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ABSTRACT

Some formulas were derived to construct the phase angle 

loci and the gain loci by the shifting technique. These 

formulas give the angular frequencies and corresponding gains 

for the phase angle loci and the angular frequencies for the 

gain loci for each shift of the jin -axis.

The oscillatory conditions for the phase angle loci were 

determined by applying the Continued Fraction Expansion to 

the ratio of the polynomials obtained from the real and 

imaginary part of the phase angle loci equation. From the 

Continued Fraction Expansion, two sets of formulas were ob

tained; one set for = vir , (v = 0,1,2,3, . ..) and one 

set for 4> 7^ vtt . Each set consists of two formulas to de

termine the angular frequency and gain. By these formulas 

the angular frequencies and corresponding gains for a partic

ular value of phase angle cf> are determined.

Two formulas were derived for construction of the gain 

loci by the shifting technique; one for a polynomial form 

and one for a factored form of the phase angle loci equation. 

By this formula the angular frequencies, for a particular 

value of gain K , are determined for each shift of the joi - 

axis.
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CHAPTER I

INTRODUCTION

1.1 The Phase Angle Loci

The subject of this thesis is to develop a technique for 

constructing the phase angle and the gain loci of a system 

from its open loop transfer function.

The technique applied for constructing the phase angle 

loci was previously developed by C. F. Chen and C. Hsu (2) for 

the construction of the root locus of a system. They have 

compact formulas for obtaining the angular frequency w and 

gain K respectively.

The shifting technique was also applied by V. Krishnan 

for root locus (9). In his approach, he expresses the numera

tor and denominator polynomials in Taylor series for determin

ing the angular frequency w and the gain K .

To construct the phase angle loci by this technique it is 

necessary to develop the oscillatory conditions for a phase 

angle loci equation. Thus first effort was to find equations 

for determining the jw -axis frequencies and corresponding 

gains from the open loop transfer function.

The procedure is the application of the invariance 

principle of the geometrical configuration of the phase angle 

loci in the complex plane under jw -axis transformation. The 
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principle can be stated as follows: The geometrical shape of 

the curve of an algebraic equation in the complex plane does 

not change under a linear coordinate transformation (6).

The technique consists of a parallel shifting the j co - 

axis by" "y" and then determining the jto -axis frequencies 

and gains from the new phase angle loci equation. Thus a 

family of curves can be obtained for different values of the 

phase angle .

An equation was also developed to determine the new co

efficients of the numerator and denominator polynomials of 

the open loop transfer function after jw -axis transformation. 

This equation gives the coefficients of a polynomial by taking 

consecutive derivatives of the constant term of the new poly

nomial with respect to "y" . This constant term is obtained 

from the given polynomial replacing "s" by "a" .

The most important information available from the phase 

angle loci is the relative effects of gain changes along the 

various root loci. It is also important that the family of 

constant gain curve (gain loci) is orthogonal to the phase 

angle loci. The phase angle loci provide the possibility of 

extending the locus plot to obtain more complete picture of 

system behavior. ■

The general concept associated with the phase angle loci 

is important, because the constant gain counters can often be 
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sketched roughly to indicate the approximate location of 

corresponding points on the various root loci. The phase 

angle loci may be considered as a convenient means for re

shaping the root locus of systems to obtain more desirable 

performance characteristics.

A practical digital computer program can be used to 

calculate the phase angle loci and the gain loci from the 

equations derived in this thesis.



CHAPTER II

DETERMINATION OF PHASE ANGLE LOCI

2.1 Phase Angle Loci Equation

On the complex plane, for a given open loop transfer 

function, K G(s) shown in Figure 1, a family of curves can 

be obtained for various values of <j) from the following 

equation:

K G(s) = = Exp (±j(j)) = Cos (j> ± j Sin <j> (2.1-1)

where

<|) - Phase angle (constant)

K - Gain factor (gain constant)

G(s) - Forward transfer function of the system

P(s) - Numerator polynomial of transfer function, G(s)

Q(s) - Denominator polynomial of transfer function, G(s)

s - Complex variable.

Equation (2.1-1) is called the phase angle loci equation.

The phase angle loci have two important properties (1);

a) The phase angle loci are symmetrical with respect to 

the real axis.

b) The shape of the phase angle loci depends on the rela

tive positions of the poles and zeros, and is inde

pendent of the axes of the s-plane.



Figure 1. Block Diagram of System
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Therefore, according to these two properties, a parallel 

shifting of the jw -axis does not disturb the symmetry and 

the shape-of the phase angle loci. If the amount of shift is 

"y", the new complex variable s' in terms of the complex 

variable s and y is:

s’ = (s + y) (2.1-2)

Substituting (s’ 4- y) for s in Eq. (2.1-1), one obtains 

the following result:

K G(s’,y) K = Cos <|> + j Sin <|> (2.1-3)
V \ fl/

The coefficients of P(s’,y) and Q(s’,y) in Eq. (2.1-3) 

are functions of y and they will be determined in Chapter II, 

Section 2.4, in convenient forms for any degree polynomials.

By substituting jco for s’ in Eq. (2.1-3), two poly

nomials are obtained as functions of the angular frequency, 

one from real part and one from imaginary part. Then the 

oscillatory condition can be determined from these two equa

tions for any value of the phase angle <f> .

The coefficients of these two phase angle loci polynomials 

are, in general, functions of shift "y" , gain K and phase 

angle <f) . For given values of y and $ , these two poly

nomials must be satisfied by w and K simultaneously. This 

means that the phase angle loci polynomials must have common 

roots for common values of K . Therefore, the possibilities 
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for these polynomials to have common roots for common K's 

must be determined.

Common angular frequency oj and gain K can be deter

mined by the Continued Fraction Expansion (8) applied to the 

ratio of the phase angle loci polynomials. The Continued 

Fraction Expansion ends prematurely when these two polynomials 

have common roots for common values of gain K . Thus the 

solutions for gain K and angular frequency co can be obtained 

by forcing the Continued Fraction Expansion of the phase angle 

loci polynomials to end prematurely. Hence the phase angle 

loci for each particular value of phase angle <j>^ can be con

structed by this technique, first by shifting the jio -axis, 

and then by determining gain K and corresponding angular 

frequency co on the jco -axis for each shift. The detail of 

the procedure for determining the oscillatory condition for a 

phase angle loci will be given in Chapter II, Section 2.2.

2.2 Determination of Oscillatory Conditions of Phase Angle

Loci Equation

The detail for determining the gain K and the angular 

frequency co by the Continued Fraction Expansion will be 

given for six degree phase angle loci polynomials. However, 

this technique can be applied similarly to the any degree 

phase angle loci polynomials.
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The phase angle equation, Eq. (2.1-1), after shifting 

the jw -axis by w , is rewritten as follows:

K P (sbK G(s') = = Cos <() - j Sin <|> (2.2-1)

where

s = s* + y

Assuming that Q(s') , (or both P(s') and Q(s’) ), is 

a six degree polynomial of s' . After substituting jw for 

s' in Eq. (2.2-1), the following two phase angle loci poly

nomials; one from real part and one from imaginary part, are- 

obtained:

F, (w) = D-. , cd^+d /o^+d.. .w^-bD-.-w^+D.. -w+D.. 7 = 0 , (2.2-2)
J™ J- .L -L £• J- -L *1 JL JL O «L /

(2.2-3)F„(w) = DO1 m5_|-d q) +Do-q) H-D--— 0
2 21 22 23 24 25 26 2/

where

D11,D12,D13,D14,D15,D16,D17, 

and

D21,D22,D23,D24,D25,D26,D27 

are functions of y , K and <f> .
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The Continued Fraction Expansion is:

Fx(») 

f2 (»)

D- - 0) + Dq nll) + D, q(l) + D, . CO + Dq -CO + Dq -CO + Dq „
11 12 13 14 15 lb 1/

6 5 4 3 2D - q co + D - - co -I- D n - co + D„.co + D - - co + D - co + D - —
21 22.3 24 25 2 o 2 /

D11_______________________ 1__________________________
D21 ^21 M41 1

C31 C31 C31 M61 1
C to + C + C M
e51 51 51,. , 81

-----------cu 4-------------
C71 C71

1
+ 2
, C71 , M10,la) + M10,2“ + M10,3 m 3

91 C91“ + C92“ + C93

2
^10 lw + ^10 2W + ^10 3

The last fraction, ------ -------------------- ------------------— provides
C9,l“ + C9,2U) + C9,3

the oscillatory condition for <j> = vir (v = 0,1,2,3 . ..) when

Eq. (2.2-4) ends prematurely.

For the phase angles, <j> vn , the Continued Fraction

Expansion is carried on until the following fraction is 

obtained:

F1(co)

F2(M)

3 2+ D. .co + D.-co + Dq -co + Dq - 14 15 16 17
3 2+ D-.co + Docco + D--co + D--24 25 26 2 /

b 5 4D- .co + D- -co + D. -coJ. JL J- J-
c 5 4

D-, co + D--co + D-^co
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D11___________________________ 1_________________________________
D21 P21 . M41  1

C31 C31 C31 M61 1
io + c + q m

51 5.1 51 , 81 , 1---- to + —---- +----------

C51
C71

M81
C71

1
M U10,l + ___________________ 1_____________________

C91 C91 , M12,l , Cll“l + Cll,2

ell,l cll,l ^13,].

(2.2--5) 

^11 1^ + <~'ll 2
The last fraction,------ , provides the

C13,l

oscillatory condition for the phase angle loci for <j> vir , 

.when it ends prematurely.

It is assumed that 031 0 , 03^ and D-^ cannot be

zero simultaneously. Only one of these (D2i or Dll^ can 

be zero when 4 = vir . If 03^ is zero the Continued Fraction 

Expansion must be applied to (co) /F^ (io)} instead of 

fF1(co)/F2(co)3 .

The last fraction of Eq. (2.1-4) and Eq. (2.2-5) provide 

the equations to calculate the gain K and angular frequency 

of the phase angle loci for <f> = vir and <f> vir respectively.
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Case No. 1: <f> = vir , Root Locus

For <t> = vtt , M- n , M, n o , CQ 9 are simultaneously J_ U f -L J_ U i f 2L
zero. Then the last fraction of Eq. (2.1-4) is reduced to 

l^io 2
 ------------- (2.2-6) 
C71a)----+ C?3

By forcing to be zero, the Continued Fraction Expansion

can be ended prematurely; this provides the following result:

C71lo2 + C73 = 0 (2.2-7)

2 C73
cd2 = - (2.2-8)

C71

M10j2 = 0 (2.2-9)

Mio 2 iS function of K for a given value of y . Thus 

the solution of Eq. (2.2-9) gives common values of K . Sub

stitute K and y in.Eq. (2.2-8), the jw -axis angular 

frequency is then determined.

Case No. 2; <j) 7^ vtt

The last fraction of Eq. (2.1-5) gives

C11,1U) + * Cll,2
C13,l

The Continued Fraction Expansion, Eq. (2.2-5), ends prematurely

when C,o , is zero. Thus by forcing C17 , to be zero the
J.. O j JL J- -2) • JL
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following result is obtained:

Cllrl“ + Cll,2 = 0 (2.2-11)

(-'ll 20) = - 7^- (2.2-12)
vll,l

C13 x = 0 (2.2-13)

As in Case No. 1, C13 is only function of K for a given

y . Thus the solution of C^3 gives common values of K .

Example

The. phase angle loci equation is:

K G(s) + s(sK+S3HS°l SY = Cos ♦ + j Sin * (2.2-14)

For y = 0 , G(s') = G(s)

In this example, the gain K and angular frequency m will be 

determined for only <f> = -30° and $ = 180° .

<(> = -30° :

Cos <f> = 0.866

Sin <j) = - . 500

3 2K(s + 10) = (0.866 - j 0.500)(s + 9s + 18s) (2.2-15)

Substituting jtd for s in Eq. (2.1-15), the following are 

obtained:

3 2K(ja) + 10) = (0.866 - j 0.500) (-joj - 9a) + 18jw) (2.2-16)
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From real part of Eq. (2.1-16)

- w ° sin - 9^^ cos <|> + 18w Sin 4> - 10K = 0 (2.2-17)

From imaginary part of Eq. (2.1-16)

3 2-to Cos <|> + 9a) Sin <|) + (18 Cos <j> - K) =0 (2.2-18

Applying the Continued Fraction Expansion Technique to the 

ratio of Eq. (2.2-17) and Eq. (2.2-18), the gain K and 

angular frequency are obtained as follows:

0.5
0.866

3 2-0.5w + 7.8a) + 9w - 10K
3 2-0.5a)-3 - 2.6a) + (9+0.577K)

3 2
+ 0.8660) + 4.5a) - (15.6 + K) a)

2
+ 10.4m -. 0.577KO) - 10K

0.866
10.4 10

3 2+ 0.866a) + 4.5aj - (15.6+K)u)
3 2+0.866a) - 0.048KW - 0.832Ka)

2 
+10.4a) - 0.577Ku) - 10K

2
+ (4.5+0.04 8K)a) -(15.6+0.168K)a)



14(4.5 - 0.048K)
+ 10.4

j

+10.4o)2 - 0.577K0) - 10K 7
(4.5 + 0.048K)w — (15.6 + 0.168K)u)

9 „3 g
(4.5 - 0.048K)w - (0.25K + 2.68 x 10 K ) co - (4.. 521

-2 2 32K + 4.6 x 10 K )

•

- (15.6 -
-3 2 0.082K - 2.68 x 10 K

-10. 4co

(15.6 - 0.082K - 2.68 x

1 —2 2+ (4.32K + 4.6 x 10 K )

-3 21C 10 JK2)

-32 -22
-(15.6-0.082K-2.68 x 10 K ) w+ (4.32K+4.6 x 10 K )

2
+ 10.4o) - O.577Kco - 10K

„ 2 10.4a)(4.32K+10.4 co -------------- J----------
(15.6 - 0.0821

-2 2
- • " 4-6 x 10 K

-3 21 -:K - 2.68 x 10 K )

- 0.577K - —-
(15

-2 26.43.4 (4.32K + 4.6 x 10 K ) n _TZ
--------------------------------------------------- —9—9— to - 10K
,6 .6 - 0.082K - 2.68 x 10 K)

10.4 (4.32K+^

10K--0.577K

10.4 (4.32K-4.C4.6 x 10
-3 2(15.6-0.082K-2.68x10 K-[0.577K - (15i6_o.o82K-2

' -2 2 "x /.64.6 x 10 K )) c o co 1n-3TZ2------------------- -- /(15.6 - 0.082K - 2.68 x 10 K
68.68 x 10 K2))/

-32 -22
-(15.6-0.082K 2.68 x 10 K ) w+ (4.32K+ 4.6 x 10 K )

-2 210.4 (4.32K>4.6xlO 2K2)'\ .. n --2 ?x
------- —------ 4----------------—.—LU 4.32k -f 4.6 x 10 K) 
(15.6-0.082K-2.68xl0"JK2)^

0.577K
(15.6-0.082K-2

-2 2K2)
-3 2 r^K2)^

-2 2K2)-)
— 3 2 U6E.68 x 10 dK2))

10.4 (4.32K+2:.64.6 x 10
(15.6 -0.032K-2.(2.68 x 10

■ [o.577K - —1U0.. 4(4.3 2K+4.6x10 V) 7 (4.32K+4 . M 0-2k2)

,nt. V (l-(15.6-0.082K-2.68xl0- ‘:iK2)>i
-1UK - ------------------ ; ZT“2---------- --------- ----------------------

, I (15.6 0.082K-2.68x10 K )
I :

Forcing the last term to be zero, one obtains 

2 '2
-10K(15.6 - 0.082K - 2.68 x 10~3K2) + jo.577K(15.6 - 0.082K - 2.68 x 10 K ) C2)-10.4 (4.32K+4.. 6 x 10~2K2)i (4.32K + 4.6 x 10“2K2) = 0

(2.1-19)

(2.1-20)
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-32 -22-(15.6-0.082K-2.68 x 10 'K )w + (4.32K-4.6 x 10 K ) = 0 (2.

or

-2(4.32K + 4.6 x 10 K)
0J . (, z •

(15.6 - 0.082K - 2.68 x 10 K)

Solution of Eq. (2.1-21) gives

K = 13.4

Substituting K in Eq. (2.1-22), the angular frequency

is obtained:

to = 4.7

(f, = 180° : (Root Locus)

Sin 4> = 0

Cos <|> = -1

For <|> = 180°, Eq. (2.2-17) and Eq. (2.2-18) give

3 2. -0 to + 9io - 0 u - 10 K = 0 (2.

3 2to + 0 (o - (18 + K)o) + 0 = 0 (2.

Applying the Continued Fraction Expansion to the ratio of 
2 

Eq. (2.2-23) and Eq. (2.2-24), the gain K and co are

obtained as follows:

3 a 2co + Ooj (18 + K)(o + 0

z2.
i

3 2-0(0° +. 9(0 - 0(o - 10K

3 2-Oto + Oto - Oto - 0
29(0 + 0o) - 10K

-21)

-22)

-23)

-24)
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2
9<o + Oto - 10K

E 
S

W
 

W

+ 
+

o 
o

E 
E

N
J 

N
J

1 
1 (18 + K) to 4- 0

10K
9 “

0(D2 - ■f ( I 8 + K ) — gK to + 0

Forcing last term, ^(18 + K) - —g—-J , to be zero, the 

following result is obtained:

(2.2-25)

f(18 - K) - ]= 0
l y /

(2.2-26)

2
9 to - 10K = 0

2 1 OK , - „  .to = —g— (2.2-27)

Solution of Eq. (2.2-26) and Eq. (2.2-27) gives:

K = 162

2
• to = 180

2.2.1 Determination of M.. and C.. of the Continued ------------------------! -j----------------j. -j-----------------------------------

Fraction in Eqs. (2.1-4) and (2.1-5)

To determine M. . and C.. in terms of D11,D. D, ij ij 11 12' 13

D14'* D15'D16'D17 and D21,D22'D23'D24'D25'D26'D27 foreverY

value of , it is assumed that for <|> = w :
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is as follows:The procedure

3 + (D+

Ei

respectively

+ 4- u
2 4

4 4 C+ +

3

1^

5io

D13

D11

D21

D27

D11

+ D26

D22

4- D14o)

^11
(D12-D22

+ D16(o

"^11 
+ cd —d —lU12 l22 D21

^11
(D14-D24 and (D17-D27

4o) + D24n 6 
Dll“

6 + (bnX

D25</

D ^11
22 D21

5 +

^21 5
+ (D22-C32 +(D23

n 4
D23w

5
D12ti) +

^11 ^11
(D -D =^.) , (D1#--D9, Id 2d D^ ' 16 26 D^

D21u

D11 3
D— “ U21

^21 4 ^21 3 ^21 9 ^21
C +^24-<“34 C ' to +^25~^35 C C---- “ + ^27
'•■'31 l'31 zd "5D ^31 ^3.1

11 2 + n D— “ + D
U21

D11
2323 D21

2 *'—xDncoo +[/D„^w + D__25 \ 26 27

^11 4 
+ <"-(D13-D23 D^!

4 ^113 ^11 2 D-i i Di •]
>“ +(D14-D24 D-’“ + <D15-D25 D”’ “ +<D16-D26 dT4 “+ (D17"D27 Dr,'

-L fca J- J- 25 J-

n 6 4. r D21 
D21ti) + C32 C31

r 5 , 4C310) + (C32\.o

t d25

D21 
------ w
C31

D21
36 C31 "

r 3 4.,^ 2
C33a)

c D21 2
C35,C31 “

^11
^13 1J23 D21

D24 ” D26 °

C35cu + (C

D11 Dn
co + D97 _±A 

26 D21 27 d21

D21 3
34C5 ^31

= D-. „ = 0 andId 1 /

Du
-—) are indicated by CQn ,CQO ,CQn/Co . /C^^- and C- n
1-V -I— ^5 nJ ej *X ^5 O !

4 [D- - co

6 Z*—'x 
^l21U) V 22ai

D 4
D23w

cC33 C31

3 co
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++ '•co+ 44Ito

C+

c

4 +4

C

51

40)

2
0)

93

M41

C31

M41

C31
C51

C31

C31

(M44~C34
M41,

C31

M41
C31

35“

4(M -C 4
U42 32 C31'

C33“

D21
(D22 C32 C31

D21 
(D24"C34

“ + C55

5
C31“

4
C51“

5M41“

31 2 a------ 0) +

51

M41
(M43 C33 C31

)o)^4CM43-C

M41
+ C34 C5- 

c31

C 53 Cf.,51

D21 fn -r _±r_ 
k,J25 35 C31

r* ------
c33 Con

M41
(M42~C32 C31-

<331 9 ^31
r(C34~C54 +(-C35~C55 “+ ^C36-C56

C54 C5
5 C31

C31“ + C52 C^"

) “+^14 6‘’C36

2- 
0)

’ ^41
(M45~C35 C^") anQ

3 2
C3 3“ +VC34-“

4 ^4 2“ ,k^43l

3 
to

D2i(D26-C35 C?-;:, n D21
(D23 C33 C31

M41 4
C32 C31 “ +

(M46-C

M41 ?441
35 C31 36 C31

and Ct-,-55

C C
31 ,, + c 31

55 C.n “ 56 Ccl
51 51

] ^21
--) and (D27-C37 £—) are indicated by m41 ^M42 zM43 ,m44 ,m45 arid M46 respectively

C35“ + iC36>

^41 3 ^41 2 ^41
C^)u +(M44"'C34 Cj^“ +(-M45""C35

3 +i'c7>a)2 4

C31 4 ^31, 3
+ (C32~C52 +(C33"C53 CTT U

51 51

fl" 4646^—) are indicated by Crn ,Ccn,C„,Cc .-J , D -L OZ jj D

0)

2
53“

46
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2+

C 54 C

65 ^55

C55 M64“

(C34 C54

M61

C51

C31
(C32 C52 C51

2
C53td +(C54W +

M 4

M61v C
55 Ccl31

4 \ 3
C51a) + (C52"u

c
— - —) are indicated by
C ’ L51

C51

'"'A 4 +V 6J?

C31 
(r -c _ —vv33 53 Cc1 31

M61 _— +
C51

3M620) +VM6jU)

M' M
+ (M62-C52 CTT)U) +(M63“C53 C77) “ 

31 31

c M61 3 I
C52 C., W b

31
U)2 + C

M*> ) h 1
+ ''+<H64-C54 c-W<Mp.-C

31

M61
53 Ccl31

M61,M62,M63,M64 and M65 respectively

+ ("Mr J
\ 6 3*

C C71 31
CT") ' (C35"~C55 C77) and (C36~C56

51 51

M61 
(M62"C52 CT?

Dl

C ^73

M M M
(M63"C53 C77) ’ (M64"C54 CTT^ and fM65"C55 c7r)

D1 D1 D1

• C51 
c- C71

are indicatcated by C c?! C72,C73 and C74

Cgl o Cj-t
+ <C52-C72 C-7)u + <C53'C73 CTT>“ + <C54 54~C74 cTT’ “ + <=55

71 7r 71

C51 
C - ■ ■ 

75 =71
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and Mg^ respectively.M,

++

C

2 C 74

are indicated by

0)

indicated byare

2 w

(M82

C e93

C73

C74

M84

M81

C71

(M83

(M84

C9

C73a)

?48

+ (C92,l) +
r 2

■C91U)

73u + ^7^'

<? +

M82a) + ^83^

M 3Mg 10)

3 *1"

M81

73 C71.

.M M 81' 82,n83

C91'C92

C71
C91

M81
C71

(C72 C92

(C73 “ C93

(C73 C93

C
72 C71

M■ 1 x 1
and (Mg4 - C?4

C 5] 
(C52"C72 C")

C71
^91

C71a)

C71
~)u)+ C?4
C91

C51 
(c -C — -- lC53 73 C71

r C71
93 C91 “

and Cno
y 3

n M81 2
L72 C “ 

71 .

a*" and Mj^q respectively

C3 71
C71“ + C92

M10,l,M10,2
G (C - c -21 

ki-72 ^92 Cgi

(M - C ——- UI83 ^73 C71
M81 

+ (M82 - C72 c^)u) +

C51
(Ce.-C-. 7;—) and Crr are indicated by

54 14 dd

C71
7T—) and
C91

M81
W + C74 CTT

C71

''M81/w^ +

2 0)
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M10,1
Cn1

M10,l“ + M10 ,2to + M10,3

k, 2M10,l“ + C92
M M

10,1 , r io,i
C c93 C^91 y-3 ^9!

C91
+ (c92"cnz2 C,, J" + C93

J-l r 1

and Cgg are indicated by j and

^12 2 respectively.

M M.
+ (M10,2"C92 Cgi )a)+(M10,3"C9 3

M M
rt 10,lx 10,1,(M10,2 " C92 C91 } anQ (M10,3 ~ C93 C91 are indicated by

C,, , and C-,0 respectively.
J- J- { J- J_ J- f z.

(c - ck^92 ull,2 C1;L 1
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C11,1“ + Cll,2

M12,1

Cll,l

M12,1
CCll,l

M12,1u) + Cll,2

M12,lti) + M12,l

(M12,1  Cll,2
M12,l

Cll,l
is indicated by

M
4- (M - C -1^1( 12'1 Cllzl

To keep the sequence of the rows, even numbers for "i"

(i = 2,4,6 are assigned to and odd numbers for

I! J II (i = 1,3,5,7, ...) are assigned to Ch .

Similarly the Continued Fraction Expansion is applied 

to 5 degree and 4 degree phase angle loci polynomials. The 

results are given in Appendix A and Appendix B.

From the results of the Continued Fraction Expansion 

of 6 degree, 5 degree and 4 degree phase angle loci polynomials, 

the following equations for angular frequency to and gain K 

can be found by a mathematical intuition:

Two cases must be considered:

a) n is an even number

•>b) n is an odd number

where n is the degree of the phase angle loci polynomials.
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Case

Case

(2.2

No. 1: n is an even number

For <J> = vir , (v = 0,1,2,3, . ..)

2  C(2n-3),3
U "" C 

(2n-3),l

M,„ = 0(2n-2),2

For <f) 7^ vir

r
M =  (2n-l),2
U C 

(2n-l),1

C(2n+1),1 = 0

(2.2-28)

(2.2-29)

(2.2-30)

(2.2-31)

No. 2: n is an odd number

For <f> = vtt , (v = 0,1,2,3, ...) 

r2  ^(2n-3),3
W C 

(2n-3),l

M(2n-2) ,2 = 0

For <j) 7^ vir

C (2n-l),2a) = - ----------------
(2n-l),1

(2.2-32)

(2.2-33)

(2.2-34)

C(2n+1) ,1 (2.2-35)

Solution of Eq. (2.2-29) or (2.2-32) and (2.2-31) or

35) , for = vtt and <p vir respectively, determines
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the values of K's , as many as the degree of polynomials.

Only some of these K's which give positive real values for 

to are valid values of K .

2.2.2 General Formulas for Determining M.. and 0.. - ---------------------------------------------- ------- r j-------------- •
The general formulas for'determining and Cj

in terms of Dn'Di2'D13' Dln and D21'D22'D23' ■*’ D2n 

are written by an intuition as follows:

CM. . = C(. - 0.. , -llzlLdl+ll (2.2-36)
i] (1-3), (l+D (1-3) ,1

where

i = 4,6,8,10, ...,

j = 1,2,3,4,5, .. . 

and

Mo, = D, , , Mo- = D, „ , Mo_ = D. , ........ . = D„ .21 11' 22 12 '23 13 2j 2j

C ' CM41 = (D22 " D21 M4j = (D2,(j+l) " D21 0^

M,._n ,
0. . = M,. - C,. ,.^n. a X- ■ (2.2-37)

13 (i-l),(3+I) (1-2) , (3+I) c(i_2)zi

where

i = 3,5,7,9, . . .

j = 1r2,3,4,5, . . .

and

C11 = D21z C12 = D22' C13 = D23' * * * * ' Clj = D2j
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<2 = (D — D ^•) C = D - D f (j^l)
C31 tU12 U11 D21j '** * ' L3j Ul,(j+1) D11 D21

Equations (2.2-36) and (2.2-37) are applicable to a 

computer programming.

Example No. 2

The result, (2.2-32), (2.2-33), (2.2-34) and (2.2-35), 

will be applied to the same example given in (2.2-14). For 

convenience it is rewritten again: 

K Gls) s^3Hs°6) Cos i Sln * (2.2-38)

For <() 30° , the phase angle loci polynomials are:

-0.5
3

u) - 7.8 2 , na) +90)- 10K = 0 (2.2-39)

-0.866 a)
3

+ 4.5 a) 2 + (15.6 - K)o) = 0 (2.2-40)

Therefore

D11 = - 0.5 D21 0.866

D12 = 7.8 D22 4.5

D13 = 9 D23 - (15.6 + K)

D14 = - 10K D24 = 0

From Eqs. (2.2-34) and (2.2 -35), one obtains:

* 0) =
- ^2

ce5,l ••
(2.2-41)

C7 ,1 =0
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Then, from Eq. (2.2-36) and Eq. (2.2-37), M's and C's

are obtained as follows:

C33 = - 10K

M21 = - 0.5 C =C11 0.866

M22 = 7.8 c =12 4.5

M23 = 9 C13 = - (15.6 + K)

M24 = - 10K C14 = 0

M41 = (4.5 - 0.048K) c =V31 10.4

M42 = - (15.6+0.168K) C = u32 - 0.577K

f0.57 7 + 10.4 —3.lK--+..-4.t6 * 10----
v (15.6-0.082K-2.66*10 JK2)

Mr„ = - 10K 62
3 7

C51 =-<15-6-0.082-2.66*10 10 )

-7 7
C52 = + (4-33 + 4-6 * 10 K )

C71 =
-7 2-10K-(4.33+4.6*10 K ) -3 7 

(15.6 -0.082K-2.66*10 K )

— 7 7" (4.33+4.6*10 ZK )
n 577-104 -37
u.D/z (15.6-o.082K-2.66*10 OK )

Substituting and in EcJ* (2.2-41), and

solving the same results are obtained:
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-2 2(4.33K + 4.6*10 K )
03 -3 2(15.6 - 0.082K - 2.66*10 K )

-322 -2 2 (
-10K(15.6-0.082K-2.66*10 K ) - (4.33K+4.6*10 K HO.577 (15.6 -

-32 -22)
-0.082K-2.66x10 K)-10.4 (4.33+4.6x10 “K = 0

<i> = 180°

Phasei angle polynomials are:

- 0 „3 + 9 io2 - Ooi - 10K = 0 (2.2-43)

30) • 0 to 2 - (18 + K) a) -0 = 0 (2.2-44)

From Eqs. (2.2-32) and (2.2-33 ) , one obtains:

20) = -
C33
C31

(2.2-45)

M42 = 0

D11 =0 D21 = 1

D12 = 9 D22 0

D13 = ° D23 -(18 - K)

D14 = " 10K D24 = 0

C31 = 9 M42.= -(18 - K) - 0

C32 = 0

C33 10K

Substituting C33 and C31 and solving M42, one obtains the

same results as in Eq. (2.2-26 ) and Eq. (2.2-27)

K = 168, 2 0) = 180
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2.2.3 Phase Angle Loci Array—Determination of M.. ■ ---------13
CL j by an Array

and

PL j and CL can also be determined with a typical 

array. The array for 6 degree phase angle polynomials. 

Eq. (2.2-2) and Eq. (2.2-3), is as follows:

rC13,l

The arrows indicate the direction of the multiplication 

sign of the product of the components of the rows involved to 
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the procedure. The components at the beginning and at the 

end of an arrow are multiplied, next the product of other two 

corresponding components is substracted. Then the difference 

of these two products is divided by the component at which 

the arrow starts.

Two examples for M.. and C.. are given as follows: ij rj y

C31
M61 “ C32 " C52 C7" 

51

C31 
M62 “ C33 C53 CTT

51

C 53 C = M - M - ■ u72 63 61 Ccn
51

2.3 Phase Angle Loci on the Real-Axis

The phase angle loci may have some points on the real 

axis. Since the frequency co is zero on the real-axis, these 

points can be determined by equating the constant terms of 

Eq. (2.2-2) and Eq. (2.2-3), which are designated as and

D27 . Thus a simultaneous solution of and D2^ for a

particular phase angle gives the points on the real axis for 

each shift, y .
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2.4 Linear Transformation of joi -Axis

The open loop transfer function is rewritten as follows:

_ , , K(a sn + a,sn 1 + . . + a ,s + a ) ...
K G(s) = = ----- 2-------—-z.-------—--- — =

"(b sm + b.s111 + . . + b . + b )
o 1 m-1 m

(2.4-1)

The jco -axis is translated parallel by "y" from its 

original position as seen in Figure 2. Thus the origin 0 

will be shifted to its new origin O' on the a -real axis. 

The new s'-domain can be expressed in terms of the previous 

s-domain and the amount of shift, "y".

The coefficients of the numerator and the denominator 

polynomial can be found for each shift. A relation for find

ing the new coefficients may be derived as follows:

s 1 = a + jco (2.4-2)

After shifting the jco -axis by y , s is:

s = (a + y) + jco = s' + y (2.4-3)

Then substituting s' for (a + jco) , the s is expressed 

in terms of s1 and y .

In Eq. (2.4-4), (s) is the complex variable of initial 

s-domain, (s') is the complex variable of the new s-domain, 

and y is the amount of a parallel shift of the jco -axis.

The powers of s in terms of s1 and y are given as 

follows:



0' 0

s

T - I I i 1 1 1 1 1 1 1 1 jio
 -ax

is o
f s' d

om
ai

n

1

jto
 -ax

is o
f s1 d

om
ai

n

Real Axis ------

•

<:----- Y ----- ">

Figure 2. Complex s and s’ -plane

CD
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s = s1 + y

2 ,2 , 2s = s + 2s y + y

3 ,3 , o ,2 , o , 2 , 3
s = s + 3s' y + 3s y + Y

4 ,4 , . ,3 , , ,2 2 , . , 3 4
s = s + 4s y + 6s y + 4s y + Y

n . ,
sn = (s' + y) = zL (?) s'1 Yn" (2.4-4)

i=0

where

(n) =__________
ii(n-i)!

Substituting (s' + y) f°r s in the numerator and 

denominator polynomials of Eq. (2.4-1), one obtains the 

following results:

P(s')‘ = A s'n + A-1s'n"-1 +....+ A ,s' + A (2.4-5) 
o 1 n-1 n

Q(s') = B s,m + B,s'm-1 +....+ B ,s' + B (2.4-6) 
o 1 m-1 rd

where

A ,A,, . . .,A and B ,B.,•. . .,B are functions of

Y and given as follows:

 n , n-1 ,A = a y + M +....+ a , y + a n o1 11 . n-11 n

n—1 . , -e * n_ 2A , = na y + (n-l)a,Y + . . . + a n n-1 o' 1' n-1
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An = na y + a,1 o' 1 

A = a o o

and similarly

B = b Y™ + M111-1 +....+ b _Y + b 
mo 1 m-1 m

B = mb y111"1 + (m-l)b,Ym~2 + . . . + b , 
m-1 o' ' * 1' m-1

B., - mb Y1 o

(2.4-8)

B = o bo

The coefficients of Eq. (2.4-5) and Eq. (2.4-6) can be determined by 

taking consecutive derivatives of A^ and B^ with respect to y» The General 

formulas are given' as follows:

A . = 77— (A ) (2.4-9)n-i i! , i n 
dY

Bm-1 = "TT ' -fr (V <2.4-10)

dY



CHAPTER III

DETERMINATION OF GAIN LOCI

3.1 Derivation of the Gain Loci Formula

The gain loci are a family of curves which is orthogonal 

to the family of the phase angle loci curves. The gain loci 

provide important information about the relative effect of 

gain changes along the various root loci. The gain loci can 

be constructed by the shifting technique.

The procedure for constructing the gain loci by shifting 

technique is.as follows:

The open loop transfer function after shifting by y is:

K P(s') K(A s'n + A, s'11-1 + . . + A )
K rfoM _ -------------- _ o_________ 1___________________ iv _' 1 " Q(S,) " (B s'm + B.s’-"1 + . . + B ) “

o 1 m

= Exp = Cos <|> ± j Sin (3.1-1)

where

s1 = s - Y , and

A . . and B ,Bn,Bn, . . . are functions of a0 12 0 12
shift, y .

Since the gain loci curves are orthogonal to the phase 

angle loci curves, the gain loci also have the same properties 

as the phase angle loci (Chapter II, Section 2.1, page 4).
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Thus two important properties of the gain loci are:

a) Gain loci are symmetrical with respect to the real 

axis of the.complex s-plane.

b) Shape of gain loci depends on the relative position 

of the poles and zeros, and is independent of the 

axes of the complex s-plane.

When a real part of s' is zero. Eq. (3.1-1) may be 

rewritten for a negative and positive values of s' as 

follows:

K G(+ju)) = , s' > 0 , and o = 0 (3.1-2)

K G(-jio) = , s' < 0 , and c = 0 (3.1-3)

where

to is jo; -axis frequency and <j> is phase angle.

The product of Eq. (3.1-2) and Eq. (3.1-3) gives the 

following result:

2
? = i (3.1-4)

Q(+3u)) Q(-3o))

As it is seen from Eq. (3.1-4), P's and Q's exist in 

complex conjugate pairs. Thus the product P(+jw) P(-jco) and 

Q(+jw) Q(-joj) are even functions of co . Therefore, the con

struction of the gain loci for a constant value of K is re

duced to determining the roots of a polynomial which is obtained
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from Eq. (3.1-4).

The product P(+jw) P(-jio) and Q( + jco) Q(-jw) may be 

calculated by a general formula: The product of a complex 

conjugate polynomial pair P(+jto) and P ( —jco) is

P(+ja)) P(-jin) = H A.2 a)2(n 1) + 
i=0 1

L IL
+ (-Dn Z E 2(n-j-i-l) „

i=0 j=i 21 2(j+l)a>

M M
- (-l)n Z Z (-l)(n-’-i-2)2A,,1.+1,A,?.+,. 2(n-5-i-=) 

£-0 j=j_ (21+1) (23+3) o)

(3.1-5)

where

M = (L - 1)
for n is an even integer

L = 2-+-i - 2

M = L = n 2 1 ~ 2
for n is an odd. integer

A general formula for the denominator polynomial of

Eq. (3.1-1) may be obtained by replacing P with Q , A

with B and n with m in Eq. (3..1-5) .

Substituting the above result in Eq. (3.1-4), one obtains:



H
e i\

 /I
II

 ! "I
S

o

A.2 + (-l)n 1 L (-1) <”-i-1-1>2A2iA,K.n.2fo-i-1-1> - (-

1 i=0 j=i 21 2Cj+11
fj
2

i=0

L' _L'
A.2 a)2(m"i) + (-l)m (-1)

1 • i=0 j = i VJ-V-L2

where

S- 1 1
-

M = (L - 1)

for n is an even integer

L = M = - 2

L' = j - 1

M* = (L* - 1)

for n is an odd integer

for m is an even integer j
i

L* = Ml m 1
2 for m is an odd integer

Solution of Eq. (3.1-6) for a particular K gives the points of t'
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A

(3.

0

0J2(n-j-i-2)

= 0
M*

bl M
> (-1)

:_______________________________ = i
M'

> (-1) Cm"'j"i"2)2A A 2(m-j-i-2)
4--^ 1 ZA(2i+l) (2j+3)

iln loci on the jw -axis..

-6)
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3.2 Determining Gain Loci by Shifting Techniques

If the open loop transfer function in Eq. (3.1-1) is 

given in a factored form as follows:

K G(s)
P(s) = Kn {s' +

Q (s) m
n{s' + (y - p^) }

where s = s1 + y , and

are zeros and p^ are poles.

(3.1-7)

then the phase angle loci equations are:

n
KR {+ja) + (y - z ; ) } + .

K G( + jw) = —---------------------------------  = e -l<p , s' > 0 and

n (+j1> + (¥ - Pj^)} o = 0 (3.1-8)

Kn {-j™ + (Y - Z1)} 

m
n{-jo) + (y - Pi) }

s1 < 0 and

o=0 (3.1-9)

Then the product of Eq. (3.1-8) and Eq. (3.1-9) is

2 2 29 KZ n(wZ + (y - z.)2}
•KZ G(+ja))G(-ja)) = —----------------------------i------ = 1 (3.1-10)

111 2 2
n{aj + (y - ?£) I

Similarly, solution of Eq. (3.1-10) for a particular K , 

gives the points of the gain loci on the juj -axis.

Therefore, shifting the jio -axis by y and then, for 

particular values of K , finding the corresponding to for 

each shift, the gain loci can be constructed on the s-plane.
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Example No. 3

Gain Loci

The phase angle loci transfer function, as given in

Example No. 1, is:

tz r* (q A — (s + 10) _ j r o -I -I -i xK G(S) - s(s + 3)Ts + 6) " 6 (3.1-11)

Substituting (s' + y) for s , one finds the following:

K _ K{s' + (y + 10)}__________  _ ±j<|)
K G(S } “ (s'+y) }{s' + (y + 3) }{s'+(y+6) } ” e for s > 0

(3.1-12)

K of - K{-s * + (y + 10) }  +j<|> f , n
K G(S ’ ~ (-s'+y) {-s' + (y+3) }{-s, + (y+6) } " 6 tor s < 0

(3.1-13)

The product of Eq. (3.1-12) and Eq. (3.1-13) is

2 2 2
------ 5—5' -t—(2C+>------------ = q (3.1-14)
(-s' +y ) {-s,Z+(y+3)Z}{-s,Z+(y+6) 2}

Substituting jco for s' , the following result is obtained:

2 2 2KZUZ+(y+10)Z}______________  =
DO O Q O O \ D • J- J- D J

(co +y ) (to +(y+3) } {to +(y+6) }

Simplification of Eq. (3.1-15) gives:

2 2 2 2 2 2 2 2 2
K {to + (y + 10)' } — { (co + y ) } { <jj + (y, + 3) }{co + (y + 6) }= 0

, . (3.1-16)

Solution of Eq. (3.1-16) .for a particular value of K gives

the points of the gain loci on the jto -axis for each shift y 
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Thus determining w for each shift y, the gain loci are 

constructed on the s-plane.



CHAPTER IV

ILLUSTRATIVE EXAMPLES

4.1 Problem No. 1

4.1.1 Construction of Phase Angle Loci

The open loop transfer function is:

K G .(s) (4.1-1)s + a

and the phase angle loci is: 

where 4> is a positive phase angle.

After shifting the j -axis by y , s is:

(4.1-3)s = s + y

where s = jm .

Substituting Eq. (4.1-3) in Eq. (4.1-2), one obtains:

K = cd Sin 4> 4- (y + a) Cos <f> (4.1-4)

0 = 6 Cos <j> - (y + a) Sin cj> (4.1-5)

Then the Continued Fraction Expansion is applied as 

follows:

(Sin /Cos )
co Cos $ - (y + a) Sin <{> w Sin <t> +' (y + a) Cos <f> — K

2u) Sm <t> "— (y + a) (Sin 4>/Cos )

o
0 + (y+a)Cos 4> -K+(y+a) (Sin <j)/Cos <{>)
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When

. 2
(Y - a) Cos <|> - K + -™-T (Y ~ a) = 0 (4.1-6)

'w v O (p

the Continual Fraction Expansion ends prematurely. Therefore 

{y Cos — (y + a) Sin <f>} is a common factor of Eq. (4.1-4) 

and Eq. (4.1-5). Thus one obtains:

K = T1 r (2n - 1)V2 (4.1-7)
V# v O ip

“ = ^"4 (Y + a) , W (2n + 1)tt/2 (4.1-8)

where n - 0,1,2,3, ... .

For <|> = tt/2 , y a , K and w are infinite, for

<|> = ir/2, y = a, K and co are indefinite; but substituting 

tt/2 for <j> in Eq. (4.1-4) and Eq. (4.1-5), one obtains:

co = K

(Y + a) = 0

Therefore the phase angle loci is a vertical line at 

(-a) for a 7t/2 degree phase angle. The family of curves 

of the phase angle loci is shown in Figure 3.

4.1.2 Construction of Gain Loci

After shifting the jco -axis by y r the phase angle 

loci equations for (jco) and (-jco) values of s are given 

as follows:



43

K G(j-) = ja) + + a) = e-i* , for s > 0 (4.1-9)

K G(-j") -._j„ + G + a) = e3* - for = ■= 0 (4.1-10)

The product of Eq. (4.1-9) and Eq. (4.1-10) is:

K2 
-- - ------------ 7) = 1 (4.1-11) 

io + (y + a)

Equation (4.1-11) gives

? 2 9co + (y + a) = K (4.1-12)

Thus Eq. (4.1-12) gives a family of circles centered on 

the real axis at (-a) as seen in Figure 3.

4.2 Problem No. 2

4.2.1 Construction of Phase Angle Loci

The open loop transfer function is

K G(s) K = e-j*
s (s + 3) (s + 5) (4.2-1)

In a polynomial form

K G(s) = —5---------- -------------  = Cos <j> - j sin (4.2-2)
s° + 8sz + 15s

After shifting the jw -axis by y , "the phase angle

loci ecuation is:
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------X------------ 2---------------------- = Cos ~ j sin <i) (4.2-3)
B s’3 + B,sZ + B„s + B_ 

0 12 3

Where
3 2B3 =-y + 8y + 15y +0

2
B2 = 3y + 16y + 15

B1 = 3y + 8

B0 = 1

From the real and imaginary part of Eq. (4.2-3), one

obtains the following equations:

3 . 2to Bo Sm <$> + io B^ Cos <j> - C0B2 Sin <j> - B^ Cos (j> + K = 0 (4.2-4)

3 2co Bq Cos <j> - co B^ Sm <j) - (oB2 Cos <j> + B^ Sin <f> = 0 (4.2-5)

Applying the Continual Fraction Expansion procedure to 

Eq.- (4.2-4) and Eq. (4.2-5) after substituting a particular 

value of the phase angle, the oscillatory conditions are 

obtained.

The calculation fo curves for various phase angles are 

given on the following pages.
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Y B o B1 B2 B3

3 1 17 90 144

2 1 14 59 70

1 1 11 34 24

0 1 8 15 0

-1 1 5 2 -8

-2 1 2 -5 -6

-2.5 1 0.5 -6.25 -3.125

-3 1 -1 -6 0

-3.5 1 -2.5 -1.25 2.625

-4 1 -4 -1 4

-4.5 1 -5.5 -36.75 3.5

-5 1 -7 ' 10 0

-6 1 -10 27 -18

-7 1 -13 50 -71•J •

-8 1 -16 79 -120
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<j> = 90° (or phase angle is -90°)

Sin <(> = 1

Cos <|> = 0

Substituting Sin <f> and Cos $ in Eq. (4.2-4) and

Eq. (4.2-5), one obtains

2
-B^to - = 0

3
to - B2co + K = 0

Applying the procedure, one obtains

B3
“ "" B1K (B2

m
l h

 
m 

Im
 

i

K
Y to

0 0 0

1 1.5 47.6

2 2.2 122.6

3 2.9 238.
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t|> = 225° (or phase angle -225°)

, . 2Cos <j) = -

Sin <j) = -

3 2-a) ~ a) + Bg + 2 K = 0

3 2-a) + a) B^ + 10B2 - B3 = 0

2B-+L „ 2B-+L „
L{2[B + ----)]Z - B,L} + 4B^{B + (-^---- )}2 = 0

-L O Zi Z»Xj

where L = 2 K

(2B +L)
"2B3 {B2 + 2B^ }

0) = -------------------------------------------------------------------------------------

(2B +L) 9
[2{B2 + ~2Bl—} + LB1

<|> = 135°

r. • 2Sm <j> •= -y

Cos cf> = - -y 

3 2to - to B^ - 0)62 + Bg + 2 K = 0

3 2-a) - w B^ + <1)62 + Bg = 0
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2 3 2L{ [2B B 4- (2B_ + L) ] - 2B L} + 2B {2B B +(2B + L) } = 0
JL Z^e O -L O »!• O

where

L = 2 K

(2B +L)
"B3tB2 + 1

(u = (2B~fTj
{2(B + ----------------- ) - B,L}Z* Z Jj _L

Root Locus:

<f) = 180° (or phase angle -180°)

Sin <|> = 0

Cos <{) = 01

Substituting Sin <|> and Cos <[> in Eq. (4.2-3) and

Eq. (4.2-4), one obtains:

2
-co B-b - B3 - K = 0

3 d  n-0) - a) = 0

Then the Stieltjes procedure gives:

K = B3 - B1B2

’ 2 - n "

(0 - - B2
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On the real axis:

K = - b3

= 0

Y 0) Y 0)

0 3.87 0 0

1 5.83

2 7.68 3 0

3 9.48 5 0

-1 1.41

<{> = 270° (or phase angle -270°)

Cos <(> = 0

Sin <j> = 01

Substituting Sin <j> and Cos <|> in Eq. (4.2-4) and

Eq. (4.2-5), one obtains:

3
—B co + Boa) + K = 0O 2

2B^a) - B^ = 0

.The the Stieltjes Continual Fraction gives

2 ^3K = 4 (B2 " sf’
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B3 B3

x — 1 (4.2—8)
(io + y ) (a) + (y + 3) }{o) + (y + 5) }

Equation (4.2-8) gives a six degree polynomial of co , 

and it has only even terms. Thus the construction of the 

Gain Loci is reduced to finding the roots of this polynomial 

for each shift.

“ = (B2 - = K •

A possible solution is only for = -3. Therefore

the curve of the phase angle loci for -270 degrees is a vertical 

line at (-3).

4.2.2 Construction of Gain Loci

After shifting the jco -axis by y , the phase angle 

loci equations for jo) and -jco are:

K G(jco) = -y-.----—-■ -e , for s > 0 (4.2-6)J (jq+y) (Jco+y+3) (jm+y+S) * ■ '

K G(-jco) = -r—.------ . t ;■ . -e^ , for s < 0 (4.2-7)
< (-jco-y) (-jto+y+3) (-jio+y+5) ' *

The product of Eq. (4.2-6) and Eq. (4.2-7) is:

K2
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Gain Loci From Eq. (4.2-1):

Y Y co

K = 100 K = 24

U)

2 • ±1.704 0 ±0.129

1 ±2.880 -1 ±1.397

0 ±3.528 -2 ±2.064

-1 ±3.924 -3 ±2.184

-2 ±4.138 -4 ±2.210

-3 ±4.186 -5 ±1.720

-4 ±4.066 -6 ±0.795

-5 ±3.757

-6 ±3.200

-7 ±2.210

-7.5 ±1.320
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K = 8

Y

K = 4

0) Y 0)

0.5 ±0.063 0 ±0.265

■ 0.3 ±0.339 -0.3 ±0.092

0. ±0.523 -2.5 ±0.376

-0.3 ±0.533 -3. ±0.623

-0.5 ±0.491 -3.5 ±0.448

-0.8 ±0.43 -4.5 ±0.297

-1. ±0.0 -5. ±0.391

-1.5 ±0.189 -5.3 ±0.124

-2 ±0.706 +0.2 ±0.134

-3 ±1.098

-3.5 ±1.074

-4. ±0.971

-4.5 ±0.87

-5. ±0.742

-5.5 10.294
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4.3 Problem No. 3

4.3.1 Construction of Phase Angle Loci

The open loop transfer function is

' K G(s> + l/+SlHs,+ 2)' = e‘J*

After shifting by, the phase angle loci equation is:

K{s+(y + 3)}  , .  . , , . - o.
{s + (y + 2)}{s + (y + 1)} “ COS * " 3 Sin * (4.3-2)

From the real imaginary part of Eq. (4.3-2), one

obtains the following: 

7
u) Cos <|> — u)(2y —3) Sin 4> — (y+1) (y+2) Cos <j> + K(y + 3) = 0 (4.3 — 3)

9
to Sin <j> + { (2y+3)Cos <f> — K}— (y+1) (y+2) Sin c[> = 0 (4.3 — 4)

Applying the Continued Fraction Expansion procedure to

‘Eq. (4.3-3) and Eq. (4.3-4) after substituting a particular 

value of the phase angle, the oscillatory conditions are 

obtained.

<f> = 60° (or phase angle -60°) 

2
a) - 1.74(2y + 3)a) - (y + 1) (y + 2) + 2K(y + 3) = 0 

2
a) + {0.575 (2y + 3) - 1.15K}a) - (y + 1) (y + 2) =0

{2.31(2y + 3) - 1.15K}uj = +2K(y + 3)

2K(y + 3)
“, {2.315(2y + 3) - 1.15K}
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Y K 0)

0 1.40 1.45

1 2.6 3.52

2 4.6 4.2

5 10.2 8.8

(I, = 90° (or phase angle -90°)

2
co - K - (y + 1) (y + 2) = 0

— u)(2y + 3) + (y + 3)K = 0

The Continued Fraction Expansion procedure gives:

A2 = "K

&3 = - (y + 1) (y + 2)

81 = -(2y + 3)

82 = K(y + 3)
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2
BO{AOB1 - Bn} - Bn = 0

2 2 1 2 Id

"A3B1
“ (a2b1 - b2)

Y K a)' ...... ..... ... ---------- ---------------------

0 0

-0.25 3.80

-0.50 1.94

-0.75 0.967

-1. 0.

' Root Locus:

<() = 180° (or phase angle -180°)

9
a) + (y + 1) (y + 2) - K( - 3) = 0

— { (2 y + 3) + K} o) = 0

K = - (2y + 3)

2
a) = (y + 1) (y + 2) - (2y + 3) (y + 3)

On the real axis:

'<0 = 0

K = - (y + 1) (y + 2)/(y + 3)
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y K a)-

-1.000 0

-1.586 0.172 0

-2. 0

-3. 0

-3.5 1.32
-2. 1. 1.
-2.5 1.32
-3. 3. 1.414

.-4. 5. 1.'

-4.414 7. 0.00
0.00

((> = 270° (or phase angle -270°)

a)(2y + 3) + K(y - 3) = 0 

o
-U) - Keo + (y - 1) (y - 2) = 0

The Continued Fraction Expansion procedure gives:

9
A0(B1A1 + Ao) - BOA, = 0
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(B^ + A2)

where

A1 = (2y + 3) a2 = K(y + 3)

B1 = - K B2 = (Y " 1) (y - 2)

Y K 10

-2 0 0

--2.3 0.788 0.345

-2.5
-2.8

-2.8

1.55

4.17

0.388

0.33

-2.9 6.8 0.244

-3. 0.

4.3.2 Construction of Gain Loci

After shifting the jo) -axis by. the phase angle loci

equations for jo) and -jo; are: •

K G(ju)) =

■J

K{ j co + (y + 3)} - for s > 0 (4.{jto + (y+1) } { ja)+ (y+2) }

K G(-joj) ' = K{-jco + (y + 3)1 _ for s < 0 (4.{-(y+1) } {-jw+(y+2) }

-5)

-6)
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The product of Eq. (4.3-5) and Eq. (4.3-6) gives:

2 2 2}{coz + (y+2)2}

K = 1.0

(4.3-7)TZ2 r 2 2. ■ r 2 ,K to) + (y+3) } = {co + (y+1)

K = 0.5

Y co Y co

-0.8 0.105 0.4 0.19

-0.9 0.76 0.2 0.74

-1. 0.83 0. 1.

-1.3 0.815 -0.5 1.36

-1.5 0.77 -1. 1.414

-1.8 0.704 -1.5 1.32

-2. 0.5 -2. 1.

-2.1 0.406 -2.1 0.89

-2.2 0.243 -2.2 0.74

-2.28 0. -2.415 0.
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K = 2

Y 0)

1.56 ±0.

1. ±1.565

0. ±2.26

-0.5 ±2.4

-1. ±2.39

-2. ±2.

-2.4 ±2.36

-2.5 ±1.36

-2.56 ±0.
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CHAPTER V

CONCLUSION

The formulas, derived for the phase angle loci oscillatory 

condition in Chapter II, Section 2.2.1 and Section 2.2.2, and 

for the gain loci in Chapter III, Section 3.1, give easy and 

exact solutions for the jw -axis angular frequencies and gains 

for the phase angle loci, and the jco -axis angular frequencies 

for the gain loci. These formulas are easily applicable to a 

digital computer. Thus the shifting technique with these 

formulas provides an easy and exact way for constructing the 

phase angle loci and the gain loci of a system.
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APPENDIX A

The Continued Fraction Expansion for 5 degree polynomials:

5 4 3 2F, (co) D, a) + D, nio + D-. ou) + D, . to + D, ui + Dn ,
1  11 12 13 14 15 lb 

~ • 5 4 3 2 ~F^(u)) Do1a) + Dooa) + D^gii) + D^.ti) + Doc-a) +

D11 + _______________________________ 1__________________________ -
D21 D21 M41 1

F1 M = D11 1__________________________________
F2(u)) D21 D31 M41 1

C31 C31 C31 . M61 1
C51 251+^1+_____________ 1_____________

C71 C71 C71 M10,l C91ti)+C92
C91td C91 Cll,l

„ C9 10) - Cg 2
The last fraction, ---- --------------- — , provides the oscillatory

Lll,l

conditions for the phase angle loci for <f> when it ends

prematurely.

C31 C31 C31 M61 1
C.-! Ct-n C., Mq1^2 + mq„w + My'-.51 51 51,81 82 83--------(0+----------------------------------------------------------------------

71 c71“ + C72U1 + C73

2
Mq "I *2

The last fraction, ---- ----- -----------------------------— , provides the
c7,lio + C7^2to + C7,3

oscillatory condition for <j> , (0,1,2,3, . ..,) when it ends 

prematurely.

For the phase angles <f> the Continued Fraction Expansion 

is carried on until the following fraction is obtained: F * * * * * L
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D11
521

+ + d16

• ^11 2 ^11 D11

Ii Ii i 3 i 2cL ±A) WJ+ (D -D 5^) (D -D
L 2 * 1 21 21

J' + r_. ™ co + D,,- + D-,24 D2^ 25 D21 26 D21

^11 4
(D12"D22 d^>“ +<D13-D23

^11 ^11 
^)co-KD -D =rii) 
D2^ 16 26 D2j^

4
D31“

2
+ D33co 35

(DO|- - DQr —---- ) co 4- Do,25 35 D3i 26
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M41

M, 0 M., M.,-. 2 ^41 ^41
<M42 " D32 DTr1" + <M43 " D33 dTT* dT> “ + (M44 " D34 “ + (M45 ' D35 D^7>

O -L J I ’ «J -L nJ J.

3 /''^x 2 <*"x
^"Sl^ ”’'i^'52/w (""53^ 1^'54)

31

(D32
r D31^ 3 4.

2 o ' u DZ C51

D31(D35 - C54 c|l>
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72'

61

^61
C51

M

2 '''—C71ti) +5:72'^+C73

C71ti)

(C52 " C72
C C
c^")u + (c53 “ c73 C^")oj + C54

mri
(M82 - C72 C^")a) + (M83 - C73

M M
(M62"C52 C77) 01 +(M63"C53 C77) (M64-C54

31 51

3 2
C51“ +iC52Aw +C53

M

C51

81
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C71

C91U + c92

(C72
C7I

C92 C^)tiJ + C73

c910) + C92

M10,l
C91

M10,lw + M10,2

M
(M - C -^-<1 
UI10,2 u92 CQ1

y .L

M ’
M10,lW + C92 "Cq' 

y ±



APPENDIX B

The Continued Fraction Expansion for a 4 degree polynomial 

is:

Fj^Cco) 

f2 M

D11 
4 

D21ti)

4 , rs 3 , „ 2
to + ^13u + D14a) + P15

+ D24a) + D253~' 2+ D22o) + D23io

= * D * F11 _________________________1__________________________
D21 D21 , M41 , 1

Co-i Co-i CoM\-n co^ + M\-ow + o
31 31 31 , 61 62 63w +-----------------------------------

51 Cc1a) + Ccoa) + D± DZ DD

2 
^61^ + ^62a) + ^63

The last fraction, --------2-------------------------  • , provides the
C51a) + C52a) + C53

oscillatory condition for <|) = vir , (v = 0,1,2 . ..) when it 

ends prematurely.

For the phase angle 4> vir , the Continued Fraction

Expansion is carried on until the following fraction is 

obtained:

F1(to)
F2(w) " ^21
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For <f> = vtt , (v = 0,1,2,3, . . .) :

D13 D15 D22 D24 0

When is zero, the Continued Fraction Expansion endsdz

prematurely and gives the following results:

4> = vir , (v + 0,1,2,3, ...)

v nFor <f>

When Cgi is zero, the Continued Fraction Expansion ends 

prematurely and gives the following results:

C ^72
C

91

<{> vir , (v = 0,1,2,3 , . . .)



3
C31a)

 4
D21ll)

+ fc32.w

c31«'3

72
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52 C51

M61
C51

(C32 " C52 C51)ai +(C33 " C53 C51^“ + C34

M 62

M61
C51

u) + C53

C^lO) + C72

M,, o)2+C
61

2 /—\Cr-q to + l'Ct-^10 + Cc„51 v 52 53

2 /—x
C51“ + lv'52to + * * C53

C5I
(C52 - C72 C^)a) + C53

2 
v 61

M M
(M62 ~ C52 cTr)a) + (M63 ~ C53 cTT

31 51

C31

C51
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M81
C71

Cn -t to + Cn o/ x / 2 + M82

M62 = 0

M81 
Mola) + C-,- -=-

M
(M - C -82) 
u 82 ^72 C71;

When Cgi is forced to be zero, one obtains 

C 7-^a) + C 72 = 0 f°r a premature ending.

Thus:

for <j> 7^ vtt (v = 0,1,2,3, ...)

For <f> = vtt (Root Locus)

D22 D24 “ D11 D13 D15 “ 0

Then Mg2 is forced to be zero, for expansion to end 

prematurely. Thus:

2
Cr 1 W + Cc -5 = 0

3 J_ 3 J

<f) = "v it (v = 0,1,2,3,
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r2 U5,3
to = - p--------

C5,l
For <j> = vtt (v = 0,1,2,3,.


