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Abstract 
 

In this dissertation, we examine a dual-band version of the Fabry-Pérot resonant 

cavity antenna that uses a frequency selective surface (FSS) patch layer over a ground 

plane to form a composite artificial ground plane that replaces the single metal ground 

plane of the conventional structure. The structure thus consists of an upper cavity region 

(between the FSS and the partially reflective surface, also known as the PRS) and a lower 

cavity region (between the ground plane and the FSS).  

The conventional single-cavity Fabry-Pérot antenna is studied first, and the theory 

is then extended to the proposed dual-band structure. The 2-D arrays of metal patches 

that form the FSS and PRS layers in the proposed dual-band design are first considered to 

be suspended in air for simplicity. An iterative design procedure is given that determines 

the optimum resonance frequency of the PRS periodic structure as well as the optimum 

location of the FSS layer within the composite cavity and the optimum source locations. 

The PRS and FSS are then placed on 60 mil thick Arlon Diclad 527 boards and the 

structure is once again optimized for dual-band behavior. 

The study is further extended to a practical truncated Fabry-Pérot antenna of size 

6 in × 6 in. Results for this practical dual-band structure are shown and these results are 

compared with those obtained using the commercial simulation software Ansys Designer. 
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Chapter 1  

Introduction 

1.1 Background 

Leaky-wave antennas (LWAs) come under the category of traveling-wave 

antennas [1], [2] and have the ability to easily produce highly-directive beams [3]. Two 

common types are often seen in the literature. One is the uniform open waveguide 

structure, which radiates by virtue of the fact that the structure supports a fast wave. The 

other type uses a periodic structure so that radiation occurs from the 1n = −  space 

harmonic (Floquet mode) [4]. Along with the distinction of either being uniform or 

periodic, these antennas can also be classified into two different categories based on their 

geometry. The first category is one-dimensional (1-D) leaky-wave antennas while the 

second is two-dimensional (2-D) leaky-wave antennas.   

A 1-D leaky-wave antenna has a guiding structure which supports a wave 

traveling in a fixed direction [5]. These antennas can produce a conical or fan beam that 

is scannable with frequency. An array of such antennas is needed to produce a pencil 

beam [4]. An alternative method to produce a pencil beam is to use a 2-D LWA, in which 

the radiating cylindrical leaky wave propagates outward radially along a surface from the 

point of excitation [6]. One example of a 2-D LWA that is based on planar technology 

and offers a simply way to obtain high directivity with a small source is the Fabry-Pérot 

resonant cavity antenna, and will be studied in this dissertation. 
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1.2 The Fabry-Pérot Resonant Cavity Antenna 

The Fabry-Pérot resonant cavity antenna (FPCA) is a type of two-dimensional (2-

D) leaky-wave antenna that uses a radially-propagating leaky wave on a guiding structure 

as the main radiating mechanism to form the beam. Either pencil beams at broadside or 

conical beams may be produced, with broadside beams being the most common. The 

structure consists of a partially reflecting surface (PRS) over a ground plane, with a 

possible substrate between. The PRS is often in the form of a periodic frequency selective 

surface (FSS), such as a 2-D periodic array of metal patches or slots in a conducting 

plane.  This structure however, operates as a quasi-uniform LWA rather than a periodic 

LWA since radiation occurs from the fundamental ( )0n =  space harmonic of the 

radially-propagating parallel-plate waveguide leaky mode [7]. Today, the structure goes 

by several different names, such as Fabry-Pérot resonant cavity antenna, EBG antenna 

and 2-D leaky wave antenna. 

The first Fabry-Pérot resonant cavity antenna structure was introduced by von 

Trentini in 1956 [8] and consisted of a source on a ground plane with a PRS parallel to 

the ground plane at a distance l in front of it. In this structure, multiple reflections with 

decreasing amplitudes were introduced between the PRS and ground plane, and an 

expression for the resonance condition that yielded maximum radiated power at 

broadside was derived. The PRS consisted of an array of closely spaced parallel 

conducting wires oriented parallel to the electric field. 

In [9], an improved version of the von Trentini antenna was developed using an 

optimized PRS in front of a waveguide aperture in a ground plane.  The phase of the 

optimized PRS phase linearly increased with frequency leading to wideband performance 
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of the antenna. Various PRSs loaded with several different element geometries, such as 

dipoles, crossed dipoles, patches, rings, and square loops were investigated. It was found 

that dipoles and square or circular patches (or their complementary structures) produced 

less variation of the beam with frequency as opposed to using cross-dipoles, square-

loops, and rings where this slow variation was not found, even if the elements were 

packed closely together. For this reason, dipoles were chosen to be the preferred element 

for the PRS.  

There have been recent advances in the study of these structures. Such advances 

include bandwidth enhancement for broadside applications, making the structure thinner, 

and multiband operation.  

1.2.1 Bandwidth Enhancement 

As mentioned, there have been recent advances in the area of bandwidth 

enhancement of these structures. Often, the bandwidth enhancement is achieved by use of 

a multilayer PRS structure [10]. For broadside optimization, the phase of the reflection 

coefficient should increase linearly with frequency to ensure high bandwidth [11].  

In [10], a 2-D leaky wave antenna with a PRS consisting of two capacitive arrays 

of metallic square patches with dissimilar dimensions was used in order to achieve the 

resonance condition over a wide frequency range. The top array of square patches was of 

smaller dimension when compared to the bottom array. A parametric study was 

performed in terms of the size of the patches of both PRSs, and after optimization of the 

double-layer PRS, a 3 dB bandwidth of about 5.5% was obtained. 

In [12], an EBG structure with a defect composed of two double-layer FSSs with 

a wavelength spacing between them was used. Due to the presence of the defect, an 
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allowed frequency band was created within the EBG band gap. A resonator was formed 

between the double-layer FSS and a metallic ground, and the bandwidth was found to 

significantly improve.  

Another method for bandwidth enhancement was studied in [13], where the PRS 

consisted of two metallic layers of orthogonal strips etched on PCB surfaces and was 

placed about a half-wavelength above a ground plane. Experimental results showed that 

bandwidth enhancement was obtained with comparison to a conventional one-layer PRS 

antenna. The 3-dB bandwidth was found to increase from 6.2% to 12.3% compared with 

a single-layer PRS, for the same gain. Other novel methods for bandwidth enhancement 

can be seen in [14]-[18]. 

1.2.2 Low Profile Antennas 

Another popular area of study is low profile Fabry-Pérot resonant cavity antenna 

structures. In [19]-[21], a novel high gain antenna was presented which utilized an 

artificial magnetic conductor (AMC) ground plane instead of a conventional PEC ground 

plane to reduce the antenna profile. It was found that the resonance condition changed 

due to the presence of the AMC ground plane, and the thickness of the cavity was 

reduced to approximately half of the original value. 

In [22], a subwavelength metamaterial-based resonant cavity antenna was 

presented. The cavity antenna was formed by a PEC ground plane and a metasurface PRS 

composed simultaneously of an inductive and capacitive grid. The antenna was feed by a 

2 2×  microstrip patch array acting as a multi-source. It was found that the multi-source 

fed cavity was highly directive with low sidelobe levels. Other metamaterial-based 

resonant cavity antennas are seen in [23]-[29]. 
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 To overcome the relative difficulty in integrating a patch antenna feed with an 

AMC on the same side of the substrate as seen in [19], a low-profile Fabry-Pérot resonant 

cavity antenna covered with a double-layered partially reflecting surface (PRS) and an 

easily integrated patch antenna feed was presented in [30]. This Fabry-Pérot resonant 

cavity antenna with a double-layered PRS was found to exhibit high gain and was much 

smaller than the cavity antenna of [19].   

In [31], an ultrathin and high-gain resonant cavity antenna was studied. The 

structure was compared to the metamaterial based Fabry-Pérot structures of [21], [24], 

and [32], and it was shown that the presented structure had the advantage of being simple 

as the substrate of the feeding patch did not require a high impedance surface or artificial 

magnetic conductors. The controllable cavity thickness was realized by means of tuning 

the phase of the PRS. Other low profile FPCA structures are seen in [33]-[35]. 

1.2.3 Multiband Performance 

Along with bandwidth enhancement and low profile antennas, there have also 

been recent advances in the area of multiband operation which is the research focus of 

this dissertation. In [36], a dual-band Fabry-Pérot resonant cavity antenna constructed 

from a double-layer partially reflective surface suspended above a metallic ground plane 

was presented. The structure formed two Fabry-Pérot cavities corresponding to two 

different resonance frequencies.  

A simple dual-band Fabry-Pérot resonant cavity antenna consisting of an EBG 

superstrate structure formed using two plain unprinted identical slabs was studied in [37]. 

Using the secondary cavity formed between the two dielectric slabs, the gradient of the 

reflection phase versus frequency curve was engineered to satisfy the necessary 
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conditions of directivity enhancement in two frequency bands. A method to obtain dual-

band behavior with a small frequency separation ratio was proposed in [38], where the 

antenna consisted of a PRS superstrate and an artificial magnetic conductor ground plane.  

In [39] a novel highly directive and dual-band low profile FPCA was proposed. 

The PRS of the FPCA structure was formed by a single substrate with double-sided 

metallization, unlike other structures which used two interleaved cavities where each one 

is tuned for its frequency. A few models tuned for Ka-band satellite frequencies, with 

different amplitude reflection responses, were presented, and a prototype was 

manufactured.  

In [40], a PRS that can form a tri-band Fabry-Pérot cavity was proposed that 

provides strong reflections at the first and third frequency bands, resulting in the high 

gain at the first and third band and an appropriate gain level at the second band.  The 

proposed PRS was a single dielectric layer coated with two identical periodic slot arrays 

on its two surfaces. Other dual-band and tri-band models can be seen in [41]-[43]. 

1.3 Dissertation Outline 

This dissertation examines a dual-band version of the Fabry-Pérot resonant cavity 

antenna. The structure uses an FSS layer to form an equivalent reactive ground plane that 

replaces the single metal ground plane in its conventional counterpart.  

In Chapter 2, we analyze an air-filled Fabry-Pérot resonant single cavity antenna. 

An overview of calculating the far-field using reciprocity and the Transverse Equivalent 

Network (TEN) is provided and the calculation of the shunt susceptances modelling the 

FSS layers is explained in detail using the Method of Moments (MoM). The antenna 

structure is then extended to a case where the PRS layer is placed on a substrate board, 
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and the structure is again analyzed. The E-plane radiation patterns obtained using the 

spectral domain periodic moment method and the TEN model are presented for both the 

air-filled case as well as the substrate-board case. 

In Chapter 3, we propose a dual-band version of the Fabry-Pérot resonant cavity 

antenna. A completely air-filled cavity dual-band design is first presented, and a 

systematic procedure to obtain dual-band behavior is explained. An iterative method to 

obtain optimum beam shapes and equal directivities at the two specified design 

frequencies is provided. The dual-band structure is then extended to one where the PRS 

and FSS layers are placed on substrate boards, and an optimized dual-band design is 

again obtained using the proposed iterative method.  

In Chapter 4, a truncated model of the air-filled optimized dual-band design 

presented in Chapter 3 is analyzed using Ansys Designer. A study on patch length and 

broadside directivity is presented and a hybrid model is proposed. A truncated version of 

the optimized substrate-board design of Chapter 3 is also analyzed, and the results are 

presented. 

In Chapter 5, we conclude the results presented in this dissertation. A brief 

description of possible future work is also included.  
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Chapter 2  

Single Cavity Fabry-Pérot Resonant Cavity Antenna 

The work presented in this chapter focuses on the analysis of an air-filled Fabry-

Pérot single cavity antenna with a 2-D periodic array of metal patches as the PRS and a 

horizontal electric dipole as the source of excitation. Reciprocity along with a periodic 

spectral-domain moment method is used to calculate the far-field radiation 

characteristics. The antenna structure is then extended to a practical case, in which a 

substrate board is introduced as the support on which the periodic arrays of patches lie.  

The entire theory presented here is the basis for our proposed dual-band model that is 

introduced in Chapter 3. 

We begin this chapter by introducing the Fabry-Pérot resonant single cavity 

antenna geometry in Section 2.1. Section 2.2 explains the calculation of the far-field 

using reciprocity and the spectral-domain periodic moment method. The Transverse 

Equivalent Network model (TEN) and the extraction of the shunt susceptance value 

modelling the PRS layer in the TEN model are also explained in this section. The E-plane 

radiation patterns of the antenna obtained from the spectral-domain periodic moment 

method and the TEN model are then provided.  In Section 2.3, the antenna structure is 

reanalyzed with the introduction of a substrate board, and the resultant E-plane radiation 

patterns are provided. Section 2.4 provides conclusions for the entire analysis. 

2.1 Introduction 

As introduced in Chapter 1, Fabry-Pérot Cavity Antennas (FPCAs) are a class of 

2-D leaky-wave antennas (LWAs), and are a promising solution to produce highly 
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directive radiation from simple sources embedded in planar, partially open structures 

[44].  A top view as well as side view of a single cavity Fabry-Pérot cavity antenna is 

shown in Figure 2.1.   

 

       (a) 

 

                                                                 (b) 

Figure 2.1. Geometry of a single cavity Fabry-Pérot cavity antenna (a) Top view (b) Side 
view [45]. 
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Different types of partially-reflecting surfaces (PRSs) are seen in the literature [46]–[48]. 

As shown in Figure 2.1 (a), the PRS chosen for our design consists of a 2-D array of 

metal patches of a given length, width, and periodicity. The source of excitation is 

considered to be a horizontal infinitesimal electric dipole at (x0, y0, z0) inside the 

grounded substrate of height h, as seen in Figure 2.1 (b). In our study, we shall consider 

the cavity region to be air. 

2.2 Single Cavity: Air Case Design 

2.2.1 Calculation of the Far-Field: Reciprocity 

Reciprocity is used to calculate the far-field pattern. Figure 2.2 shows how 

reciprocity is applied.  

 

 

 

 

 

 

Figure 2.2. The geometry for the reciprocity calculation of the far-field of the Fabry-Pérot   
resonant cavity antenna, showing a testing dipole in the far field.  

A “testing” dipole is placed at the observation point in the far-field in order to sample the 

electric field there. In Figure 2.2, the testing dipole is shown to be in the p̂  direction, 

where p̂  may be either θ̂  or φ̂ , corresponding to TMz or TEz incidence, respectively. By 

reciprocity, the far-field at the observation point is equated to the field at the original 

ˆ ˆp̂ θ φ= or
r 

z 

θ 

(r,θ,φ)  
r 

x 
Source dipole y 

“testing” dipole 
p̂

,r rε µ
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dipole source location due to an incident wave emanating from the “testing” dipole, 

which is essentially a plane wave near the location of the source dipole [45]. Therefore, 

we may write 

 ( ) ( )
0

x y zj k x k y k zincE r E e + += , (2.1) 

where 

 00
0 4

jk rjE e
r

ωµ
π

−− =  
 

 . (2.2) 

From reciprocity, 

 , ,a b b a=  . (2.3) 

Hence,  

 ( ) ( )0 0
FF PW
p xE r E E r=  , (2.4) 

where 

( )0
FF
pE r = far-field at the observation point,  

( )0
PW
x xE r E= field of unit-amplitude incident plane wave incE  polarized in p̂ direction. 

Therefore, the far-field pattern calculation reduces to a calculation of the field inside the 

substrate due to a plane-wave incidence [50]. 

2.2.2 Transverse Equivalent Network (TEN) Model 

A simple transverse equivalent network (TEN) model is used to calculate the field 

PW
xE inside the antenna due to a plane-wave incidence. Here, the field PW

xE  of the (0,0) 

Floquet harmonic inside the substrate due to plane wave incidence is calculated by 

finding the voltage on an equivalent transmission-line model, where voltage represents 
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the transverse electric field. As previously mentioned, when the testing dipole is in the θ̂  

direction, we consider TMz incidence and the incident voltage is given by 

 0 cos cosinc inc
xV E E θ φ= =  .  (2.5) 

Similarly, when the testing dipole is in the φ̂  direction, we have TEz incidence, and the 

incident voltage is  

 ( )0 sininc inc
xV E E φ= = −  . (2.6) 

The general structure of a Fabry-Pérot resonant cavity antenna and its TEN model 

are given in Figure 2.3.  

 

 

 

 

 

(a)                                                                             (b) 

Figure 2.3.  (a) The general structure of a Fabry-Pérot resonant cavity antenna and (b) its 
Transverse Equivalent Network (TEN) model. 

In the TEN of Figure 2.3, a shunt load admittance LY  is used to represent the 2-D 

periodic array of metal patches of the PRS above the grounded substrate. The superscript 

T denotes either TM or TE. The characteristic impedance of the substrate layer is given 

by 

 1
1

1

TM zkZ
ωε

=   (2.7) 

and 

 

 

  

  

 
h 

  x 

z 

h 

PRS 

εr1  



13 
 

 1
1

1

TE

z

Z
k
ωµ

=  . (2.8) 

In our case, we will take the cavity region to be air. 

2.2.3 Calculation of PRS Shunt Susceptance using Method of Moments 

As previously mentioned, the PRS layer is modeled as a shunt load admittance LY  

in the TEN model. This admittance is calculated using a periodic spectral-domain 

Method of Moments (MoM). To perform this calculation, let us consider a single layer 

cavity with a given periodic patch screen as the PRS. First, the height of the cavity is 

elongated and made to be equal to an odd multiple of a quarter wavelengths. The cavity is 

made long enough to ensure the presence of the (0,0) Floquet mode only and to avoid 

contamination from higher-order modes at the source location. The source dipole is then 

placed at distance that is a multiple number of full wavelengths from the PRS. The 

elongated structure with a PRS, along with its TEN model, is shown in Figure 2.4. 

Figure 2.4. The elongated structure with a PRS (left), and its TEN model (right). 

Since the screen is lossless, the load admittance of the PRS is pure imaginary, 

PRS PRSY jB= . Since the cavity height is an odd multiple of a quarter wavelength, an input 
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admittance 0inY =  is observed at z h−=  when looking down from the ground plane, 

which is modeled as a short circuit in the TEN. Hence the total load admittance at 0z =  

is PRSY  only.  Hence, if a plane wave incidence 1 [V/m]inc
xE =  is considered on the PRS, 

then the voltage obtained at the source dipole location in the TEN model is essentially the 

electric field Ex there. The voltage across the total load (which is just PRSY  here) at 0z =  

is  

 ( )0 (1 )inc
LV V= + Γ  , (2.9) 

where 

 0
0

0 0

1; ,L
L L PRS

L

Y Y Y jB Y
Y Y η
−

Γ = = =
+

 . (2.10) 

Since complex voltage repeats every complete wavelength, the voltage at the 

source dipole location is equal to that at 0z = . Hence, we have 

 ( ) ( )0 (1 )inc
obs d LV V h V V= − = = + Γ  . (2.11) 

From the above equation we may find the value of the susceptance ,PRSB  

 0 (2 / )
/

obs inc
PRS

obs inc

Y V VB
jV V
−

=  . (2.12) 

This gives us 

 
( ) ( )( )

( ) ( )

0,0
0

0,0

2 /

/

inc
x d

PRS inc
x d

Y E h E
B

jE h E

− −
=

−
 , (2.13) 

where ( ) ( )0,0
x dE h− is the field at the source dipole location and is found as explained in 

the next section [50]. 
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2.2.4 The Spectral-Domain Periodic Moment Method 

A periodic spectral-domain moment method is used to calculate the field inside 

the substrate due to a plane-wave incidence. The total electric field inside the cavity due 

to a plane-wave incidence is expressed as the sum of a “layer” field and a “scattered” 

field, as  

 tot layer scaE E E= + .  (2.14) 

The layer field is that which would exist without the metal patches, and accounts only for 

the reflection from the layered structure. The scattered field is due to the currents on the 

metal patches. The x-component of the layer field is 

 ( )1layer inc
x xE E= + Γ  , (2.15) 

where the incident plane-wave field from the testing dipole is given in (2.1). The 

reflection coefficient Γ is calculated at the top of the layered structure, in the absence of 

the patches. The scattered field is given by 

 ( ) ( ) ( )1 , , xp yqj k x k ysca
x xx xp yq sx xp yq

p q
E G k k J k k e

ab

∞ ∞
− +

=−∞ =−∞

= ⋅ ⋅∑ ∑   ,  (2.16) 

where xxG  is the xx component of the spectral-domain Green’s function. The electric 

field integral equation (EFIE) on the (0,0) dipole requires that 

 0tot layer scaE E E= + = . (2.17) 

Galerkin’s method is used to enforce the EFIE to find the unknown current distribution 

on the surface of the (0,0) patch. The basis functions are chosen as 

 ( ) ( )
2

1 1 2

1 /, , sin
2

2

N N

sx n n n
n n

n LJ x y A B x y A x
Lw y

π π
= =

  = ⋅ = ⋅ ⋅ +      − 
 

∑ ∑  . (2.18) 
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The Fourier transform of the patch current in (2.18) is 

 

( )

( )

( ) ( )

/2 /2
( )

/2 /2

1

1

,

     ,

     ,

x y

L w
j k x k y

sx sx
L w
N

n n x y
n
N

n n x y
n

J J x y e dxdy

A B k k

A f k g k

+

− −

=

=

=

=

=

∫ ∫

∑

∑









  (2.19) 

where 

 ( ) 0 2y y
wg k J k =  

 
  , (2.20) 

and 

 ( )
( ) ( )( )

( ) ( )

/2

2 2

cosx xj k L jk L

n x
x

e n L e L n n
f k

k L n

π π π

π

−  − + =
−

  . (2.21) 

The matrix form of the discretized EFIE has the form 

 [ ][ ] [ ]mn n mZ A R= ,  (2.22) 

where the right-hand side terms are given by 

 ( ) ( ) ( )0 00,0,0 1 ,inc
m x m x yR E B k k= − + Γ − −   (2.23) 

and 

 ( ) ( ) ( )1 , , ,mn xx xp yq n xp yq m xp yq
p q

Z G k k B k k B k k
ab

∞ ∞

=−∞ =−∞

= − −∑ ∑     . (2.24) 

After the coefficients [ ]nA  for the current amplitudes are obtained by solving Equation 

(2.22), the field xE  at the source location ( )0 0, , dx y h−  can be determined as  
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( ) ( )
( )( )
( )

( ) ( ) ( )0 0

1
0 0

1

1

sin
, , 1

sin

1                        , , , .xp yq

pw
z dinc

x d x pw
z

N
j k x k y

n xx xp yq d n xp yq
n p q

k h h
E x y h E

k h

A G k k h B k k e
ab

∞ ∞
− +

= =−∞ =−∞

 −
− = + Γ  

  

+ − ⋅∑ ∑ ∑  

 (2.25) 

Hence, from (2.25) we may find ( ) ( )0,0 0,0,x dE h−  (which is the same as ( ) ( )0,0
x dE h− ) in 

(2.13). The spectral-domain Green’s function xxG  of Equation (2.16) is provided in the 

Appendix. 

 

2.2.5 Calculation of Cavity Heights Using TRE 

In order to calculate the cavity height, the Transverse Resonance Equation (TRE) 

is used. The process of calculating the cavity height is shown in Figure 2.5.  

 

  

 

 

 

Figure 2.5. The TEN model for calculation of cavity height. 

Considering the location of the PRS for our reference plane, and working with the 

imaginary part and ignoring the real part of the admittance for the purposes of using the 

TRE to calculate the resonance condition, we have 

 ( ) ( )Im Imup downY Y= − .   (2.26) 

z 

h 

jBPRS 
Yup 

Ydown 
 R 

0η   

0η   
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From this equation we may obtain the cavity height h. The equation for obtaining the 

height of a cavity is given as 

 ( )1
0

0

1 cot PRSh B
k

η−=  . (2.27) 

During the process of calculating the cavity height, a half-wavelength at the particular 

frequency of operation is added in order to avoid having the ground plane and PRS layer 

from being too close to one another, and hence avoiding higher-order Floquet mode 

interaction within the cavity.  

2.2.6 Comparison of E-plane Radiation Patterns 

We shall compare the E-plane patterns at 12 GHz and 18 GHz, using two 

different methods: the reciprocity/spectral-domain periodic moment method and the TEN 

network model. The frequencies of 12 GHz and 18 GHz are specifically chosen as they 

are the design frequencies of the dual-band Fabry-Pérot resonant cavity antenna 

discussed in Chapter 3. Figure 2.6 shows a comparison of the E-plane patterns at 12 GHz 

using the two methods for the single cavity FPCA structure. Here, the 2-D patch array 

dimensions are L = 1.25 cm, W = 0.1 cm, a = 1.35 cm and b = 0.3 cm. The air has a 

relative permittivity εr = 1 and the cavity height is 1.333h = cm. The source dipole 

location is / 2dh h=  (the source dipole is in the middle of the substrate). The E-plane is 

defined along 0φ =  . 
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Figure 2.6. A comparison of the E-plane radiation patterns at 12 GHz by using two 
different methods: the reciprocity/spectral-domain periodic moment method 
and the TEN network model. 

From Figure 2.6 we may see that the two patterns are in good agreement up to 30θ =   

(on either side) from broadside. 

Figure 2.7 shows a comparison of the E-plane patterns for the same structure at 18 

GHz. Here the cavity height is 0.841h = cm.  

 

Figure 2.7. A comparison of the E-plane radiation patterns at 18 GHz by using two 
different methods: the reciprocity/spectral-domain periodic moment method 
and the TEN network model. 
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From Figure 2.7, we observe that the main beam of the E-plane radiation pattern obtained 

from the spectral domain periodic moment method is not in agreement with that of the 

pattern obtained from the TEN model. This is because at 18 GHz we are approaching the 

resonance frequency of the PRS layer (which was found to be 19 GHz). Due to this, 

sensitivity issues arise, as the PRS is approaching a short circuit, and the higher-order 

Floquet modes create disturbances (though they are not propagating) within the cavity. 

We may overcome this issue by adding an extra half-wavelength at 18 GHz to the air 

cavity. Figure 2.8 shows the E-plane radiation patterns when an extra half-wavelength at 

18 GHz is added to the cavity height for either model. The cavity height is now 1.673h =

cm and / 4dh h= . 

 

Figure 2.8. A comparison of the E-plane radiation patterns at 18 GHz by using two 
different methods: the reciprocity/spectral-domain periodic Moment method 
and the TEN network model. An extra half-wavelength is added to the air 
cavity in both models. 

From Figure 2.8 we see that the main beams of the two patterns are now in good 

agreement.  
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2.3 Single Cavity: Substrate Board Design 

In the previous section, we considered the 2-D arrays of metal patches that form 

the PRS in a theoretical design that is suspended in air. In this section, we introduce a 

substrate board design where the PRS consists of a periodic patch structure that is placed 

on a 60 mil thick Arlon Diclad 527 board. A board thickness t of 60 mils was chosen to 

provide a rigid support for the patch structure to avoid sagging. The method of analysis of 

this structure is given in the following section.  

2.3.1 Spectral Domain Periodic MoM and Calculation of Shunt Susceptances  

A side view of two different versions of a single cavity FPCA with a substrate 

board included is given Figure 2.9. 

 

 

Figure 2.9. A side view of two different versions of a single cavity FPCA with substrate 
board included. 

In Figure 2.9, we consider the cavity to be of height h with an arbitrary substrate 

permittivity, εr1. The substrate board is of thickness t = 60 mil (0.1524 cm) and has a 

permittivity of 2 2.5rε = . For convenience, we shall consider the most general case where 

x 

z 

h 
εr1  

 Substrate boards 

PRS case (a) 

 t 

PRS case (b) 

h 

 t 

z 

x 

εr1  

εr2  εr2  
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the 2-D array of metal patches may be placed either on the top or bottom surface of the 

substrate board to form the PRS. When the metal patch array is placed on the top of the 

substrate board, this case shall be referred to as case (a), and when the patch array is 

placed on the bottom surface of the board, this case shall be referred to as case (b). We 

define the patch embedding distance tp such that, for case (a) when the patches are on the 

top of the substrate board, tp = 0; for case (b) when the patches are on the bottom surface 

of the substrate board, tp = t. 

The field at the source location and hence the far-field (from reciprocity) may be 

obtained by following the same spectral domain periodic moment method of sub-section 

2.2.4. However, here we must take into account the presence of the substrate board. 

Accordingly, we have 

 tot layer scaE E E= + ,  (2.28) 

where the x-component of the layer field as a function of embedding distance tp (z = - tp) 

is given as 

 ( ) ( ) ( )
2 2

1

1

1
1pw pw

p pz z

inc T
xlayer T

x p jk t jk tT

E
E t

e e−

+ Γ
= + Γ

+ Γ
 . (2.29) 

The term inc
xE is given in Equation (2.1). Here,  

 0

0

T T
T in

T T
in

Z Z
Z Z

−
Γ =

+
, (2.30) 

where T
inZ  is given as 

 
( ) ( )

( ) ( )
1 1 2 2

2
2 1 1 2

tan tan
tan tan

T pw T pw
z zT T

in T T pw pw
z z

jZ k h jZ k t
Z Z

Z Z k h k t

 +
=  

−  
 . (2.31) 
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The subscript T stands for either the TMz or TEz incidence.  The reflection coefficient 1
TΓ   

is given as 

 
( )
( )

1 1 2
1

1 1 2

tan
tan

T pw T
zT

T pw T
z

jZ k h Z
jZ k h Z

−
Γ =

+
. (2.32) 

The scattered field sca
xE and the field at the source location, ( )0 0, ,x dE x y h− , are of the 

same form as Equations (2.16) and (2.25), respectively. The spectral-domain Green’s 

function component xxG  that accounts for the substrate board for this practical design is 

provided in the Appendix. 

Similar to the hypothetical air case, we once again use the spectral-domain 

periodic moment method to calculate the shunt susceptance modelling the 2-D patch 

array in both case (a) (tp = 0) and case (b) (tp = t). Again, the height of the cavity is 

elongated and made to be equal to an odd multiple of a quarter wavelength in order to 

ensure the presence of the (0,0) Floquet mode only and to avoid contamination from 

higher-order modes. Here we shall directly provide the expressions for the equivalent 

shunt susceptances for the both cases. These expressions are obtained when considering 

broadside incidence. Detailed derivations for the shunt susceptance expressions of 

Equations (2.33) and (2.37) are provided in the Appendix. 

The TEN model for case (a) where the patch structure is replaced by a shunt 

admittance sjB  is given in Figure 2.10.  
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Figure 2.10. The TEN model for the PRS case (a), where the PRS layer is on the top 
surface of the substrate board. 

The shunt susceptance sB  is given as 

 0
1
1

L
s in

L

B jY jY
 − Γ

= − + + Γ 
,  (2.33) 

where  

 ( ) ( )
( ) ( )

1 1 2 2
0 2

0 2 1 1 2

tan tan1 1and
tan tanin

in

j k h j k t
Y Z

Y k h k t
η η

η
η η η

 +
= = =  − 

 , (2.34) 

and 

 (0) 1L VΓ = − .  (2.35) 

Here ( )0V  (with voltage modelling Ex) is the voltage at 0z = , and is given as 

 ( ) ( ) ( ) ( )0 0

0 0 0 0
1

1(0) 1 , , x y
N

j k x k yinc
x n xx x y n x y

n
V E A G k k B k k e

ab
− +

=

= + Γ + ∑    . (2.36) 

The term Γ of Equation (2.36) is the same as that given in Equation (2.30), but is 

calculated for broadside incidence. The TEN for case (b) is given in Figure 2.11.  
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jBs t 
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Figure 2.11. The TEN model for the PRS case (b), where the PRS layer is on the bottom 
surface of the substrate board. 

The shunt susceptance sB  is given as 

 ( )2 1 1
1 cot
1

L
s

L

B jY Y k h
 − Γ

= − + − Γ 
,  (2.37) 

where 

 1 2
1 2

1 1andY Y
η η

= =   (2.38) 

and 

 222

2

j k tin
L

in

Z e
Z

η
η

−
Γ =

+
 . (2.39) 

The term inZ  in Equation (2.39) is given as 

 0
1
1inZ Z

+

+

 + Γ
=  − Γ 

,  (2.40) 

where  

 ( )0 1V+Γ = −  . (2.41) 

  

  

  h 

z 

jBs 
t z = 0 + 

- 
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The term ( )0V  is the voltage at 0z =  and is in the same form as Equation (2.36). It is 

found that for a given design frequency, the values of the shunt susceptance sB  is the 

same for either case (a) or case (b). It must also be noted the extraction of sB  is shown 

here for an arbitrary substrate permittivity of the antenna cavity. As previously 

mentioned, in our study, the cavity is air filled, and hence, when calculating the shunt 

susceptances for our case, in the above derivation 1η  is replaced by 0η  and 1k  is replaced 

by 0k . 

2.3.2 Calculation of Cavity Height for Practical Design using TRE 

Once the shunt susceptance modelling the periodic structure in either case (a) or 

case (b) are found, we may calculate the respective heights of the air cavities using the 

TRE. Let us first consider case (a) where the patch structure is on the top layer of the 

substrate board. The TEN model of this case is shown in Figure 2.12. 

Placing the reference plane (marked as R in Figure 2.12) just below the patch 

structure, we may apply the TRE of Equation (2.26) to obtain the air cavity height h . 

From this equation, we find the cavity height to be 

 ( )
( )

1 2 22

1 1 2 2

tan1 cot
tan

s

s

B Y k tYh
k Y B k t Y

−
  +

= −  −   
 , (2.42) 

where 1Y  and 2Y  are given in Equation (2.38). Similar to the theoretical air case, during 

the process of calculating the cavity heights for case (a) as well as case (b), a half-

wavelength at the particular dual-band frequency of operation is added in order to avoid 

higher-order Floquet modes within the cavities. 
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Figure 2.12. The TEN model for calculation of cavity height for PRS case (a). 

The TEN for case (b) is given in Figure 2.13. 

 

 

 

 

 

 

Figure 2.13. The TEN model for calculation of cavity height for PRS case (b). 

The reference plane (marked as R in Figure 2.13) is placed just below the location of the 

patch structure and the TRE is 

 ( ) ( )Im Imup downY Y= − . (2.43) 

Here,  

 ( )
( )

0 2 2
2

2 0 2

tan
tanup s

Y jY k t
Y jB Y

Y jY k t
 +

= +  + 
 . (2.44) 

From Equations (2.43) and (2.44), we find the cavity height h  to be 

z 

h 

Yup 

Ydown 

 R jBs t 
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( )1

1 1

Im1 cot upY
h

k Y
−
 

=  
  

 . (2.45) 

Again it must be noted that since we are considering air cavities, 1Y  must be replaced by 

0Y  and 1k  by 0k  in Equations (2.42) and (2.45).  

2.3.3 Comparison of E-plane Radiation Patterns 

Figure 2.14 shows a comparison of the E-plane pattern at 12 GHz using the two 

different methods. Figure 2.14 (a) is for case (a) and Figure 2.14 (b) is for case (b). Here, 

the 2-D patch array dimensions are L = 1.25 cm, W = 0.1 cm, a = 1.35 cm and b = 0.3 cm. 

In our analysis, we consider the cavity to be air and hence its relative permittivity, εr1 = 1. 

The cavity height for case (a) is 1.123h = cm and for case (b), the cavity height 1.285h =

cm. The source dipole location / 2dh h=  (the source dipole is in the middle of the air 

cavity). The substrate board has a thickness t = 0.1524 cm and has a relative permittivity 

of εr2 = 2.5. 

 

(a) PRS case (a) 
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(b) PRS case (b) 

Figure 2.14. A comparison of the E-plane radiation patterns at 12 GHz by using two 
different methods: the reciprocity/spectral-domain periodic moment method 
and the TEN network model. (a) PRS case (a), where 1.123h = cm.  (b) 
PRS case (b), where 1.285h = cm.  

From Figure 2.14 we see that there is good agreement between the two methods 

for the main beam E-plane radiation patterns in both cases at 12 GHz. In Figure 2.14 (a), 

both E-plane patterns were found to have a 3-dB beamwidth of 10 . In Figure 2.14 (b), 

both E-plane patterns were found to have a 3-dB beamwidth of 9.4 . 

Figure 2.15 shows a comparison of the E-plane pattern at 18 GHz, using the two 

different methods. Figure 2.15 (a) is for PRS case (a) and Figure 2.15 (b) is for the PRS 

case (b). The 2-D patch array dimensions are unaltered from the 12 GHz case. The air has 

a relative permittivity εr = 1 and the cavity height for case (a) is 0.613h = cm while for 

case (b), the cavity height 0.814h = cm. The source dipole location is / 2dh h=  (the 

source dipole is in the middle of the air cavity).  

-40-40 -30-30 -20-20 -10-10 00 -50
270o

300o

330o

0o

30o

60o

90o

          RP+SDM
          TEN Model



30 
 

 

(a) PRS case (a) 

 

(b) PRS case (b) 

Figure 2.15. A comparison of the E-plane radiation patterns at 18 GHz by using two 
different methods: the reciprocity/spectral-domain periodic moment method 
and the TEN network model. (a) PRS case (a), where 0.613h = cm. (b) PRS 
case (b), where 0.814h = cm. 

In case (a) of Figure 2.15 (a), we observe a discrepancy in the two E-plane radiation 

patterns. The 3-dB beamwidth of the pattern obtained from reciprocity/spectral-domain 

periodic moment method is 5.8while that obtained from the TEN model is 8.9 . We 

observe a similar disagreement in the patterns of case (b) of Figure 2.15 (b) as well. For 

case (b), the 3-dB beamwidth of the pattern obtained from the spectral-domain moment 
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method is 12.4 while that from the TEN model is 8 . In an attempt to overcome this 

discrepancy, an extra half-wavelength is added to the air cavity at 18 GHz as was done in 

the air case design of sub-section 2.2.6. However, this attempt did not successfully 

overcome the problem. The discrepancy in the E-plane patterns at 18 GHz is speculated 

to be a result of the value of the shunt susceptance modelling the periodic patch layer at 

18 GHz. It must be noted that the values of sB  used in the TEN model  are considered to 

be independent of the incident angle and  are calculated only once for broadside 

incidence. At 12 GHz, for either case (a) or case (b), it was found that the using the 

appropriate shunt susceptance value that is independent of incident angle in the TEN 

model was sufficient to obtain good agreement with the patterns obtained from the 

spectral-domain periodic moment method. However, when using a sB  value that is 

independent of incident angle in the TEN model at 18 GHz, it was found that the 

magnitudes of the xE  field at the source location (and hence the far-field due reciprocity) 

vary largely in comparison to those obtained from the method of moments. It is hence 

speculated that for better agreement between the patterns, the values of the shunt 

susceptance used in the TEN model in either case (a) or case (b) at 18 GHz must depend 

on the incident angle. Of course, the result from the periodic moment method is the more 

accurate of the two.  

2.4 Conclusion 

In this chapter, a Fabry-Pérot single cavity antenna is studied. An air substrate 

case is considered first, and the method to calculate the far-field using reciprocity and the 

spectral-domain periodic moment method was explained. The calculation of the shunt 

susceptance modelling the periodic patch structure and its role in the Transverse 
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Equivalent Network (TEN) model was discussed.  The calculation of the cavity height 

using the Transverse Resonance Equation (TRE) was explained, and an expression for 

the cavity height h was provided. The E-plane radiation patterns obtained from the 

spectral-domain periodic moment method and the TEN model were compared. The E-

plane patterns at 12 GHz were found to be in good agreement. At 18 GHz, however, the 

patterns were not found to be in good agreement, and the discrepancy was overcome by 

adding an extra half-wavelength to the air cavity height.  

The substrate board structure was presented next, in which the periodic patch 

structure was placed on either the top or bottom surface of the substrate board. The 

necessary modification in the analysis of the spectral-domain periodic moment method 

along with the extraction of the equivalent shunt susceptance was explained. The 

expression for the air cavity height was again provided by the TRE. The E-plane patterns 

obtained from the two methods were compared at both 12 GHz and 18 GHz. The patterns 

were found to be in good agreement at 12 GHz, but a discrepancy in the patterns was 

again found at 18 GHz, which was not overcome by adding an extra half wavelength to 

the cavity height.  It was speculated that using shunt susceptance values that are 

dependent on incident angle would overcome this discrepancy. 
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Chapter 3  

Dual-Band Fabry-Pérot Resonant Cavity Antennas 

Chapter 3 examines a dual-band version of the Fabry-Pérot resonant cavity 

antenna. We begin this chapter with a brief introduction in Section 3.1. In Section 3.2, a 

theoretical dual-band design is proposed, and a systematic procedure to obtain dual-band 

behavior is explained. Section 3.3 provides an iterative method to obtain optimum beam 

shapes and equal directivities at the two specified design frequencies. In Section 3.4, a 

dual-band design with the inclusion of substrate boards is studied, and an optimization of 

its radiation patterns is discussed in Section 3.5. Section 3.6 provides some conclusions 

and comments on the proposed models. 

3.1 Introduction 

In the literature, it is found that for dual-band operation, many structures use dual-

layer PRSs; however, it is the intention of this research to examine a dual-band version of 

the Fabry-Pérot resonant cavity antenna that uses a frequency selective surface (FSS) 

layer above a ground plane to form an composite reactive ground plane that replaces the 

single metal ground plane in a conventional Fabry-Pérot resonant cavity antenna. The 

composite ground plane is in the form of a capacitive FSS screen, composed of a 

rectangular metal patch array, suspended above a PEC ground plane. This composite 

ground plane is chosen to have the desired frequency response to enable dual-band 

operation, so that the overall cavity, i.e., the region between the top PRS and the ground 

plane, is resonant at two frequencies. The FSS layer has a resonance frequency at which 
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it acts as a short circuit (a reflection coefficient of -1) and hence behaves as a “virtual 

ground plane” at that frequency. Using an FSS layer allows for two resonance 

frequencies of the composite cavity, and this in turn allows for establishing two 

frequencies at which the structure is resonant and hence radiates a beam at broadside.    

3.2 Dual-Band Design: Air Case 

3.2.1 Dual-Band Antenna Geometry 

The geometry of the proposed dual-band antenna is shown in Figure 3.1. 

Figure 3.1. Side view of the dual-band antenna geometry, along with a top view of the 
PRS and FSS layers. 

The top layer of the antenna consists of a 2-D array of metal patches of given length, 

width and periodicity which forms the PRS. The FSS layer within the composite cavity 

may be chosen as a frequency scaled version of the PRS (though this is not a 

requirement). In this hypothetical design, both layers are suspended in air. The two 

sources of excitation are unit-amplitude horizontal electric dipoles (HEDs). They are 

placed in the upper and lower cavity regions (above and below the FSS) and are intended 
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to operate at the higher and lower specified resonances, respectively. Here, we consider 

all cavity regions to be air. 

3.2.2 Calculation of the Far-Field 

Once again, as in Chapter 2, reciprocity is used to calculate the far-field pattern. A 

“testing” dipole is placed at the observation point in the far field in order to sample the 

electric field there. The far field at the observation point is equated to the field xE at the 

original source location due to an incident plane wave from the “testing” dipole. The 

calculation thus reduces to a calculation of the field inside the substrate due to a plane 

wave incidence as explained in Chapter 2 [50]. 

A simple Transverse Equivalent Network (TEN) model is also used to calculate 

the field xE inside the antenna due to a plane-wave incidence. Here, the field xE of the 

(0,0) Floquet harmonic inside the substrate due to a plane wave incidence is calculated by 

finding the voltage on an equivalent transmission-line model, where the voltage 

represents the transverse electric field component Ex. This method neglects the higher-

order Floquet modes at the dipole location. The general structure of a multi-layer Fabry-

Pérot resonant cavity antenna and its TEN model are given in Figure 3.2. 

In the TEN of Figure 3.2, shunt admittances are used to represent the 2D periodic 

array of metal patches of the PRS as well as the FSS layers above the grounded substrate. 

The superscript T denotes either TM or .TE The characteristic impedances of the 

substrate layers are given by 

 TM zi
i

i

kZ
ωε

=   (3.1) 

and 
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 TE i
i

zi

Z
k
ωµ

=  . (3.2) 

 

 

(a)         (b) 

Figure 3.2. (a) The general structure of a multi-layer Fabry-Pérot resonant cavity antenna 
and (b) its transverse equivalent network (TEN) model. 

In our case, we will take all cavity regions to be air. The shunt admittances used to 

represent the PRS and FSS layers are calculated using the periodic spectral-domain 

Moment Method (MoM) as described in sub-section 2.2.3 of Chapter 2. 

3.2.3 Design Principles for Dual-Band Structure 

A design example of the proposed dual-band Fabry-Pérot resonant cavity antenna 

is given in Figure 3.3. The main design principle of this structure is that at an FSS 

resonance frequency, the patch FSS behaves as a short circuit. At the upper-band 

frequency 2f , the FSS behaves as a short circuit, and so the upper cavity of thickness 

(height) 2h operates at this frequency. At the lower band frequency 1f , the lower cavity 

thickness h1 is chosen so that the composite cavity structure of thickness (height) 1 2h h+  
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operates at this frequency. The heights of the two cavities, h1 and h2, are calculated using 

the Transverse Resonance Equation (TRE). 

 

 

 

 

 

 

 

 

Figure 3.3. Design example for the proposed air-cavity case dual-band structure. 

3.2.4 Calculation of Cavity Heights Using TRE 

The cavity heights h1 and h2 for any two given design frequencies are initially 

calculated using the transverse resonance equation (TRE) to achieve resonance. The TEN 

model of the design example of Figure 3.3 is shown in Figure 3.4.   

 

Figure 3.4. (a) Dual-band design example. (b) TEN model. 
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We calculate the cavity heights starting from the location of the PRS and work our way 

down to the ground plane of the structure. The TEN models for the calculation of the  

cavity heights are given in Figure 3.5.  

 

(a)                                                                           (b) 

Figure 3.5. The TEN model for calculation of the cavity heights. (a) Model for 
calculating 2h at 2 18f = GHz.  (b) Model for calculating 1h at 1 12f = GHz. 

Since both the PRS and FSS screens are lossless, the load admittances modelling 

them in the TEN are pure imaginary as seen in Figure 3.5. At the upper-band frequency 

f2, the FSS behaves as a short circuit. Putting the reference plane (marked as R in Figure 

3.5 (a)) just below the PRS and applying the imaginary part of the TRE, we have 

 ( ) ( )Im Imup downY Y= − .  (3.3) 

Here, Yup is the admittance looking upwards and Ydown is the admittance looking 

downwards. From Equation (3.3), we may obtain the cavity height h2, which is given by 

 ( )1
2 0

0

1 cot PRSh B
k

η−=  . (3.4) 

At the lower-band frequency f1, the FSS is modeled by its appropriate load 

admittance, as seen in Figure 3.5 (b). By applying the imaginary part of the TRE with the 
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reference plane just below the FSS, we may obtain the cavity height h1 using the same 

Equation (3.4) with h2 replaced by h1. 

During the process of calculating the cavity heights, a half-wavelength at the 

particular dual-band frequency of operation is added. This is to avoid having the two 

patch layers from being too close to one another, and hence avoiding higher-order 

Floquet mode interaction within the cavities. 

3.3 Results for Air Case 

3.3.1 Dual-Band Model: Initial Design 

A plot of the broadside directivity versus frequency for the initial design of the 

dual-band model is given in Figure 3.6 for a structure designed for 1 12f = GHz and 

2 18f = GHz. Here, the PRS patch array dimensions are LPRS = 1.25 cm, WPRS = 0.1 cm, 

aPRS = 1.35 cm and bPRS = 0.3 cm. The FSS patch array dimensions are LFSS = 1.319 cm, 

WFSS = 0.106 cm, aFSS = 1.425 cm and bFSS = 0.317 cm. Both cavities have a relative 

permittivity εr = 1 and the cavity heights are h1 = 1.324 cm and h2 = 0.841 cm. The rapid 

oscillation observed in the plots is due to numerical noise in calculating the directivity. 
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Figure 3.6. Broadside directivity versus frequency for the air-cavity initial dual-band 
design. 

Table 3.1 gives the values of the maximum broadside directivity as well as the power 

density radiated at broadside at the respective frequencies where the directivities are 

maximum. 

Table 3.1. Broadside directivity and broadside power density for the air-cavity initial 
dual-band design. 
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From Table 3.1, it is observed that the maximum directivities as well as the radiated 

broadside power densities obtained at 1f  and 2f  are not equal. The E-plane radiation 

patterns at the two dual-band frequencies are shown in Figure 3.7. 

 

 

(a) 12 GHz 

 

(b) 18 GHz 

Figure 3.7. E-plane radiation patterns for the air-cavity initial dual-band design. 
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equalized directivities and power densities at the two dual-band frequencies, and in order 

to do so, an iterative method is implemented, as explained in the next section. It must be 

noted that the goal to equalize the broadside directivities at the two dual-band frequencies 

is somewhat arbitrary; we could also choose to have a ratio of directivities that is 

different from unity. For the power densities at broadside, equalizing them is even more 

arbitrary and not very practical; it is simply to show that we have this flexibility. In a 

practical design with actual feeds, having an input match is quite often the most 

important aspect. 

3.3.2 Iterative Design Method 

Since the TRE calculates the cavity heights that will give peak power density at 

the design frequencies 1f  and 2f , we can consider the cavity heights 1h  and 2h  as 

functions of the PRS resonance frequency 0f . If we denote the directivity as

( ) ( )( )0 1 0 2 0, , ,D f f h f h f , then in equation form, our directivity equalization problem is 

thus 

 ( ) ( )( ) ( ) ( )( )1 0 1 0 2 0 2 0 1 0 2 0, , , , , ,D f f h f h f D f f h f h f=   (3.5) 

or 

 ( ) ( )( ) ( ) ( )( )1 0 1 0 2 0 2 0 1 0 2 0, , , , , , 0D f f h f h f D f f h f h f− = .  (3.6) 

Hence, the problem reduces to solving an equation of the form 

 ( )0 0F f =  . (3.7) 

In order to solve Equation (3.7), any root finding method may be used. Here we 

use the secant method where we require two initial guesses for the PRS resonance 
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frequency 0.f  Calling these initial guesses 
10i

f
−

 and 0i
f , we may then obtain the next 

value 
10i

f
+

 from the equation 

 
( ) ( )
( ) ( )

1

1

1

0 0 0
0 0

0 0

i i i

i i

i i

F f f f
f f

F f F f
−

+

−

−
= −

−
 . (3.8) 

Once 
10i

f
+

is calculated, we check to see if it satisfies Equation (3.7). We continue the 

iterative process of Equation (3.8) until the appropriate PRS resonance frequency 0f  that 

solves Equation (3.7) is found. A final design in which the broadside directivities and 

power densities at the dual-band frequencies are equalized is then obtained from the 

iterative flow chart of Figure 3.8.  

  

Figure 3.8. Iterative flow chart to obtain optimized radiation patterns for the air-cavity 
dual-band design. 
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3.3.3 Dual-Band Model: Final Design 

After applying the iterative method of Section 3.3.2 to the initial design, a final design in 

which the radiation patterns are optimized at the two specified design frequencies is 

obtained (narrow beams with equal directivity and power density at broadside at the two 

frequencies). The PRS patch array dimensions are LPRS = 1.391 cm, WPRS = 0.111 cm, 

aPRS = 1.503 cm and bPRS = 0.334 cm. The FSS patch array dimensions are LFSS = 1.319 

cm, WFSS = 0.106 cm, aFSS = 1.425 cm and bFSS = 0.317 cm. Both cavities have a relative 

permittivity εr = 1 and the cavity heights are h1 = 1.324 cm and h2 = 0.824 cm. A plot of 

the broadside directivity versus frequency for the final design is shown in Figure 3.9. 

 

Figure 3.9. Broadside directivity versus frequency for the air-cavity final dual-band 
design. 
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 ( ) ( )( ) ( ) ( )( )1 0 1 0 2 0 2 0 1 0 2 0, , , , , , 0.15 dBD f f h f h f D f f h f h f− ≤  (3.9) 

and 

 ( ) ( )( ) ( ) ( )( ) 2
1 0 1 0 2 0 2 0 1 0 2 0, , , , , , 0.1 W/mrad radP f f h f h f P f f h f h f  − ≤    . (3.10) 

Table 3.2 shows that the directivities as well as broadside power densities obtained at the 

given dual-band frequencies for the final design are within the specified tolerances. 

Table 3.2 Broadside directivity and power density for the final dual-band air-cavity 
design. 

 

The E-plane radiation patterns at the two dual-band frequencies are given in Figure 3.10.  
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1 12 36.23 7.87 
2 18 36.28 7.83 
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(b) 18 GHz 

Figure 3.10. E-plane radiation patterns for the final dual-band air-cavity design. 

From Figure 3.10, it can be observed that nearly equal optimized radiation patterns at the 

specified dual-band frequencies are now obtained. 

3.3.4 Figure of Merit 

An important property of Fabry-Pérot structures that is often studied is the figure 

of merit (FoM) which is defined as the product of the maximum broadside directivity 

Dmax and the 3-dB pattern (broadside power density) bandwidth. For a regular-single 

cavity PRS structure, the maximum broadside directivity Dmax and bandwidth BW are 

given as [51] 

 max

3 3

9.87

dB dBE H

D
θ θ

≈
D D

  (3.11) 

and 

 2

2 r

PRS

BW
B
ε

π
=  . (3.12) 

Here, 3dBθD  is the 3-dB beamwidth, which is given as 
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3 2

3
22 r

dB
PRSB

εθ
π

D ≈  , (3.13) 

where PRSB  is the normalized PRS shunt susceptance, which is given as 

 0PRS PRSB B η= . (3.14) 

From Equations (3.11) and (3.12), the figure of merit for a single cavity structure is found 

to be 

 max 2.48FoM
r

D BW
ε

= ⋅ = . (3.15) 

Since we are considering an air cavity, 1rε =  and the FoM for a single cavity structure 

would be 2.48. The figures of merit at 12 GHz and 18 GHz of the optimized dual-band 

design were calculated and a comparison with the figures of merit of the single cavity 

structure is provided in Table 3.3. 

Table 3.3. A comparison of the figure of merits for the single cavity and dual-band air-
cavity structures at 12 GHz and 18 GHz. 

 
From Table 3.3, it is observed that the figure of merit for the dual-band structure at both 

frequencies is higher than what the CAD formula of (3.15) predicts for the single cavity 

structure.  

Source Frequency  fn 
(GHz) 

(n =1,2) 

Figure of Merit 
(single cavity) 

Figure of Merit 
(dual-band) 

1 12 2.48 3.34 
2 18 2.48 3.27 
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3.4 Dual-Band Design: Substrate Board Case 

3.4.1 Inclusion of Substrate Boards 

As we have seen in the previous section, in the dual-band air-cavity design, the 

PRS and FSS are suspended in air. In order to fabricate a practical structure, the layers 

must be placed on supporting substrate boards. The practical dual-band design example 

with such boards is shown in Figure 3.11. 

Figure 3.11. Design example for the proposed dual-band structure with substrate boards. 

Here two identical Arlon Diclad 527 boards are used, each of which supports the PRS 

and FSS layers. From Figure 3.11, it can be observed that the PRS layer is placed on the 

upper surface of its supporting substrate board while the FSS is placed on the lower 

surface of its board. The FSS is chosen to be placed on the bottom of the substrate board 

as a practical aspect in light of future fabrication of this dual-band structure. With the 

FSS placed on the bottom of the substrate board, in a practical fabricated design, a 

planar-dipole could be placed on the top surface of the same board as a feeding structure. 

Once again, the two design frequencies are chosen to be 12 and 18 GHz. It must be noted 

that since the layers are now placed on substrate boards, the concept of frequency scaling 
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the FSS with respect to the PRS is no longer valid. Instead, an appropriate scaling factor 

is numerically found such that the FSS is resonant at 18 GHz and hence, acts as a ground 

plane at this frequency. The cavity regions are again considered to be air. 

3.4.2 Calculation of Shunt Susceptances and Cavity Heights  

The shunt susceptance values that model the PRS and FSS layers in the TEN 

model of the practical design are calculated using the method described in Section 2.3.2 

of Chapter 2. For the PRS layer, the shunt susceptance value BPRS is obtained based on 

Equation (2.33) while the FSS layer shunt susceptance value BFSS is calculated from 

Equation (2.37). Once they are calculated, they are placed in the TEN model of the 

practical design. Figure 3.12 shows the TEN models used to calculate the cavity heights 

h1 and h2 of the practical design given in Figure 3.11. 

           

 

 

 

                          (a)                                                                                 (b)           

Figure 3.12. The TEN model for calculation of cavity height. (a) Model for calculating 2h
at 2 18f = GHz. (b) Model for calculating 1h at 1 12f = GHz. 
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PRS, and using the imaginary part of the TRE, we find the cavity height h2, which is 

given by 

 

( )
( ) ( )

( ) ( )
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 ,  (3.16) 

where, 

 0 1
0 1

1 1 and Y Y
η η

= =  . (3.17) 

At the lower-band frequency f1, the FSS is modeled by its appropriate load 

admittance, as seen in Figure 3.12 (b). Again, placing the reference plane for the TRE 

just below the PRS, we find the cavity height h1, and it is given by 

 ( )
( )

2
1 1 1 1

1
0 0 1 1

tan1 1cot
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  − +
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where the term b is given by 
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and the term a  is given by 

 ( )
( )

2
1 1 1

1 1

tan
tan

PRS

PRS

Y k t B Y
a

B k t Y
+

=
−
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As was done in the air-cavity case, during the process of calculating the cavity heights, a 

half-wavelength at the particular dual-band frequency of operation is added in order to 

avoid having the two FSS layers be too close to one another, and hence avoiding higher-

order Floquet mode interaction within the cavities. 
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3.5 Results for the Dual-Band Substrate Board Design 

3.5.1 Initial Design 

Table 3.4 gives the values of the broadside directivity as well as the power density 

radiated at broadside at the respective design frequencies for the initial dual-band 

substrate board design. Here, the PRS patch array dimensions are LPRS = 1.25 cm, WPRS = 

0.1 cm, aPRS = 1.35 cm and bPRS = 0.3 cm. The FSS patch array dimensions are LFSS = 

1.056 cm, WFSS = 0.084 cm, aFSS = 1.140 cm and bFSS = 0.253 cm. Both cavities have a 

relative permittivity εr = 1 and the cavity heights are h1 = 1.30 cm and h2 = 0.444 cm. 

Each substrate board has a thickness t = 0.1524 cm and has a relative permittivity of εr = 

2.5. 

Table 3.4. Broadside directivity and power density for the initial dual-band structure. 

 

From Table 3.4 it is observed that the broadside directivities at the two design 

frequencies are not equal, but differ by about 5 dB. The broadside power densities at the 

two design frequencies are also not equal. The E-plane radiation patterns of the initial 

design are given in Figure 3.13 and it can be seen that the beamwidths at the two design 

frequencies are not equal. 

 

Source Frequency  fn 
(GHz) 

(n =1,2) 

Directivity  Dn
max 

(dB) 
(n =1,2) 

Power density Pn
rad  

(W/m2)  
(n =1,2) 

1 12 30.98 0.11 
2 18 25.74 1.30 
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(a) 12 GHz 
 

 

(b) 18 GHz 

Figure 3.13. E-plane radiation patterns for the initial dual-band design with substrate 
boards. 

3.5.2 Final Design 

Using the iterative design process explained in sub-section 3.3.2, a final design 

for the practical structure in which the directivities as well as the broadside power 

densities are equal at the two specified design frequencies is obtained. Table 3.5 gives the 

values of the maximum broadside directivity as well as the power density radiated at 
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broadside at the respective design frequencies for the final dual-band design with 

substrate boards. The PRS patch array dimensions are LPRS = 1.160 cm, WPRS = 0.928 cm, 

aPRS = 1.253 cm and bPRS = 0.278 cm. The FSS patch array dimensions are unaltered. The 

cavity heights are h1 = 1.299 cm and h2 = 0.439 cm.  

Table 3.5. Broadside directivity and power density for the final dual-band structure. 

 

The E-plane radiation patterns of the final design are given in Figure 3.14. 

 

(a) 12 GHz 
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Source Frequency  fn 
(GHz) 

(n =1,2) 

Directivity  Dn
max 

(dB) 
(n =1,2) 

Power density Pn
rad  

(W/m2)  
(n =1,2) 

1 12 31.53 0.19 
2 18 31.51 0.19 
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(b) 18 GHz 

Figure 3.14. E-plane radiation patterns for the final dual-band design with substrate 
boards. 

Though equal directivities at the two design frequencies are obtained in the final 

design, it is observed from Figure 3.14 that the E-plane pattern beamwidths are not equal. 

It is believed that this may be an effect of the presence of the substrate boards supporting 

the PRS and FSS layers.  

3.6 Conclusion 

In this chapter, a dual-band Fabry-Pérot resonant cavity antenna using an FSS 

layer inside the cavity was introduced. The first case that was considered was one where 

the PRS and FSS layers were suspended in air. A systematic design procedure based on 

the Transverse Resonance Equation (TRE) using the TEN model of the structure was 

proposed. From the initial results, it was found that the broadside directivities and power 

densities at the two chosen design frequencies were not equal. It was also seen that the E-

plane patterns did not have equal beamwidths. An iterative method to optimize the design 

was given. The final design was seen to have equal broadside directivities and broadside 
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power densities at the two specified frequencies. Optimized E-plane radiation patterns 

with equal beamwidths were also obtained. It was also found that the figure of merit at 

the two design frequencies for the dual-band structure were higher than those predicted 

by the CAD formula for a single air cavity PRS structure. 

The second case studied was a dual-band structure in which the PRS and FSS 

layers were each placed on a 60 mil thick Arlon Diclad board. The PRS layer was chosen 

to be placed on the top surface of its substrate board while the FSS layer was placed on 

the bottom surface of its substrate board to facilitate the feeding of the upper cavity in 

future designs that will incorporate a practical printed dipole feed for the upper cavity. 

The design procedure based on the TRE and TEN model of the structure was again used 

to obtain an initial dual-band structure. The proposed iterative method was applied to the 

structure to obtain an optimized design in which the broadside directivities and power 

densities were equal. Radiation patterns with nearly equal directivities at the two design 

frequencies were obtained. A slight discrepancy between the beam shapes near the 

broadside region was found, and this is believed to be an effect of the substrate boards. 
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Chapter 4  

Analysis of Truncated Dual-Band Structures 

In this chapter, truncated versions of the dual-band structures proposed in Chapter 

3 are studied using the EM software tool, Ansys Designer. A brief introduction is 

provided in Section 4.1. Section 4.2 deals with the various truncated structures for the 

dual-band air-cavity case where the PRS and FSS layers are suspended in air. The results 

obtained from Ansys Designer are compared to the previously obtained theoretical 

results. In Section 4.3, a practical truncated structure is studied where the PRS and FSS 

layers are each placed on substrate boards. Methods that attempt to improve the radiation 

pattern at the upper-dual band frequency are proposed. Section 4.4 provides some 

conclusions and comments on the proposed models. 

4.1 Introduction 

In the work presented in Chapter 3, we considered the 2-D arrays of metal patches 

that form the FSS and PRS layers to be infinitely large. However, for fabrication 

purposes, the structure would be required to be of finite size. In this chapter, we analyze 

truncated versions of the hypothetical dual-band air-cavity structure presented Section 3.2 

of Chapter 3, along with the substrate-board case of Section 3.4. Here, truncated 

structures are designed to be 6 in × 6 in (15.24 cm x 15.24 cm) in size. This particular 

size for the truncated structures was considered as the goal since fabricating the truncated 

substrate-board dual-band design would be performed on a numerically controlled 

machine which has a vacuum table of size 6 in × 6 in.    
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4.2 Air-cavity Case: Truncated Structure 

4.2.1 Decreasing PRS patch length 

In order to choose an appropriate truncated dual-band structure to analyze in 

Ansys Designer, the final design of the air-cavity case structure discussed in Section 3.3.3 

of Chapter 3 was first considered. This final design was found to have a directivity of 

about 36 dB at both design frequencies (12 and 18 GHz). For some practical applications, 

this directivity may be too high. So, in order to lower the directivity, the lengths of the 

original PRS patches were decreased by a certain percentage while the width and 

periodicity of the 2-D metal patch array were unaltered. The FSS was then designed to be 

a frequency scaled version of the shortened patches PRS such that it is resonant at the 

upper design frequency, 18 GHz. The iterative design method explained in Chapter 3 was 

then applied to the shortened PRS patch length structure, resulting in a final design with 

equalized directivities at both design frequencies. 

Table 4.1 shows results for various directivities obtained by decreasing the PRS 

patch lengths by a certain percentage. The final design of the air-cavity case from 

Chapter 3 is also included and is denoted as the 0% decrease in PRS patch length case. 

The figure of merit is also calculated for each of these cases. It is observed that the figure 

of merit at either design frequency for all the cases is higher than that of an air filled 

single cavity Fabry-Pérot resonant cavity antenna.  
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Table 4.1. Broadside directivities and figures of merit at the two design frequencies for 
different PRS patch length cases. 

 

4.2.2 Truncated Models 

The results in Table 4.1 are for theoretically infinite structures. In order to 

simulate these structures in Ansys Designer version 15, they are truncated to a size of 6 in 

× 6 in. The general dual-band structure comprises of an infinite ground, a truncated FSS 

layer, and a truncated PRS layer, with air cavity regions between the layers. In Designer, 

the source excitations at the two design frequencies are modeled as strip dipoles. Each 

dipole is modeled to be a half-wavelength at its operating frequency. For the Designer 

simulations, the source dipoles are placed in the middle of their respective cavities.  

Truncated versions of each of the cases of Table 4.1 were simulated in Designer, 

and their directive gain patterns at 12 GHz and 18 GHz were plotted. Figure 4.1 shows 

the E-plane directive gain patterns at the two design frequencies for the case where the 

PRS patch lengths are not altered (0% case). Here, the PRS is of size 13.42 cm × 14.81 

cm, and its patch array dimensions are LPRS = 1.391 cm, WPRS = 0.111 cm, aPRS = 1.503 

cm and bPRS = 0.334 cm. The FSS is of size 12.719 cm × 14.688 cm, and its patch array 

dimensions are LFSS = 1.319 cm, WFSS = 0.106 cm, aFSS = 1.425 cm and bFSS = 0.317 cm. 

Both cavities have a relative permittivity εr = 1, and the cavity heights are h1 = 1.324 cm 

and h2 = 0.824 cm. 

Decrease in PRS 
patch length 

Directivity 
at 12 GHz 

Directivity 
at 18 GHz 

Figure of merit 
at 12 GHz 

Figure of merit 
at 18 GHz 

0% 36.23 36.28 3.34 3.27 
5% 30.84 30.80 3.69 3.17 
15% 25.81 25.75 3.38 2.86 
25% 21.28 21.38 3.03 2.51 
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(a) 12 GHz 
 

 

(b) 18 GHz 

Figure 4.1. E-plane directive gain patterns obtained from Ansys Designer for the dual-
band design case where the PRS patch lengths are not altered (0% case). The 
radial scale shows directivity (with respect to isotropic) in dB. 

The broadside directive gain at 12 GHz is found to be 21.89 dB, and at 18 GHz it is 16.71 

dB. From Figure 4.1, we may observe the presence of sidelobes in the directive gain 

pattern at both design frequencies, which is an effect of truncating the structure. 

Truncation of the structure is also the cause of the broadside directivities being much 

lower than what are obtained theoretically for the infinite structure, as given in Table 4.1. 
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The E-plane directive gain patterns for the 5% decrease in PRS patch length are 

given in Figure 4.2. The PRS is of size 14.51 cm × 14.92 cm, and its patch array 

dimensions are LPRS = 1.173 cm, WPRS = 0.099 cm, aPRS = 1.334 cm and bPRS = 0.296 cm. 

The FSS is of size 13.03 cm × 15.109 cm, and its patch array dimensions are LFSS = 1.291 

cm, WFSS = 0.109 cm, aFSS = 1.467 cm and bFSS = 0.326 cm. Both cavities have a relative 

permittivity εr = 1, and the cavity heights are h1 = 1.337 cm and h2 = 0.849 cm. 

 

(a) 12 GHz 

 

(b) 18 GHz 

Figure 4.2. E-plane directive gain patterns obtained from Ansys Designer for the dual-
band design case where the PRS patch length is decreased by 5%. The radial 
scale shows directivity (with respect to isotropic) in dB. 
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The broadside directive gains from the truncated structure were found to be 24.58 dB and 

20.97 dB at 12 GHz and 18 GHz respectively, as opposed to its theoretically infinite 

counterpart, having a broadside directivity value of about 30.8 dB at both design 

frequencies. 

The E-plane directive gain patterns for the 15% decrease in PRS patch length are 

given in Figure 4.3. The PRS is of size 14.68 cm × 15.22 cm, and its patch array 

dimensions are LPRS = 1.071 cm, WPRS = 0.101 cm, aPRS = 1.361 cm and bPRS = 0.302 cm. 

The FSS is of size 13.52 cm × 15.16 cm, and its patch array dimensions are LFSS = 1.211 

cm, WFSS = 0.114 cm, aFSS = 1.539 cm and bFSS = 0.342 cm. Both cavities have a relative 

permittivity εr = 1, and the cavity heights are h1 = 1.368 cm and h2 = 0.861 cm. 

 

 

(a) 12 GHz 
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(b) 18 GHz 

Figure 4.3. E-plane directive gain patterns obtained from Ansys Designer for the dual-
band design case where the PRS patch length is decreased by 15%. The radial 
scale shows directivity (with respect to isotropic) in dB. 

The broadside directive gains from the truncated structure were found to be 24.71 dB and 

7.68 dB at 12 GHz and 18 GHz respectively. 

In the 0% patch decrease case, we observe that there is a difference of about 5 dB 

in the directive gain at 12 GHz and 18 GHz. The difference in gain between that 

predicted for the infinite structure and that observed for the truncated structure (taking an 

average of the gains at 12 and 18 GHz) is about 17 dB.  

In the 5% patch decrease case, we observe that there is a difference of about 3.5 

dB in the directive gain at 12 GHz and 18 GHz. The difference in gain between that 

predicted for the infinite structure and that observed for the truncated structure (taking an 

average of the gains at 12 and 18 GHz) is about 8 dB. It is understandable that the 

directive gain obtained from the simulations at the dual-band frequencies of the truncated 

design is not as high as that obtained from the theoretically infinite model, since the 

radiating leaky wave that forms the directive beam is being truncated. Evidently the 
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difference between the gains of the infinite and truncated structures is less for the 5% 

decrease case compared to the 0% decrease case because the leaky wave is attenuated 

more rapidly in the 5% decrease case, so that truncation effects are less important.  

For the 15% patch length decrease case, we observe that a good pattern is 

obtained at 12 GHz, and the gain of the truncated case is only 1.1 dB lower than the gain 

of the corresponding infinite case. However, the pattern at 18 GHz is not reasonable and 

is nowhere close to what has been predicted theoretically in Table 4.1. As the FSS patch 

length is decreased (with unaltered periodicity), the sensitivity of the reflection 

coefficient at 18 GHz with respect to frequency increases, since the FSS only behaves as 

a short circuit for a frequency very near 18 GHz. This means that the FSS layer with the 

smaller patch lengths may not be behaving as a proper ground plane at the specified 

resonance frequency in Designer, due to numerical meshing errors. In order to overcome 

this issue, a hybrid model is proposed and its structure is explained in the next sub-

section.  

4.2.3 Hybrid Model 

In order to overcome the frequency sensitivity issue of the FSS, a “hybrid” dual-

band model is proposed. For the initial design of this model, the original PRS patch 

length is decreased by 15%, and the FSS is a frequency scaled version of the original 

PRS with patch length decrease of only 5%. The iterative design method then is applied 

to this hybrid design to equalize the directivities at the two design frequencies, and a plot 

of the broadside directivities versus frequency for the final design is given in Figure 4.4. 

The patch array dimensions are LPRS = 1.114 cm, WPRS = 0.105 cm, aPRS = 1.415 cm and 

bPRS = 0.314 cm. The FSS patch array dimensions are LFSS = 1.291 cm, WFSS = 0.109 cm, 
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aFSS = 1.467 cm and bFSS = 0.326 cm. Both cavities have a relative permittivity εr = 1, and 

the cavity heights are h1 = 1.338 cm and h2 = 0.853 cm. 

 

Figure 4.4. Broadside directivity vs. frequency for the infinite air-cavity hybrid dual-band 
design. 

Table 4.2 gives the broadside directivities at 12 GHz and 18 GHz along with the figures 

of merit for the final design of the hybrid model. 

Table 4.2 Broadside directivity and figure of merit for the final air-cavity dual-band 
hybrid design. 

 

The E-plane patterns at the dual-band frequencies for the final design of the hybrid model 

are shown in Figure 4.5.  
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Source Frequency  fn 
(GHz) 

(n =1,2) 

Directivity  Dn
max 

(dB) 
(n =1,2) 

Figure of Merit 

1 12 28.71 3.65 
2 18 28.66 3.02 
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(a) 12 GHz 
 
 
 

 

(b) 18 GHz 

Figure 4.5. E-plane radiation patterns for the infinite air-cavity hybrid dual-band design. 

From Figure 4.5, it is seen that equal beamwidths are obtained at the two design 

frequencies.  

A truncated version of the final design of the hybrid model is simulated in Ansys 

Designer. The size of the PRS layer is of size 12.44 cm × 15.10 cm, and the FSS is of size 
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13.03 cm × 15.11 cm. Figure 4.6 shows the directive gain patterns obtained at 12 and 18 

GHz.  

 

(a) 12 GHz 

 

(b) 18 GHz 

Figure 4.6. E-plane directive gain patterns obtained from Ansys Designer for the 
truncated hybrid dual-band design. 

The directive gains were found to be 24.90 dB and 22.34 dB at 12 GHz and 18 GHz, 

respectively. It is also observed that there is approximately a 2.5 dB difference between 

the directive gains at 12 GHz and 18 GHz. Furthermore, the difference in gain between 
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the infinite hybrid case and the truncated hybrid case (taking the average of the gains at 

the two frequencies) is about 5.1 dB.  

It is believed that the difference in directivities at the two design frequencies is 

partly due to the fact that the PRS patch length obtained theoretically from the method of 

moments (used in the iterative design method) may be slightly different than what 

Designer recognizes as the appropriate resonant PRS patch length. In order to overcome 

this, a study that involves a tweaking of the PRS patch length was performed. 

Figure 4.7 gives a plot of the difference in directivity ∆D at the two design 

frequencies versus  the PRS patch length, for the truncated hybrid structure, obtained by 

Ansys Designer. 

   

Figure 4.7. Difference in the directive gain (∆D) at the two design frequencies vs. the 
PRS patch length for the truncated air-cavity hybrid dual-band design. 
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In Figure 4.7 the patch length that is obtained from MoM and the iterative method is 

circled in purple. This is the patch length that was used to obtain the theoretical results of 

Figure 4.5. A red curve is also included in the plot of Figure 4.7.  This curve averages out 

the oscillations that are presumably due to numerical meshing noise. The location where 

the red curve has a minimum would roughly give the PRS patch length where we would 

expect the best solution. From the plotted points and red curve of Figure 4.8, a patch 

length of 1.125 cm is chosen as the PRS patch length, which gives us a difference of 1.22 

dB in directive gain at the two design frequencies. The chosen PRS patch length is circled 

in green in the plot. 

The directive gain plots at 12 GHz and 18 GHz obtained using the chosen PRS 

patch length of 1.125 cm in the truncated hybrid structure are given in Figure 4.8. All 

other dimensions of the PRS 2-D patch array are unaltered. 

 

 

(a) 12 GHz 
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(b) 18 GHz 

Figure 4.8. E-plane directive gain patterns obtained from Ansys Designer for the 
truncated air-cavity hybrid dual-band design with the length of the patches 
adjusted to LPRS = 1.125 cm. 

The directive gain at 12 GHz is 24.90 dB and at 18 GHz is 23.68 dB. Hence, the 

difference in the directive gain at the two design frequencies is lowered to about 1.2 dB 

with the new chosen PRS patch length. The difference in gain between the infinite hybrid 

case and the truncated hybrid case (taking the average of the gains at the two frequencies) 

is about 4.4 dB.  

4.3 Substrate-Board Dual-Band Design: Truncated Structure 

4.3.1 Ansys Designer Results 

A truncated version of the substrate-board dual-band final design of sub-section 

3.5.2 of Chapter 3 was simulated in Ansys Designer. In the truncated model the PRS and 

FSS structures are of finite size, while the substrate layers are infinite. The E-plane 

directive gain patterns at the two dual-band frequencies are given in Figure 4.9. The PRS 

is of size 13.69 cm × 15.13 cm, and its patch array dimensions are LPRS = 1.160 cm, WPRS 

= 0.093 cm, aPRS = 1.253 cm and bPRS = 0.279 cm. The FSS is of size 14.74 cm × 14.78 
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cm, and its patch array dimensions are LFSS = 1.056 cm, WFSS = 0.084 cm, aFSS = 1.140 

cm and bFSS = 0.253 cm. Both cavities have a relative permittivity εr = 1, and the cavity 

heights are h1 = 1.249 cm and h2 = 0.439 cm. The thickness of the substrate boards are t = 

0.157 cm, and the relative permittivity is 2.5rε = .  

 

(a) 12 GHz 
 

 

(b) 18 GHz 

Figure 4.9. E-plane directive gain patterns obtained from Ansys Designer for the 
truncated substrate-board design. 
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From Figure 4.9 it can be observed that similar to the 15% PRS patch length decrease 

case shown in Figure 4.4, we obtain a good directive pattern at 12 GHz, but not one at 18 

GHz. Here, the directive gain at 12 GHz is 21.77 dB and at 18 GHz it is 7.00 dB. In an 

attempt to increase the directive gain as well as improve the pattern at 18 GHz, a study on 

the FSS and PRS layers is conducted as described in the following sub-sections. 

4.3.2 Optimization of the FSS Layer 

The first concern that arises is that the FSS layer may not be optimized to have a 

resonance frequency at exactly 18 GHz, and in turn does not behave as a proper ground 

plane at this frequency. (This concern is what motivated the introduction of the hybrid 

model for the air-cavity case.) In order to ensure that the FSS has a resonance frequency 

of 18 GHz, a single FPCA is modeled in Designer having an infinite dielectric layer for 

the PRS that is a quarter-wavelength thick (wavelength meaning dielectric wavelength) at 

18 GHz. At the bottom of the cavity, the substrate board is placed with the FSS on the 

bottom. Everything is therefore infinite except for the FSS, which is truncated and of size 

14.74 cm × 14.78 cm. The thickness of the air cavity is chosen as explained below. For 

this structure it is known that the maximum radiated power density at broadside will 

occur when the lengths of the FSS patches are adjusted to get the best possible beam at 

18 GHz. This in turn will give the best FSS design possible.  

To choose the superstrate permittivity in the above mentioned single FPCA with 

an infinite dielectric layer (superstrate) PRS, we first start with an air-filled single FPCA 

having a given 2-D metal patch array PRS and conventional ground plane. The PRS 

chosen here is that of the hybrid model case of sub-section 4.2.3 as it is shown to work 
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well in Designer. From this single cavity structure, the half-power beamwidth wθ  is 

found. From [52], we have  

 
1

2
w a

θ =  , (4.1) 

where  

 1 2
1

0 1 1 2

1r

r r

n ha
n

επ
λ ε µ

  
=   

  
 , (4.2) 

 1 1 1r rn ε µ=  , (4.3) 

and 

 2 2 2r rn ε µ=  . (4.4) 

Here 1rε  and 2rµ are the relative permittivity and relative permeability, respectively, of 

the air cavity. Similarly, 2rε  and 2rµ  are the relative permittivity and relative 

permeability, respectively, of the superstrate layer. Hence, from wθ , we may find the 

relative permittivity of the superstrate equivalent modelling the PRS of the conventional 

single FPCA design using Equations (4.1) and (4.2). As previously mentioned, the PRS 

superstrate layer is a quarter-wavelength thick at 18 GHz. 

Before analyzing the new single FPCA design with a superstrate PRS and a 

substrate-backed FSS, the height of the air cavity must be calculated using the TRE to 

give an optimum beam at 18 GHz. Figure 4.10 shows the TEN of this design. At 18 GHz, 

we assume the FSS on the bottom side of the substrate board to be a short circuit. Here t1 

is the thickness of the substrate board, and t2 is the thickness of the superstrate PRS. The 

air cavity height h is chosen from the TRE. Placing the reference plane R just below the 

superstrate, the TRE is  
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 up downY Y= − .  (4.5) 

 

Figure 4.10. The TEN model to calculate the cavity height h at 18 GHz for the single 
FPCA design with a superstrate PRS and a substrate-backed FSS. 

Since the superstrate is a quarter-wavelength thick, Yup is purely real, and hence the 

imaginary part is zero. Working with the imaginary part and ignoring the real part of the 

admittance for the purposes of using the TRE to calculate the resonance condition, this 

implies that there is a short circuit at the reference plane location. We then shift the 

reference plane location to just below the air cavity as seen in Figure 4.11. 

 

Figure 4.11. The TEN model with the TRE reference plane shifted in order to calculate 
the cavity height h at 18 GHz for the single FPCA design with a superstrate 
PRS and a substrate-backed FSS. 
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and 

 ( )1 1
1

1 cotdownY j k t
h
 

= −  
 

 . (4.7) 

From Equations (4.5), (4.6) and (4.7), the expression for the air cavity height h is found 

to be 

 ( )1 0
1 1

0 1

1 cot coth k t
k

h
h

−  
= − 

 
 . (4.8) 

During the process of calculating the air cavity height, a half-wavelength at 18 GHz is 

added to the height of the air cavity to avoid higher-order Floquet mode interaction 

within the cavities. 

Once the air cavity height is calculated, the single-cavity FPCA design with a 

superstrate PRS and a substrate-backed FSS is modeled in Designer, and the cavity is 

excited with a dipole in the middle. Figure 4.12 shows the E-plane directive gain pattern 

of this structure at 18 GHz prior to adjusting the lengths of the FSS patches. Here the FSS 

is of size 14.74 cm × 14.74 cm, and its patch array dimensions are LFSS = 1.056 cm, WFSS 

= 0.084 cm, aFSS = 1.140 cm and bFSS = 0.253 cm. The thickness of the substrate board is 

t1 = 0.157 cm, and its relative permittivity 2 2.5rε = . The height of the air cavity h = 0.644 

cm, and its relative permittivity 1rε = . The thickness of the superstrate PRS is t2 = 0.028 

cm, and its relative permittivity 2 221.75rε = . 
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Figure 4.12. E-plane directive gain pattern at 18 GHz obtained from Designer for a single 
cavity FPCA with a superstrate PRS. LFSS = 1.056 cm. 

In Figure 4.12, we observe that the FPCA structure does not produce a broadside 

directive beam at 18 GHz. This implies that the FSS layer does not behave as a proper 

ground plane, and hence does not have a resonance frequency at 18 GHz as it should. In 

order to ensure a good ground plane behavior at 18 GHz, the lengths of the FSS patches 

are slightly altered. Through trial and error, it was found that by decreasing the FSS patch 

lengths by 5%, an optimum beam shape and a high directive gain is obtained as shown in 

Figure 4.13. Here, LFSS = 1.003 cm while all other dimensions are unaltered. 
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Figure 4.13. E-plane directive gain pattern at 18 GHz obtained from Designer for a single 
cavity FPCA with a superstrate PRS. LFSS = 1.003 cm. 

The optimized FSS layer is then placed in the truncated substrate-board dual-band design, 

and the E-plane directive gain patterns at the dual-band frequencies are shown in Figure 

4.14. 
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(b) 18 GHz 

Figure 4.14. E-plane directive gain patterns obtained from Ansys Designer for the 
truncated substrate-board design with an optimized FSS layer. LFSS = 1.003 
cm. 

With the optimization of the FSS layer, the directive gain at 12 GHz is now 22.92 dB and 

at 18 GHz, it is 7.95 dB. It is observed that with the optimized FSS layer, though there is 

a slight enhancement in the directive gain at both design frequencies, we still do not 

obtain an improvement in the pattern at 18 GHz. Evidently then, the frequency sensitivity 

of the FSS layer is not the only source of trouble in the substrate-board truncated design 

at 18 GHz. 

4.3.3 Optimization of the PRS Layer 

Since no significant improvement was found with the optimization of the FSS 

layer alone, the optimization of the 2-D metal patch array PRS layer of the truncated 

substrate-board dual-band design is considered next. The procedure to optimize the PRS 

layer is identical to that used for the FSS, but the procedure is now performed at the 

resonance frequency of the PRS. From the spectral-domain MoM and the calculation of 
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the Bs of the PRS, the resonance frequency of the PRS layer was found to be 16.54 GHz. 

The single FPCA with a superstrate PRS is designed at this resonance frequency using 

the TRE. The superstrate PRS is now a quarter-wavelength thick at 16.54 GHz, but has 

the same relative permittivity as that calculated in the previous subsection. It is important 

to note that the 2-D metal patch array PRS replaces the FSS layer on the bottom side of 

the substrate board in the previous FSS optimization study, to act as a finite ground plane 

at its resonance frequency. The lengths of the PRS patches are adjusted to get the best 

possible beam at 16.54 GHz. 

The E-plane directive gain pattern obtained in Designer of the single-cavity FPCA 

design before the PRS patch lengths are adjusted is shown in Figure 4.15. Here the finite 

ground plane PRS is of size 13.69 cm × 15.13 cm, and its patch array dimensions are LPRS 

= 1.160 cm, WPRS = 0.093 cm, aPRS = 1.253 cm and bPRS = 0.279 cm. The thickness of the 

substrate board is t1 = 0.157 cm, and its relative permittivity
1

2.5rε = . The height of the 

air cavity h = 0.906 cm, and its relative permittivity 1rε = . The thickness of the 

superstrate PRS is t2 = 0.030 cm, and its relative permittivity
2

221.75rε = . 
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Figure 4.15. E-plane directive gain pattern at 16.54 GHz obtained from Designer for a 
single cavity FPCA with a superstrate PRS and a finite 2-D patch array PRS 
as the ground plane.  LPRS = 1.160 cm. 

From Figure 4.15, we see that a reasonably good pattern is obtained with a directivity of 

24.39 dB. However, we may observe that the main beam has quite large “shoulder” lobes. 

In an effort to obtain a better broadside beam with smaller shoulder lobes, a systematic 

trial and error approach adjusting the PRS patch length size is performed. It is found that 

decreasing the PRS patch length by 5% results in a more optimum beam shape. The E-

plane directive gain pattern at 16.54 GHz after the patch length adjustment is shown in 

Figure 4.16. Here LPRS = 1.102 cm while all other dimensions are unaltered. 
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Figure 4.16. E-plane directive gain pattern at 16.54 GHz obtained from Designer for a 
single cavity FPCA with a superstrate PRS and a finite 2-D patch array PRS 
as the ground plane. LPRS = 1.102 cm. 

From Figure 4.16, we see that the main beam is improved with lower shoulder 

lobes. The directive gain is 25.66 dB. The optimized FSS and PRS layers are placed in 

the truncated substrate-board structure, and the E-plane patterns at the dual-band 

frequencies are shown in Figure 4.17. 
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(a) 12 GHz 
 

 

(b) 18 GHz 

Figure 4.17. E-plane directive gain patterns obtained from Ansys Designer for the 
truncated substrate-board design with optimized FSS and PRS layers. LFSS = 
1.003 cm and LPRS = 1.102 cm. 

From Figure 4.17 we may see that though both the FSS and PRS layers are now 

optimized, there is still no significant improvement in the pattern at 18 GHz. 
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4.3.4 Increasing Upper Air Cavity Height 

Since it was found that optimization of the FSS and PRS layers alone did not 

improve the directive gain pattern at 18 GHz, a study on the cavity height was performed. 

As previously mentioned, the height of the upper air cavity is h2 = 0.439 cm. It was 

thought that this cavity height may be too small and may be causing higher order Floquet 

mode interaction to occur, resulting in a distorted pattern at 18 GHz. Hence, increasing 

the upper cavity height h2 may overcome this problem and improve the directive gain 

pattern. Hence, an extra half-wavelength at 18 GHz was added to the upper cavity height 

of the structure (with optimized FSS and PRS layers) and the planar dipole source in the 

cavity was placed at a distance of a quarter wavelength (at 18 GHz) from the FSS layer. 

The E-plane directive gain patterns at the two design frequencies are given in Figure 

4.18. Here LPRS = 1.102 cm, LFSS = 1.003 cm and h2 = 1.277 cm, while all other 

dimensions are unaltered.  

 

(a) 12 GHz 
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(b) 18 GHz 

Figure 4.18. E-plane directive gain patterns obtained from Ansys Designer for the 
truncated substrate-board design with optimized FSS and PRS layers and 
an increased upper cavity height. LFSS = 1.003 cm, LPRS = 1.102 cm and h2 
= 1.277 cm. 

From Figure 4.18, the broadside directive gain at 18 GHz is found to be 11.80 dB, which 

is a slight improvement from the previously obtained value. However, an optimum 

broadside beam shape is still not achieved. Also, it is observed that the 12 GHz directive 

gain pattern is adversely affected by the increase in the height of the upper cavity and the 

broadside directive gain is lowered to a value of 9.25 dB. Since an increase in the upper 

cavity height does help to obtain optimum equalized directive gain patterns at the two 

design frequencies, it can be concluded that the presence of higher order Floquet wave 

interaction was not responsible for the trouble with the truncated substrate-board  design. 

4.3.5 Presence of Surface Waves 

After performing the tests of the previous sub-sections and careful consideration, 

it is believed that the problem causing the distorted directive gain pattern at 18 GHz for 

the truncated dual-band substrate-board case is the presence of more than just the 
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radially-propagating leaky wave. The possibility of the presence of either space waves or 

surface waves is considered. Let us first consider the possibility of the presence of a 

space wave. If a significant space wave was present in the structure, then this would have 

been observed in the form of a bulbous shape in the E-plane radiation patterns for the 

infinite structure. However, it can be seen that no such shape occurs in the pattern of the 

infinite structure. This leads us to believe that the cause for the distorted radiation 

patterns is due to the presence of a surface wave in the truncated structure. Surface waves 

radiate power from discontinuities in a structure that interrupt the surface wave on the 

structure [53]. Here, in the dual-band truncated substrate-board design, the truncation of 

the boards and metal patches of the PRS and FSS layers serve as discontinuities. It is 

speculated that the planar dipole source in the upper cavity launches a surface wave and 

this launched surface wave encounters the truncated substrate board and metal patch 

discontinuities and thus bounces around inside the structure. This leads to radiation from 

the edges of the structure and from the patches, and in turn causes the distorted pattern at 

18 GHz.  

In order avoid surface waves, it is proposed as future work to base the substrate-

board dual-band design on that of the hybrid model truncated air-cavity design of sub-

section 4.2.3. In the hybrid model, it was observed that though the structure was 

truncated, the radiation patterns were not distorted. This implies that only radially 

propagating leaky waves were present in that structure.  Hence, in order to avoid surface 

waves in the truncated substrate-board structure, it would be required to mimic the hybrid 

model air-cavity case by replacing the Arlon Diclad 527 substrate boards with supporting 

boards that have a relative permittivity very close to air. It is proposed to use a phenolic 
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honeycomb material namely, HexWeb HRH – 10 as the supporting boards for the PRS 

and FSS metal patch layers.  The advantage of this material is that extremely thin boards 

with high strength are readily available and are damage resistant under normal use.  

Another added advantage of this material is that its relative permittivity is very close to 

that of air. It is proposed to first etch the 2-D metal patch arrays of the PRS and FSS 

layers on thin laminate sheets, and then place these layers on the HexWeb HRH – 10 

boards which would act as a means of support for these layers. The dual-band design 

procedure using the TEN and TRE would then be repeated and the iterative design 

procedure would then be applied to this new structure in an attempt to obtain optimized 

patterns at the dual-band frequencies. 

4.4 Conclusion 

In this chapter a truncated version of the proposed dual-band Fabry-Pérot resonant 

cavity antenna was analyzed using Ansys Designer. The effect of a decrease in PRS patch 

length on the broadside directivity was first studied, and the directive gain patterns were 

presented. A hybrid model was proposed in which the broadside directive gains obtained 

from Designer are nearly equal at the two design frequencies.  

The truncated structure was then extended to a substrate-board design in which 

the PRS and FSS layers are placed on the surfaces of their respective supporting substrate 

boards. A good directive gain pattern was observed at 12 GHz, but not at 18 GHz. In an 

effort to improve the pattern at 18 GHz, the PRS and FSS layers were optimized by 

tweaking their patch lengths. It was found that this did not improve the pattern at 18 GHz. 

In a final attempt, an extra half-wavelength was added to the upper cavity of the 
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structure. This resulted in a slightly improved pattern at 18 GHz, but lead to a detrimental 

effect on the pattern at 12 GHz.  

After the series of tests, it is believed that the distorted pattern at 18 GHz occurs 

due to the presence of a surface wave on the substrate boards, which contaminates the 

leaky-wave on the structure. To overcome this problem, it is proposed as future work to 

use a phenolic honeycomb material in place of the Arlon Diclad boards as the supporting 

boards for PRS and FSS layers. The iterative design procedure would then be applied to 

this new structure in an attempt to obtain optimized radiation patterns at the two design 

frequencies. 
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Chapter 5  

Conclusion 

5.1 Conclusion 

In this dissertation, a dual-band version of the Fabry-Pérot resonant cavity 

antenna (FPCA) was proposed. The structure uses a frequency selective surface (FSS) 

patch layer over a ground plane to form a composite artificial ground plane that replaces 

the single metal ground plane of the conventional structure.  

A brief literature review in the advances of Fabry-Pérot structures was presented 

in Chapter 1. A conventional single-cavity Fabry-Pérot antenna was studied in Chapter 2. 

The method of calculating the far-field using reciprocity and the spectral-domain periodic 

moment method was explained in detail. The procedure for the calculation of the shunt 

susceptance that models the PRS layer in the TEN, and the calculation of the air cavity 

height using the TRE were provided. The comparison of the E-plane radiation patterns at 

12 GHz and 18 GHz using the spectral-domain periodic moment method and the TEN 

were shown, and the agreement was very good. 

 The structure was then extended to one where the PRS layer was placed on a 60 

mil Arlon Diclad 527 board. Two different cases based on the location of the PRS layer 

on the substrate board (on the top or bottom surface) were presented. A comparison of the 

E-plane radiation patterns using the aforementioned two methods was given, and it was 

speculated that the value of the shunt susceptance modelling the PRS layer in the TEN is 

required to be dependent on the incident angle to obtain good agreement between the 

patterns for the substrate-board case. 
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In Chapter 3, the proposed dual-band structure was presented. A structure using 

air cavities was first introduced. The structure consists of an upper cavity region (between 

an FSS and the PRS) and a lower cavity region (between the ground plane and the FSS). 

The main design principle of this dual-band Fabry-Pérot resonant cavity antenna is that 

the FSS layer in the structure has a resonance frequency at which it acts as a short circuit 

and hence behaves as a “virtual ground plane” at that frequency. The FSS is chosen so 

that at the upper-band frequency it behaves as a short circuit, and hence the upper cavity 

resonates at this frequency and behaves just as a regular single-cavity FPCA would at this 

frequency. At the lower-band frequency the entire composite cavity (the region between 

the ground plane and the PRS) resonates. A systematic procedure to obtain dual-band 

behavior was explained, and an iterative method to obtain optimum beam shapes and 

equal directivities as well as equal radiated broadside power densities at the two specified 

design frequencies was provided. The dual-band design was then extended to one where 

the PRS and FSS layers are placed on substrate boards. This design was studied, and an 

optimization of its E-plane radiation patterns at the two design frequencies was discussed. 

In Chapter 4, truncated versions of the optimized dual-band structures of Chapter 

3 were analyzed using the commercial EM software simulation tool Ansys Designer. The 

truncated air-cavity case was studied first. A method to obtain lower broadside 

directivities by decreasing the PRS patch lengths was explained. This was important 

since having too high of a directivity would result is too much of the leaky wave being 

reflected at the edges of the truncated structure, and this in turn would result in too much 

of a disparity between the infinite and truncated results. On the other hand, increasing the 

FSS patch length allows the FSS to be less sensitive to frequency variations that might be 
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introduced by numerical meshing error in Ansys Designer. A hybrid design was thus 

introduced, where the PRS patch length was decreased by 15% while the FSS patch 

length was increased by 5% relative to the previous design. The hybrid design achieved 

nearly equal directivities (to within about 1.2 dB) at the two design frequencies of 12 and 

18 GHz for the truncated structures after optimization of the PRS patch length.  

The simulations were then performed on the truncated version of the optimized 

substrate-board dual-band design. It was found that a directive gain pattern was only 

obtained at 12 GHz. In an effort to improve the pattern at 18 GHz, an optimization of the 

PRS and FSS layers was performed along with the addition of an extra half-wavelength 

to the upper air cavity. However, it was found that these efforts did not improve the 

pattern at 18 GHz. It is believed that the distorted pattern at 18 GHz occurs due to the 

presence of a surface wave on the substrate boards, which contaminate the desired leaky-

wave on the structure. To overcome this problem, it is proposed as future work to use a 

phenolic honeycomb material in place of the Arlon Diclad boards as the supporting 

boards for PRS and FSS layers. The iterative design procedure would then be applied to 

this structure in an attempt to obtain optimized radiation patterns at the two design 

frequencies for the truncated structure. 

5.2 Future Work 

As previously mentioned, it is proposed as future work to use the material 

HexWeb HRH – 10 as the supporting boards for the PRS and FSS layers in the truncated 

substrate-board dual-band structure. Once the structure is analyzed with the new material, 

it proposed to implement practical feed structures within the truncated dual-band design. 

A possible feeding method would be to place a microstrip patch antenna on the ground 
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plane of the structure to feed the lower cavity at 12 GHz. The upper cavity could be fed at 

18 GHz by a planar dipole printed on the top surface of the board supporting the FSS 

layer. This truncated structure with the practical feeds could be analyzed using Ansys 

Designer and HFSS. 

As mentioned in Chapter 4, the main motivation behind analyzing a truncated 

structure of size 6 in × 6 in with Ansys Designer is the fabrication of a practical dual-

band structure. Once the implementation of the new supporting boards along with the 

practical feed structures are analyzed using Ansys Designer and HFSS, and optimized 

patterns at the dual-band frequencies are obtained, it is proposed to fabricate this dual-

band structure. In order to do this, we propose to collaborate with the Applied 

Electromagnetics Laboratory of the University of Manitoba in Winnipeg, Canada. The 

fabrication of the antenna along, with measurements of it, would take place at this 

laboratory and the measured results would be compared to those obtained from 

simulations. 
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Appendix 

A.1 Spectral-domain Green’s Function xxG   

 The spectral-domain immitance (SDI) method is used to obtain the Green’s 

function for the electric field in the x  direction due to a periodic current in the x  

direction [50]. The TEN model for the single cavity structure is shown in Figure A.1. 

 

 

 

 

 

 

 

 

Figure A.1. The TEN model used to calculate the spectral-domain Green’s function .xxG   

The Green’s function xxG for z = 0 is given as 
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where at 0z = , the voltage due to a 1 [A] parallel current is 
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Here T denotes either TM or TE polarization. The characteristic admittances for the two 

regions are 

 0
0

0

TM

z

Y
k
ωε

= , (A.3) 
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= ,  (A.4) 
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and 
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= , (A.6) 

where 

 ( )1/22 2 2
0 0z x yk k k k= − −   (A.7) 

and 

 ( )1/22 2 2
1 1 .z x yk k k k= − −   (A.8) 

In order to calculate ( ), ,xx xp yq dG k k h− , the voltage must be translated to the location of 

the source dipole. Let us consider the dipole to be at a distance dh  from the 1 [A] current 

source as shown in Figure A.2. 
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Figure A.2. The TEN model used to calculate the spectral-domain Green’s function
( ), , .xx xp yq dG k k h−   

 

The voltage at the dipole is given as 

 ( ) ( ) ( )( )
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k h
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− = . (A.9) 

With this voltage, we may find ( ), ,xx xp yq dG k k h− . 

A.2 Spectral-domain Green’s Function xxG  for the Single Cavity 

Substrate-Board Case 

The spectral-domain Green’s function for the substrate-board case of Chapter 2 is 

derived here. We first consider the PRS case (a) where the PRS layer is on the top surface 

of the substrate board. The TEN model for the PRS case is shown in Figure A.3. 
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Figure A.3. The TEN model used to calculate the spectral-domain Green’s function xxG  
for the PRS case (a). 

The Green’s function for this case is as again given by Equation (A.1). The voltage due to 

the 1 [A] current source is 
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where  
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The characteristic impedances are given in Equations (A.3) to (A.6). Hence, from 

Equation (A.1) and Equations (A.10) to (A.12), we may find the spectral-domain Green’s  

function for the PRS case (a). 

 Let us now consider the PRS case (b) where the PRS layer is placed on the bottom 

surface of the substrate board. The TEN model for this case is shown in Figure A.4. 
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Figure A.4. The TEN model used to calculate the spectral-domain Green’s function xxG  
for the PRS case (b). 

It is observed that the 1 [A] current source is now placed at z t= −  and the voltage at 

z t= −  due to the current source is given as 
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and 

 ( )1 1cotT
in zY jY k h− = − .  (A.15) 

Hence, by substituting Equation (A.13) into Equation (A.1), we may find the spectral-

domain Green’s  function for the PRS case (b).  

 We may generalize the Green’s function for the substrate-board case as follows. If 

we consider the embedding distance of the periodic patch layer to be pt , such that for the 
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PRS case (a) 0pt =  and for the PRS case (b) pt t= , then the generalized form of the 

Green’s function for the substrate board case is given as 

 ( ) ( ) ( )2 2
2

1, , TM TE
xx xp yq p x i p y i p

t

G k k t k V t k V t
k

 − = − − + − 
 .  (A.16) 

The generalized form of the voltage is given as 
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Again, to find ( ), ,xx xp yq dG k k h− , the voltage at the dipole location must be calculated. If 

we consider the dipole to be located at a distance dh  below the bottom surface of the 

substrate board, then the voltage at the dipole location in terms of the embedding distance 

pt  is 
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From Equation (A.20), we may find ( ), ,xx xp yq dG k k h− . 
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A.3 Calculation of the Shunt Susceptances Modeling the PRS and FSS 

Layers  

Let us first consider the PRS case (a) where the PRS layer is placed on the top surface of 

the substrate board. The TEN model for this single cavity substrate-board case is shown 

in Figure A.5. 

 

 

 

 

 

Figure A.5. The TEN model for the single cavity substrate-board PRS case (a). 

From Figure A.5, we see that the net load impedance LZ  at 0z =  seen from above 

looking down is the parallel combination of the shunt load sjB  and the input impedance 

inZ , and is given by 
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The voltage at 0z =  due to an incident plane wave, where voltage models Ex for the (0,0) 

Floquet wave, is given by 

 ( ) ( ) ( ) ( )0 0

0 0 0 0
1

1(0) 1 , ,0 , x y
N

j k x k yinc
x n xx x y n x y

n
V E A G k k B k k e

ab
− +

=

= + Γ + ∑    . (A.23) 

The layer reflection coefficient Γ  of the above equation is provided in Equation (2.30) of 

Chapter 2 and is calculated for broadside incidence. Once ( )0V  is computed, we may 

relate it to the reflection coefficient LΓ  of Figure A.5. Assuming the incident voltage (Ex 

field) is unity, we have 

 ( )0 1 LV = + Γ  . (A.24) 

Once LΓ  is obtained, we may relate it to the net load impedance LZ as 

 0
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1

L
L
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Z Z
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=  − Γ 
.  (A.25) 

Substituting Equation (A.21) into Equation (A.25), the shunt susceptance sB  is found to 

be 

 0
1
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L
s in

L
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 −Γ
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.  (A.26) 

In order to calculate the shunt susceptance modeling the periodic patch array in PRS case 

(b), let us consider the TEN model of Figure A.6. 
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Figure A.6. The TEN model for the single cavity substrate-board PRS case (b). 

The voltage V(0) at 0z =  is again in the form of Equation (A.23), and again voltage 

represents the Ex field of the (0,0) Floquet mode. From this voltage, and taking the 

incidence voltage 1 [V]incV = , we may calculate the reflection coefficient +Γ  at 0z +=  

from 

 ( )0 1V += + Γ .  (A.27) 

Once +Γ  is calculated, the net load impedance LZ  at 0z =  may be calculated as 

 0
1
1LZ Z

+

+

 + Γ
=  − Γ 

. (A.28) 

Since impedance is continuous, the net load impedance LZ is equal to the input 

impedance inZ  as shown in Figure A.6. Knowing inZ , we may calculate the reflection 

coefficient −Γ  at 0z −=  as  
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Once −Γ is calculated, we may relate it to the load reflection coefficient 1LΓ just above 

the shunt susceptances at z t−= − as 

 22
1

zj k t
L e−−Γ = Γ  . (A.30) 

Once 1LΓ is calculated, we may find the net load impedance 1LZ  at z t−= − as  
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It may be seen that 1LZ is in the form 
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Substituting Equation (A.32) into Equation (A.31), we find the shunt susceptance sB  to 

be 
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