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ABSTRACT

In this thesis new foundations for the stochastic process are
formulated which lead to the conventional stochastic formalism and
in addition clearly define the notion of time reversibility for the
stochastic process. The stochastic equations are shown to have rep-
resentations in a separable Hilbert space H, which have no counter-
part in unitary quantum dynamics.

Beginning with an intuitive consideration of sequences of
measurements, we define a time-ordered event space representing
the collection of all imaginable outcomes for the measurement se-
quence.

We then postulate the generalized distributive relation on the

event space and examine the class of measurements for which this re-
lation can be experimentally validated. The generalized distributive
relation is shown to lead to a o-additive conditional probability on

the event space and to a predictive and retrodictive formalism for

stochastic processes.

We show that the dynamics of the stochastic formalism are
distinct from unitary quantum dynamics in several major ways. We
propose the basis for a mathematical structure in H which would in-
clude both the stochastic formalism and the quantum formalism as

special cases.
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INTRODUCTION

This introduction will describe briefly, the contents of each of
the thesis chapters.

Chapter I is concerned with background material and provides a
matrix for an extensive bibliography documenting the various researches
into stochastic theory and quantum theory. An examination of these
references will point out the conflict between and the attempts to
reconcile two highly successful theories: quantum theory and classical
stochastic theory.

After an extensive study of these references the author concludes
that these attempts at reconciliation have failed for three major reasons:
(1) The author agrees with those who feel that the quantum axioms,
historically and in more recent formulations, are not derived from a
consideration of data, but are postulated and then are shown after the
fact to agree with certain experiments. (2) Mathematicians have made
little or no attempt to appeal to the nature of physical data in their
axiomatic forumlation of stochastic theory; that such an appeal has not
been made by physicists, can be explained by their loss of interest in
stochastic theory with the advent of quantum theory. (3) Stochastic
theory has never been formulated in a way which would allow its dynamical
structure to be compared with the dynamical structure of quantum theory.

The author, in the last part of Chapter I, outlines his plan for
rebuilding stochastic theory from a consideration of physical data and
for casting stochastic theory into a form which can be compared with

quantum theory.



Chapter II contains a paper submitted for publication to the
Journal of Mathematical Physics, by the author and Professor Collins,
which represents the major portion of the research of this thesis.

In this paper, classical stochastic theory is formulated from a
consideration of the nature of data. It is shown that the conventional
predictive stochastic formalism as well as a new retrodictive stochas-
tic formalism follows directly from these elementary considerations,
and that the random walk equations, previously thought to be valid
only for Markoffian processes, are in general true for the non-Markof-
fian case.

Since quantum theory is formulated from axioms totally dissimilar
to the axioms of the stochastic process, the compatibility of these
two theories can be tested only if we can succeed in casting the equations
of motion for stochastic theory into a form which can be compared with
the dynamic structure of quantum theory. We thenAdo this by demon-
strating the existance of a structure in a separable Hilbert spaceH
which will, in all cases, reproduce the dynamical structure of stochastic

processes, both predictive and retrodictive. This has never before

been accomplished, and it is hoped that this accomplishment will do
for stochastic theory what the‘H formulation by Dirac did for quantum
theory. 1In any case, with this stochasticd formulation we are able
to compare directly the dynamical structure of classical stochastic
theory with the dynamical structure of quantum theory. It is shown
by this comparison that classical stochastic theory is compatible

with quantum theory in only a trivial circumstance.



Chapter III, entitled "Discussion', is intended as a physical
exposition of the mathematical results of Chapter II. The Journal
of Mathematical Physics, to which the paper of Chapter II was submit-
ted, demands that papers submitted to it, be written in a rigorous
mathematical setting. Thus physical examples, minus the mathematical
rigor, will be presented in Chapter III to enhance the understanding
gained by reading Chapter II.

In this chapter we will investigate the nature of the transition
probability and point out by a simple thought experiment, the conditions
for this transition probability to be Markoffian. We will then investi-
gate time-reversal in stochastic processes, by deriving the predictive
and retrodictive diffusion equation from the predictive and retrodictive
random walk equation., We will show the retrodictive diffusion equation
to be the time-reversed form of the predictive diffusion equation and
will thus be able to investigate the time-reversal characteristics of
diffusion.

We will then derive the Pauli master equation from the stochastic
formalism and compare it to the form of the master equation derived from
quantum theory. We will show from this that stochastic theory seems to
afford a more general description of ensemble systems than does quantum
theory.

Finally we will examine a simple experimental situation which can
be described by stochastic theory., We will show that the probabilistic
interpretation of quantum theory fails to describe the most general

type of data available from this experiment.



Chapter IV, the summary, will review the results of this disser-
tation, discuss the major differences between quantum evolution and
stochastic evolution, and will propose new research to formulate a
more general evolution structure for physical systems.

In the bibliography there is included, with many of the references,
a brief statement of the content of the work undertaken which would re-

late specifically to this research.



CHAPTER I
BACKGROUND

Quantum theory and the theory of classical stochastic processes
have shared a strange history of conflict in marriage since the intro-
duction (1905-1927) of quantum theory be deBroglie, Planck, Einstein,
Bohr, Heisenberg, Born, Schrodinger, Jordan and Dirac. Many physicists,
including the originators of quantum theory, have tried with only partial
success to resolve the conflict between these two highly successful
theories. Part of the difficulty as we shall see in this section is
the unintuitive nature of the quantum formulation, the impreciseness
of previous formulations of stochastic theory and the failure to com-
pare directly the dynamical laws of both theories.

At the outset, the foundations of quantum theory seemed unintuitive
to many in its prescription of a dual nature to both electromagnetic and
particle phenomena. The early formulations of Heisenberg and Schrodinger
seemed to set the stage for a series of unintuitive although precise
formulations by Dirac(l), von Neumann(z), Birkhoff (3), Jauch(4), Piron(s),
Mackey(6) and others.

However the brilliant success that quantum theory enjoyed in de-
scribing the results of a large number of experiments, motivated many
attempts to rationalize the foundations of the theory with experience.
Born(7) in 1926 gave birth to the so-called '"Copenhagen' or "orthodox"
interpretation of quantum theory which provided the first interpretative
connections between classical probability theory and quantum theory.

Born's interpretations lead to a lengthy rational-emotive exchange



between Bohr and Einstein(S)’(9)’(10)’(11) arguing the applicability
of quantum theory to anything other than ensemble systems. This con-
troversy remains to be settled as can be seen in more recent publica-
tions (12),(13),(14),(15)

Other attempts to deny or confirm the Born hypothesis came in the
form of hidden variable arguments. The Einstein, Podolsky, Rosen (EPR)

paper(lo)

was the first to present an argument suggesting that quantum
mechanics was not a complete theory. This paper led others(16)’(17)’(18)’(19)
to suggest that the '"'dispersion free' states of quantum theory could be
specified not only by the quantum mechanical state vector but also by
additional '"hidden variables™.

Many attempts were made to defeat the hidden variable idea mathe-
matically (i.e. show it inconsistent with quantum theory). Von Neumanncz)
was the first to present such a proof and more recently Jauch and Piron (5)
have presented another version of this proof.

However, Bohm(zo), Be11(21) and Bub (22) c1aim that von Neumann's
assumptions are restrictive and of limited relevance and in addition
have shown the axioms of Jauch and Piron to be unreasonable.

Several attempts at the explicit construction of a hidden variable
theory have been undertaken. Bohm(zo) has constructed a hidden variable
theory which is non-local in nature and Bell (23) ha; purported to prove
that a local hidden variable theory is not possible. Based on Bell's
argument, Clauser et.al.(24) have proposed an experiment to test Bell's
theorem. However Collins (25) has shown that one of Bell's assumptions

is unnecessary and that without this assumption, an explicit local

hidden variable theory can be constructed.



At the roots of this lengthy and continuing controversy seems to
be a general lack of intuitive feeling for the quantum axioms; thus
other approaches (13),(19),(26),(27),(28) rationalize the quantum axioms
in terms of the measurement process but final and decisive interpre-
tations have not been forthcoming.

Many physicists have sought to overcome the intuitive difficulties
of quantum theory by deriving certain results of quantum theory from a
classical basis. Heisenberg's uncertainty principle and the corres-
pondence principle motivated many early attempts (29)-(47) ¢o generalize
Newtonian mechanics with a statistical approach to obtain the structure
of quantum theory.

The similarities of the classical Hamiltonian formalism to the
quantum Heisenberg operator '"picture' and of the classical diffusion
and Langevin equations to the quantum Schrodinger "picture' have motivated
more recent attempts to relate quantum theory to classical physics.

Leibowitz (48),(49) derived a differential equation for the time
dependence of the density of solutions for the Hamilton-Jacobi equation
and showed that it could be put into the form of the time-independent
Schrodinger equation. He was not able to obtain the time-dependent
Schrodinger equation however.

Nelson(50)5(51) examined a collection of electrons interacting with
an external field and assumed that the collection is described by
Brownian motion with a diffusion coefficient given by h/2m. With
this model he derived the time-dependent Schrodinger equation. He
showed that the classical paths for the electron are so discontinuous

that time derivatives do not exist; thus the particle momenta are not



well defined. He also showed that the Brownian hypothesis led to the
correct energy levels for bound states of the Hydrogen atom and in-
terpreted these levels as states of dynamical equilibrium.

De la Pena-Auerbach and Garcia-Colin(52) generalized Newtonian
mechanics in a stochastic Brownian model and showed that the time-
dependent Schrddinger and the Fokker-Planck equations followed if the
non-Markoffian terms of the stochastic equations are ignored. The
same authors in another article(53) suggested a generalization of
Schrddinger's equation based on a stochastic model and purport to
give a counter example to von Neumann's hidden variable proof.

Kursunoglu(54) derives the classical Markoff formulation of the
random walk problem in phase space in a manner analogous to the
Feynmann path-integral formulation(®3) and compares it to the result
obtained by Chandrasekhar(56).

There have been a few attempts(57)’(58)’(59)’(60) to study the
differences between the algebras of quantum theory and classical prob-
ability theory. Some of the difficulties of generalizing the algebra
of probability theory to the algebra of quantum theory lie in the
definition of conditional probability. Several publications by
Watanabe (61)5(62),(63) symmarize these difficulties and comment on
the physical implications of these difficulties.

Thus we see that while connections between quantum theory and
stochastic theory have been noted in certain special cases, no overall
analysis of the relationship of these two theories has been attempted.
Before we propose such an analysis let us examine briefly the develop-

ment and present ''state' of stochastic theory.



Classical stochastic theory, while perhaps not as broadly appli-
cable as quantum theory, is extremely successful in some areas, and
has as its foundations one of the most lucid and intuitive of all
physical theories: classical probability theory.

That classical probability theory is so lucidly formulated is
probably due largely to its experiential genesis in the works of Pascal,
Fermat, Huygens, Bernoulli, de Moivre and Laplace*, who generated prob-
ability theory to describe data which were more subject to direct ex-
perience than were the subtle microscopic data which motivated quantum
theory.

As probability theory began to intrigue mathematicians the subject
took on important developments in the works of Tshebysheff, Markoff and
Lia Pounoff. The fundamental work which set the stage for the modern
measure-theoretic approach was done by Kolmogoroff(64). Since that
time many books have appeared; three of the most outstanding are those
by Doob(65), Feller(éé), and Loeve(67)

Before we discuss the modern developments of stochastic theory we
should perhaps distinguish stochastic theory from probability theory.
Although repeated trials are fundamental in validating the results of
probability theory, probability theory does not concern itself explicitly
with the dynamical behavior of the data. Stochastic theory does concern
itself with this dynamical behavior and thus can be viewed as the tem-

poral generalization of probability theory.

* A short history of the early development of probability theory can be
found in Introduction to Probability Theory, by Uspensky, McGraw Hill
(1937).
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Stochastic theory unfortunately has not had the same intuitively
lucid and mathematically rigorous treatment as has classical prob-
ability theory. An example which characterizes one of the more rig-
orous treatments of stochastic theory is the text by Doob (65), 1In
this text and most others, the stochastic generalization of probability
theory comes about by considering probabilities for sequences of ran-
dom variables. Such sequences and their probabilities are assumed to
exist and be well defined independent of any observational considerations.
Certainly no mention is made of the observational processes necessary
to validate the axioms for the treatment of random variable sequences.
It is not surprising therefore that the application of stochastic
theory to the description of physical phenomena is a difficult and ill-
defined procedure.

For example, once physical considerations are brushed aside and
the mathematical structure for general stochastic processes has been
established, most texts define the Markoff chain (sequence) and devote
the majority of their considerations to the study of Markoff processes.
Although the definition of the Markoff chain is usually made quite
rigorous mathematically (eg. Chung, ref. 68) the class of measurement
sequences which contain such chains is not defined. Consequently the
range of applicability of Markoffian stochastic theory to the dynamical
behavior of physical systems is unknown. Such unintuitive treatments
of stochastic theory have, in the opinion of this author, made impossible

an exhaustive comparison of the dynamical descriptions of stochastic

and quantum theory.
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From this review of the research in quantum theory and stochastic
theory it is easily seen that no one has yet reconciled or even succes-
sfully compared these two theories in any satisfactory way; only bits
and pieces of connections have been observed for rather restricted
cases. It is this author's contention that these attempts have failed
for three major reasons:

(1) The author agrees with those who feel that the quantum axioms,
historically and in more recent formulations, are not derived from a
consideration of data, but are postulated and then are shown, after the
fact, to agree with certain experiments. The axiom which the founders
of the modern axiomatic approach are most concerned about is the com-

plex Hilbert space axiom; more precisely, the partially ordered set of

all questions in quantum mechanics is isomorphic to the partially ordered

set of all closed subspaces of a separable, infinite dimensional Hilbert

space.

The mathematician George Mackey in his treatise 'Mathematical
Foundations of Quantum Mechanics"(6) says of this axiom, '"Why do we
make it?....We make it because it '"works', that is it leads to a theory
which explains physical phenomena and successfully predicts the results
of experiments., It is conceivable that a quite different assumption
would do likewise but this is a possibility that no one seems to have
explored." Then a physicist Josef Jauch in his elegant formulation of
quantum theory, "Foundations of Quantum Mechanics"(4) says of the Hilbert
space axiom, '"...We begin the building of the bridge which connects the
general quantum theory, as an abstract proposition system, with con-

ventional quantum mechanics in a complex Hilbert space. This bridge
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is not yet complete, Thére are no convincing empirical grounds why
our Hilbert space should be constructed over the field of complex
numbers."

(2) Mathematicians have made little or no appeal to the nature
of physical data in their axiomatic formulation of stochastic theory.
As a consequence, the class of physical systems to which stochastic
theory is applicable is unknown. Nelson in his monograph, ''Dynamical
Theories of Brownian Motion"(s), discusses the "doldrums' in which
stochastic processes is in today; '""Physicists lost interest in the
phenomena of Brownian motion about thirty or forty years ago. If a
modern physicist is interested in Brownian motion, it is because the
mathematical theory of Brownian motion has proved useful as a tool in
the study of some models of quantum field theory and in quantum sta-
tistical mechanics',

(3) Stochastic theory has never been formulated in a way which
would allow its dynamical structure to be compared with the dynamical
structure of quantum theory.

It is this state of affairs in quantum theory and stochastic
theory which invites the line of investigation undertaken in this thesis.

The author's first direction for investigation consisted of a de-
tailed study of the work of Jauch(4) to determine whether or not the
Hilbert space axiom could be rationalized in terms of direct experience.
Failing this, the author decided that if one was to compare directly
stochastic theory with quantum theory, then the dynamical equations of
stochastic theory would have to be cast into a form similar to the dy-

namical equations of quantum theory.
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The first task then, was to formulate stochastic theory from an
examination of the nature of data so that at least the class of experi-
ments for which stochastic theory applies could be known. As mentioned
earlier, several new results for stochastic theory were a result of
this investigation.

The next step then was to cast the dynamical structure of stochas-
tic theory into a format comparable with the dynamical structure of
quantum theory. This was accomplished by deducing the existance of a
structure in a separable complex Hilbert space which is always capable
of describing the stochastic process. This result is totally mathe-
matical in nature and the purpose for choosing the complex Hilbert space
representation, as stated above, was to allow a direct comparison be-
tween quantum theory and stochastic theory.

To the best of the author's knowledge, this approach to the H
formulation for stochastic processes is unique. It is interesting
however to compare the approach of this thesis with the approach by
Jauch(®) . such a comparison will lend some insight into the basic
differences between the stochastic formalism in“H and the quantum form-
alism in H.

Jauch begins by assuming that all questions that one could ask
about a physical system form a basis for the set of all propositions
about a physical system. The analogous collection in this thesis is
the event space which is assumed to contain only those questions which
can be answered by a measurement. Jauch then assumes that the propo-
sitions for a system form a mathematical collection known as a lattice.

In the present work however, the event space forms a mathematical
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collection called a o algebra. This structure is chosen because it
contains only those propositions which are answerable by a direct ob-
servation, whereas the lattice contains what Jauch calls "incompatible
propositions'", i.e., propositions not answerable by a direct observation.
Jauch chooses as his time evolution model, a temporal mapping which
leaves the lattice of propositions invariant. This assumption seems
reasonable since, if one can imagine a set of propositions (answerable

or not) for a system at t_., then he can certainly imagine the same set

0,

of propositions for a system at t; >t In contrast, the evolution

model introduced here is built to reproduce only the data which is

gathered in a time ordered sequence of measurements., Obviously the
event space then need not remain invariant with time since the type
of process used for data gathering may change in the time sequence.
Finally, Jauch, with no empirical grounds (as he himself claims) shows
mathematically that his axioms have a representation in a separable,
complex, Hilbert space which is identical with conventional quantum
theory. Here, in an entirely different way from Jauch, it is shown
that mathematically, the stochastic structure obtained from the sto-
chastic axiomatic set also has a representation in a separable, complex,
Hilbert space but that the stochastic evolution picture in‘H differs
considerably from the quantum evolution picture in ‘H,

This comparison however, suggests a more general evolution pic-
ture in H which includes quantum evolution and stochastic evolution

as special cases.



CHAPTER 1II

STOCHASTIC PROCESSES AND THEIR REPRESENTATIONS IN H

This chapter consists of a paper submitted to the Journal of
Mathematical Physics. The paper is intact with the exception of
its original bibliography, which has been incorporated into the main

bibliography.
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Stochastic Processes and Their Representations
in Hilbert Space*

F. G. Hall and R. E. Collins
The Department of Physics

University of Houston, Houston, Texas

ABSTRACT

Beginning with an intuitive consideration of sequences
of measurements, we define a time-ordered event space
representing the collection of all imaginable outcomes
for measurement sequences.

We then postulate the generalized distributive

relation on the event space and examine the class of
measurements for which this relation can be experimentally
validated. The generalized distributive relation is

shown to lead to a o-additive conditional probability

on the event space and to a predictive and retrodictive

formalism for stochastic processes.

We then show that this formalism has a predictive
and a retrodictive representation in a separable Hilbert
space 4 , which has no counterpart in unitary quantum

dynamics.

*Supported in part by a Frederick-Gardner Cottrell
Grant-in-Aid from Research Corporation.
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Stochastic Processes and Their Representations
in Hilbert Space

F. G. Hall and R. E. Collins
The Department of Physics

University of Houston, Houston, Texas

Introduction

A recent series of papers(69) - 74) has developed
the idea that much of the formal mathematical structure
of physical theory can be deduced directly from the
statistical nature of experimental data. The present
paper presents that portion of these studies which bears
directly on the evolution of irreversible physical
processes.

We begin the study of the evolution of a system by
insisting that, if we are to say we have observed the
dynamic behavior of the system then we must monitor
the system by a sequence of time-documented measurements
TMe > M M3 - 3M, 3

With each of the measurements in the sequence, we

associlate in our mind a collection of possible outcomes.

The collection being determined, of course, by the
properties of the measuring apparatus. We may also
associate a collection of possible outcomes with the

entire measurement sequence.
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We assume that all experimental data is statistical
in nature, i.e., each outcome in the collection of
possible outcomes is a random event. This assumption
leads us to consider probability theory as a mathematical
model for the kinematics of a system.

Since our imagination, at least for physical-
experimental situations, seems to be conditioned by
conventional logic we will assume that a o-algebra
describes the collection of imaginable outcomes (event
space) of a measurement and that the frequency of
outcomes, can be described by a o-additive measure of
unit norm whose domain is the o-algebra.

This approach does not differ from conventional
approaches except, as we will show , in the definition
of the o-algebra of possible outcomes for measurement
sequence and the conditional probability defined on this
o-algebra.

We will show that an equivalence relation must be
defined on the o-algebra for the measurement sequence
in order to obtain the predictive and retrodictive
random walk formulation for stochastic processes. This

equivalence relation the generalized distributive relation,

is empirical in nature, and is not deducible from the
logical structure of the mathematics describing the
measurement Ssequence.

We will then show that the predictive and retro-

dictive random walk formulations for the dynamics of a
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physical system, have representations in a separable
Hilbert space H, which differs considerably from the
conventional quantum representation. It appears that
the dynamical laws of conventional quantum theory are
not the most general representation of the random walk
formulation in H.

The Measurement

For the sake of clarity and brevity in the follow-
ing discussions we will begin by defining the measurement
process.

We assume that an experimental situation may be
completely described by a countable, functionally
independent set of real valued functions ({u,bybse- )5
which may be arbitrarily partitioned into two functionally
independent sets; one set, a K-tuple (ﬁ,g&,---‘$§)
describing the results of K simultaneous measurements and
one set (§.s %2443+ -+ ) describing the environment
conditioning the measurement. (This simply states that
we must be satisfied to determine a finite number of
system properties.)

We suppose that a measurement is always limited to
some finite resolution and thus each of \:,t;,-~-, ﬁk
has a countable range Ry, R4y,,---R4y Trespectively. Since
each of t‘,ﬁ;,--- b; has a countable range, there exists

a countable collection i(ﬁﬂ’ﬁis

. "T")}T.G.Rlb., el Ry g e Riw
of K-tuples of real numbers (denoted if?R}h=\13 o)
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which contains all possible K-tuples of real numbers in the range of
1 ! '
(_%l ) “t)u"' “bg)
Such assumptions lead us to make the following definitions:

A measurement of a system is an operation performed on a system

A A
which assigns a configuration 4, € K‘PR } R=1,23,.. Lo the system.

For example, if we are interested in the pressure and volume of a
system, then a configuration assigned to the system is a 2-tuple
of real numbers (Pi, Vi ) in the range of the functions P and V

respectively.

The spectrum of a measurement is the collection of all possible

configurations {/ﬁ; } R 12,3 one
=1,2,3,

We may now define the event space as the collection of all
imaginable outcomes for a measurement. Let C; denote the spec-
trum of a measurement process Mi' The event space {Eq_((;)}
is the o-algebra (75)  of subsets of C;. The motivations for
such a choice for the event space are discussed in several
texts (66), (67) 5 arguments against such a choice have been
discussed by Jauch (4).  We will assume the c-algebra to be
a valid representation since as we will see there seem to be
many physical situations for which the o-algebra is appro-
priate and yields results not obtainable by conventional

quantum theory.
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Here we will refer to the members of {E;(Cﬂ} as
events and define the probability for an event as a
c-additive measure P of unit norm on {g;(¢;)§ - Such

a function has the following properties:

(1) if Ee {Eien] 3 04PeILY

(ii) P($)=0; ¢Pis the null event corresponding to
the empty set in {E.(cqi

(iii) PCCy=1 3§ C; l)(fk\ (set union is interpreted
A as logical or)

(iiii) if {Eﬁ,z\zg is a disjoint sequence
of sets 1n {e.(c;)} then

P(U:)-— P(E))
i §%| 3

There is a much wider agreement on the properties
of P than the event space because of obvious physical
interpretations. Axioms (i) and (ii) follow from the
operational definition of probability. Axiom (iii)
simply states that some value in the spectrum must be
obtained as a result of Mi and axiom (iiii) is the
mathematical statement of the familiar mutually exclusive
rule in probability theory.

With this brief introduction we may now consider

sequences of measurement operations.

Sequences of Measurements

We wish now to consider the time-documented sequence
of measurements {M‘,)M,ﬁl"lz)---) ML} . By time documented

we mean Mi occurs at t, and in case i<4 , then %;¢ ti
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Since each M; has an associated event space {E;(C;)} , the col-
lection of all imaginable outcomes for the ordered sequence
{ML}L-:‘, . 1s a physically meaningful notion; thus we pro-
ceed to define the event space §{ECC)} for {Mi; 1,0 -

Let C denote the cartesian product space for the sequence

of o-algebras § {E,CCOY Y{E(CO}IE(CAPI -~ YTRLWIY i. e,

() C={escMI®{ECH}®--- ®LELCCOT

$ELCY} is the event space for {Mi}i=4,L means, E is

an event in { E(A)} only in case E 1is a subset of C.
That {_E(C\} contains the imaginable paths of outcomes
for the measurement sequence, can be seen from recognizing that

LB} contains the collection {SM} of simple paths

‘{(*\3‘@ ﬁ‘.; con »&)}, (which are read as " /ﬁ% occurred
then 'ﬁq occurred then, ...,then @k‘_ occurred"), the com-
pound paths such as{(i!é:‘ﬁ,*iﬁ,y--%@:ﬁj and the unions and
intersections of the compound paths, for example,

A 4 A A XA O A
Che? U+ -2 R)U Ca (Vs -5U8).

Notice that in contrast to the us;al route in probability
theory (66) we have not defined {E(C)} to be the cartesian pro-
duct space of the o-algebras iE.,LCoﬁQ{Eﬁ‘lﬂ}b'--&{h&)’} Such
a choice is not the most general one since it requires that set
operations in {EKC)} be defined in terms of set operations in
LEx () } . For our definition of $LECCYY we

see that C does not form a o-algebra since it contains no



unions of members of C. One can however, by choosing
an equivalence relation between members of C and the
compliment of C in {E(c)} , "induce" a o-algebra on
C. As we shall see in the next section, such a choice
is empirical and seems necessary in order to produce

the stochastic process.

PROBABILITY ON {EC&}

We now turn our attention to probability functions
on $E(Y} and in particular conditional probabilities.
We will assume in the following discussions that the

environment for the sequence i}“g}i is fixed and

=V, 0
described by q). We will tacitly require that all
probability functions on {E(c)}y be conditioned by ﬁ) .

The unit norm condition for P on §{E;(e:)} is given

by
(2) P(c=1

which was interpreted as the probability for some event
to occur during Mi' In view of this it would seem

reasonable that for the sequence of measurements

(33 PCC¥Cy---3cy=1

and for the simple paths {SmYmzyq,..1i0 LB

(43 P(USm =14

23
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which is interpreted as some simple path must occur. In order for

(3) and (4) to be true, we must postulate the following relation:

If Ege{Eolco}, B e{ErC}, . .. , both E: & EZe{&;(c;\‘;, .-, ELeiBUCOT

then

(5) (E¥Ey---YELUELY -+ IEL) = (E¥Exd-YE > - YENV(EQE - YEI OB

We will also require the class of measurements that we are in-

vestigating to obey

0, \Q{H‘:\?L

6 A A . A . A /\§'\ . A/ A - R .
(6) PLCAy Rd- ¥R RINEL R 2 e 7)) P ferr -6, Kk

which simply states that only one configuration may be obtained as

the result of a measurement. Statements (4), (5), and (6) must be

a postiori in nature, not derivable from any a priori consideration.

To clarify this point, consider the following measurement situation.

Dy
'
ad
P
;/
\\ ///
 _ZZ
e \\\\
// \
, <~

Fig. 1. Electron Gun Aparatus

The schematic in figure 1 describes two electron guns
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G1 and G2 firing at a fixed target M. These electrons are

scattered from M and detected at D1 or D2. The entire
apparatus is placed in a cloud chamber so that the track of
each electron can be monitored if desired. Such a device will
serve to examine the generalized o-algebra {E(QY and equat-
ions ( 5) and ( 6).

Let MO denote detection of the firing of the guns, Ml

denote detection of scattering from the target, M2 denote

detection .at D, or D,. We may now build {ECY} for the

sequence {Mya3IMaM,} . The o-algebras {Eodcad} , LELCOY
LB}  are given by

LB} = 1€8) 4 (Gy), (G,VG), (G,NE,), BT
(7)) eIy =§{ M, 6}

12t} = $(0), (D;),(D,UD,), (0,ND,), B3

C as defined earlier is given by the cartesian product
space SEolCI B IE (C)YF® (€01 and SE(CYY , the event
space for iM,»Mdamliis the o-algebra of subsets of C.

If we form {Euf&by the prescription given above we will
See that {B(V} contains events such as (G»M3D,), (& r¥M»D,) ,
(@,2M20,) , (@,3M>»D,) , the union of these (@pM3¥D,) VU (€3M>D, ) U
UG, 1M30)0 (&,3M»D,) , and (8U&,IMIDUD,) . It is quite
natural to interpret each of the events in the collection

{LG;&M?DJ\} as the event for a certain simple path to be

observed in the cloud chamber. The union of these simple

paths would of course be interpreted as the event for one or
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another of the simple paths to occur. However, the event

(6U6,¥M>» DyUD,) would appear to have no simple interpre-
tation as an event independent of the events for simple paths.*
We do see however that equations (3) and (4) can be satis-
fied for {E(Q)} only in case equation (5) is valid on {€(Q)3.
Equation (5) defines the event (G UG2*M2> DyUD,) in terms of the

simple paths in {E(C)} i.e., by equation (5)

(8) (GLUG,IMIDUD,)= (G, IMIDUD)U(G, Y M D,UD,)
= (62™M¥D,)U(6,>M02)U(G,> M3 D.UD,)
(GIM3 D) U (G AM3 D, U6, 3MHD)U(6,3M>» D,)

1

and therefore the requirement for {E(C)E that P(c) is unity is
consistent with equations (3) and (4).

We will call equation (5) the generalized destributive relation

of the set operation,@), with respect to the ordering operation .

We see that this relation is a postiori in nature i.e., it is not re-
quired by the structure of iE(C\} . Only when we require equation (3)
or equation (4) to be valid must we require the generalized distribu-
tive relation. The validity of equation (4) can be tested only if
each of the simple paths are observable, thus the generalized dis-

tributive relation is ultimately a postiori in nature.

It should be evident that equation (5) '"induces" a

* The event (&,U6,>M»DUD)seems a likely candidate for a ''super-
position" event defined by Jauch(4) if the o-algebraic structure
of {E(C)} is modified. This investigation will constitute an-
other publication.
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o-algebra on C and thus reduces {E(C)} to the conventional c-algebra
of simple paths.* We will see however that the generalized notation
obtained from generalizing {€ (€)% 1leads to some new notions in sto-
chastic processes.

Let us return to the experiment of figure 1, assuming that the
generalized distributive relation is valid for this experiment. We
see in general that the probability for Glf\ G2 and Dl(\ D, is mon-
zero. However if we suppose that G, and G, never fire simultaneously
and that D1 and D2 never detect simultaneously, then equation (6) is
satisfied; thus we see that equation (6) is a requirement motivated
by a postiori knowledge.

From equation (6), equation (8) and the additive property of P

we see that

(9) P(G,LG,»M 3 D,UD,) = PGMID)+PEYMID,)+P(GaMID,) +P(G MY 0,)
from equation (9) we conclude that

(10) P(G,06,¥M>D)) = PGAMID)+ P8, 5MID;)

thus we are provided with the definition

a1 POy = P(eC D_;)ZZP(G;?CH D))

k=y1

* If equations (3) and (4) are to be consistent with the require-
ment P(c)=1, then the generalized distributive relation must be
valid for both union and intersection with respect to ordering.



28

for the unconditional probability to detect a particle at D

this definition may be generalized to an L-term measurement
sequence, i.e. for the L-term measurement sequence $M¢yM,3M> -

A
5ML§: the unconditional probability for a result f, during Mi’

0tk& L is given by

(12) P(Fe) 2 P(CoC A~ 3R = P(U’ﬁ. N)ﬁﬁ 51% "Uﬂr.’r ’u%:)

L*l

and using the generalized distributive relation, the disjoint -
ness of the simple paths in{ﬁufkand the g-additivity of P, we
see "that equation (12) may be written in the more familiar

form

(13)P(ﬁ\ Z_Z ZL E(’ﬁ"ﬁ ..5'\?,}-.94"&_)

hb— -'\- hh—\ =t RA*\-‘ L‘=‘

that is the unconditional probability for1i is the sum of the
probabilities of all simple paths containingﬁ%”

With a suitable definition of conditional probability,

equation (12) provides the general mathematical structure for

a stochastic process. Conditional probability on{ﬁuﬂ} may be

defined by analogy with the traditional definition. Convent-

3

ionally the probability for "Eg; is observed if EEis observed"

is given by

s PEINER)

14) E; \E —_—t=

a4 'L )= PEY)

for the conventional event space, such a definition suffers

from causal ambiguities; however for the time-ordered event

space such ambiguities disappear.
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In addition to the simultaneous events of equation (14) we wish

to consider the conditional probability for the time-seperated events
8w . . . .

Ei . Ej y A#j By analogy with the conventional definition, equation

(14), we define

(15) P(‘E;’l lEE) = P(CodCi3+ 28] 3Cjr ¥+ 3CLICoICLI ~IERS Cied3CL)

= PL{CorCd Y EPICidr - 3CIUCICY 3 BT Cinyy Cu)
PEACy —YENICUn T IC)

we see that this is well defined, independent of the magnitude of i
with respect to j. Let us examine this definition for the case where
i<j and the case where i = j.

When i<j, equation (15) becomes

2

(16) P(EQS\E‘:) = P( (Ce¥C>-2C>- - -5&1 )Cj*‘;...gcdn(cacﬁ...;(:_r?g*r)...§ci§...§c‘_))
PCa¥C> - PEN G >3 > 2CL)

thus lDQEf\Ef); i<y has the obvious interpretation ''the conditional

R

probability for the event E% to occur at time t. if E;

j is known to

have occurred at an earlier time t;.

Now P(Ef\E}) is also well defined by equation (15). Let us
examine the nature of this conditional probability. Equation (15)
yields

(17) p(p_‘:\Ef}= P((Ca¥Ci?  YETFCin? - 3C;3--3CIN(CHC - BR3¢ 13 --3 )
P(CaIC 3B 3 Q> - ICL)

Which in view of the nature of the sequenced event space can only be
interpreted as 'the conditional probability for the event Ef to occur
at t, if E: is known to have occurred at a later time t,'.

In case i = j, we see from equations (16) and (17) that
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our definition of equation (15) is the analog of the conventional
definition given by equation (14).

It is our claim, and we discuss this more fully in the
sections to follow, that the sequenced formalism clearly dis-
tinguishes and defines both ''types'" of conditional probabilities
as given in equations (16) and (17). We will demonstrate that
the conditional probability of equation (17) can be the
"inverse: or ''time-reversed'" form of the conditional probability
of equation (16), only in case the system follows a determin-
istic path through the measurement sequence. We also will see
that F’(Ez lE:);l<j is definable only because of the a postiori
nature of the data from a measurement sequence.

We will postpone this discussion until we have more fully
developed the stochastic equations describing the measurement

sequence.

THE RANDOM WALK

Now that we have developed the definitions for conditional
probability and unconditional probability, we are able to
consider the measurement sequence as a generalized random walk
problem. We will, in this section, develop the random walk
equation which determines the probability for the statement,
"the simple event 'é%L is the outcome of M;, regardless of the
outcomes of the rest of the measurements in the sequence', in
terms of the conditional probabilities of 4%; with respect to

the outcomes of other measurements in the sequence.
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We accomplish this by beginning with the definition in
equation (12) of the unconditional probability. From this we

may write

(18) P("f?\athi_’(CﬁC,»---»\é\hycﬁ.»--'ﬁhjycjﬂa-.-acg SoAs A
Ri

Since the conditional probability is defined for each member

of {E()} we may write, from equation (15)

P((C°>C|§- ER @hs)Cjﬁl >"‘}QL\n (CQ)C.‘V"') ‘%A}CA*\)"')CL‘\
Py 2 B2 Cuy> - 7€)

(19) PCPy; ;) =

Using the generalized distributive relation, the numerator

of equation (19) may be reduced so that equation (19) becomes

(20) PR\ By = POE702 B d Cond -2 B>y - 3

A
P ey Pr; ¥ Y- 3CL)
Since the numerator of equation (20) is exactly the term inside

the sum of equation (18), we may employ equation (20) to write

equation (18) as,

(21) P(/ﬁi‘) = Z_P(%\R_‘\ @R,‘) P(CﬁC‘}---?ﬁgcuﬁ- =3 Cl)
ks

Before we '"expose'" this as the random walk equation, let us
A
consider the unconditional probability for . - From equation

(12) we may write

A . e
(22) P(ﬁ,‘\=Z_P(cﬁc‘>-~-€“,»c,'ﬂ§---?*\ﬂkﬁcﬁﬁ----‘rct_) y I
R

3
and as we saw in the development of equation (20), we may

write from equation (15)

A A
PleorCcr - ¥ ? > Fio; ¥y CL)
PGy ‘ﬁ,{ﬁqﬂ}. -ye)

(23) P('\%Q;\f%kj) =
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which allows us to write equation (22) as

(24) P('\SRJ = Z.P(/ﬁk;\)ékﬂp(ce?cﬁ 7 %zﬁci*\?'") ¢ 5 It
Rj

and in the simplified notation provided by the definition of

unconditional probability, equation (21) may be written

(25) P(f) = ) PERIPARD 5 i
Re

and equation (24) may be written

(26) PlRu) = ) PRMRIPURY) 3 104
Rj

which we will name the predictive random walk equation and

the retrodictive random walk equation respectively. This is

an obvious choice of terminology since equation (25)
calculates probability distributions for events occurring at
tj in terms of the probability distributions for events
occurring at an earlier time ti and equation (26) calculates
probability distributions for events occurring at ts in terms
of the probability distributions for events occurring at a
later time tj.

We may go a step futher in adapting our notation to the

standard notation by defining the predictive transition

probability

a

(27) Tesky = PR = PR, \oor oy IR I Chn 39 Ty - ICL)

and the retrodictive transition probability

—_t &

(28) R'hj

A

AN A A
P(}FRL\IPR‘Q: P(/\OR;_ \CO;Cﬁ“éCﬁ'“'} Fk'*>cj+l}’ c >CL)
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so that the predictive random walk equation becomes

(29) P(/F\Fz,‘) = z’r\;shg P(’(ﬁ’hﬁ
ki

and the retrodictive random walk equation becomes

(30) P Y= ) T PR
<

We see from the preceding analysis that equation (29)
is a generalized form of the conventional Markoff random
walk equation. It is generalized in the sense that.ﬁﬁ“;
is not Markoffian.

We also see that equation (30) is not at all conven-
tional since it implies that if we know the probability
set {FK%%YS at *3 and the set of retrodictive transition
probabilitiesijiﬂﬁ} then we may calculate the probability
set ip(ﬁi)} even when 'k;(‘kj . Such a result is completely
consistent with the a postiori nature of data. We will
discuss this property of data in the conclusion section

of this paper.

PROPERTIES OF THE STOCHASTIC PROCESS

In this section we will examine the temporal behavior
of the stochastic process in terms of prediction and retro-
diction. This examination will clarify the relationship
between the predictive dynamics and the retrodictive
dynamics and will provide a foundation for our examination

of the 94 representation of stochastic processes.
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Each measurement pair M; ,M;3j i<} in the measurement
sequence {Nk>M1§ s v e 3 ML 3 defines a collection of
predictive transition probabilities, Sfﬂﬁhig a collection

of retrodictive transition probabilities{jﬂikj} and a

collection of simultaneous conditional probabilities {jkkik .

T(4,4) is the predictive transition matrix for the

measurement pair WM ,M; 3 k<) means, (k) is a
matrix such that Tk, 'k, is the Rjth row and the
R;¥h column element of T {},K)

'rﬂid)is the retrodictive transition matrix for the

measurement pair MMy, M; 3 A< § means, TCh, §) is a

matrix such that _“;kj is the R,T™w row and the Ryt
’

column element of T(k, j)

T(L,k) is the simultaneous conditional probability

matrix for the measurement M means, V(i,4) is a
matrix such that Tk, g/ is the R.W row and the Rith
column element of TC(&L ,X)

We see then that an L-term measurement sequence defines

L(L+ 1)
z

measurement pairs My, M Le) and thus

.
2

defines Lﬂ%ﬂl retrodictive transition matrices,EQ%?)

predictive transition matrices and L simultaneous conditional
probability matrices.

Let {T4,.0% denote the collection of predictive transi-
tion matrices, {TJLA,3\3 denote the collection of retrodic-
tive transition matrices and {V(i,i)} denote the collection

of simultaneous conditional probability matrices. Let
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{ft(ﬁ, i\} denote the collection of members of {T(S:kﬁU{Ttﬁjﬁ
and LT (X, 0]

We will now investigate the conditions, if any, for
the collections {:T(j,i)§ ,ij”(k,33 k and &”ﬁ(d,k)}to
form either groups or semi-groups with respect to matrix
multiplication.

First, we note that equation (6) requires that the
collection {TIL,L\S be the collection of unit matrices
{-I;_} . In general, each member of {]:;} is of a
different dimension, depending on the spectrum of ™M
In this investigation, we will assume that each spectrum
is countably infinite, and thus each member of {I;} will
be of the same dimension.

It is not difficult to see that matrix multiplication
between certain members of {ijJjSproduces a transition
matrix in ide,L\E. To show this we simply use equation

(29) to write the following equation set;

P(}Ph\) = ZTR Re P('Fho)
P, z_nzk, P(4e,) = ka.Pwko

*

(31) .

P(’Fﬂ \ ZT;\-kL-\P(PR\.'\\ Z—_‘}\:\QL—’LP(’P\‘M == Z:—‘E"k‘ P('FN\\ = Zk—%—“\.ko P(ﬂb)

Ru-t Ri-2
Substituting the first equation of the set (31) into the

second equation in the set we obtain

(32) P(B,) = ] P(F)]) Tk Tem, = | PR Thuk,
Ko R\ Ro
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which implies by comparison the Chapman-Kolmogorov relation
(33) Te,g,= Z Thok, Tek,
R

This procedure may be repeated for the entire set (31) to

obtain

(34) Toome= Z_Z_ Z_T e Tk 7 TriRo

Kt Rz
Since Tgk.k, 1is the RL+h row and Reth column of T(,0)

we see that equation (34) provides a multiplication theorem

for transition matrices
(35) T-(1,0) =T(,t-)T(t-1,L-2) - -+ T(4,0)

From the retrodictive equation (30) we may write an equation
set similar to the equation set (31) and derive the multi-

plication theorem for the retrodictive transition matrices

(36) T'(oL) = T'(o,)T'(1,2) - -- T4,

In addition, equations (29) and (30) can be combined for
various integers i and j so that multiplication is defined
between members of {T(j,m1§ and {T'(4,53 Y . For example
consider the integers g A, X such that o2Qq<a < k<L,
Equations (29) and (30) then define the products

T'(q, 8 T'(a,1) =T'(q, %)

T (q,1) T(x,0 =T'(q,8)

T (&, 9) T'k%,t\'—‘—T'(L\,t\

(37)
'\_LA.'k)T(tqb\ TLa, ob)

T (X,9) T (9, 2) =T (x,8)
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However we also obtain from this process

A A — A
PR =) PCPr,) ) Toad Trgws =) Meari PURG)
(38) R R Ri

A A { A
P(¥e,) = ZP(’FR;)BxRaTkaR{ = ZM\%RL P(Fy;)
Rx Re Ry

Equations (38) define the matrix products

M(aa)=T"e,x)T(x, L)
(39) M (x,x) =T (x, ) T(4,%)

The immediate inclination is to identify the collection
%}V\(L,L)-§i=°‘L as the collection {T(i,i1§ of simultaneous
conditional probability matrices. However such an identi-
fication would require that

M(a, 0y =Ta= T (2%) T, 4)

40 ,
(40) M (k%) =Tg =T (x8) T(2,%)

and if the dimension of I, is the dimension of Ty then

equations (40) imply that

(41) T'(s,x) = [Tu,u]'i

Wuc%) has shown however that since each member of T(%, &)

is positive, then its inverse transition matrix [ﬁIi,A\]—i
must have at least one negative member, unless of course
T(£,A) has only one non-zero member. Since 'rkn,t) is
itself a transition matrix, equation (41) and thus equations
(40) can be satisfied only in case V(%,A) has only one non-

*
zero member. Thus we see that in general, M(,4) cannot be

* In this case T(#,4) would describe a deterministic process.
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identified as the matrix T(s,8) of simultaneous conditional
probabilities.

With multiplication defined in {T{tVL\k and {T'(&, p§
we may proceed to examine these collections as groups or
semi-groups.

Since {T'(j,i)} can form a group only in case each
member T(r\.,%)e SLT('),L\} has an inverse LTUL’%\]—LE{TM,L)} ,
we see from the preceding arguments that neither {T(LL\}
nor §T'Ci,j)§ can form a group.

We also see that the collection {ntLj,L{Scannot form
a semi group since the product M given by equation (40)
is not a member of {”CQS)L)X unless for each positive

integer £ such that i &L, \
(42) ML,Wy=Tu,by =1

which as we.argued is possible only for a deterministic
system.

Let us now examine the conditions for {jwd’L)Sand
%:F'LL y ) 3 to form semi-groups., Suppose {TWJ,R)}forms
a semi-group. In this case, closed associative multiplication
must be defined between each pair in {T(ij} . We see from
equation (35) that left multiplication of T(R,A) by T(g,nr)
yields'r(%,h) thus the product TL%JU"T(A,A\ is a member
of {TISJJgand the multiplication is closed. Since this
multiplication is matrix multiplication it is also associative.

We see however that multiplication of the two matrices
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T(/P)QOTUL]A,) produces a transition matrix in iTLj,UX only
in case %—_-n_ or = A . This fact motivates us to define the
following notion: Two transition matrices T(p,q) and T (g, a)
are adjacent means, either P=p OT ob=rc. It is clear then,
that if each pair of matrices in {T(j,l\& can be made adjacent,
then {T()‘)L\}will form a semi-group.

If each member of {T(j,i)] has the property that
(43) TCLR) = TGy in case  A-RU= 1%yl

then any two matrices T ’P»%)G—SLT(B»L‘§ and TQ,ale {T(j,l)] can be
made adjacent simply by relabeling T(p,a) as TL‘\),A') where

T(%;DJ)G—{T(S,L\Sand lab—p-'lequals i-also that

(44) T (%, ) Tr,2) = T(?,%]T(cb,a.') =T(p,a)

Thus the collection {T(j1)§ can form a semi-group in
case the matrices in the collection are all conformable and
equation (43) is satisfied for each matrix in the collection.
The same argument applies for the collection lT’LL)j]?S. If
in addition we include the collection {T(L)L‘\’S in {LT(S»MS we
see that {TQJ,U} can form a monoid semi-group. The same
argument applies for {T'(L,j)} .

We see then that the predictive collection SLTU,D& and
the retrodictive collection {T',j)jcan each form a group only
in case each member in {th,i\iand each member in {T'(i.,j)'g
describes a deterministic system. However each of iT(j),U}

and {T'(L,j)} can form a semi-group in case each member of
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{TH,03 and each member of ﬁkgngsatisfies equation (43).
Physically, equation (43) restricts the transition
probabilities to be a function only of the number of
measurements between Mi and Mj; this requires that each T(j1)
be a function only of the relative time difference between
Mi and Mj' Thus equation (43) is analogous to the quantum
requirement that Ult,t,) be a function only of -tlif W is to
be a member of the unitary group.

We also demonstrated that a retrodictive transition

matrix is not the inverse of the corresponding predictive

transition matrix. However the equations resulting from
the sequenced event space clearly define and distinguish

between retrodiction and prediction and show that one may

always predict or retrodict the stochastic process.

PROBABILITY FUNCTIONS IN 2°

In this section we will demonstrate that probabilities
for simple paths iJI{E(Q} may be represented as products of
complex functions in 12, the space of square summable
sequences, From the isomorphism of 12 to a separable
Hilbert space ‘H we deduce the existance of a continuous
linear operator in ‘H which corresponds to the transition
probability of equation (27). Hilbert space representations
for probabilities of simple paths in{ﬁun} are shown to be
possible because of the positive definite, unit norm and

¢ -additive properties of P.
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Since P(ﬁkj is positive definite, there exists a
)

complex function (stsuch that for each 49&5

(45) P ) = Ky, K

and the phase of dkj is arbitrary.
Using the unit norm property and the generalized

distributive relation we see that

o0
A _ *
(46) ) P(f)=1=) Olg Ry
\?j Ri=1\
Thus the sequence {Cﬁkj}ks,z“_is square summable and is a
. SO Tt

member of 12. If we now consider the vector |X(j)) defined by
o0

(47) X)) = Z Cie; Y
R; =t
3

where {Hﬁ)}m:“z“,, is an orthonormal basis for a separable
Hilbert space M, then \xX(jdeH only in case {Cg;} is a square

(77)

summable sequence. Thus if we define ij as

2
(48)  Cy, = Ky (Lot \ X Y)
we see that{CRj} is square summable therefore |(j))defined by

(49) Yoty D =Koty 7 a1y
R

is a member of H. Thus we see that for each square summable
sequence %Ik{} there exists a vector |&X(j)) € H such that each

member of{qm} has a representation in H given by

— LRI
50 K. = —2———2L
(500 Ot (@G L) 2



42

Thus we have established an H representation for each member
A
in the collection {(I\g.)'k and therefore for '{P(’ﬁes)g
Now let us examine the transition probability-ﬁqp;.
Since Te;k;, is positive there exists a complex function for

each R; and k; such that
k2
(51) T\QS kR, = Kks\?g K\Qi\'ﬂ

and since{jkﬁﬁk is singly stochastic the sequence iKhﬂﬁ§m=‘ﬂw"
is square summable for each k&. Therefore there exists a
countable orthonormal basis {\\QQ} and a member |Qg,Y€ H such

that for each R;

- {R; | GR:.>
(52) KR_‘, ki = ({ax; | Q\{;})VZ

We see from (51) and (52) that for a given basis {\st} ,
each member of the countable collection {\Gp{)} is deter-
mined only to within a phase,

k<kjh; may be written in a different form since we
may associate with the collection {\Qh[}% an orthonormal
basis{jRi}} in“H by an operator K(j,i) mapping Hi onto Hi,

i.e. for each k.
i
(53) Q) = KGO IR

thus we may write (52) as

< BRCHLISRINIIY
BRLT R K KR

(54)

with these representations for"ﬁ,gj\,z}~ and P we may write the
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H representation for the predictive random walk equation as

RAXGYKAGIRY T Ry LKL, D IROCRAKT (G, 1R CR: 0K LY GO k2>

EH XL 'R CRAARYGDRG,DRDY XY T XD

clearly, from this development, an ™ representation can

be generated for the retrodictive equation (30). This

equation would be given by

CRXWXEUNRD>  — \ (R VKGRI TG, ) 1R RGN R}
LN ALY SR{VKFGLK R, 1R LGN
)
where the operator KkL,}\ is constructed so that

(56)

(57) Top = SRANOEKGRIRD - Ceal Wl D LRKRAKT (G 5) k)
th {Qg; \ Qk;D QR VK C, 3 KITCLTY LR

the retrodictive transition probability is reproduced. Thus
we have established H representations for both the retrodictive

and predictive random walk equations.

RANDOM WALK AND TIME EVOLUTION IN ‘H

Now that we have established an H representation for
the random walk equation, we may employ a phase choice theorem
established in a previous papercl) to establish another M
representation for the random waik equation which will allow
us to compare the dynamics of stochastic and quantum theory.
This theorem demonstrates the existance of choices
for the phases of the sequence of products {Khimm.;}k‘_:m‘_“

such that equation (55) factors to yield (see appendix A

for this theorem and its connection here).

LRy XL L= Ry TG DVVRDCR XY
RTINS AR TS NE AR b

A

(58)
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Equation (58) provides a very simple representation in H
for the dynamics of classical probability theory, i.e.

equation (58) may be written

LA “
(59) (') = Ema, —%“‘—l

R

(o’ (LYY

where

xXen

60 Q.“ % i N . - . ‘,2 [ =
(60) v, = (CRAKFOQOKGDIEY)?Z |, oG TR

and (59) can be futher simplified by defining the operator

S¢j,Ly as

(61) SN2 Z:l(( \kxh\
ok,

so that equation (59) becomes
(62) 1o’CiHy = S, |

and we see that in a similar manner we may construct this

representation for the retrodictive case which is
. . . i, .
(63) XY= S D) Gy

Equation (62) is similar in form to the evolution
equation of quantum theory, although as we will see in
the discussion to follow, the stochastic operator S(4,1)
differs strikingly from the quantum evolution operator Ultjt;).
In addition to equation (62) we have equation (63), the
retrodictive evolution equation. No such formalism

appears in conventional quantum theory.
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Thus we see that for the measurement sequence {MAM-3MY,
there exists a collection {SU,H} of Ei%;él predictive
stochastic operators and a collection {§(,))} of ngﬂl
retrodictive stochastic operators. Let us now examine the

properties of {8'(x,j)}and {S¢j,01}.

First we see from equation (61) that

o {Ry KU, DR
(64) <R ISCLOIRS =, 23 '
’ ’ 7 R VKY (0 KG, DR b

If we multiply equation (64) by its complex conjugate and

sum over all lR{) then we obtain the isometric property for §
(65) SY(, 08¢, 0=1

However multiplying equation (64) from the right by its
complex conjugate, we see that S is unitary($*$=5S*=1) only

in case K is unitary. Thus we see that 8 is automatically
isometric by construction, but can be unitary only if K is
unitary. This relationship of § to K, as we will see, has
important physical implications. In order to see these
implications we must explore the properties of the collections
$SG, 0y and {8'Gi, 1} .

The approach to the examination of {SLj,L]} and{SlLJ\}
will be almost identical to our earlier approach when we
examined the collections§?Gﬁﬁand§]k&h}and not suprisingly,
the results will be almost identical. Thé complex analogs

to equations (31) are by the phase choice theorem



46

(66)  OCk, =) <k 1SL1,0)1ke> Of,
Ro

O, = ) CRaISEAV D) Oy = ) <o 1(2,0) 16D O
Ry R

O(\Q\_ = BKL\ S(L -1k q\?l.—‘ = BRL\S(LI \-2) \\?L-lML-z: - <‘R‘-\S(L—'O)m‘>q\%

R\.—\ R\_-Z Ro
Substituting the first of equations (66) into the second

equation in the set and comparing we obtain

(67) Z-_O(\rao Bkz\Su,mm@\\Sm.@\ ReY = Bkz\SLz.o\ Veey X,
RO \?| RQ

so that we obtain the H-representation of equation (33)

(68) <R1S(2,0) 1Ry = ) <RSI NROKRAS(L,ORY
R,

which implies the multiplication theorem
(69) §(2,0) = S(z,4)$¢1,0)

This procedure may be repeated for the entire set (66) to
obtain the general multiplication theorem for the stochastic

operator set iS(jﬂA}i.e.,

(70)  S(L,0) = S(L,L-1) 8-, L-2) -0 §(2,1)8(4,0)
and similarly for the retrodictive set

(71)  S'Co,1) = 8(0,4) &' (1,2) »»+ S (1-2,1-1) S (-1, L)

In addition we have the set {SCAiykwhich by equation (64)

and the definition oftTU”LY§is given by
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(72) 8k, = {13

Suppose iSQ)L)} forms a subset of a group. It
must be true then that each member of {S(LL\E has
an inverse. We show in appendix B, that in case S—l (j,1)

exists, then
(73)  PUR,) = Skik!

that is, the state of the system at Mi must be precisely
determined. Consider the predictive random walk equation
in case S_1 (j,1) exists for each measurement pair in the
sequence.

74) PBI=] Y ) Teorn Teke o < o, PP
\'\’\--—-\ RI."?_ ho

which by (73) must reduce to

(75 P& = Tk Skl Skiakie =« - Skok!

Equation (75) is the random walk equation for a system

which is deterministic from MO through ML-l' We see
from this that in case iS(ng} is a subset of a group,
then the members of &ﬁtjg)k cannot describe the most
general class of stochastic processes. The same argument
applies for KSQL»j\B.

Let iAz(j,L)% denote the collection of members of

$8Ci, 0%, {S’(i,j)wg and {SLJZ,L)} . As we did for

the transition matrices we may define multiplication
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between members of {S(gwi)‘g and LS (i,j\‘} and show that
for t and s each a positive integer such that t>s

g = 1 <Rxl S (x,0) S (A% YD O,
(76) ki

Oew = ) <ol §'Coyx) Stk 1RD Rl
3%
Equations (76) are satisfied in case

S(x,8) S'(a,x) =8 (%) =X
7n -,

304X S(£,0) = Sle,y=1
but can be satisfied, as could equations (38), without the
conditions imposed by equations (77). In fact if equations
(77) are required of each 8(j,i) and each 8'(j,i) then the
system described by the collection {IXCLLJ 3 would, by
equation (75), be completely deterministic., In addition
we see that if {JQLL\} is to form a semi-group, then
equations (77) must be satisfied if multiplication between
S8(j,i) and 8'(j,i) is to be closed in i_ﬁ(j,i\} . There-
fore if {X(LL\} forms a semi-group then it must form a

~group, and this group must be a unitary group since each

e {sg(LL\} is isometric and has an inverse.
Now suppose that iskjbl)% forms a semi-group. As

with iTlei\} , Wwe must require that
(78) S(2,%) = S(x,4) 1R\ = 1X-9)

that is {SLj,lW} can form a semi-group only if each

Se {SLLL\} is a function of the relative time. The



same argument applies for {Sil,j)}.

We are now in a position to fully appreciate the
difference between stochastic dynamics and quantum
dynamics. First we note that the stochastic evolution
operator 8 is in general isometric while the quantum
evolution operator U is always unitary.

We see that in case the collection of stochastic
operators {ng,i\} for the measurement sequence
{Nkytﬂ‘§t--‘7ML} forms a unitary group, then a system

must follow a deterministic path through the measurement

sequence. We also see from appendix B that in case each
member of the collection {SLLL\} has an inverse then
{_SLS‘L)‘k is a unitary collection and equation (75)
implies that each measurement in the sequence, except
the last, yields a unique result.

Since the quantum evolution operator U always has
an inverse, we see that the quantum evolution equation,
when subjected to the phase choice of appendix A, can
only describe evolution corresponding to equation (75).
In case the quantum evolution operators form a unitary
_group then unitary evolution in H can only describe a

deterministic stochastic process when the phase choice

is imposed. Thus we see that quantum dynamics, i.e.
unitary evolution in H, can never reproduce the random

walk structure of stochastic processes.

49
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QUANTUM AND STOCHASTIC DYNAMICS IN A SINGLE H REPRESENTATION

From the preceding section we see that quantum dynamics and
stochastic dynamics in H are identical only in case the quantum
evolution equation is subject to the phase choice of Appendix A
and the stochastic operator § is unitary. However, if the quantum
evolution equation is subject to the phase choice, then the peculiar
probability structure produced by the 'square'" of this equation
disappears; on the other hand, if the stochastic operator 8 is
unitary, then the more general singly stochastic structure of the
transition matrices of stochastic processes is restricted to the
doubly stochastic structure of quantum theory. Furthermore, if
the phase choice is imposed on unitary evolution in ‘H, then the
ensuing dynamical model in‘H can reproduce only a special case,
given by equation (75), of the random walk equation (29).

In view of this, it is interesting to note that Nelson (50),(51)
has derived the time-dependent Schrodinger equation from the dif-
fusion equation. However, one may readily see from Chandrasekhar's(56)
derivation of the diffusion equation that the diffusion format fol-
lows from the random walk equation (29) only in case T (§,i) is

doubly stochastic.

Such a result emphasizes the pecularity of the doubly
stochastic "transition'" matrix of quantum theory. The quantum
"transition'" matrix is clearly doubly stochastic since its elements

are given by

79 Ter 2 [Krluc, £k}
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and we see from this equation that since U is unitary
(80)
ZT‘%\%=ZT‘?S“; =1
RS R

However the stochastic representation with elements

(81 Tioe, = 1<k 180,00 12

is in general not doubly stochastic since in general $ is only iso-
metric and not unitary.

The above properties of the evolution equations and the transition
matrices of quantum and stochastic dynamics provide the motivation for
a more general mathematical structure in‘H which will include both
stochastic and quantum dynamics as a special case. To do this we simply
hypothesize that each '"state'" of a physical system has a representation
by a member of a seprable Hilbert space H, and that the dynamical evo-

lution of the system is described by

(82) 1 XYy = S (et} 1K)

where § is in general isometric. The quantum dynamical description is
given by a unitary S and the stochastic dynamical description is given
by applying the phase choice theorem to equation (82). In this way we
encompass both the peculiar probability structure provided by quantum
theory and the singly stochastic transition matrix of ¢lassical stochas-

tic theory.
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CONCLUSION

We have discussed in this paper a novel formulation for the o-
algebra of stochastic chains and have seen how the sequenced event
space leads to the notions of both prediction and retrodiction in
stochastic theory. We have shown also that the equations for stochastic
dynamics have a representation in a seprable Hilbert space *H which in
general is distinct from the conventional quantum representation in ‘H.
The stochastic picture in“H suggests a more general evolution picture
in ‘H which includes quantum evolution and stochastic evolution as
special cases.

That retrodiction in stochastic theory is possible, is not sur-
prising and in fact is necessary when one considers the definitions
upon which stochastic theory is built. For example, consider the mea-
suring sequence L Mod»Myy .- > MU . Suppose we let N systems pass
this sequence one at a time, so that a moving picture camera may record
the configurations assigned to a system as it passes through the se-
quence. Let the ith frame on the film record the result of M;. Then
the passage of a single system through the L-term measurement sequence
will be recorded on an L-frame strip of film, each frame containing
the result of one measurement. Suppose we record each system's pas-
sage through the sequence until we obtain N, L-frame strips of motion
picture film. Suppose we mark the first frame of each strip to identify
the direction of time passage for each strip. We may now place the N
strips into a box and shuffle them. If the configuration of the environ-
ment is fiked for the N systems, then we may operationally define the

A
unconditional probability for some 4°ha during M;, as the number of
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A A
strips MU ®g;) which have the configuration 49,. on the ith frame

divided by the total number N of strips, i.e.,
. MNP )
(82) Pk, = __ﬁ.‘“__

The unconditional probability for the sequence (,cac.»---ﬁ“)cj,,,5---9\3\\,’.§C,,,\>---9CL\

then is simply

A A
A ™ M . .
(83) PPy 3 )= NP> Pr)
’ N
and the predictive conditional probability is given by

(84) P(@hs llak;\ = p(’?\%;\§ ?\?ﬂ - M('é\kfr )\;\\2)

L EL AL
PR M Pra)
With these operational definitions it is then absolutely reasonable to

define the retrodictive conditional probability

A A P(A o A A
(85) P (R, \ Py = R¥Hep) = MUPwid f))
a4 ) W—L" -——-—-'T—“L‘
Kie)) M (K
which as we see from our example is not anti-causal in nature but is a
simple result of the a postiori nature of the film data.

From the above example, we see that we may interpret the predictive
and the retrodictive random walk equations in the following way; the
predictive random walk equation will describe the diffusion of a drop
of cream placed in a cup of coffee. If we film this process, then the

retrodictive random walk equation will describe the ''reverse diffusion
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process' as it appears on a projection screen when the film is run in
reverse. We saw however, from the analysis of the transition matrices,
that the retrodictive transition matrix is the inverse of the predic-
tive transition matrix, only for deterministic systems.

When the stochastic equations were cast into their respective H
representations, we saw that the predictive evolution operator 8 and
the retrodictive evolution operator 8’ defined predictive and retro-
dictive evolution in H. We saw that S and 8’ are isometric, but that
§'is st only for deterministic systems. Futhermore we saw that in
contrast to conventional quantum theory, 8§ is unitary only for systems
described by equation (75). Thus we saw that the stochasticH repre-
sentation is distinct from the quantum representation so that stochastic
processes can not be considered as a special case of quantum evolution.

We then postulated a mathematical structure, equation (82), in‘H
which would include both quantum evolution and stochastic evolution as
special cases. No basis was given for such a structure, but it is
envisioned that a more general definition of the event space §;EQC\3
might well produce the more general postulated structure. Recall that
we required {EELC)} to be a o-algebra and further imposed the gener-
alized distributive relation on {ELQ)Y . It is hoped that a removal
of the generalized distributive requirement, or a mathematical gener-
alization of the o-algebraic structure of iﬁEQC\E , or both, will pro-

duce the more general evolution picture in ‘H.
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APPENDIX A

A
Suppose each of i_T\QS Ri}k(“ﬂ,-" and {P (#r.) ?} Ri=t,2,... 1is a
sequence of positive real numbers and there exists a real number P(‘\zh)-)

such that

an PP = 1 sk P(Fea)

R.=\

Then there exists a sequence of complex numbers {Khj\?a-(!ma,?,...
and a sequence of complex numbers {_O(pk'g Ri=t,2, - and a complex

1
number CKR; such that the following equations are consistent:

(28) ;= ) K, Oy,

""

(30 Plfy)= Deg Oy

and for each positive integer Rj
) Tew = Kb
(4A) k3 Ri = K\?;k& Kkskg

(58 Plee,) = K O

This theorem thus states that phases for the sequence
{_K\q’»\q; (X\Q;REP\)?’,__ can be found such that the double sum formed
from the square of equation (2A) reduces to a single sum of real num-
bers. Equations (55) and (58) are nothing more than the H represen-

tations of equations (1A) and 2A) respectively.
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APPENDIX B

THEOREM: Suppose that S is a linear continuous operator such
that 8°* exists and I is a collection of positive integers such that

R, belongs to I only in case y;# © . Then the equations
* - . . . - *
(1) Okn, O, =) <%1SGIRXENSTG R K, K,
Ri

and
) o = ) (RISGMIRI Ky,

ki
are consistent only in case I has only one member, i.e.
(38) K, = Sy

PROOF: Substitution of (2B) into (1B) for O(R_', produces

(4B) Cy; 2__<kji5(j.'~)\\e;>0<m=BR3\s(g,x)lkika\S“q,i)\kj)oc; Ky,
kel R.eT

Rearranging we obtain

(5B) Z&aij LG AT j,u\kpoct.&)akg\aj \S(Gnik>=0
kel

which may be written

*
(68) Z{u(akj - RIS (L RO ) S (LR = O
R;EI
If 871 exists, the collection {SVR:i» }\nel is a linearly independent

set so that (6B) is satisfied only in case

(78) O (Xg; ~ <o IS¥(G, IRYOCR ) =0 5 Reel
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Since CK\Q.~ is non-zero for each k; in I , (7B) is satisfied only in

case
(8B) 00 = CRi\STGLUIRD AL
Ry - RS (g,L)lh,QOCk,; y RieT
or
©0B) Ry = <o\ SGMRD Ky, 3 wel

Thus we see that (9B) i1s consistent with (2B) only in case the set
{OKRAE has only one non-zero member i.e., I has only one member.
Let us examine the implications of this in terms of probabilities.

Since

(108)  P(Fe, ) = \ri | o0ir Y\ = Kier G = Sk

We see that the system must be in some initial state of M; . We also

see then that the random walk equation yields

(11B) P(}?R)\ = PQ’%\QS \j{’\ei\ 6\(;\?,{



CHAPTER 1III

DISCUSSION

In this chapter, we will cast some of the more mathematical points
of chapter II into physical terms. This will greatly enhance the com-
prehension of the mathematical apparatus and results presented in
Chapter II.

First we will demonstrate by means of a physical example, that
the random walk equations, retrodictive and predictive, are in general
not Markoffian as supposed by Chung(68) but describe the evolution of
a system for the most general type of transition probability; this ex-
ample illustrates that the transition matrix reduces to a Markoffian
transition matrix in certain instances.

We will examine the time reversible behavior of the stochastic
structure by considering a special case of the predictive and retrodic-
tive random walk equation. This special case will be the diffusion
equation which we will show to be reversible only for equilibrium
conditions.

We will show that the Pauli master equation follows directly from
the stochastic formalism. This will allow us to compare time reversal
in quantum theory to time reversal in stochastic theory, by comparing
the quantum time-reversed master equation with the stochastic time-
reversed master equation. In this analysis we also point out that the
stochastic transition rates are calculated from singly stochastic trans-
ition matrices, while the quantum transition rates are calculated from

doubly stochastic transition matrices.
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Finally we examine a simple experiment which is described by a
singly stochastic transition matrix and examine the description of
this experiment in terms of quantum theory and then in terms of sto-

chastic theory.

THE MARKOFF PROCESS

In Chapter II we claimed that equation (29) was not in general
Markoffian. We would like to explore this claim here.

(68) as a chain

The definition of a Markoff chain is given by Chung
A A A
(P, > PR\ Y- - ¥R, ) for which
o A A A A A

(86) P( Pk\—\ )fkoé?H|;“ ’ ) ﬁ\.—() = P(ﬂ\,\)ﬁ?t_-\)
That is, the conditional probability for fih at M_ is dependent on only
the previous outcome, the outcome of M., . The conventional treatments
of Markoff processes begin by defining a o-algebra of simple paths (as
opposed to our more general {E(C)} and derive the Markoff form of
the random walk equation, equation (29), by defining the unconditional

A A
probability for T} as the sum over all simple paths containing A
-

[
87 o A A N A
BN Pha=) ) ) PR ko 2Rk
Re=Ll Ri=1 R =L
Then the conventional definition of conditional probability is invoked

to write equation (87) as

(88) P( ﬁm.) = Z_ z_ T Z_ P(\Q\e..\ﬁﬁ %\eﬁ R )P(ﬁz? 1/‘;\17"'5 %\m)
Rl Ral Rt

The conventional treatments then consider the chains to each be Markof-

fian so that equation (88) becomes
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(89) P(@kd = Z_ P( )?R\_\ ‘%“-“)ZZ e Zp()ékg; %\(\5 o }%\ﬂ.-z ? ;é\t\.-\\
R~ Yo

R ke

and the multiple sum of equation (89) is by definition the unconditional

A
probability for 4th_‘ so that equation (89) may be written

90) P(Fy)= Z_P (Bre B P(Ret)
Rz

which is the Markoffian form of equation (29).

We see however that equation (29), as derived in Chapter II,
made no assumptions concerning the nature of the paths in {E(C)}.
Consequently we see that the conditional probability of equation (29),
as given in equation (27) is a function of the entire sequence of
measurements and is in general a non-Markoffian transition probability.
Thus equation (29) is the non-Markoffian generalization of equation (90).

We may now examine our definition for conditional probability and
ascertain what conditions are necessary for it to be Markoffian. First
we see from our definition, equation (20) that the Markoffian definition,

equation (86), is satisfied only in case

P(?h.; €R|§ c Jék\.—\% ?,}R\.) _ P(C°5C|§ - )ﬁL-\) ?H;.)
P(Peoy Prd - 3B 2C)  Pac»-2»% 3¢)

(91)

independent of the values for the integers (Ry,R,,--:,R.2) , thus it
must be true that the ratio on the left hand side of equation (91) be

independent of the path taken from Mg to My-4 , therefore we may write

P()ak,g ; @R: EARR ¢ )PRL-(> $RL) - P(ﬁ; 7 1‘8\?\9 ¥ 12\4\.—\9 ,‘3\“-\
PIRe> B B ©)  PCRee? Bt 7 e O

(92)
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This equation may be manipulated into simpler forms, but the Markoff
process is better illustrated by proceeding with a simple physical ex-
ample.

Consider the example of figure 1 in Chapter II. Equation (92) for

this example becomes

P(GP»M3D)  _ P(G,>MID)

®9 PEamMybuD,) - Plermyoun)

Using the generalized distributive relation, equation (93) may be written

as

(94) P(c2M>y D) - P(@23M> D)
P(GAMID)+P(63M3D,)  P@:>M3D)+P(6,YM>D,)

this equation may be rearranged to obtain

1 _ 1
(95) y PCepmMaDy) | T T PL6;3MD,)
P(aarm> D) P(6,3M»D,)

which may be written

P(GYM?»D2) _ P(@3MI 0.
(9¢) Bla-myD) P(&,>M*D,)

which must be satisfied if the scattering process of figure 1 is to be
Markoffian. Equation (96) becomes clearer if we rewrite the probabilities
in terms of their numerical definitions.

Let M (GiyM?» D:) denote the number of electrons that are observed
to follow the track (G:»M»D;) . Suppose that Gy fired Ny electrons

and G, fired N, electrons during the experiment. In terms of numbers of
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electrons, equation (96) becomes

97) M (G, YM¥D2) M (G, M302)

M(GIMYD) ~ M(G,3M3»D)

However we see that

NL= ma,yM>»0)+M(@>M>0,;)
(98)

N2 = M(G,»M>» D)+ M(G, oM D;)

thus equation (97) may be written

Ny — MCEAMAIDY  _ Na- MG MDY

(99) T (g, > M by T m(G,»MaD)

which reduces to

M (@ a2M>D) _ mMm(Q,7M>0D)

(100) Ny . Nz

now suppose that N4=N,, that is an equal number of electrons are fired
from each gun. In this case we may multiply both sides of equation (100)

by the fraction 1/2 to obtain

M(GH>M>D) _ MG, AaMD)
(101) ZN - 2N

and by definition of the unconditional probability, equation (101) be-

comes

(102) P(G~M2D) = P(6,»M D)
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For our simple example this result is exactly what we would ex-
pect the Markoff process to be; a process for which the probability
of a particle to be scattered from M to D4 is independent of the gun
from which it was fired. We see from equation (96) that in case Ny# Ny,
then the ratio of equation (96) must be satisfied if the process is
Markoffian.

Thus we see that our definition of conditional probability, in
terms of the sequenced event space, provides a clear and intuitive
method for examining and classifying physical processes as Markoffian

or non-Markoffian.

THE RETRODICTIVE DIFFUSION EQUATION

In the conclusion section of Chapter II we suggested that the retro-
dictive equation (30) would describe the time reversed stochastic process.
For example, had we filmed the diffusion process of a drop of cream in
a cup of coffee, then the retrodictive equation would describe the film
as it was viewed while being run in reverse. Let us examine this idea
more fully.

To do this we will investigate the diffusion process in a manner
similar to the derivation given by Chandrasekhar(56) . Whereas Chan-
drasekhar begins with a form of the predictive random walk equation (29),
we will begin our investigation with the retrodictive equation (30).

Let Mj determine {?%u{} » the collection of possible position
vectors for a particle on its jth step. The position vector ﬁ“i
represents the kjth configuration of the particle at step j. Let us

suppose that the collection of position vectors which a particle may
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assume at each step is the same for each step so that the spectrum for
each measurement in the sequence U'hﬁ My - - --)M._} is given by iﬁk}
Let P (§\<,j) denote the probability for a particle to have the con-
figuration ﬁk at step j and let T (Ry, il Ry o J) denote the
retrodictive transition probability for a particle to have the config-
uration ﬁh at step 1 if it is going to be at ﬁn' at step j, i<j.

The retrodictive random walk equation then becomes

(10%) P(ﬁh,mZ‘j’(ﬁh,L\%w,s) PRy, )
-

Now let us assume that our formalism is valid in case the spectrum

P - - —
{ RR} is continuous instead of discreet. Let Ry — Rg = ARy so

that equation (103) may be written for the continuous case as
(104) P(R, i) =§T'(§, A R+ AR, 1) PRDR, §) d(BR)

We may expand P (R+DR, i) in a Taylor series to obtain

‘ ¥ P(Q _\)
= ) ? AX .
z_ ax,@X\g AAX\Q+

substituting equation (105) into equation (104) and ignoring higher

order terms, we obtain
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(106) P(R, V)= P(R‘,L)ST'(R,L\ R+AR, §) d(BR)
+ ZMST’@, L\R+AR, ) AXg A (AR)
DX

pd
+ Z Zaz P(R.1) .%Tga‘um‘g, §) A% DX ASR)
X R

we may now define the symbols

Us (R.§) QST'(F?, LIR+ER, 1) A%y A (BR)
(107) ) .
D) 2 -‘Z;ST'(ii RO} ) Ay X dER)

and if T (R,}\R+BR.L) is doubly stochastic, then

(108) ST'(ﬁ,l\§+l§§,j) A(BR) =1

so that equation (106) may be written

3*P(R, )
AN dX

= . X, e 4 a U

(109) P(R,L\:F’(R,g)+UA-VP(R,“-\-D:R(R,))
,R

Now let us assume that a film was taken of the diffusion process

and that we are viewing it in reverse. As we view the film, we will

assign t_i to step i and t_j to step j such that ty < tois i<j.
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Let us divide equation (109) by (t. ;~t. \to obtain

('ﬁ-}, - t__'n L‘t-;- -3) (t-i"tﬂ axnaXR
LR

To the viewers, equation (110) will describe the "diffusion' process as
the film is run in reverse. Taking the limit of equation (110) as

t. o>t

71 and denoting the time reversed paramater t as t_, we obtain

- 2 =2 -, _ N

(111) OP(R,x) _ D;k(ﬁ,k_) PR, &) + V(R %)-VP(R,L.)
- 3 Xy 9%y

o%X- TR

where

(112) T RCARN 2 VRE) 5 W D*R(Rﬂ g 0, Rt
Koj ot (Rem ko) L= K (Roi- ko)

a similar derivation from the predictive equation yields
(113) ap(“ OP(R 4] 7 Dy (8, ) TRR A RAD _ B p)- VP(Ra0)

where

T(R,11R-8R L) AXg A(BR)
Tt (Gay-ta) ) BXy

(114)

DRt s bm

g & __b_)ST(_K‘,}\ﬁ—KR,l) AXg DX A(AR)
ﬂ_% -i':‘ *) A
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From equations (107) and (114) we see that V (-él-ka.\ and
iB’(ii, +-) are drift terms generated by probability bias to move
in a preferred direction, and that Dgg(R,%+) and D;k (R,x-) are
diffusion coefficients representing the tendency for the initial dis-
tribution of particles to '"smear" out. We see that iB’(ﬁ,‘k+\ and
T);k (ﬁ‘,k,\ are calculated from the retrodictive transition prob-
ability whereas 'B (R , k4 ) and Dy Lﬁ,t-\ are calculated from
the predictive transition probability.

From this we see that some major differences exist between the

predictive diffusion equation (113) and the retrodictive diffusion

equation (111). These equations differ not only in their coefficients,
but also we see that the drift term in equation (111) differs in sign
from the drift term in equation (113). This seems reasonable however,
if we suppose that the drift term D) Kﬁ,t+\ is generated by a fluid motion
impressed on the random particle motion. In such a case, since the
coordinate system is invariant to the direction of time motion and since
the fluid motion would appear to reverse as the direction of the motion
picture film is reversed, the sign of the drift vector would necessarily
change when the direction of time flow is changed. From this discussion
we see that time reversal invariance is not a characteristic of the
stochastic diffusion equations.

Let us now intuitively examine the differences between the coef-
ficients f) ,ﬁ' and Dgnp D_én for a special case: one dimensional
diffusion. Suppose the initial distribution for the predictive dif-
fusion equation is a delta function 8(x-x,). Let us suppose for the

time forward case, that a particle located at the position x at time t
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will have an equally likely probability of being at x—Ak or at X+Ax
at time t+At. This would require the predictive transition probability

to be Gaussian(56), i.e.,

- (axY*
(115) T (X, f+pxix-ax,2) X € &

and we see from equation (114) that the drift term U is zero for T
Gaussian. For the time reversed case however, we know that the par-
ticles are more likely to move toward x, as t. increases, thus particles
are more likely to move toward X, than away from x, so that the retro-
dictive transition probability cannot be Gaussian.

Thus in case T is Gaussian, equations (111) and (113) become for

one dimensional diffusion

, RPEA) 3P, %)

(117) a__ai(_'x ) = Daord T+ B T2
IP(x, 44 3P
(118) > = D,(x,h)—'a—,g—'

The retrodictive equation (117) will obviously have different so-
lutions than does equation (118). The initial conditions for the retro-
dictive equation (117) will be the solution of equation (118) evaluated
at the final time, and the solution to equation (117) will represent
the solution to equation (118) as it would be viewed with the time

parameter reversed.
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Thus we see that the equations of stochastic theory do not have
a time-reversal invariance but instead ekpress the more realistic
view that the equations of physical theory are nothing more than a
short-hand way of writing time-parameterized data; that is the solutions
to the time reversed equations must appear as the time-forward data

viewed in reverse.

THE PAULI MASTER EQUATION

We will now show that the Pauli Master Equation can be obtained
in a general way from the predictive random walk equation and in ad-
dition we will derive the time reversed form of the Master Equation
from the retrodictive random walk equation. Once this time reversed
form has been obtained, we can compare the time reversal characteristics
of stochastic theory to the time reversal characteristics of quantum
theory.

The Master Equation has been derived in many ways(78)- (87),
Swenson(81) has shown the Master Equation, given below, to be valid

for an arbitrary quantum system.

30 2 A
(117) __g_;}i}. = Z_{ Wy’ ?(‘ﬁ.:.ﬂ = W'y P('\"\mﬂ}
h/

where ?(g?n)*j is the diagonal element of the quantum mechanical
density matrix* and (Wygy' , Wy are quantum transition rates de-

fined by

* The bibliography lists the historical papers as well as more modern
mathematical treatments of the density matrix. See references (88)-(95).
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Notice that since U is unitary, the transition rates are built from
doubly stochastic matrices.

We may also derive the Master Equation from the stochastic formalism.
Equation (117) is built for a system which has a time-invariant spectrum.
Thus for our stochastic formalism we may denote each spectrum {_*\3\“‘3
by i'\gk} . With this notation the predictive random walk equation

becomes

(119)  P(R.x;) -:Z_T(ﬁ,t;lﬁ',k;\ P(&,x;\ 3 ki
=

subtracting P(#,  k;) from both sides of equation (119) we obtain
(120 PR K- PR = ) T H e 1) PUPe 1) ~ PURe k)
since T(@R,,tj\fémh\ is singly stochastic
(121) ZT('\;R',M\%‘R )=l

=
so that equation (120) may be written

(122) Pl k- PR, k)= Z{T(ﬁ, 1B ) PR 1)~ TR B o ) PR 0
Rl
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dividing both sides of equation (122) by (tj—ti), taking the limit as

ti+tj and defining

.e- Lo T(‘/\Sk,t-\’&,‘-kﬂ
*;“)kj 'k) - th

W gk

(123)

Wek & L T(Jg\z’»‘k'_\\%ﬁ,‘h\
ki X (ky - %)

we obtain the Master Equation derived from quantum theory

A
(124) Pk, k) _ Z_{ww P(’ﬁg,t*\—w\q’n P( e ,t*)’x

k4 %
There is at least one important difference between equation (124) and
equation (117) and that is the fact that the transition rates for
equation (124) are built on transition probabilities which may form
either singly stochastic or doubly stochastic transition matrices. Thus
we see that the quantum Master Equation is not the most general form
derivable and since this equation was built to describe ensemble systems,
it seems questionable that it is capable of describing the most general
ensemble system.

We now will note another very important difference between quantum
and stochastic theory; the time-reversible descriptions.

Suppose once again that we have recorded on film the process de-
scribed by the Master Equation. Suppose we then view the film as its
motion is reversed so that t_ becomes t_. As with the diffusion example
the derivative on the left hand side of equation (117) becomes ?j:%;g;iﬂ.

-

and we see from equations (118) that
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-

but the quantum evolution operator W has the property(4) that
(126) U (-81) = VT (a%)

thus we see that

IKRIVEAM) IRDIZ 1ot (e )RS

= = — Wy’
—BE X3 b
(127)
WKRAUEARYE _ KR U@l
= = - Wy
ey A%,

so that equation {(125) becomes

(128) ?___(_fk_»_*_l = Z_{UU\Q\Q'?(}?R 1.)- U.)Rlpe(/ﬁz ,]}

which is identical to equation (117} thus demonstrating the time-re-
versal invariance of quantum theory. Notice that equation (128) does
not describe a process as if it were being viewed in reverse. Instead

it claims that the phenomena is totally independent of the time

direction.
Now let us consider the Master Equation as it is derived from the
retrodictive random walk equation. For the situation we are describing,

the retrodictive random walk equation yields
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(129) P(/ﬁz,k;\=Z_T'(’\2’mh\’\£n‘,tﬂP(’\Qg,tj) 3 kadk;
hl

Subtracting F’(fi,tjj from both sides of equation (129) we

obtain

(130)  P( ’\gp ki) - P(%a,’ij) = (-_r,(ﬁz YR\ )\gn’, ) P({o\h') k’;\:ré”é\e' nb\’@\? )*SBP(%‘ .*jﬁ
hl

dividing equation (130) by ti—tj we see that for the time-reversed

case, t;>t., this equation becomes in the limit as tj+ti

j,

P o _ / A / A
asy  ° ;":"“ :Z{wwpt’ﬂa‘,i-\-wn’\a?&ﬁe EAN
_ =

where

Wee' 2 Lo T i) P 1))

-t. . R .

(132) )—? t\. t.)
§ A N .
W £ W T (R ki Re 1)

y e  FUE

-+

Thus we see, that we have a peculiar form of stochastic time-reversal
invariance for the Master Equation. That is, the form of the equations

remain invariant, but the retrodictive transition rates are entirely

different from the predictive transition rates. We see also from

equation (131) and equations (132), that in case

T’(A)-}.A /\'-k. :T/\ ./\' .
(133) T \Fe ’ )\ (fk’t’lfk"k \ for each k

TI(%R',}(L\ %\th)\ =T L/‘;\Q'fki\ %\‘K)t;\
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then the time-reversal invariance of stochastic theory is identical

to the time reversal invariance of quantum theory.

THE TRANSITION MATRIX IN STOCHASTIC AND QUANTUM THEORY

We have mentioned in both Chapter II and Chapter III that the
transition matrix of stochastic theory is in general singly stochastic
while the matrix of '"transition probabilities' in quantum theory is
always doubly stochastic. We will now apply the stochastic formalism
and the quantum formalism to a simple experiment and show that if one
interprets the quantum matrix elements {K Ry LU (), k) VRO "S as
transition probabilities then the quantum formulation fails to describe
the most general type of data available from this experiment.

Consider the apparatus shown below. Suppose the source S emits

N identically prepared systems which contact the measurement pair M;,M

”
A A
P ®1202— ' tha@‘z‘i)
S A N
Peet <\ " " Pej-r @11

Figure 2. Measurement pair configuration

Throughout this discussion we will use the notation shown in figure
A
2 to distinguish between a configuration PR' of the system and the
A

Fa)
"state" |R;) of a system. The configuration ’Pk' as we have said
A

earlier, is the actual result obtained by a measurement, while the state

A
(R;} is constructed to reproduce the probability for the configuration ’ﬁ!__
. &
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A A
Let M(‘PR‘___l -+ }thﬂ.) denote the number of systems that are observed
A A
to have the configuration )thl at M, and then the configuration ﬂi"-
at Mj; we will use a similar notation for the other transitions. The

A
number of systems/\{\(‘?k__l) which are observed to have the config-
=

Lal
uration JPRFS. at Mj is given by

A N A 5 -
(134) mM( 'ﬁ“‘ )= MK ﬁ?j:,_) + M (K™ ?\QS—.L\

Dividing both sides of equation (134) by N we obtain

A A A Al
(135) P(\SR;:L): M (B, =1 > £ =) LS (W )ﬂ‘s‘:ﬁ

N N
However the conditioned probability for a system to have the configuration
A A
t M; if it b d to have th fi ti t
"D\Ej:i at My if it was observe o hav e configuration szm a

M; is given by

M Kecn > Kie2)
m ( ﬁ;sm)

where M f’h-:m) is the number of systems observed to have the config-

A A
05) P (R B =

A
uration »\DRF n at Mi‘

A A
Now we may solve equation (136) for m( ﬂz.sm > )PR- g ) and
2N .“5

substitute this result into equation (135) to obtain

137 P( ﬁej )= P("akj,s. \ /%\n:s.) E( ’%‘L‘J N P(,?Kfi\ '\6’;&‘*2\ P(ﬁ‘ﬁ?-)

where

A A
138) B (Fom)= N_}_S'_Y;l‘i_‘:l“l

is the unconditional probability for observing a system (prepared by the

A
source S) to have the configuration )PR' = at M;.
L=
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Equation (136) can be easily recognized as the predictive random
walk equation

A 2 A
(139)  P(£21) =) Teetim Plcwn)

=4

we may write the more general form of equation (139) with the compact

notation of Chapter II

A 2 A
(190)  P(K) =) Tew PR 3 k=1s2
k=L

Thus the predictive random walk formalism is simply a description of
the data from the simple experiment of figure 2.

Now let us examine the quantum description of the data from this
experiment. In this examination we will assume nothing more than the
unitary evolution picture and the probabilistic interpretation of quantum
theory. Let §S denote the quantum state of each system as it leaves
the source at t,. Then the state [X(AY)>  of the system, just prior

to its measurement at M; will be given by

(141)  {of)) = U GLt) 1S

Now according to the probability postulate of quantum theory, the
unconditional probability for a system in the state [O((L)} to be

observed an instant later in the state \ \QL> o (R: 1,?_) is given

by ‘ < RL \ X U_)§ \2 or from equation (141)

(12) [k NOCODE = 1<R: 10 (1 b) 11

If this interpretation is to agree with the data of the experiment, then
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A
149 R (£,)= Kl Ot t) I = ——————WNP“‘)

where, as before, M(/ﬁ?.‘) is the number of systems observed to have
the configuration ‘f%L at M;.

Now according to quantum theory, the system is either in the state
] i;> or the state YZL> immediately after measurement by M;; thus

the state of the system just prior to measurement at Mj is given by

either

s 1o D = 0 (4 110D

or

ws (o G) =0 ) 120

depending on whether the system was to be observed in the state {4.)
at M; or in the state lzuf) at Mj. Therefore according to quantum

theory the probability for the system to be in the state lh;{) at b%

if it was observed to be in the state IR;)> at Mj is given by
A A P . 2

(146)  P(H | R = 1R 10 ()]

or from equations (144) and (145) we may write
) A o 2

(147) P (R 1) = 1<R;1U (g, L01RD

But if this is to agree with the data of the experiment then
A N \
m Y .
o> B
Lol
mpﬂﬁ)

1) <RI U D RO =
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A ~
where as before M( Pk;\ > ’\"\Q‘i ) is the number of systems ob-
A

served to have the configuration -fi' at M; and then the configuration

/\ &

at M.
Jﬂ?j J
It is obvious from figure 2 that
2
A A A
(149) MK ) = Zm(ﬁﬁ Re)

Ri=1

~

A
thus solving equation (148) for M( {i_ - «%j ), equation (149)
A

becomes
2
A 2 A
(1s0) ML) =Z\<R3\U (Lt RO|™ MRy,
Ri=1
Dividing both sides of this equation by N we obtain

mep, )
(151) JP“S

2 A
= Z_\(\%\uu;,m\k-»\z Tﬁéi
Ri=t

and by the definition of unconditional probability, equation (151) becomes

2
(152) P(ﬁs) = Z \<\‘€3\Ukt5 ,Jc;)\RD\Z P(’éu)
\ﬂ'—'i

It would appear that equation (152) is of the same form as the
stochastic random walk equation (140). However we see that the quantum
"transition probabilities'" of equation (152) must be doubly stochastic
since they are built from the unitary operator U (:tj,'t;) . On the
other hand the matrix of stochastic transition probabilities is in
general not doubly stochastic since it is built from an isometric oper-

ator.
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The only remaining question is, can the experiment of figure 2 be
physically meaningful for a singly stochastic transition matrix? The
answer is obviously yes, since the experiment is well defined for the

singly stochastic transition matrix

- . A _ - E
Plhat) Rret)  Plfiyeal Brce) 2 z
(152) Tpa) = ) . X ) -
LP(T’Rj:?.‘ )PR.‘=1) P(}Pgsgz\ﬂi‘:zz i % % .

So we must conclude that either there exists a physical experiment
which quantum theory does not describe, or the probability postulate of
quantum theory holds for only those experiments with doubly stochastic
matrices. Certainly there are other avenues in quantum theory one
could employ to calculate the numbers of particles making transitions
from one state of M; to a state of Mj. It is clear however that the

quantum matrix elements {_((g%g‘) \h;)f} can not in all cases have the

probabilistic interpretation.



CHAPTER IV

SUMMARY

We see from the assumptions and mathematical development in the
early part of Chapter II that the dynamical structure of conventional
stochastic theory as well as a retrodictive stochastic formalism can
be derived from nothing more than a consideration of how data is gathered
from a sequence of measurements. Thus the dynamics of the stochastic
process 1is simply a description of the temporal process of data col-
lection. We see from this that physics enters the theory only when
we '""guess'" values for the transition probabilities. By ''guess' we mean
an educated attempt to predict the values of the transition probabilities
before the experiment is actually performed. The stochastic format is
necessary to the guessing however since we must know the nature of the
data we are going to collect before we can make any guesses.

By a careful consideration of the data process we were able to see
that the random walk equation is in general valid for non-Markoffian
transition probabilities. This knowledge will surely allow a larger
class of physical problems to be handled by the random walk method,

Once the random walk structure was obtained, we were able to
show that there existed a separable Hilbert space representation which
is capable of reproducing the general random walk structure, both

predictive and retrodictive. This result allowed us to compare directly

the dynamical structure of stochastic theory with the dynamical structure
of quantum theory. We have summarized these results in Table I, page 85.

Item 1 displays the predictive and retrodictive formalism for both
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theories. We see for quantum theory that the retrodictive evolution
operator is simply the adjoint of the predictive evolution operator.

As we saw from the discussion of the master equation in Chapter III
this form for Q) leads to time-reversal invariant behavior for quantum
evolution. For the stochastic evolution operator we saw that § is
built from the data in such a way as to allow the stochastic equations
to be time-reversible invariant only at equilibrium. We saw from the
motion picture discussion of the diffusion equation in Chapter III

that this property of 8§ is necessary if we are to say that stochastic
dynamics describes the way in which data is collected. Because the
structure of the quantum evolution equation cannot properly describe
the time-reversal nature of data it is tempting for this author to sug-
gest that quantum evolution can indeed not describe experiments which
gather data in this way. We can continue our examination of Table I

to further support this suggestion.

We see in item 3 of Table I that the quantum evolution operator is
always unitary while the stochastic operator § is isometric. This fact
implies item 4, that is, the transition matrices of quantum theory are
doubly stochastic because they are built from a unitary evolution
operator. The transition matrices of stochastic theory are in general
not doubly stochastic since they are built from an isometric operator.
We saw in the simple example of Chapter III that the doubly stochastic
transition matrix cannot describe the most general type of data avail-
able from this experiment. Thus in one more instance, quantum evolution

appears not to be built to describe certain types of experiments.
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It is interesting to note in the same context, item 5 of Table I.
Here we proved that in case $-1 exists and thus § is unitary, that the
evolution equation could describe only data of a deterministic nature.
By deterministic, we meant that we knew with certainty, before the ex-
periment was performed, the outcome of the experiment., This is per-
fectly consistent in the context of item 4 since for the deterministic
cast, T(j,i) has only one member and so we no longer must worry about
the doubly stochastic property of T. This fact reinforces the plaus-
ibility of the strictly mathematical proof of Appendix B, which demon-
strated that the quantum evolution equation can never reproduce the most
general form of the random walk structure.

All these facts then lead us in Chapter II to postulate a more
general evolution picture in‘H. This more general evolution is iso-
metric evolution, where the isometric evolution operator § is not re-
quired to produce the phase choice necessary to obtain the random walk
structure from the evolution structure in‘H. In this way we produce
a covering structure which includes quantum evolution and stochastic
evolution as special cases. When §-1 exists we obtain quantum evolution
and when 8 is constructed to produce the proper phase choice, we obtain
stochastic evolution. How this more general evolution picture is re-
lated to the nature of data is at this time not clear. It is a
postulated evolution in®d in the same sense that unitary evolution is
postulated for quantum theory. It is conjectured that a more general
formulation of the event space {E(C)} for the measurement sequence will
produce the more general evolution picture in®H. In any case, we are

no worse off epistemologically, by postulating isometric evolution than
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we are by postulating unitary evolution. Furthermore, isometric

evolution is clearly sound empirically since it reproduces the re-
sults of both quantum theory and stochastic theory and in addition
such a structure provides a mathematical framework within which a

search for a yet unknown class of phenomena may be pursued.



TABLE I

QUANTUM EVOLUTION-STOCHASTIC EVOLUTION

COMPARISON

QUANTUM EVOLUTION

STOCHASTIC EVOLUTION

[ ) = Uk 43 10 ()Y predi five Lo (D =SC3,R) (oY)
foCLN) = O £5) Lol retrodictive (M) =5, 1o ()

y |
V't b)) = 0%, %)

2 in general

S £S5,

U, t0)

is unitary

3 34

is isometric with
phase choice res-
triction

Transition Matrices are
doubly stochastic

Transition Matrices are
singly stochastic

{U(tj’{ﬂ} forms a unitary

{36,105, {S’(L,))k form distinct

group in case 0 is a function g semi groups; form unitary

of relative time

group only for determinism

Time reversal invariant

Time reversal invariant only
at equilibrium
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