


© Copyright by Ram Ratan Ratnakar 2012

All Rights Reserved



Multi-scale Averaging and Analysis of
Transport and Reaction Phenomena

in Porous Media

A Dissertation
Presented to
the Faculty of the Department of Chemical and Biomolecular Engineering

University of Houston

In Partial Fulfillment
of the Requirements for the Degree
Doctor of Philosophy

in Chemical Engineering

by
Ram Ratan Ratnakar

May 2012






Dedicated to my family, friends and teachers



Acknowledgements

It is a great pleasure to express my immense gratitude and respect to my ad-
visor, Prof. Vemuri Balakotaiah, whose encouragement, supervision and support
from the preliminary to the concluding level enabled me to develop an understand-
ing of the subject, which | am sure, is an asset in pursuing further research. The
thesis would not have been possible without his help, not to mention his advice and
unsurpassed knowledge of transport and reaction engineering. The long discus-
sions with Prof. Bala on various problems have always been a source of inspiration
and motivation. He has been extremely generous with his time, knowledge, ideas
and allowed me great freedom in the research. His good advice, support and
friendly nature have been invaluable on both an academic and a personal level, for
which | am extremely grateful, and take this opportunity to thank him.

| sincerely appreciate the finantial support from the Robert A. Welch Foundation
and Halliburton energy services. | would like to thank Dr. N. Kalia for her help,
cooperation and discussions on the carbonate project. | greatly appriciate her for
creating friendly and easy atmosphere during my internship at Halliburton.

| would like to thank these teachers, Prof. Economou, Prof. Luss, Prof. Mohanti
and Dr. Birol for their valuable graduate training. | would like to thank Prof. Krish-
namoorti, Dr. Conrad and Prof. Nikolaou for their valuable time and discussions in
group meetings on porous media. | would also like to thank the supporting staff of
the Chemical Engineering department and ISSSO for providing excellent support.

| am highly thankful to my labmates, Pankaj (Pankaaazzzz) and Santhosh (deal-
guru) for making my times in the lab joyful. They helped me in several ways from
how to fill out taxes and other official forms to how to buy things from the internet
more efficiently. | always enjoyed dicsussions on various topics (academic and
non-academic) with them. Even in the end, when they were very busy in complet-

ing their degree, they made time to help me in preparing for a job interview. | wish

Vi



to thank my seniors, Saurabh, Robin, lla, Jyoti, Ashok and Divesh for their valuble
suggestions and times we spent during get togethers. | also wish to thank all my
fellow lab mates Arun, Bijesh, Praneet, Priyank, and Richa for their support and for
sharing their time with me.

| would like to thank my friends Anshul, Udit, Samaksh, Dhaval, Martin, An-
thony and the alpha-psi-lambda community for various fun and adventurous activi-
ties which made my stay in Houston wonderful. | am thankful to Jay, Jeff, Kaushik,
Radheshyam, Paras and AK for playing badminton with me. | would like to thank
Manish, Gaurav, Chinmay, Kshitij, Swaroop, Surabhi, Ananya, Jyoti, Anita, Renu,
Prasanna and Swati for good food and for playing volleyball and badminton with
me. | am thankful to Amanda Wei (for being my partner in various fun actvities in-
cluding dancing), our Salsa instructor Claudia and social dance clubs at UH (where
| learned various latin and ballroom dancing), which helped me to improve my inter-
personal skills. | am also thankful to my friends Aditya, Dhananjay, Ritesh, Rash-
mish, Abhishek, Prasat, Pathak Saab, Chandan, DJ, Alok, Manoj, Rajnish and
Sudhanshu for moral support and other various activities we did together before
grad school.

Finally, | would like to express my love and apreciation to my family for con-
tinuous support and encouragement in all my endevours. They have made me
disciplined, confident and self-dependent. They struggled hard to give me the best

possible education, for which | will always be thankful.

Vii



Multi-scale Averaging and Analysis of
Transport and Reaction Phenomena

in Porous Media

An Abstract
of a
Dissertation
Presented to
the Faculty of the Department of Chemical and Biomolecular Engineering

University of Houston

In Partial Fulfillment
of the Requirements for the Degree
Doctor of Philosophy

in Chemical Engineering

by
Ram Ratan Ratnakar

May 2012

viii



Abstract

In the first part, a systematic procedure of multi-scale averaging, based on
Lyapunov-Schmidt (L-S) technique of bifurcation theory, is presented where low-
dimensional models are derived for two problems: dispersion of a non-reacting
tracer in laminar flow in a tube (Taylor dispersion); and, diffusion, convection and
reaction in a catalytic monolith with porous washcoat. The averaged model for
Taylor dispersion developed by the L-S procedure is exact for general inlet/initial
conditions including point sources. It predicts no centroid displacement or vari-
ance deficit as other models in the literature. Truncated hyperbolic models are
also presented along with inlet/initial conditions to the same accuracy. The re-
duced order model developed for catalytic monoliths is presented in terms of three
concentration modes and it is shown for time-varying inlet conditions, the interfa-
cial flux depends on all three modes. In such cases, in contrast to the traditional
two-phase model, the three-mode reduced order model retains the feature of the
detailed model.

In the second part, modeling and simulation of reactive dissolution of carbon-
ates with in-situ gelling acids is presented. Stimulation of oil-wells in carbonate-
reservoirs using an acidic-solution is a common practice to enhance oil produc-
tion. However, due to heterogeneity, acid flows preferentially in high-permeability
zones, which results into under stimulation of low-perm regions. Therefore, in-
situ gelling acids are used that block the high-permeability region by forming a gel
and diverts more acid to the low-permeability zones. Here, a rheological model
for in-situ gelling acids is developed and combined with an extended two-scale-
continuum model to describe the transport and reaction of in-situ gelling acids in
carbonates. Three-dimensional simulations predict dissolution patterns in various
flow regimes that are in accordance with experimental results. The effect of rheo-

logical parameters on flow diversion, optimum injection rates, wormhole diameter



and gel front-width and speed is studied using scaling analysis. Finally, guidelines

for optimal stimulation of carbonates with in-situ gelling acids are presented.
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E = Residence time distribution (RTD)

E = RTD in Laplace domain

F' = non-linear diffusion-convection-reaction operator

h = heat transfer coefficient

1, = first order modified Bessel function of first kind

J = interfacial molecular flux at fluid-washcoat interface (dimensionless)
Jr = interfacial molecular flux at fluid-washcoat interface (dimensional)
k..: = external mass transfer coefficient (dimensional)

k¢ = heat conductivity in fluid phase

ki.: = internal mass transfer coefficient (dimensional)

k, = overall mass transfer coefficient (dimensional)

L = Length of the monolith

my, = k' spatial moment

M,, = k" spatial moment in Laplace domain

Nu =Nusselt number

XXVi



n, n, = normal unit vector to 02

ng, = normal unit vector to 02

f

ng,, = normal unit vector to 052,

p = transverse Peclet number

Pe, = radial Peclet number

Pe;, = axial Peclet number

r = radial coordinate (dimensional)

R = homogeneous reaction in washcoat (dimensionless)

R., = homogeneous reaction in washcoat (dimensional)

Rq, = hydraulic radius for flow channel

Rq,, = effective (diffusion) length scale in washcoat

s = dimensionless source term containing initial and inlet conditions

s’ = deviation of source term from its average

(s) = average of source term

sy = dimensionless source term containing initial and inlet conditions in fluid
phase

sy = dimensionless source term containing initial in washcoat

Sh. = external Sherwood number

She r1ae = €xternal Sherwood number corresponding to flat velocity profile

She non—react = €Xternal Sherwood number corresponding no reaction in wash-
coat

Sh. s = external Sherwood number coefficient corresponding to steady state

Sh, = overall Sherwood number

Shq; = internal Sherwood number

T = temperature

T;, = inlet temperature

T,, = mixing-cup temperature
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T, = wall temperature

t = dimensionless time

t' = dimensional time

u = velocity in the axial direction (dimensionless)

v’ = fluctuation in velocity in the axial direction (dimensionless)
U; = fluid velocity in the axial direction (dimensional)

uy = fluid velocity in the axial direction (dimensionless)

u = averaged fluid velocity in the axial direction (dimensionless)
(u) = averaged velocity in the axial direction (dimensionless)
x' = coordinate along the length of the reactor (dimensional)
x = dimensionless coordinate along the length of the reactor
Greek letters

« = Laplace domain variable

£ = dimensionless catalyst activity profile

B3'= deviation in activity profile from its average

(B) = average catalyst activity profile

v, ,,, =eigenfunctions of a linear operator L

es = macroscopic volume fraction of flow channel

£, = macroscopic volume fraction of washcoat

ewe = porosity of the washcoat

~ = capacitance ratio in washcoat to the fluid phase

7., = volume ratio of washcoat to the flow channel

I’ = transverse function that depends on flow profile

x = transverse function that depends on activity profile

» = exit conversion

) = ratio of washcoat thickness to radius of flow channel

A = dimensionless dispersion coefficient

XXViii



1 = ratio of solute diffusivities in fluid to washcoat

u, = k' eigenvalues of transverse Laplacian operator
v, = k" central moment

¢> = Thiele modulus corresponding to equivalent surface reaction in washcoat
p; = density of fluid phase

o = transverse function that depends on Dirac-delta at interface
o? = variance

o2, = dimensionless normalized second central moment
6 = azimuthal (angular) coordinate

7p = transverse diffusion time

7.p = diffusion-convection time

T¢c = convection time

Tr = reaction time

2 = overall cross-section (flow channel + washcoat)

1y = cross-section of flow channel

Q,, = cross-section of washcoat

¢ = dimensionless radial coordinate

¢ = transverse function that depends on flow profile
Subscripts

f =fluid phase

s =solid phase

w = washcoat

m =Cup-mixing

oo =asymptotic value

X, L =flow direction

T =Transverse direction

Operators

XXiX



V2, = transverse Laplacian operator (dimensional)

V2 = transverse Laplacian operator (dimensionless)

= Inner product over whole cross-section (flow channel + washcoat)
= Inner product with velocity profile as weighting function

C

()
Y
(); = Inner product over flow channel

()., = Inner product over washcoat

L = linear operator

Part Il

Roman letters

a =rheological parameter signifying the pH range of gel formation

a,, =area perunit volume available for reaction

a,o =initial value of q,

A, = dimensionless area perunit volume available for reaction

C'y = acid concentration in the fluid

C'tin =inlet acid concentration

C, =acid concentration in the solid-fluid interface

¢y = dimensionless acid concentration in the fluid

¢, = dimensionless acid concentration in the solid-fluid interface

d, =particle diameter

D, =effective dispersion coefficient of acid/protons

D., = effective dispersion coefficient of polymers

D.x = effective dispersion coefficient of acid/protons in axial direction

D.r =effective dispersion coefficient of acid/protons in transverse direction
Da = Damkohler number based on reaction time

Da,,y = optimum Damkaohler number based on reaction time

fr =fraction of total flow going through low-perm core

K =permeability
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Ky =initial permeability

k. =mass-transfer coefficient

k, =reaction rate constant

k.r; =effective rate constant

L = length of catalytic wire

m =pore length to diameter ratio

M = Mobility

n =power index

N,. =acid capacity number

P =pressure

p =dimensionless pressure

Perit =€Xit pressure

pH,, = pH value at which viscosity is maximum due to gel formation
PV =pore volume

PVgr =pore volume to breakthrough

() = fluid volumetric flow rate

Qopt = optimum fluid volumetric flow rate
r =dimensionless pore radius

r, =pore radius

rpo =initial pore radius

R = reaction rate

R., =Reynold’s number

Se =Schmidt number

Sh =Sherwood number

Shs, =asymptotic value of Sherwood number
t = time (dimensionless)

t' =dimensional time

XXXi



t* =time in wave coordinate

T = temperature

T, =reference temperature

T, = solid phase temperature

U =dimensional velocity

u =dimensionless velocity

uo =inlet velocity

uqpr =0Optimum injection rate

v =velocity

x =dimensionless axial/flow direction
x’ = axial direction

x* =axial direction in wave coordinates
y', 2/ =transverse direction

y, z = dimensionless transverse direction
Greek letters

a = temperature coefficient of viscosity
a. = acid capacity

[ = parameter used in structure-property relation
~+ = shear rate

¢ = porosity of the rock

g0 =initial porosity

(e9) =average initial porosity

Ae =magnitude of heterogeneity

¢* = pore-scale Thiele modulus

$? = macro-scale Thiele modulus

1, =polymer viscosity

r =dimensionless permeability

XXXii



[ = viscosity

1y =base viscosity

i, =aparent viscosity

1y =effective viscosity term

i, =maximum increase in viscosity from the base value due to gel formation
(u), =average viscosity in reaction zone

(1) ., =average viscosity of gel

p, =solid density

T =shear stress
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Chapter 1 Introduction

1.1 Preamble

Modeling and analysis of the transport and reaction phenomena is one of the
core activities of the chemical engineering discipline. Models of chemical reactors
and other process equipment are obtained by applying the fundamental conserva-
tion laws and combining them with the constitutive equations for the various rate
processes. These systems have hierarchy of length scales as can be seen from
Figure 1.1. For example, it can be seen from Figure 1.1(a) that length-scales in a
carbonate core (which are used to analyze the oil production from reservoirs that
are spread in kilometers) varies from core scale (cm) to intermediate Darcy-scale
(mm) to pore scale (um). The Darcy-scale is where Darcy law are applied for
describing flow equations and pore-scale is where conservation laws are applica-
ble. Similarly, in a catalytic monoliths, the length scale varies from few centimeters
to few ;1 as can be seen from Figure 1.1(b). These length scales are typically
characterized by three representative ones, namely, microscale, mesoscale and
macroscale. Microscale is the molecular scale where conservation laws applied
and molecular properties are expressed. Macroscale is the reactor or process
scale where laboratory experiments are performed to measure the quantities that
interest to scientists and engineers. Mesoscale or intermediate scale which is
smaller than macroscale and bigger than microscale, represents the smaller length
scale of the reactor. For example, in case of a tubular reactors, the mesoscale is
the tube or catalyst particle diameter while in case of porous media, the mesoscale
is the heterogeneity length-scale. These length scales can also be interpreted in
terms of time scales. For example, the residence time in the reactor varies usually
between 1 to 1000 seconds while the intraparticle diffusion time is of the order of

0.1s. Similarly, inside a pore, the diffusion time is of order of microseconds and
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Figure 1.1: Heirarchy of length scales in various chemical engineering systems (a)
Carbonate cores and (b) catalytic monoliths.



the time scale associated with adsorption is typically less than a microsecond and
could be as small as a nanosecond. Depending on the level of detail included at
various length and time scales, mathematical models can vary in complexity, from
a few algebraic or ordinary differential equations to several coupled partial differen-
tial equations in three spatial coordinates and time. In addition, due to the strong
coupling between the transport and reaction processes and the dependence of
the kinetic and transport parameters on the state variables, the model equations
are usually nonlinear and may exhibit a variety of complex spatio-temporal pat-
terns. For most cases of practical interest, even with the present day computational
power, it is impractical to solve such detailed models and explore all the different
types of solutions that may exist in the multi-dimensional parameter spaces. Even
in cases where detailed solutions can be obtained, the numerical results may have
to be coarse-grained to determine quantities, such as the average exit conversion
of a reactant or speed of an adsorption or thermal front, that are of interest to
the design engineer. For these reasons, it is of practical interest to have accurate
low-dimensional models in terms of experimentally measurable variables, such as
cup-mixing concentrations or temperatures, for the purpose of design, control and
optimization of chemical processes. Since reaction and transport processes can
create a scale separation, an averaged low-dimensional model can be developed
at macroscale in terms of experimentally measurable quantities that retains all the
essential physics at microscale in terms of transfer/dispersion coefficients.

Figure 1.2 shows the schematic diagram of various approaches used in liter-
atures to reduce the dimension and develop a low dimensional model for a given
system. The top-down approach is the most common procedure to develop low-
dimensional models of reactors where certain a prior assumptions are made on
the length and time scales of diffusion, convection and reaction, and, conservation

laws are applied at the meso or macro scales only. For example, the most fa-
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Figure 1.2: Different approaches to averaging/dimension reduction.

mous and widely used chemical reactor model, namely the continuous-flow stirred
tank reactor (CSTR), is obtained by assuming the negligible diffusion time (or com-
plete mixing) in every directions (flow and transverse direction) that expresses the
species and energy balances at macroscale in terms of few ordinary differential
equations. Similarly, the plug-flow reactor model (PFR) assumes the complete
mixing in transverse direction and expresses the conservation laws at mesoscale
as partial differential equation in time and one spatial coordinate in flow direc-
tion. These models are computationally very simple. However, assumptions made
in the top-down approach are not justified for most cases of practical interests
and thus, the models developed using this approach such as the CSTR, the PFR,
the axial dispersion model with/without Danckwerts boundary conditions, the two-

phase catalytic reactor model, pseudo-homogeneous models of multiphase reac-



tors etc., ignore the physics at small length scales. In fact, the shortcomings of
these models (such as the inability to predict micromixing effects on conversion
and yield/selectivity of an intermediate product for the case of fast reactions) are
well known. For example, the conversion predicted from ideal CSTR model is in-
dependent of how input and output streams enter the reactor and so on.

The other extreme is the numerical approach where detail diffusion-convection-
reaction models for given system are applied at micro-scale and are solved numer-
ically such as by using computational fluid dynamics (CFD). While this approach
is certainly feasible (at least for single phase systems) due to the recent avail-
ability of computational power and more accurate than the top-down approach, it
may be computationally prohibitive, especially for multi-phase systems with com-
plex geometries and fast kinetics. It is also not practical when design, control and
optimization of the reactor or the process is of main interest. The main draw-

backs/criticism of this approach are that:

(i) It uses discrete models of very high dimension that are not only difficult to
incorporate into design and control schemes but also may not represent the

original problem due to discretization.

(i) Due to the strong coupling between the transport and reaction processes,
the model equations are usually nonlinear and may exhibit a variety of com-
plex spatio-temporal patterns. Without having prior parametric studies, these
patterns may not be explored numerically. Even when appropriate set of pa-
rameters are considered, right initial conditions or initial guess are essential
in numerical approach. In addition, design engineers are interested usually
in averaged quantities such as the average exit conversion of a reactant or
speed of an adsorption or thermal front, so when detailed solutions are ob-
tained, the numerical results may have to be coarse-grained to determine

those quantities.



(iii) For highly nonlinear cases where length scale of separation is very high, the
mesh size needed to avoid spurious solutions may be so small that this ap-
proach is not feasible. For example, in case of a carbonate core where length
scale separation is of order of 10° (core scale of around 10 cm to pore scale
of around 1.m), the number of mesh needed in every direction is 10°, i.e., for
a typical core (10 x 4 x 4 cm?), the number of mesh points needed for 3-D

simulation is of order of 10'* which is not practical.

(iv) Numerical approach such as the CFD also uses averaged models (e.g k —
e model for turbulent flows, Prandtl mixing length theory etc.) with closure

schemes that are not always justified and contains adjustable constants.

Thus, the intermediate approach where the full convection-diffusion-reaction
equations are averaged spatially using systematic procedure, are preferred to de-
velop low-dimensional models as it retain the essential features of the system and
computationally less expansive than the numerical approach. In this approach, the
full model is averaged over small length scales to describe the process at macro
or meso scale in terms of effective coefficients such as transfer coefficients, dis-
persion coefficients, effectiveness factors etc. Another advantage of this approach
is the ability to predict and verify the range of convergence and validity of the av-
eraged model. Before going into detail, we give a brief history of some important
reactor models and discuss the averaging procedures used in the literature in fol-

lowing section.

1.2 Literature Review

1.2.1 Top-down Approach
The most widely used simplified reactor models are the three classical ideal re-
actor models: (i) the ideal batch reactor (BR) model, (ii) the ideal plug-flow reactor

(PFR) model and (iii) the ideal continuous-flow stirred tank reactor (CSTR) model.
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The BR model describe the evolution of concentration/temperature profile as re-
action occurs in terms of one dimensional ordinary differential equation in time as
follows:

%:uR(C) WithC =C, @t = 0, (1.1)

where C is concentration vectors for various species, R (C) is reaction vector, v is
the stoichiometric coefficient matrix and C, is the initial concentration vector. For
energy balance, concentration vector in transient term is replaced by temperature,
T and reaction term is multiplied by corresponding enthalpy of reaction. Similarly,
the PFR model assumes no gradient in transverse (to flow) direction and expresses
the species and energy balance as a first order partial differential equation in time,
t and one spatial coordinate, x (corresponding to flow direction) by neglecting axial

mixing as follows:

0C 0C
5+<u>a—m*’/R(C),
C=C, @r=0andC=C, @1 =0, (1.2)

where C;, is the inlet concentration vector and (u) is the average velocity. It
should be noted that it is an hyperbolic model and describes how the concentra-
tion/temperature profile varies in flow direction. While the BR model and the PFR
model have existed since the late eighteenth century, a conceptual leap came in
the form of the CSTR model (Bodenstein and Wolgast, 1908) which assumes com-
plete mixing at all scales and expresses the balance equations as follows:

dC C;,—C
dt N TC

YU R(C), (=12, .., M) (1.3)

where 7. is the total residence time of the reactor. It should be noted that these

reactor models are expressed in terms of a single mode C and do not distinguish



between spatially averaged concentration, (C), and cup-mixing or flow averaged
concentration, C,,.

The assumption of no axial mixing in PFR model was later relaxed by using
finite axial mixing by Irving Langmuir (1908), who dealt with both the limiting cases
of “mixing nearly complete” and “only slight mixing” and replaced the Dirichlet

boundary condition (C = C;, @ = = 0) by a flux type boundary condition:

dC
D ={)[C-Cu] @z =0, (1.4)

where D is the diagonal matrix of molecular diffusivity of the species. The above
boundary condition was rediscovered first by Forster and Geib (1934), which was
quoted and applied by Damkdhler (1937) and then finally by Danckwerts (1953),
and since then, it has been known as ‘Danckwerts’ boundary condition’. Forster
and Geib (1934) in their paper, introduced the concept of residence time distri-
bution (RTD) and obtained the RTD curves for the axial dispersion model using
Danckwerts boundary condition. Damkdhler (1937) in his historic paper, summa-
rized various reactor models and formulated the two-dimensional DCR model for
tubular reactors (by using the Danckwerts boundary condition with parabolic ve-
locity profile corresponding to laminar flow in tubes) to describe finite mixing both
in the flow and transverse directions. Later, Danckwerts (1953) introduced the
concepts of “hold-back” and “segregation” and devised a generalized treatment
of RTD. Following this, Zwietering (1959) introduced the concept of micromixing
(mixing caused by local diffusion, local velocity gradients and reaction at the small
scales) and quantified the degrees of mixing with the ideas of “complete segrega-
tion” and “maximum mixedness”. Since then, the topic of micromixing has become
a part of classical Chemical Reaction Engineering and has been discussed in var-

ious textbooks [Levenspiel (1999), Froment & Bischoff (1990), Westerterp, van



Swaaij & Beenackers (1984)] and review articles (Villermaux, 1991).

Though the top-down approach is the one that chemical engineers have fol-
lowed historically to develop low-dimensional models of various reactors at macroscale
by making certain a prior assumptions on the length and time scales, these as-
sumptions are usually not justified since it involves comparison of the solutions
obtained with more detailed (fundamental) models, which are not available. Be-
cause of the a prior assumptions, these models cannot explain many experimen-
tally observed features that arise due to strong coupling between transport and
reaction processes at small scales. When the predictions of such ad-hoc mod-
els do not match with experimental results, the low-dimensional models are modi-
fied by expanding the degrees of freedom using concepts such as residence time
distribution, non-ideal flow and mixing, which express the models in terms of ef-
fective quantities such as effectiveness factors or effective dispersion coefficients
(Danckwerts, 1958; Zwietering, 1959; Levenspiel, 1999). The short-comings of
this approach (such as the dependence of these effective coefficients on the ki-
netic parameters and inconsistencies such as infinite propagation speed of signals
even in convection dominated systems) are well known (Balakotaiah and Chang,
2003; Balakotaiah and Ratnakar, 2010).

1.2.2 Bottom-up Approach
Numerical Approach

The numerical approach is the discretization of the convection and the diffu-
sion operators of the PDEs that gives rise to a system of effective low-dimensional
models of very high order depending on the mesh size (/discretization interval) re-
quired to avoid spurious solutions. For example, the minimum number of mesh

points (NN,,.) necessary for direct numerical simulation (DNS) of non-reacting tur-
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bulent flow is given by (Baldyga and Bourne, 1999)

N,,. ~ Re*5c3?, (1.5)

where Re and Sc are the Reynolds and turbulent Schmidt numbers, respectively.
[ For Re = 10* and Sc¢ = 103, N,,. ~ 10'®, which is quite large.] For the case
of steady-state one-dimensional laminar reacting flows in a tube of radius a and
length L, the minimum number of mesh points required is given by (Dommeti &

Balakotaiah, 2000)

Pe3 2Da  2Da?
N,=4]/— [g—1— , 1.6
\/24q <q Pe * Pe? ) (1.6)
where
4Da
=4/1+ == 1.7
1 * Pe’ (1.7)

Da is the Damkohler number, Pe is the Peclet number based on the reactor length,
given by
L
Pe = —Re Se. (1.8)
2a

For very fast reactions, i.e. Da > 1, criterion to avoid spurious solutions for a

3-dimensional scalar CDR is simplified as

2\ 3/2
Nzyzz(%> : (1.9)

where ¢? (= Pe Da) is Theile-modulus. For the case of non-isothermal kinetics,
¢ = ¢p exp|B), where ¢; is the value based on the reference temperature and B
is the Zeldovich number (dimensionless adiabatic temperature rise). Thus, for a
typical value of B of 20 (that is very common for partial oxidation and combustion

reactions) and ¢ = 1, N,,. = 3 x 10'7, which is very large and the problem is
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rendered numerically unsolvable. Similar examples can be given for other systems
where the number of mesh size required to avoid spurious solution and to capture
the essential physics of the system, is very large. These systems of such high
order cannot be easily incorporated for control and optimization purposes. Thus,
the numerical solution of the three-dimensional transport equations for reacting
flows using CFD codes or other methods are prohibitive in terms of the numerical
effort required, especially for the case of fast/ non-isothermal kinetics. In such
cases, low dimensional models are a natural alternative.
Averaging or Dimension Reduction Approach

In this intermediate approach, the full model is averaged over small length
scales to describe the process at macro or meso scale. Several different em-
pirical as well as rigorous averaging techniques (with different terminology such as
homogenization, dimension reduction, adiabatic elimination, multi-scale method,
slaving principle, etc.) are used in different fields for obtaining low-dimensional
models. In chemical engineering literature, the two most important concepts that
have appeared in the past century to provide a simplified description of the trans-
port processes are that of the transfer coefficient and the dispersion coefficient.
Both these concepts reduce the local degrees of freedom and provide a coarse-
grained low-dimensional description of the transport process in terms of macroscale
averaged variables such as cup-mixing and/or wall temperatures, and some weighted
average concentrations. While both concepts have been applied successfully for
many decades for non-reacting systems, their application to reacting systems or
transient problems with sources or sinks, leads to identification of sharp differences

between them.

The Transfer Coefficient Concept: The transfer coefficient concept is almost a

century old and was introduced by Lewis (1916) and Lewis and Whitmann (1924),
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in the context of film models for heat and mass transfer. It is closely related to the
boundary layer theory introduced by Prandtl (1904) and Von Karman (1921) in the
context of momentum transfer. In text books, the heat transfer coefficient concept
is often illustrated by the classical Graetz-Nusselt problem describing steady-state
heat transfer in laminar flow in a circular tube (with length to diameter ratio >>1).
In this case, the detailed model describing the fluid temperature variation in the
tube as a function of axial and radial position (assuming azimuthal symmetry) is
described by the partial differential equation

r?\ oT 10 (0T
2 (u) pyCpy (1_¥)%—kf;§ (TE), O0<r<a,z>0 (1.10)

with initial (inlet) and boundary conditions
—(z,r=0)=0, (1.11)

while the coarse-grained low-dimensional model is given by
dT,, 2 .
(u) pfcpf% =ayq ; T(z=0)="Ty; a,= o (Global equation)(1.12)

q="h(x)(Ty, —Tn); (Local equation)(1.13)

where T,, is the cup-mixing (or velocity weighted or bulk) temperature defined by

o Amr (u) (1 — 2—2) T(z,r)dr

ma? (u)

T,, = (1.14)

Here, a, is the heat transfer area per unit tube volume, and the local heat transfer

coefficient and the dimensionless heat transfer coefficient (Nusselt number) are

defined b
’ —k2(z,r = a) 2a h(x)
h(z) = T’” —7 i Nur(x) = ks (1.15)
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The coarse-grained model is expressed in terms of the experimentally measurable
cup-mixing temperature and eliminates the dependence of the temperature on the
smaller scale (radial coordinate) and hence the associated transverse degrees of
freedom. To complete the low-dimensional description, we have to specify the de-
pendence of h(x) (or Nur(x)) on the parameters appearing in the detailed model.
For this specific case, this can be done either by exact solution of the full model
or by analyzing the two limiting cases of short and long axial distances from inlet
(corresponding to the Leveque solution and the asymptotic downstream solution
with fully developed velocity and temperature profiles). Since these expressions
can be found in standard heat transfer books (Kays et al. (2004)), we will not re-
peat them here but note the following key observations about the low-dimensional
model given by equations (1.12,1.13 ): (i) The global equation gives the variation
of the measurable global variable, namely the cup-mixing temperature, along the
tube length (which is the global or large scale). (ii) The local equation (1.13) uses
two temperature modes to express the local gradients in terms of the eliminated
smaller scale. (iii) For the practical case of tube length being much larger than the
radius (L/a >> 1) or when there is a clear separation of length scales, the heat
transfer coefficient over most of the tube length is given by an asymptotic value

that depends only on the local length scales and molecular properties, i.e.,

3.656k
Nugs = 3.656 OF hoo = = L, (1.16)

The asymptotic Nusselt number is just the first eigenvalue of the convection-diffusion
(C-D) operator appearing in the Graetz-Nusselt problem. When there is a clear
separation of length scales, only the first transverse mode of the C-D operator is
important and all other transverse modes (degrees of freedom) are eliminated. For

short distances, where a thermal boundary layer may exist, the spectrum of the
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C-D operator is continuous and in the general case of arbitrary inlet conditions, it
is not possible to reduce the transverse degrees of freedom. However, for spe-
cial inlet conditions such as that of a uniform inlet temperature, the inlet boundary
layer can be characterized and the low-dimensional model can be extended by
using a position dependent heat transfer coefficient. The key point to note here
is that once a two-mode low-dimensional model is available, its range of validity
can be extended by using position dependent transfer coefficient. In fact, in this
classical Graetz-Nusselt problem, use of exact expression for i(x) makes the solu-
tion of the low-dimensional model to be identical to that of the detailed model (but
the low-dimensional model cannot treat or is not accurate for other types of inlet
conditions).

The low-dimensional model can easily be generalized to other situations such
as constant flux boundary condition at the wall (for which Nug., = %), ducts of
other shapes, complex geometries (porous media or packed-beds), developing
flows, turbulent flows and flows with phase change. In all these cases, the ex-
pressions or correlations for h(x) change but the main concept of eliminating the
local degrees of freedom using a global and a local equation with two temperature

modes and the transfer coefficient concept remains valid.

The Dispersion Coefficient Concept: The dispersion coefficient concept is older
than that of the transfer coefficient and was first introduced by Boussinesq (1877)
as eddy viscosity for describing momentum transport in turbulent flows. In the
chemical engineering literature, the popularity of the dispersion coefficient in mass
transfer traces its origin to the papers of Taylor (1953) and Aris (1956). The clas-
sical Taylor-Aris problem considers the dispersion of a non-reactive solute in a
circular tube of constant cross-section in which the flow is laminar. In this case, the

detailed model describing the solute concentration C(r, 0, z,t) is described by the
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convective-diffusion equation

oC oC 10 oC 1 9°C 0?C
§+2<>(1——)% = D, |:T8T<TE>+EW}+D a2,(1 A7)

0 < r<a,z>0,t>0

with boundary conditions

oC

=0Qr =aq;Cfinite@ r =0. (1.18)
or

and appropriate inlet and initial conditions. Taylor (1953) and Aris (1956) showed

that the cross-sectional averaged concentration

(C) (x,t) az/ / C(r,0,z,t)drdod, (1.19)
0

is given by the coarse-grained low-dimensional model

2(C) ?(C) B . _a?(u)’?
or gz o+ Desy=Dr+Dn s Dr= 48D,

(1.20)

where D, is the effective dispersion coefficient. The first termin D, is known as
the Taylor dispersion coefficient and arises due to the combined effect of velocity
profile and transverse molecular diffusion. Defining a transverse diffusion time (for
circular tube) as

the Taylor dispersion coefficient may be expressed as

Dy = (u)’tp. (1.22)
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The second contribution to D, in equations (1.20) (known as the Aris contribu-
tion) is the axial diffusion term that is already present in the detailed model and is
often neglected when the tube length is much larger than the diameter (or more
precisely, when L >> (u) tp and the radial Peclet number Pe, = %—’j > /48). As the
heat transfer model, this coarse-grained model eliminates the dependence of the
concentration on the smaller scales (transverse radial coordinate » and azimuthal
coordinate #) using the effective dispersion coefficient concept, which depends
only on the eliminated length scale and molecular properties. The model given
by equations (1.20)) is widely used in the chemical engineering literature, often
with added inlet and exit boundary conditions. In the literature, there is no general
agreement or justification for these inlet and exit conditions.

The following observations may be made on the Taylor-Aris low-dimensional
description of the non-reactive solute dispersion model: (i) The average concen-
tration (C) (x,t) is not an easily measurable quantity. In fact, Taylor (1953) him-
self measured experimentally the cup-mixing or velocity weighted concentration
C(z,t) (also known as the bulk concentration), which can be done by collecting
small samples of fluid exiting the tube. As we show below, the distinction between
Cy(z,t) and (C) (z,t) is important but is often ignored in most publications on this
topic (and also in most textbooks). (ii) The Taylor-Aris model uses a single concen-
tration mode and represents what is a local phenomenon (exchange of solute by
molecular diffusion between fast moving fluid near the center of the tube and slow
moving fluid near the wall) as a diffusion term in the macroscale equation. It rep-
resents the local (transverse) gradient in concentration as a gradient in the global
(longitudinal) variable with respect to the global scale in the low-dimensional de-
scription. As can be seen intuitively, this is not an accurate description of the true
physical situation and hence is the main reason for the many conceptual difficulties

(such as upstream diffusion of the solute, infinite speed of propagation of signals
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even in the convection dominated limit, etc.) associated with this model. (iii) Since
the model is parabolic and is similar to the diffusion equation (in a coordinate sys-
tem moving with the average velocity), it requires additional boundary conditions
or physical constraints. Further, it can not describe the bypass behavior or the
segregated flow limit that may be reached in the case of laminar flow in a tube with

negligible molecular diffusion effects (D,,, — 0).

Rigorous Procedures: There are several other averaging techniques used in
literature. For example, in fluid dynamics, Reynolds averaging is widely used to
obtain time-smoothed transport equation that describes micromixing effectively.
However, this technique leads to the closure problem (more number of unknowns
than the number of equations). Several schemes have been proposed to close the
two terms in the time-smoothed equations, namely, scalar turbulent flux in reactive
mixing, and the mean reaction rate (Bourne and Toor, 1977; Brodkey and Lewalle,
1985; Li and Toor, 1986; Dutta and Tarbell, 1989; Fox, 1992). However, these are
not justified for fast/non isothermal kinetics as well as for the case where strong
boundary layers are present.

For dynamical systems with scale separation, the Center Manifold theorem
(Carr, 1981) has been used extensively in recent years to eliminate the slave (or
fast decaying) modes and obtain low dimensional models described by a few or-
dinary differential equations (Mercer and Roberts, 1990; Balakotaiah and Chang,
1995; Balakotaiah and Dommeti, 1999). While this is a powerful technique and
can describe the asymptotic behavior of a physical system near a fixed/steady
point (such as a trivial solution), a major limitation of this technique is its inabil-
ity to describe the transient evolution of initial conditions or dispersion process at
short times (Ratnakar and Balakotaiah, 2011a). In addition, it can not be used for

algebraic equations or elliptic problems (steady-state boundary value problems).
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Similarly, the method of moments (Aris, 1956; Chatwin, 1970; Barton 1983)
are one of the well known techniques to analyze the spreading process and to de-
termine the spatial moments. Aris (1956) analyzed the dispersion of non-reacting
solute in a tube using this method and derived the asymptotic solution for first few
moments where he presented the contribution of axial mixing on overall spreading
process. Chatwin(1970) revised the work of Aris (1970) further and derived the
solution of diffusion-convection model asymptotically. However, the double zero in
Laplace transform inversion was neglected in his derivation that lead to physically
incorrect results, which was corrected later by Barton (1983). Though this method
can predict the moments accurately, it can not be applied for non-linear problems.
In addition, the first few moments are not enough to determine the solution. For ex-
ample, in a tubular reactor, the spatial moments can not predict the exit conversion.
the third central moments.

The most superior averaging technique of all is the Lyapunov-Schmidt (L-S)
technique of classical bifurcation theory which eliminates the degrees of freedom
near a zero eigenvalue and analyze the bifurcation behavior of a nonlinear operator
(Golubitsky and Schaeffer, 1984; Balakotaiah et al.,1985). Recently, this technique
has been used for spatial averaging of convection-diffusion-reaction models pro-
vided a scale separation exists (Balakotaiah and Chang, 2003; Balakotaiah, 2004;
Bhattacharya at al., 2004; Chakraborty and Balakotaiah, 2005, Ratnakar and Bal-
akotaiah, 2011 a,b; Balakotaiah and Ratnakar, 2010). Intuitively speaking, the L-S
method of averaging is equivalent to Taylor expansion of a more detailed model
in terms of one or more small parameters representing the ratio of length or time
scales present in the detailed model. In such an expansion, the lowest (zeroth)
order term (which ignores the physics at the small scales) is the simplified model
(such as the ideal PFR or CSTR model) while the higher order corrections modify

it by including the small but significant physical phenomena (such as local velocity
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gradients, molecular diffusion, finite rates of adsorption, reaction, etc.) present at

various length and time scales.

1.3 Objectives

As discussed in introduction, there are three approaches to obtain low-dimensional
models in the chemical engineering literature: (i) top-down approach, where a cer-
tain a prior assumptions are made to simplify the detail models; (ii) numerical ap-
proach, where the detailed model is discretized and solved numerically; and (iii)
averaging approach, where a low-dimensional model is developed by averaging
the detailed model over small length scales. We also discussed that the first two
approach have various shortcomings. Therefore, one of the main objective of this
part of thesis is to present a rigorous and systematic procedure for averaging of full
diffusion-convection-reaction model for various reactors that can be used for gen-
eral sources including non-linear and point sources. Since most of the averaging
techniques such as Center Manifold, method of moments and volume averaging
techniques have various shortcomings and L-S procedure overcomes these short-
comings, we develop low-dimensional models for transport and reaction processes
based on L-S procedure. Another objective is to analyze the range of conver-
gence and validity of the averaged model in parameter spaces. After we have
the averaged model, one of the important objective is to determine experimentally
measurable quantities to gain physical insight that can be helpful to design better
experiments or develop better low-dimensional models.

In the next chapter, we present the mathematical aspect of L-S procedure and
illustrate its application with an example of two-compartment discrete diffusion-
convection model transport. We also analyze the range of convergence and va-
lidity of the model. In the third chapter, we present the exact averaging of laminar
dispersion in a tube with general sources including point release and analyze the

range of convergence and validity of the model. In this chapter, we present the evo-

20



lution of spatial moments and demonstrate the superiority of L-S procedure over
other techniques. We also analyze the truncated models and show that the regu-
larization of truncated model increases its range of validity. In the forth chapter, we
derive reduced order model for describing dispersion in catalytic monoliths where
we analyze the transfer coefficient concept in detail. In the last chapter, summarize

the main conclusion of the first part of the thesis and recommends for future work.
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Chapter 2 Liapunov-Schmidt Reduction

2.1 Preamble

In this chapter, we present multi-scale averaging of a general non-linear opera-
tor corresponding to transport and reaction processes in a chemical reactor based
on the Lyapunov-Schmidt technique of classical bifurcation theory. This method
is best suited for spatial averaging near a zero eigenvalue (corresponding to the
vanishing of a small parameter representing the ratio of length or time scales in
the system). For the case of diffusion-convection-reaction problems, local equilib-
rium exists in the limit when local diffusion is very fast as compared to convection
and reaction [Remark: The convection time scale varies as L/ (u), where L is the
macro length scale and (u) is the average velocity. The reaction time scale varies
as Cr/R(CRr),where Cy is a reference concentration and R(Cg) is the reaction
rate. The local diffusion time scale varies as (2./D,,, where /7 is the meso or micro
length scale (tube radius in case of tubular reactor) and D,, is the molecular (or
effective) diffusivity. When ¢ — 0, local diffusion becomes dominant as the other
scales are independent of /. Conversely, by choosing the appropriate length scale
(7, the local diffusion can be made to be the dominant process and hence, the spa-
tial degrees of freedom associated with this length scale can be eliminated]. Di-
mension reduction based on Lyapunov-Schmidt technique uses two orthogonal set
of vector spaces and orthogonal projection of the convection-diffusion-reaction op-
erator and state variables (concentration/temperature) on those spaces. The resul-
tant low-dimensional models are described by multiple concentration and temper-
ature variables, unlike the traditional low-dimensional models which are described
by a single concentration and a single temperature variable. Each of these vari-
ables is representative of a physical scale of a system and is called a “mode,

and the averaged models are called “multi-mode models.” Moreover, spatial aver-
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aging by the Lyapunov-Schmidt method retains all the parameters present in the
full CDR equation. Therefore, within their region of validity these low-dimensional
models retain the complex spatio-temporal behaviors (multiple solutions, oscilla-
tions, micromixing effects, etc.) that are exhibited by the detailed model that are
often missed by the traditional low-dimensional models. Intuitively speaking, the L-
S method of averaging is equivalent to Taylor expansion of a more detailed model
in terms of one or more small parameters representing the ratio of length or time
scales present in the detailed model. In such an expansion, the lowest (zeroth)
order term (which ignores the physics at the small scales) is the simplified model
(such as the ideal PFR or CSTR model) while the higher order corrections modify
it by including the small but significant physical phenomena (such as local velocity
gradients, molecular diffusion, finite rates of adsorption, reaction, etc.) present at
various length and time scales

The Lyapunov-Schmidt method is a well known techniques for eliminating the
degrees of freedom near a zero eigenvalue. It has been used for analyzing the bi-
furcation behavior of a nonlinear operator near a zero eigenvalue (Golubitsky and
Schaeffer, 1984; Balakotaiah et al.,1985). Recently, this technique has been used
for spatial averaging of convection-diffusion-reaction models provided a scale sep-
aration exists (Balakotaiah and Chang, 2003; Balakotaiah, 2004; Bhattacharya at
al., 2004; Chakraborty and Balakotaiah, 2005, Ratnakar and Balakotaiah, 2011
a,b; Balakotaiah and Ratnakar, 2010). Here, we illustrate the main steps of this
averaging procedure by considering a single partial differential equation of the
convection-diffusion-reaction type and show how the local spatial degrees of free-
dom (present in the diffusion operator) may be eliminated by averaging. Application

of the procedure for more general cases may be found in the cited references.
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2.2 Mathematical Aspects of L-S

We explain here briefly the mechanism of the Lyapunov-Schmidt reduction
when the linear operator is Fredholm of index zero. Finite dimensional (matrix)
operators and elliptic differential operators such as the transverse diffusion opera-
tor considered in the next section fall into this category.

We consider a linear or nonlinear equation of the form

F(e,p) =Le—pN(c,p) =0, (2.1)

where c is a state variable, p is a parameter (not necessarily small), L is a linear
operator, independent of p, and N (¢, p) is a smooth function. We assume that L

has a simple zero eigenvalue with eigenvector vy, i.e.,

Lyo=0; w5 #0. (2-2)

Let L* = adjoint operator to L. and v, be the eigenvector of IL* corresponding to
zero eigenvalue, i.e.,
L* Vg = O; Vo 75 0. (23)

We use orthogonal complementary spaces to decompose the domain and codomain
as shown in Figure 2.1. Let FE be the projection operator onto range L. Then, equa-

tion (2.1) is equivalent to

E F(c,p) = 0, (2.4)

(I —E)F(e,p) = 0. (2.5)
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range L. I (C P )
ker L A

Domain Co-domain

Figure 2.1: Schematic diagram illustrating the choice of the complementary spaces
in the domain and codomain of the linear operator in the Liapunov-Schmidt Reduc-
tion.

In the domain, ¢ may be expressed as

c=(c) yo+¢ (2.6)

where (c) y, is the component of the solution ¢ projected onto ker L. [If the eigen-
vector is normalized so that (yo,v9) = 1, then (¢) may be interpreted as the ampli-

tude of the projection of ¢ onto ker LL]. Thus, equation (2.4,2.5) become

EF({c) yo+d,p) = 0, (2.7)

(I —E)F({c) yo+c,p) = 0. (2.8)

We call equation (2.7) and equation (2.8) as the local and the global equations,
respectively. Since the operator EF' : range L* — range L is invertible, it follows

from the implicit function theorem that equation (2.7) can be solved uniquely for ¢
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as

d =d{c) yo,p). (2.9)

This is the key step of the elimination process for ¢ that contains all the slave

modes. Substitution of equations (2.9) in (2.8) gives

(I = E) F({c) yo+({¢) wo,p),p) = 0. (2.10)

Defining

f(e),p) = (I = EYF({c) yo + ¢ (¢) Yo, P), ), (2.11)

we note that f : ker L — ker L* is a mapping between the one dimensional spaces
ker L and ker L*. We define the averaged equation or the reduced order model for

the amplitude (c) by

((I = E) F({c) yo + ¢'({c) yo, ), p), vo) = 0, (2.12)

where (-, -) denotes inner product and ¢({c) 4o, p) is defined implicitly by the equa-
tion

E F({c) yo + ¢ ({c) yo, p), p) = 0. (2.13)

Now, since F F' € range L and vy L range L, the averaged model equation (2.12)

may be simplified to

( F({c) yo + ¢ ({c) o, ), p), vo) = 0. (2.14)

For the special form of F' given by equation (2.1), the local equation (after noting

that FIL = LL) simplifies to the equation

Lc = pEN({c) yo + ¢ ({c) Yo, p), P) (2.15)
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while the averaged model is given by

(N (e} yo + c'({¢) yo. p), p), v0) = 0. (2.16)

In applications, the elimination of the slave vector ¢ from equation (2.15) can be
done in many ways. For example, when N is a linear operator in ¢ then the local

equation (2.15) can be solved exactly for ¢ in terms of (¢) as
¢ = (L—pEN)"" p EN({c) yo,P), (2.17)

provided the linear operator (L. —p EN) is invertible. Substitution of equation
(2.17) in equation (2.16) gives an exact averaged equation for (c). A second ap-
proach to solve the local equation is to take advantage of scale separation that
may be present in the physical problem. For example, when p is small, we can use

a perturbation expansion
d=> p'd, (2.18)
n=1

and solve a sequence of linear inhomogeneous equations of the form

L ¢, = b({c)yo,c},..c,, 7). (2.19)

n

In this case, the averaged model can be expressed in powers of p to any desired
order. Similarly, when the scale separation is such that p is large, we can use a

perturbation expansion of the form

¢ = f: C—Z (2.20)

n=0

to solve the local equation.

We note that the solvability condition for equation (2.15, 2.19) is always satis-
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fied due to the decomposition of ¢ and our choice of complementary spaces, and,
having a small parameter or the introduction of a small parameter (and hence scale
separation) is convenient but not necessary in the L-S procedure. If the local equa-
tion (2.15) for ¢ can be solved exactly, then the reduced order model is exact for
any finite p. The L-S procedure can be applied for general (asymmetric) problem
as well as symmetric problem where operator L is self-adjoint, i.e., L* = L. We
provide here a simple example that illustrates the L-S procedure and has many
features that are similar to the laminar dispersion problem discussed in the subse-

quent sections.

2.3 lllustration of the L-S Reduction

We consider the two compartment discrete diffusion-convection model shown
in Figure 2.2. Each compartment (cell) is assumed to be perfectly mixed and the
exchange flow rate ) between the compartments is assumed to be constant. The
convective (in and out) flow rate is ¢, while the inlet solute concentration is ¢;,(t).
In applications such as those in chemical engineering (residence time distribu-
tion theory) and biomedical engineering (pharmacokinetics), the second compart-
ment represents stagnant (no flow) regions (Wen and Fan, 1975; Himmelblau and

Bischoff, 1968). The mathematical model for this system is given by

Vde v
Ed_tl = Qa+Qc+qcu(t)—qe+ 50105(75) (2.21)
Vde 174

Ed_t2 = Qa—Qe+ o), t>0 (2.22)

where the last terms in equation (2.21,2.22) containing the Dirac delta function

J (t), represent the initial conditions. Defining characteristic times

TE= —, Te = —, (2.23)

v 14
Q q

28



] J

¢ (t

O

O

—> g
¢

7

Figure 2.2: Schematic diagram of a two-compartment discrete disffusion-

convection model.

and dimensionless variables

T =

the model may be expressed as

13 _q
Vap_Q

Ac=pf,
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where

-2 2 C1
A = , C= (2.26)
2 -2 Co
and
dc
CL+2¢ — 2 cin(T) — C100(7
. fi | @ 1d (1) = c106(7) ' (2.27)
fa ﬁ—cmé(ﬂ

Here, 7 is the local exchange time while 7. is the convection or residence time.

The matrix A, which is symmetric has eigenvalues \y, = 0, \; = —4 and corre-
1
sponding eigenvectors y, = , Y1 = . Thus, defining the canonical
1 -1
variables
(c) = 01*2”2, g -~ @ (2.28)

or equivalently,

c1={c)+ 0= {c) -, (2.29)

1 1
and the projection matrix E = 2 > |, the averaged equation and local

-+ 4

equation are given by

U 4 e) — entr) ~ E D50y 40— (230

dr 2
—4cd =p {fl—c +c +(0) — cm(r) - w%)} : (2.31)

T

Using the averaged equation (2.30), the local equation (2.31) may be written as

dr dr

—4d =1p [dc, die) - 0205(7')} : (2.32)
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We note that if the local equation (2.32) can be solved exactly for ¢ in terms of
(c), the reduced order model will be exact. To show that the L-S procedure is a
pure elimination process, we write the averaged and local equations in the Laplace

domain by defining

() =L{{a) (1)} = /eXp(—w 7) () (7) dr. (2.33)

Taking Laplace Transform of equation (2.30) & (2.32), we get

w@—i—@—@(w)—mng:O (2.34)
—48:p[w8—w®+c20] (2.35)

Solving equation (2.35) for ¢/, we get

. [w () — cgo} , (2.36)

which after taking the inverse Laplace transform leads to the result

¢ = O/Texp (_4<T - t/)) dd<:> (t) dt' — c200]exp <#) 5t dt'. (2.37)

p

Thus, the exact averaged equation in the Laplace domain is given by

W (@ + (0 — o) (w) — L0 ; ) | i [w{e) = e = 0. (2.38)

In the time domain, we can write the above equation (2.38) in the following form:

() o+ /TeXp (—4(7 - t’)) d{c) (t') dt' — cin(T)

dr P dr
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(oot em)sny o / exp (ﬂ) 5(t) df' =0. (2.39)

(c10 + c20)
2

5(r) =0. (2.40)

It is clear from above equation that the base state (c), (), in general, is time de-
pendent. Even when there is no solute present in the cells initially (¢10 = ¢ = 0),
the base state can be time dependent whenever the inlet condition ¢;,, (7) is time
dependent.

We note that in this specific case, the exact averaged model could also be
obtained by solving equation (2.30) for ¢’ and substituting the result in equation

(2.32). This leads to the averaged model in the form:

d (c) (c10 + c20)
? + <C> - Cz‘n(T) - TCXT} +
p d2 <C> d <C> dcin (Clo -+ 620) , B
il T2 5 0(T) —exd (7)| =0. (241)

The L-S method also leads to the same form if equation (2.38) is multiplied by
(1 + %) before taking the inverse Laplace transform. It can be seen easily that the
two forms of the averaged model, equation (2.39) and (2.41) are equivalent.

It should be noted that equation (2.41) is a second order equation with two initial
conditions. For 7 > 0, equation (2.41) gives

d{c)
dr

d? {c) N 2d<c> _ dei

= 0. 2.42
dr? dr dr 0 ( )

+(¢) — cm(T) + g

Multiplying equation (2.41) by 7 and followed by integration from 7 = 0 to 0", we
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get one initial condition for (c) as

C10 + Co20

(o = = (2.43)
Integration of equation (2.41) from 7 = 0 to 0 gives
<C>_M+ﬂ%+z@_cm_@o —0@r =0t (2.44)
that can be further simplified by using equation (2.43) as
% . = Cinl,_g+ — C20- (2.45)

The averaged models given by equations(2.39) and (2.41) are exact and valid
for any p > 0. An alternate method to solve the local equation (2.32) for ¢’ in terms
of (c) is to use perturbation expansion. If p is small, we express the local variable
c as

d = i pid, (2.46)

and obtain the result

/
CcC =

<§>Z (—1)"! d1—<c> — Ca0 i <£>Z (=17 6 (7), (2.47)

1 i=1

o0
1=

where 6" (1) is the (i — 1) derivative of the Dirac delta distribution. We show
that the solution for ¢ given by equation (2.47) is same as the exact solution of ¢

given by equation (2.37). For this, we note that

o {L} - /Texp (M) S() dt', >0 (2.48)

14+ wp P
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while for |w p| < 1, we can write

E_l{ b } = E_l{p—wp2—|—w2p3— .............. }

I+ wp
. (%) —y (%) 5" <ZT—)) R (2.49)

Thus, for |wp| < 1, we have the identity

foo (FE=D)ot0rw=a(5) s () +5 (3) - @0

while for |wp| > 1, we can write

1 1 1
-1 p VA S E
1+ wp w  Wp | wip?

— 11— (;) + (%)2% . (;)?% — exp (-%) . (2.51)

Thus, using equation (2.50) and the property of the distributional derivatives

/5]’ (T—t’)%(t') dt' = (—1) %, (2.52)

-
0
we can express the perturbation solution given by equation (2.47) as

d = 0/ exp <_4<T — t’)) d d<:> (t") dt’ — g 0/ exp (#) §(t) dt’, (2.53)

D

which is same as the exact solution given by equation (2.37).
We can also solve the local equation (2.32) using a perturbation expansion in

terms of reciprocal powers of p as

R
o= Zﬁ (2.54)
n=0
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and obtain the solution in the Laplace domain in the form

N (_iy[@_@}, (2.55)
=0

that is same as the exact solution given by equation (2.36) or given by equation
(2.37) in time domain.

The perturbation expansion, equation (2.47), in powers of p converges ab-
solutely provided ﬁ > £ (or equivalently, p|w| < 4) while the same in powers of
Ilj, equation (2.55), converges absolutely if |71| < B (or equivalently, p |w| > 4). The
key point is that the local equation can be solved by various methods exactly using
different scaling. For example, expansion in powers of p corresponds to the long
time scaling while expansion in reciprocal powers of p may correspond to short
time scaling. Once the local equation is solved, the reduced order model is exact
and is valid for all times within the range of convergence of the local equation.

It should be emphasized that in the long time scaling, the L-S procedure cap-
tures the exponentially small terms in time through the distributional derivatives or
in the form of higher order derivatives of (c) (7). Similarly, it may be seen that the
short time scaling leads to a solution in powers of (%) . Itis also clear that the iden-
tity given by equation (2.51) is derived for p |w| > 1 but the expansion converges for
all 7 and p as long as we include all terms. The same is true for equation (2.50).
Thus, whether we use a perturbation expansion method for small p or large p to
solve the local equation for ¢/, the averaged model is exact (within the range of
convergence of the local equation) as long as all order terms are included in the
expansion. However, truncation of the local equation at any finite order will reduce
the accuracy of the averaged model. In such cases, it may be shown that the solu-
tion of the complete model agrees with that of averaged model up to all orders to

which the local equation is valid.
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As stated earlier, the reduced order model when expressed as a perturbation
series in p contains higher order time derivatives of (c) as well as distributional

derivatives of 0 (7), i.e.,

&+<C>_Cm(7>_(c1o+620 +i( ) 11dz<>

dr?
=1

—czoz(g)l ) EN () =0, (2.56)

However, the solution of the above model does not require any additional initial
conditions. This can be seen if we express the solution (¢) (7) also in a perturbation

series:

() =)o+ > _1p' (o), (2.57)
Now, the evolution equation for each (c),, i = 0,1, 2... is a first order ODE, e.g.

d{c), (c10 + ¢20)

25 (r)

o tle, = Z (%1) ! i;jj‘i — e (%)n " M(r) . n>0(2.58)

+(c)y = Cin (T) +

As can be seen from equation (2.58), the R.H.S. of the evolution equation for (c)
is independent of (c), and depends only on (c), ,, (¢),, 5, .- ,(c)o- Thus, the
equation (2.58) can be solved sequentially up to desired accuracy without providing
any additional initial conditions.

While the two forms of the exact averaged model, equations(2.41) and (2.41),
are valid for any finite p, the perturbation expansion, equation (2.56), is valid only for
small p (given by the convergence criterion, p |w| < |\;|). Thus, if equation (2.56) is
truncated at some finite order and applied to p values of order unity or larger, it can
give inconsistent (non-physical) results. [The initial conditions for the truncated

form of equation (2.56) may be obtained by multiplying it by 7% (k¢ = 0,1,..) and
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integrating from 7 = 0 to 0".] This is due to the fact that for finite values of p,
the higher order derivatives dominate the behavior, which is inconsistent with the
(long time) perturbation scaling. However, if the solution is also expressed as a
perturbation series in p (as in equation (2.57), the higher order derivatives describe
the behavior for shorter times, consistent with the scaling.

We now discuss another procedure for solving the truncated form of the aver-
aged model (2.56). Suppose that we truncate equation (2.56) at some finite order.
This truncated equation can be rewritten using lower order truncated equation to
eliminate the higher order derivatives but without changing the accuracy. For ex-
ample, if we truncate the reduced order model (2.56) at O (p*) and write it for the
special case of ¢y = cop = 0 as follows:

d* (c)

dr?

=040 (p*). (2.59)

We can rewrite this equation by using the following approximations from lower order
truncated models
d {c)
dr

= cin(T) — () — gd d<:> +0 (%) (2.60)

and

d?* {c) _dei(T) d{c)
dr2 ~  dr  dr +0(p) (2.61)

and rewrite the truncated model, equation (2.59) as

dd<:> + () + Z (Cin<7') () — gd;? I (p2)> _
&) (dcgy) -4 +O(p>) —cn(r) = 0+0(°) (262)
or,
dé? = (1-1) ) = () + 719—6“2;(7) +0(p*). (2.63)
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It is straightforward to verify that the solutions of equations(2.59) and (2.63) agree
with the exact solution to O (p?). Thus, the rewriting by using lower order truncated
models appropriately, does not change the accuracy but can remove the higher
order derivatives and this procedure is consistent with long time scaling. As dis-
cussed later, this rewriting may also be used to increase the range of validity of the
model (without changing the accuracy) by a procedure called regularization.

2.3.1 Averaged Model in Terms of Exit Concentration ¢;

As explained above, the L-S method gives the averaged model in terms of (c),
which is the amplitude of the projection of the state vector onto ker A. However, in
applications, it is preferable to express the averaged model in terms of an exper-
imentally measured variable. For example, in the compartment model discussed
above, the volume averaged concentration (c) is not easily measurable but the flow
averaged concentration ¢; can be measured. Therefore, we derive the averaged

model in terms of exit concentration ¢; by rewriting the equation (2.29) as
(¢y=c; —

Thus, the global equation (2.34) in the Laplace domain can be rewritten as

wEi 8 o) (@) - 0 g (2.64)

while the local equation given by equation (2.36) in the Laplace domain can be
rewritten as

g—__ P & —
C_4+2wp[wcl C20] - (2.65)

and in time domain as

L1 or—t)\ der ., e | 2=t
c-§/exp(T>E(t)dt—T/exp(T>5(t)dt. (2.66)
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By combining equations(2.64 and 2.65), the exact averaged equation in the Laplace

domain is given by

~ o~ T (€10 + c20) p
w01+61—<6m><w)— 5 _4—1—20.;]9

[w2 é\l - WCQO] =0 (267)

while in time domain, it is given by

dey 1 r =2(r —t")\ d*c; (c10 + €20)
E-'-Cl— Cm(T)—ﬁ/eXp ( » 72 (t’) dtl__—2 (5(7’)
0

+% exp (M> ' (t) dt' =0. (2.68)
p
0

Using the identity (for ¢; (1 = 0) = 0)

r x _Q(T_tl) @ / r _2 f X _Q(T_t/)) / /
O/ep(—p >d7_(t)dt—c1 po/ep<— o () dt’,  (2.69)

p

the exact averaged model in terms of exit concentration ¢; may be expressed as

1d L[ (=20r—t)\d
P dt

~05(r) — ? exp (#) () dt’ = 0. (2.70)

Alternatively, we can express ¢; in terms of (¢) using equations(17b) and (31).

2.4 Some Advantages of Averaging using the L-S procedure

It is of interest to compare the L-S method with other averaging techniques
such as the Center Manifold (CM) method. While a detailed comparison is beyond
the scope of this work, we summarize here some important differences for future

investigation: (i) The L-S method of averaging can be applied to steady-state or
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equilibrium models where the governing equation is not an evolution equation ei-
ther in space or time. In contrast, the CM method and other methods based on
dynamical systems theory have limited applicability to such models. (ii) In the L-S
method, the base state can be time dependent, and, time dependent inlet condi-
tions/sources can be treated. In the CM method, base state (fixed point) is gener-
ally assumed to be time independent. While time dependent center manifolds can
be treated (Cox and Roberts, 1991), the forcing terms have to be small (quadratic
or higher order). Also, in the CM approach, the initial/inlet conditions are assumed
to be close to the fixed point. In contrast, there is no restriction on initial/inlet condi-
tions in the L-S technique. (iii) When applied to the averaging of transient models,
the L-S method can capture exponentially small terms in time while these terms
are ignored in the CM method (Carr, 1981). For example, in the compartment
model discussed above, the L-S method leads to reduced order model containing
higher order derivatives in time when a perturbation expansion is used for small
p. As illustrated above, these higher order time derivatives extend the validity of
the model to short times (or, capture the exponentially small transients). (iv) When
a perturbation expansion is used to solve for the CM, the range of validity of the

CM expansion can not be greater than that given by % < 1, where ~ is the real

part of eigenvalue close to zero and w is frequency or wave number (Mercer and
Roberts, 1994; Cox and Roberts, 1995). In contrast, as shown in the example
above, when a perturbation expansion is used to solve the local equation in the
L-S method, the region of convergence of the expansion appears to be at least

as large as that given by < 1. In addition, as illustrated above, time scale

wp
v

separation is convenient but not necessary in the L-S formalism. In contrast, the

application of CM method requires time scale separation.
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Chapter 3 Exact Averaging of Laminar Dispersion

3.1 Preamble

In the most frequently cited of his articles, Sir Geoffrey Ingram Taylor examined
the dispersion of a non-reactive solute in laminar flow through a tube and showed
that the cross-section averaged concentration satisfies, in a coordinate moving with
the mean flow velocity, a diffusion equation (Taylor, 1953, 1954). Taylor found that
the apparent diffusion coefficient to be equal to a? (u)* /48D,,, where a is the tube
radius, (u) is the mean velocity and D,, is the molecular diffusion coefficient. As
the methodology and the physical arguments used by Taylor to obtain a coarse-
grained low-dimensional model with an effective dispersion coefficient are of enor-
mous importance in the simplification of many problems in the applied sciences
and engineering, the literature on Taylor dispersion theory is extensive. We refer
to the review article by Young and Jones (1991), the monograph by Brenner and
Edwards (1993) and recent articles by Gill and Subramanian (1980), Mercer and
Roberts (1990, 1994), Vandenbroeck (1990), Watt and Roberts (1995), Dorfman
and Brenner (2003), Balakotaiah (2004), Mikelic et al. (2006), Biswas and Sen
(2007), Balakotaiah (2008), Lee et al. (2008) and Balakotaiah and Chang (1995,
2003) for a discussion of the various contributions to Taylor dispersion theory.

In his seminal paper, Taylor used simple scaling and intuitive arguments to de-
rive a low-dimensional model for laminar dispersion (Taylor, 1953, 1954). His ap-
proach dealt only with the derivation of the reduced order model but not the inlet or
initial conditions that are needed to solve the model. Taylor’'s approach has been
extended by many authors using other techniques that take advantage of either the
separation of scales (e.g. method of multiple scales, the center manifold theorem
of dynamical systems theory, etc.) or the linearity of the classical Taylor dispersion

problem (e.g. method of moments). In our opinion, the most successful of these
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techniques for describing the long time behavior is the center manifold approach
(Carr, 1981) used by Mercer and Roberts (1990, 1994). However, as discussed
by Young and Jones (1991), a major limitation of all these techniques is their in-
ability to describe the dispersion process accurately at short times, leading to the
so called centroid displacement and variance deficits. For example, the center
manifold approach is applicable only for times exceeding a critical value that is
determined by the non-zero eigenvalues of the transverse diffusion operator. For
comparison with experimental data, the existing reduced order models have also
other limitations. For example, most literature studies do not make a clear dis-
tinction between the cross-sectional averaged and the experimentally measured
velocity weighted or cup-mixing (or bulk) concentration. This distinction is very im-
portant especially for the case of non-uniform inlet or initial conditions where the
difference between these two concentrations is present initially. This difference is
maximum for the point release at the center where the cup-mixing concentration is
twice the cross-section averaged concentration. Most earlier studies use a single
diffusive mode (the cross-section averaged concentration) to represent the disper-
sion flux in terms of the macroscale gradient of this mode, which is inconsistent with
the physical picture, i.e., laminar dispersion arises due to the local phenomenon of
exchange of solute between fast moving fluid near the center and the slow moving
fluid near the wall by transverse molecular diffusion. Hence, the dispersion flux
should be proportional to the local gradient, namely, the difference between the
cup-mixing and cross-section averaged concentrations (transverse gradient) and
not the large scale gradient of the cross-section averaged concentration. Finally,
most literature studies use a parabolic reduced order model even in the convection
dominated (hyperbolic) limit that leads to many conceptual difficulties such as up-
stream diffusion of the solute, infinite speed of propagation and negative effective

dispersion coefficients for fast reactions or short times.
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The main focus of this chapter is to present an alternate method for obtaining
coarse-grained low-dimensional models from the three dimensional convection-
diffusion-reaction models. Specifically, we show that the Lyapunov-Schmidt (L-S)
technique of classical bifurcation theory may be used to obtain coarse-grained low-
dimensional models in a systematic way. Though we use the laminar dispersion
problem to illustrate the method and compare the results obtained with other meth-
ods, the L-S method is applicable to a wide range of problems. It is best suited for
spatial averaging near one or more zero eigenvalues of the first Fréchet derivative
(linearization) of a governing nonlinear operator corresponding to the vanishing of
a small parameter representing the ratio of time or length scales in the system.
It can be used to eliminate the local spatial degrees of freedom (such as those
associated with the local diffusion operator) and derive accurate low-dimensional
models to any order in that small parameter. Intuitively, this method is similar to
the Maclaurin’s series expansion of the nonlinear model in that small parameter.
The mathematical details of the Lyapunov-Schmidt technique and its application
to the engineering problems are already discussed in the literature (Balakotaiah
and Chang, 2003; Balakotaiah et al., 1985; Golubitsky and Schaeffer, 1984; Am-
brosetti and Prodi, 1993) and in the second chapter we reviewed it briefly as an
averaging technique. In the next section, we apply the L-S procedure to the lami-
nar dispersion problem where the transverse Laplacian is self-adjoint with respect

to the standard cylindrical inner product.
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3.2 Transverse Averaging of Laminar Dispersion using the L-S

Method

3.21 Model Formulation
The detailed model describing the dispersion of a non-reactive solute in laminar

flow in a tube is given by the transient convection-diffusion equation

aC oc

W“FU(T)%— ;(97“ TW +§W +Dm_+Sf<T707xvt)7

0x?
0<r<a, 0<0<2m, >0,t>0 (3.1)

2 2
Dm[lg((‘?(}) 180] 0°C

with inlet, initial and boundary conditions:

[—Dm@ +U(r) C’} =U(r) Ci(r,0,t) (3.2)
Ox Qz=0
C =Cy(r,0,z) @ t=0, (3.3)
C’finite@r:();@:O@r:a, (3.4)
or

C(r,0,z,t) = C(r,0 4+ 2w, x,t), (3.5)

where

2

U(r) =2 (u) (1 — ?) (3.6)

is the velocity profile, (u) is the average velocity, D,, is the molecular diffusion
coefficient and other terms have their usual meanings. Here, we have made the
usual assumptions for the continuity and momentum equation. We consider no-flux
boundary condition at the wall and use the Danckwerts boundary condition (Danck-
werts, 1953) at inlet which is physically consistent whenever the axial molecular
diffusion term is included in the evolution equation (3.1). The term Sy (r,0,z,t)
represents sources/sinks for solute at x > 0 and ¢ > 0.

We include the inlet and initial conditions as source/sink terms in the evolution
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equation as explained by Balakotaiah and Ratnakar (2010) and express it as

oC oC _D [12( OC) 1 826’] 0*C

o0 TV G =P\ oo a0 ) T g 027

+U(r) Cin(r,0,t) 6(z) + Co(r, 0, x) 6(t)

+ Dy + Sy (1,0, 2,1)

(3.7)

with the same boundary conditions (3.4, 3.5). It can be easily seen that equation

(3.7) is identical to equation (3.1) for x > 0 and ¢t > 0 and leads to the inlet and

initial conditions (3.2,3.3) after integration w.r.t. = from x = 0 to 0" and w.r.t. ¢ from

t = 0 to O, respectively. Here t = 0" should be interpreted as t = ¢ < 7p with

2 . . . .
e — 0, where 7p = £~ is the transverse diffusion time.

Non-dimensionalizing the above equation (3.7) by defining

U
e Wz Le="lue) = «S? =2(1- &)
(u) a® ~{u) a _ O(r,0,m,1)
D,,L , Pey, D (6,0, 2,7) = ol
Sy (r,0 I

3(57 97 Z, T) = Sf (57 67 Z, T) + u(g) Cin(ga 97 T) 6(’Z> + 60(67 97 Z) 6<7—)7
we express it as,
dc oc p 0%

F(C,p)EVic —Pp E+U(§)§—P62@— 8(5,6,2,7') =0 in Q,

with boundary conditions given by

Vic-n =0o0n o,
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(3.10)

(3.11)

(3.12)



c(&,0,2,7)=c(&,0 427, 2,7), (3.13)

where n is outward normal to the boundary 052 (tube wall) and

» 1o [ 0c 1 9%

is transverse Laplacian operator in the domain 2 (tube cross-section) subjected to

the zero flux boundary conditions on 9%). Here, ¢ (¢, 0, z, 7) is the concentration non-

dimensionalized by some reference concentration (Cr); u (£) is the dimensionless

velocity profile with dimensionless average velocity (u (¢)) = 1; £ and z are dimen-

sionless radial and axial coordinates, respectively; 7 is time non-dimensionalized
L

by the convection time 7, = oL and p is the local (transverse) Peclet number which

represents the ratio of two time scales, the transverse diffusion time 7p (: D‘i )

to the convection time 7.. The parameter p is the non-dimensionalized local or
transverse diffusion time and could also be interpreted as the dimensionless wave
number (or frequency). In this specific problem, due to the zero flux boundary
condition, the transverse operator has a zero eigenvalue for any value of p, so the
L-S procedure will lead to the exact averaging even for finite values of p if the lo-
cal equation can be solved exactly. However, as discussed in more detail below,
in most practical cases, only small values of p are of interest and the smallness
(magnitude) of p is an indication of scale separation in the physical system. The
parameter Pe, is radial Peclet number (ratio of transverse diffusion time and con-
vection time based on tube radius) while s(¢,0, z, 7) is source/sink term including
inlet and initial conditions. The L-S procedure presented in the previous section
can be extended to the general case in which the source/sink terms include non-
linear volumetric and/or surface reactions. We restrict it here to the non-reacting
cases, i.e., s (¢, 0, z, ) representing inlet/initial conditions and/or sources/sinks of

solute for z > 0and 7 > 0.
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In the present approach, the inlet and initial conditions are included in the trans-
verse averaging procedure. As shown later, this leads to the identification of the
inlet/initial conditions of the reduced order model.

3.2.2 Transverse Averaging

We represent the detailed model given by equation (3.11) in the following form:

F(e,p,Pe,) = Vic—p —T+u(§)—z————s(§,9,z,7)} =0 (3.15)

= Lc—pN (¢,p, Pe,) =0,

where the concentration ¢ (&, 6, 2z, 7) depends on the local (transverse) variables

: : Pe2 [ (uw L _
(&, 0) as well as the macroscopic variables z and 7. The parameter - <_ T = PeL>

is also known as axial Peclet number and represents the ratio of convection time
7. and the axial diffusion time 7p; = %. We note that L = Vi is the transverse
diffusion (Laplacian) operator in the region 2 = {0 < £ < 1& 0 < 0 < 27} with Neu-
mann (or periodic) boundary conditions on the boundary 02 = {{ =1 & 0<
0 < 2r}. This is symmetric and has a simple zero eigenvalue with a constant
eigenfunction independent of transverse coordinates. Equivalently, the eigenvalue

problem

Ly =Vig=—pyinQ |

V.Y -n=0ono (3.16)
is self-adjoint (IL* = adjoint operator = L) with respect to the inner product,

(v(€.6), w(&,0)) = Aig / /Q € u(€.0) w(e.0) de db (3.17)

with A = 7. This eigenvalue problem has a simple zero eigenvalue y, = 0 with

a constant eigenfunction v, (£,0) = 1. Moreover, for all j > 0, the eigenfunctions
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1, (€, 0) are chosen to satisfy the orthonormality condition

0,7#

1,i=j
The range of L (containing transverse decaying modes) and the ker of I (con-
taining master or transverse average mode) form an orthogonal complementary

spaces which are used to split ¢ and F'(c,p) in the L-S procedure as explained

earlier. Thus, we express concentration ¢ as,

c(&,0,2,7)=(c) (2, 7)Yy + (£,0,2,7) (3.19)

where, (c) is cross-sectional average concentration defined by

() = Ai / / € c(6,0,2.7) de db = (c.by) (3.20)

and ¢ (¢, 0, z,7) is the local (transverse) fluctuation. It follows from the orthogonality

conditions that

(¢, 1ho) = 0. (3.21)

Similarly, the projection of the operator F' onto ker(L) leads to the coarse-grained

model as given by equation (2.16) in the following form:

d{c) N dcm  p 0*{c)
or 0z  Pe? 022

(N (c,p, Pe,) 1) = —(s)(z,7) =0 (3.22)

where ¢, is the cup-mixing or velocity weighted concentration defined by

i = (0(€).¢) = - / /Q Eule) c(6.0,,7) dedb = () + (w(e).c),  (3.23)

and (s) (z,7) is transverse average of source/sink. We note that the global equa-
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tion (3.22) is not in closed form since it contains two modes (cross-section aver-
aged and cup-mixing concentrations). If we do not make distinction between the
cup-mixing concentration and cross-sectional averaged concentration, the global
equation (3.22) is in closed form. However, in that case, we neglect the effect
of transverse dependency of concentration (caused by transverse molecular dif-
fusion, velocity profile, and initial or inlet conditions). Therefore, the distinction
between cup-mixing concentration and cross-sectional average concentration is
necessary to include the transverse variations and to develop an accurate low-
dimensional model.

It should be noted that there is also a compelling physical (and mathematical)
reason for using the two modes (¢) and ¢,,. The diffusive modes defined by the
eigenvalue problem, equation (3.16), are useful to describe the evolution in time.
When the velocity profile is not flat, the evolution in z is described in terms of the

convective modes defined by the following Graetz-Nusselt eigenvalue problem:

Vig=-Au(6) ¢ inQ

Vio-n=0 ondq. (3.24)

This is also a self-adjoint eigenvalue problem w.r.t. the convective (velocity-weighted)

inner product

(0(€.0), wl€.0), = / /Q € u(€) v(€.0) w(&.0) de db (3.25)

and has a simple zero eigenvalue )\, = 0 with a constant eigenfunction ¢, (£, 6) = 1.
The cup-mixing concentration ¢,, can be given by the convective inner product,

(-,-)., of the dominant convective mode ¢, with the concentration ¢ (¢, 6, z,7), i.e.,

em (2,7) =(c(&,0,2,7),¢), (3.26)
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We note that both eigenvalue problems are relevant in the transverse averaging
method. In the following discussion, we present the averaging procedure using the
diffusive eigenfunctions v, but consider some special cases where only either the
diffusive or convective modes appear.

The last term of equation (3.23) implies that the local or transverse (diffusion
and velocity gradient) effect on the macroscopic scale is included through the cup-
mixing concentration. To quantify the local effect, we need to solve the local equa-
tion for ¢, which is obtained by the projection of the operator F(c,p, Pe,) onto

range(IL) and can be rewritten as

Ll =y |5+ w05 - (w0, 5 ) - 55 + e~ si6.0.m)
(3.27)
where '(¢) (=u(¢) —1=1-2¢) is dimensionless velocity fluctuation and s'(=
s—(s)) is the source fluctuation. Since L : Range(L)— Range(L) is invertible with
the orthogonality constraint given by equation (3.21), the implicit function theorem
makes sure that the local equation (3.27) can be solved uniquely for ¢’ in terms of
(c).

As discussed in the previous section, the local equation can be solved in var-
ious ways. One way is to use perturbation expansion in terms of powers of p or
reciprocal powers of p. The expansion in terms of powers of p corresponds to the
long time scaling that extends the validity of the averaged model at shorter times
through the higher order derivatives in time and distributional derivatives, while the
expansion in terms of reciprocal powers of p corresponds to the short time scaling
and leads to a polynomial in > Since in most practical cases, only small p are
of interest and both perturbation expansions will lead to the exact solution of local
equation when all order terms are included in the expansion, we use the long time

scaling (expansion in p) to solve the local equation (3.27) for ¢’ in this section.
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3.2.3 Solution of the Local Equation

To use a perturbation expansion in p properly, we must assume the order of
other parameters present in the model such that each term has proper order in p.
Here, we assume that the radial Peclet number Pe, is of order p” i.e., Pe, ~ O(p?)

or Pe;, ~ O(p™ 1), v < 4. Three specific values of ~ are of interest: v = —

N

corresponding to the classical Taylor case (where the contribution of axial molec-
ular diffusion to the overall dispersion is small as it appears only at orders p? and
higher); v = 0 corresponding to the Taylor-Aris case (where both the Taylor contri-
bution and the axial molecular contribution or the Aris term are equally important
and appear at order p); and, v = % corresponding to the Danckwerts limit (where
the Taylor contribution is negligible). We note that for the first two cases, the lead-
ing order model is hyperbolic (or the solute dispersion is described by a Cauchy
problem for p = 0) while for the third case, the leading order model is parabolic and
is described by a boundary value problem, requiring an additional boundary con-
dition at the exit of the tube. Though our procedure is applicable to all cases, our
focus will be on the first two cases and in what follows, we present the averaging
procedure for the case of v = 0.

For the base state (p = 0), the local equation (3.27) with orthogonality con-
straint, equation (3.21), results in the local variable ¢ = 0 i.e., no transverse gradi-
ent of concentration. In this limit, the cup-mixing and the cross-sectional average
concentrations are same. Hence, the local variable ¢’ can be expanded perturba-
tively in powers of the transverse Peclet number p starting from the first power, as

follows:

d(,0,2,7)= Zp (£,0,2,7), (3.28)

where ¢, are referred as the n'" order correction. This expansion is similar to

Maclaurin’s series expansion where higher order corrections may be neglected
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in the limit p — 0. Using the expansion (3.28) in the local equation followed by
comparison of the coefficients of each powers of p, we can write the equation for

perturbed variable of each order as follows:

/ / a C !/
Vg = w©% (027, (3.29
, ¢ oc, oc,
Vg = Dot - (uo. ), (3.30
ac, ac, ac, 1 9%
2 7 _ n - n “n . n—1
Vi = Grru©f - (w050 - gl nz2 6

with boundary condition and orthogonality constraint given by

Vid -n=0 ondQ and (¢, 1, =0 Vn. (3.32)

[As pointed out earlier, the above equations assume v = 0 or Pe, is of order unity.
For other values of v, the equation for ¢/, n > 2 may be different]. The first order
correction (perturbed variable ¢) can be solved uniquely in terms of cross-sectional
concentration ({c)) using equations(3.29,3.32). The second order correction ()
can be evaluated uniquely in terms of ¢;, and hence in terms of (c¢). Similarly the
n'" order correction (c/,) can be solved uniquely in terms of ¢/, _, and hence in terms
of (¢) . Thus, we can solve each order correction ¢, one by one, uniquely in terms of
the cross-sectional average concentration (c) . Using the double Laplace transform

in z and 7, the solution of local equation is given as follows (details in appendix):

. o . n an_]_c;%j
c = ZP 92i—L 9=’ (3.33)
n=1 j=1
where, ¢, ; are given by
/ / a C !/
V2, =%~ d(e.0,.27) (334)
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1
2
Vi g = g+ (U — (uscyr)) — ﬁd”‘l’j‘z (3.35)

r

with the zero flux boundary condition at { = 1 and satisfy the constraints ¢;, ;(¢)
=0forj < 0Oorj>nand <w0, Ch, j> = 0. For the special case of uniform release
and no source/sink for z and 7 > 0 where the source fluctuation s’ = 0, the solution

for ¢’ can be expressed in the form:

NN 9" {c)

Jj=1

where A,, ;(£) are given by

VA AL =d(8), (3.37)

ViAnH, =Ny jHu() Ay jo1 — (u(€), Ap, j-1)
b
Pe?

A1 j2,m>1 (3.38)

with the zero flux boundary condition at ¢ = 1 and satisfy the constraints A,, ;(¢)
=0forj < 0orj>nand (¢, A, ;) =0.

For the general case of source/sink (initial, inlet or feed conditions), the so-
lution for ¢ given by equations(3.33-3.35) contains extra terms that arise due to
the source fluctuation s'(¢, 6, z, 7). In this more general case, the cup-mixing con-
centration can be expressed in terms of cross-sectional average concentration (c)

(details in appendix) as follows:

en— () =303 (), Ay g) D

, 023 O
n=1 j=1
i n n anflsl
_Z;p 2<W7 An,j>> (3.39)
n—= 1=

where A, ;(£), given by equation (3.37,3.38), are independent of §. We refer to the
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above equation (3.39) as local equation.

It is interesting to note that the local equation (3.39) contains mixed deriva-
tive terms in time and space. These terms are very important in the accurate
description of the evolution at short times (or distances). Once again, this accu-
rate description of the evolution at short times through the proper solution of the
local equation is the main difference between our approach and those in the lit-
erature. For example, the averaged model derived by the Central Manifold (CM)
approach (Young and Jones, 1991; Mercer and Roberts, 1990; Balakotaiah and
Chang, 1995) contains only spatial derivatives of (c) that results in loss of accuracy
while describing short time behavior. The main reason for this is that the master
mode in the CM approach is a (time independent) fixed or trivial state (such as
¢ = 0) and hence can not describe the system behavior all the way back to initial
times. For example, the CM expansion of Mercer and Roberts (1990, 1994) and
Young and Jones (1991) for the laminar dispersion problem uses the wave number
« as a perturbation parameter with base state («,c¢) = (0,0) that corresponds to
t — oo, which is inconsistent with the initial condition at ¢t = 0. In contrast, the
master mode ({c) (z, 7)) considered in the L-S procedure can be time dependent.

For example, for p = 0 and Pe, is of order unity, it satisfies the hyperbolic equation

0 + aé?o —(s) (z,7) = 0. (3.40)

Once again, we emphasize the limit p = 0 or the case of transverse diffusion
time being zero. From the physics of the problem, this limit corresponds to the
case of no radial gradients in the solute concentration, which is determined by a
first-order hyperbolic equation or a Cauchy problem [In the Chemical Engineering
literature, this convection dominated limit with zero radial diffusion time and infinite

axial diffusion time is called plug flow limit]. Thus, the L-S technique uses an

54



expansion around the non-trivial plug flow base state that can vary with z and 7. A
detailed comparison of the CM and L-S methods is considered in the next section.

Substitution of the local equation (3.39) in the global equation (3.22) gives the
following exact averaged model in terms of the cross-section averaged concentra-
tion (¢) (z,7):

9 <C> 9 <C> p 82 + an <u(£) A ot <C>

"o I 9zt

or 0z Pe2 022

n=1  j=1

tL o (s, Ap, )
ZT —i—Zp : W (341)

Jj=

We note that the above reduced order model is valid for = > 0 and 7 > 0. We can
separate the governing equation from the initial and inlet conditions by integration

w.rt. z from z = 0 to 0" and w.r.t. 7 from 7 = 0 to 0", which leads to the governing

equation as
d(c)  0le)  p () N~ oav 0"+ {c)
or T o: P o TV L0 M) gomg s

- nansan
Sf ZT +Zp W > (342)

or, in two-mode form:

d{c) ey, p 0% {c) N
o + 5, Pz 922 —(sf) (z,7)=0;, 7>0, 2>0 (3.43)

o" {c
ZPZ e

3 L ) 3.44
_Zp. 8z3187”1’T>’Z> (3.44)
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while the inlet and initial conditions are given by

SR y e p 9
<C>+z;p ;<U,An,j> Ozi0rn—i Pe% 0z

. p O ., _
=c,, P 0 = (U, Cin) = Cm,in(T7) Q2 =0 (3.45)

00 n—1
n 9" {c)
)+ ZP Z U A, 5) Oz t19rn—1-j
n=1

J=1

o.9] an
)+ D 15 {eo(6,0,2), Ann) @7 =0. (3.46)
n=1

Here,

Slf(fa 97 ZaT) = 8f<€797277—) - <S>f (277—)' (347)

Also note that, the existence of source/sinks of solute for z or 7 > 0 does not
change the initial or inlet conditions (as can be expected) but leads to additional
terms in the governing equation. In case where the source/sink terms are only due
to initial or inlet conditions, the coarse-grained model simplifies to,

dc)  9{c) p 0%()

or + 0z _Pe2 022’

+sz ->M:o, 7>0,2>0  (3.48)

I 9z gy

with the same inlet and initial conditions as given by equations (3.45,3.46).

We note that the reduced order model for {(c) (z, 7) contains higher order deriv-
atives of (¢) (z, 7) w.r.t z and 7 while the original/detailed model contained only first
derivative w.r.t 7 and first and second derivatives w.r.t z. However, we do not re-
quire any additional initial/inlet conditions. This can be seen easily if we expand

the solution (c) (z, 7) also in a perturbation series in p as follows:
Yo+ > 1 {e),. (3.49)
=1
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This leads to the following model equations at each order:

= (sg)(z,7), 7>0,2>0
(€)g=(co)(2) @7 =0 (3.50)

(€)g = (u,cin) Q2z=0;

i T g+ 9, ) T = R
(e, = 63 (e(€.0.2). Ar1) @7 =0 351)
(e + oAy H0 Plezagczﬂ "
and for i > 2,
a(;?i + 65?1' - Ptz " =N nzl ; %
— z; ai;jj}a’:lj ., 7>0 2>0
+§;j 11 % = %(co(f,ﬁ,z),ALQ Q@Qr=0 (3.52)
(e); — PBQ az ;; % — 0@ > = 0.

Thus, the equation for each perturbed variable (c), is a first order PDE in z and
and does not need any additional inlet/initial condition.
3.2.4 Convergence of the Perturbation Solution to the Local Equation

Due to the coupling of the diffusive and convective modes, the coefficients ap-
pearing in the local equation or the averaged model can only be determined nu-
merically (except for the first few). A further complication arises due to the double

summation/mixed derivatives of (c) w.r.t. z and 7. Thus, we are not able to ob-
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tain any analytical results related to the convergence of the local equation or the
averaged model for arbitrary inlet or initial conditions. Here, we examine the con-
vergence of the local equation for two special cases with negligible axial diffusion:
Case 1: Flat Velocity Profile

In this case, u(§) = 1, i.e.,, v/ (§) = 0 or equivalently, there is no difference
between the cup-mixing concentration and the transverse average concentration.
Also, in this case , ¢; = ¢; Viand (-,-) = (-,-),, i.e., the diffusive and convective
modes are identical. The local equation in this case is given by

oc o

Vid=p {E + 5 s'(&,0,z, 7)} (3.53)

with zero flux boundary condition at £ = 1. After taking double Laplace transform

T —w, 2 — aand ¢ — ¢, equation (3.53) can be rewritten in Laplace domain as
Vig’ =p [(w + a) J—g (5,9,a,w)] , (3.54)

with zero flux boundary condition at ¢ = 1 and leads to the solution in the Laplace

domain as

(3.55)

or,

N RS o\ o
=3 > =V (—) (w+a) §(&0,00),0) 6. (356)
The solution in the time domain may be expressed as

J

o olENNe ) ' j+1 . o .
A,:ZZ(—l)J(g) <Z j %lﬁw 357)

k=0 \ k
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It follows from equation (3.56) that the solution given by equation (3.57) in

powers of p contains mixed derivatives in z and 7 and converges absolutely if

p(lwl+]a])
H

erator closest to the origin [, = 14.68 (3.39) for axisymmetric (non-axisymmetric)

< 1, where y, is the non-zero eigenvalue of the transverse diffusion op-

inlet/initial conditions]. We also note that the Laplace domain solution for d given
by equation (3.55) converges for all values of p. In other words, if the solution is
expressed in terms of perturbation expansion as given in equation (3.57) or (3.56),
the range of absolute convergence may be finite while if the series can be summed
in a closed functional form as given in equation (3.55), the solution converges for
all frequencies and for all values of p. For this special case, the averaged model
is decoupled from the local equation. However, there is dispersion whenever the
inlet or initial conditions are not uniform in the transverse coordinates. All the in-
formation about dispersion is contained in the local equation and the L-S method
captures these exponentially small terms (in z and 7) in the form of mixed higher
order derivatives w.r.t. z and 7.
Case 2: Steady Laminar Flow

The second limiting case we consider is that of steady-state dispersion, i.e., no

dependence of ¢ and s on time. In this case, the detailed model is given by

L 2C: @_8(§7€72)
w@ v eTr [az nG } (3:58)

with zero flux boundary condition at ¢ = 1. If the source term contains only the inlet
condition, i.e.,

S(ga 9, Z) =u (5) Cin (gv 0) 0 (2) )

the averaged model is given in terms of cup-mixing concentrations, ¢,,, = (c, ¢,)..,

as follows:
de,,
Fr Cm,ind (2) = 0, (3.99)
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where ¢, in = (cin, ¢0)., While the local equation is given by

1 /
Vi =p | B (€05 (2)] (3.60)

with zero flux boundary condition at ¢ = 1, where the local variable

C{m =C— <C7 ¢o>c¢o = ¢ — Py

and

/
Cm,in = Cin — Cmyin ¢07

are orthogonal to the dominant convective mode ¢,. Here, the local equation (3.60)

can be solved exactly in terms of Graetz-Nusselt eigenfunctions ¢, (¢, 6):

=1

o =30 (L) oo @e

=1 a+ ;Z ]
_ o Z i} -_)\i (Z—Z/):| <S(§,972/) > L
izlo/e P L p u(ﬁ) ’¢l C¢zd (363)
;o 0o 00 (D J+1 o7 8(69’2)
" Cm_;;(_l) <A_> <$ {W} ¢>¢ (3.64)

We note that in this case, the natural modes appearing are the convective modes
and the cup-mixing concentration ¢,,. Also, the solution given by equation (3.62) in

powers of p contains spatial derivatives in z and converges absolutely if ”A'—Cl“‘ <1,
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where )\ is the first non-zero eigenvalue of the Graetz-Nusselt eigenvalue problem
[\ = 12.84 (4.16) for axisymmetric (non-axisymmetric) inlet conditions]. However,
if the solution is summed in the closed functional form as in equation (3.61 or 3.63),
it converges for all frequencies and for all values of p. Once again, the local and
global equation are decoupled and all information about dispersion (or in this case
the so called mixing length) is contained in the local equation and the L-S method
captures these exponentially small terms (in z) in the form of higher order spatial
derivatives w.r.t. z.

The two special cases examined above lead to the following observations: (i)
When all the terms are retained, the perturbation solution to the local equation
is identical to the exact solution within its range of convergence. (ii) The small-
est range of absolute convergence of the perturbation expansion is obtained for
the case of non-axisymmetric inlet/initial conditions and flat velocity profile. Thus,
while a rigorous proof for the general case is difficult due to double expansion in 7
and z, it appears that the averaged model given by equation (3.41) for the general
case, converges absolutely (for Pe, — oo or negligible axial diffusion) provided
p(Jw| + |a|) < 3.39. The range of absolute convergence for the case of finite Pe,
has to be determined numerically and we do not pursue it here. (iii) If the pertur-
bation series can be summed to a closed functional form, the solution converges
for all frequencies and for all values of p implying the exactness of the solution
derived by L-S procedure. For further discussion on the convergence of the re-
duced order/truncated model, we refer to the recent article by Choquet and Mikelic

(2009).

3.3 Analysis of Classical Taylor-Aris Dispersion
In the classical Taylor-Aris dispersion problem (dispersion in an infinitely long
tube), only the radial scale is present i.e., Pe, is the only physical parameter

present and there is no inlet condition. Hence, we can get rid off the transverse
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Peclet number p and represent the local and global equations(3.22,3.39) in terms
of the radial Peclet number Pe, by non-dimensionalizing time and axial coordinate

by transverse diffusion time and tube radius, respectively. Defining t* = % =

SR

and z* = £, leads to the low-dimensional model for classical Taylor-Aris dispersion

in the following form:

d{c) dey, 02 {c)
ot* +Pe ox* 8x*2

: 0"
PGTZZ Fn] ax*j at*n 7

n=1 j=1

o 1 */
_Zz<ax*] 1 gprn— ' Fn,j>7 (366)

n=1 j=1

—(s*) = 0; (3.65)

where

[,;=Pel A, ;(€) =0 for j <0 or j>n,

and (v, I', ;) =0, are given by

Vil = v'(9), (3.67)

virn—i-l, i = Fn, j+ Pe, (U(S) Fn, j—1— (U(§)> Fn, j—1>) - Fn—1, i—25 (3.68)

with the zero flux boundary condition at ¢ = 1, and, the source

(&, 0,27, t") = ((&,0,x%) §(t")

accounts only for the initial condition

c(t*=0)=((&,0,27).
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The global and local equations(3.65,3.66) can be combined to give a coarse-

grained model in terms of (c) as follows:

d(c) 9"t () 9% (c)
preali +P lel i PR T R e
n=1 j

— () 3) 1 Pe, 33 2T sy (3.60)

ox*I

Alternatively, if we do not scale x and ¢, we get the averaged model in terms of

powers of 7 as

2(C) 9(C) (u W rp2(C) o= . i1 0MH(C)
o T, P2 o2 +;TD; An ) (W 5 i
— +ng M&” “I(t). (3.70)

Thus, the zeroth order model (that corresponds to 7, = 0) is hyperbolic in nature

and is given by

9(C) 9(C) _
BT + (u) e = (Ch) (z) 4(t). (3.71)
Similarly the first order model is given by
o(C)  ,0(C) L (1 & (C)
U0 b 28— 7o (g 90 ) 5
= (00 @) o) + iy X0 Ml 0y (3 72)

and so forth. The form given by equation (3.70) is convenient for physical in-
terpretation while equation (3.69) is convenient to evaluate the spatial moments
and compare them with the exact results where the same scaling is used (Barton,
1983).

The coarse-grained model equation (3.69) may be used to evaluate the spatial

moments or the actual concentration distribution to any desired degree of accu-
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racy. This section is mainly focused on the analysis of temporal evolution of spatial
moments using the averaged model (equation3.69) and comparison of the results
with those obtained by direct methods (which do not use averaging) as well as
other averaging methods such as the CM approach.
3.3.1 Temporal Evolution of Spatial Moments

The spatial moments are helpful in the understanding of the spreading process
of the solute. Once we have low-dimensional model, spatial moments of any order
can be determined. For example, integrating the coarse-grained model equation
(3.69) over the entire axial domain (z* from —oo to o), we can find the zeroth
moment which can be normalized to unity. Multiplying equation (3.69) by z* and in-
tegrating over the axial domain, we get the evolution equation for the first moment.
Similarly, the evolution equation for k-th spatial moment (£ > 1) can be derived by
multiplying equation (3.69) by z** and integrating it w.r.t. z* over the entire domain

(from — oo to o0), which results in the moment equation as follows:

d
mk—kPermk,l—k(k—l)mk,g

dt*

Peé? r 0"y 1]’“ij i+ 1 5(t*
FPEY D (T P (e Tk =i+ 1) — (o) 306

n=1 j=1 i=1

o n J
= Pe, Y Y (G Tugy 8"7(t) (1Y (k=i +1 (3.73)

n=1 j=1 1=1

Here, m;, are k' moment corresponding to cross-sectional average concentration

(c) (z*,t*) and defined as follows:

_40// ¢ c(€,0, 2%, 1) dE df da* —é 9 ) (5, 17) ot (3.74)

Similarly, ¢, and (¢, ) are £k moment corresponding to initial concentration cq (¢, 6, z*)

and initial cross-sectional average concentration (c,) (z*), respectively; 6™ (t*) is n'"
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order distributional derivatives of the Dirac delta function in time t* and the trans-
verse functions I',, ; defined by equation (3.67, 3.68), depend only on the velocity
profile (or geometry of the tube) and transverse boundary condition.

While any order moment can be evaluated sequentially using the equation (55),
due to presence of distributional derivatives of Dirac delta function, it is convenient
to analyze the moments in the Laplace domain (t* — w). The moment equation

(3.73) in the Laplace domain can be written as

k—1
.k ,
CUMk =k PBT Mk—l + k’(k’ - ]_) Mk—Q + P@g ;(—1)] m <U ,}/J> Mk—j—l
k A
TG+ Per D (1 s (G Vi) (3.75)

=1

where, w is the Laplace domain variable, M, (w) is the Laplace transform of the k"

moment m,,(t*), and Y; are given in appendix by

> - Pe,uY;_ 1 =Y 9,0,
R T (3.76)
n=1 m

m T W
(', )

where Vi = — ) -
P 0

m

V-

They depend on the flow profile or geometry of the tube and can be expressed in

terms of eigenvalues and eigenfunctions of the transverse diffusion operator given

as follows:
( Y2, = V2 sin (nf) J"(Z\/mg) , n#0
V(=) (Vi)
Do (€.0) =4 ¥ = /3 cos(nf) —2 W) g (3.77)

Y () ()

_ JO(\/H‘Om&) -
wm o Jo( ,u0m) ’ n=70
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where 1, are roots of the equation:

T, (VE) = —iTsr (i) + 1 (/7€) = 0. (3.78)

Though a general initial release can be analyzed (in appendix), we consider here
the initial release of a unit amount of solute distributed evenly, i.e., ((,) = 1 and
¢, = 0, as considered by Chatwin (1970) and Barton (1983). In this case, zeroth
moment turns out as,

mo(t*) = 1. (3.79)

This is the total amount of solute present in the system at any time, which should
be a constant as expected according to the material balance of the solute.
Centroid

The first moment is simplified (in appendix) as

mi(t7) = Pe, t°+ Pey Y m by Bu(t7), (3.80)
where,
* 1 — o, t* ! 8 /
5m(t ) = /vL_ (1 —e Hm ) 3 Am = <u 7wm> = _N_; bm = <<07wm> : (381)

Here, ¢, are the azimuthally symmetric eigenfunctions of the transverse Laplacian

operator corresponding to non-zero eigenvalues p,,, i.e.,

V(§) = M, (3.82)

Jo(y/Tirm)

where p,,, (> 0) are the roots of equation .J; (/1) = 0. equation (3.80) derived from
the averaged model agrees with the exact result derived by Barton (1983) using

the full model. For the case of uniform release, b,, = 0 and hence the second term
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0.2

0.1
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Figure 3.1: Time evolution of first moment for point release of solute at the tube
center.

in equation (3.80) is zero that implies the centroid moves linearly with time with the
transverse average velocity.

We note from equations(3.80, 3.81) that

as t* — 0, 3,,(t") = 1 (L—e ") =0,

m

so the centroid m,(t*) — 0, i.e., there is no centroid displacement. This can be

seen from the Figures (3.1-3.3). The long time approximation of the centroid loca-
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tion is given by

mlylong(t*) = Per (t* — <<0,F11>>, (383)

where

1
'y =An = 51 (2 — 6% + 354) )

i.e., after very long time, the centroid moves with average velocity and has a cen-
troid displacement, —Pe, ((,,'11) as shown by dotted line in the Figure 3.1. Again,
this long time asymptote agrees with the result derived by method of moments
(Aris, 1956) and also by Center Manifold theory (Young and Jones, 1991; Mer-
cer and Roberts, 1994). Similarly, the short time behavior can be observed by
expanding exponential dependence e #=!" in its Maclaurin’s series and neglecting

the higher order terms, which results in the centroid location as
ml,short(t*) = Per <<0,U> t*. (384)

This indicates that the overall movement of solute evolves linearly in time ¢* with its
overall macroscopic or convective velocity ((,, u). In particular, for the special case
of point release at any radial position » = ry or £ = £, the short time approximation
of the centroid location is given by m g0 (t*) = Pe, u(&,)t* in dimensionless form,
or, U(ry) t in dimensional form. In other words, at smaller times, the centroid moves
with the fluid velocity at the point of release (as expected).

While the general release can be analyzed, here we discuss the case of point
release and compare our results with those in the literature. The temporal evolution
of centroid for various points of solute release is shown in Figure 3.2. We see here
that the initial slope of centroid increases monotonically from 0 (corresponding to
release at the wall, {, = 1) to 2 (corresponding to release at the center, ¢, = 0)
corresponding to the velocities u({, = 1) = 0 and u(¢, = 1) = 2. Since, after

long time, the centroid moves with average velocity as discussed above, the slope
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Figure 3.2: Centroid displacement versus time for point release of solute at different
radial locations.

of centroid displacement versus time curve becomes unity (and independent of
the point where the solute is released). In addition, all the curves are bounded
between the curves for point release at the wall and at the center.

It is interesting to note that the intersection time for short and long time asymp-
totes of centroid is independent of radial Peclet number Pe, and depends only on

the type of release. This time is given by

< CO>F11> (385)

Linter section = K1T D, where Ky = ——F——F"

< C07 ul> .
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Figure 3.3: Centroid displacement versus time for point release at the center with
varying Pe,..

Thus, for point release at ¢ = &,

(2 - 665 + 3%)
24 (1 —2¢3)

(3.86)

K1 =

This can be seen from Figure 3.3 (for release at the center, x; = %). For the point
release at ¢ = \/% the value of k; — o0, i.e., the centroid curves at short and long
times become parallel to each other. In addition, these figures also indicate that the

difference between the centroid position and its long time approximation increases
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with increase in the radial Peclet number Pe, at any fixed time. In other words, the
time after which long time approximation is valid, increases with increase in Pe,.
Variance

The second central moment or variance can be simplified (in appendix) for unit

amount of release ((¢,) = 1) distributed evenly ({;, = 0) as follows:

() = <C2>+2<1+Peizzi) t*—2Pe?ZW

+2P€§ Z am bm <ul 77Z)m7 ¢m> (ﬁM(t*) ; t*e_MMt*)

F2PEL Y D an b (' W, ) (5 m(;?__fnj(t*)) (387)

m n#m
2
—Pe? (Z Qymy by, ﬁm(t*)> ,

where the term

a? Pe?
1+ P2y ™| =(1 ") =D,
( + Grzu ) ( + 48) ff

is the dimensionless effective (or Taylor-Aris) dispersion coefficient. Once again,
we note that the above expression derived from the averaged model equation
(3.69) is identical to that derived by Barton (1983) from the full model using the

Fourier-Bessel expansions. We note from equations(3.81, 3.87) that

as t* — 0, 5,,(t) = 1 (1- e Hmt” ) — 0,

m

and so the variance o?(t*) — ((,) — 0, i.e., there is no variance deficit. This can be
seen from the Figure 3.4 also, where, the temporal evolution of variance for uniform

release and point release at the center is plotted. For the case of uniform release
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Figure 3.4: Temporal evolution of variance for uniform release and point release at
the center.

(b, = 0), the variance is simplified as follows:

: (t") = (Ca) = 2D¢sy t* Pe, +128P¢2 ) et (3.88)
O, — = e - — e , .
uniform release 2 ff 360 T ;Ln

m

Pe?

which shows the variance deficit — 360

at large times. For any finite Pe,, the vari-

ance deficit arising at very long time, is much smaller than the effective dispersion

Pe?

360 cancels out with the

contribution 2D, t*. We note that for t* — 0, the term —

1
4
m pm,

series summation, 128Pe? > which results in no variance deficit as shown in
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Figure 3.4.
The long time approximation (t* — oo, e #~*" — 0) of variance for the general

release is given by,

* * 1
Ul20ng time(t )_<C2> = 2D€fft +2P6T <C07F22>_P62 (

% + 2 <CO; F21> + <C07 F11>2) )

(3.89)
where I',, ; are given by equation (3.67, 3.68). The same result is obtained by the
complete model using CM approach (Young and Jones, 1991; Mercer and Roberts,
1990, 1994). The long time asymptote shown in Figure 3.4 by dotted line, has a

slope 2D. s, and a variance deficit equals to

1
U?leficit = Pef <% +2(Cpy Aa2 — Aoy) + <C07A11>2) .

The amount of deficit depends upon the nature of the release and increases quadrat-
ically with Pe,. For example, the point release at radial coordinates (¢,, 6y) gives

the deficit
2 Pe}
Udeficit - - 1152

(5 — 1262 + 36&5 — 3265 4 9¢5)

2 .
Per - Also, the variance

while the uniform release gives the deficit equals to —=.

deficit for the point release is non-monotonic in &, i.e., the variance curves for
point release are not bounded by those for {;, =0 and ¢, = 1.
The short time approximation (t* — 0) for the general release leads to the

variance as follows:

Uihort time(t*) - <C2> = 21" + P@gt*Q [<C07u2 > - < CO’ u>2} + O(t*g) (390)

This clearly shows that there is no variance deficit at t* — 0. For point release at

73



(&0, 00), it reduces to

Jghort time(t*) - <C2> = Qt* = 2Dmt

in dimensional form, while for uniform release, it reduces to

. ., Pet? u)’ 1>
gghort time(t ) - <C2> =2t + 3 = 2Dmt + < >3

in dimensional form. It is interesting to note from equations(3.89, 3.90) or Figure

3.4 that the short time evolution of variance is governed by pure axial molecular

(1802 )
S -1
Qat t*—0

while long time evolution is governed by effective dispersion

10 o2
- —D.ir ).
( 2 a t* t*—o00 ff)

This implies that the solute spreading process is dominated by axial molecular dif-

diffusion

fusion at short times and convection effects become important at larger time. Thus,
there exists a critical time scale 7-p beyond which the convection effects become
important in the evolution process. This critical time scale can be quantified by

analyzing the short time behavior. For the case of uniform release,

Pe2t*2 2 2
Gl O or2Dyt + ) + O(t?)

O?hort time(t*) - <C2> - 2t* +

in dimensional form. The first term represents the effect of axial molecular diffu-

sion and the second and higher order terms represent the effect of convection. If

2
we have% << 2D,,t or equivalently, ¢t << ‘25{; convection effects are much

less important than the molecular diffusion effects. Thus, the critical time scale
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Figure 3.5: Evolution of variance corresponding to point release at the center with
varying Pe,.

Top = 5—;’5 (which we may term as “convection-diffusion time”) characterizes the
dominance of pure diffusion over convection effects. We note that the ratio of 7p
to 7¢p is the square of the radial Peclet number, Pe,.

It is interesting to note from Figure 3.5 that the intersection time of the short
and long time asymptote of variance is independent of the radial Peclet number

Pe, and depends only on the nature of release. This time is given by

Linter sec tion = Ra2T D,
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where

1
Ko = 24 (% +2(Co, Moz — Ag1) + <<07A11>2> :

For example, ko = % for uniform release and

P2

s T (5 — 1262 + 36&5 — 32€8 4 9¢3)

Ro =
for point release at (¢,, 0y). At the intersection point, the variance is given by

o-zgnter section(t*) - <C2> =2 R2.

In addition, the convection process is dominant after times t >> t;,er sec tion. HOW-
ever, the difference between variance and its asymptote increases with Pe?, i.e.,
for large Pe,, it takes very long time where convection dominates over transverse
diffusion.
Skewness

The third central moment for the case of unit amount of solute distributed uni-

formly is simplified (in appendix) as,

v3(t*) — (C5) =
O 3 afn .t
6Pe’ t* ZZ (W', ) + 6Pe Zu_ Wy, ) (£ €7Fmt)

2
Hopy oy m

n

~12P¢? Z e { W )+ Y wn,wm>}ﬁm<t*>.

n;ﬁm m

(3.91)
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Figure 3.6: Evolution of the third central moment for uniform release of solute.

The above expression is identical to that given by Barton (1983) and can be further

simplified to

. pe? (. 17 t*u? + 18u,, — 240) . .

equation (3.91, 3.92) leads to the third central moment consistent with the initial

condition, i.e., for t* — 0, v3(t*) — ({5) — 0, as shown in Figure 3.6. The long time
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approximation of the third central moment is given by

. ped (. 17
V3,long(t ) - <C3> = 480 <t - E) . (393)

This expression is same as that derived by Central Manifold theory by Young and
Jones (1991). The short time analysis shows that the third central moment satisfies

the following condition

d d? d3
~us(th)] = —Sws(th)) = owst)] =0,
dt t*=0 di+? t*=0 dt*? t*=0
and is given by
8
V3,short(t*) - <C3> = gP@E t*4a (394)

which can be observed from the flathess of the curve near the origin in Figure
3.6. For the case of ((,) = (¢;) = 0, the non-dimensional third central moment or
skewness (skew = %) is plotted on log-log graph in Figure 3.7, which shows that
the skewness first increases and then decreases with time. As discussed above, if
(C2) = (C3) =0,

V3 ~ gPef ¢
while

2

P
o ~ 2 + %t”

at short times (t* — 0). This implies that skewness evolves at short times as

P 3 t*2 t*
skewgpor (t*) = e PV T (3.95)

3 (1 + %t)
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Figure 3.7: Log-Log plot of skewness versus time for uniform release and (¢,) =

<C3> = 0.

which is an increasing function of time. On the other hand, both the third central

moment and the variance goes linearly with time, i.e.,

Pe3 t*
480

Vg ~

and

2 T\ gk
~ 2(1 t
o (+48)

79



at large times (t* — oo). This implies that the skewness varies at large times as

Pe? 1

©960(1 + BE)3 V2t

(3.96)

skew;ong (t*)

Thus, for smaller values of Pe, (Pe? << 48), skewness varies as skew ~ Pe3 t*2y/t*

1
/t*

(Pe? >> 48), the skewness varies as skew ~ t* at short times and skew ~ \/Lr

at large times (i.e., independent of Pe,). These short and long time asymptotes

at short times and skew ~ Pe?

at large times, while at larger values of Pe,

can be seen clearly in Figure 3.7. The initial slope of the log-log curve is g for
smaller values of Pe, and becomes unity for large Pe, while the slope for ¢ — oo
is (—%) indicating that the skewness decreases slowly with time. Thus, the solute
distribution approaches the Gaussian profile only at very large times. In addition,
in the convection dominated limit (Pe? >> 48 and t >> 7¢p), the variance varies

as square of radial Peclet number Pe, leading to the skewness as follows:

t*u2,+18u,, —240

_Mmt*}
Skewconvection<t*) = ,(397)
* e~ Hmt*
& (= &) +128%,

V24 t* for t* — 0
_ (3.98)

\/61 *
I—Ot—*fort — OO

Njw

i.e., in this limit, the skewness is independent of the radial Peclet number (Figure
3.7).

We note that the first three spatial moments predicted by the low-dimensional
model are identical to the exact moments derived directly from the full model. We
believe that this result extends also to the higher order spatial moments. This is
due to the fact that the reduced order model derived by L-S technique is the exact

Maclaurin’s series expansion of the full model in terms of the transverse diffusion
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time. Hence, it is valid for all times and converges for any general source/sink
including point sources. In addition, while method of moments (Chatwin, 1970;
Barton, 1983) can be used to determine spatial moments, the method is limited to
linear problems only and can not provide exact concentration or any averaged con-
centration. Thus, the traditional method of determining spatial moments is not use-
ful in determining the conversion of a reacting solute. On the contrary, as shown in
previous sections, the L-S technique leads to the accurate low-dimensional model
that can be used to calculate spatial or temporal moments as well as exact con-
centration ¢(¢, 0, z, T) or any averaged concentration including experimentally mea-
surable cup-mixing concentration.
3.3.2 Comparison of Lyapunov-Schmidt and Center Manifold Approaches
for Averaging of Laminar Dispersion

In this section, we illustrate some of the advantages of L-S approach over CM
approach. In an article titled “A Complete Model of Shear Dispersion in Pipes,’
Mercer and Roberts (1994) used the CM approach to obtain a reduced order model
(Mercer and Roberts, 1994) in terms of cross-sectional average concentration to

all orders in terms of the wave number. Their model consists of the governing

equation
P gD #faﬁf EZA'PT8ﬂ2_0
t>0,—oo<:r < 00, (3.99)
and the projected initial conditions:
0 =10+ P20 e O (g - 5 )

+an—iﬁ,@ﬁza (3.100)

*M
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where A,, are constants, V,, are some transverse functions, and

R SR
i = 24(2 662 + 3¢,
- - . 2 4 6 3
fo = {imgp (31— 180€% 4 300" +2006° + 45¢7) (3.101)

and so on (Mercer and Roberts, 1994). Thus, using the definition of moments, we
can determine them sequentially by multiplying the above model (3.99, 3.100) by
2** and integrating from —oo to oo with £ = 1,2, 3....For the case of unit amount of

solute released at z* = 0 (i.e.,, (; = 0V i # 0 and ((,) = 1), the zeroth moment is

given by
dmo . %
e ;o >0,
mo= ((y) =1, Q@ t*=0, (3.102)
which leads to
mo = () = 1. (3.103)

Similarly, the first moment is given by

d
%—Pérmozo; t* >0,

my= (1) — Pe, (Cor fi) .+ @ 5= 0, (3.104)

which leads to

my = Pe, (t* — (Co, 1)) =0, (3.105)

and the second moment is given by

%—QPGTml—QDefmeZO; t* >0,
1
ma = (Cy) — 2Pe, ((y, f1) + 2 Pé? ((CO,f2> ~ =50 <¢0>) , @ t*=0, (3.106)
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which leads to

1

ma =2 Pt (Gofoh = 73 ) + 200y €+ PE (2 - 2(Gu )Y (@.107)

This results in the following formula for the variance:

<¥=m—m%ﬂmﬁf+Pé@@Wm—@Wm%g%). (3.108)

We note that the centroid location and variance predicted by the complete model
(Mercer and Roberts, 1994) derived from CM approach, is same as the long time
approximation of that derived by the L-S procedure and have centroid displacement
as well as variance deficit. We note that these results for the first two moments do
not change even if we include third or all other higher order terms in the wave
number (Mercer and Roberts, 1994). In fact, it is easily seen that the above model
predicts correctly the asymptotic behavior of all the moments in the limit of t — oo
but can lead to negative moments for short times, i.e., the higher order terms (in the
wave number expansion) lead to correct asymptotic behavior of higher moments
but do not lead to any systematic improvement of the lower moments. On the
contrary, higher order terms in the reduced order model derived by L-S procedure
improve the moments in terms of distributional derivatives of Dirac-delta functions
that capture the exponentially small terms. It can be illustrated by the truncated

third order (O(p?)) model (with uniform release):

9 (c) 9 (c) : 0% (¢)
o TP e~ D)) s
03 {c) Pe, 93 (c)
P 2 / r ! T T 1
+roe; [(% 2,1) D2 O + (u', Ty 2) 576 073 (3.109)
0" {c) 0" (¢) 0" (0)
2 ! ! I
+Pe; [(U T's1) 052 12 (u',T'329) 93 O + (v, T3 3) FETy
= 0(x™)(t")

83



that leads to the variance

Otruncated(t*> =2 [1 - PBE <ul’ F171>} " — 2P62 [<U,, P271> + <ul7 F3,1> ) (t*)]
Pe? Pe?2  13Pé?
=2(1 L) tt — —L — Zo(t 3.110
( T8 ) 360 ~ 691200 ) (3.110)

2
Pez

which contains the long time variance deficit <

as derived by the method of mo-
ments (Aris, 1956) and the CM approach (Young and Jones, 1991; Mercer and
Roberts, 1994), as well as the term containing the Delta function. If we include all
higher order derivative terms in time but only up to second order derivative in z*,
the terms containing distributional derivatives may be summed in closed functional
form to give the exponential term | 128 Pe? Z %ﬁmt*) in equation (3.88). As
explained earlier, the higher order time derivative terms extend the validity of the
reduced order model derived by the L-S procedure to shorter times. In fact, to
obtain the n'* spatial moment accurately for all time including ¢ — 0, the spatial
derivatives of order higher than n can be dropped out in the reduced order model,
but we must retain temporal derivative terms of all orders. In contrast, to obtain the
n'" order spatial moment for long times (t — oo), we need to retain only spatial or
mixed derivative terms of order 77, in the reduced order model, equation (3.70).
The CM approach as applied to the shear dispersion problem (Mercer and
Roberts, 1994) uses a perturbation expansion in terms of the wave number « (: a%)
around the base state («,c) = (0,0). However, for a = 0, the projected initial con-
dition in the complete model (Mercer and Roberts, 1994) reduces to (¢) = ({) @
7 = 0 that is inconsistent with the base state. While the complete model (Mercer
and Roberts, 1994) derived by CM approach leads to correct asymptotic moments
(t — o0), no improvement is possible at short times because of the following rea-

sons: (i) CM theorem (Carr, 1981) states that the reduced order model derived

by the CM approach has an error of order exp (—ﬁ—}j) i.e., it can not capture the
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exponentially small transients and (ii) The projected initial condition (Mercer and
Roberts, 1994) is selected such that the solution given by the reduced order model
agrees with that of the exact solution in the limit of ¢ — oo. Thus, in the CM ap-
proach, the true dynamics is missed by the reduced order model from ¢ = 0 to the
time of approach to the CM (which is of the order of L—ff). Hence, only the zeroth
moment is predicted exactly by the CM approach as it is independent of time.

The range of convergence of the complete model (Mercer and Roberts, 1994)
derived by CM approach can not be larger than that given by |o| < “71 In fact,
as shown by Mercer and Roberts (1994), the actual range of convergence is even
smaller (p|a| < 2.2). In contrast, the range of convergence of the reduced order
model derived by L-S procedure is at least as large as given by |a| < % We
also note that for the case of time dependent sources, the ansatz used for ¢’ in
the CM approach (Young and Jones, 1991) does not have the correct form as it is
expressed in terms of only spatial derivatives of transverse averaged concentration
while the exact expression must contain the mixed time and spatial derivatives as
illustrated. While a detailed comparison is beyond the scope of this work, we sum-
marize here some important differences for future investigation: (i) The L-S method
of averaging can be applied to steady-state or equilibrium models where the gov-
erning equation is not an evolution equation either in space or time. In contrast,
the CM method has limited applicability to such models. (ii) In the L-S method, the
base state can be time dependent, and, time dependent inlet conditions/sources
can be treated. In the CM method, base state (fixed point) is generally assumed to
be time independent. While time dependent center manifolds can be treated (Cox
and Roberts, 1991), the forcing terms have to be small (quadratic or higher order).
Also, in the CM approach, the initial/inlet conditions are assumed to be close to the
fixed point. In contrast, there is no restriction on initial/inlet conditions in the L-S

technique. (iii) When applied to the averaging of transient models, the L-S method
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can capture exponentially small terms in time while these terms are ignored in the
CM method (Carr, 1981). As illustrated earlier, the L-S method leads to reduced
order model containing higher order derivatives in time when a perturbation expan-
sion is used for small p. These higher order time derivatives extend the validity of
the model to short times (or, capture the exponentially small transients). (iv) When

a perturbation expansion is used to solve for the CM, the range of validity of the CM

wp

expansion can not be greater than that given by =F <1 where + is the real part of

eigenvalue close to zero and w is frequency or wave number (Mercer and Roberts,
1994; Cox and Roberts, 1995). In contrast, when a perturbation expansion is used
to solve the local equation in the L-S method, the region of convergence of the ex-

pansion appears to be at least as large as that given by

%‘ < 1. In addition, time
scale separation is convenient but not necessary in the L-S formalism. In contrast,

the application of CM method requires time scale separation.

3.4 Truncated Regularized Two-Mode Models

The classical Taylor-Aris dispersion problem discussed in the previous section,
while theoretically simpler and interesting, is unrealistic from a practical point of
view for the following reasons: (a) In real situations, the tube is of finite length and
hence entrance and exit conditions must be considered. (b) Itis difficult to measure
the spatial moments at any fixed time as it requires the simultaneous evaluation of
the solute axial concentrations at all different locations. (c) The cross-section aver-
aged concentration (c) (z, 7) is not the measured concentration in the experiments
but it is the velocity weighted or cup-mixing concentration ¢,,(z, 7). (d) The mea-
surement of ¢,,,(z, 7) either at the tube exit or some other fixed location as a function
of time leads to the experimental determination of the temporal moments instead
of the spatial moments considered in the classical Taylor dispersion theory. In ad-
dition to these practical considerations, we note that while it is possible to derive

the low-dimensional model using the L-S technique to any order in the perturba-
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tion parameter, the main reason for seeking reduced order models is to include the
small scale (local) effects without complicating the model. Thus, in most practical
applications, the first few terms may be sufficient to retain the essential physics of
the system with sufficient quantitative accuracy. For these reasons, we would like
to truncate the reduced order model at some finite order (preferably at the lowest
order at which all scales are represented) and express it in terms of experimentally
measurable quantities. In this section, we consider these practical aspects, com-
pare the different forms of the truncated models and discuss how to extend their
range of validity by a procedure called regularization (Takeshi, 1999).

We note that the two-mode form of the averaged model consisting of (c) and ¢,,, ,
equations(3.43-3.46), is applicable for a semi-infinite tube or a finite tube provided
the axial length scale L is interpreted as the downstream distance at which the
solute concentration is measured. As we have noted earlier, the two-mode form
is more convenient than the single mode form for physical interpretation of the
local and global equations. Further, we note that in the two-mode form, the global
equation (3.43) is exact to all orders in p. Thus, any error in the averaged model is
due to the finite truncation of the local equation (3.44) and the initial/inlet condition.

As noted earlier, the two-mode model given by equation (3.43-3.46)) is valid
only when Pe, = O(p?) with v < 0. Due to space limitation, here we discuss only
two limiting cases within this region of parameters: Case (A) with v = —% or the
convection dominated (Taylor) case in which the axial diffusion term is negligible,
and Case (B) with v = 0 or the diffusion-convection (Taylor-Aris) case in which both
axial and transverse diffusional effects are comparable. A third limiting case of
v = % or the (Danckwerts limit) in which the effect of transverse velocity gradients
and molecular diffusion are small compared to the axial diffusion and convection,

will be considered in future publications.
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3.4.1 Case A: Convection Dominated Hyperbolic (Taylor) Limit:
The case of Pe, = O(p~'/?) corresponds to negligible axial (or macroscale)
diffusion (mixing). In this limit, truncation of the two-mode model, equation (3.43-

3.46)) at order p leads to the model
04e) 4 %em _ 1oy (2m) 0, (3.111)

or 0z
R A
em = () = 48 0z

—p<s},A1,1>+O(p2), 7>0,2>0 (3.112)

with inlet and initial conditions:

Cm = Cm,in(T) + O(pQ) Q@ z= 0, (31 13)
0
(c) = {(co) (2) —I—p& (co(&,0,2), Ara) + O(p2) Q@ 7=0, (3.114)
where Ay (€) = —2 (2 — 6£° + 3¢*). Based on our earlier discussion, we note that

the above truncation of the perturbation expansion is valid only for wave num-
bers or frequencies satisfying p|w| < p,. Here, u, = 14.68 (3.39) is the first
non-zero eigenvalue of the transverse diffusion operator for axisymmetric (non-
axisymmetric) inlet/initial conditions. Thus, the truncated first order model, equa-
tion (3.111-3.114), has error of O (p?) provided the spatial frequencies contained
in the initial conditions ¢, (£, 0, z) or the temporal frequencies contained in the inlet
conditions ¢;, (£, 6, 7) satisfy p|w| < p,. For step or pulse (Delta function) inputs
where the condition is not satisfied, the error is O (p?) provided 2,7 > #% In all
other cases, the error may not be small.

The local equation (3.112) describes the micromixing (or the exchange of solute
in the transverse direction due to the combined effect of velocity gradient and mole-
cular diffusion) using the transfer coefficient concept in terms of the difference be-

tween the two modes ¢, and (c). As expected, when p = 0, ¢,, = (¢) and the model
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equation (3.111-3.114) reduces the plug flow hyperbolic model which is symmetric
in z and 7. Eliminating the convective mode (c,,) from the local equation (3.112),
we can write the coarse-grained first order model in terms of (¢) as

0(c) , 9{c) p ()

or T 9. 18 922

= (57) (2.7) + 0o (s M) + O

z2>0,7>0 (3.115)

with initial and inlet conditions:

022D ), a0 o0?) @z=0  @116)
(c) = {co) (2) + p% (A11,c0(€,0,2)) +0(p*) @ 7=0. (3.117)

This is the classical Taylor dispersion model derived by many authors in the liter-
ature except that we have also added the inlet/initial/feed conditions to the same
accuracy as the evolution equation (3.115). Since the reduced order model (3.115)
contains a second order spatial derivative in z and there is only one inlet condition
(3.117), the model appears to be not complete. However, as explained earlier, a
second boundary condition is not required if we express the solution in a perturba-
tion series in p or we rewrite the truncated model by eliminating the higher order
derivatives using truncated lower order models. We consider both of these below.

If we express the solution of equations (3.115-3.117) as

(c) = (c)o +p(c); +O(P?) (3.118)

we obtain the following hyperbolic/Cauchy problems at each order

ac‘)<;>0 * aé(j(’ = (sp)(2,7);2>0,7>0
)y = (u(&), cm(€0,7)) @ 2=0 (3.119)
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0 0 10° o
8(:_)1_;_ éC;l _ 5 8<ZCQ>O+$<Sf7A1,1>;Z>O7T>O
(eh = 418% Q@ 2=0 (3.120)
z
0
(c), = §<A1,1,Co(§,9,z)> @ 7=0.

These equations can be solved sequentially. For example, for the case of a unit

impulse input at the inlet and no other sources or sinks, i.e.,
sp =05 co(&,0,2) =05 cin(§,0,7) = 6(7),
the solution may be expressed as
() (2,7) = 6(1 — 2) + 4% 26" (1 — 2) — §'(7 — 2)] + O(p?) (3.121)

Alternatively, we can use the leading order approximation:

= —(s) (z,7) + O(p) (3.122)

in the model equation (3.115) for = > 0,7 > 0, and rewrite the coarse-grained

model as follows (without changing the accuracy):

040 010 p () p9lsy)

or To; Twasor ~ BT RS

—1—])% <S},A171>+O(p2); z > 0,7‘ >0

(3.123)
with initial and inlet conditions:
(1= B3 ) 0= tu(e), enlc.0m)+00A) @ z=0  (@.124)
48 0z T '
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(¢) (z,7) = {co) (2) + p% (Ayq1,c0(€,0,2)) +0(p*) @ 7=0. (3.125)

Now, the reduced model (3.123-3.125) is a Cauchy problem which does not need
any additional boundary condition and has the same accuracy as the parabolic
model (3.115-3.117). Since the leading order model (for p = 0) is itself a hyper-
bolic/initial value problem, the O (p) corrections in the reduced order hyperbolic
model (3.123-3.125) represent the transverse dispersion effects.

As explained earlier, if the truncated model, equation (3.115-3.117) is used for
finite values of p, it can lead to physical inconsistencies. While both forms, equation
(3.115-3.117) and (3.123-3.125) have the same accuracy for p — 0, in our view, the
hyperbolic model, equation (3.123-3.125), is preferred over the parabolic model to
represent the Taylor dispersion phenomena. As discussed below, the error in the
parabolic model increases rapidly for finite values of p. Further, in some literature
studies (Mercer and Roberts, 1994; Roberts, 1992; Smith, 1988), the parabolic
model is used by adding an additional boundary condition at z = 1 (or x = L). It
is known in the chemical engineering literature (Wen and Fen, 1975; Himmelblau
and Bischoff, 1968; Wehner and Wilhelm, 1956; Froment and Bischoff, 1990) and
shown below that the addition of an exit boundary condition does not change the
variance in the limit of p — 0, but may lead to physical inconsistencies for p values
of order unity or larger. An exit boundary condition is justified for Pe; = % = PTQQ
values of order unity in which case, the leading order model is not hyperbolic or
axial diffusion effect is not small and the original full PDE model must include an
exit boundary condition.

It should be emphasized again that once the reduced order model is known to
order p, it can be rewritten in other equivalent forms without losing accuracy. This

rewriting is important for several reasons such as interpretation of experimental

data, ease of numerical computations, and extension of the range of validity of the

91



model (for finite values of p). Since the cup-mixing concentration ¢,,(z, 7) is the one
that is measured experimentally, we use an equivalent form of the local equation
(3.112) as

9 ()

(&) = en(zm) +p(shAr) + 1= 5 +00)

0z
= c(z¢)+£ac—m+p<3'A ) +0(p%), z>0,7>0 (3.126)
m\~» 48 aZ fo 1,1 9 ) .

to express the reduced order model in terms of the experimentally measurable c¢,,

as

oc, N de a d%c,,
or 0z 480z Ot

= (57) (27) — D (s Aua) + O(%);

T>0, z>0 (3.127)

(1 " %&) = (00) (2) 4 P (M, ch(E,0,2)) + O(?) @ 7=0 (3.128)

em = (u(&) cin(£,0,7)) + O(p?) @ z=0. (3.129)

[Balakotaiah and Chang (2003) were the first to derive equation (3.127) for s; = 0,
but they did not consider the order p corrections in the initial and inlet conditions,
equations(3.128, 3.129)]. Comparing the reduced order models for (¢) and ¢,,,
equations (3.123-3.125 and 3.127-3.129), we note that they are identical only for
p = 0. For p > 0, though the evolution equations equation (3.123 and 3.127) are
symmetric in 2z and 7 (for s, = 0), the coarse-grained model is asymmetric be-
cause of the asymmetry in the inlet and initial conditions. Since the initial condition
given by equation (3.128) is not convenient to implement, we can simplify it further

without changing the accuracy to order p as follows:

p 0

(5 )y = (1 + E&) B (<co(g,9,z)> +p% <A1,1,co(g,9,z)>) L0

= {al€.0,) + oo (Aueo@,0,2) — £ tey(6,0,2) + 007)
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(3.130)

Once again, the hyperbolic models defined by equations (3.127, 3.130, 3.129) or
equations (3.123-3.125) are preferred over parabolic model defined by equations
(3.115-3.117) for the following reasons: (i) ¢,,(z, 7) is the concentration measured
in experiments (ii) Like the detailed model, for negligible axial mixing, the hyperbolic
model, equations (3.127, 3.130, 3.129), is a Cauchy problem i.e., an initial value
problem in both z and 7, and does not need any additional physical constraints.
The differences between the parabolic and hyperbolic forms of the reduced
order model can be seen better by examining their solutions for the special case
of transversely uniform initial and inlet conditions, particularly an impulse input
(cin(€,0,7) = 6(7) and ¢o(&,0, z) = 0) with no feed (s; = 0) and determining the
dispersion (or the residence time distribution, RTD) curve E(7) = ¢(z = 1,7), or

comparing their temporal moments. For the parabolic model, we have (with p = )

9c)  0{c) () _
p 9, Pz =0; 2>0,7>0 (3.131)
0 (c)

() (2,0)=0; {e) (0,7) = p——=(0,7) = o(r); (3.132)

and the solution in the Laplace transform domain (¢t — w) may be written as

Ew) = {0)(1,w) = exp(—w) [1 - pw + p*] + O (%) (3.133)
= 1w [1+5+0 ()] + 5 [1+45+0 ()] +O") (3.134)

— My — Myw + %z\@ +O(W?), (3.135)

where M is the i-th temporal moment (of the exit concentration). It is interesting to
note that the parabolic model predicts correctly that the centroid of the transverse

average concentration moves slower than the mean flow (and hence takes longer
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time to reach the measuring point). The normalized second central moment of the

RTD curve is given by,

0’ ="2_1=2 +0 (). (3.136)

It should be emphasized again that the model is accurate only for small values
of p, and if applied for p values of order unity, the results predicted by it may lose
physical meaning or need to be interpreted very carefully. For example, for p values
of order unity, the solution of the parabolic model when the exit boundary condition

is taken as (c) (oo, 7) — 0 is given by

Blw) = (@1,w) = R (1_ VHM?) (3.137)
(1 + 1+ 4wp> 2p
= 1-(1 +ﬁ)w+°;—!2(1+2§)2+0(w3) (3.138)
— My — Myw + ‘;—TMQ + O, (3.139)
leading to )
2 _ (11125) 4:%@;3@;5%0. (3.140)

Similarly, when the Danckwerts exit boundary condition (%2 (1,7) = 0 ) is used,

one obtains (Wen and Fen, 1975; Himmelblau and Bischoff, 1968; Wehner and
Wilhelm, 1956; Froment and Bischoff, 1990).

Mlzl

o = 2p —2p*(1 — e VP) = 2pforp— 0. (3.141)

Thus, the variance predicted by the parabolic model is the same for all exit bound-
ary conditions examined in the limit of p — 0. [In the Chemical Engineering litera-

ture (Himmelblau and Bischoff, 1968; Froment and Bischoff, 1990), the limit p = 0
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Figure 3.8: Dispersion curves predicted by the low-dimensional first order hyper-
bolic model [The dispersion curves include a Dirac-delta function of magnitude
Exp(—%) at 7 = 0, which is not shown in the figure].

is called the plug flow while the opposite limit of p — oo is called the segregated
flow. In the latter case, there is no molecular diffusion either in the axial or ra-
dial directions and the dispersion of the solute is purely due to transverse velocity
gradients.]

For the hyperbolic model, the dispersion (RTD) curve is obtained by solving

oc,, N oc,n, N _ Py
or 0z p(’?z or

0; 7>0, 2>0 (3.142)

95



cm(2,0) =0;  ¢p(0,7) =0(7). (3.143)

The solution in the Laplace transform domain may be written as

Ew) = &n(l,w) =exp (—1 :’wﬁ) (3.144)
2
- 1—w—|—%(1+2ﬁ)+0(w3) (3.145)

Thus, the hyperbolic model predicts that the centroid of the cup-mixing concentra-
tion moves with the mean flow. The normalized second central moment of the RTD

curve is given by

My .
UQ—W—1:2p (3.146)
In fact, the dispersion curve may be expressed explicitly as
T+1 1 Qﬁ)]
E(t) =ex — ot + A—[ — s 3147
") p( p)[Up\/Fl(p ( )

and is shown in Figure 3.8 (without the Dirac delta function of magnitude exp (—%)
at 7 = 0) for various values of p(= ). We note that for small values of p, the
predictions of the parabolic model (with any exit boundary condition) and hyperbolic
model agree and the behavior is close to that of plug flow (with small variance
0% ~ 2p). As p increases (or transverse or local gradients increase), the hyperbolic
model predicts that the peak of the RTD curve shifts to 7 values below unity (as
can be expected based on the physics). For p = % (or, p = 24), the predicted RTD
curve is very similar to that of an ideal CSTR (E£(7) = e~ " with peak at 7 = 0) and
forp > % the predicted curve has long tails, typical of laminar flow. For the extreme

case of p — oo (segregated flow limit or the limit where radial diffusivity goes to
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zero), the true RTD curve is given by
1
BE(r) = 2 (3.148)

and the second central moment goes to infinity. The hyperbolic model predicts
qualitatively correct behavior even for large values of p, including the extreme (seg-
regated flow) limit of p — oo. Thus, the hyperbolic model (which is a Cauchy prob-
lem) can predict RTD curves ranging from the plug flow (PFR) limit to the perfectly
mixed (CSTR) limit, and also the bypass and segregated flow limits associated with
laminar flow (but only qualitatively). We conclude that the hyperbolic model given
by equations(3.127, 3.130, 3.129) and expressed in terms of experimentally mea-
surable cup-mixing concentration, retains the proper physics, requires no extra inlet
or exit conditions, can describe dispersion effects better than the parabolic model
equations(3.115, 3.116, 3.117) and is valid in a much larger domain of the physical
parameter space, i.e., for all p. This last property is due to use of physically mean-
ingful cup-mixing concentration (or use of two modes with a transfer coefficient)
and rewriting the local equation (equation3.112) as equation (3.126). This regu-
larization is a crucial step in expanding the range of validity of the coarse-grained
model (qualitatively). A good analogy between the parabolic and hyperbolic mod-
els (and the regularization procedure) is the approximation of the function ¢~? for
small p by fp(p) = 1—pand fy(p) = #ﬁ Both approximations have the same
accuracy for p — 0 but the first approximation breaks down qualitatively for p > 1
while the second approximation is valid qualitatively for all p. The second (Pade)
approximation is a regularized version of the first function and is closely connected

with how we write the local equation. In this specific case for no feed source, we
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replace the local equation (87b)

0
Cm = (1 — pa) (c) (3.149)
by the regularized version
0
(c) = <1 —i—p&) Crn.- (3.150)

From a physical point of view, this regularization of the local equation forces the
use of the two-mode model, or equivalently, the elimination of (¢) from the local
equation, instead of the physically relevant concentration c¢,),.
3.4.2 Case B: The Taylor-Aris Limit:

When Pe, is of order unity, both axial and transverse diffusional effects are

comparable and the truncation of the averaged model at (O(p)) gives

d(c) O p 0%(c) _
- T 5 _Peﬁ 5.2 —(sf) (z,7)=0, 7>0, 2z>0 (3.151)

~ p
em = () T 48 02

—p(sh, A1)+ 0@, 7>0, z>0 (3.152)

with inlet and initial conditions:

b 3<C> . 2 o
Cm — Pe% Oz - Cm,in(T) + O<p ) Q 2= 07 (3153)
(c) = (o) (2) +p% (co(€,0,2), Ary) +O(p*) @ 7=0, (3.154)

where Ay (€) = —& (2 — 662+ 3¢*). The conditions for validity of this model are
same as those for the Taylor model. The global equation (3.151) represents the
macroscopic (overall) evolution of the solute with axial mixing. The local equation
(3.152) represents the local or microscopic phenomena (exchange of solute be-
tween fast flowing fluid near the tube center and slow moving fluid near the tube

wall) as the transfer between the two modes ¢, and (c¢). equations (3.153, 3.154)
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represents the modified inlet and initial conditions caused by velocity gradient and
transverse diffusion.
Eliminating the convective mode (c,,,) from the local equation, we can write the

coarse-grained first order model in terms of (¢) as

= (sy) (2,7) —|—p <SfaA11>

+0(p*), 7>0, z>0 (3.155)

d{c)  d{c) 1 1\ 92 {c)
or T o: P\ Pa) o2

with initial and inlet condition as

(c) —p(% P162> ég? = Crin(T) + O(p%) @ 2 =0, (3.156)
(c) = {co) (2) —i—p% (co(&,0,2), Mgy +0(p*) @ 7=0, (3.157)

This is same as classical Taylor model except with modified inlet and initial con-
dition. Once, (c) is known, ¢,, can be calculated. Once again, we see that the
reduced order model equation (3.155) contains a second spatial derivative term,
but there is only one inlet condition equation (3.156). Hence model is not complete
without a second boundary or inlet condition. This can be avoided by using leading
order approximation equation (3.122) in the coarse-grained model equation (3.155)

fort > 0,z > 0 which leads to the following hyperbolic model,

or 0z 48  Pe? ) 0201

1 1 a<3f> 2
P (48 Pe%) Oz O(p ) , 7>0, z>0 (3.158)

%+@+p<i+ ! )a (<) <f>(z,7)+p%<83~/\171>

with the same inlet and initial condition as given by equations (3.156, 3.157). Itis
interesting to note that after using leading order approximation, the parabolic model

is transformed into a Cauchy (initial value) problem which is easier to solve. Sim-
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ilarly, using the regularized version (equation3.126) of the local equation (3.152),

the reduced first order model can be written in terms of ¢,, as follows:

oc, N ocy, N 38207,Z P e,
or 0z  480z0T1  Pe? 022

)
= (ss) (2,7) =Py (8, Ai1) + 0%, 7>0, z>0 (3.159)

with inlet and initial conditions:

p Ocm
Crm — —
Pe? 0z

Cnt 155, = (o) (2) +p% (c0(€,0,2), Arg) +O(p*) @ 7=0, (3.161)

= Cmin(T) + O(p?) @ 2z =0, (3.160)

We note that the reduced order model (3.159) also contains a second order spatial
derivative in z, which again can be avoided by using the leading order approxi-
mation for = > 0, z > 0 and rewriting the model without changing accuracy as
follows:

)]

z

oc,,  Oc, N <p P ) d%c,,

— b 9,
or * 0z 48 * Pe? ) 0z0T = {s5) (z,7) + Pe? paT <Sf7A1,1>

0
+0(p?*), 7>0, z>0

(3.162)

with inlet and initial conditions same as given by equations (3.160, 3.161). We
note that the above reduced order model is more appropriate to describe the solute
dispersion as it is hyperbolic and is written in terms of experimentally measurable

concentration ¢,,. The initial conditions (3.161) can be further simplified by inverting
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as

n = (o660, 20) +p (eo(€.0,2), Aun) — 2 (60,2} +0G?) @ 7 =0,
(3.163)
For the case of uniform impulse input (¢;,(&,0,7) = d(7) and ¢ (&, 0, z) = 0) and
no feed (s; = 0), the solution of parabolic form given by equation (3.155-3.157) is
same as that of parabolic model (3.131, 3.132) with p = & + P%g- Similarly for this
case, the solution of hyperbolic model given by equations (3.158, 3.155, 3.156)
or equations (3.162, 3.163, 3.160) is same as that of hyperbolic model equations
(3.142, 3.143) with p = £ + P%g. Here, ﬁ(z =+ p%?) is the well known effective
dispersion coefficient in dimensionless form. However, in the hyperbolic model, p

is an effective local exchange/transfer time.

3.5 Conclusions and Discussion

The main contribution of this work is the presentation of a systematic averag-
ing procedure based on the Lyapunov-Schmidt (L-S) method for deriving coarse-
grained low-dimensional models from the detailed diffusion-convection-reaction
equations. As outlined in earlier section, this method has some advantages com-
pared to other methods presented in the literature. When there is scale separation
in the detailed model, the L-S method is equivalent to the exact Maclaurin’s series
expansion of the detailed model in terms of the small parameter representing the
scale separation. While we have illustrated it here only for the non-reacting solute
dispersion case, it can be applied to a wide range of reacting as well as non-
reacting cases described by diffusion-convection-reaction models. For the case of
classical Taylor dispersion problem, we have derived the reduced order model to
all orders in the transverse diffusion time. By summing the resulting infinite series
in closed functional form, we were able to show that the reduced order model de-

rived by the L-S technique is exact in the sense that it can predict the moments of
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the solute distribution exactly for all times.

A second contribution of this work is the analysis of the solute dispersion at
short times using the coarse-grained model derived by the L-S method. Specifi-
cally, we have shown that, as expected, the centroid displacement arises due to
the fact that for point release at (r, fp), the centroid moves with the local fluid ve-
locity u(rg) at short times while it moves with the mean velocity at large times.
Thus, it is not possible to predict the location of centroid (and hence the second
central moment or the variance) correctly by any coarse-grained model that is not
valid for t — 0. Similarly, the short time approximation of variance shows that solute
spreading process evolves with pure diffusion for ¢ — 0, and after some critical time

Top = <Z>2 convection effects start to contribute and introduce asymmetry in the

concentration distribution. For long times (t > 7p = %), the spreading process
is governed by the Taylor (when Pe, ~ O(\/Aﬁ)) or Taylor-Aris mechanism (when
Pe, =~ O(1)). Thus, the solute spreading process may be divided into three time
intervals; 0 < ¢t < 7¢p where axial molecular diffusion dominates, ¢t € (r¢p,7p)
where the dispersion is due to the combined effects, and t >> 7, where convec-
tion and transverse diffusion dominates. Our analysis in section 4.1 also shows
that for the practical case of Pe, >> 1, the skewness of the solute concentration
profile increases as (%) for short times while it decreases as \/? for long times.
Thus, while the Gaussian profile is approached for ¢t — oo (Chatwin, 1970), the
skewness is never zero for any finite time and goes through a maxima for ¢ values
of order 7p. In our view, this important observation has not been recognized in the
literature.

A third contribution of our work is the clear distinction between the dominant
convective mode represented by the cup-mixing concentration (c¢,,) and the dom-

inant diffusive mode represented by the cross-sectional averaged concentrations

({c)). We have shown how these two modes arise naturally in the averaging of the
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convective diffusion equation. With the use of these two modes, the local gradients
can be quantified more accurately than the traditional use of a single concentration
mode and its large scale gradient. In our opinion, there is a fundamental physi-
cal inconsistency in representing the Taylor dispersion phenomenon using a single
diffusive mode (the cross-section averaged concentration) and its large scale gra-
dient. This parabolic description of the dispersion flux, first used by Taylor (1953)
and later by many others, makes the local phenomenon of exchange of solute be-
tween the (fast moving or large scale) convective mode (c,,) and nearly stationary
and small scale diffusive mode({(c)) into a large scale phenomenon (effective diffu-
sion on the larger scale). It is mainly for this reason, the traditional coarse-grained
parabolic models fail to describe the solute dispersion process accurately for short
times or for the case of a reactive solute, for fast reactions and for finite values of
the transverse diffusion time. In fact, as shown elsewhere (Balakotaiah and Rat-
nakar, 2010), the single mode description of the Taylor dispersion phenomenon
for reacting flows in terms of (¢) can lead to negative effective dispersion coeffi-
cients! Based on these and other comparisons, we conclude that Taylor dispersion
phenomena are better described in terms of hyperbolic models using either a sin-
gle convective mode (for the non-reactive case) or multiple concentration modes
coupled through the concept of a transfer coefficient (Balakotaiah and Ratnakar,
2010).

Finally, it should be noted that exact averaging is possible in the classical Taylor-
Aris problem due to two special properties, namely, linearity of the model and the
existence of zero eigenvalue for the transverse diffusion operator for all values of p.
Due to these properties, it was possible to derive the coarse-grained model to all
orders in p and sum the resulting infinite series for the moments in closed functional
form so that the dispersion due to point sources (in space or time) can be treated

accurately. However, in many practical applications involving homogeneous and
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multiphase reacting systems with point sources or sinks (e.g. spark-ignited internal
combustion engine models, wall catalyzed reactions with small metallic crystallites
acting as reaction sources or sinks and homogeneous reactions with concentrated
feeding of one or more of the reactants), we have found that the traditional Taylor
dispersion approach is not adequate as the coarse-grained models may not con-
verge when the local Damkdohler number exceeds a critical value. In such cases,
the higher order terms in the coarse-grained model derived using the L-S method
are necessary to determine the region of convergence of the reduced order model

and to improve its accuracy.
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Chapter 4 Reduced Order Model for recative disper-
sion in Catalytic monoliths

4.1 Preamble

The monolith reactor is widely used in the treatment of exhaust gases from
automobiles, oxidation of volatile organic compounds, catalytic partial oxidation
or combustion of hydrocarbons, removal of nitrogen oxides from power plant and
furnace exhaust gases and many other applications. The monolith reactor consists
of a large number of parallel channels of diameter in the range 0.2 to 10 mm and
length 1 to 100 cm through which the reactant, product and carrier gases flow. The
catalyst containing various precious metals is deposited on the wall of the monolith
channels as a porous washcoat layer with a mean thickness of about 10 to 50 um.
In most applications, the Reynolds number is well below 2000 and hence the flow
in the channel is laminar (though in some cases it may not be fully developed). The
reactants are transported mainly by convection in the axial direction, by molecular
diffusion in the radial direction, while the transport in the washcoat may be due
to a combined mechanism of molecular and Knudsen diffusion. In addition to the
above applications, the problem of laminar flow in a channel with a porous layer on
the wall is also important in coated tube chromatography, catalytic micro-reaction
engineering, reactive dissolution of porous media and contaminant transport in soil
and other applications.

In the automobile exhaust treatment applications, the monolith operates under
highly transient conditions where the inlet composition and temperature vary with
time. Various control and optimization algorithms related to fuel efficiency and
emissions constraints may be implemented in real time if reduced order models
for various sub-systems are available. In addition to this important application,

the development of low-dimensional models for catalytic reactors has other advan-
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tages such as speed-up of transient reactor calculations by three to five orders of
magnitude (Joshi et al., 2009a), parametric studies and bifurcation analysis of cat-
alytic reactors, estimation of kinetic and transport parameters from limited number
of macroscopic experimental observations (or the solution of the so called inverse
problem), and incorporation of the model in larger scale process and optimization
schemes. These reasons are the primary motivation for the present study.

The literature relevant to this work falls into two groups: one dealing with mono-
liths and catalytic after-treatment aspects and the second dealing with coarse
graining of diffusion-convection-reaction models. As the literature is extensive in
both groups we review here only the recent literature that is directly relevant to this
work and refer to monographs or review articles for older literature.

The most widely used monolith models in the chemical engineering literature
are the one-dimensional two-phase models that use various average concentra-
tions with effective external heat and mass transfer coefficients (Froment and Bischoff,
1990; Heck and Farrauto, 2009; Cybulski and Moulijn, 2006). For example, for the
case of an isothermal monolith, the two-phase model consists of a species balance
equation for some average concentration in each phase and an interphase trans-
fer term. (In the fluid phase, the average concentration used is the experimentally
measurable mixing-cup or velocity weighted concentration, while in the solid phase
the concentration used is the average solid-fluid interfacial concentration). The gra-
dients in the washcoat are accounted for by using the effectiveness factor concept,
which is only applicable for the case of a single reaction (Joshi et al., 2009). As
reviewed by Chakraborty and Balakotaiah (2005), though these two-phase mod-
els are derived for describing the interphase transport at steady-state and in the
absence of reactions, the common practice is to use them for unsteady state con-
ditions and with chemical reactions. The validity of this assumption for steady-state

conditions has been established in the literature by making the transfer coefficients
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as a function of the local Damkohler number and position and calculation of these
transfer coefficients for the case of wall reaction or reaction in the washcoat (Tron-
coni and Forzatti, 1992; Gupta and Balakotaiah, 2001; Bhattacharya et al. 2004).
More recently, various averaging methods have been used to obtain the two-phase
models as well as other such reduced order models for monoliths and other re-
acting systems (Chakaraborty and Balakotaiah, 2005; Mikelic et al., 2006). In our
view, the main unresolved issue at present is the validity of the transfer coefficient
concept for reacting systems under transient conditions.

A second important concept in obtaining the reduced order models is that of the
dispersion coefficient, popularized by the work of Taylor (1953) and Aris (1956).
While this concept was initially introduced to describe the spreading of a non-
reactive solute in laminar flow in a channel due to velocity gradients and molecular
diffusion, it has also been used extensively for reacting systems (Brenner and Ed-
wards, 1993). This approach uses a single concentration mode and obtains the
reduced order model in parabolic form with an effective velocity, dispersion coef-
ficient and rate constant (for reacting systems). However, in recent years, some
shortcomings of the Taylor-Aris parabolic model have been identified (Balakota-
iah and Chang, 2003; Balakotaiah, 2004; Balakotaiah and Ratnakar, 2010). To
overcome these, several authors have introduced, derived and justified the use
of hyperbolic models (Camacho,1993; Mauri, 1991; Maas, 1999; Balakotaiah and
Chang, 2003; Mikelic et al., 2006; Ratnakar and Balakotaiah, 2011) to describe
dispersion effects under non-reactive as well as reactive conditions. The main
goal of most of these earlier works was to obtain an effective transport equation
(parabolic or hyperbolic partial differential equation) in terms of a single concentra-
tion mode. However, earlier work on coarse-graining of reacting flows has shown
that it is not possible to obtain a reduced order hyperbolic model in terms of a

single mode (Chakraborty and Balakotaiah, 2005). The current work is a further
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extension of this earlier work where we obtain reduced order models in the form of
multiple interacting modes. The main focus of the present work is on the minimum
number of modes needed to express the reduced order model, the expressions
for the solid-fluid interfacial flux in terms of various concentration modes and the
proper initial and inlet conditions to be used on the reduced order model.

In this chapter, we consider a detailed partial differential equation model that de-
scribes the transient diffusion, convection and reaction in a monolith channel with
a porous washcoat layer and average it over the transverse dimensions to obtain a
reduced order model in terms of the axial length scale and time. The reduced order
model is expressed in terms of physically meaningful or measurable concentration
modes. We provide a physical interpretation of the various terms and the effective
transport coefficients that appear due to transverse averaging. We also obtain the
appropriate inlet and initial conditions to be used on the reduced order model. We
examine various limiting cases of the general model and compare our results with
those in the literature. Our main conclusion is that the traditional transfer or disper-
sion coefficient concepts that are extensively applied either for non-reacting cases
or for steady-reacting cases are not applicable in the general case in which various
transport, reaction and transient processes in different phases interact. For exam-
ple, we show that the traditional external mass transfer coefficient concept where
the flux at the fluid-solid interface is expressed in terms of the difference between
two concentration modes is not applicable under transient reacting conditions. In
our approach, the reduced order model is expressed in terms of interacting multiple
modes.

This chapter is organized as follows. In the next section, we present a detailed
model for a monolith channel with a porous washcoat layer on the wall in which a
reaction occurs. In section 3, we average the detailed model over the small trans-

verse scales to obtain a coarse-grained model. We also present the reduced order
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x=0 x=L

Figure 4.1: Schematic diagram of a single straight monolithic channel of circular
cross-section and with a uniformly thick washcoat.

model in single and various multi-mode forms. In section 4, we examine the solid-
fluid interfacial flux and obtain expressions for it in terms of various concentration
modes. We also identify the effective mass transfer coefficients that appear in
these flux expressions. In section 5, we examine some limiting cases of the model
and compare our results with those in the literature or with the exact numerical so-
lutions. In the last section, we summarize the main contributions of this work and

discuss some possible extensions.

4.2 Model Formulation

We consider a straight monolith channel of circular cross-section in which the
flow is laminar and fully developed and having a washcoat of uniform thickness in
the circumferential direction as shown in Figure 4.1. We consider here only the
case in which the concentration of the reactant is small so that any non-isothermal
(temperature) effect may be neglected. We also assume that the length to diameter
ratio of the channel is large so that axial diffusion may be neglected in both the

solid and fluid phases. With these assumptions, the detailed model describing the
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transient diffusion, convection and reaction in the channel may be expressed as

ac aC . , ,
5 TUsr) 5= D;ViCr inQp0 <’ <Lt >0 (4.1)

0Cy, 9 . , ,
ngW =D,V /Cw — Rw(C'w) In Qw, O0<2 < L, t >0 (42)

with zero flux boundary condition at the outer surface 0f2,, given by

ng, - DyV 1:Cy = 0 0N 99y, (4.3)

and the continuity of concentration and reactant flux at the fluid-washcoat interface

as given by

C; = C, onagy, (4.4)

The initial and inlet conditions are given by

C; = Cy(r,0,2) @t =0, (4.6)
Cp = Cuo(r,6,2)Qt =0, (4.7)
Cp= Crim (r,0,t)@ 2/ =0, (4.8)

where Q; and Q,, represent the cross-sectional area of the flow channel (fluid)
and the washcoat, respectively as shown in Figure 4.1. C; and C,, are the solute
concentrations in fluid phase and washcoat, respectively. [Remark: C,, is the con-
centration in the interstitial space of the washcoat]. Here, D; and D,, are molecular
diffusivity of the reacting species in the fluid phase and effective diffusivity in the

washcoat, respectively. ¢,. is the porosity of the washcoat, which is assumed to
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be a constant (independent of position and time). The function

is the velocity profile in the channel with average fluid velocity w. R, (C,) is the
global rate expression for the consumption of the reactant in moles per unit time
per unit washcoat volume. In equations(1e), J;, is the flux of the reactant at the
fluid-washcoat interface from fluid phase into the washcoat. The operator
10 0 1 9
2 _ . R
Vi = ror (Tar) T ol
is the transverse Laplacian, ng, and nq,, are unit normal vectors radially outward
to the fluid-washcoat interface 0€2; (r = a) and the outer washcoat boundary 092,

(atr = a + A\a), respectively.

The above model may be written in dimensionless form by defining

rox o ut _Usp(r) Dy 7 a®
f_a"r_L’t_ L7uf(€)_ I 7M—Dw,p DfL
7Rw(CRCw). ( )L

(Cwr0) = (G Cp) [Ci Blew) == HEys Po=—a &

and including the inlet/initial conditions as source/sink terms in the evolution equa-
tion as explained by Balakotaiah and Ratnakar (2010) and Ratnakar and Balako-
taiah (2011). Thus, we can express the detailed model in the domain of interest

as
Jc Jc :
F(e,p,u)=Le—p 875—1—u(§ 9) —i—Daﬁ(ﬁ 0) R(c)—s(&0,z,t) =0inQ
(4.9)
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with the zero flux boundary condition at the outer surface of the washcoat

nQ-VLCZg—g:()on 00 (=€=A+1), (4.10)

where

1 _1]10 Oc D (§) d%c
LC_;VL(DVLC)_;{Eﬁ_{(gD(€>a_€>+ 52 w}

is the transverse diffusion operator in theregion Q2 (=0< &< A +1,0< 60 <2m)in
the dimensionless transverse variables (¢, 6) in cylindrical coordinates. Here, p is
the capacitance function. Though our procedure is valid for general case in which p
varies with position, the focus here will be on the special case in which p is constant
in each phase. z is the dimensionless axial coordinate and t is the dimensionless
time, non-dimensionalized by convection time 7¢ (= £), uy (¢) is the dimensionless
velocity profile through the open part of the channel. The parameter 1 is the ratio
of diffusion coefficient of the reactant in fluid phase to that in the washcoat. The
perturbation parameter p is the local (transverse) Peclet number which can be
interpreted as the ratio of two time scales, namely, the transverse diffusion time
Tp = (ﬁ;) and the convection time 7 or transverse to axial length scales. The
parameter p represents the scale separation in the physical system. It could also be
interpreted as the dimensionless frequency/wave number in the macro variables x
or t. The Damkdhler number, Da, represents the ratio of convection time (r) to

the characteristic reaction time 75 (: ) in the washcoat.

_Cr
Ry (CR)

The concentration is non-dimensionalized by some reference concentration

(Cr) and is expressed as

C(.0.7.1) = cr(€,0,x,), 0<éE<1 (=9Qy) 4.11)

cw (€,0,2,1), Il<é&<A+1 (=Q)
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Similarly, the dimensionless velocity profile may be expressed as

w(E.6) = up (§) =2(1-¢%), 0<§<1’ 4.12)

0, 1<é&<A+1

the molecular diffusivity expressed as

D¢.6) 1, 0<¢xl (4.13)
’ Lolcg<atl '

the reaction/catalyst activity profile as

0, 0<é<l
B(&.0) = ; (4.14)
L 1<é<a+1

the capacitance function p as

, 0<¢xl
p(§.0)= : (4.15)
Ewe, 1 <ESA+H1

and the source term s (¢,0, x,t) as

s(€,0,2,t) = co (& 0,2) 0 (t) + u (&) cin (&,0,1) 0 (2)
o Sf (5797$7t) = Cfo <€707x)5<t)+u<£)cf’m (57‘97t)5($)7 in Qf (416)
Sw (&,0,2,1) = cuo (£,0,2)0 (1) . in ©Q,
It should be noted that equations (4.9, 4.10) is equivalent to the equations (4.1-4.8)
for x > 0 and ¢t > 0 and leads to the same inlet/initial condition (equations 4.6 - 4.8)

after integrating w.r.t. x from 2z = 0to 0" and w.r.t.. ¢t from¢ =0to 0*. Here t = 0*

should be interpreted as t = ¢ < 7p. Also, the activity profile 5 vanishes in Q;
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because there is no (homogeneous) reaction occurring in the channel. In the more
general case, the source function s (&, 6, x,t) can also represent the source/sink
terms at x > 0 and ¢t > 0. We show later that the inclusion of inlet/initial conditions
as source terms in the evolution equation leads to the identification of inlet/initial
conditions for the averaged model. It should also be noted that the model given
by equations(4.9, 4.10) can be extended to the more general case of a monolith of
arbitrary cross-section where catalyst activity, diffusivity and velocity may be func-
tions of transverse coordinates. However, for simplicity, we consider the present
case of a straight circular channel with a washcoat of uniform thickness. [For an
extension of the averaging procedure to other channel and washcoat geometries,

see Bhattacharya, 2004].

4.3 Transverse Averaging

Since the details of transverse averaging using the Lyapunov-Schmidt method
have been discussed in prior work (Balakotaiah and Chakraborty, 2002; Balakota-
iah and Chang, 2003; Ratnakar and Balakotaiah, 2011), we report here only some
steps in the application of the procedure and focus on the results.

We note that the operator that appears in transverse averaging is L = %VL .
(D V1 ), which is symmetric and has a simple zero eigenvalue with an eigenfunc-
tion that is independent of transverse coordinates. Equivalently, the eigenvalue

problem

1
Lty = V0 (D Vo g) = Ay inQ

ng- Vi, =0  ondQ (4.17)

is self-adjoint (LL* = adjoint operator = L) with respect to the (capacitance weighted)
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inner product defined by

2w 14X

(u0) = 4 / / € p(€.0) u(E.0) v(€.0) dedb (4.18)

with
2w 1+

Ao — —
. O/U/mw) d6d0 = 1+ eueh (A + 2),

and has a simple zero eigenvalue )\, = 0 with a constant eigenfunction ¢, (£, 6) = 1.
Moreover, all eigenfunctions 1), may be chosen such that they are normalized w.r.t..

inner product defined by equations (4.18), i.e.,

0,1#]
Li=y
The concentration c is expressed as
C(f? 07 ‘rJt) = <C> (x7t> ¢0 —"_ C/ (57 0,.@,2‘:) (420)

where, the projection of ¢ on to ker(IL) is the (capacitance weighted) cross-sectional

averaged concentration,

(€ (@) = (e:t) = 4 / / € p(€.0)c(€.0,x.1) dedb, (4.21)

and the projection of ¢ on to Range(IL*) is the concentration fluctuation about its

average value, satisfying the following orthogonality constraint
(1) = 0. (4.22)
Similarly, in codomain, projecting the operator F' onto ker(L* =1L), we get the
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global equation (I — E)F = (F,¢,) ¥, = 0 as follows

d{c)
ot

+ (u) (’)ac_; + Da (B(£,0) R(c)) —(s) =0 (4.23)

where, ¢,, is the cup-mixing or velocity weighted averaged concentration defined

by

(4.24)

and (s) is the transverse average of the source/sinks. The reaction term can be

simplified as

Rl
2!

B R(c) = 5R(<C>)+Zﬂ ({e)) (e = (o))’ (4.25)
= BR((c)) +BR ({) (c = () + O ((c = {)?),

and hence

(B R(c)) = (8) R((c) + (B) R ({e) ({c),, — () = (B) R({e),,) + O ((c = ())) ,
(4.26)
where (c),, is the activity weighted averaged concentration (which is same as wash-
coat average concentration because the activity profile within the washcoat is uni-

form in the transverse directions) and is given by

(c), = e 8) _ () + (.5 (4.27)

Thus, using equations (4.26), we simplify the global equation (4.23) as follows:

d{c)
ot

+ (u) e + Da () R({c),,) —(s) =0 (4.28)

We note that the global model equations (4.28) is exact for linear kinetics and is
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valid for non-linear kinetics to first order when the transverse variation in concen-
tration is small. Also, it is not closed since it contains three concentration modes
(c), e and (c),, appearing naturally. The mode (c) appears due to transient nature
of the problem while the modes ¢,, and (c),, appear due to transverse dependency
of velocity profile and catalytic activity, respectively. These modes contains the ef-
fect of concentration variation at smaller scales. To quantify these smaller scale
effects, we solve the local equation for ¢ which is obtained by projecting F' onto
range (IL), leading to the following equation:

o L 0 (yd — (W'd aR' ({c d— (B
EF=Ld —p 5+ 35 ( (u'd)) + DaR' ((c)) (B — (5'¢)) _0inQ (4.29)

+ /%% 4+ Da B R((c)) — ' (£,0,2,1)

with the zero flux boundary condition at outer surface of the washcoat
ng-V, ¢ =0o0ndQ, (4.30)

where ¢ represents the fluctuation/deviation from the cross-sectional average and
s =s—(s). Since L : range (L) — range (L) is invertible with the orthogonality
constraint (4.22), it follows from implicit function theorem that the local equation
(4.29) with boundary condition (4.30) can be solved for ¢’ uniquely in terms of all
the modes appearing in the local equation.

Here, we use the perturbation expansion in local (transverse) Peclet number
p to solve the local equation. To use the perturbation expansion in p properly, we
must assign the order of other parameters present in the model such that each term
can be compared in terms of order of p properly. Here, we assume Da ~ O(p™).
Time or length scale separation (perturbation in power series of small p) exists only
when we have ~, > 0 (slow kinetics compared to transverse diffusion time). We

consider here the case of Damkohler number of order unity, i.e., v, = 0. It should
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be noted that in this case, the leading order model (corresponding to p = 0) is

hyperbolic (first order partial differential equation) in z and ¢ :

0 2D 4 pa 3 R - (9 =0 4.31)

For p = 0, the local equation (4.29) with boundary condition (4.30) and orthog-
onality constraint (4.22) leads to ¢ = 0, i.e., there is no transverse variation in
concentration. In this limit, all the modes are same and the global equation be-
comes exact. Since ¢ = 0 for p = 0, the perturbation expansion of ¢ in terms of p

may be expressed as follows:
d(,0,x,1) = chZSGmt (4.32)

where ¢; is the i*" order correction. Using the expansion (4.32) in the local equation

(4.29), we can write the equation for each order correction as follows:

Le; = u'% +Da 8 R({c)) — 5" (£,0,2,t), inQ (4.33)
Loy = 20 1+ 2 (uey = er)) + DaF ((6) (B — (Fer)) . in @ (4.34)
9 — ot O ucq U Ccy a C C1 c1)), .
LCZ‘ = agt_l + % (UCL',1 — <'UJIC,L',1>) + DCLR/ ((C)) (BCz;l — <B/Ci71>) , inQVi > 3

(4.35)
subject to the same zero flux boundary condition (4.30) and the same orthogo-
nality constraint (4.22). It should be noted that other values of v, will lead to dif-
ferent form of equations for each order correction ¢;. It can be easily seen from
equations (4.33, 4.34 and 4.35) that i** order correction ¢; can be solved in terms
of first(i — 1)* order corrections while the first order corrections can be solved in

terms of (c).
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While it is possible to derive the low-dimensional model to any order in the
perturbation parameter using this approach, the main purpose of obtaining the
reduced order model is to retain all the essential physics occurring at small scales
without increasing the complexity of the model. For most practical applications,
the first few corrections may be sufficient to capture the small scale (local) effects
with sufficient quantitative accuracy. Therefore, we consider the solution of the
local equation up to the first order in p and express it in terms of measurable or
physically meaningful quantities.

Solving the equations (4.33), we get

d{c)
ox

C1 = F(§79) + Da X(&@) R<<C>) _C<§797$7t) (436)

where the transverse functions I" and y, and ¢ are given by
LT =4 Ly= 8 L{=45(£0,2,t), inQ (4.37)

with the same boundary condition (4.30) and the same orthogonality constraint
(4.22). It is easy to show that if LH; = hy and LH, = hs, then (Hy, hy) = (Hs, hq)
as long as H;, H,, hy and h, satisfy the orthogonality constraint (4.22) and, H; and
H, satisfy the zero flux boundary condition (4.30). Thus, using this property with

equations(4.24-4.27), other modes can be written as

|y 2D pa ) R - (0] 00D (@438)

= p|00) 2D 4 D () RO — )| 06D @39

These transverse functions and the coefficients appearing in the above equations
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(4.38, 4.39) are listed in Table 4.1.
Thus, the global equation (4.28) and local equations (4.38 and 4.39) form the
averaged model. We can combine these equations to write a first order coarse-

grained model in terms of (¢) as follows:

2 @ 5 [y 2L Da 0.8y R - (1) + D (8) R
#Da R (@) [00t) S+ D (108) R - )| = 9 =040 )

(4.40)

It should be noted that the above coarse-grained model is valid for z,¢t > 0. We can
separate the governing equation from inlet(/initial) conditions by integrating w.r.t..

x (/t) from 2 (/t) = 0 to 0". The governing equation for z,¢ > 0 is given by

9 | )+ pDa (0, 5)+ () B (o) 2L+ pir,ty 20

+[(B) +pDa (x,8") R ((c)] DaR({c) =0+0 (p*) (4.41)

with inlet and initial conditions as follows:

() ) + p {0,y 24

T

+pDa (I, ') R((c)) +pDa R({c)) (x,u)

= (u ¢in) + pDa R ((¢)) (x,ucin) + O (p*) @ z=0 (4.42)

(900

(¢) —pDa R ({¢)) {x,co) — p <F, 6_x> —(co) =0+ 0 (p*) @t =0. (4.43)

The reduced order model given by equations (4.41-4.43), which is accurate to first
order in p, is one of the main results of this work. We note that for p = 0, it reduces
to the zeroth order hyperbolic model. For 0 < p <« 1, the governing equations

(4.41) contains four first order correction terms. The term containing (T", /) is the
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Table 4.1: Various transverse functions and coefficients for fully developed laminar
flow in a circular channel with a washcoat of uniform thickness

. . 1+27 (2+8'y+97 )
Fluid I'y = 0 f — 85 T yTeEeY .
+ sz (270 + 393 — 21+ 7.,) L (1 +7,,)]
r
Washcoat TI', = — 1+’y [ =21 47,)Ln ()] + 2&;@3
V' W (270 + 4770 + 3778 — 27 (1 +7,)° Ln (1 +7,)]
H — ’Yw(l+27)
Fluid Xy = 4(1+,y 5 + I 2
—sagms 20 370 —2(L+7,) Ln (L +,,)]
X u
Washcoat  x,, = 545 [&2 —2(147,)Ln (9] - 8{;17)
- W [2%; + 47y, + 3772 — 2y (1 + Yw) Ln(1+ Vw)]
. 2 2
Fluid op=—5%+ él(ﬁzg + sty (270 375 —2(1+ Vo) LN (1 +7,,)]
o Washcoat o, = £ [~&* +2Ln ()] — g
+ satgmr (2w H 477w 3975 - 27 (L4 V) LN (1 +7,)]
14+6y+1172 2
(o) | o (2, 48302 214+ 79,)° Ln (14 7,)]
{(x; u') . )
_ 1+47)7,,
- 24(11:;[)3 - 8(1_;'_#;;3711} [2’710 + 37% -2 (]‘ + /Y’LU) Ln (1 + W/w)}
(L, 5
2
(o) | S+ e 27+ 303 - 2(147,) Ln (14 7,,)]
2 2
<X7 6/> _8(3«1:7)3 + 8(1i’y)3 [2711) + 373} -2 (]‘ + f)/w) Ln (1 + /Yw)]
2
<0-7 6/> _8(3«1:7)2 - 8(17[?)2710 [Z’Yw + 37?[1 -2 (1 + Vw) Ln (1 + /}/w)]
or ol
29|, | T
9x -
25|, |0
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Taylor dispersion that arises due to velocity gradients. The term (y, 3') arises due
to activity variation in the transverse direction. The terms containing (I", 3') and
(x,u') arise due to the coupling between chemical reaction and transverse velocity
gradients.

It can be seen from equations (4.41) that if the coarse-grained model is rep-
resented in terms of a single mode, the apparent mean velocity and effective
Damkdhler number depend on kinetics and may lead to unphysical results for
fast non-linear reactions. For example, the reaction term can change sign where
pDa R ({(c)) > —% and so on. The single mode model has other disadvantages

discussed elsewhere (Balakotaiah and Ratnakar, 2010). Therefore, we regularize

the local equations and express the low-dimensional model in multi-mode form as

follows:
0 <C> acm B
5 T (u) F Da {3)R({c),) =0 (4.44)
n Ocm , ;
(0 e = () = [(00) 5224 D (0.8) RG] + 00 445

where, the inlet and initial conditions can be simplified by using leading order ap-

proximations as follows:

em + pDa R (c) <i>x> -

(u

Cmin + pDa’ R (Cm,in) <X7 ucm> +0 (pQ) Q z= 0, (447)

{u)
800

(c) ={co)+p <F, %> +pDa R ({cy)) {x, o) + O (p2) @t=0 (4.48)

where ¢, i, = % is the inlet cup-mixing concentration. The local equations (4.45,

4.46) are regularized version of local equations (4.38, 4.39). It should be noted
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that the initial/inlet conditions for the reduced order model depend not only on
the transverse dependency of the inlet/initial conditions of the detailed model but
also contain order p terms that depend on the kinetics for the case of non-uniform
catalyst activity profile. [For an explanation of regularization and how it expands
the the range of validity of the reduced order model, we refer to the article by
Chakraborty and Balakotaiah, 2005].

The concentrations (c) and (c) are not easily measurable and not used in

w

practice. To express the reduced order model in a convenient form for applications,

we define two different inner products in fluid phase and washcoat as follows:

2 14X
), = Aﬂf//guge v (€,0) dédo : uvw:—//guge (£,0) dedo
(4.49)
where Ag, = m and Aq, = 7A(A+2). If ¢4 is the fraction of the cross-section
area of the channel open to flow and ¢, is the fraction of cross-section area of the

washcoat, i.e.,

Aq, 1 Aq
gr = = cande, =1—¢; =
T7 Aq, +4Aa, — (1+2) d

" B AA+2)
Ag, + Aa,  (1+N)7

(4.50)

then we can define the volume ratio of washcoat to flow channel (v,,) and capaci-

tance ratio (v) as

Vo= 22 and 4= Suew (4.51)
er ef
Thus the inner products can be written as follows:
u,v) +vU,v),
(u,v) = e vl + 7 () (4.52)

I+~
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and hence,

(4.54)

where (c), and (c),, are the cross-sectional average concentrations in fluid phase
and washcoat, respectively. c,,; is the cup-mixing concentration in the fluid-phase.
Now, integrating the dimensionless form of the full model equation (4.9) over the

fluid phase (2;), we get the averaged equation for fluid phase as follows:

27
a<0>f+% 1 {2 Oc

ot or <S>f T on

2o —_ 4.
o) 55l =7 (4.55)
0

&=1-

which is exact and valid to all orders in p (provided the exact flux J is also deter-
mined to all order in p). Similarly, integrating the same equation (4.9) over wash-
coat (1 < £ < 1+ \) with zero flux boundary condition (4.10) leads to the averaged
equation in washcoat as follows:

2(), 1172 e

Yw
w 1wy . - - = = 7
o T a R({c),) = (), o) oe
0

=17 (4.56)

£=1+ v

which is also exact in p for the case of linear reactions and accurate to O (p?) for
non-linear reactions. Here, J is the dimensionless diffusive flux from fluid phase
to the washcoat, averaged over the periphery of the fluid-washcoat interface. An

expression for the flux J can be obtained by subtracting equations (4.55) from
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equations (4.56):

0

el e sw+§(<c>f—<c>w)] (4.57)

It should be noted that only two of the above equations (4.55, 4.56 and 4.57) are
independent. They contain four unknowns, namely, the averaged concentration
in washcoat and fluid phase ({c),, and (c),), cup-mixing concentration (c,,;) and
peripheral averaged interfacial flux (). Hence, we need two local equations to
close the model. Using equations (4.44-4.48) and equations (4.53, 4.54) we can
write the difference between cross-sectional average concentrations in fluid phase,

washcoat and overall cross-section as follows:

o=t = = (@ =t0,) = 1= (=)

J— i u/ aC_m / a c . S/
= [(X7 >(9a: + (x,8) Da R({c),) — (x, >}_ (4.58)

while the difference between cup-mixing and cross-sectional averaged concentra-

tion in fluid phase can be written as follows:

Cm—(c); = <%> [<I‘ + lwx,u'> %L;n + <F + %X,B’> Da R ({c),,) — <F + le, s’>]
(4.59)
Now, we can write the averaged model in several forms in terms of various concen-
tration modes ((c);, (c),, : ¢ms, {c)) and interfacial flux (). However, as discussed
by Balakotaiah and Ratnakar (2010), we need at least three modes (two modes in
flow channel to express the effect of transients and convection, and one mode in

washcoat to describe the transients and reaction) to describe the various phenom-

ena accurately. The three mode form of the averaged model in terms of (c), , ciny
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and (c) is given by

aa<tc ) + (u) aac_; +(B) Da R ({c),) =0 (4.60)
Cm — (C) = i [(F u') % + Da (T, 8"Y R({c) )} +0(p?) (4.61)
" (u) ’ Ox ’ w
1 P N OCm , )
(D=0 =2 (10 = @) = &5 [0c) 52 + D ) RUA)| + 007
(4.62)
() = )y 7 (4.63)

with inlet/initial conditions as follows:

¢m + pDa R (¢,) (u, X)f = Cmn + PDa R (¢inin) (X, ucm>f +0 (p2) @ z=0,
(4.64)
300

(c) = (co) +p <F, %> +pDa R ({co)) (x,c0) + O (p°) @t =0 (4.65)

Here, the global equations (4.60) represents the reactant balance in the whole
domain (flow channel + washcoat) while the local equations(4.61, 4.62) represent
the concentration differences due to transverse diffusion and catalytic reaction in
the flow channel and washcoat.

We can also write the averaged model in other forms such as in terms of aver-
aged concentration in washcoat and fluid phase (<c>w and <c>f> and cup-mixing

concentration (c,,s) as follows:

d{c Cm
s Dent e [ b r(o,)] (4.66)
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Cmp — (€)= <i [< > gz <r+ e B > Da R((c)w)} (4.67)

ems — (), = [<% - %,u > ag;f + <% - %, > Da R((c)w)] (4.68)

Now, the local equation (4.67) is expressed in terms of the difference between con-

vective mode ¢,y and diffusive mode (c) , in the flow channel where the coefficient
<u> <F + L SoX, U > is the dimensionless Taylor dispersion coefficient that depends
on the volume fraction of the flow channel as well as the ratio of diffusivity in flow
channel and washcoat. The second coefficient % <F + %X,5'> represents the
effect of washcoat catalytic reaction on dispersion in the flow channel. The local
equations(4.68) represents the mass transfer between convective mode c,,; in the
flow channel and reactive mode (c),, in the washcoat. The corresponding inlet and

initial condition with O (p) modification are given by
Cmf +pDa R (Cmf) <X7 u>f = Cm,in + pDCL R (Cm,z'n) <X> ucin>f Q@ z= Oa (469)

0 /
() = {ero)y + 15— (L cro) p +pDa R (cpo) (X, ¢ro)p @ =0, (4.70)

and

0
— (T, cuwo),, + pDa R’ (cuo) (X Cuo), @t =0 (4.71)

<C>w = <Cw0>w +p8a:

As stated in the introduction, in the literature, the transfer coefficient concept is
used to express the interfacial flux in terms of the difference between various con-
centration modes that includes the interfacial concentration. This is examined in

the next section.

4.4 Interfacial flux and internal and external transfer coefficients
The peripheral average concentration and flux at the fluid-washcoat interface

play an important role in the understanding of the intra and interphase gradients.
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In this section, we introduce the peripheral average concentration mode and rep-
resent the interfacial flux in terms of the difference between various concentration
modes and determine the external or internal mass transfer coefficients, when they
are meaningful.

The peripheral average fluid-washcoat interfacial concentration is defined by

27 2w 1+

1 1
c(€=1,00d0=~[ [ € c(£,0) 65(¢ —1) dédb ; (4.72)
/]

" or
0

(cs)

where, §, (¢ — 1) is the standard cylindrical Dirac-delta function at the fluid-washcoat
interface (¢ = 1). Thus, the peripheral average surface concentration may be ex-

pressed as follows:

()= (0 =p (206~ 1)) = |(0.0) B2 4 (0,8) Da R (9,)] @73

where the transverse function o (¢, 0) is given by

Lo= 225, (6 1)1, 0<£<1+\ (4.74)
T

subject to the zero flux boundary condition at the outer surface of washcoat as

g—g i = 0 and the orthogonality constraint (¢) = 0. This can be further simplified
=1+
as follows:
or:Viop=—1 in Q
o feVi9s ! (4.75)
Ow : lViaw =—-1 in €,
w

subject to zero flux boundary, g—g i = 0, orthogonality constraint (o,1,) = 0
=1+
and the continuity oy = 0, at{ = 1. It must be noted that this transverse function

o (£, 0) does not satisfy the flux continuity at the interface due to presence of Dirac-
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delta function 6, (¢ — 1) . In fact, we can show from equations(4.75) that

1 8aw 1 AQ
- v == 4.76
(u 23 §1> (4.76)

T2
However, this condition is automatically satisfied when solved for o (¢, ). We have

a(ff

23

¢=1

listed & (&, 0) and coefficients ((c, ') (o, 3')) in equations (4.73) in Table 4.1.

Now, the interfacial flux can be expressed as follows:

_ 0 % e
J = 1—1—7{(% 7l?czlr€(<c>w)]

7 (92Cm / / acm
i {<x7u>fax—a§ ~ Da (x.0) R ((0),) ( ot +7wDaR(<c>w))} @4.77)

while the difference between cup-mixing concentration ¢,, and average interfacial

concentration ¢, using Table 4.1 may be expressed as follows:

Cmp—{cs) = D [<% - a,u'> 85?” + <% - a,ﬁ’> Da R((c)w)] (4.78)

() ] e

Similarly, the difference between average interfacial concentration ¢, and average

concentration in washcoat (c) ) using Table 4.1 as follows:

(o) = (€)= Ka - %, u> ag’;f + <o - %, 5’> Da R ((c)w)} (4.80)
ooy (27 + 3y3,8—(12+(157720w)2 Ln(1+7,)) {a;,;f B %Da R (<C>w)}

(4.81)

It can be seen from equations (4.77) and equations (4.80-4.82) that the difference

between the concentration modes (c,) and (c), is proportional to the interfacial
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flux J to leading order, i.e.,

() — (0, = " (27, +375 —2(1+7,) Ln(1+ vw))pj (4.82)

(872)

Equivalently, the interfacial flux can be expressed in terms of the difference (or
driving force), ({(c;) — (c),,) using the internal transfer coefficient concept (Balakota-
iah, 2008). The internal mass transfer coefficient is defined as the ratio of average

peripheral flux to the concentration difference, i.e.,

Koy = — . (4.83)

Therefore, the dimensionless internal mass transfer coefficient or Sherwood num-

ber (Shq;) may be expressed as

Eint Roy IV X N\
Sha; D. 10+ o )

273
— w 4.84
(274, + 372 —2(1 +7,)°Ln (1 +1,)) @89

[Here, Rq, is the effective washcoat thickness, defined as the washcoat cross-
sectional area over the fluid-washcoat interfacial perimeter]. The internal Sher-
wood number is plotted in Figure 4.2. We note that when the washcoat thickness
is small (¢, — 0 or vy, — 0), the curvature effect may be neglected and Shq; ap-
proaches the thin washcoat limit of 3, verifying the previous results of Balakotaiah
(2008) and Joshi et al. (2009).

In the chemical reaction engineering and heat and mass transfer literature, the
interfacial flux is also expressed in terms of the concentration modes ¢,,,; and (c;)
using the external mass transfer coefficient. We note from equations (4.77) and

4.79) that J is not proportional to the difference (c,,; — (cs)). It is also not pro-
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Figure 4.2: Variation of the internal Sherwood number with washcoat volume frac-
tion.
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portional to the difference <<c>f - (cs>>. However, combining equations(4.67, 4.77
and 4.79), we can express the flux in terms of the interfacial mode (c) and the two

external fluid phase modes c,,; and (c), as

J-%?@@N—@Q—%W>+O@) (4.85)

It can be seen from above expression that in the general case in which the trans-
verse or local gradients are due to the interaction of catalytic reaction, velocity
gradients and molecular diffusion in the channel and varying inlet or initial condi-
tions, the flux J can not be written in terms of difference between an external mode
and the interfacial mode but depends on both external modes and the interfacial

mode and must be expressed as

J=ar ({0 = )+ ({e), = () (4.86)

where a; = % and as = 2?4 for the fully developed laminar flow through cylindrical
channel. However, for the three special cases of steady-state conditions, or no
reaction case, or flat velocity profile, the the interfacial flux can be expressed in
terms of the difference (or driving force), (¢,, — (¢s)) using the external transfer
coefficient concept. The external mass transfer coefficient is defined as the ratio of
average peripheral flux to the concentration difference, i.e.,

2

2 | (=Ds 52|, )d0

2 or

kowg = —2 (4.87)
Cm — <Cs>

Therefore, the dimensionless external mass transfer coefficient or Sherwood num-
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ber (Sh.) may be expressed as

kext <4RQf )

h:
She D

(4.88)

[Here, d,, = 4Rq, is the hydraulic diameter of the flow channel defined as the
four times flow area over the fluid-washcoat interfacial perimeter]. Thus, in spe-
cial cases of steady-state conditions, or no reaction case, or flat velocity profile,
the interfacial flux can be expressed in terms of the difference (or driving force),

(cm — (cs)) as follows:

cmp — (cs) = Sh; pJ (4.89)

where the external Sherwood number Sh,. in these cases is given by

Sh = L—ai'—u’ 71:§
o =\ 75 11

1
v /T , 48~
She non—react — - — 0, = 4.90

: : 1+7<(u> ‘7“> 3+ 11y (4.90)

She,flat - ker,flat = Yw <<1 + ’7w> I'— 0',6/>71

= 8.
flat

In the next section, we simplify the general multi-mode model for these special
cases and give a physical interpretation of transfer/dispersion coefficients in the
final reduced order models. We also obtain the solution of the reduced order model

for some special cases and compare it with exact solutions when available.

4.5 Limiting cases of the reduced order model

4.5.1 Thin washcoat and wall reaction limits (¢, < 1)
When the washcoat thickness is small compared to the channel hydraulic di-
ameter, the curvature effect can be neglected and diffusion in the washcoat can be

treated by assuming that it is a flat layer. In this case, the main simplification is in
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the local equation that gives the difference between average interfacial concentra-
tion ¢, and average concentration in the washcoat (c),). For a thin washcoat, the

reduced order model equations may be expressed as follows:

a<C>f+3Cmf:_J:_{ 0 (€

= = o Da R ({c),, )} (4.91)

enp = =0 |55 (T52) %2t g (1) Darion)]  @o2)
enp = e =0 |~ (B2 St () panc)| a9
() = () = e |20t 2 par((o), ) (4.94)

with the initial and inlet conditions given by equations (4.70, 4.71). A further sim-
plification of the above model can be obtained if the gradients in the washcoat are
neglected without diluting the catalytic sites. This wall reaction case corresponds
to the limit of ¢,, — 0 (or v,, — 0) but 7L_t)o (7. Da) = Day is finite and of order unity.
For this wall reaction case, the differewnce between average interfacial concentra-
tion ¢, and average concentration in the washcoat (c),, vanishes and we obtain the

three mode model:

a <C>f + 8Cmf

Y o J =—Das R ({c),) (4.95)

Im
e — (C) ) = {481 — +2—14 Day R ({c >w)} (4.96)
Cmp — {(C)y =D [I_ﬁlang + é Day R((c)w)} (4.97)

which corresponds to the laminar flow through circular channel with catalytic re-
action at the wall (and the assumption of no accumulation of reactant on catalytic
sites on the wall). The above model equations were derived earlier by Balakotaiah

(2004), the main addition being the O(p) corrections to the inlet and initial con-
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ditions and the expression for the flux. We note that even for this widely studied

case, the flux at the wall is given by

7= (3 (c); — (c) — 2cmf) , (4.98)

which is the same expression as that obtained for a washcoat of finite thickness.
This limiting case is the simplest example that illustrates one of the main results of
this work, i.e., under unsteady-state conditions and when velocity gradients exist
in the fluid phase, the flux of the reactant to the wall cannot be written as a transfer
coefficient times the difference between any two concentration modes. Here, the
coefficient % is the dimensionless Taylor-diffusivity under non-reactive conditions.
The addition of wall reaction couples the three modes and adds the terms with
coefficients 2—14 and % in equations (4.96, 4.97). Only for the case of steady-state

conditions, the flux may be expressed in terms of two modes:

11 11
Cmp — (C),, = 5 pDas R ({c),) = 5 pJ (4.99)

where the coefficient 12 is the dimensionless external mass transfer coefficient
(Sherwood number, Sh.).
4.5.2 steady-state model:

An important limiting case that is of interest in applications is the steady-state
operation of the monolith. For this case, it is possible to solve the detailed model
to obtain analytical expressions for the reactant conversion for the special case of
linear kinetics and the limits of very small and large Schmidt numbers, or flat and
parabolic velocity cases (Bhattacharya et al., 2004a,b; Gupta and Balakotaiah,
2001). These solutions can be used to compare the accuracy of the reduced order

model.

For steady-state conditions, the multi-mode model describing the evolution of
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the cup-mixing concentration along the length may be expressed as

dcmf _
oo g (4.100)
J = v,DaR({c),) (4.101)

(27, + 372 —2(1 +7,)°Ln(1+7,))  Kp

_ w% (4.103)

with modified inlet condition given by
Cmf +pDa R (Cmf) <X7 u>f = Cm,in + R/ (Cm,m) <X7 Ucm>f @ r = O (4104)

The above model can be further simplified by eliminating the flux and the interfacial

mode (c,) to obtain a single differential equation coupled to an algebraic equation:

df{;;‘f +Da R ((e),) =0 (4.105)
Cms = (Cw _ 11 (27, +375 20+ Vo) LN (1+7,))
’ =YwDaR{(0),) |5+ 33

(4.106)

The term in square brackets of equations(4.106) defines the overall mass transfer

resistance which is defined, in dimensional form, as

27

5= | (=Dy 5:|,_,-)dd
ko = — . (4.107)

Cms — (C)

and in nondimensional form (overall Sherwood number) based on hydraulic diam-

eter, as
1 . Df . 1 1%
Sh, ~ Tk,Ra,  Sh. 47" She,

(4.108)

136



where the external and internal Sherwood numbers are as defined previously.
For the special case of linear kinetics (R ({c),) = (¢),,), the inlet condition given
by equations (4.104) simplifies to
(1+pDa x, ucin),;

— — ) 2
0) - <1 +pDCl X,U>f = 1 Cimin + O(p ) (4109)

Cmf

The second equality in equations(4.109) defines the Fourier coefficient o, which
approaches unity for p — 0 while Da is of order unity. This coefficient also depends
on the type of inlet release and approaches unity for the special case in which the
inlet concentration is independent of the transverse coordinates. This result is
consistent with analytical and numerical solutions presented in the literature (Bhat-
tacharya et al., 2004a,b; Gupta and Balakotaiah, 2001) where it was observed that
«; depends only on the product pDa and a; = 1 + O ((pDa)?). We note that for
nonlinear kinetics or for the case of fast reactions (where pDa is of order unity),
the inlet condition, equations (4.104) has to be solved in combination with the local
equation (4.106) to determine ¢,,;(0) and (c),, (0). As discussed elsewhere, these
equations could have multiple solutions (Gupta and Balakotaiah, 2001).

As stated earlier, an analytical solution may be obtained for the exit cup-mixing
concentration for the special case of linear kinetics. In this case, the solution of

equations (4.105, 4.106) and (4.109) leads to

2
Cmp(x) = [1+ O(¢] min exp 14 | (4.110)
P1+ g

where ¢? = py,Da. Thus, for the special case of linear kinetics and uniform inlet

condition, the exit conversion is given by

2
»%, =1 —exp (EL&) (4.111)
p [1 + ﬁ}
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Figure 4.3: Steady state exit conversion s corresponding to uniform feed condi-
tions versus transverse peclet number p at various Thiele modulus for wall reaction
case (comparison to exact solution).

This result shows the main advantage of the reduced order models, i.e., simple
and explicit expressions for quantities of practical interest (such as the exit reac-
tant conversion) in terms of the parameters characterizing the system. Figure 4.3
shows a plot of the exit conversion as a function of p for different values of ¢? for
the special case of wall reaction (where gbi = pDa, and Sh, = %). When the
predicted conversion is compared to the exact numerical solution (Bhattacharya
et al., 2004), the agreement is found to be excellent for small p and ¢? values (as

can be expected). While the model validity is restricted to small values of ¢, it is
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found that even in the limit of very high local Damkohler number or Thiele modulus
(gzﬁ — oo), the exit conversion is predicted with reasonable accuracy in the mass
transfer controlled regime:

Heoo = 1 —€xp (—%) pp <l (4.112)
p

Comparing equations(48a) with the exact solution (Balakotaiah and West, 2002)

Heooexact = 1 — 0.819 exp (—3?.#56) ip<l1 (4.113)

we observe that the first Fourier coefficient and the asymptotic Sherwood number
decrease by about 20 and 30%, respectively as ¢* increases from zero to infinity.
As discussed elsewhere (Tronconi and Forzatti, 1992 ; Joshi et al., 2009a), the
accuracy of the low-dimensional model may be improved by making a; and Sh,
a function of position and ¢. Also, as stated in the introduction, the main advan-
tages of the reduced order model are for nonlinear reactions, where the bifurcation
features can be analyzed more easily, and the determination of kinetics or effective
diffusivity from measured exit conversions. While these applications are the main
motivation for the present work, we do not pursue them here.
4.5.3 Taylor dispersion with diffusion into the washcoat

The third limiting case we consider is that of transient dispersion of a non-
reactive solute in laminar flow in a channel with diffusion into the porous washcoat.
In this case, the reduced order model may be simplified by setting Da = 0, which

gives

5 (u) B 0 (4.114)
Cmyp — (€) = % (T, u') % +0(*) (4.115)

139



with inlet/initial conditions as follows:

cmf:(ucfin)f+0(p2) Q@ =0 (4.116)
<c>:<c0>+p<r,%>+0(p2)@t:() , (4.117)

where the first equation (4.114) represents the species balance in fluid plus wash-
coat and second equation (4.115) is due to solute transfer between convective
mode c¢,,,; and stationary mode (c). It should be pointed out that this case was
considered by Balakotaiah and Chang (2003) but they did not derive the O (p) cor-
rections to the inlet and initial conditions. For this non-reactive case, the model can

be written in terms of single convective mode c,, in hyperbolic form as follows:

8cmf acmf 826mf .
5 T (W g trA o =0 (4.118)
Cmf = Cmyin Q z= 0, (4119)

0 0
Cmf:<CU>+p<F7a_Z?>+%<F,UI>% @t=0. (4120)

The last term in equations(4.118) represents the Taylor dispersion term that arises
due to velocity gradients and transverse molecular diffusion. The dimensionless

dispersion coefficient A is given by

1
A = —— ()
(u)
(14 6v+ 1172) > 5 9
= - 29, 4+ 372 —2(1+7,)°Ln(1+1,)] -
48 (1 4+7)? E%(lJr’y)Q'y%U[’y v (1+7) (1% 7.)

(4.121)

It is interesting to note that the first term on R.H.S. of equations(4.121) is same as
that derived by Balaokotaiah (2004 ) for capillary chromatography, where ~ repre-

sents the capacitance ratio of solid to fluid phases. Since the advantages of the
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hyperbolic model were discussed by Balakotaiah and Chang (2003), Mikelic et al.
(2006) as well as other authors, we do not repeat them here. In stead, we consider
the evolution of inlet condition only (i.e., ¢ = 0) and present solutions of the above
model for a pulse input as these results are of practical interest in determining the
effective diffusivities of species in porous washcoat. We examine the residence
time distribution (RTD) curve or the dispersion curve which is the exit concentra-
tion ¢, (x = 1,t) corresponding to a unit impulse (Delta function) input in the fluid
phase ¢,,;(0) = 6 (¢). It can be seen easily from equations(4.118-4.120) that the

dispersion curves in Laplace domain (¢ — «) and time domain are given by

E(a) = exp (—L> (4.122)

(u) + pAa
1+ () t)

e (58) o 3 ()

The cumulative RTD function F'(¢) is the integral of the density function E(t). These

(4.123)

are plotted against time for typical values of values of parameters used in monolith
applications: p =1, ¢, = 0.8 and ¢, = 0.5 (or, p = 1, 7, = 0.25 and v = 0.125),
in Figures 4.4 and 4.5, respectively. [Note: The Dirac-delta function of magnitude
exp (—ﬁ) is not shown in Figure 4.4]. It is interesting to note that the dispersion
curve has longer tails for higher value of the diffusivity ratio . This is due to the
fact that the solute is trapped in the washcoat and takes much longer time to exit
the system when the diffusivity in the washcoat is small compared to that in the
fluid. [In catalytic after-treatment applications, typical ;. values are between 10 and
1000]. It should be noted that the model results are only qualitatively correct for
very large values of u since scale separation breaks down in the limit 1 — oo.
(Note: In deriving the model, we have implicitly assumed that . is of order unity, or

equivalently the diffusion time of the reactant in the washcoat is small compared to

the convection time. Thus, the reduced order model is accurate for large values of
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Figure 4.4: Predicted dispersion/RTD curves for non-reacting case corresponding
to various diffusivity ratios p at ¢, = 0.8, ¢, = 0.5 (or, v,, = 0.25, v = 0.125) and
p=1

w1 only if up is small).

The dimensionless variance of the dispersion curve is given by

o2 = 2pA (4.124)

which is shown in the Figure 4.6 against ¢ for ¢,,. = 0.5 at various diffusivity ratio
1. We see that as expected, the variance increases as the washcoat thickness

increases, i.e., the more solute get trapped in the washcoat if its thickness is large.
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t

Figure 4.5: Predicted cumulative RTD function or F-curve for non-reacting case
corresponding to various diffusivity ratio y» at e; = 0.8, ¢,. = 0.5 (or, 7, = 0.25,
~v=0.125)and p = 1.

It can also be seen from equations(4.121) and (4.124) that the variance increases
linearly w.r.t.. the diffusivity ratio ;. for any value of ;. However, in the limit of very
thin washcoat (¢; — 1), we get the Taylor limit given by o7, = Z.

In the limit of small p and large times, the dispersion curve is simplified as

follows:

B (t) = \/;m (%)4@@ (_piA( o) - 1)2) (4.125)
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Figure 4.6: Dimensionless dispersion coefficient for various difusivity ratios for
Taylor dispersion with diffusion into washcoat with parabolic velocity profile for

Ewe <: l) =0.5.
Y

equations(4.125) indicates that instead of the extremely rapid Gaussian decay of
the density function at large times from the mean value, the tail of the dispersion
curve decays much more slowly as 1 exp (—% t). This result and equations(4.121)
may be used to determine the value of i, from measured RTD curves.
4.5.4 Flat Velocity Profile

The last limiting case we consider is that of a flat velocity profile in the channel.

This limit may be attained in developing laminar flows with a low Schmidt number.
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The transverse functions for this case are listed in the Table 4.2.

Table 4.2: Transverse functions and coefficients for flat velocity profile/developing
flow

i — 1 _¢2_ 204
Fluid Iy= 4(1+v)§ 8(1+7)2 ,
a Y 270 + 375 = 2(1+7,)" Ln (1 + 7,)]
1
Ex Washcoat T, W [ +2(1+7,)Ln (O] + 555
+ g (27 + 47 3970 = 2y (L) Ln (14 ,)]
i — _ & (+2)
Fluid of=—x+ 8(1——&;) ,
ety (27w 370 — 2(L+7,) Ln (1 +7,,)]
o
Washcoat o, = £ [~ 5 +2(1+7,)Ln (O] — 555
2
+ sy (270 470 + 3778 — 27 (1 7,) L (14 7,)]
(L, u)
72 /
- 2 72 2
= s T sagrr (27w 395 —2(L+9,) L (1+9,)]
_% <X>u,>
_% <F76,>
2
<O7 u,> = (1+'Y)2 + 8(1+7)2 2 [27111 + 3/7121; —2 (1 + ’7w) Ln (1 + rywﬂ
_% <O-75/>
or 9l
2 6 e=1- (1+7)
9x Y
2% |- | T

For this special case, the cup-mixing concentration c,,; and fluid phase aver-
aged concentration (c), are identical and the intraphase dispersion terms due to

velocity gradients vanish. It can also be seen from Table 4.2 and equations (4.77
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and 4.78) that the difference between external modes (c,, and (c;)) is proportional
to the interfacial flux and can be written using the external transfer coefficient con-

cept. Thus, the reduced order model can be simplified in this case as follows:

d(c c ¢
<at>f * 8@? =—J== ”Yaggw + 7, Da R((c),) (4.126)
_ (872) ({es) —{c),) 8 A
27, 372 —2(1 4+ 7,)°Ln (1 +,)] 0p —p( m — (cs)) (4.127)

We note that the expression for the internal Sherwood number has not changed
and is identical to that obtained for the parabolic case while the external Sherwood
number has changed from ‘1‘—? to 8. The inlet and initial conditions are in similar form
as in equations(4.70, 4.71) except that the transverse functions and coefficients
should be determined by Table 4.2. For the case of no reaction, the evolution of

inlet condition is simplified to the form of telegrapher’s like equation as follows:

ol Ocmp  p(L—{(u) (Pcmy  Pcmy
= 412
o T T oz owor ) = (4.128)
8Cmf
ot

Crmf = Cmyin Qr =0; ¢y = =0 Q=0 (4.129)

where, Sh, is overall Sherwood number. The above equations (4.128, 4.129) can

be simplified further by using the leading order approximation,

8cmf . 8cmf
ot () ox

+ O (p)

to write in terms of mixed derivative form of the hyperbolic model:

2
Oc Ocmf +pAa Cm

or T, 9201

=0, 2,t >0; ¢ =Cpin @ z=0. (4.130)

We note that the above model is of the same form as the reduced order model
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for Taylor-dispersion with diffusion into the washcoat with parabolic velocity profile

except that the dimensionless dispersion coefficient A for this case is given by

2 2
A - L gl (. L w1
Sh, \ 1+~ 1+~ She fiat 4 Shg;

<L>2FJFM[2vw+3vi—2(1+7w>2'-”(1+7“’ﬂ] (4.131)
1+

8 (872)

and is plotted in Figure 4.7 against ¢ for ¢,,. = 0.5 at various diffusivity ratio . We
see that as expected, the variance increases as the washcoat thickness increases,
i.e., more solute is trapped in the washcoat if its thickness is more. Thus, even with
the flat velocity profile with no reaction case, the RTD curve is asymmetric and may
have longer tail if the diffusivity ratio . is high.
4.5.5 Comparison of Two-phase and Reduced Order Models

As discussed above, the reduced order model derived here leads to the same
results as those obtained by the traditional two-phase model for steady-state con-
ditions. However, in the transient reacting case where the cross-section average
concentration <c>f and cup-mixing concentration c,, differ at order p (given by equa-
tions 4.59), the two-phase model may lead to an error in the solution at order p.
We demonstrate this here by examining the accuracy of the two-phase model by
comparing the solution with that of the reduced order model for the case of wall
reaction or very thin washcoat (¢, — 0). In this case, the traditional two-phase

model (in dimensionless form) is given by

8Cmf (‘3cmf . o
5 T oy — 7= DasR{a,) (4.132)
ey = 2ps = 2 Da, R(()) (4.433)
Cmf ¢ w 48p - 48p Qs & w 5 .
Cmfly—g = Cman (t) @M eyl = 0. (4.134)
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Figure 4.7: Dimensionless dispersion coefficient for various difusivity ratios for Tay-
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The above model may be solved to determine the exit concentration for the case of
linear kinetics. In the Laplace domain (t — «), the solution (transfer function) may

be expressed as

Etwo—ph(zse (Oé) DCLS
IR = exp | - — 4.1
Crm,in () P { (Oé " 1+ i—épDas)} (#.139)

Similarly, for the case of wall reaction, the reduced order model describing the

evolution of inlet condition, in dimensionless form, may be expressed as follows:

a<c>f + aCmf _

g = )y =1 | 75 52+ 34 D RG] (@.137)
Cmp —{C), =D {I_gang + é Da, R((c}w)] : (4.138)

=0. (4.139)

Cmfl,—g = Cm,n (t)  and (c)f o

It can be seen that the main difference between the reduced order model, equations(4.136-
4.139), and the two-phase model, equations(4.132-4.134), is the (Taylor) disper-
sion in the fluid phase. The two-phase model does not distinguish between the
cup-mixing concentration ¢,, and the cross-section average concentration (c) ;. As
we have shown above, in general, the difference between c,, and (c), is of order
p and hence can not be ignored. This difference may be higher for non-uniform
feeding of solute. For example, for a feed at the central location of the channel, the
cup-mixing concentration is twice the average concentration, i.e., ¢,, = 2{c);.

When the reduced order model, equations(4.136-4.139), is solved for the exit
cup-mixing concentration for the case of linear kinetics, the solution (transfer func-

tion) in Laplace domain («) may be expressed as

(o) o + Da, 4 poDes
C_ . = &Xp |~ pa 11 ° po . (4140)
Cmjin (@) 14+ 2 4+ Uppa, (14 22)
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Thus, the ratio of exit concentrations predicted by the traditional two-phase model

and the reduced order model can be simplified to order p as

Etwo—phase (CV) 1 £ 2
T ) 1 48a(oz+6Das)—|—O(p ) (4.141)

Since the reduced order model is accurate to order p, it can be seen from equations
(4.141) that the two-phase model has an error of order p (as can be expected
intuitively). This error may be significant even at low-frequencies ( or slowly varying
inlet conditions), depending on the values of transverse Peclet number p and the
Damkohler number, Da,. Similarly, the error may be significant at moderate to high
frequencies even for small values of p. For example, for typical values of o ~ 1,
p~ 0.2, Da, = 10, the error in two-phase model is about 25%. Thus, for the general
transient reacting case, where the dispersion effect in the fluid phase is significant,

the use of three-mode reduced order model is recommended.

4.6 Conclusions and Discussion

The main contribution of this work is the derivation of an averaged multi-mode
model for a monolith reactor with a porous washcoat on the wall. The reduced
order model given by equations(4.66-4.71), consists of the governing equations
along with the initial and inlet conditions to first order accuracy in the transverse
diffusion time. We have also examined various limiting cases of the model and
given a physical interpretation of the various terms and the effective coefficients
that appear in the reduced order description.

A second contribution of this work is the derivation and interpretation of an ex-
pression for the flux of the reacting species at the fluid-washcoat interface and how
it may expressed in terms of various concentration modes. We have shown that
for steady-state conditions, the interfacial flux may be expressed as the product

of a transfer (exchange) coefficient times the driving force, and the driving force
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appears as the difference between the two concentration modes. This traditional
description also applies when the velocity gradient in the fluid phase is neglected
or in the absence of reactions. However, in the general case of varying inlet condi-
tions, velocity gradients and reaction in the washcoat, the interfacial flux depends
on the interfacial mode as well as two external concentration modes, namely, the
cup-mixing and fluid phase average concentrations. In our view, this is an impor-
tant result that extends to many other multi-phase reacting systems (e.g. gas-liquid
and gas-liquid-solid reactors).

The results of this work also support our earlier observation that a minimum
number of modes are required in the reduced order description of reacting sys-
tems so that the reduced order model captures the main qualitative features of the
detailed model. As shown in this work, a reduced order model expressed in terms
of single concentration mode (that can not be related to directly measurable quanti-
ties) has a much smaller domain of validity in the parameter space compared to the
regularized multi-mode form. For example, a single mode model may lead to un-
physical results (such as negative effective diffusivity), especially for fast reactions
or short times. Single mode models are also ineffective in distinguishing between
kinetic and mass transfer controlled regimes. In contrast, regularized multi-mode
models using the concept of transfer or exchange between various modes do not
have these deficiencies.

As stated in the introduction, the main utility of the reduced order model de-
veloped here is in the real time simulations of catalytic after-treatment systems in
which the inlet conditions vary with time (Joshi et al., 2009a). The models used
in these simulations do not make a distinction between (c); and ¢,,; and hence
ignore the dispersion in the fluid phase. As shown in this work, the error due to
this approximation for general transient reacting case is of order p. This can be

significant even for low frequency inlet condition, depending on the value of the
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Damkohler number. In addition, even for small p, the error may be large for inlet

conditions having variation with moderate to high frequency.
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Chapter 5 Summary and Future Scope of the Work

5.1 Summary
We presented a systematic averaging procedure based on the Lyapunov-Schmidt

(L-S) method for deriving coarse-grained low-dimensional models from the de-
tailed diffusion-convection-reaction equations for various reactors such as catalytic
monoliths, tubular reactor and two-compartment system. We demonstrated the
several advantages of this method compared to other methods presented in the lit-
erature such as center manifold (CM) or method of moments. For example, (i) the
L-S method can be applied to steady-state or equilibrium models where the gov-
erning equation is not an evolution equation either in space or time. In contrast,
the CM method has limited applicability to such models. (ii) In the L-S method, the
base state can be time dependent, and, time dependent inlet conditions/sources
can be treated. In the CM method, base state (fixed point) is generally assumed
to be time independent. Also, in the CM approach, the initial/inlet conditions are
assumed to be close to the fixed point. In contrast, there is no restriction on ini-
tial/inlet conditions in the L-S technique. (iii) When applied to the averaging of
transient models, the L-S method can capture exponentially small terms in time
while these terms are ignored in the CM method. As illustrated earlier, the L-S
method leads to reduced order model containing higher order derivatives in time
when a perturbation expansion is used for small p. These higher order time deriv-
atives extend the validity of the model to short times (or, capture the exponentially
small transients). (iv) When a perturbation expansion is used to solve for the CM,
the range of validity of the CM expansion can not be greater than that given by

wp

< 1, where ~ is the real part of eigenvalue close to zero and w is frequency or

wave number. In contrast, when a perturbation expansion is used to solve the local

equation in the L-S method, the region of convergence of the expansion appears
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to be at least as large as that given by

wp
5

< 1. In addition, time scale separation
is convenient but not necessary in the L-S formalism. In contrast, the application
of CM method requires time scale separation.

When there is scale separation in the detailed model, the L-S method is equiv-
alent to the exact Maclaurin’s series expansion of the detailed model in terms of
the small parameter representing the scale separation. While we have illustrated it
here only for few cases, it can be applied to a wide range of reacting as well as non-
reacting cases described by diffusion-convection-reaction models. For the case of
classical Taylor dispersion problem and two-compartment system, we have derived
the reduced order model to all orders in the transverse diffusion time. By summing
the resulting infinite series in closed functional form, we were able to show that
the reduced order model derived by the L-S technique is exact. For example, in
case of laminar dispersion, it can predict the moments of the solute distribution
exactly for all times. In case of two-compartment model where exact solution can
be determined, the reduced order model matches the exact solution when all order
of terms are included. Here we also show that the higher order terms (appear-
ing as higher order time derivatives) in reduced order model contribute less to the
spreading process at longer times but are very important at shorter time.

We analyze the solute dispersion at short times using the coarse-grained model
derived spatial moments for general sources including point sources. Specifically,
we have shown that there is no centroid displacement or variance deficit in the
solution. For a point release at (rg, 0y), the centroid moves with the local fluid
velocity u(ry) at short times while it moves with the mean velocity at large times.
Thus, it is not possible to predict the location of centroid (and hence the second
central moment or the variance) correctly by any coarse-grained model that is not
valid for t — 0. Similarly, the short time approximation of variance shows that solute

spreading process evolves with pure diffusion for ¢ — 0, and after some critical time
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Tcp = Z—Z;'g, convection effects start to contribute and introduce asymmetry in the

concentration distribution. For long times (t > 7p = %), the spreading process

L1

VP
Pe, =~ O(1)). Thus, the solute spreading process may be divided into three time

is governed by the Taylor (when Pe, ~ O(-=)) or Taylor-Aris mechanism (when
intervals; 0 < t < 7¢p where axial molecular diffusion dominates, ¢t € (r¢p,7p)
where the dispersion is due to the combined effects, and ¢t >> 7, where convection
and transverse diffusion dominates. Our analysis in section 4.1 also shows that for
the practical case of Pe, >> 1, the skewness of the solute concentration profile
increases as (%) for short times while it decreases as \/? for long times. Thus,
while the Gaussian profile is approached for t — oo, the skewness is never zero
for any finite time and goes through a maxima for ¢ values of order 7. In our view,
this important observation has not been recognized in the literature.

We show the clear distinction between the dominant convective mode repre-
sented by the cup-mixing concentration (c,,) and the dominant diffusive mode rep-
resented by the cross-sectional averaged concentrations ({c)). These modes arise
naturally and quantify the local gradients more accurately in terms of transfer coef-
ficient as compared to the traditional use of a single concentration mode with dis-
persion coefficient. In our opinion, there is a fundamental physical inconsistency in
representing the Taylor dispersion phenomenon using a single diffusive mode (the
cross-section averaged concentration) and its large scale gradient. This parabolic
description of the dispersion flux, first used by Taylor and later by many others,
makes the local phenomenon of exchange of solute between the (fast moving or
large scale) convective mode (c,,) and nearly stationary and small scale diffusive
mode((c)) into a large scale phenomenon (effective diffusion on the larger scale).
It is mainly for this reason, the traditional coarse-grained parabolic models fail to
describe the solute dispersion process accurately for short times or for the case of

a reactive solute, for fast reactions and for finite values of the transverse diffusion
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time. In fact, the single mode description of the Taylor dispersion phenomenon for
reacting flows in terms of (c¢) can lead to negative effective dispersion coefficients!
Based on these and other comparisons, we conclude that Taylor dispersion phe-
nomena are better described in terms of hyperbolic models using either a single
convective mode (for the non-reactive case) or multiple concentration modes cou-
pled through the concept of a transfer coefficient. It is one of the most important
result for developing the low-dimensional model for various complex systems.

Here, we derive and interpret an expression for the flux of the reacting species
at the fluid-washcoat interface and how it may expressed in terms of various con-
centration modes. We have shown that for steady-state conditions, the interfacial
flux may be expressed as the product of a transfer (exchange) coefficient times
the driving force, and the driving force appears as the difference between the two
concentration modes. This traditional description also applies when the velocity
gradient in the fluid phase is neglected or in the absence of reactions. However,
in the general case of varying inlet conditions, velocity gradients and reaction in
the washcoat, the interfacial flux depends on the interfacial mode as well as two
external concentration modes, namely, the cup-mixing and fluid phase average
concentrations. In our view, this is an important result that extends to many other
multi-phase reacting systems (e.g. gas-liquid and gas-liquid-solid reactors).

The main utility of the reduced order model developed here is in the real time
simulations of catalytic after-treatment systems in which the inlet conditions vary
with time. Therefore, we show that a minimum number of modes are required in
the reduced order description of reacting systems so that the reduced order model
captures the main qualitative features of the detailed model. As shown in this
work, a reduced order model expressed in terms of single concentration mode
(that can not be related to directly measurable quantities) has a much smaller

domain of validity in the parameter space compared to the regularized multi-mode
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form and may lead to unphysical results (such as negative effective diffusivity),
especially for fast reactions or short times. Single mode models are also ineffective
in distinguishing between kinetic and mass transfer controlled regimes. In contrast,
regularized multi-mode models using the concept of transfer or exchange between
various modes do not have these deficiencies. For example, the models used for
catalytic monoliths in the literature do not make a distinction between (c) ; and ¢,
and hence ignore the dispersion in the fluid phase. As shown in this work, the error
due to this approximation for general transient reacting case is of order p. This can
be significant even for low frequency inlet condition, depending on the value of the
Damkohler number. In addition, even for small p, the error may be large for inlet

conditions having variation with moderate to high frequency.

5.2 Future Scope

Now we discuss some possible extension of the work. Here, we applied L-S
procedure for diffusion-convection-reaction in simple geometries with linear kinet-
ics. One straightforward extension is for other flow geometries such as porous
media or washcoat with arbitrary shapes and to include effect of axial diffusion in
both the solid and fluid phases. A second possible extensions is to include the non-
isothermal effect and multiple reacting species and average the coupled species
and energy balances simultaneously. A third possible extension is to derive higher
order averaged models and examine the convergence of the reduced order model.
For the case of flow in a tube with a wall reaction, our earlier work has shown
that whenever the local expansion does not converge, it is possible to obtain az-
imuthally asymmetric solutions. In our view, convergence and accuracy aspects

are an important component of reduced order description of chemical reactors.
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Chapter 6 Introduction

6.1 Preamble

One of the main activities of the production engineers is the reservoir stimula-
tion where a solvent is injected into the formation. It has been observed that the
hydrocarbon production rate decreases with time as a result of production opera-
tions. In particular, when hydrocarbons flow from far-field to the wellbore during
production, particles eroded from the reservoir migrate and deposit near wellbore
region that restrict the flow of hydrocarbons into the well. Similarly, formation dam-
age near the wellbore during drilling operation reduces the flow conductivity in the
reservoir that again leads to diminution of hydrocarbon production. Therefore, ma-
trix stimulation is very necessary to enhance the permeability of the damaged zone
near wellbore region to increase the production rate. Figure 6.1 shows a schematic
diagram of a reservoir with damaged zone near wellbore. Typical radii of wellbore,
damaged zone and reservoir are 0.33 ft, 1 —10 ft 500 — 2000 ft, respectively. The per-
meability of the damaged zone, K4, is much lower (typically 10 times lower) than
the permeability, K,.,, of the undamaged reservoir (Economides, 1993). There-
fore, a solvent is injected into the formation for matrix stimulation to dissolve some
of the material present that greatly enhance or recover the permeability of near the
wellbore region.

The most common matrix treatment is acidizing where an acidic solution such
as mineral acids like HCI, organic acids like formic or acetic acids, chelating agents
like EDTA is injected into the wellbore (William et al., 1979; Schechter, 1992;
Economides et al., 1993; Economides and Nolte, 2000). It involves dissolution
of the rock by a reactive fluid that enhance oil flow to the wellbore and increases
the hydrocarbon production rate from a reservoir. When an acid is injected through

the wellbore, it dissolves the formation rock and increases the flow conductivity.
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Well-bdre Treatment-zone

Figure 6.1: Schematic view of a wellbore, damaged zone and reservoir.

Dissolution results in the production of CO, from the acid-carbonate reactions as

follows

CCLCO3+2H+ — C’a2+H20+C'O2

Ca Mg (CO3)y +4 HY « Ca*" + Mg*" + 2H,0 + CO, (6.1)

where, calcite (Ca C Os3) is the typical carbonate. C'O, is assumed to be in the
liquid phase under high pressure reservoir conditions. HC' is the most commonly

used acid because it is inexpensive and reacts with the carbonate with a high rate
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of reaction. Slower reacting acids like organic acids or the chelating agents are
used when the reservoir temperature is high or when retardation of reaction rate
is desired. As the acid penetrates into the porous rocks, it dissolves the rock and
increases the flow conductivity by creating conductive channels called wormholes
(Daccord, 1987; Hung et al., 1989; Hoefner and Fogler, 1988; Fred and Fogler,
1998, 1999; Bazin, 2001). The wormholes bypass the damaged zone around the
wellbore, leaving highly permeable channels for oil to flow back after the treatment.
The formation of wormholes depends on various factors such as acid injection
rate, volume of acid injected, types of acid, mineralogy, heterogeneity (i.e., non-
uniformities in porosity or permeability) in the formation and temperature (Williams
et al., 1979, Wang et al., 1993; Fred and Fogler, 1998, 1999; Buijse, 2000; Panga
et al., 2005; Kalia and Balakotaiah, 2007, 2009, 2010). For example, the uniform
dissolution patterns are formed at very high injection rate while face dissolution pat-
terns are formed at very low injection rate (Fredd and Fogler, 1998) as can be seen
from Figure 6.2. Similar effects on dissolution patterns at various injection rates are
observed in other experimental studies (Economides et al., 1993; Economides and
Nolte, 2000; Golfer et al., 2002). These experiments are performed with a core of
few inches, where acidic solution is injected at constant rate and pressure at the
exit is fixed. When acid is injected at a very high rate, it penetrates into the medium
but gets out unreacted due to insufficient residence time. As a result, the porosity
of the medium increases slowly and uniformly that leads to an uniform dissolution
pattern shown in Figure 6.2. At low injection rates, most of the acid is spent just
before it can penetrate further into the medium. As a result, the whole face of the
medium get dissolved as flow of acids proceeds that leads to a compact or face
dissolution pattern shown in Figure 6.2. At intermediate flow rates, resident time
is comparable to the reaction time and hence narrow conductive channels called

wormholes are created shown in Figure 6.2. Thus, though acid injection increases
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Figure 6.2: Dissolution patterns formed at different injection rates of acidic solution
(Fredd and Fogler, 1998).

the flow conductivity of reservoir near the wellbore, due to difference in dissolution
patterns at various injection rates, different rates of permeability enhancement is
observed at different injection rates (Fredd and Fogler, 1998) as shown in Figure
6.3. However, It is interesting to note from this Figure that the rate of increase
in permeability is non-monotonic with injection rate of acidic solutions, the maxi-
mum rate of increase in permeability corresponds to some intermediate injection
rate (0.06 cm? min ') while low injection rate (0.01 cm? min~') or high injection rate
(1.0cm®min~') of acidic solution leads to comparably slower increase in perme-

ability as can be seen from Figure 6.3. In fact, when the amount of acid required to
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Figure 6.3: Increase in permeability due to dissolution with 0.25 M EDTA at various
injection rates in a core (0.8-2 mD) of length 10.2 cm and diameter 3.8 cm (Fredd
and Fogler, 1998).

increase the permeability by a given factor is noted for different types of patterns,
it is found that the formation of wormholes requires the least amount of acid. This
may be seen from breakthrough curve as shown in Figure 6.4, where the amount
of acidic solution required in each experiment is plotted against the injection rate.
Here, the number of pore volume of acidic solution is defined as the ratio of total
volume of acidic solution injected and the initial pore volume of the rock at break-
through and Q is the injection rate of the acid; and breakthrough is defined when
permeability of the core increases by a certain factor (100 in this case) from its
initial value.

Figure 6.4 shows that breakthrough curve has a minima where optimum amount

of acid corresponds to some intermediate injection rate, (),,.. The existence of the
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Figure 6.4: Breakthrough curve (here, pore volume to breakthrough is defined as
the number of pore volume of acidic solution injected to increase the permeability
of the core by a factor 100).

optimum is due to the competition between transport and reaction phenomena. In
other words, the optimum exists when residence time (time available for a partic-
ular proton to be in contact with the carbonate rock due to transport of acid) is
comparable to the reaction time (the time it will take to consume a proton when it
is in contact with the carbonate rock). Therefore, the injection rate higher or lower
than @,,: leads to the higher pore volume of acid required for breakthrough as can
be seen from Figure 6.4. This is because when acid is injected at higher rate,
its resident time is smaller, i.e., it has very little time to react and hence, the core
permeability increases very slowly (Figure 6.3) and the number of pore volume re-

quired for breakthrough, PV g is larger. Similarly, when acid is injected slowly, it
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Figure 6.5: Breakthrough curve and wormhole patterns for various acids with dif-
ferent reactivity.

has more than enough time to react so lots of acids get consumed unnecessarily
but acid front proceeds very slowly. As a result, in this case, the permeability in-
creases slowly (Figure 6.3) and higher PV gt is required. Due to the same reason,
lower optimum rate is observed for low-reacting acids as can be seen from Figure
6.5 where breakthrough curve and wormhole patterns are demonstrated for acids
of different reactivity. Here, HCL is the strong acid and DTPA is the weakest one.
From wormhole patterns in Figure 6.5 for various acids, it can be seen that the
diameter of the conducting channel (wormhole) is bigger for slow reacting acids.
Since wormhole pattern is formed corresponding to some optimum injection
rate where PV (the pore volume of acidic solution required for breakthrough)
is minimum, the wormhole formation is of great importance for the economic pur-
poses. While the experimental discussed above describes the influence of some

of the factors on optimum injection rate (Q),,:), one of the main design parameters
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of interest, and on wormhole formation, they do not provide sufficient insight into
scale-up of laboratory results on to actual field-scale treatments. For example, in
laboratory experiments where length of the core is larger than the diameter of the
core, only one conducting channel (wormhole) is formed while at the field scale
where the height of treatment zone is much larger than the radius of penetration,
several conducting channels (wormholes) are formed. Similarly, the quantitative
analysis from these experiments is not straightforward. In addition, most of these
studies are performed for Newtonian type acids, which in case of heterogeneity in
the reservoir (permeability variation within the reservoir), flow preferentially to the
high-perm region and increase its permeability further. As a result, more acids are
drawn to the high-perm region that over-stimulated the high-perm region while the
low-perm region is under-stimulated. Therefore, diverting acids like gelled acids,
surfactant based viscoelastic acids or emulsified acids are used in the field to get
more uniform stimulation (MaGee et al., 1997; Buijse and Domelen, 2000; Chang
et al., 2001; Lynn and Nasr-EI-Din, 2001; Taylor and Nasr-EI-Din, 2003; Nasr-El-
Din et al., 2006, 2008; Gomaa and Nasr-El-Din, 2010; Gomaa et al., 2011).

In-situ gelled acids use pH to control the cross-linking of the polymer chains in
the solution, which controls the fluid viscosity and flow diversion. For example, at
very low pH, polymer chains are not cross-linked but as pH increases to a certain
point, they start cross-linking until pH exceeds some limit (Rose, 2004; MaGee et
al.,, 1997). Therefore, when a in-situ gelling acid at very low pH (and hence low
viscosity) is injected, it preferentially flows to the high-perm zone and dissolves it.
Consequently, the pH of the fluid increases as it gets spent at the rock face. Once
the pH reaches to certain range, the polymer chains in the fluid start cross-linking
and form a gel that creates a plug of high resistance (low mobility) in the high-perm
zone and divert the fluid from high-perm to the low-perm region where the flow

resistance is lower. Thus, the diversion of the acid leads to stimulation of hard-
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to-access low-perm zones and increases the overall permeability of the reservoir
uniformly. The following section gives a summary of experimental and theoretical

studies performed on acidizing.

6.2 Literature Review

Several experimental and theoretical studies have been performed to predict
conditions under which wormholes are formed and to understand the effect of in-
jection rate, temperature, reaction kinetics, geometry of the system, heterogeneity,
mineralogy etc. In the following sections, we briefly review the experimental obser-
vations and predictions by existing models in the literature on wormhole formation.
6.2.1 Experimental Studies with Newtonian Acids

One of the earliest works on carbonate acidization has been reported by Williams
et al. (1979) where highest possible injection rates was recommended to avoid
face dissolution near the well-bore. The earlier studies were based mostly on lime-
stones (Lund et al. 1973, 1975) where hydrochloric acid (HCI) were injected from
one end of the linear core. In these studies, one wormhole with multiple branches
were observed. Experiments on radial and linear cores made of plaster were per-
formed by Daccord et al. (1987, 1993a, 1993b) where water is used as injecting
fluid. Since plaster is soluble in water, the patterns in these studies found to be
similar to the patterns formed during reactive dissolution of a porous medium with
an acidic solution due to chemical reaction. For example, at very slow injection
rate, only the front part of the core was dissolved while at very high injection rate,
entire core was dissolved uniformly. However, at intermediate injection rate, only
selective part of the core was dissolved that formed wormholes as shown in Figure
6.6. Similar to Lund et al. (1973, 1975), Hoefner and Fogler (1989) conducted lin-
ear core experiments by injecting HCI in limestone and dolomite cores. Dissolution
patterns and nature of breakthrough curves observed in these experiments were

similar to ones shown in Figures 6.2 and 6.4, respectively, but due to the nature of
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Figure 6.6: Wormholes created by injecting water through a radial core (of diameter
2 mm and length 50 mm) made of plaster (Daccord, 1987).

injection, one wormhole with multiple branches was observed at intermediate in-
jection rates. Wang (1993) also performed experiments on limestone and dolomite
to study the influence of rock mineralogy, acid concentration and temperature on
optimum injection rate and PVgr and established the existence of a minima in
breakthrough curves. Frick (1994) studied the effect of permeability, injection rate,
acid concentration and temperature on wormhole formation by conducting radial
core experiments on limestones. Bazin et al. (1995) conducted coreflow experi-

ments on limestone and dolomite cores of diameter 50 mm and length 50 to 200
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mm with 2M HCI at room temperature. They performed pre and post imaging of
the cores using CT scanning (with 0.2x0.2x3 mm pixel size) and found different
types of dissolution patterns for different injection rates. They also studied the ef-
fect of heterogeneity by studying different types of carbonates and concluded that
heterogeneity does not affect the type of dissolution pattern at a certain injection
rate but change in the mineralogy of the rock changes the type of wormhole pat-
terns. Similar effect of mineralogy was observed by Hoefner and Fogler (1989).
Fredd and Fogler (1998) conducted linear core experiments on limestones (of di-
ameter 3.8 cm and length 10.2 cm) by injecting various acids having significantly
different reaction and transport rates compared to HCI, at constant injection rate.
They studied the influence of reaction and transport mechanisms on wormhole
formation and optimum injection rates; and observed more branched and thinner
wormholes for fast reacting acids while less branched and thicker wormholes for
slow reacting acids as in Figure 6.5. As reactivity of acid increased, PVgr was
found to decrease and optimum injection rate was found to increase. Golfier et al.
(2002) performed dissolution experiments by injecting under-saturated salt solution
into a porous medium made of salt grains and observed the dissolution patterns
very similar to the patterns formed during acidization. Ziauddin and Bize (2007)
conducted core flow experiments and studied the effect of heterogeneity in the
carbonate samples using several imaging techniques where they categorized dif-
ferent carbonate types according to spatial porosity distribution based on imaging
and acidizing results.
6.2.2 Experimental Studies with Diverting Acids

Most of the experiments with diverting acids involve the study of pressure profile
in single core and flow diversion in dual core set-ups. In a single core set-up, di-
verting acids are injected with a constant rate, pressure at the exit is fixed and inlet

pressure is monitored with time. A dual core set-up consists of two cores (usually
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of identical geometry but of different initial permeability) which are mounted paral-
lel to each other so that pressure drop across both the cores be the same at all
times. The pressure at exit of both the cores is same and kept constant, and, acid
is injected with constant rate that splits into both the cores according to the ratio
of their mobilities. Experiments have shown that unlike Newtonian acids, diverting
acids leads to enormous increase in pressure drop across the core/cores (MaGee
et al., 1997; Buijse and Domelen, 2000; Chang et al., 2001; Lynn and Nasr-EI-Din,
2001; Taylor and Nasr-El-Din, 2003; Nasr-El-Din et al., 2006, 2008; Gomaa and
Nasr-El-Din, 2010; Gomaa et al., 2011). It is because the viscosity of these acids
increases in certain pH range ( MaGee et al., 1997; Rose, 2004). MaGee at al.
(1997) showed that the in-situ cross-linked acids crosslink in the formation during
treatment and are a thin gel during pumping and cleanup and hence, are ideally
suited for acid diversion in carbonate formations. Buijse and Domelen, (2000)
conducted experiments with emulsified based diverting acids and concluded that
low diffusivity of these acids provides for efficient wormholing at low injection rates,
forms thinner wormholes and penetrates deep into the formation. Chang et al.
(2001) experimented with viscoelastic surfactant (VES) based in-situ gelled acids
and suggested that these acids have superior diversion capability by its sustained
viscosity as opposed to polymer based in situ gelled acid, which breaks down the
viscosity when pH exceeds the higher limit of pH range of gel formation. Lynn
and Nasr-EI-Din (2001) showed that adding polymer to a regular acid changes its
physical and chemical properties such that it behaves as a shear-thinning and slow
reacting fluid. Nasr-EIl-Din et al. (2006) and Amro (2006) concluded that in-situ-
gelled acid improved acid placement in carbonate reservoirs by offering the benefit
of increasing viscosity inside the formation. Welton and van Domelen (2008) dis-
cussed the development of a unique in-situ-crosslinkable acid system that uses a

blend of HCl/formic acid as the base acid and a synthetic polymer-gelling agent.
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They noted that HCl/formic acid blends were more robust and maintained higher
viscosities for longer periods and some synthetic polymer-acid-gelling agents pro-
vided high initial viscosity. Gomaa et al. (2011) examined flow of in-situ-gelled acid
in dual-core experiments on carbonates with Computed-tomography (CT) scan as

can be seen from Table 6.1 and Figure 6.7, and noted that at low or high flow rates

Permeability, md Wormhole Acid volume
In-Situ
Injection -Gelled  Regular
Rate, Length, Length, Diameter,  Acid, Acid,  Diversion
No. cmimin  Core in PVee  Initial Final in. mm PV PVege Ability
acid No
1 : 1 6 4188 B2 breakthrough 6 33 0 0.79 Sertr
2 6 4089 58 83 2.16 16 0 0.44 used
3 B 470 102 acid 6 45 080 043
9 5 breakthrough Achieved
4 ] 40.77 52 250 5.04 1.5 1.03 0.56
; 1 5 6 4604 88 40 1.68 15 0.6 0.2 Not
8 6 372 35 0 0 0 0 0 achieved
7 6 4021 109 25 2.01 25 1.03 0.01
4 1.5 acid Achieved
8 6 36.8 5 breakthrough 6 16 0 1.4
g 6 474 96 28 312 45 2.74 0.04
5 25 acid Achieved
10 6 3651 45 breakthrough 6 15 0.18 1.06
1 6 4215 84 41 3.91 5.1 2.98 0.06
] 5 ) ; 15 00 acid 5 020 Achieved
! = ¢ breakthrough 1 ' I
13 ] 4189 136 98 4.56 58 3.08 0.08
7 10 acid Achieved
14 6 .12 7 breakthrough 6 18 0.25 1.2
acid
5 s 15 6 3828 97 breakthrough 6 48 4.25 0.56 Not
achieved
16 6 34.10 5 6 0 0 0 0
acid
5 5 17 20 156,96 106 breakthrough 20 34 436 0.82 ,l]\-lm d
8 20 11040 5 5 0 0 0 g ee
9 20 15589 105 acid 2 13 15 003
10 25 breakthrough Achieved
20 20 12420 5 10 7.3 35 0.83 0.25

Table 6.1: Set of dual-core experiments with diverting acids at various injection

rates (Gomaa et al., 2011).
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Figure 6.7: Dissolution patterns and flow diversion in dual-core experiments with
diverting acids at various injection rates (a) experiments SIgGomaa et al., 2011)
with injection rate, Q = 1em3min~! and permeability ratio, # ~ 25, (b) experi-
ments 8 (Gomaa et al., 2011) with injection rate, Q = 15cm3min~—' and permeabil-

ity ratio, 2 ~ 20, (c) experiments 10 (Gomaa et al., 2011) with injection rate,

Q = 2.5¢cm3min~' and permeability ratio, % ~ 21.
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i ~ 20), diversion is negligible while at intermediate injection rates (experi-

low

1
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diversion is significant.
6.2.3 Mathematical Studies

Numerous mathematical models are developed in literature to describe the
acidization process in reservoirs with Newtonian acids. These models can be clas-
sified mainly into four categories: (a) network models developed by Daccord et
al. (1993a, 1993b), Fredd and Fogler (1998), etc., (b) the capillary tube models
developed by Hung at al. (1989), Huang et al. (1997, 1999), Buijse et al. (2005),
Gdanski (1999), and (c) continuum models reported by Liu et al. (1996), Golfier et
al. (2002), Panga et al. (2005), Kalia and Balakotaiah (2007, 2009), Ratnakar et
al. (2012).
Network Models

Network models developed by Daccord et al. (1993a, 1993b) and Fredd and
Fogler (1998), describe the reactive dissolution by representing the porous medium
as a network of tubes which are interconnected at the nodes. In these models, the
flow of tube is described by Hagen-Poiseulle equation where reaction occurs at the
wall of tube that increases tube radius. While these models predict the experimen-
tally observed trends, the PV g predicted by these models are much higher than
the experimental results. To improve the predictions, Fredd and Fogler used phys-
ically representative network model that includes the channeling effects. However,
predictions even after some improvements, were quantitatively very high as com-
pared to experimental ones. In addition, since these models are applied at pore
scale (~ um), the lab/core scale (~ c¢m) or field scale predictions (~ km) involve
very high magnitude of length scale separation (10* — 10°) and require huge num-
ber of mesh and hence, these models are computationally prohibitive and almost

impractical. Also, the effect of heterogeneity and change in pore connectivity due
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to dissolution are very difficult to incorporate in network models.
Capillary Models

Capillary tube models assume the existence of wormholes. In these models,
a wormhole is represented as a capillary tube where transport and reaction are
analyzed in detail (Hung at al., 1989; Huang et al., 1997, 1999; Buijse et al., 2005;
Gdanski, 1999). This semi-analytical approach on the contrary with network mod-
els, is very simple and computationally very fast and can describe the wormhole
propagation and its interaction with other wormholes. For example, Bujse(2000)
and Huang et al. (1997) showed that the growth rates of multiple wormholes in
a domain depends on separation distance between them, which is in accordance
with experimental observations.

While these models are very simple, they need prior informations such as
wormhole densities and expression for fluid leakage (which depends on worm-
hole structure and medium heterogeneity), which are very difficult to obtain. In fact
there is no theoretical or experimental works available in literature on wormhole
density. In addition, capillary models do not capture wormhole initiation, dissolu-
tion patterns and effect of heterogeneity or pore scale reaction and transport on
wormhole formation.

Continuum Models

Continuum models (Liu et al., 1996; Golfier et al., 2002; Panga et al., 2005;
Kalia and Balakotaiah, 2007, 2009; Ratnakar et al., 2012) describe the transport
and reaction phenomena at intermediate or Darcy scale (that is bigger than the
pore scale and smaller than the coreffield scale). Darcy-scale (~ mm) are the
length scale where Darcy-law is applicable. These models requires information
on the pore-scale processes, which are obtained from a pore scale model. Thus,
these models are computationally less expensive as compared to the network mod-

els and can describe the effect of pore-scale reaction and transport mechanisms,
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heterogeneities, wormhole density, geometries, etc. on carbonate dissolution and
optimum conditions, unlike the capillary tube models. However, the model de-
veloped by Liu et al. (1996) does not consider the effect of mass transfer on
the reaction rate and is valid only in the kinetic regime where dissolution is very
slow as compared to transfer of solute from bulk to the soild-fluid interface. Sim-
ilarly, though Golfier et al. (2002) reproduced the experimentally observed disso-
lution patterns numerically by using Darcy-Brinkman formulation and a local non-
equilibrium model, the model is valid only in the mass transfer controlled regime
where the transfer of solute from bulk to fluid-solid interface is slower than the
rate of dissolution. These limitations were removed in two-scale continuum models
(Panga et al. 2005; kalia and Balakotaiah, 2007, 2009; Ratnakar et al., 2012) which
captured both the extremes of reaction (kinetic and mass transfer controlled) simul-
taneously by using two concentration variables and a mass transfer coefficient. A
good match was obtained when the model predictions are compared with 2D salt
pack experiments conducted by Golfier et al. (2002). Panga et al. (2005) intro-
duced a qualitative optimum criterion to predict wormhole formation that depended
on the fluid petro-physical properties but was independent of the domain size. The
continuum model approach has also been adapted to model infiltration flow of a
reactive fluid in porous medium.

Mathematical models discussed above, describe the reactive dissolution of
porous media with Newtonian acids only which can not describe the carbonate
acidizing with diverting acids due to strong dependency of pH on fluid viscosity.
Unfortunately, viscosity of diverting acids depends strongly on pH and there are no
rheological models available in literature that describe pH dependent viscosity and

reactive transport of in-situ gelling acids in porous media.
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6.3 Objectives

Since gel dynamics is the key for flow diversion from high-perm zones to low-
perm zones in formation and hence for optimal stimulation, the main objective of
this work is to understand gel dynamics and mechanism of flow diversion, and, use
these understanding to develop guidelines for optimal stimulation of carbonates at
field scale. It involves developing a rheological model for in-situ gelling acids that
can account for dependency of pH, temperature and shear rates on fluid viscosity
and developing a two-scale continuum model that can describe the reactive trans-
port of in-situ gelling acids in porous media such as carbonates.

This work is focused on reactive dissolution of carbonates by in-situ gelling
acids and comparison with that by Newtonian acids. We also compare the theoret-
ical results with available experimental predictions. This part of thesis is organized
in following manner. In chapter 7, we develop an experimental based novel empir-
ical rheological model for rheology of in-situ gelling acids that accounts for effects
of temperature, pH and shear rates on its viscosity. Here, we develop equivalent
Darcy law for in-situ gelling acids to describe the fluid flow in porous media at
Darcy scale that include the non-Newtonian (shear thinning) and diverting behav-
ior of in-situ gelling acids. In the end of this chapter, we incorporate rheological
model and equivalent Darcy law into two-scale continuum (TSC) model that can
describe the transport and reaction of in-situ gelling acids at Darcy scale where
pore-scale effects are included by effective properties used in the model and by
structure-property relations. In chapter 8, we present gel dynamics and flow di-
version in single and dual core set-ups, respectively, using one dimensional (1-D)
version of the model. Since 1-D model can not explain the dissolution patterns, in
chapter 9, we use two dimensional (2-D) version TSC model to analyze the various
dissolution patterns. Chapter 10 presents the three dimensional (3-D) simulations

of wormhole formation that is more accurate when compared to experimental ob-
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servations. In the last chapter 11, we conclude our main results and discuss the

possible extension of the current work.
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Chapter 7 Mathematical Model for In-situ Gelling Acids

7.1 Preamble

There are three types of mathematical models in literature to study the disso-
lution phenomena in porous media: (i) network models, (ii) capillary tube models,
and (ii) continuum models discussed in the previous chapter. Due to the length
scale associated with carbonates as shown in Figure 7.1, the network models
(which use conservation laws at pore scales (~ 0.1 — 10um) to describe core
scale (~ 10 — 50cm) phenomena) are computationally prohibitive. On the other

hand, though capillary models are computationally very fast, due to their inabil-

Core-scale

> Pore-scale

Darcy-scale

10-350 cm 0.1-1mm 0.1-10 um

Figure 7.1: Schematic of different length scales associated in a Icarbonate core
used in laboratory experiments.
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ity to predict wormhole initiation and dissolution patterns, they can not be used
to study the effect of pore-scale phenomena on wormhole formation. Thus, in this
work, we use continuum models that describe the conservation laws at Darcy-scale
(that makes it computationally less expensive than network models) and retains
the pore-scale effects through pore-scale models for effective properties such as
transfer/dispersion coefficients and structure-property-relations. However, these
models in the literature are applicable only to Newtonian acids.

Diverting acids such as in-situ gelling acids are non-Newtonian (shear thinning)
in nature and have viscosity that depends strongly on pH. In fact, the pH dependent
viscosity is the main difference between diverting acids and other (Newtonian/non-
Newtonian) acids. It is also the reason for gel formation, which is the key element
for flow diversion from high-perm to low-perm zones in reservoirs. Therefore, the
predictions of wormhole patterns (and other useful relationships such as the de-
pendence of the optimum acid volume and wormhole density on injection rate or
reaction parameters) in carbonate stimulation with diverting acids require a math-
ematical model that accounts for the flow, reaction and rheological effects of di-
verting fluids. Since, such model is not available in literature, in this chapter, we
develop (i) an experimental based empirical rheological model for diverting acids
that accounts for the effects of pH on viscosity; and, (ii) a mathematical model
based on two-scale continuum model (Panga et al., 2005) that can describe the
reactive transport of in-situ gelling acids in porous media at Darcy-scale and retain

the essential features of pore-scale phenomena by pore-scale models.

7.2 Rheological Modeling for Diverting Acids

In general, the physio-chemical properties (viscosity, density etc.,) of a fluid
depend on the three state variables, temperature, pressure/shear rate and con-
centration/pH. While several experimental studies are available on pH dependent

viscosity of diverting acids, there are no theoretical or empirical pH dependent rhe-
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ological models available in the literature. Therefore, we use experimental data by
Rose (2004) to develop an empirical rheological model that accounts for the effect
of pH on viscosity. Before we discuss it into detail, we briefly review the effect of
temperature and shear rates on viscosity which is well established in literature.
7.21 Effect of Temperature on Viscosity

It is found that viscosity of most of the liquids decreases with increase in temper-
ature while this may not be true for the gases. However, the effect of temperature

on viscosity is very small and can be described mathematically as follows:

T — T T —T;
=ty Exp | —a 0 Ry |1—a O1: a > 0for liquids, (7.1)
To To

where Tj is the reference temperature, « is the temperature coefficient of viscosity
and g, is the viscosity of fluid at reference temperature 7;. Experiments (Nasr-El-
Din, 2008) show that viscosity of in-situ gelling acids also follow the same trends

and decreases exponentially with temperature. It should be noted that the linear

T-Tp

ot << 1

relationship is valid only in the small temperature range near Ty, i.e.,

(For « = 1 and T, = 300K, equation (7.1) can be used over a 0 — 30 K change).
However, the range of validity is larger for smaller . The temperature coefficient of
viscosity, o varies from fluid to fluid and is positive for most of the liquids. The effect
of a on viscosity as a function of temperature is shown in Figure 7.2. It can be seen
from Figure 7.2 that for small values of «, viscosity decreases linearly with temper-
ature. In fact, experimental data for gelled acids (Nasr-EI-Din et al., 2008) shows
that the viscosity of in-situ gelling acids decreases almost linearly with tempera-
ture. Since, « is small for most liquids, the effect of temperature on viscosity may
be negligible. However, viscosity may change significantly if temperature change

is very large.
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Figure 7.2: Effect of temerature coefficient of viscosity, «, on viscosity vs tempera-
ture profile.
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7.2.2 Effect of Pressure/Shear Rate on Viscosity

Several experimental studies have been performed to study the flow behavior of
non-Newtonian fluids. The experimental data for steady-state laminar flow of poly-
meric fluids in tubular reactors (Bird et al., 1987) suggests that the non-Newtonian
shear thinning fluids exhibit more blunt velocity profile than the Newtonian fluids.
Also, the pressure drop increases much less rapidly with the mass flow rate for
these fluids as compared to the Newtonian fluids (where it is linear). This implies
that the viscosity of the polymeric fluids depends on the velocity gradient (or shear
rate, vv). Furthermore, the ‘recoiling effect’ is observed after cessation of steady-
state flow for polymeric fluids (Fredrickson, 1964), i.e., when a dye is released in a
steady flow of polymeric fluids, the dye line stretches to parabola. But, when flow
is stopped, the die line comes back towards the inlet. This is a manifestation of
elasticity or the notion of fading memory. Similarly, tube siphon effects (Tranner,
1970) indicate the existence of non-zero normal stresses for polymeric fluids.

Non-Newtonian fluids are generally classified into three groups depending on
the relationship between shear rate and stress : (1) time-independent non-Newtonian
fluids, (2) time dependent non-Newtonian fluids, and (3) viscoelastic non-Newtonian
fluids. Time-independent fluids are those for which shear rate (v) is a unique but

may be non-linear function of shear stress (7) at all times (Bird et al., 1960), i.e.,

v = f(7), (7.2)

where f may be a non-linear function. These fluids are also named as 'gener-
alized Newtonian fluids’ and can be characterized by flow curves of T vs. ~ as
in Figure 7.3. These are: (i) Bingham plastic and yield-pseudoplastic for which a
threshold shear stress is required to shear the fluid and cause flow, (ii) Pseudo-

plastic or shear thinning fluids whose apparent viscosity decreases with increase
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Figure 7.3: Schematic diagram illustrating the time independent non-Newtonian
fluid behavior.

183



in shear rate or stress, and (iii) dilatant or shear thickening fluids whose apparent
viscosity increases with increases in shear rate. Time-dependent fluids are those
for which shear rate depends not only on shear stress but also on the shearing time
or shear stress rate history. These are thixotropic or rheopectic fluids, depending
upon whether the shear stress decreases or increases w.r.t. shearing time at a
given shear rate. Thixotropic fluids are also called time-dependent shear thinning
fluids, and rheopectic fluids are known as time-dependent shear thickening fluids.
Viscoelastic fluids are those that exhibit both the elastic and the viscous proper-
ties, and shows partial recovery upon removal of the imposed shear stress. Various
rheological models are published to explain the behavior of non-Newtonian fluids.
Here, we review some of the well-known models.
Generalized Newtonian Models

The generalized Newtonian fluid models (Oldroyd, 1949, 1950) are obtained by

simply replacing the constant viscosity by a non-Newtonian viscosity as follows:

T=-n(7) 7, (7.3)

where 7 is the non-Newtonian apparent viscosity and v = % (f'y: 7) is the mag-
nitude of the rate of shear tensor ~. This is the simplest non-Newtonian model
which can describe only the non-Newtonian viscosity, but none of the normal
stress, time-dependent and elastic effects. For Bingham fluids, 7 is replaced by
T — T, because they exhibits a yield stress 7,. Numerous empirical models for
the non-Newtonian viscosity n as a function ~ or T are proposed (summarized
in Corapcioglu, 1996). The most widely used rheological model to describe flow
through porous media is the power-law model (Bird et al., 1960) that represents

the non-Newtonian viscosity n as

n(y) =Hy (7.4)



where H is called the consistency coefficient and n is called the power index. This
is a two-parameter model that gives a linear log-log plot of shear stress vs. shear
rate. For the special case of n = 1, it represents the Newtonian fluid where the
consistency coefficient H is equal to the viscosity of the fluid. Because of its inher-
ent simplicity, the power-law is of considerable interest in applications and is used
to approximate the rheological behavior of both the shear thinning or psuedoplas-
tic (n < 1) and the shear thickening or dilatant (n > 1) fluids over a large range
of flow conditions. However, the major limitation of this model is that it predicts
infinite viscosity at vanishingly small shear rate/stress. In other words, it can not
describe the constant viscosities 1, and ., at very low and very high shear rates
where most of the fluids follow Newtonian behavior (Figure 7.4). These trends can
be described only by the models containing at least four parameters. The simplest

four-parameter model (Meter and Bird, 1964) is given by,

N = oo + Mo = oo Mfl_l (7.5)
1+ ()
where, 1, and p, are minimum and maximum limiting viscosities at infinitely large
and infinitely small shear rate (or stress), respectively. The parameter a; is a
dimensionless parameter and 7,, represents the shear stress at which the ratio
ﬁ reduces to half. For the case of a; = 1, n reduces to Newtonian viscosity
= ’”—% We do not discuss time-dependent non-Newtonian fluids as they are
rarely used.
Viscoelastic Models
The third category of non-Newtonian fluids is the viscoelastic non-Newtonian
fluids (we do not review here the time dependent non-Newtonian fluids as they

are not of interest in acidization). A good description of the viscoelastic behav-

ior of these fluids can be illustrated by ‘silly putty’ which bounces when rolled and
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Figure 7.4: Schematic diagram illustrating the general viscosity behavior of a shear
thinning fluid.
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dropped onto a hard surface, while flows easily when squeezed slowly. The time-
independent fluids can not explain the fading memory and elastic effects exhibited
by the viscoelastic fluids as the time derivative or time integral is excluded in con-
struction of these models. The viscous effects can be described by the Newton'’s
law of viscosity while elastic effects can be described by the analogy of Hooke’s ex-
pression which represents perfect memory i.e., the solid/fluid returns to its original
position after removal of imposed shear stress.

One of the simplest mechanical models used to describe both the viscous and

elastic effects is the Maxwell’s model (Maxwell, 1867):

or -
T+/\1§ = — Mo, (7.6)

where )\; is a time constant called the relaxation time and ., is zero shear rate
viscosity. When the relaxation time is negligible or the stress tensor changes very
slowly with time, the derivative term is negligible and the model becomes New-
tonian model with viscosity 1,. Similarly, if there are rapid changes in stress tensor
with time or the relaxation time is very high, the derivative term dominates and the
model becomes Hookean solid with elastic modulus ﬁ—g This is a linear viscoelastic
model. If time derivative of the shear rate is included in Maxwell’'s model (Maxwell,
1867), it results in Jeffrey’s model (Jeffrey, 1929) given as

or : o0y
T+)\1§ = —lyg (’7 + )\2E> ) (77)

where )\, is known as retardation time. If we have a mixture of Newtonian sol-
vent (7-8 = —pﬁ) and a Maxwellian polymeric fluid (Tp+/\1% = —,up?y> where

T,+7T, = T, it can be better described by Jeffrey’s model (with i, = p, + 1, and

Ao =7 ‘_‘;M A2) that gives better flexibility in fitting experimental data.

Though there are various types of rheological models (described above) that
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accounts for the effect of shear rates on viscosity, Lynn and Nasr-EI-Din (2001)
showed that diverting acids like in-situ gelling acids are shear thinning acids. For
this reason, we adopt power-law model described in equation (7.4), with power
index, n, less than unity. In addition, power-low models are the simplest and most
widely used in the literature, and, can account for the effect of shear rate on vis-
cosity for most of the practical cases.
7.2.3 Effect of pH on Viscosity

As discussed previously, in-situ gelled acids use pH to control the cross-linking
of polymeric chains in solution to form a gel in a certain pH range and increase the
viscosity enormously that leads to flow diversion and hence uniform stimulation
of the carbonate formation. Though the experimental data for viscosity of in-situ
gelling acids depending on pH are available in literature, there are no theoretical or
empirical rheological models which exist to describe the effect of pH on viscosity of
in-situ gelling acids. Since, fluid rheology (depending on pH) is one of the key factor
for flow diversion, here, we develop an empirical model for pH dependent viscosity
based on experimental data (Rose, 2004) shown in Figure 7.5. We note from
Figure 7.5 that (i) the polymeric solution starts cross-linking to form the gel in the
pH range 4 - 6, (ii) the pH corresponding to maximum viscosity remains constant,
i.e., does not depend on the shear rate (pH,,= 5.47) and, (iii) viscosity vs. pH
profile is asymmetric, i.e., viscosity increases slowly before maxima and decreases
sharply thereafter. Based on the above observations, we need a model with at least
four parameters to describe the base value, mean, variance and skewness of the

viscosity curve that can be given by the expression

1+ (u,, — 1) Exp { _Zg’i:f;ﬁ’;ﬂ H , (7.8)

n(pH) = g

where, 1, 1t.,, PH» and a are the four parameters used in the model.
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Figure 7.5: Experimental data for viscosity of ZCA (1.5 % SGA-IIl) vs pH.

189



It should be noted that four-parameter pH dependent rheological model in equa-
tion (7.8) can describe all types of diverting acids having profile same as in Figure
7.5. This is due to the most general form of the model where each parameter
represents the particular feature of the viscosity behavior of in-situ gelling acids.
For example, 1, is the base viscosity at pH = 0 or 7. It represents the viscosity of
the fluid before it starts cross-linking. The parameter p,, is the maximum possible
increment in the viscosity w.r.t. base value due to gel formation as can be seen
from Figure 7.6. In this figure, increase in viscosity from the base value is plot-
ted against pH for different values of ., (= 10, 20, 30) while other parameters are
kept constant (« = 10.0 and pH,,, = 5.0). We note from this figure that (i) higher p,,
leads to higher increase in viscosity due to gel formation, (ii) x,,, equals to the same
factor by which viscosity of diverting acid increases from the base value due to gel
formation. Similarly, the parameter pH,, is the pH value where increase in viscosity
due to gel formation is maximum as can be seen from Figure 7.7 In this figure, vis-
cosity profile is plotted against pH at pH,, = 2.0, 3.5 and 5.0 while other parameters
are kept constant (x,, = 20 and a = 10). It can be seen from this figure that the
parameter pH,, also introduce asymmetry in profile. For example, when pH,,, = 3.5
(exactly in the middle), the profile is symmetric while pH,, < 3.5 and > 3.5 leads
to asymmetric profile with positive and negative skewness, respectively. The para-
meter a is the measure of the pH-range of gel formation which is, loosely, inverse
of the variance (width) of the viscosity vs pH profile, i.e., if a increases, pH range
of gel formation decreases as can be seen from Figure 7.8. Thus, all the features
of viscosity vs. pH profile for in-situ gelling acids can be represented by the four
parameter empirical model given by equation (7.8) indicating that it is the most
general model possible (to describe the effect of pH on viscosity). Now, based
on the effects of temperature, pressure/shear rates and pH on fluid viscosity dis-

cussed above, a complete rheological model for diverting acids can be developed
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Figure 7.6: Effect of p,, on viscosity vs pH profile for « = 10 and pH,, = 5.
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Figure 7.7: Effect of pH,,, on viscosity vs. pH profile for x,, = 20 and a = 10.
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as explained in following section.
7.2.4 A Complete Rheological Model

A complete rheological model for in-situ gelling acids can be obtained by com-
bining equations (7.1), (7.4) and (7.8) which describe the effect of temperature,
shear rate and pH on viscosity, respectively. Thus, the complete rheological model

can be given as follows:

. .n—1 T—T
m(T,%pH):uov (1—a - °>

0 pH (7 —pH)

(7.9)

1+ (t,, — 1) Exp { —a (pH = pHn) }] ,
where 7, is the apparent viscosity. The above model contains six parameters:
(i) 1y, the base viscosity that is equivalent to consistency factor in the power-law
model. (ii) n, the power index that accounts for the effect of shear rate. (iii) a,
the temperature coefficient of viscosity that includes the effect temperature in the
model. (iv) u,,, the maximum increment in viscosity w.r.t. base viscosity due to in-
situ gelling (this may depend on the polymer concentration) (v) pH,,, the pH value
that corresponds to the maximum viscosity, and (vi) a, the parameter that measures
the range of pH values in which polymer starts cross-linking leading to the gel
formation. The last three parameters account the effect of pH/concentration. These
parameters, in general, depends on types of polymers/cross-linkers/additives and
their concentrations and the kinetics for cross-linking and breaking of the gel [Note:
If the cross-linking and breaking is due to metal ions such as Fet**, the kinetics
may be assumed to be fast and the effect of kinetics on the rheological model may
be neglected].

Since the rheological model in equation (7.9) is empirical, these parameters
must be determined experimentally. Using the isothermal experimental data (Rose,

2004) shown in Figure 7.5, the following set of values of the parameters (for the
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isothermal case, o = 0) is the best fit:

o = 195.96;n = 0.5; p,,, = 23.83;a = 23.4;pH,, = 5.47 (7.10)

The non-linear least square fitting of the data is performed based on the Levenberg-
Marquardt method which minimizes the square error function (sum of squares of
the difference between the theoretical and experimental values at given pH points)
and evaluates the best fit of the parameters iteratively. It can be seen from Figure
7.9 that the empirical rheological model given by equation (7.9) is a reasonable fit
to the experimental data (Rose, 2004). However, in most of the lab experiments
and works reported in literature (MaGee et al., 1997), the pH range of gel formation

is designed typically between 2-4, so we adopt following rheological parameters

o = 1;n = 1;p,, = 23.83;a = 23.4;pH,, = 2.47 (7.11)

in our simulations to compare with existing experimental results in literature. How-
ever, these parameters depend on types of polymers and additives and their con-
centrations.

Now, we have the complete rheological model (7.9) for in-situ gelling acids to
account for the effect of temperature, shear rate and pH (gelling phenomena) on
viscosity. In the next section, we discuss the extension of two-scale continuum
model to describe the reaction and transport of in-situ gelling acids in carbonates

rocks (porous media).

7.3 Two-scale Continuum Model (TSC) for in-situ gelling Acids
The two-scale continuum model was developed by Panga et al. (2005) and
used by Kalia and Balakotaiah (2007, 2009, 2010) to analyze the phenomenon

of reactive dissolution of the carbonate rocks with Newtonian acids. In this case,
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the fluid viscosity remains constant and flow equation is represented by Darcy
law. Since in the current work, the viscosity is non-linear function of concentration,
shear rate even in isothermal case, we modify the model for in-situ gelling acids by
incorporating general rheological model given in equation (7.9) and by developing
an equivalent Darcy-law that is valid for all types of fluids including non-Newtonian
ones.
7.3.1 Darcy Law for in-situ gelling Acids

The non-linear relationship between velocity and pressure drop adds to the
challenges in understanding the flow dynamics of non-Newtonian fluid in porous
media. Since length-scales associated with porous media vary from micro-scale
to macro-scale, it is very important to find the momentum equation or Darcy law
equivalent at mesoscale. Here, we explain in brief the development of Darcy law
equivalent model using the procedure described by Christopher and Middleman

(1965). We start with well-known Blake-Kozeny equation given by

e*d, (—AP) 150u(1 —e¢)
p2(l—e) L pvd,

(7.12)

for flow of Newtonian fluids through a packed bed, where ¢ is the porosity, d,, is the
particle diameter, p is the fluid density, L is the bed length, p is the fluid viscosity,
(—AP) is the overall pressure drop across the bed and v, is the superficial veloc-
ity. The above relation reproduces experimental data for packed bed of uniform
spheres rather well up to Reynolds number of about 10. From the Blake-Kozeny

equation, we can derive Darcy equation as follow:

32 (-AP) _ ky(-AP)

1
T 150(1—e)2pu L pn L

(7.13)

Vs
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where k, is the permeability of the porous media and is defined as

3 12
5dp

k= —P
T 150(1 — £)2

(7.14)

Now, we obtain Hagen—Poiseuille equation (Bird et al., 1960) for in-situ gelling
acids (or power-law fluids) by solving one dimensional momentum balance (as-
suming steady, laminar and incompressible flow) through a capillary with no-slip
boundary condition that leads to the average velocity, (v) , as

~((=aP) \Y" aD
<W——( AHL D) 2(3n + 1)’ (7.13)

where D is the capillary diameter. Similarly, we can find the average fluid velocity
corresponding to other rheological models (Corapcioglu,1996).

Once we know the relationship between overall pressure drop and average ve-
locity for a capillary, we can derive the Darcy-law equivalent for porous media by
substituting (i) average velocity, (v), in capillary with *, where v, is the super-
ficial/Darcy velocity; (ii) capillary diameter, D, with hydraulic diameter of porous

media, Dy, given by,

4 x flow area 4 2ed,

~ wetted perimeter  a,(1—¢) 3(1—¢) (7.16)

H

where q, is the area per unit volume of the solid; (iii) particle diameter, d,,, with
@w / %’“d and scaling the length of capillary L by tortuosity a(=%), ie., L=olL.

Thus, the Darcy law equivalent for a non-Newtonian fluid flowing through a porous

medium can be given by

. 1/n
%:<kd(Am> : (7.17)
ey L
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where p.; is the viscosity term given by

H 3\" a-n)
Meff = E (9 + E) (150kd€) 2 s (718)

where the constant ‘150’ in the bracket depends on pore connectivity and should
be measured experimentally.

It should be noted that .. ,, does not have the same units as viscosity and
is given in terms of power-law parameters (consistency factor, H and power-law
index, n) and rock-properties such as permeability, k,;, and porosity, . Since per-
meability, k;, depends only on the porous media, the rheological properties of fluids
are accounted by effective viscosity terms. In addition, these models are valid for
non-uniform particle sizes as none of the parameters are directly dependent on
particle diameter. The above model in equation (7.17) was tested experimentally
with dilute polymer solution flowing through packed porous material and the ac-
curacy of the correlation was acceptable for most engineering design purposes
(Christopher and Middleman, 1965).

7.3.2 Two-Scale Continuum Model

Here we describe briefly the main features of the two-scale continuum model
(TSC) and refer to Panga et al. (2005) for details. The TSC model describes the
phenomenon of reactive dissolution in carbonates as a coupling between transport
and reaction processes occurring at two scales: Darcy scale and pore scale. The
transport process such as convection and dispersion are important at core scale
(much larger than the pore scale or darcy-scale), whereas, diffusion and reaction
are the main mechanism at the pore scale. The transport processes are described
by conservation laws such as continuity equation, momentum balance, species
balances and dissolution equation at darcy-scale, whereas, reactive dissolution

changes the pore-structure continuously, which changes effective properties (such
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as transfer/dispersion coefficients) and rock properties such as (permeability, pore
radius etc.) used in the model and hence, these properties must be expressed at
pore-scale.
Darcy-scale Models

Darcy-scale models contains the momentum balance, continuity equation, species
balance and dissolution equation. The momentum balance for in-situ gelling (power-

law) acids is given by equivalent Darcy law as follows:

1
e

IU|" ' U=-—K-VP, (7.19)

where

U = (Ur’va’7Uz’>7

is the Darcy velocity vector, ||e|| represents the norm of a vector/matrix, K is per-

meability tensor, ., is the pH-dependent effective viscosity term that is given by

1+ (u,, — 1) Exp { ﬂ;gi:iﬁ)@) H . (7.20)

(a=n)

Ke 2
Hery = TloMo Koco

P is pressure,

o 0 0
V= (%7@7@)7

represents the gradient vector and y, is the base viscosity (equivalent to that of
the brine solution). It should be noted that the effective viscosity term given in
Equation (7.20) is defined only for pH in between 0 and 7. If pH is out of this range,
the effective viscosity term is independent of pH and does not contain the terms in
the square bracket. In addition, the parameters such as 7, 4,,, a and pH,, depend
on polymer concentrations. Based on the literature on polymers, it is reasonable to
assume that p,,, and n, vary exponential and linearly, respectively while « and pH,,

remain constant, i.e.,
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pn, — 1 1 —exp (—alcfzn)

= 7.21
Hmax — 1 11— €xp (_al) ( )
-1
"o _ % (7.22)
,up() -1 Op,m
where, the typical values of .., a and pH,, are given by
Hmax = 23.83;a = 23.4;pH,,, = 2.47 (7.23)

The porosity increment due to dissolution on velocity profile is described by

overall mass balance or continuity equation in fluid phase given by

Oe
i .U = 7.24
5 +V.-U=0, ( )

Oe

where the first term (55

) represents the change in pore volume due to reactive
dissolution that leads to increase in local porosity (¢). Similarly, we keep track
of concentrations of acid and polymers to analyze gel dynamics using species

balance that is given by diffusion-convection-reaction model as follows:

5 (;S ) £ V(U Cy) = V- (eDLVC)) — heas (Cy — ) (7.25)
0 (eC, /
(at'p) +V-(UC,) =V-(¢D,,-VC,), (7.26)

where C; and C, are the cup-mixing concentrations of the acid and polymer, re-
spectively. C; is concentration of the acid at fluid-solid interface, D;, and D, are
effective dispersion tensor of acid and polymer, respectively, k. is local mass trans-
fer coefficient and a, is the interfacial area per unit volume of solid available for
reaction.

It should be noted that the amount of acid diffusing from bulk fluid phase to
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fluid-solid interface is the same as being consumed during dissolution. Thus, the

flux balance at the fluid-solid interface can be written as

k. (Cf - Cs) =R (Cs) ’ (727)

where R(C;) is the reaction rate. We can also write the evolution of porosity field
by equating the amount of solid dissolved to the amount of acid consumed using

the stoichiometry of the reaction as follows:

de R(Cy)aya.

— = 7.28

at/ ps ) ( )
where p, is the density of the solid phase and «. is the dissolving power of the acid
defined as grams of solid dissolved per mole of acid reacted. It should also be
noted that the reaction, in general, may be highly non-linear and very complex. But
for simplicity, we assume linear kinetics, i.e., R(Cs) = k,C;, where k, is the reaction

rate constant. In this case, the interfacial concentration C; can be written in terms

of the cup-mixing concentration of acid as

C, = . (7.29)

In addition, we also use the Stokes-Einstein relation:

per D, = constant; ., D, = constant, (7.30)

that relates the local diffusion coefficient as the fluid viscosity changes due to gel

formation.
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Initial and Boundary Conditions

The initial, inlet and boundary conditions depend on specific problems and are
discussed in detail in literature (Kalia and Balakotaiah, 2009). For example, inlet
conditions for Darcy-law (for velocity and pressure) depends on whether the system
is being operated at constant injection rate or at constant pressure drop. Here, we

consider injection rate is constant and exit pressure is fixed, i.e.,

U= (le, Uy/, Uz/) = (UQ, 0, 0) Qa = O, (731)

P=P., @ua=1I, (7.32)

where L is the length of the core. Similarly, for species balance equations (con-
centrations of acid and polymer), we use Danckwert’s condition at inlet and zero

flux condition at the exit as follows:

Ux C’f - EDéX aaif = uUCﬂin @ I/ = 0, (733)
U, C, — Dl % = wChyn @ 2’ =0, (7.34)
oc, 0Cy ;L
r=—=1=0 @a-L (7.35)

At transverse boundaries, zero-flux boundary conditions are used for pressure and

concentrations as given by

n-VP=n-VC;=n-V(C,=0 on transverse boundaries (7.36)

Initially, we assume that the core is saturated with brine solution, i.e., no acid or
polymers is present in the core. Also the core is heterogeneous where porosity is

generated by random number generation distributed uniformly with mean (¢y) = 0.2
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and heterogeneity magnitude Ae = 0.15, i.e.,
Cr=Cp,=0; e={(g)+e @ t=0, (7.37)

where ¢’ varies from - Ae to Ae, randomly.
Pore-scale Models

The physio-chemical parameters like permeability, transfer coefficients, etc.
that appear in Darcy scale model depend on pore-scale structure and must be eval-
uated at the pore scale. Thus, the Darcy-scale model given above from equation

(7.19) to equation (7.30) is complete as long as all these parameters are specified.

Structure-Property-relations: The structure of carbonate matrix changes con-
tinuously with dissolution, which changes the local porosity, permeability, mean
pore radius and area per unit volume available for reaction, continuously. Thus,
the choice of correlations that relates the change in local permeability to porosity
due to dissolution plays very important role, i.e., if bad correlations are used, the
simulation results may lead to quantitative errors, though qualitative trends pre-
dicted may be correct. Since, a definite way of relating the change in medium
properties to the change in medium structure does not exits in literature, we use
semi-empirical relations proposed by Civan (2001) that relates medium property

such as permeability to the structure parameter such as porosity as follows:

K e g (]. — 50) 26 Tp K€0 Qyy ETpo
= (S oo R0 L S, (7.38)
K() o o (1 — 6) TpO K()&T Q0 807”;,

where (5 is a constant that depends on the structure of the medium. Here, ¢4, K,
rpo and a,q are initial porosity, permeability, mean pore radius and the interfacial
area available for reaction per unit volume of the core, respectively. Figures 7.10,

7.11 and 7.12 show the variation in permeability, pore radius and area per unit
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Figure 7.10: Variation in permeability with porosity due to dissolution for typical
values of 5 = 0.5, 1.0 and 1.5.
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Figure 7.11: Change in pore radius with porosity due to dissolution for typical val-
ues of 5 =10.5, 1.0 and 1.5.
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Figure 7.12: Change in area per unit volume available for reaction as porosity
changes due to dissolution for typical values of g = 0.5, 1.0 and 1.5.

volume available for reaction as porosity of the medium changes. These figures
are plotted for different values of 5 that is one of the characteristics of carbonate
rocks. Higher 3 implies the higher rate of change in permeability for a fixed change
in porosity due to dissolution. The same is true with the rate of increase in pore
radius and rate of decrease in area per unit volume. However, the change in area
per unit volume, a,, is due to competition between increase in porosity and increase

in pore radius, i.e., a, increases with porosity but decreases with pore radius; and
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so for lower value of 5 where initial rate of increase in pore radius is very small,
the area per unit volume, a,,, may initially increase with porosity as can be seen in
Figure 7.12.

It must be noted that the structural-property correlation gives the relation be-
tween the change in porosity and permeability due to dissolution, but the initial
porosity ¢, and the initial permeability K, are not correlated and depend on the
types/characteristics of the rock. In other words, the high porosity rock may have
very low initial permeability and vice-versa. However, the change in porosity and
permeability due to dissolution follow the structural-property correlation (which is

true when pores are connected).

Transfer and Dispersion Coefficients: The mass transfer and the dispersion of
the acid at the pore scale are described by the following relations (Balakotaiah and

West, 2002; Panga et al., 2005):

2k, 0.7 1
Sh = D—rp = Sho + —+ Rej Scs; (7.39)
D' :@OstjLw; D, = aOSDm—i_w; (7.40)

where Sh is the Sherwood number or dimensionless mass-transfer coefficient; Sh.,
is the asymptotic Sherwood number; m is the pore length to diameter ratio; Re, is
Reynolds number at pore scale that signifies the dominance of inertia over vis-
cous forces and is expressed as Re = W where v is kinematic viscosity; Sc is
the Schmidt number which is the ratio of kinematic viscosity, v, to the molecular
diffusivity, D,,,; ags and Sh,, depend on tortuosity or pore geometries; A\ and Ay
depend on pore connectivity and heterogeneity in the medium. The dispersion co-
efficient for the polymer can also be expressed in a similar way where diffusivity

is smaller because of high molecular weight of polymers. The first terms in these
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Figure 7.13: Schematic diagram of a single core set-up.

correlations represent the contributions due to molecular diffusion while second
terms represent the convective contributions. Molecular contribution are dominant
for smaller pores while for larger pores, convective contributions are comparable to
the contributions by molecular diffusion.

The two-scale continuum model, described in previous section, is valid for ki-
netically controlled dissolution limit (£, << k.), where the acid is transferred from
bulk to the rock surface very fast but the rate of consumption is slow, to mass-
transfer controlled dissolution limit (k, >> k.), where consumption rate is fast but
availability of acid at the rock is slow. It is very crucial, especially for in-situ gelling
acids where dissolution process may start in kinetically controlled limit and end up
in mass-transfer controlled limit due to enormous increase in viscosity that slows
down the solute transfer rate.

7.3.3 Dimensionless Form of the Model
Single Core Set-up

The two-scale continuum (TSC) model described above is presented for a sin-
gle core set-up shown in Figure 7.13, where (), is the inlet flow rate of acidic
solution to the core and is kept constant through out the dissolution process. P,.;
is the pressure at the exit of the core that is maintained at a constant value. L
is the length of the core. Now, we non-dimensionalize the TSC model by using
dimensionless quantities listed in Table (7.1). Here, u, is the inlet velocity to the

core; Cy;,, and Cpyy, are inlet concentrations of acid and polymer, respectively; Ko,
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Table 7.1: List of dimensionless quantities used for single core analysis.

Dimensionless Dimensionless
Quantity Quantity
form form
! K
T + k A
¢ uot’ A Qay
L v ay0
u u r "p
uo Tpo
C OCcctf,in
Cp Cpin Nac N
Cf ksayolL
C‘f Cfﬂ'n DCL uo
_Cs 2 2ksTpo
CS Cfﬂ'n ¢ Do
(PiPezit)KO 2 ksav0L2
p uo Ljsg o Do
Hefs 2kcrp
K Ho Sh Dm
D’ ®2 _ wgl
De DmO PeL m o DmO
D! D
ep m0
Dep DmO Dpa DmpO

ayo and r,o are initial values of permeability, area per unit volume available for re-
action and mean pore radius of the core, respectively; «. is the acid capacity; D,
and D,,, are initial molecular diffusivities of the protons and polymer, respectively;
and p, is the base viscosity. Thus, the TSC model in dimensionless form can be

written as follows:

2 —1
V. (M-Vp)= -V -u=Da (1+ ¢5Thﬂ) Ay ey,

or 1
E + V. (u Cf) = P_eLV (EDe'VCf) s
d(ecp) 1
ot +V-(ug,) = PeLV (eD.,-Ve,), (7.41)
de O*r p -
E—NacDa <1—|— Sh > AU Cr,
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where the first equation for pressure is obtained by combining Darcy-law in equa-
tion (7.19), continuity equation (7.24) and dissolution equation (7.28) with mobility

tensor, M, and effective viscosity term, p, given by

B k
pollul"
(1—n)
e\ ? —a(pH — pH,)*
— o (k= 1+ (n,, — 1) EBx . (7.42

Mo =1+ (Upo —1) e
Py —1 1 —exp(—aicy)
—1  l—exp(—ay)

:u’max

The second equation is obtained by combining species balance (7.25) and disso-

lution equation (7.28) where 7 is given by

7T:8(0f+]\} ) (7.43)

The inlet/initial/boundary conditions are given by

EZEo—l—f;Cf:O @ t=0;

eD. x Ocs eD., x dc,
— =2 =1 u=1; —— Lt =1 @ =0; 7.44
ues Pe; Ox Y > U Pe; 0Oz o ’ ( )
aCf 8cp
p 07 8,’]) ) ax 0 I )

n-Vp=n-Ve;=n-Vec,=0 on transverse boundaries,

where u is the axial component of velocity, x is axial coordinate and n is the trans-
verse direction perpendicular to the flow. Here ¢, is base porosity field and fis a
random fluctuation in the initial porosity field. Here, Da is the core-scale Damkohler
number that signifies the ratio of convection time to reaction time, ¢? is pore-scale
Thiele modulus that signifies the ratio of diffusion time to reaction time at pore

scale, Sh is the Sherwood number that signifies the effect of mass-transfer due
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to convection to molecular diffusion, Pej, is the axial Peclet number that signifies
the ratio of axial diffusion time to the convection time, and N, is the acid capacity
number defined as the volume of solid dissolved per unit volume of the acid. When
mean pore radius is very small as compared to mean pore length, i.e., Z—Z << 1,i.e,
the convective contribution to mass transfer at the pore scale can be neglected and
the Sherwood number (Sh) remains almost constant (= Sh., ~ 3.0). The structural

property-relationship in dimensionless form is given as follows:

e\ 2
P 1 el Y L T I (7.45)
g0 \ &0 (1 —¢) € EoT

Now, the above continuum model in equation (7.41) with the rheological model in
equation (7.42) and structural-property correlation in equation (7.45) is closed and
highly non-linear in nature. Next, we present the dimensionless form of the model
for general multicore set-ups.
Multi-core Set-ups

The TSC model described above can also be written for the multi-core set-
up shown in Figure 7.14, where an acidic solution is injected at a constant rate
Qo, pressure at the exit, P..;; is maintained a constant value and n_core number
of cores are mounted in a parallel flow arrangement. In this case, through the
total inlet flow rate is constant, the inlet flow rate through individual core is not
constant and depend on the effective mobilities of all the cores at any given time.
Due to this reason, the TSC model and boundary and initial conditions for each
core in this system is similar to that given for a single core set-up except the inlet
conditions for pressure equation. Thus, instead of constant flow condition, the

following conditions are appropriate in this case due to parallel arrangement:

P,=P; Vi, j=1:n_core; and _Z Upi =up Qz' =0, (7.46)

i=1
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Figure 7.14: Schematic diagram of a multicore set-up.

where, P, and U, ; are pressure and x-velocity in ' core.

Now we non-dimensionalize the model using the dimensionless quantities listed
in Table 7.2, where My, is the initial mobility of the fluid in the i** core, ~,, is the ratio
of initial pore radius of i*" core to the reference value (r,), 7., is the ratio of initial
interfacial area per unit volume of the i** core available for reaction to the reference
value (a,0), and other quantities are same as discussed in previous section. We
can choose reference value of rock properties (K, r, and a,) corresponding to
one of the cores (say low-perm core). Thus, the continuum model for multicore
with linear kinetics can be written similar to equation (7.41) as follows:

2 . -1
V- (M;Vp;)) = -V -u; = Da (1 + %) Avi cyis
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Table 7.2: List of dimensionless quantities used for dual core analysis.

. Dimensionless
Quantity
form
!
x T
!
t u%t
U4
Cpi
sz Ctin
Cy;
. Csi
Csi Csin
(Pz Pezzt)KO
pi ug Lmg
(1—n)
_Ho 3\" 2
o e (94 3)" (150K0e0)
Hefti
Ky o
. K;
ki Ko
Ko
Mo b
Ay 4
Avi ay0,i
490,35
Yai a0
. Tp,i
Ti Tp0,i
Tp0,i
Yri Tpo
acCy,
Nac ps mn
Da —ks‘;goL
¢2 2ks7'p0
D'mO
@2 ksav()OL2
m
2kcrp
Sh -
2* _ ugl
Pey, Da — Do
DmO
Dpa Dus
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aﬂ-i V. (SiDei'chi) 3

ot

1
= : (7.47)

M + V- (ui ) = 5=V (€iDepi Vi) ;
ot cL

e, 20 i\
8&;5 = N,.Da (14—%) Ayi i 1=1:n_core

ac

where ©;, = ¢; (cfi + NL> . The mobility, M; and effective viscosity term, p,, are

given by
MOz’kz‘

||n—1’

=
1 |

(-n)

&
1+ (b — 1) Exp
( ) { pH; (7 —pH;)

Ky = To; (Moz‘ki_>
€0i

Noi =1+ (Npo - 1) Cpis
fmi —1 1 —exp(—aicp)
-1 1—exp(—a;)

:umax

The inlet/initial/boundary conditions are given by

61':60,1'4—]?; Cfﬂ':O Q@ tZO;

€iDepix 0Cp i
= uchm; uicp,i — ZPZPZ’X 8;2 = uicpin; Q = 0, (749)
L

Ez‘Dez‘,X acf7i
Hicri = Pe; Ox

n_core

Z (w;)) =1; p;=p;Vi,j=1:n_core Q@ z=0;
i=1

aCfi dc i
i = 0; =0, 2=0 Q@ z=1I;
p ox ox v
on transverse boundaries,

n-Vp,=n-Vcy =n-Ve, =0

and the structural property-relationship in dimensionless form is given as follows:

i i (1 — €0y 2 kigo,i i
ki = g (&l =204) cr =4/ €, Ay = < ; Vi=1:n_core. (7.50)
g0 (1 — &) €; T €04l

€0,

It should be noted that unlike for Newtonian acids, the continuum model for in-situ
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gelling acids have the strong coupling between momentum balance (Darcy-law)
and species balances through the highly non-linear viscosity term. In case of multi-
core set-up, since the inlet condition through each core is coupled with other cores,
the solution in each core depends on the solution in other cores. In the following

chapter, we present the solution technique for the general case of multi-core set-up.

Disclaimer:

It must be noted that diverting acids like in-situ gelling acids have very com-
plex rheological behavior that depends strongly on pH of the medium and concen-
tration of additives such as polymer, cross-linkers and breakers. They are also
non-Newtonian (shear thinning) in nature. Since, there are no theoretical models
available in the literature that describe these behavior, as a first attempt performed
on theoretical studies of reactive dissolution of carbonates with in-situ gelling acids,
we use various simplifications in the two-scale continuum model presented in this
work. Based on these simplifications/assumptions, we present the simulation re-
sults and analyze the dissolution process. Therefore, as long as these assump-
tions are valid, the model results are valid. We list these assumptions one by one

as follows:

1. The rheological model developed here is based on the experimental data
(Rose, 2004) as shown in Figure 7.9 that may not have the similar features of
other in-situ gelling acids. Therefore, the parameters used in the rheological

model may have to be modified accordingly.

2. The two-scale continuum model developed here does not account the poly-
mer filtration. In some cases, cross-linked polymer molecules are very big
in size as compared to micropores in carbonates, and so, they get filtered
as dissolution proceeds. As a results, diffusivity and reaction rate of protons

with carbonates changes that change the gel formation and its dynamics.
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However, for simplicity, we neglected the filtration (adsorption/desorption) of

polymers and cross-linkers in this work.

. The kinetics of cross-linking and breaking of the gel is also neglected in this
work. Here, we assume that kinetics of cross-linking and breaking is very
fast and depends on pH and polymer concentration. Also, cross-linkers and
breakers have different properties than the polymer, and may propagate at
different speed as dissolution occurs. But, here we have considered all the
additives (polymer, cross-linkers and breakers) as a single species and used
only one species balance for these constituents (along with one species bal-

ance for protons).

. The multi-step chemistry and ionic equilibrium due to formation of carbonic
acids are neglected in these studies. Here, we have assumed the reaction
is irreversible and occurs in a single step (which might not be the case for
retarding acids such as EDTA, DTPA etc.). In addition, CO,, produced due
to dissolution of carbonates with acids, are dissolved in the solution and form
carbonic acids. As a result, ionic equilibrium is achieved that restrict the pH
in narrow range (around pH 4). This effect is very important for in-situ gelling

acids as the pH-range of gel formation may overlap this equilibrium.

. The relation between local permeability and porosity due to dissolution is
described by modified Kozeny relation, which is well suitable to packed-bed
but may not be applicable to porous media in general. In addition, the porosity
and permeability may not be correlated in practice, whereas in this work,
these are correlated as the same (Kozeny) relation. Similarly, the correlations

for dispersion and transfer coefficients are taken from packed bed literature.

. Initially, the porosity field is distributed using uniform random number gener-

ation. However, this may not be true in general. For example, initial porosity
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field may be distributed randomly with normal or log normal distribution.
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Chapter 8 Numerical Techniques for Wormhole For-
mation

8.1 Preamble

In this chapter, we present the solution techniques to determine the numerical
solution of the two-scale continuum (TSC) model described in chapter 7. Here we
consider the general case of multicore set-ups as shown in Figure 7.14, where
n_core is the number of cores (identical in shape and size) mounted in parallel
flow arrangement. n_core = 1 corresponds to single core set-up while n_core = 2
represents the dual core set-up. Qg (or ug) is the total inlet flow rate (velocity) that
is kept constant. The pressure at the exit, P,,;; is maintained at a fixed value. The
inlet flow-rate through each cores, u ; is split according to their mobility ratio.

The TSC model contains Darcy-law and material balance equations (continuity

equation, species balance equations and dissolution equations) as given below:

2 o\ E
V- (M;Vp;) = -V -w; = Da (1 + Ms#) Ay cpi ; (8.1)
87”+V(< )= V. (5D Vep) ; (8.2)
ot W; Cfi) = Pe;, €ilde;" VCyri) :

a(SiCpi> . 1 .
5 + V- (u; ¢i) = P_eLV (€iDepi- Vi) ; (8.3)

Oz; . Cbz%z' Tilh; o C
8t = NacDa <]. —+ T Am' Cri 1 = ]_, 27 (84)

where
1

T = & (Cfi + Nac> ; (8.5)
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the subscript i stands for i core; the mobility, M; is given by

M, = _ Moiki (8.6)

- -1
T

and effective viscosity term, 1, is given by

1+ (i — 1) Bxp { _Zgi[; :ig’g) }] . (8.7)

a=n)
2

&
i = Mo (MOiki_>
E0i

Mo =1+ (Mpo - 1) Cpi;
i —1 1 —exp (—aicy)
-1 l—exp(—a)

:umax

The inlet/initial/boundary conditions are given by

e =coit fi cri=0ici Q@ t=0; (8.8)
EiDei,X 8Cf,i gD, i, X Jc i
UiCf,i — Pe,  Ox = UiCfin,i; UiCpgi — PepL 82 = UiCpini; @ = =0;
aCﬁ aC "
=0, 2=0 Q@ z=1I; 8.9
ox ox (8.9)

n-Vey =n-Ve, =0 on transverse boundaries,

n_core

pi = p;V 1,5 = lin_core; Z (u;)=1; @ z=0;
i=1

pi=0;,Q@ z=1; (8.10)

n-Vp, =0 ontransverse boundaries,

and the structural property-relationship in dimensionless form is given as follows:
i i (1 —eo, # kigo i i
g— S (B e\ RSy Sy (8a1)
€0 \ €0, (1 — &) € T 04T
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Figure 8.1: Finite volume descretization in 1D (solid circles denote the node points
where concentrations, porosity and pressure are defined; w and e define the west
and east face of the element where velocity vector are defined).
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Figure 8.2: Finite volume descretization in 2D (solid circles denote the node points
where concentrations, porosity and pressure are defined; w and e denote the west
and east faces of the element where x-component of velocity vector are defined;
s and n denote the south and east faces of the element where y-component of
velocity vector are defined).

Here, we use finite volume discretization for spatial gradients as shown in Figures
(8.1, 8.2 and 8.3) implicit first order Euler method coupled with extrapolation tech-
niques for time derivatives. The discretization of these derivatives leads to large

number of linear equations that we solve using multigrid linear solvers. Figure 8.4
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Figure 8.3: Finite volume descretization in 3D (solid circles denote the node points
where concentrations, porosity and pressure are defined; w and e denote the west

and east faces of the element where x-component of velocity vector are defined;
s and n denote the south and east faces of the element where y-component of
velocity vector are defined; b and t denote the bottom and top faces of the element
where z-component of velocity vector are defined), (a) meshing (b) control volume.
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shows the main steps involved in obtaining the numerical solution of the model.
Initially, the concentration (of acid and polymer) and porosity field are given and
boundary conditions are specified. Based on these input, we solve for pressure
and velocity field in each core. Once, we have velocity profile, we use them to
solve for concentration and porosity fields at next time step, then update the pres-
sure and velocity profile at that time. We continue the procedure until breakthrough
is achieved, i.e., the overall pressure across the core drops by the factor 100.

As described earlier, we start with the initial and boundary conditions given for
concentration (of protons and polymer) and porosity field as well as the quantities
(such as permeability, viscosity, mobility etc.) that appear in the model equations.
Initially, porosity is field is generated using random number generation distributed
uniformly between 0.05 to 0.35 with average porosity, (¢y) = 0.2 and heterogeneity
magnitude, Ae = 0.15. Initial mobility, M, ; for i" core is known that gives the inlet

velocity, u;,,; through each core (identical in shape and size) as follows:

Upnjj = ——— . (8.12)

Once, we have the inlet velocities, we replace the inlet conditions given in equation
(8.10) for pressure equation by equation (8.12) and rewrite the boundary equations

for pressure as follows:

a Me i
—M_p:ui:umi:—._ i ;@ x=0;
81' ’ Jj=n_core
Y Mg,
j=1
pi=0, Q@ z=1; (8.13)

n-Vp, =0 on transverse boundaries,

Initially, the cores are assumed to be saturated with brine solution, so we assume
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Start(n=0)

Acid concentration c(x, v, z.t,, ).
Porosity elx,y, z.t,).
Polymer concentration EFI:I; V.Z,1,)

Inlet velocities u,, (1, )

v

Solve Darcy-law |[€—> Finite YG.IHI.HE dis crgnzatmn
A Multigrid techniques

Pressure profile p(x, v, 2,1, ),

Velocity field u(x, v, z.¢,,)

A 4 Operator splitting
Solve species Finite volume discretization
balance <> Multigrid techniques
equations Extrapolation

Acid concentration e(x, V.2, f,.q ).
Porosity  &(x, v,z,1,.),

Polymer concentration ¢, (x, ¥, 2, 2,01 )

h 4
Solve fﬂ.r.inlet ¢ > Smlx'e]ljarcy'-law for non-
velocities reacting case each core
Inlet velocities ug,,(t,.1)
€
v
End

Figure 8.4: The main steps used in obtaining numerical solution of the two-scale
continuum models in single or dual core set ups.
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there are no acid or polymer present in the cores initially and |u| = 1. Now we

explain the main steps used in solving the model one by one in detail.

8.2 Pressure Profile

To solve for the pressure profile, we first discretize the pressure equation (8.1)
using control volume approach. Figure 8.3 (b) shows a schematic of the control
volume used for discretization. The faces of the control volume are placed at the
center of two adjacent nodes and are denoted by e, w, n and s corresponding to

east, west, north and south boundaries of the control volume, i.e.,

_ Axe+Axw.Ay: Ayn+AyS_AZ: Azt+Azb;

Az : :
2 2 2

(8.14)

where, Ax., Az, Ay, Ays, Az, and Az, are distance from node point to east,

west, north, south, top and bottom boundaries, respectively and are given by

Az, = LTit1 — i ATy = T — Ti1;
Ayn = Yir1 — Y5 DYs = Yj — Yj-1; (8.15)
Nzy = 2pp1 — 2k Doy = 2p — Zp—1;

where (z; y;, z;) denotes the coordinate of the node (i, j, k) . Here, we assume the
uniform

meshing, i.e.,

and

Ti = 10T, Yj = JAY, 2 = kD 2.

for internal nodes.
At the boundaries of the core domain, the control volume is shown in Figure

8.1. Though this Figure corresponds to one-dimensional grids, it is same for 2D
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and 3D discretization as shown in Figure 8.5, i.e., at < = 1, the node lies on west

i |
1 P | |
w f I ) I
1 ¢ 1 1 w | ? €
0 N, -1 - N,
(a) (b)
\ 1
NN
1 1
. .
\7n S \\ \
\ *\
. \ \
oM }'u,"}. -1
(c) (d)
N,
< )
)
b
b ,
0 N, -1

Figure 8.5: Surface of control volume at the boundaries, (a) west boundary, i = 1,
(b) east boundary, i = N,, (c) south boundary, j = 1, (d) north boundary, j = N,,
(e) bottom boundary, k& = 1, (a) top boundary, &k = N..

boundary (Az, = 0); at i = N,, the node lies on east boundary (Az. = 0); at

J = 1, the node lies on south boundary (Az, = 0); at j = N,, the node lies on north
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boundary (Ax, = 0); at £ = 1, the node lies on bottom boundary (Az;, = 0); and,
at k = N., the node lies on top boundary (Azx; = 0).

Now we use integrate the pressure equation (8.10) over the control volume (z
from w to e; y from s to n; =z from b to ¢; depending on dimension of the problem) for

each core as follows:

e n t
1

¢’ % T
AmAyAz///D <1 + —— AU cy dxdydz, (8.16)

which leads to discretized equation as follows:

1 p |° 1 op|"™ 1 op |’
— | M— — | M — — | M=
Ax{ 8wa+Ay{ (9st+&2{ asz

2 -1
- {Da (1 n %) A, ch = fiin. (8.17)
5,k

It should be noted that r.h.s. of above equation is calculated based on earlier
values of concentrations, porosity and velocity profile. Now, we can write derivative
terms in equation (8.17) using central difference and boundary conditions (8.13) as

follows:

M Pit1,5,k—Pij.k

1< N,

o) e ,
Ma_p _ Ae (8.18)
Tle 0, i=N,
a M DPi,j.k 51 1,5, k’ Z > 1
Ma—p - == (8.19)
v w —UQicore =1
a ani,jJrl,k*pi,j,k, j < N
== Ao ’ (8.20)
L j=N,
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Map . Mspi’j’klzzj717ka ,] > ]_
2| =

Yls 0, j=1

M@ _ Mtpi,j,k-zz—tpi,j,k , k < Nz

% | o, k=N,

M@ _ Mbpi,j,k;ZZ;j,k—lj k > 1

0z, 0, k=1

Thus the equation (8.17) can further be written for internal nodes as

Lo Povtak = Pugk L0 Pigk = Picigi

Az Ax, Ax YAV
Lani,j—&-l,k —DPijk LMSpi,j,k — Pij—1k
Ay Ay, Ay Ay
L Dijk+1 — Pijk 1 Dijk — Pijk—1
_M 5T 5J» _ _M 5J» 5J» — i
Azt Az Azt Az Jugi
=
M, L M, n M,,
AxAxepH-l,],k Al‘Al‘pr_17]7k AyAynpz,]-‘rl,k
M, M, M,

mpi,j—l,k + mpi,j,k-i-l + mpi,j,k—l

M, My My,
+ JANCYAN. 29 + o
- M M M p17.]7k - fi:jyk7
s t b
+A s + ANzNzg + NzNzy,

(8.21)

(8.22)

(8.23)

(8.24)

(8.25)

where, since the effective properties like mobilities are known at node points based

on earlier values of concentration, porosity and velocity profile, the mobilities at the

surfaces are calculated as follows:

Axe o Tit1 — Te + Te — T4
- )

M, Mi+1,j,k Mmyk
AV i~ Tw | Tw = Til
b

M, Mm’k Mi,l,j,k
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JAYTS i+1 — Yn n—Yj

Myn - yj\zyﬂi +yMi,j,?:j7 528
ﬁfy: _ y]&;is +y]s\4:jyi;1’ (8.29)
A _ _

ﬁztt _ Zj/:/zj,k+jt n Z]twmik’ (8.30)
A — — 2

D T e o

The discretized equation (8.25) can further be written in standard form as

east piy1jk +west pi_y jx + north p; jip+

south p; j_1 + top pijr+1 + bottom p;jr—1—

(east + west + north + south + top + bottom) p; j 1, = source, (8.32)
where,
M,
east = bz (8.33)
M,
west = Aiiz. (8.34)
M,
north = N (8.35)
M
south = NN (8.36)
M,
= 37
top TN (8.37)
M,
bottom = TN (8.38)
source = fi k. (8.39)

Similarly, equation (8.17) can be simplified for the boundaries using relation given
in equations (8.18-8.23) that gives the similar form form of discretized equation as

given in equation (8.24), except there will be no term containing east for i = N, and
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soon.,i.e.,

east = 0 fori= N, (8.40)
west = 0 fori=1 (8.41)
north = 0 forj =N, (8.42)
south = 0 forj=1 (8.43)
top = 0 fork=N, (8.44)
bottom = fork =1, (8.45)
source = fugs g fori =1 (8.46)
fijk else

Thus, the discretized equation leads to system of linear equation that can be solved
by using linear solvers (based on Gauss-Jacobi, Gauss-Seidel, SOR etc.). Since
heterogeneity in the formation creates the transverse component of velocity, it very
important to calculate the pressure profile as accurate as possible to capture the
branching and dissolution patterns more accurately. For these reasons, we use
advance multigrid techniques (Wesseling, 1992) that converges faster than any
other technique available in the literature.

After we solve the pressure profile, we can determine the velocity profile at the
faces of the control volumes using Darcy-law, u = —M - Vp. Thus, the velocity in

X, y and z-directions for internal nodes can be given as,

’U/‘,E76 — _Mepl+1)])k B p'L,j,k; ux7w: _wazujvk — pl_11]7k; (8-47)
Az, YAV
pl7j+17k _ pZa]vk pZa]vk _ pl7.7_17k
u = —M,————— y, = —M————— 8.48
y,n n Ayn Y,s S Ays ( )
Pijk+1 — DPijk Pijk — Pijk—1
u = —M—"— Uy = —My—"——; 8.49
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It should be noted that

(8.50)

uz,t

u907@|i,j,k = “w7w|i+1,j,k3 Uytl; ik = Wyl i1k igk — Uzblij gy

for internal nodes.

8.3 Concentration and Porosity Evolution

Once we calculate the velocity profile, we use them to solve the species bal-
ance and dissolution equations. We use the operator splitting method for species
balance and dissolution equation, where upwind scheme is implemented for the
convective term and second order discretization scheme for the dispersive term.
For time derivative, we use the implicit first order (Euler) method and solve the
system of linear equations using the multigrid techniques. We also use the extrap-
olation techniques to increase the order of accuracy of the solution.
8.3.1 Operator Splitting

The balance equations for concentrations and porosity given in equations (8.2

- 8.4), can be written as follows:

F
O L, F +LyF. (8.51)
ot
n
where, F;= ec, |- the diffusion-convection operator, Lo F, is given by
g
ey Vo (€D Vey) = V- (ucy)
LpcF = PiL V- (eD.y-Ve¢,) = V-(ucg,) (8.52)
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and reaction operator, LiF, is given by

0
LiF = 0 . (8.53)

2 —1
NeeDa (1+ %) A,

Now we use operator splitting where we solve the diffusion-convection operator

first and then use the solution to solve the reaction operator as follows:

F* — F7? S
! ~ L = LpoF, (8.54)

F711+1 o FT .

—+——1 = LgF"" :
A R : (8.55)

where L and Ly represents the discretized version of diffusion-convection and
reaction operators, respectively. We repeat the same steps with half time steps
and use extrapolation to find more accurate solution. It should be noted that we
used implicit Euler (first order) method for discretization of time derivatives. Here,
superscripts *’, ‘n’ and ‘n + 1’ represent the intermediate (or virtual) time, older
(previous) time and new (or next) time.
8.3.2 Finite Volume Discretization for Diffusion-Convection Operator

The diffusion-convection operator from first splitting (equation 8.54) can be writ-

ten in operator form as follows:

T — 7" om 1

O LDV -V (). (@50)
(ecp)” — (ec,)" Oec 1 « * x
S = = pe VEDLVE) -V (ug),  (857)
g* —¢et Oe
. = 5= 0 (8.58)
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The equation (8.58) leads to constant porosity through out this step, i.e., ¢* = &".
Now, we use this result and integrate equations (8.56 and 8.57) w.r.t. x from w to

e,y from s to n, z from b to t (as done in previous section) as follows:

T ="

e n t
1 . .
At Aubyb: / / / V(D V' —uc’)drdydz (8.59)
w s b

with ¢* = ¢}; D :% for acids and ¢* = ¢}; D :5;%;? for polymers. It simplifies the
equation (8.56) as follows:

ct—c" 1 oc* ¢ 1 oc* " 1 oc* . !
€ N _E{Dax_uch +—{Da—y—uchs+E{Déz—uz,ch.

(8.60)

Now, we can write derivative terms in equation (8.17) using central difference and
convective term using upwinding scheme at internal nodes and boundaries (with

boundary conditions (8.9) as follows:

Cii1,5k %0k * * .
o . Do s — (0, e) pax Ciik— (0, %e) in Criajm 1< Ng
D P Uy C = )
T .
e —ueCQf,j,k, 1=N,
(8.61)
c* . —c* .
1,7,k i—1,4,k * _ * :
dc* * Dw YA, (0’ uw)max Ci*l,j,k (O’ uw)min Ci,j,k’ i1 >1
D o UgC | = . )
w —UWUin,icoreCin, =1
(8.62)
ck . —c¥ .
ZijtLk Thgk * _ * .
D(‘?c* B D, Aon (0, un) o € gk — (05U ) in Chipans J < Ny
83/ B Uy o . )
n 07 .] = Ny

(8.63)
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D% u, _ DS% - (07 us)max C:,j—l,k - (07 uS)min C’zj,k7 j > 1
ay s O’ ] - 1
(8.64)
DaC* u _ Dt% - (07 ut)max c?,j,k - (07 ut)min c?,j,k+17 k< NZ
0z t 0, k=N,
(8.65)
Dac* u _ D iﬂjﬂk;;l;j%_l (07 ub)ma.x C;(,j,kfl - (07 ub)min C;j,k’ k >1
0% b 0, k=1
(8.66)
Thus the equation (8.60) simplifies further in following form:
east ¢jyq jj +west ¢;_y ;. +north ¢ g+
south ¢ ;_q 4 +1top ¢ ;g +bottom ¢ ;) 1 —
€ ec"
(node + nod,, + nod,, + nods + nod; + nody, — E) Ci jx = Source — é,(8.67)
where,
(
L(De — (0, u,) ) i< N,
cast = { O \Are i , (8.68)
0, 1= NJ}
\
(
A (B (0 t))» P> 1
west = { BT \ATw max : (8.69)
0, i=1
\
(
L(&HQU@) ) i <N,
nod, = { ©F \A max : (8.70)
| i=N,
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and

+ (OJU’S)max> ) j > 1

j=1

Al (f;n—l— Ounmax) J <N,

_U'Ln,ico'recin fOFZ — 1

a1 ( Dy,
Az \ Dz
nod,, = *
1 ( D,
Ay \ Ayn
north = Y
0,
1 ( D,
Ay \ Ays
south = yASY
0,
nod,, =
0,
1 ( D,
Ay \ Ays
nodg = YAy
0,
1 ( Dy
Az \ A
tOp _ z zt
0,
1
A
bottom =
0,
1 (&
Az \ A
nod; = A
0,
1 ( Dy,
Az \ A
nod, = AR
0,
source =

Ax

0
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Y

(8.71)

(8.72)

(8.73)

(8.74)

(8.75)

(8.76)

(8.77)

(8.78)

(8.79)

(8.80)



Here, the effective diffusivities are known based on earlier values of concentration,
porosity and velocity. So, the effective diffusivities at the surfaces can be calculated

as follows:

Avflje Tit1 — Te Te — T

D. ~ Diwsr | Dus’ (8.81)
Aty .

wa N xDi,ji +$Di;l> (8.82)
Ayn L

Dzi - yg:jﬂ,i +yDi,jjj’ (8.83)
Ty s e 054
A _ _

Fit N Zg:',lj,mjt * Zbiyj;k’ (8.85)
A - — Zk—

TZ: - Z]zg)i,j,:uzgiﬁll' (8.86)

Thus, the discretization of transient diffusion-convection operator leads to system
of linear equations (8.67) that can be solved by using linear solvers. We use ad-
vance multigrid techniques (Wesseling, 1992) to solve this equation. Similar disc-
tretized system of equation for polymer concentration can be used by following
the same procedure. Once, we solve for these concentrations and porosity field
at intermediate step, we use these solution to solve the second splitting (reaction
operator) given in equation (8.55) to find the solution at the next time step.
8.3.3 Solution of Reaction Operator

The second part of the operator splitting method is the solution of reaction op-

erator given in equation (8.55) that can be rewritten as

atl —r* on
n+l *
(Ecp) At (Ecp) — a;;ﬁ — O, (888)
gntl — g Oe
T = E = NacDaeffc?“. (889)

236



where effective Damkohler number, Da.;;, is given by

2 -1
Daess = Da (1 + d)g—h”‘) A, (8.90)

The equation (8.87) leads to = =constant, or, 7! = 7* =

*

il € . 1 1
Cf = ﬁ (Cf + N_ac) — Nac. (891)

Similarly, equation (8.88) gives,

* ok
Cn—i—l — € Cp
p en+l :

(8.92)

Thus, if "' is known, we can calculate concentration of acid and polymer from
equation (8.91 and 8.92). To calculate "', we rewrite equation (8.89) by using

equation (8.91) as follows:

*

= NacDaeffC}L+1 — Da/eff (% (Nacc; + 1) — 1> , (893)

5n+1 . 8*
At

that gives the quadratic equation in porosity "*! as
(™) — (¢ — Dagss A €™ — Dagpp At € (Nooch + 1) (8.94)

that has two roots:

n 1 * *
e = (e — DaggpBt) % V(" = Dacyy AP + 4Daggs At e Noee. (8.95)

One of these roots is negative and other is positive, we choose the positive roots

(as porosity can not be negative). Thus the porosity at next time step is calculated
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as

n 1 * *
e = = (6" — DagyOt) + V(& = Dacyp At + 4Daggs At N (8.96)

Once we calculate the new porosity field, we update the concentrations of acid and
polymer using equation (8.91 and 8.92).
8.3.4 Extrapolation

Earlier, we presented the numerical method to solve the concentrations of acid
and polymer, and porosity field at next time step (at ¢,,,1) based on their values at
the current time step (at ¢,). The discretization for temporal derivatives are per-
formed using implicit Euler method which has first order accuracy in time (O(At)).
For 3-D problems which is computationally very expansive, very small time steps
may be very difficult and time taking in obtaining solutions. For these reasons,
higher order methods are used. But in literature, it is shown that first order method
coupled with extrapolation technique is not only leads to higher order accuracy but
also speed up the calculations.

It can be seen by simple example of solving a linear problem,

dc_

o —Ac (8.97)
c=cy Qt=0, (8.98)

which has exact solution as
¢ = coexp (—At) (8.99)

that gives the exact solution at n'" time step (¢,, = nAt) as follows:

2
Cpezact = Co €XP (—AnAL) = ¢ <1 — nAAt + %/\2At2 + 0 (At)g) (8.100)
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Using the implicit first order Euler method, we get the solution at n!* time step

(t,, = nAt) with step size At as

_ 1 " nn+1),, . 3
Cln = Co (1+)\At> = ¢ (1 nAAt + 5 AN AL+ O (At) (8.101)

while with step size £ as

2n 1
Can = Co (T&AJ = ¢ (1 YN @Vm? +0 (At)3> . (8.102)
2

We can see that solutions from Implicit Euler method given in equations (8.101 and
8.102) have the first order accuracy. If we extrapolated these solution as follows:
n® 3
¢ =2y, — C1p = Co (1 — nAAt + 7)\ At + O (At) > , (8.103)
which has accuracy to second order.
Thus, here, based on the variables at current time step ¢,,, we determine the

two solutions at next time steps t¢,,,; with the step size, At and %. Let cs1, cp1, €1

are solutions (acid concentration, polymer concentration and porosity, respectively)

with step size At and cyq, ¢,2, €2 are solutions when step size is %. Then the
extrapolated solutions (cf1, ¢,1, 1) can be written as

Cr = 20f2 —Cn1 (8104)

Cp = 2Cp — Cp (8.105)

€ = 2e9—¢€1 (8.106)

As shown earlier, these extrapolated solution have second order accuracy O(At?)

in time. In the following chapters, we use the solution technique describe here, to

239



determine the solution for pressure profile, concentrations of acid and polymer, and
porosity evolution; analyze the acidization process with gelling acids; and, compare

the results with that of Newtonian acids and those available in literature.
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Chapter 9 One Dimensional Analysis: Gel Dynamics
and Flow Diversion

9.1 Preamble

As discussed earlier, stimulation with Newtonian acids leads to over-stimulation
of high-perm zones and under-stimulation of low-perm zones. In particular, when
Newtonian acids are injected into the wells, they preferentially flow through the
high-permeability or low resistance region and increase the permeability of those
regions. As a result, more acid is drawn to the high-perm region while low-perm
region is under-stimulated. Therefore, in-situ gelling acids are used in stimulation
that use pH to control viscosity. So, when in-situ gelling acids are injected into the
wells, they also flow preferentially through the high-perm zones and increase their
permeability. But, as dissolution occurs, pH of the medium increases and reaches
to a threshold value where polymers added to acidic solution, start cross-linking.
As a result, gel is formed in the high-perm regions that offers very high resistance
due to enormous increase in viscosity. Consequently, acids are diverted to the low-
perm regions and stimulate these regions. Thus, the use of in-situ gelling acids,
unlike Newtonian acids, enable us to stimulate least-accessible low-perm zones
that leads to uniform stimulation of carbonates. However, there are no theoreti-
cal studies performed with in-situ gelling acids and though, several experimental
studies are presented in the literature, they are not sufficient enough to provide the
information such as on the design a fluid (in terms of rheological parameters) and
process conditions that lead to maximum diversion. Also, its very difficult to predict
the optimum injection rates and amount of flow diversion for general acids.

Since gel formation is the key for optimal stimulation of carbonates with in-
situ gelling acids, in this chapter, we study systematically the gel dynamics in a

single core set-up as shown in Figure 9.1(a) and identify the mechanism of flow
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diversion from high-perm core to low-perm core in a dual core set-up as shown in

Figure 9.1(b). For this, we use simplest one-dimensional version of the TSC model

Figure 9.1: Schematic diagram of (a) single core set-ups (b) dual core set-ups in
laboratory core experiments.

and simulate it using the techniques described in previous chapter. In the single
core set-up shown in Figure 9.1(a), an acidic solution is injected at a constant rate
through a carbonate core of length L where pressure at the exit is kept constant.
Similarly, in dual core set-ups as shown in Figure 9.1(b), two carbonate cores of

different permeability are mounted parallel, where acid is injected at a constant
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rate and pressure at the exit is fixed. In this set-up, the flow splits in both the
cores depending on their effective mobility ratio. Here, we analyze the acidization
with in-situ gelling acids in single and dual core set-ups one by one and estimate
the gel properties such as front-speed and width and flow diversion using scaling
analysis. We also analyze the effect of rheological parameters on optimum injec-
tion rates and dissolution phenomena and compare the predictions from simulation

with available experimental results.

9.2 Single Core set-up

Figure 9.1(a) shows the schematic of a single core set-up where an acidic solu-
tion is injected through a carbonate core of length L with a constant injection rate,
Qo and exit pressure (back pressure), P..;, is fixed. Since, the two-scale contin-
uum model for acidization process contains several (flow, kinetics and rheological)
parameters, the dimensionless form of the model which has minimum number of
parameters, is better to analyze the effects of those parameters on dissolution
process. For this reason, we use the dimensionless form of the model to analyze
the acidization process.
9.2.1 Dimensionless TSC Model

The dimensionless form of the two-scale continuum model is described in pre-
vious chapter. Here, we use the one-dimensional version of the model for single

core set-up that is given as follows:

2 -1
0 (M@> :_8% = Da <1+¢ T'u) A, ¢y,

oz " ox O Sh
on  Ougcy; 1 8<D%)

ot T or  Peror \O “ox
d(ecpy)  Ouge, 1 0 Ocy

ot " or ~ Peor\TPvor ) ©1)
Je O*r p -
a = NacDa (1 + Sh ) Av Cf s
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where first equation for pressure is the combination of Darcy-law, continuity equa-
tion and dissolution equation. The second equation is the combination of species

balance and dissolution equation, where 7 is given by

7T:€(Cf+]\}>. (9.2)

The third and forth equations represent the species balance for polymer and poros-

ity evolution, respectively. The effective mobility, M/, and effective viscosity term, p,

are given by
B k
polls "
(1—n)
€ ’ —a (pH _pHm)2
= k— 1+ (u,, — 1) Ex ; 9.3

no =1+ (Mpo - 1) Cp;
fy —1 1 —exp(—aic,)
Hmax — 1 B 1- exXp (_al) .

The inlet/initial/boundary conditions are given by

e=¢co+f; cg=0 Q@ t=0;

ED@7X acf EDe X ac
ucy — Pe, B UinCfin; U = Ujp; UCH — PepL 0_; = UinCpin @ z=0; (9.4)
8cf oc
=0 =1 =0,—2=0 @ z=1
p " On " Or X !

where u is the axial component of velocity, = is axial coordinate. Here ¢, is base
porosity field and fis a random fluctuation in the initial porosity field. Here, Da
is the core-scale Damkohler number, ¢ is pore-scale Thiele modulus, Sh is the
Sherwood number, Pe is the axial Peclet number and N,. is the acid capacity
number defined as the volume of solid dissolved per unit volume of the acid. In this

case, we assume that the 2—‘7 << 1, i.e., the convective contribution to mass transfer
p
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at the pore scale is neglected and hence the Sherwood number (Sh) is almost
constant (= Sh,, = 3.0). The structural property-relationship in dimensionless

form is given as follows:

_ 28
k:£<—8(1 50)) S L P R (9.5)
g0 \ &0 (1 —¢) € goT

Now, we simulate the model using the technique described in previous chapter.
We use the typical values of flow and reaction parameters, listed in Table 9.1, for

Table 9.1: List of parameters and dimensionless numbers used in the simulation

Quantity | Value

Crin 20%(wt) = 0.68 M
Cp,m 2%(wt)

€o 0.2

ks 1.4 x 10~* cm/s
Dio 6.0 x 10~%cm?/s
Q. 200.04 g(solid)/mol(acid)
) 2.71 g/cm?

Nge 0.05

Fpo 10 cp

Ho 1cp

0 23.83

a 23.4

pH,, 2.47

n 1

Ky 1mD

Tpo 10 um

Ao 50 cm~!

L 10 cm

Sheo 3.0

»? 0.047

H? 1.17 x 10°

3 1

Qs 0.5

simulation. In following sections, we present the simulation results based on these

values of parameters.
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Figure 9.2: PH/concentration profile from 1-D simulation for Da = 100.

9.2.2 Gel Dynamics

Here, we solve the one-dimensional (1-D) version of the model and observe
the variation of concentration/pH in axial direction as shown in Figure 9.2. It can
be easily seen from this figure that there are two fronts (reaction and gel) present
in the core, unlike for the case of Newtonian acids where only one (reaction) front
is observed. In this figure, the red color represents the inlet concentration (at
pH =0.68), the light orange color represents the reaction zone where most of the
protons are used to dissolve the medium (in pH range, 0.68 ~ 1.7), the pink color
represents the brine solution (at pH = 7) and green color represents the pH range
of gel formation (pH = 1.6 ~ 3.8) as can be seen from viscosity profile in Figure 9.3.
Since, polymers is not consumed during dissolution, it propagates faster assuming

there is no filtration (polymer molecules are too small compared to smallest pore
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Figure 9.3: Viscosity profile (presence of gel) in the core the from 1-D simulation
for Da = 100.

size in the core to get filtered or adsorbed on the rock). Thus, polymers are present
everywhere in the core after very short time. Hence, when proton concentration
falls sufficiently (pH increases to 1.6), the polymers start cross-linking and form
gel.

Since, pH-range of reaction zone (where most of the reaction takes place or pH
falls significantly from inlet value) corresponds to pH = 0.68 ~ 1.7 and pH-range of
gel formation corresponds to pH = 1.6 ~ 3.8, the reaction front lies behind the gel
front. However, the speed of propagation of both the fronts are same and can be

expressed by scaling analysis (in appendix) as follows:

1 —exp (—Nge)
1 —egexp (—Nge)

Uo, (9.6)

U front =
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Figure 9.4: Gel propagation (viscosity profile) at Da = 100 in the core for various
pore volume of acid injected.

where, u .., is the front speed in steady propagation. It can be seen that the front
speed uy,,,; depends on the injection speed, u,, as well as the acid capacity num-
ber, N,.. For N,. = 0.05 and g3 = 0.2, the dimensionless front speed in equation
(9.6) from scaling analysis corresponds to roughly 0.06 that matches the simula-
tion results in Figure 9.4, where gel front travels dimensionless distance = = 0.25
when pore volume of acid is injected from 4.95 to 24.95 in dimensionless time ¢t =4
(which leads to the same value of front velocity, ¥ = 0.06). While the speed of
both (reaction and gel) fronts are same, the diffusivity of protons in reaction zone
is much higher compared to that in gel due to very high viscosity in the later re-
gions. Therefore, the width of reaction front, Ix -, is much smaller as compared
to the width of gel front, I x ¢, (in mass-transfer controlled dissolution) as can be

seen from Figure 9.2. The scaling analysis leads to the width of these fronts in
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dimensionless form as follows:

o U 1 2Tp B
Ixc = o |:ks + D.oSh (,u)c] (ApH) exp (—Nge) LNn10 (9.7)
U 1 2r
l:r:,Gel = a_v |:k_s + Dmogh <1u>gel:| <ApH>gel exXp (_Nac) Ln10

where (ApH) is the pH-range of reaction zone and (ApH),,, is the pH-range
of gel formation. r, is average pore radius that depends on initial permeability
as r, ~ /Ky and (a,) is average area per unit volume available for reaction that

depends on initial permeability as a, ~ (1), and (u),., are average viscosity

1
VEq®
of reaction zone and gelled acid, respectively and are given by

1
(W), = —/MdPHNNo
c A H p
(Ap >cpHc
1
<,u>gel = W / % de ~ 1313#270 (98)
Gel
PRGe

Thus, the width of both the fronts increases as the injection rate (Da~!) increases
or initial permeability increases. The increase in the width of these fronts with initial
permeability is also observed from simulation as shown in Figure 9.5 that verifies
the scaling analysis at least qualitatively. It can be seen easily from equations
(9.7) that if the dissolution process is kinetically controlled (%2 <lu>gel << 1), the
width of both fronts is almost same (Ix.c ~ lx.ge o upv/Ko) and increases linearly
with injection rate but non-linearly with initial permeability; while for mass transfer
controlled dissolution (g% (1) gt >> 1), the width of gel front is bigger than that of
reaction front (Ixc oc (1), uoKo and lx ge o (;Qgel ugKyp). In the latter limit, the
width of both the fronts increases linearly with injection rate and initial permeability.
In the current analysis, (ApH) ., equals to 2.2 (gel is formed between pH-range

1.6 - 3.8) and (1), is 131.3. The typical value of (ApH) is 1.2 that leads to

react

249



0.0 0.2 0.4 0.6 0.8 1.0

AN ]

(a) K;=2mD
5
4
3 _
0.0 02 04 06 08 1.0
2 (b)Ke=1mD
1
0

pH |
0.0 0.2 0.4 0.6 0.8 1.0

(c) K;=0.5mD

Figure 9.5: Width of gel and reaction fronts in cores of different initial permeabilities
at constant injection rate, vy = 9.8 x 10~*cm s71.
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Ixc = 0.025 and [x . = 0.15 (which can be seen from Figure 9.2). Thus, for the
case studied here, the dimensionless gel width is about 15% of the domain size
and about 13 times larger than the width of reaction front, which can be seen from
Figure 9.2.
Overall Pressure-drop

It must be noted that resistance offered by gel formation is the main difference
between stimulation of carbonates with in-situ gelling acids and Newtonian acids.
In the case of Newtonian acids, the viscosity remains constant while permeability
is increased due to dissolution. As a result, effective mobility increases with disso-
lution and hence pressure drop across the core decreases with time. On the con-
trary, for the case of in-situ gelling acids, since effective viscosity of gel is very high,
the effective mobility of in-situ gelling acids is reduced tremendously, which results
in large increase in pressure drop as can be seen in Figure 9.6. Thereafter, as
permeability of the core increases due to dissolution, the pressure drop decreases
with time. Eventually, the gel exits the core, so the pressure drop falls sharply
and we get the breakthrough. Thus, unlike for Newtonian acids where pressure
drop decreases monotonically, the pressure profile for in-situ gelling acids is non-
monotonic in time (Figure 9.6) and matches with the experimental trends (MaGee
et al., 1997; Gomaa et al., 2011). This result plays very important role in designing
lab experiments where pressure has to be stay within certain limit.
9.2.3 Breakthrough Curves and Optimum Injection Rate

The effect of injection rate on acidization curve is shown in Figure 9.7, where
pore volume to breakthrough (PVpr) is plotted against dimensionless injection rate
(Da~1). The pore volumes of breakthrough (PVpr) is defined here as the number of
pore volume of acid required to increase the effective mobility of the core by a factor
100. It can be seen from this figure that similar to the experimental observation

(Fredd and Fogler, 1998), a minimum exists in breakthrough curves for both in-situ
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Figure 9.6: Overall pressure drop for gelling and Newtonian acids from 1-D simu-
lation at Da = 100.

gelling acids and Newtonian acids. We note that the optimum injection rate (Da~!)
is smaller for in-situ gelling acids as compared to Newtonian acids. We estimate
the optimum Damkohler number (injection rate at the minimum) for in-situ gelling

acids using a procedure similar to that used by Panga at al. (2005) as follows:

Uopt = 5De kckfckc Ay,
_ (1), (r) ¢*
Dayy = CID\/go A (1 + o, <u>c> : (9.9)
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Figure 9.7: Comparison of breakthrough curves for gelling acids and Newtonian
acids at ¢* = 0.047.

Thus, in the mass-transfer controlled dissolution (k. << k), the optimum injection

rate for in-situ gelling acids can be simplified as

<u>0 ew
Uopt,Gel = <Z—2;]V; <U>Opt7New = V0D mokcowo (9-10)

while in the kinetically controlled dissolution (k. << k) as

<u>o ew /
Uopt,Gel = ~ Lot lVew, <u>opt,New = 8Ol)m(]ksavo- (91 1)

(),
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Here, (r) is the overall increase in average pore radius from its base value while
(A,) is the overall decrease in area per unit volume from its base value, due to
dissolution. Since we defined the breakthrough when mobility is increased by a
factor 100, we assume (r) ~ 5 and (A,) ~ 0.2. Thus it can be calculated from
the equation (9.9), for the parameter values used in current analysis, the optimum
injection rate (Da~!) for in-situ gelling acid is less than that of the Newtonian acids
by about a factor 4, which can be verified by Figure 9.7. It is because, the gel for-
mation slows down the mass-transfer of protons from bulk fluid phase to the solid
surface. Therefore, lower injection rate corresponds to efficient stimulation or opti-
mum for acidization. In addition, the pore volume of acid injected until breakthrough
is higher for in-situ gelling acids as compared to that for Newtonian acids. This is
due to the fact that it is 1-D simulation where there is no place for flow diversion,
thus gel formation retard the dissolution process without leak-off or flow diversion.
Therefore, higher PV is required at optima as observed in experiments (Fredd
and Fogler, 1998) where slow reacting acids lead to higher PVzr. However, for 2-D
and 3-D simulations lead to the lower PV for in-situ gelling acids as compared to
the Newtonian acids, described in later sections.

It should also be noted from equations (9.10) and (9.11) that optimum injec-
tion rate for both types of acids (in-situ gelling and Newtonian) changes with initial

permeability in the same manner, i.e., in the kinetically controlled dissolution,

Ugpt ~ /o ~ K3, (9.12)

while in the mass-transfer controlled dissolution,

Uopt ~ \ Feptiog ~ 1 | 2 ~ K2, (9.13)

Tp()

In other words, the optimum injection rate for both acids decreases with initial per-
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Figure 9.8: Effect of initial core permeability on breakthrough curves for gelling
acids at ¢? = 0.047.

meability that can also be verified from Figure 9.8 where breakthrough curves for
in-situ gelling acids are plotted for different initial permeability.

It should be noted from the breakthrough curves shown in figures 9.7 and 9.8
that in the face dissolution regime (for very low injection rate or Da=!), PV is
same and is independent of types of acid. In fact, in this asymptotic regime, PV
can be estimated (Panga et al., 2005) as

1-— €0
)
50Nac

PVBT,face = (914)
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which gives PVpr soce ~ 80 for the parameters listed in Table 9.1 and used in
current simulation, which matches with the simulation results. This validates the

accuracy of the model as well as simulations.

9.3 Dual Core Analysis

In this section, we consider a dual core set-up as shown in the Figure 9.1(b)
and identify the mechanism of flow diversion. Here, the total injection velocity, g,
and exit pressure, P..;;, are kept constant, and, fr signifies the flow diversion, the
fraction of total injection rate flowing through low-perm core. As explained earlier,
the dimensional form of two-scale continuum model has several parameters and
so very difficult to analyze while the non-dimensional form of the model contains
the minimum number of parameters and easy to analyze.
9.3.1 Dimensionless TSC Model

The dimensionless form of the continuum model for dual core with linear kinet-
ics (as described in previous chapters) can be written in one dimension as follows:

8 6]9 o 8”3‘1 o ¢27ri Tl o .
a_(Ma_) = —D“(”T Avi i

om; | OQugicy; 10 dcyi\
ot | or —peLa—m@DeZa—x)’

8 (sicpi) aumcpi 1 0 acpi
_ ~|ep. 2P 9.15
ot + ox Pe; Oz SieniTp, ) ( )

Oe i
ot

QSQ’YM' Tily o ;
= N(cha 1+ T Avi Cfi v = 17 27

where

1
7Ti:€i(0fi+N )

The mobility, M; and effective viscosity term, 1, are given by

MOi kz

- I

o Hu:m
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(-n)

E; 2
i = No; | Moiki—
Eoi

1+<umi—1>Ea:p{ p](jffj;_igg) H (9.16)

Noi = 1+ (ppo — 1) ¢

i —1 1 —exp (—aic)
—1 l—exp(—a))

Mmax

The inlet/initial/boundary conditions are given by

Ei:50,i+ﬁ Cfﬂ‘:() Q@ tZO;

€iDez’,X acf,i — e €iDepi,X an,z’
= UiniCfin,i iCpi —
Pe; Ox fin.is b Pe; Ox

UiCrq — = Uin,iCpin,is Q@ z= 0(917)

2
 (w)=1; pp=ps @ z=0;
=1
. aCfZ‘
" Oz

. Ocyi

=0
" Ox

pi=0 =0 @ z=1;

and the structural property-relationship in dimensionless form is given as follows:

i (e(l—e0)\” [kico,i i
k; = L A el (1 = o) S o, s Ay = c ;o Vi=1,2 (9.18)
€0 \ €0 (1 —¢;) €; T €047y

In this diversion study, we assume the initial permeability of the high-perm core is

4 times higher than that of low-perm core, i.e., My = 1, My = 4; €01 = €02 = €0}
Y1 =1, 79 =2;and v, = 1, v, = 0.5. Now we use this1-D version of the two-
scale continuum (TSC) model and simulate it with typical values of parameters
listed in Table9.1 and identify the mechanism of flow diversion.
9.3.2 Flow Diversion in non-Reacting Case

Before we analyze the reactive dissolution, we first consider the non-reacting
case where viscosity and overall permeability remain constant. In this case, the in-
let velocity is given by Darcy-law and expression of mobility and viscosity in equa-
tion (9.16) as

M’iO lin
or, u; ~ M;5" .

n
u’L ~ 1—n

2
M,
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So, the flow splits through both the cores according to their effective mobility, and

the fractional amount going through low-perm core is given by

7 Ug ( ]\4171’;;1 > 0.20, n=1 (9.19)
r= = T o7 | = ) )
Yo U0\ M My 0.11, n=05

Thus, we can see that if the power index n is close to 1 (Newtonian behavior), 20
% of the acid flows through low-perm core while if the power index n is 0.5 (highly
non-Newtonian behavior), only 11 % of the acid goes through low-perm core. In
other words, the higher power index is desired for practical purposes as it leads to
more flow of acid through low-perm core.
9.3.3 Flow Diversion by in-situ gelling Acids

Now, we consider the case of reactive dissolution. As discussed in the previous
section, the width of the gel front increases with the injection rate and the initial
permeability of the core. Therefore, larger gel width is expected in high-perm core
as compared in the low-perm core, which can be seen from simulation results
shown in Figure 9.9. Since the effective viscosity of the gel is very high (<,u)gel ~
131), more resistance is offered in the high-perm core due to larger gel width and
hence, the flow is diverted to the low-perm core as shown in Figure 9.10. Here,
we can see that initially, the amount of acid that flows through each of the cores, is
proportional to their initial permeability. Then, due to gel formation as dissolution
proceeds, more flow is diverted from high-perm core to low-perm core due to larger
gel width in the high-perm core. The amount of flow diversion keeps increasing until
the gel is fully developed (to its maximum width) in high-perm core. Thereafter,
gel propagates with a steady speed and gel width remains constant. As a result,
flow diversion remains almost constant until the gel starts getting out of the high-

perm core. For steady propagation, scaling analysis leads to the amount of flow
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Figure 9.9: Gel dynamics in dual core set-up at ¢* = 0.07 and Da = 100 from 1-D
simulation.

diversion, fr that satisfies the following relation (details in appendix B):

uy Jr 1401 (1= fr) (1 + 6o/ M) /My (%) (9.20)
U2 |z=0 1_f7“ 1461 fr (1 + do/My) /My M)’ '

where §; and §, depend strongly on the rheological properties as given by the

following expressions:

5y = —— 0l (9.21)
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¢° (M>gez

In the limit of mass-transfer controlled dissolution (62 = —a

>> 1>, equation

(9.20) simplifies to
(51 f?" . (5152 -+ M{l

s — = ) 9.22
(%) =0 1— fT' 5152 + M2_1 ( )

For Da = 100, ¢, = 0.58 and 4, = 2.05 corresponding to () ., = 131.3, p1,, = 10,
(ApH) gy = 2.2, Noe = 0.05, ¢* = 0.047 and Sh = 3.0 (Table 9.1). In this case,
equation (9.20) leads to fr = 0.4, i.e., 40 % of acid flows through low-perm core
that matches the simulation result shown in Figure 9.10. In this case, the ratio of
amounts of acid flowing in low-perm and high-perm cores is 0.6 that can be seen
from Figure 9.11. This ratio is measure of flow diversion. For example, if this ratio
is unity, the diversion is maximum. Similarly, for Newtonian acids, this ratio is same

as permeability ratio of cores. This ratio can be increased by increasing §; and
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02, which depend strongly on rheological properties and injection rates (equation,
9.21). Since diversion occurs at short times until gel is fully developed as can
be seen in Figure 9.11, this ratio can further be increased using intermittent flow
condition where acidic solution is injected for short times followed by injection of

non-reacting (brine) solution, repeatedly.

9.4 Conclusion and Discussion

We used the 1-D version of the two-scale continuum model to analyze the stim-
ulation of single and dual core laboratory experiments with in-situ gelling acids for
the case of constant injection rate. The scaling analysis, presented in the appen-

dix B, for gel dynamics such as gel width and gel propagation in a single core, is
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verified by the simulation results. For example, the scaling criteria show that the
speed of reaction and gel fronts are independent of rheology and depend only on
acid capacity number and injection rate, which is also observed in simulations. In
particular, the speed of reaction front is found to be the same as that of gel fronts.
Similarly, the scaling analysis shows that the width of these fronts are strongly de-
pendent of rheological parameters which are also observed in the simulations. In
fact, the width of gel front is found to be very large as compared to that of reaction
front due to very high viscosity of the gelled acids.

Since the gelled acid has very high viscosity, the gel formation reduces the
effective mobility. Hence, the pressure drop across the core increases tremen-
dously unlike for the case of the Newtonian acid where pressure profile decreases
monotonically. The similar trends is observed in laboratory experiments. There-
fore, it is very important to estimate the increase in pressure drop for proper design
of the laboratory experiments.

We showed from scaling analysis and from simulations that the high-perm core
is offered more resistance due to larger gel width, which is the key mechanism
for flow diversion. We express the amount of diversion in terms of rheological
parameters, which can be used to design the injecting fluids to achieve maximum
diversion by controlling the rheological parameters. We reasoned that the flow
diversion, fr, can also be maximized by using intermittent flow conditions where
acidic and non-reacting solutions are switched periodically until breakthrough.

We have developed the scaling criteria for optimum injection rate of in-situ
gelling acid and showed that it is smaller by a factor (), and /(). in limits of
mass-transfer and kinetically controlled dissolutions, respectively, when compared
with Newtonian acids. Here (u), is the average viscosity of acidic solution in re-
action zone. The same result is obtained from simulations. It is because the gel

formation reduces the molecular diffusivity of protons. In addition to that, in mass-
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transfer controlled dissolution, the gel formation hinders the transfer of protons from
bulk to the rock surface. Both of these effects reduces the effective reaction rate or
increases the reaction time. Since, wormhole formation is due to coupling between
transport and reaction processes, the convection time also has to be increased
to form a wormhole. Hence the lower injection rate is required corresponding to

wormhole formation (or optimum).
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Chapter 10 Two-Dimensional and Three-Dimensional
Simulations: Dissolution Patterns

10.1 Preamble

Though the one-dimensional analysis of acidization processes discussed in the
previous chapter provides most of the qualitative features of the gel dynamics and
flow diversion in single and dual core set-ups, they can not predict dissolution
patterns due to absence of transverse direction. Because the formation of worm-
hole/dissolution patterns are due to competition between length-scales in flow and
transverse directions (In the flow direction, convection and reaction are the domi-
nant processes while in the transverse direction, dispersion and reaction are dom-
inant processes), two-dimensional or three-dimensional simulations are needed to
understand the different dissolution patterns. In addition, one-dimensional analysis
gives the qualitative trends correctly but may be quantitatively less accurate, espe-
cially for high heterogeneity field. For these reasons, 2-D and 3-D simulations are
very important to study the effect of rheological parameters or flow and reaction
parameters on dissolution patterns.

In this chapter, we analyze the dissolution process by using the 2-D and 3-D
version of the two-scale continuum model. First, we consider the 2-D dissolution
in the single core set-up as shown in the Figure 9.1(a) where we use the model,
expressed in dimensionless form in equations (9.1 - 9.5), and compare the results
of in-situ gelling acids with that of Newtonian acids. Then, we study the flow diver-
sion in dual core set-ups shown in Figure 9.1(b) where we use the dimensionless
form of the model, expressed for dual core set-ups in equations (9.15 - 9.18), and
compare the results with experimental data available. Finally, we consider the 3-
D simulations in a single core set-up, where we show that the results from 2-D

simulations contain all the essential feature of 3-D simulations.
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10.2 2-D Simulations

10.2.1 Single Core Analysis
Model Equations
The 2-D version of the Two-scale continuum model for single core set-up can

be written in dimensionless form as follows:

0 op 0 Op du,  Ouy O*r p -

ax( X0$>+8y< Ta) (8x+8y) “(+ Sh v e
om  Ougcy  Ouycy 1 0 Ocy 0 Ocy
ar — Y ep L Y ep. .25
ot * Ox * oy Pey, [8:1: (6 X O + oy et oy )|’

0(ecy) | Ouacy , Ouyey _ 1 [ﬁ (gDer%) L9 (aDePT%)} ,(10.1)

ot ox dy  Pep |0z ox dy dy
Oe AN
— = Ny.Da (1 A
TR

where subscript ‘X’ and "T" denote the axial (x—) and transverse (y—) directions,

respectively. The mobility, M, and effective viscosity term, 1, are given by

k
= n—17
o [[all
= (pH — pHy)*
€ —a —
= k— 1+ (u,, — 1) Ex m : 10.2
no=1+ (Mpo - 1) Cp;
P —1 1 —exp(—aicy)
Mmax — 1 B 11— exXp (—041) .

and 7 is given by

W:S(Cf—l—]\} ) (103)

The inlet/initial/boundary conditions are given by

e=¢co+f; cg=0 @ t=0
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The structural property-relationship in dimensionless form is given as follows:

_ 28
R 1 Ul Y L T I (10.6)
g0 \ &0 (1 —¢) € EoT

Now, we use the technique describe in previous chapter to simulate the 2-D version
of the model with parameter values given in Table 9.1. and present the results
below.
Effective Mobility

The wormholing phenomena is very complex process that is governed by com-
petition between transport and reaction mechanisms. When acid is injected through
a core of finite length, it dissolves the medium and increases the porosity. As a
result, permeability increases. Therefore, for Newtonian acids where viscosity is
constant, the effective mobility increases monotonically with pore volume of acid
injected as can be seen from Figure 10.1. However, in case of gelling acids, as
dissolution proceeds, the pH is increased and polymer starts cross-linking that in-
creases the viscosity enormously. The rate of increase in viscosity is much higher
than the rate of increase in permeability. Therefore, effective mobility decreases
in case of gelling acid as can be seen from Figure 10.2, which matches the ex-
perimental trends (Fred and Fogler, 1998), qualitatively. However, as discussed in
earlier section that after gel reaches to its maximum width, it stops increasing the
viscosity and starts propagating forward. But permeability keeps increasing due to

dissolution. As a result, the effective mobility starts increasing as in Figure 10.2
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Figure 10.1: Evolution of effective mobility in time for Newtonian acids at various
injection rates from 2-D simulation.

and we achieve the breakthrough.
Pore volume to Breakthrough and Dissolution Patterns

The rate of increase in flow conductivity depends on how fast the acid is be-
ing injected. It is observed experimentally (Fredd and Fogler, 1998) that the rate
at which permeability increases due to reactive dissolution is non-monotonic with
injection rate. Similar trend can also be seen from 2-D simulation with gelling acids
and Newtonian acids as in Figures 10.1 and 10.2. For example, at very high in-
jection rate, protons do not have sufficient time to react with the rock and most of
the acid get out unreacted. Similarly, at very low injection rates, more acid is con-
sumed, as most of the rock is dissolved. Therefore, to increase the flow conductiv-

ity to the same factor, large amount of acid is required in these extreme cases. In
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Figure 10.2: Evolution of effective mobility in time foi gelling acids at various injec-
tion rates from 2-D simulation.

fact, when pore volume of breakthrough (PVBT), defined here as pore volume of
acid required to increase the effective mobility of the core by a factor 100, is plotted
against injection rate (Da~'), a minimum exists as shown in Figure 10.3. A similar
trend is observed in experiments (Fredd and Fogler, 1998).

It should be noted that the optimum injection rate (Da~1!) is smaller for gelling
acids as compared to Newtonian acids. As discussed in earlier sections that the
scaling analysis leads to the optimum injection rate (Da~!) for gelling acid less than
that of the Newtonian acids by a factor 4, the 2-D simulation matches that prediction
which can be seen from Figure 10.3. It is because, the gel formation slows down

the mass-transfer of protons from bulk fluid phase to the solid surface. Therefore,
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Figure 10.3: Breakthrough-curves for Newtonian and gelling acids at ¢* = 0.047.

lower injection rate corresponds to efficient stimulation or optimum for acidization.
In addition, the pore volume of acid injected until breakthrough is smaller for gelling
acids as compared to that for Newtonian acids at optimum. This is because of
gel formation that bypasses the high-perm path and stimulates the least accessi-
ble zones as can be seen from Figure 10.4. When Newtonian acids are injected
through the core, they flow preferentially through the least resistance or high-perm
path, and form the conducting channels (wormholes). Since, these channels are
bigger than the other pores, more acid is drawn to these channels which become
wider due to dissolution. On the contrary, in case of gelling acids, due to gel forma-
tion, the acid is forced to go around the gel plugs. Figure 10.5 shows the profile of
proton concentrations (pH) for Newtonian and gelling acids when one pore volume
of acid is injected. It can be observed from this Figure that the pH-range of gel

formation is right ahead to the reaction zone. Here the red color corresponds to in-
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Figure 10.4: Dissolution patterns at optimum for gelling acids and Newtonian acids
from 2-D simulation in a core of 5 cm length at (a) color-scale for porosity, (b) ini-
tial heterogeneious porosity field, (c) porosity field (wormhole structure) at break-
through for Newtonian acids, and (d) porosity field (wormhole structure) at break-
through for in-situ gelling acids.
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(c)

Figure 10.5: pH profile and demonstration of reaction and gelled zones (a) color-
scale for pH, (b) Newtonian acids, and (c) in-situ gelling acids.

let concentration, pink color corresponds to brine solution, the yellow-orange color
corresponds to reaction zones and green color corresponds to gelling zones. It is
already shown that the width of gelling and reaction zone depends on flow and re-
action parameters as well as rheological properties (Ratnakar et al., 2012). Since,
unlike Newtonian acids, gelling acids lead to the gel formation around the worm-
hole, acid is forced to go around the gel plugs and thereby, creating a highly fractal
wormhole pattern leading to more branching and more uniform stimulation. Thus,
despite the additional branching in this case, the total amount of acid required for

breakthrough with gelling acids is smaller as compared to Newtonian acids that
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can be seen from PVBT-curve in Figure 10.3.

It may also be observed from Figure 10.4 that the average wormhole diameter
in dissolution with Newtonian acids is larger than that obtained by using gelling
acids. Scaling analysis, presented in appendix B, leads to the wormhole diameter,

d,,, or characteristic transverse length scale, ¢, as follows:

D. /1 1

It is obtained by comparing the contribution of transverse dispersion to that of dis-

solution. In the mass-transfer controlled dissolution (k, >> k.), the wormhole di-
ameter simplifies to d,, ~ % that is independent of fluid rheology because both
dispersion and mass-transfer coefficients decreases with the same factor due to
increase in viscosity. However, in the current work, dissolution process is kineti-
cally controlled (k; << k.), and wormhole diameter simplifies to d,, ~ % that
depends strongly on fluid rheology. Thus, in this case, the wormhole diameter is
smaller for gelling acids as compared to Newtonian acids because the diffusion
of protons is lowered due to gel formation. The same observation in Figure 10.4
validates the scaling criteria and simulations.

The dissolution patterns also depend on the injection rate of acidic solution as
can be seen from Figure 10.6. For example, when acid is injected at fast rate,
some acid exits unreacted and dissolves the medium slowly and uniformly that
leads uniform dissolution. At very low injection rate, the acid dissolves whole face
as it proceeds that leads to the face dissolution patterns. The intermediate injec-
tion rate leads to very localized porosity enhancement creating the narrow chan-
nels called wormholes. Similar trends are observed in experimental studies (Fredd
and Fogler, 1998). It is interesting to note that the dissolution patterns formed by

gelling acids and Newtonian acids are very different. Gelling acids leads to more
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Figure 10.6: Dissolution patterns in a core of length 10 cm and height 4 cm at
$* = 0.047 for (a) Newtonian acids and (b) in-situ gelling acids.
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branching rather than widening the conducting channels that leads to more efficient
stimulation. Since Newtonian acids preferentially flow through the least-resistance
or high-perm zones, gelling acids are diverted from high-perm zones to the low-
perm zones. There are two wormholes formed with both acids. But the wormhole
in lower part of the core is dominant in case of stimulation with Newtonian acids
which implies that the lower part of the core corresponds to high-perm zone and
upper part corresponds to low-perm zones. But, when gelling acid is used for stim-
ulation, the dominant wormhole is formed in upper part of the core. Thus, gelling
acids enable us to achieve uniform stimulation by creating conducting channels in
least-accessible low-perm zones. In the next section, we analyze the flow diversion
from high-perm to low-perm zones in detail.
10.2.2 Dual Core Analysis
Model Equations

The 2-D version of the TSC model for dual core set-up in dimensionless form is

given by

Oz (MXZ(%) "oy (MTZ0y> B ( x oy )

gbz,}/m' Tl -
=Dal|l+ T Am' Cri; (108)

om;  Ougicyi  Ouyicp; 1 0 ‘ aCfi o | acfi
Ot + o + oy Pe, {ax (51D6X1 D +8y giDeri ay , (10.9)
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ot ox Jy
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-~ | Y (ep. )Y (.p Yo 10.1
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where

1

and effective mobility and viscosity term are given by

Mo;k;
TP
i ||
a5 a(pH; — pH, )2
8. J— —
o nk B 1+ (u,,—1)E i~ Pl 10.13
H Noi ( 0 co; + (:umz ) Tp { le (7 _ le) }] (7 )

Mo =1+ (Mpo - 1) Cpi;
Py —1 1 —exp (_alcpi)
—1 1—exp(—a;)

Mmax
The inlet/initial/boundary conditions are given by
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=0 on transverse boundaries,

and the structural property-relationship in dimensionless form is given as follows:

i (1 =g\ kico,i i
g— 2 (S m2d\ T R Sy s (10.15)
€04 \ €0, (1 — &) i ’ €0,iT;

Here also, we assume the initial permeability of high-perm core is 4 times higher

than that of low-perm core, i.e., Mg =1, My =4; €01 = €02 = €0} Vr1 = 1, Vpo = 25

and v,; = 1, v, = 0.5. Now we simulate the above 2-D version of model the
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parameter values listed in Table9.1 and discuss the effect of injection rate on flow
diversion.
Flow Diversion

Figure 10.5 shows that the pH range of gel formation lies right ahead to the
reaction zone. Since viscosity of Newtonian acids remain constant, there is no
diversion with these acids. But due to pH dependence viscosity of gelling acids,
gel is formed ahead of the reaction zone and it forces the acid to go around the
wormhole. Here, we consider a dual core set-up as shown in the Figure 9.1(b)
and use 2-D version of the models (9.15 - 9.18) to study the mechanism of flow
diversion.

The simulation results show that initially, flow is divided into the two cores based
on initial permeability as can be seen from Figure 10.7 as observed from 1-D sim-
ulations. As the dissolution occurs, more acid is diverted to the low-perm core until
gel reaches to its maximum width. Thereafter, the gel propagates with steady rate
and offers almost constant resistance in both cores until the gel starts exiting one of
the cores (Figure 10.7). The ratio of injection rates in low-perm to high-perm cores
is shown in Figure (10.8). This ratio represents the amount of flow diversion. For
example, if it is unity, it corresponds to maximum diversion and completely uniform
stimulation. In the figure, it can be seen that this ratio reaches its maximum value in
a very short time then starts decreasing slowly. In other words, the flow is diverted
from high-perm to low-perm for very short time until gel is fully developed and exits
the cores. Therefore, the intermittent injection or staged injection approach, where
in-situ gelling fluid stage is followed by a neat acids (or brine solution) stage, may
be more efficient than injecting a single stage of gelled acids and can lead to even

more uniform diversion.
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Figure 10.7: Flow diversion in a dual core set-up from 2-D simulation, inset show
the plot at shorter times.

Effect of Injection Rates

Since, rate of increase in permeability (or mobility) is non-monotonic with in-
let flow rates, it is possible that even when acidic solution is injected at constant
rate, the rate of increase in mobility in both the low-perm or high-perm core may
be different due to difference in flow regimes. For example, when inlet flow rate
corresponds to the optimum in high-perm core, the low-perm core will lie in face
or conical dissolution regime. In this case, the rate of increase in mobility may be
higher in high perm core than the low-perm core. Similarly, when inlet flow rate
corresponds to optimum in low-perm core, high-perm core will lie in uniform disso-

lution regime. And thus, in this case, rate of increase in mobility in low-perm core
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Figure 10.8: Fractional flow (ratio of flow rates in low-perm to high-perm cores),
inset show the plot at shorter times.

may be quite high as compared to that in high-perm core. For these reasons, here
we analyze the effect of injection rate on diversion for two cases: (i) when injec-
tion rate is corresponding to near the optimum in high-perm core, and (ii) when
the injection rate is close to the optimum in the low-perm core. In the first case
where injection rate corresponds to optimum in high-perm core, most of the acid
flows in the high-perm core and less diversion occurs as can be seen from disso-
lution patterns in Figure 10.9(a). These patterns match the experimental results
(Gomaa et al., 2011) shown in Figure 10.9(b) at least qualitatively. In this case,
gel propagates faster in high-perm as compared to low-perm core and hence exits

the high-perm core very fast while it stays in low-perm core for longer. As a result,
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perm core (a) simulation results (b) experimental results (Gomaa, et al., 2011).




diversion occurs only for very short time and flow is diverted back from low-perm to
high-perm core. In the second case where injection rate corresponds to optimum
in low-perm core, acid penetrates the low-perm core to more depth and diversion
occurs comparably for longer time as can be seen from Figure 10.10(a), which
leads to more diversion from high-perm to low-perm core. The dissolution patterns
in this case match the experimental observation (Gomaa et al., 2011) shown in
Figure 10.10(b). Thus, by controlling the flow conditions, more uniform stimulation
can be achieved using properly designed in-situ gelling acids.

Thus, 1-D and 2-D simulations provide sufficient insight on acidization process,
at least qualitative. For example, dynamics of gel formation and mechanism of flow
diversion remain same in both 1-D and 2-D simulations. In fact, results from low-
dimensional simulations are easy to visualize and interpret. However, when simula-
tion results need to be compared with experiments, 3-D simulations becomes very
important as they are the correct representation of the experiments. In addition, 1-
D and 2-D simulations predict the qualitative trends correctly but quantitatively may
not be reliable. Therefore, in the next section, we use 3-D version of the model and

compare the simulation results with available experimental data.
10.3 Three-dimensional Simulations of Wormholing with In-situ

Gelling Acids

In this section, we consider the single core set-up as shown in Figure 9.1(a)
with dimensions 5cm x 2cm x 2cm, and, simulate the 3-D version of the TSC

model given in dimensionless form as follows:

0 Op 0 Jp 0 Ip
Ox (MX833> N Jy (MTay) * 0z (MTaz)

- Oug  Ouy  Ou,\ O*r p -
_ (aﬁaywz)—m(” ) Ave, (10.6)
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281



3_77 Ougcy Guycf+8uch
ot Ox oy 0z

1 0 60f 0 aCf 0 aCf
= L (e L) + L (eDp ) + L (e ZEL) | (1047
Pey, {89&(5 €X0$)+8y<5 eT@y)+8z(€ eT@z)}’(O )

d (gcp) N Jugzc, — Quyc, N duc,

ot ox dy 0z
1 0 Jc 0 dc 0 Jc
= |2 (D 2) 4 L (Dl ) + L (D, n S22 ) | (10.1
Peyp, [8:15 (6 ePXaa:)_l_ay (6 EPTay)+82 (g ePT@z)}’( 0-18)
de O*r p !
5 = N,.Da (1 + < > A, ¢y, (10.19)

where subscript ‘X’ and 'T” denote the axial (x—) and transverse (y— and z—)

directions, respectively. The mobility, M/, and effective viscosity term, 1, are given

by
B k
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The inlet/initial/boundary conditions are given by
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where L, (= 0.4) and L, (= 0.4) are dimensionless size of the domain in y— and
z— directions, respectively. The structural property-relationship in dimensionless

form is given as follows:

L\ 28
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Now, we solve the above model with parameter values given in Table 9.1 by using
the numerical technique described in earlier chapter and present the results below.
10.3.1 Overall pressure drop

The main difference between gelling acids and Newtonian acids is the fluid rhe-
ology. Because of the dependence of fluid viscosity on pH for gelling acids, it is
found that the pressure response (pressure drop across the core with time) de-
pends on the type of fluid being injected. This may be seen in Figure 10.11(a) and
(b) where overall pressure drop across the core is plotted against the number of
pore volumes of acid injected. It can be seen that the pressure drop across the core
for Newtonian acids decreases monotonically as dissolution occurs but for gelled
acids, the pressure first increases and then decreases which is also found in the ex-
periments (Gomaa and Nasr-EI-Din, 2010) as in Figure 10.11(c). As the dissolution
proceeds, the porosity and hence permeability is increased, so for Newtonian acids
where viscosity is constant, pressure drops monotonically. But in case of gelling
acids, gel is formed that offers high resistance to the flow and hence pressure is in-
creased tremendously. Once the gel is fully developed (i.e., the point of maximum

resistance is achieved), it is pushed forward with steady speed by the incoming
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Figure 10.12: Breakthrough curves for gelling acids and newtonian acids from 3-D
simulation at ¢* = 0.047.

injecting fluid. As a result, the overall permeability increases but viscosity remains
almost constant. Thus, the pressure starts decreasing. This non-monotonic pres-
sure profile for gelling acids plays very important role in designing and interpreting
laboratory core experiments. Note that in these simulations, we use 3-dimensional
version of the model for a single core set-up with dimensions 5cm x 2cm x 2cm,
where acid is injected at constant rate and exit pressure is kept fixed. Once the
gel starts exiting, the pressure decreases sharply and breakthrough is achieved
eventually.
10.3.2 Breakthrough Curves and Dissolution Patterns

Here, we define breakthrough time as the time it takes to increase the overall
mobility by a factor 100. When pore volume of acid to breakthrough (PVBT) is

plotted against injection rate as in Figure 10.12, the model predicts the trend that
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Figure 10.13: Experimental breakthrough curve for DTPA (Fredd and Fogler,
1998).

is similar to that found in lab experiments and for Newtonian acids, it matches very
close to that of DTPA (Fredd and Fogler, 1998) shown in Figure 10.13. In fact, it can
be seen from the figure 10.12 for Newtonian acids and Figure 10.13, the optimum
injection rate is very close to each other (~ 0.05 cm®min~') and the pore volume
to breakthrough, PV at the optimum is also very close (~ 10 PV). It should be
noted that the optimum injection rate for gelling acids is smaller as compared to the
Newtonian acids and matches the scaling criteria discussed in earlier sections. In
case of gelling acids where gel is formed during dissolution, the viscosity increases
enormously that lowers the diffusivity and mass-transfer coefficient. Therefore, the
optimum stimulation for gelling acids corresponds to smaller injection rate as com-
pared to Newtonian acids. Itis interesting to note from Figures 10.14(a) and (b) that

the dissolution pattern formed at breakthrough by gelling acids and by Newtonian
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acids are very different. Here, we start with 3-dimensional randomly distributed
porosity field with average porosity, (¢¢)=0.2, heterogeneity magnitude, Ac = 0.15
and heterogeneity length scale, /g = 0.5mm, and obtain these dissolution pat-
terns by contour plot of porosity = 0.9 at breakthrough. We can see from these
patterns that use of gelling acids leads to more branching rather than widening the
conducting channel (as observed from 2-D simulations) and hence leads to more
uniform stimulation.

Similarly, the effect of inlet flow rate on dissolution patterns can be seen from
Figure 10.15, where dissolution patterns are shown for three dissolution regimes,
namely, conical, wormhole and ramified, for in-situ gelling acids, Newtonian acids
and from experiments (Fredd and Fogler). The corresponding regime is shown
on the breakthrough curve. It can be seen from this figure that the qualitative
results from simulation match with that from experiments. For example, the break-
through curve has a minima, i.e., the rate of increase in mobility of the core is
non-monotonic with injection rate and is the highest at some intermediate injection
rate. The number of pore volume to breakthrough at this intermediate injection rate
is least. This intermediate injection rate leads to thinner channels (wormholes) in
the core as compared to the case when acidic solution is injected with lower or
higher flow rates than this intermediate value. When acid is injected with higher
rate, the some acid gets out unreacted that gives the ramified dissolution patterns.
Similarly, when acid is injected with lower rates, it proceeds slowly and dissolve

more rocks that creates conical/face dissolution patterns.

10.4 Conclusion and Discussion

We used the 2-D and 3-D version of the two-scale continuum model to analyze
the stimulation of core laboratory experiments with in-situ gelling acids for the case
of constant injection rate. We showed that effective mobility of the core increases

monotonically when Newtonian acids are used for stimulation, which is also found
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in the laboratory experiments. However, the effective mobility of the core changes
non-monotonically when in-situ gelled acids are used for stimulation. Due to disso-
lution, porosity of the rock increases and so, the permeability of the rock increases.
However, in case of in-situ gelling acids, due to the gel formation, viscosity of the
fluid increases enormously and so the effective mobility decreases as along as gel
is present in the core. When gel gets out, the effective mobility starts increasing
continuously.

The rate of increase in mobility is found to be the highest for some intermediate
injection rate that leads to the existence of a minimum in the breakthrough curve
(as observed in experimental studies). This optimum injection rate depends on
types of acid. For example, we showed using scaling analysis that the optimum
injection rate for in-situ gelling acid is smaller by a factor (y), and \/(M_>c in limits of
mass-transfer and kinetically controlled dissolutions, respectively, when compared
with that for Newtonian acids. In case of in-situ gelling acids, gel is formed during
dissolution process that not only decreases the molecular diffusivity of the protons
but also hinders the transfer of protons from bulk to the rock surface. As a result,
effective rate of reaction is retarded or the reaction time is increased. Therefore,
to form a wormhole, acidic solution needs to be injected at smaller rates so that it
has high enough convection time to compete with reaction time, which is verified
by simulations.

We also show that the gel front is ahead of the reaction front in case of in-situ
gelling acids. Hence, when in-situ gelling acids are injected, protons are forced
to go around the wormhole and bypass the high-perm path. As a result, least-
accessible low-perm zones are stimulated and more branched but thinner worm-
holes are created. In fact, the wormhole diameter, when estimated using scaling
analysis, is found to be smaller for in-situ gelling acids as compared to that for

Newtonian acids. Due to thinner and branched wormholes, the number of pore
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volumes to breakthrough for in-situ gelling acids is less as compared to that of
Newtonian acids. In addition, the dissolution patterns obtained from 2-D and 3-D
simulations match the qualitative trends of experimental observations, i.e., the con-
ical wormholes are formed at smaller injection rate, ramified wormholes are formed
at higher injection rates, and, thinner and more branched wormholes are formed at
the intermediate injection rates.

The effect of inlet flow rate on flow-diversion is also presented. We show that
for optimal stimulation, inlet flow rate should correspond to wormholing in low-
perm core and uniform or ramified in high-perm core. Finally, when compared the
results from simulations and scaling laws to that with available experimental data,
we showed that 2-D simulations results predict the experimental trends very well;
and 3-D simulation results matches very accurately with experimental observation.
For example, we were able to match the optimum injection rate and PV for DTPA

with that of experimental results by Fredd and Fogler (1998).
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Chapter 11 Summary and Future Scope of the Work

11.1 Summary

One of the main results of this work is the formulation of an empirical four-
parameter model to describe the effect of pH on viscosity of in-situ gelling acids
that form gel in certain pH range. The model fits the experimental data (Rose,
2004) very well and describes all the key feature of the rheology of in-situ gelling
acids. The four parameters p,, 1,,, pH,, and a involved in the model signify the
base viscosity (at pH =7), maximum increase in viscosity from its base value, pH
point where viscosity is maximum and pH-range of gel formation, respectively. This
model is the simplest to implement. For example, three parameters, p,, 4, and
pH,,, of this model can be evaluated directly from the profile of viscosity against
pH. In other words, only one parameter is required to be determined by regression,
which is much easier work as compared to regression in terms of more than one
parameter.

A second result of this work is the extension of the two-scale continuum model
to describe reaction and transport of in-situ gelling acids in carbonate rocks. We
developed equivalent Darcy law for in-situ gelling acids, where permeability de-
pends only on the porous media while the effect of non-Newtonian and gelling be-
haviors are accounted in the effective viscosity term that depends on temperature,
pH and other medium properties. We also used the well known Stokes-Einstein
relation to account for the effect of viscosity on the diffusivity of acid and additives.

We solve the two-scale continuum model, using operator splitting and implicit
finite volume discretization where discretized equations are solved by advanced
multigrid techniques, to analyze the stimulation of single and dual core laboratory
experiments with in-situ gelling acids for the case of constant injection rate. As ob-

served in experimental studies, our simulation results show that when Newtonian
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acids are injected, the overall pressure drop across the core decreases monoton-
ically with pore volume of acid injected. But when in-situ gelled acids are used,
the pressure increases first and then decreases. The increases in pressure is due
to gel formation. When in-situ gelled acids is injected, it dissolves the rock and
increases the pH. As a result, polymer start cross-linking and form a gel that in-
creases the viscosity of the fluid enormously. Therefore, even though dissolution
increases permeability by increasing porosity, very high increase in viscosity leads
to the large decrease in effective mobility and hence large increase in overall pres-
sure drop across the core. Therefore, it is very important to estimate the increase
in pressure drop for proper design of the laboratory experiments.

This process occurs in three stages. The first stage is the gel development
where gel formation starts and gel width keeps increasing. At this stage, perme-
ability not changed much but due to gel formation viscosity of the fluid increases
enormously. So, the effective mobility drops very low and overall pressure drop
across the core builds up very high. The next stage is gel propagation where gel
has achieved its maximum width and propagates with a steady speed. At this
stage, viscosity is almost constant while permeability keeps increasing slowly. As
a result, effective mobility starts increasing slowly and overall pressure drop starts
decreasing slowly until the third stage is reached which is gel exiting the core. This
is the last stage where gel starts exiting the core. So the viscosity drops down very
fast or the effective mobility increases very fast and hence, overall pressure drop
start decreasing very fast.

The rate of increase in mobility is found to be the highest at some interme-
diate injection rate rather than at low of high flow rate. It leads to the existence
of a minimum in the breakthrough curve, which is also observed in experimental
studies. This optimum injection rate depends on types of acid. For example, we

showed using scaling analysis that the optimum injection rate for in-situ gelling acid
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is smaller by a factor (), and \/<M_>c in limits of mass-transfer and kinetically con-
trolled dissolutions, respectively, when compared with that for Newtonian acids. In
case of in-situ gelling acids, gel is formed during dissolution process that not only
decreases the molecular diffusivity of the protons but also hinders the transfer of
protons from bulk to the rock surface. As a result, effective rate of reaction is re-
tarded or the reaction time is increased. Therefore, to form a wormhole, acidic
solution needs to be injected at smaller rates so that it has high enough convection
time to compete with reaction time, which is verified by simulations.

We also show that the gel front is ahead of the reaction front in case of in-situ
gelling acids. Hence, when in-situ gelling acids are injected, protons are forced
to go around the wormhole and bypass the high-perm path. As a result, least-
accessible low-perm zones are stimulated and more branched but thinner worm-
holes are created. In fact, the wormhole diameter, when estimated using scaling
analysis, is found to be smaller for in-situ gelling acids as compared to that for
Newtonian acids. Due to thinner and branched wormholes, the number of pore
volumes to breakthrough for in-situ gelling acids is less as compared to that of
Newtonian acids. In addition, the dissolution patterns obtained from 2-D and 3-D
simulations match the qualitative trends of experimental observations, i.e., the con-
ical wormholes are formed at smaller injection rate, ramified wormholes are formed
at higher injection rates, and, thinner and more branched wormholes are formed at
the intermediate injection rates.

We presented the scaling analysis for gel dynamics such as gel width and gel
propagation in a single core, and showed that the speed of both (reaction and gel)
fronts depends on the injection velocity as well as on the acid capacity humber.
We also showed that while the front speed is independent of the rheological para-
meters, the gel width depends strongly on the rheological parameters. The width

of both the reaction and the gel fronts larger in high-perm core and increases with
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injection rate. The larger gel width in the high-perm core is the key mechanism
for flow diversion. Due to larger gel width, the high-perm core is offered more re-
sistance that diverts the acid to flow through low-perm core. We also obtained an
expression for the amount of diversion in terms of rheological parameters, which
can be used to design the injecting fluids to achieve maximum diversion by con-
trolling the rheological parameters. The flow diversion, fr, can also be maximized
by using intermittent flow conditions where acidic and non-reacting solutions are
switched periodically until breakthrough.

The effect of inlet flow rate on flow-diversion is also presented. We show that
for optimal stimulation, inlet flow rate should correspond to wormholing in low-perm
core and uniform or ramified in high-perm core. Finally, we compare the results
from simulations and scaling laws to that from experiments available in literature
and showed that 1-D and 2-D simulations results very well predict the experimen-
tal trends; and 3-D simulation results matches very accurately with experimental
observation. For example, we were able to match the optimum injection rate and
PVgr for DTPA with that of experimental results by Fredd and Fogler (1998). Simi-
larly the scaling criteria developed in this work for gel properties such as front width
and speed, optimum injection rate and amount of flow diversion, matches very well

with the simulation results.

11.2 Future Work

The diverting acids like in-situ gelling acids have very complex rheological be-
havior that depends strongly on pH of the medium and concentration of additives
such as polymer, cross-linkers and breakers. They are also non-Newtonian (shear
thinning) in nature. The current (six parameter) rheological model is empirical.
therefore, one of the important extension of the current work can be evaluation of
parameters based on fluid composition and chemistry of gel formation (kinetics of

cross-linking and gel break-up).
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The two-scale continuum model developed here does not account the effect of
polymer filtration or adsorption/desorption. In some cases, cross-linked polymer
molecules are very big in size as compared to micropores in carbonates, and so,
they get filtered as dissolution proceeds. As a results, diffusivity and reaction rate of
protons with carbonates changes that change the gel formation and its dynamics.
Therefore, the current model can be extended to include the effect of filtration or
adsorption/desorption of polymers and cross-linkers. In addition, we have taken
all additives (polymer, cross-linker and breakers) as a single species assuming
they all have similar properties. However, in general, they may possess different
physio-chemical properties such. In that case, the current model may be extended
in terms of more concentration modes corresponding to these additives, which can
also account for kinetics of cross-linking and breaking.

Here, we have assumed the reaction is irreversible and occurs in a single step,
which might not be the case for retarding acids such as EDTA, DTPA etc.). In ad-
dition, CO,, produced due to dissolution of carbonates with acids, are dissolved in
the solution and form carbonic acids. As a result, ionic equilibrium is achieved that
restrict the pH in narrow range (around pH 4). This effect is very important for in-
situ gelling acids as the pH-range of gel formation may overlap this equilibrium. So,
the another important extension of the work is to include the multistep chemistry
and effect of ionic-equilibria in dissolution process.

We presented scaling analysis for gel dynamics, gel width, propagation speed,
etc. and validated with numerical simulations. Another important extension of
current work is to design the lab/core experiment to verify the model as well as the
results predicted by scaling analysis.

Other possible extensions include the analysis 3-D models, radial flow and field
scale operation to estimate wormhole properties such as density, length, fractal

dimension etc. in extended domains; improvement of pore scale mass-transfer and
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dispersion effects; analysis of constant pressure operation, analysis of acidification
with time dependent inputs; sensitivity analysis with respect to reaction kinetics
and structure-property-relations; and, extension to other diverting acids such as

emulsified and viscoelastic acids.
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Appendix A: Solution of Local equation in Laminar
Dispersion

In this appendix, we solve the local equation given in chapter 3 by equation
(3.27) to determine the exact concentration profile of a non-reacting solute in a
laminar flow in a tube. We also analyze the first few moments and present the

asymptotic behavior at very small and large times.

A.1 Eigenvalue problem in Cylindrical Coordinate
The eigenvalue problem (EVP) in 2D cylindrical coordinate (¢, 6) with no flux

boundary condition on the wall is given by

2
L= vto= 12 () 12 e

06 \"0¢) & o
V¥ -n = 0on Jf. (A.1)
The boundary condition can also be written as 22 = 0 @ £=0,1 and 1 0+ 2m) =

¥ (#). Using separation of variables, we write ¢ (g 0) = ¢ (€) 1y (0) and multiply

the EVP (A.1) by that simplify the problem as follows:

w(ée
§ e B %,
%5’5( §)+u§— % 02,0<§<1,O<9<27r
e
o€ =0 @ £=0,1 (A.2)

Vo (0 +2m) =1y (0) .

We see in equation (A.2) that the L.H.S. is solely function of ¢ while R.H.S. is that of
6. Hence Both the L.H.S. and the R.H.S. must be a constant (independent of £ and

). From the boundary condition in 6, this constant must be positive and square of
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any integer, i.e.,

1 02
155 23 ( (;?) tae= R 8;%) =n?, n=012,.. (A.3)

which gives the normalized v, as

Vo = V2 sin(nf), n#0
Vo = V5, = V2 cos(nf), n#0 . (A.4)
wO = 17 n=>0

Now, the EVP in £ can be given by arranging the equation A.3 as follows:

L%, Y
’5355 ¢ §§+(u£2—n2)w5,0<€<1,
e
5 =0 @ ¢£=0,1. (A.5)

The solution of above equation A.5 is given in terms of linear combination of Bessel
functions of first and second kind. However, the boundary condition at ¢ =
suggests that the coefficient of Bessel function of second kind has to be zero,

implying the solution in the form:

be(§) = A Jn (VHE) (A.6)

where A is a constant and p is obtained by using boundary condition at ¢ = 1.
From the recurrence formula for Bessel functions (See Watson 1995, §3.2), we

know that

j{fﬂwm = Vi (V) + £ (V)
— Vi 1(\/_5)——J (VE©) (A7)
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_ H

= YR s (V) — Vi (V)]

S

Hence, the eigenvalues 1,,,,, are roots of the following equation

T (V) =~V (V) + 1 (V) = Vs (V) = 0y (VE) = 0. (A8)

The constant A is determined by normalizing the eigenfunction (), i.e.,

1
A [ 2csz (i) e = 1.
0

From the property of Bessel function (see Watson 1995, §5.11), we can write

1
n2 y

[rnwmode= (1) 2w+ a2 /i, (A9)
0

But, J/2 (/1) = 0 (boundary condition at ¢ = 1), so the normalization constant is

given by
n? - 1
A? = Kl—?) J? (\/ﬁ)} ,or, A= : (A.10)

(- 5)n )]
Hence, the eigenfunction in £ is given by,
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Thus, the eigenfunctions of transverse operator L (= V32 ) is given as follows:

)
Y, = /2 sin (nf) \/(1 Jn(Q\/;Tm(f) )7 n#0
i ) VHnm
Ganl6.6) = {05, = V2 cos (nf) T "”nﬁv;;"f) Lm0 A1)
7Nnm n \/Mnm
Jo (VEomé)
= ——7 = 0
L wm JO(W) ) n
where y,,,, are m** roots of the equation:
Ji (Vi) = =i (V) + i (i) = 0. (B11b)

A.2 Solution of Local Equation
The local equation in case of solute dispersion in a laminar flow is given in

chapter 3 by equation (3.27) as follows:

oc oc oc p 0* ,
2 ) _ i e e /
Vil =p |G % - (W5 ) - TS 05| ine (A1)

V¥ -n = 0on o),

where (¢, 1) = 0 and the source function &’ is given by

d (c)

W(E0,2,7) = (€)=

—5'(£,0,2,7), (A.14)

with (s’,1) = 0. We take Laplace Transformation of equation (A.13) w.rt. ¢ — w

and z — « and write the equation in Laplace domain as

V2,0 =p [wa +u(€)ad — <u(§), a8> - %oﬂ& +H'(E,0,a,w) (A.15)

er
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where, ¢ and H’ are Laplace transform of ¢ and #’, respectively.
It may be seen from the equation (A.15) that ¢ = 0 around base state p = 0,

Hence ¢ can be expanded around the base sate using Liapunov-Schmidt expan-

sion as,
= "p"n (A.16)
m=1
where ¢, are given as
vg,e gl - H/
Vg?(, 82 = wg’l + (Ugll — <u, g’l>>
~ ~ - ~ 1 .~
Vgﬂ Cny1 = wdy,+a <uc’n — <u, ’n>> — P—€2a20’n_1 (n>2) (A7)
If we let
=Y w7, (A.18)
j=1
then we have,
vg,@ 8171 - Hl(ga 97 «, w) (A19)

and

j=1
9 n—1
n—j . Ji—1.
o~ w o T o
P D ,
T ]:1
n n+1
l—i 1S 1—i ie1 ~ ~
:E Wity c’n,i—i-g Wty (uc’n7i_1—<u,c’n7i_1>>
=1 =2
1 n+1
n+l-1_i—17;
—ﬁ W (07 Cn—1,i-2 (A20)
-

316



Vigdin=H'(£,0,a,0) (A.21)

~ —~ —~ —~ 1 ~
2
V2o ity = i+ (00ngr = (00ng1)) = 512 (A22)
T

where Qn,j =0Vj>n& j <0Oand <9n,j, 1> = 0. [Remark: It must be noted
that all ¢, ; are solely function of ¢, i.e., independent of ¢, because the fluctuation
velocity «/(¢) is independent of 6.]. Thus, the solution of local equation is given
by combining and taking inverse Laplace Transform of equations(A.16, A.18 and

A.22) that leads to the result as follows:

, o . n an_lcil ]
d=>"p Z—azj*1 aﬂgﬁ_, . (A.23)
n=1 7j=1
where, ¢/, ;s are given by
Viochia=N(E0,27) (A.24)
1 /

2 7 / /
Veo Curry = g+ (U = (w6j1)) = B
2

Thus, the cup-mixing concentration,
cm = () + (U,

can be written in Laplace domain as follows:

e D= Y (e 2 = S Y (e ) (A25)
n=1 1 n=1  j=1

j=
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where A, ; are given by

Vi, Ay = (A.26)

1
P_62An—1,j—2

Veohniry = Ang + (Whnjor = (u, Anjoa)) —

with A,; =0V j>n& j <0and (A, ,1) = 0. After taking inverse Laplace

Transform, the cup-mixing concentration can be given as follows:

T A Y A.27
n= i=

Thus, by using the equation (A.14), the cup-mixing concentration ¢,, is given by

n an—l /

_ zpnzg(u/, M aTn ] ZP Z<8z31—8i"1 Aw«> (A.28)
n= j=

A.3 Moment Analysis
The coarse grained model for the classical Taylor dispersion problem in an infi-
nitely long tube with initial release ((¢, 0, z*) is obtained in chapter 3 from equation

(3.69) as follows:

8t* 8 Ox*itl 815*” I Qx*?

—P6T22<% >5” I(t*) = 0,(A.29)

nl]l

where I, ; are given by equations (3.67, 3.68). Now, using the following defini-

tion of 2-D spatial moments,

% o0
_40// e (€, 0, 2%, t%) dé df dx* __éx (o) («*, ) dz®  (A.30)
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with the following relations,

o0

/ G0 e . (D' TLeaG = n+ Dmyy if j >

T —*idx = :

4, o 0 if j<i
G;(&,0) = /x*j C(&,0,2%) da, (¢ = (¢5(6,0),40)

and the properties of distributional derivative of Dirac-delta function,

i *\ ST [ % * * Ta'f’f
[ e = apin = -1y g e,

the equation for k" moment can be written as follows:

dm
dtj — k Pey mu_q — k(k — 1) my_s — (C,.) 6(t7)
]mk ,] 1 j+1 j+1 .
+Pez:12; v, r,” (1) H(k—H—l)
n J 1=

J

—Pe, Y > (G Tuyy 8"7() (1Y [J(k =i+ 1) =0.

n=1 j=1 i=1

(A.31)

(A.32)

(A.33)

(A.34)

This equation can be used to obtain the spatial moments sequentially. We can also

write the moment equation in the Laplace domain (m,.(t*) — My (w)) as follows:

wMy, =k Pe, My_1 + k(k—1) My_o+ ()

oo n Jj+1
—Pe2Y > " (u, Do) " My (1 [ (k=i + 1)
n=1 j=1 i=1
o n J
+Pep Y Y (G Tagy "7 (1Y JJ(k =i+ 1).
n=1 j=1 i=1
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If we assume
Yj=w"7T,; and ¥;=) Y,; =) T, (A.36)
n=1 =
thenY; =0V j <0, and by definition of I';, ;, we can write

LY: = o/(§) +wh,
LY, = wYo+ Pe, (u(§) Y1 — (u(§), Y1)),

L Yj = UJY} + Pe, (U(f) Y}'fl - <u<5)7 Y}*l» - Yj*27 J=3 (A37)

and express the solution as

R

Y+

Y, = —Pe, Y. ZYZW = Pe, ZZ +w f”’f ml b, (A.38)

m

m

. Z <P61” U }/j—l }G—Za¢m>wm, V ] Z 3

i + @

m

where 1, are eigenfunction of transverse Laplacian operator corresponding to
non-zero eigenvalues y,,,.
[Remarks: Since I',, ; are solely function of ¢, i.e., independent of 4, so Y,, ; and

Y;. Hence eigenfunctions ¢, are given as

o (VFoné) (A.39)

¢m:¢0mzma

where Jo (y/Iton€) is the zeroth order bessel function and 4, (= 1,,) are the zeroes

of the equation

T (Vi) = Vi (Vi) =0, (A40)
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because other eigenfunctions contain sine and cosine functions which leads to
zero after taking inner product with the function that are independent of ¢ such as
u'(€) or v/ (£)Y;(€). Now, using relations (A.36), we can further simplify the moment

equation (A.35) in the Laplace domain as follows:

k—1

; k! ,
LUMk =k Per Mk_l + k’(k’ — 1) Mk—2 + Peg ;(—1)] m <U, Y7> Mk‘—j—l
k R
+@H4@;FW@3W@wm- (A.41)
A.3.1 Zeroth Moment
The zeroth moment (k = 0) given by,
by = (Co) = My = 00— g1y = () (n42)
For the case of unit amount of solute released, (¢,) = 1,
mo(t*) = 1. (A.43)

A.3.2 First Moment

From equation (A.41), the first moment may be expressed as

wM; = Pe, Mo+ (¢;) — Pe,{(y, Y1) . (A.44)

Using the relation (A.38) for Y; we get,

Ml — Per <§_0> + @ + Perz <Ul7¢m> < C()?wm> (A45)

T w )
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which after inverting the Laplace transform, gives,

mi(t) = (Cy) + Pe, (o) ¢+ Per > <“"me< Corthml (1 _pmty (A 46)

m

For the case of ((,) =1 and (¢;) = 0 (unit amount of solute released with zero first
moment or symmetrically placed around z* = 0), the first moment can be written
as,

my(t*) = Pe, t* + Pe, Z W Q/Jmif €0 ¥m) (1—erm). (A.47)

m

For the case of cross-sectionally uniform release, C;- (&,0) = 0V j, the expression

for the first moment simplifies to,
mlyumfofm(t*) = Pe,« t* (A48)
For t* — oo (the long time approximation), e #~*" — 0, and the fist moment be-

comes

3 {u ,wmlfnéwﬂm)

= P€T t* — PGT < CS,F11> s (A49)

M1ong(t") = Pe, t"+ Pe,

where, I'}; = — Z Wbl = — L (2 - 662 + 3¢*).

Hm

For the case of short time (t* — 0), the first moment can be written by using

the series expansion of e#n'" as follows:

<ul7¢m> < CE)v ¢m> (
o

= PeT‘ ¢ + Pe?"t* Z <u/7 zﬂm> < <67 wm> t* + O(t*2>

m

ml,short(t*) = Per "+ P@rz

m

Ht™ +O(t?))

= Pe, t*(1+ (u, ¢p)) +O(t"?)
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or,

M short (1) = Pey (u, (o) t* + O(t™) . (A.50)

A.3.3 Second Moment

The second moment is given from equation (A.41) as,

wMy =2 Pe, My +2 My—2Pe2 (', Y1) Mo+ (Cy) —2Pe, (), Y1)+ 2Pe, ( (), Ya).

(A.51)
Using the relation (A.38) for Y; and Y;, we get
(Co) (Cos¥m)
MQ = 2 P@T (P@T w_(;) ZWL: w2 H} +0w> >
<Co> )
ke (G Z oﬂ(um m
Clad) >
+ 2Pe Z Mm T + (A.52)
(1 Y, i)  Cos Vo)
2Pe?
ZZ un+w)(um+w) ’

which after inverting the Laplace Transform, gives
ma(t) = (G2 +2((Co) + Per ()" + Pe (o)

+2P€r <u/7 z/}mif Cla wm> (1 . e—umt* )

oper 3™ ) (G (G ) (t* 1- ) A53)

— Hon, Hon
+2P€2 Z <ula wm> <'LL ?ﬁm, ¢m> < C{)awm> (1 — e ! o t*e—umt*)
Horn Hom,
¢m¢ > < C67 zbm> (1 — e_NMt* 1— e—Hnt*)
2Pe? — .
2pe ) Z (Ko = ) Fm i

m n#m

The last term in equation (A.53) can also be written in form as
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2P632{ S L lu il (1 ) <<g,wm>+<u',¢m><<g,¢n>>} ().

Hence, the variance ¢? = m, — m?, can be calculated from equations(A.46) and

(A.53) as

o?(t*) = (Ca) +2( (Co) + Per (C))t* + Pe ((o) t*°
vape S ) (St

1 — e Hmt" )

m o,
O U (A54)
+2P63 Z <U/’ wm> <u ¢m’ wm> < C()? ¢m> (1 e — t*@_umt*)
Him Fm,
R S
2Pe? B
+ire, Xm: n;m Mm) 1, "

Hom

m

For the case of (¢,) = 1 and ((,) = 0,variance can be written as,

a?(t*) = ((y) + 2t* + 2Pe, Z (s Ym) {1 Yim) (1—e ')

m i,
—0—2Pez Co+u Ui ><t*_1—;—umt)
2Pe? W/w ) { €0s ¥m) (1 —etnt 1o e—unt*)
rare zm:nz V) i
—2P€? t* Z u ) m,u CO7¢m> (1 . eil"‘mt* )
2
(PGTZ Lobud (g — v >) |
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For the case of uniform release, the second moment is given by

/ 2 _ *
1 — e Hm
m2,uniform(t*) = <C2> + Qt* + PGE t*2 + 2P62 Z M (t* — e—)

— iy [,
= (() +2(1—Pe (W' ,T11) ) t* + Pet*
2
—2Pe} (u/,Ty1) +2P€ Y —w A
m /,Lm
1
= (Cy) +2 <1 + — Pe (C0)> t* + Pe? t* (A.56)
2
P + 2Pe¢? () e Hmt",
360 - ,u?n
where,
(T, 1
O w = 115 (7~ 2467 186" — 4€”).

For the case of uniform release, the variance is,

1 Pe2
/ 2
+2Pe? Z —(u ,zfm> et — Pe? 2
m Hom
Pe? 1
~ 360 L+ = Pe A.57
(G- gz +2 (14 5P (57)

/
+ap¢§:@g%ﬁleuwﬁ
For t* — oo (the long time approximation), e=#=!" — 0, and the variance becomes

0120719(75*) = ((y) +2t" + 2Pe, Z e ¢ml>u< Cls )

+2Pe2z o+ ¥m >( L)

m :um

+2Pe? Z< U ) (8 Vs Y)  Cos Y <i>

Fon

m

325



ns 0 Ui 1 1
are B3 e ()

m n#m

Bt (G ) <peTz<u’,wm><<a,wm>> |

- Hon

Ong(t) = (Co) + 26" — 2Pe, (¢1,T11) — 2Pt (u' + (4, T1y) — 2Pe? (u' + (5, Tan)
+2Pe, ( (), Tas) + 2Pt ( ¢4, T11) — Pe? (b, Tyy)?
= ((y) — 2P6$ (u' ,Tg1) + 2 (1 - Pe? (u’ 7F11>) t— 2P€72~ <C6aF21>
—2Pe, { ¢4, T11) + 2Pe, { Ch,Tas) — Pe? (¢4, Tyy)?

2
_ @pﬁh O+1m) —2Pe? ((y,Ta1) — 2Pe, { (1, T11)

360 48
+2Per <C0>F22> - er <C07F11>2>

or,

* ]' *

0120ng<t ) = (Co) +2 (1 + 4_8P612n) t* — 2Pe, ( <C/17F11> - <C67F22>>
1 ! !
_P62 (% +2 < CO’ F21> + < COv F11>2> ) (A58)

where,

F22 _ P€TZZ ¢m7w > ,lvbn _ Pe,, A22

#mﬂn
— 'Per (101 — 420€” + 480¢* + 240¢° + 45¢°)
11520 '

For the case of short time (t* — 0) the variance can be simplified by using the

series expansion of e #n'" as follows:

0_2 (t*) — <C2> + Qt* + 2P€r Z (Ulﬂﬂm) < </1>1/}m> (Mmt* o M?r;t*2 + O(t*g))

short
- 22
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*2

! ! /
t
Hom

+ O(t*3)>

m

p (1= ) + O(t*3)>

2Pe? Hm
+ 67‘ Z (t* . umt*Q
2

(W', ) (u %wmﬂ C0:%m)

m n#m M —t"+ M" —|— O(t*?)))

—2Pe2 t* Z CM’ ) (umt*——“m; +O(t*3))

_<Perz<u,wmlico,wm> o = +O(t*3))) |

m

or,

Tanort(t) = (o) +2t" +2Pe, Z 0] (63, ) (umt* - lT O(t*3>)

— Fon 2
+2Pe Z CO ALY ( ;*2 + O(t*3))
/ *2 *2

m n#m

_2Peg +* Z < 7¢mL< CO? ¢m> (Nmt* o M%@;ﬁ + O(t*g))

Pt (Z (W ) G wm>) +0()

m

or,

aihort (t*) = <C2> + 21"

1+ Per Z <ula¢m> < Clla ¢m>]

_pezt*2z<w V) (o + 0 ) (A.59)
+P62t*222 ) (s Yin) (Cor ¥m)
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—Pert™ Y () (1) i

m

—Pe%tﬁ <Z <ul7 ¢m> <<67 1/)m>> + O<t*3) )

m

but

DO ) (w0, ) ( Co ZZ ) (U uthy,) { Chu )

Z u m,b CO’ > Z <u Uu, wm> < C07¢m> = < C{)?ulu>

m

so if we assume (, = 0, the variance evolves as follows:

= (Co. ) + (', )

Pl = (Go) 2 P | T
+<<07U“>_<(0=U>

] + O(t*)

_ <C2> Lopt 4 Peft*Q 1—- <C07u> + <C07uu> i O(t*g)
- <<07u> - {<C07u> - 1}2

[ - 2
R T o B L BT}
- <C0,U>2 + 2 <C07 u> —1
or,
O2ort () = (Co) + 26" + P2t [((,u” ) — ( (oo u)’] + O(). (A.60)

A.3.4 Third Moment for uniform release

The third moment is given in Laplace domain by equation (A.41) as follows:

wMs =3 Pe, My +6 M, — 6P (', Y1) My +6Pe (v, Ys) Mo+ ((3), (A.61)
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using relations (A.38-A.40), (A.42,A.43), (A.45) and (A.52) for uniform release, we

have,

Ms = 6 Pe; (Pe i€—°>+@>+6per§—§>

+6P3Z >( > 13 Pe, <C2>—|—6P <<0>+6<i_12>
+6Pe; Z <u wﬂi (Per f—? + <i—12>> (A.62)

Taking its Laplace inverse, we get the third moment as,

6t* + 3 Pe? t*24

2 (u'ﬂﬂm>2 * ]_—efi‘mt*
6Pc2 Y, Wbl (1 — o)
! 2 * _ t*
2t 2(1 — e Hm
+{(Co) | Pe 3 + 6 Pe,t** + 6Pc? E (M (t*2 _ Q)

m3(t*) = ((3) + (C2) 3 Pe, t* + ((y)

o, T u2,

o Gy >/f - >< (1+e‘“mt*)—2(1_ﬁtﬁ> (A63)
ol () (€€
6P = :
) er o ;";m — ) ( Hm My, ,

the third central moments can be found from the above results. For the case of

(Co) = 1and (¢;) = 0, the third central moment,

Vs = M3 — 3mims + Qmi’,

is given as,
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vs(t*) = (Cy) + 6Pe t* ZZ (U Vi) (U 1)

fn, o
+6.Pe? Z wm’w ) (tr et (A.64)
(W )W ) *
—12P¢? zm: 2 oy <m@>ﬁu’f§)’%> (1— et ).

The long time approximation in this case will be as,

!
vs(t") = ((s) +6P€d t*zz anL/f m) (U )

/ ) P )
—12P¢2 W m) - |
Hin () i)

m +Zn;&m (Mnfﬂm)

r
= ((3) — 6Pl t* Z uwm 1)
3 ’ m ’wm>< ,wmawm>
—12P¢? Z ") .
1
6P€3ZZ ¢>< Vs Vo, >( _2)

m n#m

_ <C3> o 6P6§ 1+ Z u ) n uwn>rll> B erll>)

n H,
—12P 3 <ula ¢m> <u,> ¢m> <U'¢m, wm>
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But the last term can be simplified as,
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This gives long time behavior of third central moment as follows:

pe3 (. 17
vs(t*) = (Cs) + 120 <t —E> (A.65)
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Appendix B: Scaling Laws

In this appendix, we use scaling analysis to analyze gel dynamics in a single
and dual core set-ups. Here, we estimate the speed and width of gel fronts and
reaction fronts in a single core set-up and formulate the amount of flow diversion
of acidic solution from high-perm to low-perm cores in a dual core set-up. We also
develop scaling criterion for optimum injection rate for stimulation of carbonates

using in-situ gelling acids.
B.1 Gel Dynamics

B.1.1 Speed of Reaction and Gel Fronts

To analyze the gel dynamics, we consider one-dimensional version of the two-

scale continuum model described in previous section, as follows:

Jc Jc
6%"—’&06/ k:effc s (B1)
Oe
% Nackeff C, (B 2)
where ¢ = Cff is dimensionless acid concentration; k.;; = a, (k;' + k)" is

overall reaction rate constant that signifies the effect of mass-transfer and true
kinetics on dissolution; and N,. == "‘f# is acid capacity number. Here, we

neglect the axial dispersion term and assume that the velocity profile is constant.

Now, defining the wave coordinates as

t*=t"and z* =2’ —ust', (B.3)
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we simplify the model using coordinate transform (:2 = 2 — u;>2%; and -2, = ),

as follows:

Jc oc
€at* + (UO — €Uf) oL = —]{Zeff C, (B4)
Oe Oe
% — Uf% = Nackeff C, (BS)

where u; is the front velocity. Assuming the steady wave propagation, we can
further simplify the model by setting 8% = 0, which leads to the model in steady

wave coordinates as

oc
(U() — €Uf) 8(13* = —k’eff C s (B6)
Oe
Ufaw* = —Nackﬁeff C. (B?)

Now, we use the steady wave model given by equations (B.6, B.7) to estimate the
speed of propagation and width of reaction and gelling fronts in single core set-up.
The Reaction front is the zone where reaction occurs or proton concentration falls
significantly, while the gel front is the zone where proton concentration corresponds
to the pH-range of gel formation.

We can simplify equations (B.6, B.7) to write a single ordinary differential equa-

tion (ODE) as
(uo —euy)de 1
Uy Oe n Nac.

(B.8)

It should be noted that behind the reaction front, the core is dissolved completely,
while ahead to front, the core remains undissolved because all the protons are

consumed earlier. Thus, we can write the following boundary conditions:

e=¢p,c=0@ r—o0; and e=1,c=1@ = — 0. (B.9)
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From Integration of the equation (B.8 ) from z — 0 to x — oo with the conditions
given in equation (B.9), the front speed can be expressed in terms of acid capacity
number, N,., as follows:

ug (B.10)

1 —exp (—Nge)
Uf = — —
1 —egexp (—Nge)

that can further be simplified for very small acid capacity (N,. << 1) as

. Nac
_1—50

ug Up. (B.11)
It is interesting to note from equation B.10 that the speed of propagation, u, is
independent of concentration profile and rheological and kinetic parameters, and
depends only on acid capacity number. Therefore, both reaction and gel fronts
propagate with the same speed, u;. Also, the speed of fronts depends linearly on
inlet flow rate and is higher for an acid of higher capacity number.
B.1.2 Width of Reaction and Gel Fronts

It is well known that the width of front depends on strongly on dissolution ki-
netics. Since mass-transfer coefficient depends on flow profile and molecular diffu-
sion, D,, (: %) and viscosity depends strongly on pH, the dissolution kinetics,

k.rs is very complex function of proton concentration and is given in terms of Sher-

wood number, Sh (: 2’;;?) , as follows:
1 1/1 2,
= — | — B.12
Fors %(m+%Dm0’ (B.12)

In equation (B.12), all the parameters except viscosity (1) are almost constant due

to dissolution. Since viscosity depends on pH, we express the equation (B.6) in

terms of pH by setting concentration ¢ = % that leads the equation (B.6) to the
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following form:

1 1 2ry dz* dxr*
— = Ln10 dpH = ~ ) B.1
oy (k‘s * Sh Dmo'u> niodp (up —euy)  exp(—Nae) Uo (8.13)

Thus, we can determine the widths of reaction front and gel front by integrating
equation (B.13) in appropriate pH-range. For example, the width of reaction front,

Iy, as follows:

k. T Sh D,

= M ( 1 2TP <ﬂ>c> Lnl() <ApHc>> (B14)
where (u), is the average viscosity of reaction front defined over pH-range of

reaction-zone, pH. as
1

W= T / wdpH, (B.15)

Similarly, the width of gel front, [, ,.;, can be expressed as follows:

ug exp (—Nge)

1 27,
(k_s T Sh Do Wgez) Ln10 (ApHge) . (B.16)

lw,gel - a
v

where (1), is the average viscosity of gel defined over pH-range of gel formation,

pHye as

1
(1) ger = m/ﬁ p dpH. (B.17)

gel

Thus, in mass-transfer controlled dissolution (k. << k;), the ratio of width of these

fronts simplifies to
l:v,gel o <:u>gel <ApHg€l>

loe (W) (APH.)

that depends strongly on rheological properties. Whereas in kinetically controlled

(B.18)

dissolution, the width of these fronts are independent of rheology.
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B.2 Flow Diversion in Dual-core Set-up

We consider dual-core set-up, where fr is the fraction of fluid flowing through
low-perm core. The core 1 has lower permeability than core 2. The flow splits in the
ratio of overall resistance (f) of these cores. The permeability is almost constant
until gel develops but viscosity keep increasing due to gel formation. The speed of
front propagation in low-perm core 1 (us;) and high perm core 2 (uy,) can be given
by

1 —exp (—Ng.)

1 —exp (—Ng.)
P
/1 1 —egexp (—Ny.)

1 —egexp (— Ny

(1= fr) uo (B.19)

)fTUO; uf2:

Here, we write rock properties as

Ay0 Qy0
Ky = M Ko; Koy = MyKo;rpn = / Mirpo; rp2 = / Marpo; Gp1 = —==; Gy = ;

which leads to width of gel fronts as

Batld _ iy 0, /0 (14 0oVBTL) ;2992 = (1 fryou/B (1 4+ 00V/0E)

(B.20)
where a; and asare given by
ug €xp (—Nae) LN10 (ApHge)  exp (—Nge) LN10 (ApH o)
ay = = )
k;s A0 L D&
2ks Tpo ¢2
Oy = Sh Dfno </’L>gel = ﬁ </j’>gel . (821)

Thus, the flow splitting can be expressed in terms of ratio of overall resistances in

both the cores as

—1
0 1 _ lz,gel,l + <H’>gel lz,gel,l
1 L K1 L

—1
p0 (1 _ lz,gel,2> _|_ <l”’>g5l lz,gel,2:|
L Ko L

| —
=

Jro Mg

1 — f?" Mefﬁg [

=

5
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M, [1"‘ ((ulgez - ) (1= fr)oav/M; (1 +042\/_)]
M, [1—|—< el )f?“ 041\/_(1—1—042\/_)]

which can be rewritten as

fr M 1+ (1= fr) 613/ My (1 + 021/ Mp) (8.22)
1—fr M 1+ fr 61v/M (1 + 623/My) ’ '
where §; and 9, are given by
51— ay (<u>gel B 1> _exp (=Noe) LN10 (ApH,.) (<u>gez B 1) ;
’LLPO _DCL :upO
¢2
0 = a2 = o (1hga- (B.23)

It should be noted that equation (B.22) results into a quadratic equation in fr.
However, there is only one solution feasible (in the range of 0 < fr < 1). In mass-
transfer controlled dissolution (k. << ks or d; >> 1), equation (B.22) can further

be simplified as

fr My (14 (1= fr) 61620,
1-— f?” M2 1 + f?“ ) 62M1 ’ (824)
that leads to a linear equation in the form
-1
f?” . (5152 + MQ (825)

L—fr 616+ MY

It can be seen from equations (B.25) and (B.23) that the flow diversion strongly
dependent on rheological parameters. For Newtonian acids, <Iu’>gel = fly, 1.€.,
01 = 0 and hence flow splits into the ratio of permeability of cores, M1 . For the case
of in-situ gelling acids, §; and d, can be very large and so the flow diversion, i.e.,
fr — 0.5@ ;05 — oo. Thus, in-situ gelling acids diverts the flow of protons in least

accessible low-perm core leading to more uniform stimulation.
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B.3 Optimum Injection rate

The strong coupling between transport and reaction processes leads to vari-
ous types of dissolution patterns for a given acid depending on the injection rates.
Experiments with Newtonian acids show that for high injection rate, porosity and
permeability increase uniformly and slowly that leads to uniform dissolution pat-
terns and require large amount of acids. Similarly at low injection rates, lots face
dissolution patterns are formed large amount of acids is required. At the inter-
mediate injection rate, very thin factal type channels are formed that are called
wormholes and require least amount of acids. Panga et al. (2005) compared the
characteristic length scales in flow and transverse directions to estimate the cri-
terion for optimum injection rate. Here, we use the same procedure to develop a
criterion for optimum injection rate for the case of in-situ gelling acids.

In the transverse direction, transverse dispersion and reaction are the domi-
nant processes. So, the transverse length scale can be obtained by solving follow-
ing diffusion-reaction equation:

0*Cy

ED/BTW = keffo (826)

that gives the characteristic transverse length scale, /1, as

tp = |2 (B.27)
kery

Similarly, in the flow direction, convection and reaction are dominant processes. So
the axial/longitudinal length scale can be obtained by solving convection-reaction
model:

oC

_oCy
— = B.2
u o' k‘effo, ( 8)
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that gives the longitudinal length scale, 7., as

U
0, = 2 (B.29)
egs

Here, u is the averaged velocity inside the wormhole which is much greater than

the average injection velocity, i.e.,

o~ (@)

(u)  \dw) '
where d,, is the wormhole diameter and L is the length of separation between
wormholes in transverse direction. Since, wormholes are formed due to compe-
tition between these diffusion-convection-reaction processes, the flow and reac-
tion parameters should be such that the characteristic transverse and longitudinal
length scales must be comparable to each other to form a wormhole. In other

words, wormholes are formed when /- ~ /., which leads to criteria for optimum

injection rate (that corresponds to wormhole formation) as follows:

U~ \/EDéTk‘eff. (830)

In case, where the ratio of wormhole diameter and length of separation is of same

order, the optimum injection rate can be given as

<u>opt ~ U \% EDéTkeff' (B31)

Here, k. is the effective rate constant that is disguised by mass-transfer and is

given as

1 1 1)\ 1 1 2r () )\ 1
R R O B.32
ker/ <k * k) ay (k " Doosh ) a (B:32)
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and D, <~ 15;;0) is the effective diffusivity, where (y),. is the average viscosity of

the fluid in reaction zone. This simplifies the optimum injection rate further as

D, ksa, Dy ksay
W ~ | ey | Ty (B.33)
(b (1+ 252:) | (), (14 £

Thus, it can be seen from above equation (B.33) that the optimum injection rate for

in-situ gelling acids is smaller as compared to that of Newtonian acids. In particular,

in mass-transfer controlled dissolution (k. << k), the optimum injection rate for in-

situ gelling acids is (u), times smaller than that for Newtonian acids, i.e., <<:>>”—tNGl ~
1

).
rate for in-situ gelling acids is /(u), times smaller than that for Newtonian acids,

, While in kinetically controlled dissolution (k. >> k), the optimum injection

. <u>0 t Gel 1 . . . . . . .
i.e. Pt ~ . In other words, stimulation with in-situ gelling acids should
’ <u>opt,New A/ <M>C ’ g g

be performed at lower injection rates as compared to stimulation with Newtonian

acids.
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