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Abstract 
 

Hindered mobility of nanoparticles in complex media is ubiquitous in drug delivery, 

in processing of polymer nanocomposites, and in extraction of hydrocarbons. These 

applications require nanoparticles suspended in non-Newtonian fluids to be controllably 

dispersed through complex porous media. In this dissertation, the role of non-Newtonian 

fluid characteristics on mobility of nanoparticles through complex media is studied. 

First, the diffusive mobility of nanoparticles in solutions of a high-molecular weight 

polyelectrolyte, partially hydrolyzed polyacrylamide, is measured to determine the role of 

polymer concentration on the local dynamics of nanoparticles. Above the polymer 

overlap concentration,  nanoparticle mobility exhibits subdiffusive behavior at short time 

scales. The dynamics approach Fickian diffusion at longer time scales and at all 

concentrations but deviate from predictions made from the bulk viscosity of the polymer 

solutions. These results indicate that particle dynamics are coupled to the polymer 

dynamics and highlight the importance of segmental motion of polymer chains on the 

long-time diffusivity of nanoparticles whose size is comparable to typical polymer length 

scales.  

Second, the diffusive mobility of nanoparticles suspended in Newtonian and non-

Newtonian solutions within porous media is studied to separate the effects of 

confinement mediated by macromolecules and by geometric obstacles on diffusion of 

nanoparticles. Diffusive mobility decreases as nanoparticles are increasingly hindered by 

spatial confinement due to hydrodynamic interactions with the porous medium. In non-
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Newtonian solutions, temporary adsorption of particles onto the surface of glass beads 

due to depletion interactions further reduces the diffusive mobility of particles.  

Finally, the effects of flow properties, fluid characteristics, and geometric 

confinement on dispersion of particles through mono and bidisperse porous media are 

studied. The long-time dispersion coefficients of nanoparticles in longitudinal and 

transverse direction scale linearly with Pe number across a range of solution flow rates 

and pore sizes, independent of the fluid rheology. This suggests that random mixing 

effectively averages out the velocity fluctuations so that the non-Newtonian fluid 

characteristics do not affect long-time dispersion. Moreover, average transport properties 

do not depend on distribution of pore size within the beds. Overall, this dissertation 

improves our essential understanding of hindering factors affecting dynamics of 

nanoparticles through complex media.  
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Chapter 1 
 

1.0    Introduction  

1.1 Nanoparticle applications 

Drug delivery, exploration and production of hydrocarbons, groundwater treatment, 

and nanocomposite processing are among the many applications involving transport of 

nanoparticles through random and heterogeneous porous media.  Achieving maximum 

efficacy in these applications requires effective transport of nanoparticles suspended in 

non-Newtonian fluids through complex geometrically-structured media.  

 Cancer treatment and drug delivery 1.1.1

In drug delivery, Nanoparticles recognize distinct features of cancerous cell to 

selectively target these cells. The structure of cancerous cells is very disorganized, 

porous, and heterogeneous because of high growth factor of such cells.1 Such abnormal 

structures, which is known as enhanced permeability and retention effect,2–4 enables 

nanoparticles to permeate through large porous structure of tumors. Moreover, the fast 

growing feature of tumor cells requires that the cells uptake glucose to provide more 

energy, which decreases the pH of surrounding environment of the cells compared to 

normal cells. Targeted nanoparticles are designed to release chemotherapeutic agents in 

the acidic environment characteristic of tumors but not in physiological pH of the normal 

cells.5–7 In contrast, conventional chemotherapy in cancer treatment is not targeted, 



 

 
 

2 

causing toxic effects on normal cells and reducing the effectiveness of the drugs on 

cancer cells.8,9 These deleterious outcomes can be avoided by targeted drug delivery, in 

which nanoparticles are designed to effectively transport to selected tumor cells by tuning 

their size and surface chemistry.  By tuning these properties, nanoparticles are able to 

circulate through the blood stream to reach and kill the cancerous cells without having 

harmful effects on normal cells. 

 Exploration and extraction of hydrocarbons  1.1.2

Nanoparticles can also be employed in exploration of new hydrocarbon reservoirs 

and in enhancing oil recovery from existing sources. Magnetic nanoparticles have been 

tested along with sweep or fracture fluids to improve the detection of hydrocarbon 

sources using external electromagnetic field.10,11 Nanoparticles can also be applied to 

enhance oil recovery by improving the displacement of the oil with water by, for 

example, changing the wettability of the rock surface from oil-wet to water-wet,12,13 

reducing  the surface tension of the rock surfaces, tuning the viscosity of the injected 

fluids,12 or enhancing the density profile layering.14,15 The effectiveness of applying 

nanoparticles in oil fields depends on their ability to remain dispersed in injected fluid, to 

travel a long distance to targeted locations, and to selectively attach to the desired 

positions within the reservoir.16 
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 Groundwater and wastewater treatments 1.1.3

Groundwater and wastewater treatment is another important area in which 

nanoparticles can be beneficially applied to remove both organic and inorganic 

contaminants. The use of nano and microscale zero-valent iron particles, for example, 

leads to improvements in eliminating organic contaminants or in immobilizing hazardous 

ion metals in aqueous slurries.17–20 The advantages of nanoscale particles in these 

applications arise from their small size: compared to millimeter-scale particles, nanoscale 

particles are more readily transported through porous structure and moreover react more 

rapidly with organic compounds because of their higher surface area. However, the 

lifetime of the nanoparticles is short as their reaction rate is high. Another challenge of 

using nano and micron size particles is to maintain their stability and prevent them from 

aggregation which affect their mobility through deep porous media.19,21,22 understanding 

the effect of interactions of particles with complex fluid constituents and with nearby 

surfaces will help to improve transport of particle through such media.  

 Nanocomposites   1.1.4

Nanocomposites consist of nanoparticles that are added to a polymer matrix. 

Dispersed nanoparticles in the polymer matrix can improve mechanical, electrical, 

optical, and thermal properties of the nanocomposites.23,24 Several types of nanoparticles 

can be used in the structure of nanocomposites, including nanospheres, nanorods, 

nanotubes, and nanosheets.25 These different types of nanoparticles have distinct physical 

properties compared to microscale particles.26 Moreover, they exhibit much larger 
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interfacial interactions with the host polymer because of their higher surface area.27,28  

Size,23 shape, and spatial dispersion25,28 of nanoparticles within the polymer matrix can 

significantly influence the physical properties of nanocomposites. Attaining the desired 

physical properties requires controlling the spatial location of the particles, which in turn 

is a challenge in flow-based processing routes. 

1.2 Diffusive dynamics of nanoparticles in complex media  

Mobility characteristics in crowded environments or confined media depend on 

spatial and dynamical heterogeneities within the environment.29 Spatial structure, void 

accessibility, and connectivity of the confined media influence the diffusional behavior in 

such media.29–31 For instance, diffusion of particles in large colloidal suspensions32,33 and  

in entangled or unentangled matrices34–40 is  confined by rigid, semi-flexible, or flexible 

dynamical networks. The diffusional dynamics of particles that are hindered by these 

networks slow down and may become coupled with dynamics of surrounding media. 

Mobility of particles also depends on the relative size of the particles to the length scales 

of the void space.  

Mobility is also confined in diffusion of nanoparticles in ordered41–43 or 

disordered44–46 porous media or diffusion of polymer chains close to the surface.47–49 

Studies on diffusion of nanoparticles in ordered porous media show that diffusional 

dynamics damp as the particles become more confined while remaining Fickian. 

Distribution of particle displacements, however, becomes non-Gaussian representing 

heterogeneities of the environment.   
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Diffusive mobility of nanoparticles can be measured using the ensemble-averaged 

mean squared displacement (MSD), given by 𝑀𝑆𝐷 = 𝑥! 𝑡 + Δ𝑡 − 𝑥!(𝑡) ! , where 

𝑥!(𝑡) and  𝑥! 𝑡 + Δ𝑡  are the projection of the particle position along the x-axis at times 𝑡 

and 𝑡 + Δ𝑡, respectively.50,51 The time dependence of the MSD can be used to distinguish 

normal from anomalous diffusion.52 In Brownian or Fickian diffusion, the MSD grows 

linearly with the lag time Δt, i.e.   ∆𝑥! = 2𝐷∆𝑡, where D is the diffusion coefficient of 

the nanoparticles. By contrast, in anomalous diffusion the MSD grows nonlinearly with 

time,   ∆𝑥! = 2𝐷!∆𝑡!/Γ(1+ 𝛾), where Γ(x) is the Gamma function. The exponent 𝛼 

satisfies 0 < 𝛼 < 1 in the anomalous subdiffusive regime and 𝛼 > 1 in the anomalous 

superdiffusive regime.51–54 

Anomalous subdiffusive behavior appears frequently in the context of 

macromolecules or particles moving in complex crowded environments.55 Examples of 

anomalous diffusion include diffusion of nanoparticles in concentrated and entangled 

polymer solutions and polymer melts,56 cell migration,57 and proteins in cellular 

environments.58 Subdiffusive behavior in crowded environments originates from 

interaction between the particles and obstacles, which interrupts the diffusive motion of 

particles.55,59 Diffusion of nanoparticles in polymer solutions and melts has been widely 

investigated theoretically34,36,60–65 and experimentally66–72 for dilute to concentrated 

polymer solutions and for a wide range of relative particle size to polymer length scales.  

Considering hydrodynamic interactions between particles and polymer molecules,60,73 

models predict a stretched exponential dependence of microscopic diffusion coefficient 

on polymer concentration 𝐷/𝐷! = exp −𝛽𝑐! .67,69,70,74 In dilute polymer solutions; 
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polymer chains are assumed as hard spheres, when they smaller than particles. The 

hydrodynamics interaction between such hard spheres and particles controls diffusion of 

nanoparticles. In semi-dilute solution, at a length scale of polymer correlation length, 

hydrodynamic interactions are screened. The polymer mesh size or correlation length is a 

function of polymer concentration and for a good solvent is given by  𝜉 = 𝑅!
!
!∗

!!.!"
.72 

hydrodynamics models do not consider effect polymer relaxation times on particle 

dynamics. In a recently-developed scaling theory,34 particle mobility in an entangled 

polymer solution depends on the relaxation time scales of polymer chains. The terminal 

diffusivity scales as a power law with particle size and polymer concentration. From this 

theory three distinct regimes are defined: 

i. Small particles (d < ξ): the polymer matrix does not influence the mobility of 

particles. In this regime the diffusion coefficient of particles is determined by 

solvent viscosity using the Stokes-Einstein relation. The MSD is linearly 

proportional to time, which indicates Fickian motion, i.e. Δ𝑟!(t) ≃ 𝐷!𝑡 for t > 

τ0 and 𝐷! ≃ 𝐾!𝑇/(𝜂!𝑑), where 𝐾! is the Boltzmann constant, T is the absolute 

temperature, 𝜂! is the viscosity of the neat solvent and τ0 is the relaxation time of 

monomers in polymer chain.  

ii. Intermediate particles (ξ < d < a): At short time scales t < τξ, the particle motion is 

diffusive and depends on solvent viscosity, where τξ is the relaxation time of 

polymer chains with dimension ξ. At intermediate time scales τξ < t < τd, 

fluctuations of the polymer chains affect the mobility of particles, where τd is the 
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relaxation time of polymer segment with the same size of particle; the particle 

motion is subdiffusive with the MSD growing sub-linearly with time. The 

diffusion coefficient of particles depends on effective polymer viscosity, which is 

the viscosity of the polymer sections with chain size of 𝜉(𝑡/τξ)!/!, 𝜂eff 𝑡 ≃

𝜂!(𝑡/𝜏!)!/! and 𝐷eff(𝑡) ≃ 𝑘!𝑇/(𝜂eff 𝑡 𝑑) ≃ 𝐷!(𝑡/𝜏!)!!/!. At long time scales t 

> τd, the mobility of particles becomes diffusion again for time scale greater than 

τd, when the subsection size of polymer chains is of the order of particle size, 

𝜏! ≃ 𝜏!(𝑑/𝜉)!, Δ𝑟!(t) ≃ 𝐷!𝑡, and 𝐷! ≃ 𝑘!𝑇/(𝜂eff 𝜏! 𝑑)   ≃ 𝑘!𝑇𝜉!/(𝜂!𝑑!). 

iii. Large particles (d > a): the motion of large particles, which are caged by 

entanglements, depends on the relaxation time of the entanglements. At short time 

scales, t < τe, particle motion is similar to that of intermediate particles in the first 

two regimes, where 𝜏! ≃ 𝜏!(𝑑/𝜉)!. The MSD depends on three length scales: 

polymer tube diameter a, polymer correlation length ξ, and particle diameter d, 

Δ𝑟!(t) ≃ 𝑎!𝜉/𝑑. At intermediate time scales τe < t < τrep, entanglement strands 

of polymer chain form transient cages that trap the particles up to the reptation 

time (τrep), so the mean square displacement is constant on these time scales 

Δ𝑟!(t) ≃ 𝑎!𝜉/𝑑. At time scales longer than reptation time t > τrep, particle 

returns to diffusive motion and the MSD is linearly proportional to time. 

Diffusion coefficient depends on the bulk viscosity via Stokes-Einstein relation, 

Δ𝑟!(t) rep ≃ 𝑘!𝑇/(𝜂𝑑)  𝑡 ≃    (
!!!
!
)  𝑡/τrep, 𝐷rep ≃ 𝑘!𝑇/(𝜂𝑑)   ≃ 𝑎!𝜉/(𝑑τrep). 
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Further insight into the origin of dynamics of nanoparticles in complex media has 

been obtained from the distributions of particle displacements over time,33,38,39,75–82 also 

known as the van Hove correlation function,  𝐺! 𝑥,Δ𝑡 = 1/𝑁 𝛿(𝑥 − 𝑥! 𝑡 −!
!!!

𝑥! 0 ) . Here ∙  is an ensemble average over N particles and 𝛿(∙) is the Dirac delta 

function.83 For particles diffusing in a viscous liquid, the distribution of displacements at 

all lag times is well-described by a Gaussian distribution  (𝐺! 𝑥,Δ𝑡 ∝ exp − !
!!"

!
). 

In dense hard sphere colloidal suspensions75–79,82 and supercooled liquids80,81 the 

distribution of displacements is non-Gaussian, indicating dynamical heterogeneity and 

cooperative dynamics in distinct populations of slow and fast particles. 

1.3 Transport of nanoparticles through porous media  

Natural porous media (Figure 1.1) often have disordered structure. Mobility of 

nanoparticles in disordered porous materials includes additional complexities arising 

from non-uniform and heterogeneous pore geometries.43,46 Transport properties of 

particles depend on microstructure of the pores and are particularly important in chemical 

reactions in biological cells and in heterogeneous catalysis. In these systems, pore-scale 

geometries and accessibility of the void spaces are the critical parameters to control the 

kinetics of the reactions.84,85 Understanding the pore-scale mechanisms controlling 

transport of the reactants enables these reactions to be specially controlled and tuned to 

achieved the desired products. 
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Figure 1.1 Top rows show structure of several natural porous media: (a) beach sand, (b) sandstone, (c) 
limestone, (d) rye bread, (e) wood, and (f) human lung.86 Bottom row shows structure of 
granular porous media made from Liapor® spheres with diameter of 0.5 cm (right) crushed 
limestone with diameter of 1 cm (left).87 

 

At the pore scale, transport of Newtonian fluids through porous media at small 

Reynolds number 𝑅𝑒 = 𝜌𝑢!𝑙/𝜇 ≪ 1 is described by Darcy’s law −∇𝑝 = !"
!

, where −∇𝑝 

is the pressure gradient, 𝑢 is the Darcy velocity, 𝑢! is the pore-scale velocity, 𝜇 is the 

fluid dynamic viscosity, 𝑘 is the absolute permeability of the porous bed, 𝑙 is the length 
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scale characterizing the typical void size, and 𝜌 is the fluid mass density. Both numerical 

simulations88–102 and experimental measurements using nuclear magnetic resonance103–105 

and optical methods106–109 reveal that particle dispersion is anomalous and the velocity 

distribution is non-random in Newtonian solutions in porous media. Moreover, pore scale 

structure and degree of complexity of porous media affect velocity distribution and 

dispersion of particles.  

Flow of non-Newtonian fluids in porous media on the other hand, includes 

additional complexity that arises from the interaction of coexisting shear and elongational 

flows with the converging-diverging pore structure.110 Darcy’s law is valid in non-

Newtonian fluids when flow is adequately slow; this limit is associated with Deborah 

number 𝐷𝑒 = 𝜆𝛾 < 1, where 𝜆 is the relaxation time of non-Newtonian fluid and 𝛾 is the 

characteristic shear rate. In this case, viscosity is replaced by effective viscosity µeff, the 

shear-dependent viscosity of the non-Newtonian fluid.111,112 At higher flow velocities, 

however, the pressure gradient increases non-linearly with flow velocity. This behavior is 

observed in polymer solutions with high 𝐷𝑒 number flowing through porous media or 

around confined cylinders due to elastic instability.112–115 Flow-induced structure 

formation could also cause additional increase in pressure drop at high flow rate of 

polymer solutions, which can be attributed to blockage of the pores.116,117 Recent studies 

using numerical simulation118 and NMR measurements119 on non-Newtonian fluids, 

however, show non-Newtonian characteristics such as yield stress and viscoelasticity are 

broken in porous media as pore structure becomes narrower. Here the complex structure 



 

 
 

11 

of the pores, which imposes flow deformation in all directions, is thought to be the reason 

for the breakage of non-Newtonian properties.   

Models of pore scale behavior of transport of small solutes through porous media, 

however, do not sufficiently describe dynamical behavior of nanoparticles, specifically 

when pore size is comparable to particle size. Diffusional dynamics of nanoparticles in 

porous media are highly affected by hindered pore structures and molecular diffusion 

does not adequately describe diffusive behavior.45,120 For example, the transverse 

dispersion of nanoparticles in periodic arrays of nanoposts120 does not scale onto a 

velocity dependent master curve reflecting the dominant effect of confinement on 

transverse dispersion. This behavior is in sharp contrast with transverse dispersion of 

small solutes, which is superposed onto a master curve in such media.104 

1.4 Problem Statement 

Nanoparticles must effectively delivered to targeted locations for applications in 

drug delivery, enhanced oil recovery, nanocomposites, and ground water treatment. This 

goal, in turn, requires nanoparticles to remain dispersed during transport through non-

Newtonian and complex media. The role of non-Newtonian characteristics on microscale 

dispersion of particles and macroscale mobility behavior, however, is not well 

understood. Moreover, the competing effects of spatial obstacles and dynamical 

macromolecules on confining the mobility of nanoparticle are not well studied.  
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1.5 Research Objectives 

In this study, we investigate the role of confinements of geometrical obstacles and 

macromolecules on micro and macro scale mobility of nanoparticle through complex 

media. First we use fluorescence microscopy and single particle tracking to investigate 

diffusive dynamics of fluorescence polystyrene nanoparticles of diameter 400 nm in non-

Newtonian hydrolyzed polyacrylamide (HPAM) solution. We find that diffusive mobility 

of nanoparticle is coupled to fluctuation of polymer dynamics at short time scales 

resulting sub-diffusive behavior. Polymer-particle dynamics decouple at a length scale 

comparable to particle size. Dynamics approach Fickian with effective diffusivity 

reflecting the local viscosity that affects particles diffusion. We then fabricate mono and 

bidisperse micro channels using glass particles with diameter of 5—30 µm to model 

disordered porous media with varying pore sizes and connectivity. We use confocal 

microscopy to visualize diffusive dynamics of nanoparticles suspended in Newtonian 

(glycerol/water mixture with concentration of 0 and 90 wt% of glycerol) µm and non-

Newtonian (HPAM) solutions in the model porous media. We explore the role of non-

Newtonian characteristics on diffusive mobility of nanoparticles in confined 

environment. We find that mobility of nanoparticles in polymer solution within porous 

media is controlled by two competing effects: hydrodynamics interaction arising from 

geometrical obstacles and depletion interaction resulting temporary adsorption of 

particles onto the surface of glass beads.  Finally, we flow nanoparticles suspended in 

different fluids through porous media of varying characteristic pore sizes to examine the 
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effects of geometric confinement and fluid rheology on pore scale transport of 

nanoparticles in Newtonian and non-Newtonian solutions. We find that long time 

dispersion of nanoparticles in Newtonian and non-Newtonian solutions collapses onto a 

single master curve independent of fluid rheology. Results provide further insights into 

the confining parameters influencing diffusion and transport dynamics of nanoparticles 

through complex media.  

1.6 Organization 

This dissertation is organized as follows. Chapter 1 presents a literature review. 

Chapter 2 presents study of diffusive mobility of nanoparticles in hydrolyzed 

polyacrylamide (HPAM) solutions of varying concentration. The connection between 

micro and macro-scale dynamics of nanoparticles is also studied as the polymer 

concentration or the particle size are varied. Chapter 3 extends the investigation of 

nanoparticle mobility in complex fluids as porous media confine the nanoparticles. The 

dynamics of nanoparticles are quantified in Newtonian (water and glycerol/water 

solution) and non-Newtonian (HPAM) solutions to understand the role of confinement of 

by the porous structure and by the polymers on nanoparticle diffusion. Chapter 4 presents 

a study of nanoparticle transport in Newtonian and in non-Newtonian solutions through 

disordered porous media. The effects of solution viscoelasticity, flow properties, and pore 

size on transport dynamics of nanoparticles through random and mono-dispersed porous 

media with varying bead diameters of 5—30 µm are characterized using confocal 

microscopy and single particle tracking algorithm.121 Chapter 5 extends the study of 
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transport of nanoparticles in Newtonian and non-Newtonian solutions through bidisperse 

porous media. The role of pore heterogeneity and connectivity is for the local and 

ensemble mobility of nanoparticles are explored in bidisperse porous media. Finally, 

Chapter 6 presents the major conclusions of this thesis and some directions for future 

research. 
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Chapter 2 

Note: The material in this chapter has been published in the journal “Macromolecules”. 

Babaye Khorasani, F.; Poling-Skutvik, R.; Krishnamoorti, R.; Conrad, J. C. Mobility of 

Nanoparticles in Semidilute Polyelectrolyte Solutions. Macromolecules 2014, 47, 5328–

5333. 

 

2.0    Mobility of Nanoparticles in Semi-Dilute Polyelectrolyte 

Solutions 

We measure the mobility of nanoparticles at low concentrations in non-Newtonian 

semi-dilute aqueous solutions of high-molecular-weight polyelectrolyte polymers. Using 

optical microscopy and particle tracking algorithms, we image and track hydrophilic 

polystyrene nanoparticles of diameter 400 nm moving in aqueous solutions of partially 

hydrolyzed polyacrylamide of molecular weight 8,000,000 Da and concentration of 

0.042—4.2 g/L. The effective diffusivity of the nanoparticles in the semi-dilute polymer 

solutions, extracted from the long-time limit of the mean-squared displacement using the 

Stokes-Einstein relation, is greater than that calculated from the zero-shear-rate viscosity 

measured using bulk rheology. For concentrations c > 0.42 g/L, the mean-square 

displacements (MSD) of particles measured as a function of lag time revealed that the 

particle dynamics are subdiffusive at short time scales and are Fickian on long time 

scales. The timescale for the crossover from subdiffusive to Fickian dynamics increases 
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with increasing polymer concentration; moreover, it is longer than the relaxation time 

scale for polymer blobs and shorter than that for the chain. Our results suggest that the 

nanoparticle dynamics are coupled to those of the polymers on a length scale 

intermediate between the blob size and the end-to-end distance of the polymer. 

2.1 Introduction 

Understanding the mobility of nanoparticles in polymer solutions is required to 

optimize their transport properties for wide-ranging applications in enhanced oil recovery 

and polymer nanocomposites. For example, nanoparticles employed to increase oil 

recovery, through change in the wettability of rock surfaces or through profile control or 

conformance control, must be transported as components of a polymer-laden fluid to 

particular regions of the reservoir.122–124 Similarly, attaining the optimal thermal, 

mechanical, electrical, and/or optical properties of polymer nanocomposites25,125 requires 

excellent control over the distribution of nanoparticles during processing in polymer 

solutions or melts.23,24 Likewise, conferring self-healing properties126–130 to polymer 

nanocomposites requires mobile nanoparticles within a polymer matrix. In these 

examples, polymers within a solution or melt may hinder and confine the mobile 

nanoparticles. Despite these important practical applications, the fundamental 

mechanisms that influence nanoparticle mobility in polymer solutions remain poorly 

understood. 

Particle mobility is best understood in the limit for larger submicron particles 

moving in a continuous medium. In a purely viscous solvent, submicron particles 
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undergo Brownian diffusion. Their one-dimensional ensemble-averaged mean-square 

displacement (MSD) Δx2 (Δt) = x(t +Δt)− x(t)( )2  scales linearly with the lag time, 

i.e., Δx2 (Δt) = 2DΔt . The diffusion coefficient D is related to the viscosity η of the 

background solvent through the Stokes-Einstein relation, D= kBT / 3πηd , where d is the 

diameter of the particle. Upon addition of polymer, the medium becomes viscoelastic 

rather than purely viscous and the motion of the particle probes both the elastic response 

as well as the viscous dissipation of the medium. In this scenario, the Stokes-Einstein 

relation for the diffusion coefficient is generalized to include a frequency-dependent 

viscosity, i.e. D(s) = kBT / 3πds !η(s) [Ref.131]. The generalized Stokes-Einstein relation 

(GSER) thus allows the complex viscosity to be extracted from the mean-squared 

displacements of tracer particles. Excellent agreement between macro- and micro-

rheology, using micron-sized particles, has been reported for a wide variety of 

crosslinked and entangled polymer solutions.132–142  

The validity of the GSER depends in part on a key underlying assumption, namely 

that the medium can be treated as a homogeneous continuum. When the size of the 

particle is much larger than typical length scales in the polymer solution (for example, the 

polymer radius of gyration in dilute solutions, the end-to-end distance in polyelectrolyte 

solutions, and the correlation length in semi-dilute solutions) this assumption is satisfied 

and particle diffusion is related to the macroscopic rheology through the GSER. When 

the size of nanoparticles is comparable to or smaller than length scales in the polymer 

solution, however, the medium cannot be treated a homogeneous continuum. Indeed, the 
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dynamics of nanoparticles in polymer solutions in this regime exhibit nontrivial and non-

continuum dependencies on the characteristics of the polymer solution.65,69,72,143–147 As 

one example, the diffusion coefficients of nm-scale particles in concentrated and 

entangled solutions are significantly higher than expected based on the bulk solution 

viscosity.72,145,146 Both theoretical models and simulations34,61,148,149 developed to explain 

these surprising results suggest that in concentrated solutions polymer entanglements play 

a critical role in controlling the nanoparticle dynamics. Polymer fluctuations on length 

scales ranging from individual chains34 to the blob size148 also impact nanoparticle 

dynamics. Even when the polymers are not entangled, however, they can act as mobile 

and compressible obstacles150 through which the particles must diffuse.151 This effect, 

termed macromolecular crowding,152 can also lead to anomalous diffusion153–159 through 

caging. Despite extensive work, how these competing mechanisms affect the motion of 

nanoparticles in polymer solutions remains poorly understood.  

 In this chapter, we investigate the mobility of nanoparticles in aqueous semidilute 

solutions of high molecular weight hydrolyzed polyacrylamide of concentration 0.042—

4.2 g/L; the overlap concentration c*, based on the intrinsic viscosity, is 0.16 g/L. The 

diameter of the nanoparticles (~400 nm) is smaller than the end-to-end distance of the 

polyelectrolyte polymers in dilute solution (~660 nm), significantly larger than the Kuhn 

segment length (~1 nm), and for the semi-dilute solutions larger than or comparable to 

the correlation length (~27-224 nm). We find that the mean-square displacement (MSD) 

is subdiffusive at short time scales for solutions of concentration c > 0.42 g/L and 

exhibits Fickian diffusion on longer time scales. The diffusion coefficient extracted from 
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the long-time slope of the MSD, however, is larger than that calculated from the 

macroscopic zero-shear-rate viscosity of the polymer solution measured using bulk 

rheology. This result suggests that the effective viscosity experienced by the 

nanoparticles is less than that measured in bulk rheology, as also previously found for 

nm-scale particles in polymer solutions.69,145,146 Moreover, the experimental time scales 

for the crossover to Fickian dynamics are much longer than those predicted using models 

that couple the dynamics of the nanoparticles to those of polymer blobs.34 Our results are 

consistent with caging of the nanoparticles by polymer segments: the crossover to 

diffusive dynamics appears upon relaxation of a polymer region of size intermediate 

between the blob size and the end-to-end distance, and the long-time diffusivity reflects 

the shear-thinning of the solution at the local deformation rate imparted by the 

nanoparticles. 

2.2 Materials and Methods 

 Fabrication of glass sample chambers 2.2.1

The glass chamber was fabricated from two square cover slips of dimensions 22 mm 

× 22 mm and thickness of 0.19—0.23 mm (Fisherbrand cover glass) that were attached to 

a cover glass of dimensions 48 mm × 65 mm and thickness of 0.13-0.17 mm (Gold Seal 

cover glass) using a UV epoxy-based adhesive. The lateral distance between two cover 

glasses was approximately 20 mm. To form the chamber, a third small cover glass of 

dimensions 22 mm × 22 mm and thickness of 0.19-0.23 mm (Fisherbrand cover glass) 
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was affixed to the top of the small cover glasses and three sides of the chamber were 

sealed with UV epoxy. 

 Preparation of nanoparticle-polymer solutions 2.2.2

Fluoro-Max dyed red aqueous fluorescent polystyrene nanoparticles of diameter d = 

400 nm and microparticles of diameter d = 2 µm were purchased at a concentration of 1 

wt% from Thermo Fisher Scientific. These nanoparticles were stabilized in water by 

addition of trace amounts of surfactant. The density of the nanoparticles was 1.05 g/cm3 

at 25°C. The peak excitation and peak emission wavelengths for the fluorescence were 

542 nm and 612 nm, respectively. Hydrolyzed polyacrylamide (HPAM) polymers of 

weight-averaged molecular weight (Mw) of 8,000,000 Da (FLOPAAM 3330) were 

obtained from SNF and used as received. The degree of hydrolysis was 25—30% as 

reported by the manufacturer. 

 Intrinsic viscosity  2.2.3

Solutions of various concentrations were prepared and then passed through a 

capillary viscometer to measure the solution viscosity. The capillary viscometer produced 

relatively large shear rates, estimated to be 297 s-1. Although the solutions exhibit shear-

thinning behavior, extrapolating to infinite dilution should still result in an accurate 

measurement of the intrinsic viscosity. Figure 2.1 shows the dependence of the solution 

viscosity on the concentration of HPAM. Normalizing this slope by the viscosity of the 



 

 
 

21 

solvent (0.89 mPa-s) gives the intrinsic viscosity of FLOPAAM 3330 to be 15.4 +/- 0.2 

L/g, in accord with earlier experiments.160,161 

 

Figure 2.1 Viscosity 𝜂 of FLOPAAM 3330 solutions at 25°C as measured in a capillary viscometer. The 
dashed line represents a linear fit with a slope of 13.7  mPa ⋅ s/(g/L). 

 

 Overlap concentration 2.2.4

The Fox-Flory equation,162 𝜂 = Φ𝑟!/𝑀!, relates the intrinsic viscosity of a 

polymer solution to the mean-end-to-end distance r2 and the polymer molecular weight 

Mw. The overlap concentration in a polymer solution defines the semi-dilute region and 

represents the concentration at which physical interactions between the polymer 

macromolecules begin to play a strong role. In this semi-dilute region, the polymer coils 

effectively begin to fill the entire volume of the solution. The critical concentration can 

be calculated assuming that the entire volume of solution is occupied by the polymer, i.e., 

𝑐∗ =
𝑀
𝑁!𝑣

=
𝑀

𝑁!
4𝜋
3 𝑅!!

  , 2-1 

Concentration [g/L]
0.01 0.02 0.03 0.040.00

Ѡ 
[m

Pa
-s

]

1.5

1.4

1.3

1.2

1.1

1.0

0.9

0.8



 

 
 

22 

where 𝑀 represents the molecular weight of the polymer, 𝑁! is Avogadro’s number, and 

𝑅! is the radius of gyration.163 This expression assumes that the polymer occupies the 

entire volume of the solution. Substituting in the Fox-Flory equation gives 

𝑐∗ =
6
!
!Φ

𝑁!4𝜋/3[𝜂]
≈
2.5
𝜂   . 

2-2 

With an intrinsic viscosity of 15.4 L/g, the corresponding overlap concentration is 

0.16 g/L. the resulting radius of gyration for FLOPAAM 3330 in dilute solutions is 

approximately 270 nm. For imaging, we prepared solutions at polymer concentrations 

ranging from 0.042—4.2 g/L, corresponding to 0.26—26c*. The end-to-end distance in 

dilute solution R0 ≈ 660 nm was calculated using the Fox-Flory equation,162 𝜂 =

𝛷𝑅!/𝑀!, where Φ is the Flory constant, and the correlation length ξ/R0 ~ (c/c*)-1/2 was 

estimated using a scaling relationship for polyelectrolytes.164 Sample vials were cleaned 

with three organic solvents (toluene, tetrahydrofuran and acetone), rinsed with deionized 

water, and subsequently dried in a convection oven. Appropriate quantities of HPAM and 

deionized water were added to a cleaned vial to create a solution of known polymer 

concentration. The solution was then thoroughly mixed by tumbling on a roll mill for 

between two days and one week, depending on polymer concentration, until a uniformly 

homogeneous solution was obtained. Finally, nanoparticles were added to each 

homogenized solution at a concentration of 0.002 wt% for imaging experiments. 
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 Imaging protocol 2.2.5

Each sample was confined in a thin glass chamber of thickness ~0.2 mm to prevent 

macroscopic motion. The chamber was filled with 100 µL of sample using a pipette and 

sealed using UV-curable epoxy. Samples were imaged using a Leica DM4000 inverted 

microscope equipped with a 100x lens with numerical aperture (NA) of 1.40. Two 

cameras with distinct ranges of video-capture frame rates were used to image the 

nanoparticles as they diffused in aqueous HPAM solutions. Movies were acquired at 32, 

63, or 120 frames per second (fps) using a AOS Technologies AG camera (S-PRI) with a 

pixel size of 0.195 ± 0.002 µm, and 0.67, 1, 1.67 or 2.5 fps using an Olympus camera 

(DP21) with a pixel size of 0.1266 ± 0.0012 µm. We acquired multiple movies of each 

sample at different frame rates and thereby accessed the dynamics of the nanoparticles 

across a wide range of timescales (0.008—450 sec).  

 Particle-tracking 2.2.6

We used particle-tracking algorithms165 to locate and track the nanoparticles in a 

time-series of fluorescence micrographs. Images from a time series were first de-noised 

using a bandpass filter to remove the background intensity. The centroids of all particles 

were then located with resolution of ε = 40 nm (by refining the locations of the local 

maxima of intensity) and subsequently linked into trajectories. From the trajectories of 

the nanoparticles, we calculated the one-dimensional ensemble-averaged mean-squared 

displacement (MSD) of the particles Δx2 (Δt) . Although we measured the dynamics 
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across a wide range of time scales, we reported here only those mean-squared 

displacements greater than 2ε2 that corresponded to displacements that could be resolved 

using the tracking technique. 

 Bulk rheological measurements 2.2.7

To measure the rheological properties of the semi-dilute polymer solutions we used 

a TA DHR rheometer equipped with a Couette geometry (cup diameter of 30.36 mm, bob 

diameter of 27.97 mm, bob length of 41.89 mm, and gap height of 4 mm). Samples were 

gently loaded into the instrument prior to measurements, and we ensured that no bubbles 

were present inside the sample after loading. We measured the frequency-dependent 

linear elastic (𝐺!(𝜔)) and viscous (𝐺!!(𝜔)) moduli over the frequency range ω = 100 to 

0.01 rad/sec. We carefully confirmed that our rheological measurements were 

reproducible and time-independent using the following protocol. At the highest 

frequencies (100—10 rad /sec) we applied the minimum strain that generated a torque 

exceeding the minimum detectable torque of the rheometer (0.1 µN-m). At each lower 

decade we doubled the strain and checked that the torque remained in the reliably 

measureable range of the instrument. We also verified that the sample remained in the 

linear viscoelastic regime at each decade. Finally, we confirmed that the mechanical 

properties of the sample remained constant over time by rerunning the highest 

frequencies (100—10 rad/sec) at the end of the experiment. From the frequency-
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dependent moduli, we calculated the complex viscosity as η*(ω) = !G 2 (ω)+ !!G 2 (ω) /ω  

and reported the complex viscosity as a function of the frequency.  

Polymer solutions of concentration c ≤ 0.42 g/L did not generate sufficient torque, 

and we were unable to characterize the full frequency-dependent viscosity for these 

solutions. Instead, we used two capillary viscometers (sizes 0B and 0C, Cannon 9721-

R56 and 9721-R53) to measure the solution viscosity for polymer solutions with 

concentration c ≤ 0.042 g/L. Prior to each experiment, the viscometers were rinsed with 

acetone and deionized water, dried in an oven at 130ºC for 15 minutes, and cooled by 

passing nitrogen through the viscometer. The effective shear rates were estimated as 

𝛾 = 8𝑉/𝐷, where V was the average velocity of the solution moving through the 

viscometer and D was its diameter, as 297 s-1 (0B) and 233 s-1 (0C).  

 Dynamic light scattering (DLS) 2.2.8

To determine whether the polymers irreversibly adhered to the particles, the 

hydrodynamic size of the particles as a function of polymer concentration was 

determined using dynamic light scattering. Dynamic light scattering data were collected 

on a Brookhaven Instruments goniometer (BI-200SM, Brookhaven Instruments 

Corporation) that was equipped with an avalanche photodiode detector (Brookhaven, BI-

APD) and a digital correlator (Brookhaven, TurboCorr), which calculated the photon 

intensity autocorrelation function at different scattering angles for incident light of 

wavelength λ = 637.6 nm (Mini-L30 laser source). Sample vials inserted into the DLS 
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sample holder were first rinsed with soapy water and cleaned with acetone and lens paper 

to minimize scattering due to contaminants or dirt. We prepared a series of particle-

polymer mixtures at very dilute concentrations of polymer (0.02c*, 0.2c*, 0.39c*, and 

0.64c*) and at fixed particle concentration of 10-6 g/mL. We collected the scattered light 

at a fixed scattering angle θ for 30 s and repeated this measurement 10 times to obtain the 

average intensity-intensity correlation function 𝑔!(𝜏, 𝑞)   = 〈𝐼(𝑡 + 𝜏)𝐼(𝑡)/𝐼(𝑡)〉! at 200 

delay times ranging between 2 µs and 6 s. We used the Siegert relation to obtain the first-

order autocorrelation function from the intensity-intensity correlation function, 

𝑔! 𝜏, 𝑞 = 1+ 𝛽𝑔! 𝜏, 𝑞 ; here  β is a correction factor that depends on the alignment 

and geometry of the laser beam in the scattering setup and is close to 1. Because the 

polymer solutions were dilute and the nanoparticles strongly scattered the incident light, 

the photon-photon correlation functions could be fit by a single exponential decay, i.e. 

𝑔! !,! = exp − !
!!
, from which we extracted a wavevector-dependent relaxation time 

τq. Finally, we calculated the diffusivity as Dm = 1/τqq2 and used the Stokes-Einstein 

relationship to obtain the hydrodynamic radius of the nanoparticles from Dm as a function 

of polymer concentration. We performed DLS measurements at 4 different scattering 

angles (45°, 60°, 75°, and 90°, corresponding to scattering angles of 1.01, 1.32, 1.60, and 

1.86 µm-1, respectively) to sensitively assess the measurement error. 
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2.3 Results and Discussion 

The mobility of the nanoparticles in the polymer solutions, as measured by particle 

tracking methods, qualitatively and quantitatively changed with increasing polymer 

concentration as shown in Figure 2.2. At low concentrations of polymer (0.042 g/L) the 

dynamics of the nanoparticles were nearly diffusive, as indicated by the linear fits to the 

mean-squared displacement (MSD) Δx2 (Δt) = 2DΔt  over all time scales. 

 
Figure 2.2 Mean-squared displacement (MSD) as a function of lag time Δt for 400 nm diameter 

nanoparticles in aqueous solutions of solutions of hydrolyzed polyacrylamide of varying 
concentration c. Dashed lines indicate linear fits (power law exponent of one) at long time 
scales; dotted lines indicate power-law fits with varying exponent at short time scales. 

 

 When the polymer concentration was increased above 0.42 g/L, the slope of the 

MSD as a function of lag time at short times (on a log-log scale) was less than one, 

indicating the emergence of subdiffusive dynamics on short time scales. Subdiffusive 

exponents for nanoparticle mobility in neutral polymer solutions are often attributed to 

entanglements,146 but entanglement effects in salt-free solutions of high molecular weight 
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polyelectrolytes typically do not appear until concentrations that are much larger than c* 

(estimated as >1000c* for a molecular weight of 8,000,000 [Ref.166]). The slope of the 

short-time MSD as a function of lag time decreased as the concentration of polymer was 

increased from ~0.8 at 0.42 g/L to ~0.4 at 4.2 g/L. On long time scales the dynamics of 

the nanoparticles were Fickian diffusive, as indicated by the linear dependence of the 

MSD on lag time for all samples (0.042—4.2 g/L). The time at which the dynamics 

exhibited the crossover to Fickian diffusive behavior increased from ~5 s at 0.42 g/L to 

~30 s at 4.2 g/L. The distributions of particle displacements, however, remained Gaussian 

on all time scales (Figure 2.4—Figure 2.8). We concluded that on long time scales the 

nanoparticles diffused in an effective medium and extracted an effective long-time 

diffusion coefficient Deff for each polymer concentration from the long-time slope of the 

MSD. 

 
Figure 2.3  Probability distribution of particle displacements as a function of displacement Δx for 400 nm 

nanoparticles in a polymer solution with concentration 0.042 g/L. Solid lines indicate fits to 
Gaussian distributions fit to histogram bins containing at least 100 points, indicated by dashed 
vertical lines. 
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Figure 2.4  Probability distribution of particle displacements as a function of displacement Δx for 400 nm 

nanoparticles in a polymer solution with concentration 0.21 g/L. Solid lines indicate fits to 
Gaussian distributions fit to histogram bins containing at least 100 points, indicated by dashed 
vertical lines. 

 
Figure 2.5  Probability distribution of particle displacements as a function of displacement Δx for 400 nm 

nanoparticles in a polymer solution with concentration 0.42 g/L. Solid lines indicate fits to 
Gaussian distributions fit to histogram bins containing at least 100 points, indicated by dashed 
vertical lines. 
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Figure 2.6  Probability distribution of particle displacements as a function of displacement Δx for 400 nm 

nanoparticles in a polymer solution with concentration 1.1 g/L. Solid lines indicate fits to 
Gaussian distributions fit to histogram bins containing at least 100 points, indicated by dashed 
vertical lines. 

 
 

 
Figure 2.7  Probability distribution of particle displacements as a function of displacement Δx for 400 nm 

nanoparticles in a polymer solution with concentration 2.1 g/L. Solid lines indicate fits to 
Gaussian distributions fit to histogram bins containing at least 100 points, indicated by dashed 
vertical lines. 
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Figure 2.8  Probability distribution of particle displacements as a function of displacement Δx for 400 nm 

nanoparticles in a polymer solution with concentration 4.2 g/L. Solid lines indicate fits to 
Gaussian distributions fit to histogram bins containing at least 100 points, indicated by dashed 
vertical lines. 

 

In homogeneous solutions, the diffusion coefficient of particles of diameter d in a 

homogeneous solution is related to the solution viscosity using the Stokes-Einstein 

equation, D = kBT / 3πηd , where T is the temperature and η is the viscosity of the 

solution. We thus compared the effective diffusivity Deff, obtained from the long-time 

particle tracking data, with that calculated from Stokes-Einstein (DSE), obtained from the 

measured bulk zero-shear rate viscosity and the known particle diameter. For polymer 

concentrations greater than 0.42 g/L we measured the bulk solution viscoelasticity using 

rheology. The bulk viscosity of the semi-dilute polymer solutions was strongly shear-

thinning, as shown in Figure 2.9. At low shear rates the viscosity was nearly independent 

of shear-rate (i.e., Newtonian). We thus extracted the low-shear-rate viscosity that 

characterized the bulk viscosity in a quiescent solution and thereby calculated DSE. 

Polymer solutions with concentrations below 0.42 g/L did not generate sufficient torque 
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in the rheometer to allow measurements of the zero-shear-rate viscosity. Instead, we 

employed capillary viscometry to measure the solution viscosity at a finite shear rate and 

similarly calculated the effective diffusivity DSE at c = 0.042 g/L. 

 
Figure 2.9 Viscosity η as a function of angular frequency ω for solutions of hydrolyzed polyacrylamide 

with varying concentration c (in units of g/L). The dashed-lines indicate the values of the low-
shear viscosity ηSE extrapolated from the measured viscosity for each concentration. 

 
We observed significant discrepancies between the microscopic Deff and 

macroscopic DSE for solutions of concentration c ≥ 0.42 g/L, as shown in Figure 2.10. For 

polymer concentrations greater than 0.42 g/L we found that Deff > DSE, as was observed 

for much smaller nanoparticles in polymer solutions and melts.72,145 The ratio Deff/DSE ~ 

10 was approximately constant over the concentrations probed, similar to that obtained 

with smaller nanoparticles at comparable d/R ~ 0.6 in solutions of neutral polymers 

[Ref.72]. At lower polymer concentrations the discrepancy between Deff and DSE largely 

vanished. For a polymer concentration of 0.042 g/L we found that DSE was slightly larger 

than Deff, which we attributed to shear-thinning of the polymer solution at the shear rate 

(233 s-1) at which the viscosity was measured. 
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Figure 2.10 represents nanoparticle diffusivity Deff/Ds extracted from the long-time 

mean-squared displacements as a function of the normalized polymer concentration c/c* 

(open symbols). Solid symbols indicate the diffusivity calculated from experimental 

measurements of the bulk viscosity: squares use the zero-shear viscosity measured for 

solutions with c/c* ≥ 2.6 (corresponding to c ≥ 0.42 g/L) and the star (c/c*  = 0.26, 

corresponding to c = 0.042 g/L) use the viscosity measured at a shear rate of 233 s-1 using 

a capillary viscometer. The dashed and solid lines show fits to models by References 52 

(for all data) and 35 (for c/c*  > 1 only), respectively. 

 

 

Figure 2.10  Nanoparticle diffusivity Deff/Ds extracted from the long-time mean-squared displacements as a 
function of the normalized polymer concentration c/c* (open symbols). Solid symbols indicate 
the diffusivity calculated from experimental measurements of the bulk viscosity. 

 

The discrepancy between Deff and DSE observed here for the 400 nm diameter 

nanoparticles, like that observed earlier for smaller nanoparticles,72,145,146 suggests that 
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bulk rheological properties of polymer solutions. Because particles whose size is much 

larger than characteristic length scales are known to probe the bulk rheology of polymer 

solutions,132–136,139–142 we measured the mean-squared displacement (MSD) using 

surfactant-stabilized polystyrene microparticles of diameter 2 µm in a HPAM solution 

with a polymer concentration of 2.1 g/L. For these particles the ratio of the particle size to 

the end-to-end distance of the polymers was d/R ~ 3. For the larger particles the long time 

MSD dependence was again consistent with diffusive dynamics, as shown in Figure 2.11. 

Furthermore, the diffusivity extracted from the long-time slope of the microparticles was 

much closer to the low-shear-rate viscosity measured using bulk rheology; we attributed 

the factor of two difference in diffusivities (and hence in effective viscosities) to the 

relatively small d/R ~ 3 of the microparticles. This experiment indicated that bulk 

solution viscosity would be recovered as the size of the particles was increased. 

 
Figure 2.11 Mean-squared displacement (MSD) as a function of time for particles of diameter 400 nm and 

2 µm diffusing in a polymer solution with concentration 2.1 g/L. Inset table: viscosity η 
extracted from the low-shear-rate bulk rheology and from the long-time limit of the MSD for 
400 nm and 2 µm particles. 
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From the microscopy studies, we summarize two key results for the diffusion of 

nanoparticles in high-molecular-weight polyelectrolyte solutions. First, for concentrations 

c ≥ 0.42 g/L the nanoparticles exhibited subdiffusive dynamics on short time scales. 

Second, the dynamics of nanoparticles for all solutions were diffusive on long time 

scales, but the diffusivity extracted from the long-time slope of the MSD was over an 

order of magnitude larger than that calculated from the zero-shear-rate viscosity of the 

polymer solutions. We note that the concentration dependence of Deff alone does not 

provide insight into the mechanisms driving the dynamics: over the range of polymer 

concentrations probed in this study, both a stretched-exponential model, Deff ∝ exp(−c
ν )  

[Ref. 52] and a scaling model, Deff ∝ (c / c
*)−1.52  [Ref. 35] could describe the concentration 

dependence of Deff, as shown by the fits in Figure 2.10. 

We first considered several mechanisms for the origin of the subdiffusive dynamics 

at short times. The first potential mechanism is solution elasticity: micron-sized particles 

diffusing in entangled or crosslinked polymer solutions exhibit subdiffusive dynamics on 

short time scales that are coupled to the elasticity of the solution,133,136 as described 

quantitatively using the generalized Stokes-Einstein equation.131 One-point 

microrheology measurements for the linear elastic and viscous moduli, however, also 

deviated from the bulk values (Figure 2.12). Separately, we note that the polymer 

concentrations examined here are significantly smaller than those for which the effects of 

entanglements are observed for polyelectrolyte solutions.  We thus contend that the 
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subdiffusive dynamics of the nanoparticles in semi-dilute polyelectrolyte solutions does 

not reflect the bulk rheological properties of the solution. 

 
Figure 2.12 Elastic (closed symbols) and viscous (open symbols) moduli as a function of frequency ω for a 

polymer solution with concentration 2.1 g/L. Squares: measured using bulk rheology. Circles: 
measured using one-point microrheology with 400 nm (a) and 2 µm (b) diameter particles. 

 

We next considered the possibility that the polymers irreversibly adhered to the 

nanoparticles, as earlier experiments found that polymer sticking could lead to 

subdiffusive exponents of ~0.5 that reflected the Rouse-like dynamics of the 

polymers.167,168 To test this idea, we formulated dilute solutions of polymer at 

concentrations ranging from 0.00084—0.027 g/L containing nanoparticles of 400 nm and 
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measured the hydrodynamic radius of the nanoparticles using dynamic light scattering.  

Within experimental error, the hydrodynamic radius of the particles was constant across 

the range of polymer concentrations probed (Figure 2.13), indicating that the polymers 

did not strongly interact with the nanoparticles. 

 
Figure 2.13 Nanoparticle diameter as a function of polymer concentration c (in g/L) measured using 

dynamic light scattering. The red triangle indicates the measurement taken in water; the black 
squares indicate measurements taken in dilute polymer solutions. 

 

Finally, we considered the possibility that the subdiffusive dynamics reflected 

coupling between particle and polymer dynamics. We tested this idea using the scaling 

model of Rubinstein and collaborators,34 which predicts a crossover from subdiffusive to 

diffusive behavior for particles whose size falls between the correlation length (which we 

estimate for polyelectrolytes164 as ξ R0 ~ (c / c
*)−1/2 ) and the tube diameter; because our 

solutions are not entangled this intermediate regime is the relevant one for our 

experiments. The timescale for the crossover from subdiffusive to diffusive dynamics 

obtained from this model, 𝜏! ∼ (𝜂!𝜉!/𝑘!𝑇)
!!
!

!
∼ 𝜂!  (2𝑎)!/(𝑘!𝑇  𝜉), is much shorter 
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than the crossover time scale that we observed in experiments for all polymer 

concentrations (e.g. for c = 2.1 g/L, τd ~ 0.041 s from the Rubinstein model and the 

experimental crossover occurs at ~19 s; estimated time scales for the crossover and for 

the blob size relaxation are given in Table 2.1). This comparison suggests that polymer 

dynamics at the blob and particle scales do not control the particle dynamics. 

 
Table 2.1  Correlation blob relaxation time τξ and particle diameter relaxation time τd, calculated from Cai 

et al., Macromolecules 44, 7853-7863 (2011); and experimental crossover time τ c, extracted 
from the MSD measurements; and longest Rouse timescale τr, extracted from the bulk rheology.  

 

 c/c* 6.7 17 33 67 
τξ [s] 5.9 × 10-3 1.5 × 10-3 5.2 × 10-4 1.3 × 10-4 
τd [s] 1.8 × 10-2 2.9 × 10-2 4.1 × 10-2 5.8 × 10-2 
τc [s] 5 × 100 1.1 × 101 1.9 × 101 2.7 × 101 
τr [s] 8 × 100 1.5 × 101 3.1 × 101 6.2 × 101 

 
Instead, we suggest a physical picture for subdiffusive motility in the semidilute 

regime that is motivated by comparisons to caged or crowded systems. In those systems, 

subdiffusive particle dynamics can indicate the presence of obstacles that locally cage the 

particle on short time scales; the transition from subdiffusive to diffusive motility occurs 

when this local cage relaxes and the particle escapes. In our semidilute solutions, the 

nanoparticles are caged by the large polymers. We suggest that the transition to diffusive 

mobility occurs when the cage formed by the polymers relaxes. This relaxation must 

occur over multiple blobs, because the transition to diffusive motility occurs on longer 

time scales than τd. Similarly, this relaxation must occur on length scales smaller than the 

end-to-end distance, because the transition occurs on shorter timescales than the 

characteristic timescale for chain diffusion (e.g., for c = 2.1 g/L, the Rouse timescale is ~ 
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31 seconds as estimated from Figure 2.2). These comparisons suggest that the length 

scale over which the local cage must relax is intermediate between the blob size and the 

end-to-end distance of the polymer. This length scale may be set by transient clustering169 

between polymer segments, which is thought to generate a slow relaxation in polymer 

solutions in less-good solvents whose concentration is intermediate between the overlap 

and entanglement concentrations.  

This picture is also consistent with the faster-than-expected mobility of the 

nanoparticles in the polymer solutions. On long time scales the nanoparticles exhibit free 

diffusion, but in an effective medium of lower viscosity than the zero-shear-rate bulk 

viscosity. As before, we note that the faster-than-expected dynamics cannot reflect the 

viscoelasticity of the polymer solution or nanoparticle-polymer adhesion – indeed, these 

mechanisms would lead to slower mobility. Instead, the lower effective viscosity also 

reflects the coupling between nanoparticle and polymer dynamics34 through local 

relaxation. The local rate at which the nanoparticles deform the polymer matrix is 

nonzero; because the polymer solutions are shear-thinning, the nanoparticles thus 

experience a viscosity that is lower than that at zero-shear-rate. 

2.4 Conclusions 

 We measured the mobility of nanoparticles of diameter 400 nm in solutions of 

high-molecular weight hydrolyzed polyacrylamide of end-to-end distance 660 nm. For 

solutions in which the polymer concentration is greater than the overlap concentration, 

the dynamics changes from subdiffusive at short time scales to diffusive on long time 
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scales. The timescale at the crossover between these dynamics increases with polymer 

concentration. The effective diffusivity extracted from the long-time dynamics, however, 

is always greater than that calculated from the zero-shear-rate bulk viscosity. The lower-

than-expected effective viscosities experienced by the nanoparticles (for c > 0.42 g/L) 

suggests that their dynamics are coupled to polymer fluctuations, as observed and 

predicted for smaller nanoparticles (~nm) that sample dynamics on the scale of polymer 

chain segments. Because the transition from subdiffusive to diffusive mobility occurs on 

time scales intermediate between the relaxation time scales for polymer blobs and for 

self-diffusion, we suggest that the length scale controlling the coupling of nanoparticle 

and polymer dynamics is intermediate between the blob size and the end-to-end distance. 

On short time scales the nanoparticles are caged by the polymers; on longer time scales 

this local cage relaxes to allow the nanoparticle to freely diffuse in an effective medium 

whose viscosity reflects the shear-thinning nature of the polymer solution. 

 This physical picture suggests an origin for both of the distinctive features of 

nanoparticle mobility in polyelectrolyte solutions observed here. An open question, 

however, is the physics that sets the size of the relaxing region that controls the crossover 

from subdiffusive to diffusive mobility. Similar measurements over a wide range of 

particle-to-polymer size ratios and particle-polymer interactions are needed to identify 

this critical length scale and are underway. We note that the static and dynamic behaviors 

of polyelectrolytes are somewhat more complex than those of polymers due to the 

presence of charges; in particular, the role of both solvent quality and counterion 

concentration may significantly affect the polymer dynamics and hence those of the 
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nanoparticles. Nonetheless, we expect these results to have interesting implications for 

nanoparticle diffusion in a wide range of polymer and polyelectrolyte solutions, including 

nanoparticle-based strategies to change the interfacial interactions in highly confined 

porous media to enhance oil recovery and processing strategies to fabricate advanced 

polymer nanocomposites. 
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Chapter 3 

Note: The material in this chapter is being submitted for publication. 

3.0    Confined diffusive dynamics of nanoparticles suspended 

in Newtonian and non-Newtonian solutions within porous 

media  

Diffusive dynamics of nanoparticles in porous media depend on pore size. We study 

diffusive mobility of 400 nm polystyrene nanoparticles in confined porous media using 

confocal microscopy. We use single particle tracking to measure mean squared 

displacements (MSD) and diffusion coefficient of nanoparticles suspended in Newtonian 

and non-Newtonian solutions. We observed that mobility of nanoparticles in porous 

media slows down as the average pore size decreases. Moreover, the distributions of 

particle displacements exhibit non-Gaussian behavior in both Newtonian and non-

Newtonian solutions. Spatial heterogeneities of the porous media hinder the diffusive 

dynamics in both solutions, reflecting the role of hydrodynamic interactions on slowing 

the mobility. In non-Newtonian solutions, however, additional effect arising from 

depletion of polymer molecules in diffusion of particles near the confined surfaces results 

temporary adsorption of particles onto the surface of glass beads. Diffusive dynamics of 

nanoparticles in polymer solution is therefore controlled by two competing parameters: 

hydrodynamic interactions between particles and spatial obstacles and weak depletion 

interactions between particles and confining walls due to macromolecule depletion.  
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3.1 Introduction 

Hindered mobility in confined media is of crucial importance in technological and 

scientific areas ranging from catalytic and biological reactions to membranes. As 

particles are increasingly confined, dynamics become slower and may even eventually 

become arrested. Such arrested dynamics typically control transport of particles in 

biological cells,170–174 zeolites,175 heterogeneous catalysts,85,176,177 size exclusion 

chromatography,178 membranes,179 and nanocomposites.23,25 Fundamental understanding 

of diffusion in many of these applications is further complicated by the presence of 

complex fluids containing polymers, surfactants, or micelles. As a result, understanding 

the effects of confinement on the dynamics of polymers is an important question.  

In geometrically crowded environments, the mobility of nanoparticles depends on 

the spatial and dynamical heterogeneity of the environment.29 For porous media, the 

spatial structure, void accessibility, and connectivity of the confined media influence 

diffusion.29–31 As examples, the diffusion of smaller nanoparticles in large colloidal 

suspensions32,33 and in entangled or unentangled polymer matrices34–40 is hindered by 

dynamical networks that may be rigid, semi-flexible, or flexible. Mobility is also 

decreased when nanoparticles diffuse in ordered41–43 or disordered44–46 porous media or 

when polymer chains diffuse close to protonated47,48 or patterned49 surfaces. Mobility of 

nanoparticles depends on the relative size of the particles to the length scales of the void 

space. Generally, the diffusion of particles hindered by geometric confinement becomes 

slower as the confinement is increased. Although diffusion dynamics remain Fickian on 
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long time scales, the distributions of particle displacements become increasingly non-

Gaussian, representing heterogeneities of the environment.   

When the geometric medium itself can relax (for example, by diffusion of large 

colloidal bed particles32,77,79,82 or by relaxation of an entangled polymer 

network38,39,69,142,148,153,180–182) the diffusional dynamics of nanoparticles can become 

coupled to the dynamics of the surrounding medium. Despite all the studies, competing 

effects of confinement by a rigid fixed network and by polymer chains on particle 

dynamics remain poorly understood. 

Previous studies have mainly focused either on dynamical or spatial heterogeneities. 

In this chapter, we explore the simultaneous effects of spatial confinement from an 

arrested geometrical structure and from dynamic polymer molecules on the diffusive 

mobility of nanoparticles. We measure the diffusional dynamics of polystyrene 

nanoparticles of diameter of 400 nm in model porous media consisting of glass beads of 

diameter 5.4, 10, or 30 µm. To elucidate the role of non-Newtonian fluid characteristics 

in dynamics of nanoparticles in complex media, we use three different background 

solutions: Newtonian water, a Newtonian mixture of glycerol and water, and a non-

Newtonian solution of semidilute hydrolyzed polyacrylamide. Nanoparticles are imaged 

using confocal microscopy and tracked over time; from their trajectories, we calculate the 

mean-square displacement. As the confinement length decreases, the dynamics of the 

nanoparticles become increasing slow and the distributions of particle displacements 

become increasingly non-Gaussian. For nanoparticle diffusion in HPAM, the distribution 

of particle displacements shows a distinct peak at zero, which reveals an immobile 
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population in displacements. We separately analyze the dynamics of mobile and 

immobile particles and show that, when the dynamics of transiently immobile 

nanoparticles are excluded, the diffusivities of mobile nanoparticles approach free 

diffusion. These results suggest that the slowing of diffusion arises because particles 

become partially immobilized in the beds due to temporary adsorption mediated by the 

polymer chains via depletion interactions.  

3.2 Materials and methods  

 Preparation of nanoparticle dispersions in Newtonian and non-3.2.1

Newtonian solutions 

Fluoro-Max dyed red aqueous fluorescent polystyrene nanoparticles of diameter dNP 

= 400 nm at concentration of 1 wt % were purchased from Thermo Fisher Scientific. 

Hydrolyzed polyacrylamide (HPAM) polymer of weight-averaged molecular weight 

(Mw) of 8,000,000 Da (FLOPAAM 3330) was provided by SNF. The degree of 

hydrolysis was 25-30% as reported by the manufacturer. An aqueous solution of HPAM 

in deionized water with concentration of cHPAM = 0.1 wt % was prepared. Rheological 

properties of the HPAM solution was measured using an ARES rheometer from 

Rheometric Scientific equipped with Couette geometry (inner diameter of 32 mm and 

outer diameter of 34 mm). We measured the elastic (𝐺!(𝜔)) and loss (𝐺!!(𝜔)) moduli of 

the HPAM solution as a function of frequency (ω = 0.01-100 rad/sec) in the linear 
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viscoelastic regime, and calculated the complex viscosity as 𝜂∗ 𝜔 = 𝐺!" 𝜔 +

𝐺!!"(𝜔) !/!/𝜔 (Figure 3.1).  

 
Figure 3.1 Complex viscosity η* as a function of angular frequency 𝜔 of hydrolyzed polyacrylamide 

solution at concentration of 0.1 w/w%. Dashed line represent fit to a power law function. 
 
We also prepared a glycerol/water mixture at a concentration of 90 wt % of glycerol 

(G90) to measure the diffusional dynamics at a comparable value of the local viscosity. 

Polystyrene nanoparticles were added to the HPAM solution, the G90 solution, and the 

deionized water at a concentration of 2 × 10-3 wt %. The nanoparticle-solution 

dispersions were then tumbled on a roll mill for 6 – 24 hr to ensure that particles and 

solutions were uniformly dispersed. 

 Fabrication of porous media 3.2.2

We purchased square cross-section borosilicate capillary cells with inner side length 

of 0.7 mm, wall thickness of 0.14 mm, and length of 5 cm from VitroCom, and 
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borosilicate glass microspheres with diameter of 5.4 ± 0.3 µm and 10.0 ± 1.0 µm and 

soda lime glass microspheres with diameter of 30.1 ± 1.1 µm from Thermo-Scientific. 

We filled the square capillary with mono-dispersed glass particles to fabricate a 3D 

porous medium with length of 5 mm. We then lightly sintered the glass particles to 

permanently fix them in the squared channel. Table 3.1 briefly describes the sintering 

protocol for two different materials of glass beads.  

Table 3.1 Glass bead properties and sintering protocol for borosilicate and soda lime glass beads. 
 

Material 
Annealing 

Point  
(°C) 

Softening 
point  
(°C) 

Sintering 
temperature 

(°C) 

Sintering 
period  
(min) 

Borosilicate 560 821 810 5 
Soda Lime 514 726 680 15 

 

 Characterization of pore and throat size of porous media 3.2.3

We visualized the bed structure by imbibing each bed with a solution of rhodamine-

B (Wako Pure Chemical Industries, Ltd.) in a mixture of carbon disulfide (n = 1.63) and 

ethanol (n = 1.36). The amount of each mixture component was selected to match the 

refractive index of soda lime (n = 1.52) or borosilicate (n = 1.56) glass beads. Confocal 

micrographs of beds with bead diameters of 5.4 µm, 10 µm, and 30 µm reveal a 

connected pore network (Figure 3.2a−c). We acquired 25–30 2-D images at different 

locations in the beds and subsequently binarized them to identify pores and bed particles. 
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Figure 3.2 Characterization of the porous media. (a−c) Confocal images of porous media with bead 

diameters of (a) 5.4 µm, (b) 10 µm, and (c) 30 µm. (d−f) Probability distributions of the chord 
length and the minimum chord length for porous media with bead diameters of (d) 5.4 µm, (e) 
10 µm, and (f) 30 µm. Dashed lines represent fits to a Gamma distribution function (eq 3−1). 

 
To characterize the bed structure, we measured the pore size and confinement length 

from the binarized confocal micrographs of the beds. First, 5,000 points were randomly 

selected inside the pore space in each binarized image. Eight vectors at each point were 

created with equal spacing in the angular direction and expanded in both negative and 

positive directions until they met the edges of the glass beads. The chord length was 

calculated as the sum values of negative and positive vectors for each point and angular 

direction. The pore size was taken to be the average chord length. The minimum chord 

length was also calculated as the minimum value of chord lengths at each point among all 
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the angular directions.183 The confinement length was taken to be the average minimum 

chord length.  

Figure 3.2d−f shows the probability distribution functions (PDFs) of the chord 

length and the minimum chord length in porous media with bead diameters of 5.4 µm, 10 

µm, and 30 µm. The distributions are best fit to a gamma function, 

𝐺 lchord =
1

𝑏!Γ(𝑎) 𝑙chord
!!! exp −

𝑙chord
𝑏 , 3−1 

 
where 𝑙chord is the chord length, 𝐺 𝑙chord  is the probability distribution of the chord 

length, and 𝑎 and 𝑏 are fitting parameters. Table 3.2 also shows the average porosity, 

pore size (chord length), and confinement length (minimum chord length) of the porous 

media with different bead diameters. The average bed porosity 𝜑 is about 35% and is 

roughly constant across the different porous beds studied. The average pore size 𝑑pore 

varies between 4.4 ± 0.8 and 14.7 ± 2.6 µm and the confinement length 𝑙! varies between 

2.7 ± 0.7 and 8 ± 1.1 µm. 

Table 3.2  Average porosity, pore size (chord length), and confinement length (minimum chord length) of 
the porous media with bead diameters of 5.4 µm, 10 µm, and 30 µm. the error bar is the 
standard deviation of measurements at 25-30 locations. 

 

Bead diameter 
(µm) 

Porosity 
 

𝑑!"#$ =    𝒍𝒄𝒉𝒐𝒓𝒅  
(µm) 

𝑙! = 𝒍𝒄𝒉𝒐𝒓𝒅,𝒎𝒊𝒏  
(µm) 

5.4 0.36 ± 0.07 4.4 ± 0.8 2.7 ± 0.7 
10 0.34 ± 0.06 6.4 ± 1.1 3.7 ± 1.0 
30 0.34 ± 0.06 14.7 ± 2.6 8.0 ± 1.1 
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 Imaging of nanoparticles diffusing through porous media  3.2.4

We imaged the nanoparticles as they diffused in the different fluids using a SP8 

Leica inverted confocal microscope equipped with a 40× immersion oil lens with 

numerical aperture (NA) of 1.30. We acquired movies at 2 and 10 frames per second 

(fps) for nanoparticles diffusing in HPAM and glycerol/water and at 10 and 40 fps for 

nanoparticles diffusing in water. The image pixel size was 0.284 µm/pix and the image 

size was 145.31 × 145.31 µm2. We acquired twenty movies of each sample at different 

locations to increase the total number of observed particles. The total number of particles 

per sample varied between 100 – 1000. 

  Tracking of nanoparticles through porous media 3.2.5

 A single-particle tracking algorithm121 was applied to locate and track the 

nanoparticles over time with spatial resolution of 𝜀 = 45  nm. Particle trajectories were 

then used to calculate the time-dependent displacement and the ensemble-averaged mean-

square displacement (MSD) of the particles. Mean-square displacements are reported 

only when the MSD exceeded  2𝜀!, which corresponded to the minimum displacement 

that could be resolved by the tracking algorithm. Particles that were completely immobile 

(defined as a maximum displacement of less than 2 pixels, or 0.56 µm) over the duration 

of the experiment were excluded from the data analysis. 
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3.3 Results and discussion 

We use confocal microscopy to investigate the competing effects of geometrical 

confinement and solution viscoelasticity on diffusive mobility of 400 nm nanoparticles. 

First, we examined the effects of geometrical confinement within packed beds on particle 

mobility in Newtonian solutions. The MSD of nanoparticles in the glycerol/water mixture 

is Fickian diffusive at all accessible lag times and decreases as the particles are 

increasingly confined within the porous beds, as shown in Figure 3.3. Even on the longest 

time scales accessible in the experiment, the average particle displacements are 

significantly smaller than the average confinement length, reported in Table 3.3. 

 

Table 3.3 Diffusion time required for particles in the center of a pore to encounter the bead surfaces, 
calculated using the confinement length and the diffusion coefficient of particles in free 
solution. 

Bead diameter 
(µm) 

𝒕diff = 𝒍𝒄
𝟐/𝟐𝑫𝟎 (sec) 

Water  G90 HPAM 
5.4 3 353 1041 
10 6 687 2028 
30 30 3153 9303 

 

This comparison suggests that a particle located near the center of a pore will not, on 

average, reach the edge of the pore; nonetheless, slowing of the MSD with increasing 

confinement suggests that the pore geometry affects the diffusive dynamics through 

hydrodynamic interactions.  
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Figure 3.3 Mean square displacement of nanoparticles as a function of lag time in (a) glycerol/water and 
(b) HPAM. Symbols represent different media: free diffusion in solution (purple circle), 
confined diffusion in porous media with bead diameter of 30 µm (blue square), 10 µm (red 
triangle), or 5 µm (yellow diamond). 

 

By contrast, in the same porous medium nanoparticles in water exhibit subdiffusive 

mobility at long time scales or when the particles are highly confined (Figure 3.4). The 

transition to subdiffusive behavior occurs approximately when particle displacements are 

comparable with average confinement length (Table 3.3). These observations suggest that 

mobility of nanoparticles in Newtonian solutions that are confined by disordered static 

obstacles depends on the geometric structure of the pores through hydrodynamic 

interactions between particles and the surrounding media. 
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Figure 3.4 Mean square displacement of nanoparticles as a function of lag time in water. Symbols 

represent different media: free diffusion in solution (purple circle), confined diffusion in 
porous media with bead diameter of 30 µm (blue square), 10 µm (red triangle), or 5 µm 
(yellow diamond). 

 
In the non-Newtonian semidilute HPAM solution, nanoparticles exhibit subdiffusive 

dynamics on short time scales; this result is consistent with our previous studies.35,184 The 

long-time dynamics, however, depend on the extent of confinement within the bed. As in 

Newtonian solutions, mobility decreases with increasing bed particle size (i.e., with 

increasing confinement). The long-time mobility in the least confined bed (db = 30 µm) 

approaches Fickian dynamics as the lag time increases. In highly confined beds, however, 

the dynamics are not completely Fickian even at the longest time scales accessible in 

these experiments. In these crowded environments, the motion of nanoparticles is highly 

constrained and is controlled by coupling between dynamics of polymer chains and 

nanoparticles184 as well as by geometric constraints imposed by stationary obstacles.  

/DJ�WLPH�¨W�>VHF@�

10-2

10-1

100

10-1 100 101

>µ
m

2 @
¨[

2

101

102

10-2

No bead
30 µm
10 µm
5 µm

1



 

 
 

54 

To quantify changes in particle dynamics as a function of geometrical confinement 

and the solution viscoelasticity, we calculate two parameters from the mean-square 

displacements. First, from the slope of the long-time MSD displacement, we calculate 

long time diffusivity 𝐷 using ∆𝑥!(∆𝑡) = 2𝐷∆𝑡, where ∆𝑥 is the particle displacement 

at a lag time of ∆𝑡 and the brackets denote time and ensemble averages. Here the long 

time limit is defined as time scales that are at least one decade longer than the time scale 

characterizing the crossover from subdiffusive to diffusive dynamics in the HPAM 

solution, [𝜏!"#$$#%&" ≈ 4𝑠𝑒𝑐, 𝜏!"#$%&'( ≈ 40𝑠𝑒𝑐]. We normalize the effective long time 

diffusion coefficients of particles D by the free diffusion coefficients in bulk solutions 𝐷! 

and examine how the mobility changes as a function of the dimensionless confinement 

length 𝜉 = 𝑑!"/𝑙!. The relative long-time diffusivity 𝐷/𝐷! decreases with increasing 

confinement parameter but does not depend on fluid characteristics, as shown in Figure 

3.5a; the collapse of the data supports the choice of the dimensionless length scale. 

Decreases in the long-time diffusivity with increasing confinement were earlier reported 

in structured43 or unstructured45,185 porous media. The decrease that we report here, 

however, [𝐷/𝐷! ≈ 0.5− 0.65 at 𝜉 ≈ 0.15], is more pronounced that in earlier 

experiments in structured porous media; there the diffusivity decreased by ~10% 

(𝐷/𝐷! ≈ 0.9) at 𝜉 ≈ 0.15.43  
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Figure 3.5 (a) Normalized effective diffusivity and (b) subdiffusive exponent as a function of the 
normalized confinement length 𝜉 measured for nanoparticles diffusing in different solutions. 
Symbols represent nanoparticle diffusion in HPAM (gold triangle), glycerol/water (red circle), 
and water (blue square).  

 

The relative diffusivity of tracer particles was also predicted 

[𝐷/𝐷! ≈
!
!
!!! !!! !!!!!

!!!!!!
]186 to be slightly faster (𝐷/𝐷! ≈ 0.7) in random packing of 

spheres with porosity of 𝜑 ≈ 0.37 when hydrodynamic interactions were neglected, 
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where 𝜁! is three-point microstructural parameter which determines properties of 

heterogeneities media .185 To account for steric and hydrodynamic effects187 on diffusivity, 

analytical models predict hindrance factor in unstructured porous media consisting of arrays 

of cylindrical188,189 or slit190 pores. These models assume that interactions between particles 

are negligible, that the background solution can be treated as a dilute continuum, and that the 

diffusion time is long enough for particles to diffuse throughout the the cross-section of the 

pore. The models make two different assumptions about the drag force: (i) in the centerline 

approximation,191 the drag force is assumed to be constant over the cross-section and is taken 

to be the force at the center of the cylinder or slit; (ii) in cross-section averaging,192 the drag 

force is taken to be a function of the particle distance from the wall. Table 3.4 summarizes 

the models (𝜉 = 𝑑!"/𝑙!). For confinement parameters of 𝜉 = 0.15 − 0.05 (corresponding to 

those in our experiments), the relative diffusivities predicted by different models on average 

range from 𝐷/𝐷! ≈ 0.6− 0.8 for 𝜉 = 0.15 − 0.05, which is in reasonable agreement with 

our results. Moreover, particles diffusing in a disordered polymeric structure with 

confinement lengths in the range of 𝜉 ≈ 0.02− 0.10 and a porosity of 𝜑 ≈ 0.52 

exhibited relative diffusivities of 𝐷/𝐷! ≈ 0.4− 0.545.  These comparisons suggest that 

hydrodynamic interactions as well as variations in pore arrangement and structure control 

the diffusive dynamics within disordered porous media. 
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Table 3.4 predicted models for relative confined diffusivity in cylindrical and slit pores 
Pore type Model Category Validity 

Cylindrical 
𝐷/𝐷! = 1 − 𝜉 ! 1 − 2.104𝜉 + 2.09𝜉! −

0.95𝜉! 193,194 

Center line 

approximation 
𝜉 < 0.4 

Cylindrical 
𝐷/𝐷! = 1 + !

!
𝜉 ln 𝜉 − 1.539𝜉 + 1.2𝜉! +

𝑂(𝜉!)195,196 

Cross-section 

averaging 
𝜉 → 0 

Cylindrical 

𝐷/𝐷! = 1 + !
!
𝜉 ln 𝜉 − 1.539𝜉 + 0.528155𝜉! +

1.915213𝜉! − 2.81903𝜉! + 0.270788𝜉! +

1.10115𝜉! + 0.435933𝜉!197,198 

Cross-section 

averaging 

0 ≤ 𝜉

≤ 0.95 

Slit 
𝐷/𝐷! = 1 − 𝜉 1 − 1.004𝜉 + 0.418𝜉! +

0.21𝜉! − 0.169𝜉! + 𝑂(𝜉! 191 

Center line 

approximation 
𝜉 < 0.5 

Slit 
𝐷/𝐷! = 1 + !

!"
𝜉 ln 𝜉 − 1.9358𝜉 + 0.4285𝜉! −

0.3192𝜉! + 0.08428𝜉!199 

Cross-section 

averaging 
𝜉 < 0.33 

 

Second, from the scaling behavior of the MSD on short time scales, we calculate the 

short time subdiffusive exponent 𝛼 from ∆𝑥!(∆𝑡) = 𝛽∆𝑡!. The subdiffusive exponent 

depends only weakly on the confinement parameter in both Newtonian and non-

Newtonian solutions, as shown in Figure 3.5b. This observation indicates that short time 

mobility of nanoparticles is not affected by geometric confinement, as the particles on 

average do not encounter the fixed obstacles at very short times. The subdiffusive 

exponents in HPAM, however, are notably smaller than those measured in Newtonian 

solutions within the same porous medium. When the dynamics of particles and polymers 
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are fully coupled, the subdiffusive exponent is predicted to be 0.5 from the Rouse 

dynamics of the polymers;34 in earlier measurements we found that subdiffusive exponent 

varies between 0.5 – 1 depending on polymer concentration and particle size, indicating 

intermediate coupling of particles dynamics to polymer fluctuations.184   

To gain further insight into the processes controlling the confined dynamics of 

nanoparticles in the different solutions, we analyze the distribution of one-dimensional 

displacements 𝐺!(Δ𝑥,∆𝑡) at several lag times for nanoparticles in varying solutions and 

varying pore sizes. In free diffusion, the distribution of particle displacements is Gaussian 

in both Newtonian (Figure 3.6a,b) and non-Newtonian HPAM solutions (Figure 3.6c,d). 

As the particles are increasingly confined within the pores, the diffusive mobility of 

nanoparticles increasingly deviates from Gaussian dynamics. The distributions of particle 

displacements cannot be described by a single function in the highly confined bed. 

Instead, we fit the distributions to sum of a Gaussian function, to capture the center of the 

distribution, and a stretched exponential function, to model the tail, as43 

𝐺! Δ𝑥,∆𝑡 = 𝑎!𝑒𝑥𝑝 −
∆𝑥
𝛿

!

+ 𝑎!𝑒𝑥𝑝 −
∆𝑥
𝛾 ∆𝑡

!

, 3-2 

where 𝑎! and 𝑎! are pre-exponential factors, 𝛿 and 𝛾(∆𝑡) are the decay lengths for the 

Gaussian and the stretched exponential models, respectively, and 𝑠 is the stretching 

exponent. We hypothesize that the first term captures the caged states, while the second 

term accounts the untrapped motions.  
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Figure 3.6 Probability density function of particle displacements at lag times of 1 sec (top row) and 5 sec 
(bottom row) for nanoparticles in (a and b) glycerol/water and (c and d) HPAM solution. 
Symbols represent different media: free diffusion in solution (purple circle) and confined 
diffusion in porous media with bead diameter of 5 µm (yellow diamond). 

 
In initial fitting, we found that the stretching exponent 𝑠 and the decay length of the 

Gaussian model 𝛿 were nearly independent of lag time for each solution and bed 

configuration. We therefore used the average values of 𝑠  and 𝛿  to reduce the number 

of fitting parameters. For nanoparticles diffusing in Newtonian solutions within confined 

bed 𝑎! ≪ 𝑎!, indicating absence of any long trapped state in particle displacements 

within the Newtonian solution. For nanoparticles diffusing in HPAM within porous 
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media, however, 𝑎!  is not negligible (𝑎!/𝑎! ≈ 0.1− 2), suggesting that a second 

mechanism affects the diffusion of nanoparticles in the HPAM solution through the 

porous medium. 

 

Figure 3.7 Decay length as a function of lag time for nanoparticles in (a) glycerol/water and (b) HPAM. 
Symbols represent different media: free diffusion in solution (purple circle); confined diffusion 
in porous media with bead diameter of 30 µm (blue square), 10 µm (red triangle), or 5 µm 
(yellow diamond). 

 

The decay length 𝛾 of the stretched exponential function describes the dynamics of 

mobile states. For freely-diffusing particles in Newtonian solutions, the decay length 

increases with square root of the lag time 𝛾(∆𝑡)~ ∆𝑡 (Figure 3.7). Similarly, on long 

time scales the decay length of freely-diffusing particles in non-Newtonian solutions also 

grows as the square root of time, i.e. 𝛾(∆𝑡)~ ∆𝑡. For particles in stronger confinements, 

however, the decay length grows more slowly with the lag time in both Newtonian and 

non-Newtonian solutions. This slow growth is different from what has been observed for 

diffusion of particles in ordered porous media,120 in hard sphere colloidal suspensions,33 

or in entangled F-actin networks38. In these examples, particles diffusing in crowded 
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environments exhibited non-Gaussian but still Fickian dynamical behavior, which was 

attributed to local Brownian dynamics within a slowly-relaxing heterogeneous 

medium.33,38,39  

 
Figure 3.8 Probability density function of particle displacements at lag times of (a) 0.25 sec  and (b) 1 sec 

for nanoparticles in water. Symbols represent different media: free diffusion in solution (purple 
circle) and confined diffusion in porous media with bead diameter of 5 µm (yellow diamond). 

 
Figure 3.9 Decay length as a function of lag time for nanoparticles in water. Symbols represent different 

media: free diffusion in solution (purple circle); confined diffusion in porous media with bead 
diameter of 30 µm (blue square), 10 µm (red triangle), or 5 µm (yellow diamond). 
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In our experiments, however, the diffusive dynamics depend on both the pore 

structure and the time scale. As one extreme example, the local diffusive dynamics of 

particles in water (Figure 3.4, Figure 3.8, and Figure 3.9) change as the pore size and 

diffusion length scale become comparable. Local diffusive dynamics is non-Fickian even 

in very small pores.  

To gain insight into the origin of these dynamics, we examine the trajectories of 

particles diffusing freely and confined by porous media and/or polymers in solution. In 

Newtonian glycerol/water solutions, particle trajectories show random diffusion. Particles 

undergo larger displacements over successive time steps (∆t = 0.5 sec) when freely 

diffusing than when diffusing in a highly confined porous medium (Figure 3.10 a,b). 

Particles in the glycerol/water solution within the porous medium are slightly hindered by 

geometric confinement, but remain mobile throughout (Figure 3.10b). This result is 

consistent with earlier measurements of confined diffusion near walls42,200 and in 

pores.31,201,202 In sharp contrast, the trajectories of unconfined and confined nanoparticles 

diffusing in HPAM solutions exhibit qualitatively different features (Figure 3.10c,d). 

Unconfined nanoparticles in HPAM exhibit diffusive trajectories, and the displacements 

over time do not exhibit long waiting times or jumps between frames. When highly 

confined by a porous medium, however, the trajectories of nanoparticles in HPAM reveal 

long intervals of near-zero displacements that are separated by random motions. Here the 

considerable dwell time between random motions apparently arises due to temporary 

adsorption of the particles onto the surface of the glass beads (Figure 3.10d).  
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Figure 3.10 Representative trajectories and displacement as a function of time for nanoparticles diffusing 
in (a and b) glycerol/water and (c and d) HPAM. The top row [(a) and (c)] show free diffusion 
in solution and the bottom row [(b) and (d)] shows confined diffusion in porous media with a 
bead diameter of 5 µm. 

 

Similar trajectories featuring long-duration immobilizations interrupted by 

intermittent jumps were observed for polymer chains diffusing near a surface47–49. 

Polymer chains in these experiments could loosely bind to the surface but frequently 

desorbed, as indicated by a rapid jump in position. After desorbing, chains could either 

diffuse back to the bulk or readsorb onto the surface (either permanently or transiently).  

We speculate that the tendency for particles in HPAM to become temporarily 

immobilized when diffusing in porous media is mediated by the presence of the polymer 
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molecules. This idea is consistent with the increasingly pronounced peak in the 

distribution of particle displacements at longer lag times. These experiments reveal that 

the local mobility of nanoparticles in non-Newtonian solutions is significantly affected 

both by the presence of macromolecules and by confinement.  

To understand the origins of the adsorption, we consider the total interactions 

between nanoparticles and glass beads as sum of electrostatic interaction Δ𝐺!", Lifshitz-

van der Waals interaction Δ𝐺!", and polymer mediated deletion interaction Δ𝐺!"#: 

Δ𝐺!"!#$ = Δ𝐺!" + Δ𝐺!" + Δ𝐺!"# . 3-3 

The contribution of electrostatic and Lifshitz-van der Waals interactions is 

calculated using DLVO theory:203,204 

∆𝐺!" = 𝜋𝜀𝜀!𝑅 2𝜑!"𝜑!" ln
!!!"#(!!!)
!!!"#(!!!)

+ 𝜑!"! + 𝜑!"! ln 1 − exp(−2𝜅ℎ)  and 3-4 

 

Δ𝐺!" = 2𝜋𝑅ℎ!∆𝐺!!
!" ℎ!

ℎ , 
3-5 

where 𝜀! is permittivity of the free space (8.85×10-12s4A2m-3kg-1), 𝜀 is the relative 

permittivity of the medium, which is 𝜀 = 78 for water, 𝑅 is nanoparticle radius, ℎ is 

particle-wall distance, and ℎ! is the minimum equilibrium distance. 𝜑!" and 𝜑!" are the 

surface potential of the nanoparticles and the glass beads respectively, which are related 

to zeta potential. 𝜅 is inverse of Debye length 𝜅 = 4𝜋𝑙!𝑐𝑧! !/!, where 𝑙! = 0.7  nm is 

Bjerrum length in water, 𝑐 is the ion concentration of polyelectrolytes, and 𝑧 is ion 

charges.232 ∆𝐺!!
!" is calculated as: 
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∆𝐺!!
!" = −2 𝛾!"!" − 𝛾!!" 𝛾!"!" − 𝛾!!" , 3-6 

where 𝛾!"!", 𝛾!!", and 𝛾!"!" are surface energy of nanoparticles, medium (water) and glass 

beads, respectively. 

When the distance between particles and a nearby confining surface (i.e. the glass 

beads) is less than the effective diameter of the polymer chains, the region between 

particles and walls is depleted from polymer molecules. Depletion of polymer molecules 

inside such area creates an effective osmotic pressure, resulting in depletion attraction 

between particles and walls.205 Depletion interaction between a sphere and a plate 

induced by polymer solution in semi-dilute regime is calculated using the overlapping 

volume of the depletion layers:206,207 

! ! !! !
!!

=

!
!
𝜋(𝑅 + Δ!)!                                                                                                                                    

!
!
𝜋 Δ! + Δ! − ℎ ! 3𝑅 + 2Δ! − Δ! + ℎ                             
0                                                                                                                                                                              

  ℎ < Δ! − 2𝑅 − Δ!
                                              

  Δ! − 2𝑅 − Δ! < ℎ < Δ! + Δ!
  

ℎ < Δ! + Δ!

, 
3-7 

 
where Δ! is depletion layer thickness around the sphere, Δ! is the depletion layer 

thickness near the wall. In semidilute regime the depletion thicknesses are dependent on 

polymer correlation length. The osmotic pressure in semidilute solution is calculated as 

!
!!!

= !
!!
= !

!".!!
= 2.7×10!!nm!!. The potential interaction Δ𝐺!"# between a particle 

and a wall is calculated as: 
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Δ𝐺!"# = − 𝑑𝑛′!
!!
!

!!
!!!!

Γ ℎ − Γ ∞ . 3-8 

Normalized depletion thickness around a sphere in semidilute solution is !!
!
=

1+ 3.213 !
!
+ 2.607 !

!

!
− 0.120 !

!

! !/!
− 1 ≈ 0.354, which results in Δ! =

70.8  nm. Also the depletion thickness near the wall in semidilute solution is Δ! =

1.071𝜉 = 76.8  nm. The electrostatic, Lifshitz-van der Waals, depletion, and total 

interactions between a nanoparticle and a glass bead are shown in Figure 3.11. 

Electrostatic repulsion prevents permanent adsorption of nanoparticles onto the surface of 

glass beads, however depletion interactions mediate particle-surface attractions at larger 

distances.  

 

Figure 3.11 Electrostatic (blue circle), Lifshitz-van der Waals (red square), depletion (gold triangle), and 
total (purple line) interactions between a nanoparticle and a glass bead. 
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To separate effects of confinement on particle dynamics from those induced by the 

polymers, we first define an absolute displacement of 𝑟 = 0.045  𝜇m as the threshold of 

particle immobility, corresponding to the resolution of the tracking algorithm under these 

imaging conditions. Using this immobility threshold, we binarize the particle 

displacements over consecutive time steps: displacements greater than this threshold are 

labeled “1” and those less than this threshold are labeled “0.” This process converts 

trajectories into strings of ones and zeroes. We then calculate the distribution of the 

immobile (consecutive zeros, 𝜏im) and mobile (consecutive ones, 𝜏mob) steps for each 

trajectory. For nanoparticles in glycerol/water the ensemble-aggregated distributions of 

mobile and immobile steps each follow an exponential decay independent of the 

confinement imparted by the porous structure (Figure 3.12a,b).  

The distribution of mobile steps in non-Newtonian HPAM also follows an 

exponential decay, independent of confinement (Figure 3.12c). The distribution of 

immobile times, however, deviates from an exponential decay when the nanoparticles are 

confined within a porous medium; instead, this distribution exhibits an extended power-

law tail with an exponent of ~3 (Figure 3.12d). A power law distribution was also 

observed in the waiting time distribution of polymer molecules diffusing near a surface, 

with an exponent between 1.6 and 2.5.47,48 In this scenario the power-law distributions 

were attributed to very heterogeneous surface diffusion;47,48,208 in turn, increases in the 

heterogeneity of surface diffusion broadened the spectrum of binding energies and hence 

led to a smaller power law exponent.32 By analogy, we suggest that the temporarily 



 

 
 

68 

immobilized particles in our experiments may also experience a spectrum of binding 

energies, corresponding to different environments within our packed beds.  

 

Figure 3.12 Probability density function of mobile (top row) and immobile (bottom row) times for 
nanoparticles diffusing in (a, b) glycerol/water and (c,d) HPAM. Symbols represent different 
media: free diffusion in solution (purple circle), confined diffusion in porous media with bead 
diameter of 30 µm (blue square), 10 µm (red triangle), and 5 µm (yellow diamond). 

 

The power law exponent of nanoparticles diffusing in polymer solutions through packed 

beds (~3) is greater than previously reported exponents, suggesting that the diffusive 

dynamics of particles in polymer solution within porous media are less heterogeneous 
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than those of the polymer molecules diffusing near a surface. Indeed, not all particles 

encounter the surface over the duration of an experiment and hence the diffusion of 

particles near a surface may be expected to be less heterogeneous than that of the 

polymers. 

To determine the effects of hydrodynamic screening and temporary adsorption on 

the confined mobility of nanoparticles, we eliminate immobile steps from particle 

trajectories. Explicitly, we remove immobile particles if the duration of the immobile step 

is greater than three consecutive time steps (1.5 sec). When the immobile steps are 

removed, the MSD of mobile particles in confined media approaches that of free 

diffusion in both Newtonian and non-Newtonian solutions (Figure 3.13). Furthermore, 

the relative diffusion coefficient (𝐷/𝐷!) extracted from the long-time Fickian diffusion is 

nearly independent of the confinement parameter (Figure 3.13, inset).  

 
Figure 3.13 Mean square displacement of mobile particles as a function of lag time in (a) glycerol/water 

mixture (90 w/w%) and (b) HPAM solution (0.1 w/w%). The inset in each panel shows long 
time diffusion coefficient as a function of confinement length for all time step (black circle) 
and mobile time steps (gray triangle).  
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The MSD of mobile particles in glycerol/water solution is almost identical in for the 

different porous media. This result suggests that hydrodynamic interactions with nearby 

surfaces generate the slowing of diffusion in Newtonian glycerol/water. When 

hydrodynamic interactions are removed, mobility is fully recovered. By contrast, in 

HPAM solution the diffusion of mobile particles at the smallest porous bed (𝑑! = 5𝜇m) 

is slightly faster than free diffusion on the shortest time scales. This result is consistent 

with the anomalously large tails in the distribution of displacements of particles in strong 

confinement (Figure 3c and d). Local inhomogeneities in the concentration of HPAM, 

whether due to adsorption of polymer molecules onto the surface of glass beads or to 

hindered transport of the high-molecular-weight polymer into highly confined pores, may 

generate the anomalous tails and hence the faster-than-expected local diffusion of the 

particles.  

3.4 Conclusion  

We separate the effects of disordered spatial confinement and solution 

viscoelasticity on diffusive mobility of nanoparticles. Diffusive mobility decreases as 

particles in both Newtonian and non-Newtonian solutions are increasingly confined.  In 

both Newtonian and non-Newtonian solutions, hydrodynamic interactions generate 

slowing of diffusive mobility with increasing confinement by the packed beds. The 

disordered and heterogeneous geometrical structure of the porous media leads to greater 

decreases in particle diffusivity compared to that measured in ordered structures with 

comparable pore size. In the non-Newtonian solution, an additional driving mechanism 
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related to immobilization of the particles on the bed surface also leads to slowing of 

diffusion; this immobilization, in turn, arises from temporary adsorption of the particles 

onto the surface of glass beads. This feature suggests that presence of the long-chain 

polymer molecules alters the pore scale mobility of the particles due to depletion 

interactions. Mobility of nanoparticles in HPAM solution through porous media is 

therefore not only controlled by the hydrodynamic interactions, but also by depletion 

interaction resulting adsorption-desorption process. Our methods thus allow sensitive 

tests of different mechanisms slowing diffusion; distinct effects arising from polymers as 

opposed to confinement. 
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Chapter 4 

Note: The material in this chapter has been submitted for publication. 

4.0    Nanoparticle dispersion in disordered porous media 

through Newtonian and non-Newtonian solutions  

Control over transport of nanoparticles in non-Newtonian solutions flowed through 

highly confined porous media is required to deliver drugs and diagnostics,209 to safely 

produce hydrocarbons,13 and to process polymer nanocomposites.210,211 Whereas in 

Newtonian fluids the long-time spreading of particles flowed at high shear rates through a 

porous medium is controlled by mechanical mixing of the fluid stream,104,212 the effects 

of viscoelasticity arising in confined flows of non-Newtonian fluids115,117,213–217 on 

microscopic particle flow profiles and on macroscale particle transport remains poorly 

understood. Here we show across a range of flow rates and packed bed configurations 

that the long-time transport coefficients of nanoparticles flowed in a Newtonian fluid and 

in a non-Newtonian shear-thinning polymer solution collapse onto scaling curves, 

independent of the fluid rheology. Thus non-Newtonian fluid characteristics do not 

impact nanoparticle dispersion through disordered porous media. 

4.1 Introduction 

In Newtonian fluids flowed through a disordered porous medium, molecular 

diffusive processes control the long-time (asymptotic) dispersion of tracer particles in 

both the axial and transvers directions when advection is weak compared to diffusion; 
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similarly, advective processes due to the stochastic velocity field control dispersion in the 

opposite limit.104,212 The disordered structure of the medium generates uniform mixing, 

enabling the tracers to sample all positions within the bed.212 The pore-scale velocity 

profiles reflect the spatial heterogeneity of the medium109 but do not affect long-time 

dispersion in the mechanically-mixed regime.218 The importance of uniform mixing is 

emphasized through comparisons to structured porous media, in which particles can 

exhibit deterministic trajectories219,220 and local coupling between diffusive and advective 

transport on short time and length scales alters dispersion.120  

In non-Newtonian fluids additional mechanisms that may affect particle dispersion 

arise from the interplay of the fluid rheology and spatial confinement within a disordered 

pore network. The converging-diverging pore structure imposes deformations that 

typically include both shear and elongational components, thus generating complex 

flows.110 When the rate of shear-imposed deformation 𝛾 is less than the characteristic 

relaxation rate 1/λ of the fluid, as quantified by the Weissenberg number 𝑊𝑖 = 𝜆𝛾 < 1, 

Darcy’s law can be used with the time-dependent effective viscosity of the non-

Newtonian fluid. At higher shear rates, however, the pressure gradient increases 

nonlinearly with the flow velocity, with contrasting effects reported for the flow 

characteristics of non-Newtonian fluids. On one hand, nonlinearities arising in the flow of 

a non-Newtonian fluid through narrow pores can manifest as elastic instabilities, e.g. 

around confined cylinders,115,213 as irreversible nanogel formation,117,214 or as elastic 

turbulence;215–217 here microscale confinement couples to the non-Newtonian fluid 

response to enhance velocity and stress fluctuations. On the other hand, at sufficiently 
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high shear rates flow through a porous medium can break the non-Newtonian fluid 

characteristics of a yield-stress fluid;118,119 here the deformation imposed by the pore 

network effectively averages out the non-Newtonian properties of the fluid. Which of 

these effects governs the dispersion of nanoparticles that are suspended in non-

Newtonian shear-thinning fluids and flowed through disordered porous media remains 

unknown. 

4.2 Materials and methods 

 Preparation of nanoparticles-solution dispersions 4.2.1

 Fluoro-Max dyed red aqueous fluorescent polystyrene nanoparticles of diameter dNP 

= 400 nm at concentration of 1 wt % were purchased from Thermo Fisher Scientific. 

Hydrolyzed polyacrylamide (HPAM) polymer of weight- averaged molecular weight 

(Mw) of 8,000,000 Da (FLOPAAM 3330) was provided by SNF. The degree of 

hydrolysis was 25-30% as reported by the manufacturer. An aqueous solution of HPAM 

in deionized water with concentration of cHPAM=0.1 wt % was prepared. We also 

prepared a glycerol/water mixture at concentration 90 wt % of glycerol (G90). 

Polystyrene nanoparticles were added to HPAM solution, G90 solution, and deionized 

water at concentration of 2×10-3 wt %. The nanoparticle-solution dispersions were then 

tumbled on a roll mill for 6-24 hours to make homogeneous dispersions.  
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 Fabrication and characterization of porous media 4.2.2

 Borosilicate capillary cells with square cross-section, inner side length of 0.7 mm, 

wall thickness of 0.14 mm, and length of 5 cm were purchased from VitroCom. 

Borosilicate glass microspheres with diameter of 5.4±0.3 µm and 10.0±1.0  µm and soda 

lime glass microspheres with diameter of 30.1±1.1 µm were purchased from Thermo-

Scientific. The square capillary was filled with mono-dispersed glass particles to fabricate 

a 3D porous medium with length of 5 mm. The glass particles were slightly sintered to 

remain stationary in the channel. The schematic of flow cell is shown in Figure 4.1. 

 

Figure 4.1 Schematic illustration of the microchannel flow experiments:221 the microchannel is connected 
to a syringe pump using PTFE (Teflon) tubing. The schematic is inverted compared to the 
experimental setup, which is held on an inverted microscope. The packed bed has 5 mm length 
and porosity of 35%. 

 
To characterize the beds, we acquired two-dimensional images of the beds using 

confocal microscopy. The beds were previously filled with Rhodamine dye suspended in 

a matched refractive index solution. Table 4.1 shows average porosity  𝜑, average pore 

size 𝑑!"#$, and average confinement length 𝑙! of the beds. Both ends of the square 

capillary were attached to PTFE tubing with inner diameter of 1 mm. A syringe pump 

working at constant displacement is connected to the tubing to feed the capillary.  



 

 
 

76 

 Characterization of pore and throat size of porous media 4.2.3

To visualize the bed structure, we suspended Rhodamine-B solution in a mixture of 

carbon disulfide (n=1.63) and ethanol (n=1.36). The amount of each mixture component 

is selected to match the refractive index of soda lime (n=1.52) or borosilicate (n=1.56) 

glass beads. Bed structure is characterized as reported in Chapter 3. Table 4.1 shows the 

average porosity, pore size (chord length), and confinement length (minimum chord 

length) of the porous media with different bead diameters.  

 
Table 4.1 Average porosity, pore size (chord length), and confinement length (minimum chord length) of 

the porous media with bead diameters of 5.4 µm, 10 µm, and 30 µm. 
 

Bead diameter 
(µm) Porosity 𝒍𝒄𝒉𝒐𝒓𝒅  (µm) 𝒍𝒄𝒉𝒐𝒓𝒅,𝒎𝒊𝒏  (µm) 
5.4 0.36±0.07 4.36±0.83 2.68±0.73 
10 0.34±0.06 6.37±1.14 3.74±0.97 
30 0.34±0.06 14.73±2.60 8.01±1.10 

 

 Rheology of hydrolyzed polyacrylamide solution  4.2.4

The viscosity of the HPAM solution was measured using an ARES rheometer 

equipped with a double Couette geometry (inner diameter of 32 mm and outer diameter 

of 34 mm). We calculated the complex viscosity 𝜂∗ 𝜔 = 𝐺!" 𝜔 + 𝐺!!"(𝜔) !/!/𝜔 as a 

function of angular frequency as described in Chapter 3. Shear thinning behavior of 

viscosity is modeled using a power law function as 

𝜂∗ = 𝑘𝜔!!!  , 4-2 
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where 𝑘= 0.62 and 𝑛= 0.36 are the fitting parameters. Polymer relaxation time, 

𝜆 = 15  𝑠𝑒𝑐, is extracted from the bulk rheology at low frequencies when the viscosity 

approaches a constant. 

 Imaging of nanoparticles through porous media 4.2.5

Samples were imaged using a SP8 Leica inverted confocal microscope equipped 

with a 40x immersion oil lens with numerical aperture (NA) of 1.30. We acquired 6000 

frames at 110 frames per second (fps) with a pixel size of 0.284 µm and size of 

145.31×36.11 µm2. We took multiple movies of each sample at nine different x-y 

locations, but constant z position and varying flow rates (Q= 5, 10, 15, and 20 µl/hr). The 

x-y locations were kept constant at different flow rates. 

  Tracking of nanoparticles through porous media 4.2.6

 Single particle tracking algorithm121 was applied to locate and track nanoparticles 

over time. Particle trajectories were then used to calculate the velocity of nanoparticles 

along and transverse the flow direction.  

4.3 Dimensionless numbers  

In this section we calculate dimensionless numbers that are important in flow 

through porous media. The Deborah number De, the ratio of polymer relaxation time to 

the residences time of the nanoparticles and the Weissenberg number Wi, the ratio of the 

viscous forces to the elastic forces, are specifically defined for flow of elastic fluids 

through porous media. The Deborah and Weissenberg numbers are calculated as 
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𝐷𝑒 =
𝜆
𝑡!"

=
𝜆𝑣!"#
𝑟!

  𝑎𝑛𝑑 
4-3 

𝑊𝑖 = 𝜆𝛾 =
𝜆𝑣!"#
𝑙!

  , 
4-4 

 
where 𝜆 is the polymer relaxation time, 𝑡!" is the residence time of the nanoparticles, 

𝑣!"# is the average velocity of the nanoparticles, 𝑟! is the characteristic radius of 

curvature of the streamlines (𝑑!/2), 𝛾 is the characteristic shear rate, and 𝑙! is the 

confinement length of the porous media.115,213,222  

Table 4.2 De numbers of nanoparticles in HPAM flowed through porous media with bead diameters of 5.4, 
10, and 30 µm at flow rates of 5 – 20 µl/hr. 

Bead size db (µm) Flow Rate Q (µm/sec) 
5 10 15 20 

5.4 88.54 117.40 161.91 228.28 
10 42.43 79.89 118.62 165.61 
30 11.44 16.11 26.10 34.68 

 
 
Table 4.3 Wi numbers of nanoparticles in HPAM flowed through porous media with bead diameters of 5.4, 

10, and 30 µm at flow rates of 5 – 20 µl/hr. 

Bead size db (µm) Flow Rate Q (µm/sec) 
5 10 15 20 

5.4 89.5 118.7 163.7 230.8 
10 56.9 107.1 159.0 222.0 
30 21.5 30.3 49.1 65.2 

 
 The Reynolds number Re is the ratio of inertial forces to viscous forces. For 

Newtonian solutions flowed through porous media the Reynolds number is calculated as 

𝑅𝑒 =
𝜌𝑉!𝑑!
𝜂(1− 𝜑)  , 

4-5 

where 𝜑 is the bed porosity, 𝑑! is the diameter of glass beads, 𝑉! ≈ 𝜑𝑣avg is the 

superficial velocity, 𝜌 is the fluid density of, and 𝜂 is the fluid viscosity. For non-
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Newtonian power-law fluids flowed through porous media the Reynolds number is 

calculated as 

𝑅𝑒 =
𝜌𝑉!!!!𝑑!
𝜓(1− 𝜑)  , 

4-6 

where 𝜓 = !
!"
(9+ !

!
)!)(150𝑠𝜑)(!!!)/!, 𝑛 and 𝑘 are the exponent and pre-factor of the 

power-law that describes the shear dependence of the viscosity, and 𝑠 = !!!

!"#
!!

(!!!)!
 is the 

permeability of the porous bed.223  

Table 4.4  Re numbers ×106 of nanoparticles in HPAM flowed through porous media with bead diameters 
of 5.4, 10, and 30 µm at flow rates of 5 – 20 µl/hr. 

Bead size db (µm) Flow Rate Q (µm/sec) 
5 10 15 20 

5.4 0.93 1.50 2.54 4.46 
10 0.94 2.65 5.07 8.75 
30 1.01 1.77 3.90 6.21 

 
Table 4.5  Re numbers ×106 of nanoparticles in glycerol/water flowing through porous media with bead 

diameters of 5.4, 10, and 30 µm at flow rates of 5 – 20 µl/hr. 

Bead size db (µm) Flow Rate Q (µm/sec) 
5 10 15 20 

5.4 0.36 0.46 0.73 0.98 
10 0.65 1.35 1.80 2.52 
30 2.48 4.00 5.15 7.03 

 
 
Table 4.6  Re numbers ×106 of nanoparticles in water flowing through porous media with bead diameters 

of  5.4, 10, and 30 µm at flow rates of 5 – 20 µl/hr. 

Bead size db (µm) Flow Rate Q (µm/sec) 
5 10 15 20 

5.4 50.90 74.30 99.72 125.11 
10 93.07 163.50 196.05 268.71 
30 321.42 542.37 716.59 848.63 

 
The Péclet number Pe, the ratio of convective transport to diffusive transport, is 

calculated as 
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𝑃𝑒 = !avg!!
!!

 , 4-7 

where 𝐷! is the quiescent diffusion coefficient of the nanoparticles in different porous 

media. 

Table 4.7  Pe numbers ×10-2 of nanoparticles in HPAM flowed through porous media with bead diameters 
of 5.4, 10, and 30 µm at varying flow rates of 5 – 20 µl/hr. 

Bead size db (µm) Flow Rate Q (µm/sec) 
5 10 15 20 

5.4 265.96 352.64 486.33 685.70 
10 277.64 522.79 776.22 1083.73 
30 340.15 479.01 776.02 1030.87 

 
 
Table 4.8  Pe numbers ×10-2 of nanoparticles in glycerol/water flowed through porous media with bead 

diameters of 5.4, 10, and 30 µm at flow rates of 5 – 20 µl/hr. 

Bead size db (µm) Flow Rate Q (µm/sec) 
5 10 15 20 

5.4 46.74 68.23 91.57 114.88 
10 70.48 123.82 148.47 203.49 
30 166.38 280.75 370.94 439.29 

 
 
Table 4.9  Pe numbers ×10-2 of nanoparticles in water flowed through porous media with bead diameters of 

5.4, 10, and 30 µm at flow rates of 5 – 20 µl/hr. 

Bead size db (µm) Flow Rate Q (µm/sec) 
5 10 15 20 

5.4 0.80 1.17 1.58 1.98 
10 1.18 2.08 2.49 3.41 
30 1.82 3.07 4.06 4.81 

 

4.4 Results and discussion  

To determine the effect of non-Newtonian flow properties on the transport of 

nanoparticles in highly confined media, we formulated two solutions: a non-Newtonian 

polymer solution, consisting of 0.1 wt% partially hydrolyzed polyacrylamide (HPAM) of 
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weight-averaged molecular weight Mw = 8 000 000, and a Newtonian 90-10 w/w mixture 

of glycerol and water. The HPAM solution is strongly shear-thinning. Its viscosity at zero 

shear rate [2.7 Pa-s] is somewhat larger than that of the glycerol/water mixture [0.11 Pa-

s]; at a shear rate of 𝛾 ≈ 1.6 s-1, however, its viscosity equals that of the glycerol/water 

mixture.22 Fluorescent polystyrene nanoparticles were added to both solutions at a 

concentration of 2 × 10-3 wt % and tumbled on a roll mill for up to 24 hours to ensure that 

the particles were uniformly dispersed. Borosilicate microcapillary cells of inner side 

length 0.7 mm and length of 5 cm were packed with one of three different sizes of beads: 

borosilicate glass microspheres of diameter 5.4 ± 0.3 µm or 10.0 ± 1.0 µm or soda lime 

glass microspheres of diameter 30.1 ± 1.1 µm. After sintering, the average porosity ϕ, 

average pore size dpore, and average confinement length lc of the beds were characterized 

using two-dimensional confocal microscopy. Particles suspended in HPAM solutions, in 

glycerol/water, and in deionized water were flowed through the beds, imaged with high-

speed confocal microscopy at 110 frames/sec, and tracked over time using standard 

algorithms.121 By varying the flow rate from 5 to 20 µL/hr (accessing in different fluids 

Péclet numbers of 2 × 101 < Pe < 3 × 105), we accessed flows in the coupled diffusion-

advection (6 < Pe < 72) and mechanically-mixed (Pe > 72) regimes.104  

 For a given fluid, the microscopic flow profiles do not depend on the bed 

geometry (Figure 4.2⎯Figure 4.5). At a fixed bulk flow rate, the longitudinal (x) and 

transverse (y) distributions of velocity for nanoparticles flowing through beds of varying 

bead size in Newtonian (Figure 4.2⎯Figure 4.5d,e) and non-Newtonian (Figure 
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4.2⎯Figure 4.5f,g), after normalizing by the average bulk flow velocity vavg, collapse 

onto separate scaling curves. Each longitudinal velocity distribution 𝐺(𝑣!/𝑣avg) has an 

exponentially-stretched positive tail, consistent with earlier measurements of non-

Gaussian velocity distributions from simulation97 and experiment;109,224 each transverse 

velocity distribution 𝐺(𝑣!/𝑣avg) is non-Gaussian yet symmetric about zero, indicating 

that particle mobility does not have a preferred direction perpendicular to the bulk flow.  

Figure 4.2 shows dependence of normalized velocity distributions on pore size for 

Newtonian and for non-Newtonian solutions: (a-c) trajectories of nanoparticles 

transported through porous beds with bead diameter (𝑑!) of (a) 5 µm, (b) 10 µm, or (c) 

30 µm at an inlet flow rate of 5 µl/hr. Colors indicate the velocity along the flow 

direction (vx): (d-g) normalized distributions of longitudinal [𝐺(𝑣!/𝑣avg)] and transverse 

[𝐺(𝑣!/𝑣avg)] velocities for nanoparticles transported in (d, e) a glycerol/water mixture 

(90 w/w%) and (f, g) an HPAM solution (0.1 w/w%) at inlet flow rate of 5 µl/hr through 

a porous bed with bead diameter of 5 µm (gold circle), 10 µm (blue square), or 30 µm 

(red triangle). The bead diameter and pore size do not affect the normalized distributions 

of nanoparticle velocities for Newtonian or for non-Newtonian fluids. 
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Figure 4.2 Dependence of normalized velocity distributions on pore size for Newtonian and for non-

Newtonian solutions transported through porous beds with varying bead diameters at an inlet 
flow rate of 5 µl/hr.  

 
Figure 4.3 illustrates dependence of normalized velocity distributions on pore size 

for Newtonian and for non-Newtonian solutions: (a-c) trajectories of nanoparticles 

transported through porous beds with bead diameter (𝑑!) of (a) 5 µm, (b) 10 µm, or (c) 

30 µm at an inlet flow rate of 10 µl/hr. Colors indicate the velocity along the flow 

direction (vx): (d-g) normalized distributions of longitudinal [𝐺(𝑣!/𝑣avg)] and transverse 

[𝐺(𝑣!/𝑣avg)] velocities for nanoparticles transported in (d, e) a glycerol/water mixture 

(90 w/w%) and (f, g) an HPAM solution (0.1 w/w%) at inlet flow rate of 10 µl/hr through 

a porous bed with bead diameter of 5 µm (gold circle), 10 µm (blue square), or 30 µm 

(red triangle). The bead diameter and pore size do not affect the normalized distributions 

of nanoparticle velocities for Newtonian or for non-Newtonian fluids. 
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Figure 4.3 Dependence of normalized velocity distributions on pore size for Newtonian and for non-
Newtonian solutions transported through porous beds with varying bead diameters at an inlet 
flow rate of 10 µl/hr. 

 
Figure 4.4 represents dependence of normalized velocity distributions on pore size 

for Newtonian and for non-Newtonian solutions: (a-c) trajectories of nanoparticles 

transported through porous beds with bead diameter (𝑑!) of (a) 5 µm, (b) 10 µm, or (c) 

30 µm at an inlet flow rate of 15 µl/hr. Colors indicate the velocity along the flow 

direction (vx): (d-g) normalized distributions of longitudinal [𝐺(𝑣!/𝑣avg)] and transverse 

[𝐺(𝑣!/𝑣avg)] velocities for nanoparticles transported in (d, e) a glycerol/water mixture 

(90 w/w%) and (f, g) an HPAM solution (0.1 w/w%) at inlet flow rate of 15 µl/hr through 

a porous bed with bead diameter of 5 µm (gold circle), 10 µm (blue square), or 30 µm 

(red triangle). The bead diameter and pore size do not affect the normalized distributions 

of nanoparticle velocities for Newtonian or for non-Newtonian fluids. 
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Figure 4.4 Dependence of normalized velocity distributions on pore size for Newtonian and for non-
Newtonian solutions transported through porous beds with varying bead diameters at an inlet 
flow rate of 15 µl/hr. 

 
 

Figure 4.5 demonstrates dependence of normalized velocity distributions on pore 

size for Newtonian and for non-Newtonian solutions: (a-c) trajectories of nanoparticles 

transported through porous beds with bead diameter (𝑑!) of (a) 5 µm, (b) 10 µm, or (c) 

30 µm at an inlet flow rate of 20 µl/hr. Colors indicate the velocity along the flow 

direction (vx): (d-g) normalized distributions of longitudinal [𝐺(𝑣!/𝑣avg)] and transverse 

[𝐺(𝑣!/𝑣avg)] velocities for nanoparticles transported in (d, e) a glycerol/water mixture 

(90 w/w%) and f, g) an HPAM solution (0.1 w/w%) at inlet flow rate of 20 µl/hr through 

a porous bed with bead diameter of 5 µm (gold circle), 10 µm (blue square), or 30 µm 

(red triangle). The bead diameter and pore size do not affect the normalized distributions 

of nanoparticle velocities for Newtonian or for non-Newtonian fluids. 
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Figure 4.5 Dependence of normalized velocity distributions on pore size for Newtonian and for non-
Newtonian solutions transported through porous beds with varying bead diameters at an inlet 
flow rate of 20 µl/hr.  

 
 

Similarly, the microscopic velocity distributions for the Newtonian and for the non-

Newtonian fluid are independent of the bulk flow rate for a fixed bead size (Figure 

4.6⎯Figure 4.8). 

Figure 4.6 illustrates dependence of normalized velocity distributions on flow rate 

for Newtonian and for non-Newtonian solutions: (a-d) trajectories of nanoparticles 

transported through porous beds with bead diameter of 5 µm at bulk flow rates of (a) 5, 

(b) 10, (c) 15, and (d) 20 µl/hr. Colors represent velocity variation along the flow 

direction (vx): (e-h) normalized distributions of longitudinal [𝐺(𝑣!/𝑣avg)] and transverse 

[𝐺(𝑣!/𝑣avg)] velocities for nanoparticles in (e, f) a glycerol/water mixture (90 w/w%) and 

(g, h) an HPAM solution (0.1 w/w%) at an inlet flow rate of 5 (purple circle), 10 (blue 

square), 15 (red triangle), or 20 (gold diamond) µl/hr through a porous bed with bead 
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diameter of 5 µm. The inlet flow rate does not affect the normalized distributions of 

nanoparticle velocities for Newtonian or for non-Newtonian fluids. 

 

 

Figure 4.6 Dependence of normalized velocity distributions on flow rate for Newtonian and for non-
Newtonian solutions transported through porous beds with bead diameter of 5 µm at bulk flow 
rates of 5 – 20 µl/hr.  

 
Figure 4.7 represents dependence of normalized velocity distributions on flow rate 

for Newtonian and for non-Newtonian solutions: (a-d) trajectories of nanoparticles 

transported through porous beds with bead diameter of 10 µm at bulk flow rates of (a) 5, 

(b) 10, (c) 15, and (d) 20 µl/hr. Colors represent velocity variation along the flow 

direction (vx): (e-h) normalized distributions of longitudinal [𝐺(𝑣!/𝑣avg)] and transverse 

[𝐺(𝑣!/𝑣avg)] velocities for nanoparticles in (e, f) a glycerol/water mixture (90 w/w%) and 

(g, h) an HPAM solution (0.1 w/w%) at an inlet flow rate of 5 (purple circle), 10 (blue 

square), 15 (red triangle), or 20 (gold diamond) µl/hr through a porous bed with bead 
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diameter of 10 µm. The inlet flow rate does not affect the normalized distributions of 

nanoparticle velocities for Newtonian or for non-Newtonian fluids. 

 

 

Figure 4.7 Dependence of normalized velocity distributions on flow rate for Newtonian and for non-
Newtonian solutions transported through porous beds with bead diameter of 10 µm at bulk 
flow rates of 5 – 20 µl/hr. 

 
Figure 4.8 shows dependence of normalized velocity distributions on flow rate for 

Newtonian and for non-Newtonian solutions: (a-d) trajectories of nanoparticles 

transported through porous beds with bead diameter of 30 µm at bulk flow rates of (a) 5, 

(b) 10, (c) 15, and (d) 20 µl/hr. Colors represent velocity variation along the flow 

direction (vx): (e-h) normalized distributions of longitudinal [𝐺(𝑣!/𝑣avg)] and transverse 

[𝐺(𝑣!/𝑣avg)] velocities for nanoparticles in (e, f) a glycerol/water mixture (90 w/w%) and 

(g, h) an HPAM solution (0.1 w/w%) at an inlet flow rate of 5 (purple circle), 10 (blue 

square), 15 (red triangle), or 20 (gold diamond) µl/hr through a porous bed with bead 
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diameter of 30 µm. The inlet flow rate does not affect the normalized distributions of 

nanoparticle velocities for Newtonian or for non-Newtonian fluids.  

 

 

Figure 4.8 Dependence of normalized velocity distributions on flow rate for Newtonian and for non-
Newtonian solutions transported through porous beds with bead diameter of 30 µm at bulk 
flow rates of 5 – 20 µl/hr. 

 

The scaling curves for Newtonian glycerol/water and non-Newtonian HPAM 

solutions can be superimposed for modest normalized velocities but diverge for larger 

velocities (Figure 4.9), where elastic instabilities can enhance fluctuations in the 

velocity.217 
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Figure 4.9 Normalized longitudinal (top row) and transverse (bottom row) velocity distributions for 
nanoparticles flowed in glycerol/water (red) and in HPAM (blue) at inlet flow rates of 5 µl/hr 
(line), 10 µl/hr (dotted line), 15 µl/hr (dashed-dotted line), and 20 µl/hr (dashed line) through 
porous media with bead diameters of (a,b) 5.4 µm, (c,d) 10 µm, and (e,f) 30 µm.  

  

To connect the microscopic velocity distributions to macroscopic dispersion, we 

calculate the time-dependent longitudinal dispersion coefficients89 as 𝐷! 𝑡 = !
!
!!!

!

!"
=

∫ 𝐶! 𝑡! 𝑑𝑡′, where 𝐶!(𝑡) is the autocovariance of the nanoparticle velocity 𝑣! 𝑡  along 

the flow direction (x), given by 𝐶!(𝑡) = 𝑣!,! 𝑡 − 𝑣! 𝑣!,! 0 − 𝑣!!
!!!   , and 𝜎!!(𝑡) 

is the second moment of the longitudinal particle displacements; the time-dependent 

transverse dispersion coefficient is similarly defined. We normalize 𝐷!(𝑡) and 𝐷!(𝑡) by 

the quiescent diffusivity of the nanoparticles in the background solution, 𝐷!, and the lag 
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time by the characteristic convective time scale, 𝑑!/𝑣avg. On short time scales, both 

𝐷!/𝐷! and 𝐷!/𝐷! increase with dimensionless time 𝜏 = 𝑡𝑣avg/𝑑! as the particles are 

advected and mixed by the flow in the porous medium (Figure 4.10⎯Figure 4.12), 

consistent with the idea that the fluid rheology affects the local flow behavior.218 Both 

ratios initially increase as power laws with 𝜏. On long time scales, 𝐷!/𝐷! and 𝐷!/𝐷! are 

expected to approach an asymptotic limiting value if the time domain of the correlation is 

smaller than the residence time in the porous medium. For longitudinal dispersion this 

time scale is set by convection and is typically 5 < 𝜏 < 10 [refs89,225]. The time 

corresponding to maximum longitudinal dispersion decreases approximately linearly with 

increasing bead diameter (Figure 4.10⎯Figure 4.12). Transverse dispersion approaches a 

local maximum at a normalized time of 𝜏 ≈ 0.4 and decreases slightly on longer time 

scales, approximately independent of the flow rate and bead diameter (Figure 

4.10⎯Figure 4.12); the slight decrease on longer times reflects contributions from the 

slowest particles in strong confinement.226 The timescale is in reasonable agreement with 

the asymptotic prediction,212 𝜏 >    1− 𝜑 ≈ 0.8, calculated using the average bed 

porosity 𝜑 ≈ 0.35 for different beds. 

Figure 4.10 illustrates time dependent dispersion of nanoparticles in Newtonian and 

non-Newtonian solutions: normalized longitudinal (𝐷!/𝐷!, a and c) and transverse 

(𝐷!/𝐷!, b and d) dispersions of nanoparticles in (a, b) a glycerol/water mixture (90 

w/w%) and (c, d) a HPAM solution (0.1 w/w%) as a function of normalized lag time 

(𝜏 = 𝑡𝑣!"#/𝑑!) through a porous bed with bead diameter of 5 µm. Colors indicate 
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different flow rates: 5 µl/hr (purple), 10 µl/hr (blue), and 15 µl/hr (red), and 20 µl/hr 

(gold). Open symbols indicate Newtonian fluids (glycerol/water mixture) and closed 

symbols indicate non-Newtonian solutions (HPAM). The insets in each panel show the 

same data on linear axes. 

 

 

Figure 4.10  Normalized longitudinal (a and c) and transverse (b and d) dispersions of nanoparticles in (a, 
b) a glycerol/water and (c, d) a HPAM as a function of normalized lag time through a porous 
bed with bead diameter of 5 µm.  

 
Figure 4.11 shows time dependent dispersion of nanoparticles in Newtonian and 

non-Newtonian solutions: normalized longitudinal (𝐷!/𝐷!, a and c) and transverse 

(𝐷!/𝐷!, b and d) dispersions of nanoparticles in (a, b) a glycerol/water mixture (90 
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w/w%) and (c, d) a HPAM solution (0.1 w/w%) as a function of normalized lag time 

(𝜏 = 𝑡𝑣!"#/𝑑!) through a porous bed with bead diameter of 10 µm. Colors indicate 

different flow rates: 5 µl/hr (purple), 10 µl/hr (blue), and 15 µl/hr (red), and 20 µl/hr 

(gold). Open symbols indicate Newtonian fluids (glycerol/water mixture) and closed 

symbols indicate non-Newtonian solutions (HPAM). The insets in each panel show the 

same data on linear axes. 

 

 

Figure 4.11. Normalized longitudinal (a and c) and transverse (b and d) dispersions of nanoparticles in (a, 
b) a glycerol/water and (c, d) a HPAM as a function of normalized lag time through a porous 
bed with bead diameter of 10 µm.  
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Figure 4.12  Normalized longitudinal (a and c) and transverse (b and d) dispersions of nanoparticles in (a, 
b) a glycerol/water and (c, d) a HPAM as a function of normalized lag time through a porous 
bed with bead diameter of 30 µm.  

 
Figure 4.12 represents time dependent dispersion of nanoparticles in Newtonian and 

non-Newtonian solutions: normalized longitudinal (𝐷!/𝐷!, a and c) and transverse 

(𝐷!/𝐷!, b and d) dispersions of nanoparticles in (a, b) a glycerol/water mixture (90 

w/w%) and (c, d) a HPAM solution (0.1 w/w%) as a function of normalized lag time 

(𝜏 = 𝑡𝑣!"#/𝑑!) through a porous bed with bead diameter of 30 µm. Colors indicate 

different flow rates: 5 µl/hr (purple), 10 µl/hr (blue), and 15 µl/hr (red), and 20 µl/hr 

(gold). Open symbols indicate Newtonian fluids (glycerol/water mixture) and closed 
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symbols indicate non-Newtonian solutions (HPAM). The insets in each panel show the 

same data on linear axes. 

From the limiting values of the dispersion ratios, we extract the long-time 

asymptotic dispersion coefficients. Across the range of bed particle diameters and flow 

rates accessed here, the normalized longitudinal and transverse dispersion coefficients 

collapse onto master curves (Figure 4.13) as a function of the Péclet number Pe =

𝑣avg𝑙!/𝐷! (Table 4.7⎯Table 4.9). The scaling collapse across different bead diameters 

and flow rates for a given fluid supports the microscopic definitions of 𝐷!, 𝐷!, and Pe 

employed here. The surprising scaling collapse across different fluids indicates that the 

non-Newtonian characteristics of the polymer solution do not affect the dispersion of 

nanoparticles flowed through disordered media. 𝐷!/𝐷! and 𝐷!/𝐷! scale linearly with Pe, 

consistent with earlier results across a similar range of Pe in random porous media. The 

ratio of the longitudinal and transverse dispersion coefficients 𝐷!/𝐷! varies between 1 

and 10. For the largest bead size (𝑑! ≈ 30 µm) 𝐷!/𝐷! is approximately unity, showing 

that the particles uniformly disperse in all directions; as the bed particle diameter is 

decreased 𝐷!/𝐷! increases slightly, consistent with preferential transport along the 

longitudinal direction enhanced by confinement.120  

Figure 4.13 shows (a) normalized longitudinal dispersion coefficient (𝐷!/𝐷!) and 

(b) normalized transverse dispersion coefficient (𝐷!/𝐷!) of nanoparticles in water, 

glycerol/water mixture (90 w/w%), and HPAM solution (0.1 w/w%) as a function of 

Péclet number Pe = 𝑣avg𝑙!/𝐷!, where the characteristic length scale is taken as the 
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average void size 𝑙!. Dashed line indicates a linear fit: (c) ratio of longitudinal and 

transverse dispersions (𝐷!/𝐷!) as a function of Pe. Colors indicate the flow rate: (purple) 

5, (blue) 10, (red) 15, or (gold) 20µl/hr. Symbols indicate the bead diameter: (circle) 5 

µm, (square) 10 µm, or (triangle) 30µm. Open symbols indicate Newtonian fluids 

(glycerol/water mixture or water) and closed symbols indicate non-Newtonian solutions 

(HPAM). 

 

 

Figure 4.13 (a) Normalized longitudinal dispersion coefficient and (b) normalized transverse dispersion 
coefficient of nanoparticles in water, glycerol/water, and HPAM as a function of Péclet 
number, (c) Ratio of longitudinal and transverse dispersions as a function of Pe.  

 

 Non-Newtonian characteristics of the fluids do not affect asymptotic dispersion in 

the mechanically-mixed regime. On shorter time scales, however, differences in the 

approach to asymptotic dispersion arise from differences in the shear-rate-dependent fluid 

response. We fit power-laws to the short-time limit in Figure 4.10⎯Figure 4.12 (i.e. 

𝐷! ∼ 𝜏!!   and 𝐷! ∼ 𝜏!!) and extract the exponents 𝛽! and 𝛽! (Figure 4.14). The 

magnitude and flow-rate dependence of 𝛽! is similar for glycerol/water and HPAM 

solutions, consistent with the idea that the evolution of longitudinal dispersion is related 
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to the total distance traveled through the packed bed.218 By contrast, the dependence of 

𝛽! on flow rate becomes weaker as Wi is increased (e.g. as 𝑙! is decreased). The 

differences in the time to reach asymptotic diffusion may reflect coupling between the 

dynamics of the particles and polymer chains on short time scales,35 where advection is 

coupled to diffusing mixing.104 Nonetheless, random mixing in the disordered porous 

medium ensures that the non-Newtonian characteristics do not affect asymptotic 

dispersion. 

 

Figure 4.14 Short-time dispersion exponents in Newtonian and non-Newtonian solutions. Power-law 
exponent of time-dependent longitudinal  (a-c) and transverse  (d-f) dispersion coefficients in 
porous beds with bead diameter of (a, d) 5 µm, (b, e) 10 µm, and (c, f) 30 µm. Open symbols 
indicate Newtonian and closed symbols indicate non-Newtonian solutions (HPAM). 
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4.5 Conclusion  

Dispersion of particles suspended in non-Newtonian fluids in disordered porous 

media hence contrasts sharply to that observed in structured media. In non-Newtonian 

fluids, elastic turbulence enhances velocity fluctuations.227 In structured media this 

process promotes streamline crossing and dramatically enhances transverse particle 

dispersion,217 because the fluctuations are not averaged out by the geometry of the 

medium. This comparison highlights the critical role of the random mixing provided by 

disordered porous media in suppressing the non-Newtonian characteristics of the fluid. 

Other changes in suspension properties that enhance velocity variations, for example 

increasing the concentration of particles,228 are thus expected to increase dispersion. 

This striking insensitivity of particle dispersion to solution characteristics affects the 

choice of fluids used in applications demanding control over particle structure, 

dispersion, and transport. In applications involving disordered porous media, such as 

chromatographic separations or hydrocarbon extraction including hydraulic fracturing 

and enhanced oil recovery, existing models for asymptotic dispersion in Newtonian fluids 

can be applied as-is to predict and control particle transport; changing the fluid 

characteristics alone will not modify particle dispersion. Instead, fundamentally different 

strategies are required to increase dispersion in applications for which particles must be 

uniformly dispersed, as in 3-D printing of particle-laden resins or in processing of 

polymer nanocomposites. Here particles suspended in non-Newtonian fluids must be 

transported through an ordered pore or channel structured nozzles to ensure uniform 
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dispersion. Hence we expect that modulating the flow geometry, not the fluid rheology, is 

the most promising route to tailor dispersion. 
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Chapter 5 

5.0    Dispersion of nanoparticles in bidisperse porous media 

Mobility of nanoparticles through porous media depends on flow characteristics and 

bed heterogeneities. In this chapter, we visualize transport of nanoparticles suspended in 

Newtonian and non-Newtonian solutions through porous media composed of glass beads 

of two different sizes (5 µm and 20 µm) using confocal microscopy. We calculate the 

distributions of longitudinal and transverse velocities of nanoparticles through bidisperse 

beds with varying fraction of the small beads and varying solution properties. We find 

that, for each solution, the distributions of normalized longitudinal and transverse 

velocities scale onto a master curve, independent of bi-dispersity ratio and flow rate. 

From the trajectories of the nanoparticles we also measure time-dependent dispersion of 

nanoparticles in both longitudinal and transverse directions. The long-time dispersion 

coefficients of nanoparticles in longitudinal and transverse directions in both Newtonian 

and non-Newtonian solutions scale similarly, independent of the solution rheology. 

Although the mobility of nanoparticles becomes increasingly dependent on the local pore 

structure, the average mobility is still controlled by the overall random structure, which 

breaks the non-Newtonian characteristics of a polymer fluid on large time and length 

scales.  
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5.1 Materials and methods 

 Preparation of nanoparticles-solution dispersions 5.1.1

 An aqueous solution of HPAM in deionized water with concentration of cHPAM = 

0.135 wt % and a mixture of glycerol/water at a concentration of 90 wt% glycerol (G90) 

were prepared as described in Chapter 3. Polystyrene nanoparticles were added to HPAM 

solution, G90 solution, and deionized water at concentration of 2×10-3 wt % and tumbled 

to thoroughly homogenize the solutions as described in Chapter 3.  

 Fabrication and characterization of porous media 5.1.2

Borosilicate glass microspheres with diameters of 5.4 ± 0.3 µm and 18.2 ± 1.0  µm 

were purchased from Thermo-Scientific. The glass particles were mixed at volume 

percent of 25%, 50%, and 75% of small beads. The square capillary was filled with 

bidisperse glass particles to fabricate a 3D porous medium with length of 5 mm. The 

glass particles were lightly sintered to ensure that beads were immobilized within the 

channel.  

 Characterization of pore and throat size of porous media 5.1.3

To visualize the bed structure, we suspended Rhodamine-B solution in a mixture of 

carbon disulfide (n=1.63) and ethanol (n=1.36). The amount of each mixture component 

is selected to match the refractive index of borosilicate (n=1.56) glass beads. Figure 5.1 

shows confocal micrographs of beds with different volume percent of two glass beads. To 
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characterize the beds, we acquired two-dimensional images of beds using confocal 

microscopy. Table 5.1 shows the average porosity  𝜑, average pore size 𝑑!"#$, and 

average confinement length 𝑙! of the beds calculated from the chord length method 

described in Chapter 3.  

 

Figure 5.1 Characterization of the porous media. Confocal images of bidisperse porous media with bead 
diameters of db1 = 5 µm and db1 = 20µm and volume fraction of (a) 25%, (b) 50%, and (c) 75% 
of small beads. 

 
Table 5.1  Average porosity, pore size (chord length), and confinement length (minimum chord length) of 

the bidisperse porous media with bead diameters of db,1 = 5 µm and db,2 = 20µm. 
 

Volume 
fraction of 
5µm bead 

Porosity 𝒍𝒄   =    𝒍𝒄𝒉𝒐𝒓𝒅  
(µm) 

𝒅𝒑𝒐𝒓𝒆   = 𝒍𝒄𝒉𝒐𝒓𝒅,𝒎𝒊𝒏  
(µm) 

25% 0.39 ± 0.05 9.0 ± 1.8 4.3 ± 0.9 
50% 0.40 ± 0.10 7.0 ± 2.8 3.2 ± 0.5 
75% 0.44 ± 0.05 6.5 ± 0.5 3.0 ± 0.3 

 

 Imaging of nanoparticles flowed through porous media 5.1.4

Nanoparticles were flowed through porous media using a syringe pump with 

constant displacement. Samples were imaged using a VTeye inverted confocal 

microscope (from VisiTech International) that was equipped with a 63× immersion oil 

lens of numerical aperture (NA) 1.40. We acquired 5000 frames at 102 frames per second 

���ȝPa b c
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(fps) with a pixel size of 0.141 µm and an image size of 72.3 × 36.14 µm2. We took 

multiple movies of each sample at ten different x-y locations, but constant z position, for 

each of four flow rates (Q= 5, 10, 15, and 20 µl/hr). The x-y locations were kept constant 

at different flow rates. 

5.2 Results and discussions 

To investigate the transport of nanoparticles in hydrolyzed polyacrylamide solution 

(0.135 w/w%) in heterogeneous porous media, we prepare bidisperse random packed 

beds by varying the volume fractions of glass particles with bead diameters of 5 and 20 

µm. We fabricate three bidisperse beds with volume fraction of 25%, 50%, and 75% of 5 

µm glass beads and at a near-constant average bed porosity of 𝜙 ≈ 0.40. The 

experimental setup is similar to that used for monodisperse beds, described in Chapter 4. 

We use a syringe pump with constant displacement to flow the nanoparticle dispersions 

through the bidisperse porous media. The inlet flow rate varies between Q = 5 – 20 µl/hr.  

To quantify the micro-scale mobility of nanoparticles in different bidisperse porous 

beds, we first calculate the probability distributions of the nanoparticle velocities along 

and transverse to the flow direction using particle trajectories. Trajectories of 

nanoparticles at constant flow rate of Q = 5 µl/hr transported through bidisperse porous 

media with varying volume fraction of the small (5 µm) glass beads are show in Figure 

5.2 (a―c). Normalized velocity distributions of nanoparticles at constant flow rate of Q = 

5 µl/hr and different bidispersity ratio are shown for glycerol/water mixture (Figure 5.2 d 

and e) and in HPAM solution (Figure 5.2 f and g).  
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The normalized distributions of nanoparticle velocities in both the longitudinal and 

transverse directions are nearly independent of the bed particle composition 

(bidispersity), as shown in Figure 5.2(d,e,f,g). The normalized velocity distributions 

superimpose onto separate master curves for glycerol/water and for HPAM solutions 

through different bidisperse porous beds. The velocity distributions along the flow 

direction are asymmetric, exhibiting an exponentially stretched positive tail. By contrast, 

the transverse velocity distributions are symmetric and exponential; all normalized 

transverse velocity distributions are centered at zero, indicating that the particle mobility 

does not have any preferred direction perpendicular to the flow. Similar exponential 

distributions are observed for tracer velocities flowed through porous structures using 

numerical simulation102 and confocal microscopy229. 

The exponential behavior of normalized velocity distributions in longitudinal and 

transverse directions is also independent of the bed bidispersity. The exponential tail seen 

in the longitudinal velocity distributions arising from a series of Gaussian processes with 

varying means and variances38. In turn, this behavior originates from a broad distribution 

of pore sizes. A single pore distribution of velocities approaches a Gaussian decay if the 

pore size is sufficiently small to be considered uniform. Since the structure of the pores is 

extremely disordered and heterogeneous in the bidisperse media, distribution of the pore 

size and velocities is non-Gaussian with an exponential asymmetric tail.  

Figure 5.2 shows nanoparticle transport in bidisperse packed beds for Newtonian 

and for non-Newtonian solutions for inlet flow rate of 5 µl/hr: (a-c) trajectories of 

nanoparticles transported through bidisperse porous beds with bead diameters of 5 and 20 
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µm and small bead volume fraction of (a) 25%, (b) 50%, (c) 75%. Colors indicate the 

velocity along the flow direction (vx): (d-g) normalized distributions of longitudinal 

[𝐺(𝑣!/𝑣avg)] and transverse [𝐺(𝑣!/𝑣avg)] velocities for nanoparticles transported in (d, e) 

a glycerol/water mixture (90 w/w%) and (f, g) an HPAM solution (0.135 w/w%) at inlet 

flow rate of 5 µl/hr through bidisperse porous beds with bead diameter of 5 and 20 µm 

and volume fraction of 25% (gold circle), 50% (blue triangle),  75% (red square) of small 

beads. The bi-dispersity ratio does not affect the normalized distributions of nanoparticle 

velocities for Newtonian or for non-Newtonian fluids. 

 

 

Figure 5.2 Nanoparticle transport in bidisperse packed beds for Newtonian and for non-Newtonian 
solutions for inlet flow rate of 5 µl/hr transported through bidisperse porous beds with bead 
diameters of 5 and 20 µm. 

 

Figure 5.3 shows nanoparticle transport in bidisperse packed beds for Newtonian 

and for non-Newtonian solutions for inlet flow rate of 15 µl/hr: (a-c) trajectories of 
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nanoparticles transported through bidisperse porous beds with bead diameters of 5 and 20 

µm and small bead volume fraction of (a) 25%, (b) 50%, (c) 75%. Colors indicate the 

velocity along the flow direction (vx): (d-g) normalized distributions of longitudinal 

[𝐺(𝑣!/𝑣avg)] and transverse [𝐺(𝑣!/𝑣avg)] velocities for nanoparticles transported in (d, e) 

a glycerol/water mixture (90 w/w%) and (f, g) an HPAM solution (0.135 w/w%) at inlet 

flow rate of 5 µl/hr through bidisperse porous beds with bead diameter of 5 and 20 µm 

and volume fraction of 25% (gold circle), 50% (blue triangle),  75% (red square) of small 

beads. The bi-dispersity ratio does not affect the normalized distributions of nanoparticle 

velocities for Newtonian or for non-Newtonian fluids. 

 

 

Figure 5.3 Nanoparticle transport in bidisperse packed beds for Newtonian and for non-Newtonian 
solutions for inlet flow rate of 15 µl/hr transported through bidisperse porous beds with bead 
diameters of 5 and 20 µm. 
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We also quantify the role of flow rate on micro-scale transport dynamics of 

nanoparticles through porous media. To do so, we vary the flow rate between Q = 5―20 

µl/hr. The velocity variation increases with increasing inlet flow rate, as shown in Figure 

5.4―Figure 5.6 (a―d). The pore structure imposes tortuous paths for the nanoparticles, 

leading to a tortuosity that is greater than one. We calculate the probability distribution of 

nanoparticle velocities along and transverse to the flow direction. The distributions of 

normalized longitudinal and transverse velocities of nanoparticles in glycerol/water 

mixture and HPAM in different porous beds and for different inlet flow rates are shown 

in Figure 5.4―Figure 5.6 (e―h).  

Figure 5.4 shows nanoparticle transport in bidisperse packed beds for Newtonian 

and for non-Newtonian solutions with bead diameters of 5 µm and 20 µm and small bead 

volume fraction of 25%:  (a-d) trajectories of nanoparticles transported through a 

bidisperse porous bed at bulk flow rates of (a) 5, (b) 10, (c) 15, and (d) 20 µl/hr. Colors 

represent velocity variation along the flow direction (vx): (e-h) normalized distributions 

of longitudinal [𝐺(𝑣!/𝑣avg)] and transverse [𝐺(𝑣!/𝑣avg)] velocities for nanoparticles in 

(e, f) a glycerol/water mixture (90 w/w%) and (g, h) an HPAM solution (0.135 w/w%) at 

an inlet flow rate of 5 (purple circle), 10 (blue square), 15 (red triangle), or 20 (gold 

diamond) µl/hr through the bidisperse bed.  The inlet flow rate does not affect the 

normalized distributions of nanoparticle velocities for Newtonian or for non-Newtonian 

fluids. 

 



 

 
 

108 

 

Figure 5.4 Nanoparticle transport in bidisperse packed beds for Newtonian and for non-Newtonian 
solutions with bead diameters of 5 µm and 20 µm and small bead volume fraction of 25% 
transported through a bidisperse porous bed at bulk flow rates of 5 – 20 µl/hr.  

 

Figure 5.5 shows nanoparticle transport in bidisperse packed beds for Newtonian 

and for non-Newtonian solutions with bead diameters of 5 µm and 20 µm and small bead 

volume fraction of 50%: (a-d) trajectories of nanoparticles transported through a 

bidisperse porous bed at bulk flow rates of (a) 5, (b) 10, (c) 15, and (d) 20 µl/hr. Colors 

represent velocity variation along the flow direction (vx): (e-h) normalized distributions 

of longitudinal [𝐺(𝑣!/𝑣avg)] and transverse [𝐺(𝑣!/𝑣avg)] velocities for nanoparticles in 

(e, f) a glycerol/water mixture (90 w/w%) and (g, h) an HPAM solution (0.135 w/w%) at 

an inlet flow rate of 5 (purple circle), 10 (blue square), 15 (red triangle), or 20 (gold 

diamond) µl/hr through the bidisperse bed.  The inlet flow rate does not affect the 

normalized distributions of nanoparticle velocities for Newtonian or for non-Newtonian 

fluids. 
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Figure 5.5 Nanoparticle transport in bidisperse packed beds for Newtonian and for non-Newtonian 
solutions with bead diameters of 5 µm and 20 µm and small bead volume fraction of 50% 
transported through a bidisperse porous bed at bulk flow rates of 5 – 20 µl/hr. 
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represent velocity variation along the flow direction (vx): (e-h) normalized distributions 
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normalized distributions of nanoparticle velocities for Newtonian or for non-Newtonian 

fluids. 

 

 

Figure 5.6 Nanoparticle transport in bidisperse packed beds for Newtonian and for non-Newtonian 
solutions with bead diameters of 5 µm and 20 µm and small bead volume fraction of 75% 
transported through a bidisperse porous bed at bulk flow rates of 5 – 20 µl/hr. 
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viscoelastic properties do not affect the long-time transport of nanoparticles through 

bidisperse porous beds. 

 

 

Figure 5.7 Normalized longitudinal (top row) and transverse (bottom row) velocity distributions for 
nanoparticles flowed in glycerol/water mixture (red) and in HPAM solution (blue) at inlet flow 
rates of 5 µl/hr (line), 10 µl/hr (dotted line), 15 µl/hr (dashed-dotted line), and 20 µl/hr (dashed 
line) through bidisperse porous media with bead diameters of 5 µm and 20 µm and small bead 
volume fraction of (a,b) 25%, (c,d) 50%, and (e,f) 75%.  
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also alters the average pore size and therefore the De number, however, is not 

distinguishable from the normalized distributions (Figure 5.7).  

The analysis of velocity distributions reported in Figures X-Y highlights the 

transport of the nanoparticles at short time and length scales. To connect the short time- 

and length-scale velocities to the large length- and time-scale transport of particles 

through the packed beds, we calculate the time-dependent longitudinal and transverse 

dispersions using nanoparticles displacements as89 

𝐷! 𝑡 = !
!
!!!!

!"
= 𝐶!(𝑡!)𝑑𝑡!, 𝐶! 𝑡 = 𝑣!" 𝑡 − 𝑣! 𝑣!" 0 − 𝑣! ,!

!!!  (5-1) 
 
where 𝐷! 𝑡  is the time-dependent longitudinal dispersion, 𝜎!!(𝑡) is the second moment 

of longitudinal particle displacements,  𝐶!(𝑡) is the auto-covariance of nanoparticle 

velocity, 𝑣!" 𝑡  is the longitudinal particle velocity, and 𝑣!  is the average of 

longitudinal velocities. Transverse dispersion 𝐷! 𝑡  is calculated similarly using the 

displacements of particles perpendicular to the flow direction. Simulations of the 

transport of small solutes in porous media indicate that dispersion coefficients approach 

asymptotic value if the time domain of correlation is smaller than the residence time in 

the porous media89,230.  

The longitudinal and transverse dispersion of nanoparticles through bidisperse beds 

increases with the normalized lag time 𝜏 = !!avg
!be

 and with the inlet flow rate in 

glycerol/water mixture (a and b) and HPAM (c and d), as shown in Figure 5.8―Figure 

5.10 for different volume fractions of small beads. Here t is the lag time, 𝑣avg is the 

average magnitude of the velocity; 𝑑be is the effective bead diameter in bidisperse bed, 
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defined as 𝑑be = 𝜔𝑑!! + (1− 𝜔)𝑑!!, where 𝜔 is the volume (mass) fraction of small 

bead with bead diameter of 𝑑!! =   5  µμm and 𝑑!! = 20  µμm. The normalized longitudinal 

dispersion increases with normalized time in both Newtonian and non-Newtonian 

solutions due to advection and mixing effects until approaching an asymptotic maximum 

on long time scales. The normalized time corresponding to the maximum longitudinal 

dispersion is independent of flow velocity, but changes as the bidispersity ratio changes.  

This observation indicates that advection mainly controls longitudinal dispersion. The 

normalized transverse dispersion approaches a maximum at a normalized time of 

𝜏 ≈ 0.3− 0.4. Diffusion and mechanical mixing arising from advection mainly control 

transverse dispersion of nanoparticles through porous media104.   The normalized time at 

which the asymptotic limit is reached, is nearly independent of average flow velocity and 

bidispersity ratio (Figure 5.8―Figure 5.10), which is in good agreement with that 

obtained for transport through monodisperse media (Chapter 4,  𝜏 ≈ −0.4). 

Figure 5.8 shows time dependent dispersion of nanoparticles in Newtonian and non-

Newtonian solutions: longitudinal (𝐷!, a and c) and transverse (𝐷!, b and d) dispersions 

of nanoparticles in (a, b) a glycerol/water mixture (90 w/w%) and (c, d) a HPAM solution 

(0.135 w/w%) as a function of normalized lag time (𝜏 = 𝑡𝑣!"#/𝑑!") through a porous 

bidisperse bed with bead diameters of 5 µm and 20 µm and small bead volume fraction of 

25%. Colors indicate different flow rates: 5 µl/hr (purple), 10 µl/hr (blue), and 15 µl/hr 

(red), and 20 µl/hr (gold). Open symbols indicate Newtonian fluids (glycerol/water 

mixture) and closed symbols indicate non-Newtonian solutions (HPAM). 
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Figure 5.8 Longitudinal (a and c) and transverse (b and d) dispersions of nanoparticles in (a, b) a 
glycerol/water and (c, d) a HPAM as a function of normalized lag time through a porous 
bidisperse bed with bead diameters of 5 and 20 µm and small bead volume fraction of 25%.  

 

Figure 5.9 shows time dependent dispersion of nanoparticles in Newtonian and non-

Newtonian solutions: longitudinal (𝐷!, a and c) and transverse (𝐷!, b and d) dispersions 

of nanoparticles in (a, b) a glycerol/water mixture (90 w/w%) and (c, d) a HPAM solution 

(0.135 w/w%) as a function of normalized lag time (𝜏 = 𝑡𝑣avg/𝑑be) through a porous 

bidisperse bed with bead diameters of 5 µm and 20 µm and small bead volume fraction of 

50%. Colors indicate different flow rates: 5 µl/hr (purple), 10 µl/hr (blue), and 15 µl/hr 

(red), and 20 µl/hr (gold). Open symbols indicate Newtonian fluids (glycerol/water 

mixture) and closed symbols indicate non-Newtonian solutions (HPAM). 

Ĳ
10 -2 10 -1 10 0

D
L (µ

m
2 /s

ec
)

10 0

10 1

10 2

a

b

c

d

10 -2 10 -1 10 0

D
T (µ

m
2 /s

ec
)

10 0

10 1

10 2

Ĳ

10 -2 10 -1 10 0

D
L (µ

m
2 /s

ec
)

10 0

10 1

10 2

Ĳ

10 -2 10 -1 10 0

D
T (µ

m
2 /s

ec
)

10 0

10 1

10 2

Ĳ

5 
10 
15 

20 
Q(μl/hr) :



 

 
 

115 

 

 

Figure 5.9 Longitudinal (a and c) and transverse (b and d) dispersions of nanoparticles in (a, b) a 
glycerol/water and (c, d) a HPAM as a function of normalized lag time through a porous 
bidisperse bed with bead diameters of 5 and 20 µm and small bead volume fraction of 50%. 

 
Figure 5.10 shows time dependent dispersion of nanoparticles in Newtonian and 

non-Newtonian solutions: longitudinal (𝐷!, a and c) and transverse (𝐷!, b and d) 

dispersions of nanoparticles in (a, b) a glycerol/water mixture (90 w/w%) and (c, d) a 

HPAM solution (0.135 w/w%) as a function of normalized lag time (𝜏 = 𝑡𝑣!"#/𝑑!") 

through a porous bidisperse bed with bead diameters of 5 µm and 20 µm and small bead 

volume fraction of 75%. Colors indicate different flow rates: 5 µl/hr (purple), 10 µl/hr 
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(blue), and 15 µl/hr (red), and 20 µl/hr (gold). Open symbols indicate Newtonian fluids 

(glycerol/water mixture) and closed symbols indicate non-Newtonian solutions (HPAM).  

 

 

Figure 5.10 Longitudinal (a and c) and transverse (b and d) dispersions of nanoparticles in (a, b) a 
glycerol/water and (c, d) a HPAM as a function of normalized lag time through a porous 
bidisperse bed with bead diameters of 5 and 20 µm and small bead volume fraction of 75%.  
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5.3 Conclusion  

We quantify mobility of nanoparticles through bidisperse porous media in 

Newtonian and non-Newtonian solutions. The normalized distributions of nanoparticle 

velocity along and transverse to the flow direction are non-Gaussian and exponential, 

respectively, in both Newtonian and non-Newtonian solutions. The normalized velocity 

distributions collapse onto separate master curves for glycerol/water and for HPAM 

through porous media with varying bidispersity and flow rates. Moreover, the long time 

mobility of nanoparticles in non-Newtonian solution does not exhibit enhanced 

dispersion even at high velocities. These results indicate that the extent of pore structure 

heterogeneity does not strongly affect the long time mobility of particles through 

disordered porous media.  
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Chapter 6 

6.0    Conclusions and Future Research 

6.1 Summary 

This dissertation explores mobility of nanoparticles in complex and disordered 

media. The objective of this work is to understand dependence of diffusive and transport 

properties of nanoparticles in non-Newtonian and disordered media on the physical 

characteristics of media.  

 Diffusive mobility of nanoparticle in polymer solution is coupled 6.1.1

to polymer dynamics 

Diffusive mobility of polystyrene nanoparticle of diameter of 400 nm is measured as 

a function of the concentration of shear thinning hydrolyzed polyacrylamide (HPAM) 

solution of molecular weight of 8,000,000 Da. Diffusive mobility exhibits subdiffusive 

behavior at short time scales for polymer concentrations greater than the overlap 

concentration. At longer time scales, dynamics are Fickian diffusive at all concentrations. 

The crossover time scale between diffusive and subdiffusive dynamics increases with 

increasing polymer concentration and is intermediate between the relaxation times for 

polymer blobs and for self-diffusion. Moreover, the asymptotic long-time diffusivity of 

nanoparticles in HPAM solution is faster than zero-shear-rate self-diffusivity of polymer 

molecules itself. Our experiments reveal that particle dynamics are coupled to the 
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dynamics of the polymers on short time scales. At the length scale comparable to particle 

size, polymer-particle dynamics decouple. Dynamics grow linearly with time with 

effective diffusivity arising from segmental diffusion of polymer chains as well as the 

shear-thinning nature of the polymer solution. 

 Diffusive mobility of nanoparticle in porous media is hindered by 6.1.2

hydrodynamic interactions and surface adsorption  

The role of confinement mediated by macromolecules and by geometric obstacles on 

diffusive mobility of nanoparticles within porous media is investigated via measurements 

of the diffusion of nanoparticles in Newtonian (glycerol/water) and non-Newtonian 

(HPAM) solutions through porous media. Our observation reveals that diffusive mobility 

of nanoparticles decreases in both Newtonian and non-Newtonian solutions as 

nanoparticles are increasingly hindered by spatial confinement. Hydrodynamic 

interactions of nanoparticles with geometric obstacles reduce diffusive motion of 

nanoparticles in Newtonian and non-Newtonian solutions within porous media.  

Diffusive mobility depends on the relative length scale of particles to confinement length 

as well as diffusion time scale. As the particles encounter the surfaces of the glass beads 

that compose the bed, the dynamics become subdiffusive and the distributions of particle 

displacements become non-Gaussian. The results also highlight the stronger role of 

heterogeneities of disordered structures on dynamics of particles compared to that of 

ordered structures with comparable pore size43. The distribution of immobile times in 

Newtonian solution exhibits an exponential decay consistent with Poisson process.231 By 
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contrast, in non-Newtonian solutions the distribution of immobile times exhibits a power-

law decay, consistent with a higher probability of long dwell times near the surface. This 

observation suggests that an additional mechanism influences on diffusive mobility of 

particles in non-Newtonian solutions, arising from temporary adsorption of particles onto 

the surface of glass beads. Hence the presence of the long-chain polymer molecules alters 

the pore scale mobility of the particles. Mobility of nanoparticles in HPAM solution 

through porous media is controlled both by hydrodynamic interactions with the confining 

medium and by a polymer-mediated adsorption-desorption process arising from depletion 

interactions.    

 Nanoparticle dispersion in disordered porous media is insensitive 6.1.3

to non-Newtonian fluid characteristics  

The transport of nanoparticles suspended in Newtonian and non-Newtonian 

solutions through packed beds is studied to understand the effect of flow properties, non-

Newtonian fluid characteristics, and geometric confinement on micro- and macro-scale 

dispersion of particles through porous media. The distributions of normalized 

longitudinal and transverse velocities collapse onto separate scaling curves at different 

flow rates and pore sizes in Newtonian (glycerol/water) and non-Newtonian (HPAM) 

solutions. Although the short time mobility of particles varies with the solution 

viscoelasticity, the long-time dispersion coefficients of nanoparticles in longitudinal and 

transverse direction scale linearly with Pe number, independent of the fluid rheology. 

This observation is in sharp contrast to the enhanced dispersion of particles in structured 
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media, where elastic turbulences enhance velocity fluctuations.227 In structured media the 

fluctuations are not averaged out by the geometry of the medium, resulting in enhanced 

dispersion in transverse direction.217 In disordered porous media, by contrast, random 

mixing effectively averages out the velocity fluctuation and ensures that the non-

Newtonian characteristics do not affect long-time asymptotic dispersion. This feature 

suggests an intriguing connection between random mixing provided by disordered porous 

media and suppressing the non-Newtonian characteristics of the fluid even at high Pe 

numbers.  

 Nanoparticle dispersion in bidisperse porous media is 6.1.4

independent of fluid characteristics  

Dispersion of nanoparticles through bidisperse porous media in Newtonian and non-

Newtonian solutions is quantified to investigate the role of bidispersity on transport of 

particles. Distributions of normalized velocity of particles are non-Gaussian and 

exponential in longitudinal and transverse directions. In both glycerol/water and HPAM, 

normalized longitudinal and transverse velocity distributions are independent of 

bidispersity and flow rates. Furthermore, long time dispersion of nanoparticles does not 

show any correlation to polymer elasticity. Mobility of particles through disordered 

porous media is therefore not affected significantly by the extent of pore heterogeneity. 

By relating the microscopic mobility to macroscopic transport, our approach enables the 

design of optimal systems in drug delivery, hydrocarbon productions, and polymer 

nanocomposite processing. 
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6.2 Future Research 

Overall, the research in this dissertation can be extended in the following directions: 

i. We studied diffusive mobility of nanoparticles at several concentrations of 

HPAM solution. However, at all concentrations, the polymer chains were 

unentangled. This study can be extended to mobility of nanoparticles in 

higher molecular weights and concentration of HPAM solution. The role of 

entanglements can be investigated on short and long time diffusive dynamics 

of particles with the size comparable to polymer mesh size. 

ii. The polystyrene nanoparticles contained subtle amount of surfactant, which 

were considered neutral. Using charged nanoparticles in HPAM solution 

with ionic properties can be tested to investigate the effect of electrostatic 

and depletion interactions on diffusive mobility of nanoparticles.  

iii. Diffusive mobility of nanoparticles at concentrations above the overlap 

concentration exhibits sub-diffusive dynamics even at the shortest accessible 

time scale of the experiments. Smaller nanoparticles (1-10 nm) and high 

resolution techniques can be used to study mobility of particles at time scales 

much smaller than the relaxation time of the polymer blobs. The integration 

of current results and such experiments will complete the physical picture 

and help to improve the current theoretical models. 

iv. We used spherical nanoparticles to study diffusive mobility of nanoparticles 

in complex media, which did not have any preferred orientational diffusion 
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within the bulk solution. Diffusive dynamics of nanoparticles with different 

geometries, such as nanosheets (graphene oxide nanosheets) or nanorods 

(gold nanorods) can be examined within complex media to investigate the 

effect of asymmetry. Also, we used HPAM solution with flexible polymer 

chains as the non-Newtonian media. The research can be extended to 

diffusion of nanoparticles within polymer solutions with semi-flexible and 

rigid chains to understand effect of polymer flexibility on orientational 

diffusion. 

v. The result of our model system can be used to design the in-vivo experiments 

in biological environments for drug delivery application. Using 

functionalized nanoparticles, which are applied in cancer treatment, diffusive 

mobility can be studied in cellular media. These experiments can be used to 

extract characteristic length scales and sizes present in biological materials. 

vi. We also used a random packing of glass spheres as a model system to 

investigate dispersion of nanoparticles in confined media. Porous structure 

can be modified using nanofabrication techniques to be closer to natural 

porous media. Moreover, the average porosity was nearly constant in the 

porous media with different pore sizes and bi-dispersity ratio. The effect of 

porosity at fixed characteristic pore size can be investigated on diffusion and 

transport of nanoparticle through porous media.  
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vii. Glass microspheres can be treated to have hydrophilic/hydrophobic groups 

on the surface. The role of surface chemistry of porous structure on diffusive 

and transport dynamics of nanoparticles can be studied. 

viii. We studied transport of nanoparticles through porous media at constant 

polymer concentration above the overlap concentration. Viscoelastic 

characteristics of HPAM solution highly depend on polymer concentration 

and molecular weights. Effects of higher concentrations and molecular 

weight of HPAM solution is suggested to be explored on dispersion of 

nanoparticles through porous media.  

ix. Retention of polymer molecules on the surface of glass particle can change 

the local porosity of the bed over long time. Moreover flow might induce 

irreversible formation of nanogels through porous media116. Effect of 

polymer retention and gelation over time on porosity of the bed and therefore 

micro-scale velocity of nanoparticles through porous media is recommended 

to be studied.  

x. We were not able to directly observe dynamics of polymer molecules within 

disordered media. Future studies can focus on diffusive and transport of 

fluorescently labeled polymer chains through such media. Effect of 

chemistry and roughness of the porous structure as well as flexibility and 

functional groups of polymer chains can be investigated on dynamics of 

polymer molecules.  
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