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PREFACE

This rescarch presents the design, construction, and
evaluation of a nenbrane apparatus for the torsion analysis
of prismatic bars. Torsional stresses and deflections in a
non~circular sectional bar are difficult to determinc analyti-
cally. The experimental results in this thesis were ob-
tained from an cxperiment performed on the membranc anualozy
apparatus, Thin polyethlenc shcet material and rubber were
used instead of soap film in the experiment, he results
were gratifying,

The researcher wishes to cxpress his appreciation for
the valuable advice and assistance given by nmenbers of the
thesis committce, especially Prof, L, J. Castellanos of the
Mechanical Engineering Department, who gave him all possi-
ble assistance and guidance in completing this rescarci,.

A, V. il R,
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ABSTRACT

This rescarch presents the design, construction, and cvi

i
-~

uation of a mcmbranc analogy apparatus for the torsion analysis

i’

of non-circular scctions (prismatic bars). The purpose of tiis

project was to construct and demonstrate the use of the
apparatus, The decgrece of error obtained by the apparatus was
determined by performing expcriments with the following three
sections:

1. Square (3" x 3")

2, Equilateral Triangle (4' side)
3. Rectangle (2" x 3'")
The crder of error was 1 to 5 percent.

Thin Plastic (Polyethylene) material (0,0015" thickness)
and a rubber membranc (0.009" thicxness) were used to carry
out the membrane analogy experiment, Contours and granis are
presented for each section mentioned above,

T

he apparatus is easy to construct and is inexpensive,

e

Experiments can be performed with the apparatus without much

PY
difficulty. The percentage error due to the apparatus can be
reduced to a great extent by a few alterations in the design.,

o

A large amount of crror in results is due to the membranc

material which is not an ideal membrane.
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SYMBOLS USED IN THIS THESLS

E =Modulus of clasticity of material

G =Modulus of rigidity of nraterial

6 =Twist of bar in radians per unit length

T =Shear stress in 1bs./sq. inch

T =Torque applicd to bar

P =Pressure difference causing displacement {air pressurc)

Z =[levation of the membranc

S =Surface tension of soap film

A =Area of cross secction of bar

P =Length of perimeter of cross section

B =Maximumangle  at the ecdge of film covering the circu-
lar hole

R =Radius of the circle

b =Angle at the edge of the film covering the opening

representing the section

V] =Maximum angle at the edge of film covering the test
hole

TQmax =!laximum shearing stress in the circular hole

TQmax =Maximum shcaring stress in any section under study

t =Thickness of the membrane



cnapTEn 1
INTantCcTIAN

The object of the project was to cdesipgn, construct,
and evﬁluutc a rembranc analogy apparatus for tlhe pur-
pose of dcnonstrating its usc in cxperirental reoascere-
ments, This apparatus 1is usciul rainly for Jeterminon
the stresses and torgue in a twisted bar or shaft ¢f
any non-circular cross scction, wiich arc difficult teo
get analytically,

The Membrane Anslogy was first proposcd by Pranctl{l)*
in 1903, It was not until 1917 that A, A, Griffith and
G, I, Taylor (2) forrulatcd a practical exnerircatal
anproach with the use of a soap film for the elastic
mermbrane as proposed by Prandtl, They used Autocollir.ter
and Spheroneter to cobtain thelr experirental results,
In the A\utocollirator, a collirated Lundle of ligat rTuys
from a smuall source are directed on the surface of the
film., The collimation axis is rotated about a hori-
zontal axis until the reflected ray coincides with tlae

incident ray, The angle between the colliration axis

and the vertical meuasures the slope of the filn,

*No. refer to references in bibliography



apparatus is carried on a pair of right-angle cuides to
locate the point at which the slope is measurcdé, The
chicf error arrived from the fact that the film has a
tendency to spread over the plate at the boundary. The
error obtained is about 2 to 4 per cent, Spherometer
consisted of a thin plate which contains a cut out of
the desired cross scction to be analyzed and a circular
hole to be used as a standard, The plate is placed in
a pressure applying fixture and soap film is stretched
across the openings. Contours of the film surface arec
plotted by moving the micrometer on the glass plate,
which is placed over the extended film., The volumnec of
the film is computed with a contour map,., Theilr crror
varied from 2 to 4 per cent, which was not quite as
good as previous investigations, however, their experi-
mental procedure had been greatly improved, Their
method was lengthy and since soap film is subject to
evaporation, time proved to be an important factor.
Other investigators (3) in the 1930's introduced
their own techaiques (Photogrammetric method, Quest
Collimator, etc.) in determining the slopes on soap film,
but their techniques were complicated and conscquently

less accurate, In 1934 E, Kopf and E, Weber (4) used a



[¥2]

LTI

thin rubber menmbrane instcad of the soap film, The
rubber membrane was stretched over holes in an alurinunm
plate which was the top of a jar containing a mixture
of paraffin., Their experimental procedure differed
from previous investigators in that they used water to
load the rubber membrane and made permanent wax imprcss-
ions of the distended merbrane, Measurements of slope
and volume were obtained by slicing the wax inpression
and photographs were taken of the resulting seciion at
every cut, Their techniques were time consuning with
little or no improvement on accuracy,

The apparatus used for the present project was bascu
on thé Taylor-Criffith's Spherormetcer principle., In their
apparatus the soap film was cnclosed in a box and the
nicroneter was moved all around on the glass plate to
obtain the contours of the cxtended soap £film,

Rubber membrane and plastic material were used in-
stead of the soap film to perform the experiment on tiac
designed apparatus., The depth gauge was mo?ed over the

v

extended membrane and the contours were obtained. The
membrane was not cnclosed in any box because there was
no evaporation problem like the soap film,

The designed apparatus was evaluated on the basis



of the results obtained from it £for simple nen-circular
cross sections by using rubber mewbrane and polyethy-
lene plastic material., These results werce comparcd
with the known theoretical values of the scctions,
Non-circular cross sections like triangular, rectangular,
and square with thecir respective standard circular
sections were used for experimentation because their
accurate torque ratio and shear stress ratio are known,
The contours of the extended membrane over the non-
circular section considered and the standard circular
scction are obtained on a drawing shecet with the help of
the depth gauge. The volunc under the cxtended nmen-
brane over the scction and the circle is determined by
graphical method., The ratio of the volumes give the
tecrque ratio of the scction considered and the circular
section, This ratio is compared with the known thcore-
tical ratio and the error in the apparatus in deter-
mining the torque ratio is obtained, The experimental
error in results obtained by the designed aﬁparatus is
avout 2 per cent, The maximum gradient of the extended
membrane on the non-circular scction and the circulear
section is obtained from the contour map by taking the

ratio of the vertical spacing and the horizontal spaciag



!

of two contours at the edge, ¢ naxinum gradient ratio
will ¢give the maximum shearing stress ratio between the
two sections, And this ratio is compared to the known
theoretical ratio and the crror of the apparatus in deter-
mining the maximum stress ratio is obtained. The ex-
perimental error in results obtained by the designca
apparatus is about 4 per cent. Experiments were per-
formed on the designed apparatus without difficulty. Th

apparatus is simple in construction and can be uscd for

many different membrane materials. except fluid wenbranc
I



CHADPTER II
APPARATUS DESIGN CRITERIA AND DESCRIPTION

In the design and the construction of the apparatus

the following requirements were taken into account:

1, Suitability for using non-fluid rembranes.

2, Mecans for finding the contours of the extended menbrane,
Becausc of this, the apparatus consisted of a depth gauge
with its designed accessories and a rccording Loard for
contour measurcments., The required results for torque

ratio and shear stress ratio are obtained with the help

of the contour mapping by graphical methods., The mem-

brane used, being a non-fluid type, was not enclosed in

any box like a soap film,

The photograph (Fig, 1) shows the designed appa-
ratus, The layout assembly drawing of the designed
apparatus with pertinent dimensions is shown in- Fig., 2,

The apparatus consists of a square steel box, A,

12" x 12" x 2-7/8*, The box is made out of 1/8" thick
steel plate and is supported on four leveling screws,
The circular test hole and the experimental hole are cut
in two flat plates of any suitable metal (eg. stecl) of

thickness 1/8"., The membrane material is placed betwecn

v,

these two plates so that the membrane 1s held at the eage



H

A ' Figure 1

Membrane Analogy Apparatus
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9
of the holes, The plates are held in horizontal »nosition

during the experiment by leveling screws, These coupled
nlates are bolted to the frame of the square box., The
joint 1is made air tight by ncans of a gasket, One side

of the box has a 1/4" Copper tube connected to it with

&£

.

a pressure gauge (0-30 p. s, i, ) and a stop valve in it,

-

The measuring Jdevice consists of a depth gauge,b’,
{with the attachwents), which slides freely on the upper
face of the rectangular stecel bar ,, The rectangular
steel bar is 18" x 1 1/2" x 3/8", The upper face of the
bar (3/8" wide) has a 16 microinch finish for easy sli-
ding of the denth gauge. The rectangular steel bar moves
frcelynﬁack and forth on two round stecl bars,D,of 3/4"
diancter, which are at either end of the rectangular oar,
These bars, cach 20" long, are 18" apart and arc sunpor-
ted by means of four brackets ,Bi. The brackets are
fixed to the L plates (Angle iron) for stability of the
neasuring device, The lower end of the depth gauge
(an attachment) is a hard steel point,F, tapering
about 1 in 8 at ;he end, Fixed on top of the depth
sauge and in its center line (an attachment) is the steel

recording point ,G, The record of the point of contact

£ thie depth gauge on the membrane is made on a sheet of



graph paper fixed to the recording board,!l,14" x 16 1/8"
x 1/2", which can swing about a horizontal axis, The
board is fixed to a brass rod and supported by vertical
bars which are fixed to the angle irons. The vertical
bars are 11 1/2" x 5/8" x 5/8". To mark any position
of depth gauge point,F, it is merely necessary to

prick a point on the paper by bringing the board

down on the recording point,G. (The point of contact
of the depth gauge point on the membrane is transferred
to the graph paper). The depth gauge can be moved in
X-y directions to touch the extendcd membrane at any

desired point,



CHAPTER III
EXPERIMENTAL PROCEDURE

The object of the experiment on the apparatus is to
determine the contour lines of the cxtended nenbranc,
The slopes of the tangent line at tine cdge of the
scctions and the volume enclosed between the extended
membranc and the plane of the plate are obtained by
graphical method,

Yethod of Using Apparatus

The membrane is stretched by hand and placed be-
twecen two clean steel plates so that it is held at the

edges of the holes and has uniform tension in it., The

ko]

ct

wo steel plates are bolted together, These coupled
steel nlates, in turn, are bolted to the frame of the
test pox. The joint between the coupled test plates
and the box must be air tight., The membrane across the
holes 1s now tested with the depth gauge; if it is not
parallel to the plane éf motion of the depth gauge, the
test box 1s leveled by leveling screws. The extension
of the membrane is done by allewing air into the test
box at a very low pressure (about 1 p.s.i.g)through the

copper tube, The pressure is kept with minimum varia-

tion by a stop valve., A graph sheet is fixed to the re-



cording board; !, ( Fiz. 1). ‘easurements may now be

made as desired,

[

The outline of the experimental hole and circular
hole is marked on the graph paper by means of the re-
cording point, G, of the depth gauge. The denth gauge is
set and screwed down until the gauge point T touches
the menbrane and its height is noted. A magnifying
glass 1s used to scc whether the gauge point, F, touches

the membrane or not and the recording board,il,is lowered

to touch the recording point, G, to make a marking point.

-

he depth gauge is moved to a neighboring point on the
sane contour and again a mark is made on the paper
attached to the recording board, This is continued
until the contour is completely mapped., Similarly, sclect
another contour and note its height, and completely

map it on the recording board, Select contours from
very near the edge of the scction to the top of the cx-
teaded membrane with a contour interval from 0,010 to
0.075. The above procedurec is done for the test scction
and for the standard circular hole., The mapped contours
of the test section and circular section on the graph

sheet are sufficient to proceced for further calculations

( Fig. 3).



Results From Maasurenents

The volume is determined by graphical method after
complete mapping of all the contours of the extended mem-
brane of the test scction and circular scction, The
area enclosed by each contour line is measured by a
planincter, and thesce arcas are plotted apgainst the
corresponding elevation., The arcas are plotted as or-
dinates and the heights as abscissa { Fipg., 4), A
smooth curve is drawn, cnclosing an arca that represcnts
the volume under the extended membrance, This area is
determined b,y a planimeter and this gives the volune.
The volumes enclosed by the membranes over the test sec-
tion and the standard circular section is determinecd ULy
the above method, The ratio of the volumes of the test
section and the circle gives the ratio of torquc of the
two above sections, under the condition that they have
the same angle of twist per unit length and the sane
shearing modulus. This experimental ratio is compared
with the existing theoretical ratio and the percentacge
crror is determined,

The slopes of the membrane are calculated fro:..
the contour spacings (i.e., both the vertical and hori-

zontal spacings). The vertical spacing is obtained



gauge readings. The horizontal spacing

<

from the depth
of the contour is mcasurcd by a scale from the contour
mapping on the graph sheet (which was attached to the
recording hoard il). To determine the stress at any
point (x,¥) in the test section, the maximum slope at
that point in the section is obtained and the maximun
slope at the boundary in the standard circular section
arc taken into consideration, The ratio of thesc maximum
slopes pgives the shear stress ratio of the test sccetion
u£ the point (x,y) and the circular section at the
boundary. Since tihe stress in the circle at the boun-
Jary is known, the stress in the section at the point
(x,y)'is determined., The maximum stress in a section 1is
usually the only measurenent of practical importance,
Visualization of the shape of the extended membranc cov-
ering the section and circular hole shows that the maxi-
rmum slope occurs at the edge of the sections. TFor
estirmating the slope of the extended membrane the heri-
zontal spacings of the contours are plotted on X-axis
and the vertical spacings of the contours are plotted

on y-axis, The points are fitted with a smooth curve
and the slove at any point is obtained by the graphical

method, For maximum slope at the edge of the extended



menbrane, a tangent is drawn to the smooth curve through
the origin { Fig. 5).

The naximum sleone at the edge of the test scction
and the circular scection is deternined by drawing an
accurate tangent to the curves through the origin, The
ratio of thcse maximum slopes gives the maximum stress
ratio between the two sections. This ratio is compared
with the existing theoretical stress ratio and percent-
age error is determined.

Percentage error for the stress and torque ratios

is calculated from the simple relation given below.

(Experimental ratio) - (Theoretical ratio)fx 100
Theoretical ratio



16

WORK . r
The procedure to calcul . the stress and torque
ratios for a square (3" x 3', and a circle (3" diamcter)

is given below (refer to Fig. 3 and 4), The radius of
the circular hole is made approximately equal to the
value of 2 A/P where A is the area and P is the peri-

nmeter of the test hole, then Sin B=mean value of SinV

cference 2), where Y is edge angle at any noint,

(

H

The area of each contour of the test section and
circular section is given in Table I, Corresponding

heights are also given in the Table I. The volumes of

the test section and circular section are obtained fron

Fig., 4.
Vl = Volume of the test section = 1,495 Cu, inches
V, = Volume of the circular section = 1,151 Cu, inches
V .
1 = Volune ratio = 1,495 = 1,299
!
Vs 1.151

Theoretical torque ratio of the two sections
(Reference 5) = 1,432

% ecrror Vl/V2 = 1,299 - 432 x 100 = - 9,2

o <t

1
1.432
The vertical spacings and

horizontal spacings of

the contours are plotted on Y-axis and X-axis (Fig. 35)
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TABLE I
DATA TO DETERMINE THE VOLUMES OF SOUARE AND CIRCULAPR SECTIONS
(RUBBER MEMBRANE)

! 2 3 4 5 6 7 s o

AREA OF AREA OF
CONTOUR OF VOLUME CONTOUR OF VOLUME
TI?E S-}EC:I‘IO.\' HEIGHT \"1. THE (;I!-ICLE HEIGHT \,'2 TRUE % kERpRan
(Sg.incn) (Inches) (Cuyinch) (Sa.inch) (Inches) (Cu.inch) Vl/Vg VALUE  V3i/Vo
9 340 ] 7.07 L340 ]
7.25 .400 5.73 .400
5.87 450 4.80 450
4,56 .500 3.76 .500

1.495 1.151 1,300 1.432 - 9.2
3.37 «550 2.74 «550
2.03 .600 1,58 . 600
1,35 625 .95 625
.39 675 .56 650
0 . 685 .13 L0675

0 . 685

o
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and the maximum slope of the . ses is determined by

graphical mecthod.

Maximnum slope of test section = .06 = 0,549
U.1003
Maximum slope of circular section = 0,06 = 0,4454
0.134
Ratio of slopes = 0.549 = 1,232
0.4454
Thecretical Shear Stress ratio = 1,.350*%
% error in determining stress
ratio = 1,232 - 1,350 x 100 = -8§.,7
1,350

Follow the procedure to determine the stress at any

voint in a section., Consider a point A in the rectangu-

lar scction (refer to Fig. 6 and Table II).

Maximum Slope at A of test Section = ég = ,065
&x ,1562

Maximum Slope at the boundary of the circular section

= ,05

Ratic of Slopes = ,109 x 065 = 0,91
. 109 .05 1562
Theoretical Shear Stress ratio = 0,942 (Reference 5)
% Error in determining Stress ratio = ,91 - ,942 x 100
942
= -3,.4%
Ta = .91
Tguwax
T, = .91

T@max

where 1, 1s the stress at A in the considered section

*

See Appendix (page 71)
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TABLE II

DATA TO DETERMINL THE VOLUMES OF RECTANGLE AND CIRCULAR SECTIONS
POLYETHYLENE MATERIAL)

1 2 3 4 5 6 7 8

AREA OF AREA OF
CONTOUR OF VOLUME CONTOUR OF VOLUME
THE SECTION HEIGHT Vi THE CIRCLE HEIGHT V2 TRUE

(Sq.inch) (Inches) (Cu,inch) (Sq.inch) {Inches) {Cu.inch) \/l/v2 VALUE

—

6 «385 4,52 «390

——

4,76 .450 3.85 .440

3.52 .500 2,94 . 480

0.804 0.530 1.516 1,443

2,63 «535 2,20 .510

1.76 570 1.460 540
0.98 .600 0.72 .570
0.32 . 625 0.20 .590

0 . 635 0 «595




CHAPTER 1V
EVALUATION, RESULTS AND DISCUSSION

The results obtained fron the experiments performed
on the apparatus arc given in Table I to Table XVII.

The values set down in Table III(page 28 indicate
results of an equilateral triangular section (4" side).
Fig. 8 is obtained directly from the experiment perform-
ed with rubber membranc on the apparatus, The contour
lines of the scction represent the lines of shearing stress
The spacing of contour lines tends to widen as they procced
towards the center of the scction., Consecquently, the
slope at the middle point of the edge of the triangular
secction is maximum slope in the entire section. Since
stress is proportional to slope, the maxinmum stress occurs
at the middle point of the edge of the section, In order
to eliminate the constant of proportionality a standard
circular section of radius = 1,154 in, is taken into
consideration, The ratio of maximum slopes obtained is
1,580, This gives the maximum stress ratio. The max-
imum stress for a circular scction can be calculated so
the maximum stress for the section is evaluated from thHe
ratio of maximum stresses, The true maximum stress ratio

is 1,500,* The maximum slope in the triangular section

*See Appendix (page 79)
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TABLE III

DATA TO DETERMINE THE VOLUNMES 0OF EQUILATEPAL TRTIANGLE AND CIRCULAR SECTIONS
(RUBBER MEMBRANE)
1 2 3 4 5 0 7 8 9
AREA OF AREA OF
CONTOUR OF VOLUME CONTOUR OF VOLUME
THE SECTION HEIGHT Vi THE CIRCLE HEIGHT Vo TRUE % ERRNOR
(Sq.inch) (Inches) (Cu,inch) (Sq.inch) (Inches) {(Cu.,inch) \’1/\’2 VALUE Vl/\'2
6.928 .280 4,17 .280 )
5.01 + 355 3.32 « 330
4,02 . 405 2,48 . 380
3.02 .455 1,61 .430
2,14 .505 1.14 455
1.086 0.500 2.172 1,985 9.5
1,30 .555 0.78 480
0.82 580 0.38 505
0.41 605 0.16 520
0.13 625 0 530
0 .630

(%]
o



can be easily calculated from the contour mapping obtain-

ed from the apparatus. The experimental error in deter-
mining the naximum stress ratio by using a rubber menbra
for a triangular and circular section is +5.3 per cent.
The volume enclosed by the triangular and circular
sections is obtained form Table III (page 28 by graphi-
cal construction ( Fig. 9). The Volume ratio of the
two above sections give the torque ratio of the said
sections. The experimental volume ratio is 2,172, The
true torque ratio is 1,985,.*% The experimental crror

in determining the volume ratio by using rubber membranc
is + 9.5 per cent,

The error in the experimental results is due to the
membrane material and a few drawbacks of the apparatus.
Membrane material contributes a greater percentage of
error than the apparatus drawbacks. The membrane uscd
in the apparatus is not an ideal membrane. Rubber
membrance and Polyethylence Material * used in the experi-

ment have a certain amount of rigidity., Assuming the

ic

membrane to be a plate and finding the maximum deflection

by plate theory equation for large deflection for a cir-

*Sce appendix (page 78)



cular plate with clamped edges an approximate amount of
error involved in the experimental results due to shear

is determined. Using the properties (E,P,u) of the

rubber membrane in the platc equation , the maximun
defjection obtained is .308. Experimental value for the
maximum deflection or eievation tzmax) is .333"(Table X)
and the maximum elevation by menmbrane theory (Spherical
segment) with the same maximum angle at the edge as the
experimental membrane is .3349, Similarly, using the pro-
perties of polyethlene material (,0015" thick) Zmax by

plate theory equation is ,3985" and Z,ax DY experimental

1

analysis .405" (Table XI) and qux by membrane theory is

.3614" (see page 42 ). The above numerical values for Zmax
(plate theory) clearly show that about -13.6 per cent error

and -8.6 per cent error is involved using the polyethylene
shecet and rubber membrane as a plate and comparing wita the
membrane theory (Spherical Scgment) results, And comparing
with experimental values the per cent error was -1.062 and ~8.1.
The ecxperimental error in the results by using rubber

menbrane and polyethylence sheet, is -,56 per cent and 12,2

per cent in determining Zmax (whea compared with membranc

theory results).,

To determine the amount of error involved in slope



calculation due to shear in the material, a deflection
curve is drawn by using the plate theory equation. The
configuration of the experimental clevated membrane and
the spherical scgment (idecal membrane) is drawn along

g. 26

<

with the above plate deflection curve (Refer to Fi
and 27), Maximum slope at the same point (x,y) on all
three curves is taken and compared, The results are

given below:

Polyethylene (.0015") Rubber len,

From plate theory curve
the maxinum slope at (x,y) .318

ul
-

o
(&3]
[oa¥
28]

From experimental curve
the naximum slope at (x,y) .3181 . 260

From menmbrane theory
curve the maximunm slope
at (x,y) . 3750 L2637

If rubber membrane behaved like a plate then the per
cent of error involved in slope measurement is

-2362 bl 02637 X 100 = - 10.496

2637
Experimental error = ,2600 - ,2367 x 100 = - 1,4%
2367

The above numerical analysis clearly indicates that a
small error in results is mainly due to menbrane materi-

al,



(&
[3%]

A snmall error in the results may also he due to the
apparatus, The inaccuracy of the apparatus lices in the
improper arrangenment of the recording board. The record-
ing board docs not remain horizontal when the depth gauge
rcadings at differcent heights are taken due to the fact
that the pivot is fixed at onc point permanently. The
error in the linear mecasurement involved due to the record-
ing board not being horizontal is about 1 per cent. This
produces an errorueous cffect in the results of slope,

For an ideal performance of the experiment there
should be uniform tension in the membranc covering the
test section and the circular section., The membrane was
stretched by hand resulting in non-uniform tension in the
menmbrane.,

The values set down in Table IV and Table V indicartec
the degrece of accuracy obtainable with the Membrane
\nalogy Apparatus in the determination of volume mcasure-
nments in sections by using rubber membrane and polyethylene
material, The minimum error, using a rubber membrane, was
.62 percent for square scction, + 2,98 percent for equilateral
triangle section, and 12 percent for rectangle section,

The minimum error, using a polyethylcne material (,0013"

thick) was ,35 percent for square section, +3,5 percent

for equilateral triangle, and —.41 percent for rectangle



[#2]
(93]

section, The values set down in Table VI and Table V11
indicate the degrece of accuracy obtainable with the
Membrane \nalogy \pparatus in the Jdetermination ot the
pmaximum stress ratio in scctions by using rubber nwenbranc
and Polycethylene material, The last column in Tables
VIand VII show the crror percent due to taking the ratio
of inclinations as giving stress ratio., Column & in
Table V1 and Table VII show the error percent due to
taking the ratio of maximum slopecs as giving the maxinum
stress ratio., The minimum inclination ratio error was
1.1 percent for squarec scction, -2,13 percent for equi-
lateral triangle secction, and -6,7 percent feor rectangle
section in the case of polyethylene material, Table
VIII and Table IX show the best results obtained from
the apparatus with the rubber membrane and Polyethylenc
material,

Table X to Table XVII are enclosed in the appendix,
which are the experimental rcsults obtained from the

apparatus for square, rectangular, and triangular sections.



TARLE TV

EXPERIMENTAL ERROR IR DUTERMTNING TANAUT RATIOS BY MBANS OF

PUBLER MEMBDANE

1 2 3 4 5 6 i 7

HAXIMUN VOoLUMeE ar VAOLUME DF EXPERIMENTAL TRUE % ERROR
INCLINATION  THE SECTION THE CIRCLE VALUE VALUE

SECTION ! B i ] ! M inci Y ’ /

SECTI a \I(Lu.lncn) \2((u,1nun) \]\2 \l/\2

SOUARE

3" x 3" 35.6 1.689 1,172 1,441 1,432 + 0,62
28,7 1.495 1.151 1.300 1.432 - 9,2

EQUILATIERAL ,
TRIANGLE 43,80 1,486 0.727 2,044 1.985 + 2,08

1 3
4" side 34, 44- 1.086 0.500 2,172 1.985 + 9.5

RECTANGLE

2" x 3" 72.30 L 2.766 1.704 1.622 1,443 +12
36,20° 0.834 0.470C 1.773 1,443 +22,8

Pe



EXPERIMENTAL ERROR IN DETERMINING TORQUE
POLYETHYLENE

TABLE V

MATERIAL

RATIO BY NEANS OF

1 2 3 4 5 6 7
VOLUME OF VOLUNME OF EXPERIMENTAL
MAXIMUM THE SECTION THE CIRCLE VALUEL TRUE VALUE % LERROR
SECTION INCLINATION Vl(Cu.inch) Vz(Cu.inch) V1V2 V1/V2
SQUARE 44,56 2,230 1,551 1.437 1,432 + 0,35
3" X 3”
50.20 2,859 2.025 1,411 1,432 - 1,460
EQUILATERAL
TRIANGLE 27.4 0.879 0,470 1,870 1,985 - 5.7
4" side
40.3 1,155 0.562 2,055 1,985 + 3.5
RECTANGLE
2" x 3¢ 33.78 0.844 0.587 1.437 1,443 - 0.41
32.62 0,804 0.530 1.516 1,443 + 5.0




TABLE VI

EXPERIMENTAL ERROR IXN DITE

RMINING STRESS RATIN

RY MEANS OF RUDBLR MEMBRANE
1 2 3 4 5 s 7 8 9
RADIUS SLOPE TRUE % TRROR % LRROR
OF RATIO VALUE IN I
CIRCLE a TAN a Tomax TAN o [
SECTION (INCH) a B 7 TAN B Tomx  TAN B B
SQUARE
M ox 3 1,5" 33.6 25,18 1,335 1.413 1.350 +4,0% -1,1%
1.5" 28.57 24,00 1.190 1.223 1,350 -8.7% -11,9%
EQUILATERAL
TRIANGLE 1,154 43,80 35,15 1,248 1.362 1,500 -9,0% -16,8%
4" side
1.154 34,44 23,460 1.468 1.580 1.500 +5,3% -2.13%
RECTANGLE
2 x 3n 1,20 72.30 60 1.210 1.802 1.414 +27% -14.,5
1,20 36,20 19,8 1,825 2,032 1.414 +4 3% 29%




TABLE VITI
EXPERIMENTAL ERROR IN DETERMINING STRESS

BY MEANS OF PCLYETHYLENE MATLRIAL

1 2 3 4 5 6 7 8 9
RADIUS SLOPE TRUE % ERROR % ERROR
OF RATIO  VALUE IN 1N
CIRCLE o TAN o Tspax  TAN o «
SECTION (INCH) o 8 B TAN B Tenax  TAN B
SQUARE
3 x 3" 1,5" 44,56 34,22 1,302 1,447 1,350  +7.15% - 3.5%
1,5 50.20 42,95 1.168 1,235 1,350 -8,55% -13,4%

EQUILATERAL . :
TRIANGLE 1.154 27.4 24,5 1,120 1,139 1.500 -245% -25.,35

4" side

1.154 40.3 27.4 1,472 1.636 1.500 + 9% - 1.86%
RECTANGLE
2" x 3 1.20 33,78 25,61 1.319 1.396 1.414 -1.2% +6.7%

1.20 32.62 24,60 1,326 1,396 1.414 +1.25% +6,2

e —— r——nr ——



TABLE VIII

A CCOMPARATIVE STUDY SHOWING EXPERINUENTAL

STREZSS RATIN BY MEANS OF RUBBER MEMBRANE

ERROR
AND POLYETHYLENE

DETERMINING

MATERTAL

1 2 3 4 5 6 7 : 8
TRUE VALUE % ERROR % ERROR
RADIUS
N A‘
0r TANa o Tsmax TAka g\
MATERTIAL SE N "1RCLE N 7 -
MATERTAL SECTION CIRCLT TANg R . “;Xxg_“ 0
cmax
SQUARE
3 ox 3" 1.50 1.447 1.302 1,350 + 7.1 - 3.5
POLYETHYLENFE
MATERIAL EQUILATERAL
TRIANGLE
4" side 1.15 1.636 1.472 1.500 + 9,0 - 1,86
RECTANGLE
21 x 3" 1.20 1.396 1.326 1,414 - 1.2 6.2
'SQUARE
3 ox 3" 1.50 1.413 1.335 1,350 + 4,6 - 1.1
EQUILATERAL
RUDBBLLR TRIANGLE 1.15 1,580 1,468 1,500 + 5,3 - 2,13
MEUBRANE At side
w
RECTANGLE . o
v x 3 1.20 1.802 1.210 1.414 +27.0 -14.5

—————— s e




TABLE IX

A COMPARATIVE STUDY SHOUVING EXPERINENTAL ERROP IN DETEPYMINING
TORQUES BY MEANS OF RUBBER MEMBRANE AND POLYETHYLENE MATERIAL

1 2 3 4 5 6
MAXTIMUM ORSERVED CALCULATED
MATERTIAL SECTION INCLINATION VOLUME RATIO TORQUE RATIO % ERROR
SOQUARE
3mox 3" 44,56 1.437 1.432 + 0,35
POLYETHYLENE
MATERIAL EQUILATERAL
TRIANGLE 40,3 2,055 1,985 + 3.5
4v side
RECTANGLTE
2" x 3 33,78 1.437 1,443 -0,41
SQUARE
3 o x 3¢ 33,0 1,441 1,432 + 0.62
RUBBER EQUILATERAL
MEMBRANLE TRIANCGLE 43,80 2,044 1,985 + 2,98
4" side

RECTANGLE
2n x 3 72.30 1,622 1.443 + 12

— - — por P — - e e - —— - —— ——




Deternination Of Brror Due To Fact That “Menbrane Uscd

-

I'd

Was Mot A Theorectical ‘fembranc (No Shcar)

Consider a circular section of 3" diameter. Assum-
ing the maximum inclination at the boundary of the
elevated ideal menmbrane be 8 = 25,18° (same as in rubber
membrane). The maxinum elevation of the elevated mem-

brane is given by R Tan 38
“,')‘
4

~

[}
=
-3
©
=

L 8
nax =
2

= 1,5 x ,2233 = ,334955

Zwmx obtained by experiment is (.685 - .352) = ,333

-~

Table X. The differcunce in the above two values of ooy
Ll S

for the same B = ,333 - ,.33495 x 100 = - ,56%
« 33495
From the plate theory with large deflections Z is

max

obtained from the equation (reference 6)

~

i,
Prax)® 4+ 64 (“max)

P=8 E .t

3T RO R® T B —— -
where D = E 3

.(l 0 )

P = .85 p.s.

¥y = .5

E = 20,0001b./sq. inch

R = 1,5" '

ot
1]

7 .0085 (Thickness of rubber membrane)
max = O 167
The value of Z nax obtained by plate theory equation

is very low because t of the unstretched rubber membrane
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P

was used in the equation. However, in the experiment the
rubber membrane was stretched., The thickness of the stretched
membrane should be used in the plate equation, Assuming

t of the stretched membrane = 1/2 t of the unstretched
membrane., Modulus of elasticity in the rubber membrane is

not constant so take average [ = (666,6 1lbs./sq. in., in

the Zm"x calculations, Substituting the above values in
a

plate equation, Z obtained is ,3060.
max
-
- ;max = ,33495(Fronm ideal membrane theory)
Emax = ,333 (Experimental Value)

max .3060 (From Plate Theory with large de-

flections)
) . . Z .
Experimental erroxr in "max {when compared to memoranc

theory results) = ,333 - ,3349 x 100 = - 0,56%
« 3349

Using Polyethylene Material (.0015" Thick)

Consider a circular section of 3" diameter. The
maximum elevation of an extended ideal membrane is given
by R Tan 8, Assuming (34.22°) the same for the ideal

>

&~

membrane and for the polyethylene material,

Zmax = R Tan B8
2
= 1,5 x Tan 17.11 = ,4614
Zmax obtained from the experiment is (.810 - .403) =

.405(Table XI). The diffecrence in the above two valucs

of Z for the same = ,405 - ,4614 x 100 = - 12,1%
max L3614
From the plate theory with large deflections Z is

max



obtained from the equation (rcference 6)

3 y4
P =8 L .t (Zmnx)o + 64D (Tmax)

-y R TR I R
where D = Lt° 2
12(1-u7)
P = 1,00 p.s.i.
t = 3 x ,0015" =,0009 (Thickness of the Stretched
5 Polyethylene Shect)
R =1,5
E = 20,000 1bs,/sq.in.
o= .4
max = ,3985
-
“max = ,4614 (By ideal membrane theory)
-
“max = ,405 (Experimental Value)
o
“max = ,3985 (Plate theory for large deflections)
7
Experimental error in “max = ,405 - ,4614 x 100 = - 12,2%

In order to determine the error in slope measure-
ment due to a slight shear in the membrane three de-
flection curves were drawn, The three curves are drawn
from the data obtained from the experiment(Table X and
Table XI), plate theory equation, and the ideal membrane
theory. They give a relationship between deflection and
horizontal axes., An arbitrary point A(x,y) was chosen on
the three curves and maximum slope at that point was
determined and the results were compared. The graph with

results is given in Fig, 26 and Fig., 27,



CHAPTER V
CONCLUSION
The experimental apparatus is very simple and can
be easily built., The results obtained from the appara-
tus have an error of about 4% average. And the easc of
operation with it justifies its use in the membranec
analogy .experinents,
The experimental results of this thesis indicate
that there was a considerable degree of error due to the

menbrane material, The error in the results was also

added to by drawbacks in the apparatus., The apparatus

can be made more accurate by following the recommendations

which are based on practical difficulties encountered in
perforning the experiment and getting the results,

The recording board should be maintained hori-
zontal whenever the readings arc taken. A sloct of
considerable length (about 1 in,)} should be made in tuc
vertical bars at the pivot, so that the recording board
can be moved up and down; and can be fixed by means of
a nut, By this arrangenent the board can be maintained
horizontal wnenever the rcadings are taken, The hori-
zontal position of the board is obtained by taking the
support of the depth gauge and with the help of the

spirit level,
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To develop an approximate magnitude of tension
in the nembrane see that a ncetwork of squares drawn on
the unstressed rubber membrane should deform when
stretched, into double the previous squares. Uniforn
tension may be produced to a small extent by placing
the rubber membranc between two overlapping rings similar
to wooden ovexr rings employed for embroidery.

The purpose of this project was to construct and
demonstrate the use of the apparatus, It was not until
after the construction was finished that the short-
comings mentioned above were realized., The two materials
used for nembranes were arbitrarily selected, It 1is
recommended that as part of any further development of
this apparatus that an investigation be made to optonize

the selection of a more appropiate membrane material.
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TABLE X

DATA TO DETERMINE TUE VOLUMES OF SQUARE AND CIRCULAR SECTIONS
(RUBBER MEMBRANE)

o Aa——

1 2 3 4 5 6 7 8 9
AREA OF AREA OF
CONTOUR OF VOLUME CONTOUR OF VOLUME
THE SECTION HEIGHT Vi THE CIRCLE HEIGHT V2 TRUE % ERROR
(Sq.inch) (Inches) (Cu.inch) [Sq.inch) (Inches) (Cu.inch) Vl/VZ VALUE Vl/v2
9.00 .345 ] 7.07 .352 )
7.59 .410 6.11 402
6.87 «435 5,36 427
5.68 . 485 4,32 .477
4,39 «535 3,14 527
3,24 « 585 2,15 577
1,689 1,172 1,441 1,432 + 0,628

2.00 . 635 1,17 .027
1.40 L6060 .73 .0652

.87 «085 .28 .0675

53 . 700 0 . 685

317 715

¢ e 722

o m— e N e a———— } prve—— Ay o & —
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Magmam Avgle ok The Edqe . 44.056% %
Shess Paio - 1250 o
Crervee! Ralin = 1.302
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' Figure 12 SR
Memhrane Contour Lines of the Square and Circular
Obtained from Polyethylene Matcrial
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TABLE XI

DATA TO DETERMINE THE VOLUMES OF SQUARE AND CIRCULAR SECTIONS
( POLYETHYLEXNE MATERIAL)

1 2 3 4 .5 6 7 8 9
AREA OF AREA OF
CONTOUR OF VOLUME CONTOUR OF VOLUME
THE SECTION HEIGHT A THE CIRCLE HEIGHT V2 TRUE % ERROR
(Sq.inch) (Inches) (Cu.inch) (Sq.inch) {Inches) {Cu,inch) \’l/\.-’2 VALUE Vl/\’2
9 .395 T 7.07 405
7.206 .495 5.79 .505
6.31 .540 4,89 «555
4,93 .0620 3.960 .605
2.230 1.551 1.437 1,432 + ,35

3,55 ,695 2.55 .680
2.14 .770 1.56 . 730
1,21 .820 .63 780
0.26 .870 24 . 800

0 . 880 ] 0 .810d_
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TABLE XII

DATA TO DETERMINE THE VOLUMES OF SQUARE AND CIRCULAR SECTIONS
(POLYETHYLENE MATERIAL)

1 2 3 4 5 6 7 8 9
AREA OF AREA OF
CONTOUR OF VOLUME CONTOUR OF VOLUME
THE SECTION HEIGHT Vq THE CIRCLE HEIGHT Vo TRUE % ERROR
(Sq.inch) (Inches) (Cu.inch) (Sq.inch) (Inches) (Cu.inch) \'1/\'2 VALUE \’l/V2
9 0.395 | 7.07 0,405
7.07 0.545 5.55 0.555
5.59 0.645 4,52 0.630
4,12 0.745 3.12 0.730
2.92 0.820 1.92 0.805
2,859 2,025 1.411 1.432 1,46
2.10 0.870 1,09 0,855
1,34 0.920 0.53 0.890
0.63 0.970 0.20 0,910
0 l.OOOﬂd 0 0,920 4J
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TABLE XITII
DATA TO DRETERMINE THE VOLUNES OF EQUILATERAL TRIANGLE AND CIRCULAR SLECTIONS
(RUBBER MUMBRANE)

1 2 3 4 5 .6 7 8 5
AREA OF AREA OF
CONTOUR OF VOLUMLE CONTOUR OF VOLRL
THE SECTION HEIGHT v THE CIRCLE  HEIGUT vV, TRUE % LRUOR

(Sq.inch) (Inches) (Cucinch) (Sq.inch) (Inches) (Cu.inch) \’1/\'2 VALUE V4 /V,

6.928 0.330 4.17 .330
4.80 0.450 3.55 .390

3,64 0.525 2. 89 440

2.65 0.600 2.18 490

1.55 0.675 1.56 540

1.486 0.727 2.044 1.985 + 2,98

0.81 0.727 0.93 590

0.48 0.750 | 0.57 .625

0.15 0.775 0.15 .650

0 0.780 0 .660
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TABLLE X1V

DATA TO DETERMINE THE VOLUMES OF EQUILATERAL TRIANGLE AND CIRCULAR SECTIONS
(POLYETEYLERE MATERIAL)

1 2 3 4 5 6 7 8 9

AREA OF AREA OF
CONTOUR OF VOLUME CONTOUR OF VOLUME
THE SECTION HEIGHT v THE CIRCLE  HEIGHT v, TRUE % ERnnn

(Sgq.inch) (Inches) (Cu%iuch) (Sag.inch) (Inches) (Cu.inch) Vl/VZ VALUE Vy/Vs,

6.928 355 | 4.17 . 375
5,14 .420 3,44 . 425
4.22 . 450 2.86 450
3,10 490 1.87 500
2,22 .520 1.37 .525
.879 | .a70 1.870 1.985 - 5,7
1.50 550 0.77 550
0.81 575 0.39 565
0.40 . 595 0.20 575
0.11 .605 0 582
0 .609

an
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TABLE XV
DATA TO DETUERMINE THE VOLUMES OF EQUILATERAL TRIANGLE AND CIRCULAR SECTIONS

(POLYLETHYLENE MATERIAL)

1 2 3 4 5 6 7 8 9

AREA OF AREA OF
CONTOUR OF VOLUME CONTOUR QF VOLUME
TIHE ?ECTION HEIGHT Vl' THE CIRCLE HETGHT Vo TRUL % LRROR
(Sq.inch) (Inches) (Cuiinch) (Sq.inch) {Inches) (Cu.inch) Vl/Vz VALUL \"l/\’2
6.928 355 4,17 .375 |
5.46 .430 3.08 .450
4,29 480 2,36 .500
3,27 .530 1.44 .550
1,155 0.562 2,055 1,985 + 3.5
2,21 .580 1.00 .575
1,29 .630 0.601 .600
0.83 .655 0.32 .615
0.35 . 680 0 . 633
0.17 690
0 700 ] o ?

90
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TABLE XVI

DATA TO DETERMINE THE VOLUWMES OF RECTANGLE AND CIRCULAR SECTIONS

(RUBBER MEMBRANE)

1 2 3 4 5 6 7 8 9
AREA OF AREA OF
CONTOUR OF VO LUME CONTOUR OF VOLUME
THE SECTION HEIGHT V3 THE CIRCLE HEIGHT V2 TRUE % ERROR
(Sq.inch) (Inches) (Cu.inch) (Sq.inch) (Inches) (Cu,inch) Vl/V? VALUE Vl/V2
6.0 «390 4,52 . 390
4,38 .470 3,92 .420
3.27 .520 2,82 .470
2.11 570 1,90 .510
0.834 0.470 1,773 1,443 + 22,8
1,55 «595 1.37 «535
1.00 .620 0.81 .560
0.45 .645 0,24 .585
0.20 .0655 0 .595
0 .06062

*
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TABLE XVII

DATA TO DETERMINE THE VOLUIES OF RECTANGLE AND CIRCULAR SECTIONS
(FOLYETUYLENE MATERIAL)

1 2 3 4 5 6 7 8 9
AREA OF AREA OF
CONTOUR OF VOLUME CONTOUR VOLUME
THE SECTION HEIGHT Vi THIHE CIRCLE HEIGHT Vo TRUL % ERROR
(Sq.inch) (Inches) (Cu.inch) (Sq.inch) (Inches) (Cu.inch) Vl/V2 VALUE Vl/V2
6 . 330 4,52 .320
4,88 . 390 3.63 . 380
3.74 .440 2,72 .430
2,62 .490 1,76 .480
0.844 0.587 1.4378 1,443 -~ ,41

1.45 «540 1.19 .505
0.85 .565 0.66 .530
0,22 590 0.15 .555

0 600 0 . 560




A Conparative Study of Deflection Curves (By using Pubber itenbrane)
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APPENDIX B



Toraue Ratio \nd Stress Ratio Calculations

\nalytical data for the stress and torque ratios of
the threc simple cross sections used in the experiment with
their corresponding circles arc obtained from the relations
given in (5)., The procedurc to calculate analytically the
stress and torque ratio for a triangular section (4" side)
and 4 circle (2.308) is given below,

The maximum stress and torque in a circle is obtained

from the relation

Y, . T . GO

R J

= R
T

Te= GOJ

where © is the angle of twist per unit lenpgth.,

The maximum torsional stress and torque in the tria:

-

gular section is obtained from the empirical rclation (5).

“r5)ma.x = _(gs%;.g%‘
TS = G.G.(Side)4
46.2

Since the p/S value is the same for both sections because
the sare membrane is used, the corrcsponding 266, is also
sane for the both sections,

Torque ratio is given by

4
T .G.o.(Side) - (side) . 47 x32 - 1985

T Z6.26067 4627 462{“*@'306




70

Maximum stress ratio is given by

f5)max - 20T - 20.(5ide ). G.0
Wmax (SideYGOR  46.2(5ide)’G.0.R
- 20.Side - 20 % 4 -
46.2 R AG2 x1.154
= 1.500

Given the torquec applied to a triangular section, the
angle of twist per unit length,®, can be determined fron

the relation given below,

=4 («w, .dz = C gé_g.ds
eGA 2GA ) Sn
of

n

(7) where %ﬁ is normal slope the menbranc around
n
the boundary. The constant,C, is obtained from the rclation

ziven below,

Volure under the extended membrane of the section = Cx &
daxinum slope at the boundary of the section

where K = Torque anplied
Maximum stress at the boundary of tiie section
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The propertics of the two materials are given below(8):

Polyvethylene Material

Thickness = (0.0015" (tiecasured by micrometer)
Specific gravity = 0,910
Modulus of Elasticity in tension = 20,000 to 25,000

Tensile stress = 1,400 to 2,000 p.s.i.
Elongation,% = 125-675
Shear stress, 1,400 to 1,700 p.s.i.

Poisson ratio = ,4

Rubber !lembrane

Thickness = ,0085

Specific gravity = ,903
Tensile stress = 2,500 - 3,500 p.s.i.
Modulus of Llasticity in tension = 20,000 p.s.i.

Elongation,% = 750 - 850

Poisson ratio = ,5



