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Abstract 

The geomechanical properties of reservoirs—important for formation 

stimulation—are often determined from triaxial tests on core plugs. Recovery of these 

samples is difficult because shales are mechanically unstable and usually disintegrate. To 

predict the elastic properties of shales at the core scale, we propose two models based on 

different measurements of drill cuttings. 

First, a conceptual model is proposed to predict the elastic properties of shales at 

the core scale from nanoindentations. Nanoindentation measures the local (small-scale) 

mechanical properties of a shale, whose correlation to the core- and block-scale 

properties is unclear because of shale’s heterogeneous structure. The proposed model 

accounts for the effective stiffness of small-scale constitutive minerals at a large scale. It 

is applied to samples recovered from the Woodford shale and the results are promising. 

Second, a hierarchical model is developed to predict the elastic properties of 

shales at the core scale by accounting for the mineralogy, porosity, pore structure, and 

grain-size distribution. The hierarchical model entails two-scale simulations. At the small 

(grain) scale, a physically representative element is developed to capture the elastic 

deformation of a solid grain with a known porosity and pore structure. At the large (core) 

scale, the model is built based on the volume fractions of the minerals and representative 

elements characterized at the small scale. The minerals are randomly distributed in the 

core-scale model. The finite element method is used to compute the elastic moduli. The 

proposed models are applied to the New Albany, Rocky Mountain Siliceous, Lower 

Bakken, and Barnett shales. The predicted elastic moduli capture the measured values 

parallel to the bedding plane.  



 

viii 
 

The hierarchical model allows us to determine the anisotropic elastic properties of 

shale formations at the core scale with additional consideration of the microfabric 

structures of the matrix. The model is implemented for Lower Bakken, Barnett, and 

Haynesville shales. Independent lab measurements corroborate the predicted anisotropic 

elastic moduli at the core scale. The two models have major applications in characterizing 

shale formations at the core scale from drill cuttings and can potentially be used for real-

time analyses in a mobile field laboratory. 
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Chapter 1. Introduction 

1.1. Problem statement   

Geomechanics is important in petroleum engineering, as it is required in many 

aspects of hydrocarbon exploitation. In drilling engineering, it helps us to identify the 

formation fracture resistance, which is required for preventing the loss of the circulating 

fluid (Bourgoyne et al., 1991). Investigation of the wellbore stability issue requires a 

comprehensive knowledge of the formation geomechanics (Zoback 2008). In reservoir 

engineering, the transport properties show dependence on the effective stresses, whose 

values can be determined based on the corresponding geomechanical principles (Sayers 

and Schutjens 2007). Another important application of geomechanics in petroleum 

engineering is hydraulic fracturing, which is crucial for economic production from tight 

formations, such as shales (Soliman 1990; Dahi-Taleghani and Olson 2011).  

Researchers have made significant efforts to characterize the geomechanical 

properties of the shales (Sone 2012; Chen et al., 2017; Vachaparampil and Ghassemi 

2017), the hydrocarbon production from which has launched a new era in the petroleum 

industry. However, the geomechanical characterization of shales remains difficult due to 

several issues. First, a shale formation is strongly heterogeneous because its matrix is 

composed of the carbonates, silica, clays, and organic matter in different volume 

fractions (Loucks et al., 2009). Different compositions of the forming minerals result in 

different geomechanical properties due to the different mechanical properties (Mavko et 

al., 2009). Second, it is difficult to recover large shale samples for core-scale tests 

because they are mechanically unstable and usually break down into pieces. 
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Researchers have used small-scale measurements to predict the large-scale 

properties. For instance, nanoindentations have been used to predict the core-scale elastic 

properties of shales (Ulm and Abousleiman 2006; Bobko and Ulm 2008; Bennett et al., 

2015). Researchers have also proposed analytical models to predict the geomechanical 

properties of a shale formation based on the forming minerals (Levin and Markov 2005; 

Ortega et al., 2007; Chen et al., 2016). The analytical models are usually complex and 

difficult to implement, and lead to uncertainties of close to 40 to 50% (Ortega et al., 

2007).  

 

1.2. Objectives  

The main objective of this study is to predict the geomechanical properties of a 

shale formation at the core scale based on the small-scale measurements conducted on 

drill cuttings. Two distinct methods are proposed, as follows: 

a) A conceptual model that accounts for the effective stiffness of the forming 

minerals at the nanoscale based on nanoindentations.  

b) A hierarchical model that accounts for the mineral composition, porosity, pore 

structure, grain size distribution, and microfabric structures.  

The first method is used to predict the core-scale elastic properties of shale 

formations from the nanoindentations. The second method is adopted to predict the 

isotropic elastic properties of shale and carbonate formations. It is also extended to 

predict the anisotropic elastic properties of shales by accounting for the pore and fabric 

structures in different directions (parallel and perpendicular to the bedding). 
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1.3. Hypotheses 

I hypothesize that the elastic properties of a shale formation at the core scale can 

be predicted if one accounts for the effective stiffness of the constitutive entities at a large 

scale (hypothesis I). This is relevant to the first method. A combination of the entities 

form a loading frame to sustain the load applied in nanoindentation. The hypothesis 

implies that the effective properties of the loading frame are mainly determined by the 

softer entities, even if they are not perturbed directly. The combination of the loading 

frames determines the elastic behavior of a bulk shale. Accordingly, a conceptual model 

(Fig. 1.1) is proposed to predict the core-scale elastic modulus of a shale based on 

nanoindentations. In Fig 1.1a, the softer entity (shown in grey), whose length change is 

denoted by l, deforms more significantly under loading and controls the effective 

stiffness. In Fig 1.1b, the red dotted lines show the loading frames in the conceptual 

model. Fig. 1.1c shows the macroscale representation of the shale whose relevant 

measurements are used to test the model (courtesy of Li and Sakhaee-Pour 2016). 

 

 

a.                     b.                         c. 

Figure 1.1 – The conceptual model (Fig. 1.1) for predicting the core-scale elastic modulus 

of a shale based on nanoindentations (courtesy of Li and Sakhaee-Pour 

2016). 

< 1×10-7m

Grain scale

10-7～10-6m
Core scale
> 1×10-3m

1 2 3 4
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The predicted elastic moduli of a shale formation, based on the conceptual model 

(Fig. 1.1), are compared against independent measurements to test the first hypothesis. 

The hypothesis is falsifiable because the predicted values can deviate from the lab 

measurements.  

I hypothesize that the elastic properties of shales at the core scale can be captured 

if I account for the mineralogy, porosity, pore structure, and grain-size distribution 

(hypothesis II). This is relevant to the second method. A workflow (Fig. 1.2) based on a 

hierarchical model is developed to test this hypothesis. The workflow includes a grain-

scale model, which accounts for the mineralogy, grain size, and pore structure, and a 

core-scale model that utilizes the volume fraction of the minerals and the effective 

properties at the grain scale. 

 

 

Figure 1.2 – Workflow for predicting the elastic properties of a shale formation at the 

large scale from drill cuttings. The workflow is implemented based on the 

model that includes the grain and core scales (Sakhaee-Pour and Li 2018). 
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Independent lab measurements are used to test the predicted elastic properties in 

order to test the second hypothesis. The second hypothesis is also falsifiable because the 

predicted value can differ from the measured value.  

Throughout this dissertation, small scale refers to the grain scale, which is 

typically on the order of nano- to a few micro-meters for shales (Loucks et al., 2009). The 

large scale is relevant to the core scale on the order of a few centimeters (Sone 2012). 

These definitions will be frequently used in the following chapters. 

 

1.4. Summary of chapters 

In Chapter 2, the fundamental concepts of nanoindentation are presented, as 

nanoindentation enables us to obtain the elastic modulus and hardness of a homogeneous 

medium. The application of nanoindentation to shale samples is then discussed, with a 

focus on the limitations of the current interpretation of the measurements. In addition, the 

literature review also covers the existing methods of modeling the elastic properties of 

shales at the core scale from the forming minerals. The issues associated with the existing 

methods are illustrated. The elastic potential energy of a solid medium is then reviewed 

because the concepts are necessary for the hierarchical model (Fig. 1.2). Finally, for 

completeness, the conventional geomechanical characterization of rocks at the core scale 

is briefly discussed.  

In Chapter 3, a conceptual model is proposed to predict the elastic properties of a 

shale at the core scale from nanoindentation measurements. The proposed model 

accounts for the effective stiffness of a combined volume in the nanoindentation, and 

relates that effective stiffness to the pertinent properties of the shale at the core scale. The 
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predicted elastic properties at the core scale are tested against the independent lab 

measurements for model validation. The proposed model has major implications for 

understanding the large scale properties of the heterogeneous media from 

nanoindentation measurements.  

In Chapter 4, a hierarchical model is presented to predict the elastic properties of 

shales at the core scale from the mineral composition, porosity, pore structure, and grain-

size distribution. The hierarchical model starts with a grain-scale model to capture the 

elastic deformation of a grain with a known mineralogy. The grain-scale model enables 

us to develop a representative element which is used to build the core-scale model. The 

finite element method is adopted to solve the hierarchical model and derive the elastic 

moduli of shales at the core scale. The computed results are compared with independent 

lab measurements. The proposed model is important because it allows us to characterize 

the geomechanical properties of shales at the core scale from small-scale measurements 

that can be conducted on drill cuttings. This is crucial because it is expensive and difficult 

to recover a core-scale shale sample for the geomechanical characterization. 

In Chapter 5, the hierarchical model is applied on a carbonate (Arab-D) formation 

to predict its elastic properties at the core scale from the mineralogy and the void system. 

Compared to shales, carbonates have a more complex void system, which significantly 

influences the geomechanical properties at the core scale. The complex void system is 

accounted for in the hierarchical model to quantitatively analyze its effect on the core-

scale elastic properties of carbonates. To validate the model, the simulation results are 

compared with independent lab measurements of the same formation. 
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In Chapter 6, the hierarchical model is revised to predict the anisotropic elastic 

properties of shales at the core scale from the mineral composition, porosity, pore 

structure, grain-size distribution, and microfabric structures. All these factors contribute 

to the anisotropic elastic behavior of shales at the core scale. A sensitivity analysis is 

conducted to study the dependency of the predicted anisotropic elastic moduli on the 

governing parameters. This is important because it allows us to systematically and 

quantitatively determine the importance of each parameter, which has not been achieved 

previously. The anisotropic elastic properties of shales have many field applications, such 

as in-situ stress interpretation and wellbore stability analysis, where failure to account for 

the anisotropic elasticity of shales may cause significant errors. 

The assumptions and limitations of the proposed models are discussed in Chapter 

7 for completeness. A range of the applied load (displacement) in nanoindentation is 

suggested for applying the proposed conceptual model (Fig. 1.1) to shales. In contrast, 

the hierarchical model predicts the core-scale elastic properties of shales in quasi-static 

conditions, whose dependency on the temperature, fractures, and rock-fluid interactions 

are beyond the scope of the present study. 

The conclusions are presented in Chapter 8. The proposed models may also be 

utilized to predict other geomechanical properties of shales, such as creep and strength 

properties. Recommendations for future work on these aspects are also given. 
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Chapter 2. Literature Review 

Hydrocarbon energy is important for human development. According to a BP 

statistical review of world energy (2017), oil and natural gas account for 33.28% and 

24.13% of the global total energy consumption, respectively, in 2016 (Fig. 2.1). Most 

predictions indicate that the demand for oil and gas will increase substantially, which 

demonstrates the importance of hydrocarbon exploitation (Jarvie 2012; BP 2017).   

 

 

Figure 2.1 – Energy consumption share of the major sources in 2016 (data from BP 

2017). 

 

Hydrocarbons are produced from sandstone, carbonate, and shale formations. 

Carbonate formations constitute close to half of the world’s oil reserves (US EIA 2017), 

and based on some estimates up to 60% (Burchette 2012). In the Middle East, carbonates 

alone contain close to half of the world’s hydrocarbon resources (Edgell 1997). Source 

shales also contain significant amounts of organic matter from which people can extract 

hydrocarbons. Hydrocarbon production from shale formations has changed the global 

energy supply, and will play an increasingly important role in the oil and gas industry. 

The US EIA (2017) estimates that the U.S. has close to 200 trillion cubic feet of proved 
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shale gas and it may have nearly 623 trillion cubic feet of additional unproved shale gas, 

which is technically recoverable.  

There are many technical challenges in producing hydrocarbons from shale 

formations. For instance, seismic data processing lacks accuracy (Sayers 2005); the 

effective transport properties of shales are not fully understood (Sakhaee-Pour and Bryant 

2012); and economic feasibility studies and hydraulic fracturing design face challenges 

(Soliman et al., 2004; Warpinski et al., 2013; Wong et al., 2017). Geomechanics plays an 

important role in addressing these issues. 

Geomechanics is important in seismic interpretation for shale formations. Seismic 

data allows one to identify the potential geological structures that influence the oil and 

gas exploitation from shales. These data, such as the wave velocity, seismic impedance, 

and seismic amplitude, are strongly impacted by the shale characteristics. Seismic 

uncertainties can be reduced by incorporating the geomechanical characteristics of shales 

in the interpretation (Wang 2002; Barkved and Kristiansen 2005).  

Geomechanics is crucial for successful drilling and completion operations. First, 

shale formations may be fractured if the circulating fluid in the wellbore provides a 

pressure that the formation cannot withstand. The occurrence of this issue causes a 

significant loss of the circulating fluid. Geomechanics can help to identify the formation 

fracture resistance, thus avoiding this issue (Bourgoyne et al., 1991). Second, drilling 

releases the radial confinement of the penetrated shales, which may cause wellbore 

instability. The investigation of wellbore stability requires a comprehensive knowledge of 

the rock strength and in-situ stresses, as well as of wellbore geometry, inclination, and 

trajectory (Zoback 2010).  
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Geomechanics is also an essential part of integrated reservoir characterization. An 

accurate determination of in-situ stresses enables us to better estimate the reservoir 

deliverability because the permeability is stress dependent. Further, reservoir depletion 

changes the formation pore pressure, which causes an increase of the effective stresses. 

Researchers have reported that many issues, such as surface subsidence, casing 

deformation, fault activation, and bedding-parallel slip, are related to effective stress 

changes (Sayers and Schutjens 2007).  

Another important application of geomechanics is hydraulic fracturing. Hydraulic 

fracturing is a stimulation technique in which large amounts of fluid and sands are 

usually injected into the formation (Montgomery and Smith 2010; Dahi-Taleghani and 

Olson 2011; Sesetty and Ghassemi 2015). The shale reservoir is usually fractured in order 

to increase its permeability. The formation fracture gradient often varies significantly 

along a well. Shale formations respond differently to fluid injection. Maxwell (2011) 

reported that fluid injection created macroscopic fracture planes at some injection points, 

while it induced complex fracture networks at other locations. Geomechanics can help us 

to gain a deeper understanding of the outcome of hydraulic fracturing operations. 

Realizing the importance of geomechanics, researchers have characterized the 

pertinent properties of shale samples from triaxial tests on large scale samples such as 

core plugs (~ 1 in). For several reasons, however, it is not always possible to conduct 

such measurements. First, it is difficult to recover a core plug because the shale formation 

is mechanically unstable and usually breaks down into pieces during extraction (Donath 

1961; Gomes and He 2012; Cheng et al., 2015). Second, extensive coring work with a 
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coring interval of 3 to 5 ft (Xu and Sonnenberg 2016) is required to cover the formation 

of interest, which dramatically increases the associated cost. 

Due to these difficulties in characterizing the geomechanical properties of shale 

formations from large-scale samples, researchers have used small-scale (sub core-scale) 

samples to predict the relevant properties at the core scale. For instance, researchers have 

conducted nanoindentations (Bobko and Ulm 2008) and used scanning electron 

microscopes (Bennett et al., 2015) on small samples (a few millimeters in size) and have 

analyzed the relation between the measured values and those at the core-scale (Ulm and 

Abousleiman, 2006). A more sophisticated technique, which couples nanoindentation and 

energy-dispersive X-ray spectroscopy (EDX), has also been used to extract the in-situ 

properties of the forming minerals and estimate the mechanical properties of a shale 

formation (Abedi et al., 2015 and 2016; Monfared and Ulm 2016; Veytskin et al., 2017). 

Such small-scale measurements account for the shale heterogeneity and can be conducted 

on drill cuttings, instead of core plugs. Thus, they serve as promising tools for the 

geomechanical characterization of a shale formation, although it is not yet clear whether 

there is a close relation between the measurements made so far and the relevant 

properties at the large scale. 

Researchers have proposed analytical models to predict the geomechanical 

properties of the shale formation at the core scale based on the forming minerals and 

microstructures (Levin and Markov 2005; Ortega et al., 2007; Chen et al., 2016). Based 

on the mineral composition and grain-size distribution, Levin and Markov (2005) and 

Levin et al., (2012) used an effective-medium theory to predict the elastic properties of 

shales at the core scale. The homogenization theory has also been adopted to predict the 
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large-scale properties by accounting for the mineral content and porosity (Ortega et al., 

2007; Chen et al., 2016; Monfared and Ulm 2016). The error associated with the 

analytical method was on the order of 40 to 50% for different shales (Ortega et al., 2007; 

Monfared and Ulm 2016). The analytical models determine the effects of forming 

minerals, but they are complex and difficult to implement. More importantly, they are 

limited to simplified geometries for the void and the grain. 

The present study presents two methods, elaborated in the preceding chapter, to 

predict the core-scale elastic properties of a shale from small-scale measurements. The 

basic concepts and principles of the two methods are introduced in this chapter. For 

completeness, the conventional method for geomechanical characterization of shales at 

the core scale is also discussed. 

  

2.1. Basic concepts of nanoindentation 

Hertz’s contact theory is briefly mentioned because it forms the foundation for the 

interpretation of nanoindentation measurements. In 1886 to 1889, Hertz pioneered 

analytical solutions for the stress and displacement distribution in an elastic body 

subjected to a force on a free surface. These analytical solutions have been illustrated in 

many elasticity books, such as that of Landau and Lifschitz (1999). Thus, they are not 

elaborated here. However, it is important to mention two major assumptions of Hertz’s 

work (Johnson et al., 1971): 1) the force is applied on an infinitely large half-space of an 

elastic medium; and 2) adhesive force is ignored between the two media in contact. These 

two assumptions have been modified accordingly to discover more applications (Popov 
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2010). Nanoindentation is one typical application of Hertzian contact theory. The 

remaining content in this section covers the fundamental concepts of nanoindentation. 

 

2.1.1. Nanoindentation modulus 

Nanoindentation is usually applied to determine the mechanical properties of a 

homogeneous medium. A hard tip with known geometry and mechanical properties is 

placed on the surface of the medium. The force is then increased continuously and the 

penetration depth is recorded. The force-displacement measurements (Fig. 2.2) allow us 

to calculate the indentation modulus as follows (Fischer-Cripps 2004): 

𝑀 = 
√𝜋

2α

𝑆

√𝐴𝑐

, 
(2.1) 

where 𝑀 is the indentation modulus, α is a correction factor related to the geometry of 

the indenter ( = 1.034 for a Berkovich tip), 𝑆 is the slope of the force-displacement curve 

at the beginning of the unloading (Figure 2.2), and 𝐴𝑐 is the projected contact area.  

 

 

Figure 2.2 – A representative load-displacement curve of a nanoindentation test. The 

slope S at the beginning of the unloading is used to determine the indentation 

modulus M according to Eq. 2.1 (courtesy of Li and Sakhaee-Pour 2016). 
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Oliver and Pharr (1992) suggested the following equation to calculate the 

projected contact area (𝐴𝑐) for a Berkovich indenter: 

𝐴𝑐 = 24.5 ℎ𝑐
2 + 𝐶1ℎ𝑐

1 + 𝐶2ℎ𝑐
1/2

+ 𝐶3ℎ𝑐
1/4

+ ⋯ + 𝐶8ℎ𝑐
1/128

, (2.2) 

where ℎ𝑐  is the depth of the elastic contact, and 𝐶1 through 𝐶8 are constants. Only the 

lead term is necessary for a sharp Berkovich tip; other terms are needed when the tip is 

blunt. 

The depth of the elastic contact (ℎ𝑐) can be obtained from the following equation 

(Oliver and Pharr 1992): 

ℎ𝑐 = ℎ𝑚𝑎𝑥 −
2

𝜋
(𝜋 − 2)

𝑃𝑚𝑎𝑥

𝑆
, 

(2.3) 

where ℎ𝑚𝑎𝑥 is the maximum indentation depth that is recorded during the test. 

The Young’s modulus is determined based on the indentation modulus (𝑀) as 

follows (Fischer-Cripps 2004):  

1

𝑀
=

1 − ν2

𝐸
+

1 − ν𝑖
2

𝐸𝑖
, 

(2.4) 

where 𝐸 is the Young’s modulus of the indented medium, ν is the Poisson’s ratio of the 

indented material, 𝐸𝑖 is the Young’s modulus of the indenter, and ν𝑖 is the Poisson’s ratio 

of the indenter. 

  

2.1.2. Hardness 

Hardness can also be obtained from a nanoindentation as follows (Fischer-Cripps 

2004): 

𝐻 = 
𝑃𝑚𝑎𝑥

𝐴𝑐
, 

(2.5) 
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where 𝐻 is the hardness of the indented medium, 𝑃𝑚𝑎𝑥 is the applied force, and 𝐴𝑐 is the 

projected contact (Eq. 2.2). 

The indentation hardness is related to the strength properties of the medium. For a 

cohesive medium, researchers have proposed many theoretical models to study the 

correlation between the hardness (H) and the yield stress (Y) (Hill et al., 1947; Samuels 

and Mulhearn 1957; Tabor 1985; Johnson 1987; Fischer-Cripps 2004), and the general 

rule of thumb is that the ratio of H to Y is equal to 3 (Cheng and Cheng 2004). In contrast, 

the hardness–strength relation of a cohesive-frictional medium, like a rock, has not been 

studied in the same depth and the existing models are mainly empirical (Chollacoop et 

al., 2003; Constantinides et al., 2003). For instance, Ganneau et al., (2006) proposed the 

following relation to determine the cohesion and friction angle:  

𝐻

𝑐
=

1

𝑡𝑎𝑛φ
∑(𝑎𝑘 ∙ 𝑡𝑎𝑛φ)𝑘

6

𝑘=1

, (2.6) 

where c is cohesion, φ is the friction angle, and a1 = 5.7946, a2 = –2.9455, a3 = 2.6309, 

a4 = 4.2903, a5 = –3.4887, a6 = 2.7336 are tuning parameters, which depend on the tip 

geometry. Ganneau’s model suggests that the value of H/c varies from 16 to 115 when 

the friction angle changes from 20° to 40°. 

   

2.1.3. Indenter tips 

It is necessary to review the popular indenter tips because the interpretation of the 

nanoindentation measurements depends on the geometry of the indenters. Fig. 2.3 

illustrates four major nanoindentation tips: spherical, conical, Vickers, and Berkovich. 
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Cube core and Knoop tips are not shown here because they are less popular in 

applications (Fischer-Cripps 2004).  

Indenters are usually classified into blunt and sharp tips based on their geometry. 

Although there are no widely-accepted criteria for tip classification (Fischer-Cripps 

2004), a common definition is that a blunt tip provides a smooth transition from elastic to 

plastic contact in the indentation test, while a sharp tip induces plastic (irreversible) 

deformation immediately after contact (Lawn and Wilshaw 1993). Thus, a spherical 

indenter (Fig. 2.3a) is usually considered to be a blunt tip, whereas conical, Vickers, and 

Berkovich indenters (Fig.s 2.3b−d) are classified as sharp tips (Fischer-Cripps 2004).  

The tips are usually made of diamond because it is brittle and hard, which eases 

the interpretation of the nanoindentation measurements. The typical Young’s modulus 

and Poisson’s ratio of a diamond are 1143 GPa and 0.0691, respectively (Klein and 

Cardinale 1993). Thus, the second term on the right-hand side of Eq. 2.4 is negligible for 

indentations on various media, such as metals, glasses, ceramic, concrete, and rocks 

(Page et al., 1992; Shi and Falk 2007; Ulm et al., 2007). 

 

 

Figure 2.3 – Typical indenter tips: (a) spherical, (b) conical, (c) Vickers, (d) Berkovich 

(courtesy of Fischer-Cripps 2004). 
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The geometry of a spherical indenter is shown in Fig. 2.3a. The tip is typically 

made of a sphero-cone for easy mounting on the indentation equipment. In the test, only 

the spherical tip of the indenter is used to penetrate the medium of interest.  

Another popular indenter is the conical tip (Fig. 2.3b). It is easy to calculate the 

contact area when this indenter is used, and thus it has been widely used to measure the 

mechanical responses of a number of materials, such as copper (Dugdale 1954), 

aluminum foam (Ramamurty and Kumaran 2004), thin films (Li and Bhushan 1998), 

glasses (Wright et al., 2001), and rocks (Zhu et al., 2007). 

Vickers and Berkovich indenters have four-sided and three-sided pyramid tips 

(Figs. 2.3 c and 2.3d), respectively. They are the most popular tips in nanoindentation 

measurements because the tips are easy to construct and generate geometrical similarity 

in penetration (Fischer-Cripps 2004). Geometrical similarity is discussed below.  

 

2.1.4. Geometrical similarity  

Conical and pyramid indentations have the property of geometrical similarity, 

which captures the ratio of the characteristic size of the contact to the penetration depth 

of the indenter remains constant for an increasing load. The importance of geometrically 

similar indentations is that the strain of the material under test remains constant, 

independent of the applied load (Oliver and Pharr 1992). Thus, geometrical similarity can 

significantly simplify the calculation of the stress field in the material under indentation 

(Tabor 1996). 

Geometrical similarity helps us to define an equivalent cone for a pyramid 

(Vickers or Berkovich) indenter. This is because the projected area of contact can be 
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expressed as a function of the penetration depth for both conical and pyramid indenters. 

Owing to the geometrical similarity, a Vickers or Berkovich tip has a semi-angle of 70.3° 

for an equivalent conical indenter. This semi-angle of an equivalent cone provides 

convenience when analyzing nanoindentations taken with the pyramidal indenters.  

Another merit of geometrical similarity is that it provides an easy way to calculate 

the projected area of contact in an indentation, which is necessary for the indentation 

hardness determination (Eq. 2.5). For a given indenter with geometrical similarity, the 

projected area of contact can be analytically determined from the recorded penetration 

depth (Oliver and Pharr 1992). Therefore, researchers no longer need to measure the 

value of contact area, which is difficult, after the completion of the nanoindentations.  

 

2.1.5. Sources of error for nanoindentation 

Sources of error for nanoindentation need to be discussed for completeness. First, 

the nanoindenter should be mounted on a vibration-damping table to eliminate the error 

associated with noise in the environment (Bec et al., 2006). Second, temperature or 

electronic fluctuations can cause thermal drift of the tip, which results in measurement 

error (Briscoe et al., 1998). The thermal drift can be quantified from the beginning or end 

of the holding periods of the tests. To minimize this effect, the nanoindentations are 

usually done in a thermally stable environment. 

Surface roughness of the sample is another issue that may cause measurement 

errors (Bobko 2008). This is a particular problem when a sharp tip is indented on a rough 

surface, especially for small indentation depths (Bennett et al., 2015). Therefore, the 
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surface roughness of the sample needs to be accounted for in order to determine 

meaningful indentation depths.  

There are other factors that could affect the accuracy of the nanoindentation 

measurements, such as instrument compliance, piling-up and sinking-in of the indented 

specimen, and tip rounding. A comprehensive review can be found in Fischer-Cripps 

(2004), where suggestions are also given for minimizing the effects of those factors. 

 

2.2. Nanoindentation measurements on shales 

Equations (2.1) to (2.6) are originally derived to interpret nanoindentation results 

on a homogeneous and isotropic medium, whose relevant properties do not vary spatially. 

The application of nanoindentation to shales requires further interpretation because they 

are heterogeneous at various length scales and possess complex structures in the matrix. 

Heterogeneity significantly hinders our understanding of nanoindentations 

conducted on shales. Shales are composed of organic matter, clays, carbonates, quartz, 

and pyrite in varying amounts. These minerals have different mechanical properties 

(Mavko et al., 2009) and form grains with characteristics ranging from nano- to 

micrometer (Bobko and Ulm 2008; Loucks and Ruppel 2007; Pommer and Milliken 

2015). In other cases, the grain sizes may vary up to a few millimeters (Emmanuel 2014). 

The various grain sizes make the nanoindentation of shales difficult because it is quite 

possible for the tip to penetrate multiple minerals in each indent, and there is no 

analytical model for the interpretation of such measurements.  

Ulm and Abousleiman (2006) pioneered the interpretation of nanoindentations on 

shales. They hypothesized that, for a material composed of two different phases, a single 
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indent gives access to the mechanical properties of the indented phase if the penetration 

depth is much smaller than the characteristic size of the phases.  They conducted a 

number of nanoindentations with penetration depths about 200 nanometers and 

distinguished three to four mechanical phases from a statistical analysis. Following the 

same hypothesis, other researchers have determined the mechanical properties of the 

forming minerals in shales from nanoindentation measurements (Bobko and Ulm 2008; 

Abedi et al., 2016; Monfared and Ulm 2016; Liu et al., 2016 and 2018). One problem in 

the work of Ulm and Abousleiman (2006) is that they do not directly identify the mineral 

type of the penetrated phase in a single indent. Instead, they infer the mineral type by 

comparing the interpreted elastic modulus with the reported values of minerals in 

literature. Chapter 3 will discuss predicting the core-scale properties if the indentation 

results are assumed to be relevant to the bulk property, as opposed to a local property.  

A coupled indentation–energy–dispersive X–ray spectroscopy (EDX) analysis has 

been developed to directly identify the probed mineral type in a single indent (Abedi et 

al., 2015 and 2016). EDX analysis enables one to obtain the elemental composition of the 

impression, from which the probed mineral type can be determined. This method was 

applied to Haynesville, Barnett, Marcellus, Fayetteville, and Antrim shales. The average 

of the measured mechanical properties of minerals was close to the reported values in the 

literature, although there was significant variation in the measured elastic properties for a 

specific mineral. 

The method of Ulm and Abousleiman (2006) needs further discussion. First, their 

method was only for small-scale (sub-micrometer) measurements because their objective 

was to determine the mechanical properties of the forming phases of shales from 
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nanoindentations. It is unclear how nanoindentation can be used to determine the core-

scale properties of shales for engineering applications. Second, their hypothesis may 

overlook the effect of the softer entities on the nanoindentation measurements. It is 

possible that a single nanoindentation determines the effective properties of a combined 

volume, instead of only the probed grain.  

Other researchers have applied a larger penetration depth, on the order of 

micrometers, to measure the mechanical properties of shales from nanoindentation 

(Bennett et al., 2015; Liu et al., 2016 and 2018). For a larger penetration depth (3–5 

micrometers), the indentation measurements are relatively consistent and reproducible 

because the grain-scale heterogeneity may be suppressed at this measurement scale. 

However, it is not clear whether there is a close correlation between the nanoindentation 

results at this penetration depth and the relevant properties at the large scale.  

It is unclear whether nanoindentation can be used to determine the anisotropic 

properties of shales at the core scale. The elastic anisotropy of shales can be attributed to 

the intrinsic anisotropy of clays (Sayers 2005), the microfabric structures of clays and 

organic matter (Hornby et al., 1994; Sone and Zoback 2013a), and the presence of the 

bedding planes. The nano- to microscale indentations may sense the intrinsic anisotropic 

elastic properties of clays (Bobko and Ulm 2008), but may overlook the other two factors 

due to the non-comparable characteristic sizes.  

Despite these issues, nanoindentation is a promising tool for the geomechanical 

characterization of shale formations because it accounts for the heterogeneity of the shale 

and can be conducted on drill cuttings, instead of on core plugs. However, a model must 
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be developed to correlate the nanoindentation measurements and the relevant properties 

at a large scale. 

 

2.3. Theoretical modeling of elastic properties of shales at the core scale 

based on the forming minerals  

The geomechanical properties of shales at the core scale depend on a number of 

factors. First, the mineral composition has a significant effect on the geomechanical 

behavior of shales (Josh et al., 2012). Researchers have reported the inverse correlations 

between the core-scale elastic properties of shales and the volume fraction of kerogen and 

clays, which are the weak minerals in the bulk volume (Sone and Zoback 2013a). Second, 

the microfabric structures of the forming minerals also influence the geomechanical 

properties of shales, when the anisotropic sheet-like clay particles are generally aligned 

parallel to the bedding (Sayers and den Boer 2016). It has also been documented that 

kerogen structures would affect the geomechanical properties of shales (Vernik and Liu 

1997). Third, the geomechanical properties of shales decrease at an elevated temperature 

(Rybacki et al., 2015). Fourth, the orientation of the bedding planes has a profound effect 

on the measured geomechanical properties of shale cores (Sone and Zoback 2013a; 

Rybacki et al., 2015). Other factors, such as the porosity, water saturation, pore pressure, 

and strain rate more or less alter the geomechanical properties of shales at the core scale 

(Josh et al., 2012; Rybacki et al., 2015; Kamali-Asl et al., 2018). 

Researchers have applied differential effective medium (DEM) theory to predict 

the geomechanical properties of shales at the core scale from the forming minerals. 

Hornby et al., (1994) formulated a DEM method to predict the anisotropic elastic 
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properties of shales from the porosity, pore structure, clay platelet orientation, and silt 

grains of other minerals. The pores and silt geometries were simplified to derive an 

analytical solution. The predicted results agreed with the independent velocity 

measurements. Modifications of this method have been reported in the literature (Mukerji 

et al., 1995; Levin and Markov 2005; Bachrach 2011). Mavko et al., (2009) conducted a 

comprehensive review of this method. 

Homogenization theory has also been adopted to predict the core-scale properties 

of shales by accounting for the mineral content and porosity. Ortega et al., (2007) 

elaborated a multiscale homogenization scheme for the shales without organic matter 

under the assumption that the pores resided in clays. The predicted elastic moduli were 

consistent with the reported values in the literature from velocity measurements. 

Researchers then applied this method to organic-rich shales by including porous kerogens 

(Monfared and Ulm 2016). Chen et al., (2016) incorporated the interfacial transition zone 

in the homogenization approach to account for the bonding between the host medium and 

the inclusions. 

Several issues, however, are associated with the DEM and the homogenization 

approaches. First, it is difficult to implement the analytical formulations. Second, they are 

limited to simplified void and grain geometries such as spheres and spheroids. Third, 

some of the input parameters of the homogenization approach have to be back calculated 

from core-scale measurements. For instance, it is impossible to directly measure the 

properties of the interfacial transition zone in the laboratory, as discussed in Chen et al., 

(2016). 
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2.4. Elastic energy of a solid medium  

The elastic potential energy of a solid medium is reviewed here because the 

concepts are necessary for predicting the geomechanical properties of a shale sample at 

the core scale based on the forming constituents in the hierarchical model (Fig. 1.2). The 

potential energy in the elastic deformation can be determined as follows (Sakhaee-Pour 

2009): 

𝑈𝑡𝑜𝑡𝑎𝑙 = ∑ 𝑈𝑟 + ∑ 𝑈θ + ∑ 𝑈ϕ, 
(2.7) 

where 𝑈𝑟 , 𝑈θ , and 𝑈ϕ  are the stretching energy, the angle bending energy, and the 

torsional energy, respectively. The energy terms can be related to the corresponding 

deformations as follows: 

𝑈𝑟 =
1

2
𝑘𝑟(𝑟 − 𝑟0)

2 =
1

2
𝑘𝑟( 𝑟)2, 

(2.8a) 

𝑈θ =
1

2
𝑘θ(θ − θ0)2 =

1

2
𝑘θ( θ)2, and 

(2.8b) 

𝑈ϕ =
1

2
𝑘ϕ(ϕ − ϕ0)

2 =
1

2
𝑘ϕ( ϕ)2, 

(2.8c) 

where 𝑘𝑟 , 𝑘θ, and 𝑘ϕ are the stretching stiffness, the bending stiffness, and the torsional 

stiffness, respectively, and  𝑟,  θ, and  ϕ denote the corresponding variations from the 

initial positions in equilibrium.  

The theory of structural mechanics is used to determine the potential energy under 

elastic deformation. The total potential energy of the solid medium subjected to an 

external loading includes stretching or compression, bending, and twisting (Fig. 2.3). The 

stretching or compression energy of the solid medium with a constant cross-sectional area 

can be derived as follows (Li and Chou 2003): 
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𝑈𝐴 =
1

2
∫

𝑁2

𝐸𝑚𝐴𝑚
𝑑 =

𝐿𝑚

0

1

2

𝑁2 

𝐸𝑚𝐴𝑚
=

1

2

𝐸𝑚𝐴𝑚

𝐿𝑚
( 𝐿𝑚)2, 

(2.9) 

where 𝑈𝐴 is the stretching- or compression-potential energy, 𝑁 is the axial load, 𝐸𝑚 is the 

Young’s modulus of the solid medium, 𝐿𝑚 is the length of the solid medium, 𝐴𝑚 is the 

constant cross-sectional area of the solid medium, and  𝐿𝑚 is the change in length of the 

solid medium.  

The bending energy of the solid medium can also be determined as follows (Li 

and Chou 2003): 

𝑈𝑀 =
1

2
∫

𝑀2

𝐸𝑚𝐼𝑚
𝑑 =

𝐿𝑚

0

2𝐸𝑚𝐼𝑚
𝐿𝑚

α2 =
1

2

𝐸𝑚𝐼𝑚
𝐿𝑚

(2α)2, 
(2.10) 

where 𝑈𝑀 is the bending-potential energy, M is the bending load, 𝐼𝑚 is the moment of 

inertia, and α is the rotational angle of the ends. 

 

 

Figure 2.4 – Potential-energy terms in structural mechanics (Li and Chou 2003). 

 

Applying a torsional load also results in a potential energy that can be computed 

as follows (Li and Chou 2003): 
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𝑈𝑇 =
1

2
∫

𝑇2

𝐺𝑚𝐽𝑚
𝑑 =

𝐿𝑚

0

2 𝑇2𝐿𝑚

𝐺𝑚𝐽𝑚
=

1

2

𝐺𝑚𝐽𝑚
𝐿𝑚

( β)2, 
(2.11) 

where 𝑈𝑇 is the torsional energy, T is the pure torsion, 𝐺𝑚 is the shear modulus, 𝐽𝑚 is the 

polar moment of inertia, and  β is the relative torsion angle. 

The potential-energy terms derived from the two approaches are independent. 

Thus, the corresponding terms can be set equal as follows: 

𝑘𝑟 =
𝐸𝑚𝐴𝑚

𝐿𝑚
, 

(2.12a) 

𝑘θ =
𝐸𝑚𝐼𝑚
𝐿𝑚

, and 
(2.12b) 

𝑘ϕ =
𝐺𝑚𝐽𝑚
𝐿𝑚

. 
(2.12c) 

These relations dictate the effective stiffness of a solid medium (grain with a 

known mineralogy) dependent on its elastic properties (𝐸𝑚 and 𝐺𝑚) and the geometrical 

parameters (𝐴𝑚, 𝐼𝑚, and 𝐽𝑚). The elastic properties and the grain size available in the 

literature will be used subsequently to determine the pertinent terms. 

The proposed hierarchical model (Fig. 1.2) includes a grain-scale model and a 

core-scale model. The grain-scale model requires a representative element that is 

mechanically equivalent to the grain in the shale matrix. Eqs. 2.7 to 2.12 will be used to 

develop the representative elements, which are the building elements in the core-scale 

model.  
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2.5. Measurements of elastic properties of shales at the core scale 

2.5.1. Dynamic elastic properties 

Shales are characterized by five independent elastic constants in the constitutive 

stress-strain relation. The generalized Hooke’s law for a transversely isotropic (TI) 

medium is as follows (Jaeger et al., 2007): 

[
 
 
 
 
 
σ11

σ22

σ33

σ12

σ23

σ13]
 
 
 
 
 

=

[
 
 
 
 
 
𝑐11

𝑐12

𝑐13

0
0
0

  𝑐12

  𝑐11

  𝑐13

0
0
0

  𝑐13

  𝑐13

  𝑐33

0
0
0

0
0
0

  𝑐44

0
0

0
0
0
0

  𝑐44

0

0
0
0
0
0

  𝑐66]
 
 
 
 
 

[
 
 
 
 
 
ε11

ε22

ε33

ε12

ε23

ε13]
 
 
 
 
 

, (2.13) 

where σ𝑖𝑗  is the stress tensor, ε𝑖𝑗  is the strain tensor, 𝑐𝑖𝑗  is the elastic constants, and 

assuming “3” denotes the direction parallel to the material symmetry axis. 

Ultrasonic pulse velocities (UPV) can be related to the five independent elastic 

constants (𝑐11 , 𝑐12 , 𝑐13 , 𝑐33 , 𝑐44  in Eq. 2.13). There are only five independent elastic 

constants for a TI medium because of the existence of the plane of isotropy in which the 

elastic constants do not depend on directions (Jeager et al., 2009). In the measurements, 

the UPV signals are emitted and travel through the sample in predefined directions, as 

shown in Fig 2.5. The recorded velocities allow us to determine the elastic constants as 

follows (Tran 2009): 

𝑐11 = ρ𝑉𝑃0
2 , (2.14a) 

𝑐33 = ρ𝑉𝑃90
2 , (2.14b) 

𝑐44 = ρ𝑉𝑆90
2 , (2.14c) 

𝑐66 = ρ𝑉𝑆0
2 , (2.14d) 

𝑐12 = 𝑐11 − 2𝑐66, and (2.14e) 
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𝑐13 = −𝑐44 +
√(𝑐33𝑐𝑜𝑠2β + 𝑐44𝑠𝑖𝑛

2β − ρ𝑉𝑃β
2 )(𝑐11𝑠𝑖𝑛2β + 𝑐44𝑐𝑜𝑠2β − ρ𝑉𝑃β

2 )

𝑠𝑖𝑛β𝑐𝑜𝑠β
. 
(2.14f) 

 

 

Figure 2.5 – Schematic of acoustic measurements (Tran 2009). The subscripts “P” and 

“S” represent the P wave and S wave, respectively. The gray arrows indicate 

the polarization directions of the S wave. 

 

The elastic and shear moduli, as well as the Poisson’s ratios, can be determined 

based on the constants listed in Eq. 2.13, as follows (Tran 2009): 

𝐸1 =
𝑐11

2 𝑐33 − 𝑐12
2 𝑐33 − 2𝑐13

2 𝑐11 + 2𝑐13
2 𝑐12

𝑐11𝑐33 − 𝑐13
2 , (2.15a) 

𝐸3 =
𝑐11𝑐33 + 𝑐12𝑐33 − 2𝑐13

2

𝑐11 + 𝑐12
, (2.15b) 

ν13 =
𝑐12𝑐33 − 𝑐13

2

𝑐11𝑐33 − 𝑐13
2 , (2.15c) 

ν31 =
𝑐13

𝑐11 + 𝑐12
, and (2.15d) 

𝐺 = 𝑐44, (2.15e) 



 

29 
 

where 𝐸1  is the elastic modulus perpendicular to the symmetry axis, 𝐸3  is the elastic 

modulus parallel to the symmetry axis, ν13 is the Poisson’s ratio that demonstrates the 

lateral strain of the sample subjected to an external force parallel to the bedding plane, 

ν31 is the Poisson’s ratio that demonstrates the horizontal strain of the sample subjected 

to an external force perpendicular to the bedding plane, and G is the shear modulus in the 

plane perpendicular to the bedding. 

Eqs. 2.14 and 2.15 determine the dynamic anisotropic elastic properties of a shale 

at the core-scale. These dynamic properties (strain on the order of 10-7) are usually 

different from the static properties (strain on the order of 10-2), which are more 

representative of the deformation of shales in the drilling and hydraulic fracturing 

operations (Mavko et al., 2009). Researchers have proposed empirical equations to 

correlate the dynamic elastic properties to static values, although these introduce 

significant uncertainties (Chang et al., 2006; Wong et al., 2008). 

 

2.5.2. Static elastic properties 

The static elastic properties are usually determined from quasi-static 

compressions on core plugs (Jaeger et al., 2009). To obtain the elastic properties, 

compressions must be conducted on plugs whose axes align differently to the bedding 

planes, as shown in Fig. 2.6. Fig. 2.6a shows one sample whose axis is perpendicular to 

the bedding. Fig. 2.6b shows the case when the axis of sample is parallel to the bedding. 

In Fig. 2.6c, the axis of sample is inclined to the bedding. 
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For axial loading on a sample whose axis is perpendicular to the bedding (Fig. 

2.6a), there are two equations that relate the elastic constants to the stress and strain 

(Amadei 1996): 

ε3

σ𝑎
=

1

𝐸3
 and 

(2.16a) 

ε1

σ𝑎
=

ε2

σ𝑎
=

ν31

𝐸3
. (2.16b) 

where σ𝑎  is the axial stress, ε3  is the axial strain, 𝐸3  is the Young’s modulus 

perpendicular to the bedding, ε1 is equal to ε2 (lateral strain), and ν31 is the Poisson’s 

ratio that characterizes the lateral strain response in the bedding plane when a force acts 

perpendicular to it. 

 

 

a. b. c. 

Figure 2.6 – Schematic of lab measurements for determining the elastic constants of an 

anisotropic medium (Amadei 1996). 

 

For axial loading on the sample whose axis is parallel to the bedding (Fig. 2.6b), 

three equations relate the elastic constants to the stress and strain (Amadei 1996):  
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ε3

σ𝑏
=

1

𝐸1
, 

(2.17a) 

ε2

σ𝑎
=

ν13

𝐸1
, and 

(2.17b) 

ε1

σ𝑏
=

ν31

𝐸3
, 

(2.17c) 

where σ𝑏 is the axial stress, ε3 is the axial strain, 𝐸1 is the Young’s modulus parallel to 

the bedding, σ𝑎  is the lateral stress, ε1  and ε2  denote the lateral strains, and ν13  is the 

Poisson’s ratio that characterizes the lateral strain response in the bedding plane when a 

force acts parallel to it, ν31 is the Poisson’s ratio that describes the lateral strain response 

in the bedding plane when a force acts perpendicular to it, and 𝐸3 is the Young’s modulus 

perpendicular to the bedding plane. 

For axial loading on the sample whose axis is inclined to the bedding (Fig. 2.6c), 

there are also three equations relating the elastic constants to the stress and strain 

(Amadei 1996):  

ε3

σ𝑐
=

𝑠𝑖𝑛4θ

𝐸1
+

𝑐𝑜𝑠4θ

𝐸3
+

𝑠𝑖𝑛22θ

4
(−

2ν31

𝐸3
+

1

𝐺
), 

(2.18a) 

ε1

σ𝑐
=

𝑠𝑖𝑛22θ

4
(

1

𝐸1
+

1

𝐸3
−

1

𝐺
) −

ν31

𝐸3

(𝑐𝑜𝑠4θ + 𝑠𝑖𝑛4θ), and 
(2.18b) 

ε3

σ𝑐
= −𝑠𝑖𝑛2θ

ν13

𝐸1
− 𝑐𝑜𝑠2θ

ν31

𝐸3
, 

(2.18c) 

where ε3 is the axial strain, σ𝑐 is the axial stress, θ is the angle between the bedding and 

the axis of the sample, 𝐸1 and 𝐸3 are the Young’s moduli parallel to and perpendicular to 

the bedding, respectively, G is the shear modulus in the plane perpendicular to the 

bedding, ν31 and ν13 are the Poisson’s ratios that characterize the lateral strain response 

in the bedding plane when a force acts perpendicular to and parallel to it, respectively. 
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To determine the five independent elastic constants of an anisotropic medium, 

researchers usually use three or more samples (Barla 1974; Jaeger et al., 2009), as shown 

in Fig. 2.6. Because there are more than five strain measurements in this method, the 

least-square method is required to calculate the best-fit values for the five elastic 

constants. Cho et al., (2012) developed a method to compute the five elastic constants 

from two samples that have different axes with respect to the bedding. In a case where 

the measurements shown in Figs 2.6a and 2.6c are conducted, the five elastic constants of 

a TI medium can be obtained by solving the following matrix (Cho et al., 2012): 
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1
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, (2.19) 

where the subscript “a” and “c” are relevant to Figs. 2.6(a) and 2.6(c), respectively.  

Researchers usually prepare the samples shown in Figs. 2.6(a) and 2.6(b) to 

measure the static elastic properties of shales because it is more convenient to prepare 

those samples in practice (Sone 2012). In this case, two elastic moduli and two Poisson’s 

ratios can be determined based on Eqs. 2.16a, 2.16b, 2.17a, and 2.17b. The shear 

modulus, G, cannot be obtained, however, because the shear stress and shear strain 

parallel to the bedding are not measured. 
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2.6. X-ray diffraction 

The X-ray diffraction (XRD) can be used to quantify the volume fractions of 

minerals, which are required in the hierarchical model (Fig. 1.2). The uncertainties of the 

mineral characterization with XRD is discussed here. XRD is a non-destructive technique for 

analyzing the crystal structure, chemical composition, and physical properties. XRD 

measures the scattered intensity of an X-ray beam hitting a sample after recording the 

incident and scattered angle, polarization, and wavelength (Suryanarayana and Norton 2013). 

Whereas mineral identification is relatively simple, the accurate analysis of clays remains 

challenging. This is due to the variable chemical compositions, structures, and the 

orientations of the clay minerals (Srodon et al., 2001). The variations result in large 

differences in the intensities of different samples with a similar clay mineral, which may lead 

to uncertainties. Researchers have proposed different methods to reduce the associated 

uncertainties such the whole-pattern fitting approach (Ward et al., 1999) and the diagnostic 

reflections based on random powders (Srodon et al., 2001). A thorough review of the existing 

methods were reported by Suryanarayana and Norton (2013). 

 

2.7. Conclusions 

The fundamental concepts of using nanoindentation to obtain the elastic modulus 

and hardness of a homogeneous medium have been reviewed. The application of 

nanoindentation to shales, which are heterogeneous, has also been elaborated, with a 

focus on the limitations of the current interpretation of the measurements. The limitations 

motivate us to propose an appropriate conceptual model for predicting the core-scale 

elastic properties of shales from nanoindentations. The conceptual model will be 

introduced in Chapter 3. 
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The literature review has covered the existing methods of modeling the elastic 

properties of shales at the core scale from the forming minerals and discussed the issues 

related to the existing methods. The elastic potential energy of a solid medium has also 

been reviewed because the pertinent theories allow us to develop a hierarchical model 

(Fig. 1.2), which will be presented in Chapters 4, 5, and 6. The purpose of the 

hierarchical model is to predict the core-scale geomechanical properties of shales from 

the mineralogy and the void system.  

For completeness, two conventional methods for the geomechanical 

characterization of shales at the core scale have been summarized. Both methods require 

core-scale samples and provide the pertinent properties for validating the predictions of 

the proposed models in this study. 
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Chapter 3. A Conceptual Model to Predict the Core-Scale 

Elastic Modulus of a Shale Based on Nanoindentations 

The content of this chapter has been published in the Journal of Petrophysics (Li 

and Sakhaee-Pour 2016). In this chapter, nanoindentation is used to determine the small-

scale elastic properties of a shale. A conceptual model is proposed to predict the core-

scale elastic properties of the shale from nanoindentations. Predicted elastic properties are 

compared with independent laboratory measurements.  

 

3.1. A conceptual model of the core-scale deformation of a shale 

To interpret the nanoindentation of a heterogeneous medium, researchers 

originally considered a hypothetical solid medium composed of two phases with different 

mechanical properties (Ulm and Abousleiman 2006). They hypothesized that a single 

indentation test evaluates the material properties of the probed phase if the indentation 

depth is much smaller than the characteristic size of the phase considered. This 

proposition allowed them to extract the mechanical properties and the probability of each 

phase, in terms of Gaussian distribution, by conducting a great number of 

nanoindentations.  

Here, a new conceptual model is presented to interpret nanoindentations of a shale 

sample (Fig. 1.1). The hypothesis is that the elastic properties of a shale formation at the 

core scale can be predicted when accounting for the effective stiffness of the constitutive 

entities at a large scale (hypothesis I). This effective stiffness can be determined from 

nanoindentation, in which the local deformation of two entities with significantly 

different mechanical properties is mainly controlled by the softer entity at their contact 
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point. Fig. 1.1a illustrates such interaction between two entities: an applied load causes a 

significant deformation of the softer entity, which is denoted in lighter color, whereas the 

stiffer entity remains almost undeformed.    in Fig. 1.1a represents the change in length. 

The effective stiffness is thus mainly associated with the mechanical properties of the 

softer entity, especially when the difference between their stiffness is significant. Our 

hypothesis implies that the applied load of nanoindentation gives access to the effective 

stiffness of the combined volume, instead of the properties of the probed entity body. 

A shale sample consists of entities with different levels of stiffness. It is difficult 

to determine the spatial distribution and topology of the entity in the packing. Fig. 1.1b 

illustrates a packing as an example to shed light on the difficulty; different colors show 

the stiffness of each entity, with darker color representing increasing stiffness. Fig. 1.1b 

is for clarification, and there is no emphasis on any specific packing. Because the entities 

are randomly distributed, it is impossible to independently determine the effective 

stiffness of their bulk volume a priori. 

The first hypothesis allows us to determine the mechanical properties of the bulk 

medium from nanoindentations. When an indentation load is applied on a specimen 

surface, a combination of the entities forms a loading frame (the dotted line in Fig. 1.1b) 

to sustain the load. The extracted properties from a nanoindentation imply the mechanical 

response of a loading frame that incorporates a locally heterogeneous composite. This 

could help us determine the elastic properties of the bulk volume. 

The main assumption is that the elastic behavior of a bulk shale at macroscale is 

controlled by the loading frames (Fig. 1.1c). Thus, the proposed conceptual model relates 

nanoindentation to core-scale properties by accounting for the pertinent properties of the 
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loading frames, which cannot be easily determined from the grains. The core-scale elastic 

modulus of the Woodford shale will be predicted based on the conceptual model. 

 

3.2. Predicting the core-scale Young’s modulus based on the conceptual 

model 

The conceptual model is applied to Woodford shale samples, whose 

nanoindentations are available in literature. Bobko (2008) collected several Woodford 

samples from a well located at Pontotoc County in Oklahoma. Using a Berkovich 

indenter, he conducted a number of nanoindentations, ranging from 219 to 287, on 

various samples. The applied load was 4.8 mN and the resulting penetration depth ranged 

from 736 to 820 nm, which is less than the typical characteristic dimension of the grains 

in Woodford shale (1 μ𝑚 ). He presented the measurements as a frequency density 

function in terms of the indentation modulus and hardness. This density function was 

then mathematically represented by a summation of several Gaussian distributions with 

the pertinent weighting coefficients. The sum of all the weighting coefficients was equal 

to 1. By minimizing the error between the mathematical representation and the actual 

density function, he determined three Gaussian distributions, each of which was 

characterized by a mean indentation modulus (𝑀1
𝑛, 𝑀2

𝑛, 𝑀3
𝑛) and a corresponding fraction 

(𝑓1
𝑛, 𝑓2

𝑛, 𝑓3
𝑛). Because shale is mechanically anisotropic, he conducted the above work in 

parallel to (𝑥1) and perpendicular to (𝑥3) the bedding planes.  

The nanoindentation moduli of the distributions are used to determine the 

pertinent elastic moduli based on Eq. 2.4. The elastic modulus of the indenter (𝐸𝑖) is 

much larger than that of the shale, and thus its corresponding term is ignored. To 
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determine the elastic moduli in 𝑥3 direction, υ3 is assumed to be 0.3, which is measured 

based on triaxial tests on Woodford shale (Tran 2009). The elastic moduli in 𝑥1 direction 

is determined by using υ1 = 0.2, which is an assumed value because there is no reliable 

value for υ1 in the literature for the formation analyzed. The assumed value is 

representative of υ1 considering data published for other shales (Shukla et al., 2013) and 

other types of rock (Gercek 2007). This does not significantly introduce errors because an 

uncertainty of ±0.1 in the Poisson’s ratio only leads to a 5% derivation in the calculated 

elastic modulus, according to Eq. 2.4. Table 3.1 shows the computed elastic moduli, 

along with the corresponding fractions. In Table 3.1, the corresponding fractions of the 

nanoindentations are represented by 𝑓1
𝑛, 𝑓2

𝑛, and 𝑓3
𝑛. The x1 and x3 denote the directions 

parallel and perpendicular to the axis of symmetry, respectively. 

 

Table 3. 1 – Means of elastic moduli (𝐸1
𝑛, 𝐸2

𝑛, 𝐸3
𝑛) for Woodford shale obtained based 

on nanoindentations (Bobko 2008).  
Depth (m) 𝑓1

𝑛 𝐸1
𝑛(GPa) 𝑓2

𝑛 𝐸2
𝑛(GPa) 𝑓3

𝑛 𝐸3
𝑛(GPa) 

x1 direction 

33.53 0.54 12.85 0.28 22.62 0.18 44.85 

39.93 0.49 10.14 0.26 16.42 0.24 41.58 

46.94 0.39 9.15 0.3 16.60 0.26 46.42 

50.60 0.50 8.29 0.28 16.96 0.22 46.96 

53.34 0.40 11.21 0.35 19.80 0.25 40.93 

56.39 0.44 7.24 0.33 15.42 0.23 40.23 

x3 direction 

33.53 0.45 6.51 0.34 11.49 0.21 38.49 

39.93 0.42 7.30 0.30 12.69 0.28 32.33 

46.94 0.39 10.76 0.33 19.80 0.28 47.69 

50.60 0.45 8.03 0.26 20.80 0.29 50.72 

53.34 0.34 8.53 0.38 15.51 0.28 36.38 

56.39 0.30 6.75 0.23 14.63 0.48 42.27 
 

 

The scale dependency of the Poisson’s ratio needs to be discussed. Strictly 

speaking, the relationship between the indentation and the elastic modulus is valid only 

when the corresponding Poisson’s ratio is implemented at the same scale. Here, the 
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Poisson’s ratio obtained from a large-scale measurement is used to derive the elastic 

modulus from the indentation modulus (Eq. 2.4). This is because there is no nano-scale 

measurement of the Poisson’s ratio for the shales analyzed in the literature. 

The elastic modulus at macroscale can be determined based on the conceptual 

model (Fig. 1.1). The proposed model indicates that when loads are applied on the 

surface of the bulk volume (Fig. 1.1c), the loading frames (Fig. 1.1b) sustain the loads in 

the nanogranular medium. Thus, one can predict the elastic modulus at the macroscale by 

accounting for the elastic properties of the loading frames. Each nanoindentation, when 

made sparsely, gives us the elastic modulus of a single loading frame. The core-scale 

elastic moduli are predicted from the means of the elastic moduli and their corresponding 

fractions, obtained from nanoindentations, as follows: 

𝐸𝑛 = ∑ 𝐸𝑖
𝑛𝑖𝑓𝑖

𝑛𝑖

𝑚

𝑖

, 
(3.1) 

where 𝐸𝑛  is the predicted elastic modulus at the macroscale, m is the number of 

distributions used to fit the mathematical model to the measurements, and 𝐸𝑖
𝑛 is the mean 

of the elastic moduli in the distributions whose corresponding fraction is denoted by 𝑓𝑖
𝑛.  

It is assumed that the loading frames act in parallel (Fig. 1.2b). Thus, the total 

load in the bulk medium is the sum of the corresponding loads in each loading frame. The 

load balance yields the relationship proposed in Eq. 3.1. There are other averaging 

schemes that are not realistic for the proposed assumption. One of them is volume 

averaging, which will be discussed later. Other averaging schemes are not tested because 

they are not realistic given the fundamental assumptions in this study. 
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Figure 3.1 – Predicted elastic moduli (𝐸𝑛1 and 𝐸𝑛3) of Woodford shale are close to the 

macro-scale elastic moduli (𝐸𝑀1 and 𝐸𝑀3 ) measured by ultrasonic pulse 

velocity (Tran 2009).  

 

The predicted elastic moduli are compared with the measurements of core-scale 

samples of Woodford shale from Pontotoc County in Oklahoma (Tran 2009). Fig. 3.1 

presents the results. The core-scale samples were loaded using an inclined direct shear-

testing device and an ultrasonic pulse velocity (UPV) technique was used to obtain the 

elastic properties. The confining stress was equal to 13.79 MPa, and the sample’s 

diameter and thickness were equal to 20 mm and 7.6 mm, respectively. In this 

measurement method, UPV signals are emitted and travel through the sample in x1 and x3 

directions. The velocities of the signals determine the core-scale elastic moduli 𝐸𝑀1 and 

𝐸𝑀3, according to Eqs. 2.14 and 2.15. In Fig. 3.1,  the predicted and measured moduli are 

representative of the dynamic loading, where the subscript “1” and “3” denote directions 

parallel and perpendicular to the bedding plane, respectively. 
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The UPV measurements give the dynamic elastic modulus, which is consistent 

with nanoindentations, considering the nature of the loading. In nanoindentation, the 

elastic modulus is derived from the unloading section of the load-displacement curve, 

which is representative of a dynamic elastic modulus, not a static value (Zoback 2010). 

The predicted elastic moduli based on nanoindentations (𝐸𝑛1 and 𝐸𝑛3) are close to 

the independent core-scale moduli (𝐸𝑀1 and 𝐸𝑀3 ) in the literature (Tran 2009). The 

average 𝐸𝑛1 differs less than 13.2% from the measured 𝐸𝑀1 , while the average 𝐸𝑛3 

deviates from the relevant 𝐸𝑀3 for 9.3%. Therefore, the agreement between the predicted 

values and lab-measured values verifies the first hypothesis (test of hypothesis I). Hence, 

the conceptual model can help us predict the macroscale elastic modulus using 

nanoindentations. However, the predicted elastic moduli do not always follow the 

anisotropy trend observed at the large scale. The large-scale elastic modulus is larger in 

the x1 direction, in contrast to the predicted moduli. This inconsistency is also present in 

the original nanoindentation moduli reported (Bobko 2008). One possible explanation for 

this is that the anisotropy is scale-dependent, and nanoindentations cannot capture the 

anisotropy at a larger scale, even if the predicted results remain close to the actual large-

scale measurements. Thus, the predicted elastic moduli cannot necessarily capture the 

large-scale anisotropy. 

 

3.3. Determination of the core-scale Young’s modulus based on the 

volume fraction of the minerals 

The proposed conceptual model indicates that the effective properties of two 

entities are mainly determined by the softer entity in local deformation, which enables us 
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to obtain a good estimate of the elastic modulus at the core scale (Fig. 3.1). Another 

competing hypothesis is that the effective properties are controlled by the elastic 

properties of both entities at the small scale. The latter hypothesis allows us to predict the 

elastic modulus at the core scale by accounting for the volume fractions of the forming 

entities. Here, the latter hypothesis is applied to predict the elastic modulus at the core 

scale, which is compared with the independent core-scale measurements for validation.  

Eq. 3.2 enables us to predict the elastic modulus at the core-scale by accounting 

for the elastic properties of each forming mineral and its volume fraction, as follows: 

𝐸𝑚 = ∑ 𝐸𝑖
𝑚𝑓𝑖

𝑚

𝑚

𝑖

, 
 (3.2) 

where 𝐸𝑚  is the predicted Young’s modulus at the macroscale, 𝐸𝑖
𝑚  is the Young’s 

modulus of each mineral, and 𝑓𝑖
𝑚 is the corresponding volume fraction of the mineral. 

The elastic modulus of each mineral has been extensively reported in the literature (Table 

3.2), and the volume fraction of each mineral was determined by X-ray diffraction 

(XRD). Eq. 3.2 predicts the elastic modulus of the bulk medium as the volume average of 

the elastic properties of the forming constituents. 

The elastic properties of clay minerals are rare in the literature because they are 

too small to be tested in pure solid form. It is even more difficult to measure the 

anisotropic properties of clay minerals (Sayers and den Boer 2016). Most of the 

measurements are conducted on composite clays, in which the orientation of the clay 

minerals lies in random directions (Wang et al., 2001). The measured results are thus the 

average values, which represent the volume deformation of clays, as shown in Table 3.2. 
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Table 3.2 – Volume fractions of minerals in Woodford shale with depth (Abouslei-

man et al., 2007), with the Young’s modulus of each mineral. 
Depth (m) Kerogen K-Feldspar Kaolinite Illite Chlorite Plagioclase Calcite Quartz Ankerite Dolomite Pyrite 

33.7 0.18 0.02 0 0.2 0 0.01 0.01 0.53 0.02 0 0.03 

47.0 0.14 0.02 0 0.29 0.03 0.03 0 0.36 0.05 0.04 0.04 

47.2 0.175 0 0 0.25 0.03 0.03 0 0.31 0.04 0.03 0.13 

53.4 0.12 0.02 0 0.31 0.05 0.03 0 0.34 0.07 0 0.06 

56.6 0.14 0.02 0.03 0.29 0.04 0.03 0 0.27 0.08 0.06 0.03 

  

𝐸𝑖
𝑚 (GPa) 6.2a 39.7a 56.8b 66.6b 76.6b 69.0a 84.3a 94.5a 98.9a 116.6a 260.6a 

a Mavko et al., 2009; b Wang et al., 2001. 
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Figure 3.2 – Predicted Young’s Moduli of Woodford shale based on the volume fraction. 

The predicted Young’s moduli are significantly greater than the macroscale 

values obtained from independent measurements (Tran 2009). 

 

Fig. 3.2 shows the predicted elastic moduli at core-scale for various Woodford 

samples, along with the lab-measured values. The predicted elastic moduli are isotropic 

because only the volume fraction of each mineral is considered. The predicted values are 

notably larger than the lab measurements because the interaction of adjacent entities is 

ignored in the volume averaging, which overestimates of the contribution of the harder 

minerals to the elastic behavior of the bulk medium. The conceptual model addresses this 

issue, thus achieving a better estimation of the elastic properties at the macroscale. 
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Isotropic elastic moduli have been used to implement the volume-averaging 

approach, and the predictions significantly overestimate the elastic properties of the bulk 

medium. The predicted results will not change significantly even if anisotropic values for 

the minerals (clays) are used. Thus, the main conclusion is still valid, even though 

isotropic properties simplify the elastic behavior of the forming minerals. 

 

3.4. Discussion 

Further discussion is need to investigate the contribution of the loading frames 

associated with the largest fraction (𝑓1
𝑛) to the bulk property (𝐸𝑛). For this reason, Fig. 

3.3 presents the ratio of the contributions of these loading frames (𝐸1
𝑛𝑓1

𝑛) to the predicted 

Young’s modulus (𝐸𝑛). This ratio is smaller than 0.33, simply because the mean of the 

elastic moduli (𝐸1
𝑛 in Table 3.1) is small. These loading frames present elastic moduli 

close to that of kerogen, as shown in Table 3.2. However, the fractions of these loading 

frames, derived from nanoindentations, are significantly larger than the volume fraction 

of kerogen. This discrepancy is consistent with the conceptual model, in which it is 

postulated that the local effective stiffness is determined by the softer entities, even if 

they are not perturbed directly. Thus, the conceptual model explains why the 

nanoindentations yield a larger fraction for the softest loading frames compared to the 

volume of the softest mineral (kerogen) listed in Table 3.2. 

The low elastic modulus associated with the largest fraction may be caused by the 

presence of small-scale fractures in a shale. However, the impact of the microcracks on 

the nanoindentation measurements may be negligible, for the following reason: In 

nanoindentation, the sample is confined locally, due to the indenter’s compression. The 
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typical nanoindentation load and projected area are on the order of 1 mN and 10-12 m2, 

respectively. Thus, the mean contact stress is on the order of 1 GPa where penetration 

takes place. Under such high stress, the microcracks relevant to the load frame are most 

likely to be closed. Although microcracks far from the loading frame may remain 

partially open, their influence on the active nanoindentation may be negligible.  

 

 

Figure 3.3 – Contribution of the loading frames with the largest fraction (𝑓1
𝑛) to the 

Young’s modulus (𝐸𝑛) of the nanogranular medium is smaller than 0.33 

in Woodford shale. 

 

3.5. Conclusions 

A conceptual model was proposed to predict the elastic properties of a shale 

formation at the core-scale based on nanoindentations. The model is based on the 

assumption that the elastic properties of shale at the core scale can be captured if one 

accounts for the effective stiffness of the small-scale constitutive minerals that have 

different mechanical properties. The effective stiffness of different minerals was 
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determined from the local deformation in nanoindentations. The proposed model was 

applied to Woodford shale, and the predicted elastic moduli agreed with independent 

core-scale measurements.  

The core-scale elastic properties of shales were also determined from the 

volumetric average of the properties of the constitutive minerals. In this case, the 

computed core-scale elastic properties significantly overestimated the elastic properties 

of the bulk volume. This proves that it is necessary to account for the effective stiffness 

of different minerals when estimating the core-scale properties of shales. 

The proposed model is important because it provides a proper interpretation of 

nanoindentations of shale, which is heterogeneous. The proposed model also has practical 

applications in predicting the core-scale elastic properties of shales from 

nanoindentations that can be conducted on drill cuttings. 
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Chapter 4. A Hierarchical Model for Predicting the Elastic 

Properties of Shales at the Core Scale 

The content of this chapter has been published in SPE Reservoir Evaluation & 

Engineering (Sakhaee-Pour and Li 2018). A hierarchical model is proposed to predict the 

core-scale elastic properties of shales from the mineralogy, porosity, pore structure, and 

grain-size distribution. The hierarchical model includes a small-scale model, which 

mimics the elastic deformation of a grain with a known mineralogy, and a large-scale 

model, which captures the elastic properties of shales at the core scale.  

 

4.1. A hierarchical model of the elastic deformation of a shale 

4.1.1. Small-scale (grain-scale) model  

A physically representative element is developed to capture the elastic 

deformation of a grain with a known mineralogy. This is relevant to the small-scale 

(grain-scale) analysis of the hierarchical model which is shown in Fig. 1.2. The large-

scale (core-scale) model is discussed subsequently. 

It is assumed that the matrix of a shale is composed of solid grains, porous 

kerogen, and porous clay aggregates, based on the high-resolution images available in the 

literature (Loucks et al., 2009; Akrad et al., 2011; Jin and Sonnenbergy 2013; Milliken et 

al., 2013). The solid grains with no porosity, which are non-clay and non-kerogen, are 

relevant to quartz, feldspar, calcite, dolomite, pyrite, and apatite minerals. 

The geometry of the representative element is a cube rather than a sphere, which 

is often used to represent the grains (Herrmann and Luding 1998; Bobko and Ulm 2008), 

for various reasons. A sphere is relatively similar to a solid grain, which is one of the 
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main reasons that spheres are used to model unconsolidated sandstones (Bryant and Blunt 

1992). But the similarity is unclear in shale formations because the matrix undergoes 

significant change and secondary processes, such as compaction and cementation, after 

the solid grains are deposited. 

Further, shale formations have a low pore connectivity, which is more similar to 

the acyclic-pore model (Sakhaee-Pour and Bryant 2015; Sakhaee-Pour and Li 2016; 

Zapata and Sakhaee-Pour 2016). In the acyclic-pore model, there is a unique path 

between any two points, whereas the pore space in the sphere-packing model has a high 

connectivity, with many paths between two points, which is not realistic for shale 

formations. Although the pore connectivity may not change the geomechanical 

properties, a cube-packing model is more realistic because its pore connectivity can be 

assigned to be representative of a shale. The pore connectivity in the pack-of-cubes 

model is unstructured, as opposed to the cyclic pattern in the sphere-packing model 

(Bryant and Blunt 1992). 

Simplicity is another reason for using a cube for the geometry of the 

representative element. A variety of finite-element models have been developed and can 

be used for cubic elements. In the present study, the effective properties of the 

representative elements are determined such that they mimic the solid grains, porous 

kerogen, or clay aggregates in the matrix of a shale. Thus, the geometry of the 

representative element does not play an important role in the numerical results, and other 

geometries may also be used. 

The main objective in developing a representative element is to simulate the 

elastic compression of the grain. Thus, the elastic modulus of the representative element 
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is determined such that its elastic deformation becomes equal to that of the grain for a 

given pure compression. The compressive stiffness of the representative model is set to 

be equal to that of the mineral as 

𝐸𝑟𝐴𝑟

𝐿𝑟
=

𝐸𝑚𝐴𝑚

𝐿𝑚
, 

(4.1) 

where 𝐸𝑟 is the elastic modulus of the representative element, 𝐴𝑟 is the cross-sectional 

area of the representative model, 𝐿𝑟 is the length of the representative model, 𝐸𝑚is the 

elastic modulus of the mineral, 𝐴𝑚 is the cross-sectional area of the corresponding grain, 

and 𝐿𝑚  is the corresponding characteristic length of the grain. The grain sizes can be 

obtained from high-resolution images using X-ray diffraction (XRD) coupled with a 

scanning electron microscope (SEM) (Milliken et al., 2012). It can also be obtained from 

a quantitative electron microscope scanner (QEMSCAN), as has been demonstrated by 

Jin and Sonnenbergy (2013). An average grain size is used in this study and its effect on 

the predicted results is clarified below. 

To model the elastic deformations of porous kerogen and porous clay aggregates, 

the void space that resides inside them and the pore structure needs to be accounted for. It 

is assumed that the voids reside equally in the kerogen and the clay due for reasons of 

practicality. High-resolution images allow us to investigate the spatial distribution of pore 

space in kerogen and clay, but such investigations are limited to rock samples of a small 

size (4−50 μm). It is difficult, although possible, to determine the spatial distribution of 

pore space at the core-scale (~ 2.5 cm) based on the images. The assumption allows us to 

determine the void space inside the kerogen and the clay as 

ϕ𝑘𝑒𝑟𝑜𝑔𝑒𝑛 = ϕ𝑐𝑙𝑎𝑦 =
ϕ𝑡𝑜𝑡𝑎𝑙

𝑓𝑐𝑙𝑎𝑦 + 𝑓𝑘𝑒𝑟𝑜𝑔𝑒𝑛 + ϕ𝑡𝑜𝑡𝑎𝑙
, (4.2) 
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where ϕ𝑡𝑜𝑡𝑎𝑙 is the total porosity determined by helium porosimeter; 𝑓𝑐𝑙𝑎𝑦 is the volume 

fraction of the clay minerals; 𝑓𝑘𝑒𝑟𝑜𝑔𝑒𝑛 is the volume fraction of the kerogen; ϕ𝑘𝑒𝑟𝑜𝑔𝑒𝑛 is 

the local porosity of the porous kerogen, and ϕ𝑐𝑙𝑎𝑦  is the local porosity of the clay 

aggregates. 

The pore structure also plays an important role in the effective properties at the 

small scale (grain scale). A crack-like pore decreases the elastic modulus of the host grain 

more than a spherical pore does. In the proposed model, the effect of the pore structure is 

implemented via aspect ratios. It is supposed that the aspect ratios of the pores inside the 

kerogen and the clay aggregates are equal to 1/3 and 1/20, respectively, based on the data 

available in the literature. Locuks et al., (2009) reported that the aspect ratio of the pores 

in kerogen changes from 1/1.8 to 1/4.8 in Barnett shale. The aspect ratio of the pores in 

clay aggregates is close to 1/20 (Hornby et al., 1994), which is much smaller, because of 

the sheet-like geometry of a clay particle. 

The effective elastic modulus of a porous grain (the porous kerogen and clay 

aggregates in Fig. 1.2) is determined using a finite element method. The elastic properties 

of the pores are set equal to zero and those of the host solid minerals are based on the 

data available in the literature. The determined effective elastic modulus allows us to 

obtain the corresponding elastic modulus of the representative element. 

The elastic modulus of the representative element is determined, while its size is 

assumed to be identical for different minerals. This assumption facilitates developing a 

large-scale model because the representative elements can match easily, and there will be 

no non-matching nodes, which is a famous problem in finite element analyses (Arbogast 

et al., 2000). The corresponding grain size of each mineral and the elastic properties of 
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the minerals are available in the literature (Table 4.1). Thus, the elastic modulus of the 

representative model is the only unknown in Eq. 4.1. 

The size of the representative element is assumed to be equal to 1 μm, which is 

different than the grain size measured from high-resolution images. Both element and 

grain sizes are used to derive the elastic modulus of the representative element according 

to Eq. 4.1. The element sizes for different minerals are specified to be 1 μm because this 

facilitates the development of a large-scale model. It is also assumed that the cross-

sectional area of the grain is proportional to the squares of the length (A ~L2) to determine 

the elastic modulus of the representative element. Table 4.1 lists the elastic moduli of the 

representative elements for different minerals found in Barnett shale. Barnett shale is 

analyzed in this study as an example because its properties are available in the literature. 

Because the effective compressive stiffness of the representative element is equal 

to that of the grain with a known mineralogy, the displacements of equal compressive 

forces applied to both are equal. The Poisson’s ratio of the representative element 

remains that of the grain. The equality of the Poisson’s ratios forces the lateral 

displacements of the two to be equal for the specified compression, because the Poisson’s 

ratio dictates the ratio of the lateral to the vertical displacements. 

The average grain size (Lm) reported for each mineral in Barnett shale is used to 

determine the elastic properties of the representative element (Table 4.1). Milliken et al. 

(2012), after performing an extensive image analysis, reported that the grain size is on the 

order of 5.9−19.2 μm. The elastic modulus of the representative element, which is used in 

the core-scale model (Fig. 1.2), is computed for each mineral such that the effective 

stiffness, and not necessarily the elastic modulus, remains equal to that of the mineral in 
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the matrix. The sensitivity of the results to the grain size will be discussed in a later 

section. 

For porous kerogen and clay aggregates in Table 4.1, effects of the local porosity 

and pore structure are also considered. The total porosity of the samples, which is 9.4% 

(Vermylen 2011), is changed to the local porosity in kerogen and in clay aggregates (Eq. 

4.2). The aspect ratio of the pores in kerogen is equal to 1/3 (Locuks et al. 2009) and in 

clay aggregates to 1/20 (Hornby et al. 1994). 

 

Table 4.1 – Elastic properties of the representative elements. The elastic properties are 

determined by accounting for the elastic properties and characteristic size of 

each mineral.  

 

Mineral Representative elements 

Density, 

g/cm3 

Young’s 

modulus 

(Em), GPa 

Poisson's 

ratioa 

lengthc 

(Lm), μm 

Stiffness 

(kr), N/μm 

Young’s 

modulus 

(Er), GPa 

Poisson's 

ratio 

Kerogen 1.30a 6.2a 0.14 12.55 0.08 77.8 

 

0.14 

Clays 
Kaolinite 2.44b 56.8b 0.285 12.55 0.71 712.8 0.285 

Illite 2.75b 66.6b 0.315 12.55 0.84 835.8 0.315 

Chlorite 2.68b 76.6b 0.266 12.55 0.96 961.3 0.266 

Feldspar (orthoclase) 2.62a 39.7a 0.32 12.55 0.50 498.3 0.32 

Plagioclase (albite) 2.63a 69.0a 0.35 12.55 0.87 866.0 0.35 

Calcite 2.71a 84.3a 0.32 12.55 1.06 1057.9 0.32 

Quartz 2.65a 94.5a 0.08 12.55 1.19 1185.9 0.08 

Ankerite 3.05a 98.9d 0.32 12.55 1.24 1241.2 0.32 

Dolomite 2.87a 116.6a 0.30 12.55 1.46 1463.0 0.30 

Apatite 3.21a 146.7a 0.21 12.55 1.84 1841.3 0.21 

Pyrite 4.81a 260.6a 0.19 12.55 3.27 3270.4 0.19 

Marcasite 4.08a 305.8a 0.19 12.55 3.84 3838.5 0.19 

a Mavko et al., 2009; b Wang et al., 2001; c Milliken et al., 2012; d Zhu et al., 2009. 
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4.1.2. Large-scale (core-scale) model  

A large-scale (core-scale) model is developed based on the representative element 

for shales. The spatial distribution and the number of representative elements in the 

model are discussed first. Then, the elastic modulus of the large-scale model is derived 

and related to the elastic modulus of the rock. Because grains are deposited randomly, the 

representative elements with different elastic properties are randomly distributed in the 

large-scale model. Different realizations are generated to determine the sensitivity of the 

results to the distribution. 

It is impossible to include all the minerals in the large-scale model if the number 

of the representative elements is small. The volume fraction of some minerals is as small 

as 1%. Thus, the total number of representative elements in the large-scale model is 

determined such that each mineral is represented. The number of representative elements 

for each mineral can be calculated as 

𝑁𝑖 = 𝑁𝑡𝑓𝑖, i = 1 to number of minerals, (4.3) 

where 𝑁𝑡 is the total number of representative elements in the large-scale model, 𝑁𝑖 is the 

number of the representative element for each mineral, 𝑓𝑖 is the volume fraction of each 

mineral, and the subscript i denotes the mineral. 

The volume of the large-scale model is calculated based on the number of the 

representative elements as follows: 

VM = NtVr = NtLr
3, (4.4) 

where 𝑉𝑀  is the total volume of the large-scale model, 𝑁𝑡  is the total number of the 

representative elements, 𝑉𝑟 is the volume of the representative element, and 𝐿𝑟 is the size 

of the representative element. 
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Figure 4.1 – Schematic illustration of the loading and the boundary conditions of the 

large-scale model for elastic compression of a shale. 

 

Finite element analysis is performed to calculate the elastic modulus of the large-

scale model. A uniform compression to one end of the large-scale model is specified and 

the other end is roller constrained (Fig. 4.1). The finite element model allows us to 

determine the stress, strain, and elastic modulus of the large-scale model as follows: 

σ =
𝑃

𝐴𝑀
, (4.5a) 

ε =
 𝐿𝑀

𝐿𝑀
, and (4.5b) 

𝐸𝑀 =
σ

ε
, (4.5c) 

where σ is the normal stress, P is the compressive uniform force applied to the model, 𝐴𝑀 

is the cross-sectional area of the model perpendicular to the loading direction, ε is the 

strain parallel to the applied load, 𝐿𝑀 is the length of the model, and  𝐿𝑀 is the change in 

the length of the model parallel to the applied force. 

The elastic modulus of the shale is calculated based on the large-scale model. The 

model is based on the equivalency of the effective stiffness and not on the elastic moduli. 
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Hence, the computed elastic modulus has to be converted to that of the natural granular 

medium. The total volume of the granular medium can be determined from the total 

number of the representative elements and the volume fractions as 

𝑉𝑅 = ∑ 𝑁𝑖

𝑚

𝑖

𝑉𝑖, 
(4.6) 

where 𝑉𝑅 is the modeled rock volume, 𝑁𝑖 is the number of the representative elements for 

each mineral, 𝑉𝑖 is the volume of each mineral, and m is the total number of minerals in 

the sample. 

The elastic modulus of the shale is determined based on the elastic modulus of the 

large-scale model (EM). The effective stiffness of the model is equal to that of the rock as 

𝐸𝑅𝐴𝑅

𝐿𝑅
=

𝐸𝑀𝐴𝑀

𝐿𝑀
, 

(4.7) 

where 𝐸𝑅 is the elastic modulus of the rock, 𝐴𝑅 is the cross-sectional area of the rock, 𝐿𝑅 

is the characteristic length of the rock, 𝐸𝑀 is the elastic modulus of the model, 𝐴𝑀 is the 

cross-sectional area of the model, and 𝐿𝑀 is the length of the model. The right side is 

known from the large-scale model. The geometric parameters of the modeled rock 

sample (𝐴𝑅 and 𝐿𝑅) are also known because the corresponding volume is specified. Thus, 

the elastic modulus of the rock sample, which is the only unknown in Eq. 4.7, can be 

computed using the large-scale model. 

 

4.2. Results 

The elastic deformation of a Barnett shale sample (B1) was analyzed using the 

relevant data in Table 4.2. The mineralogy of the sample was analyzed using XRD, 
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which determines the volume fraction of each mineral by accounting for its density 

(Abedi et al., 2015). 

The accuracy of the large-scale model was tested based on the representative 

element for a single mineral. For this, a large-scale model with a single mineral was 

developed to simulate its elastic deformation. The difference between the computed 

elastic modulus and that of the mineral was less than 1% when the number of the 

representative elements was larger than or equal to 64 (= 4 × 4 × 4). 

Fig. 4.2 shows the predicted elastic moduli of the Barnett shale sample (B1 in 

Table 4.2). The elastic deformation of the large-scale model is computed using different 

numbers of elements. For a given number of elements, 10 random realizations were 

generated for the spatial distribution of the minerals in the model. 

To capture the formation heterogeneity at the core scale, it is assumed that the 

representative elements, which are relevant to various minerals, porous kerogen, and clay 

aggregates, are randomly distributed. This is based on the assumption that the solid grains 

are deposited randomly under gravity. No specific pattern is considered in this process; 

thus, the developed model may not capture the formation anisotropy. The trends using 

random spatial distribution could be used to extend the model for capturing the 

anisotropic behavior of shale; however, capturing such anisotropic behavior is beyond the 

scope of this chapter and will be discussed in chapter 6. 

Next, the sensitivity of the large-scale model to the number of elements is 

discussed. The average of the calculated elastic moduli changes less than 1% when the 

number of elements is increased from 20 × 20 × 20 to 30 × 30 × 30, and from 20 × 20 × 

20 to 40 × 40 × 40. Hence, the presented average elastic moduli (filled symbols in Fig. 
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4.3) are not sensitive to the number of the elements in the large-scale model when more 

than 20 × 20 × 20 elements are incorporated. Further sensitivity analysis of the proposed 

model for granular heterogeneous media is beyond the scope of the present study.  

Fig. 4.2 also shows the variation of the measured elastic moduli, which are 

representative of the static deformation of intact samples at the core scale (Sone 2012), 

for the same formation. The measured elastic moduli parallel to the bedding plane vary 

from 37.4 to 46.9 GPa. The measured elastic moduli perpendicular to the bedding plane 

vary from 22.7 to 27.1 GPa. The average of the predicted elastic moduli is 41.81 GPa in 

the large-scale model with the large number of elements. Thus, the predicted elastic 

modulus is closer to the measured value parallel to the bedding.  
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Figure 4.2 – Predicted elastic moduli (ER) of a Barnett sample (B1) whose relevant data 

are listed in Table 4.2.  
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In Fig. 4.2, the filled symbols represent the average of the predicted moduli 

among different realizations. The average of the predicted moduli is not sensitive to the 

number of elements when it is larger than 20 × 20 × 20. Moreover, the realizations 

(empty symbols) are not sensitive to the number of elements when 40 × 40 × 40 elements 

are included in the large-scale models. 

In the large-scale model, it is also observed that the difference between the 

maximum and minimum elastic moduli becomes smaller as the number of elements 

increases. For instance, the maximum and minimum moduli are equal to 46.45 and 31.76 

GPa, respectively, when the model includes 5 × 5 × 5 elements (Fig. 4.2), but the 

predicted elastic moduli become almost equal when 40 × 40 × 40 elements are used. The 

larger difference between the predicted moduli arises because the large-scale model is not 

realistic for a random distribution when only a few elements are included, an issue which 

is resolved by increasing the number of elements. 

The developed model is based on the random spatial distribution of the 

representative elements. Any statistical model becomes representative only when it 

includes a large population (Goovaerts 1997). The difference between the predicted 

results for different realizations is negligible when the model is large enough. This 

applies to the large-scale model as well, where the modeled population consists of the 

solid grains, porous kerogen, clay aggregates, and pores. Fig. 4.2 shows that the 

difference between the random realizations is negligible when there are 40 × 40 × 40 

elements in the large-scale model. Thus, the model with 40 × 40 × 40 elements will be 

tested for various shale formations in the Validation section.  
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Table 4.2 – Mineral composition in mass percent for different shales. N1 is a New Albany shale sample (Salehi 2010), S1 – S4 

are Siliceous Rocky Mountains shale samples (Daigle et al., 2017), LB1 – LB3 are Lower Bakken shale samples 

(Simpson et al., 2015), and B1 – B7 are Barnett shale samples (Vermylen 2011). 
  N1 S1 S2 S3 S4 LB1 LB2 LB3 B1 B2 B3 B4 B5 B6 B7 

Mineral composition by XRD (wt %) 

Kerogen  7.3 5.0 3.0 4.0 3.0 25.5 27.5 24.4 3.6 3.4 4.0 5.7 3.8 5.3 3.0 

Clays 

Kaolinite  0 1.0 1.0 1.0 0 0 0 0 0 0 0 0 0 0 0 

Illite  28.7 22.0 19.0 18.0 31.0 19.1 13.2 15.0 28.3 28.0 27.7 38.8 23.8 37.4 38.6 

Chlorite  0 1.0 1.0 1.0 2.0 7.2 12.1 0 0 0 0 0 0 0 0 

Feldspar (orthoclase)  6.5 0 0 0 0 5.1 5.3 4.5 0 0 0 0 0 0 0 

Plagioclase (albite)  5.6 8.0 13.0 8.0 8.0 2.1 2.1 2.1 4.2 3.7 5.3 4.3 3.8 4.0 4.8 

Calcite  0 1.0 1.0 0 0 2.6 3.9 1.2 10.7 4.2 11.3 0.3 7.7 0 2.9 

Quartz  36.1 52.0 52.0 60.0 50.0 29.6 26.1 44.1 48.8 49.2 43.5 48.2 56.7 51.3 42.7 

Ankerite  0 0 0 0 0 0 0 0 0.8 0 0 0.1 0 0 2.3 

Dolomite  11.1 2.0 3.0 4.0 2.0 3.6 3.5 4.3 1.1 10.1 2.3 0.2 1.4 0.4 2.8 

Apatite  0 1.0 0 0 1.0 0 0 0 0.9 0 4.1 0.5 1.0 0 0 

Pyrite  2.8 7.0 7.0 4.0 3.0 5.2 6.3 4.4 1.6 1.3 2.0 1.8 1.8 1.7 2.0 

Marcasite  1.9 0 0 0 0 0 0 0 0 0 0 0 0 0 0 

Total porosity (%)  5.91 9.7 8.5 8.9 7.0 9.1 6.6 8.1 9.4 9.4 9.4 9.4 8.6 10.7 9.0 
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The large-scale models associated with the maximum and minimum elastic 

moduli, which are relevant to two random realizations of the spatial distribution of the 

minerals, are further analyzed. The layers of the large-scale models for two numbers of 

elements (= 5 × 5 × 5 and 20 × 20 × 20) are plotted. The plotted layers that are parallel 

to the applied force can be considered as cross-sections of the model, where darker colors 

correspond to the minerals with higher elastic moduli (Figs. 4.3 and 4.4).  

Fig. 4.3a shows that the representative elements with high elastic moduli form 

two loading frames (red dashed lines) when the predicted elastic modulus is at the 

maximum in the smaller model. There is no column comprising the elements with high 

elastic moduli when the overall value is at the minimum (Fig. 4.3b). The only difference 

between the two models, shown in Figs. 4.4a and 4.4b, is the spatial distribution of the 

representative elements because they both mimic identical volume fractions for the 

minerals. 
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b. 

Figure 4.3 – Cross-sections of the large-scale models, with 5 × 5 × 5 elements, whose 

elastic moduli are at the maximum (a) and at the minimum (b) in Fig. 4.2.  

 

It is more likely for the representative elements that have high elastic moduli to 

form a loading frame in the smaller model when they are randomly distributed. In the 

larger model, the difference between the maximum and minimum elastic moduli is 

negligible. Figs. 4.4a and 4.4b show no significant difference between the cross-sections 

of the models, and no specific pattern is observed. Thus, the loading frames disappear 

when the spatial distribution of the minerals is random in the larger model. 
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b. 

Figure 4.4 – Cross-sections of the large-scale models whose elastic moduli are at the 

maximum (a) and at the minimum (b) in Fig. 4.2, respectively, when the total 

number of the elements is equal to 20 × 20 × 20.  

 

4.3. Validation on four shale formations 

The hierarchical model is tested for four shale formations whose data are 

available in the literature. The analyzed shales are New Albany (N), Rocky Mountain 

Siliceous (S), Lower Bakken (LB), and Barnett (B), whose mineral compositions are 

listed in Table 4.2. In the New Albany shale, the mineral composition of different 

samples remains almost identical with the depth where the core plug was recovered 

(Salehi 2010); hence, the listed mineral compositions are representative of the modeled 

core plug. In the Rocky Mountain Siliceous (Daigle et al., 2017) and the Lower Bakken 

shales (Simpson et al., 2015), the mineral compositions were reported for the investigated 

core plugs. One of the lab measurements from Rocky Mountain Siliceous is excluded in 

our analysis because its elastic modulus parallel to the bedding plane was 11 GPa. The 

sample was possibly damaged along the bedding plane. In the Barnett shale, the mineral 

composition and elastic moduli are related to the same well, and not necessarily to the 
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same plug. Thus, the mineral compositions represent the core plugs more accurately in 

the first three shales (N, S, and LB) than in the Barnett shale (B). 

The effective elastic properties shown in Table 4.1 are used to build the large-

scale model. The number of the representative elements in the large-scale model is 40 × 

40 × 40. The elastic properties of the solid grains, which are non-clay and non-kerogen, 

are identical to the values listed in Table 4.1. For porous kerogen and clay aggregates, the 

effect of the local porosity is also considered (Eq. 4.2).  

 

 

Figure 4.5 – Predicted elastic moduli of New Albany (N1), Rocky Mountain Siliceous 

(S1–S4), Lower Bakken (LB1–LB3), and Barnett (B1–B7) shales based on 

the hierarchical model.  

 

The predicted elastic moduli are compared with independent lab measurements 

that were conducted on intact shale samples (Fig. 4.5). For the Rocky Mountain Siliceous 

(S1–S4), Lower Bakken (LB1–3), and Barnett (B1–7) samples, the predicted values 

cover the range reported parallel to the bedding (𝐸𝐿
1). The average of the predicted values 
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(dotted lines) are close to the average measurements (solid lines), with a difference of 

less than 15%. For the New Albany shale, the predicted elastic modulus is 40.43 GPa and 

is smaller than the only measurement available (48.96 GPa). Thus, the hierarchical model 

can capture the elastic properties of a shale formation parallel to the bedding more 

accurately, but overestimates the elastic properties of a shale perpendicular to the 

bedding. Table 4.2 lists the mineral compositions of the modeled shale samples.  
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Figure 4.6 – Predicted elastic moduli based on the hierarchical model decrease with the 

increasing fraction of the kerogen + clay + void, consistent with the data 

available in the literature (Sone and Zoback 2013; Rybacki et al., 2015). 

 

The proposed model captures the dependency of the elastic moduli on the volume 

fractions of kerogen + clay + void, which are the weaker components in the matrix of a 

shale. Fig. 4.6 shows the dependency, based on the proposed model, and compares it with 

lab measurements. The predicted elastic moduli decrease as the weak components 

increase, a phenomenon observed by different researchers for different shales (Sone and 
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Zoback 2013a; Rybacki et al., 2015). The predicted dependency provides further 

evidence that supports the hierarchical model. 

 

4.4. Conclusions 

A hierarchical model was proposed to predict the elastic properties of shales at the 

core scale from the mineral composition and the void system. In the small-scale model, a 

physically representative element was developed to mimic the elastic deformation of a 

grain with a known mineralogy in the matrix of a shale. The representative elements 

determine the effective elastic properties of the grain using its mineralogy, the local 

porosity, and the pore structure. In the large-scale model, the effective properties are 

determined by accounting for the volume fraction of each mineral. The predicted elastic 

moduli of shales, based on the proposed model, were tested against independent 

laboratory measurements for New Albany, Rocky Mountain Siliceous, Lower Bakken, 

and Barnett Shales. The predicted results are close to the measured elastic moduli parallel 

to the bedding plane. 

The proposed model is important because it also allows us to characterize the 

geomechanical properties of shales from drill cuttings, instead of core plugs, which are 

difficult to recover due to the mechanical instability of shales. The model predicts the 

core-scale elastic properties of shales from the mineralogy, the porosity, the pore 

structure, and the grain-size distribution. All these factors can be determined from small-

scale measurements on drill cuttings. The model also enables us to quantitatively 

determine the effect of heterogeneity on the core-scale properties of shales. 
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Chapter 5. A Hierarchical Model for Predicting the Elastic 

Properties of Carbonate at the Core Scale 

The hierarchical model can be applied to predict the elastic properties of 

carbonates at the core scale from the mineralogy and the void system. Here, an example 

is presented of its application to the Arab-D carbonate formation in the Middle East. The 

content of this chapter has been published in Rock Mechanics and Rock Engineering (Li 

and Sakhaee-Pour 2018). 

 

5.1. Introduction 

Carbonate formations constitute close to half of the world’s oil reserves (US EIA 

2017), yet researchers have a limited understanding of their fundamental behavior 

because of their complex pore structures (Dunham 1962; Lucia 2007). The reservoir 

characterization of these formations becomes more complicated in the presence of karsts 

(Gritto et al., 2014). Understanding the geomechanical properties of carbonate 

formations, which could reduce the exploitation cost, will be of increasing importance in 

years to come, especially if oil prices remain low. 

Mineral composition has a profound effect on the geomechanical properties of 

carbonate formations at the core scale because various minerals show distinct mechanical 

properties (Mavko et al., 2009). Calcite and dolomite usually constitute the main fraction 

of the minerals in carbonate formations, where anhydrite may account for a small fraction 

(Cantrell and Hagerty 1999 and 2003; Cantrell et al., 2004). Other minerals, such as 

quartz, kaolinite, smectite, barite, feldspar, fluorite, illite, and pyrite, may also be present 

in the carbonate matrix (Rogen et al., 2005). Calcite is a carbonate mineral (CaCO3) 
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whereas dolomite is an anhydrous carbonate mineral with calcium magnesium carbonate 

(CaMg(CO3)2). Calcite and dolomite have different crystal structures and physical 

properties (Lucia 2007). 

The geomechanical properties of carbonates at the core scale depend on the 

porosity and the pore structures. Carbonate rocks have a variety of pore types, such as 

vugs, molds, interparticles, micropores, and others (Choquette and Pray 1970; Lucia 1995; 

Eberli et al., 2003). These pore types, which have varied topologies, cause a large scatter 

of the mechanical properties of a particular carbonate at equal porosity (Eberli et al., 2003; 

Sayers 2008). Difficulties remain in quantitatively relating the pore system to the 

geomechanical properties of carbonates at the core scale (Xu and Payne 2009). 

Researchers have conducted triaxial measurements on core plugs to understand 

the geomechanical properties of the carbonates (Ameen et al., 2009; Croize et al., 2010; 

Santos and Ferreira 2010; Neveux et al., 2014; Walton et al., 2015). While core-scale 

measurements provide useful information about a formation, these measurements cannot 

be made on drill cuttings and are time consuming and expensive. Thus, researchers have 

tried to predict the large-scale properties based on porosity, forming minerals, and 

nanoindentations (Xu and Payne 2009; Saenger et al., 2016).  

Researchers have proposed several models for predicting the geomechanical 

properties of a carbonate formation based on porosity, most of which have been empirical 

(Farquhar et al., 1994; Edimann et al., 1998). Their results show that the geomechanical 

properties correlate poorly with the porosity and that the pore structure plays an 

important role in the geomechanical properties of the formation at the core scale. Many 

studies have been conducted to evaluate the effect of the pore structure on the elastic 
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behavior of the carbonates (Eberli et al., 2003; Rogen et al., 2005; Sayers 2008; Weger et 

al., 2009; Xu and Payne 2009; Walton et al., 2015). The main conclusion is that, for a 

given total porosity, the round pores provide more grain-to-grain contact and reduce the 

bulk stiffness less significantly than do fractures. 

 

 
Figure 5.1 – Hierarchical model for the geomechanical characterization of a carbonate 

formation from drill cuttings. The proposed method follows a hierarchical 

approach (gain and core scales).  

 

Here, the hierarchical model presented in Chapter 4 is applied to carbonates for 

geomechanical characterization at the core scale from drill cuttings (Fig. 5.1). The 

representative element is used to determine the effective elastic properties of a porous 

grain in the matrix of a carbonate formation (grain-scale model). The effective elastic 
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properties are then used to develop a core-scale model. The developed models at the two 

scales are numerically solved using the finite element method and then compared with 

lab measurements of a carbonate formation. 

 

5.2. Small-scale (grain-scale) model  

A small-scale model is developed following Eq. 4.1, which enables us to propose 

a physically representative element for the elastic deformation of a grain with a known 

mineralogy and size. The representative element is used to build a core-scale model for 

carbonate, which is discussed later.  

The small-scale model accounts for the mineralogy, microporosity, and pore 

structure of the carbonate. The elastic moduli of solid minerals are available in the 

literature (Mavco et al., 2009), and those of the voids are set equal to zero in the model. 

The microporosity can be quantified from the core analysis and the pore structure is 

represented by the void aspect ratio. The finite element method enables us to compute the 

effective elastic properties of a porous grain because these effective properties depend on 

the complex pore structure. The computed effective elastic properties of a porous grain 

are substituted in Eq. 4.1 to determine the pertinent properties of the representative 

element.  

Because the effective compressive stiffness of the representative element is equal 

to that of the grain, with a known mineralogy, the displacements of equal compressive 

forces applied to both are equal. The Poisson’s ratio of the representative element is set to 

be equal to that of the grain. The equality of the Poisson’s ratios forces the lateral 
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displacements of the two to be equal for the specified compression, because the Poisson’s 

ratio dictates the ratio of the lateral to the vertical displacements. 

 

5.3. Large-scale (core-scale) model  

A large-scale (core-scale) model is developed using representative elements that 

have been characterized at the small scale. Because grains are deposited randomly, the 

representative elements with different geomechanical properties are distributed randomly 

in the large-scale model (the core scale in Fig. 5.1). Different realizations are considered 

to determine the sensitivity of the results to the spatial distribution for a given ratio of the 

micro- and macroporosity, and a known porosity. 

The total number of the elements in the large-scale model is taken such that each 

mineral is represented. The number of representative elements for each mineral can be 

calculated in a manner similar to that shown in Eq. 4.3. The volume fraction of each 

mineral in the matrix of a formation is determined using XRD. Eq. 4.5 allows us to 

determine the elastic properties of the large-scale model, which is substituted in Eq. 4.7 

to obtain the predicted elastic properties of the carbonate at the core scale. Fig. 4.1 

illustrates the boundary conditions of the large-scale model. 

 

5.4. Results  

The hierarchical model is applied to the Arab-D carbonate formation simply 

because its mineralogy, porosity, and core-scale elastic properties are available in the 

literature. This formation is mainly composed of two minerals (calcite and dolomite). The 

elastic properties of the calcite and the dolomite minerals are listed in Table 5.1. The 
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volume fractions of the calcite and dolomite in the matrix are equal to 90% and 10%, 

respectively. The porosity and the pore structure of the formation have also been reported 

by Ameen et al., (2009). 

The hierarchical model is designed to predict the elastic properties of a carbonate 

at the core scale. Both the small- and the large-scale model are simulated using the finite 

element method. The numerical results of the large-scale model are used to determine the 

core-scale elastic moduli of the carbonate based on Eq. 4.7. The sensitivity of the model 

to the number of elements was tested: The difference between the computed elastic 

modulus and that of the mineral is less than 1% when the total number of elements is 

equal to 64 (= 4×4×4). Thus, the total number of elements is taken to be larger than 64 in 

the performed analyses. 

 

Table 5.1 – Bulk and shear moduli of calcite and dolomite (Mavko et al., 2009). The 

elastic moduli and the Poisson’s ratios are based on the measured values 

under isotropic conditions. 

Mineral 
Bulk modulus 

(GPa) 

Shear modulus 

(GPa) 

Elastic modulus 

(GPa) 
Poisson’s ratio 

Calcite 76.8 32 84.3 0.32 

Dolomite 94.9 45 116.6 0.30 

   

In the finite element method, the entire volume is divided into small volumes, 

which are referred to as elements. The size of each element (grain size) is set equal to 300 

μm at the large scale (core scale). This size corresponds to the average grain size reported 

in the literature for this formation, which is on the order of 100−500 μm (Lucia et al., 

2001).  

The total porosity is divided into macro- and microporosity. The total porosity is 

equal to the macro- or microporosity in limiting cases. The microporosity fraction can be 
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measured from high-resolution images for small samples, but quantifying its value for 

large samples is difficult. Thus, various scenarios are considered for the microporosity 

fraction that satisfies the following relations: 

ϕ1 + ϕ2 = ϕtotal and (5.1a) 

 microporosity fraction (%) = 100 × 
ϕ

1

ϕ
1
+ϕ

2

, (5.1b) 

where ϕ1 is the microporosity, ϕ2 is the macroporosity, and ϕtotal is the total porosity. 

The effect of the pore structure on the elastic properties of the carbonate is 

investigated by considering the void aspect ratios at the grain and the core scales. The 

aspect ratios of the voids vary from 0.1 to 1 at the small scale (grain scale) and are equal 

to 0.5 at the large scale (core scale). Considering voids with different aspect ratios is 

consistent with the data available in the literature (Cantrell and Hagerty 1999). Elements 

with zero elastic moduli, which mimic the voids, are selected to form a row (or column) 

to implement the aspect ratio in the model. Fig. 5.1 shows examples of voids whose 

aspect ratios are equal to 0.2, where five white elements are in a row in the grain-scale 

model. In the core-scale model, two elements with elastic moduli of zero are next to each 

other to create the aspect ratio of 0.5. 

The small-scale model is analyzed to give a geomechanical characterization of the 

formation at the grain scale. The elements are divided into the void and the mineral to 

simulate the porous grain. The number of elements, which are representative of voids, is 

determined to replicate the microporosity based on Eq. 5.1a. Other elements simulate the 

minerals with known properties. The void elements form a row, or column, to create the 

required aspect ratio of 0.05−1 (or 0.1−1). The row or column is randomly distributed in 
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the finite element model, which means the void spaces do not follow any specific spatial 

distribution function. For a given microporosity, ten different realizations are generated 

for the random spatial distribution. The realizations yield slightly different elastic moduli, 

which are averaged to determine the effective modulus. The number of elements in the 

small-scale model is 27 × 103
 (= 30 × 30 × 30) because the simulation results are not 

sensitive to the number of elements when the number of elements is larger than or equal 

to 8 × 103
 (= 20 × 20 × 20).  

The small-scale model is solved by the finite element method to determine the 

effective elastic properties of the porous grains. The effective elastic properties of the 

porous grains are different from those of the minerals due to the void presence. A 

uniaxial and uniform compression is applied to the model, whose boundary conditions 

are shown in Fig. 4.1. The numerical simulation of the model allows us to determine the 

force and the displacement, parallel to the compression, and compute the stress by 

averaging the force over the cross-sectional area perpendicular to the compression. The 

effective properties are obtained for calcite and dolomite, which are the main minerals in 

the analyzed carbonate samples. 

The effective properties obtained from the small-scale (grain-scale) model are 

used to determine the geomechanical properties at the large scale (core scale). The 

elements are divided into the void and the grain in the large-scale model, and the number 

of elements relevant to the voids is assigned to replicate the macroporosity (Eq. 5.1b). 

Two void elements are set in a row or column to create the aspect ratio of 0.5 for each 

void space. The void spaces follow the random spatial distribution in the large-scale 

model. Other elements simulate the calcite or the dolomite. The number of elements for 
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each mineral is calculated based on its volume fraction in the matrix. The spatial 

distribution of each mineral element is also random, similar to the void distribution. The 

large-scale model has 64 × 103 (= 40 × 40 × 40) elements because the results are not 

sensitive to the number of elements when at least 8×103 (= 20×20×20) elements are 

included. The sensitivity analysis is discussed subsequently. 
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Figure 5.2 – Sensitivity of the proposed model to the number of elements. The average of 

the predicted moduli is not sensitive to the number of elements when 203 (= 

20 × 20 × 20) or more elements are incorporated.  

 

The sensitivity analysis indicates that the predicted results are not sensitive to the 

number of elements when there are 203 (= 20 × 20 × 20) or more elements in the large-

scale model. For clarification, a specific scenario is considered, where the total porosity is 

25% and the microporosity fraction is 50%. Ten random realizations are included for the 

spatial distribution of the grains and the voids for a given number of elements. Fig. 5.2 

shows that the average of the elastic moduli changes less than 4% when the number of 

elements increases from 203 (= 20 × 20 × 20) to 303 (= 30 × 30 × 30) and from 203 (= 20 

× 20 × 20) to 403 (= 40 × 40 × 40). These numbers of elements are considered because 



 

75 
 

these numbers allow us to check the change in the predicted results over a wide range. 

The grey box in Fig. 5.2 shows the lab measurements conducted by Ameen et al., (2009). 

The elements with different elastic properties are randomly distributed, which 

leads to an isotropic model when the model is large. This issue has been tested for all the 

models, whose results are represented here. As an example, Fig. 5.3 shows the cross-

sections of the large-scale model whose total number of elements is 203, whose total 

porosity is 25%, and whose microporosity fraction is 50%. The uniaxial and uniform 

compressions in the x, y, and z directions have been solved, and the computed elastic 

moduli turned out to be 21.4 GPa, 21.6 GPa, and 21.1 GPa, respectively. The difference 

between the maximum and the minimum elastic moduli is less than 2.5%. 

y x 

z

1st 
layer

2nd 
layer

3rd 
layer

4th 
layer

5th 
layer

6th 
layer

7th 
layer

8th 
layer

9th 
layer

10th 
layer

11th 
layer

12th 
layer

13th 
layer

14th 
layer

15th 
layer

16th 
layer

17th 
layer

18th 
layer

19th 
layer

20th 
layer

Dolomite

Calcite

Void

 

Figure 5.3 – Cross-sectional area of the large-scale model with 203 (20 × 20 × 20) 

elements. The elements with different elastic properties are randomly 

distributed, which leads to an isotropic model when the model is large.  
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The predicted elastic moduli are compared with independent lab measurements 

conducted on core plugs for two reasons. First, the size of the large-scale model, which is 

1.2 cm (= 40 × 300 μm), is close to that of the core plug, which is close to 1 in (= 2.54 

cm). Second, the large-scale model excludes fractures, which is a realistic assumption for 

the intact core plugs, as the analyzed core plugs were free of visible fractures and defects. 

The large-scale model is a cube, while the core plug is a cylinder. The elastic modulus of 

a defect-free medium is relatively fixed at low loading rates. Other issues relevant to the 

scale are addressed in detail in the Discussion section below. 

The importance of the pore structure for the elastic modulus of a carbonate needs 

further discussion. The importance of the pore structure is assessed by analyzing the 

effect of the microporosity fraction on the predicted results. The microporosity fraction 

(
ϕ1

ϕ1+ϕ2

) is different from the microporosity (ϕ
1
) and the total porosity (ϕ

1
+ϕ

2
). Fig. 5.4 

shows the average of the simulation results based on the hierarchical model. The grey 

box shows the upper and lower limits of the measurements of 400 core plugs (Ameen et 

al., 2009). The hierarchical model indicates that, for a given porosity, the elastic modulus 

decreases with an increase in the microporosity fraction of the pore space. The observed 

trend is consistent with other measurements relevant to the impact of the microporosity 

fraction (Eberli et al., 2003; Sayers 2008; Weger et al., 2009; Xu and Payne 2009). The 

hierarchical model provides a systematic approach to quantifying the pore structure’s 

effect and can be applied to drill cutting. The predicted results agree with measured 

values for the formation analyzed. 
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a. Total porosity = 15 % 

 

b. Total porosity = 20 % 
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c. Total porosity = 25 % 

Figure 5.4 – Predicted elastic moduli, based on the hierarchical model, decrease with an 

increase in the microporosity fraction of the pore space, which is consistent 

with lab observations. Ameen et al., (2009) conducted the measurements.  

 

Next, the effect of the total porosity on the elastic modulus is investigated. Fig. 

5.5 shows that the elastic modulus decreases with increasing porosity only when the 

microporosity fraction does not change significantly. In other words, both the total 

porosity and the microporosity must be considered to be governing parameters. The 

elastic modulus need not correlate with the total porosity or the microporosity alone. The 

lack of correlation is consistent with the data available in the literature (Ameen et al., 

2009) and further highlights the importance of the pore structure for understanding the 

geomechanical behavior of the formation. The effect of the pore structure is expressed 

using different pore models for the microporosity and macroporosity in the hierarchical 

model.  
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Figure 5.5 – The elastic moduli of a carbonate decreases with an increase in the total 

porosity only when the microporosity fraction is fixed. 

 

At this point, the applicability of the proposed model needs to be discussed. The 

error associated with the predicted elastic moduli of a carbonate is determined to evaluate 

the accuracy of the developed hierarchical model. The error associated with the predicted 

elastic modulus is computed as follows: 

𝐸𝑟𝑟𝑜𝑟 (%) = |
𝐸𝑀𝑜𝑑𝑒𝑙

𝐴𝑣𝑒 − 𝐸𝐿𝑎𝑏
𝑀𝑎𝑥

𝐸𝐿𝑎𝑏
𝑀𝑎𝑥 | × 100 If 𝐸𝐿𝑎𝑏

𝑀𝑎𝑥 < 𝐸𝑀𝑜𝑑𝑒𝑙
𝐴𝑣𝑒 , 

(5.2a) 

𝐸𝑟𝑟𝑜𝑟 (%) = 0 If 𝐸𝐿𝑎𝑏
𝑀𝑖𝑛 ≤ 𝐸𝑀𝑜𝑑𝑒𝑙

𝐴𝑣𝑒 ≤ 𝐸𝐿𝑎𝑏
𝑀𝑎𝑥, and (5.2b) 

𝐸𝑟𝑟𝑜𝑟 (%) = |
𝐸𝑀𝑜𝑑𝑒𝑙

𝐴𝑣𝑒 − 𝐸𝐿𝑎𝑏
𝑀𝑖𝑛

𝐸𝐿𝑎𝑏
𝑀𝑖𝑛

| × 100 If 𝐸𝑀𝑜𝑑𝑒𝑙
𝐴𝑣𝑒 < 𝐸𝐿𝑎𝑏

𝑀𝑖𝑛. 
(5.2c) 

where 𝐸𝑟𝑟𝑜𝑟 is relevant to the accuracy of the developed model,  𝐸𝑀𝑜𝑑𝑒𝑙
𝐴𝑣𝑒  is the average of 

the predicted elastic moduli using drill cuttings, 𝐸𝐿𝑎𝑏
𝑀𝑎𝑥 is the maximum of the measured 
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elastic moduli of a core plug, and 𝐸𝐿𝑎𝑏
𝑀𝑖𝑛 is the minimum of the measured elastic moduli of 

a core plug.  

Fig. 5.6 quantifies the accuracy of the developed hierarchical model for 

characterizing the geomechanical properties of a carbonate formation based on drill 

cuttings. The results are provided for a given total porosity by averaging different 

microporosity fractions, which are listed in Table 5.2. The error remains smaller than 5% 

for the carbonate formation analyzed, which is a good approximation. The accuracy of 

the developed model becomes more apparent if the predicted elastic moduli are compared 

with those of pure calcite (76.8 GPa) and dolomite (94.9 GPa), which are much larger 

than the lab measurements shown in Fig. 5.6. More importantly, the developed 

hierarchical model can be used for drill cuttings. This is a significant advantage compared 

to core-scale measurements, which are time consuming and expensive. 
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Figure 5.6 – Error associated with the predicted elastic modulus of a carbonate formation 

based on the proposed model from drill cuttings. The results are averaged for 

different fractions of the microporosity, which are listed in Table 5.2. 
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Now, the hierarchical model is applied to predict the variation of the elastic 

modulus of a carbonate formation with depth. The predicted results, which are presented 

in a pseudo-log format, are compared against lab measurements available in the literature 

(Ameen et al., 2009). The hierarchical model predicts the static modulus, as opposed to 

the dynamic modulus that is often estimated from acoustic velocity logs. The model input 

parameters are the total porosity, the pore structure, and the mineralogy. The standard 

core analysis often quantifies the total porosity but excludes the other two. Thus, the 

minimum and maximum moduli for a given total porosity are predicted by changing the 

microporosity fraction and the mineralogy. The void aspect ratio varies between 0.05 and 

1 in microporosity and is 0.5 in macroporosity. 

 

Table 5.2 – Error associated with the predicted elastic moduli based on the proposed 

hierarchical model. The average of the results for a given total porosity is 

shown in Fig. 5.6. 

Aspect ratio 
Microporosity 

fraction (%) 

Total porosity (%) 

15 20 25 

0.05 — 1 

100 13.2 12.5 0 

75 11.8 0 0 

50 7.3 0 0 

25 0 14.0 0 

0.1 — 1 

100 1.1 0 0 

75 0 0 0 

50 0 5.5 4.4 

25 0 33.0 11.9 

 

Fig. 5.7 shows the pseudo-log of the elastic modulus. The minimum and 

maximum moduli are predicted by changing the pore structure and the mineralogy for a 

given total porosity. There were 28 lab measurements, of which 23 remained within the 

predicted bounds. The agreement between the lab measurements and the model 

corroborates the proposed model. Fig. 5.7 also indicates that the model can provide a 
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convenient tool for predicting the range of the elastic modulus. The importance of the 

predicted range is greater when core plugs are unavailable because the model can be 

applied to small pieces of rock samples (drill cuttings).  

 
Figure 5.7 – Predicted pseudo-log of the static elastic modulus based on the hierarchical 

model and independent lab measurements (Ameen et al. 2009).  

 

5.5. Discussion 

In this section, the effects of different parameters on the predicted results are 

discussed. Ameen et al., (2009) indicated that, for a given total porosity, the measured 

elastic modulus varies significantly because the mineralogy, the rock texture, and the 

rock pore structure change, which is consistent with the proposed model. 

 

5.5.1. Rock mineralogy 

The lab measurements, conducted by Ameen et al., (2009), indicate that the 

elastic modulus of a dolostone is higher than that of a limestone at a given porosity. The 
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dolostone is mainly composed of dolomite, while the limestone is composed of calcite. 

The proposed model shows the same trend, as the elastic modulus is higher when the 

forming mineral is 100% dolomite (𝐸𝑚𝑎𝑥 in Fig. 5.7) than when the forming mineral is 

100% calcite (𝐸𝑚𝑖𝑛  in Fig. 5.7). The effect of the mineralogy alone on the elastic 

properties is difficult to quantify because the calcite and the dolomite usually have 

different pore structures in a carbonate sample.   

To help us build a realistic model at the core scale, the drill cuttings must include 

the representative mineralogy of a core plug. The grain size in carbonate formations can 

be as large as 0.5 mm (Lucia et al., 2001). Thus, cuttings that are smaller than 1 mm 

(Lenormand and Fonta 2007) should not be used to determine the mineralogy. 

  

5.5.2. Rock texture 

The rock texture refers to the size, shape, and sorting of grains in the matrix 

(Lucia 2007). Ameen et al., (2009) studied the effect of the grain size on the elastic 

properties of a carbonate sample in the Arab-D formation, based on the Dunham 

classification (Dunham 1962). Ameen et al., (2009) observed that the crystalline rocks 

showed the highest static elastic moduli among the various rock textures for a given total 

porosity. Ameen et al., (2009) also reported that the impact of the rock texture on the 

elastic modulus was less significant than those of the total porosity and the pore structure. 

The Dunham classification is not adopted in the proposed model. The hierarchical 

model implements the grain size and the shape, and the results are promising when the 

grain size does not change significantly. The accuracy of the proposed model deteriorates 

when the sample is poorly sorted and the grain size varies over several orders of 
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magnitude. This issue may be resolved by combining clustered small grains, but such 

analyses are beyond the scope of the present study.  

 

5.5.3. Rock pore type (pore structure) 

For different fractions of the macroporosity, Fig. 5.4 shows that the elastic 

modulus varies from 19.2 GPa to 63.5 GPa and from 23.3GPa to 63.5 GPa when the total 

porosity is equal to 15% and 25%, respectively. The predicted results reveal the 

importance of the pore structure for the geomechanical characterization of the carbonate 

formation, which is consistent with the data available in the literature (Ameen et al., 

2009). 

To help us build a representative model at the core scale, the drill cuttings must 

include the representative pore type (pore structure) of a core plug. Micro- and macro-

voids exist in drill cuttings because these voids are smaller than the cutting size. Cuttings 

with fractures should not be used because the main purpose of the proposed model is to 

capture the elastic properties of an intact core plug without visible fractures. Cuttings 

should also be free of vugs (Sakhaee-Pour and Tran 2017), whose effects are not included 

in the proposed model. 

 

5.5.4. Porosity 

Ameen et al., (2009) measured the effect of the total porosity on the elastic 

modulus of the carbonate sample from the Arab-D formation. Their measurements 

showed that the elastic modulus varied from 55.2 GPa to 18.1 GPa when the total 

porosity increased from 15% to 25%. The proposed model predicts that the elastic 
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modulus will decrease from 63.5 GPa to 19.2 GPa for the same change in the total 

porosity (Fig. 5.4). For a given total porosity, thus, the predicted results are slightly 

higher than the measured values. 

To help us build a representative model at the core scale, the drill cuttings must 

include the representative porosity. Moreover, the standard helium expansion measures 

the porosity accurately only when the sample size is larger than or equal to 2.5 mm 

(Lenormand and Fonta 2007). Thus, very small drill cuttings are not appropriate for 

porosity determination in the proposed model. 

Finally, for completeness, the limitations of the proposed model are discussed. 

First, the proposed model does not account for the presence of fluid or pore pressure. 

Thus, the predicted results are more realistic for drained conditions (Wang 2017). 

Second, the proposed model does not incorporate fractures; hence, the predicted results 

are more representative of intact cores without visible fractures. Third, the proposed 

model cannot predict the rock strength, because plasticity, or local failure, is not 

included. 

 

5.6. Conclusions 

The main objective of this chapter was to develop a hierarchical model for 

characterizing the quasi-static elastic modulus of a carbonate formation at the core scale 

from drill cuttings. In the hierarchical model, the effective elastic properties of the 

formation at the small scale (grain scale) are determined based on the grain size and the 

elastic properties of the forming minerals. The effective elastic properties of the grains 

are then implemented in a large-scale model for predicting the elastic properties at the 
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core scale. The hierarchical model was implemented for the Arab-D carbonate formation 

in the Middle East. 

The hierarchical model shows that the pore structure plays an important role in 

the elastic moduli of the Arab-D carbonate formation, especially when the porosity 

increases. The pore structure effect was implemented by accounting for the aspect ratio of 

the void at the two scales. The simulation results also show that the geomechanical 

properties need not correlate with the total porosity, which requires a hierarchical model 

to be captured. Independent lab measurements corroborate the results. For the carbonate 

formation analyzed, the hierarchical model predicts the elastic moduli with a less than 5% 

error.  
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Chapter 6. A Hierarchical Model for Predicting the 

Anisotropic Elastic Properties of Shales at the Core Scale 

This chapter presents a revised hierarchical model to capture the anisotropic 

elastic properties of shales at the core scale. For this objective, the governing parameters 

of the anisotropic elasticity of shales are elaborated, and then incorporated into the 

revised hierarchical model. The model is implemented for Lower Bakken, Barnett, and 

Haynesville shales for validation. Finally, a sensitivity analysis is conducted, based on 

one Lower Bakken sample, to systematically determine the importance of each governing 

parameter on the anisotropic elastic properties of shales.  

 

6.1. Governing parameters of the elastic anisotropy of shales at the core 

scale 

The mechanical properties of a shale at the core scale become anisotropic due to 

the microfabric characteristics of the solid phase in the matrix (Sayers 2013) and the void 

structure (Hornby et al., 1994). Table 6.1 summarizes the parameters whose effects on 

the elastic properties of shales are discussed below. 

 

6.1.1. Solid phase 

The intrinsic anisotropic elastic properties of clay platelets have been determined 

using a theoretical method (Sayers and den Boer 2016), acoustic velocity analysis 

(Katahara 1996), and nanoindentation measurement (Ortega et al., 2007). Table 6.2 

shows that a large variation exists in the reported values. The large variation is due to the 
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presence of different clay mineral types and the adopted analysis method. The anisotropic 

elastic moduli of clays, reported in Sayers (2005), are used in the present study because 

these values are representative of in-situ solid clays (Ortega et al., 2007). 

Clay platelet orientation affects the anisotropic elastic properties of shales at the 

core scale (Hornby et al., 1994). Clay platelets are generally aligned parallel to the 

bedding, but they are locally disordered due to the presence of the silt grains (Sayers and 

den Boer 2016). It is difficult to quantify the orientation due to the small particle size (~ 

nm). Hornby et al., (1994) reported that the platelet orientation in a shale ranges from 0o 

to 90o with respect to the bedding. Their measurement suggests that the mode and the 

average of the platelet orientation are 6o and 20o degrees, respectively. The average 

orientation is adopted to model the Lower Bakken, Barnett, and Haynesville shales in the 

present study. 

The microfabric structures of the kerogen and clay aggregates contribute to the 

elastic anisotropy of shales. Kerogen and clay aggregates form patch, lenticular, and layer 

structures (Loucks et al., 2009; Chalmers et al., 2012). It is difficult to characterize the 

structures because their geometric sizes are non-uniform in the matrix. The lenticular 

structure with various geometries is used in this study to make a realistic estimate of the 

microfabric structures of the kerogen and clay aggregates.  

Shales are strongly heterogeneous and their mineral composition can vary 

significantly. The mineral composition, which can be determined by X-ray diffraction 

(XRD) (Sone and Zoback 2013), has an impact on their elastic properties. In the present 

study, the model is implemented based on the mineral composition shown in Table 6.3 

for three shales (Simpson et al., 2015; Sone 2012; Sone 2018). 
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Table 6.1 – Governing parameters of the elastic anisotropy of shales 
Void or 

matrix 
Physical factors 

Mathematically 

parameters 
Values/Ranges Methods References Model inputs 

Grain- or core-

scale model 

Matrix 

Elastic anisotropy 

of clays 

Anisotropic 

elastic moduli 

(𝐸𝑐𝑙𝑎𝑦) 

Known 

(Table 6.2) 

Measurements or 

inversion analysis 
Table 6.2 

Anisotropic 

𝐸𝑐𝑙𝑎𝑦 

(Table 6.2) 

Grain- and 

core-scale 

Clay platelet 

orientation 

Orientation angle 

to the bedding 
0 – 90° 

Imaging or 

modeling 

Hornby et al., (1994); 

Chalmers et al., (2012) 
20° Grain-scale 

Structure of 

kerogen 

Lenticular with 

geometric size 
Unknown 

Imaging but 

difficult to 

characterize 

Vernik and Nur (1992); 

Sone and Zoback 

(2013) 

1 – m d Core-scale 

Structure of clay 

aggregates 

Lenticular with 

geometric size 
Unknown 

Imaging but 

difficult to 

characterize 

Vernik and Nur (1992); 

Sone and Zoback 

(2013) 

1 – m d Core-scale 

Mineral 

composition 

Mineral volume 

fractions 
Known 

XRD 

measurements 

Simpson et al., (2015) 

Sone (2012) 
Table 6.3 Core-scale 

Void 

Macroporosity ϕ𝑚𝑎𝑐𝑟𝑜  fractiona 0 – 100% 
Difficult to 

measure 
− 0 Core-scale 

Topology of 

macropores 

Aspect ratio 

(𝐴𝑅𝑚)c 
0.50 – 1.00 Imaging Vasin et al., (2013) − Core-scale 

Microporosity ϕ𝑚𝑖𝑐𝑟𝑜  fractiona 0 – 100% 
Difficult to 

measure 
− 100% Grain-scale 

Kerogen porosity ϕ𝑘𝑒𝑟𝑜𝑔𝑒𝑛 fractionb 0 – 100% 
Difficult to 

measure 
− 50% Grain-scale 

Clay aggregate 

porosity 
ϕ𝑐𝑙𝑎𝑦 fractionb 0 – 100% 

Difficult to 

measure 
− 50% Grain-scale 

Topology of pores 

in kerogen 

Aspect ratio 

(𝐴𝑅𝑘)c 
0.21 – 0.77 

Imaging or 

modeling 

Loucks et al., (2009); 

Klaver et al., (2012) 
0.49 Grain-scale 

Topology of pores 

in clay aggregates 

Aspect ratio 

(𝐴𝑅𝑐)c 
0.05 – 1.00 

Imaging or 

modeling 

Hornby et al., (1994); 

Keller (2016) 
0.05 Grain-scale 

a. ϕ
macro

 fraction = 
ϕ
macro

ϕtotal
, ϕ

micro
 fraction = 

ϕ
micro

ϕtotal
, where ϕ

total
= ϕ

macro
+ ϕ

micro
; 

b. ϕ
kerogen

 fraction = 
ϕkerogen

ϕmicro
, ϕ

clay
 fraction = 

ϕclay

ϕmicro
, where ϕ

micro
= ϕ

kerogen
+ ϕ

clay
; 

c. Aspect ratio is defined as the ratio of the short axis to the long axis for a spheroidal void space; 

d. ‘m’ is the element number in one edge of the core-scale model.  
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Table 6.2 – Anisotropic elastic properties of clay minerals 

Clays c11 (GPa) c33 (GPa) c44 (GPa) c13 (GPa) c12 (GPa) References E1 (GPa)a E3 (GPa)a 
Selected 

E1 (GPa) 

Selected E3 

(GPa) 

Illite 

179.90 55.00 11.72 14.50 39.84 Katahara 1996 168.71 53.09 

32.89 13.79 

127.40 54.70 14.40 28.40 48.00 Bayuk et al., 2007 102.84 45.50 

81.40 53.10 22.70 18.40 21.40 Vasin et al., 2013 72.02 46.51 

40.00 16.80 2.70 9.00 13.80 Sayers 2005 32.89 13.79 

44.90 24.20 3.70 18.10 21.70 Ortega et al., 2007 29.24 14.36 

Chlorite 

181.76 106.77 11.42 20.34 56.77 Katahara 1996 162.16 103.30 

32.89 13.79 40.00 16.80 2.70 9.00 13.80 Sayers 2005 32.89 13.79 

44.90 24.20 3.70 18.10 21.70 Ortega et al., 2007 29.24 14.36 

Kaolinite 

171.52 52.63 14.76 27.11 38.88 Katahara 1996 153.61 45.64 

32.89 13.79 
122.20 87.30 28.70 34.30 43.40 Vasin et al., 2013 100.49 73.09 

40.00 16.80 2.70 9.00 13.80 Sayers 2005 32.89 13.79 

44.90 24.20 3.70 18.10 21.70 Ortega et al., 2007 29.24 14.36 

a. 𝐸1 = (𝑐11
2 𝑐33 + 2𝑐13

2 𝑐12 − 2𝑐11𝑐13
2 − 𝑐33𝑐12

2 )/(𝑐11𝑐33 − 𝑐13
2 ), 𝐸3 = (𝑐11

2 𝑐33 + 2𝑐13
2 𝑐12 − 2𝑐11𝑐13

2 − 𝑐33𝑐12
2 )/(𝑐11

2 − 𝑐12
2 ) (Bower 2009). 
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Table 6.3 – Elastic properties of the solid minerals in shales. Mineral composition and measured core-scale elastic properties 

are also given for Lower Bakken (LB1−LB3), Barnett (B1−B4), and Haynesville (H1−H6) shales.  

 

Mineral properties Mineral composition (wt%) 

Density 

ρ𝑖 

(g/cm3) 

Young’s 

modulus 

Em (GPa) a 

Poisson's 

ratio a 
LB1c LB2c LB3c B1d B2d B3d B4d H1d H2d H3d H4d H5d H6d 

Kerogen 1.30 a 6.2 0.14 25.5 27.5 24.4 11.4 11.4 9.1 8.5 7.6 7.7 7.5 7.9 7.9 7.9 

Clays 

Kaolinite 2.44 b 

Table 6.2 

0 0 0 0 0 0 1.0 0.8 0 0 0.4 0.4 0.4 

Illite 2.75 b 19.1 13.2 15.0 36.5 36.1 38.8 33.3 31.0 34.6 32.1 31.0 31.0 31.0 

Chlorite 2.68 b 7.2 12.1 0 0 0 0 2.4 4.8 4.4 4.3 4.2 4.2 4.2 

Feldspar 

(orthoclase) 
2.62 a 39.7 0.32 5.1 5.3 4.5 0 0 0 4.0 5.1 1.2 6.1 2.4 2.4 2.4 

Plagioclase (albite) 2.63 a 69.0 0.35 2.1 2.1 2.1 4.4 4.1 4.5 7.8 6.2 5.9 5.2 6.2 6.2 6.2 

Calcite 2.71 a 84.3 0.32 2.6 3.9 1.2 0 0 0 1.0 19.2 19.0 18.7 21.3 21.3 21.3 

Quartz 2.65 a 94.5 0.08 29.6 26.1 44.1 44.4 47.4 46.7 35.7 22.5 22.8 22.5 23.4 23.4 23.4 

Ankerite 3.05 a 98.9 0.32 0 0 0 0 0 0 0 0.2 1.3 0 0 0 0 

Dolomite 2.87 a 116.6 0.30 3.6 3.5 4.3 0.4 0 0 1.8 0.9 0 1.3 0.7 0.7 0.7 

Apatite 3.21 a 146.7 0.21 0 0 0 2.0 0 0 1.6 0 0.8 1.0 0 0 0 

Pyrite 4.81 a 260.6 0.19 5.2 6.3 4.4 1.0 0.9 0.9 3.1 1.3 1.1 1.3 1.3 1.3 1.3 

Total porosity ϕ
total

 

(%) 
− − − 9.1 6.6 8.1 4.2 6.2 5.9 9.1 5.8 6.1 5.7 5.6 5.6 5.6 

Measured 𝐸1 (GPa) − − − 17.6 22.7 24.1 – – 42.9 46.9 – – – – 43.0 45.9 

Measured 𝐸3 (GPa) − − − 12.3 13.4 17.3 24.9 24.6 – – 18.2 17.7 16.9 15.1 – – 

a.  Mavko et al., (2009); b. Wang et al., (2001); c. Simpson et al., (2015); d. Sone (2012) and Sone (2018). 

   

 



 

92 
 

6.1.2. Void system 

The void system is crucial for developing a realistic model of a shale. The voids 

are divided into macro- and micro-pores, which have different characteristic sizes and 

topologies (Hornby et al., 1994; Loucks et al., 2009). It is difficult to determine the 

volume fraction of each category at the core scale. High-resolution images allow us to 

determine the corresponding fraction for a small volume, but it is not possible to scale 

such determinations to a core scale (Sakhaee-Pour and Li 2016). Eqs. 6.1 to 6.3 enable us 

to consider a full range of the micro- and macroporosity without any restrictions. For 

instance, the microporosity fraction can vary from 0 to 100%. The micro- and 

macroporosity fractions are tuned in the hierarchical model to characterize the 

representative void system for a particular shale formation. 

ϕ
macro_fraction

= 
ϕ
macro

ϕ
total

, (6.1) 

ϕ
micro_fraction

= 
ϕ
micro

ϕ
total

, and (6.2) 

ϕ
total

= ϕ
macro

+ ϕ
micro

, (6.3) 

where ϕ
total

 is the total porosity, ϕ
macro

 is the macroporosity, ϕ
micro

 is the microporosity, 

ϕ
macro_fractoin

 is the macroporosity fraction, and ϕ
micro_fractoin

  is the microporosity fraction.  

The microporosity resides inside the kerogen and clay aggregates, but the pores in 

each are different in topology (Sayers 2013). The pores in the kerogen are mostly 

ellipsoidal with greater aspect ratios (Loucks et al., 2009; Klaver et al., 2012). The pores 

in the clay aggregates are elongated because they are confined by the sheet-like geometry 

of the clay platelet. It is also difficult to determine the porosity fraction associated with 
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each for a bulk volume, based on the high-resolution images; thus, they are calculated 

using Eqs 6.4 to 6.6. A full range of the local porosities in kerogen and clays is 

considered when the hierarchical model is tuned for a shale formation. 

ϕ
kerogen-fraction

= 
ϕ
kerogen

ϕ
micro

, (6.4) 

ϕ
clay-fraction

 =  
ϕ
clay

ϕ
micro

, and (6.5) 

ϕ
micro

= ϕ
kerogen

+ ϕ
clay

, (6.6) 

where ϕ
kerogen

 is the microporosity inside the kerogen, ϕ
kerogen_fractoin

 is the fraction of the 

microporosity in kerogen, ϕ
micro

 is the microporosity, ϕ
clay

 is the microporosity associated 

with the clay aggregates, and ϕ
clay_fractoin

 is the fraction of the microporosity in clays.  

 

6.1.3. Uncertainties in the governing parameters  

There are uncertainties in the governing parameters and it is not possible to 

determine all of them from lab measurements. Thus, a range is considered for each 

parameter that does not have a unique value. The uncertainty of each parameter has an 

effect on the anisotropic elastic moduli that are measured for a specific core sample. 

Considering a physically realistic range also helps us determine the effect of each 

parameter on the predicted results from the sensitivity analysis. 

   

6.2. A revised hierarchical model for the anisotropic elasticity of shales 

The main objective of this chapter is to predict the static anisotropic elastic 

properties of a shale at the core scale from its constituents and structures based on a 
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revised hierarchical model. Fig. 6.1 shows the workflow of the revised model. The small-

scale measurements, such as those using X-ray diffraction (XRD), a helium porosimeter, 

and a scanning electron microscope (SEM), can be conducted on small samples to 

characterize the governing parameters (Table 6.1). The input parameters are implemented 

in the model, the results of which are tested with lab measurements at the core scale. 

 

 

Figure 6.1 – The hierarchical model for predicting the anisotropic elasticity of a shale at 

the core scale from its constituents and structures. It is revised from Fig. 1.2 

by considering the microfabrics of the solid phase and the void structure. 
 

6.2.1. Small-scale (grain-scale) model 

Chapter 4 presented the procedures to develop the physically representative 

element for the elastic deformation of a grain of known mineralogy. The same procedures 

are applicable here to derive the pertinent representative elements for the porous kerogen 

and the other solid minerals in shales. However, the small-scale model for the porous clay 
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aggregates must be updated because the anisotropic elastic properties of clays and the 

clay platelet orientation need be accounted for in the revised model. 

The following procedures are used to develop the small-scale model for the 

porous clay aggregates. First, the local porosity in clay aggregates is obtained according 

to Eqs. 6.5 and 6.6. This local porosity determines the amount of pore space in the small-

scale model, given the geometry and topology of the pores in clays (see section 4.1.1). 

Then, the void space is considered to align in two distinct directions: perpendicular to and 

parallel to the axis of symmetry. This consideration of the void space allows us to 

mathematically mimic the average orientation of the sheet-like voids (or clay platelets). 

For instance, the average clay platelet orientation is 18o from the horizontal direction if 

one vertical and four horizontal sheet-like voids are introduced in the model. Finally, the 

elements relevant to the clay platelets have the anisotropic elastic properties listed in 

Table 6.2, whereas for the remainder, the elastic moduli are zero. 

The finite element method is used to determine the effective anisotropic elastic 

properties of porous clay aggregates. One end of the model is roller constrained and the 

other end is subject to uniform compression (Fig. 4.1). Because clays show anisotropic 

elasticity, uniform compressions are applied in two orthogonal directions to compute the 

effective anisotropic moduli at the grain scale. Finally, Eq. 4.1 is used to determine the 

elastic properties of the representative elements for clay aggregates. 

 

6.2.2. Large-scale (core-scale) model  

The core-scale model is developed using the representative elements. Eqs. 4.3 and 

4.4 are used to determine the number of elements for each mineral based on the pertinent 
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volume fraction. Eq. 4.5c helps us to compute the elastic modulus of the core-scale model 

whose boundary conditions can be found in Fig. 4.1. Similarly, the elastic modulus of the 

core-scale model is converted to that of the rock using Eqs. 4.6 and 4.7.  

In reality, kerogen and clay aggregates form complex structures with various 

characteristic sizes parallel to the bedding (Sone and Zoback 2013; Milliken et al., 2012). 

These microfabric structures are considered in the core-scale model due to their 

significant effect on the anisotropic elasticity of shales. For this reason, the core-scale 

model includes a number of lenticulars of random sizes that are smaller than the model 

size. The lenticular structures are randomly distributed in the planes perpendicular to the 

axis of symmetry of the shale. Other minerals do not form any spatial structure and are 

also randomly distributed in the core-scale model. Different realizations are generated to 

account for the effect of the random spatial distribution on the results. Fig. 6.2 shows one 

example of a core-scale model that incorporates the microfabric structures of the shale 

matrix. The random distribution of the lenticulars enables us to generate microstructures 

with non-uniform geometries and sizes for the kerogen and clays. This is in agreement 

with the SEM observations of various shale formations (Sone and Zoback 2013). Other 

shapes may also be applied to form the microfabric structures of the shale matrix (Vasin 

et al., 2013), but this is beyond the scope of the present study.  

Finite element analysis allows us to calculate the anisotropic elastic moduli of the 

core-scale model. The loading and boundary conditions are similar to that shown in Fig. 

4.1. The core-scale model is solved in an unconfined compressive test, and the predicted 

results are compared with the independent lab measurements of core plugs under the 

triaxial compression condition. The different boundary conditions between the 
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simulations and the lab measurements have negligible effects on the model validation 

analysis for the following reason: the analyzed shales are relevant to consolidated 

formations whose elastic properties show negligible dependency on the confining 

pressures (Sone and Zoback 2013).  
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2nd layer                      8th layer                    14th layer                   20th layer
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4th layer                      10th layer                   16th layer

5th layer                      11th layer                   17th layer

6th layer                      12th layer                   18th layer

 

Figure 6.2 – Cross sections of a core-scale model that includes the microfabric structure 

of the kerogen and clays for the LB1 sample. The elastic properties of the 

porous kerogen and clays are characterized using the grain-scale model.  
 

The core-scale model is solved by applying a fixed displacement on one end and 

keeping the other end roller constrained (Fig. 4.1). The fixed displacement, instead of a 

stress value, is applied in the core scale model because the lab triaxial compression is 

often conducted under a displacement-control mode (Cheng et al., 2015). The predicted 

elastic modulus, which is obtained using Eqs. 4.5 – 4.7, represents the relevant properties 

of dry shale samples because fluid is not considered in the void space of the proposed 

model. 
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6.3. Validation 

Samples from Lower Bakken, Barnett, and Haynesville shales are analyzed to 

clarify the proposed model. Simpson et al., (2015) reported the relevant measurements 

for the Lower Bakken and Sone (2012) the measurements for the Barnett and the 

Haynesville formations. They measured the mineral composition from XRD analysis and 

determined the total porosity from mercury injection capillary pressure (MICP). They 

also reported the static anisotropic elastic modulus for each sample at the core scale 

(Table 6.3). 

The input parameters of the revised model are listed in the seventh column in 

Table 6.1. The average grain size of the mineral is 12.55 μ𝑚 (Milliken et al., 2012). The 

elastic moduli of the clay platelets are shown in Table 6.2. The clay platelet orientation in 

the model is 20 degrees with respect to the bedding planes, based on the study conducted 

by Hornby et al., (1994). It is assumed that the microporosity accounts for the total 

porosity, based on high-resolution images, and resides in the kerogen and the clay 

(Loucks et al., 2009). It is assumed that kerogen accounts for 50% of the microporosity 

because it is impossible to determine the corresponding values at the core scale. The 

aspect ratios of the pores in the kerogen and the clay aggregates are 0.33 and 0.05, 

respectively. The aspect ratios of the voids are reported for different shales in the 

literature (Hornby et al., 1994; Klaver et al., 2012).  

For model implementation, the first step is to derive the elastic properties of the 

porous kerogen and the porous clay aggregates using the grain-scale model (Fig. 6.1). 

The elastic properties of the core scale model are determined by generating ten random 
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realizations of the microfabric structure in the matrix. Fig. 6.2 shows one realization of 

the core-scale model which includes the complex microfabric structure. Fig. 6.3 presents 

the simulated anisotropic stress-strain curves for the core-scale model illustrated in Fig. 

6.2. The predicted anisotropic elastic moduli at the core scale are determined according to 

Eq. 6.3. The predicted elastic moduli of the ten random realizations are averaged and 

plotted in Fig. 6.4 for each sample. The elastic modulus parallel to the axis of symmetry 

is denoted by 𝐸3 , whereas the modulus in the other direction is shown by 𝐸1 . The 

predicted 𝐸1 is greater than the 𝐸3 for each sample, which is consistent with the triaxial 

measurements. It is observed that 12 out of 16 predicted elastic moduli at the core scale 

differ less than 17% from the measured values (Fig. 6.4). The agreement between the 

predicted results and the measured values supports the proposed model. 

For completeness, the average error of the predicted anisotropic elastic moduli to 

the lab measurements is analyzed for each shale formation. Eq. 6.7 is used to compute the 

error, which is plotted in Fig. 6.5. The average errors of the predicted elastic moduli are 

10.5%, 9.5%, and 24.1% for the Lower Bakken, Barnett, and Haynesville shales, 

respectively. Therefore, the proposed model yields a good prediction of the anisotropic 

elastic properties of the three shale formations at the core scale. 

𝐸𝑟𝑟𝑜𝑟 (%) =
1

N
∑ |

Ei
Predicted − Ei

Measured

Ei
Measured

|

𝑁

𝑖=1

× 100,  
(6.7) 

where Error is the average error of the predicted anisotropic elastic moduli with respect 

to the lab measurements of a shale formation, N is the number of measurements of the 

elastic moduli for the shale formation, Ei
Predicted is the predicted elastic modulus parallel 
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to or perpendicular to the axis of symmetry, and  Ei
Measured  is the measured elastic 

modulus parallel to or perpendicular to the axis of symmetry. 

The anisotropic elastic moduli are predicted based on the core-scale model that 

incorporates 203 (=20×20×20) cubic elements. The number of elements in the core-scale 

model is determined based on the sensitivity analysis: the predicted anisotropic elastic 

moduli show less variations among different realizations when the number of elements is 

equal to or larger than 203 (Fig. 6.6).  

 

Figure 6.3 – Simulated anisotropic stress-strain curves for the core-scale model of the 

LB1 sample shown in Fig. 6.2. The predicted anisotropic elastic moduli were 

computed according to Eq. 6.3. 
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Figure 6.4 – Predicted anisotropic elastic moduli for the samples of Lower Bakken, 

Barnett, and Haynesville shales based on the revised hierarchical model.  

 

 

Figure 6.5 – Error of the predicted elastic modulus for the three shale formations.  
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Figure 6.6 – Sensitivity of the predicted anisotropic elastic moduli to the number of 

elements in the core-scale model. The model is relevant to the LB1 sample. 

 

6.4. Sensitivity analysis 

The sensitivity analysis is presented in this section to systemically discuss the 

importance of each parameter for the anisotropic elasticity of a shale at the core scale. 

The sensitivity analysis also enables us to quantitatively evaluate the uncertainties of the 

predicted anisotropic moduli when a single value is used for a parameter in the proposed 

model. The LB1 sample is used to conduct the sensitivity analysis. 

The maximum and the minimum of the anisotropic elastic moduli at the core scale 

(𝐸3
𝑚𝑖𝑛 , 𝐸3

𝑚𝑎𝑥 , 𝐸1
𝑚𝑖𝑛 , and 𝐸1

𝑚𝑎𝑥 ) can be determined by considering the full range of 

variation for each input parameter. Table 6.4 lists the corresponding input parameters for 

each scenario. Subsequently, every input parameter is changed individually to determine 

its effect on the elastic properties at the core scale. 

First, the clay properties have significant effects on the anisotropic elastic moduli 

of shales at the core scale (Fig. 6.7). The entire range of the elastic moduli of the clays is 
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considered (Table 6.2), while other parameters are fixed and equal to the values listed in 

Table 6.4. For reference conditions associated with (0, 0) in Fig. 6.7, the predicted 𝐸3
𝑚𝑖𝑛, 

𝐸3
𝑚𝑎𝑥, 𝐸1

𝑚𝑖𝑛, and 𝐸1
𝑚𝑎𝑥  are equal to 10.52, 15.14, 15.18, and 23.87 GPa, respectively, 

where the clay has the smallest anisotropic moduli 𝐸1
𝑐𝑙𝑎𝑦

= 29.24 GPa and 𝐸3
𝑐𝑙𝑎𝑦

= 14.26 

GPa..4. The predicted anisotropic moduli of the LB1 increase up to 100% when the clay 

moduli are increased by 300%–500%. Sedimentary diagenesis causes the transformation 

of the clay minerals (Segonzac 1970), the effect of which can be predicted quantitatively 

using the proposed model. 

 

 

Figure 6.7 – Effect of clay moduli on the elastic moduli of the LB1 sample at the core 

scale. 
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Table 6.4 – Governing parameters that yield the maximum and minimum anisotropic elastic moduli (𝐸3
𝑚𝑖𝑛, 𝐸3

𝑚𝑎𝑥, 𝐸1
𝑚𝑖𝑛, and 

𝐸1
𝑚𝑎𝑥).  

Void or 

matrix 
Physical factors 

Mathematical 

parameters 
Variation 𝐸3

𝑚𝑖𝑛 𝐸3
𝑚𝑎𝑥 𝐸1

𝑚𝑖𝑛 𝐸1
𝑚𝑎𝑥 

Matrix 

Elastic anisotropy of 

clays 

Anisotropic elastic 

moduli (𝐸𝑐𝑙𝑎𝑦) 
Table 6.2 

Smallest 𝐸𝑐𝑙𝑎𝑦 

(Table 6.2) 

Greatest 𝐸𝑐𝑙𝑎𝑦 

(Table 6.2) 

Smallest 𝐸𝑐𝑙𝑎𝑦 

(Table 6.2) 

Greatest 𝐸𝑐𝑙𝑎𝑦 

(Table 6.2) 

Clay platelet 

orientation 

Orientation angle to 

the bedding 
0 – 90° 0 90° 90° 0 

Structure of kerogen 
Lenticular with 

geometric size 
Unknown 1 − m 1 − m 1 − m 1 − m 

Structure of clay 

aggregates 

Lenticular with 

geometric size 
Unknown 1 − m 1 − m 1 − m 1 − m 

Mineral composition 
Mineral volume 

fractions 
− 

LB1 in Table 

6.3 

LB1 in Table 

6.3 

LB1 in Table 

6.3 

LB1 in Table 

6.3 

Void 

Macroporosity ϕ𝑚𝑎𝑐𝑟𝑜  fraction 0 – 100% 0 0 0 0 

Topology of 

macropores 
Aspect ratio (𝐴𝑅𝑚) 0.50 – 1.00 − − − − 

Microporosity ϕ𝑚𝑖𝑐𝑟𝑜  fraction 0 – 100% 100% 100% 100% 100% 

Kerogen porosity ϕ𝑘𝑒𝑟𝑜𝑔𝑒𝑛 fraction 0 – 100% 0 0 0 0 

Clay aggregate 

porosity 
ϕ𝑐𝑙𝑎𝑦 fraction 0 – 100% 100 100 100 100 

Topology of pores in 

kerogen 
Aspect ratio (𝐴𝑅𝑘) 0.21 – 0.77 − − − − 

Topology of pores in 

clay aggregates 
Aspect ratio (𝐴𝑅𝑐) 0.05 – 1.00 0.05 0.05 0.05 0.05 

* The detailed explanation of each parameter in this table can be found in Table 6.1. 
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Next, the clay platelet orientation is crucial for the anisotropic elastic properties of 

shales at the core scale (Fig. 6.8). The clay platelet orientation varies from 0 to 90 

degrees with respect to the bedding plane, and Table 6.4 lists other input parameters. For 

reference conditions associated with (0, 0) in Fig. 6.8, the predicted 𝐸3
𝑚𝑖𝑛, 𝐸3

𝑚𝑎𝑥, 𝐸1
𝑚𝑖𝑛, 

and 𝐸1
𝑚𝑎𝑥 are equal to 10.52, 23.87, 15.91, and 47.31 GPa, respectively, where the clay 

platelet is horizontal for 0 degree. The 𝐸3
𝑚𝑖𝑛 and 𝐸3

𝑚𝑎𝑥  increase by 31%–53% and the 

𝐸1
𝑚𝑖𝑛, and 𝐸1

𝑚𝑎𝑥 decrease by 37%−54% when the clay platelet orientation increases from 

0 to 90 degrees. Thus, there is a stronger elastic anisotropy when the clay platelets show a 

more profound horizontal orientation. The proposed model helps us to numerically 

predict the anisotropy. The sedimentary compaction is likely to produce a greater 

horizontal orientation of the clay platelets (Hornby 1998). The net force between the clay 

platelets, whose surfaces are negatively charged, is also important because a net repulsion 

disperses the clay platelets (Lagaly and Ziesmer 2003) and affects the orientation.   

Third, the microporosity fraction of clays significantly affects the anisotropic 

elastic moduli of shale at the core scale. Fig 6.9 shows that 𝐸1 changes more significantly 

than 𝐸3 when the void space in the clay accounts for a larger fraction. The observed trend 

is expected because pores in clay aggregates usually have smaller aspect ratios.  

The effect of the pore aspect ratio in clay on the predicted anisotropic moduli is 

shown in Fig. 6.10. The predicted 𝐸3
𝑚𝑖𝑛, 𝐸3

𝑚𝑎𝑥, 𝐸1
𝑚𝑖𝑛, and 𝐸1

𝑚𝑎𝑥 are 10.52, 24.61, 15.20, 

and 47.31 GPa, respectively, when the pore aspect ratio is equal to 0.05. Increasing the 

aspect ratio to one increases 𝐸3
𝑚𝑖𝑛 and 𝐸1

𝑚𝑖𝑛 by 30%–45% and decreases 𝐸3
𝑚𝑎𝑥 and 𝐸1

𝑚𝑎𝑥 

by 15%–20%. In other words, a clay pore with a larger aspect ratio decreases the 

variation of the elastic moduli, which may reduce the anisotropic elasticity at the core 
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scale. The observed trend indicates that the determination of the representative clay pore 

aspect ratios is also crucial for a quantitative understanding of the anisotropic elastic 

properties of a shale at the core scale. 

 

 

Figure 6.8 – Effect of clay platelet orientation on the elastic anisotropy of the LB1 sample 

at the core scale. 

  

Finally, it is necessary to analyze the effects of the microfabric structures of 

kerogen and of clays on the predicted anisotropic moduli (Fig. 6.11). The proposed model 

indicates that 𝐸3
𝑚𝑖𝑛, 𝐸3

𝑚𝑎𝑥, 𝐸1
𝑚𝑖𝑛, and 𝐸1

𝑚𝑎𝑥 are equal to  11.52, 24.61, 15.20, and 47.31 

GPa, respectively, when the lenticular sizes are allowed to be equal to the core-scale 

model size. The lenticular size influences 𝐸3
𝑚𝑖𝑛 and 𝐸3

𝑚𝑎𝑥 more significantly than 𝐸1
𝑚𝑖𝑛 

and 𝐸1
𝑚𝑎𝑥. The observed trend occurs because the lenticular structures are parallel to the 

bedding. Researchers have studied the effect of the microfabric structure on the 
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anisotropic elastic properties of shales (Vernik and Nur 1992), but the proposed model 

suggests that it needs to characterize the representative sizes to quantify the effect. The 

observed effect has not been discussed quantitatively in previous studies. 

 

 

Figure 6.9 – The predicted elastic moduli of the LB1 sample vs. the microporosity in 

clays (ϕclay-fraction). For reference conditions at (0, 0), the predicted 𝐸3
𝑚𝑖𝑛 , 

𝐸3
𝑚𝑎𝑥, 𝐸1

𝑚𝑖𝑛, and 𝐸1
𝑚𝑎𝑥 are 10.89, 21.94, 13.99, and 31.66 GPa, respectively. 
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Figure 6.10 –The predicted anisotropic moduli of the LB1 sample at the core scale vs the 

clay pore aspect ratio. The predicted 𝐸3
𝑚𝑖𝑛, 𝐸3

𝑚𝑎𝑥, 𝐸1
𝑚𝑖𝑛, and 𝐸1

𝑚𝑎𝑥 are 10.52, 

24.61, 15.20, and 47.31 GPa, respectively, when the pore aspect ratio is 0.05. 

 

The sensitivity analysis indicates that the clay elastic moduli and the clay platelet 

orientation have the most significant effects on the anisotropic elastic moduli of shales at 

the core scale. Other parameters—for instance, the microfabric structures of the kerogen 

and clays—also contribute slightly to the elastic anisotropy at the core scale. These 

conclusions are drawn from the sensitivity analysis of the Lower Bakken sample 

analyzed in this study. The applicability of these conclusions to other formations needs 

further investigation. In addition, the sensitivity analysis demonstrates that the predicted 

anisotropic elastic moduli of shales at the core scale may vary significantly, depending on 

the uncertainties of each governing parameter. Therefore, it is crucial to conduct a 

comprehensive investigation of all the governing parameters to make appropriate 

predictions of the elastic anisotropy at the core scale.  
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Figure 6.11 –The lenticular structures of kerogen and clays vs the elasticity of the LB1 at 

the core scale. For reference conditions at (100, 0), the predicted 𝐸3
𝑚𝑖𝑛, 𝐸3

𝑚𝑎𝑥, 

𝐸1
𝑚𝑖𝑛, and 𝐸1

𝑚𝑎𝑥 are 11.52, 24.61, 15.20, and 47.31 GPa, respectively. 
 

6.5. Conclusions 

The main objective of this chapter was to predict the anisotropic elastic properties 

of shales at the core scale based on the revised hierarchical model. The revised model 

accounts for the void system, the mineralogy, the grain-size distribution, and the 

microfabric structure of the rock matrix. The proposed model characterizes the effective 

properties of the formation at the small scale (grain scale), and predicts the anisotropic 

elastic moduli of shales at the large scale (core scale). It has been tested for the Lower 

Bakken, Barnett, and Haynesville shales. Most of the predicted anisotropic elastic moduli 

differ less than 17 percent from the independent measurements, which supports the 
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proposed model. The sensitivity of the anisotropic moduli of shales to the governing 

parameters was also discussed based on one Lower Bakken sample. This is important 

because it allows us to systematically and quantitatively determine the importance of 

each parameter for the geomechanical characterization of shales at the core scale.  

The proposed model has major implications for the characterization of the 

anisotropic geomechanical properties of shales at the core scale, which are important for 

in-situ stress analysis and the analysis of wellbore stability. It allows us to predict the 

quasi-static anisotropic elastic properties from drill cuttings, instead of cores or core-

plugs, the recovery of which is difficult and expensive. The proposed model also enables 

us to gain a deep understanding of the anisotropic geomechanics of shales.  
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Chapter 7. Assumptions and Limitations of the Proposed 

Models 

In this chapter, assumptions relevant to the applications of the proposed models 

are discussed. The limitations of the proposed models’ applications are also elaborated 

for completeness. Other assumptions pertinent to the model development have been 

provided in the prior chapters.  

  

7.1. A conceptual model of nanoindentation 

For a conceptual model of nanoindentation, the assumption is that the predicted 

elastic properties are representative of the dynamic properties of shales at the core scale. 

This is because the elastic properties are interpreted from the unloading stages of 

nanoindentation, which are more relevant to the dynamic properties, as discussed by 

Zoback (2010). The predicted results capture the dynamic elastic properties of a given 

shale, as shown in Fig. 3.1. 

The first limitation of the application of the conceptual model is that the load of 

the nanoindentation should be on the order of a few micro-Newtons in order to extract the 

loading frames with distinct mechanical properties. Bennett et al., (2015) conducted 

nanoindentations with various loads on the Woodford shale. They reported that a small 

load (~ 4 mN) allowed them to distinguish the loading frames with distinct mechanical 

properties, whereas a large load (200 ~ 400 mN) failed to do so because the grain-scale 

heterogeneity was suppressed under the large load. The proposed model predicts the 

core-scale elastic properties of shales based on the pertinent properties of the loading 
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frames. Thus, nanoindentations of shales must be conducted using a small load for the 

application of the proposed model.   

The second limitation for the application of the conceptual model is that the size 

of the shale sample should be large enough (~ mm) to exclude the boundary effect on the 

nanoindentation measurements. Eq. 7.1 allows us to approximate the size of the plastic 

zone in a nanoindentation (Johnson 1970). Substituting 𝐸 = 20 𝐺𝑃𝑎, υ = 0.3 , and 

σ𝑦𝑖𝑒𝑙𝑑(UCS) = 35.8 MPa of the Woodford shale in Eq. 3.3 (Abousleiman et al., 2007) 

results in c/a = 3.6. Thus, the size of the plastic zone, c, is about 2 μ𝑚 for a Berkovich 

indentation on shale with a penetration depth of 200 nm (load ~ 4 mN). Therefore, the 

shale sample size has to be much greater than 2 μ𝑚 (c) in order to minimize the boundary 

effect on the nanoindentation measurements. Ulm and Abousleiman (2006) suggested 

that the shale samples should be 5–10 mm thick for nanoindentation measurements.  

𝑐

𝑎
= [

1

6(1 − υ)
[

𝐸

σ𝑦𝑖𝑒𝑙𝑑
𝑡𝑎𝑛β + 4(1 − 2υ)]]

1/3

, (7.1) 

where c is the radius of the hemispherical plastic zone, a (= ℎ 𝑡𝑎𝑛α) is the radius of the 

projected elastic contact, h is the penetration depth, α is the half angle of the indenter, υ is 

the Poisson’s ratio of the medium, 𝐸 is the Young’s modulus of the medium, σ𝑦𝑖𝑒𝑙𝑑 is the 

yield strength of the medium, and β (=
1

2
𝜋 − α) is the slope of the indenter edge with 

respect to the horizontal direction. 

    

7.2. The hierarchical model   

For the hierarchical model, the assumption is that the predicted elastic moduli are 

relevant to the properties of the intact core plugs. The proposed model does not account 
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for the presence of fractures. Thus, the predicted results are not representative of 

fractured shales or carbonates. 

The first limitation of the proposed hierarchical model is that it does not account 

for the effects of the fluid-rock interaction on the geomechanical properties. The injected 

fluid, once it contacts the rock, may alter the properties because of swelling (Sayers and 

den Boer 2016) or cooling. The geomechanical properties of the sample may also be 

altered after recovery because of the escape of the saturation fluid. These fluid-rock 

interactions are not considered in the proposed model. 

The second limitation is that the proposed model also does not account for the 

effects of temperature on the geomechanical properties of shales at the core scale. The 

implemented elastic properties of solid minerals in Table 4.1 are representative of 

standard conditions (room temperature). Hence, the model has been tested against 

laboratory measurements at identical conditions. The elastic properties of solid minerals 

at subsurface conditions (elevated temperature) have to be modified to mimic shale 

formations at in-situ conditions. Analyzing the temperature effects is beyond the scope of 

the present study. 

Finally, the proposed model needs to be tested for other shale formations. It has 

been validated for several shale formations, such as the New Albany, Rock Mountain 

Siliceous, Lower Bakken, Barnett, and Haynesville. However, the applicability of the 

proposed model to other formations needs further study due to the heterogeneity of 

shales.  
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Chapter 8: Concluding Remarks and Future Work 

Recommendations 

8.1. Concluding remarks  

8.1.1. Nanoindentations of shales 

The first objective of this study was to predict the elastic properties of a shale at 

the core scale from nanoindentation measurements that could be conducted on drill 

cuttings. This is important because it allows us to use drill cuttings instead of large 

samples (cores or blocks) for the geomechanical characterization of shales. It is difficult 

to recover large shale samples because they usually break along the bedding planes due to 

their mechanical instability.    

For the objective, a conceptual model was proposed for interpreting the 

nanoindentations on shales, which are strongly heterogeneous. It is assumed that 

nanoindentation measures the effective stiffness of different minerals in a combined 

volume where the softer entities dominate the elastic behavior. The conceptual model 

relates the effective stiffness at the small scale to the pertinent properties of a shale at the 

core scale. The proposed model was applied on the Woodford shale, with a good 

agreement between the predicted elastic moduli and independent core-scale 

measurements. 

Further evidence was given to highlight the importance of the effective stiffness 

of different minerals in the mechanical behavior of a shale at the core scale. The core-

scale elastic properties of shales were computed from the volumetric average of the 

elastic properties of the forming minerals. The computed moduli were significantly 

greater than the elastic properties of the bulk volume. Therefore, the effective stiffness of 
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different minerals must be considered when predicting the geomechanical properties of a 

shale at the core scale from small-scale measurements. 

8.1.2. The hierarchical model  

A hierarchical model was proposed to predict the elastic properties of a shale at 

the core scale from the mineralogy, porosity, pore structure, grain-size distribution, and 

microfabric structures. All these parameters can be determined from drill cuttings. This 

was the second objective of the present study. 

The proposed method incorporates a small-scale model, which mimics the elastic 

deformation of a grain with a known mineralogy, and a large-scale model, which captures 

the elastic properties of shales at the core scale. In the small-scale model, a physically 

representative element was proposed to capture the elasticity of a grain by accounting for 

the mineralogy, micropore structure, and grain size. The representative elements were 

randomly distributed in the core-scale model by considering the volume fraction of each 

mineral. The finite element method was adopted to solve the hierarchical model and 

derive the elastic moduli of shales. The computed results were compared with 

independent lab measurements of the New Albany, Rocky Mountain Siliceous, Lower 

Bakken, and Barnett shales. The predicted results captured the measured moduli parallel 

to the bedding because the minerals were randomly distributed in the model. 

The hierarchical model was applied to a carbonate (Arab-D) formation to predict 

its static elastic properties at the core scale from the mineralogy and the void system. 

Compared to shales, carbonates are mainly composed of calcite and dolomite and have 

more complex pore structures. The hierarchical model accounts for the complex pore 

structures in predicting the elastic properties of the Arab-D carbonate at the core scale. 
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The predicted elastic properties agree with independent lab measurements reported in the 

literature. The results also show that the pore structure plays an important role in the 

elastic moduli of the Arab-D carbonate formation. Therefore, the geomechanical 

properties of carbonates need not correlate with the total porosity alone. The hierarchical 

model enables us to quantitatively analyze the effect of pore structure on the elastic 

properties of carbonates at the core scale. 

The hierarchical model was revised to predict the anisotropic elastic properties of 

shales at the core scale. For this, the clay anisotropy, clay platelet orientation, and 

microfabric structures of the kerogens and clays were included in the revised model. All 

these factors could contribute to the anisotropic elasticity of shales at the core scale. The 

revised hierarchical model was tested on Lower Bakken, Barnett, and Haynesville shale 

samples. The agreement between the predicted and measured anisotropic elastic moduli 

supports the revised model. A sensitivity analysis was conducted to systematically and 

quantitatively determine the importance of each parameter to the anisotropic elasticity of 

a Lower Bakken sample at the core scale. The analysis suggests that it is crucial to 

characterize the clay type, the clay platelet orientation, and the geometrical sizes of the 

kerogen and clay structures in order to gain a comprehensive understanding of the 

anisotropic elastic properties of shales at the core scale. Understanding the anisotropic 

behavior of shales is important for many field applications, such as in-situ stress 

interpretation and wellbore stability analysis.  
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8.2. Future work recommendations  

8.2.1. Nanoindentation of shales 

The proposed conceptual model based on nanoindentations does not necessarily 

capture the anisotropic elastic properties of a shale at the core scale. This is probably 

because the anisotropic elasticity of a shale may be affected by factors at length scales 

beyond nanoindentation measurements. For instance, a nanoindentation test probes a 

small volume of the sample, which may not necessarily include the bedding plane effect 

on the anisotropic elasticity of shales. Future work needs to be conducted to capture the 

anisotropic elastic properties of shales at the core scale from nanoindentations. 

The conceptual model needs to be tested on other shale formations. It works well 

for the Woodford shale, as shown in Chapter 3. However, its applicability to other shale 

formations needs to be verified because shales are different due to their heterogeneity. 

The conceptual model may be extended to predict the elastic properties of shales 

with different water saturations. This is because water can be trapped in the shale pores 

whose characteristic sizes are on the order nanometers (Sakhaee-Pour and Bryant 2015) 

whereas the penetration depth of a nanoindentation can be greater than 200 nm. Thus, 

nanoindentation can be used to quantify the alternation of local properties due to the 

water presence. The conceptual model may then be applied to relate the local changes to 

the core-scale properties. 

 

8.2.2. The hierarchical model 

The hierarchical model works well for the shale formations analyzed in the 

present study. Future work includes testing the model’s applicability to other shales 
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because different formations vary significantly in their mineralogy, matrix structure, and 

void systems.  

The hierarchical model predicted elastic moduli that are relevant to the ambient 

conditions of shales because the mineral properties used in the model are relevant to the 

ambient conditions (room temperature). The elastic properties of solid minerals at 

subsurface conditions (elevated temperature) must be modified to mimic shale formations 

at in-situ conditions. The hierarchical model may be used to study the temperature effect 

on the core-scale elastic properties of shales by considering the temperature-dependency 

of the properties of the minerals. 

 The hierarchical model may be extended to predict the water effect on the elastic 

properties of shales at the core scale. To this end, the compressibility of water should be 

accounted for in the hierarchical model. The hierarchical model may also be extended to 

study the fluid-rock interaction at the core scale by taking into account the changes of the 

decrease of the clay minerals’ properties. 

The hierarchical model may be applicable to predict the creep and strength 

properties of shales at the core scale. Creep deformation significantly affects the 

permeability of shales (Sinha et al., 2013), while strength properties are crucial for 

wellbore stability analysis and the study of hydraulic fracturing (Papanastasiou 1997; 

Zeynali 2012). Unlike the elastic properties, the creep and strength properties are 

routinely obtained from destructive triaxial tests on core plugs, which significantly 

increases the cost of core analysis. Therefore, it would be of great importance to predict 

the creep and strength properties of shales at the core scale based on a hierarchical model 
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that utilizes small-scale measurements on drill cuttings. Future work may be conducted to 

incorporate the creep and strength properties of minerals to accomplish this objective.  
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