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CHAPTER I

INTRODUCTION

This dissertation is concerned with the oscillatory behavior of
solutions of the second order linear differential equation
(E) [R(X)Y']' + Q)Y = 0
on [a,»), where R and Q are continuous symmetric matrix-valued
functions or, more generally, are operators which assume their values
in a B#*-algebra, and where R is positive definite.

Since matrices form particular B*-algebras, we concentrate on them
in certain instances in order to contribute to the research in this
area. However, the principle objective of this dissertation is to
extend the research which established oscillation criteria for the case
where R and Q are nxn matrices to the generalized B*-algebra case.

Several authors have obtained results for the case where R and Q
are nxn matrices. Among the most notable are F. V. Atkinson [2],

G. J. Etgen [9], H. C. Howard [14], C. A. Swanson [24], and E. C.
Tomastik [27]. Recently C. M. Williams [28] has extended the results
of Hille [15] on the nonoscillation properties of equation (E) by
allowing R and Q to take their wvalues on a B*-algebra.

In Chapter II the properties of a B*-algebra are delineated, and
a characterization of B*-algebras is given. Also, the set G consisting
of positive functionals which operate on a B*-algebra is introduced

and characterized.



The existence and uniqueness of solutions of equation (E) are
discussed in Chapter III. In addition, basic properties of solutions
are delineated.

Chapter IV establishes oscillation criteria for equation (E) using
the characteristics of the set G and allowing R and Q to take their
values in a B*-algebra.

The trigonometric differential system and the polar coordinate
transformation are treated in Chapter V. Sufficient conditions for
oscillation are established for the trigonometric differential system
and then are extended to equation (E) by means of the polar coordinate
transformation.

In Chapter VI we extend the results of K. Kreith [17] which
formulate comparison criteria for both oscillation and nonoscillation.

The dissertation is concluded in_Chapter VII with some remarks
concerning extensions to nonlinear differential equations and to

nonlinear differential inequalities.



CHAPTER II

B*-ALGEBRAS

2.1 Characteristics of B*~Algebras.

The purpose of this section is to define a B#*-algebra and to
present some of the basic properties concerning B*-algebras which will
be required throughout this paper.

A Banach space is a normed linear space over a scalar field,

L d

which is complete in the metric determined by its norm,

A Banach algebra is a Banach space with an associative

multiplication defined and such that the inequality

IIAB||_§ | |Al| - ||B|| holds for all eleménts A,B in the space. A
Banach algebra is called unital if there is an element I such that
IA = AT = A for each element A in the -algebra and |[I|| = 1. 4n

element A in a unital Banach algebra is called nonsingular, or regular,

if there is an element A~! in the algebra such that AA~1l = AT1A = 1,
If an element does not meet this requirement, it is called singular.

If B is a unital Banach algebra over the complex scalar field
C, Z.e., a complex unital Banach algebra, and B ¢ B, then the spectrum |
of B is defined:

o(B) = {AeC/ AL -B is singularl.

A complex unital Banach algebra B is called a B*-algebra provided
it has an involutory operation (+)* with the following properties:

() If A ¢ B, there is a unique A* ¢ B such that (A*)* = A,

(<1) If A, B ¢ B, then (A+B)* = A*+B%,



(ii7)

(iv)

@)

If A€ B and o € C, then (cA)* = oA*, where o is the complex
conjugate of «a.
If A, B € B, then (AB)* = B*A%,

For all A ¢ B, ||axa|| = []|A]]Z2.

An element A ¢ B is called symmetric, or hermitian, if A% = A,

Furthermore the following properties are assumed to hold:

(2)
(i7)

Each symmetric element has a real spectrum.

The set of symmetric elements with nonnegative real spectra
is closed under addition, multiplication by positive
scalars, and passage to a limit.

Each element of the form A*A has a nonnegative real

spectrum.

A symmetric element A having a positive (nonnegative), (negative)

spectrum will be called positive (nonmegative), (negative) definite and

will be denoted A > 0, (A > 0), (A < 0). From (Z7) above, sums and

positive multiples of nonnegative definite elements are nonnegative

definite.

- The preceding definition is the one employed in [15, pg. 110]

and in [28, pg. 3].

An example of a B*-algebra is Mn, the algebra of nxn matrices with

complex entries. For this B*-algebra the operation (¢)* is defined so

that A* is the conjugate transpose of the matrix A. Another B*-algebra,

and one that is most important from the standpoint of this paper, is the

algebra of bounded linear operators on a complex Hilbert space H.



Rickart [23, pg. 244] has shown that every B#*-algebra is isometrically*-
isomorphic to an algebra of bounded linear operators on a complex
Hilbert space.

Assuming B is a B*-algebra of bounded linear operators on a Hilbert
space H and B ¢ B, the spectrum of B consists of:

(Z) {AeC/ AL -B is 1-1 but not onto}.

(Zz2) {x e C/ A - B is not 1-1}.

The elements in (ZZ7) are called eigenvalues of B, and any nonzero
element ¢ € H such that (AI - B) o = 0 is called an eigenvectcr of B.

For an element B e B, the number v(B) = sup {|A| / A € o(B)} is

called the spectral radius of B. Clearly, the spectrum of B lies in

the disc centered at 0 with radius y(B).
The following theorems describe some of the properties of the
spectrum of an element A in a B*-algebra B. Their proofs are in

Hille [15] so they will not be repeated here.

Theorem 2.1.1. If A is a positive definite element of a B*-algebra,

then A™! is positive definite.

Theorem 2.1.2. The unit element I is positive definite.

Theorem 2.1.3. If A is a symmetric element and o(A) C [a,b] where

a > 0, then

al <A <bI and b™lI < A"l <a7l1.



Theorem 2.1.4. If A is positive definite tl-2n for any positive integer

n, A" is positive definite. In addition, if o(A) C [a,b] where a > 0,

then a2l < AZ < b2I.
It has been pointed out by Hille [15] and Taylor [25] that
nonsingular elements (other than the identity) exist in a B*-algebra B,

and that the inverse operation is continuous.

Theorem 2.1.5. If A € B is nonsingular, and B € B is such that

A-B < = 3 then B is nonsingular. Also,
]|A11|[

|47t = 37| < [[a7H[[2 |la - B]] / @ - [[A[["! []a - B]D).

The following theorems are well known (see Hille [15], Taylor [25],
or Williams [28]), and are used extensively throughout this paper. The

first theorem provides the existence of "square roots" in a B*-algebra

B.

Theorem 2.1.6. If A e B, and A > 0, (A > 0), then there is an element

M ¢ B such that M > 0, (M > 0) and A = M2,

Theorem 2.1.7. If A e B and A > 0, (A <0), then for any C € B

C*AC > 0, (C*AC < 0). If C is nonsingular and A > 0, (A < 0), then

C*AC > 0, (C*AC < 0).



Theorem 2.1.8. If Ae B, A >0, and C € B such that C*AC = 0, then

AC = 0.

Theorem 2.1.9. If A,C ¢ B such that 0 < A < C, then 0 < C ! < A™L,

Integrals and derivatives of B#*-algebra-valued functiqns will be
required throughout this paper. The definition of an integral will be
that of the ordinary Riemann-type integral. In particular, if B(x) is a
function defined on the compact interval [a,b] which takes its values in
a B*-algebra B, and {a = Xg, X1, «ee» x = b} denotes a partition of

this interval, then B(x) is called integrable on [a,b] provided

n
T B(x.,)(x., - x, ,) has a limit in B as the norm of the partition
i=1 i i i-1
approaches zero. This limit is called the integral of B(x) on [a,b] and
is denoted IZB(x)dx. It can be verified that B(x) is integrable on
[a,b] whenever B(x) is continuous or piecewise continuous on [a,b].
By using the definition and basic properties of a B*-algebra B, and

the definition of the integral, we obtain the following useful results.

Theorem 2.1.10. If B(x) is a continuous B-valued function on [a,b],

then ||[*BGyax|| < [2]1BGo | |ax.

Theorem 2.1.11. If B(x) is a continuous B-valued function on [a,b] and

1 B(x) > 0 (B(x) > 0) on [a;b], then [-B(x)dx > 0, (J2B(x)dx > 0).

Likewise B(x) < 0 (B(x) < 0) on [a,b] implies



IZB(X)dx <0 (fZB(x)dx.i 0).

If B(x) is a B-valued function on the interval (a,b), it is called

lim B(x) - B(xp)
XX X = Xg

differentiable at xy € (a,b) provided exists in B.

The limit is denoted B'(xo) and is called the derivative of B at xgq.
In addition, if B is a continuous B-valued function on [a,b], and
Ax) = sz(t)dt, then for each x € (a,b) the derivative A'(x) exists

and equals B(x).

2.2 Positive Functionals,

_This section introduces the concept of functionals operating on a

B*~algebra.

Let H be a complex Hilbert space with inner product denoted by
{,>. Assume that B* is the space of bounded linear operators on H,
Denote by S, the subspace of B* consisting of the symmetric operators.

Define the set G = {g:B* » ( / g is linear and g(A*A) >0

for each A ¢ B*}. Then each g € G is a positive functional as defined

by Rickart [23, pg. 212]. 1It is clear that g € G is positive if and
only if g(A) > 0 for all nonnegative definite elements A in S.
According to Rickart [23, pg. 215], every positive functional is
bounded, 7.e., continuous.

It is easy to show that the set G is not empty. For example, for

{Aa,a> where A ¢ B*, Certainly

o € H, define g, as follows: ga(A)

8y is linear and ga(A*A) = {A*Aa,a> = {Aa,Aa> > 0, so 8y is positive.



The theorem which follows proves that G is closed under multiplica-

tion by nonnegative numbers and summation.

Theorem 2.2.1. If g;3, 89, eces g, are elements of G and aj, as, ..., a
n

are nonnegative numbers, then I a;g; e G.
=1

n

n

ad

Proof. It is clear that I a g, is a linear functional on B*. Choose

i=1
n n
any A € B¥, Then| I a.g.](A*A) = I a.g.(A*%A) > 0 since a, > 0 and
R s | A 1 =~ i~
i=1 i=1
n
—gi(A*Ai—sz for'i_='1;'2?_77i;'ﬁT__ThuS‘_f'aigE_E'G;”
i=1

It follows from Theorem 2.2.1 that G is a convex set, that is,
{af + (1 - a)g / 0 < a < 1} C G whenever f,g ¢ G.
As another example of a positive functional, let B* = Mn’ the set
of nxn matrices, and consider the functional trace (+) defined by
n

trace (A) = I a,,, where A = (a,.,) e M. It is well known that
j=1 i ij n

trace (4) in where Ai’ 1 < i< n, are the eigenvalues of A,

Clearly trace (+) is linear, and since A*A is nonnegative definite,

trace (A*A) > 0. Therefore, trace (+) is a positive functional. Also,

n
trace () = I 8, (*), where e is the n component vector with "1" as
i=1 i :

its ith component and "0's" elsewhere.



The following theorem is easily established using the linearity and

continuity of g e G.

Theorem 2.2.2. If A is a continuous B*-valued function on [a,b], then

g[fZA(x)dx] = IZg[A(x)]dx. In addition, if F(x) = I:K(t)dt, then F is
a differentiable B*-valued function on [a,b], g(F) is a differentiable
complex-valued function on [a,b], and‘{g[F(k)]}' = g[F'(x)].

If F is a differentiable B*—va%yed function, then the derivative

of g(F) will be denoted g'(F).

semma-2.2,3 is-a Cauchy=Schwartz inequality—for- positive

functionals. It is taken from Rickart [23, pg. 213].

Lemma 2.2.3. 1f g e G, then |g(A*B)|2 < g(A*A) g(B*B) for all

A,B g B%,

This lemma is used to establish several basic properties

of positive functionals.

Theorem 2.2.4. Let g ¢ G. Then g = 0, the zero functional, if and only

if g(I) = O.

Proof. Clearly, if g = 0, then g(I) = 0. On the other hand, suppose

g ¢ G and, g(I) = 0. If A e B*, then by Lemma 2.2.3,



T

lg(a) |2

Since g(I) = 0, |g(a)]

|g(18) |2 < g(I) g(a*a).

0 for all A ¢ B*, Thus g is the zero

functional.

Theorem 2.2.5. 1f ge G, g # 0, and A £ B* is positive definite, then

g(a) > 0.

Proof. Let g € G. Choose A € B* such that A > 0, There is, by

2
Theorem 2.1.6, a B ¢ B* such that B > 0 and A = B . Therefore, by
Lemma 2.2.3, 0 < [g(I)]|2 = |g(BB™1) |2 <.g(BB) g(B~1B"1) = g(a)g(a™D).

_Hence g(A) > 0.

Finally we arrive at a theorem which associates a positive number

with each nonzero element of G.

Theorem 2.2.6. If g e G and g # 0, then there exists a positive number

pg Such that g(a%A) 3_pg|g(A)12 for all A ¢ B%,

Proof. Let A ¢ B%*, Choose any g € G such that g # 0. By Lemma 2.2.3

1
g(I)

|g(a) |2

3

[g(a)|? = |g(1a) |2 < g(A*A)g(I). This reduces to g(A*A) >
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CHAPTER III

SECOND ORDER DIFFERENTIAL EQUATIONS IN A B*-ALGEBRA

Throughout the remainder of this paper we shall assume that H is a
complex Hilbert space with inner product denoted <,>, and that B* is the
B%-algebra of bounded linear operators on H. We shall also be concerned
with the special case where H is the linear space of ordered n-tuples
and B* = M, is the collection of nxn matrices. In this special case
we shall assume, without loss of generality, that H is the real vector
space of ordered n-tuples of real numbers and B* is the set of nxn
matriceswitirreal—entriesi—For—conveniencethis-will-be-referred-to-
as the "finite dimensional" case.

In this chapter we will consider existence, uniqueness, and other
basic properties of the solutions of the linear differential equation
(E) : [R(x)Y']' + Q)Y = 0,
where R and Q are continuous, symmetric, B*-valued functions on the
interval [a,»), and R is positive definite.

A solution of (E) is a B#*-valued function Y on [a,») such that
each of Y and RY' is continuously differentiable and
[RGX)Y'(x)]'" + Qx)Y(x) = 0 on [a,»), ZT.e., Y satisfies (E).

Qur first theorem establishes the existence and uniqueness of
solutions of equation (E). Basically its proof is that of Picard and
Lindel8f, which utilizes the classical methods of successive

approximations, and can be found in Hille [15, chapter 6].
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‘Theorem 3.1. If Yy and Z; are elements of B* and b ¢ [a,®), then there
is a unique solution Y of equation (E) such that Y(b) = Yy and

R(B)Y'(b) = Zg.

The next theorem introduces a concept which is made use of

extensively throughout this paper.

Theorem 3.2, If Yj and Y, are solutions of equation (E) on [a,® , then
Y?(x)R(x)Yi(x) - YT'(x)R(x)Yz(x) = K, a constant

on [a,®).

Proof. Let M(x) = YT(X)R(X)Y&(X) - Yf'(x)R(x)Yz(x)_ Then, by taking
the derivative, we have

1
Y*'RY} + Y*(RYL) =~ (RY])*'Y, - Y*'RY}
1 1 1 ©
= -Y%QY + Y*QY = 0.
1 2 1 2

K, a constant.

This implies M(x)

Two solutions, Y; and Yy, of (E) are said to be mutually conjoined

if Yf(x)R(x)Yé(x) - Yf'(x)R(x)Yz(x) =0 on [a,®). In particular, a

solution Y of equation (E) is called self conjoined whenever

Y*(x)R)Y'(x) = Y*¥'"(x)R()Y(X) on [a,»).
The concept of conjoined solutions was used by M. Morse [19,

chapter 3] in his research in the calculus of variations. Conjoined
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solutions of (E), also referred to as prepared solutions, can be shown
to exist merely by requiring a solution Y to satisfy
Y*(b)R(MD)Y'(D) = Y*'(B)R(MD)Y(b)
at some point b. Then since M as defined in Theorem 3.2 is constant,
M =0 and Y is a conjoined solution.
A éolution Y of equation (E) is called'nonfrivial if there exists

at least one point ¢ ¢ [a,») such that Y(c) is nonsingular.

Thedrem 3.3. If Y is a nontrivial solution of equation (E), then
Y*(x)Y(x) + [R(X)Y'(X)]* R(X)Y'(x) > O

on [a,®).

Proof. Let Y be a nontrivial solution of (E) and assume Y(c) is
nonsingular,where ¢ ¢ [a,»).
Suppose there is a point b & [a,») and a vector Yy, Yy # 0, such that
qy*®)Y(®) + (ROB)Y'(B))*RMBIY'(B) 1y, v> = O.
Then it follows that
Y(b)y = R(b)Y'(b)y = O.
Let y(x) = Y(x)&. The vector y is a solution of the operator-vector
equation
(3.1) CRGY'] +Q@y = 0.
'Since the basic existence and uniqueness theorem (Theorem 3.1) also
holds for (3.1), we can conclude that y(x) = 0 on [a,»). But

y(c) = Y(c)y = 0 contradicts the fact that Y(c) is nonsingular.



Corollary 3.4. Let Y be a solution of (E). If there is a point

¢ £ [a,») such that Y(c¢) is nonsingular and
Y*(c)R(c)Y'(e) = [R(c)Y'(c)]*¥(c),

then Y is nontrivial and conjoined.

A slightly stronger result holds in the finite dimensional case,

see [2, chapter 10] or [19, chapter 3].

Corollary 3.5. Consider equation (E) where R and Q are nxn matrices.

A solution is nontrivial and conjoined if and only if there is a point
b such that

Y*(b)Y(b) + [R(B)Y'(B)I*R(D)Y'(D) > O
and

THBIRM)T' (D) = [R()Y'(b) 1*T(b).

Hereafter, the term "solution" will be interpreted to mean
nontrivial and conjoined solutiom.

A solution Y of (E) is called oscillatory if for each b e [a,x),
there is a ¢ > b such that Y(c) is singular. A solution Y of (E) is

nonoscillatory if it is not oscillatory.

The differential equation (E) is said to be oscillatory provided it

has an oscillatory solution; otherwise it is called nonoscillatory.

In the finite dimensional case, Z.¢., R and Q are nxn matrices,

we have the following result attributed to Morse {19, Theorem 5.1]. This
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theorem gives us important information about the oscillation properties

of equation (E). It is known as the Morse Separation Theorem.

Theorem 3.6. If Y is a solution of equation (E) which is nonsingular on
[b,c], and if U is any other solution of equation (E); then U has at
most n singularities on [b,c], multiple singularities being counted
according to their multiplicities. (Note: A singularity of U is a

zero of det U.)

It follows from this theorem that if'(E) has an oscillatory

solution, then all solutions of (E) oscillate. On the other hand, if (E)

has é nonoscillatory solution then no scolution of (E) oscillates.

For many theorems in the following chapters we shall restrict
equation (E) by setting R(x) = I, the identity element. With this
restriction, equation (E) becomes
(e) "+ Qx)Y = 0,
where Q(x) is a continuous symmetric function on [a,») taking its values

in B*,



-17-

CHAPTER IV
OSCILLATION CRITERTA

FOR LINEAR SECOND ORDER DIFFERENTIAL EQUATIONS

4,1 Introduction.

In Sections 4.2 and 4.3 of this chapter, oscillation criteria for
the differential equations (E) and (e) are investigated. The previous
results of Swanson [24], Etgen [10], Hayden and Howard [13], and
Allegretto and Erb [1] are shown to be special cases of the theorems in

these sections.

In Section 4.4, the research of P. Hartman [11], W. J. Coles [4],
and J., W. Macki and J. S. W. Wong [18] on weighted averages and
averaging pairs is extended.

In Section 4.5 oscillation criteria for equation (E) are
established and our results are compared with those of E. C. Tomastik
[27].

Throughout this chapter we shall make extensive use of the
properties of the set G of positive functionals on B* introduced in

Chapter II.

4.2 Oscillation Criteria for Equation (e).
In this section we establish oscillation criteria for
(e) ' "+ Qx)Y = 0,

where Q is a continuous symmetric B*-valued function on [a,»). We then
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demonstrate that many known oscillation criteria are special cases of

our results.

Theorem 4.2,1. If there exists a g € G such that iiz g[IZQ(t)dt] = 4w,

then equation (e) is oscillatory.

Proof. Assume the theorem is false. Then there is a nontrivial
conjoined solution Y of (e) which is nonsingular on [b,») for some

b > a. Define the operator S on [b,») by S(x) = —Y'(x)Y"l(x). Using the
fact that Y is conjoined

S*(x) = =[Y*(x)17I[¥YE(x)]" = ~[¥*(x) 17V YT I() = S(x).

Hence, S(x) is symmetric.
By differentiating S(x) we find that
S'(x) = Q(x) + S2(x),

and integrating this equation yields
S(x) = S(b) + [fa(e)de + [Fs2(t)dt.
Now, utilizing the functional g € G mentioned in the hypothesis, we have

gls(x)] = gls®)] + glfpa(r)dt] + glfs2(t)dt].

. lim X _ .
Since 2o g[faQ(t)dt] = 4o, there is ac > b éuch that
(4.2.1) gls(x)] > glfis2(t)at] for x € [c,®).

Let W(x) = xSz(t)dt. Then W'(x) = S%(x). From (4.2.1) we have
b

glS(x)] > 0 for x ¢ [ec,»). This fact, together with the properties of



g introduced in Chapter II, gives

g1 = gl[Fs2(n)ae] = [Fals2(t) lde > [yp lals(®)1}2de > 0

on [c,»). Also, we have

g'W(x)] = glW'(x)] = gls2(=x)] > pé{g[S(X)]}z.

By using (4.2.1),

g' W] > o {al[s2(0)at]}? = o {glW(x)1}2.

Thus —jiiligillz >
(W) ]} Pg:

g

Integration yields the inequality

- .
g[WQG)]~———g[W(c)]———g[W(x)}_._# p (x-c).

Clearly this inequality cannot hold on [c¢,»), and we have a

contradiction.

The following corollary investigates a particular form of

equation (E).

Corollary 4.2.2. 1If in equation (E) R(x) = K, where K is a nonsingular

constant B*-valued function on [a,®) such that K™!1Q(x) is symmetric and

continuous on [a,»), and if there is a g € G such that

11m gl/x-1q(t)dt] = +=, then (e) is oscillatory.
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Proof. Equation (E) reduces to
KY" + Q(x)Y = 0;
Since K is nonsingular on [a;w), we can write this equation as
" + K-1Q(x)Y = 0.
Because K~1Q(x) is a symmetric, continuous B*-valued function, the

hypothesis of Theorem 4.2.,1 is satisfied.

The following theorems contain a variety of well known oscillation
criteria. It will be demonstrated that they are special cases of

Theorem 4.2.1.

Theorem A. If Q in equation (e) is a continuous, symmetric, nxn matrix

.(t)dt = 4=, then

s S g lim (x
which has a diagonal element qii(x) such that | Iaqil

Koo

(e) is oscillatory.

‘Let e; denote the constant vector with "1" as its ith component and
"0's" elsewhere. Define gei by gEi(A) = <Aei,ei> =a;, for any nxn

matrix A=(aij). As indicated in Chapter II, g, € G.
i

Now,

gei[fZQ(t)dt] = fzgei[Q(t)]dt = [Iq; (Dat

s0 by Theorem 4.2.1, equation (e) is oscillatory.
This result can also be found in the wofk of C. A. Swanson

[24, Theorem 1].
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The next theorem has been established by T. L. Hayden and- H. C.

Howard [13, Theorem 2].

Theorem B. Let Q in equation (e) be a continuous, symmetric, B*-valued

function. If A(x) denotes the minimum eigenvalue of sz(t)dt and
lim

Xoco A(x) = 4=, then equation (e) is oscillatory.
Suppose iiz A(x) = 4+, Choose any constant vector o such that
llall = 1. Then
X
Mx) < <[fja(t)dtla,e>  on [a,®).
As indicated in Section 2.2, the vector o determines a functional
8y € G, so we have

g, [/20(e)dt] > A(x).

Hence, the hypothesis of Theorem 4.2.1 is satisfied.

In order to discuss the following theorem, extracted from the work
of Allegretto and Erb [1], it is necessary to introduce some additional
notation. Let k and n be positive integers with k < n, and let Ok,n
denote the set of strictly increasing sequences of k integers chosen
from {1, 2, ..., n}. If F is an nxn matrix and y = {ml, M5 eees mk}
is an element of Ok,n’ then F(y,y) denotes the kxk submatrix of F

which is obtained by deleting all rows and columns from F except for

the rows and columns My My eees Wy . For any matrix A, let IA denote

the sum of all entries of A,



-L22=

" 'Theorem C. Let Q in equation (e) be.a continuous, symmetric, hXn matrix.

. lim x L
If there exists a vy ¢ Ok,n such that 2o faEQ(y,Y)(t)dt = 4w, then

equation (e) is oscillatory.

By definition Q(y,y) is the kxk submatrix of Q obtained by removing
all rows and columns except for the rows and columns ml, My eeey Mo
Let e(y) denote the constant n-component vector whose mx; Moy eoey My
entries are ones, while all other entries are zero. Then

Q(t)e(y), e(v)> = IQ(yy) (),
so

<Ifjae)dtletn,e(n> = [7zat,y) (.

The vector e(y) determines the functional ge(y) e G, so we have

8oy LR L] = [Tra(y,y) (B)dt.

Therefore, by Theorem 4.2.1, (e) is oscillatory.
The next theorem,proven for nxn matrices is also a special case of
Theorem 4.2.1 since the functional "trace" is an element of G.
lim X
Theorem D. (Etgen [10, Theorem 2]). If _— trace [faQ(t)dt] = 4w,

then equation (e) is oscillatory.

4.3 Other Oscillation Theorems for Equation (e),
This section is a further extension of the research of Allegretto

and Erb [1], Etgen [10], and Hayden and Howard [13]. The results of
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these authors are demonstrated to be special cases of the main- theorems

of this section.

Theorem 4,3.1. Let Q be a continuous symmetric B¥*-valued function on

[a,@). If there exists a positive differentiable scalar function q such

that M0 (X 1 4¢ - 4w, and if
x> ‘a q(t)

I = [Ha(ae) - [(a'(£))2/4q(t) IT}ae +ﬂ'_§__tl T

1im

has the property that there exists a g ¢ G such that e g[Jx)] =

then equation (e) is oscillatory.

Proof. Assume the theorem is false. Then equation (e) has a
nonsingular conjoined solution Y on the interval [b,») for some

b > a. On this interval we define S by

1 '
q(x) S(X) = -Y (X)Y—l(x)o
Then S(x) = -q(x)Y'(x)¥"!(x) and
S'(x) = -¢" XY @)Y 1(x) + ¢&®)QE) + ¢X V'@V ®) ¥ 1(x)

which can be written

t 2
s'(x) _'_(__ [s(x) +'ﬂ_£§— 112 + q(x)Q(x) - i%q%ﬁ%l— I.

Integration yields

$(x) +~3—£§l-1 = S(b) + f ) [s(t) + 3= (t) 1]2dt

“Fa? 2 ) ?
+ [Fla(e)Q(e) - i%a%%%l— I}dt +-ﬂ-§§l I.



Hence, utilizing the g € G mentioned in the hypotﬁesis, we have

gls (o) + L 1) = gls)] + glff X

25 5 + 342 112ae) + LI,

Since iig g[J(x)] = 4=, there is a number ¢ > b such that

(4.3.1) 2[5 (x) +£l'—§x~) 1] > g{ﬁ:c&t) [S(t) +'ﬂ'—§—t—)— 1124t}
on [c,»).
Let W(x) = [ 4 r5¢e) + & (t) I]2dt.

‘b q(t) '

Then W'(x) = 1 ) [S(x) + 4.8x) (x) 1]2. By making use of the

q(x)

properties of g, we have
g' W] = glW'(®)]

1 p ' .
g[s(x) + ﬂ‘éél'llz Z_Ezﬁy {gls(x) + ﬂ—é§l 1132,

-1
q(x)
Then from (4.3.1),

g W) > (s(e) + ILE 1)24e )32

p
<o &y 300

on [c,»), This implies

o
-R}% {glW(x)1}2  on [c,=).

]
Now (4.3.1) also implies g[S(x) + 5—%§l I] > 0 on [c,») and from

(4.3.2) g' W] >

this fact plus the properties of g

glW(x)] = f '—(—y gls(t) + S—LE— 1]2%dt

> ¥ B q(t) {els(t) +ﬂﬁ 1]1}2dt > 0

on [c,»). Therefore (4.3.2) can be written
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£ L P
{gWw(x)112 a4 ’

By integrating this inequality we get

1 N 1 ! s 1 _g
glWie)] glWe)] g{W(x)] g ‘c q(t)
Since ii: qu"l(t)dt'= +», this inequality cannot hold on {c,®),

and we have a contradiction.

Referring to the notation introduced for nxn matrices prior to

Theorem C, we can use Theorem 4.3.1 to prove the following corollary.

Corollary 4.3.2. Let Q be a continuous symmetric nxn matrix and let £

be a positive differentiable scalar function on [a,») such that

lim ,x 1

230> fa E?;T dx = 4o, If there exists a y ¢ Ok,n such that

lim (x £'(t) 1oy

s [REO LN () = eyl 2010y, n Yae + £ 51¢y,9) = 4,

then equation (e) is oscillatory.

Proof. By definition Q(y,y) is the k«k submatrix of Q obtained by deleting

all rows and columns of Q except for the rows .and columns Mys Mys eees o

. . .4 D
where {mi}izl is an increasing subsequence of {J}j=l. Let e(y) be the
constant n-—component vector whose Mgy My, eees My entries are omnes,

while all other entries are zeros. Then



A am - 12 + £ 1100, e

£'(x)

EXy 251y, bae + £ 510y,

X
[LEO LM () = ey

The vector e(y) determines a functional g e(y) e G, so we have

1lim

X0 e(Y){IXf(t)Q(t) S IE©1* Idt + £ 1} = 4+ which satisfies. the

4E(t) 2
hypothesis of Theorem 4.3.1.
By using the same termineclogy we can show that the next theorem,

found in the work of Allegretto and Erb [1, Corollary 2], is a special

case of Corollary 4.3.2.

' Theoren E. If there existé ayeO o such that
- b .

11m fxt{ZQ(Y,y)(t) Elij%lﬂdt = 4o, then equation (e) is oscillatory.

Let f(t) = t. Then f is a positive differentiable scalar function

lim
X

on {a,») and Xt"ldt = 4o, In addition

f:t[ZQ(Y,Y)(t) - EL}*’—Yl]dt + %— ZI(Y,Y)
4t ’

- e 2o ® - e + £ s1gy,p).

Since the first term on the left side of this equation has limit 4 as
X -+ o, and the second term is constant, the hypothesis of
Corollary 4.3.2 is satisfied.

If the reasoning which led to Theorem D, Section 4.2, is repeated,

we have the next result.
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Theorem F. (Etgen [10, Theorem 3]), Let Q be a continuous, symmetric,

nxn.matrix and define r and J as in Theorem 4.3.1. If

ii: trace {J(x)] = 4=, then equation (e) is oscillatory.

The very same logic used to demonstrate that Theorem B, Section 4.2,
was a special case of Theorem 4.2.1 can be used to show that the
following result of Hayden and Howard [13, Theorem 3] is a special case

of Theorem 4.3.1.

Theorem G. Let Q be a continuous, symmetric function taking its values
in B%*, 1If there is a positive differentiable scalar function q such that
Lim fx —;;—-dt = 4o and if J, defined in Theorem 4.3.1, has the property
x>0 Ja q(t) ’ e3ed, property
that the minimum eigenvalue of J(x) has limit +» as x » =, then

equation (e) is oscillatory.

4.4 Weighted Averages and Averaging Pairs,

Additional information about the oscillation of equation (e) can be
obtained by considering the concepts of weighted averages of sz(t)dt and
of averaging pairs as introduced by Coles [4] and Macki and Wong [18],
respectively. These concepts lead to oscillation criteria which differ
extensively from those developed in sections 4.2 and 4.3.

A weighted average of fXQ(t)dt is defined by W. J. Coles [4] as

follows: Let f be a nonnegative continuous scalar function on [a,») such

that f:f(t)dt # 0, and there is a number b > a with the property that



[fe) [ a(s)ds]ae

(4.4.1) A(x) =
‘ f}a{f(t)dt

exists on [b,»).
Coles' results were obtained for the scalar equation
(4.4.2) Y+ qx)y = 0.

Our next theorem extends his work to equation (e).

Theorem 4.4.1. Let Q be a continuous, symmetric function on [a,») which

takes its values in B*. If there exists a g ¢ G and a nonnegative

continuous scalar function f on [a,») satisfying

e [ SEe)asE / [Sr2(s)dshat = e

for some k, 0 <k <1, and for b > a, and

M glAG)] = 4=,

where A is given by (4.4.1), then (e) is oscillatory.

Proof. Assume (e) is nonoscillatory. Then there is a nontrivial
conjoined solution Y of (e) such that Y is nonsingular on [b,») for
some b > a. We can define S(x) = “¥'(x)Y (%) on [b,»). Since Y is
conjoined, S is symmetric. Differentiation of‘S(x) and subsequent

infegration of the derivative yields

S(x) = s(b) + [fa(e)de + [Fs2(r)at.
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Multiplication by f(x) followed by integration results in
X X X t
[LE®s(D)de = [FE(r)S®b) e+ £(t) [, Q(s)dsdt
X tao
+ [LE(t) [ 5% (s)dsdt.

Let g € G be the positive functional given in the hypothesis. Then

[EE(®) [fa(s)dsdt

[LE()at

slfE()s(nat] ={[Fe(e)dt} {gls®) + 1}

+ g [[L£(0) [(5%(s)dsdt].

By hypothesis, the first term on the right side of this equation

increases to +w, so there exists a number ¢ > b such that for x > c,

X
(4.4.3) glf, F()s(t)de] > gl[r£(e) [52(s)dsdt].

Let W(x) = [X£(t)[[S2(s)dsdt]. Then W'(x) = £(x)[;5%(t)dt. By
using the properties of g,

g' W01 = glW' (0] = £60) [pgls2(0) Jde > o _£60) [p{gls () 1)%dt.

Also
o £(x)
g'Wx)] > —B—o | [Fe2()at| | [Flals(e)1}2dt] .
f,};fz(t)dt [ b :I [b ]

By using the Cauchy-Schwartz inequality,

p £(x)
g' W] > —E—— {[F2(t)gls(t) 1de}2,
[LE2(t)de
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p E(x)
so0 g' W] > —E—— {gl[ E(t)S(t)dt]}2.
fbfz(t)dt

This implies, by (4.4.3), that

p f(x) X N
g'[W(x)] > —EB——n {g[[F£(t) [ 52(s)dsdt]}?,

fﬁfz(t)dt
or
p E(x)
(4.4.4) g' W] > —=——— {g[N@)1}%,
[ie2(e)de

From the definition of W(x), we derive
glW(x)] > g[.f;ff(t)fgéz(s)dsdt]
for d >-c because f;sz(s) Z_fgsz(s)ds on [d,»).
Since fgsz(s)ds is a constant,
gl ] > [[if(ar][glfIs2(s)as}.

Let g[fgsz(s)ds] = m, a positive constant., This implies

el 1 > o[ (0)ae]*
on [d,»), for 0 < k < 1. Now combine this with (4.4.4) to obtain

‘ . . f(x)[f:f(t)dt]k ,
(4.4.5) {gW}g'W&]>pm - {gWx)1}
g fbfz(t)dt

on [d,x).
It can be deduced from (4.4.3) that fﬁf(t)g[S(tI}dt >0 on [c,»).

This implies that f(x) # 0 and g[S(x)] # 0 on [b,c]. Hence
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f:{g[S(t)]}zdt >0 on [c,®) and f:f(t)fg{g[S(s)]}zdsdt > 0 on ic,w).
Therefore
g = [S£(t) [rgls2(s) Idsde 3_pgf§f<t)f§{g[s<s>1}2dsdt >0

on [c,») so we can rewrite (4.4.5) as

{ L } 2-k . . f(x)[f:f(t)dt]k
—— g'[Wx)] >pm
on [d,=).

By integrating, we get

1 1 1-k a 1 1-k i 1 1-k
1-k )g[W(c)] 1=k }glW(c)] elwx) ]

N Ot R
>pm f(t) ——— dt.
g °¢ I;fz(s)ds
. lim (x [f;f(s)ds]k A
Since 2roo Ic f(t) — dt = +», this inequality cannot hold on
[,E2(s)ds

[d,»), and we have a contradiction.

The following theorem uses the concept of averaging pairs to
develop oscillation criteria for equation (e).

A pair of scalar functions (o,a) is called an averaging pair

provided

() o is continuous on [a,®), ¢ > Q, o > 0, and a is

differentiable on [a,»).
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@) 1P o) ([Fals)o?(s)ds) Tdt = 4.

This is the definition used by Macki and Wong [18] in their study of

.equation (4.4.2). Our theorem extends their results to equation (e).

" Theorem 4.4.2. Let Q be a continuous symmetric function which takes its

values in B*, If there exists an averaging pair (o,a) and a g € G such

11m

that e B H(K + 2 ~ I) = +w
. v 2
where Ka(s) = f:[a(u)Q(u) —-%-Q%;%E%l— 1ldu
T -1¢T
and ‘ %(K) = (fao(s)ds) 1fao(s)K(s)ds,

then equation (e) is oscillatory.

Proof, Assume the theorem is false. Then there is a nontrivial conjoined
solution Y of (e) which is nonsingular on [b,») for some b > a. We can
define S(x) = -a(x)Y'(x)Y"}(x) on [b,*). Since Y is conjoined S is

symmetric.

By differentiating S we have

[s(x) +.§L§}l_ 112 + [a(x)Q(x) _‘.(_0‘_’(&)_2.]’

S'(x) = ey

S
a(x)

a'(x)

Put V(x) = S(x) + 5

I and integrate to get

' v
S(x) = fx (S) dt +K_(x) + C,



a'(x) -

where C ¢ B* is a constant of integration. Then adding > I to both

sides yields

- a'(x) o _ x V(1) a' (x)
V(x) = S(x) + =1 =[] 0 dt + K (x) + =5 I +C.
This implies
_ oo (X V2(t) o' (x)
¥(V) = g(fb 2t 98 HIE + TSI 4 C.

Now, using the g described in the hypothesis,

_ x V2(t) o' (x)
g[%(V)] - g[%(fb o dt)] + g[¥(Ka e 1)] + g(C).

Since iiz g[]%(Kcx +.El%§l Iﬂ = 4w, we have g[%(Vﬂ > g[%(ff Z(§§) dt%

on [c,») for some ¢ > b. This implies

t v2 (t)

(4.4.6) g[fbo(t)V(t)dt] > g[fbo(t)f dsdt].

Then, using the properties of g and squaring both sides, we get

2 2
' V(t)
{fﬁc(t)/a(t) g[;azzi]dt} {g fxa(t)ft v2 (s) dsdt} .

Consider the left side of this inequality. From the Cauchy-Schwartz

inequality, we have

o it @awar f’ég[l’?ii’]dt > fgcz(t)a(t)dtf:gzl:———v(t) ]dt

g va(t)
v(e) *
f a(t)/a(t) g[ £ ] .
{ b Va (o)
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Therefore,

.41y ([ 2(t>a(t)dt)(fbg["(§)t)1dt)> Elio® ;o v = asad}’.

g C! S
2
Let W(x) = fx (t)fb a((i) dsdt. Then W'(x) = o(x )f: Z(Eg) dt, so
(4.4.8) 8 G0 ] = W' (] = 000 S i ac.
In addition (4.4.7) becomes
(4.5.9) -;—-(f]};crz(x)a(t)dt)(fgg[ (S)]dt> > {glW() 112,
g

It can be deduced from (4.4.6) that fgo(t)g[V(t)]dt >0 on [c,®).

This implies that o(t) # 0 and g[V(t)] # 0 on [b,c}. Hence

2 2
fﬁgg[ﬂ—t—)—]gdvo onfe,), and [fo(e) [y g[—‘is-)—]f dsdt > 0 on [c,®).

va(c) a(s)
Therefofe,
v2(s) V(s) ’
: t s X t s
glWx)] = fzb(t) jbg[a(s) ldsdt 3_pgfb0\t) fbgg[ a(s)]g dsdt > 0
on [c,»).

This fact, plus (4.4.8) and (4.4.9), allows us to write

v2 (t)
g [W() ] o) [elry

>

(gl () 1}2 L(r% 2(t)a(c>dt)(fbgtv T 1ar) .
g

]dt

a(t)

By integrating we get

1 -
T IREOT © TW@T  Pelo© Yt (e e
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Since (o,a) is an averaging pair, iiz fxo(t)(IEUZ(S)G(S)dS)-ldt = 4o, SO
c

this inequality cannot hold on [c,»). Therefore, we have a contradiction.

4.5 Oscillation Criteria for Equation (E),

In this section, oscillation criteria are developed for the
differential equation.
(E) [RG)Y']" + Q@)Y = 0,
where R and Q are continuous symmetric B*-valued functions on [a,») and
R is positive definite. Results by Howard {14] and Etgen [10] are

shown to be special cases of our criteria.

Theorem 4.5.1. If there exists a positive differentiable function q and

ageG such that the function P defined by

1 2 1
PG = [Ha®a® - R@ 1L jae + S v

Hm oip(x)] = 4, and if [q)RE ]! > k)1,

has the property that X0

where k is a positive scalar function and iiz ka(t)dt = 4w, then

equation (E) is oscillatory.

Proof. Sﬁppose the theorem is false. Then there exists a nontrivial
conjoined solution Y of (E) such that Y(x) is nonsingular on [b,») for
some b > a. Define S(x) by

q-1(x)S(x) = -RE)Y'(x)Y" 1(x) on [b,=).

Then S(x) is symmetric because Y(x) is conjoined and R(x) is symmetric.
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By taking the derivative

1

5'(x) = q(x)

[SERI(x)S(x) + q¢' (x)S(x)] + q(x)Q(x)

which factors into

2
S'(x) = (S + 3 Ra") ()R (S + 2 Ra") + qQ - J_R(4;) .

i
If we integrate and add gig-to both sides, we get

ey o ATCOR(R) X, _R()[q'()]? q' ()R(x)
S(x) + 5 = 5(b) + [iia(6)Q(e) IO R
X 1 ' -1p—1 1 1
+ [¥(s + 5 Re") (@RI (S + 5 Rg")dt.

Let g(x) = §(x) +,ﬂi£§%&@ﬁl' Then

a ' 2 1
5G = 5@ + [Mawae - MelLOq, o S GoRG

+ [F SO aORMD I S(o)dt.

By hypothesis

q ' 2 v
5G) 2 50) + [Flamae - MEB 5, + SLEORG)

X " 2
+ fbk(t)[S(t)] at.
Also by hypothesis, there is a g € G and a ¢ > b such that

(4.5.1) 8801 > gl[F(DIS(8)12de} on [e,®).

Let W(x) = [Fl(t)S(x)12dt. Then W'(x) = k(x)[S(x)]2. By using

the properties of g,

A }
g'[W(x)] = glW'®] = k(xel[Sx)]1%} > pgk(X){g[S(X)]}z-
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Substituting (4.5.1) into this equation, we get
(4.5.2) &' [0G0] > p k(o (s [ER(D) [S(D1%4e}2 = o k() (WG 132,
Now (4.5.1) implies g[S(x)] > 0 on [c,»), so
glWwx)] = fik(t)g{[g(x)]z}dt 2_pgf§k(t){g[§(t)}2dt > 0.

This means we can write (4.5.2) as

_—ELLELEllj >p k(x) on [c,»).
{glW(x)1}4

We can integrate to get

1 S 11
glW(c)] glW(e)] slWw)]

*k(t)dt
pg I k()
“on [c,®).”
Since Lim ka(t)dt = 4o, this inequality cannot hold on [c,).
X»0 JC
The resulting corollary has been proven by Howard [14, Theorem 3]
for the case where R and Q are nxn matrices. We can use our theorem

to extend his results to the B#*-valued case.

Corollary 4.5.2. Let R and Q be continuous symmetric B*-valued

functions on [a,»), and let R be positive definite. Let P and q be
defined as in Theorem 4.5.1. If iiz A(x) = +o, where A(x) is the

minimum eigenvalue of P(x), then (E) is oscillatory.

Proof. Choose any constant unit vector a. Then A(x) §_<P(x)a,a>. This
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inner product determines a g, € G as was demonstrated in Chapter II.

Therefore ga[P(x)] > A(x), so the hypothesis of Theorem 4.5.1 is

satisfied.

Theorem H. (Etgen [10, Theorem 3]). Let R and Q be continuous symmetric
nxn matrices on [a,»), and let R be positive definite. Define P and

1im

g ac in Theorem 4.5.1., If
X

trace [P(x)] = +», then (E) is

oscillatory.

Since trace is an example of a g € G as was demonstrated in

Chapter II; this theorem is a special case of Theorem 4.5.1.
Equation (e) is a special case of equation (E) by having R(x) = I,
the identity element. The next theorem extends this thinking by letting

R(x) = r(x)I, where r(x) is a continuous positive scalar function.

Theorem 4.5.3. In equation (E), let Q be a continuous symmetric

B?-valued function ecn [a,») and let R(x) = r(x)I, where r is a

continuous positive scalar function on [a,»). If there is a g € G such

lim X _ lim ,x 1 ; .
that X0 g[faQ(t)dt] = 4o and x>0 Ja T(0) dt = 4o, then (E) is
oécillatory.

The proof is an obvious modification of the proof of Theorem 4.2.1.
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The following theorem extends the work of Tomastik [27]. -In
particular, we allow the coefficients in equation (E) to take their

values in B* rather than being limited to nxn matrices.

Theorem 4.5.4. Let R and Q in equation (E) be continuous positive

definite symmetric B*-valued functions on [a,»). If there exists a

1lim -1
g € G such that e g[sz (t)dt] = 4= and

lim
b gad

minimum eigenvalue [sz(t)dt] 4o, then equation (E) is oscillatory.

Proof. Assume (E) is nonoscillatory. Then there is a nontrivial
conjoined solution Y of (E) such that Y(x) is ponsingular on [b,») for
some b > a.
Since Y(x) is nonsingular on [b,»), we can define S by
S(x) = -RX)Y'(x)Y"1(x).
The conjoined property of Y and the symmetry of R imply that S is
symmetric.

Taking the derivative of S(x) and integrating S'(x) yields
5(x) = S(b) + [fa(r)at + [(S(eIR7I(E)S(E)de.
Now fgs(t)R'l(t)S(t)dt is positive definite, and, by the hypothesis,
S(b) + fﬁQ(t)dt is positive definite . om [c,») for some point ¢ > b,

Hence S(x) > 0 on [c,»). This implies that S~1 exists and that sTi(x) >0

on [¢c,»).
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Let g be the positive functional described in the hypothe;is. Then
g[s™1(x)] > 0 on [c,»).
We now take the derivative of S~!(x) and integrate [S'l(x)]'. This
gives
s71(x) = 571(e) - [RI(0)ae - [TsTH()a(e)sTi(e)de.
Therefore,

glsT1(®] = glsTH(e)] - glfiR1()ae] - glfisTi(e)a(e)s™I(r)de].

Since g[S~!(c)] is a constant, g[fiS‘l(t)Q(t)S-l(t)dt] > 0, and

lim

- 1i - .
X0 g[sz 1(t)dt] = 4=, we have that xiz g[s"1(x)] = == which

" contradicts g[S~i(x)] > 0.

Corollary 4.5.5. Let R and Q in equation (E) be continuous positive

. . . im (x .
definite symmetric nxn matrices. If 1 f r..(t)dt = +», where r., is
x> ‘g “ii ii

the ith diagonal element of R™!, and

1im

X0 minimum eigenvalue [sz(t)dt] = +», then equation (E) is oscillatory.

Proof. In order to satisfy the hypothesis of Theorem 4.5.4, we must

lim

only show that there exists a g € G such that xow B

Xh-1 -
[[JR1(e)de] = 4.
As in Theorem A, Section 2, we can define a g,_ ¢ G such that

i

8ei[f§R-1(t)dt] = [2 r;;(©)dt. Hence iiz ge;[IZR—l(t)dt] =+,
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CHAPTER V
TRIGONOMETRIC MATRICES

AND THE POLAR COORDINATE TRANSFORMATION

Let Q be a continuous symmetric nxn matrix on [a,®), and let {S,C}
be a solution pair of the second order system
(5.1) Y'=Qx)Z , Z'=-Qx)Y.
This differential system is referred to as a trigonometric differential
. system because the solution pairs have many of the properties of the sine
and cosine functions. See, for example, Etgen [6].

In particular it ié easy to verify that if {S,C} is a solution of
(5.1), then the matrices S*C - C*S and S*S + C*C are constant on [a,=).

We can, in fact, show that the following identities hold on [a,x).

S*C = C*S,

SC* = CS*,
(5.2)

S*S + C*C = I,

SS* + CC* = I.
This can be done if we impose the initial condition
Y(b) =Yg, Z(b) = Zg
such that Ygzo = Z}Y¥p. This implies S*C = C*S on [a,»), and the pair
{5,C} is conjoined. Also, the pair is nontrivial if and only if the
constant matrix S*S + C*C is positive definite. In fact, assuming that
{S,C} is nontrivial, we can without loss of generality assume that
S*S + C*C = I

on [a,=).



These identities can be used to show that
SC* = CS*
SS* + CC* = I,

In addition, if A and B are nxn matrices such that A*B = B%A, AB* = BA%*,

A*A +B*B = I, and AA* + BB* = I, then the matrix functions

U = SA - CB,

\'

CA + SB,
are solutions of (5.1) which also satisfy the identities corresponding to
(5.2). These can be compared with the trigonometric addition formulas.
If Q is positive definite on [a,»), then {S,C} has oscillatory properties
similar to those of‘{sinfzq(t)dt, coszq(t)dt} where q is a positive
continuous scalar function on [a,») [7]. Finally, if Q is nonsingular
on [a,»®), then (5.1) can be written

[QIxY'] + Q@Y =0,
a special case of equation (E).

The solution pair {S,C} of (5.1) was introduced by J. H. Barrett [3]
in order to study the oscillation properties of the second order
differential equation
(5.3) [P(x)¥']" + F(x)Y = 0,
where P and F are continuous nxn matrices on [a,w). He accomplished
this by performing a generalized polar coordinate (or Prufer)
transformation

Y(x) = S*¥(x)M(®) , P(X)Y'(x) = C*(x)M(x),
where M satisfies the matrix differential equation

M'(x) = [S(x)P™1(x)C*(x) - C(x)F(x)S*(x)IM(x),
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and Q is the matrix
Qx) = C)P-1)IC*(x) + S(X)F(x)S*(x).

Clearly, Q is symmetric.

Theorems which are handled with greater ease using the trigonometric
differential system have their results transformed back to equation (5.3).

The following lemma and theorems establish a condition which
guarantees the oscillation of the trigonometric differential system
(5.1) in the case where Q > 0 on [a,»).

If we choose a nontrivial conjoined solution pair {$,C} of equation
(5.1), then_the matrix defined by
(5.4) 0(x) = [C(x) - iS(x) 17 [C(x) + iS(x)] ~
exists on [a,»). The following lemma describing the properties of @ is

well known. (See [2, Chapter 10], [7], or [91.)

Lemma A. The matrix © defined by (5.4) has the following properties
on [a,»).

() 0 is unitary, Z.e., 00% = 0%Q = I,

(Z2)  Let Y1, Y25 eees Y, denote the eigenvalues of ©. Then

ijl =1 for j=1, 2, ..., n, and yj(c) =1, ¢ > a, for at

least one j, 1 < j < n if and only if S(c) is singular, t.e.,
det S(c) = 0. Moreover, the multiplicity of the zero of

det S(c) equals the number of eigenvalues of © having the
value +1.

(277) The eigenvalues of O move monotonically and positively on



the unit circle as x increases on [a,=).

(Zv) Let wj(x) arg[yj(x)], j=1, 2, ..., n, and assume that
0 j_mj(a) <2r, j=1, 2, ..., n, and that every mj is
continued as a continuous function on [a,»). Then the
functions mj(x) are increasing functions on [a,=).

(v) I1f for some point b > a, all of the eigenvalues of O(b)
are in the upper half-plane, then the symmetric matrix
C(b)S~1(b) is positive definite. Similarly, if for some
point ¢ > a, all of the eigenvalues of O(c) are in the
lower half-plane, then C(c)S™1(c) is negative definite.

(i) Both of the matrices C*C - S*S and 2S*C are real and

symmetric. In addition, they have the same eigenvectors.

Theorem 5.1. Let © be thée continuous, unitary nxn matrix defined by (5.4)
on [a,»). If the differential system (5.1) is nonoscillatory, then there
is a number ¢ > a and a nontrivial conjoined solution pair {U,V} of (5.1)

such that V(x)U~!(x) is negative definite on [c,»).

Proof. Let {S,C} be any nontrivial conjoined solution pair of (5.1)
which satisfies the identities (5.2). Since (5.1) is nonoscillatory,
there is a number b > a such that § is nonsingular on [b,»). Define
the matrix T by

T(x) = C(x)S™1(x)  on [b,=).

Then using the identities (5.2), we can show that T is symmetric on [b,=).
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By taking the derivative of T(x), we have

T'(x) = -Q(x) - T(X)QAUR)T(x).
Since Q is positive definite on [b,»), T'(x) is negative definite which
means T(x) decreases on [b,») in the sense that each of its eigenvalues
is a decreasing function. Note that if C(x)S~!(x) is negative definite
at some point ¢ > b, then it is negative definite on [c,»). Because it
is not necessarily the case that C(x)S~1(x) is eventually negative
definite, we will proceed to comstruct a solution pair such that this
conditién does hold.

Consider the matrix © mentioned in the hypothesis. Since S is
nonsingular on [b,») we can conclude from (Z7) of Lemma A that no
eigenvalue, Yj(x), of 0(x) passes through the point +1 as x increases on
[b,*). It then follows that the increasing functions

wj(x) = arg[Yj(X)], _j =1, 2, «¢s, n,

are bounded above on [b,»). Hence

lim .
wj(w) = b e wj(x)’ = l, 2’ esey Ty

exists, and we can define

aj = wj(co)(mod 2m), 4=1, 2, ..., n.

From this we can conclude that ii: 0(x) = 0(x) exists.

Let G = C*C - S*S and H = 25*C. Then by (v2) of Lemma A, the
matrices G and H are real, symmetric, and have the same eigenvectors.
Furthermore GH = HG, G? + H2 = 0, and since C* + iS* = (C - iS)~!,

we can write (5.4) as



0(x) = [Ck(x) + iS*(x)] [C(x) + iS(x)].]
This expands to
0(x) = C(x)C(x) - S*(x)S(x) + 125%(x)C(x)
which can be written

o(x) = G(x) + iH(g).

. : y
since 11 9(x) = 0(=) exists, both }.° 6(x) = 6(=) and 7 H(x) = H()

"y

“exist and the identities G(»)H(») = H(«)G(») and G2(=) + H*{=) = I hold
because they hold for all x > b, Hence, G(») and H(=) are real,
symmetric, and have the same eigenvectors, so they can be diagonalized
by the same real, orthogonal, matrix J, Z.e., J* = J”1. This means
that

J*0(»)J = J*G(=)J + iJ*H(=)J = D

where D is of the form

i

e

For any nxn matrix M weishall denote the transpose of M as ML, 1f
M is an nxn matrix with real entries, then MI = M*, Hence JT = J*, so
Jle(«)J = D.

We can choose a matrix K such that

(JK) Yo (=) (JK) = K I70(»)JK = K'DK = N,

and N has all its eigenvalues on the lower half-plane. This is



accomplished by setting

where

Hence we have
ei(ZXl + ap)

el(ZAZ + as)

KTDK .

\ (22

+ an)} .

so N has all its eigenvalues in the lower half-plane.

We can rewrite K in the form

’cos(kl)
. cos(As)
K = +1
l C°S(An1
so
cos(Ay)
cos(X2)
JK =J . + iJ
cos(xn)

sin(}y)
sin(kz)
\ Sin(Xn)
sin(Ay)
sin(Xp)




If we let

and

|

sin(dy) 1

then the matrices A and B satisfy the identities

(5.5)

and
(5.6)

We now let

and

A*B

AB*

A%A

AA*%

N = (JK) (=) (JK) =

U(x)

v(x)

= B*A,
= BA*,
+ B*B = 1>
+ BB* = I,

S(x)A - C(x)B

C(x)A + S(x)B.

(A - IB)T0(») (A - iB).

-4 8-

Clearly {U,V} is a solution pair of (5.1), and by using (5.2) and

(5.5) the following identities hold on [b,x).
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[}
*

<
]

VU

(5-7)
U*U + V*V = I

Denote the matrix ¥ on [b,») by
(5.8) 'y = [V - 1077V + iU].
Then

[(C - iS)(A + iB)T17Y[(C + iS)(A - iB)]

]
]

(A + iB)"! o(A - iB).

Since iiz 0(x) = 0(=») exists, ii: Y () exists and
(5.9) Y(w) = (A + iB)~! 0(=) (A - iB).

By using the fact that A* = AT and B* = BT along with the identities

(5.5), we can show that

(a-iB)T = (4 + iB)7L,
This implies by (5.6) and (5.9) that |

N = ¥(»),

Hence, ¥(«») has all its eigenvalues in the lower half-plane. This implies
there exists a number ¢ > b such that ¥(x) has all its eigenvalues in the
lower half-plane on [c,»). Therefore, by (v).of Lemma A, we can

conclude that V(x)U"1(x) is negative definite on [c,®).

Theorem 5.2. If Q is a continuous positive definite symmetric nxn
matrix on [a,~), and if there exists a positive functional g € G such

that lim

. g[sz(t)dt] = 4w, then equation (5.1) is oscillatory.
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Proof. By the technique demonstrated in Theorem 5.1, we can éonstruct a
nontrivial conjoined solution pair>{S;C} such that C(x)S™1(x) is negative
definite on [c,») for some ¢ > a.

Let W(x) = C(x)S™1(x) < 0 on [c;m). Then W(x) is symmetric, and
W l(x) exists and is negative definite on [c,»). By differentiating

W 1(x) and integrating the derivative, we have
Wlx) = Wle) + [faede + [H(eee)uce)dt.

Hence, utilizing the positive functional g mentioned in the hypothesis,
we get
gl 1)1 = gl i(e)] + glfia(n)de] + gl [ H(e)Q(e)w™ H(e)de].

Since ii: g[sz(t)dt] = +=, there is a point d > c such that

gl 1(x)] > gl[fw H(©)Q(e)W~ Ke)de] > 0 on [d,=).

This contradicts W=1(x) < 0 on [b,=).

As a corollary to Theorem 5.1 we get an extension of a result of

W. T. Reid [21, Theorem 5.4].

Corollary 5.3. Suppose there is a nontrivial conjoined solution Y of the

differential equation (5.3) such that
Q(x) = Mx=1(x) [Z*(x)P~1(x)Z(x) + Y*(x)F(x)Y(x)IM1(x),
where Z{(x) = P(x)Y'(x) and M*(x)M(x) = Y*(x)Y(x) + Z*(x)Z(x), is positive

definite on [b,») for some b > a. If there is a g € G such that
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1im

o g[f:Q(t)dt] = 4o, then equation (5.3) is oscillatory.

Proof. Consider the solution Y called out in the hypothesis. We can
perform the polar coordinate transformation by setting Y(x) = S*(x)M(x)
and Z(x) = C*(x)M(x), where M satisfies the differential equation

M'(x) = [SGOP™L(x)C*(x) - C(x)F(x)S*(x) 1M(x)
and

Qx) = CEPTIHE)ICH(x) + S(N)F(x)S*(x).

It can be shown that M*¥(x)M(x) = Y*(x)Y(x) + Z*(x)Z(x) > O because
Y is nontrivial. Thus M(x) is nonsingular on [b,»). In addition,

M*(x)Q(x)M(x) = Z*(x)P~1Z(x) + Y*x)F(x)Y(x),

so
Q(x) = M 1(x) [2*(x) P~ 1(x)Z(x) + Y*(x)F(x)Y(x) IM~1(x).
Since Q(x) is positive definite on [b,~) and there is a g € G such
that ii: g[ng(t)dt] = 4w, we have, by Theorem 5.2, that the

trigonometric differential equation (5.1) is oscillatory. Because we
are dealing with an nxn matrix differential equation, Theorem 3.6 implies
all the solutions of equation (5.1) are oscillatory, in particular S.

Therefore Y = S*M is oscillatory, so equation (5.3) is oscillatory.
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CHAPTER VI

COMPARISON CRITERIA

In this chapter we shall extend the work of K. Kreith [17] by
generalizing his comparison lemma [17,Lemma 2]. Tﬂis is done by making
use of the set of positive functionals G defined in Chapter II to relax
his hypotheses. In addition, we shall introduce comparison criteria for
oscillation and nonoscillation by using both Kreith's work and our
extensions.

Consider the differential equation
(6.1) [P(x)V']" + 6(x)V =0
and compare it with equation
(E) [REY'] + QY = 0
where P, G, R, and Q are continuous symmetric functions on [a,») which
take their values in B*. In addition, we assume that P and R are

positive definite.

Theorem 6.1. Suppose equations (6.1) and (E) are B*-valued differential
equations, and V is a non-identically zero solution of (6.1) satisfying
(2) V(x) [Q(x) - G(x)]V(x) > O,
(i1) V&' (x) [P(x) - R(x)]V'(x) >0 on [b,c], and
(Z27) V(b) = V(c) = 0.
If Y is a conjoined solution of equation (E), then Y(x) is singular for

some point x on [b,c].
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Kreith proved this theorem for the finite dimensional case
[17, Lemma 2], and his proof extends without modification to the
B%~valued case.

The following theorem is an extension of Theorem 6.1.

Theorem 6.2. Suppose equations (6.1) and (E) are B*-valued differential
equations, g € G, and V is a non-identically zero solution of (6.1)
satisfying

(2) glv¥(Q - G)V] >0 on [b,c]

(¢7)  g{v¥'(® - R)V] >0 on [b,c}

(Z22) gl[vx(b)V(b)] = g[V*¥(c)V(c)] = 0

(zv) For any point d, if g[Vv*(d)V(d)] = 0O, then

glV*" (DHR(A)V'(d)] > 0.

If Y is a conjoined solution of (E), then Y(x) is singular at some point

x ¢ [b,c].

Proof. Assume Y is a conjoined solution of (E) which is nonsingular on
[b,cl. Then Y~! exists on [b,c]. Let V be a non-identically zero
solution of (6.1) satisfying (Z) through (Zv) of the hypothesis.
Now :
(VXPV' - VARY'Y"lV)' = Vx(PV')"' - VX(RY'")'Y"1V 4 V*'(P - R)V'
+ (V' - Y'YV ARV - YY),

By letting S = RY'Y™! and integrating, we obtain
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VXRY' - VHSY|C = [FVA(Q - G)Vdt + [[VA'(P - R)V'dt
+ fg(v' - Y'y-ly)sr(V' - Y'Y~ ly)dt.

Therefore, using the positive functional g mentioned in the hypothesis,
we get
(6.2)  g[V*(c)P(c)V'(c)] - g[V*(c)S(c)V(c)] - g[V*(b)P(b)V'(b)
+ g[V*(®)S(BIV ()] |
= g[fgv*(q - G)vdt] + g[f;V*'(P - R)V'dt]
+ g[fg(V' - Y'YV ARV - Y'YTlv)de].
By Lemma 2.2.3

|g VX (x)P(x)V'(x)]]|2 < g[V*(x)V(x)] g[(P(X)V'(X))¥ P(x)V'(x)1
and

|gVA(x)S(x) V() ]|? < glV*(x)V(x)] gl(S(x)V(x))*S(x)V(x)].
By (ii1) of the hypothesis, g [V*(x)V(x)] = 0 when x = b or x = c.

Hence, the left side of equation (6.2) is zero and we have

0 = [[glV*(Q - G)Vlde + [rg[V¥'(P - R)V']dt

+ fgg[(V' - Y'Y ly)ER(V' - Y'v lv) Jde.

Each term on the right side of this equation is nonnegative, so it
suffices to show that at least one term is positive. Concentrating on
the third term, we have

g[(V' = Y'Y IM*R(V' - Y'Y lv)] = g[V*'RV'] + g[ (Y'Y IV)*R(Y'Y"1V)]

- g[V*'R(Y'Y"IV)] - g[ (Y'Y IV)#RV']

By evaluating this at x = b, and using hypothesis (Z%%Z) and (Zv), we
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get
gl(V' - Y'Y IM*R(V' - Y'YTIV) ()] = g[V¥' (B)R(DIV(D)] > 0.
Since g[(V' - Y'Y lv)*R(V' - Y'Y"1V)] is continuous, there is an interval
[b, b'] on which it is positive, and we have
[telV' = Y'YIER@' - Y'Y-lV) de

)

The following result was obtained by Kreith [17, Theorem 1]}. We

offer an alternate proof.

Corollary 6.3. Let J be a nonzero nxn matrix with "ones" and 'zeros"

on the main diagonal and "zeros" elsewhere. Assume that the scalar
equation

(6.3) [r(x)y']" +a(y = 0,

where r and q are continuous functions on [a,») with r > 0, is
oscillatory. If J[Q(x) - q(x)I]J > 0 and J[r(x)I - R(x)]J > 0 on

[a,»), then equation (E) is oscillatory.

Proof. Let v be a nontrivial solution of (6.3), and let V(x) = v(x)I.
In equation (6.1}, let P(x) = r(x)I and G(x) = q(x)I. Thus V is a
solution of equation (6.1).

Since v is oscillatory, given any number b > a, there are numbers
c and d, b < ¢ < d such that V(c) = V(d) = 0. Define e to be the vector
whose entries are the diagonal elements of the matrix J. Let g, be the

positive functional defined by ge(-) = {(*)e,e>. Then
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g, [V*(c)V(e)] = g [V*(@)V(d)] = 0,

8, [V¥(Q - qI)V] = zv2J[Q - qI]J > O,
D
and

g [V*'[rI - R]V'] = ]z)(v')ZJ[rI -R] J >0,

where E A is the sum of the elements of the.matrix A, It is easy to see
that for any point z, ge[V*(z)V(z)] = 0 if and only if v(z) = 0. Since
v is a nontrivial solution of (6.3) we can conclude that if v(z) = 0,
then v'(z) # 0 so [v'(2)]%2 > 0. 1In addition,
Vk' (2)R(2)V'(2)] = [v'(2)]?R(2)
whic¢h implies
8, [V*' (2)R(2)V'(2)] = [v'(2)]1%g R(2)] > O

since R is positive definite.

Therefore the hypotheses of Theorem 6.2 are satisfied and we can

conclude that (E) is oscillatory.
The next corollary compares equation (E) with a scalar equation
to obtain an oscillation criterion when R and Q are B*-valued

functions.

Corollary 6.4. Suppose the scalar equation

(6.4) [px)y']" + £y = 0,
where p and f are continuous functions on [a,®)and p > 0, is oscillatory.

If there is a positive functional g € G such that
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(z) glq - f1] >0,
(i1) glpI -R]1 >0

on [a,~), then equation (E) is oscillatory.

Proof. Let Y be a nontrivial conjoined solution of equation (E). Let
v be a nontrivial solution of the scalar equation (6.4). Since (6.4) is
oscillatory, for each number b > a, there exist numbers ¢ and d,

b < ¢ < d, such that v(d) = v(c) = 0. Let V be the B*-valued function
on [a,») defined by V(x) = v(x)I. It is easy to verify that the

hypotheses of Theorem 6.2 are satisfied.

It is clear that Theorem 6.1 can also be used for nonoscillacion

criteria. We first consider the finite dimensional case.

Theorem 6.5. Suppose the scalar equation (6.4) is nonoscillatory. If
there exists a positive functional g € G such that

() glfr-Ql >0

(¢7) g[R -pI] >0

on [a,»), then (E) is nonoscillatory.

Proof. Let y be a nontrivial solution of the scalar equation (6.4).
Then there is a number b > a such that y(x) # 0 on [b,»). Define the
matrix Y by Y(x) = y(x)I. Then Y is nonsingular on [b,»).

Assume the theorem is false, that is, assume (E) is oscillatory.

Let U be a nontrivial conjoined solution of (E) such that U(b) = 0.
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There is a point ¢ > b such that U(c) is singular. Let y be é nonzero
constant vector such that U(c)y = 0, and let z be the vector defined
by z(x) = U(x)y. Then z(b) = z(c) = 0. Also, since U is nontrivial,
z'(b) # 0 5nd z'(c) # 0.

Let V3, Vo, ..., Vn denote the nxn matrices such that Vi has a

"one" in the i,i position and "zeros" elsewhere, 1 < i < n. Clearly

Therefore
n R
0<g(= 1z &(V).
i=1
Since the Vi's are nonnegative definite, it follows that g(Vi) > 0 for
at least one i, 1 < i < n.

Fix an integer i, 1 < i < n, such that g(Vi) > 0, and let V be the
matrix whose ith column is the vector z and whose remaining columns are
all "zero." Suppose d is a number such that z(d) = 0, then V(d) is the
zero matrix, and

glV*(d)v(d)] = 0.

Also, z'(d) # 0 and

glv*¥'(d) p(DI V(D] = p(d)g[V*¥' (V' (d)]

n
p(d) £

j [25()12 glv;] > 0,

1

where zi(d), j=1, 2, ..., n, are the components of z'(d).
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It now follows that the hypotheses of Theorem 6.2 are satisfied.
Thus Y = yI is singular on [b,c], that is, y has a zero on [b,c] and we

have a contradiction.

The difficulty of extending the preceeding theorem to the B*-valued
case lies in the construction of a solutioh_V such that V is zero at
two points. If we use the more restrictive definition of oscillation
as presented by Hille [15, pg. 486], we are able to obtain an extension.
According to Hille, a solution Y of (E) is oscillatory on [a,») provided
it has an algebraic singularity on every interval [b,~) where b > a.

The B*-valued function Y on [a,») is said to have an algebraic singularity

at a point x € [a,») if Y(x) is not 1-1.

Lemma 6.6. If A is an algebraically singular element of B*, then there

is a nonzero element, K, of B* such that AK = 0.

Proof. Let A be an algebraically singular element of B*. Then there is
a nonzero element, y, of H such that Ay = 0, the zero element of Hi
Define the nonzero element K in B* so that K maps H into the space
generated by y, that is, into multiples of y. Then AK is the zero
element of B* since for any o € H, AKa = A(my) = mAy = 0 for some

scalar m.

Theorem 6.7. Suppose equations (6.1) and (E) are B*-valued differential

equations, and for every non-identically zero solution V of equation
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(6.1), the following conditions hold on [a,x):
(7)  VE(x)[Q(x) - G(x)]V(x) > O
(Z2) V*'(x)[P(x) - R(x)]V'(x) > O.
If.equation (E) is nonoscillatory on [a,»), then equation (6.1) is

nonoscillatory on [a,»).

Proof. Since (E) is nonoscillatory, we are able to choose a solution
Y such that Y is nonsingular on [b,») for some b > a.

Assume equation (6.1) is oscillatory on {a,»). By requiring the
initial condition that W(b) = 0, there is a nontrivial conjoined solution
W of equation (6.1) such that W satisfies the initial condition, and
W(c) is singular for some point c > b. Then by Lemma 6.6 there exists
a nonzero constant element K & B* such that W(c)K = 0. Denote
V(x) = W(x)K. Then V(x) is a non-identically zero solution of equation
(6.1) such that V(b) = V(c) = 0. This, plus (Z) and (Z7) of the
hypothesis, implies, by Theorem 6.1, that Y is singular at some point on

[b,ec]. This contradicts the fact that Y is nonsingular on [b,»).
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CHAPTER VII

NONLINEAR DIFFERENTIAL EQUATIONS

Let K be a subset of real Euclidean n? space and let Qk be the
collection of functions to which ¢ belongs only in case ¢ is a
real-valued function on K. If Y is an nxn matrix and ¢ € Qk, then

denote

$(Y) = ¢(Y11,YI23 soesYInsY21sees synn) .

Let ¢ij’ Gij’ Tij, Gij’ (i,ij = 1,2?...,n), be members of’dk and

consider the following system of n? differential equations.

n
(Y) et 1"
T [rih(x,¢ih\Y,,0ih(Y )}hj]
h=1
n
' —

where i,j = 1,2,...,n, Un and I, are continuous, real-valued functions,
and satisfy conditions which will insure the existence of solutions when

appropriate initial conditions are specified. In addition, assume that

r., = s and Uy, = Ui for all i,h.
This system was introduced by Etgen [6] and represented in the form
(7.1) [R(x,Y,Y")Y']" + Q(x,Y,Y")Y = 0,

where R and Q are nXn symmetric matrices for all pairs of nxn continuous
matrices (Y,Y'").
Nonlinear matrix differential equations of this form have also been

studied by Howard [14], Tomastik [26], and Kartsatos [16]. These authors
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apply to the nonlinear differential equation (7.1) the same basic
techniques and ideas that had been developed for the linear differential
equation (E) in order to characterize its oscillation properties.,

Swanson [24] has considered nonlinear matrix differential
inequalities of the form
(7.2) Y*(L(YN <0
where L(Y) = [R(x,Y,Y")Y']" + Q(x,Y,Y")Y.

Let R and Q be B*-valued functions defined on [a,») x B* x B* such
that each of R(x,A,B) and Q(x,A,B) is symmetric for all x e [a,x) and
A,B ¢ B*, and R is positive definite. Consider the differential
equation 7
(7.3) [R(x,Y,Y")Y']" + Q(x,Y,Y")Y = 0,
as well as the differential inequality
(7.4) YAL(Y)Y < 0,
where L(Y) = [R(x,Y,Y")Y'] + Q(x,Y,Y")Y.

It is easy to verify the theorems and definitions in Chapter III
extend to the nonlinear case. Also, the methods that were developed for
the linear equation can be extended to (7.3) and (7.4).

The following theorems are nonlinear versions of some of the main
theorems proven in previous chapters. Since.their proofs are analogous,

these theorems are stated without proof.
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Theorem 7.1, If P(x,Y,Y') = I and if there is a g ¢ G such that

o glTace,v,Yde] = 4

for every nonsingular differentiable Y ¢ B*, then equation (7.3) is

oscillatory.

The proof is analogous to the proof of Theorem 4.2.1, Similar
resuits for the case of nxn matrices were established by Etgen

[10, Theorem 2] and Howard [14, Theorem 2].

The following theorem is similar to Theorem 4.54, and its proof is
analogous.
Theorem 7.2. If there is a g € G such that iiz g[fZR"l(t,Y,Y')dt] = 4w,
lim . . X X 1 i
wow Dinimum eigenvalue [faQ(t,Y,Y )dt] = 4+, and R(x,Y,Y') and Q(x,y,Y")

are positive definite for every nonsingular differentiable Y ¢ B*, then

equation (7.3) is oscillatory.
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