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Abstract

The theory of operator spaces has been intensively studied with spaces over the complex field. In
this study, we investigated the corresponding theory on spaces over the real field which includes

real operator spaces, real operator algebras and real Jordan operator algebras.
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Chapter 1

Introduction

The study of operator spaces has been focused on spaces over the complex field (C). However, the
theory of C*-algebras over the real field (R) has also been studied and can be found in references
such as [14], [19], [21], and [23]. In addition, real W* algebras are also studied in [11] and [18]. The
fundamental theory of Jordan algebras, JB-algebras and JBW algebras can be found in [15]. The
theory of real operator spaces has been initiated in [24], [25], and [26]. We would like to continue
to investigate further in this program to obtain analogous results for real operator spaces.

A difficulty of studying real spaces is that real spaces may lack properties that complex spaces
have. For example, for T € B(H) where H is a real Hilbert space, the condition (T¢,&) > 0 for
every & € H is not enough to tell that T > 0. In addition, in complex C*-algebras A, a € A
is positive if and only if s(a) > 0 for all states s on A. But this is not true in real C*-algebras.
However, there are many properties that both real and complex spaces have. For example both
real C*-algebras and complex C*-algebras have contractive approximation identities. Most of the
time, we can obtain some results about real spaces from results from complex spaces.

The main technique that we use throughout this study is the technique of complexification.
We investigate how real operator spaces and their complexification are related. Usually, properties
of real operator spaces are closely related to corresponding properties of their complexification.

Therefore, many results about real operator spaces can be obtained from their complexification.



In Chapter 2, we further study real operator spaces. We first study properties of a real C*-
algebra. Many facts that are true in complex C*-algebras are as well true in real C'*-algebras. For
example, p is a projection in a real C*-algebra if and only |[p|| = 1 and p? = p. We also investigate
properties of positive functionals and real states on a real C*-algebra. An analog of the well known
fact in complex C*-algebras which states that for a homomorphism between C*-algebras, being
contractive is equivalent to being a *-homomorphism has been proved. In addition, we investigate
the operator space complexification of a real operator space. We show that all reasonable norms
of a real Banach space come from real operator space structures that are given to a real Banach
space. We provide a contractive linear map between real operator spaces whose complex extension
is not contractive.

In Chapter 3, we investigate real operator algebras. We prove that a unitization of a real
operator algebra is unique up to isometric homomorphism. In addition, we also study positivity
and real positivity in a real operator algebras. Besides from facts appearing in this dissertation,
additional theory about real positive maps on real operator algebras and real Jordan operator
algebras will be forthcoming in a work in progress [7].

In Chapter 4, we investigate real Jordan operator algebras. We obtain analogous results to
[8] for real Jordan operator algebras. For instance, the unitization of a real Jordan operator
algebra is unique up to isometric Jordan homomorphism but not up to completely isometric Jordan

homomorphism.



Chapter 2

Real Operator Spaces

2.1 Real Spaces

We review some background about real spaces (see e.g., [14, 17, 19, 20]). Let (X,|| - ||) be a
real normed space and define X, = X x X = {(x1,22) : x1,20 € X}. We denote (z1,x2) by
x1 + ixe and consider X = {x + 10 = (x,0) : z € X} as a subset of X.. If A, B C X, we denote
A+iB ={a+1ib:a € A,b € B}. Using this notation, we can write X, = X +¢X. Addition on X,

is defined in a natural way by
(z1 4 iy1) + (w2 + iy2) = (21, 22) + (Y1,92) = (21 + Y1, 32 + 42) = (21 + 22) +i(y1 + v2),
and complex scalar multiplication is defined on X. by
(a+iB) - (z+iy) = (a+iB) - (x,y) = (ax — By, Bz + ay) = (ax — By) +i(Bzr + ay)

for (x1,11), (x2,¥2), (x,y) € X, and o, € R. Then X, is a complex vector space. Observe that
any z € X, can be uniquely written as x + iy for z,y € X. A complex norm || - || which is defined

on X, is called a reasonable norm if

(i) ||zl = ||z|| for all x € X, and



(ii) ||z1 + iz2|| = ||z1 — iz2] for all 1,29 € X.

We call X, equipped with a reasonable norm || - ||, a reasonable complezification of X. For a real
Banach space X with a norm || - ||, there are many reasonable norms that can be defined on X..
For example, for p € [1,00), define |z + iy|, = (||z]|” + ||y||?)"/P. Then

' sup {\ew(x +iy)lp: 0 € [0,27‘(’]}
&+ dyllp, =

sup { (| cosf|P + | sin9\P> v 10 €0, 277]}

is a reasonable norm on X, (see [19] or [24]).

Note that (R, |-]|) has a unique complexification which is C. Therefore the complex norm || - |,
above coincides with the absolute value of complex numbers, i.e., for o, 5 € R and p € [1,0),
la +iBll, = |a +iB] = /a2 + 2. In addition, for a net (ay + if;) in C where oy, B, v, f € R,

ar + iy — a+if if and only if oy — « and By — .

2.1.1 Remark. Assume that (X, || - ||) is a real normed space and (X, || - ||c) is its reasonable

complexification. We list some important facts.

(@) flall = lalle < lle +iylle and [ly] = llylle < [}z + iyllc for all 2,y € X (see Proposition 1 in

[20]).
(ii) Let (z¢) and (y:) be nets in X and = + iy € X.. By the inequalities in (i) and the triangle

inequality, we have

max{||z; —z|, [ly: —yll} < [[(ze+iye) — (@ +iy)lle = (2 —2) + (e —y)lle < [lwe =zl + [y —yll-
Therefore, x; + iy, uniformly converges to x + iy in X, if and only if x; and y; uniformly
converge to x and y in X respectively.

(iii) Bx(r) ={z € X : ||z|| < r} C Bx,(r) = {x + iy : ||z + iyl < r}. In addition, Bx(r) C

Bx_.(r) € Bx(r) + iBx(r). To see this, if x € Bx(r), then ||z 4 i0|. = ||z|| < r. In addition,



if x + iy € Bx_(r) ie., ||z +iy| < r, then from the fact (i) ||| < r and ||y|| < r. Thus,

T +1y € Bx(’l”) +iBX(T).

(iv) If (X, - ||) is a real Banach space, the smallest reasonable norm that can be defined on X,
is the Taylor norm (see Proposition 3 in [20]) and can be described in a few different ways as

follows:

lz + iyl = sup{llaz + Byl : @® + % = 1} = sup{/d(2)? + ¢(y)? : ¢ € X", [|¢]| = 1}.

Let X and Y be real Banach spaces and let T': X — Y be a real linear map. Define T : X, — Y,
as

Te(z +iy) = T(x) + 1T (y).

Then T, is a complex linear map and is called the complex extension of T. One interesting fact
that has been proved in Proposition 4 in [20] is that T has the same norm as 7' if the Taylor norm
is given to both X, and Y.. In [20], the authors define a natural complezification procedure to be a
way of defining a reasonable norm on any X, and Y. so that the complex extension T, € B(X,,Y.)
has the same norm as 7" for every 7' € B(X,Y’). Thus the procedure of the Taylor norm is a natural
complexification procedure.

The following proposition tells us that a complex linear functional ¢ € (X,)* is uniquely written
as x +ip where x, p € X* and if ¢ € X*, its complex extension ¢, has the same norm as the norm
of ¢. This lemma is crucial and will be used throughout this dissertation. It can be found in

Proposition 1.4.1 in [19] or Proposition 7 in [20].
2.1.2 Proposition. Let X be a real Banach space and X, be its reasonable complexification.

(i) Let ¢ € X*. Define ¢. : X — C by ¢.(x +iy) = ¢(x) + ip(y) for x + iy € X.. Then

b € (Xe)™ and [|oc] x. = [l x-

(i1) (Xc)* is a reasonable complezification of X*.



We mentioned in the remark 2.1.1 (ii) that a net x; + iy; uniformly converges to = + iy if and
only if x; and 1 uniformly converge to x and y respectively. This fact holds for weak convergence

and weak® convergence too.

2.1.3 Lemma. Let (X, | - ||c) be a reasonable complezification of (X, | -||) and (x; + iy;) be a net
i X.. Then x; + iy weakly converges to x + iy in X, if and only if x4y and y; weakly converges to

x and y in X respectively.

Proof. First, assume that z; + iy, weakly converges to x + iy. Let ¢ € X*. Then ¢(x¢) + ip(yt) =

de(x+20) = (T +iy) = d(x)+ip(y). Thus, ¢(xr) — ¢(x) and ¢(yr) — ¢(y). Conversely, assume
that z; and y; weakly converge to x and y respectively. Let ¥ € (X.)*. We can write ¢ = x + ip

where x, p € X*. By weak convergence of z; and y; in X,

dclr+iy) = (x(@e) = pln)) +ix(wn) + (1))

1

x(@) = ply) ) +i(xw) + plx))

= p(z +iy).
O

2.1.4 Lemma. Let (X, | - ||c) be a reasonable complezification of (X,| - |) and (& + in.) be a net
in (X¢)* where &,m € A*. Then & + in, weak™ converges to £ + in in (X.)*, where {,n € A*, if

and only if & and n; weak™ converge to & and n in X* respectively.

Proof. Assume that & + in, weak® converges to & +in in (X.)* and = € X. Then &(x) + in(z) =
& +ine)(x) = (€ +in)(x) = &(x) + in(x). Thus, &(z) — &(z) and n(x) — n(z). Conversely,
assume that & and 7, weak® converge to £ and 7 respectively in X* and = + iy € X.. Then

(&e+ine) (z+iy) = & (@) —ne(y) +i(&e(y) +me(2)) = (@) —n(y) +i(€(y) +n()) = (E+in)(z+iy). O

2.1.5 Remark. As in the previous lemmas, a net in a reasonable complexification of X converges

in uniform topology, weak topology or weak® topology if and only the real part and complex part



of the net converge in uniform topology, weak topology or weak® topology respectively. Thus the
topology on a reasonable complexification in any of these is the product topology or Tychonoff
topology on X, = X x X. Therefore, if z; + iy; converges to = + ¢y in any of these typologies, we
conclude that x; converges to x and y,; converges to y in that topology. We may use this fact in

many places without referring to these two lemmas.

A Banach algebra is a Banach space (A, || - ||) together with a product - : A x A — A which
satisfies ||a - b]| < ||al|||b|| for all a,b € A. If (A, | -||) is a real Banach algebra, define a product on
A, to be

(a +ib)(c+ id) = (ac — bd) + i(ad + bc).

Assume that there is a reasonable norm || - || on A, that makes A. a complex Banach algebra with
this product. If A has an identity e, then A, has also the same identity e. Define the spectrum
of a € A to be the spectrum of a = a 40 in A, i.e., 04(a) = 04.(a). If an algebra A does not
have an identity, define A! = A x R with the product (a,a) - (b,3) = (ab + Ba + ab,aB). By
denoting (a,a) to be a + A, we have A! = {a +a : a € A,a € R} and the product on A’ is
(a+a)-(b+pB) = (ab+ ab+ Ba) +af for a+ a,b+ B € AL. Then 1 is the identity of A'. Define
the the spectrum of element a in a nonunital real Banach algebra A as the spectrum of a +0 € A,

i.e., oa(a) = o41(a). In either cases, the following fact holds.

2.1.6 Lemma. Let A be a real Banach algebra and a,b € A. Then

oa,(a—ib) ={A: A€ oa.(a+ib)}.

Proof. WA =a+i8 ¢ o4,(a+1ib), a+ib — a —if has an inverse say (z + iy). Thus,

(a+ib—a—if)(z +iy) = (ax — by — ax + By) + i(ay + bx — ay — fz) = 1.



So, ax — by — ax + By = 1 and ay + bx — ay — Bz = 0. Therefore,

(a —ib— a+if)(x —iy) = (ax — by — ax + Py) — i(ay + bx — ay — fz) = 1.

That is A\ = a — i ¢ o4, (a — ib). O

A Banach x-algebra A is a Banach algebra with an involution x : A — A which is a conjugate
linear map satisfying (ab)* = b*a™ and (a*)* = a. Let A, be a complexification of a real Banach

x-algebra A. We can naturally define an involution on A, as

(a+1ib)" = a* —ib".

Assume that there is a reasonable norm on A, that makes A, a complex Banach algebra. Then A, is
a complex Banach x-algebra. A complex C*-algebra is a complex *-algebra such that ||aa*|| = ||a||?
for any element a. We call a real Banach x-algebra A a real C*-algebra if there is a reasonable
norm on A, which makes A, a complex C*-algebras. Note that if A is a real C*-algebra, there is a
unique reasonable norm that makes A, a complex C*-algebra. There are equivalence conditions for
being a real C*-algebra (see Lemma 1.1 in [11] or Proposition 5.1.2 in [19]). The most important
one is that A is a real C*-algebra if and only if A can be isometrically * isomorphic to a uniformly
closed *-subalgebra of B(H) where H is a real Hilbert space. In particular, one can define a real
unital C*-algebra to be a unital Banach x-algebra such that |Jaa*|| = ||a]|?> and 1+ aa* is invertible
for every a € A (see Chapter 8 in [14]). Note that C with the identity involution, i.e., * = z, is not
a real C*-algebra. There are analogous properties of real C*-algebras as the complex C*-algebras
which can be found in [14] and [19], for example.

Let A be a real C'*-algebra and

My (A) = {[aijlnxn : aij € A,1 <4, < n}

for n € N. Then there is a unique C*-norm on M, (A) such that M, (A) is a real C*-algebra (see



Proposition 5.1.10 in [19]). Let B be a real C*-algebra and T': A — B be a linear map from A to

B. The (n-th) amplification of T is the associated map T}, : M, (A) — M, (B) which

T([aij]nxn) = [T(al])]nx'ﬂ

We say that T is completely bounded if ||T'||,, < oo for all n € N and define

|||y = sup{||T||» : 7 € N}.

We say that T is completely isometric if T, is isometric for all n € N. We say that T is completely
contractive if | T||s < 1. And we say that T is completely isometric if T), is isometric for all n € N.
In particular, M, (B(H)) = B(H"™) for a real Hilbert space H. Since a real C*-algebra A can be
isometrically * isomorphic to a real C*-subalgebra of B(H), M, (A) C M,(B(H)) = B(H™) (see

section 4 in [25]). Note that B(H). = B(H.) C B(H?) (see page 1051 in [24]) and

" a —b
la + bl sy, = H - HB(Hz)'
Thus A, can be realized as a subspace of B(H,.) and
‘ a —b
o+ iblla. = | (.
b a MQ(A)

In addition, A**, the bidual of A, is a real C*-algebra with the Arens product, and A is a C*-
subalgebra of A** (see Theorem 1.6 in [11] or Theorem 5.5.3 and Theorem 5.5.4 in [19]). Moreover,
if (n;) is a net in A™ converging weak* to 1, we have m,v converges weak™ to nv and v converges
weak™ to vn for all v € A**. That is the Arens product on A** is separately weak* continuous.

Let A be a real C*-algebra and a € A. We call a a positive element of A if o4(a) C [0,00). We

write a > 0 if a is positive and denote AT to be the set of all positive elements in A. We say that



p € A is a projection if p = p* = p?. If in addition, pap = pa = ap for all a € A, we call p a central

projection on A.

2.1.7 Lemma. Let A be a real C*-algebra and a € A. Then a > 0 if and only if a = xx™ + yy* for

some x,y € A.

Proof. If a > 0 in A, then a > 0 in A.. By the corresponding fact in complex C*-algebras,
a=(x+wy)(x+iy)* =(xr+iiy)(z* —iy*) = xx* + yy* + i(zy* — yz*). Therefore, a = zz* + yy*.

Conversely, xz* + yy* is positive in A, and thus positive in A. O

2.1.8 Remark. (i) For a unital real C*-algebra A, a € A is positive if and only if a = z2*. If A
is a nonunital real C*-algebra, its unitization A® is unique. Let a € A C A® be positive. Then
a=(x+A)*(z+ ) =xz* + Az + Az* + A2 This implies A2 = 0 and so @ = xx*. Therefore

the above lemma can be restated that a > 0 if and only if a = zz* for some x € A.

(ii) In the case of a complex C*-algebra, a *-homomorphism maps positive elements to positive
elements. This facts holds in a real C*-algebra as well. Let 7 : A — B be a *-homomorphism
between real C*-algebras A and B. Then m(a) > 0 for all @ > 0. To see this, we write

a = zz*. Then n(a) = w(xz*) = n(z)m(x)* > 0 in B.

2.1.9 Lemma. Let A be a real C*-algebra and a,b € A. If a + ib is positive in A., then a and

a — ib are positive in A.

Proof. Since a + ib is positive, we have a + ib = (a + ib)* = a* — ib*. Thus, a* = a and b* = —b.
Hence, a — ib is also selfadjoint. By Lemma 2.1.6, 04, (a —ib) = {\: X\ € 04.(a +ib)}) C [0, 0).
Thus, both a + ib and a — ib are positive and so 2a = a + ib + a — ib is positive. Therefore, a and

a — tb are positive. O

A real C*-subalgebra A of B(H), where H is a real Hilbert space, is called real W*-algebra if A
is weak™ closed in B(H) (see also [11] and [18]). We obtain an equivalence of x + iy being positive

in A, for a W*-algebra A. Thank to Dr. Blecher who provides the proofs of the fact.
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2.1.10 Lemma. Let A be a real W*-algebra. Let (z:) and (x¢) be bounded nets in A. Assume that

(z:) weak® converges to z and (x;) SOT converges to x. Then (ziz:.x+) weak™ converges to xzx.

Proof. We may assume that A is a real W*-subalgebra of B(H) where H is a real Hilbert space.

Let £&,7 € H. Then

(wezewe€, m) — (w2, m)| < [wezewed,m) — (wzewed, )| + [wzewid, n) — (wzwe,m)| + (wzwed, ) — (wzag,n)|
< Nzewillllzen — nll + zeklll|zexn — zen|| + [lze||ze22n — zzan|

— 0.

O]

2.1.11 Proposition. Let A be a real W*-algebra and A. be its complexification. Let a,b € A.
Then a + ib is positive in A. if and only if a is positive and b = rzr where v is the square root of a

and z is antisymmetric contraction in A.

a —b
Proof. Assume that x is invertible. Since a + ib > 0, then is positive. Hence
b a
a 0 0 —b a 0
— < <
0 a b 0 0 a
a=1/2 0
By multiplying to both left and right of the inequality, we have
0 a71/2
10 0 —a~Y2pa=1/? 10
— < <
0 1 a1 /2pa=1/2 0 0 1

This implies ||a~2ba=12|| < 1 and b = a'/?2b/2 where z = a=/2ba=1/? and |]z|| < 1. Since

b* = —b, we have z* = —z. Thus z is contractive antisymetric. Now, assume that a is not
invertible. Let a;/, = a + % for n € N. Then a,, is invertible and a,,,, — a. Hence a%i — al/2,

11



By the above, b/, = a}ﬁzna%i where z, is antisymetric. By taking a weak® limit of a subnet of

2

(2,) and using the above lemma, we obtain that b = a'/?za!/? and z is antisymmetric. O

We state a fact about projections in a real C*-algebra. We see that a projection p is positive
since p = p? = pp* by Lemma 2.1.7. In addition, we also have the following fact which is an

analogous fact of the fact in complex C*-algebras.

2.1.12 Lemma. Let A be a real C*-algebra and A. be its C*-algebra complexification. If p € A is
a projection in A then p is a projection in A.. Also, p is a projection in A if and only if p*> = p

and ||p|| < 1.

Proof. If p is a projection in A, then (p +i0)* = p 4+ i0 = (p + i0)? is a projection in A.. By
considering p as a projection in A., and using a fact in complex C*-algebras, p is a projection if

and only if p? = p and ||p|| < 1. O

2.1.13 Remark. If p+ iq is a projection in A., we easily conclude from previous facts that p — iq

is a projection. In addition, we have that p* = p,¢* = —q, |Ip|| < 1,]|¢|| < 1, and p is positive.
1/2 0
But Re(p + iq) = p might not be a projection, as in the following example. Let p =
0 1/2
0 —1/2 1/2 —i/2
and ¢ = be elements in B(R?). Then p + iq = is a projection in
1/2 0 i/2 1/2

B(C?) = B(R?).. We can see that p is not a projection of B(R?).

2.1.14 Lemma. If p is a central projection in a unital real C*-algebra A, then 1 — p is a central

projection and

lall = max{||pall, [la — pal]}.

Proof. Assume that p € B(H) is a central projection and thus Iy —p € B(H) is a central projection.
Let x € B(H). Then x = pr+ (Ig —p)z. Since H = pH & (I —p)H, we have ||z| = max{||pal|, ||a —

pal|}- =

12



A contractive approzimation identity or cai is a contractive net (e;) in a real or complex C*
algebra A such that e;a and ae; converge to a for all a € A. Now, let A be a real C*-algebra. If
(e¢) is a caiin A, then e;(a+ib) = eta+ieb — a+ib. Thus, any cai in A is a cai in A.. Moreover,
if (Ey) = (Re(E¢) + iIm(Ey)) is a cai in A, we have that Eya = Re(Ey)a + iIm(E;)a — a. Thus,
Re(E;)a — a. Hence (Re(Ey)) is a cai in A. In addition, if A has a cai (&), (ef) is also a cai
and ((e; + €f)/2) is a selfadjoint cai. Any real or complex C*-algebra A always has a cai (e;) (see
Proposition 5.2.4 in [19]). Moreover, a cai in A converges weak* to an identity e € A**. We state

this as the following lemma.

2.1.15 Lemma. Let (e;) be a cai in a real C*-algebra A and e be its weak* limit in A**. Then e is
the identity of A**. Therefore, any cai in a real C*-algebra converges weak™ to the identity of A**

and for all ¢ € A*, ¢(er) — ¢(e).

A real state on a unital real C*-algebra is a linear functional ¢ € A* such that ¢(a) = ¢(a*) and
¢(e) = ||¢]| = 1 where a € A and e is the identity of A (see [14]). In general, we can define a real
state on a real C*-algebra (whether unital or nonunital) using a cai (follow from the definition of
states in a complex approximate operator algebra in [5]). Let A be a real C*-algebra and ¢ € A*.
We say ¢ is positive if ¢p(a*) = ¢(a) for all a € A and ¢(b) > 0 for all b > 0. We say that ¢ is a real
state on A if ¢ is positive and ¢(e;) — 1 for a cai (e;) in A (for all cai (e;) in A, by the previous
lemma). This definition will be equivalent to the definition of real state as defined in Definition

5.2.5 in [19].

2.1.16 Lemma. Let A be a real C*-algebra and ¢ € A*. If ¢(er) — ||p]|| for all cai (e;) in A, then

6>0.

Proof. We consider ¢ as a linear functional on A**. Since A** is a real von Neumann algebra
containing the identity e and ¢(e) = lim; ¢(e;) = ||¢||, by Lemma 4.5.5 in [19], ¢ is positive in A**.

Since A is a real C*-subalgebra of A*™*, ¢ is positive in A. O

The following lemma gives equivalent conditions for ¢ € A* to be a real state. Note that the

condition (iv) in the following lemma coincides with the definition of real state in Definition 5.2.5
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in [19]. Some of the facts in the next three lemmas can be found in Proposition 5.2.6 [19]. We

provide an additional fact and proof here.

2.1.17 Lemma. Let A be a real C*-algebra, ¢ € A* and (e;) be a cai in A. The following are

equivalent.
(i) ¢ is a real state on A.
(ii) ¢ is a real state on A**.
(iii) ¢ is a state on A..

() ¢(er) — ||o] = 1.

Moreover, if A is unital with the identity 1 and ¢ is a a positive linear functional on A, we have

that ¢ is a real state on A if and only if (1) = 1.

Proof. (i) = (ii) We consider ¢ as a real functional on A**. Then ¢(e;) — ¢(e) = 1 where e is the
identity of A**. Thus, by Lemma 4.5.5 in [19], ¢ is positive on A**. Since (e;) is also a cai in A**,
¢ is a real state on A**.

(1) = (i) Since A is a real C*-subalgebra of A**, ¢ is a real state on A.

(1) = (i4i) Since (e;) is a cai for A., ¢. satisfies the conditions of being a state of a complex
C*-algebra.

(7i1) = (iv) Since ¢, is a state on a complex C*-algebra A., ||¢.|| = 1. By Proposition 2.1.2,
lloll = ||@cl| = 1. Also, ¢(er) = ¢c(er) — 1. Thus, ¢ is a real state on A.

(iv) = (7) Since lim; ¢(er) = [|@]|, ¢ > 0 by Lemma 2.1.16. Thus, ¢ is a real state.

The last statement follows since 1 is also a cai in a unital real C*-algebra A. Thus for a positive

functional ¢ on A, ¢ is a state if and only if ¢(1) = 1. O
2.1.18 Lemma. If ¢ is a state of A., then Re(1)) is a real state of A.

Proof. By Proposition 2.1.2, we can write ¢ = x +ip where x, p € A*. If (e;) is a real cai in A, then

(e¢) is a cai in A, and thus ¢ (e;) = x(er) +ip(er) — 1. Thus, x(e;) — 1. Also, if x € A C A, then
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x(x) +ip(x) = Y(x) = Y(z*) = x(*) +ip(z*). Thus, we have x(z) = x(z*). Therefore, Re(¢)) = x

is a real state.

The following lemma is an exercise in [14]. We provide a proof of this fact as follows.

2.1.19 Lemma. In a real C*-algebra A, z* = —x if and only if s(x) = 0 for every real states s on
A.
Proof. Assume that x* = —x and s is a real state on A. By definition of a real state and linearity,

s(z) = s(z*) = s(—z) = —s(x). Thus, s(x) = 0.

Conversely, assume that s(z) = 0 for all real states s and z* # z. Note that = + z* is
selfadjoint. We consider x 4+ z* in the complexification A.. There exists a state 1 on A. such that
Y(x+2*) = ||x+2*| by a fact for complex C*-algebras. By the above lemma, Re(1)) is a real state
on A and so Re(y(z + z*)) = || + 2*||. Since z* # —z, z* +x # 0 and ||z + 2*|| > 0. Hence, there
is a real state ¢ = Re(v) such that ||z +2*|| = ¢(z + 2*) = ¢(x) + ¢(z*) = 2¢(x). This contradicts

the assumption. O

2.1.20 Lemma. Let A be a real C*-algebra, s be a real state on B(H) where H is a real Hilbert

space, and 6 : A — B(H) be a contractive homomorphism. Then so 0 is a real state on A.

Proof. Without loss of generality, we assume that (0(A)(H)) = H. If (e;) is a cai of A, 0(e;) — Iy
weak* and thus sof(e;) = s(0(e;)) — 1. Also, ||so8|| < |s||||@]] < 1. Since sof(e;) — 1, ||sof| = 1.

Thus, s o 0 is a real state on A. ]

The following theorem is the analog of a well known fact in complex C*-algebras.

2.1.21 Theorem. Let A be a real C*-algebra and let 0 : A — B(H) be a contractive homomor-

phism. Then

(i) 0(h) is selfadjoint if h is selfadjoint, and

(i1) O(k) is skew symmetric if k is skew symmetric (k* = —k).
Indeed, 0(z*) = 0(x)* for all x € A.
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Proof. (i) Let h € A be selfadjoint. Then 6** : A** — B(H)** is a contractive homomorphism
between real W*-algebras. Then by 4.3.4 in [19], h is approximable by real linear combination of
projections p € A**. Thus #(h) = 6**(h) is approximated by a linear combination of 6**(p). But
0**(p)? = 0**(p), ||0**(p)|| < 1. Hence (p) is selfadjoint by Lemma 2.1.12. So §**(h) is selfadjoint
in B(H)**. Since 8**(h) = 6**|4(h) = 0(h), 6(h) is selfadjoint in A.

(ii) Let k € A be skew symmetric, i.e., k* = —k and s be a real state on B(H). Then so 6 is a
real state on A by Lemma 2.1.20. Since k* = —k and by Lemma 2.1.19, s(0(k)) = so (k) = 0 for
all real state s on B(H). By the converse direction of Lemma 2.1.19, 0(k)* = —0(k).

Now, let € A. We can write x = h+k where h = (z+2*)/2 and k = (x —z*)/2. Then 0(h) is
selfadjoint and 6(k*) = —6(k). So, 6(z*) = 0(h* + k*) =0(h — k) = 0(h) — 0(k) = 0(h)* + 0(k)* =
O(h+k)* =0(x)*. O

It is well know that a homomorphism between complex C*-algebra is contractive if and only if

sx~-homomorphic. This fact holds in real C*-algebras.

2.1.22 Corollary. If 1 : A — B be a homomorphism between real C*-algebras, then w is contractive

if and only if ™ is a x-homomorphism.

Proof. Assume that m is contractive. Since B is a real C*-algebra, there is an isometric *-
homomorphism 6 : A — B(H) for some real Hilbert space H. Then §o7m : A — B(H) is a
contractive homomorphism. By the previous theorem, § o w(z*) = fom(z)* = 0(n(x))* = O(7(x)*).

*

By injectivity of 8, w(x*) = w(x)*. Conversely, if 7 is a x-homomorphism, 7. : A. — B is a
x-homomorphism. By the corresponding fact for complex C*-algebras, 7. is contractive. Thus,

m|a = 7 is contractive. O

2.1.23 Remark. Let A and B be real C*-algebras. If 7 : A — B is a contractive homomorphism,
by the above corollary 7 is *-homomorphism. Then 7. : A, — B is a x-homomorphism. Thus,
7. is completely contractive by a fact in complex C*-algebras. Since w4 = 7, 7 is completely
contractive. Therefore, we have that a contractive homomorphism between real C*-algebras is

completely contractive.
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Next, we consider the unitization of a nonunital real C*-algebra.

2.1.24 Corollary. Let A be a nonunital real C*-algebra. Define a product on A' = A®R to be
(a+ a)(b+ B) = (ab+ fa+ ab) + af, and

(a+a)" =a" 4+«

where a,b € A and o, B € R. Then there is a unique real norm on A" which makes A" a unital real

C*-algebra.

Proof. Let m : A — B(H) be an isometric *-homomorphism, where H is a real Hilbert space.
Then we can identify Al as {m(a) + aly : a € A,a € R}, which is a unital real C*-subalgebra of
B(H). Thus there is a norm on A! such that A! is a real unital C*-algebra. Suppose || - | is a
norm on A! that makes A' a real unital C*-algebra. Let p : A! — 7(A') C B(H) be defined as
pla+ A) =m(a) + M. Then p is a *-homomorphism. Thus, it is contractive by Corollary 2.1.22.

1

For the same reason, p~ is contractive. Thus, p is isometric. Therefore || - || is equal to the norm

inherited from B(H). O

The previous fact is also mentioned in the remark after Proposition 5.2.4 in [19]. In fact, if (e¢)

is a cai of a nonunital C*-algebra A, the C*-norm of a + A € Al is as follows:
la+ X = lign leta + Aet|| = li%n llae: + Aet|| = sup{|jaz + Az|| : x € A, ||z|| < 1}.

Moreover, a real state on A can be extended to a real state on A' in a natural way. The proof of
the following fact uses the Cauchy-Schwarz inequality. To obtain the Cauchy-Schwarz inequality
for a real C*-algebra, we can consider A as a subset of its complexification A.. For a real state on

A, ¢. is a state on A, by Lemma 2.1.17. Thus, for a,b € A C A,
¢(a*b)* = g2 (b"a) < de(a*a)p(b*b) = ¢(a*a)p(b*D).
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2.1.25 Proposition. Let A be a nonunital real C*-algebra and ¢ € A* be a real state. Then

#°(a+ N\) = ¢(a) + X is a real state on A

Proof. First, we show that ¢° is a positive linear functional on A'. Let a € A and A € R. We
claim that ¢(a*a) > ¢(a)?. To see this, let (e;) be a cai of A. Then ¢(ae;) — $(a) and by the

Cauchy—Schwarz inequality,

[d(ae)? < |¢(aa®)o(efen)| < |o(a”a)lllllllef|ledl| < |o(a*a)l-

Therefore, ¢(a)? < ¢(a*a). As a consequence,
?°((a+ N*(a+A) = ¢(a*a) + 2X¢(a) + A* > ¢(a)® + 2Ad(a) + A* = (¢(a) + A)* > 0.

This shows that ¢° is positive. Moreover, it is trivial that ¢°(1) = 1. Therefore, ¢° is a real

state. O

2.1.26 Remark. In a complex unital C*-algebra, a positive element in A can be determined by

states, i.e., @ > 0 in A if and only if s(a) > 0 for all s € S(A). However, this is not true in a

2 -1 2 -1
real C*-algebra. For example, € B(R?). Let s € S(B(R?)). Then 3( ) =
1 2 1 2

2 0 0 -1 0 -1 0 -1 0 1 0 -1
¢ +¢ =24+0¢ . Since = - —
0 2 1 0 1 0 1 0 -1 0 1 0

0 -1 2 -1
and s is selfadjoint, S( ) = 0. Hence, s( > =2 > 0 for all states s € B(R?).
1 0 1 2

2 -1

However, is not positive. Therefore, the space of states on a real C*-algebra does not
1 2

suffice to determine positive elements. However for a selfadjoint a € A, a is positive if and only if
s(a) > 0 for all s € S(A). The direct implication is obvious. To prove the converse, we consider

a € A.. Since a is selfadjoint, 04,(a) C R. Assume that there is a negative real number A € o 4_(a).
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Then there is a state ¢ € S(A.) such that ¢(a) = XA < 0. Since Re(v) is a real state on A, we have

Re(v)(a) = XA < 0. Therefore, if a = a* and s(a) > 0 for all s € S(A), a > 0.

If B is a complex C*-algebra, a real form of B is a real C*-algebra such that B = A.. In
[12], the author provides a counter example of a complex C*-algebra which does not admit a real
form. In [23], the author investigates real forms of a complex C*-algebra. Another question we
can ask is whether a real C*-algebra can be a complex C*-algebra? In other word, there a complex
scalar multiplication extending a real scalar multiplication which makes it a complex C*-algebra.
Obviously, R has no complex scalar multiplication thus cannot be a complex C*-algebra. Therefore,
not all real C*-algebra can be given a complex multiplication so that it turns to be a complex C*-
algebra.

A complez structure on a real vector space X is a linear map J : X — X satisfying J?(z) = —z.
Note that if J is a complex structure on X, —J is also a complex structure on X. If a real vector
space X admits a complex structure J, then one can define a complex scalar multiplication on X
to be

(a+if)x = ax + BJ(z).
Then X with this complex scar is a complex vector space. The following proposition gives conditions

when a real C*-algebra can be given a complex scalar so that it is a complex C*-algebra.

2.1.27 Proposition. Let A be a real C* algebra. Then A has a complex structure which makes it

a complexr C* algebra if and only if there is an R-linear map J : A — A such that
(i) J(z) =~z
(i) J(z*) = —J ()

(iii) |la(z) + BJ(2)]| = (Va2 + 5?)||z|

Proof. If A is a complex C* algebra, by defining J(x) = iz, J satisfies all the above properties.
Now, assume that A is a real C* algebra and admits a linear map J satisfying the above properties.

Then, by defining (o + i8)a = aa + BJ(a), A is a complex vector space and the original norm
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|| - || on A is a complex norm with respect to this complex structure and makes A, a complex

C*-algebra. O

2.1.28 Remark. (i) Define J : B(R?) — B(R?) to be

Then, we have that J2(A) = —A but J(A*) # —J(A)*. This complex structure does not
makes B(R?) which is a real C*-algebra to be a complex C*-algebras. Also, one can show

that there is no complex structure on B(R?) which makes B(R?) a complex C*-algebra.

If A is a complex C* -algebra and m : A — B be an R-linear isometric homomorphism
into a real C*-algebras B. Then, w(A) C B admits a complex structure which makes it a
complex C*-algebra and 7 : A — 7(A) is a C-linear isometric isomorphism. This is easily
seen by defining a complex structure J : w(A4) — w(A) to be J(w(a)) = 7(ia). That is
a real C*-algebra might contain a subset which is a complex C*-algebra. We provide an
example. Let H be a real Hilbert space and B(H). be its complexification of B(H). The

map 7 : B(H). — B(H?) is defined to be

. Ty
m(x +iy) =
y

Then J is an R-linear isometric homomorphism. Therefore B(H?), which is a real C*-algebra,

has a subset which is a complex C*-algebra.

A complex C*-algebra A can always be considered as a real C*-algebra denoted by Ar which

has a complex structure J(z) = iz. Obviously, A, = (AR)sq. We will use the following lemma

(Proposition 11.22 in [10]) to obtain relationship between A and Ag.

2.1.29 Lemma. Let X be a complexr Banach space and Xgr = X as a real Banach space. Then for

a complex bounded linear functional ¢ € X*, Re(v) = (¢ +1)/2 € X§ with ||[¢| = ||[Re(¥)]. In
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addition, for a real bounded linear functional ¢ € X§, ¥(x) = ¢(x) — i¢(ix) is a bounded complex

linear functional which ||¢| = | ¢

Define

ta={ze€A:x+2* >0}

An element in t4 is called real positive. The following states that positivity and real positivity on

A and Ag are closely related.

2.1.30 Proposition. Let A be a complex C*-algebra and Agr = A be considered as a real C*-algebra.

The following hold.

(i) >0 in A if and only if x > 0 in Ag.

(i) If ¥ € S(A) then ¥(x) = d(z) — id(ix) for some ¢ € S(Ag).
(iii) If 6 € S(AR) then ¢ — Re(sh) for some ¥ € S(A).

(1) ta = Tag.

Proof. (i) This follows from the fact that positive elements are of the form zz* for some z € A.
(ii) Let ¢(x) = Re(¢)). Then ¢ is a real linear functional on Ag. In addition, ¢(zz*) =
Re(y(xx*)) = ¢(xzz*) > 0 for all z € A. Thus Re(v)) is positive. By the lemma above, ||¢| =
||Re(y)|| = 1. Thus Re(y) € S(Ar).
(iii) Define ¥ (z) = ¢(x) — i¢(iz). By the above lemma, ||¢| = ||¢||. Moreover, ¥(zz*) =
¢(zz*) —ig(i(xx*)). Observe that (izz*)* = —iza™. Since ¢ is positive, ¢(izx™) = ¢((izzx*)*) =

—¢(izz*). Thus, ¢(izz*) = 0. Hence ¢(xx*) = ¢(xx*) > 0. Thus ¢ € S(A).

O

(iv) By (i), x +2* > 0 in A if and only if z + 2* > 0 in Ar. Therefore, t4 = t4,.

2.1.31 Remark. Let A be a unital complex C*-algebra. One can define

tgy={x€A:Re(yp) > 0,9 € S(A)}.
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To see this let x € A be such that = + z* > 0, and ¢ € S(A). Then ¢(z + z*) > 0. Since
P(x*) = P(x), Y(x + 2*) = 2Re(yp(z)) > 0. Conversely, let Re(yp(x)) > 0 for all ¢ € S(A). Since
P(x*) = Y(x), Y(x +2*) = 2Re(yp(x)) > 0 for all ¢ € S(A). This implies z + z* > 0. In the case

when we consider A as a real C*-algebra, ta, = {x € Ar : ¢(x) > 0,¢ € S(ARr)} is equal to t4.

Denote by B(H), the space of selfadjoint operators on a real or complex Hilbert space H. A
JC-algebra is a uniformly closed subspace of B(H)s, which is closed under the Jordan product
aob = (ab+ ba)/2. A weakly closed JC-algebra is called JW -algebra. These two algebras have
been studied for example in [13] and [27]. A real JC*-algebra A is a closed selfadjoint subspace
(a* € Aif a € A) of areal C*-algebra B such that ab+ba € A for all a,b € A (equivalently, a®> € A
for all a € A). A JC-algebra is an example of real JC*-algebras. If A is a real JC*-algebra, then
A, will be a complex JC*-subalgebra of B..

In general, a real Banach space A with an involution % : A — A and a commutative bilinear map
0: Ax A — Aisa JC*-algebra if there exists an isometric *-Jordan homomorphism 7 : A — B
(m(a?) = 7(a)?) where B is a real C*-algebra. We call such a real C*-algebra B a C*-algebra
container of A. Since the complex JC*-algebra A. has a cai (E;) = (e; + ie}), (e;) will be a cai
in A. Thus, a real JC*-algebra has a cai. Also, A* is a real JC*-algebra which A is a JC*-
subalgebra of A**. We define positivity in a JC*-algebra by declaring an element a € A is positive
if a is positive in B. A functional ¢ € A* is positive if ¢(a*) = ¢(a) and ¢(b) > 0 for all positive
element b. A positive functional ¢ is a real state on A if ¢(e;) — 1. We have an analog of Lemma

2.1.17 for real JC*-algebras.

2.1.32 Lemma. Let 7 : A — B be a *-Jordan homomorphism between real JC*-algebra A and a

real C*-algebra B. If a >0 in A, w(a) > 0 in B.

Proof. Let x > 0. Then x = z* and C*(x) = JC*(x). We have that m|c«(,) is a *-homomorphism
between real C*-algebras. Thus, W\C*(z) maps a positive element in C*(x) to a positive element in

B. Therefore,

The previous lemma implies that the set of positive elements in a JC*-algebra A is independent
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of the choice of real C'*-algebra container.

2.1.33 Lemma. Let A be a real JC*-algebra and ¢ € A*. The following are equivalent.
1. ¢ is a real state on A.
2. ¢ is a real state on A**.

3. ¢ is a state on A..

4. |loll =1 and ¢(e;) — 1.

Moreover, if A is unital JC*-algebra with the identity 14 and ¢ is a a positive linear functional,

then ¢ is a real state if and only if p(14) = 1.

Proof. We assume that A is a JC*-subalgebra of a real C*-algebra B and A generates B. If (e;)
is a cai of A, we have (e;) is a cai of B. By the Hahn-Banach Theorem, ¢ extends to a functional
é on B which preserves the norm. Thus, ¢ is a real state on B. Apply Lemma 2.1.17 with ¢ and

obtain the result by restricting ¢|4 = ¢. O

2.1.34 Corollary. Let A be a real JC*-algebra and 0 : A — B(H) be a Jordan homomorphism.

Then 0 is contractive if and only if 0 is selfadjoint.

Proof. Since x = h + k where h = (x + 2*)/2 and k = (v — 2*)/2. Then h and k are normal.
Therefore, C*(h) = JC*(h) and C*(k) = JC*(k) are real C* algebras. By consider restrictions of 0
on C*(h) and C*(k), both are contractive homomorphism between real C*-algebras. By Corollary
2.1.22, 0(x*) = O(h* + k*) = 0(h)* + 0(k)* = 0(h + k)* = 6(x)*. Conversely, if 0 is selfadjoint i.e.,
0 is a real *-Jordan homomorphism, then 6. : A, — B(H). is a complex % Jordan homomorphism.
By the corresponding fact for complex JC*-algebras, 6. is contractive and thus (0.)|4 = 6 is

contractive. ]
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2.2 Real Operator Spaces and their Complexifications

A concrete operator space is a (real or complex) Banach space X together with a (real or complex)
linear isometric embedding 7 : X — B where B is a (real or complex) C*-algebra. We call such a
C*-algebra, a C*-algebra container of A. Thus, we may consider a concrete operator space X as a
closed subspace 7(X) of a C*-algebra B. An operator space comes naturally with the matrix norm
|| - ||l on M, (X) which is obtained from M, (7(X)) as a closed subspace of the C*-algebra M, (B).

The collection of norms {|| - || : n € N} satisfies the following two conditions.

(R1) flazBlln < lefl|z|ln]|B] for all n € N,z € My,(X) and a, 8 € My (F) (F=R or C).

(R2) z € My, (X) and || 2®Y||lm+n = max{||z||m, |y||n} forallm,n € N, x € M,,(X)andy € M, (Y).

These two conditions are referred as Ruan’s axioms. Conversely, if X is a (real or complex) vector
space with a collection of norms {|| - ||, : n € N} which are defined on M, (X) for each n € N,
Ruan’s Theorem states that X can be embedded completely isometrically into a (real or complex)
C*-algebra if and only if the Ruan’s axioms hold. Thus an abstract operator space can be defined as
a vector space X that is given a collection of norms {|| - ||, : » € N} which satisfies Ruan’s axioms.
Such a collection of norms is called a (real) operator space structure of X.

Let X and Y be operator spaces and T : X — Y be a linear map. For n € N, define T,, :
Mp(X) = Mu(Y) to be T,,([zi;]) = [T(zi;)]. We call T;, the (nth) amplification of T. We say
T is a completely bounded map if T,, : Mp(X) — My,(Y) is bounded for all n € N and denote
|T|lcb = suppen [|Tnll- A map T is completely isometric if T, is isometric for all n € N. If T is
a completely isometric bijection, we say X and Y are completely isometrically isomorphic and we
consider X and Y as the same operator space.

Without loss of generality, we may replace B by B(H) where H is a (real or complex) Hilbert
space. This follows from the fact that any isometric *-homomorphism between C*-algebras is
completely contractive and a C*-algebra is isometrically #-isomorphic to a C*-subalgebra of B(H)

for a real Hilbert space H. Therefore, the operator spaces determined by either B or B(H) are
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completely isometrically isomorphic.

There are many operator space structures we can define on a given Banach space X. One can
identify X as a subspace of C(Ball(X*)) by m(x)(¢) = ¢(x) for x € X and ¢ € Ball(X*). This
is called a minimal operator space structure of X and we denote this operator space as Min(X).

The norm of [zi;|nxn € My, (X) with this operator space structure is given by

‘[é(%‘j)] H

lfzijllln = sup

$EBall(X*) My (R)

Another operator space structure that can be defined on X is given by the following norm:
[zij]l|n = sup{||[u(z;)]|| : v € Ball(B(X,Y)) for all operator spaces Y'}.

This operator space is denoted by Maz(X).
Now, we consider a complexification of a real operator space. Assume that X is a real closed
subspace of a real C*-algebra B. The complexification X, of X is obtained the norm from B, or

M>s(B). That is

. . ro -y
o +iylx, = o +iyls, = | |12(B).
Yy T

The norm of X, that is obtained this way is reasonable. In particular, if X with the operator space

structure given by norms || - [|,, on M, (X), we identify
r -y
Ty = € My(X)
y x

where the complex scalar multiplication is defined to be

(a+if)(z+iy) = | I B S I R e € My(X)

B oally =« Br+ay ar— Py
And simillary, [zjr + Wjklnxn € Mn(X:) € M2, (X). Then M, (X.) which is obtained the norm
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from Mo, (X) by this identification, is a complex Banach space. We denote the complex norm on
M (Xe) by (| lle)n = [ ll2nlas, (x.) and (]| [le)1 = || |- Ruan proved that X, with the collection of
norms {(|| - ||c)n : » € N} is a complex operator space. This collection of norms extends the original

matrix norm on X and satisfies

[[z45] + iyl = ] — ilyis]|

for all [z;] + i[yij] € My(X,) for all n € N (see [24]). A complex operator space matrix norm
on X, which extends the operator space matrix norm on X and satisfies the above condition is
called completely reasonable. Ruan also showed that for a real operator space X there is a unique
complex operator space matrix norm on X, which is completely reasonable. This matrix norm on
X, is referred as the canonical reasonable complex extension norm of the matrix norm on X. The
complex operator space X. with the canonical reasonable complex extension norm is called the
operator space complexification of X.

A reasonable complexification of a real Banach space X can be obtained from a real operator
space structure on X. Different operator space structures on X may define the same reasonable
norm on X,.. For example, real row operator space and real column operator space on B(R") are
different, but their operator space complexifications provide the same reasonable complex norm on
X, (but not on M, (X.) for n > 2). Also, different operator space structures on a real Banach space

may define different reasonable complexifications.

2.2.1 Example. Let X = R? = {(z,22) : 71, 72 € R} with the real norm ||(z1, z2)|| = \/|z1]? + |22|2.

One can identify X as a subspace of B(R?) by the isometric map

r1 I9
(1'1,1‘2) — € B(RQ).

0 0

The complexification norm of X, obtaining from this identification (B(R?). = B(C?)) is
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T1+1y1 T2+ 1y
H H:\/:c%er%ﬂcngyg.
0 0

Now, consider a complexification of X obtaining from Min(X), i.e., X is embedded into C'(Ball(X™))
where Q = Ball(X™*) equipped with the weak*-topology. Note that Cc(f2) is the unique complex
C*-algebra which is a complexification of Cr(€2). Also, a real functional on X is of the form

s t(x1,T2) = sx1 + tag where s,t € R and

sl = V62 + 2.

Thus, Ball(X*) = {¢s+ : 2 +t? < 1}. We denote the norm obtained from C(Ball(X*)) as || - || arin-

Thus,
((1,0) + (0, 1)) (po.)] = sa(1,0) + o (0, 1)] = |s + it] = v/o? + 2
1
This shows that ||(1,0)+ (0, 1)||srsn = 1. However, [[(1,0) +i(0,1)| 5c2) = H HB(@) — V2.
0 0

2.2.2 Remark. The Taylor norm that we mentioned in 2.1.1 (iv) is the smallest reasonable complex
norm that can be given to a real Banach space X. This norm coincides with the reasonable norm

coming from the operator space Min(X).

For a real Banach space X, X, can be obtained a reasonable norm from a real operator space
structure that is given to X. The converse of this is also true. That is any reasonable norm on X,

is coming from a real operator space structure on X.

2.2.3 Lemma. Let a,b,c,d € R. Then

H a+ib —c—id = max{\/(a — d)2 + (c+ d)2, /(a + d)2 + (c — b)2}.

c+id a-+idb HMQ(C)
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a+1ib —c—id
Proof. Let A = . Then

c+id a-+ib

a2+ +c2+d> —2i(ad — be)
AA*

2i(ad — be) a? + 0?4 +d?

Then eigenvalues of AA* are a + b+ c2 +d? +2ad —2bc = (a+d)?+ (b—c)? and a® +b? + 2 +d% —

2ad +2bc = (a—d)% + (b+c)?. Therefore, the norm of A is the bigger value of \/(a — d)2 + (c + d)?

and \/(a +d)2 + (c — b)2. O

2.2.4 Proposition. Let (X, || - ||) be a real Banach space and (X, || - ||c) be a reasonable complez-
ification of X. There is a real isometric embedding m: X — B where B is a real C*-algebra such

that 7. : X. — B, is isometric.

Proof. Let i : X, — C(Ball(X})) be a canonical embedding of X, into the space of continuous

functions on Ball(X})). Let m = i|x and B = C(Ball(X}) where we consider C(Ball(X})) as a

real C*-algebra. We need to show that ||z + iy||. = H . We know that

i

[z + iylle = supf|i(x +iy)| : ¢ € Ball((Xc)")}

= sup{H H ¢ € Ball((X.)")}.

I e
If ¢ € (X.)*, then ¥ = x + ip where x, p € X*. Thus, we can write

[ + iylle = sup{|(x + ip)(x +iy)| : x + ip € Ball(X7)}

= sup{+/(x(z) — p())2 + (p(z) + x(y))? (2.1)

:X +ip € Ball(X])}.
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On the other hand,

H x(@) +ip(z) —x(y) —ip(y) ‘

x(y) +ip(y)  x(x) +ip(x)

H Y(x) —Y(y) ‘
¥(y) Px) | RO

Ms(C)

By the previous lemma (a = y(2),b = p(x), c = x(y),d = p(y)),

H Y(r) —¥(y) )
v(y) () | RO

= max {\/(x(x) —p(y))? + (p(x) + x(v))?,

V@) + ) + (o) = x()?}.

Therefore,

I

M2(B)

. { s { /@) — P+ (@) T X

V(x(@) + p(1))2 + (p(z) — X(y))2}

X +ip € Ball(X;‘)}.

. Since ||x+ip|| = |Ix—1ip|],
) | =1 |

2

r -y
Comparing (2.1) and (2.2), we obtain that ||z +iy|. < H ]
we also have the converse inequality. Therefore,
. T Y
o+ iylle = | |
T

Ma(B)

Consequently, we obtain the following corollary.

2.2.5 Corollary. Let X be a real Banach space. Let (X¢, || - ||maz) be a reasonable complezification
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of X which is obtained from Max(X). Then

lz +iyllr <z +iylle < |2+ iyllmaa

for any reasonable norm || - ||c on X..

Proof. The first inequality is proved in [20]. Since || - |lmaz is the biggest norm among reasonable
complexifications from all real operator spaces given to X, and by the previous proposition, it is

also the biggest reasonable complex norm that can be defined on X, as a complex Banach space. [

2.2.6 Remark. Due to the intensive study of complex operator spaces, there are many known
operator space structures which can be defined on a complex Banach space. Let X be a real
Banach space and X, be a reasonable complexification of X. Assume that there is an isometric
embedding 7 : X, — B where B is a complex C*-algebra. Then 7|x : X — B is a real isometric
embedding where we consider B = Bpr as a real C'"-algebra. Then we have the operator space
complexification of X which is obtained from this embedding. If the norm on X, and the norm
that is obtained by the complex operator space X, are identical, we call such a complex operator
space a natural complex operator space of X.. From the proposition, we see that Min(X,) is a
natural complex operator space. Assume X, is a subspace of a complex C*-algebra B and there is
a real C*-algebra Re(B) such that B = Re(B).. If X C Re(B), then the operator space X, is a

natural complex operator space. This can be a topic that we can investigate in the future.

2.3 Real Unital Operator Spaces

An operator space A with an isometry 7 : A — B(H) is called a wnital operator space if there is
an element e € A such that 7(e) = Iy. Concretely, a unital operator space is a closed subspace of
B(H) which contains the identity e = Iy of B(H). An element a € A is positive if 7(a) is positive
in B(H). A linear functional ¢ : A - F (F = R or C) on a unital operator space A is called a (real)

state if ||¢|| = ¢(e) = 1. Denote the set of all real states of A as S(A). If A is a complex operator
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space, define

tg={x € A: Re(¢(x)) >0 for all p € S(A)}.

In the case when A is a real unital operator space,

ty={z€A:¢(x)>0forall ¢ € S(A)}.

An element in t4 is called real positive. We investigate the relation of states and v4 of a unital real

operator space and ty4, of its operator space complexification.

2.3.1 Remark. (i) Let A be a unital subspace of B(H) and 7 : A — B(K) be isometric linear
map such that 7(Iy) = Ix. If a > 0 in A. By the equivalent definition of positivity in B(H).,

there is ¢ > ||a|| such that ||t/ — a|| < t. Since 7 is isometric, we have t > ||7(a)|| and

Itk — 7(@)l| = [x(ti — (@) = [t - al| < t.

Thus 7(a) is positive. This shows that positivity in a unital real unital operator space is

independent of a choice of representation.

(ii) Let ¢ € A* be a real state on a unital real subspace of a real C*-algebra B(H) where H is a
real Hilbert space. By the Hahn-Banach extension theorem, there is an extension ¢ € B*x of
¢ such that ||¢|| = ||¢|| = 1. Since ¢(Ixr) = ¢(Ix) = 1, ¢ is a real state on B(H). Therefore,

a real state on A is a restriction of a state on B(H).

2.3.2 Lemma. Let A be a real unital operator space and A. be the operator space complexification of
A. If p € S(A) then ¢. € S(Ac), and if p € S(A.) then Re(¢) € S(A). In addition, S(A) C S(A.)
and {Re(v)) : ¥ € S(A)} = S(A).

Proof. 1t is obvious that ¢.(e) = 1. By Proposition 2.1.2, ||¢.| = ||¢|| = 1. Thus, ¢. € S(A.).
For ¢ € S(A.), we can write ¢ = Re(¢) + iIm(y)) where Re(y),Im(¢)) € A*. We have that

1 = Re(¢)(e) + iIm(¢)(e). This implies Re(y)(e) = 1. Thus, 1 < ||Re(y)|| < |||l = 1 and so
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|IRe(v)|| = Re(y)(e) = 1. Therefore Re(¢) € S(A). O

2.3.3 Proposition. Let A. be the operator space complexification of a real unital operator space

A. Thentg=ANty,.

Proof. Let x € tq and ¢ € S(A.). Thus, Re(¢)) € S(A) by the previous lemma. Then Re(¢)(z)) > 0
by the definition of t4. On the other hand, let x € ANty and ¢ € S(A). Then ¢. € S(A.) by the

previous lemma and thus ¢(z) = ¢.(z) = Re(¢.(x)) > 0. O

2.3.4 Lemma. Le A be a real unital operator space and w: A — B(K) be an isometric linear map

which m(e) = Ix. Then ¢ € S(w(A)) if and only if there is p o € S(A).

Proof. Let ¢ € S(m(A)). Then ¢pom € A*. We also have ¢(7(e)) = ¢(Ix) = 1 and ||¢|| < ||por]| <

o]l - ||7]| < 1. Thus, o € S(A). Conversely, ¢(r(e)) = ¢p(Ix) = 1. Since 7 is isometric,

[8llxay- = sup |¢(n(z))] = sup |(pom)(z) =1.

[[7(z)[=1 [|z]|=1
O

2.3.5 Proposition. Let A be a real unital subspace of B(H) where H is a real Hilbert space. Let
m: A — B(K) be an isometric linear map which K is a real Hilbert space and w(e) = Ix. Then

r € va if and only if T(x) € tra)-

Proof. Let x € v4 and ¢ € S(7(A)). Then ¢(n(z)) = ¢pom(x) > 0 since pom € S(A) by the above
lemma. Thus, m(z) € vy4). The converse implication is obtained by the same proof applying to

7 l:m(A) - AC B(H). O
Therefore, we have proved that t4 is independent of a choice of real Hilbert space.

2.3.6 Proposition. Let A be a real unital subspace of B(H) where H is a real Hilbert space. Then

x € vy if and only if x + 2% > 0.
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Proof. Let x € ty4. To show = + z* > 0, we may show that x + 2* > 0 in B(H.). Since x € t4 C
ta, € B(H.), by an equivalence of x € t4,_ in complex case, x +x* > 0. So, z+2* > 0in B(H) as
well. Conversely, let = 4+ 2* > 0 and ¢ € S(A). Then ¢ extends to a real state ¢ on B(H) and so

<]3(;1: +2*) > 0. Since gz@(x) = qg(x*),

O

Therefore, under a unital linear isometry, t4 is independent of a choice of representation and
can be alternatively defined as t4 = {z : x + z* > 0}.

Next, we consider Arveson’s Theorem (Proposition 1.2.8 in [1]) for the real case.

2.3.7 Proposition. Let A be a unital real subspace of a real C*-algebra B. Let m : A — B(H)
be completely contractive and w(e) = Ig. Then 7 has a bounded selfadjoint linear extension T :

A+ A* — B(H) which is completely positive. Indeed 7 is completely contraction.

Proof. Since m is completely contractive, m. : A. — B(H.) is completely contractive. Apply
Proposition 1.2.8 in [1], there is a unique extension 7. : A, + A} — B(H,.) which is selfadjoint and
completely positive. Let a,b € A. Then 7.(a + b*) = m.(a) + m.(b)* = w(a) + 7(b)* € B(H). Thus,
T = Te| A+ A= is the desired map. Since A+ A* is an real operator system and by Proposition 4.1 in

[24], 7 is also completely contractive. O

2.3.8 Remark. (i) Let A be a unital operator space and 7 : A — B(H) be a unital completely
isometry. Then 7|z (4), where A(A) = {a € A : a* € A}, is completely isometric. By the
previous proposition, there is an extension 7 : A + A* — B(H) which is selfadjoint and
completely contractive. Thus, m[a4) = T|a(a) is also selfadjoint. By considering a1

m(A) — A and applying the same reasons, we have m(A(A)) = An(A). If 7(a + b*) =

7(c 4+ d*), then w(a —¢) = 7(a —b) = 7((b — d)*) = 7((b — d))* = w(b— d)*. Thus,

m(a —¢),m(b —d) € An(A). Since m(A(A)) = An(A), we have a — ¢,b —d € AA. By
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isometry of m|a(4), @ —c = (b—d)* and so a+b* = c+d*. Thus 7 is injective and completely
contractive. Applying this procedure to 7~!, we also obtain that 71 : w(A)+m(A4)* — A+ A*
is completely contractive. Thus 7 is completely isometric. Hence, A + A* is completely
isometric to m(A) + w(A)*. Therefore, A + A* is independent of a choice of a representation

up to completely isometry.

(ii) The operator space (A + A*) C B(H) has the operator space complexification (4 + A*). C
B(H,.). In addition, A, + A} is also a reasonable operator space complexification of A + A*.

By the uniqueness of the operator space complexification, A, + A% = (A + A*)..

(iii) One can also study approzimately real unital operator spaces A. This is defined to be an
operator subspace A of a real C*-algebra B where A contain a net (e;) such that e;a and ae;

converge weak* to a for all a € A.

2.4 Complexification of Real Contractive Maps

Let X and Y be operator spaces. If T': X — Y is a completely contractive map, then T, : X, — Y,
(which is defined as Tc(z +iy) = T'(z) +iT'(y)) is completely contractive. However, if T': X — Y
is only contractive, then 7. may not be contractive. This depends on the operator space structures

that are given to X and Y.

2.4.1 Proposition. Let X and Y be real Banach spaces andT : X —'Y be a bounded linear map.

We have the following.
(i) If X is given the mazimal operator space structure, i.e., X = Maz(X), then ||T.|| = ||T|.
(ii) If Y is given the minimal operator space structure i.e. Y = Min(Y), then | T|| = ||T|.

Proof. (i) Without loss of generality, we assume that ||T]| = 1. Let X = Maxz(X) and Y is an
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, H () 70 ' |
operator space. Then ||T.(x + iy)| = . Since T € Ball(B(X,Y)),
T(y) T@) | )
H Tl@) ~T@) ‘ < sup{ ule) —uly) H :u € Ball(B(X,Y"))
T(y) T(x) | ) u(y) (@) | e

for an operator space Y’}.

Therefore, ||T,(z + iy)|| < ||z + 1Y||maz-
(ii) Now, let Y = Min(Y') and X be a real operator space. Assume that ||T'|| = 1. We find the
norm of T,(x +iy) = T(x) +4T(y). Since the norm of Min(Y). is obtained from C(Ball(Y™*))., we

identify T'(z) +iT(y) € C(Ball(Y™*)).. For ¢ € Ball(Y™*),

Te(x +y)(p)| = [(T(z) + 4T (y))(9)] = [(@ 0 T)e(z + iy)| < [[(¢ 0 T)ellllz + iyl

Since ¢ o T is a contractive linear real functional, (¢ o T'). is still contractive. So, |Te(z + iy)(d)| <

||z + dy|| which proves ||T;|| = ||T. O

Observe that R has only one complexification, and thus Maz(R), = Min(R),=C. Ifp: X - R
or ¢ : R — X is a contractive linear map, then ¢. is contractive.

Let X and Y be operator spaces. We say that (X,Y) is contractive preservable if for any
contractive map T : X — Y, its complex extension T, : X, — Y, is contractive. We list some
obvious examples here.

2.4.2 Examples. (i) By the previous proposition, (Z, Min(Y)) and (Max(X), Z) are contrac-

tive preservable for any real operator space Z.

(ii) As we mentioned above (X,R) is contractive preservable. This coincides with Proposition

2.1.2. Also, (R, X) is contractive preservable.

(iii) Let Q be a locally compact Hausdorff space and X = Cy(2,R). Then Cy(2,C) is a complex-

ification of X. Then (X,R) is contractive preservable. This is a special case of the above

35



fact. We provide an alternative proof of this by using a fact in measure theory. Note that

() —g(z) stupxex VI@Z+ g(@).

I +igll = supsex |
g(z)  f(x)

Proof. Let T : Cp(€2) — R be contractive. There is a Radon measure p such that |u|(X) =

|T|| and T(f) = | fdu. Then

wq+@r|/ﬁmmm</u+mww</wﬂ+fmw

igg{\/f(fﬁ)Q +9(@)?} - [ul(X) = If + gl - IT]]-

IN

O]

In general, a pair of operator spaces X and Y might not be contractive preservable. We
provide an example. Let T : Min(I3) — Maz(I}) be the identity map. Obviously, 7" and T~ are
isometric. We claim that T, : Min(I3). — Max(I}). is not isometric. Denote Min = Min(l3) and
Maz = Maz(l3). Thus, we need to show that there is some (a,b) + i(c,d) € Min(l3). such that

l(a,b) + i(b, )| arin, # ||(a,b) +i(b,¢)||rraz,- We choose (a,b) = (1,1) and (¢,d) = (—1,1). Then

: (1,1)  (1,-1)
(@, b) + i(b, )| atin, = H H
(_17 1) (1,1) M>(Min)
and
(1,1) (1,-1)
1(@,5) + (b, &) ptas, = H ‘ |
(-1,1)  (1,1) | IM2(Maz)
1,1) (1,-1)
To find H ' ,let (o, B) € (I13)* = I°, such that ||(«, B)|| = max{|al, |3]} =
(—=1,1)  (1,1) | "M2(Min)
1. Then
H £)(1,1)  (a,B)(1,-1) H H a+B a-8 H
Oé ,8 ) ( _a+,8 Oé—{—ﬂ
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a+p8 a—-p

The norm of is the square root of the biggest absolute eigenvalues of
—a+p a+p
a+p a—-p| |la+pf —a+p 2(a? 4 2) 0
—a+p a+p| la—8 a+p 0 2(a? + 2)

which is \/2(a? + 2). Thus, ||(a,b) +i(c, d)||rrin = 2.
(L 1) (17_1) H
1,1 (1,1) | e

norm for (I3). to be

To find H , we need the following facts. Define a complexification
(

Ia,b) + e, d)| = sup{llaa, b) + Ble, )| : 0 + 6 < 1}
= sup max{|aa + (¢, |ad + Bd|}
= max{a’® + ¢, b* + d*}

= H(CL +ic, b+ Zd)”loo((c)

With this complexification, we obtain that
5 (R). = I5°(C).

We obtain the following lemma.

2.4.3 Lemma. Max(l3(R)). = Max(I3(C)).
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Proof.

Maz(13(R)). = (Min(I3°(R))*). ( by Proposition 2.6 in [26])
= (Min(I°(R)).)* ( by Proposition 2.3 in [26])
— Min(I5°(C))  ( by the fact mentioned above)
= Maz(I°(C)*) (by 1.4.12 in [3] )

= Maz(13(C)) ( by the fact mentioned above).

By the previous lemma, we obtain

LY (-1 | -
H ( = 1)+ (0 1) ey = 10+ 61— ) raaaey) = 2V2
“1,1)

(1, 1)) HMa(Max)

Now, we will construct real operator algebras X and Y which are not algebra contractive
preservable. Let X be a real operator space. Thus, we can regard X as a closed subspace of B(H),

for some real Hilbert space H. Define U(X) C B(H?) to be the space of elements of the form

where o = oy, 8 = Iy € B(H) and z € X C B(H). Note that

1Al = sup{[IAC, | = [ICI* + [In]* = 1. ¢ n € H}.

Following the proof of Proposition 2.2.11 in [3], we obtain that

IAI1* = sup{(la| V1 — 2 + ||lz[|t)* + |5t* - ¢ € [0,1]}. (2:3)

38



From this equation, we can easily see that

IR
0 g 0 g
o T a2 Y
If A= and B = are elements in U(X), define
0 5 0 B
ar x| [ag ara o1y + By

0 51 0 ,32 0 6152

This makes U(X) a real operator algebra.

2.4.4 Lemma. Let T : X — 'Y be a linear contraction (resp. isometry) from operator spaces X to

Y. Then 07 : U(X) — U(Y) defined by
9T< a x )_ a T(z)

0 B

is a contractive (resp. isometry) homomorphism.

Proof. Tt is routine to show that 67 is a homomorphism. If 7" is a contraction, then ||Tz|| < ||z||.

Thus, (Ja[v1 -2 + |Tz[[t)* + Bt < (Jalv1 - 12 + [|2[|t)* + |Bt]*. By (2.3),

|
O

Let X = Min(l3) and Y = Max(l3) and T : X — Y be the identity map. By the previous
lemma, 07 : U(X) — U(Y) and 6! : U(Y) — U(X) are contractive. But 77! : U(Y). — U(X).
is not contractive. Since X = Min(l}) is a subspace of U(X) and Y = Min(l3) is a subspace of

U(Y) and we showed that ||(1,1) +i(—1,1)||prae = 2v/2 and ||(1,1) +i(—1,1)|| prin = V2. Thus,
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0 (1,-1) 0 (1,1) | l(mz(ux)) (M2(U(Y))

0 0 0 0 0 0 0 0

where || - ||y, (x)) and || - |anw(y) are the norms on My (U(X) and Ma(U(Y')) respectively. This

implies 77! is not contractive. We conclude with the following corollary.

2.4.5 Corollary. There is an a real operator algebra X and Y and a contractive (resp. isometry)

homomorphism T : X — 'Y whose canonical complexification map T, : X. — Y. is not contractive.

2.5 The Universal Real C*-Algebras of Real Operator Spaces

The universal complex C*-algebra of a complex operator space is introduced in Theorem 8.14 in
[22]. Following the proof of Theorem 8.14 in [22], we also have such a universal real C*-algebra for

a real operator space.

2.5.1 Theorem. Let X be a real operator space. There is a unique real C*-algebra, C*(X), and a

completely isometric embedding i : X — C*(X) with the following universal properties:

(i) For any real C*-algebra B and any completely contractive map j : X — B, there is a *-

homomorphism 7 : C*(X) — B such that woi = j.
(ii) i(X) generates C*(X).

The unitization of C*(X) is denoted by C;(X). Also, C;(X) has a universal property that
for any unital C*-algebra B and a completely contractive map j : X — B, there is a unital *-
homomorphism 7 : C*(X) — B such that m o j = i. The unitization of a real operator space X is
defined to be X! = {i(x) + Mu: z € X, \ € R} as a subspace of C(X) where u is the identity of
Cr(X). We investigate the complexification of C*(X) and C;(X) and see that the complexification

of C*(X) and C*(X) are C*(X,) and C}(X,.) respectively.
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2.5.2 Proposition. Let X be a real operator space and X. be the operator space complexification

of X. Then, C*(X). = C*(X.) and C}(X). = C(X,).

Proof. We show that (C*(X).,i.) has the universal property as in Theorem 8.14 in [22]. Let B
be a complex C*-algebra and J : X, — B be a completely contractive map. By considering B
as a real C*-algebra, j = J|x : X — B is a real completely contractive map. By the universal
property of C*(X), there is a *-homomorphism 7 : C*(X) — B. Define 7, : C*(X). — B by
me(z+iy) = m(z)+in(y) for x,y € C*(X). Then, 7. is a complex *-homomorphism and m.oJ = i..

By the uniqueness of a unitization of a C*-algebra, we also have C}(X). = C;(X,). O

2.5.3 Remark. For a real unital operator space X, a C*-extension of X is defined in Definition
4.11in [26]. A C*-extension of a unital real operator space X is defined to be a pair (B, j) consisting
of a unital real C*algebra B and a unital complete isometry j : X — B such that j(X) generates B
as a real C*-algebra. There is a unique C*-extension of X, (C}(X), ), with the following universal
property: If (A, j) is a C*-extension of X, there exists a *-homomorphism 7 : A — C}(X) (unique
and surjective) such that mo j = i. The C*-algebra C7(X) is called the C*-envelope of X. Let
(B,j) be a complex C*-extension of X.. If we could show that B is a complexification of a real
C*-algebra and j(X) C A, then we could prove that C7(X), is the complex C*-envelope of X..
However, the statement might not be true and C}(X). might not be the complex C*-envelope of

Xe.
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Chapter 3

Real Operator Algebras

3.1 Definitions and Fundamental Facts of Real Operator Algebras

A concrete real operator algebra is a real Banach algebra A together with a real isometric homomor-
phism 7 : A — B where B is a real C*-algebra. In other words, a concrete real operator algebra is a
closed subalgebra of a real C*-algebra. Obviously, a concrete real operator algebra is a concrete real
operator space. Therefore, it comes naturally with the matrix norm || - ||,, on M, (A) which satisfies
Ruan’s axioms. A real operator space which is also a real Banach algebra is called an abstract real
operator algebra if there exists a completely isometric homomorphism 7 : A — B where B is a
real C*-algebra. Since the definition of a concrete real operator algebra and the definition of an
abstract real operator algebra are equivalent, when we say that A is a real operator algebra, we
already assume that A comes with norm ||-||,, on M, (A) and a completely isometric homomorphism
from A into a real C*-algebra B or B(H) where H is a real Hilbert space. A characterization of
operator algebras (which is called the BRS theorem) can be found in [3] for the complex case and
in [26] for the real case.

Let A be a real operator algebra. The operator space complexification A, of A which is described

in Chapter 2.2 is a complex operator space. The product on A. is defined in a natural way as

(z +iy)(u + ) = zu — yv + i(xv + yu),
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for x,y,u,v € A. The complex operator space norm on A, together with this product, is a complex

operator algebra (see Section 3 in [26]). We state this fact as the following lemma.

3.1.1 Lemma. Let A be a real operator algebra. Then the operator space complexification A. of A

18 a complex operator algebra.

Assume that A is a real operator subalgebra of B(H) where H is a real Hilbert space. A
contractive approzimation identity or a cai is a contractive net (e;) in A such that e;a — a and
aes — a for all a € A. If A admits a cai, we call A an approzrimately real unital operator algebra.
Denote Al = span{A, Iy} when Iy ¢ A, and let Cham (A) be the real C*-algebra generated by A
inside B(H). It is trivial that if A is an (approximately) unital real operator algebra, A. is also
(approximately) unital complex operator algebra. The following lemma shows that a cai of a real

operator algebra A is a cai of the C*-algebra generated by A.

3.1.2 Lemma. If A is a real operator subalgebra of a real C*-algebra B and Cj(A) is the C*-

subalgebra of B generated by A, then a cai of A is a cai of Cj(A).

Proof. Let (e;) be a cai of A. Then (e;) is a cai of A, as a subalgebra of B.. By the fact from the
complex case, (e;) is a cai of Cp (A.) where Cp (Ac) is the complex C*-subalgebra of B. generated
by A. (see equation (1.1) in [6]). Since C;(A) is a real C*-subalgebra of Cg (A), (et) is a cai of

CE(A) as well. O

3.1.3 Remark. The C*-algebra generated by an algebra A may depend on the C*-algebra container
of A. However, the previous lemma shows that a cai in A will be a cai of the C*-algebra generated

by an algebra A for any C*-algebra container.

In Chapter 2, we defined a real state for a real unital operator space. Now, we will define a real
state for an approximately unital operator algebra. Let A be an approximately unital real operator
subalgebra of a real C*-algebra B containing a cai (e;). We call a linear functional ¢ : A — R a

real state on A if 1 = ||¢|| = limy ¢(ey).
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3.1.4 Lemma. Let ¢ be a real state on an approximately unital real operator algebra A. Then

lim; ¢(er) = 1 for every cai ey € A.

Proof. This follows from the fact that all cai converge weak* to e € A* and thus lim; ¢(e;) =

ole) =1. O

3.1.5 Remark. Let A be a real operator subalgebra of a real C*-algebra B. Let m : A — B(K)

be an isometric homomorphism where K is a real Hilbert space. Denote

A(A)={a:a € Aanda” € A}.

Thus A* is a real C*-algebra and 7|a(4) : A(A) — B(K) is isometric homomorphism. By Corollary
2.1.22, | a(4) is selfadjoint. Therefore, m[r(4y(a®) = 7[a(a)(a)* € A. Therefore the range of 7| ()
is Am(A). This shows that A(A) is well defined and independent of a choice of representation. As
a consequence, 7 : A+ A* — B(H) where 7(a + b*) = w(a) + 7w(b)* is well defined. To see this, let
a+b* = c+d*. Thusa—c = (b—d)*. Hence a+c € A(A) and m(a—c) = 7((b—d)*) = w(b)* —m(d)*.
Thus, m(a+b*) = w(c+d*). In addition 7 is injective. To see this, assume that 7(a+b*) = 7(c+d*).
So m(a —c¢) = 7(a—c) = w(b* —d*) = w(b* — d*). Since a — ¢,b* —d* € A and 7 is isometric,

a—c=d*—b" ie., a+b" = c+d*. Therefore, A+ A* is independent of a choice of representation.

3.1.6 Proposition. If ¢ is a real state on a real approximation unital subalgebra A of a real

C*-algebra B, then ¢ extends uniquely to a state on A + A*.

Proof. By the Hahn-Banach Theorem, ¢ extends to a linear functional ¢ on C%(A) with ||¢| =
|¢]| = 1. Since a cai of A is a cai of C’%(A) by Lemma 3.1.2, ¢(e;) = ¢(e;) — 1 and so ¢ is a real state
on C%(A). Therefore, d| A+ 4+ is a real state extension of ¥ to A+ A*. If 1/ is a real state extension of
¢ to A+ A*, this can be extended to a real state ¢) on C%(A). Thus ¢ and ¢ agree on A. Let = € A.
Since a real state on a real C*-algebra is selfadjoint, ¢(z*) = ¢(x) = ¢(z) = (z) = P(x) = d(z*).

Thus, any real state extensions of ¢ agree on A + A*. Therefore, it is unique. O
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3.1.7 Lemma. If ¢ : A. — C is a state on the complezification of A, then Re(v) is a real state

on A.
Proof. We have Re(v(et)) — 1. Also, ||Re(v)]| < ||¢|| = 1. Since Re(¢(e)) — 1, ||Re(v)|| =1. O
3.1.8 Lemma. ¢ is a real state on A if and only if ¢. is a state on A..

Proof. We have that ||¢.|| = ||¢|| by Proposition 2.1.2. If ¢ is a state on A, then ¢.(e:) = pe(er) = 1
for a cai e; € A. Conversely, if ¢. is a state on A, and E; is a cai in A.. Then Re(E}) is a cai in A

and ¢(Re(E:)) — 1. O
The following is a real analogous fact of Proposition 2.1.18 in [3].

3.1.9 Proposition. Let ¢ be a linear functional on an approximately unital operator algebra A C

B(H). The following are equivalent:
(i) ¢ is a real state on A.
(i) ¢ defined by ¢'(a+ A1) = ¢(a) + X is a state on A
(iii) ¢(e) =1 where e is the identity of A** where here we consider ¢ € A***.

Proof. This follows by Lemma 3.1.7 and Lemma 3.1.8 above and analogous facts in the complex

case (see Proposition 2.1.18 [3]). O

3.1.10 Remark. If A is a nonunital approximately real operator algebra and ¢ is a real state on

A, there is a unique real state on A' which extends ¢, namely ¢'(a + \) = ¢(a) + .

3.2 Unitization of Real Operator Algebras

The unitization of a complex operator algebra is unique up to isometric (respective completely iso-
metric) homomorphism due to the Meyer’s theorem. In addition, the unitization of a real operator
algebra is unique up to completely isometric homomorphism (see Theorem 3.5 in [26]). Now, we

will show that a unitization of real operator algebra is unique up to isometric homomorphism.
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If A is a real operator subalgebra of B(H) where H is a real Hilbert space and A, be its operator
space complexification. Thus A. can be considered as an operator subalgebra of B(H.). An element
in B(H,.) is of the form a + ib where a,b € B(H). Thus, we can regard an element of the form
a+ 10 € B(H.) where a € A as an element of B(H). In the other word, B(H) = B(H) + i{0} C
B(H,).

The following lemma is a specific case for n =1 of Lemma 2.1.12 from [3].

3.2.1 Lemma. Let A C B(H) be a real operator algebra and A. C B(H.) be its complezification

where H is a real Hilbert space. Assume that Igp ¢ A. Then for a,b € A and \ € C, we have

Al < ll(a+ib) + Me-

Proof. Since Iy ¢ A, then Iy = Iy, ¢ A.. Then A, satisfies the conditions in Lemma 2.1.12 from
[3]. By this lemma,

Al < |la + b+ M m,|lc = |la+ib+ Mg
for a +ib € A, and A € R. O
The following facts are mentioned in 2.1.14 in [3] in the complex case.

3.2.2 Lemma. Let K be a complex Hilbert space.

(1) S € B(K) is strictly accretive (S + S* is positive and invertible) if and only if —1 ¢ o(S)
and the Cayley transform c(S) = (S — I)(S + 1)~ is a strict contraction (|T|| < 1).

(2) T € B(K) is a strict contraction if and only if 1 ¢ o(T') and the inverse Cayley transform

d(T) = (I +T)(I —T)"! is strictly accretive.

If T € B(H), we can regard T' = T, € B(H.). Thus, the previous lemma applies to T'= T, €

B(H.) (by considering K = H.).

3.2.3 Theorem (Meyer). Let A be a real operator subalgebra of B(H) where H is a real Hilbert

space, and assume that Iy ¢ A. Letm : A — B(K) be a contractive homomorphism for a real Hilbert
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space K. Let A' = spang{A, Iy} C B(H) and define m° : A' — B(K) by m°(a+Mpy) = m(a)+ M.

Then 70 is a contractive homomorphism.

Proof. We follow the proof of Meyer’s theorem for a complex operator algebra (see Theorem 2.1.13
in [3]) using the fact that A has a complexification which is a complex operator algebra.
Let T =a+ My € A! for some a € A and A € R and ||T|| < 1. We claim that ||7°(T)| < 1.
Step 1: Showing that |A| < 1. Consider

T 0 a+ Mg 0 a 0 Ig O
T, =T+i0= - - 4 — a4 M.

0 T 0 a+ Mg 0 a 0 Iy
By the property of complexification, ||T¢||p(r.) = [Tl pzry < 1. By applying Lemma 3.2.1, [A| < 1.
Step 2: We regard T, = T and I = Iy = Iy,. Here, we consider everything sits in B(H.).
Since T is strictly contractive, by the second lemma, (I + T)(I — T)~! is strictly accretive. Set

a=(1+X)/(1—X). Then a > 0 and
= é(IJrT)(I— Tyl =1+ é((IJrT)(I— Ty — (I +\)(I - )\)‘1>

is also strictly accretive. Note that (I —T)~1 = Y32, T". Since Al is norm closed, (I —T)~! € Al

In addition, (I + T)(I —=T)™' = (I —=T)"'(I + T), and we can write

(I+ﬂU—Tr%41+MU—Arhqf—ﬂ4(u+nu—Aywl—nu+xﬁu—»*
=21 -T) ta(I = N1
2

= (I-T)"'a.
Ty 1) e

Since A, is anideal of AL, 0 — I =a YU +T)I -T) ' = (T +N({I -\t e A. = A+iA. Since
(I-T)"t =39 ,TF € A+i{0}, we have  — I € A+ i{0}. Also (6 +I)~* € AL. We may assume
that (0 +I)~! = S; +iS5. Then we must have that Sy = 0. Therefore, (§ + I)~! € Al + i{0}.

Since A, is a ideal of AL, (0 —I)(0 + 1)~ € A.. Also, (0 —I)(0 + 1)~ € A+i{0}.
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Step 3: Since 72 is a unital homomorphism and 6 + I is invertible, 72(6 + I) = 72(0) + I is

C

invertible and 7.((0 + I)~!) = (72(0) + I))~L. Thus,
(0 =)0+ 1)7") = (7g(0) — I)(mg(6) + 1)~

We know that 6 is strictly accretive, thus (§ — I)(6 + I)~! is contractive and is an element in
A+i{0} C A.. Since 74 = 7, 72((0 — I)(0 +I)~1) € B(K) + i{0}. By the complexification

property,
(72 (8) = D) (2 (0) + D~ g,y = 720 = DO + D) Hllpy = 17200 = D)0 + D7 Hllpx) < 1.
Thus, 72(0) is strictly accretive in B(K.). Thus,

amg(0) = n2((I + T)(I = T)7") = (I +72(T))(I = 7(T)) ™"

C

is also strictly accretive. Therefore 7¢(T) is strictly contractive, i.e., ||7c(T)| p(x.) = |7° (1)l B(x) <

1. O

By the above real version of Meyer’s Theorem, we can show that a unitization of a real operator

algebra is unique.

3.2.4 Theorem (Meyer Theorem for Real Operator Algebra). Let A C B(H) be a nonunital real
operator algebra where H be a real Hilbert space. Let w: A — B(K) be an isometric homomorphism
for a real Hilbert space K. Then the unital homomorphism ©° : A! — B(K) where 7°(a + Mp) =

m(a) + Mk is an isometry.

Proof. Since A is nonunital, Iy ¢ A. Suppose that there is a € A such that w(a) = Ix. However
a is not an identity. Thus, there is b € A such that ab # b. Thus, m(ab) = w(a)7(b) = m(b). This

contradicts the fact that 7 is an isometry. Therefore, I ¢ w(A). Also, 7° is injective. We can

1

regard 7 : A — 7(A). Then both 7 and 7~ are isometric. Thus, 7° and (7°)~! are contractive by
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Meyer’s theorem. Thus, 7° is an isometry. O

3.3 Real Positivity on Real Operator Algebras

In [2], the authors study real positivity on complex operator algebras. We examine the case of real
positivity on real operator algebras.

Let A be a real operator subalgebras of a real C*-algebras B. We say a € A is positive if a is
positive in B. We say that a is real positive if a is real positive in B. If A is unital, by the fact of
unital operator spaces, positivity and real positivity of real operator algebra are independent of a
choice of a representation. If A is nonunital, by the uniqueness of the unitization of A, positivity and
real positivity of real operator algebra are independent of a choice of a representation. Therefore,
positivity and real positivity of real operator algebra are independent of a choice of representation.
Therefore, we may define

tag={a€A:a+a >0}

Let T': A — B be a completely bounded map. Then T is called positive if T'(a) > 0 for all @ > 0
and T is call real positive if T'(a) € tp for all a € t4. We call T completely positive if T}, is positive
for every n € N and we call T' completely real positive if T,, is real positive for every n € N.

It might not be true that T, : A. — B., the complex extension of a positive or real positive
map T : A — B, is positive or real positive, respectively. However if T is completely positive or

completely real positive, T, is completely positive and completely real positive, respectively.

3.3.1 Lemma. Let A be a real unital C*-algebra and A, be its C*-algebra complexification. Let

a,b € A. Then following hold.

a —b
(i) a+ib is invertible in A. if and only if is invertible in Ma(A).
b a

a —b
(ii) Assume that a+ib is selfadjoint. Then A € oa,(a+ib) if and only if X € opp,(a) ( )
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a —b
(11i) a + ib is positive in A. if and only if is positive in Ma(A).
b a
a —b
(iv) a + ib is real positive in A. if and only if is real positive in Ma(A).
b a
r -y
Proof. (i) Let x + iy be the inverse of a + ib. Then it is easy to see that is the inverse of
y T
a —b Ty a —b
. Conversely, assume that is the inverse of . Then
b a z w b a
a —b| |z vy 10 z yl| |la —b
b a z w 01 z w| |b a

From the above equation, we have ay — bw = 0 = —ab + ya and so yay — ybw = 0 = —xby + yay.
Thus ybw = xby. In addition, we obtain from above equation that by + aw = 1 and za + yb = 1.
Hence zby + zaw = = and zaw + ybw = w. Since xby = ybw, x = ybw + xaw = w. Replacing

w = x, we have

a =b|l [z y 10 x yl| |la —b
b «a z x 01 z x| |b a
From the above equation, we have ay —bxr = 0 = —xb+ya. Then xay —xbx = 0 = —xbzx + yax and

so zay = yax. We also have ax — bz =1 = —2b+ xa. So yar —ybz = y = —zby + xay. Combining
these equations, we obtain ybz = zby. Therefore y = —ybz + zay. Again from the above equation,
by +ax =1 and so zby + zax = z. Moreover za + xb = 0 and so zax + xbx = 0. Thus zax = —xbx.
As a consequence, z = zby + zax = zby — xbx. In addition, ay — bx = 0 and so ay = bx. Therefore,
z = zby — xay. Since ybz = zby, z = ybz — xay = —(—ybz + ray) = —y. Thus, we have that x = w

and y = —z. Therefore, x — iy is the inverse of a + ib.

a —b
(ii) It is easy to see that a + b is selfadjoint if and only if is selfadjoint. Thus,
b a
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a —b
oa.(a+ib) € R and UMQ(A)< ) C R. Assume that A € R\ o4,(a + ib). Then (a —
b a
a—X —=b T —y
A) + ib has an inverse x + iy. Then the inverse of is . Conversely if
b a—A Yy T

a —b a—XA b
A€ R\ oppy(a) < ) . Then has an inverse. By (i), its inverse is of the form
b a b a— A

x J—
. Thus z + iy is the inverse of (a — \) + ib.
y x
a J—
(iii) Since a + b is positive, it is selfadjoint. By (i), 0.4, (a +ib) = opz,(a) . Therefore,
b a
a —b
we have that is positive in Ma(A). The converse is similar.
b a
a —b a —b
(iv) From (iii), we have that (a + ib) + (a + ib)* > 0 if and only if + is
b a b a
positive. O

The statements (iii) and (iv) in the previous lemma also hold when A is a real unital operator

space or a real operator algebra.

3.3.2 Lemma. Let A be a real unital operator space or real operator algebra and A, be its com-

plexification. Let a,b € A. Then the following hold.

a —b
(i) a+ ib is positive in A. if and only if is positive in Ma(A).
b a
a —=b
(ii) a+ ib is real positive in A. if and only if is real positive in My(A).
b a

Proof. Since z + iy is positive (resp. x +1iy is real positive) in a A, if x + iy is positive (resp. =+ iy
is real positive) in the complexification of a real C*-algebra containing A. Then apply the above

lemma. OJ
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3.3.3 Proposition. Let A and B be real operator algebras and T : A — B be completely positive

(completely real positive). Then T, : A. — B is completely positive (completely real positive).

laje]  —[bjk]
Proof. Let [aji, + ibj;] be positive in M, (A.). By the previous lemma, ! s positive
D] [ajk]
. . . . . [ajk]  —[bjx]
in My, (A). Since T is completely positive (completely real positive), Tay, =
[bjk]  [ajx]

T(lajr]) =T ([bjr])

T([bjr])  T([ajk])
tive) in My (Be). M

is positive (real positive). That is T'([a;x]) + ¢T'([bjx]) is positive (real posi-

We may obtain analogous results of from [2] in the real case.

3.3.4 Proposition (Real case of Theorem 2.4 in [2]). If T : A — B is a linear map between real

C*-algebras, then T is completely positive if and only if T' is completely real positive.
Proof. This follows imedialy from Theorem 2.4 in [2] and the above proposition. O

3.3.5 Proposition (Real case of Theorem 2.5 in [2]). If T : A — B(H) is linear completely real
positive on a unital real operator space A, then the canonical extension T : A + A* — B(H) :

x4y = T(x)+T(y)* is well defined and completely positive.

Proof. This follows immediately from Theorem 2.5 in [2] and Proposition 3.3.3. O

3.4 Universal Algebras of Operator Algebras

Let A be a real operator algebra. A C*-cover of A is a pair (B, j) where B is a C*-algebra and
j:A— Bisa (completely) isometric homomorphism such that j(A) generates B as a C*-algebra.
That is C5(j(A)) = B.

We obtain a universal C*-algebra, C}, . (A), of a real operator algebra A by the same method

max

as for a complex operator algebra (see Proposition 2.4.2 in [3]), which has the universal property

as follows.
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3.4.1 Theorem. Let A be a real operator algebra. Then there exists a C*-cover (Cro.(A),7) of A
with the universal property: if m: A — D is any contractive homomorphism into a real C*-algebra

D, then there exists a *x-homomorphism 7 : CF,,..(A) — D such that 7o j =m.

max

The following fact shows that the complex norm of A, obtained from (C},...(A), j) is the biggest

norm among all complex norms of A, obtained from real operator algebras containing A.

3.4.2 Proposition. Let A be a real Banach algebra. Suppose that 7 : A — B(H) is isometric

homomorphism from A to B(H) where H is a real Hilbert space. We have

Im(a) + i (0) | pae) < lli(a) +i(5(0))llcemaz(a);

where || - || pa.) and | - |lc are the reasonable norms of A. that are obtained by the complexi-

maz(A)

fication of B(H) and C;

max

(A) respectively.

(A), there is a *-homomorphism 7 : C},,..(A) — B(H) such

Proof. By a universal property of C*

max

that 1o j =x. Then 7. : C*

ax(A)e = B(H,) is also *-homomorphism thus contractive. Hence,

Im(a) + i (0) || p(r.) = I7e(i(a) +ij(0O) B < lli(a) +ii(0)lles,,, a)-

O]

3.4.3 Proposition. Let (C}

rax(A), 7) be the universal real C*-algebra of a real operator algebra

A. Let A; be obtained the norm from (C}..(A))c. Then (C} (A, je) is the universal complex

C*-algebra of A..

Proof. Let p : A. — D be a contractive homomorphism from A, to a complex C*-algebra D.
By considering D as a real C*-algebra, m = p|4 is a contractive homomorphism from A to D.

By the universal property, there exists 7 : C (A) — D such that 7 o j = 7. Then define

max

Te: CF L o(A)e = D by Te(a+1ib) = 7(a) +im(b). It is simple to check that 7. is a *~homomorphism
and 7, 0 jo = p. O
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Chapter 4

Real Jordan Operator Algebras

4.1 Definitions

Let X be an algebra over a field F (R or C). The Jordan product on X is defined as
1
aob= i(ab—l-ba)

for a,b € X. A subspace A of X which is closed under Jordan product, i.e., aob € A forall a,b € A
(or equivalently a® € A for all a € A), is called a Jordan subalgebra of X. If A and B are Jordan
subalgebras (of algebras X and Y'), a linear map 7 : A — B which satisfies m(a0b) = m(a) o7 (b) is
called a Jordan homomorphism. It is simple fact that a linear map between Jordan subalgebras is a
Jordan homomorphism if and only if 7(a?) = 7(a)? for all @ € A. Obviously, a homomorphism is a
Jordan homomorphism. But a Jordan homomorphism might not be a homomorphism for example
the transpose map on B(R™) or B(C").

Complex Jordan operator algebras have been studied in [8]. In this chapter, we investigate
Jordan operator algebras over the real field, or real Jordan operator algebras.

A concrete real Jordan operator algebra is a real Banach space A with a bilinear map o : Ax A —
A which is commutative, i.e., aob = boa (does not have to be associative), together with an isometric

Jordan homomorphism 7 : A — B (i.e., 7(aob) = w(a) ow(b) = (n(a)m(b) + 7(b)7(a))/2), where B
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is a real C*-algebra or B = B(H) for a real Hilbert space H. The bilinear map o is called a Jordan
product. A concrete real Jordan operator algebra can be realized as a real Jordan subalgebra of a
real C*-algebra. An abstract real Jordan operator algebra is a real operator space A with a bilinear
map o: A X A — A (does not have to be associative) on A and there exists a completely isometric
Jordan homomorphism 7 : A — B(H) (i.e., m(aob) = 7(a) on(b) = (w(a)7(b) +7(b)w(a))/2) where
H is a real Hilbert space.

4.1.1 Example. Consider R? with the Euclidean norm. Define (a,b) o (¢, d) = (ac, (ad + bc)/2) on

a 0
R? and 7 : R? — B(R?) by 7(a,b) = . We can check that A with the map 7 is a concrete

b 0
real Jordan operator algebra.

If A is a real Jordan operator algebra, define the Jordan product on A, in a natural way as
(a+ib)o(c+id)=(aoc—bod)+i(aod+bod).
Then the operator space complexification A, of A with this product is a complex Jordan operator

algebra.

4.1.2 Proposition. Let A be a real Jordan operator algebra. Then the operator space complexifi-

cation A of A is a complex Jordan operator algebra.

Proof. By the definition, there is a completely isometric Jordan homomomorphism 7 : A — B(H).

Then 7. : Ac — B(H,) is completely isometric. Consider

me((a+ib) o (c+id)) = me((aoc—bod) +ilaod+bod))
= r(aoc)—m(bod) +ir(aocd+in(bod)
— 7(a) o w(¢) — w(b) o 7(d) + i(w(a) o x(d) + 7(b) o w(d)
= 7(a + ib) o 7(c + id).

Thus 7. is a Jordan homomorphism. O
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Note that the complexification of a real Jordan operator algebra is unique up to complete
isometry since it is a real operator space and the operator space complexification is unique up to
complete isometry.

Generally, Jordan operator algebras are different from operator algebras, but the Jordan oper-

ator algebra generated by a singleton is a commutative operator algebra.

4.1.3 Proposition. Let A be a Jordan operator subalgebra of a C*-algebra B and a € A. Then the
Jordan operator subalgebra generated by a, denoted by joap(a), is the operator subalgebra generated
by a, denoted by oap(a). In addition, if m : A — B(H) is a Jordan homomorphism. Then the

restriction  : oag(x) — B(H) is a homomorphism.

Proof. We can see that a™ is in both joap(a) and oap(a) for all n € N. And both joag(a) and
oa(a) are the closure of the span of a". Thus, joap(a) = oap(a). Since 7 : A — B(H) is a Jordan

homomorphism, 7(a™) = m(a)™. Therefore, the restriction of w to oap(a) is a homomorphism. [J

For a real Jordan operator subalgebra A of a real C*-algebra B, define

A(A)={a€c A:a" € A}.

Then A(A) is a real JC*-subalgebra of B. As the complex case, A(A) is independent of a real

C*-algebra container.

4.1.4 Proposition. Let A be a real Jordan operator subalgebra of a real C*-algebra B. If m: A —
B is a contractive Jordan homomorphism from A to a real C*-algebra B', T|a(a) : A(A) — A(w(A))
is a Jordan x-homomorphism. In addition, if w is isometric, W\A(A) 1s an isometric Jordan *-

homomorphism between A(A) and Arn(A).

Proof. Obviously 7|a(a) : A(A) — B’ is a Jordan homomorphism (we consider a real C*-algebra
B’ as a JC*-algebra). We know that a contractive Jordan homomorphism between JC*-algebras is
a Jordan *-homomorphism (Lemma 2.1.32). Thus, 7 (4) is a Jordan *-homomorphism. Therefore

if a € A(A), 7(a*) = w(a)* € 7w(A). Thus, 7(A(A)) € An(A). Hence, T|aca) : A(A) — An(A)
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is a Jordan *- homomorphism. Therefore, if 7 is isometric, then m|5(4) is an isometric Jordan

s-homomomorphism between A(A) and An(A). O

Let A be a real Jordan operator algebra and p € A. If pop = p and |[[p|| = 1, we call p a
projection in A. We call a projection p a central projection in A (with respect to B) if prp =pox
for all x € A. We will see from the following lemma that if A is a Jordan subalgebra of a real
C*-algebra B, then p is also a usual projection in a real C*-algebra B. Also, the central projection

is independent of the choice of a real C*-algebra container.

4.1.5 Proposition. If A is a real Jordan subalgebra of a real C*-algebra B and p is a projection
in A, then p is a projection in B (p*> = p = p*) and p € A(A). Also, p is a central projection of
A if and only if po x = pxp = pr = xp = pxp. In addition, the definition of central projection is

independent of a choice of real C*-algebra container.

Proof. Since pop = (pp+ pp)/2 = p? in B and |p|lp = ||p| = 1, by Lemma 2.1.12, p is a
projection in B. Thus, p = p* = p?. Hence, p € A(A). The fact that p is a central projection
if and only if pop = pxp = pxr = xp is simple. Next, we show that the definition of central
projection is independent of the choice of C*-algebra container of A. Let m : A — B’ be an
isometric Jordan homomorphism between A and a real C*-algebra B’, and p be a central projection
on A with respect to B. It is obvious that w(p) is a projection in B’. Let x € w(A). We
need to show that 7(p) is a central projection of 7(A), i.e., 7(p) o w(x) = mw(p)w(z)m(p). Since
pox = prp = pr = xp, we have that n(p o z) = w(pzp) = 7(px) = w(xzp). By the property
of a Jordan homomorphism, (7(p)n(z) + m(x)7(p))/2 = w(p) o w(x) = w(pox) = w(px). Also,
7(p) o 7(px) = 7(p o pz) = n(pz). Therefore, 7(p) o (w(p)r(x) + 7(x)x(p))/2 = 7(p) o (px). Thus,

(w(p)m(z)m(p) +7(p) om(x))/2 = 7(px) = m(p) o w(x). This implies 7(p)w(z)7(p) = 7 (p) om(x). [T

By the above proposition, a projection in a Jordan operator algebra is a projection in its
C*-algebra container. Moreover, a central projection in a Jordan operator algebra is a central

projection in its C*-algebra container. The proof of the following lemma is using this fact and will
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be identical with its corresponding fact in the case when A is a real C*-algebra in Lemma 2.1.14

(and also the corresponding complex case).

4.1.6 Lemma. Let A be a unital real Jordan operator algebra and p be a central projection of A.

Then 1 — p is a central projection and for a € A,

lall = max{]|pal|, [la — pall}.

Proof. Since a central projection p in a real Jordan operator algebra is a central projection in its

C*-algebra container, this will follow from Lemma 2.1.14. O

4.2 Bidual of Jordan Operator Algebras

Let A be a real Jordan operator subalgebra of a real C*-algebra B. We know that B** is a real
C*-algebra with the Arens product which extends the original product of B (see Theorem 5.5.3 in
[19]). The Jordan Arens product is described in the complex case in [8] toward the end of Chapter
1. Now, we describe the Jordan Arens product on A** in the real case.

An element n € A* is a weak® limit of a net (as) in A by Goldstine’s Theorem, and for any
p e A,

() = lim p(as).

Therefore, for n,v € A**, there exist nets (as) and (b;) such that as weak* converges to n and by

weak® converges to v. Then the Jordan Arens product on A** can be defined as
nov(yp)=lim li{n o(asoby) = (lim li{n w(asb + bta5)>/2.
S S

for a functional ¢ € A**. In addition, when we consider n, v as elements of B**, their product on

B** is described as

nv(y) = lign lign P (asbr)
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where ¢ € B**. We know that B is Arens regular (Theorem 5.5.4 in [19]). Therefore, by the weak*
continuity of addition and the property of Arens regularity of B (Theorem 2.1 in [16]), the Jordan

product on B** can be described as
nov(y) = (lim li%n P(ashy) + lim li{n ¥ (bras))/2 = lim li%n P(as o by).

4.2.1 Lemma. Let A be a real Jordan operator algebra and A** be the bidual of A. For v € A™,
the map n — nov is weak™ continuous, i.e., if (n;) is a net in A** weak® converges to n, then n ov

weak™ converges to nouv.

Proof. We assume that A is a real Jordan subalgebra of a real C*-algebra B and thus A** is a real
Jordan subalgebra of B**. Then n; o v = (nw + vn)/2. Since addition is weak® continuous and
the Arens product on B** is separately weak® continuous, we have n, o v = (mqv + vn)/2 weak*

converges to (nv +vn)/2 =novw. O

4.2.2 Proposition. Let w: A — M be a contractive Jordan homomorphism between a real Jordan
operator algebra A and a weak® closed real Jordan operator algebra M. Then m extends uniquely to

a weak® continuous contractive Jordan homomorphism 7 : A* — M.

Proof. We have that n. : A. — M, is a completely contractive complex Jordan homomorphism
between complex A. and M.. Thus 7. is contractive by the fact in the complex case. Therefore,
7. extends uniquely to a weak® continuous contractive Jordan homomorphism 7. : AY* — M.. We
claim that 7.|(A**) is a subset of M. Let (x:) be a net in A which weak® converges to n € A**.

Then 7o(xt) = me(xt) = m(xt) € A weak® converges to m(n). Since (m(x¢)) is a net in M, its weak*

limit must be in M. Therefore, .| g+« : A** — M. This completes the proof. O
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4.3 A Characterization of Unital Jordan Operator Algebras

Let X,Y and Z be operator spaces. A bilinear map 7' : X x Y — Z is bounded if ||T(z,y)| <

Cllz||||y|| for all (z,y) € X x Y. Define
1T = nf{C = |T(z, y)|| < Cllz|[[lyl| for all (z,y) € X x Y}
Then T, : My (X) x M, (Y) — M,(Z) is also a bilinear map. Define
[T]lep = sup{[|Tnl| : n € N}.

If | T)|es < 1, then T is called completely contractive in the sense of Christensen and Sinclair. If

m: A X A— B be a bilinear map. Then

me(a + ib, ¢ 4+ id) = m(a,c) — m(b,d) + i(m(a,d) + m(b,c))

m(a,c) —m(b,d)  m(a,d) + m(b,c)

—(m(a,d) +m(b,c)) m(a,c)—m(b,d)

a b c d
:m y

—b a —d ¢
= ma(a + ib, c + id).

Thus, we can see that ma|a, = m.. We obtain the following lemma.

4.3.1 Lemma. Let A be a real unital operator space with a bilinear map m : Ax A — B where B is
a unital operator space containing A as a unital-subspace completely isometrically (14 =1 € A).
If m is completely contractive in the sense of Christensen and Sinclair, then m. : A. X A. — B is

completely contractive in the sense of Christensen and Sinclair.

a b a b
Proof. Since A, = { € My(A)} C My(A) and B, = { € My(B)} C Ms(B). Then

-b a -b a
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me = ma|A.xA, where mg : My(A) x My(A) — Ms(B) is the amplification of m. Since my is also

real completely contractive in the sense of Christensen and Sinclair, ||m.||s < 1. O

4.3.2 Theorem (Real case of Theorem 2.1 in [8]). Let A be a unital operator space (resp. operator
system) with a bilinear map m : A x A — B which is completely contractive in the sense of
Christensen and Sinclair. Here B is a unital operator space containing A as a unital subspace
completely isometrically. Define a o b = %(m(a, b) +m(b,a)) and suppose that A is closed under
this operation. Assume also that m(1,a) = m(a,1) = a for alla € A. Then A is a unital Jordan

operator algebra (resp. JC*-algebra) with Jordan product a o b.

Proof. By the above lemma, m,. : A. X A. — B, is complex completely contractive in the sense of

Christensen and Sinclair. Define
1
(a+ib)o (c+id) = i(m(a +ib,c +id) + m(c + id, a + ib)).

We can easily see that this extends aob on A. By Theorem 2.1 in [8], A, is a unital Jordan operator
algebra with Jordan product (a+ib)o(c+id). Since A is closed under Jordan product o and 1 € A,

A is a real unital Jordan operator algebra. O

A real or complex approrimately unital operator space is a real or complex operator subspace
A of a real or complex C*-algebra B which contains a net (e;) in A with the property that e;a — a

for all @ € A. Such a net is called a contractive approrimate identity or a cai of A with respect to

B.

4.3.3 Lemma. Let A be a real approximately unital operator space. Let m : A x A — B be a
bilinear map and (e;) be a cai in B such that m(e;,a) — a (resp. m(a,e;) — a) for all a € A.

Then mc(et,a +ib) (resp. me(a +ib,er)) — a+ib for all a +ib € A..

Proof. We have m(et, a + ib) = m(et, a) + im(et, b) — a + ib. O

4.3.4 Theorem (Real case of Theorem 2.3 in [8]). Let A be a real approximately unital operator

space (resp. operator system) containing a cai (e;) for an operator algebra B. Let m : Ax A — B
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be a completely contractive bilinear map in the sense of Christensen and Sinclair. Define a o
b = 3(m(a,b) + m(b,a)) and suppose that A is closed under this operation. Assume also that
m(et,a) = a and m(a,e;) = a for alla € A. Then A is a real Jordan operator algebra (resp real

JC*-algebra) with Jordan product aob and e; o a — a for all a € A.

Proof. By complexification, this follows from the lemma above and Theorem 2.3 in [8] in the

complex case. O

4.4 Unitization of Real Jordan Operator Algebras

Recall the fact that a unitization of complex operator algebra is unique up to (completely) isometric
homomorphism (Theorem 2.1.13 in [3]). For a real operator algebra, this corresponding fact is
proved in [26] in the case of completely isometric homomorphisms. We prove the case of isometric
homomorphism in 3.2.3. We now investigate this fact for a real Jordan operator algebra. Let A be
a real Jordan operator subalgebra of B(H) where H is a real Hilbert space and Iy ¢ A. Define

Al ={a+ My :a€ A X eR}. Then

(a+aly) o (b+BIx) = (0 +aly) b+ BIu) + (b+ Blu)(a + aly)) /2

= (ab+ba—|—2ab—|—25a+2aﬁlg))/2:aob—i—ab—}—ﬁa—i—aﬁfgGAI.

Thus, A' is closed under Jordan product. We investigate if A' is unique up to isometric, that is

the real Jordan operator algebra version of Proposition 2.4 in [8].

4.4.1 Proposition. Let A C B(H) be a real Jordan operator algebra and suppose that Iy ¢ A. Let
m: A — B(K) be a contractive (resp. isometric) Jordan homomorphism, where K is a real Hilbert
space. We extend w to n° : AY — B(K) by 7°(a + Mpy) = w(a) + My. Then 7° is a contractive

(resp. isometric) Jordan homomorphism.
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Proof. First, we show that 7° is a Jordan homomorphism. Let a,b € A and «, 8 € R. Then

m((a+alg)o (b+ Bly)) =m(aob+ ab+ fa+ afly)
= r(aob) + an(b) + Ar(a) + aBlx
= 7(a) o w(b) + am(b) + Br(a) + aflx
= (m(a)m(b) + w(b)m(a) + 2am(b) + 2B (a) + 2081k ) /2
= (7(a) + alk)(m(b) + Blx) + m(b) + Blk)(7(a) + alk)) /2

= 7TO((I+ /\IH) Oﬂ'o(b-i-/BIH).

To see that 7° is contractive, we follow the proof of Proposition 2.4 in [8]. Let a € A. Then the
restriction of 7 on oa(a) is an algebra homomorphism into oa(m(a)). By applying Meyer’s theorem

for real operator algebra (see Theorem 3.2.4), we obtain that ||7(a) + Mg < |la + Mg||. O

By the above proposition, we obtain that a unitization of A is unique up to isometric Jordan
homomorphism. We state the fact as the following corollary and this is a real Jordan operator

space version of Corollary 2.5 in [8].

4.4.2 Corollary. The unitization A" of a Jordan operator algebra is unique up to isometric Jordan

isomorphism. In addition, (A'). = (A.)!.

Proof. We follow the proof of Corollary 2.5 in [8]. If A is nonunital, applying the above proposition.

If A is unital and e is the identity of A, e is a central projection of A'. By Lemma 4.1.6,

la + AL} = max{[[e(a + AL[], (1 = e)(a + A1)|[} = max{[la + Ae]|, [A[}.

Since a unitization of complex Jordan operator algebra is also unique up to isometric Jordan

homomorphism (see Corollary 2.5 [8]), (A1), = (A.)L. O

4.4.3 Remark. A unitization of complex Jordan operator algebra is not unique up to completely
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isometric Jordan homomorphism as in Proposition 2.1 in [9]. The authors define

0 aa B 0
0 0 0 —p
M = { ;0,8 € C} S B(CY,
0 0 0 «
0O 0 0 O

and

00000 a )
g:{ :aﬁe@}gB@)

0000 O0 O

which are completely isometric. They show that M2 and Fj are not completely isometric. We

adapt this example to obtain an example for a real operator space.

Let _ _
0 a 8 O
00 0 —-p
Mf = { ‘a,f €R} C BRY),
0 0 0 «
00 0 O
and

:aﬁeR}gBﬁﬂ
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Then MéR and F%R are completely isometric and their operator space complexifications are My and
F, respectively. Let (M3%)! and (F3*)! be the unitizations of MY and FJ respectively. Then (M)}
is the unitization of My and F%R is the unitization of F5. Thus their operator space complexification
of their unitizations are not completely isometric. If (M) and (FY)! are completely isometric,
by Theorem 4.2 in [24], (M3)! and (F3})! are completely isometric. This contradicts the previous

statement. Therefore, (M3)! and (F5*)! are not completely isometric.

4.5 Universal Algebras of Real Jordan Operator Algebras

Let A be a real or complex Jordan subalgebra of a real C*-algebra B or B(H) where H is a real
Hilbert space. A C*-cover of A is a pair (B, j) where B is a real or complex C*-algebra and j : A —
B is a (completely) isometric Jordan homomorphism such that j(A) generates B as a C*-algebra.

For a real Jordan operator algebra A, as in the complex case, there exists (C},,.(4), 7), the maximal

max

real C* cover of A, with the universal property that for every (completely) contractive Jordan

homomorphism 7 : A — B where B is a real C*-algebra, there exists a unique #-homomorphism

0:C .-(A) — B such that 6 is a *-homomorphism and #o j = 7. Note that we consider two types

of C*-cover. One when j : A — B is a completely isometric Jordan homomorphism and we simply

denote this C*-cover of A as C*

*ax(A). The other requires j : A — B to be an isometric Jordan

homomorphism and we denote the maximal C*-cover of A as CN';,‘M

(A) in this case.

In either case, we define 0a,q,(A) to be the operator algebra generated by j(A) in C

max

(4).

Therefore, we have that j(A) C 0amqe(4) C C}:

 ax(A). The following facts are connections between

*
Cma:v

(A) and Cr*nax (AC) .

4.5.1 Proposition. Let A be a Jordan operator algebra. Then (C

* ax(A)e, Je) is the mazimal

complex C*-cover of A..

Proof. By Theorem 3.1 in [24], the inherited complexification of A is unique and thus we can

consider A, with the norm from C},,.(A4).. Thus, (C!

max

(A)e,Je) is a C*-cover of A.. Let 7 :

A, — B be a completely contractive Jordan homomorphism from A to a complex C*-algebra
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B. The restriction of 7|4 is a contractive real Jordan homomorphism from A to B where we

consider B as a real C*-algebra. By the universal property of C}

" ax(A), there is a x-homomorphism

7la : Crga

(A) — B such that 7|4 0 j = 7m|4. Denote 6 = 7|4. Then 6. : (C}

max

(A)). — Bis a

x-homomorphism and 6. o j. = 7. ]

Note that if we consider this at the Banach space level, we must require A. to obtain the

complexification norm from C?,, (A) to ensure that j. is an isometry. The following shows that

max

this complexification norm of A, is the maximal norm among all possible norms that makes A. a

complex Jordan operator algebra.

4.5.2 Proposition. Let 7 : A — B be an isometric Jordan homomorphism where B is a real

C*-algebra. Let ||-||g. and || - || maz be complezification norms of A. obtained from B. and C,,..(A)

respectively. Then ||a + ib||p. < ||a + ib||maz-

(A), there is a *-homomorphism 7 : C},,..(A) — B which

max

Proof. By the universal property of C

max

7 oj = m Then 7. is also a *-homomorphism, thus contractive. Therefore, ||7(a + ib)|p, =

[|7e(je(a + i)l 5. < llje(a + ib)|[maz- O

4.5.3 Proposition. Let A, obtain the complezification norm from C7, ..

(A)e. If m: A— B(H) is

a contractive Jordan representation, then w.: A. — B(H.) is a contractive Jordan representation.

(A), there is a *-homomorphism 7 : CJ,,..(A) — B(H)

Proof. By the universal property of C*

max

and 7o j = m. Then 7. : C} .(A). — B(H.) is a *-homomorphism and thus contractive. Also,

e = (T 0 j)e = 7c © jo which is a contractive Jordan homomorphism. O]

4.5.4 Remark. Let X be a real unital operator space. A real C*-extension of X and the real
C*-envelope of X are mentioned in Remark 2.5.3. Now, let A be a real unital Jordan operator
algebra A with a completely isometric Jordan homomorphism j : A — B where B is a real C*-
algebra and let (C*(A),i) be the real C*-envelope of A. We may assume that j(X) generates B.
Thus, (B,j) is a C*-extension of A. By the universal property of C*-envelope of A, there exists

a *x-homomorphism 7 : B — C¥(X) such that 7o j = 4. Since 7 is a *-homomorphism and j is
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a unital real Jordan homomorphism, we can see that ¢ = m o j is a unital Jordan homomorphism.
And if A is a real unital JC* operator algebra and j is a real unital Jordan *-homomorphism, 7 is
also a unital real Jordan x-homomorphism. Therefore, we can consider X as a unital real Jordan

operator subalgebra of C7(X).

4.6 Contractive Approximate Identities of Real Jordan Operator

Algebras

Let A be a (real or complex) Jordan operator subalgebra of a (real or complex) C*-algebra B and
(e¢) be a net in Ball(A). We define different types of contractive approximation identity for a real

Jordan operator algebra.

(i) (et) is called a B-relative partial cai if e;a — a and ae; — a for all a € A.
(ii) (et) is called a B-relative J-cai if e; 0o a — a for all a € A.

(iii) (e;) is called a partial cai if 7(e;)m(a) — 7(a) for every isometric Jordan homomorphism

7 : A — B’ where B’ is a (real or complex) C*-algebra.

(iv) (et) is called a J-cai if w(e) om(a) — 7(a) for every isometric Jordan homomorphism 7 : A —

B’ where B’ is a (real or complex) C*-algebra.

Note that since 7 is an isometric Jordan homomorphism, 7 (e;) o w(a) — 7(a) = w(e;0a — a) —
m(0) = 0 if (e;) is a J-cai of A. Thus, (e;) being a B-relative J-cai is equivalent to (e;) being a
J-cai. In the case of complex Jordan operator algebras, all of these are equivalent (see Theorem 2.6
in [8]). We will show, by using complexification of Jordan operator algebras and the fact from the
complex case, that in the case of real Jordan operator algebras, all of these are equivalent as well.
4.6.1 Lemma. Let A be a real Jordan subalgebra of a real C*-algebra B. If (e;) is a B-relative
partial cai (respectively J-cai) of A, (et) is a Be-relative partial cai (respectively J-cai) of Ac. In
addition, if (E;) = (e; + i€}) is a Be-relative partial cai (respectively J-cai) of Ac, then (et) is a

B-relative partial cai (respectively J-cai) of A.
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Proof. The first statement is obvious. Now, let a € A and (E;) = (e; + i€}) is a B-relative partial
cai (respectively J-cai). Then Fia = eia + ie;a — a (respectively, By oa = e 0 a + i€} oa — a).

This implies that e;a — a (respectively, e; 0 a — a). O

4.6.2 Lemma. Let A be a real Jordan operator subalgebra of a real C*-algebra B and A. is its
complexification which will be a complexr Jordan operator subalgebra of a complex C*-algebra B..

The following facts hold.
(i) A has a B-relative partial cai if and only if A. has a Bc-relative partial cai.
(i) A has a J-cai if and only if A. has a J-cai.

(i1i) A has a partial cai if and only if A has a partial cai.

Proof. (i) If (e;) is a B—relative partial cai of A, then E; = e; + 0 is a B.-relative partial cai of
A,.. Conversely, if (E;) = (e; + i€}) is a Be-partial cai of A, then by the previous lemma (e;) is a
B-partial cai of A.

(ii) If A has a J-cai (e;), then (E;) = (e; +10) is a J-cai for A.. Conversely, by the previous
lemma if A, has a J-cai (E;) = (e; + i€}), then (e;) is a J-cai for A.

(iii) Let A, have a partial cai and A be a Jordan subalgebra of a real C*-algebra B. Then A,
is a Jordan subalgebra of a complex C*-algebra B.. Therefore, A. has a B.-relative partial cai
(E;) = (e +ie}). By the previous lemma, (e;) is a B-relative partial cai of A. Conversely, assume
that A has a partial cai. Let 7 : A, — B’ be a complex Jordan isometric homomorphism from

A. to a complex C*-algebra B’. Consider A as a Jordan subalgebra of C? ,.(A). Then A has a

max

Cr az(A)-relative partial cai (e;). Since C},,..(A). is the maximal C* cover of A., by the universal
property of C, ... (A)., there is a *-homomorphism 0 : C},,..(A). — B such that m(a+ib) = 6(a+1b)
for a +ib € A.. Thus, w(era) = 0(eta) — 0(a) = 7(a), i.e., A. has a partial cai. O

We obtain the real version of Lemma 2.6 in [8] by applying the previous lemma and Lemma

2.6.
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4.6.3 Lemma (Real version of Lemma 2.6 in [8]). If A is a Jordan operator subalgebra of a

C*-algebra B, then the following are equivalent.

(i) A has a partial cai.
(ii) A has a B—relative partial cai.
(i1i) A has a J—-cai.

(iv) A*™ has an identity p of norm 1 with respect to the Jordan Arens product on A** which
coincides on A** with the restriction of the usual product in B**. Indeed p is the identity of

the real von Neumann subalgebra of B** generated by A.

Proof. By the previous lemma, A has a partial cai if and only if A. has a partial cai. By Lemma
2.6 in [8], this is equivalent to A. having a B.-relative partial cai and A. having a J-cai. By the
previous lemma again, A has a B-relative partial cai and a J-cai. Thus we have proved (i), (i) and
(7i1) are equivalent. The proof of (iii) — (iv) is identical to complex case. Now, assume (iv). Then
A, has an identity p. By Lemma 2.6 (iv) in [8], A. has a partial cai (E;) = (et + i€}). Therefore,

(e¢) will be a partial cai of A. O

Let A be a real Jordan operator algebra. Define

Sa={acA:|1—-a|]| <1}

and

tag={a€A:a+a >0}

4.6.4 Theorem (Real case of Theorem 2.8 of [8]). If A is an approximately unital real Jordan
operator algebra then A is an M-ideal in A'. Also, Fa is weak® dense in Fa+ and v is weak*

dense in ta««. Finally, A has a partial cai in %SA.

Proof. We follow the proof that A is an M-ideal as the complex case in Theorem 2.8 [8]. Since

A is approximately unital, a cai (e;) weak™ converges to the identity e of A**. Now e is a central
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projection in (A')**, and the multiplication by e is an M-projection from (A!)** to A**. This shows
A is an M-ideal of A'. Now, we will use a complexification to obtain the rest. Let (A, | - |.) be
the operator space complexification of A. Then §4, is weak® dense in Fa:+. Let o € Fa+«. Then
Il —z| = ||1 —z|| <1 and thus must be in F4++. By the density in the complex case (see Theorem
2.8 in [8]), there is a net (a¢ + ib;) weak™ converges to x which implies a; weak* converges to x.
Since |la; — 1|| < ||la¢ +ib — 1]|c < 1, a; € Fa. This shows that F4 is weak® dense in F .
Similarly, if z € va«, then x € v« and there is a net (ar + iby) in vy, weak™ converging to x.
Since (a¢ + iby) + (a; + iby)* > 0, then a; + af > 0 (see Lemma 2.1.9) i.e., a; € t4. Moreover, a;

weak™* converges to x.

Finally, by the corresponding fact in the complex case, A. has a partial cai {E; = e; + ie}} in

3ta,. Thus, (e;) is a partial cai in A. Since |1 — 2e,|| < |1 — 3(er +ie))|| < 1, e, € Sra. O
4.6.5 Proposition. Let A be an approrimately unital real Jordan operator algebra. Then the set

of contractions in t4 is weak® dense in the set of contractions in tpx=.

Proof. Let z € tg«« and ||z|]| < 1. By the corresponding fact in the complex case (see Proposition
2.10 in[8]), there is a net (X;) = (a; + ib) in vy, N Ball(A.) which weak* converges to x. Then
(ar) weak™ converges to x. In addition, [ja:|| < 1 and a; + af > 0. Therefore, we have proved the

statement. OJ

4.6.6 Proposition. If A is a Jordan operator algebra with a countable Jordan cai, then A has a

countable partial cai in %SA.

Proof. If A has a countable Jordan cai, then it is a countable Jordan cai of A.. Therefore, by the
complex case (see Corollary 2.11 in [8]), there is a countable partial cai (E,) = (e, +ifn) in 3 a..

Since e, € %S 4 and is as well a partial cai, there is a countable partial cai in 4. ]

A unitization of a real or complex Jordan operator algebra may not be unique up to com-
pletely isometry Jordan isomorphism (see Proposition 2.1 in [9]). However, the unitization of an

approximately Jordan algebra is unique up to completely isometric isomorphism.
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4.6.7 Proposition (Real case of Proposition 2.12 in [8]). If A is a nonunital approximately unital
real Jordan operator algebra then the unitization Al is well defined up to completely isometric

Jordan isomorphism and the matriz norms are
I[aij + Aij1]|| = sup{||[aij o c + )‘ijC]HMn(A) :c € Ball(A)}, a;; € A N\ij €R.

Proof. The proof is the same as for the complex case. O

4.6.8 Remark. We can also obtain the previous result by using complexification technique. How-
ever, the formula for ||[a;; + Ai;|| obtained by using complexification is not as satisfactory as the
formula obtained by following the proof of the complex case. Let A be a nonunital approximately
unital real Jordan operator algebra. Then A. be a nonunital approximately unital complex Jordan
operator algebra. By Proposition 2.12 in [8], (A.)! is unique up to completely isometric Jordan
isomorphism. If A! is a unitization of A, then (A!). is a unitization of A.. By the uniqueness,
(AY. = (A.)L. Therefore, the norm on A! can be given by the norm of (A.)!. Since the norm of

M, (A.) is obtained from My, (A), by applying the formula in Proposition 2.12 in [8] and identifying

aij 0
a;j as € Ms(A), we obtain that
0 al-j

{H ajor+Ar  —(ajoy+ Ay r —

€ Ball(MQ(A))}.

)
|[@ij + Aij1]|| = sup HM%(A) '

—(agjoy+Ay) ajox+ Az
As we can see, the formula for ||[a;; + A;;1]|| obtained by using complexification depends on the

operator space complexification of A.

Let A be a nonunital approximately unital real Jordan operator algebra. By the previous
proposition, the unitization of a nonunital approximately unital real Jordan operator algebra is
unique up to completely isometric Jordan homomorphism. Thus, we define the real C*-envelope
of A to be the real C*-algebra generated by j(A) where (C¥(A), j) is the C*-envelope of Al. We

denote the C*-envelope of A as C}(A).
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We also obtain the analogous of Proposition 2.14 in [8] for a nonunital approximately unital

real Jordan operator algebra.

4.6.9 Proposition (Real case of Proposition 2.14 in [8]). Let A be an approzimately unital Jordan
operator algebra. Let (C}(A),j) be the C* — envelope of A. Then j|a is a Jordan homomorphism
onto a Jordan subalgebra of C¥(A), and C}(A) has the following universal property: Given any C*-
cover (B,1) of A, there exists a (necessarily unique and surjective) *x-homomorphism 6 : B — C*(A)

such that oi =j.

Proof. The proof is the same as for the complex case. O
We investigate the weak operator topology and strong operator topology of B(H) and B(H.,).

4.6.10 Lemma. Let H be a real Hilbert space and H. be its complezification. Then

(i) Ty +1iSy € B(H.) WOT converges to T +4S in B(H,.) if and only if T; and Sy WOT converge

to S and T in B(H) respectively, and

(ii)) T, +iS; € B(H.) SOT converges to T +iS if and only if Ty and Sy SOT converge to S and

T respectively.

Proof. (i) T; + 1Sy WOT converge to T + iS in B(H,) respectively. Let x € H. Then ((T; +
iSH)x,y) = (Tix,y) + i(Six,y) — (Tx,y) + i(Sz,y). This implies that (Tyz,y) — (Tx,y) and
(Siz,y) — (Sz,y). Conversely, assume that T; and S; WOT converge to S and T in B(H)
respectively. Let x + iy,u + iv € H.. Then (T} + iS)(z + iy),u + iv) = (Tix,u) — (Spy,u) —
(Tyy,v) — (Six,v) +i((Tyz,v) + —(Sey, v)(Try, u)(Siz,u)) — 0.

(ii) Let Ty +4S; € B(H.) WOT converges to T+iS and x € H. Then |[(Ty+iSy)x— (T +iS)x| =
|Tyx — Tz + i(Sgx — Sx)|| — 0. Since ||Tyx — Tz|| < [|[Tyx — Tx + i(Six — Sx)|| and || Ty — Tz|| <
|Tyx — Tz + i(Syx — Sx)||, T; and S; SOT converge to S and T respectively. Conversely, let T; and
St SOT converge to S and T in B(H) respectively. Then ||(T; 4+ iSy)(z + iy) — (T +iS)(z +iy)|| <
|Tix — Tx|| + || Ty — Tyl + ||Sex — Sz|| + ||Sty — Sy|| — 0. Therefore, T; + iS; SOT converges to

T +1iS. O
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By following the proof of Lemma 2.19 in [8], we obtain the analogous result of the lemma on a

real approximately unital Jordan operator algebra.

4.6.11 Proposition (Real case of Proposition 2.19 in [8]). Let A be an approzimately unital real
Jordan operator algebra and let m : A — B(H) be a completely contractive Hilbert space Jordan
representation. We let P be the projection onto K = [r(A)H]. Then m(e;) — P in the weak* (and
WOT) topology of B(H) for any J-cai (e;) for A. Moreover, for a € A, we have w(a) = Pw(a)P,
and the compression of m to K is a contractive Hilbert space Jordan representation. Also, if (e;)
is a partial cai for A, then mw(ey)m(a) — m(a) and w(a)w(e) — w(a). In particular, w(e))|x — Ik

SOT in B(K).

4.6.12 Lemma (Real case of Lemma 2.20 in [8]). Let A be a real approximately unital Jordan

operator algebra with a partial cai (e;). Denote the identity of Al by 1. The following facts hold.
(i) If ¢ : AL = R is a functional on A', then lim; ¥(e;) = (1) if and only if ||| = ||¥|al|-

(ii) Let ¢ : A — R be any functional on A. Then ¢ uniquely extends to a functional on A' of the

same norm.

Proof. (i) If ¢ : A' — R is a functional on A, then v.(a +ib+a+if) = Y(a+a) +i(b+B) is a
functional on (A'). = (A.)! (see Corollary 4.4.2) and ||| = ||1¢|| by Proposition 2.1.2. By Lemma
2.20 in [8], lim; ¥(e;) = limy Pe(er) = Ye(1) = (1) if and only if [|voe|| = [[¢|| = [[¥]all = [[(¥]a)cl]-
(i) Assume that ¢ extends to o' in A'. Then ¢, extends uniquely to ¢! on Al with the
same norm by Lemma 2.20 [8]. If (e;) is a cai in A then (e;) is a cai in A, and thus by (1),
©e(1) = limg .(e;) € R. Therefore, ¢ can extend to a functional ¢! on A with the same norm and
@' = @e|41. For the uniqueness, if 1/ is a functional on A' that extends ¢ of the same norm. Then

1), is a functional that extends ¢, on A' of the same norm. By the uniqueness in the complex case,

(¢1)e = the and thus @ = () 41. O

We also obtain the real case of Lemma 2.21 in [8] and its proof is identical to the complex case.
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4.6.13 Lemma (Real case of Lemma 2.21 in [8]). For a norm 1 functional ¢ on an approzimately

unital Jordan operator algebra A, the following are equivalent:
1. ¢ extends to a state on Al
2. p(er) = 1 for every partial cai ey € A.
3. p(er) = 1 for some partial cai for A.
4. p(e) =1 where e is the identity of A**.
5. o(er) — 1 for every Jordan cai for A.

6. o(er) — 1 for some Jordan cai for A.

4.7 Multiplier Algebras

In [8], the authors define the multiplier algebra of an approximately unital complex Jordan operator
algebra. This procedure can be done with an approximately unital real Jordan operator algebra.
Let A be an approximately unital real Jordan operator algebra and (C}(A), j) be its C*-envelope.

Using the product from C}(A), we define

LM(A) ={ne A™ :nA C A},

RM(A) ={ne A™ : An C A}, and
M(A) = LM(A)N RM(A).

Note that the above definitions are independent of the choice of C*-algebra container. To see this
let A be a real Jordan subalgebra of B where B is a real C*-algebra. We may assume that A
generates B. By the universal property of C}(A), there is a *-homomorphism 6 : B — C7(A) such
that 6 = j on A. Let a,b € A. If ab € A, j(a)j(b) = 6(a)f(b) = O(ab) = j(ab). Therefore, the

product in B matches the product in C}(A) for a,b € A and ab € A.
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First, we prove the real case of Lemma 2.1.6 in [3].

4.7.1 Lemma. Suppose that a is an element of B(H) where H is a real Hilbert space and that (e;)

is a net of contractions in B(H) such that ae; — a. Then aeie] — a, aefe; — a and ae; — a.

Proof. 1f ae; — a in B(H), then ae; — a in B(H). = B(H.). By Lemma 2.1.6 in [3], we have
aeie; — a, aeje; — a and ae; — a in B(H.). Since a,e; € B(H), aeie; — a, aeje; — a and

ae; — a in B(H). O

Then we can apply the above lemma and follow the proof of Lemma 2.23 in [8] to obtain the

real case version of this lemma.

4.7.2 Lemma (Real case of Lemma 2.23 in [8]). Let A be an approzimately unital real Jordan

operator algebra. If p is a projection in LM (A) then p € M(A). Moreover A(LM(A)) C M(A).

If A is an approximately unital real Jordan operator algebra, the Jordan multiplier algebra of
A is defined to be

JM(A)={ne€ A™ :na+an € AVa € A}.

We follow the proof of Lemma 1.2 in [4] to obtain that JM(A) is a real Jordan operator algebra.
Since A is approximately unital JM (A) contains the identity of A**. Thus, JM(A) is a unital real

Jordan operator algebra and A is an approximately unital Jordan ideal of JM (A).

4.8 Hereditary Subalgebras and Open Projections

Let A be areal Jordan operator algebra. We know that A** is as well a real Jordan operator algebra.
Denote X+ = {p € A* : p(x) = 0,Vx € X} for X C A. It is known that X' is a weak* closed
subspace of A*. Thus, X+ = (X 1)+ is a weak* closed subspace of A** and X+ = span(X) )

If X is a subspace of A, an element of 7 € X is a weak® limit of a net a; € X. If in addition, X

is a real Jordan subalgebra, X+ is a real Jordan subalgebra of A**. This follows by the formula

nov(p) = hmli{n olasoby) = <lim li{n o(asby + btas)>/2
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for ¢ € A*. If n € X+ there is a net {2;} in X such that x; — 1. Then

() = li{n litI,Il o(zy0x}) = (lign littln o(riry + actrxt)>/2 =0

if p € X+
Let A be a real Jordan operator algebra. A projection p in A** is called an A-open projection
if p € (pA™pnN A)*t+. Let p be A-open and set D = pA**pN A = {a € A** : a = pap}. Then D

D+t is a Jordan subalgebra of A**. In addition,

is a closed real Jordan subalgebra of A and thus
p is an identity of D+ (by continuity of z + a o z for fixed a € A in Lemma 4.2.1). Thus, D is
an approximately unital real Jordan operator algebra which contains a net (e;) weak* converging
to p. Such a Jordan operator subalgebra D is called a hereditary subalgebra (HSA). The A-open
projection p in A** such that D = pA*™*pN A is called the support projection of D. We immediately

obtain the following.

4.8.1 Lemma. For any real Jordan operator algebra A, a projection p € A™ is A-open if and only

if p is a support projection of a HSA in A.

If A is an approximately unital real Jordan operator algebra, there is an identity e € A**. We

call a projection g A-closed if ¢- = e — ¢ is A-open.

4.8.2 Proposition. Let A be a real Jordan operator algebra. A projection in A™ is open if and

only if it is open in (A})**.

Proof. If p is A-open, there is a net (z;) in A C A! such that pz;p — p weak*. Conversely, if p is
Al-open, there is a net (x;+ ;) in A! where ; € A and \; € R such that x; +\; = prip+php — p

weak* in A'. This forces Ay — 0 and pxip — p weak*. O

4.8.3 Proposition. If D is a HSA in A, then D. is a HSA in A.. In addition, a projection p € A**
is A-open if and only if p is A.-open. Also, a projection p € A™ is A-closed if and only if p is

A.-closed.
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Proof. If p is the support projection of D, then D = pA**pNA. Then D, = pA:*pNA.. Thus, D, is
a HSA. Obviously p is A-open, so p is A.-open. Conversely, if p is A.-open, p € (p(A**)pN A)*L.

Since p € A**, we have p € (p(A*)pN A)++. O

4.8.4 Proposition. For any approzimately unital real Jordan operator algebra A, every projection

in JM(A) is A-open and A-closed.

Proof. We can follow the proof of complex case. However, we provide a proof by using operator
space complexification. Let p € JM(A) be a projection. Then pa + ap = a for all a € A. This
implies that p(a + ib) + (a + ib)p = a + ib for all a,b € A, i.e., p € JM(A.). By Lemma 3.2 in [8],

p is A.-open and A.-closed. Since p € A™, by Lemma 4.8.1, p is A-open and A-closed. O

4.8.5 Lemma. Let A be an approximately unital real Jordan operator algebra and D C A be a

hereditary subalgebra of A. Then D, is a hereditary subalgebra of A

Proof. Let p € A** be a hereditary subalgebra of A and x + iy € D.. Then p(x + iy)p = = + iy.
Therefore, D. = p(A.)**p N A.. Hence D, is an hereditary subalgebra of A. with the support

projection p. [

4.8.6 Remark. The converse of the previous lemma may not be true. If we know that D C A and

D, is a hereditary subalgebra of A. with a support projection p € A**, we still do not know that

Cc

p € A*. Therefore we may not conclude that D is a hereditary subalgebra of A.

4.8.7 Theorem (Real Case of Theorem 3.5 in [8]). Suppose that D is a hereditary subalgebra of an
approximately unital real Jordan operator algebra A. Then every f € D has a unique Hahn-Banach

extension to a functional in A* of the same norm.

Proof. By the lemma above, D, is a hereditary subalgebra of A.. Therefore, f. € (D.)* has a
unique Hahn-Banach extension, namely f. by Theorem 3.5 in [8]. Note that || f|| = ||fe]| = || /]l by
Proposition 2.1.2. Let f € A* be a real Hahn-Banach extension of f. Then f. is a functional on
(A.)* and ||f.|| = ||fIl = || f]| by Proposition 2.1.2. Thus, f. is a Hahn-Banach extension of f.. By

the uniqueness f. = f.. Thus, f= f |A- d

77



4.9 Real Positivity in Real Jordan Operator Algebras

Let A be a real Jordan operator subalgebra of a real C*-algebra B. Recall that t4 = {a € A :
a + a* > 0}. Define t4-ordering on A to be the order < induced by t4, i.e., b < a if and only if

a—>bery.

4.9.1 Lemma. Let A be a real Jordan operator algebra which generates a real C*-algebra B and
A. be the operator space complexification of A. Let Ua = {a € A : |la|]| < 1} and Ua, = {a + ib €
Ac : |la 4 1ib|]| < 1}. Then A is approzimately unital if and only if for any positive b € Up there

exists a € t4 with b < a.

Proof. Let A be approximately unital and b be positive in Ug. Then A, is approximately unital.
Since ||b||. = ||b|| and a positive element in A is defined to be positive in A., b € Up, and is positive.
By Theorem 4.1 in [8], there exists z + iy € ty4, such that b < x + iy. Therefore, (x —b) +iy € ta,,
ie, (x—=b)+ (x —b)*+i(y —y*) > 0. By Lemma 2.1.9, (x — b) + (z — b)* > 0. Thus, z —b € vy
and thus b < z.

Conversely, suppose that for any positive b’ € Up there exists 2’ € vy with b < z. Let a + ib
be positive in Up,. Then a is positive in Up. By the assumption, there exists x € r4 such that
a = x. Since bb* is positive in B, by Proposition 5.2.2 (2) in [19], there exists a unique ¢ € BT
such that ¢2 = bb*. Thus ||c|| = ||b]| < |la +ib|]| < 1. Thus c is positive in Up. By the assumption
there exists y € t4 such that ¢ < y. Since (ib) is self adjoint, there exists hy,h_ € (B¢)" such
that ib = hy — h_ and hyh_ = 0. Then hy + h_ is the positive root of (ib)(ib)* = bb*. By the
uniqueness of positive root, ¢ = hy + h_. Therefore, ib < c. Since both z,y € t4, z+y €t4 Cty,.
Now, we have a < z, ib < ¢ and ¢ =< y. Since b < ¢ implies ib < ¢, we have ib < y. Therefore,
a+ib <z +y. By Theorem 4.1 in [8], A. is approximately unital and so A is approximately unital

by Lemma 4.6.2. O

From the proof above, for a positive element a + ib in B,., we can even pick z € t4 such that

a + ib < x. Therefore, if a complex Jordan operator subalgebra A’ of a complex C*-algebra B is a
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complexification of a real Jordan operator algebra A, A’ is approximately unital if and only if for

every positive element a + ib in B’, there is x € t4 such that a + ib < z.

4.9.2 Proposition. Let A be an approximately unital real Jordan operator algebra. Then A =

Ta — T4y andA:CA—CA.

Proof. If A is approximately unital, then A. is approximately unital. By Theorem 4.1 in [§8],
Ac=1ty, —tvg,. Let a e AC A.. Then a = (x +iy) — (2 + iw) where x + iy, z + iw € va,. Thus
a =z + z. Since Re(z +iy) = x and Re(z + iw) € tq, A =rt4 —va. Similarly, A, = c4, — ¢4, by
Theorem 4.1 in [8]. So a = a(z +iy) — f(z +iw) = (ax — fz) +i(ay — fw) where o, B € [0, 00). If

T+ 1y € §a,, then Re(x +iy) =x € Fa. Thus, 2,2 € F4 and so a = ax — fz € ¢4, — c4,. O

4.9.3 Remark. In the Remark 3.1.5, we see that, for a real operator algebra A, A(A) = {a €
A :a* € A} and A + A* are well defined and independent of a choice of representation. This
holds if A is a real Jordan operator algebra. Let A be a real Jordan subalgebra of B(H) and
A(A) = {a € A: a* € A}. This is a real JC*-subalgebra of B(H). Let m : A — B(K) be
a completely isometric Jordan homomorphism. Then 7|r4) @ A(4) — B(K) is a completely
isometric Jordan homomorphism between real JC*-algebras. Therefore, 7|a(4) is selfadjoint by
Corollary 2.1.34. Therefore A(A) is well defined and independent of a choice of representation. By
following the same proof as in the Remark 3.1.5, we also obtain that A + A* is independent of a

choice of representation.

4.9.4 Proposition. Let A be a real operator system and T : A — B(H). Then T is completely

real positive if and only if T is completely positive

Proof. Let T be completely real positive and ¢ > 0. We have a = (a +a*)/2 > 0 and T'(a) =
T(a+ a*)/2 > 0. Thus, T is completely positive. Conversely, let 7" be a completely positive map
and a+a* > 0. Hence, T, is completely positive and so T is selfadjoint. Then T is also selfadjoint.

Thus T'(a) + T'(a)* =T(a+ a*) > 0, i.e., T is completely real positive. O

4.9.5 Remark. (i) The equivalent condition of being real positive in the case of non-completely

real positive maps will be studied in [7].
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(ii) A positive map T : A — B(H) where A is a real operator system does not imply 7 is

selfadjoint (see [25]).

(iii) Let A be a real operator system and 7" : A — B(H) be a selfadjoint unital map. From
Proposition 4.1 in [25] and the above proposition, T" is completely real positive if and only if

T is completely contractive. In fact, these conditions imply 7" being selfadjoint (see [25]).

The following is an analog of Stinespring Dilation for completely positive maps in real unital

Jordan operator algebra.

4.9.6 Proposition. Let A be a real unital Jordan operator subalgebra of a real unital C*-algebra
B and T : A — B(H) is unital completely real positive and T(a*) = T(a)* for every a € A(A).
Then T has a selfadjoint unital completely positive extension T : B — B(H). In addition there is
a x-representation m : B — B(K) for a real Hilbert space K and a contraction s € B(H, K) such
that

T(a) = s*m(a)s
foralla € B.

Proof. The map 7|4 : A(A) — B(H) is selfadjoint and completely real positive on A(A) which
is a real operator system. Then T is completely positive by the above proposition. Applying
Proposition 4.2 in [24], there is a selfadjoint unital completely positive extension 7 : B — B(H).
We claim that 7(a) = 7(a) for a € A. Since A C A+ A* C B, T|a4 4~ is selfadjoint extension of 7
which is unique. Therefore, 7(a) = 7|44+ 4+(a) = w(a) for every a € A. Therefore, 7 is an extension
of m. By Theorem 4.3 in [25], there is a x-representation 7 : B — B(K) where K is a real Hilbert

space and bounded operator s € B(H, K) such that ||T|| = ||s||* and

T(a) = s*n(a)s

for all a € B. O
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