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ABSTRACT

The purpose of this dissertation is to analyze the
velocity development of laminar incompressible flow in the
entrance region of a straight duct with an unchanging
eccentric annular cross-section. A linearized version
of the governing equations is solved under the assumptions
that the velocity is zero on the duct wall and that the
initial velocity profile is uniform across the cross-
section. The analysis leads to a two-dimensional eigenvalue
value problem which is then posed in the appropriate
Hilbert space. Galerkin's method is shown to converge

for, and then applied to, this eigenvalue problem.

December 1974
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CHAPTER 1
INTRODUCTION

In a straight duct with an arbitrary but unchanging
cross-section, the laminar flow of an incompressible fluid
undergoes a velocity development from an initial profile
at the entrance of the duct to a fully developed profile
far downstream. The region where this development occurs
is called the entrance region of the duct. Analytical
expressions for the fully developed velocity have been
obtained for ducts of various geometries. However, due
to the nonlinearity of the governing equations, an
analytical expression for the velocity in the entrance
region has never been obtained even for the simplest

geometries.

In 1964, Sparrow et. al. [1]* proposed a linearized
version of the momentum equation and then proceeded, after
making several assumptions, to solve the entrance region
problem for two ducts: the parallel-plate channel and the
circular tube. Since their solutions compare favorably
with experimental results, their linearization procedure

has been applied to ducts of other shapes. In particular,

*Numbers in brackets refer to references in the
bibliography.



Wiginton and Wendt [2] have generalized this procedure
and have obtained results for the rectangular duct. A
report by Shah and London [3] contains a summary of

research in this and other areas.

Using the Sparrow linearization procedure, we
propose to analyze the velocity development in the
entrance region of a duct with an eccentric annular
cross-section. This analysis leads to a two dimensional
boundary value problem which we solve by the method of
Galerkin. Since the Sparrow procedure is applicable to
ducts of various shapes, we now state the problem and
present part of the analysis for a duct with an arbitrary

cross-section.

We consider steady state laminar incompressible
flow in a straight duct with an arbitrary but unchanging
cross-section. The duct axis is taken to be in the
direction of the positive z-axis and the duct entrance
is assumed to lie in the xy-plane (see Fig. 1)*. The
equations which govern the fluid motion in the duct are
the z-direction momentum equation and the continuity
equation. For this type of flow, they simplify to
2

Ve.grad w= - 12ap v w (1-1)
p 92

and

*The figures for Chapters 1 and 2 are contained in
Appendix A.



divVs=0, (1-2)

respectively (see Appendix B). In these equations,

V = (u,v,w) is the velocity vector,p (X,y,z) is the

pressure, p is the density, and v is the kinematic wviscosity.
The symbol V2 represents the three dimensional Laplacian

operator in x, y, and z. We now make the following

assumptions:
82
(i) the term —%g is negligible compared to
90z
2 2
9 g + d g
0X 3y

(ii) the static pressure p(x,y,z) = p(z) has

z dependence only.

Equation (1-1) becomes

2

v . grad w = - % + W w (1-3)

15

where the symbol V2 now represents the two dimensional
Laplacian operator in x and y. At this point of the
analysis, we replace equation (1-3) with the Sparrow

linearized version:

e (z)W %‘f = a(z) + 07w (1-4)



where W is the average velocity over the cross-section

A, e(z) is a to-be-determined function which weights the
average velocity W, and Q(z) is another to-be-determined
function which includes the pressure term and the residual
of the inertia terms. Integration of equation (1-4) over

the cross-section A yields

Q(z) = - M / V2W dA
A A
Thus by Green's theorem,
Y ow
Q(z) = - A ¢C N ds (1-5)

where C represents the boundary of the cross-section and
N represents the outward normal. Since e(z) is unknown,
we temporarily suppress it by introducing a stretched

axial coordinate z* defined by
*
dz = e(z) dz . (1-6)
Using equations (1-5) and (1-6), equation (1-4) becomes
oW v _ o2
W—*-+—-¢ — dS = vwW w . (1-7)
The problem undertaken in this dissertation is to solve

equation (1-7) for w(x,y,z), the z component of the

velocity vector, under the following conditions:



(i) the function w(x,y,z) = 0 on the duct wall.

(ii) the initial profile at the duct entrance is
uniform across the cross-section, i.e.,

w(x,y,0) = W.

We now introduce the following dimensionless

variables:
(1) ¢ = %
(i1) ¢ = —/%
(iii) n = /§
(iv) B = /E*R
v) n = 7_3
(vi) s = —/%
(vii) R=WT/_A1

%% 4 gSE —+ ds = v2¢ (1-8)

2
where the symbol V represents the two dimensional



Laplacian operator in £ and n. We seek a solution to

equation (1-8) of the form

6(6,n,8) = ¢_(£,n,8) + ¢(&,n) (1-9)

where ¢f(£,n) is the fully developed velocity and
¢e(£,n,8) is a difference velocity. Substitution of

equation (1-9) into equation (1l-8) yields

2 394 39,
[V ¢e - 9B B C in ds]
3¢
2 f
+ — — = . -
[v ¢f ¢E on ds] 0 (1-10)

The fully developed velocity <%(€,n) is a solution of
2 -9
v ¢f(£’n) = dz (1‘11)

where

el

¢£(g,m) =0 on (1-12)

The pressure drop %R is assumed z-independent. Using
z

Green's theorem and equation (1-11) we obtain



—=ds = [_V dA
b “on -V,
_ dp %
IK dz da
_dp
T dz

since the pressure p(x,y,z) = p(z) is assumed to be a
function of z only. This shows that the second term in

equation (1-10) is zero, i-.e.,

Ve -¢ —=ds =0 . (1-13)

Vp - —L-¢ —8ds=0 . (1-14)

Clearly, the difference velocity ¢e(g,n,3) is of

significance only in the entrance region, i.e.,

Lim ¢ (&,n,B) = 0 (1-15)
B>o0 e
With condition (1-15) in mind, we seek a solution to
equation (1-14) of the form

0

2
q)e(E’n’B) = jzl cjgj (E,T]) eXP(‘OLjB) (1-16)
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where cj, gj, and aj are to be determined. Substitution of

equation (1-16) into equation (1-14) yields equations of

the form

2 3g .
2 j
Vég. + a.g. = ¢ —3 d 1-1
gy + o8, éa 5 ds (1-17)

for the determination of the gj's. The g.'s are to
J

satisfy the boundary condition

2]

gj(E,n) =0 on (1-18)
The above analysis does not depend on a particular
cross-sectional geometry. We now consider an eccentric
annular cross-section (see Fig. 2). We have two
boundary value problems to solve. One of them is the

eigenvalue problem

2 ]
-7 g(E,n) + ¢_ a—g ds = Ag(&,n) (1-19)
C n

where

2]

gg,n) =0 on (1-20)

(see Fig. 3). The other equation to solve is the fully

developed velocity equation:



2 38 45 =
Vo€, - éa o ds = 0 (1-21)

where

al

9:(€,n) =0 on (1-22)
We do not choose to solve equations (1-19) and

(1-21) on the annulus. Instead, in Chapter 2 we trans-

form the annulus conformally onto a rectangle and trans-

form the eigenvalue and fully developed velocity equations

accordingly.

In Chapter 3, we formulate our eigenvalue problem
in a Hilbert space setting. First, we define the
appropriate Hilbert spaces and an operator L. The operator
L is then shown to be symmetric and positive definite,
Finally, we define the energy space which is the space

where Galerkin's method converges.

In Chapter 4, we find a linearly independent complete
sequence for the energy space. We use linear combinations
of elements of this sequence to approximate solutions of

equation (2-26).

Chapter 5 contains an explanation of the method of
Galerkin for eigenvalue problems and the proof of con-
vergence for our particular operator L. The approximate
eigenvalues of equation (2-26)are found by setting the

Galerkin determinant equal to zero. In Chapter 6, we



obtain expressions for the inner products required in

the Galerkin determinant.

In Chapter 7, we solve the transformed fully
developed velocity equation. The method of solution is

to expand e in a Fourier series.

In Chapter 8, we give a procedure for finding

approximations to the dimensionless wvelocity ¢(&,n,B).

10



CHAPTER 2
THE TRANSFORMATION

In Chapter 1, we stated that we are seeking a
solution ¢q of equation (1-14) of the form

[+ ]

¢, (E.m,8) = ]

2
c.g.(&,n) exp(-a B)
j=1 373 h|

(see Fig. 2). Since our flow is laminar, our geometry
is symmetric with respect to the £B-plane, and the
effect of gravity is neglected, ¢e is symmetric with

respect to the EB-plane. These assumptions also imply

3¢ -
that 5—9 = 0 on B (see Fig. 3). Thus we may assume that
n

the g.(&,n) are symmetric with respect to the g-axis so
J
that we need consider only the lower half of the cross-

section of the duct when solving
2 3
Vg(E,n) - ¢ sEds = Ag(E,n) (2-1)
C
where

g,n) =0 on C . (2-2)

11
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By Green's theorem and the symmetry of g, we have

2 _
é_ 28 45 = [_ Vg dA
c on A
= 2[_LV2g dAL
A
= 26 1 38 4
B,C °n

where ZL, B, and EL are as indicated in Figure 4. Thus

we must solve the equation

2 2 —L
-V g(g,n) + 2IKLV g dA = g(g,n) (2-3)
where
=L
g(&,n) =0 on C (2-4)
and
E&gﬁ;ﬂl = 0 on B . (2-5)
n

We choose not to solve equation (2-3) on the lower
half of the eccentric annulus but to transform this
region onto a rectangle and solve the transformed
equation. We use a composition of transformations to
achieve our purpose. The first transformation maps
the lower half of the eccentric annulus onto the upper

half of a concentric annulus with center at the origin.
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The second transformation maps the upper half of the
concentric annulus onto a rectangle. We now present

the details of these transformations.

Considering Figure 3, we recall that nothing has
been said about 1 and c2,i.e.,about the location of the
eccentric annulus on the £-axis. We locate the eccentric
annulus in such a way that the two boundary circles form
a coaxial system of circles with the £-axis as the line
of centers and the n-axis as the radial axis. It is

shown in [5] that such a location is possible and that

the circles have the following equations:

2 c

C,: £+n2+2—]—'§'+c=0 (2-6)
1 VA
2 2 )

C: & +n +2—¢t+c=20 (2-7)
2 VA

where cl, c2, and ¢ are to be determined. We have that

¢ c2 r2
VYA A A
and
) 2 cg ‘)
E+—=) +n ==-c=2
A A



Solving the equations

2 A = 2
c1 - cA = rl
2
¢ -cA=r
2
g TG T °

for ¢ c, and c yields

l!
2 2 2
rp-nr1-e
c=
1 20
2 2 2
~ ry - Iy + p
c_.
2 20
2 2 2 2
c2-r2 cl—rl
c_. =

For convenience in this and later chapters, we set

(i) K, = /e, ¥+ 1

1 1 1
(ii) K2 = /ey -1y
(iii) K3 = /e, + r,
(iv) K4 = Ve, -1,

14

(2-8)

(2-9)

(2-10)



(v)

(vi)

(vii)

(viii)

(ix)

(%)

(xi)

(xii)

(xiii)

(xiv)

xv)

K, + K
K5 =1n [ 3 4
Ky - K
K. + K
K6 = 1n [ L Z
K, - K
K. =K -K
7 6 5
K, - K
Ks M 2
K, + K,
2
(Kl - K9)
Ry =
2K, K,
2 2.2
Ky - K9)
K10 ) 4K2K2
12
Ki + Kg
K11 = X
KK,
K3 - Ky
K =
12
Ky + K,
2
(K3 - Kp)
Ki3 =
2K, K,
2 2
K (K3 - K4)
14 22
4RIKY
2 2
. B
15 2K.K

15
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We now show that the bilinear transformation

z +p
W (z) =¢ +in_ = (2-11)
1 1 1 z -p

where z = £ + in and p = /c maps C, and C2 (¢n - plane)

1

onto circles (glnl—plane) whose centers are at the origin.
Solving equation (2-11) for £ and n yields

pl(5 - 1) +n} ]
£ = ) ( 2-12)
& -1 +n
1 1

and

‘ZPﬂl
n= L 2 2 (2-13)
(El -1+ N
Substitution of equations (2-12) and (2-13) into
equations (2-6) and (2-7) yields
/ 2 2
2 2 Cl - Cl - rl
C! (¢,n,-plane): & + n, = (2-14)
1 11 1 1 5 2
e ERAS TR kS|
2 2
. 2 2 _CSp"Ve ~ T
C, (Elnl-plane)z g, tng = . (2-15)

Figure 5 shows the location of Cl and C2 in the glnl—

lane (C! and C! , respectively). Thus W, (z) maps the
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circles Cl and C2 onto circles Ci and Cé with centers

at the origin. That Wl(z) maps the lower half of the
eccentric annulus onto the upper half of the concentric

annulus is seen from the equations

2 2 2
g +n -1p
g = — (2-16)
1 2 2
(&-p) +n
-2pn
n, = (2-17)

2 2
L (-p)° +
which are found by solving equation (2-11) for gl and nl.
We now apply the transformation

= + 1 =
Wz(zl) £, + in Log W

) = loge|W1| + i arg(Wl). (2-18)

1
Since the Log transformation maps circles onto straight
lines, the upper half of Figure 5 is transformed onto the

rectangle shown in Figure 6. Hence the transformation

z +p
z - P

Wz(z) = Log (2-19)

maps the region shown in Figure 4 onto the region shown
in Figure 6.

The Jacobian J of the transformation Wz(z) is given

by



where,e.g.,gg represents the derivative of £ with
2

respect to &, [6]. A straight forward, but tedious

calculation shows that

2
(cosh 52 - cos nz)

g

J(Ez,nz) = e

2
2

- N

Some properties of the Jacobian are presented in

Appendix C. 1In terms of the coordinates 52 and n2,

equation (2-3) is given by
I, ) Vg (E,,n)
Z’nz g 2,n2
+2 f e (E ,n)
- = s N .
A2 g da, \& 2"y

Conditions (2-4) and (2-5) are given by

g(Ez,nz) =0 on 62
and
3g(&,,n,) _
_S5r=20 27 _ 0 on BZ ,
8n2

respectively (see Fig. 6).

18

(2-20)

(2-21)

(2-22)

(2-23)



We now make the transformation

The transformed region is shown in Figure 7. The

transformed equation is

2
-J , v ,
(53 n3) g (€3 n3)

2
+2/_V g dA = A ,

3
where
g(£3,n3) =0 on C3
and
3g(E4,N,) -
___L_3_=0 on B3.
8n3
We note that
1 —
ST
A3 J(£3,n3)

19

(2-24)

(2-25)

(2-26)

(2-27)

(2-28)

(2-29)

In terms of the transformed variables 53 and n_, the

3
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equation for the fully developed velocity is given by

2 2 -
-J(EB,nB) v ¢f(€3,n3) +2 [_V ¢f dA3 =0 (2-30)

where

bg (E,m)) =0 om G, (2-31)
and
3£ (Eq,n4) -
£33 .6 on B . (2-32)
3n3 3

For convenience in later chapters, we make the following
notation changes:
i) g, »x
(i1) n_-=vy
(iii) A, + A
(iv) B+ B

(v) C.~>C.



CHAPTER 3
A HILBERT SPACE SETTING FOR L(g) = Ag

Let us formulate our eigenvalue problem in a Hilbert
space setting. Consider the Hilbert space Hl = {LZ(K);( , )}
of all square integrable real-valued functions defined on

- — %
A. The usual inner product for L2(A) is defined by

(g,h) = [_gh dA
A

but for our purposes it is advantageous to consider the

inner product

gh —
,h) = [ — dA
(g )J fA J

>

2
(cosh(x+K5) - cos y) . We set

where J = J(x,y) = )
Kle

llel| = /(g,8) and llgllJ = /(g,g5J-

LEMMA 3-1: Let q(x,y) be an element of LZ(K)and p(x,y)

be a continuous function defined on A. Then pq is an element

A).
of L2( )

* . . . .
) We, of course, consider functions equivalent if they
differ only on a set of measure zero. In the sequel we will
usually require continuous representations from the resulting

equivalence classes.
21
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PROOF :
Since p(x,y) is continuous on K, there exists a real

number M such that |p(x,y)|2 < M. Thus [_ (pq)2 da,
A
which is less than M [_ q2 dA,is finite since
I
J-— q" dA is finite.
A

THEOREM 3-1: H, = {LZ(X);( , )} is a Hilbert space.

PROOF:
Let g and h be elements of H _. By Lemma 3-1, £ and
2 /3
D are also in H.. This implies that
/T 2
gh — g _h —
(g:h) = f—_dA= f— dA
J aJ AYI /I

is finite,i.e., (g,h)J is defined. It is easy to see that
1 ,h) = (h,
(1) (g )J ( g)J
2 + h,k) = k) + (h,k
(2) (g )J (8 )J ( )J
3 ,h) = ,h
(3) (g )J o (g )J

where g, h, and k are in H2 and o is a real number. Also,

>0

o o
B

(g.8); = fK
if g # 0 since J(x,y) is positive on A. Thus ( , )J defines
an inner product. We now prove completeness. Let

{gk}§=1 be a Cauchy sequence in H2. This implies that
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dA = ||lg_ - g ||
m nJ

converges to zero as m and n approach infinity. Since

g oo
{—E} is Cauchy is H_, there exists a g' in Hl so that
VI k=1 L
&n &n
llg - &ll_=1l—=--£ll = |I=-g'll
n J VAR /3
converges to zero where g = /J g'. Since g is an element of

HZ’ H2 is complete and hence H2 is a Hilbert space.

THEOREM 3-2: The mapping T: H1 - H2 defined by
T(g) = /I g

is a Hilbert space isomorphism.

PROOF :
Clearly T defines an isomorphism between H1 and H2' Also,
(/Jg) (VTh) —
(T(g),T(h)) = [_ dA = (g,h)
J A J

Thus T defines a Hilbert space isomorphism.

Define a subspace M of H2 as follows: Let g be an

element of M if and only if

(i) g, the first partial derivatives of g, and the
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second partial derivatives of g are continuous

in the closure of A.
(ii) g = 0 on C and %% =0 on B
Now define an operator L: M - H2 by

2 2 -
L{g) = -JVvg+ 2 [ VgdA
A

Note that L(g) is continuous in the closed region. Our

problem then is to solve the eigenvalue problem

L(g) = Ag (3-1)

where g is an element of M and M is contained in H2.

THEOREM 3-3: If g is an element of M, then (l,L(g))J = 0.

PROOQF :

For g in M, we have that

2 o _ _
(L,L(g)) = [_ % (-3vg+2 [ Vg dA) dA
J J A

A

dA

2 _ —
-V g dA + 2 f_Vzg dA f
A A

i

A
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COROLLARY 1: If A, g is a solution of (3-1) for which
A # 0, then (1,g)J = 0.

PROOF :
We have that A(l,g)J = (l,Ag)J = (l,L(g))J = 0.

THEOREM 3-4: Let A,g and u,h be solutions of (3-1) for which

A # u. Then

(g,h) = 0.
J

PROOF :

We have that

A(g,h) = (Ag,h)
J J

= (L(g),h)J
(-Jvzg + 2 f_vzg dA) h
A
K J

i
&

2 -
=-[ hv g d&A + 2 f_Vzg dA [_
A A A

2
= -[_hV g dA
A
since (l,h)J = 0. Similarly,

2 -
U(h’g) = -I—-gv h dA
J A

By Green's Theorem,
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2 _
(- w @h). = [_ (gv°h - hv'g)dA
J A

oh _ 38y 4
éS (gan han) ds

since

and

This completes the proof.
Set Hy = {g in H2| (l,g)J =0} and N =M F\H3. Then

Theorem 3-3 and Corollary 1 allow us to solve
L(g) = Ag (3-2)

where g is an element of N and N is contained in H3. We
assume from now on that the domain of L is N, i.e.,
L:N - H_. Note that H_, is a Hilbert space since it is a

3 3
closed subspace of a Hilbert space.

We now show that our operator L:N - H3 is symmetric,
positive, and positive definite. The definition of these
properties assumes that the domain of the operator is dense
in the space. In the next chapter we will construct a set

which is complete in H3 and whose span is in H; this remark
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implies that N is dense in H3.

THEOREM 3-5: The operator L:N ~ H3 is symmetric, i.e.,

L(g),h) = (g,L(h))J

for all g and h in N.

PROOF :
Let g and h be elements of M. The proof of the Theorem

3-4 shows that

(L) b = -f_bv'g &

and

2 —_
(g,L(h)) -[_ gV h dA
J A

By Green's Theorem

|

(L(g),h) - (g,L(h))_ = [_ (gv’h - hv’g) dA
3 3%

oh g
458 (557 - b§2) ds

Hence L is symmetric.
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THEOREM 3-6: The operator L:N - H_ is positive, i.e.,’

3

(L(g),g)J >0

for all g in N, g # O.

PROOF

Let g be an element of N. By Green's Theorem

2 —
(L(g),g>J =-[_gV gdA
A

2 2 _
= [ & 38y 4& - ¢ 28
LG + G $ Ean 9

- 38y? | 28?4z
[LAGD + G

> 0
. 3g
since g = 0 on C and on 0 on B. 1f (L(g),g)J =0,
9 d -
then gi =0 = 5?‘ on A, This implies that g is a constant

function. Since g = 0 on C, g must be the zero function.

Therefore (L(g),g)J > 0 if g # 0. The proof is now complete.
THEOREM 3-7: The operator L:N - H3 is positive definite, i.e.,
there exists a positive number y such that
2 2
@(&).e); 2 v |lsll
J

for all g in N.



PROOF:

Let g be an element of N,

gx,y) = gx,y) - g(0,y)

_ X 8g(§32)
) fo 3 @ -

Using the Cauchy-Schwartz inequality, we obtain

Hence

2
NE
J

2
lg(x,y) |

x 98 2
|f08€
X 2 X 2
<1 G
(o] (o}
K 2
7 (38
<K fo Ge) de .
2
g IK7 lg(x,¥) | ax dy
o o J(x,y)
7 K K Yo 2
< f7{K7f7<g§) dg} — dx dy
o o o Min J
K2 K 2
™
-—— 77T gy
Min J o o g
2
K 2
_ =1 f“ IK7 8 4x g
. X 7
Min J o 0
2
X7 g 2 | 38,2 , =
< [ G + G2 1 da
Min J A X y
2
-K 2
Min J A
2

= —— L(g).8)

29

For every (x,y) in A, we have
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Setting

(3-3)

we obtain

2 2
Lg,g) >v |lell” .
J J

Therefore L is positive definite.

We have previously defined an operator L on a dense
subspace N (the denseness will be shown in Chapter 4) of a
Hilbert space Hq and have shown that it is symmetric and
positive definite. A new inner product ( , ) for N is

E
defined by setting

(g,h)_ = (L(g),h) .
E J

The completion of N with respect to ( , ) will be denoted
E
by H and is called the energy space associated with the

operator L. It can be shown that H4 is contained in H3

[7]. It is in the energy space where convergence of

Galerkin's method will be established.



CHAPTER 4
A COMPLETE SEQUENCE FOR THE ENERGY SPACE H4

The purpose of this chapter is to construct a complete
linearly independent sequence for H4. With this in mind,
we first construct a complete sequence for H2‘ It is well

known that

and

1 /2 o
B/CT — cos my }
mo Vo m=1

are complete orthonormal sequences for LZ(O,K7) and

. L2(0,ﬂ), respectively. Hence
2 nmx _®
S. = {/— sin = U
1 ™7 K7 "n=1
nmwx

{ =2 gin DTX cos my b

\/;T—I-(; K7 m,n=1

is a complete orthonormal sequence for H1 [8]. since
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H1 and H2

by YJI(x,y),

/ 2
82 = { WK7 /J(x,y) sin

{ 2 YJ(x,y) sin amx

V'ITK7

32

are isometrically isomorphic wvia multiplication

nmx .%
— 1
K7 n=1 U

—— cos my }
K m,n=1

is a complete orthonormal sequence for Hz.

THEOREM 4-1: The sequence
5 ( 2 3¢ y si nmx }w U
= X,y) sin &
3 ™y %7 nm1
{ 2 J(x,y) sin X oos my }w
/ﬂK7 , K7 m,n=1

is complete in H2.

PROOF:

Let g be an element of H,. Then g' = is an element

2 /3

2 1

of H2' Let ¢ be a positive number and set e¢' = ¢ Min (3).

Denote the elements of S1 by S Since 82 is complete in

q

H2’ there exists an element Z Cy vil S1c in the Span (SZ)

such that

k=1
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9 2
llg' - I e /s || <e¢
k=1 K k' g

We have that

q
e' > |lg' - ¥ ¢ /s
e = 1 e A sll
1 X 2
3 (&~ kzl cx JIsy)
= [- da
J'A J
d 2
g - ). Cck JIsg)
1 k=1
= dA
> [Min (I r
so that
q
[Min (l)] llg - ) ¢, Js ||2 < g'
J k=1 Kk k
This implies that
q
[lg - 1 ¢ Is Il <
=1 k kg
q
where | ¢, Js. is an element of the Span (S,). Therefore
k=1 k k 3
S3 is complete in Hz.

The next theorem shows one way of using S3 to form

a complete sequence for H3.



THEOREM 4-2: Let h be an element of a Hilbert space

{H;( , )} and C the orthogonal complement of h:

C = {g in H|(h,g) = 0}

Assume that S U T = {sk}w U {tj}f

is linearly
=1 J=]-
independent and complete in H where S is contained in

C and T is contained in H\C. 1If

is an element of C, then g is an element of the

Span (S U T') where

. t-l
T = {(htt Yy " (h :1 };=1
’ j ’ j+1)
PROOF :

Let

[e] o]

Y a, s, + } b, t.

g:
k=1 j=1 J J

be an element of C. We first consider the special case
where only a finite number of the bj are different from

zero. Then g has the form

34



q

o]

) a, s+ 1 bt

g = .
k=1 j=1 J ]

and so we must find cj's such that

q q-1 t t.
i j+1
-Zlbj tj = 'Zl cj{ o i ) - ot ) }
J= 1= ? j ’ j+1
t t
= cl 1 + (c2 - c1 2
h,t
tq-1
+ o o o + (c l - C 2) —g——
q q (h,tq_l)
t
e —9
q-1 (h,tq)

By equating coefficients, we obtain

b = 1
1 =
!
b, =
b = cq_l - CCI'Z
-1
q (h,t )
-c -1
p = Sa-l

35
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Solving for the cj's we obtain

¢, = bl(h,tl)
2

c, =c¢, +b,(h,t) = b.(h,t.)

2 1 2 2 j-—E-:-lJ ]

L[] q_l

c = ¢ + b (h,t ) = b. (h,t,)

-1 gq-2 g-1 q-1 jzl j j
Also ¢ = -b (h,t ). It is clear that we can find

q-1 q q

cl,---,cq_2 but we have two equations for finding cq—l'

It is easy to see that both equations yield the same value

for cq_l. In fact, we have that
0 = (h,g)
o q
= Ya (h,s,) + Y b, (h,t,)
k=1 K k j=1 J J

q
b. (h,t.
j-—zl J ¢ J)
which implies that

Yy b (h,t.) = -b (h,t ).
=1 j J q q
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q
Thus ] b, tj is in the set Span (T') .

0 © t. t.

I obye = I e t—i—- L,

= j=1 h,t. h,t
(h,t) (e )

]
h . = b (h,t.). We h that
where cJ kzl k( k) e have tha

0o o0 t. t.
1D by gy = Toe = - 3y
o0 © j t. t-+1
=L eyey - T CEBte)) {—m L= |
j=1 j=1 k=1 (h,tj) (h,tj+1)
0o o J t.
= b. t. - ( b, (h,t ))
l|j§l 3t Z 2 ' e
o J=1
+ z DRMCERD - l
k= (h,t.)
J
=/} b, £, - 7§ (b, (B,t)) i ||
j=2 1 1 j=2 (h,t5)

This completes the proof.
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COROLLARY 1: If SU T is a complete orthonormal sequence

in H, then SU T' is complete in C.
COROLLARY 2: Let

S = { /_g_ J(x,y) sin 2=
4 K K7 even n

7

{ 2 J(x,y) sin LLLES my 3

\/ 1TK7 K7 m,n=1

and

_ (nt+2) mx
S = {—l— J(x,y) {n sin arx . (n + 2) sin 1}
5 2K K K odd n
7 7

Then S U S_ is complete in H

4 5 3
PROOF :
Let g be an element of H3. Since 82 is a complete

orthonormal sequence for H, ,

0

g . /2 Y a /J(x,y) sin BTX +
Vi) 7K, n=1 o K
7 7
Z_ y } b /I(x,y) sin LS cos my .
/1K, mel n=1 M0 K,
2 - . nTx
Therefore g = [— )} a_ J(x,y) sin — +
K, n=1 n K,
2 ® hog nmx
— ) Y b__ J(x,y) sin — cos my .
VﬂK7 m=1 n=1 ™ K7
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Thus each element of H3 can be represented as an infinite

linear combination of elements of S3. The set 83 is
linearly independent and complete in H3. It is easy to
see that each element of S4 is orthogonal to the constant

function one and that

2K

A, = 1x,y) sin 2=y -
nK7 K7 J T

if n is odd. Also if n is odd,

2 nmTx 2 (nt+2)mx
[ J(x,y) sin —/— —— J(x,y) sin

2 2K 2 2K
n — (nt+2) / .

- L J(x,y) { n sin 4% . (m+2) sin
2K7 K7 K7

= BTN

(n+2)x

The conclusion now follows from the theorem by setting

H = H2 H ( ? ) = ( 2 )J ’ h=]‘, C = H3’ S = SL'.’

T = 85\54, and T' = 85

COROLLARY 3: The domain of the operator

2

2 -
L(g) = - Jvg + 2 IK Vg dA

is dense in H3, ie, N = H3.
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PRGOF :

It is sufficient to show that S4 U S5 is contained in N

since N is a subspace. Clearly each element of S4 U 55
satisfies condition (i) and the first part of

(ii) in the definition of M(see Chapter 3). Let

f(x,y) = 2 J(x,y) sin =

Then
EE = 2 aJ sin LLUES
9y K4 3Y K,
Since a 0 on B, af = 0 on B.
oy oy
Let
( ) 2 ¢ y s nmwx
gx,y) = [~ X,y) sin — cos my
\/TTK7 K7
Then
g - _2 sin RTX { -m J(x,y) sin my + 33
, y cos my}
% /mK, Ky oy

Thus %& =0 on B. Hence each element in S, |J S, satisfies
y

the last part of (ii). Also, each element of S4 U 55 is
orthogonal to the constant function equal to 1. Therefore

N is dense in H3.
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We are now in a position to construct a complete set

for H4. The construction is based on the following:

THEOREM 4-3: Let L: N + Hy be a symmetric positive

definite operator and let {g }”°  be a subset of N.
0 p=1

then {gn}o° is complete

If {Lgn}°° is complete in H
n=1

n=1

3’
in H4, the energy space associated with H3 [9].

For our operator
2 2 -
L(g) = -JVv g+ 2f[_vgdA
A

it is easy to see that

L(S6) = S4
and

L(S7) = S5
where

L)
s =1 /2 (L gin ™=,
6 K7 nw K7 even n
? 1 sin = cos my }w
v ( ) +m K7 m,n=1

and
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K
S7 = {—l— n(EZ) sin XX .
2K, U K
K 2
(n+2) (—L—)" sin (o+2)mx }
(n+2)7 K odd n .

7

Since S, |J 85 is complete in H,, Theorem 4-3 implies that

3’
Sg U S, is complete in H,. We state this result as

THEOREM 4-4: Sg U S7 is complete in Hy.

The next theorem follows from the definition of

36 U S7 and the linear independence of Sl'

THEOREM 4-5: 86 U S7 is linearly independent.



CHAPTER 5
THE GALERKIN METHOD AND ITS CONVERGENCE

Galerkin's method is a technique for finding
approximate solutions of certain types of operator
equations defined on Hilbert spaces. We now present a
particular formulation of this method and state conditions
sufficient for convergence. Then we will show that these

conditions hold for our operator equation.

Let L be a symmetric positive definite linear
operator defined on a dense subspace N of the Hilbert
space {H3;( , )J} of real-valued square integrable
functions defined on a closed domain A contained in E2

which are orthogonal to the constant function one.

Consider the eigenvalue operator equation

L(g) = g (5-1)

where g must satisfy certain homogeneous boundary
conditions. Select a linearly independent sequence

F = {fi}°° of functions with the following properties:
i=1

(i) each element of F is in the domain of L ,

(ii) each element of F satisfies the same homogeneous

43



4a

boundary conditions as does g .
(iii) F is complete with respect to the energy

space {H, ;( , )E} associated with H3.

4

The set F is called a set of coordinate functions for
the eigenvalue problem. We call a function hn' of the
form

n
h = a,. f.
nj i=1 1] 1

the n'th Galerkin approximation of a solution gj of equation
(5-1) with respect to the n'th Galerkin approximation A , of
nj

n
the j'th eigenvalue Aj if the aij and Anj are defined as

follows: first, we substitute hnj for g in equation (5-1)
and require that

(L(hnj) - Ahnj,fm)J =0 (5-2)

form =1, 2,+++,n. We have that

Lt ) - rh ,, £)
nj nj g

n

(L(;nf) AT af, £)
a - a...’
i=1 1j 1 i=1 23 1 mg

n
n
L(£.), £) - A(f.,f
Loy (@@, £ - AELE) )
n

n
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Thus equation (5-2) yields the homogeneous system

n
n - -
izlaij {(fi,fm)E - A(fi,fm)J} =0 (5-3)

(m=1’ 2’...,n)

of n equations in n unknowns. For it to have a unique
solution it is necessary and sufficient that the deter-
minant Dn of the system be equal to zero, where Dn is

as shown on the next page. Setting Dn = 0 yields a polynomial
in A, the roots of which we denote by Anj (=1, ¢++,n).
Without loss of generality we assume Anl < Anz S e A

Now to find the a?j corresponding to Anj’ we simply solve

system (5-3) with A replaced by Anj'

We now state a sequence of theorems which lead to
the convergence of Galerkin's method. S.G. Mikhlin has

proved the following theorems:

THEOREM 5-1: Assume that every bounded set in H, is com-

pact in H3. Then

(i) there exists a countable number of eigenvalues

of L = Ag: 0 < Ay < g < eove A, < sos
(g) 24 1 272 < 3 <

Lim }\_ = o

j+oo

(ii) the sequence {g,}°° of eigenvectors is
i j=1

complete in both H3 and H4 [7].



- - f L] [} . >\
(£, £ = MELED L (EL g - AELE) (£1,E) = MELED

(£ ) = MELED (£ E) - A(E) ) (£,,£) - A(£,,£)

- AE ) coe £ £

(£ ,f

A(E L E
n 1)E (n n)J
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-1
COROLLARY 1: L  is completely continuous in H4.

THEOREM 5-2: Assume that L_l is completely continuous

in H4. Then for each j, Anj converges to an eigenvalue

Aj of equation (5-1) as n + =, Conversely,every
eigenvalue of equation (5-1) is the limit point of one

of the Galerkin approximate sequences,i.e.,of {Anj}c°
n=1

for some j [10].
N.I. Pol'skii has proved the following:

THEOREM 5-3: Assume that L-1 is completely continuous

in H4. Let {An.}p be a Galerkin approximate sequence
n=1

of eigenvalues and {hnj}w the corresponding Galerkin
n=1

approximate sequence of normalized eigenvectors. Then

{h_.1} is compact in H

and every limit point of this
nj n=1

4

set is an eigenvector of equation (5-1). Conversely, every
eigenvector of equation (5-1) is a limit point of one of the
Galerkin approximate sequences of normalized eigenvectors

[11].

COROLLARY 1: Assume that gj is a limit point of

{h ,}°° so that h_ . converges to g. in H4. Then h_ ,
n] pn=1 nkJ J nkJ

converges to gj in H3,i.e.,in the mean.

We now consider the case where L is the operator
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2
L(g) = -JV2g +2 [ Vvgada
A

and where N, ( , ) , H3, etc. are defined as in Chapter 3.
J

Since we have already shown that this operator L is sym-
metric and positive definite on H3 and that its domain N
is dense in H3, the previous theorems show that Galerkin's
method will converge if any set bounded in H4 is compact
in H3. (?; an aid in proving this we introduce the Hilbert
space W2 (A) = W of functions in Hy = LZ(A) having

generalized first derivatives (see Appendix G for details).

The usual norm for W, ||g|| , is not convenient for our
W
purposes. We use an equivalent norm for W, ||g|| ,, defined
W
by

where B(g) can be any bounded linear functional with

respect to ||g|| which does not vanish for the constant
W

function h(x,y) = 1 [2]. We define B(g) = fcg ds; note
that we are using our particular A to define B(g). We
now show that this B(g) satisfies the required conditions.

We have that

2 2
B(e)| < (IC lg] ds) .



Using the Cauchy-Schwartz inequality, we obtain

2
|B(g) |

| A

2
2r [ g ds
C

| A

2n [ g2 ds
S

2 *2
2tk{ [_{g" +D
A X

| A

*2 _
g+ D g} dA }
y

2
2tk ||gl|
W
where k is some positive real number [7]. Also,

Bth) = [ hds =21 #0.
C

Thus our B(g) satisfies the required conditions.
2 2
THEOREM 5-4: For L(g) = -JV g+ 2 [_V g dA , H, is
A
. . . . 1) .z
isometrically isomorphic to a subspace of W2 4.

PROOF :

For g in N, we have that

2 2 38:2 o ,88v2, aF
Hell oy =1 g dsl + [ 1D+ G a&

n

g\ 2 3g 2, 7
DG+ Gy} da

L) .8

2
[lell_ . (5-4)
E

49



Let g be an element of HZ\N. Then there exists a

sequence {gk}°°
k=1

as k » », Since {gk}

shows that it is Cauchy in W. Thus there exists a g in
W such that [|g, - g|| 4 > 0 as k > . We define

W
P: H4+Wby

g if g is in N

P(g) =

09>

if o is in H\N
if g is in 2\

It is not difficult to prove that P is well defined and
linear. To see that P is one-to-one, assume that

P(g) = g and P(h) = é. Then there exist {gk} and

[o¢]

{hk}°° contained in N such that ||gk - g||] + 0 and
k=1 E

||hk - h||E + 0. Since P(g - h) = 0, ]ng - hkllw* + 0.
Thus & ~ hk converges to 0 weakly in W and hence in

H4. Thus for p in N, (gk - hk,p)E -~ 0, ie, (g - h,p)E =

Since N is dense in H4 we have that g = h; therefore P
is one-to-one. Thus P is an isomorphism into W. The
proof that P is an isometry is as follows. Let

(o]

P(g) = é and {gk}k L be a sequence in N which converges

to g in H4. Then

50

contained in N such that Ing -g|l] »0
E

is Cauchy in H4 , inequality (5-4)

0.
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llgl|_ = Lin ||g, ||
E © E

>

= Lim ||g, ||
ko k W*

el
W*

The proof is now complete.

COROLLARY 1: For all g in H4

[lgll = |lsl]]
E i

The importance of being able to consider H, as a subspace

of W is seen in the following theorem:

THEOREM 5-5 (Imbedding Theorem): The injection mapping

from W into Hy = LZ(K)is completely continuous [12].

From a previous remark, the next theorem establishes
convergence of Galerkin's method for our eigenvalue

problem.
2 2 -
THEOREM 5-6: For L(g) = -JV g+ 2 [_ V°g dA, any set
A

bounded in H, is compact in H3.

4

PROOF ;
Let G be a bounded set in H,. By Corollary 1 of
Theorem 5-4, G is bounded in W. Hence by the Imbedding

Theorem, G is compact in Hy. Since H1 and H2 are



isometrically isomorphic, G is compact in H2 and hence

in Hy. This completes the proof.
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CHAPTER 6
THE GALERKIN DETERMINANT

We now construct the Galerkin determinant for our
eigenvalue problem. The set S6 U S7(see Chapter 4)
is linearly independent and complete in H4. Each of

its elements is in the domain of our operator

2

[

2 —_—
L(g) = -J(x,y)V g(x,y) + 2 IK Vg dA
and satisfies the required homogeneous boundary conditions.
We choose this set to be our set of coordinate functionms.

For convenience, we set

F=1(£1} =85 Us
1 .

i=1 6 7-

Since the elements of the Galerkin determinant Dn
(see Chapter 5) are of the form (f,,£f.) - A(f,,f.) ,
tJE 173y

it is necessary to evaluate the inner products

(£;,£.) and (£.,f.,) for various combinations of
3% 1" J'g

elements of S6 U S7.
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The possibilities for the inner product (fi,fj)

J
are given by
2.2 sin 21X gipn BEIX
Ky 2 K9 2 K4K, K K K
) 2= DT L2 7 ! I—  dy dx
mKy mm’ p7 A o o (cosh(x+K£ - cos y)
(n,p even)
2.2 sianX sinP1TX cos qy
(ii) 2/2 D) 5 L2 [Kg,m U / 9 dy dx
7K. nw (EE)2+ qc A 0o o0 (cosh(x+K_.) - cos y)
7 K7 5
(n even)
2 2
/2 K7.2KKy © p K2
(1i1) 'nK7 (nw) A t 2K7 (Pn)
K. m sin E%§ sin B%§
i { 7 7 5 dy dx
o o (cosh(x+K5) - cos y)
_p+2(K7 )2
2K7 (pt2)w
sin TX gin (pt2)mx
7.m K5 K7
fo fo (cosh(x+K5) - cos y)Z dy dx }
(n even, p odd)
2 2
1 1 Kle
(iv)

" @+ a GDEro® A



55
nmx e

I sin X, cos my sin K, cos qy

[

c o (cosh(x+K5) - cos y)2

dy dx

2 1 KK

(v) ~—— N7\ 2 2
A
/WK7 (K;) + m

ko 2 Ko o sin EEE cos my sin 2%5
2 (D" [ ! !
7. o 2 dy dx
7 c o (cosh(x+K5) - cos y)

, DX . (p+2)mx
sin "g  cos my sin
_ (pt2) Ky 2 K7fﬂ 7 K7

2K (p+2) 7 o o (cosh(x+K5) - cos y)2

dy dx }

(p odd)

2 2

K7)2
(2K7)2 A

Ky 2
G pGyr

(iv)

in DTX s PUX
K, T sin K- sin X,
dy dx

/

o o (cosh(x+K5)- cos y)2

K7 )2

(p+2)

K5 2
aGhHT @) (

arx _._ (p+2)mx

sin —= sin
fK7fﬂ K, K,

o o (cosh(x+K5) - cos Y)Z

dy dx
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K, 2 Ko 2
7 7
wiyn P

-(n+2) ( I—H_T-

R sin (ot2)mx i, prx
71,1T K7 K7

6 o (cosh(x+K5) - cos y)2

/ dy dx

+ @) (rms) D) (o)

% sin (n+§)wx cin (p+§)nx
i 7fﬂ 7 7

© 9 (cosh(xtKg) - cos y)2

dy dx }

(n, p odd).

Thus each inner product (fi,fj) requires the evaluation
J ‘

of an integral of the form

sin E% cos uy sin YIX cos wy
K_ ¢ K7 K,
o o (cosh(x+K5) - cos y)

where t and v are positive integers and u and w are
nonnegative integers. A closed form expression for I

is derived in Appendix E.

The possibilities for the inner products (fi,fj)
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are given by

K
s 2 2 7 2 7¢7 TX _._. PTX
(vii) —=— f f sin dy dx
TrK7 K7 K4
(n, p even)
1 Ko w
(viii) /2 = 5 71" sin MMX gin BTX o5 qy dy dx
K, (E;)z +q“ 0 o 7
(n even)
K, 2 K
: 2 . p 7 7¢m s pTX
(ix) — { (=) [ ' sin == sin dy dx
Ky 2K, PT o o K7 K,
2 K
PY2 27 3 7T gqn BTR o4y G0 e S,
2k_ (p+2)ym” ‘5 7, K, K
(n even, p odd)
RK_
(x) ﬂ; o 21 ” [ 7] sin 2%5 cos my sin E%? cos qy dy dx
7@ +4q° % ° 7
K
7
K7 2 K
(xi) 2 (=2 (—Z) f 7[“ sin E£§ cos my sin E%; dy dx
7

/S

e Ky )2
2K, (pt2)m

o O K7 7

(p odd)

Ko ow
[ 7] sin B™X cos my sin iRiélEE dy dx}



! K7, 2
(xii) Zﬁg {np (5%)

K7 m nmx
[ /[ sin < sin EQ? dy dx
o O 7

K7 2
)
(p+2)w

- n(pt2) (

Ko ow
[ 7f sin DX gin (p+2) 1x dy dx
°© ° S50 K
2
K
i, _7y2
(n+2) p(pﬂ)

Ky w
/ 7f sin (AF2)mx 4 PTX dy dx
oo K, K,

K 2

7
+ (nt+2) (p+2) ((P+2)ﬂ)

K, .m + +2
f7fsin—(-n—2-)'ﬂ£sinMdydx}
(o] o

K, K

(n, p odd)

The integrals in (viii), (ix), and (xi) are always

zero. The expression in (vii) is zero unless n = p

2

X
in which case it is equal to —% . The expression in
™
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(x) is zero unless n = p and m = q in which case it is

equal to (nﬂ)Z 7 . The possible values for the
— + m
Ry

expression in (xii) are given by the following

THEOREM 6-1: If fi and fj are elements of S7, then
K
-1 ifn-= p - 2
8
K
1 ifn-= P
c 4
S =
( i J)E
K7
-~ ifn=p+ 2
8

0 otherwise

We have now determined closed form expressions for all
of the inner products required in the Galerkin

determinant.

Once we have chosen n elements from F and have
evaluated the appropriate inner products, we must

determine the A's which satisfy Dn = 0. Solving

Dn = 0 for A is equivalent to solving the matrix

eigenvalue problem

A x = AB x (6-1)

n
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where
B —
R £ « s+ e £
(E£) (L) )
(£,,£9) (£,,£,)
2’71 E 272 E
A =
n L]
(Eqefp) - SNERN
and
3 S f ,f L f_,f
(B £ (ELE) ()
(£y08) (5.8 .
B =
n
L] L ] L] f f
(EyeE) SRERN
is the

If A is an eigenvalue of equation (6-1) and Xn'
J

nj
corresponding eigenvector, then



61
gives the coefficients for the approximation

n n
h ,= 7} a,f, .
nj i=1 1] 1

Since F is linearly independent and the determinants of

A and B_ are Gram determinants, A, and B_ are nonsingular
n n n

[9]. 1In fact, since the operator

2 —
L(g) = -Jv'g + 2 [_ v%g dA
A

is positive definite, the matrix An is positive definite.

This implies that A  can be written as

T
for some nonsingular matrix Cn. Defining u = % , we
now write equation (6-1) as
Bx=uCCx
n nn

which we in turn write as

G = -
S (6-2)
where
-1 -T
G = C
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and
y = Cnx

If y , is an eigenvalue of equation (6-2) and ynj is the
nj

corresponding eigenvector, then

o

is an eigenvalue of equation (6-1) and

is the corresponding eigenvector. Thus we have reduced

the problem of finding the Anj's which satisfy Dn = 0
and the corresponding a?j's for hnj to the problem

of finding the eigenvalues and eigenvectors of the real
symmetric matrix Gn; techniques for solving this latter

problem are widely known.

The number n of coordinate functions to use in a
particular approximation as well as which fi to choose
from S6 and which fi to choose from S7 is arbitrary.
The next theorem shows, however, that approximations
with all the f; in S6 do not contribute to the solution

for $a> the difference velocity.



LEMMA 6-1: The coefficients cj for the difference

velocity ¢e are given by

_ -(¢f'gj)J
I 1e,11?
J g

PROOF :

From Chapter 1 and Chapter 2, we have that

o

(1) ¢e(x,y,0) = jzl cjgj(x,y)

(i1) ¢ = ¢(x,y,0) =1
)

(iii) ¢e(X:Y;O) = ¢O - ¢f(X»Y)

This implies that

(0, = 9.8, 9.8

/-
A

J

I
o~
0
=
m—
|
I

N lI2
c. g [l
J j g

by Theorem 3-4. We also have that

(6-3)
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3 (0, - 98 [ 81 45 . [ b8y &
A J A J A J

(1, 8. - (¢..8,)
N 3J

-(¢,.,8.)
by Corollary 1 of Theorem 3-3. Therefore

c. =
i 2
IlgjllJ

THEOREM 6-2: Let
g' = a S
j kzl k 'k

be a solution of L(g) = Ag where 81 is in S6 for every
k. Then the coefficient cj corresponding to g_ in the

series expansion of ¢ 1is zero.
: e

PROOF:

2
We set V s, = b, s,. We have that
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2 2 —
(¢ ,~IVg +2 [_Vg, dA)
£ hi A j J

A9 ,g.)
fiJ

2 @ _
(¢.,-IV g, +2 ) ab [_s dA)
£ i L1 AP I s

JVz )
- g'
£ i’

i
~
-

J
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since [_ Sy dA = 0 for every k. By Green's theoren,

2 2 -
,~-JV g.) = - [_ ¢,V g. dA
(¢ g5 fA q»,‘f 8
2 - 09
—f
= - .V dA +
J_ g6, dk
= a .V
x 8J ¢f
9g 99
since g = 0= ¢_ on C and — =0 = —£ on B.
j f an oan
We have that
% & %y 23 4K
= IK gJV ¢f - T .r— Jv d)f_
dp &j ,—
ThE T d

il
o

085

7
- 0 8n) ds
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since 32 is a constant and [_—=dA= (1,8.) = 0.

Therefore (¢f,gj)J = 0. This completes the proof.
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CHAPTER 7
THE FULLY DEVELOPED VELOCITY

The fully developed velocity ¢f (in dimensionless

variables) is a solution of

2 a
= —B -
V7o (,n) = E (7-1)

where

ol

¢f(£,n) =0 on (7-2)
(see Fig. 2 of Appendix A). Heyda [14] has solved the
dimensional form of equation (7-1). His method of
solution was to write ¢f as the integral of the Green's
function for the Laplacian operator defined on an
eccentric annulus. The evaluation of this integral leads
to a series solution for ¢f. Heyda's solution is defined
on the original annulus. In order to have a solution
defined on the rectangle, we now solve the transformed
fully developed velocity equation. We use the method

of Fourier to obtain an expression for ¢f in terms of

the coordinate functions which were used in Galerkin's method.
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In Chapter 2, we saw that the transformed fully

developed velocity ¢f(x,y) is a solution of the equation

TG,V (x,y) + 2 vazg(x,y) dA = 0 (7-3)
where
gx,y) =0 on C (7-4)
and
9g (x,Y)
———5;—— = 0 on B . (7-5)

Since 2 [_ Vzg(x,y) dA represents the pressure drop,
A

2 —_—
we can assume that [_ V g dA # 0. Under this assumption
A

equation (7-3) can be written as

2_ 2
v =
&7 Jx,y)

(7-6)

where

The boundary conditions become

gx,y) =0 on C (7-7)
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and

g (x,y) _

on B . (7-8)
dy

We consider the Hilbert space H1 = {LZ(K);( , )}

which was defined in Chapter 3. Since a complete

orthonormal sequence for H., is given by

1

S, = { A LS I :%: sin = og my }
1 WK7 K7 n=1 /ﬂK7 K7 m,n=1

’

the function g(x,y) can be represented in the form

nmx
= 1 —
Ey) = 1 s st 2
7
+ Zl Zl b . sin E%E cos my . (7-9)
n=1 m=

7

Since each element of Sl satisfies conditions (7-7)

and (7-8), so does g(x,y). Substituting equation (7-9)

into equation (7-6) yields
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- 1 G ? a sin X
n=1 K77 m %

© © 2
-y r{EaEm + mz} b__ sin E%§ cos my = 2
n=1 m=1 Ky mn 7 J(x,y)
Since the elements of S1 are orthonormal, it follows
that
2.2 . NTX
. --4K7K1K2 Ko T sin _§7
1) a =——F2—[7] 7 dy d&x
n n“m®A o o (cosh(x+K5) - cos y)
-8K_K2K2
(1) b = 12
m  g{(am)“ + @K7)}A
si = cos my
K RS
I ! dy dx

6 o (cosh(x+K5) - cos y)2

Closed form expressions for the integrals contained
in (i) and (ii) are derived in Appendix F. Using these
results, the Fourier series solution of equation (7-6)

can be written in closed form.



CHAPTER 8

APPROXIMATIONS OF THE VELOCITY ¢(&,n,B)

The purpose of this chapter is to outline a procedure
for finding approximations to ¢(&,n,B), the z-component
of the velocity in dimensionless form. Recall that in

Chapter 2, we made the following notation changes:

(1) €3 *> #
(ii) n3 >y
(iii) K3 > A
(iV) §3 + B
(v) C3 + C

We now revert to the original notation so that (53,n3)
*

again refers to a point on the rectangle (see Fig. 7).

The first step in our procedure is the selection of

the eccentric annulus parameters: r2, and p. The

r
1’
symbol r1 represents the radius of the inner circle, r,

*The figures for Chapter 8 are contained in Appendix A,
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represents the radius of the outer circle and p represents

the eccentricity,i.e.,the distance between the centers.

Once Ty, Ty, and p are chosen, we calculate the following

additional parameters;

(1)

(i1)

(iii)

(iv)

)

The area A of the original annulus:

The location of the annulus on the £-axis:

c c2 (see Equations (2-8) and (2-9) and

l’
Fig. 2).

The parameters related to the Jacobian:

Kl,---, K4 (see Chapter 2).

The parameters related to the rectangle:

KS,---, K7 (see Chapter 2)

The parameters related to the (fi’fj)

inner products and the coefficients of the

fully developed velocity: KS,---, K15.

(see Chapter 2, Appendix E, and Appendix F).
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(vi) The parameter p defined in the transformation

Wl(z) (see Equation (2-11)).

(vii) The minimum and maximum values of the Jacobian
defined on the rectangle: Min(J), Max(J) (see

Chapter 2 and Fig. 7).

(viii) A positive definite bound y for our operator

L(g) (see Equation (3-3)).

In terms of the coordinates £3, n3, and B, the

velocity ¢ is given by
= +
¢(£3,n3,8) ¢e(53,n3,8) ¢f(E3,n3)

(see Equation (1-19)). The fully developed velocity

¢f(£3,n3) is given by

I . PmX s o . TX
$.(€ ,n.) = ] a  sin + §7 ¥ b sin BIE cos qy

(see Equation (7-9)). We approximate it by truncating this

series when the coefficients ap, bpq become smaller than

some preassigned value. We now approximate the difference

velocity ¢e:
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8) = ] cjgj(£3,n3)exP(->\jB)

¢e(€3,n i1

3

(see Equation (1-16)). First, we select the number, say

n, of g 's to use in our approximation of ¢ . Then we
J e

select n coordinate functions from F = S6 U S7 to use
to approximate the gj's (see Chapter 4). The approximation

h . of ¢g. is given b
nj 8J g y

h = ] a,.f (G =1,---, n)

(see Chapter 5). We must determine the approximation

n
A . to A, and the a,,'s for j = 1,-++, n. To do this
nj h| ij

we first calculate the inner products (fi’fj) and
J

(fi,fj) for i, j=1,+-+, n. (see Chapter 6 and
E

Appendix E). We then form the matrices

£ ,f £ f Coe £ £
RSN £y
A = . .
n
(£ ,£) . . . (£ ,£)
n’ l'g n nE




and

(fl'fl)J (fl’fz)J LI (fl,fn)J

(5,8 (£,8) :

(£ ,£) . . . (£ ,£)
n 13 n ngjg

Next, we find a Cholesky decomposition of A

n

75

(see Chapter 6). We then find the eigenvalues unj and the

eigenvectors y
nj

of G (j =1,+++, n).
n

It follows that

and

oL
nj unj
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-T n n )
C y.. = (a. ,-on’a) (J=1’-..,n)_
n "nj ij nj

To complete our approximation of o _» We need approximations
e

for the cj's. We find these by using the formula

"(¢ 98.)
e = £ ]2J
J g,
JENTN
wherein we replace ¢f with its truncated series

approximation and gj with hnj (see Equation (6-3)).

At this point, we have our approximation of ¢ in

terms of the coordinates 53, n3, and B,1i.e.,we have
¢(€3,n3,8). Since we want ¢(£,n,B), we make the following

substitutions:

2 2
+p)° +
@ g, =% 1n (& p)2 1 - &g
(g-p)“ +n
(i1) A ]
ii) n_ = arctan
3 e+ n? - p?

(see Chapter 2). Recall from Chapter 1 that
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*

B(z*) - Z

S

R

We want the dimensionless variable B to be a function of

z,i.e.,we want B(z) = —=2 . It is shown in [2] that

/A R

B
g) dg
B(z) — f° ° (&
YA R YA R

where

3 2 a¢e
2 —£ 4a

e(B) = -2

9¢
[ $(g,n,8)—= dA
A B

Using B = B(z) in ¢(&,n,B), we have the desired

approximation to the velocity.



APPENDIX A
FIGURES
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FIGURE 2
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FIGURE 3
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FIGURE 4
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FIGURE 5
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APPENDIX B
SIMPLIFICATION OF THE GOVERNING EQUATIONS

The equations governing laminar flow along the axis

of a duct (see Fig. 1) are the continuity equation
3p L=
3t + div(V) = 0 (B-1)

and the z-direction momentum equation

Dw P ow 2 —
Dw ¢ _3, 2 w2
°De iy [u(2 3% 3 div V)]
) dw  Ju
+ X [U(BX + az)]
0 AV . aw
+ — — + — -
3y Gz ¥ 5y (B-2)

where

(i) V = (u,v,w) represents the velocity

(ii) t represents time

(iii) p(x,y,z,t) represents the density
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(iv) u(x,y,z,t) represents the viscosity

(v) p(x,y,z,t) represents the pressure

(vi) £ = (fx’f ,fz) represents the external body

y

force

(vii) g; represents the substantial derivative [4] .
We are considering Newtonian fluid under incompressible
steady state laminar conditions. We assume that there
are no external body forces present. The effect of
these assumptions on equations (B-1) and (B-2) will
now be determined. The assumptions of incompressible
flow and Newtonian fluid mean that p and u are constants,

respectively. The continuity equation now simplifies to
div V = 0 (B-3)

and the z-direction momentum equation to

2 2 2
Dw _ _ 3p d W, 0w d W _
Sy fz 5 + u(—-z-ax + ——ayz + -—az2 ) (B-4)

The substantial derivative of w, %% , is given by

v _aw 0w oW ow
Dt ot @ Jox ' Vay | "oz

Since body forces are neglected , f = 0 . The assumption
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of steady state flow means that the flow in independent
of time. The z-direction momentum equation now simplifies

to

- _L1l23 2 -
\ grad w > 3z + wWw (B-5)

where

° =

is the kinematic wviscosity.



APPENDIX C
PROPERTIES OF THE JACOBIAN

We now establish several properties of the

Jacobian

A
J(x,y) = 5 5 (cosh(xt+K_) - cos y)
KK 5
12
THEOREM C-1: For a fixed x in [O,K7], J(x,y) is
increasing on [0,n7] and for a fixed y in [0,7], J(x,y)

is increasing on [0,K7].

PROOF:

Let x be an element of [O,K7]. Then

3J _ 2A
=2
K“K

1

(cosh(x+K5) - cos y) siny .

~<
NN

Since x is nonnegative and K. is positive, cosh(x+K5)

5
is positive so that (cosh(x+K5) - cos y) is positive.

On (0,m), sin y is positive and for y = 0,7, sin y = 0.
Therefore %i is positive on (0,w) which implies that
y

J(x,y) is increasing on [0,n] for a fixed x. Let y be
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an element of [0,m]. Then

oJ 2A

dX 2
KlK

5 (cosh(x+K5) - cos y) sinh(x+K5)
2
Since sinh(x+K5) is positive on [O,K7], we have that

3J

% is positive on [0,K7]. Hence J(x,y) 1s increasing

on [O,K7] for a fixed y. The proof is now complete.

COROLLARY 1: We have the following:

5J(x,0
@y 2&O o ey in [0,K,]
dy
J
iy 2T o for ¢ in [0,K.]
3y 7

COROLLARY 2: We have the following:

(i) The minimum of J(x,y) on the rectangle is

(ii) The maximum of J(x,y) on the rectangle is

2
ﬂ(rg - r%)(rg - [ry; - 0])
rl(rz - [r1 + 017
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APPENDIX D
CALCULATIONS OF IMPORTANT INTEGRALS

The purpose of this appendix is to evaluate the
following integrals:
™ cos (ry)

1) 1, = 57 dy
-n(cosh(x+K5) - cos y)

STX
(1) T K5 exP(-rx)sin_ﬁ;[cosh(x+K5) +r sinh(x+K5)1

dx

2 o] sinh3(x+K5)

K7 exp (-rx) cos §%§ [cosh(x+K5) + r sinh(x+K5)]

(iii) I, 3
o sinh (x+K5)

where r and s are integers. We have that

m  exp(iry)
I, =Re [ o dy
-ﬂ(COSh(X+K5) - cos y)

For convenience we set

z = exp(x+K5)
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and

zl = exp(-(x+K5))

If we make the substitution z = exp(iy), then Il becomes

I1 = 4 Re {-1 ¢C f(z) dz} (D-1)
where
to) - T+l
(z-2_) % (z-21) 7
and
C: |z] =1

is the unit circle. Since x is nonnegative and K5 is

positive, the Residue Theorem implies that
$¢ £(z) dz = 2ni Res (z;) (D-2)
c

where

_g_. .

2
1. {(z-zl) £f(z)}

Res(zl) = Lim
z+zq

It is not difficult to show that
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(r-1) §r+1) (r+1)z F-1)
Res(zl) = (D-3)
(z - z)3
o 1

Substitution of equation (D-3) into equation (D-2) and

(D-2) into equation (D-1) yields, after some manipulation,

_ 2w exp (-r (x+Kg)) {cosh(x+Ks5) + r sinh(x+Kg)}

I — (D-4)
sinh (x+K5)
We now evaluate 12‘ Consider the following functions:
. STX
exp(-rx) sin —¢—
(1) £@®) =5 — !
sinh (x+K5)
(ii) gx) = - L exp (-rx) sin §%§ coth (x+K.)
2 7 5
(iii) h) = - %%— exp (-rx) cos STX oth (x+K5)
7 K7

A straight forward calculation shows that

Ky
I, = [f&x) + @) + h(x)]
(o]

2
-y 2+ 1 (D-5)

where
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K
1=/ 7 exp (-rx) sin Eii coth(x+K5) dx .

° 7

Using the well-known fact that for x + K5 > 0,

coth(x+K5) =1+2 ) exp(-2j(x+K5)
j=1

we obtain

%3
I ="' exp(-rx) sin 2™X dx
(o] K7
st K7 sTX
+ 2 .Z exp(—2jK5) [ 7 exp(-(r+2j)x) sin —— dx .

J=1 o) K7

(D-6)
Ky
Evaluation of [f(x) + g(x) + h(x)] and equation (D-6)
o
leads to, after considerable simplification, the following

expression for IZ:

K r
= _ 8T _ re_1y® (8 -
12 TR {(-1) (K ) K11 Kls}
7 10
s+l K, .
- % {1+ (-1) (1?8—) }
! 12 +1
stl Ko r+2]
) | wen @
ST 2 st S 2] 10
g T D LKy 2 sr2
7 7 3=l (r+23)° + <E1T-

(D-7)
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We now evaluate 13. Consider the following functions:
exp(-rx) cos %E§
@) £&x) =% > Z
sinh (x+K5)
(ii) gx) = - % exp (-rx) cos §%§ coth(x+K5)

7

(iii) h®E) = ALl exp (-rx) sin 5TX coth(x+K_)
K7 K7 5

It is not difficult to show that

K
I, = [£G) +g(x) + h()] 7
(o]

2 K
- % {r2 + (%1) } ! exp (-rx) cos STX coth(x+K_.) dx .

7

Calculations similar to those made in the last paragraph

then show that

I ¥ {((-1)° K 28 4% K, .}
3 = T2 (" ) 10 (K]_Z) = 14

Kg r
r s 8

1D ™ 4 s
. r -
w2y (sn)z} E 23 ; K10
_r —
K .
7 12 @2n? +
7

(D-8)



APPENDIX E

THE (fi,fj) INNER PRODUCTS FOR THE GALERKIN DETERMINANT
J

The (fi’fj) inner products needed for the Galerkin
J

determinant require evaluation of an integral of the

form
trx VX
K sin g cos uy sin g cos wy
™ 7
1= [ 72 dy dx
o o (cosh(x+K5) - cos V)

where t and v are positive integers and u and w are
nonnegative integers. Using equation (D-4) and the

trigonometric identities

(i) cos uy cos wy = %(cos(u-w)y + cos(utw)y)

. tnx . VIX (t=v) mx (te+v) mx
(ii1) sin — sin — = %(cos —K—‘ - cos

7 7 7 Ky

we can show that

I=, (I -1, +1I3-1)

m
4 1 2

and I, are of the form

where Il, I2’ I3, 4
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K exp (-rx) cos E%%{cosh(x+K5) + r sinh(x+K5)}

I' = exp(-rK 7
p( 5>f0 sinh3(x+K5)

dx.

Using the equation (D-8) , I' simplifies to

] r T
I' = -%{(-1) K _ K -

K
10 8 Kl4 12}

r

r S r _
5 11 KgKg - Ky oKy 5}
r+2i S T+2]
2, ,eml o . Klzj'('l)KsJ
-yt 4+ (K—) 1) (r+23) 2 2
738 (r+23)° + (&)
Ky

The values of r and s for Il’ 12, I3, and I4 are given
by
(i) I.: r=u-w; s=¢t-v
(ii) I,: r=u-w; s=t+v
(iii) I3: r=utw; s=t-v

(iv) I,: r=u+w; s=t¢t+ v,
4



APPENDIX F
THE COEFFICIENTS OF THE FULLY DEVELOPED VELOCITY

The coefficients a, and bmn in the Fourier series
expansion of the fully developed velocity require

evaluation of integrals of the form

., nmx
Ky ,m sin =7 cos my

I=f 2
o o (cosh(x+K5) - cos y)

where n is a positive integer and m is a nonnegative

integer. We established in Appendix D that

T cos my

p ¥
o (cosh(x+K5) - cos y)

T cos my

S

2

dy

Il

-ﬂ(cosh(x+K5) - cos y)2

m exp (-m(x+Kg)) {cosh (x+K ) + m sinh(x+K;)}

sinh3(x+K5)

Using another result from Appendix D, we obtain
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nrx
exp (-mx) sin_g{cosh(x+K5)+m sinh(x+K5)}

exp (-nKg) [/ > dx
o (cosh(x+K5) - cos y)

an (DK™ - &K )
2K 89 12713

7

’ m+2j n mt2j
nmw_ {m2 + (n_“ 2} E K12 -(-1) K8

L 2
X Ky 3= (me2i)? + 25

7



APPENDIX G

THE HILBERT SPACE Wél)(z)

Consider LZ(K) where A is a compact domain in E2.

We say that an element g(x,y) of LZ(K) vanishes in a
boundary layer if there exists a positive number § such

that for all (x,y) in the set

KG = {(x,y) in A | dist [(x,y), de(X)] < 8},

g(x,y) = 0. Define Ml(K) to be the set of all continuously
differentiable functions in LZ(K) which vanish in a
boundary layer. For g in Ml(X),

_ %8

D& = X

eiists. Since Ml(K) is dense in LZ(K), the adjoint
D, of Dx exists [7,13]. We call the operator -D: the
operation of generalized differentiation with respect to
x. If h is an element of the domain of D: , we call

*
-th the generalized first derivative of h with respect

to x. If h has continuous derivatives in K, then
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*
% o oh
X oX

i.e.the generalized derivative coincides with the ordinary
derivative. Similar remarks can be made with x replaced

with y.
(1) —
Consider the set W2 (A) = W of all elements of

LZ(K) which have generalized first derivatives. An inner

product on W is defined by

(g,h) = [_gh dA+ [_D D'h dA
g W X g x & Y%
* %
+ [_D g Dh dA
A Yy
and the corresponding norm by

2 2 _ *2 -
llell = /-8 dA+ [_D g dA
) A A

* —_
+ [_D 2g da .
A Y

With these definitions, W becomes a Hilbert space [7].
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