LPV parameters

is as follows:

p1(t) € [-1 1], |p1| =|—2wsin(2¢(t) + B)| < 418.9 (rad/sec) and

Table 4.3: The milling system parameters.

Parameter | Value | Unit
mi 1 Kg
mo 2 Kg

kl 10 N / m
ko 20 N/m
k 3 N/m
c 0.5 | N/m.s
B 70 degree
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pa(t) € [20.94 209.4] (rad/sec), |p2| = 52.35 (rad/sec?).
For the parameter-dependent time delay h(t) = 7/w(t), we have

0.015 < h(t) < 0.15 and

. e A
()] = | = 55 x | <075, (4.82)

Considering the state vector to be x = [x; x5 @ #2)7, the state-space LPV representation

of the system is

0 0 1 0
0 0 0 1
z(t) = (1)
~1034+p1(t) 10 0 0
I 5 ~15 0 —0.25]
0 00 0 0 0
0 00 0 - 0 0
+ x(t— (t))+ w(t) + u(t)
034—pi(t) 0 0 0 P2 1 0
0 0 0 0 0] 0.5 ]
1000 0
zt) = o 1 0 olz®)+ |0 |u@®)
00 0 0 0.1
1000
y(t) = x(t), (4.83)
010 0

where z(t) is a fictitious system output reflecting the control design objectives. That
implies that an H., controller is sought to reduce the displacement of the elements, as well
as penalizing large control actions. The measurement vector y(¢) implies that among all
states of the system, only two of them are available, namely the position of the spindle and
cutter. For effective control of the system, the choice of sampling frequency is crucial and is

a trade-off between the quality of the closed-loop system response and the implementation
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cost. Since the angular velocity could vary during the milling process, the sampling period is
not fixed and changes accordingly. Since two blades touch the surface twice per revolution, it
is quite reasonable that sampling frequency be at least twice in a rotation. In this example,

we consider two samples per revolution, i.e.,

bor = b+ 2o
k+1 — Uk 2&](1‘:]@)’

(4.84)

with ¢y = 0. Considering the bounds on the time delay in (4.82), we have h,, = 0.15 sec
and 7,, = 0.15 sec to be used in the LMI (4.59) corresponding to the sampled-data control
design. In addition, we have to decide on the structure of the function variables involved
in this LMI problem. The structure of the matrix functions is part of the design and
is an ad hoc procedure (see first Remark of section 4.2.4). Here, we assume a constant
function variables (parameter-independent) to reduce the computational cost. It is noted
that the optimal value of v is quite sensitive to the value of the scalars A\, A3 and A\4. These
scalars can be optimized by performing a 3-dimensional search. For the milling example,
our search resulted in Ay = 10, A3 = 1 and Ay = 1. Also the obtained #H., performance level
was calculated to be v = 0.56. Shown in Figure 4.10 is the simulation results of the proposed
control scheme for the milling machine example, indicating the displacement of the cutter
z1 and that of the spindle x5 for a predefined test condition. It is assumed that the system
is perturbed by a rectangular disturbance w(t) of magnitude one over the time interval
t € [0,4] and zero elsewhere. The blade rotational speed profile is shown in Figure 4.11.
It is apparent that the proposed controller attenuates the disturbance successfully under
the variable rotational speed. The control effort required for this study is shown in Figure
4.12, in which the different length of sampling periods is a result of using (4.84). Finally,
for comparison we examine the open-loop response of the milling machine, while no control
command exists. It is assumed that the system is perturbed by the same disturbance
signal as in the previous simulation. Figure 4.13 shows the displacements of the masses
while lasting too long to vanish compared to the closed-loop system. This justifies the

employment of a controller to diminish the fluctuations as well as settling time.
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Figure 4.9: A simplified schematic of milling process.
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Figure 4.10: Displacement of cutter and spindle.
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Figure 4.11: Blade rotation speed profile (rpm).
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Figure 4.12: Control effort.
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Figure 4.13: Open loop response of the milling machine.

4.4.4 Example of State-Feedback Control of an LPV System with Delay

We consider again the sampled-data control of the milling machine in Example 4.4.3, using

state-feedback approach. To this aim in (4.83) we assume

1000
0100
y(t) = ()
0010
000 1

Here, the external disturbance, blade speed profile and sampling scenario are identical to

the previous example. For a parameter-independent controller, our search results in Ay = 12,
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A3 = 0.3, Ay =1 and v = 0.52. Shown in Figure 4.14 is the simulation results of the proposed
control scheme for the milling machine example, indicating the displacement of the cutter z;
and that of the spindle x5 for the predefined test condition. It is apparent that the proposed
controller attenuates the disturbance successfully under the variable rotational speed. The
control effort required for this study is shown in Figure 4.15, in which the different length

2r . that is, two samples per revolution

of sampling periods is a result of using t41 = tp + 3

w(ty)’

of the cutter.

Cutter and spindle displacements

025 L L L L L L L L L
0 1 2 3 4 5 6 7 8 9 10

Time(sec)

Figure 4.14: Displacement of cutter and spindle.
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Figure 4.15: Control effort.
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4.5 Chapter Conclusions

In this chapter we addressed the problem of sampled-data control for continuous-time
LPV systems in two cases, namely LPV systems without delay and with internal delay.
Sampled-data control design of a continuous-time system leads to a hybrid closed-loop
system, including both continuous and discrete time domains. For analysis and synthesis
purposes, the hybrid closed-loop system must be represented in a unified domain, either
continuous-time or discrete-time. In this chapter we utilized the input delay approach to
map the hybrid closed-loop system into a continuous-time state-delayed LPV system. For
the case of LPV system with internal delay, input-delay approach yielded a closed-loop
system with two types of delay. To ensure the asymptotic stability and H., performance
of the resulting closed-loop continuous-time state-delayed system, a Lyapunov-Krasovskii
functional was introduced with an appropriate structure to take into account different types
of delay including the intrinsic system delay and the delay imposed by input delay technique.
The use of the proposed Lyapunov-Krasovskii functional led to a delay-dependent matrix
inequality condition. Next we employed the slack variables to relax the resulting inequality
condition in terms of an LMI problem. In this study, we considered two structures for the
controller, i.e., dynamic output-feedback and state-feedback structures. Finally, by means

of multiple numerical examples, we examined the validity of the proposed methods.
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Chapter5
Conclusions, Contributions and Future Work

5.1 Summary and Assessment of the Dissertation

The main goal of this dissertation was to develop and implement advanced filter and
control design methods for dynamical systems. Our major concern in this study was to
digitally carry out the filtering and control algorithms without compromising the stability
and performance, where we acquired system output data only at discrete time instants. The
aforementioned problems became particularly challenging, since we considered a family of
time-varying systems whose dynamic change according to an external parameter, namely
linear parameter varying (LPV) systems. An additional complexity that we considered in
our discussion was that an LPV system might have contained internal delay in its model.
For example, in the problem of chattering control in a milling machine, the model of the
machine has a delay that depends on the cutter rotary speed. This example and numerous
other applications in the literature, endorse the significance of our study to develop advanced
methods in filtering and control of LPV systems. It is stressed that the obtained results in
this dissertation can be readily used for linear time invariant (LTT) systems, for which more
simple synthesis conditions can be exploited.

In the first part of this dissertation, we focused on the filtering problem for continuous-
time LPV systems. In chapter 2, we addressed the filtering problem for state-delayed LPV
systems, where the state space model of the system contains a delayed version of the state
vector and the delay could be parameter dependent. There, we assumed our plant was
stable, however, the obtained result could be readily extended for unstable plants where an
observer would be designed for state estimation. In addition, the results of this section could
be employed for fault detection and isolation in LPV systems. With an appropriate choice
of Lyapunov-Kravoskii functional, we derived synthesis conditions that were dependent on
the maximum size of delay and its rate. Next, we utilized the slack variables to relax the
synthesis conditions in terms of linear matrix inequality (LMI) optimization problems. It
was shown that our synthesis criteria have resulted in a less conservative design approach

compared to the existing works in the literature.
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In chapter 3, we presented a sampled-data filter design method for stable continuous-
time LPV systems. We noticed that the sampled-data filter design for a continuous-time
system would lead to a hybrid closed-loop system that would be difficult to analyze math-
ematically. In other words, we have to represent the hybrid system in a unified domain,
either continuous or discrete, to do the design in the corresponding time domain. The pro-
posed design method consisted of few intermediate steps to map the hybrid sampled-data
closed-loop system into a discrete-time LPV system, using lifting technique, and then to de-
sign a discrete-time LPV filter in the corresponding time domain. By means of a numerical
example, we showed that this method could handle large and even variable sampling rates.
In this chapter, we also modified an indirect method for discretization of a continuous-
time LPV model by means of trapezoidal approximation to handle a non-uniform sampling
frequency scenario.

In the second part of this dissertation, we investigated the sampled-data control prob-
lem for continuous-time LPV systems. First, an LPV system without delay was considered.
There, we employed the input-delay approach for sampled-data control design of continuous-
time LPV systems by mapping the hybrid closed-loop system to a continuous-time state-
delayed LPV system. Then, to ensure the asymptotic stability and #., performance of
the resulting closed-loop hybrid system, we utilized slack variables to relax the resulting
inequality condition in terms of an LMI problem. Next, we extended the obtained results
in the previous sections for an LPV system with state delay. Applying the input-delay
method, we ended up with a system containing two delays in its state-space model, namely
the internal delay of the model and the one imposed by mapping the discrete signals into
continuous-time domain. To complete the discussion, we proposed synthesis conditions for
two structures of the controller, that is, the output-feedback controller and state-feedback
controller. Finally, by means of multiple numerical examples, we demonstrated that the pro-
posed method could handle the sampled-data control problem even with varying sampling

periods.
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5.2 Future Research Directions

Here we list some future directions than can be studied in order to extend and improve

the obtained results of this dissertation.

e The filter design problem was considered in chapters 2 and 3. As mentioned earlier, the
observer design problem and also fault detection and isolation of dynamical systems
are special cases of the filtering problem. One can specialize the presented results for

these problems in the sampled-data framework.

e Throughout this dissertation, we assumed the scheduling parameters are piecewise
constant. However, in practice, for many applications they may change continuously
and fast enough, such that their variations between samples could not be neglected.

Special care should be taken to derive new results for such systems

e We derived conditions for synthesis of state-feedback and output-feedback controllers
using a delay-dependent Lyapunov-Krasovskii functional. The choice of Lyapunov-
Krasovskii functional was rather standard. This work can be extended further by

investigating the use of other forms of Lyapunov-Krasovskii functionals.

e The proposed control and filter synthesis conditions satisfy a prescribed energy-to-
energy gain (or equivalently H..-norm) of the closed loop system. In a straightforward
way, one can extend the obtained results for similar performance objectives such as

energy-to-peak gain, peak-to-peak gain, Hs-norm, as well as, multi objective problems.

e In this dissertation, we considered two different structures for the controller, namely
state-feedback and output-feedback. For the former case, the availability of all states is
a must, otherwise, the latter one has to be chosen. However, the synthesis conditions
based on state-feedback design are significantly simpler and computationally more
efficient. Therefore as a future study, we can consider the combination of a sampled-
data observer in conjunction with a sampled-data state-feedback controller when the
full-state measurement is not possible. In addition, one can consider a third structure
for the controller, namely static output feedback (possibly parameter dependent),

where the control action is obtained from measured output through a static gain.
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Appendix A

Evaluation of Operators

In this section, we summarize the procedure to compute |Dy|z,[0,-,), as well as the
matrix-valued representation for the operator compositions (3.14) and (3.15). The interested
reader is referred to [25], where a complete discussion is presented for LTI systems. In order

to compute ||Dy;||z,0,r,), We define

S Si2 *AT(P(tk)) *ClT(P(tk))Cl(P(tk))
S = = exp { Tk ,

So1 S22 Y 2By (p(tr)) BT (p(tr)) Alp(tr))
for v > 0. It is shown by [25] that |[Dy,||z,(0,-,) is equal to the largest value of ~, for which the
matrix Si; has a zero eigenvalue. The procedure for evaluating the operator compositions
at each sampling instant is performed by taking the following steps

Step 1: Define the square matrix U as

A(p(tr)) Onxcn,

U=
Onzxn Onzxnz
and
o [ ATGw) T () (o)
| L By (o) BT (o(t2) Alplts)
_ T
X = |Cupte) Du@(tk))} [0 a(p(tk»]
_ T
Y = _Cl(P(tk)) 0} {Cl(P(tk)) Dm(ﬂ@k))]'

Using the aforementioned definitions, we introduce

P M L -UuT X 0
0 Q N|=exps7| 0 E Y

0 0 R 0o 0 U
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Next, we partition @ and R in the above equation as

Qu Q2 Ry O

)

Qa1 Q2 0o I

Consequently, the matrix Ay, that appears in the first subequation in (3.14), is determined

to be
Aa(p(k)) = Ru1. (1)
Step 2: In this step the system matrices Agq and By, in (3.13) are obtained. Having
F= |:F1 Fz] = [(Qﬁl)T 0} MR
and utilizing (1), we determine

Aaa(p(k)) = Aalp(k)) + F1

Baa(p(k)) = Fs.

Step 3: By means of a matrix factorization (e.g., using Cholesky factorization), one can

find B4 in (3.13) satisfying

Bua(p(k))Bla(p(k)) = v Q12Q1;-

Step 4: Finally, C14 and Djag in (3.13) are found. To this end, we first define the matrix V

as

V = [Ci(p(tr)) Daa(p(tr))]- (2)
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Defining

P P U VTv
= exp{ Tk
0 Py 0 U
and
—1
J=RTym | M N — RTL + PL Py,

0 0

the two matrices C14 and Dio4 are found satisfying

T
Cra(p(k)) D12d(p(k))} [Cld(p(k)) Diaa(p(k))| =

through a matrix factorization. It is emphasized that since in this study our focus is on the
matrices depending on a piecewise-constant parameter, we need to repeat the aforemen-
tioned steps at each sampling instant. This is done to update the system matrices in (3.14)

and (3.15).
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