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ABSTRACT

This is a study of economic growth theories. This study is not a
traditional epproach using general treatises, but an approach utitizing
a combination of mathematical economics and econometrics,

In recent years the study of economic growth has become common
emong economists, Beféra the Great Depression little attention was paid
to the many factors affecting the growth of national income, The Great
Depression encouraged economists to give closer scrutiny to this sub-
Ject. During the Second VWorld War the analysis of national income was
largely aimed at controlling the wer economy in the United States. The
national income concept has been considered very useful in underat;nd-
ing and explaining what takes place in the economy. Thus the study of
econortic growth has become more popular., New courses in this subject
have been introduced in colleges and universities, Also, new books,
institutes, and conferences in this field are continually increasing
in number., The topic of economic growth is exiremely broad. It may
be divided into two categories:

1) the growth involved in the shift of an economy_from the stage of
"underdeveloped" to the stage of "developed;"

2) the growth of the already "developed" economy.

This study is confined to the second category, particularly to the

érowth of the national income of the United States.

Due to the scarcity of data, a complete and more sophisticated
analysis is a matter of difficulty. Collection of reliable statistics

is tedious. Often the desirable raw material is hard to obtain. Even



in the United States, income statistics on the state level do not
exist.

Xoreover, in this study of national income accomplishment is un-
likely without tedious calculation. The deeper one goes into the
study, the more calculation becomes necessary. Also if a better result
is to be expected, a more compliceted analysis has to be undertaken.

In the preparation of this study, an attempt has been made to give
an empirical interpretation of economic growth models for the United
States, and to bring out the consistencies or inconsistencies between
reality and theories. Chapter I is an introduction to the study. The
subject of Chapter II is the discussion of some mejor economic growth 7
theories, which constitute the basis of this study. The method of
estimaetion of parameters and the structure of models are explained in
Chapter I1I, Chapter IV covers statistical resulis, the empirical ine
terpretation of various arguments in economic growth, Finally, a sume
mary and a conciusion are presented in Chapter V. The author wishes
to thank Dr, Z. A, Eltezem for his guidance, patience, understanding,
and encouragement in tﬁe supervision of this study. He also appreciates
the valuable suggestions and time-consuming efforts of Dr. Henry C.
Chen., -
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CHAPTER I
INTRODUGCTION
I T=HE PURPOSE OF THE STUDY

Economic problems can bs studied in two distinet ways. One is
the traditional approach, by using general treatises dealing with the
varisbles that affect the economy. The other one is the mathematical
or economeiric approach, by the use of mathematics and statistics. The
second approach has received wide acceptance during the last few decades.
It was originated at the end of the 1920's, and became institutionalized
in the succeeding years.1 It is considéred as a scientific development
of economics, and is still developing and growing in importance.

The approach by using mathematics and statistics has become a tool
of analysis widely mwsed in econonmic growth. Still there are many argu-
ments about this approach. Economists ha.v; different opiniors on it.2
We all realize that mathematics has been successfully applied in natural
sciences, but can it achieve the seme success in economics? Economists
have been trying hard to fit mathematics Into economic theories, intend-

ing to discover some laws governing the grosth or development of en

1Ins't::i.tu't::i.ons and journals for this purpose have been established
in the past decades, such as: The Econometric Society, The Cowles Come
mission for Research in Economics, Econometrica, Review of Economic
Statistics, et cetera.

Zprofessor R. G. Do Allen has said; *Whether mathematiocal tech-
niques can be, or should be, used in economics is a much-discussed
question." See R. G. D. Allen, Mathematical Economics (London: Kace
nillan & Company, Ltd., 1959), Introduction, p. XVe




economy. Such a scientific development in economics, however, is still
considered in an experimental stage. MNore effort is needed. This study
may be said to be one of the experiments in this respect,

There is one thing to be noted:thatfgiery economic phenomenon is

characterized by change. Consumption is subject to the change of con-
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¥orris Copeland.3 The flow=of-funds accounts divide the economy into
various sectors or different economic decision-making gfoups, showing
for each sector the main sources of funds with which it makes payments
and the principal uses of funds in connection with such payments. For
instance, in the United States, in the Federal Reserve flow-of-funds

accounts, as shown in the Federal Reserve Bulletin, there are eleven

sectors, e.g., consumer and nonprofit, corporate business, farm business,
federal government, et cetera. Thus the flow-of-funds accounts show

how money and credit perform, and also the pattern of financial assets
and debts after such transactions. Cn the other hand, the national
income and product accounts provide a measure of the nation's current
productive efforts. There are two main streams in these accounts.

They are the stream of consumption, and the stream of investment. Con-
sunption consists of personal consumption and government consumption,
while investment is the aggregate of private investment (including
foreign investment) and government investment.

According to the national income and product accounts, aggregate
income equals the sum of eggregate consumption and aggregate invest-
ment, This concept has become the basis of macro-economics, and is
vwidely used in the analysis of eoonomic growth, FKowadays, in most of

the national income models, the nationel income and product accounts

SMorris Copeland, Study of Xoneyflows in the United States (New
York: National Bureau of Economic Research, “1952). This is the first
fully developed publication in the flow-of-funds accounts.




are used, such as in the Keynesien model4

Y=C+ 1

where Y designates the eggregate incone, C, the aggregate consumption,
and I, the aggregate investment. In this study the national income and
produﬁt accounts rather than the flow-of-funds accounts are considered.

The period for this study is from the year 1929 to the year 1963.
During this thirty-five year period, there were a great depression at
the beginning and a great war in the middle.. The great depression, of
course, wa3 an economic phenomenon, but the great war was certainly ﬁot.
Yoreover, during the wer, a substantial increase in government expend-
itures did not represent the normel behavior of the economy., For this
reason, the war-years are excluded from the data used in this study.
Also, gross national product is used rather than net national product,
since the value of capital depreciation of the private sector and the
government sector is not easily traceable, Because the period for this
study starts in the year 1929, all data are converted into 1929 dollars

to avoid inconsistency.

4John ¥, Keynes, The General Theory of Erployment, Interest and
Yoney (New York: Harcourt, Brace and Company, 1936), p. 63.




A REVIEW OF ECONCKIC GROWTH THEORIES

.l"a !

In this chapter an attempt is made to review some of the major
theories in economic growth, Economic growth is actually a complex re-
sultant of many factors, Economists agree that there is a very clos?
relationship among aggregate income, agzregate consumption and azgregate
invesiment, and that their interactions play a chief role in the economic
growth, but there is little agrecment among thom 28 to the nature of
this relationship. Let us examine some of the most widely recognized

relationships, which exist among these economic aggregates.

I THE CLASSICAL THEORY

Although basically this study is related to modern growth theories,
a brief review of the classical theory is helpful in undersianding the
position of modern theorists. Here the classical theory refers to the
traditional or orthodox principles of economics handed down and generally
accepted by Western economists from socewhere around the time of David
Ricardo (1772-1823) to 1930. According to this theory, output is a

function of labor. By the essumption of Say's Law,1 supply creates its

> Vonis i3 nemed after the French economist, J. B. Say, 1767-1832.
His theory is usuzlly summarized as “supply creates its own demeand,"
which is best expressed in the following quotation from his writings:
"The total supply of procducts and the total demand for them must of
necessity be equal, for the total demand is nothing but the whole mass
of commodities which have been produ~ed; a general congestion would
consequently be an absurdity.” From J. B. Say, Traite (1st ed., 1803),
Vol. II,p. 175, as quoted in C. Gide and C. Rist, A History of Economric
Doctrines (2nd English ed.; New York: D. C. Heath & Co., 1948), p. 151,
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om demend, and there will always be a sufficient rate of spending to
maintain full employment. Thus, income is spent automatically at a rate
keeping all resources employed (including labor supply). Income is
either spent currently on consumer goods or saved for the future spend-
ing on producer goods; i.e., all income is spent, partly on consumption
and partly on investment, The equality of saving and investment is
attributed to the rate of interest,//An increase in interest rate will
increase saving, and a decrease in interest rate will decresse saving.
On the other hand, the lower rate of interest will increase the incen-
tive to invest, leading to the elimination of the excess of saving over
investwent. 3By this principle, since saving is spent on investment
sooner or later, the volume of consumption does not seem to0 be impore
tant, Classical economists, however, did not realize that a fall in
consumption, instead of leading to an increase in investiment, may lead

to a fall in total demand end therefore in employment.

Peed

\2>

II THE KEYNESIAN THECRY OF ECONOKIC GRCWTH

ANTI
The Keynesian theory is a turning point from the classical theory.
According to Say's Law, if more resources are employed in one industry
or in one firm, they ere assumed to be drawn away from other industries
or other firms, because supply cannot be increased without the increase
of demand as both of them ere equated to one another. Thus the classi-
cél theory primarily relates, but not entirely, to the use of a given
quantity of resources by individual firms and individual industries
within the economic system as a whole. On the contrary, the Keynesien

theory relates to economio aggregates, such as the aggregates of employment,
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national income, consumption, saving, and investment. ﬁeynes recognizes
income as a function of leber supply (or employment), but also presumes
that eggregate income Y is derived from aggregate consumption C and
aggrecate investment I, as we have indicated in_ the previous chapter,
such that

Y=C+1 ’ (2-1)

In other words, aggregate consumption and aggregate investment deter-
mine the amount of aggregate income.

Keynes accepts the classical proposition of equality of saving and
investment but attributes the equality to changes in the level of in-
come rather than to the rate of interest., He first sets consumption as
a function of income.2 Let us see how this consumption function is
arrived at., It is assumed that income is either consumed or saved or -
both, According to Keynes, saving S is a function of income rather
than a function of interest as in the classical theory, i.e.,

S = 8Y (2-2)
where 8 is a constant, and less than one. 8 is called the marginal
propensity to save. According to the proposition of equality of saving
and investment, and from equation (2-2), then (2-1) becomes

Y=C+ sY .
yielding the consumption function,

C = (1-8)Y
or C=ocY (2-3)
wvhere ¢ is equal to (1-s) end is called the marginal propensity to

2Keynes, op. cit., pe 27.



consume,
By substituting (2-3) into (2-1), there results
Y=c¢cY+1I

Aftor transposing, it gives

(1-c)Y =1
or Y= lI/(l—c27;
= k1

where k is a positive constant and greater than one as (1-¢) is less
than onej k is called the multiplier,’ Since 1-c=s, the miltiplier can
.be described as the reciprocal of the marginal propensity to save. The
multiplier implies that an increase in investment will create k times
the original increment in new income. The greater the marginal propen-
sity to consume, the greater the multiplier will be. In the Keynesian
theory, price level, rate of interest, gquantity of money or total assets,
distribution of income, and other such factors are of little or no im=
portance to the consumption function.

There is an argument that consumption may not behave as a constant
proportion with the level of national income. As one moves along the
distribution from lower income to higher income, average consumption
w7ill rise, but less than income in proportion, and the higher the in-
come the 1e§s the rise in consumption from a further increase in inconme,
Although the marginal propensity to consume is still positive and less

than one, it declines as income rises., It will not stay with the same

3Aotually this multiplier concept was originated by R. F. Kahn.
See R. F. Kahn, "The Relation of Home Investment to Unemployment,"
Economic Journal, June, 1931. Also ibid,., pp. 113-115,




constant,

However, for J. S. Duesenberry4 end M, Friedman,5 the long-run re-
lationahip between consumption and income sppears to be constant so that
the average propensity to consume is constant and equal to the marginal
propensity to consume, If the consumption function is

C=a+c¢Y

where a is a constant term, then the average propensity to consume will

be
APC = C/Y
= (a + cY)/Y
=a/T+ec

but ¢ is the marginal propensity to consume in the case where

C=cY
i.ed, ¥PC = C/Y

=cY/Ye=c

Thus in the first case

APC = a/Y + UIC
which shows that the average propensity to consume is not a constant
and is greater than the marginal propemsity to consume, but declines
a8 income increases. Yathematicelly, if Income Y increases substan-
tially, a/Y will approach zero; thus, in the long-run APC is approach-
ing a limit of the XPC as income Y increases.

4J. S. Duesenberry, Income, Saving end the Theory of Consumer
Behavior (Cambridges Harvard University Press, 1949), ppe 32=37.

Su. Friedman, A Theory of the Consumption Function (Princeton:
Princeton University Press, 1957), PP 7-14.
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Perhaps there is such a situation that a long-run consumption
function merely relates to the MPC, while a short-run function involves
the APC, which is greater than the XPC. How can the two be related?

Arthur Smithies has tried to mzke a reconciliation.6l He has argued

that the consumption function is basically nonpropqétional to the fluc-

tuatlons of income drifting slowly upward over time as income grows
slowly, and that its upwerd drift will just happen to offset the tend-
ency for the average propensity to consume to decline with the gréwing
of income. His argument for the upward drift in consumption is as
follot:

&) Population has been moving from rural to urban residence where
people usually spend more out of & given income,

b) The older age bracket is becoming bigger because of the successful
advancement of medical science, and these older people consune with-
out earning.

¢) The introduction of new consumer cormodities is increesing, stimu-
lating people to spend additional money on consumption.

Therefore, Smithies hes suggested that the consumption function is also

& function of time ¢, such that

C=a+ b + ct

where 2, b and ¢ are some constants, end t, & positive integer, desig-

rates the time period, such as

t=0,1,2, e o

6Ar‘t;hur Smithies, "Forecasting Postwar Demand:I,”" Econometrica,

Vol, 13, January, 1945, pr. 1-14.



11
Kext on the investment side, Keynes' assumption is that investment
is autonomous, that is, invesiment is determined outside the model. In

rathematical interpretation, the assunption is

Y=C+1
C=c¢cY
I-= IO

where I=I° rezns that Io is given, and its volume is not dependent upon
either the volume of consumption or the level of income inside the model.
According to ¥eynes, the volume of investment depends on the marginal
efficiency of capital and the rate of interest.7 For the classical
theory investment is & function of interest alone which the Keynesian
theory does not totally accept. The Keynesian-“theory incorporates the
marginal efficiency of capital into investment.8 The marginal efficiency
of capital is a rate of discount which will make the presert value of
all the prospective returns from an invesiment just equal to the cost

of the investment. Teke a simple example, assuming that the cost of a
building is %20,000. The building will yield $1,200 per year in rental
and has depreciation of £200 per year, giving a net return of $1,000

per year., Then the marginal efficierncy of capital is 5% (i.e.,
+1,000/320,000=0,05), If the rate of interest of 4%, this building is
vorth $25,000 (i.e., $1,000/0.04=325,000); then it will be preferable

Tkeynes, op. cit., pp. 27-28.

8The concept of marginal efficiency of cepital 'is. actually not

originated by Keynes. Professor Irvin Fisher, at an earlier date, has
provided a similar phrase to Keynes' marginal efficiency of capital,
“rate of return over cost;" ibid., pp. 140-141.
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to invest in this building rather than to lend out $20,000 at 4% yield-
ing $800 & year. In other words, if a man expects to yield $1,000 at
the end of the year, he has to invest $952 only if the marginal effi-
ciency of cepital is 5¢ ($1,000/(1+0.05)=8952); but if he lends out his
money at 4%, he has to lend out 8961 in order to get $1,000 at the end
of the year ($1,000/(1+0.04)=3961)., This $952 is synonymous to Keynes'
supply price.9 The generel formulation of the supply price may be ex-

rressed as:

A A
Supply Price = L + A2 5 + A3 3 + soe + n
(1+47)  (1+x)°  (1+r) (142)2

where A's are the annual returns, and r is the marginal efficiency of
capital. By using this formula we can also calculate the principal on
money lent out by substituting the rate of interest into r. According
to this investment theory, therefore, when the marginal efficiency of
capltal is above the going rate of interest, investment will be con- '
sidered as profitable ard will tend to expend, and when it is below the
rate of interest, investment will be discouragzed. Hence, the volume of
investment is determined by the relation between marginal efficiency of
capital and the rate of interest.

According to this principle, however, the judgement of the value
of marginal efficiency of capital may not be accurate for the later
years or periods due to the fluctuation of economic phenomenon, Fur-
thermore, the behavior of investiment does not seem to be so simple.

Increases of investment may bring & higher level of employment, which

9Tbid., p. 135.
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will give a higher level of aggregate income. Then consumption will be
increased as a result of increased income, Increases in cdnsumption
nean increases of consumer demands which will cause additional invest-
ment. This "feed-back" reaction cannot be neglected. Yoreover, for
aggregsate investment, the availability of funds are more important than
the market rate of interest, and, on the other hand, the availability
of funds may influence the market rate of interest.

In generalizing the Keynesian model, the rultiplier is a relation
between output and invesiment, end thus the effect of a change in in-
vestment is examined by means of the rmultiplier. This is one-sided
only becawse it ignores the reciprocal relations between investment and
output. As we have seen, investment does influence output, but output
also affects invesiment. Investment which arises due to a change in
outrut is called induced investment. In the Keynesian model, lnduced
investmnent is neglected. So Keynes' model is cleerly defective as a
description of economic reality.

II1I THE ACCELERATICN PRINCIPLE

We have seen that the multiplier is ccncerred only with original
investment 23 & stimulus to consumption ard then to income. It is not
the way the "real world" seems to be, because the multiplier does not
involve the question whether additional consumption will induce further
investment or not. Output can reproduce the course of autonomous in-
vestment suitably "multiplied up,”™ but otherwise it tends steadily to
its equilibrium level., This is because the multiplier uses only one

relation, the consumption function; it gives no consideration to the



14
side of investment. Induced investment does occur with additional cone
sumption., As mentioned in the preceding section, additional consumption
will enlarge consumer demand which will induce s2dditional investment.
the effect of added consumption upon the demand for investment is called
the acceleration principle.

The acceleration principle has long bteen used in the theory of in-
vestment, which is now recognized to be of crucial importance in almost
all macro-economic models., It was first formally presented by J. M,
Clark in 1917.'% It 1s held that the demand for investment is derived
from the demand for consumption, An increase in cornsumption will tend
to induce an increase in invesiment; this relation can be expressed as

I(t) = 1/8(t) - C(t-1)7 (2-4) -
where i1 is called the accelerator, t is referred to the time period.

In this consumption-investment relation, investment I will be zero
when the volume of consumption does not change between two periods,
thet is, when consumption is constant. If consumption changes by a
positive or negative arwount, investment or disinvestment will occur at
& rate which is small or large depending on whether the change in con-
sunption is small or large. Since consumption is a function of income,
then investment is also a function of income. Kathematically, if we
substitute (2-3) into (2-4), then we have

I(t) = iZEY(t) - cY(t-127
or I(t) = ci{?(t) - Y(t-127 (2-;) }

L,
\ 10John ¥, Clark, "Business Acceleration and the Law of Demand: A
Technicel Factor in Economic Cycle," The Journs) of Political Economy,
Vol. 25, Xerch, 1917, reprinted in the AEA Readings in Business Cycle

Theory (Philadelphia: Blakiston Co., 1944), pp. 235-260.
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Thus we obtain investment expressed in terms of income. Since ¢ and i
are both pocitive consténts, the product of ¢ and i will a2lso be a
positive constant, but, because ¢ is less than one, the product of ¢
and 1 will be less than the value of i. Therefore, by the above sub-
stitution the acceleration coefficient is smaller when we define in-
vestment in terms of income. However, the power of the acceleration
upon investment does not shrink. For the purpose of illustration, let
us teke a simple example. Assume ¢=0,8, 1=2, Y(t)=100, and Y(t=-1)=80,
fronm (21j$’ .

I(t) = (2)(0.8)(100-80)

(1.6)(20) = 32

From (2-3)
C(t) = cY(t)
= (0.8)(100) = 80
and C(t-1) = o¥(t-1)

= (0.8)(80) = 64
Then from (2-4), we also get
I(t) = (2)(80-64)
= (2)(16) = 32
In both ways we obtain the some amount of investment.,

The acceleration principle then overcomes the deficiency of the
rultiplier and accomplishes the "“feed-back" of investment. It shows
us that investment can be induced rather than being autonomous only.
Subsequently, income is not merely a function of the level of employ-
ment, as indicated by the classical economists and Keynes, but is also
influenced by investment. But what will happen when the multiplier and

the azcceleration principles are acting together? Professor Faul A,
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Sarmelson has given a clear analysis, which will be discussed later.

IV DYNAIC ECOROXIC ANALYSIS

In economlec analysis involving different time periods, two methods
may be used. One is called the continuous analysis by using differ-
ential calculus, which we shall not use in this study. The other one
is called the period analysis. The period anzlysis is usually referred
to as time lags analysis. Suppose that there are two variables, X and
Y, in an anelysis; if their relation involves the same time period, it
is said that there is no time lag, e.g.,

X(t) = 2Y(t)
where a is a constant and t designates the time period. In case these
two variables X and Y are not related in the same time period, such as

X(t) = a¥(t-1)
then there is a time lag, and X of the present time is in terms of Y
of one period ago:% Now econonists call those economic relations, not
involving difference in tine, static. Similar equations with time lags
are called difference equations. The gbove equation with one time lag
is a first-order difference equation; since there is no constant term
in it (or the constant term is zero), it is a homogeneous equation. If
an equation has two time lags, such as

X(t) = a¥(t=1) + bY(t-2)
it is called a second-order difference equetion. Similarly, en equation
with three time lags is called a third-order difference equation, and
so on. Mo >

Kow let us look back at Keynes' model, where current consumption
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is a fixed proportion of the current income. This is a static relation,
being without any lag. MNany economists do not think that this relation44¢/
can describe the dynamiec situatior of the "real world.™ D. H. Robert-
son first introduces a time significance known a&s the "period analysis."11
he suggests a lag between the reéeipt of income and its expenditures,
ie.e., the totzl consumption in this year is a function of income earmed
last year, or

. C(t) = £/%(t-1)/

Loglically his suggestion that consumption follows income is not without
truth, because cash cannot be spent bvefore it is received. But undér
bkis assumption, a zero cash balance at the beginning and at the end of
each period must be presumed, and book credit facilities are not availa-
ble - which is not necessarily true. The lag should probably fe re-
presented as & complex one, However, Robertson's simple lag relation-
ship between income end consumption seems to be more reasonable than
Keynes! consumption function without & lagz,

Some other economists, like Duesenberry, also advocate the intro-
duction of a lag to the consumption function. Duesenberry argues that
the reason why consumption falls less than income in a depression is
that corsumers adjust their consumption not only to current income but
to their previous income, particularly previous peak income.12 The pre-

vious peak level of income has a persisting influence in maintaining

S .
11D. He Robertson, "Some Notes on Lr, Keynes' General Theory of
Employment," Quarterly Journal of Ecoromics, November, 1936, p. L68ff.

g 12Duesenberry, op. cite, pp. T6-89.
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consumption expenditures during a period of cyclical decline, KHis
concept implies a lag, but a lag without regular length.

P. A, Samuelson13 and J. Re Hicks14 both agree with Robertsont's

suggestion: consumption as a proportion of income of the previous period

C(t) = e¥(t~1) (2-6) -
For investment, a lag should exist so that current investment is a func-
tion of the change In income occurring in the peried bvefore the last o
one, such that

TI(t) = 1fF(t=1) = T(2-2)] (2-7)
Thus this concept in the "period analysis" is mcre specified than

;

Duesenberry's. 5';5") N AP S

V SANUELSON'S INTERACTICNS BETWEEN

THE MULTIPLIER AND THE ACCELERATCR

Professor Paul A, Samuelson on the basis of a suggestion by Pro-
fessor Alvin Hansen puts the multiplier principle and the acceleration
principle together, contributing a famous analysis in aggregate income.15
His basic assumption is also

(%) = C(%) + I(%) (2-8) {

13P. A. Samuelson, "Interactions Between the Kultiplier Analysis
and the Principle of Acceleration," Review of Ecoromic Stetistics, lay,
1939, pr. 75-78, reprinted in the AEA Readings in Business Cycle Theory
(Philadelphia: The Blakiston Co., 1944), pp. 261-69.

14J. R. Hicks, A Cortribution o the Theory of the Trade Cycle
(Oxford: The Clarendon Press, 1950), PPe 21-23.

15Sauuelson, loc, cit.
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having the meaning that national income Y of a certain period t is the
sum of estimated consumer demand C and estimated investment demand I of
the same period t. In his enalysis there is a time lag, as mentioned
in the previous section, betweon income and consumption

C(t) = oY(t-1) (2-6)
where ¢ 1s the marginel and average propensity to consume. This con-
sunption function w;th a lag is the mejor difference with the Keynesien
model, With regard to estimated investment, it is basically a funétion
of the change in consumption, exactly the same as in the acceleration
principle, being the same relation as expressed by (2-4)

1(t) = 1/8(t) - C(t-1)7 : (2-4) -

Yathematically the invesitment function may also be expressed in
terms of income Y by substitution, yielding a similer expression to
(2-7) _

I(t) = oi/T(3-1) ~ Y(t-2)/ (2-9)
with the same reaning, i.e., present investment is a function of the
change in income of the period before the last one. According to (2-9),
investment depends upon the change in income. If there is no change in
income (income is constant), then investment will be zero, that is, mno
investment is induced. Perhaps, in addition to induced invesiment, there
is some autonomous invesiment, which is independent of income, such as
the government demand for armaments, then (2-4) becomes

I(t) = 1/8(%) - C(+-1)/ + A (2-10) v
and (2-9) becomes

I(t) = ci/¥(t-1) = ¥(t=2)/ + & (2-11)
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where A is the autonomous investment.16 Froa (2-8), (2-6) and (2-10),
therefore

Y(t)

cY(t-1) + ci/T(t-1) - T(t-2)/ + A

/)

or Y(t) = (¢ + ci)Y(t-1) - ci¥(t-2) +.4 (2-12)
This is a non-homogeneous second-order difference equation., It tells
us that the current income depends on the income of the two previous
periods, plus the current autonomous investment. At equilibrium, that
means income is stable,
Y(E) = Y(t) = Y(t-1) = Y(1-2) %
whére Y(E) designetes the income at equilibrium. Then (2-12) beocormes
Y(E) = ¢(1+1)Y(E) - ciY(E) + &
A/(1-¢)

This is the multiplier forrulation, in which income is equal to autono-

or Y(E)

mous investment (which does not depend upon income) times the multiplier.
It should be noted that the accelerator, i, drops out of the expression
for equilibrium income., This is because induced investment occurs as
a result of the acceleration principle only when income is changing.
Since et equilibrium income is considered to be stable, the role for
the acceleration principle in equilibrium does not exist.

This analysis seems quite reasonable at first sight, but a careful
examination discloses the difficulties with this model. Let us look at

N
equation (2-12)‘again

(
16This modification is also made by P. A. Samuelson. With this
modification, the model is sometimes called Samuelson's "secornd inter-
action model™ to differentiate his original model which does not involve
any autonomous investment. Sece P. A, Samuelson, "A Synthesis of the
Principle of Acceleration and the Yultiplier," The Journal of Political
Economy, Vol. 47, December, 1939, pp. 786-797.
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Y(t) = (crei)Y(te1) = ci¥(t-2) + A
It is apparent that if Y(t-15 is greater than Y(t-2), then income is
growing. Once Y(t-2) is greater than Y(t-1) so that ciY(t-2) is greater
than (c+ci)Y(t-1), then income will be falling to a negative value.
Assume c=0.5, i=2, ¥(t-1)=20, Y(t-2)=35, and A=2, then

Y(t) = 1.5(20) = 35 + 2 = =3

Y(t+1) = 1,5(-3) =20 + 2 = 22,5

T(t+2) = 1.5(-22.5) + 3 + 2 = =28.75
Unless, at the first period, A is great enocugh to cover the decrease of
income, keeping the incomes of the succeeding periods with a positive
value, the level of income will fall 1o a negative value. Suppose A=20,
and other assumpiions remein unchanged, then

Y(t) = 1.5(20)= 35 + 20 = 15

Y(t+1) = 1.5(15) = 20 + 20 = 22,5
But if A i1s not great enough, say &=§, then

T(t) = 1.5(20) =35+ 6=1

Y(t+1) = 1.5(1) = 20 + 6 = 12,5
end income goes on the negative side egein.

Therefore, initiel conditions are very important to this model in
predicting the growth of national incorwe (product) for the future, This
model cannot represent 8 general growth model, but may be a particular
model for the situation where national income is in progress. When
using this model ore should avoid using depression periods as the in-
itial condition in predictirg the growth of an economy. ¥We shall pre-
sent more evidence about the difficulties of this model in the later

chapter.
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V1 HARRCD-DOMAR GRCETE THEORY

According to Keynes'! theory, if today's productive capacity in not
edequately used, that is, if todey's invesiment 1s not big enough to
meet the productive capacity, tomorrow's investment will also be dis-
couraged.1 If investment declines tomorrow there will be an increase
of the lus of idle capital, making the probler rore difficult. If,
however, total demand tomorrow is sufficiently greater than today's
demand, then today's productive caracity can be fully employed, and
there will be room for new investment again tomorrow, creating produc-
tive capacity that may in turn find full outlet if only demand would :
continue to grow day-after-tomorrow. Kow the problem of growth is on
the demend side., R. F. Ezrrod, recogrizes this "growth problem,™ and
tries to provide a theory which can explain how steady growth occurs
in an economy, and a2lso how, if this growth is interrupted « if this
growth once diverges from its equilibriunm path - the aggregate income
may either explode into too rapid growth, producing inflation, or stop
growing, procducing depression.18

Harrod's analysis zlso incorporates both the multiplier concept
and the acceleration principle., HKis concert is represented in terms
of saving and investment, an alternative to stating national income in
terms of consumption and investment. If consumption is a function of

nationel income, then saving is also & function of national income.

17Keynes, ov. cit., pp. 141-146.

18R. F. Harrod, Towards a Dymaric Economics (London: The Macmillan
& Co., Ltd., 1956), Lecture Taree, pp. 63-100.
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He considers both present consumption and present saving to be fixed
by present national income, end at equilibrium saving equal to invest-

nent. The relations are:

C(t) = cY(t)
S(t) = SY(t)
S(t) = I(t)

Also desired investment is proportional to the change in income be-

tween the present period and the period immediately past, i.e.,
I(t) = gf¥(t) ~ Y(t-1)/

Then investmenit will be a constant proportion, g, of the difference of
Y(t)=Y(%t-1). By substitutions, the equation may be written as:
sY(t) = g/¥(t) - Y(3-1)/

or (s/8)Y(t) = Y(t) - Y(t=1)
wacre 8/g will be a constant, and is the rate of growth which will just
keep saving and investiment equal. This rate of growth is known as the

"warranted rate of growth," and designated by Gw,
G =8/g = [T(t) - Y(+-1)/¥(t)

Since marginal propensity to consume plus marginal propensity to save
is wnity, i.e., c+s=1, then
[I(8) = Y(2-1)/7(%) = (1-¢)/g
1= T(t-1)/¥(t) = (1-c)/g
Y(t=1)/Y(t) = (g+c-1)/g ~
or T(t) = Y(t=1)/e/(gre-1)/ (2-13)
Professor Evsey D. Domar has indevendently produced an analysis

very similar to Harrod's. He gets the same relatiorn but with a different
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interpretation.19

His argument is that g is the reciprocal of the
average investment productivity, i.e., 1/g is the ratio of the addi-
tional output (income) from investment to the amount of investment:

/g = [I(%) = Y(t-1)//1(t)

Thus investment is not taken as dependent on Y(t)-Y(%t-1) as in Harrod's
principle; it is Y(t)-Y(t-1) which is dependent on investment through
the productivity of investmert. In mathematics, however, we may get
the saze formulation for both Harrod's and Domar's principles.

In the Harrod-Domar model, there ls no lag either in the multiplier
or in the accelerator; the multiplier and the accelerator are found to
act together to produce a steady and progressive growth in income over
time. )any economists criticize this model because the complete ab-
sence of time lags reduces its plausibility. It has been said that it
is in "a world without history.“zo Nevertheless, one may introduce a
log either in the consumption function or in the investment function
to eliminate the sense of "without bhistory," suqh as

C(t) = cY(t-1)
and I(t) = 3/¥(t-1) - Y(t-2)/
These two functions with a lag have been discussed previously (see

(2-6) and (2-7)), but they do not possess any of Harrod's properties.

They are, however, analogous to that in Samuelson's model, and here is

19E. D, Domar, "Capitzl Expansion, Rate of Growth, and Employ-
ment," Econometrica, Vol, 14, April, 1946, pp. 137-147.

20Joan Robinson, "Mr, Harrod's Dynamics," Economic Journal,
Yarch, 1949, p. 69.
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the comment of Professor G. Ackley:

eee Wo 2gain get (above two functions with time lag), not
Harrod's result of a "warranted" rate of steady growth with
cumulative instability on either side, but an accelerator
model permitting various kinds of fluctuations, but whose
equilibrium solution 3? always a constant income, not a
steadily-growing one.

Professor W. J. Baumol, therefore, makes a modification.22 in
eddition to the original relation in the investment function, he adds
sore autonomous invesiment demand A, and some investiment demands which
are proportioned to income, such as the community's trade balance.
Since the community's trade balance provides a net non-consumption
demand for the community's products, Baumol considers it as a form of

investment. Then the total investment demand during period ¢ is given

by
I(t) = g/T(t) = Y(t-1)7 + 3¥(%) + A (2-14)
and in order that this be egqua)l to realized investment (saving)
S(t) = sY(t)
i.e., in order that investment desires be satisfied, then
8Y(t) = g/T(t) = Y(£-1)7 + JY(1) + A
By substituting 1-c¢ into & and by transposing, yields “

Y(t) = f&/(grirc-1)/Y(1-1) = A/(g+j+c-1) (2-15)
The final result of the modified model as expressed in (2-15) is

21Gardner Ackley, Yacroeconomic Theory (New York: The Macmillan
CO., 1961)’ p. 524'

22W. Je Baumol, "Yet Another Note on the Harrod-Domar Yodel,"
Economie Journal, Vol. 62, June, 1952, pp. 422-27; also, W. J. Baumol,
Economic Dynarmics: An Introduction (New York: The Macmillan Co., 1960),
pp. 44-46.
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more or less similar to Harrod's original model (see (2-13)). In (2-15),
there is a constant term, but in both (2-13) and (2-15) the current income
is & constant proportion of the level of income of the last period.

In swmerizing, the larrod-Domer growth model seems to be somewhat
unrealistic, It implies perfect forecastiﬁg for all concernec. Producers
must always perfectly forecast their sales, and this forecast of sales
must include the sale of capital goods in an amount determined by the
sirmltaneous growth of szles. Also consurzers must perfectly forecast
their incomes., With all the perfect forecasting; the rate of growth can
then be kept going witrout interrupticn. There is no fime lag, no chance
for error either in the iavestor's forecast of production, or the pro-
ducer's forecast of seles, lYoreover, the assumption that present income
is constantly proportionel to the level of income of the last period can-
not be valid all the tire., The arnual income mey not grow with the seame
percentage of the income of preceding ycar. Even if this percentage is
measured bty period, different periods will yield different percentages.
For example, according to R. Goldsmith's report, the percentage increased
per year of the gross nationel product of the United States in constant
prices from 1839 to 1959 is 3.66, but for the period 1839-1879 it is 4.31,
for 1879-1919 it is 3.72 it is 3,72, and for 1919-1959 it is 2.97.23 It
will be seen later, however, in Chapter IV how the Harrod-Domar model

works empirically.

3R"ynond Goldsrpith, "Historicel and Comparative Ratio of Production,
Productivity and Price," Enployment, Grewth end Price levels, hearings
before the Joint Economlc Coumlttco, 6€th Congress, 1st cess. (%ashing-
ton, D. C.: U. S. Government Printing Cffice, 1959), Part 2, p.271.




CHAPTER III
THE MAKING CF XKODELS
I THE ESTIMATICN OF PARAMETERS

A. The Method of Least Squares

One of the simplest and most widespread methods of estimation used
by economists is the least squares method. The least squares method
suggests that the sum of the squares of the deviations beiween the
actual values and the estimeted values of observations be a minimum,

More precisely, the method of least squares possesses the following

properties.

1) The sum of the squares of the deviations of the sample observations
from the sample values is a minirum.

2) The estimates are such that the estimated line passes through the
point of means of the variables,

3) The estimated values for the parszmeters are the best unbiased linear
estimates, "Dest" means that the estimates have the smallest var-
iance among all linegr unbiased estimates.

For exsmple, in a two-variables case, which is sometimes referred to as

the simple regression, assuming that X and Y are two variables, and

there is a linear relationship between them such that

Y=a+bX (3-1)
where X is the independent variable and Y is the dependent variable,
and a, b are the unknown parameters indicating the intercept and slope
of the function, respectively. Now suppoce that the unknown parameters

have been estimated as a' and b' by using the least squares method, and
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Y
Y
)
X R X
rig. 3-1
then the estimated line is
Yt = a' + b'X (3-2)

vhere Y' 1s the ordinate on the estimated line for any given value of
X. It is obvious that not all the observations or sample points fall
on the estimated line, such as shown in Fig, 3-1. If p is any point
wnich is not on the estimated lins, then there is a deviation u which
is the difference between Y and Y, i.e.,

u=Y -1
The deviation from the estirated line may be positive or negative as
the sample point lies zbove or below the line., Thus, if 211 these
deviations are squared and summed, the resultant quantity must be

non-negative and will vary directly with the spread of the points from

the line:

Tu?al (Y-11)?



29
Then from (3-2)

¥ W = )3 (Y-:a\.'-b'x)2
Since the property of least squares is that Zu2 be minimized, & necese
sary condition is that the partial derivatives of the sum with respect

to &' and b' should both be zero. Therefore,

LI 2f ) - o
—a‘l—»z W = -2 ¥ X(Y-2'-b'X) = 0

Divide both sides of each equation by 2, and by transposing we then
obtain the standard form of the normel equations:
TY=am+b )X (3-3)
TXY=ar I X+b L X (3-4)
The simultaneous solution of these itwo normal equations yields the
values of a' and b' that minimize the sum of the squares of the devi-
ations u's, This is the basic property of the least squares method.
If divide through equation (3-3) by n, then
¥=2a"+pR (3-5)
where Y:Zx/n, and X=JX/n. Thus it shows that the estimated line
Y'=at+b'X passes through the point T of means X and ¥, as shown in
Fig. 3-1. This fulfills the second property of the method of least
squares,
By substracting (3-5) from (3-1), there results
Y' =% =0b(X-2X)
Let x=X-X, y=Y-¥, and y*=Y'-¥, then
y' = b'x (3-6)

that is an alternative way of writing the equation of the least-squares



line., Also
u=Ya-T1
F+D =G +9)
y-3
y - b'x (from (3-6))

so that the sum of the squares of the deviations is
L= (y-v0)?

Vinimizing it by taking partial derivatives with respect to b' gives
«2) x(y-b'x) = 0

2xy-b'}:x2=0

v =Y xy/ L %8 (3-7)
ard a' can be obtained from (3-5)
a' = ¥ - 1% (3-8)

Next we are going to show that a' and b' are unbiased lirear
estinaetes. Let us assume
Y=a+bX+u (3-9)
and the oxpectation of u is zero, i.e.,
E(u) = 0
From (3-7) we have
v =] xy/ L5
=¥ x(1-3)/ L £
=ZxY/Z12 - YZx/}'_'xz
Since the sum of deviestions from the mean is zero, i.e.,
Lx-%-=0
then ILx=0
Hence b =% x¥/ T x°
=7 wY
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whers w=x/fx". Fronm (3-9)
b =7 wla + tX + u)
=&l W+bL WX+ W
=Db+] wa
Then E(b') = b + [ wE(u)
Since E(u)=0, then E(b')=b., Thus b' is an unbiased linear estimate of b.
Similarly, 2' is an unbiased linear estimate of a. From (3-8) |
a' =¥ - p'X
=Y ¥n~-(Lwr)X
= z (Y/n) = 7 RwY
=7 (1/n - Xw)Y
=Y (1/n « Zw)(a + BX + u)
za-allw+ R eXTwX+] (1/0 « Iw)u
=e+] (1/2 - Zw)u
Eence E(a') = a + 7 (1/n = 2W)E(u)
or E(a') = a
Finally we are going to see that the estimated a' and b* are the
best linear unbiased, that is, they have the zmallest variance, Let us
define any arbitrary linear estimate of b es
b e} oY

where c=w+4d (3-10)

1w is constant and since yx=0, then:

2w=2(x/:/:x2)=2x/z::2=0

S ey (/5 D2 eF AE L) = T
wa:{(x/[xz)x=zx2/Zx2 =1
Twx=FwX-R) el w-X7w=)w=1
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w being defined as previously and 4 being arbitrary constant. For b!!

to be an unbliased estimate of b, 4 rust fulfill certain conditions.

From (3-9)
bt =) c(a + BX + u)
=al c+by cX+¥ cu
80 E(b'*) =af c+dycX=D

if 7c=0 and } cX=1. These two conditions, from (3-10) and the properties

of w, gives the required conditions for 4, i.e.,

Jda=0
and Tax=F & =0
The variance of this arbitrary linear unbiased estimate is then
Var(b'?) = E((T cu)?)
= E(u2) Y o2
But £c2=Zw2+[d2+2de
iwd:[xd/{xz =0
therefore,

Var(b'') = Var(b') + E(u?) ¥ &2
where ‘{_dz rmust be nonnegative and is zero only if each value of d is
zero, Thus the least-squares estimate has the smallest variance of all
linear unbiased estimates. A similar result may be obtained for Var{a').

So with all these proverties, we obtain the estimates of the para-
meters of a linear relation by using the above iwo normal equations
(3-3) and (3-4), or the equations derived from them, such as (3-7) and
(3-8). MKoreover, by solving the two normal equations, we may get
ny XY -Y X} Y

b = (3-11)
anz - (ZX)2
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TXTY-FTXE XY
= 2 -
an-(zmz
More detail about the technique of the least squares method may be

(3-12)

‘|

seen in Appendix A.
B, Problems with the Least Squares L!ethod2
We have seen the rroperties of the least squares method, but there
are some consequences arising fronm it.3
1) The sampling variances of these estimates may be unduly large com-
pared with other methcds.
2) By the usuzl least squares method, we are likely to obtain a serious
underestimate of the variances,
3) We shall obtain inefficient prediction, that is, predictions with
needlesely large sampling variances,
These consequences, however, may be eliminated by making use of auto-
correlation, i.e., making use of the autoregressive structure of the
disturbances (the measurement errors, i.e., the differences between the
estimated values and the actual values of observations), This process
is équivalent to a two-sieps procedure,

The first step is to transform the original variables according to

2The aim of this study 1s not to discuss the econometric method, =0
in this section we simply point out the problems with the least squares
method, and the difficulty of this study. Xore detail about the methods
which can overcome the consequences of the least squares method may be
obtained in J. Johnston, Econometric Yethods (New York: McGraw-Hill Book

CO.’ InCQ, 1963), PPe. 177—2950

3Ivid., pe 179.
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the sutoregressive structure of the disturbance term, which refers to
u such as in the equation

Y= +0u
where X and Y are variables, b is the parameter, and u is the measure-
ment error such that

usY - 7Y
where Y' is the estimated value of Y. The second siep is to apply tke
usual leest squares to the transformed variables. This process can be

made by the use of matrix algebra. Ve mey write Y=bX+u in matrix nota-
tion such that

Tl %11 %29 oo Xq| |4 "17
Lol [*12 %oz === Xxa| | P2 Y
SO Il D RN (3-13)
_Yn . _x1n xzn e xkn_{ Lbk.n. Lun-

By applying a transformation matrix to (3-13), gives

M poe o - — - - 4
10 we OT,] o0 1 0 eee 0[Ryq Xpy oo Xt
0 -D 1 eee O Y2 o-p 1 eee O x12 X22 XY sz b2
_0 0 0O aee 1_LYn‘L LO O O eve ?_Enxzn ...Xka :)‘
' :p 1 0 oooqnuﬁ
O-p 1 eee O u2
o | I B R 7S
0 O 0 ,.e
L %]
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where p is the coefficiert of autocorrelation, and its absolute value
is less than one i.e., [p[<:1. Its value can be obteined by applying

the usuzl least squares method from
b i
where ey is not & random varisble but a residual such that

e, =Y = b'X

1
where h' is the estimated parameters. Solving (3-14) we then obtain
the value of b, which will not yield the consequences as stated above.
In this study, however, we do not concentrate on one or two equations,
but have a number of equations with a large sample, Therefore, it is
impossible for us to use this two-steps procedure.

The second problem arising from the usual least squares method is
that there will be a negative bias if there is any time lag in the var-
iables, such as in the equation

Y(t) = a + bY(t=1) + u
Especially in small samples, the blas is even more serious. Professor
J. Johnston has introduced some ways of lesseéning the difficulty of the
least squares method in the estimation when time lags are involved,4
but they are too complicated for us to apply in so many equatiors as in
this study. Furthermore, a complete eliminstion of the blas in lagged
variables is still in discussion.

So far we have merely pointed out the problems with the usual least

squares in & single equation. In an economic model there is usually

more than one equation. When single equations interact together, the

41v14., pp. 211-221.
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direct application of the usual least squares method to the single
equations will not yield unbiased estimates of the parameters. let

us take a simple model such 23

C=a+bY+u (3-15)
Y=C+1 (3-16)
I=1 (3-17)

where C = consumption expenditure
Y = incone
I = invesiment, which is autonomous and is determined outside
the model
Io = given falue for I

We also assume that there are some dats given 2s in the following table:

Y c I,

5 5 0

10 10 0

15 15 0

15 10 5

20 15 5

25 20 5
TT=90 | §C=T5 |£I =15
=15 | C=12.5 | I =2.5

By applying directly the ususl least squares method to (3-15) gives

. afCY-YCcrY
aY Y- (ID?
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where n=6, [CY¥=1,300, 3C5Y¥=€,750, FY°=1,600, and (fY)%8,100. Thus we
obtein b=0.7, and a=C-b%=2, Re-write (3-15)

C(t) = 2 + 0.TY(%) + u, (3-18)
where t designates the time period. Ve may aprly the least squares
method to fhe reduced form of (3-15) by substituting (3-16) into (3-15)
such that

C=a2a+b(C+I)+n v
from which we obtain the reduced form of C

a b 1 =
C=gx*+timitian

By applying the least squeres method to the reduced form, gives

b/(1=b) = 1, or,b=0.5
and 2/(1-b)=10, or, a=5
Re-write (3-15)

C(t) = 5 + 0.5¥(t) + u, (3-19)
The method employed in the above by using the reduced form of the model
is that of indirect least squares; that is, usual least squares method
is applied to find estimates of the parameters of the reduced from, and
from these, in twrn, estimates of the structural perameters are obtained.
The indirect least squares rethod will yield unbieased estimates of a
and b for the model as a whole system, such as in (3-19). It is oﬁvioué
that the result of the direct application of least squares method, as
shown in (3-18), yields upward biased estimates, because the slope of
(3-18) is greater than that of (3-19).

Although the indirect least squares method yields unbiased estimates

of the parameters for the wviole model, it is sometimes feasidble. There
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is another method of more genersl applicability called the two-stage

least squares method. The first stage of this method is, from (3-16),

to compute
Y=h+gl+e
ny I-3Y§¢1I
where g = 5 5
ny I" - (X 1)
and he?e- gi

The estimated Y values are given by
Y* =h+ gl (3-20)
Now the second stage is to substitute these Y' wvalues in (3-15) to give
C=a+ by + (u+ be) (3-21)
The second stage is then completed by applying least squares directly
to (3-21) to obtain estimates of a and b.

Besides the above two methods, there are still some other methods
which cen eliminate the bias arising from the direct application of the
least squares method to the single equations, such as the least-variance-
retio method, the full-inforration maxinmum likelihood method, and the
three-stage least squares method. All these methods are quite com-
plicated. If we apply any one of them to this study, we have to com-
nute the parameters model by model. Also, in so doing, we will have
different values of parameters for the same function in different models.
In this study, however, we are also interested in the values of the
parameters of each single function, so that we can compare the various
theories in the consumption and investment functicns empirically. For
these reasons, we have to apply directly the usual least squares method

to this study.
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II BASIC ASSULPTIONS

‘beb o

The Keynesian theorybhssumes that z2zgregate income is equal to the
sum of aggregate consumption and aggregate investment, making a defi-
nitional equation in macro-econcnics

Y(t) = C(t) + I(t) (3-22)
Ail theories which we have discussed in the previous chapter use this
definition, In it we do not see how the government spends its money,
In theory, all governmeni expenditures belong either in the category
of consumption or investment expenditures. Hence, according to the
above definition (3-22), the total government expenditures are merged
in the consumption and investiment categories. In Keynes' model, however,
it actuelly does not neglect the government sector. It does emphasize
the role of government in an economy, for the impact of government ac-
tion can help to stabilize econonmic growth. Therefore, some econonists
introduce the government sector as a separafe item among the components
of national income, such that

Y(t) = C(t) + I(t) + G(t) (3-23)
where G is the volume of government expenditures on goods and services.
There are also some other reasons for separating the goverrment sector,
such as
1) the difficulty in breaking down government expenditures into con-

sumption and investment expenditures,

2) some special interest which centers around govermment expenditures.

The determination of the volume of government expenditures is not
simple. There are many factors which affect government expenditures,

although usually government accounts are under the annual budget.
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Disgarding those factors arising from politics and wars, economists
usually consider the total volume of government expenditures as a func-
tion of the level of income with direct proportion:
G(t) = gY(t)

where g is a positive constant and less then one. In economics, the
purpose of a government is not to mzke money to increase its assets
such as by investments. Its major receipts are from taxation. It is
clear that receipis arising from taxation depend upon the level of
nationel income. Government receipts and expenditures are supposed to
be balanced. Therefore go&ernment expenditures depend largely upon
the level of netional incore.

In this study, we use both arguments as our definitional equetions
i.e., (3=22) and (3-23); 2lc0 as mentioned in Chapter I, Y(t) designates

gross national income, thus I(t) here is gross investment.

III THE CONSUXPTION FUNCTICH

As seen in the previous caapter, there &re meny arguments about
the consumption function. BEeasically, in this study we adopt the in-
come-consumption relation end its extensiors. The followings are the

consunption functions which we are going to test:

C(t) = c¥(t) (3-24)
C(t) = c¥(t) + a : (3-25)
C(t) = cY(t-1) (3-26)
C(t) = cY(t=1) + & X (3-27)
C(t) = cY(t) + bt + & (3-28)

Equations (3-24), (3-25) and (3-28) are called static formulations,
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.
while equations (3-26) and (3-27) are dynamic in the sense that there
is a time lag in the level of incore,

Equation (3-24) is from the Keynesian model, which is critized as
being too static; and equation (3-26) involves & lag on the income side,
as suggested by Robertson and other economists trying to overcome the
deficiency of the stetic Feyresien rodel., The difference between (3-24)°
and (3-25) end that between (3-26) and (3-27) is the same; it 1s only a
matter of whether there is a constant term or not. For those two equa-
tions, (3-25) and (3-27), the rarginal propensity to consume is less than
the average propensity to consume, as discussed in Chapter II. This
situation, according to Duesenberry and Friedman, should not be the case
in long-run, They suggest that in long-run, the marginal propensity to
consune should be the szre &s average propensity to consume, and so the
consumption function should te formulated like (3-24) and (3-26).

The consumption function (3-28) is formulated according to the sug-
gestion of Arthur Smithies, There is no lag at all, but instead, he
argues, as seen in Chapter II, that consumption should also be a func-
tion of time, not only of income, in order to reconcile the short-run
long-run problemn,

Besides, there is another approach concerning the consumption func-
tion, which we have not discussed before. The underconsunpiionistis say
that aggregate consumption is determined by two things: (1) the level
of aggregate income of the previous period, and (2) by the distribution

of that income between wages and profits, such thats

5Howard Je Sherman, )acrodvnarnic Econorics: Growth, Emrloyrent and
Prices (New York: Appleton-Century-Crofts, 1964), p. 79 and p. 235
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C(t) = a + YW(t-1) + cP(t-1) (3-29)
where P designates profit inccme, and W is wage income proportional to

net national income, such that6

W(t) = 4 + eY(t) (3-30)
Also it is assumed that
W(t) + P(t) = Y(t) (3-31)

where Y is net national income, so that
W(t-1) + P(t-1) = Y(t-1)
Therefore, the relation of (3-29) implics that consumption is a func-
tion of the income of the last period.
Thus, all of these consumption functions as stated above are not
without .reasons. In the next chapter, we shall see how they work em-

pirically, and whioch of them is closest to the "real world."

IV THE INVESTLENT FUNCTION

Our investment functions are based upon the acceleration principle.

They are:
I(t) = 1/8(t) - C(t-1)/ (3-32)
I(t) = 1/6(t) -~ C(t-1)/ + & (3-33)
I(t) = i/f(t-1) - C(t-2)/ (3-34)
I(t) = 1/T(t) - Y(t-1)/ (3-35)
I(t) = 1/¥(4=1) - Y(t-2)/ (3-36)
I(t) = 1i/T(t) - Y(£-1)/ + JY(1) (3-37)
6

Tbid., p. 235.
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I(t) = 1/7(4) = Y(t=1)/ + JY(L) + & (3-38)

Equation (3-32) is the original formulation of investment function
under the acceleration principle. Equetion (3-33) is similar to (3-32)
~ excep: that it has a constant term A4, which designates autonomous in-
vestment, according to the argument that in addition to induced invest-
ment there is also autonomous investment.

The investment function (3-34) involves a time lag on the consump-
tion side. In either (3-32) or (3-33), the induced investment arising
from the action of the accelerator is considered to be completed in the
same period as that in which the additional consumer goods output occurs
which required the investment. Some econorists argue that if income
rises, people buy more consumer goods; but in order to meke more consumer
products, more machines are required (subsequently more machines have
to be made), and thus it requires some times for the construction and
installation of machines end plants. Therefore, it is suggested that
the acéelerator effect should be lagged.

Equations (3-32), (3-33) and (3-34) express investment as a function
of the chenge in consumption, which is & function of income, But soce
econorists apply the ecceleration principle to the change in income
directly, such as (3-35), which is suggested by Professor Harrod. As
seen in the previous chapter, in the discussion of the acceleration
principle, no matter whether we put investiment as a function of the
changed consumption or 2s a function of the changed income, mathematic-
ally the acceleration effect is the same when we use the same marginel
propensity of consume. Enmpirically, however, it will not, because the

change in consumption does not vary in a constant proportion to the
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change in Iincome over time. That is to say, tke acceleration coefficient
in (3-35) will not equal the product of the marginel propensity to con-
sure times the acceleration coefficient in (3-34). For example, accofd-

ing to the result of our estimation, we have

C(t) = 0.7972¥(t) (3-39)
I(t) = 2.8452/C(t) - C(t-1)7 (3-40)
I(t) = 2,0266/T(t) - Y(t-1)/ (3-41)

If we substitute (3-39) into (3-40), we have

0.7972(2.8452) /(1) - ¥(t-1)/

I(t)

]

2.2682/Y(t) - Y(t~1)/

where the acceleration coefficient is different from that of (3-41).
Therefore, we cannot view (3-~32) and (3-35) as the same thing, because
they will render different effects, EBy the same token, (3-36), a func-
tion of the change in income occurring in the period before the last
one, will have a different effect from (3-34). The time lag in (3-36)
is introduced for the same reason as {(3-34).

Equations (3-37) and (3-38) are the modification of Harrod-Domar
model, as seen in the previous chapter. In (3-37) it is assumed that
some investment dermand is propvortional to income, such &s the comzmmunity's
trade balance, designated by jY(t), where j is a constant and may be .
negative; also, there is still some investment demand based on the accela
erestion principle 2s in the Harrod-Domar rodel. In (3-38) in addition
to the assumption of (3-37), there is some autonomous investment, written
as A, independent both of the lavel of income and the change in income.

In addition to the invesiment functions as listed in the above,

according to the theory of "overinvestment,™ there is another one, which
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is proportional to the change in profit of the previous period, such

that!
I(t) = g + b/P(t-1) - P(t-2)/ (3-42)

where I is net investment. The t:.ic reason of this proposition is
that the aim of investment is to . .e¢ profit, Additional profit will
attract additional investment, but, on the other hand, a decline in
profit will discourage investment.

The combinations of the basic definitions, consumption functions
and invesitment functions constitute the economic models for us to in-

vestigate in the next chapter.

T1via., p. 89 and p. 237.



CHAPTER IV

EXPIRICAL INTZRPFETATION

¥ajor growth theories were discussed in Chapter II, and the hy-
potheses of this study were establisked in Chapter III. Upon these hy-
potheses and using the least squares method, this chapter presents the

results of empirical applications.

I THE FUNCTICHS

According to the basic assumption established in the preceding

chepter, there aré two definitional equations:

¥(t) = C(t) + I(%) (4-1)

Y(t) = C(t) + X(t) + G(t) (4-2)
In this study Y is gross n;tional product, anéd ¥ is time period. In
(4-1), C is the sum of perscaecl consumption and government consumption,
and I is the sum of private investment and government investment. In
(4-2), C refers to personzl consumption, I private investment, and G
total government expenditures on goods and services. In (4-2), total
goverrnment expenditures are not broken down according to consumption
end investment. The Office of Business Economics of the United States
Department of Commerce published the total government expenditures on
goods and services with no distinction between their consumption and
investment nature. In Table A-Ila of John W. Kendrick's book, Produc-

tivity Trends in the United States, total governnent expenditures are

broken down into consunption expenditures and investment expenditures.

This bresk-down is recorded so tkhat column (6) presents government
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investment, and colum (10) total government expenditures on goods and
services.1 By taking the ratio of these two colummns, i.e., dividing
columm (6) by column (10), the annusl percentage of goverrment invest-
ment out of the total government expenditures on goods and services may
be computed. According to these percenteges, annual government investe
ment may be apportioned., By substracting government investment from
total government expenditures, the resulting emount is govermment cone
sumption expenditures. The data given by Kendrick, however, is up to
the year 1957 only; so for the years 1958-1963, the percentage of govern-
ment investment out of the total government expend;tures is based upon
the average of the annual percentages of 1929-1957. This averege is
approxinmately 299, Suznery data ere recorded in Appendix C. The orige

inal data are obtained from Survey of Current Business® in current dol-

lars, end converted into 1929 dollars according to the "Consumer Price

Index" provided by the Statisticel Abstract of the United States.

Under each of the above definitional equation, there are five con-
sumption and seven investment equations. Ey combining these equations,
some fifty-five national incorme models result, each one of which is

tested apainst observation. Below are the results of the estimation of

1John W. Kendrick, Productivity Trends in the United States
(Princeton: Princeton Unlverslty Fress, 1961), pp. 293-295.

U. S. Department of Commerce, Office of Business Economics, Sure
vey of Current Business (Washington, D. Ce: U, S. Government Prlnting
Cifice, 1950-1964).

3U. S. Departament of Cormerce, Bureau of the Census, Statisticel
Abstract of the United States (Veshington, D. C.: U. S. Government
Printing Office, 1950-1964).
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2ll the parameters (all constant terms in the following equations are
in millions of 1929 dollzrs).

A) Defining agrregate income as

Y(t) = C(t) + I(%) (4-1)
we have
C(t) = 0.79724Y(%) (4-3)
C(t) = 0.75841¥(t) + 8,632.65 (4-4)
(1) = 0.82906Y(t-1) (4-5)
C(t) = 0.78035Y(t~1) + 10,313.42 (4-6)
C(t) = 0.72752Y(t) + 283.83t + 10,289.00 (4-7)
and
I(t) = 2.84519/C(%) ~ C(t-1)/ (4-8)
I(t) = 0.95075/C(t) = C(t=1)/ + 30,969.63 (4-9)
I(t) = 2.83189/C(t-1) - C(t-2)/ (4-10)
I(t) = 2.02659/T(t) - Y(t-1)7 (4-11)
I(t) = 2.01716/¥(t-1) - Y(t-2)/ (4-12)
I(t) = 0.11667/7(1) - Y(1-1)/ + 0.19802¥(t) | (4-13)
I(t) = 0.10027/T(t) = Y(t-1)/ + 0.23799¥(t) - 8,702.24
(4-14)

The following estimations are also made: )
C(t) = 19,618.84 + 0.T24147(t-1) + 0.53286P(t-1)  (4-15)
I(t) = 19,348.34 + 1.00638/P(t-1) = P(t-2)/ (4-16)
wu(t) = 0.59518Y(t) - 3,578.03 (4-17)
where C is total consurption, W wage income, P profit income, I net
investment, and where Y(t)=W(t)+P(t). In this case Y refers to net

national product rather than gross national product.
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Since the data used cover the years 1929 through 1963 (2fter ex-
cluding the four year wer period, 1942-1945) there could have been
thirty-one years of observations. In this study, however, period anal-
ysis is used; and by taking 1930 as the basic year, there are only thirty
years of observations., Furthermore, for investment functions with lags,
1931 is taken as the basic year, which leaves only twenty-nine years of
observations. In order to match invesiment functions with corresponding

consumption functions, the following consumption functions are used:

C(t) = 0.79699Y(+) | (4-3)1
C(t) = 0.75670Y(t) + 9,016.40 (4-4)
C(t) = 0.82986Y(t=1) (4-5)*
C(t) = 0.77034Y(t=1) + 12,619.16 (4-6)"

where the basic time period t is 1931.
B) With government expenditures as a separate component of aggre-

gate income, such that

I(t) = C(t) + I(t) + G(t) (4-2)
we have

C(t) = 0.662991(%) | (4-18)

C(t) = 0.58363¥(t) + 17,585.89 (4-19)

C(t) = 0.68946Y(t=1) (4-20)

C(t) = 0.60235Y(t-1) + 18,549.27 (4-21)

C(t) = 0.59769Y(t) - 132.64t + 16,880.40 (4-22)
and

I(t) = 2.19507/C(%) - C(t-1)/ (4-23)

I(t) = 0.74771/C(t) = C(1-1)/ + 23,324.20 (4-24)

I(t) = 2,24533/C(t=1) = C(t-2)/ (4-25)

I(t) = 1.51270/%(t) - Y(+-1)/ (4-26)
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I(t) = 1.43317/T(¢-1) - Y(£-2)7 . (4-27)
I(t) = 0.13835/T(t) = Y(1-1)/ + 0.14249¥(t) (4-28)
I(t) = 0.12592/¥(t) = Y(t-1)/ + 0.17392¥(t) - 6,852.99

| (4-29)

Also, we have
G(t) = 0,18890¥(t) (4-30)
In (4-25) and (4-27), there are twenty-nine observations only. For

those consumption function of twenty-nine observationé, there are

C(t) = 0.66216Y(t) (4-18)"
C(t) = 0.58397¥(t) + 17,496.55 (4-19)°
C(t) = 0.68938Y(t-1) (4-20)*
C(t) = 0.59849Y(t-1) + 19,550.00 (4-21)1

Also, for govermment expenditures with 1931 as the basic year, we have
G(t) = 0.18952Y(%) (4-30)*

Although estimation based on either twenty-nine or thirty observations
gives approximately the same value of parameter, still the principle of
logic cannot be ignored.

To find out which of the ebove functions is better than the others,
their mean-squares-error are used. }ean-sguares-error is the average
5% the sum of the squares of the difference between the estimated value

and tke actual value of the observation, such that

2 2
3/C()-Ct (1) T /I(t)-I* (1)
¥-S-E = ] ’ ¥-S-E = [ ]
n n .
where C'(t) and I'(t) are the actuel value of observations,4 and n is

4Since we have elready used C(t) and I(t) as our estimated values,
so we use C*(t) and I'(t) to represent the actual values of observations.
This notation is contrary to the usual way.
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the number of total observations. The smaller the ¥-S5-E, the better
the function, In Table A the consumption and the investment functions
are listed with their K-S-E, which correspond to the definitioral equa-
tion (4-1). Table B consists of the functions related to the defini-
tionzl equation (4-2). In both tables, the functions are listed in
ascending order according to the K-S~E, so that the first model has the
smallest U-S-E.

Teble A and Table B have one thirg in common, that is, the best
consunption function is

C(t) = cY(t) + 2
and the best investment function is
I(t) = 4/T(t) - Y(t-1)7 + §¥(t) + &

This implies that no matter what definitional equation is used, these
two functions are likely to be the best choice. Fowever, the K-S-E's
of these two functions are smaller in Table A than those in Table B,
that is, when & function is related to the definition, Y(t)=C(t)+I(%t),
the K-S-E is smzaller than that when the function is related to
Y(+)=C(t)+I(t)+G(t)s In other words, the result by the definition
Y(t)=C(t)+I(t) is better then that by Y(t)=C(t)+I(t)+G(t). This may
te due to the fact that if total pgoverrrent expenditures on goods and
services are separated from consumption and investment, the government
sector cannot give the same effect as that produced by consumption and
investment, .

The consumption function next to the best in both Table A and
Table B is

C(t) = eY(t) + bt + &



Table A

Function Empirical Result H-S-E Ref.
C(t)=cY(t)+a C(t)=0,75841Y(1)+8,632.65 7,960,528,977 (4-4)
C(t)=0Y(t)+btra C(+)=0,72752Y(4)+283.831+10,289.00 13,157,589.379  (4-7)
C(t)=cY(t) C(t)=0.79724Y(t) 19,812,774.227  (4-3)
C(t)=cY(1-1)+2 C(t)=0.7€035Y(1-1)+10,313.42 56,695,278.351  (4-6)
C(t)=cY(t-1) C(t)=0.62906Y(t-1) 72,380,449.597  (4-5)
1(t)=a{?(t)-y(t-1z74jY(t)+A I(t)=0.1002ZZ§(t)-Y(t-127+?éf$gg?§§t) 666,612,650 (010
I(t)=1/¥(1)-Y(t-1)7+3¥ () I1(£)=0,11667/Y(£)-Y(£-1)/+0,19802Y(t) 18,368,179.157  (4-13)
I(1)=1/C(1)-C(t-1)]+A 1(+)=0.95075/C(+)-C(t-1)/+30,9€9.63 333,332,094.762  (4-9)
I(t)=1/C(t)-C(t-1)/ 1(+)=2.84519/C(+)-C(t-1)/ 949,836,592.234  (4-8)
1(t)=1/C(4-1)-C($-2)7 1($)=2.83189/C(t-1)-C(t-2)/ 970,723,641.711  (4-10)
I(t)=§/i(t)-Y(t-117 I(t)=2.02652/?(t)-Y(t-1L/ 1,001,057,709.943  (4-11)
I(t)=§[§(t-1)-Y(t-2L7 1(t)=2.o1716/9(t-1)-Y(t-2;7 1,05T,385,770.811 (4-12)

Note: this table is under the assumption, Y(t)=C(t)+I(t)

26



Table B

Function Empirical Result M-S-E Ref.

_ C(t)=c¥(t)+a c(t)=0.58363Y(t)+17,585.89 8,783,301.679 (4-20)
c(t)=cY(t )+bt+a C(t)=0.59769%(t )~132.64t+16,880.40 8,793,634.195 (4-23)
c(t)=cY(t-1)+a c(t)=0.602357(t)+18,549.27 38,767,194.847 | (h-22)
c(t)=cY(t) C(t)=0.66299¥(t) 57,211,900.490 (k-19)
c(t)=cY(+-1) c(t)=0.68946Y(t-1) 92,903, 474.109 (k-21)
I(t)=1/¥(t)-Y(t-1)/+3¥(t)+A I(t)=0.l2592[]—((t)-Y(t-l)]m:éfgg?'é;) 11,382,610.178 {4-30)
I(t)=1/¥(t)-Y(t-1)/+3¥(t) 1(t)=0.13835/¥(t)-¥(t-1)7+0.142Lo¥(t) 19,187,303.018 (4-29)
I(t)=1/C(t)-C(t~1)7+A I(t)=0.74772/C(t)-C(t-1)7+23,324.20 194,030, 284.900 (4-25)
I(t)=1/¥(t)-¥(t-1)/ I(t)=1.51270/%(t)-¥(t-1)7 529,727,544.859 | (4-27)
I(t)=1/¥(t-1)-¥(t-2)/ I(t)=1.43317/¥(t-1)-Y(t-2)/ 553,517,125.649 (1-28)
I(t)=1/C(t)-c(t-1)/ I(t)=2.19507/C(t)-Cc(t-1)7 590,710, 860.222 (4-24)
I(t)=1/C(t-1)-C(t-2)/ I(t)=2.24533/C(t-1)-c(t-2)] 598,761,513.228 (4-26)

Note: this table is under the assumption, Y(t)=C(t)+I(t)+G(t).
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which is suggested by A. Smithies. As discussed in Chapter II, émithies
ergues that consumption is 2lso a function of tiwe, ¢, i.e., the con-
sumption function slowly drifits upward over time. In that case, the
coefficient of + is supposed to te in positive velue. According to the
zbove results, when this consumption function is related to the definitionm,
Y(t)=C(t)+I(t), the value of the coefficient b is positive, as shown in
(4-7); but, when this function is related to Y(t)=C(t)+I(t)+G(t), as shown
in (4-22), b is negative., That is to say that consumption (or income,
since consunption is & function of ircome) may not necessarily drift up-
ward over time empirically., There, it can be said that consumption or
income may be & function of time, but not necessarily directly propor-
tional to the time period.

The investment function next to the best in both Table A and Table
B is

I(t) = 1/T(£)-7(t=1)/ + JY(t)
wnich is similer to the best function except the latter one does not have
a constant term. In general, it can be seen that, either in Table A or
in Table B, a function will yield a betier result if there is a constant
term, beczuse a constant term can maeke the estinated points closer to the
average point on the estimated lire. It should be noted in both Table A
end Table B that the ¥-S-I's of

C(t) = c¥(t) + a

C(t) = cY(t-1) + &
1/T(t) - Y(£=1)7 + JY(t) + A
I(t) = i/C(t) - C(t-1)/ + &

are smoller than those of

I(t)
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C(t) = cY(t)

C('t) = cY(t-1)

I(t) = 1/T(t) - Y(£-1)7 + 5¥(t)
I(t) = i/C(t) - C(t-1)/

respectively. That is, a constant term can make the slope of the func-

tion flatter so thet the estimated poinits are closer to the average of

the sample.

Whether the investment function can be expressed better in terzs
of consunption or in term of income cermot be found in Table A and
Table B, We cannot obtain & clue becauce in Table A the investiment
functions are betiter expressed in terms of consumption, while in Table
B the U-5-E's of

I(t) = 1/3(t) - T(t-1)/

I(t) = i/T(t-1) - Y(4-2)/
are sgzmaller than those of |

I(4) = i/C(%) - C(t-1)/

I(t) = 1/C(t-1) - C(t-2)/

Another thing to nrote is that those unlzgged function can yield
better results than those lagged functlons, There may be three reasons
Tor this:

1) Because of the exclusion of the wer-period, 1942-1945, there is a
large measurement error between 1941 and 1946. TFor example, in the
lagged consumption function, the meesurement of the consumption of
1946 based on the income of 1941 is incorrect.

2) As indicated in Chapter III, the estimates of the perameters of lagged

- fonetions are biased_because of the dircct application'éf the least

squares method.
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3) The introduction of time lag into a function cannot bte more realistic.
The first two reasons are quite obvious end positive, but the third
reason is still under discussion enmong eccnomists. In this study the
third reason camnot be assured because of the deficiencies in the first

two reasons.

ITI THE KODELS

The empirical results of the various consumption end investment
functions have been noteé sbove. Upon comtinations of these functions
with the two definitional equations, (4-1) and (4-2), the models for
this study are established. The combinatiors are tabulated in Table C
and Table D, Table € is related to the definition Y(1)=C(t)+I(t), while
Table D is related to Y(t)=C(t)+I{t)+G(t). Both tables record the solu-
tion of each model with sore remarks. The method for solving these
models is ‘o substitute a2ll variables into the definitional equation,
formulating & single difference eguetion in terms of income Y, Solving
the difference equation, the general solution is obtained for national
inéome over time, Y(t). For the solution of difference equations, one
may refer to Appendix B,

In all there are fifty~five models in Table C and Table D. There
is a variety of solutions, so that the cozmon rate of growth calculated

by aritimetic mean is used &s an index.5 It is rot intended that this

5We do not use the geometric mean because we have some difficulty
with it. The formula of the geometric mean is

B < (Y(t)-Y(t-‘l) .« Y(£=1)-Y(£-2) ..o
- Y(t-1) Y(4-2)
where R, Y, * and n have the saze meening as in (4-31). Since we may
occasionally experience & negative value for the change of income be-
tween two periods, we may have a conplex number for R.

1/n
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is the "standard" rate of growth, but it is used as a guide,having no
better alternative. Based upon the data in Appendix C the rate of growth
of the national income of the United States is computed for the period
1930-1963 (excluding the war period, 1942-1945) by using.arithmetic

’

moean, such that

141 X(t) - ¥(t-1)
R=-£Z[ D) ] (4-31)

where R designates the average rate of growth, n is the number of obser-

vations, Y represents gross nationel product, and t refers to time per-
iod. The average rate of growth, from (4-31), for the period 1930-1963
(excluding 1942-1945), is 0.041998 or 4.1998 per cent. Fronm this result
the relation of (4-31) may be expressed as

Y(t) - Y(t=1) = 0.041998 Y(t-1)
which is a difference equation. By transposing, gives

Y(t) = (1 + 0,041998)Y(%-1)

"

1.041996Y(t-1) (4-32)

"

from which a general solution

Y(t) = (1.041998) % (4-33)
is obtained (see Appendix B), where Y, is the initial velue. In this
case, Yo refers to the gross national product of the year 1930. Accord-
ingly, if any model in both Table C and Table D yields a rate around
0.041998, it might be said that this rate is likely to be a moderate
one, otherwise the rate is too high or too low.

Xost of the models, either in Table C or in Table D, cannot yield

a satisfactiory result from the point of view of forecasting. According
to the result in the previous section the best functions under botﬁ

definitional equations are



Table C

Formulation of Model

Model with Est'd Parasmeters

Solution

Remarks

1) Y(t)=c(t)+I(t)
Cc (t)=cY(t)
I(t)=1/c(t)-c(t-1)7

Y(t)=c(t)+1(t)
c(t)=0.79724¥(t)
1(t)=2.84519/C(t)-c(t-1)]

Y(t)=93,453(1.09616)"

The rate of growth

is too high.

2) ¥(t)=c(t)+1(t)
c(t)=cY(t)
I(t)=i/c(t)-Cc(t-1)/+a

Y(t)=Cc(t)+I(t)
c(t)=0.79724¥(t)
I(t)=0.95075/c(t)-C(t-1)/

¥(t)=-59,287.08(1.36519)"

The rate is too
high, and

income is going

+30 .6 +152,740.08
30,969-63 to fall in negative
value.
3) Y(t)=C(t)+I(t) Y(t)=c(t)+1(t) The rate of the

C(t)=cy(t)
1(t)=1/C(t-1)-c(t~-2)/

C(+)=0.79699¥(t)
I(t)=2.83189(c(t-1)-c(t-2))

Y(t)=88,l;oo.09(1.11103)t
-2, 487.09(10.0066)"

(Basic Year: 1931)

negative term 1is
greater than that
of the positive
term, so income is
going to be nega-
tive.

L) y(t)=c(t)+1(t)
Cc(t)=cY(t)

I(t)=1/¥(t)-y(t-1)/

Y(t)=C(t)+I1(t)
c(t)=0.79724Y(t)

I(t)=2.02659/%(t)-y(t-1)7

Y(t)=93,453(1.11117)*

The rate of growth

is too high.

8s



Table C (Continued)

Formulation of Lodel

¥odel with Est'd parameters

Solution

Remarks

5) Y(t)=C(t)+I(t)
C(t)=cY(t)
1(t)=1/Y(t-1)-Y(£-2)/

Y(£)=C()+I(t)
C(4)=0.79€99¥(t)

1(1)=2.01716/T(-1)-Y(1-2)/

Y(t)=88,984.31(1.12807)
-3,071.31(8.80818)°

(Basic Year: 1931)

Y(t) is going to Ve
negative because the
rate of the negative
term is greater than
that of tho positive

tern.

6) Y(£)=C(t)+1(t)
C(t)=cY(t)

1(t)=;(?(£)-r(t-1z7
+3¥(t)

Y(t)=C(t)+I(t)
C(t)=0.79724Y(t)

I()=0.11667/Y(t)-Y(t-1)/
+0,19802Y(t)

Y(£)=93,453(1.04240)

The rate of this .. °
model secms to be

quite moderete.

7) Y(t)=C(t)+I(t)
C(t):CY(t)

I(t)=1/Y(1)-Y(t-1)/
+3Y(1)+A

Y(t)=C(t)+I(t)
C(t)=0.79724¥(%)

1(t)=o.1oozzzY(t)-Y(t-127
+0.23799Y(t)~8,702.24

Y(t)=247,008.24
153,555.24(0.73999) *

In this case,
0 [} 73999=1 "Oc 26001 ’
i.e., the rate is in

| negative vealue:

-26,001¢, When t
increases indefi-
nitely, (0.73999)"
will approach zero,
end Y(t) will remain
at 247,008.,24.,

65




Table C (Continued)

Formulation of Model

Model with Est'd Parameter§

Solution

Remarks

8) Y(t)=c(t)+I(t)
C(t)=c¥(t)+a
I(t)=1/C(t)-c(t-1)/

Y(t)=C(t)+I(t)
c(t)=0.75841Y(t)+8,632.65
I(t)=2.84519/C(t)-c(t=1)/

x(t)=57,720.8h(1.12608)t
+35,732.16

The rate is too

high.

9) ¥(t)=c(t)+1(t)
C (t)=cY(t)+a

Y(t)=C(t)+1(t)

C(t)=0.758u41Y(t)+8,632.65

t
Y(t)=-70,468.21(1.50389)

Y(t) is going to be

negative over time.

1()=1/6(t)-c(t-1)7+a | T(£)=0.95075/E(t)-C(1-1)] +163,521.21
+30,969.63
10) ¥(t)=c(t)+I(t) Y(t)=c(t)+I(t) The negative term

C(t)=cY(t)+a
I(t)=1/C(t-1)-c(t-2)]

¢(t)=0.75670¥(t)+9,016.40

I(t)=2.83189/C(t-1)-c(t-2)/

¥(t)=28,355.97(1.1h01)
-2,610.59(7.7151)
+5%, 046 Lk

(Basic Year: 1931)

has a greater rate,
so Y(t) will fall
into negative
value.

11) Y(t)=Cc(t)+I(t)
C(t)=cy(t)+a
I(t)=1/¥(t)-¥(t-1)7

Y(t)=C(t)+I(t)
C(t)=0.75841Y(t)+8,632.65
I(t)=2.02659[¥(t)-¥(t-1)]

. t.
¥(t)=5T,720.84(1.3535)
+35,732.16

The rate of growth

is too high.

09



Table C (Continued)

+

Formulation of Model

Model with Est'd Parameters

Solution

»

Remarks

12) y(t)=C(t)+I(t)
c(t)=cY(t)+a
I(t)=1/¥(t-1)-¥(t-2)7

¥Y(t)=c(t)+I(t)
c(t)=0.756T70Y(t)+9,016.40
I(t)=2.01726Y/(t-1)-Y(t-2)]

t
Y(t)=59,201.97(1.16320
-2,807.26(7.12754)

+37,058.30
(Basic Year: 1931

The negative term -
has a greater rate,
so Y(t) will fall

into negative value.

13) ¥(t)=c(t)+I(t)
c(t)=cY(t)+a

I(t)=i/¥(t)-¥(t-1)/
+3¥(t)

Y(t)=C(t )}+I(t)
C(t)=0.75841Y(t)+8,632.65

I(t)=0.1266T7/¥(t)-¥(t-1)7
+0.19802Y(t)

¥(t)=198,095.75

-10&,6&2.75(1.5962&?

Y(t) falls into

negative value.

1h) Y(t)=C(t)+I1(t)
C(t)=cY(t)+a

I(t)=1/3(t)-¥(t-1)7
+3Y(t)+A

Y(t)=c(t)+I(t)
c(t)=0.75841Y(t)+8,632.65

1(t)=0.10027/¥(t)-Y(t-1)/
+0.23799Y(t)-8,T702.24

4
¥(t)=112,768.58(1.03727)

-19,315.58

The rate seems

quite moderate

12) Y(t)=C(t )+I(t)
c(t)-cy(t-1)

1(t)=i/c(t)-c(t-1)/

Y(t)=c(t)+I(t)
¢(t)=0.82906Y(t-1) ‘
I(t)=2.84519/C(t)~-c(t-1)/

Y(t)=120,653.22(1.167g3§

-27,200.22(2.02035)

The negative term
has a greater rate,
so Y(t) will be
negative.

19



Table C (Continued)

Formulation of Model

Model with Est'd Paramcters

Solution

Remarks

16) ¥(t)=c(t)+I(t)
C(t)=cy(t-1)
I(t)=i/c(t)-c(t-1)/+A

Y(t)=C(t)+I(t)
c(t)=0.82906Y(t-1)
1(£)=0.95075/C(t)~C(t-1)7

¥(t)=0.86782%(-67,715.65

costB-105,302.4lisintB)
+181,168.65
where B=88°45.0'=1.555

In this case 0.88782

will approach zero
50 eventually Y(t)
will approach the

+30,969.63 foa. | value 181,168.65.
17)  ¥(t)=c(t)+I(t) Y(t)=C(t)+I(t)
o(t)=cy(t-1) C(t)=0.82906¥(t-1) Y(t)=93,1+53(1.16652)t The rate of growth
1(t)=1/¥(t)-Y(t-1)] |I(t)=2.02659/%(t)-¥(t-1)7 is too high.
18) ¥(t)=c(t)+I(t) Y(t)=C(t)+I(t) Y(t)=297,861.96(1.3a7u6§ The negative term
t ha t te,
et o). ten(ee) 21,98.060.595" | 1088 e o
: int ti
I(t)=1/F(t-1)-¥(-2) |1(t)=2.00716/F(t-1)-¥(t-2)] | (Basic year: 1931) e eeative
19) ¥(t)=c(t)+1(t) Y(t)=C(t)+I(t) The rate seems quite

c(t)=cY(t-1)

I(t):i[itt)-y(£-1)7
+3¥(t)

C(t)=0.82906Y(t-1)

I(t)=0.11667/¥(t)-x(t-1)7
+0.19802Y(t)

t
¥(t)=93,453(1.03950)

moderate.
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Table C (Continued)

Formulation of Model

Model with Est'd Parameters

Solution

Remarks

20) Y(t)=Cc(t)+1(t)
c(t)=cY(t-1)

I(t)=1/3(t)-Y(t-1)/
+5Y(t)+A

Y(t)=Cc(t)+I(t)
c(t)=0.82906Y(t~1)

1(t)=0.10027/¥(t )-Y(t-1)/
+0.23799Y(t)-8,702.24

Y(t )=l29;792'63
-36,339.63(1.10132)

Y(t) is going to

be negative.

21) x(t)=c(t)+1(t)
C(t)=cY(t-1)+a

I(t)=i/c(t)-c(t-1)/

Y(t)=C(t)+I1(t)
€(t)=0.78035Y(t-1)+10,313.42
I(t)=2.84519/C(t)-c(t-1)/

¥(t)=46,953.53 t
+111,233.13(1.3252h2

-6k4,733.67(1.67535)

The negative term
has a greater rate,
so Y(t) will bve
negative.

22) y(t)=c(t)+I1(t)
Cc(t)=cY(t-1)+a

1(t)=1/¥(t)-¥(t-1)/

Y(t)=C(t)+1(t)
¢(t)=0.78035Y(t-1)+10,313.42
I(t)=2.02659/¥(t)-¥(t-1)7

t
Y(t)=46,499.47(1.21396)
+46,953.53

The rate is too

high.

23) Y(t)=C(t)+I(t)
C(t)=cY(t-1)+a

T(t)=1/¥(t-1)-¥(t-2)7

Y(t)=C(t)+1(%)
C(t)=0.T7034Y(t-1)+12,619.16

1(t)=2.01716/¥(t-1)-Y(t-2)7

Y(t)=5h,9%6.hh
+1.42027°(30,966.56
costB=90, 704 .37sintB)
vhere B=78955.5'=

X. 3775 Rad.
(Basic year: 1931)

The value of Y(t)
is oscillatory and

explosive, but the
rate is too high.

€9



Table C (Continued)

Formulation of Model Model with Est'd Parameters Solution Remarks
2h)  y(t)=c(t)+I(t) Y(t)=Cc(t)+I1(t) Since 0.96843 is
less than one, and
C(t)=cY(t-1)+a c(t)=0.78035¥(t-1)+10,313.42 | ¥(t)=-383,218.40 4 the coefficient is
(0.96843) megative, so Y(t)
T(t)=1/%(t)-¥(t-1)7 I(4)=0.11667/%(t)-¥(t-1)7 476, 67140 will increase to
’ I maximum 476,671.4
+3Y(t) +0.19802Y(t) eventually.
25) Y(t)=C(t)+I(t) Y(t)=c(t)+I(t) The .rate scems a
little too low, but
c(t)=cY(t-1)+a ¢(t)=0.78035¥(t~-1)+10,315.42 | Y(t)=-87,853.55 the coefficient is
_ 't so large that it
I(t)=1/¥(t)-¥(t-1)7 1(t)=0.10027/¥(t)-¥(t-1)/ +181,306.55(1.02771)  pay set off the
+JY(t)+A +0.23799¥(t )~8,702.24 lov rate.
26) y(t)=c(t)+I(t) Y(t)=c(t)}+I1(t)
C(t)=cY(t)+pt+a ¢(t)=0.72752Y(t)+283.83t Y(t)=4.5,162.61+1,041.684 The rate is too
% high and the co=-
1(t)=1/c(t)-c(t-1)/ +10,289.00 -321,709.61(1.15159) efficient (nega-
tive) is too
1(t)=2.84519/C(t)~-c(t-1)/ large.

h9



Table C (Continued)

Formulation of Model

Model with Est'd Parameters

Solution

Remarks

27) Y(t)=c(t)+I1(t)
C(t)=cY(t)+bt+a
I(t)=1/C(t)-C(t-1)/+A

Y(t)=C(t)+I(t)
c(t)=0.72752Y(t)+283.83t
+10,289.00

1(t)=0.95075/C(t)~C(t-1)7
+30,969.63

¥(t)=155,055.91+
1,041.68t

_51,602.91(1.6u997)t

The rate is too
high, and Y(t)

will be negative.

28) y(t)=c(t)+I(t)
C(t)=cY(t)+bt+a

I(t)=1/3(t)~¥(t~1)/

Y(t)=Cc(t)+I(t)

c(t)=0.T72752Y(t )+283.83t
+10,289.00

1(t)=2.02659/¥(t)-Y(t-1)7

Y(t)=45,508.91+1,041.68t
+47,9h4.09(1.25534)

The rate is too

high.

29) Y(t)=c(t)+I(t) Y(t)=Cc(t)+I(t) The rate is too
c(t)=cY(t)+bt+a c(t)=0.72752Y(t )+283.83t Y(t)=ihhéiizé13 g;gg;ea:dnzézzizill
I(t)=1/3(t)-Y(t-1)7 +10,289.00 301185 -~ | value.

+3¥(t) I(t)=0.11667/¥(t)~¥(t~-1)7 ~50,699.79(2.76421)
+0.19802Y(t)

30)  ¥(t)=C(t)+I(t) Y(t)=C(t)+I(t) The rate is too
C(t)=cY(t)+bt+a c(t)=0.72752Y(t)+283.83t ¥(t)=69, 9hk.12+8,230.60% high.

+10,289.00 +23,508.88(1.52423)

I(t)= 1/"It) Y(t-1)/

+3Y(t )+A

I(t)=0. 10027 /X(t)-¥(t- 1)/
+0.23799Y(t)-8,702.24

9



Table C (Continued)

Fornulation of Yodel Yodel with Est'd Parameters Solution Remarks
21) Y(t)=C(1)+I(t) Y(t)=C(t)+I(t) Y(t)=o'5927ot('35,747-46005tB When 4 in.
C(t)=a+bii(t-1)+cP(t-1) [C(1)=19,618.84+0.72412%(t-1) -88,211613intB)+112,462.46 |creases in-
where B=37035‘5'=0’6559 R&d., deflnitely,

1()=1/F(t-1)-D(-2)/+J
W(t)=d+eY(t)

P(t)=Y(t)-%i(t)

+0.53286P(t=1)

I(4)=19,%48.34+1.00638/P(1-1)
-P(t-2)7

W(t)=0.59518Y(t)-3,578.03
P(t)=Y(t)-W(t)

and Y(t)=KNP

0.59270° ap-
proaches zeré
because 0.59270
is less than -
one, Then

Y(t) will
approach the
value
112,462.46.

Note: (i) In this teble all solutions for Y(t) are measured in millions of dollars (1929), where Y(t)
designates gross national product except in model (31).

(ii) The basic year (i.c., at time t=0) of all solutions in this tabdle is 1930, except those

with a notification.
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Table D

Formulation of Model

Model with Est'd Parameters

Solution

Remarks

1) Y(t)=c(t)+I(t)+c(t)
c(t)=cY(t)
I(t)=1[§kt)-c(t-1)7
G(t)=g¥(t)

Y(t)=C(t)+I(t)+c(t)
c(t)=0.66298Y(t)
1(t)=2.19507/C(t)-c(t-1)/
G(t)=0.18890Y(t)

t
Y(t)=93,453(1.11331)

The rafe of growth

is too high.

2)  Y(t)=C(t)+I(t)+G(t)
c(t)=cy(t)
I(t)=1/C(t)-C(t-1)/+A

G(t)=g¥(t)

Y(t)=C(t)+I(t)+G(t)
¢(+)=0.66298Y(t)
I(t)=0.7T4771/C(t)~C(t=1)7
+23,324.19
G(t)=0.18890y(t)

Y(t)=157,473.21

t
~64,020.21(1.42610)

The rate is too
high and income
is going to fall

in negative value.

3Y  x(t)=c(t)+I(t)+G(t)
c(t)=cY(t) '
I(t)=1/C(t-1)-c(t-2)7
G(t)=g¥(t)

Y(t)=C(t)+I(t)+c(t)
c(t)=0.66216¥(t)

I(t)=2.24533/C(t-1)-c(t-2)/
G(t)=0.18952¥(t)

Y(t)=107,550.72(1.12661
~3,114.73(8.89807)°
(Basic Year: 1931)

t

)

The rate of the
negative term is
greater than that
of the positive,
so Y(t) is going
to be negative.
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" Teble D (Continued)

TFormulation of Model

Model with Est'd Parameters

Solution

Remarks

4)  y(t)=c(t)+I(t)+G(t)
c(t)=c¥(t)
I(t)=1/¥(t)-¥(t-1)7

G(t)=g¥(t)

Y(t)=Cc(t)+T(t)+a(t)
C(t)=0.66298¥(t)
I(t)=1.51270/¥(t)-¥(t-1)7
G(t)=0.18890¥(t)

¥(+)=93,453(1.10854)

The rate is too

high.

5) . ¥(t)=C(t)+I(t)+G(t)
C(t)=cY(t)
I(t)=1/¥(t-1)-¥(t-2)7

6(t)=g¥(t)

Y(t)=Cc(t)+I(t)+c(t)
c(t)=0.66216¥(t)
I(t)=1.43317/(t-1)-(t-2)]
G(t)=0.189525Y(t)

Y(t)=107,79s.38(1-13279§

-3,359.38(8.53044)"

(Basic Year: 1931)

Y(t) is going to be
negative because
the rate of the

| negative teérm is

greater than that
of the positive
term.

6) Y(t)=c(t)+I(t)+a(t)
c(t)=cY(t)

I(t)=1/¥(t)-¥(t-1)7
+3¥(t)

G(t)=g¥(t)

¥(t)=Cc(t)+I(t)+G(t)
c(t)=o.66298y(t)

I(t)=0.13835/¥(t)-¥(t-1)/
+0.1L4249Y(t)

G(t)=0.18890¥(t)

Y(t)=93,h53(1.ol+2ho)t

This is the same
rate as that in
model 6 of Table A.
This rate seems
quite moderate.
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Table D (Continued)

Formulation of Model Model with est'd Parameters Solution Remarks
7)  Y(t)=C(t)+I(t)+G(t) Y(t)=c(t)+1(t )+c(t) Y(t)=265,583.46 0.82993 is less
t than one, so
c(t)=cy(t) c(t)=0.66298¥(t) -172,130.46(0.82993) Y(t) will approach
the lu
I(t)=1/¥(¢)-¥(t-1)7 I(t)=0.12592/¥(t)-Y(t-1)7 126,;33.36.
+3Y(t)+A +0.17392Y(t)~-6,852.99

G(t)=g(t) G(t)=0.18890¥(t)

8) Y(t)=C(t)+I(t)+G(t) Y(t)=c(t)+1(t)+c(t) Y(t)=77,309.48 The rate is too
Cc(t)=cy(t)+a €(t)=0.58363¥(t)+17,585.89 +16,1h3.52(1.21590)t high.
I(t)=1/c(t)-c(t-1)7 1(t)=2.19507/C(t)~C(t-1)/
6(t)=g¥(t) ‘ G(t)=0.18890¥(t )

9) Y(t)=c(t)+I(t)+c(t) Y(t)=c(t)+I(t)+c(t) , ¥(t)=179,845.18 Y(t) is going to

’ t be negative over
c(t)=cyY(t)+a ¢(t)=0.58363Y(t)+17,585.89 -86,392.18(2.08886) time.
I(t)=1/c(t)-c(t-1)/+ | I(t)=0.Th7T1L/C(t)-C(t-1)/

G(t)=g¥(t) . +23,324.19
G(t)=0.18890Y(t)
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Table D (Continued)

Formulation of Model

Model with est'd Parameters

Solution

Remarks

10)  Y(t)=c(t)+I(t)+c(t)
Cc(t)=cY(t)+a
I(t)=1/3(t)-¥(t-1)7

G(t)=gx(t)

Y(t)=Cc(t)+1(t)+c(t)
¢(t)=0.53363¥(t)+17,585.89
I(t)=1.51270/¥(t )-¥(t-1)/
G(t)=0.18890Y(t)

Y(t)=77,309.48
16,1&3.52(1-17699)t

The rate is too

high.

11)  y(t)=c(t)+I(t)+c(t)
C(t)=cY(t)+a
I(t)=1/3(t~})-¥(t-2)7
G(t)=g¥(t)

Y(t)=c(t)+I1(t)+c(t)
c(t)=0.58397(t )+17,496.55

I(t)=1.43317/¥(t-1)-Y(t-2)/
6(t)=0.18952Y(t)

¥(t)=77,246.89

+31,786.61(1.2uh952t
-4,597.50(5.08246)

(Basic Year: 1931)

The negative term
has a greater rate,
s0 Y(t) will be =
negative value,

12)  Y(t)=C(t)+I(t)+G(t)
C(t)=cY(t)+a

I(t)=1/¥(%)-¥(t-1)/
+5¥(t)

G(t)=g¥(t)

Y(t)=C(t)+I(t)+G(t)
¢(t)=0.58363¥(t)+17,585.89

I(t)=0.13835/¥(t)-Y(t-1)/
+0.142L49Y(t)

G(t)=0.18890¥(t)

¥(t)=206,927.78
-113,474.78(2.9252)

Y(t) will fall in-
to negative value.

oL



Table D (Continued)

Formulation of Model

Model with est'd Parameters

Solution

Remarks

13) ¥(t)=c(t)+I(t)+c(t)
c(t)=c¥(t)+a
I(t)=1/¥(t)-¥(t-1)7

+3Y(t)+A

G(t)=gY(t)

Y(t)=C(t)+I(t)+G(t)
c(t)=0.58363¥(t)+17,585.89
1(t)=0.12592/¥(t)-¥(t-1)7
+0.17392Y(t)-6, 852,99
G(t)=0.18890¥(t)

Y(t)=200,425.04

.-106',972.0&(1.7&007)t

Y(t) will be nega-

tive.

14)  y(t)=c(t)+I(t)+c(t)
C(t)=cY(t-1)
I(t)=i/¥(t)-¥(t-1)/

G(t)=g¥(t)

Y(t)=c(t)+1(t)+G(t)
C(t)=0.68946y(t-1)
1(t)=1.5127o[§(t)-Y(;-1)7
G(t)=0.18890¥(t)

t
Y(t)=93,453(1.17338)

The rate is too

high.

15)  ¥(t)=Cc(t)+I(t)+G(t)
c(t)=cy(t-1)

I(t)=1/¥(t)-y(t-1)7
+3¥(t)

G(t)=g¥(t)

Y(t)=C(t)+1(t)+G(t)
C(t)=0.68946Y(t~-1)

I(t)=0.13835/¥(t)-¥(t-1)7
+0,14249Y(t)

G(t)=0.18890Y(t)

' t
¥(t)=93,453(1.03930)

This rate seems

quite moderate.

L



Table D (Continued)

Formulation of Model

Model with est'd Parameters

Solution

Remarks

16) Y(t)=Cc(t)+I(t)+c(t)
c(t)=cY(t-1)

I(t)=1/¥(t)-¥(t-1)7
+3¥(t)+A

G(t)=gY(t)

Y(t)=c(t)+I(t)+G(t)
c(t)=0.689455Y(t-1)
I(t)=0.12592/Y(t)-Y(t-1)/
+0,17392Y(t)-6,852.99
G(t)=0.18890¥(t)

¥(t)=131,095.41
-37,6&2.&1(1.10225)t

Y(t) will be nega-

tive.

17)  ¥(t)=Cc(t)+I(t)+c(t)
C(t)=cY(t-1)+a
1(t)=1[§(t5-y(t-1{7

G(t)=g¥(t)

Y(t)=c(t)+I(t)+c(t)
¢(t)=0.60235Y(t=-1)+18,549.27
1(t)=1.51270/¥(t)-Y(t-1)/
6(t)=0.18890¥(t)

t
+45,942.11(1.29753)

The rate is too

high.

18) Y(t)=C(t)+I(t)+G(t)
C(t)=c¥(t-1)+a

I(t)=1/¥(t)-¥(t-1)/
+3¥(t)

G(t)=g¥(t)

Y(t)=C(t)+I(t)+c(t)
¢(t)=0.60235Y(t~-1)+18,549.27

I(t)=0.13835/¥(t)-¥(t~1)/
+0.142L49Y(t)

G(t)=0.18890¥(t)

¥(t)=279,939.43

-186,h86.!+3(o.87soo)t

0.87500 is less
than one, so

Y(t) will approach
the value
279,939.43.

eL



Table D (Continued)

Formulation of Model

Model with est'd Parameters

Solution

Remarks

19)  ¥(t)=c(t)+I(t)+c(t)
c(t)=cY(t-})+a
I(t)=1/¥(t)-v(t-1)/

+3Y(t)+A

6(t)=g¥(t)

Y(t)=c(t)+I(t)+c(t)
c(t)=0.60235Y(t-1)+18,549.27
1(4)=0.12592/¥(t)~Y(t~-1)7
+0.17392Y(t)-6,852.99
G(t)=0.18890Y9¢ )

~242, 357.69(0.93189)"

0.93189 is less
than one, so

Y(t) will approach
the value
335,810.69

20) Y(t)=C(t)+I(t)+a(t)
Cc(t)=cY(t)+bt+a
(1)=1/c(t)-c(t-1)]

c(t)=g¥(t)

Y(t)=C(t)+I(t)+G(t)
C(t)=0.59769Y(t)-132.64%
+16,880.40
I(t)=2.19507/C(t)-c(t-1)7
G(t)=0.18890%(t)

¥(t)=73,913.67-621.52
t
+19,539.33(1.19426)

The rate is too

high.

21) Y(t)=C(t)+I(t)+a(t)
C(t)=cY(t)+bt+a
I(t)=1/C(t)-c(t-1)kA

G(t)=gY(t)

Y(t)=Cc(t)+I(t)+c(t)
c(t)=0.59769Y(t)-132.64%
+16,880.40

I(t)=0.7h771/C(t)-C(t-1)7
+23,324k.19

G(t)=g¥(t)

Y(t)=186,626.05-621.52t
-93,173-05(1-91399)t

Y(t) falls into

negative value.

€L



Table D {Continued)

Formulation of Model

Model with est'd Parameters

Solution

Remarks

22)  Y(t)=C(t)+I(t)+G(t)
C(t)=cY(t)+bt+a
1(t)=1/¥(t)-¥(t-1)/
G(t)=g¥(t)

Y(t)=C(t)+I(t)+G(t)
c(t)=0.59769¥(t )-132.64t
+16,880.40
I(t)=1.51270/3(t )-Y(t-1)/
G(t)=0.18890%(t)

Y(t)=T4,693.37-621.52t
+18,759.63(1.16!425)t

The rate is too

high.

23) ¥(t)=Cc(t)+I(t)+c(t)
c{t)=cY(t)+bt+a
I(t)=1/¥(t)-¥(t-1)/

+3¥(t)
G(t)=g¥(t)

Y(t)=C(t)+I(t)+G(t)
c(t)=0.59769¥(t)-132.64¢
+16,880.40
I(t)=0.13835/%(¢)-¥(t-4 )/
+0.14249Y(t)
G(t)=0,18890Y(t)

Y(t)=16,862.05-1,870.22t
+716,590.95(2.05176)°

The rate is too

high.

24) x(t)=c(t)+1(t)+c(t)
c(t)=cY(t)+bt+a

I(t)=1/¥(t)-¥(t-1)/
JY(t)+a

G(t)=g¥(t)

Y(t)=C(t)+I(t)+G(t)
c(t)=0.59769Y(t)-13264t
16,880.40
1(t)=0.12592/¥(y)-¥(t-1)/
+0.17392¥(t )~6,852.99

G(t)=0.18890¥(t)

Y(t)=243,212.40-3,358.76
-149,759.40{1.45690)"

1 Y(t) falls into

negative value.

Note: (i)In this table all solutions for Y(t) are measured in millions of dollars (1929), where Y(t)
designates gross national product, (ii) the basic year (i.e. at time t=0) of all solutions
in this table is 1930 except those with & notification.

1l



75
C(t) = eY(%) + &
C(t) = cY(t) + bt + a
1/Y(t) = Y(£-1)7 + 3Y(t) + A
I(t) = 1/7(1) - ¥(t-1)/ + JY(t)

froam which under each defiritional equation four combinations can be

and I(t)

"

made., They are:

C(t) = c¥(t) + 2

{I(t) = 1/Y(1) = Y(t-1)/ + 3Y(t) + A
C(t) = cY(t) + a

{I(t) = 1/T(t) - 7(t-1)7 + 3¥(t)
C(%) = cY(£) + bt + &

{1(':) = 1/Y(t) = Y(t-1)/ + 3¥(¢) + A

C(t) = cY(t) + Dt + &

{I(t) = 1/T(1) - Y(t-1)/ + 5¥(%)
Accordingly, these combinations, together with the definitional equation,
should yield a better result. Let us lock at Table C, which is under
the defirition, Y(t)=C(%t)+I(t). Except the first combination which can
yield a moderate rate as showvn in Table C model 14, the other three com-
binations cannot give 2 satisfactory result. The second combination as
shown in Table C model 13 yields e nezative value for Y(t). This does
not meke sense. The third combination as in Taeble C model 30 yields a
rate 0.52423 or 52.423 ver cernt, which is too high in the "rcal world".
The last combination as in Table C rodel 29 gives & negative value for
Y(t). These four combinations under the definition, Y(t)=C(t)+I(t)+G(t),
can be seen in Table D, model 13, model 12, model 24 and model 23, re-

spectively. In Table D, the solution for Y(t) from the first three
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combinations is a nezcative value., The last combination as in Table D
model 23 yields a very high rate of growth, i.e., 105.1764. Although
these consumption and investrment functions appecr to be fairly accurate
in describing individual ecoromic relations, when a consumption function
and an investment functicn interact together, the result of this inter-
ection may bve absurd. Thet is to say, the combination of a good consump-
tion function and a good investment function rmay not necessarily make a
good model. The above first combination can meke a moderate nmodel in
Teble C, but it cannot do the same job in Table D.

In general, according to our enpiricel work, there are four cases in
the solutions of both Table C and Table D, The first case refers to those
solutions with a moderate, i.e., zrourd 0.041998. Only six out of fifty-
five models can yield 2 moderate rate. In the second case the rate is a
negative value. For example, tke solution of model 7.in Table C is
T(t)=247,008.24-153,335.24(0.73999) ¥, where 0.73999=1-0.26001, i.e., the
rate is -26.,001 per cent. Sisnce 0.73999 is less than one, then in long-
run as t approaches infinity, (0.73999)t will approach zero, so that Y(t)
will approach asymptotically the value 247,008.24., Thus in this case,
Y(t) will approach a constant level asymptotically over time, i.e., after
Y(t) has attained to that level, Y(t) will remein there forever and stop
growing, There are rot many but six models yield a negative rate in this
study. In the third case the rate is toc high, which refers to the rate
close to 10 per cent or atove, so that the path of Y(t) over time is
stecply explosive., Some models yield an extremely high rate, such es
that of model 23 in Table D. Totelly there ere eighteen models in this
case, The reraining models telong to the forth cese, that is, they all

yield a negative value for Y(t) over time. This is due to the negative
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value of the coefficients which are determined bty the iritial value of
Y(t) and the value of the constent term (if any). In this study all
models involving in second-order differerce equation give a negative value
for Y(t) over time (the reason for this will be discussed lator). For
exanple, nodel 10 in Table C, the rate of the negative term is higher than
that of the positive term so that the value of Y(it) over time will be
negative. This negative value is determined by the initial values of Y(O)
and Y(1) ard the value of the constant term. In Fig. 4-1, four curves,
Yqr Yoo y3, and y, are dravn to represent the path of Y(t) over time in
the four cases, respectively.

According to our empirical result, the Harrod-Domar model as shown
in Table C rodel 4 yields a solution for Y(it) over time with 2 pretty
high rate which is classified in the above fourth case., The solution is

Y(t) = 93,453(1.11117)°

Here the rate 0.,11117 is not the "warrented rate of growth,” but it is
the annual rate of growth of incore, This rate, however, can also keep
saving and invesiment equal. The assumption of the Harrod-Domar model

et equilibrium is as follows:
v %3

Fig. 4-1
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C(t) = cX(¢)

S(t) = sY(t)

c+8=1

S(t) = I(t)
and I(t) = 1/¥(%) - ¥(t-1)/
Therefore,

sY(t) = %Zi(t) - Y(t-1i7
L(t) = Y(3=1)//¥(%) = s/1 = (1-¢)/i = G,

w
where Gw is the "wgrranted rete of growth" which keep saving and invest-
ment equal. From empirical results, we have

(1-¢)/4 = (1-0.79724)/2,02659 = 0.10005
That is, the "warranted rete of growth™ is 0.10005. Since

[3(%) = ¥($-1)//7(%) = 0,10005
then {1-0.10005)Y(t) = Y(t=1)
or (%) = 1. 11117Y(t=1)
from which the same general solution as shown in Table C model 4 may be
obtained. Now judging from the empirical work, indications are that the
Harrod-Domar rodel is not good in forecasting, because it ylelds a rate
too high for the "real world."

~ The empirical result also sccms 1o te 2 good reason for the criticism

of the unlagged Harrod-Domar model, Fowever, even when a lag is introduced
into the consumption function (as discussed in Chapter II, this modified
rodel will not possess any of Harrod's properties), still a better result
carmot be obtained than that as shown in Table C model 17:

Y(t) = 93,453(1.16652)°
where the rate 0,16652 is even higher than that of the original Harrod-

Domar model, PFurthermore, this modified model with a lagged consumption
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function does not possess erny of Harrod's properties because the rate in
the solution cennot keep seving and investnent equal., If saving and in-
vestment are equated, then (see Teble C model 17)

S(t) = I(4%)
or sY(t-1) = $/Y(¢) - ¥(t-1)/
By the assumption c+s=1, then

(1-0)¥(t-1) = 1/¥(t) - T(t-1)/
Hence (1.082906)¥(t-1) = 2.02659/¥(t) - Y(t-1)/
or [E(2) = Y(£=1)7/%(1-1) = 0,17094/2.02659 = 0.08435
which is the rate equivelent to the "werranted rete of growth" in the
Herrod-Donar model, i.e., this rate keeps saving and investment equal.
Froa the above last expression, we have

0.08435Y(t-1) = Y(t) - Y(t-1)
or Y(t) = (1 + 0.08435)Y(t-1) = 1.08435Y(t-1)
and the general solution is

Y(t) = Y, (1.08435)°
where Y in this case is 93,453, This rate, 0.08435, can also keep saving
eand invesiment equal, but it is different from that given in Table C model
17 (i.esy 0.16652). Thus this difference between the two rates implies
that the rate given in Table C model 17 cdoes not keep saving and invest-
nment equal, Therefore, when a lagged consumption is introduced into the
Harrod-Domar model, the modified model will not retain the o;iginal properties.

The Samuelson model is also invalid in this empirical work. As shown

in Table C model 15, the solution is

¥(t) = 120,653.22(1.16753)" - 27,200.22(2.02035)"
where the rate of the rnegative term is higher than that of the positive

term so that income Y(t) will fall into negative value over time., The
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modification of this model by adding some autonomous investment in the
investment function yields

Y(t) = 0.88782t(-87,715.GScostB-105,502.44sintB)+181,168.65

as shown in Table C model 16, where 0,88782 is less than one so that

when t increases indefinitely, 0.88782t will approach zero and then Y(t)

will approach esymptotically the value 181,168.65. In this case, after

Y(t) hes attained to the value 181,163.65, Y(t) will stop growing. The

solutions of these two models, however, do not make any sense from the

standpoint of economic growth.

The main reason why the Saruelson model is invalid in this study is
that the period starts in the depression time as we have indicated pre-
vicusly in Chapter II. Actuclly this is a general shortcoming of any
nodel formulated by second-order difference equation, This is the reason
why none of the models of second-order differernce equation can yield a
roderate rate for Y(t), including the model formulated by the undercon-
sunption and the overinvesiment theories (the solution of this particular
nodel can be seen in Table C model 31).

It is appdrent that a riodel of second-order difference eguation can
be applicable only in a certain particular case. The conditions for a
model of second-order difference eguaticn are:

1) The necessary condition is that the initial situation of national
income Y(t) nust be prosressive, i.e., income must be higher in the
next period.

2) The necessaery and sufficient condition is that the initizl rate of
increase of Y(t) must be great enough (i.e., the value of Y(1)-¥(0)

mict be greet enough).
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Take the solution of the Samuelson model again for illustration,

¥(t) = A, (2.26753)° + A (2.02035)° (b-34)
where Ay and A2 are constants to be determined by the two initial val=-
ues Y(0) and Y(1). The necessary condition is that Y(1) must be
greater than Y(0). Suppose Y(1) is less than Y(0), such that Y(0)=2

and Y(1)=1, then at t=0

Y(0) = A tAy =2
and at t=1

Y(1) = 1.16753Al + 2.02035A2 = 1.
Solving for A and A2 yields

Al = 3.5654 and A2 = =1.565Lk.

Thus the solution for (4-3%) is

Y(t) = 3.5654(1.16753)% - 1.5654(2.02035)"
vhere the rate of thg negative term is higher than that of the positive
term, so0 that incame Y(t) will fall into negative value over time.
But, the other way round, when Y(0)=1, and Y(1)=2, then

A, = 0.00239 and A, = 0.99761
and the solution of (4-34) becomes

Y(t) = 0.00239(1.16753)t + 0.99761(2.02035)t
Then Y(t) will be in progressive values, consistent with the sense of
growth. For the necessary and sufficient condition, the initial
rate of increase of Y(t) must be great enough. Suppose Y(0)=l, and
¥(1)=1.1, then

A, = 1.07919 and A, = -0.07919
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and (4-34) will becone
T(t) = 1.07919(1.16753)% - 0.07919(2.02035)*

vwhere the rate of the negative term is higher than that of the positive
term so that Y(t) will be in regative value over time, 1In this case,
if the value of Y(1) is orly incressed by 10 of the velue of the pre-
ceding period Y(0), the mocel is not zpplicable. Therefore, in order
to meet the necessary and sufficient condition, the initial rate of
increase of Y(t) must be great enough, aad its megnitude is determined
by the values of the two characteristic roots.

So far we rmerely use the rate of growth calculated py arithmetic
rean a5 an index to find out which mocdel can yield a roderate rate for
Y(t) over tinme. In Table C, *hcre are four nodels with a roderste rete,
nanely, models 6, 14, 19, end 25; and in Teble D, there are two models,
model 6 end model 15, which heve a moderate rate. However, which rate
is the best? To answer this question we have to mazke use of the mean-
squares-error egein by taking the avercge of the sum of the squares of
the differerice between the estimated value and the actual value of tae

ovservaticn of Y, such that

[t) - Y'(Q]2

n

N-8.F =

where T is the estimzted value, Y' is the actuel value, n is the number
of total observations, and t is the time period. Accordingly, the
smeller the M-S-E, the better the model, In Table E, the above six
models are listed; they appear to reflect better rates as well as

their ¥-S-E. The models are listed in an ascending order according
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to the value of the M-S-E. The M-S-E of that ccmputed according to
the rate of growth by aritbmetic mean is also put in Table E. Besides,
in Table E, there is a model (C-24) which yields a negative rate (i.e.,
-0.03157, as 0.96843=1-0.03157); so the aptitude of the M-S-E of a
model with a negative rate can be observed.

In Table E, there are more models from Table C than fram Table D,
that is, the merging of goverrment expenditures into consumption and
investment expenditures may yield a better result. The reason for this,
as mentioned before, may be due to the fact that the portion of invest=-
ment arising from govermment expenditures cannot achieve the function
of "feed-back" if the total volume of govermnment expenditures is sepa-
rated. However, there is one thing to note, that both model C-6 and
model D-6 yield the same result. Both of them have the same consump-
tion and investment functions, but in model D-6, the volume of govern-
ment expenditures is separated. Is this a coincidence because of the
rounding up of decimal points, or is there any other reason? To answer
this question more investigation and effort are needed, and is beyond
the scope of this study.

In Table E all consumption functions are either related to the
current income or to that of the previous period. The suggestion of
A. Smithies that consumption is also a function of time does not ap~
pear in Table E, that is, his consumption function cannot make a good
model in this study. With regard to investment functions, in Table E,
these are all related to the Harrod-Damar's modified investment func-

tion, as suggested by W. Baumol, either with or without the constant
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Model Solution M-S-E Ref.
Y(t)=C(t)+1(t) ¥(t)=181,306.55(1.02771)"-87,853.55 | 368,322,920.86 c-25
C(t)=cY(t-1)+a
I(t)=1/3(t)-Y(t~-1)7+JY(t)+A
Y(t)=C(t)+I(t) Y(t)=93,l453(1.oh2ho)t 476,178,230.92 c-6
c(t)=cY(t)

I(t)=1/3(t)-¥(t-1)7+3¥(t)

Y(t)=c(t)+I(t)+a(t) Y(t)=93,h53(1.ob2uo)t 476,178,230.92 D-6
Cc(t)=cy(t)

I(t)=1/Y(t)-¥(t-1)7+3¥(t)

G(t)=gY(t)

Y(t)=C(t)+I(t) Y(t)=112,768.58(1.03727)t-l9,315.58 Lok, 310,352.74 c-14

C(t)=cY(t)+a
T(t)=4/Y(t)-Y(t-1)7+3¥(t)+A

Rate of Growth by Arithmetic
mean. Y(t)=(1+R)Y(t-1)

-1 sx(t)-¥(t-1
vwhere R= n Z Y(t-1

Y(t)=93,%53(1.041998)"

536,457,025.87

- ¥8



Table E (Continucd)

Model Solution M-S-E Ref.
Y(t)=C(t)+I1(t) ¥(+)=93,1453(1.03950)" 899,61k,708.20 c-19
c(t)=cy(t-1)

I(t)=1/(t)-Y(t-1)7/+5¥(t)

Y(t)=c(t)+I(t)+G(t) 1f(t)=93,h53(1-03931)t 915,532,930.26 D-15
c(t)=cy(t-1)

I(t)=1/Y(t)-Y(t-1)/+3¥(t)

G(t)=g¥(t)

Yot )=C(t )+I(t) Y(t)=-383,218.40(0.96843) %+ 2,025,732,729.36 | c-2l

c(t)=cY(t-1)+a
I(t)=1/¥(t)-¥(t-1)7+3¥(t)

476,671.40

Note: The last column of this Table refers to the model number of Table C and Table D.

68
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term (i.e., autonomous investment). None of the investment functions
in Table E is related to the change of consumption. It is also noted
that there is no legged investment function in Table E.

There are four models, in Table E, yielding a better result than
that calculated by the method of arithmetic mean, that is, these four
models have a smaller M-S-E. It appears then that the common method
to find the rate of growth by arithmetic mean is not a very good oné.
However, if this common method of arithmetic mean is good enough for
the prediction of the growth of an economy, econometriclans may save
a lot of time in étudying and formulating econamic grdwth models.

The model with the smallest M-S-E in Table E is model C-25):

Y(t) = ¢(t) + I(t)
c(t) = cY(t-1) + a
I(t) = 1/¥(t)-¥(s-1)/+ 5¥(t) + A.

Included in this model is the best investment function, but the con-
sumption function is not a very good one (see previous section). The
solution of this model is .

¥(t) = 181,306.55(1.02771)° - 67,853.55 (4-35)
1he rate in this solution is a little too low, and the constant term
is of negative value. Actually, the rate of growth in the United
States is higher than 0f02771, and & negative constant term makes Y(t)
grow even slower than without that constgnt term. This model has the
smallest M-S-E in Table E because there is a large coefficient (i.e.,
181,306.55) so that the deficiency of the low rate can be overcome.

Also, this low rate can lessen the deviation of the estimated Y(t)
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in the depression period, If the iritial condition is not cast on the
depression period, then this model will not have the smallest M-S-E,
Therefore, even though this nodel has the snellest M-S-E, still it is
not an ideal model,

It has been indiceted that there ure {wo models which have the sarme
Y-5-E., They are in the seccond place in Table E. These two models have
the same consumption and investuent funciicns, and there are no constant
terms either in ths consumption function or in the investment function.
Thus the peth of Y(t) over time 2: strictily proportional to the rate
0.04240 only.

In the third place, there is a model in Teble E with the best con-
sunption and the best investment function, as indicated in the previous
section, This nodel yields a rate slightly lower than that of models
C-6 and D-6, and its ¥-S5-Z is a little larger then that of the latter
ones.

The lest model in Table E is the one with a negative rate of growth,
i.e., =0.03157. When the tire period t keeps golng indefinitely, the
velue of Y(t) will approach a maximum level 476,671.40 asymptotically.
Also it can be seen that its M-S-E is extremely large. Thus it is
otvious that this model is not applicable,

However, the evaluation as showm in Table E is still not satis-
factory. In Table E, the N-5-% is calculated according to the gen-
eral solution which is determined by the initial value of the model.
Usually an initial point is quite far eway from the everage point of
the sanple, as it ney oftem be arbitrary. A great deviation between

the initial value and the averagce value will not give a good solution
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for the model, because in a general solution the initial value is the
base of prediction. Therefore the M-S-E of the general solution of a
good model may not be smaller than those of the others due to a bad
initial condition. In this study, the initial condition is not an
ideal one because the period studied, as pointed out befére, is from
the beginnihg of the Great Depression. Another way of evaluation is
possible by avoiding the use of the initial value as a base. In order
to avoid the influence of this initiael condition, the solution for
Y(t) is not performed in the general form in the same way as a differ-
ence. equation is solved. All variables are substituted into the defi-
nitional equation, and then like terms are grouped without transposing.
Thus the estimated value of Y(t) can be obtained by substitutions of
actual values of variables of each year into the non-general form.
Using model C-25 as an example, (4-35) is its general solution as shown
above. Alternatively, i; all variables are substituted int§ the defi-
nitional equation without transposing, then the estimated values of
Y(t) can be obtained by the non-general solution
Y(t) = 0.33836¥(t) + 0.68008Y(t-1) + 1,611.18 (4-36)
where the Y(t) on the left hand side is the estimated value, and the
one on the right hand side is the actual value. The values of Y(t) on
the left hand side can be obtained by substitutions of the annuel ac-
tual values into the variables Y(t) and Y(t-1) on the riéht hand side.
This process, however, can be said to be a test against economic rela-
tion rather than a forecasting. Thus the magnitude of the M-S-E of

(4-36) can tell whether or not model C-25 is a good model in describing
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the relation of econoric variables in ccmparison with other models.
Thus according to the non-general solutions, the M~S~-E's of these
models in Table E are calculated again, as tabulated in Table F.

The two Samuelson's models are also put in Table F allowing observa-
tion as to vwhether or not they are good in testing against econamic
relation even though they are not apnliceble in fbrecasting.

In Table F, the model with the smellest M-S~E is not the same
one with the smallest M-S-E in Table E. The model with the smallest
M-S-E in Table E, i.e., model C=-25, now is in fifth place in Table F.
The reason for the decline of this model to fifth place is due to the
shortcoming discussed above. Ve have said previously that this is
notran ideal model, and now we can get & strong support for this re-
mark.

The smallest M-S~E of the model in Table F is in the third place
in Table E, i.e., model C-14. According to the general solution, it
does not have the smellest M-S-E in comparison with the general solu-
tions of other models, because the initial conditidh of this study is
not perfect. However, éccording to the non-general form, it does
bave the smallest M-S-E in camparison with the non-general solutions
of other models. Thus model C-1l4 is a model which can describe the
econanic relation better than any of the others. Therefore, accord-
ing to the general solution a good model may not yield good results
for Y(t) due to a bad initial condition, but according to the non-gen-

eral solution, it shows that the model is still a good one. Let us



Table F

M-S-E

Model Solution - Ref.
Y(t)=C(t)+I(t) Y(t)=1.09666¥(t }~0.10027¥(t-1)-69.58 { 1,071.526.17 c-14
c(t)=cY(t)+a
I(t)=1/x(t )-¥(6-1)7+5¥(t)+A
Y(t)=c(t)+I(t) Y(t)=1.11192Y(t )~0.21667Y(t-1) 1,h44,616.42 c-6
C(t)=cY(t) .
I(t)=/3(t)-¥(t-1)7+3¥(t)

Y(t)=Cc(t)+I(t)+(t) ¥{t)=1.3272Y(t)~0.13835¥(t~1) 2,031,494.66 D-6
c(t)=cY(t)

I(t)=2/¥(t)-¥(t-1)7+5¥(t)

G(t)=g¥(t)

Y(t)=c(t)+1(t)+G(t) Y(t)éo.h697hY(t)+0.55110Y(t-l) 32,336,354.85 D-15

c(t)=cy(t-1)
I(t)=1/¥(t)-¥(t-1)7+3¥(t)
G(t)=gygt)

06



Table F (Continued)

Model

Solution

M-S-E

Ref.

Y(t)=c(t)+1(%)
c(t)=cY(t~1)+a
I(t)=1/¥(t)-Y(t-1)/+3¥(t)+A

Y(t)=0.33826Y(t )+0.68008Y(t~-1)+1,611.18

51,195,650.35

c-25

Y(t)=c(t)+I(t)
c(t)=cY(t-1)
I(t)=1/Y(t)-Y(t-1)7+3¥(t)

Y(t)=0.31468Y(t )+0.71239Y(t-1)

52,249, 847.21

Cc-19

T(t)=Cc(t)+1(t)
c(t)=cY(t-1)+a

I(t)=1/3(t)-Y(t-1)/+3¥(t)

¥(t)=0.31468Y(t )+0.77368Y(t~-1)+10,313. 42

62,705,407.26

c-24

Rate of growth by arith-
metic mean.
Y(t)=(1+Rr)¥(t-1)

where
R= l Y t)-Y(t-1 }
] Y(t~1

Y(t)=1.041998y(t-1)

124,437,492.00

Y(t)=C(t)+I(t)
c(t)=cy(t-1)
I(t)=1/C(t)~C(t-1)/+A

Y(t)=1.61728Y(t~1)~0.78822Y(t-2)+30,969.63

304,902,615.49

C-16 ~

Y(t)=Cc(t)+I(t)
c(t)=cy(t-1)

I(t)=1/C(t)-c(t-21)7

Y(t)=3.18788y(t-1)-2.35882Y(t-2)

1,170,181,423.17

Cc-15

Note: The last column of this Table refers to the model number of Table C and Table D.

L6
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look at the model

Y(t) = ¢(t) + I(t)

c(t) = cY(t) + a
1[y(t)-v(-2)]+ su(t) + A

The consumption function is proportional to the level of the present

I(t)

income; and in addition there is scme consumption demand, designated
by a, independent of incame in the consumption function. The invest-
ment function is suggested by W. Baumol. In this investment function
there is scme investment demand based on the acceleration prineciple,
i.e., 1/¥(t)-¥(t-1)7, and some investment demand proportioned to in-
care (such as the community's trade balance), written as JY(t), where
J is a constant, and sane‘autonomous investment demand independent
both of the level of income and of its rate of change (or increase),
designated by A. As mentioned before, these consumption and invest-
ment functions are the best functions considered by this study. This
model should, then, be the best of the fifty-five models, since it
consists of the best consumption and investment functions and has the
smallest M-S-E in Table F.

It has been indicated that if a function (either consumption
function or investment function) is related to the definitional equa-
tion, Y(t)=C(t)+I(t), its M~S-E is smaller than that when it is re-
lated to the definition, Y(t)=C(t)+I(t)+G(t). It has also been men-
tioned that four out of the six models in Table E (these six models
yield a moderate rate) are related to Y(t)=C(t)+I(t), saying that the

definition Y(t)=C(t)+I(t) is better than Y(t)=C(t)+I(t)+G(t).- Now,
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further empirical support is gained for this statement. It has been
shown that both mpdel C-6 and model D-6 yield the same rate, but their
M-S-E's in Table F (i.e., according to the non-general solution) differ
from each other. The M-S-E of model C-6 in Table F is smaller than
that of model D-6. Model C-6 still stands in second place, in both
Table E and Table F, while model D-6 is in third place in Table F.
Both model C-6 and model D-6 consist of the same consumption and in-
vestment functions, but model C-6 is related to Y(t)=C(t)+I(t) while
model D-6 is related to Y(t)=C(t)+I(t)+G(t). Therefore, a model can
describe the relation of economic variables better if it is related
to Y(t)=Cc(t)+I(t).

Model C-2k4, which yields a negative rate, is still not good accord-
ing to the non-general solution. As seen in Table F, this model has
a large M-5-E, larger than those of the other six models which yield
a moderate rate. In Table ¥, the M-S-E computed according to the
rate of growth by arithmetic mean is pretty large too.

Both of Samuelson's models, as shown in Table F, have large M-S-E's,
larger than that of any model in Table F. Both of them involve a
szcond-order difference equation. We have already discussed the short-
comings of these two models, as well as any model involving a second-
order difference equation. According to the results then in Tgble F,
more evidence has heen gained concerning the impracticability of this
kind of models.

A sumary of interpretations is as follows:



2)

3)

k)

5)
6)
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The choice of the initial period or year is of the utmost
importance in the forecasting of economic growth.

Those models involving a second-order difference equation
are impracticable in this study.

The definition, Y(t)=C(t)+I(t), is better than the defini-
tion, Y(t)=C(t)+I(t)+G(t).

A function with a constant term is better than one without

a constant term.

An unlagged function is better than a lagged functio;:.

The combination of the best consumption function and the best

investment function will nake the best model.



CHAPTER V
SRLIARY AND CONCLUSION
I. HYPOTHESES

In this study the hypofheses are primarily generated from the
multiplier and the acceleration principles. Criticism and argumgnts
about these two principles have been raised. Economists hold differ-
ent opinions. R. F. Kahn first originated the idea of the multiplier,
which was later fully developed by Keynes. Many economists think that
the function of the multiplier is inadequate, since it is merely re-
lated to the original investment as stimuwlus to income. Keynes dee
fines aggregate income as the sum of the aggregates of consumption and
investment, and assumes that the volume of investment is autonomous.
Then investment is rather stablie in the Keynesian model. Will sohe ad-
ditional income generated by investment induce some additional invest-
ment.too? This “"feed-back" relation of investment does exist. There-
fore, the Keynesian model is one-sided. It only describes the stimula-
tion of investment upon incame through the function of the multiplier
effect, but it does not exrlain the stimulstion that income has upon
investment. Hence, in addition to the multiplier principle, the accel-
eration principle originated by J. M. Clark is used to reduce the de-
fect of the multiplier.

The principle of acceleration states that vhen income is increased



96

by the stimulation of investment, there will yield same additional
consumption which will in turn stimulate the volume of investment.

Thus the circuit of "feed-back" is completed, as shown in Fig. 5-1.
/ \
v
Y

Fig, 5-1
In breaking down the c¢ircuit, invesiment is increased in proportion to
the additional consumption. This is the original idea of the accelera-
tion principle. Since consumption is a function of income, as indicated
by Keynes, then by substitution, investment is aléo & function of income,

and the circuit of Fig. 5-1 will become

(o

Fig. 5-2

If we are allowed to borrow the terms from mechanical engineering, we
may say that the relation in Fig. 5-1 is a "three-stroke cycle" while
that in Fig. 5-2 is a "two-stroke cycle" in the aggregate economy.
Some economic models ere formulated under the concept of "three-stroke
cycle"” such as the Samuelson model, and some models, like the Harrod-
Domar model are based upon the "two-stroke cycle.”

Same econamists argue about the time lag in economic relatioﬁs.
The Keynesian assumption that current consumption is a function of the

level of current income does not involve any time lag, and is said to
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be "out of history,"

static, and undynamic. The same time lag argu-
ment is also applied in the investment function; that investment should
be a function of the change of consumption or income of the preceding
period.

There are other argugents. (i) Consumption is a function of both
income and time. (ii) In addition to tke acceleration relation, in-
vestment is.also a function of the level of present income. (iii) Ac-
cording to underconsumptionists, consumption is a function of wages
and profit, both of which are based on the level of the preceding
period, and the sum of which is equal to net national income. (iv) In-
vestment is a function of the change in profit of the preceding period,
as assumed in the overinvegtment theory. Furthermore, in addition
to Keynes' definition of aggregate income, scme economists define ag-
gregate income as the sum of the aggregates of consumption, investment
and government expenditures, separating the government sector from
consumption and investment.

In this study an attempt is made to put all the above arguments
into the "empirical world" to see whether they are applicable or not.
All these arguments are the hypotheses upon which the models of this

study vwere formulated.
II. METHODOLOGY

How to determine the empirical relationships among economic vari-
ables is a tremendous task. This can only be accomplished by estima-

tion based upon the statistical data obtained. The method of estimation
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used in this study is the simplest one in econometrics. The straight-
forward least-squares method is used to estimate the parameters of
each consumption function and investment function. As shown in Chap-
ter III, our estimated parameters are the best, unbiased estimates in
that single equation; but they are still not perfect éstimates, as the
usual least squares method has some unsatisfactory consequences.

For the estimates of those equations with a time lag, the usual
least squares method is again used. It was pointed out in Chépter
III thet the application of the usual least squares method to a lagged
function will yield negative biased estimates; such as in the equation

c(t) = cy(t-1)
if ¢ is greater than zero.

The consequences of the estimation of parameters for each single
eguation has been shown. Furthermore, in the model as a whole, when
the consumption and the investment functions are combined to express
the income function, the estimates of the peremeters are no more un-
biased. In order to eliminate this shortcoming, the indirect least
squares method or some other complicated method (such as the two-stage
least squares method and full-information maximum-likelihood method,
etc., as indicated in Chapter III) must be used. None of these cam-
plicated methods have been applied to this study because there were
fifty-five models to estimate and this would have resulted in the
copputation of parameters model by model. Besides, if the parameters

were estimated model by model, different values would have resulted
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for the paraueters of the same function in different models. This
would have prevented further ccmparative analysis. Therefore, in order
to overcame these difficulties and permit comparative analysis, the
usual least squares method'is used to get the same values for the
parameters in the same function. In this study there are obvious short-
comings in the method of estimation; however, since gll these models
are based upon the same method, the comperison of them is still pos-
sible. Nevertheless, the éim of this study is not:to build up a sine-
gle model which can truly describe the growth or behavior of an econ-
omy, but to give a general interpretation to the various economic

growth models.
IIT. CONCLUSION

In all the consumption and investment functions in this study
the following two functions under the assumption, Y(t)=C(t)+I(t), are
the best consumption function and the best investment function:

c(t) = cY(t) + a

I(t) = 1/3(t) ~¥(t-1)7 + 5¥(t) + A
The consumption function is an unlagged function. It can be said to
be a modification of the Keynesian theory, in which the consumption
function does not have & constant term. An unlagged consumption func-
tion has been criticized as beiné too static. Is a lagged consumption
function more realistic than the unleagged one? The answer may not be

positive, especially in the United States where credit facilities are

s0 prevalent. First of all, even though one does not have any income
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in the last period, one still haes to consume in this period (i.e., one
does not necessarily Lkave to consume in relation to the income of last
period). Secondly, consumption may not be determined by the income
earned in the last period. It may be more realistic that people con-
sume according to their present income. Assume that people have a habit
or budget to consume 80% of their income, which may not mean the in-
come of last period. Let us take & common example of an individual.
Suppose a man earned $100 last week, and he knows that he is going to
make $130 this week. Then he will consume $104 ($130 x 80%) instead

of $80 ($100 x 80%) this week. He may not cbtain his money until the
end of the week, but he can consume out of his cash balance and through
various credit facilities. The main reason to suvport a lagged con-
sumption function is that money cannot be spent before it is received..
This reasoning is too rigid. It is only in the absence of credit
facilities that people cannot consume their present income, bhaving to
spend only that income they earned in the preceding period. They could
not, then, consume more than their last income. However, people are
quite aware that they are entitled to their present income; and if
there are credit facilities available, people. will consider present
consumption and present income together. People would not worry about
what they had earned but what they have just earned, because the most
realistic thing for human beings is "the present." Therefore, it may
e more realistic to work with an unlagged rather than a lagged con-
sumption function in the anslysis of econamic growth.

The above investment function is not only based upon the
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acceleration principle but it is also a function of the level of
present income. Also, there are scme autonamous investment indepen=-
dent of both the level of incame and the change of income. As al-
ready indicated, this is a modified Harrod-Domar investment function
suggested by W. Baumol. An example given by him for that pOrtiog of
investment arising from the level of income is the coammunity's trade
balence, so that the value of J mey be negative. According to our
results, J is positive. It seems that this portion of investment is
not so simple as the community's trade balance. If there is no
change of income, according to the acceleration principle only (i.e.,
I(t) = i/¥(t) -¥(t-1)/), then investment will be zero. This situa-
tion is out of reality. The volume of investment may decline but
will never be zero because people will never stop consuming. Inven-
tories may be drawn down because of the decline of investment. In-
vestment, however, may decline but will not stop. Therefore, invest-
ment mey not depend upon the change of income only, but may als& de-
pend upon the level of income. Thus, the existence of that portion
of investment proportional to the level of income is not so simple as
a kind of trade balance, and is an important factor in the economy.
The investment functions of all models in this study which yield
a moderate rate (as tabulated in Table E in Chapter IV) are related
to the "two-stroke cycle," i.e., related to incame. None of those
models has the investment function related to the "three-stroke cyclé,"

i.e., related to consumption. Perhaps, the "two-stroke cycle" may
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describe the economic relation more directly. Theoretically as indi-
cated before, both “"cycles" can achieve the same effect in the accelera-
tion principle, but empirically they have different effects. Moreover,
the "two-stroke cycle" seems to be more realistic than the "three-
stroke cycle." It is likely that there is always some extra invest~
~ment for new products, seeking a new market and more profit. This
portion of investment in new products then does rot depend upon the
consumers' usual spending budget, but depends onAhow much extra money
consumers want to spend out of their inccme, that is, some investment,
as in new products, is determined by incame other than consumption.
Thus there are two portions of investment: one arising from consump-
tion and the other arising fram inccme. If we designate the former
portion as I, and the latter Iy, then in symbol

I=1I,+ Iy.
New products may be a kind of substitute for old products, so that
consumers may shift their consumption to new products. Then the total
volume of consumption may not be changed. However, if the new prod-
ucts are not substitutes, then the volume of consumption may be
changed by the additional consumption of consumers according to their
income. Hence, it is very difficult to tell what portion of invest-
ment depends on consumers' usual budgets (i.e., depends on consump-
tion), and what portion of investment depends on income; that is, it
is very difficult to identify Ic and Iy. Since Ic is also a function
of incame, it is better to put the totel volume of investment in

terms of incame. In other words, in the investment function, it is
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likely that the “"two-stroke cycle" is superior to the "tkree-stroke
cycle.”

The combination of the above consumption and investment functions
under the definition, ¥Y(t) = C(t)+I(t), makes cut a model which is
the best one in this study. Although, according to the general solu=~
tion of this model, the mean-squares-error is not the smallest one as
shown in Table E in Chepter IV, but this is due to the fact that the
initial value is cast upon the depression period of the 1930's. How=-
;vere this model has the smallest mean-squares-error in Table F, Chap-
ter IV, according to the non-general solution, showing that this model

is the nearest one to the "real world" in this study. This model is

(model C-1i4)

Y(t) = c(t) + 1(t)
c(t) = c¥(t) +a
I(t) = i/3(t)-Y(+-1)7 + 3¥(t) + A.

The model next to the best in this study is

Y(t) = ¢c(t) + I(t)
c(t) = c¥(t)
I(t) = 1/¥(t)-¥(t-1)7 + 3¥(t).

The difference between this model and the best model rests on the con-
stant term. In this model there is no constant term, either in the
consunption functipn or in the investment function. As a matter of
fact, matheratically, in the long-run a constant term of a functiop

does not give much effect, because the value of a constant term does
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not change over time. The longer the period the less effective the
constant term is in a growing economy. In other words, the constant
term must grow relatively more and more insignificant as income grows
larger and larger over time. Therefore, in the short-run it is better
to use a constant term, while in the long-run the constant term may
be ignored.

The consumption and the investment functions of model C-14 (the
best model in this study) are subject to the definition, Y(t)=C(t)+I{t),
only. They cannot be applicable under the definition, Y(t)=C(t)+I(t)+G(t),
in this study, because it is likely that the former definition is more
realistic than the latter one.

Those models based upon the simple acceleration principle, which
is merely related to either the change of consumption or the change
of income, are not applicable in this study. They are likely out of
plausibility, because, according to the simple acceleration prineciple,
when there is no change in either consumption or income, investment
will be zero. As discussed before, a zero investﬁent does not make
any sense in the economic growth. An exemple of this kind of model
is the Harrod-Dama model, which yields a pretty high rate as shown in
Table C model 4 in Chapter IV. With regard to those models involving
in second-order difference equation, such as the Samuelson model, they
cannot be applicable when initial values are cast upon a depression
period, or a period with a small rate of increase in national income.
They can only be applied in a period starting with a fast growing

ngtional income.
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Nevertheless, the best choice model in this study (i.e., model
C-14) is still not a satisfactory one, because its solution gives a
»constant rate. Econamic phencmenon is characterized by change. It
is impossible to have the same constant rate of growth all the time.
As pointed out before, the rate of growth of an economy is different
for different periods. Therefore, even the solution of model C-14 for
Y(t) is pretty close to the "real world," but long-run prediction with
this rate may not be correct. In case this model is used for forecast-
ing, parameters must be re-estimated from time to time in order to
conciliate the economic change.

Here let us quote what R. G. D. Allen haé said to complete our
conclusion:

« « « therefore, the multiplier-accelerator model needs

10 he modified or supplemented. There are several possible

modifications to consider. The period analysis of the model

may be too rigid and it may be better to have continuous

variation. The linear assumptions may be the reason for the

"unrealistic" features of the model and a non-linear accel-
erator may be the answer.'.

1
R. G. D. Allen, Mathematical Economics (London: Macmillan and
Company, Ltd., 1959), p. 219,




APFENDIX A
THE YETHCD CF LEAST SQUARES
I SIVPLE LINEAR REGRESSION

Simple regression refers to a relationship between two variables.
Assume there is a random veriable Y that is related to another variable
X by the linear equation

Y =a+ X (a-1)
where Y is called e dependent variable, znd X an independent variable,
also a, b are the parameters ito be estizmated. Ey using the method of
least squares, a regression line (estimeted line) is obtained

Yt = &' + b'X (a-2)
where &', b' = estimates of the two unknown parameters

Yt

ordinate on line for any given value of X.

By the properties of least squares (see Chapter III), gives

Tul =% (T-1)° (A-3)
where u=Y-Y', By substituting (A-1) into (A-3), yields
)3 W? = T(Y-2a- 'x)2 (A-4)

Teking the partial derivatives of (A-4) with respect to a' and b', and

setting them equal to zero to minimize the value of u2, we get

5%2&:-22&-&' «B'X) =0 (A-5)
;%2-.“2 =-27 XY - a' = b'X) =0 (4-6)

Re-write (A-5) and (A-6)
F(Yeat-b'X)=0
IX(Y-2 -2'X)=0
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or, re-written

YY=na +b 3 X (4-7)

TA =a'§ X+ b ¥ X2 (4-8)
Equetions (A-7) ard (A-€) zre the norrcel equations, from which the values
of &' and b' can be obtained:

ny XY -FXJY
ny X2 - (3 x)°

b =

IXTY-T Xy AY
= 2 )
n7X - (}X)
Alternatively, if we divide through (A-7) by n, then

al

¥ =a+ X (A-9)
vhere ¥=YY/n, X=JX/n, means of Y and X, respectively. (A-9) shows that
the regression line passes through the point of meeans., From (A-9), then
2' can be obtained in a simple way, such thet

a' = ¥ - v'X (£-10)

In (A-1), if the constant term a is droppred out (or say, & is equel
to zero), then (A-1) becomes

Y = bX (2-11)

In this case, the regression line will be

Y' = v'X ) (2-12)
Then with the least squeres properties

Zu2=E(Y-Y')2

=T (¥ - brx)?
By teking the partial derivatives of the last expression with respect to

b' and setting it equal to zero for the purvece of minimization, gives

—)%,-Zu2=-2zX(Y-b'X) =0
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LI =Y X
or b= (T X0/ T X2 (4-13)

II XULTIPLE LINEAR REGRESSION

Vhen more than two variables are involved, the regfession analysis
is celled rultiple regression. As a matter of fac‘i:, multiple regression
is the extension of simple regression. Assume there .are three variables
X, Y and Z, such that

Y=2+0bX+c¢2 ! : l (A-14)
where a,b and ¢ are the parszmeters to be estimated. By using the least
squares method, gives the multiple regression

Y' = a' + B'X + c'2 : (4-15)
where a', b' and c' are the estimates of the three parameters, and Y is
the ordinate on line for any given value of X, As done in the two var-
iables case, it gives

Tuw =Y (1-1)°

=} (Y =a'-3b'X - 0'2)2
Then tzke the partial derivatives of the sum with respects to a', b' and
¢, and set them equal to zero for minimization:

L(Y-a'=-bX-c'2)=0

LXY=2a'wb'Xa=c'2)=0
L2Z(Y-a = 1b'X-c'2) =0
or, re-written
LY=nat + 'y X+c'LZ (A-16)
X ea' Y X+ L X+ o' T X2 (4-17)

Yor=a'Y 2+ § X2+t L 22 (8-18)
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Solving the normal equations (A-16), (4-17) znd (A-18), we can obtain

the vzlues of a', b' and c', Altermatively, since the least squeres

plane pzsses through the point of means, we can zlso obtain a' by

a' = ¢ - 1'% - c'2

In the case that the constant term is equal to zero, tken

Y' = DX + ¢'2
Similarly

T w2 =F (¥-1)°

=7 (Y =%X - c'Z)2

Then tzke partial derivatives with respects to b' and ¢', and set both
of them to be zero, such tnet

L X(Y = b'X = c'2) =

)
(@]

"
o

T 2(Y - b'X - ¢'2)
or
T XY =1 T X2 4 ot T X2
zZY=b'ZXZ+c'ZZ2
By solving the lest two simultaneous equations, yields
zXYZ_ZZ-ZZYZXZ

b = >
T x° ¥ 2% - (T x2)

Zf{m-{nzm
TYRr (3

If the dependent variable Y is related to three oxr more variables,

c'

still the same principle can be applied, In geznerzl if Y is a function
of k variables, let the geroral multiple regression be written as
T' = 2t + BIX 4 BYXy + eee + DIX,

erd the normal equations are
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Y =am +DIT X, +DyT X, +eee+ BT X
4 2 =
IXY=a TX + 08X + 03T X%, # oo + WY XX

[} . L] L] ]
L L] . L[] L4

2

LXY=2a'7 X +b]F XX +b5Y XXy 4 oo + DY X
In this study, however, no dependent varisble is a function of more

thah two variables.



APPERDIX B
SOLUTION OF LINEAR DIFFERELCE EQUATICNS
I FIRST-ORDER DIFFERELCE EQUATIONS

4) Y(t) = Y(t-1) + ¢
. In this equation, Y is the variable, c is a constant, and t is a
positive integer designating the time pericd.
When t=1, Y(1) = Y(0) + ¢
=2, ¥(2) = Y(1) + ¢ = Y(0) + ¢ + ¢ = Y(O) + 2¢

t=3, Y(3) = Y(2) + ¢ = Y(O) + 2¢c + ¢ = Y(O) + 3¢

t=n, Y(n) = ¥(0) + nc
Write + for n, then the general solution for Y(t) is
Y(t) = Y(0) + te

B) Y(t) = £Y(t-1)

In this equation, Y and t have the sare rmeaning as before, and a is
a coefficient,
WLen t=1, Y(1) = 2Y(0)

=2, ¥(2) = a¥(1) = 8/E¥(0)7 = 22¥(0)

123, Y(3) = a¥(2) = 2/3°¥(0)7 = 87¥(0)

anY(O)
Write ¢+ for n, then the general solution for ¥(t) is
1(t) = 2%(0)

t=n, Y(n)
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C) Y(t) = a¥(t-1) + ¢ (B-1)
Since there is a constant term ¢ in this eguation, so it is called
a non-homogencous first-order difference equation, In this kind of
equation (non-homogencous difference equetion), the general solution
consists of two perts: the solution of the homogéneous counterpart, y(t),
and the particular solution, ¥, of the compiete non-homogeneous equation,
such that the general solution is , _
Y(t) = y(¢) + § (B-2)
First, to solve the homogeneous counterpert of (B-1)
y(t) = ay(t-1) (8-3)
let y(t):kxt, where k is some constant to be found, then
y(t=1) = kxt'1
From (B-3), it gives

t

kx 1

= akxt'
v Hx-a) =0
Xe-az0
x=8a
So y(t):kxt is a solution, if x=a, i.e., if
y(t) = ka® (B-4)
wtich is the solution of the homogeneous counterpart.
Secondly, to find the particular solution ¥, let
T = Y(t) = Y(t-1)
From (B-1), it gives
T=at+e

or, re-written

%2 = c/(1-a) (B-5)



113
, where (1-a)#0.
Now, from (B-2), it yields
Y(t) = ka,'t + ¢/(1-2)
vhere k is a£ arbitrary constont, and can be determined by using the
iritial value Y(O). ﬁhen t=0, then
Y(0) = k + ¢/(1-2)
Thus,
k = Y(0) - c¢/(1-2)
Therefore, the final solution is

Y(t) = /T(0) - o/(1-8)7a" + c/(1-2)

D) Y(t) = a¥(t-1) + bt + ¢ (B-6)
First, for the hozogeneous counterpert
(1) = ay(t-1)
which is the same as (B-3), the solution for y(t) can be obtained es
btefore:
y(t) = kaﬁ
vhere k is a constant.
Secondly, for the particular solution ¥(t), let
B(t) = Y(t) = Y(t-1) =mt + n (B-7)
vhere m and n are some constants to be fournd. Then from (B-6) it gives
$(t) = a%(t) + bt + ¢
or, re-writien
| nt +n = %Zﬁ(t-1) * 57 +bdt+ 0
By transposing and groﬁping the like terms, yields

(t = at = a)m + (1-a)n =‘b$ + ¢ (B-B)'
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So if ¥(t)=mt+n, m and n rust satisfy (B-8) and then (B-7).

Let =0, then from (B-8) it gives

em + (1-a)n = ¢ (B-9)
and if t=1,
m+ (l-a)n=Db + ¢ (B-10)

Subtstract (B-9) from (B-10), then
ne-am=>bY
or m = b/(1=-a)
From (B-9) it gives
2/o/(1-a)/ + (1-a)n = ¢
or n=c/(1=2) - ab/(1-a.)2
Thus, the values of m and n can satisfy both (B-7) and (B-8), From
(B-7) it gives

$(t) = bt/(1-8) + ¢/(1-8) = ab/(1-a)2

(bt+c)/(1-a) = ab/(1-a)2
Therefore, finally the general solution is
Y(t) = y(£) + %(t)
= kab & (btsc)/(1-2) - ab/(1-a)°
where the value of k can be found by using the initial value Y(O) by
setting +=0, such that
k = Y(0) - ¢/(1-2) + ab/(1-2)?

II SECOND-OPDER DIFFERLNCE EQUATIONS

A) Honogeneous Second-order Difference Equation:

Y(t) + aY(t-1) + bY(t-2) = O ' (B-11)
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Let Y(t):Axt; then from (B-11) it gives

Axt 4 aax®™ Y s waxtl 2 0

By factorizing, yields

Axt'z(x2 + 2x + b) =0

Thus, if Y(t):Axt, x must satisfy the relation

x2 +2x+b=0
which is a quadratic equation. The solution of x can be obtained by

conpletirg a squere, such that

-2+ (a2 - v)®

X = 5 (B-12)

S0 there are two possible values for x:

_-a+ (a2 - 4b)%

Xy = 2

1
} Cca - (8% - av)?
2 = 2

Thus, there are two solutions for Y(t):

t

Y(t) = &%, end (1) = Azxz

By edding up these two possible solutiorns, gives a more general solution:

t 4
Y(t) = Axy + Asx, (B-13)

where A1 and A2 are arbitrary constants. This general solution depends
on the nature of the charescteristic roots Xy ard X, of the quadratic
squation, There are thrce possible cases,

1) The roots are real erd unequzl, i.e,, a.2 > 4b.
2) The roots are real and equal, i.e., a? = 4b,

3) The roots are conplex, i.e., a?‘<:4b.
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Case (1): a.2> 4b
From (B-13), the values of A1 and A, cen be obtained in terms of
the initial values Y(O) and Y(1) by setting t=0 and t=1 respectively,
such trat

Y(0) = A1 + A2

Y(1) = A1x1 + A2x2

By solving these two equations, yields

(1) ~ sz(O)
by ===
'y = X

Y(1) - x.lY(O)

2 12-11

The general solution thus beccnes

(1) - x,¥( (1) = x,¥(0)
Y(t) / / /x - 71;

where Xy and x, are given in the above in terms of a and b.

Case (2): 3.2 = 4b
In this case the form of the solution is a little difference, i.e,,

Y(4) = A2+ ayta" (B-14)

where, from (B-12), x=-2/2

By introducing the iritial vzlues, then froa (B-14), gives
Y(0) =
Y(1) = A1x + A2x

Therefore,

Ay = Y(0), and 4, = [1(1) = x1(0)//x
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and the final solution is

Y(4) = Y(O)x® + tx*/T(1) - x¥(0)]/x
wiaich can also be written as

Y(£) = /Z(1-8)¥(C) + tr(1)7x"

where the value of x as given in the atove is (-2/2).

Case (3): 52<4b
In this case the roots ere complex, involving the imaginary number
/-1, or i, such that

x1=c+di

X c -~ di

2

where c=-2/2, and d=(4b-a.2)%/2. The velues of (c+di) and (c~di) can be

expressed in trigonometric functions such that

o+ i = (@ + a)H/o/(cBedd)E wia/(cBrd®yET
(02 + d2)%(cosB + i sinB)
(2 + A fe/(Pedly - 10/(Ped?yE]

(02 + dQ)%(cosB - 1 sinB)

¢ - 4di

where B is some angle such that

1.
c/(c2 + dz)’a

cosB =

sinB = d/(c2 + dz)%
Therefore,

x: = (¢ + di)t

= (c2 + dz)t/z(cosB + i sinB)t

(02 + dz)t/z(costB + i sintB)
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t b

X2 = (O - dl)
= (¢ 2 + d )t/z(cosB i sin B)
= (c + 4" )t/2(cost3 -« i sint3)

Then from (B-13) it gives

Y(t)

A x + A2x2
t/2

(c + & ) A1+A2)c§stB +i(A1-A2)sint§7 (B-15)

Since A1 ond A2 ere arbitrary, so let

A

1+A

2 =&
(A1-A2)i=h

vhere g and h are real numbers. Tiis implies that (A1-A2) is imeginary.
Re-write (B-15):

(1) = (o2 + a2)¥/2

(g costB + h sintB) (B-16)
when t=0, then

Y(0) = g cos0® + h 5in0° =
When t=1, then

Y(1) = (c2 + dz)%(g cosB + h sinB)
= (c2 + dz)%[?(o) cosB + h Si‘.lB]
Then solve for h:
h = fE(1)-(c%+a31(0)cost//Tc%+4%)Esins]
Since the value of c¢,d,g, h and B are known, therefore, the solution

for Y(t) can be obtained from (B-16).

B) Non-homogeneous Second-order Difference Equation:

Y(t) + aY(t-1) + bY(1-2) = q » (B-17)
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First, with the seme procedure as tefore, find the‘solution of the
horogeneous counterpart which is
y(t) + ey(t=1) + by(2-2) = 0 (B-18)

Fron (B-18), there are three possible solutions:

t +
y(t) = 2,%, + 2%,

+ t
y(t) = 8,x" + a,tx

y(t) = (02‘+ dz)t/z(g costB + h sintB)
vwhere the values of ¢, d, g, h and B are given es before.
Secondly, for the periicular solution, =s done before, let ¥ be
the particular solution so thet
2 = Y(t) = Y(2-1) = ¥(t-2)
From (B-17) it gives
f+al+r¥=gqg
or ¥ = q¢/(1+2+b) '
vhere (1+2+b)#0, so that the particular solution is acceptable. Since
Y(t) = y(¢) + ¥
then there ere three possible sclutions for Y(1):

() = axp + 2yx5 + o/ (1+2+b)

I

Y(t) a1xt + a2tx" + q/(1+e+D)

Y(t) = (02+d2)t/2(g costB + h sintB) + g/(1+a+b)
Substituting the values of ¢, 4, g, h ard B s given in the above,

therefore, according to the nature of the characteristic roots x, and

Xy, the value of Y(%) can be obtained.



APPRILIX C

BASIC DATA
Yoney Value in ¥illions of 1929 Dollars)

Consuner Gross Personal Gross
Year Price + National Consunption Private
Indexes Product Expenditures Invesiment
1929 100.000 1C4,436 78,552 17,002
1930 97.487 | 93,453 72,797 11,238
1931 88.777 €5,513 69,087 . 6,443
1932 79.732 73,328 61,840 1,357
1933 75.544 74,081 61,411 2,039
1934 78.057 83,240 €€ ,482 4,249
1935 80.067 90,552 70,302 7,773
1936 80.905 102,271 77,394 10,272
1037 83.752 108,391 80,307 14,100
1923 82.245 103,626 18,596 9,447
1939 81.072 112,363 83,356 12,577
1940 81.742 123,062 87,936 17,940
1541 85.930 146,424 95,281 22,339
1946 113.503 184,949 129,153 29,021
1947 130.318 179,762 126,927 31,076
1948 | 140.369 184,817 127,032 33,181
" 1949 139.028 185,613 - 130,303 26,424
1950 140.369 202,750 138,929 36,017
1954 151,591 217,015 138,402 38,729
1952 154.941 223,955 141,844 33,032
1953 156,114 234,050 149,025 31,968
1954 156.784 231,6C0 151,817 31,785
1955 156.261 154,329 164,409 41,551
1956 158.626 264,257 170,159 44,316
1957 164.154 269,727 173,717 43,294
1958 168.677 263,548 173,822 34,320
1959 170.017 283,915 | 184,416 ° 42,329
1960 172.697 291,030 190,062 43,286
1961 174.539 297,138 193,279 42,030
1962 176.549 315,039 202,071 47,083
19€3 178.727 326,709 209,794 . 48,342
Column (1) (2) (3) (4)




EASIC DATA (Contirued)

(Yoney Velue in Yillions of 1929 Dollars)

121

Govornrent Txnonditures

et

Wage

tear [rorn [ Sovrat Tlowrmart] tetionsl| & | pons
1929 8,402 4,261 4,121 95,819 | 50,423 45,396
1930 9,418 5,009 4,409 e4,692 | 47,378 37,314
1931 10,383 6,100 4,253 76,715 | 44,064 32,651
1932 | 10,131 €,7C2 3,429 63,777 | 38,224 25,553
1933 | 10,€31| . 7,607 3,024 €4,602 | 38,384 26,218
1934 12,509 8,477 4,032 74,129 43,180 30,949
1935 12,477 8,325 4,152 81,515 5,824 35,691
1936 | 14,605 8,224 €,381 93,007 51,814 41,193
1937 | 13,984 8,690 5,294 99,143 55,052 44,091
1938 | 15,583 9,835 5,748 $4,1€3 | 55,254 38,909
1939 16,430 | 10,164 6,266 | 102,655 56,667 46,028
1940 | 17,216 11,418 5,758 {113,124 | 60,945 52,179
1941 28,8C4{ 18,855 9,945 | 135,902 | 72,252 63,650
1946 | 2€,775| 20,878 5,897 | 175,561 | 98,212 | 77,349
1947 21,779 16,734 5,045 169,784 94,264 75,520
1948 | 24,604 19,012 5,552 173,795 | 96,303 77,492
1949 268,886 | 21,801 7,085 {173,188 | 96,640 76,548
1950 | 27,804| 20,044 7,760 | 189,1€9 | 104,273 84,896
1951 39,884 | 28,109 1,775 | 202,522 | 112,615 89,907
1952 | 49,079 34,250 14,329 | 208,461 | 119,3C8 89,153
1953 53,057 | 37,554 15,503 | 217,059 | 126,858 90,161
1954 | 47,998 | 33,776 14,222 | 213,225 | 125,178 88,047
1955 | 48,369 35,021 13,343 | 233,863 | 134,951 98,912
1956 | 49,782 | 36,260 13,502 | 242,5€3 | 143,504 99,059
1957 | 52,716 | 38,272 14,444 | 246,918 | 145,320 | 101,598
1958 | 55,406 | 39,338 16,068 | 240,662 | 142,167 98,495
1959 | 57,170 | 40,591 16,579 | 259,822 |152,020 | 107,802
1560 | 57,682 | 40,954 16,728 | 266,135 | 157,101 109,034
1961 61,849 | 43,913 17,936 | 271,653 | 159,747 | 111,906
1962 | 65,865 | 46,778 19,107 | 287,434 | 168,301 119,133
1963 | 68,573 48,687 19,886 298,265 {174,651 123,614
Column (5) (6) (7 (&) (9) (10)
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Sources of Data. Except column (1), 211 data are originally in
current dollars from U, S. Department of Comrerce, Office of Buciness

Economics, Survey of Current Business (Vashington, D. C.: U, S. Govern-

rent Frinting Office, 1930-19€4), and converted into 1929 dollars accord-
ing to the "Consumer Price Index" given in columm (1). An attempt has

been made to get all revised figures so that a series of Survey cof Cur-

rent Business has been consulted. The following are some special remerks,

Colwmm (1). The data are originelly from U. S, Department of Com-

merce, Bureau of the Census, Statistical Abgstract of the United States

(Washington, De Ce: U. S. Government Printing Office, 1930-1964), on the

base, 1957-1959=100. A series of Statistical Abstract of the United

States has been consulted in order to get the revised figues. As shomm
in this column the data are already converted into 1929 dollars, i.e.,
1929=100,

Column (2). This column is the sum of column (3), column (4) and
colum (5).

Column (5). This column is the sum of column (6) and column(T).
For 1929-1957, the aprortion of this columnn into column (6) and colurm
(7) is according to the proportions of column (6) and column (10) of

Table A-IIa of J. W. Kendrick's Prcdnciivity Trends in the United States

(Princeton: Princeton University Press, 1961), pp. 293-295. For 1957-
1963, the proportions are based on the average of 1929-1957. The aver-
age is epproximately 299, )

Column (8). This is the sum of colum (9) and column (10).

Column (10). This is obtained by substracting column (9).from (8).
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