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ABSTRACT

The Schwarz matrix was established by H. R. Schwarz
in 1956. He used several elementary transformations to
transform a given system matrix to the Schwarz matrix.
Since then numerous authors have investigated the properties
and applications of the Schwarz matrix. Also, various trans-
formation matrices which relate a given system matrix to
the Schwarz matrix have been established. However, most of
the earlier developed transformation matrices were too com-
plicated to implement, and also they were restricted to
single variable systems only. In this research a matrix
which consists of block elements is established in the Schwarz
block form via a linear transformation. A new block-transfor-
mation matrix is established for transforming the companion
block form to the Schwarz block form. A sufficient condition
has been derived for determining the stability of a multi-
variable system whose characteristics are expressed by a
polynomial matrix. At the same time, to determine the
stability of multivariable systems, the direct extension of
the well-known scalar Routh theorem to the matrix Routh

theorem has also been studied in this research.
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CHAPTER I

INTRODUCTION

In 1956, H. R. Schwarzl published a paper in which he
showed how to transform a system matrix to a svecific matrix
form, which is now called the Schwarz matrix form. Later the
Schwarz matrix was extensively used to construct Liapunov
functions3, to prove the Hurwitz criterion2 and to evaluate
the system performance4. For instance, Kalman and Bertram3
used the Schwarz matrix to find the Liapunov functions.
Parks2 used it to prove the Hurwitz criterion via the Second
method of Liapunov. On the other hand, Diamesis4 used the
Schwarz matrix to evaluate the system performance. The
transformation matrices, which relate various matrix forms
and the Schwarz form, have been established by numerous

7-15

9 .
authors . Chen and Chu~ constructed a transformation

matrix which links the Schwarz matrix and the companion
matrix by using the Routh array elements. However, all

7-15 deal onlv with the system matrix which

existing methods
has scalar elements but not block elements. In this research,
a-matrix which consists of block elements is constructed in
the Schwarz block form and a linear transformation matrix

which consists of block elements is established to transform

the matrix in the companion block form to the matrix in



the Schwarz block form. A sufficient condition is then
derived for determining the stability of a multivariable
system whose characteristics are expressed by a polynomial

matrix.



CHAPTER II

THE SCHWARZ MATRIX FOR SINGLE VARIABLE SYSTEMS

The Schwarz matrix is an important matrix for constructing
Liapunov functions, proving the Hurwitz criterion and evaluat-
ing performance measures in system analysis. However, most
of the methods suggested for obtaining the Schwarz matrix are
too complicated to implement. In 1966 Chen and Chu9 established
an effective method by which a matrix in the phase variable
form can be easily converted into a matrix in the Schwarz
form. Their procedure is briefly reviewed in this Chapter.

Consider the following characteristic equation

s +as™l 4+ .. +a

1 S+a =20 (1)

n-1 n

The corresponding phase variable form is

X = AX (2)
where
0 1 0 0 0 . 0]
0 0 1 0 0 . . 0
A . .
0 0 0 0 0 . . 1
-a, a1 . . . . -a, —aﬂ




The system matrix A can be transformed to the matrix in the

Schwarz form using the transformation

Y = PX (3)

Substituting Eg. (3) into Eg. (2) vields

Y = paP 1y
or Y = BY
-1
where B = PAP

The matrix B is the reguired matrix in the Schwarz form.
Chen and Chu7 constructed the matrices B and P in terms of
the elements of the Routh array16 constructed from Eg. (1).

The Routh array can be written as

1 a2 a4 a6 « . .
al a3 a5 a7 « e e
a;a3Ta|a, A
= . . . . . (4)
1

and can be represented in terms of double subscripted

notations as follows:



‘11 €12 €13 €14 - -
C21 022 023 . . .
Cqp C3, Cy5 . . . (5)
C4l C42 . . . .

The Schwarz matrix B and the transformation matrix P are

expressed as follows:

0 0 0 0 0
“Cn+1,1 1 0 0 0
cn—l,l
A\
B - 0 \\\ 0 l 0 0 (6)
\_c .
0 c51 0 1 0
31
0 0 ~C41 0 1
€21
€31 €21
0 0 0 = =
11 11



and
1 . 0 0 0 0 0 0 0
0 ) ; ) ) ) . . )
n-1,2 1 0 0 0 0 0 0
cn_l,l
0 ) 0 1 0 0 0 0 0
C C
. n-3,3 2 1 0 0 0 N
€h-3,1 €61
C
0 i 0 353 0 1 0 0 0
51 o 4
C C C | T
n-5,4 43 0 c42 o 1 0 0
-5,1 €41 41 .
c c | roTTTT T T
0 X 0 33 32, o ' 1 0
€31 €31 ! !
C C 1 C ;
i ) 24 5 23 o o 22 0 1
| €21 €21 b C21
' 1 _

Both the matrices B and P were constructed by using the Routh array
elements9 in Eg. (5). The structures of the matrices B and P

are quite simple. If the transformation matrix P for a second
order system is required, then we can take the principal minor

from the lower right corner of P, as shown by the dotted lines.
Similarly, the P matrix for 3rd, 4th,...etc. order systems

can be found by taking the respective principal minors from the



right lower corner of P.

An jllustrative example is shown as follows:

Example:

For a given fourth order system

sove wee

% + 10X + 35% + 50x + 24x = 0

the matrix in the Schwarz form is required. The corresponding

matrix in the phase variable form is expressed as follows:

% = AX
- _ - -
xl 0 1l 0 0 x1
x2 0 0 1l 0 x2
X4 0 0 0 1 x3
[ X, | -24 -50 -35 -10 | [ Xy

The Routh array for the system can be written as the following:

1 35 24 cll c12 c13
10 50 c21 022

30 24 C3q c32

42 c41

24 c51




Substituting the value of these Routh array elements into Eqg.

(7), we obtain

1 0 0 0
0 1 0 0
P =
0.8 0 1 0
0 5 0 1
L -

The required Schwarz matrix is

B = pap T
— _
0 1 0 0
-0.8 0 1 0
B =
0 -4.2 0 1
i 0 0 -30 =10

The procedure given in this chapter will be extended to a
multivariable system which has a system matrix with block

elements.
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CHAPTER IIX

A MATRIX IN THE SCHWARZ BLOCK FORM FOR MULTIVARIABLE SYSTEMS

Section 1

Following the simple procedure of the previous chapter,
we can very easily obtain a matrix in the Schwarz block form
for a given system matrix which is expressed in the companion
block form.

Consider a set of linear time invariant ordinary

differential equations in the differential polynomial matrix

form
nilB pix(t) = (01, B, =1 (8)
i ' n+l
i=1
Di—lX(O) = [L. .1 i=1,2,3...n
-1 ,2,3...

where X(t) is the m dimensional state of the system, Bi is
an mxm real constant matrix and the differential operator D
is D = é% , matrix I is an identity matrix and [0] is a null
matrix. The corresponding state equation of Eg. (8) in the

companion block form is

(X] = [B] [X] (9)
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[x(0)1 = [ol

where
0 I 0 0 0 . . 0 ]
0 0 I 0 0 . . 0
[B]: . L3 - - L L) - -
0 0 0 0 0 . . I
—Bl —B2 -B3 —B4 —B5 . . —Bn
The dimensions of matrix [B], each block
element in [BI], and the state vector [X] are (nxm)x(nxm),

mxm and (nxm)xl respectively. Matrix [B] is the matrix in the
companion block forml7. Fa. (9) can be transformed
to the Schwarz block form using a 1ineartransformation.[Kl]

as follows:

Let [y] = [Kl][X]

Then
. -1
[yl = [Kl][B][Kl 11[yl
= [A] [yl (10)
Where _ -
0 I 0 . 0 0
—Al 0 I . 0 0
0 —A2 0 . 0 0
[A] = . . . . . .
0 0 0 . 0 I
LO 0 0 . =A, 3 -A,




[K
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The dimension of each block element in matrix [A] is mxm. Matrix
[A] is the matrix in the Schwarz block form. By following

the approach proposed by Chen & Chu9,the linear transformation
matrix [Kl] which relates the coordinates [X] and [yl in

Egs. (9) & (10) is constructed and extended as follows:

[yl = [K;][x] (11)
Where
B I . 0 0 0 0 0 00 —
0 ) i i i i .
¢l ¢ I 0 0 0 0 00
n-1,1%n-1,2 *
0 i 0 I 0 0 0 00
o -1
=| €hl3.1%-3.3 - Ce1Ce2 0 I 0 0 00
-1
0 i 0 C;C, O I 0 00
-1 -1 -1
Ch-5Cn-5,4 - C41Ca3 0 Cu1Cy4 0 I 00
-1 -1
0 ) 0 CjCy; 0 C3C,, 0 IO
c-lc o clc 0o clc._ o1
. - C51Cy4 2123 21%22 |
(12)

Matrix [Kl] in Ea. (12) is quite similar to the [Kl] matrix

of Chen & Chu.9 The block elements Ci 5 having dimension mxm
[

in eguation (12) can be obtained from the matrix Routh'arrayl
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Before constructing the matrix
Routh array define & = g + 1 if n 1is an even number,
otherwise & = E%l. Also define the double subscript

hotations ¢ and ¢

1,75 2,3 as follows:

1,5 = Bn+3-2§ ¢ J
2,3 = Bn+2-2j ’ j=1,2,000... % (13)

C =1

The Bi are the positive real constant matrices shown
in Eq. (8). The matrix Routh array and the matrix Routh

algorithm are expressed as follows:

1 Ci1 C12 C13 €94 - - -
H1=C11C21 . e o
1 21 C22 Ca3 Cog - - -
Hy=C51C31 <::C c
31 C32 ¢ ..
g ec o1 33
37C31C41
Cyi Cup Cug - - -
Coy Coy + - -
Cé1 C62 - - -
Cop + - - (14)

-1 Cn,l
Hn_cn,lcn+l,1<::c

n+l,1
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where
Ci,y = Ci-2,3+171-2%1-1%41 =12, ..
i=3,4,...
_ -1 i=1,2,...,n
By = Cq,1C541,1)

det (Ci+l’l)#0

The matrices Hi in Eg. (14) are called the matrix gquotient.
The procedure to construct the transformation matrix [Kl] and

the Schwarz matrix [A] is shown in the following section.

Section 2
To obtain a matrix in the Schwarz block form we perform

the following linear transformation:

[z] = [K,][y]

From Eg. (10) we have an alternate matrix [F] in the Schwarz

block form as follows:

(2] = [K,1[A][K;"][2]

[Fl[z]

A detailed expression is

- -1 -1
[2] = [K,][K ]1[BIIK 1 " [K,] " [z]
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= [K1[B]1IK] liz]
= [F]I[z] (15)
where
~— o0  H L. o0 .0 0 0o ]
n-1
-1 -1
-H_* 0 HZ, . 0 0 0
o -t o . 0 0 0
n-1
[F] = - . . . . - . (lﬁ)
-1
0 0 0 .0 Bt 0
-1 -1
0 0 0 S O H]
-1 -1
0 0 0 B

Matrix [F] is the required matrix in the
Schwarz block form, which can be constructed by the matrix
quotients Hi’ i=1,2,...,n obtained from the matrix Routh
arrayralthough, it is observed that the approach proposed
here to find the Schwarz block form is applicable only

when det(Ci+l)#O.

The linear transformation matrix [K] which links
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the coordinates ([X] in the companion block form and the

coordinates [z] in the Schwarz block form can be written as

follows:
ann+1,l . . 0 0 0 0 0
N
0 . ... . . . .
~
N
N
~N
Hy 5Cho1,3~c - O 0 0 0 0
\\ N
\\ N
0 \\ 3 L] \H\6C7l O 0 0 0
\\\ \\\
(K] = | H _,C 35 - . 0 \HgCgy O 0 0
\\ \\
AN
0 - - NHC, O \1\{4c51 0 0
\\ N
0 NHC,. 0 . HC,. 0
Hh-6%n-5,4 - - NERY s HBsfa
~ AN
~ N
N N
0 . . H2C33 0 \H2C32 0 \\ H2C3l
AN N
AN N
~ ~
. .. 0 HiChy O\ HiChy 07
(17)

The matrix [K] is a triangular block matrix. All the block
elements in Eg. (17) can be directly obtained from the
matrix Routh array in Eq. (14 ). For example, the block
elements in the main diagonal which are shown by the dotted
diagonal line are obtained by premultiplying the matrix
quotients Hi to the block elements ci,l’ which are located

in the first column of the matrix Routh array. The block
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elements of the first lower diagonal in [X], shown by the
second dotted diagonal line, are determined by premultiplying

the matrix quotients Hi to the block elements Ci The Ci

P27

are located in the second column of the matrix Routh array.

' 2

The sizes of matrices [F] and [K] are determined by the degree
of the polynomial matrix and the order of the matrix coefficients
in Eg. (8). 1In other words, when the degree of a polynomial
matrix is n=4 and the dimension of each matrix coefficient is
m then the corresponding 4mx4m matrices [F] and [K] are
taken from the right hand side lower corner of the matrices [F]
and [K] as shown in Egs. (16) and (17).

In the above paragraphs we have described the Schwarz
block matrix [F] and the transformation matrix [K]. However,
the question is how to obtain these matrices.

In section 3 we will show the steps to
construct these matrices [F] and [K] using the induction

approach.

Section 3

Case l: Second Order System (m=2)

The differential matrix polynomial for a second order

multivariable system is
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E(t)+[Bz]k(t)+[Bl]x(t)=[01 (18)

1 and B2 are real constant mxm matrix coefficients.

X(t) is the 2 -dimensional state of the system.

where B

The corresponding state equation of Eg. (18) in the

companion block form is

[x] = [B]IX]

or [i] (19)

i
1
w o
|l
I
W H
N
I
X

and the matrix Routh array for the given matrix polynomial

is

The positions of the matrix Routh array can be indicated by

matrix double subscript notations as follows:

N €11 C12
H1=C1;C21 <:::_C
1 21
Hy=Co1€31 <i:jc
31
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Eg. (19) can be written by using these new Routh array

elements as:

[X] = [X]

The corresponding Schwarz form is

1

[z] = [K][B] K] ‘(z]
= [F]Iz]
where
[F] = [K][B]IKI T
or
[F]1[K] = [K]I[BI] (20)

Now, consider the transformation matrix [K]

(21)

[X] 0 H,C

The matrix [F] in the new proposed Schwarz block form is
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To determine the matrix [F] impbose the followinag condition:

[F] K]

[K] [B]

o rF.| lmc 0
or [F][K] = 31 2738
“Fa cFp| | 0 HiCo
0 FH Coy
— (22)
“FoH,C3p ~FH1CHg
L
and H2C31 0 0 I
[R]1([B] = - -
|0 H1C21) |T%12 ~C21
0 H.C
2C31
_ 3 (23)
7H1C21%2  7H1C21C0
A comparison of Egs. (22) and (23) vyields
-
F)=H
]
F, = Hy
I
F, = H]
Thus -1
0 H]
[F] = _ _ (24)
I ot o
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Matrix [F] in Eg. (24) is the required matrix in the Schwarz
block form. Now we go one step ahead and consider the third

order system.

Case 2: Third Order System

For a third order svstem the differential matrix equation

is as follows:

X + [B3]X + [B2]X + [Bl]X = [0] (25)

The state equation in the companion block form for the above

equation can be written as

[&] = 0 0 I [X]

I B,
B3 By
(BZ—B;lBl)

By

The matrix Routh array can be expressed in the matrix double
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subscript notation as shown below.

C C

PR | 11 12
Hy=C11%o1 <::
¢ e o1 €21 C22
27°21%31 <:: (26)
. €31
Hy=C31C41 <:: .
a1

Egq. (20) can be re-written using these new matrix Routh array

elements as

0 I 0 |
[X] = 0 0 I [x]
L__C22 “Ci12 Coxy

The corresponding state equation in the Schwarz block form is

1

[K][B][K]~

[F1[z]

[z] [z]

[l

where the matrix in the Schwarz block form can be expressed in

the following form:

0 F, 0
Pl = | Fa O F3
0 -'F2 —Fl




The suggested transformation matrix

system is

[K]

-23-

HyCuy 0
0 H,C,y
Hy1Cyyp 0

[K] for this third order

(27)

The block elements of [K] are found from the matrix Routh

array of Eq.

(26) .

by using the equality of Eqg.

[F] [K]

= [K][B]

The detailed block structure is

[F][K]

and

[K] [B]

o

0o F, 0 H,C, O
-F, 0 F, 0 H
0 -F, -F, Lch22 0
0 F5H2C3l

~F HyC, +#F H Cop 0
~FiH1Cop “FoHyC31
HyCpy O 0 0
0 HyCyp O 0
H C,, O H.C,,][-C

0
2C31 O

H1Cr1
) _
F3H:Coy
“FiHCo1

I

0
22 C1a

Here again the matrix [F] can be determined

(20) , or by imposing the condition

(28)
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0 HiC,y 0
= 0 0 H,Cqp (29)
| TH1C21C22 H3Cpo7H1C51C10 THiCCo1

From Egs. (28) and (29)

)
Fp=H
-1
F, =H,
)
Fg = Hy
-1
F, = H
4 3,
Fg = Hy

Therefore the matrix in the Schwarz block form is

— -1 —_
0 H2 0
_ -1 -1
F = Hy 0 Hq (30)
-1 -1
8 O "H2 —H].J

The structure of matrix [F] is the same as the matrix proposed
in Egq. (16). Next we continue to search for the vattern of

these matrices for a fourth order system,

Case 3: Fourth Order System

The differential matrix equation for a fourth order
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equation is

eose ove

X + [B4]X + [B3]X + [B2]X + [Bl]X = [0] (31)

The state equation in the companion block form of the above

equation is

[X] = [X] (32)

We establish the matrix Routh array for Eg. (31) as follows:

T B, B
By B>
(B3—B;le) By

B, - B,(e,-5;'s,) —lBl>
By

The matrix Routh array in terms of amatrix double subscript

notation can be written as follows:



-1 <::cll
H1=C11%01
Co1
-1
Hy=Cy1C31 <::
c
1 <:: 31
H3=C31Ca1
c
1 41
Hy=Cy1C51 <::C
51
Thus (32) becomes
0 I
X 0 0
[X] =
0 0
L¢3 €

The corresponding state eqguation in the Schwarz block form is

[2]

where the Schwarz matrix [F] is expressed in the following form:

[F]

[K] [B] [K] ™

[F1[z]

[0 Fo

-F, 0
0 -F,
0 0

1

-26-

12

22

32

[z]

€13
0 |
0
I

12 ~Ca1

[X]

(33)



The suggested transformation matrix [K] is

[K] =

The block elements

in

matrix equation:

where

[F] [K]

(33).

[F][K]

Once

-27-

H4C51 0 0 0
0 H3C41 0 0
H2C32 0 H2C3l 0
0 H1C22 0 HlC21

(34)

of [K] are found from the matrix Routh array

again we check the equality of the following

(K] [B]

o F., 0 0 H,Cop O
-F, 0 F, 0 0 H,C,,

"o -F, o Fyo|| HyCyy O
0o o -F, -F; || O H,C,,
0 FoH,C,y
“FeHaCs1tFsHC3p

o “FHCPF3HE 1 Con
L:F2H2C32 “FH1C92

0 0 7]

0 0

HyC3p O

0 H)Cyo

0 0 7]
FgH,Cyp O

0 FH C,)
“F H,Cyp TF1H oy

(33)
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and
HyCgy O 0 o ][ o I 0 0 7]
0 HyCyy O 0 0 0 1 0
[K] [B]=
H,Cyy O H,Cyy O 0 0 0 I
|0 H1Cp O H1C21] | *13 22 12 21
0 H,Cs; 0 0
0 0 H.C 0
_ 341 (36)
0 H,Cop 0 H,Cyp
H1C51C137H1C01C02 1007 H €180 ~H1Cp1C01

From Egs. (35) and (36) we have

F, = Hil
F, = H;l
Fqy = HIl
F, = H;l
Fg = H;l
Fe = Hzl
Fq = H;l

The required matrix in the Schwarz block form is
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0 H;l 0 0o
—H;l 0 H;l 0
(F] = -1 _1 (37)
0 -Hj 0 H]
-1 -1
] 0 0 -H,"  -H]

Here once more we have the expected structure of the Schwarz
matrix [F] and the transformation matrix [K]. Following the
development of the pattern of the matrices [F] and [K] in Egs.
(24), (30) and (37), we can proceed to construct the corres-

ponding matrices [F] and [K] for a fifth order system.

Fifth Order System

The differential matrix equation for a fifth order system
is

X + [B5]X + [B4]X + [B3]X + [BZ]X + [Bl]X = [0]

The state equation in the companion block form becomes

0 I 0 0 0]
0 0 I 0 0
[X] = 0 0 0 I 0 |[x] (38)
0 0 0 0 I
By B, By =B, -Bg
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The matrix Routh array can be written as follows:

1 11 C12 €13
H1=C11C01 <<:c: c c
N <:: 21 C22 €23
Hy=C51C31 .
1 <:: 31 C32
H3=C31Cy3 c
1 <<: 41 Ca2
Hy=C41C51 .
_ -1 51
H5=C51C61 <::
Ce1

The alternate representation of Eg. (383) is

0 I 0 0 0 ]
0 0 T 0 0
[X] = | 0 0 0 I 0 |Ix] (39)
0 0 0 0 T
C23 "C13 "C22 C12 ~Ca1

The corresponding state equation in the Schwarz block form is

1

[z] = [K][B]IK] ~[z] (40)

[z]

[F][z] (41)

Following the previous procedure we find the matrix
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[F1 and the transformation matrix [K]:

0 ;b 0 0 0 7
-Hh o Yoo o
[F] = 0 —Hzl 0 Hzl 0 (42)
0 0 —H;l 0 H;l
0 0 0 —H;l -Hll__
"HSCGl 0 0 0 0 h
0 H)Ccy O 0 0
and [K] = | HyCyy O HyCqy O 0 (43)
0 H,Cy, O H,Cyy O
| 11Cp3 O H,C,, O HCor |

This supports the following procedure for the development of
the Schwarz block matrix [F] and the transformation matrix
[K]. Hence, we can establish a general structure

for the matrices [F] and [K].

General Schwarz Matrix In Block Form

From Eq. (24), (30), (37), and (42), we can

describe the pattern of the matrix [F] as follows:
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(1) The principal minors of the matrix {[F] located at the lower
right corner represent the Schwarz block matrices for the
system. For example, the second lower principal minor is the
Schwarz matrix for a second order system, while the third lower

principal minor is the Schwarz matrix for a third order system.

(2) All the block elements on the main diagonal are null
matrices except the lowest right corner block element which is

the inverse of the matrix quotient Hl'

(3) The block elements of the first lower diagonal are negative

of the inverses of the matrix guotients Hi’ i=1,2,...,n+1, which

are found from the matrix Routh array.

(4) Each block elements in the 2nd, 3rd,...etc. lower diagonals

are null matrices.

(5) The block elements of the first upper diagonal are the
inverse of the matrix quotients Hi’ i=1,2,...,nl which are

found from the matrix Routh array.

(6) Each block element in the 2nd, 3rd,...etc. upper diagonal

is a null matrix.

The general [F] matrix is shown as follows:
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— -1
0 Hn—l 0 0 0 0 0 T
-1 -1
—Hn 0 Hn—2 . 0 0 0 0
o - L. o 0 0 0 0
n-1
. . . . . r_. _____ S
[Fl =14 0 0 o 1+ oH;Y o 0
[}
-1 -1
0 0 0 . —H4 : 0 rEZ-_-fz___
TR R -1
0 0 0 . 0 : H3 : 0 Hl
1 -1 -1
| 0 0 0 0 , O :—Hz —Hl |
General Transformation Matrix
From Egs. (21), (27), (34) and (43), the structure of

the general transformation matrix [K] can be recognized as

follows:

1. The principal minors of the matrix [K], from the

lower right corner to the upper right corner, represent

the transformation matrices for the systems of increasing order.
For example, the second lower principal minor is the trans-
formation matrix for a second order system, and the third lower
principal minor is the transformation matrix for a third order
system.

2.

The matrix [K] is a triangular matrix with block elements.

3. The block elements of the main diagonal in the matrix [K] are

ob-
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tained by the respective product of the matrix quotients H

and the block elements Ci,l in the first column of the matrix
Routh array. The main diagonal is shown by the first dotted
line.

4. The block elements of the first lower diagonal in the matrix
[K] are null matrices.

5. The block elements of the second lower diagonal in the matrix [X]
are determined by the respective products of the matrix
quotients Hy and the block elements C1’2 in the second

column of the matrix Routh array. The second lower diagonal

is shown by the second dotted line.

6. The remaining block elements in the lower triangle are

found by following the guidelines of steps (4) and (5).

The general structure of the transformation matrix [K] is

shown as below,

HCoel, 1 . . 0 0 0 0 0 0
0 \\\\ . . . . . . . .
Ho 5Cp1 3~0 - O 0 0 0 0 0
0 "~ . SNHC,y O 0 0 0 0
[K]: S - \\\
By 4Cp-3,3~ - - O ~HsCoy 0 0 0 0
0 . TNHC, O \\§4C51 0 0 0
\\ \\\I ——————————————
Bh-6Ch-5,4 - - 0 ~H3Cyp O »H3Cyy O 0
~ | ~ N = e e e —
AR i S
0 .+ HyCyy O ~HyCqy | O 7§2C31 0
\\ 1 ~
. \\ 1 i ~ -
- . .0 HyChyy O j\chzz ! 0 ~ B Cyy |
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JLLUSTRATIVE EXAMPLES

Example 1

To construct the proposed linear transformation matrix
and the matrix in the Schwarz block form, consider a

differential matrix equation

n+l1=5 .
) BiDl_lX(t) = [0]
i=1
or
B5X(t)+B4X(t)+B3X(t)+B2X(t)+BlX(t)=[0] (44)

Using Eqg. (13), the above equation (44) can be rewritten as

(4) (3) -

Cllx(t)+C21X(t)+C12X(t)+C22X(t)+Cl3X(t) = [0]
where
<1 o> <i1.4 —l.6>
C117B5= \o 1 C127B3= 2.2 5.8
(5 3> (2 2)
C137B1% \3 4 C217B4= 2 4
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A matrix in the Schwarz block form and the linear transfor-
mation matrix which transforms the companion block form to

the Schwarz block form can be constructed as follows:

The state equation in the companion block form is

[x] = [B]IX]

where

ORI U B GO I OO
I LY S B G O
CaCo D )G
GGG G0

As shown in Eg. (15 ) and (1l6), the state equation in the

Schwarz block form is

[z] = [F][2]

where
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0 iyt o 0

—H;l 0 Hgl 0
el 0 —H;l 0 Hil

| 0 0 —Hgl —Hil_

Substitute above the numerical value of matrix quotients Hi’

which are obtained from the matrix Routh array for Eq. (44).

B 14 -12 ]
0 0 = === 0 o 0 0
-6 -8 0 0 0 0
o0 0 5 5
-8 -14 10
T I ( 0 0 7 -1 0 0 )
-7 =15 1
B 0 0 o 3 0 0
[F]l=
-14 12 5 -5
0 0 ( 5 5 6 0 7.5 7.5)
6 -8 -5  -10
0 0 g 5 0 0 7.5 7.5
-10 -5 5
o 0 ( o 0 1 L\ /773 7.5)
-1 5 10
00 o 0 0 >/ \v 3 73/ |

The linear transformation between [X] and [Z] coordinates is

(2] = [K][X]
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The linear transformation matrix [K] can be found
from the lower right corner of Eq. (14) as in the

following:

—
HyCey O 0 0
0 HyCyy O 0
[K] =
HyCyy O HyCyy O
0 HiChpy O H1C21
’(6 -2> 0 0 <o o> 0 o>‘
-2 2 < 0 0 ) 0 0 (o 0
< 0 c)> <’ 3 1'> ( 0 0 > (() é)
0 0 1 2 0 0 0 0
or [K] =
22 22
6 8 0 0 2 4 0 0
<o o> (8.4 —2.6)(0 o><1 o>
N0 0 7.2 -6.2 0 0 0 1/
Example 2

Consider another differential matrix equation

BSX(t)+B4X(t)+B3X(t)+B2X(t)+BlX(t) =
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cllx(t)+czlx(t)+c12x(t)+c22X(t)+cl3x(t) = [0] (45)

where
1 0
C = B = < > ’
11 5 o 1
-37.05 -78.8)
C = B, = r
1273 <\ 33 65
(—10.5 -23 >
C = B, = ’
13 1 ~0.1 -0.6
2 1:>
C =B = ’
21 4 <:1 1
<-43.1 —94.6>
and C = B, =
22 2 ~6.05 -16.3

The matrix in the Schwarz block form and the linear trans-

formation matrix [K] are desired to be constructed:

According to Egq. (14 ) the matrix Routh array is written

as follows:
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<1 0 > <-37.5 -78.8> -10.5 -23
C = C = c =
11 \o 1 12 33 65 13 \-0.1 -0.6

<2 1 <—43.1 —94.6)
= C =
2L \1 1/ 22 \_g.05 -16.3
H =
2 1 0.5 ‘> <i
0 -0.5 ~10.5 -23 >
c C..=
317 (2 3 ) 32 <—o.1 -0.6
1.125 0.25
45 00 )
0.25 0.5
-1 —2)
C =
41 <i4.5 7

0.1 —0.5)
H.=
4 (;0.5 7.5
10.5 =23 >
>l <—0.l -0.6

I ////\\\\

C

The state equation in the companion block form is

[Xx] = [B] [X]

where



GG
(o I G DG
(o0 DG DG
Cor o) (o 20) G 2 G

and the state equation in the Schwarz block form is

|
N
Q (@]
o o
~
77N\
o
— (o]

o

o

o
o

[B]=

o

N~ S~

'_J

[z] = [F]112]

()l (0 o)
G (o DG D)
G ( )
oo D7

o
o
V]
=

o
[
=

/‘\ TN TN —
o o
o o

| S— N—— N—— ~—

1
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The linear transformation matrix [F] which relates the [¥X] and

the [Z] coordinates is

[z] = [K]I[X]

where

[K] =
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CHAPTER IV

ROUTH ALGORITHM FOR SCALAR POLYNOMIALS

The well-known Routh Theorem16 is commonly used to
determine the absolute stability of single variable systems.
The advantage of using the Routh criterion is that the
stability of a system can be determined without actually
solving for the roots of the characteristic equation. 1In
this research the scalar Routh theorem for single variable
systems has been extended to the matrix Routh theorem.
Therefore, it is quite appropriate to start by reviewing
the scalar Routh array.

Suppose that the characteristic equation of a linear
system is written in the general form:
Sn-—l n-2

+A,S +...+A

_ n
F(S) = AOS +A 5

S+A =0 (45a)
n

1 n~-1

In order that there are no roots of Eg. (45a) with

positive real parts, it is necessary (but not sufficient) that23

(1) All the coefficients of the polynomial have
the same sign and

(2) None of the coefficients wvanish.

The two necessary conditions given above can be checked
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by inspection. However they are not sufficient, it is quite
likely that a polynomial with all positive coefficients has
roots in the right half S-plane. However, this difficulty

can be overcome by using the Routh theorem. 1In 1877, Routh
developed a necessary and sufficient condition for the absolute
stability of a characteristic equation. The Routh theorem is

reviewed as follows:

1. Write the chracteristic polynomial in S in the

following form:

aosn+alsn_l+...+an_ls+an=0
where the coefficients are real numbers. We assume that
an# 0, that is, any zero root has been removed.

2. Check the signs of the coefficients of the charac-
teristic polynomial. If there exists any sign change, or any
coefficients vanish, then the characteristic equation is not
asymptotically stable. If all coefficients have a positive
sign, then proceed with the following processes.

3. Arrange the coefficients of the polynomial in rows

and columns according to the following pattern:



Sn a a2
Sn_l ay a3
g2 b, b,
gh-3 c; <,
st 4 a,
82 e e,
st £,

SO 94

b

3

-45~

4 %
5 37
3 Ps
3 Ca
3 9y
, etc.

are evaluated as follows:
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174 5
b =
2 ay
by = 21%67%%7
a4
Evaluation of the b's continued until the remaining

ones are all zero., The same pattern of cross multiplying
the coefficients of the two previous rows is followed in

evaluating the c¢'s, d's, etc. e.qg.

. = bla3-—alb2
1 b1
CICZ 0102
dl =
€1

This process is continued until the nth row has been com-

pleted. The Routh array can be much conveniently written

in the double subscript notation as follows

c Cy1 ©12 €13 C14 - -
g o Cll
1 C
27 NCoi Co Can Cor .

. 21 €22 Cu3 Coy
2 C33 NC31 C35 Cs3
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c C

Hn _ n,1 <: n,l

C
n+l,1 Cn+l,l
where

Ci,5 = Ci-2,5+41 ~ Hi-2%i-1,901

-1 .
j_ - Ci,l(ci‘l‘l,l) l—l,2,...n

The Routh's16 stability criterion states that the number
of the roots of the characteristic equation with a positive real
part is equal to the number of changes in sign of the
coefficients of the first column of the array. It should be
noted that exact values of the term in the first column need
not be known, instead only the signs are needed. The necessary
and sufficient condition that all the roots of the chracteris-
tic equation lie in the left half S-plane is that all the
coefficients of the characteristic polynomial are positive
and all terms in the first column of the Routh array have
positive signs.

The Routh theorem can be illustrated by the following

examples.

Example 1

Consider the following characteristic egquation
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s¥t253435%44545 = 0

Follow the procedure just presented and construct

the Routh array as in the following:

Lo 1 <i‘ 1 3 5
1 2 5 4
h, = 2 <i
. 1 15
Sign change hy = -% <:: e
h, = -2 <i
4 5 5

Since there are two sign changes in the first column of the
Routh array, the equation has two roots located in the right

half S-plane. Consequently all h's are also not positive.

Example 2

Consider the following characteristic equation:

3

(S+1) (S+2) (5+3) (S+4) = s*+108°+555%4505+24 = 0

The Routh array is constructed as follows:

1 55 24
hy ==f%' <:
) 10 50
h, =3 <
o 250<i 50 24
37 226\,
_ 226 5
h4 - 120<i
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There is no sign change in the first column of the
Routh array, therefore the characteristic equation is stable.
In this case, we observe that all the h's are also positive.

In this chapter, we have gone through the procedures of
the Routh algorithm and the Routh array, and we have reviewed
the Routh theorem.

In the next chapter the scalar Routh theorem will be ex~-

tended to the matrix Routh theorem.
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CHAPTER V

A SUFFICIENT CONDITION FOR THE STABILITY

OF A POLYNOMIAL MATRIX

In a single variable system the Routh criterion16

is applied to the characteristic polynomial of a linear
system to determine the absolute stability. In other words,
the scalar polynomial in the form of (8) is arranged in the
Routh array in (14), then the Routh criterion is applied.

If the scalars C, in the first column of the Routh array

1

r

have no sign changes or all elements Ci 17 i=1,2,... are
[4

positive real, then the system is asymptotically stable.

In the same fashion it is interesting to
investigate whether a multivariable system whose
characteristic polynomial matrix is shown in (8) is
asymptotically stable if the block elements Ci,l'
i=1,2,... 1in the first column of +the matrix Routh
array in Eq. (4) are positive definite matrices.

In other words can the Routh criterion be extended to
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the matrix Routh criterion? 1In this research we will partially

answer this question.

Consider the differential matrix equation

n+l
) B pix(t) = (0] B =1 (46)
i ! n+l
i=1
DK (0) = [o;_;] i=1,2,...,n

where X(t) is the m-dimensional state of the system and the
Bi are mxm real constant matrices. As discussed in the
previous chapters, the corresponding state equation in the

companion block form is

[x] = [B]IX]

The corresponding state equation in the Schwarz block form is

[K] [B] [K™ 1] (2] (47)
[F] (2]

[Z]

Since the stability of a system is invariant under the

transpose operation of the system matrix, we consider the
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following system:

[FT][q] (48)

[G] [qgl

[q]

The matrix [F] in Eqg. (48) is defined in Eq, (47) and the
transpose of the matrix [F] is defined as [G]. If the matrix
quotients H. in Eq, (13 ) are positive definite and symmetric

real matrices, then we can consider the following quadratic

equation3’22:
T
vV = [g7]1[P][qg] (49)
where
F‘Hn 0 . 0 0
0 Hn—l . 0 0
[P] = . . . . .
0 0 . H2 0
0 0 . 0 Hl

The derivative function V is

7] [PG+GTP] [q] (50)

<
I

- 971101 [q]
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where
0 -I O . 0 0 7]
I 0 -1 . 0 0
0 I 0 . 0 0
[P]1[G] =
0 0 0 . 0 -I
and .
0 0 0 . 0 0~
0 0 0 . 0 0
0 0 0 . 0 0
[o]=
0 0 0 . 0 0
| 0 0 0 . 0 2T |

The V function in Eg. (49) is a positive definite quadratic
form and the & function in Eq. (50) is a negative semi-
definite form. Therefore the system in Eq. (47) or Eg. (46)

is asymptotically stable and P is a Liapunov function.

From the above derivation we obtainasufficient condition that

“a multivariable system, whose characteristic polynomial

matrix has the form shown in Eg. (46), is asymptotically stable

if the matrix quotients H, in Eq. (13 ) are real symmetric
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positive definite matrices. From Eg. (9) and (16) it can

be observed that the Bn(=H1l

= C21) must be symmetric and
positive definite for the sufficient condition to apply.

It is also noted that, in general, if a system is asympto-
tically stable, the block elements Ci,l’ i=1,2,..., in the
first column of the matrix Routh array and the Hi’ i=1,2,...,
in the same array are not necessarily symmetric and positive
definite matrices. It is seen that the scalar Routh criterion
can not, in general, be extended to the matrix case by

straightforward replacement of positivity of real numbers

by positive definiteness of matrices.

On the other hand, the necessary conditions for an
asymptotic stability due to the Routh criterionl6can be partially
extended to the case of matrix polynomials. The necessary
conditions are as follows:

1. The determinant of B, in Eg. (46) is non zero.

1

2. The determinants of Bn 1 and Bl in Eg. (46)

+
have the same sign if the determinant of
Bn+l(=cll) is non zero.

These conditions can be easily verified from the basic laws

of algebra. Thus, in this research we have partially extended
the Routh criterion to the matrix Routh criterion for deter-
mining the asymptotic stability of a class of matrix
polynomials. The following numerical examples are shown to

illustrate the procedure for determining the stability of a

multivariable system,
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Example 1

Consider the differential matrix equation used in

Example 2 of Chapter III, and study the stability of the system.

Arrange the matrix Routh array for the given matrix equation.

CllX(t)+C21X(t)+ClZX(t)+C22X(t)+C13X(t) = [0]
1 0 ~> <f37.05 —78.€> ~10.5 -2.3\
C = C =<
1 12 33 65 13 \-0.1 -0.6/

<~43.1 -94.6>
22 \_6,05 -16.3

o

N
AN

Q
[\ ]
[

|

[ N
N
[B)]
\/ \_/
Q

(51)

o)
(¥%)
=
N N 6’“\ N 7N
[en)
w ©

The matrix quotients Hi’ i=1,2,...,4 in Eg. (51 ) are positive
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definite symmetric real matrices. Therefore, the system is
asymptotically stable. It is noted that the block elements
Ci,l’ i=l,...,5 in the first column of the matrix Routh
array in Eg. ( 51) are not all positive definite and/or

symmetric real matrices.

It is interesting to note that the characteristic equation
|sI-B|=|SI-F|= 0 and the roots which have negative real
parts are:

s8+357+28.955%479,3555+2065%+458.875534221. 0552

+48.,484+4 = 0

and
-0.0239155 +* §4.27199
-0.0784809 + j2.95637
-0.189163 + j0.165319
-0.177194
-2.23969

Example 2

Consider the following transfer function matrix

[T(S)] which is expressed by the product of two relatively

prime polynomial matrices [N(S)] and [D(S)]_l or
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[T(S)] = [N(S)][D(s)]1™t

The characteristic polynomial matrix [D(S)] is

4 3 2
BSS +B4S +B3S +BZS+B1

[D(s)]

4 3 2
llS +C21S +C128 +C22

ey 1) () 1)
(D e D)

3 7

C S+C

13

where

It is interesting to determine the stability of this system.

Eg. (12b) yields the matrix Routh array as

e, L) () (] )
C21=<3 7> C22=<4 9>

follows:

<l4—06>< 2
17 0.6 0.4

3

7.3

4 9>C < 2-—0.2> . =<2 0)

2.2 2. 31\ 9.2 1.8 32\ o 2
<ll6-5 >< _3__4_
= 5.4 c, =<1 11

4 9
3 1T 11
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The matrix quotients Hi’ i=l,...,4, in the matrix Routh array
are positive definite symmetric real matrices. Therefore the
system is stable. It is observed that the block elements
Ci,l’ i=1l,...,5, in the first column of the matrix Routh

array are all positive definite but not symmetric real matrices.

Sometimes, in applying the approach proposed in this
research difficulties may be encountered in calculating the
matrix quotients HiasihlEqu4)- This implies that if any
Ci,l in Eq. ( 14) is singular, then the H, cannot be obtained
to determine the stability of a matrix polynomial. This
limitation can be remedied by multiplying the original matrix
polynomial, defined as T(s), by a polynomial matrix defined
as E(S), where the roots of the determinant E(S) have negative
real parts. Thenapply the matrix Routh procedure to the
modified matrix polynomial T(S)E(S) or E(S)T(S). It is noted
that the stability of the original system is preserved because
the stability of a system is invariant under this modification.
An alternate way is to perform the transformation S+é—to the T(S)
and then apply the matrix polynomial defined as Tl(S)

(=T(S)|S+% ). In other words, the C and C, 5 in Eq. (12a)
14

1,3
are rewritten as follows:

C . = B

1,5 25-1 for ji=1,2,3,...

C . = B

2,3 for j=1,2,3,...

2]
Again, the stability of the original system is invariant to
this modification and the numerically ill-conditioned problem

(i.e. C. is singular) can be solved. An example is given

i,1
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to illustrate this procedure:
Example 3
Consider that the stability and the structure of

the matrix Routh array of the following matrix polynomial

T(S) are of interest:

3 2

T(S) = B4S +B3S +st+B1
t 3 ] 2 1 1 _
= Clls +C218 +C128+C22 =0 (52)
where
. <j0 1.> . <\l 0:>
C =B, = C = B, =
11 4 1 0 12 2 0o 1
. <’1 1 \ <’l ()>
C = B = C = B =
21 3 1 1_> 22 1 0o 1
. ' 1
The determinant of B4(=Cll)=—l and that of Bl(=C22)=1.

From the derived necessary conditions for asymptotic sta-
bility we conclude that the system is unstable because the
determinants of B, and B1 have a different sign. Further study
of the stability is not necessary. It might be interesting
to see the corresponding characteristic equation of this
system which can be written as follows:

det T(S) = —s6—235+352+2s+1 =0 (53)

Since the first and the last coefficients, which are the
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determinants of B4 and Bl respectively, have different signs,
the system is unstable. In order to study the
structure of the matrix Routh array of this unstable system
is
1
singular), we apply the matrix Routh algorithm of Eqg. (13)

and the numerically ill-conditioned problem (i.e. Ci

and use the Ci 3 in Eq. (52 ). The matrix Routh array can
14

not be obtained because Cél

cally ill-conditioned case. Since the stability is invariant

is singular. This is a numeri-

between the original system T(S) and the modified system

Tl(S) (=T(S)|S+é), we can construct the matrix Routh array

for Tl(S). Tl(S) can be written as follows:
T (S) =T(S) - 1 3 1 2 ] 1
1 1 = CZZS +C128 +C218+Cll
s > =
S
= C..S834+c..s24c,.8+C,, = 0 (54)

11 21 12 22

where

(o 1) (o)

c = ’ C =

11 0o 1 12 1 1
G 2 (o)

C = ’ C =

21 0 1 22 1 0

The corresponding matrix Routh array is



<1 o> (1 1>
c.. = C.. =
L <1 o> 11 0 1 12 101
H.=C..Ccoi=
1772l \, 3 << <1 o> <o 1>
Col = C.. =
21 0 1 22 Lo
L /10 <:
Hy=Cp1C31= > /10
0 1 Cqyp =
0 1
1 /0 1 <i
H3=C3lc4l=<\ ‘> 0 1
1 0 Cyy =
1 0 (43)

Although the C12 is singular, we can determine all the Hi's.

It is observed that the Hl and H2 are symmetric and positive
definite matrices, while the H3 is a symmetric and nonpositive
definite matrix.

An alternate method can be described as follows.
Construct a new matrix polynomial TZ(S) by multiplying

a matrix polynomial E(S)=(S+1)I to the T(S) and then defining

the matrix coefficients as Cl i and C
r

_ v oA v 30 L2 v
T2(S)—(S+1)T(S)—Clls +c215 +C125 +c22s+c13 =0 (44)

where

' <0 1> y <2 l> . (1 0>
C C = C ) =
11 1 o0 12 1 2 13 0 1
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If we like to maintain the consistency of Cll=I, we may
interchange the rows in the T2(S) and define new matrix

coefficients as Cl,i and C2,i'

' 4 3 2

TZ(S) = C,,8S +C,,8S7+C, ., 8S"+C,,5+C, =0

11 21 12 22 13

where

1 0 1 2 0
o 1 C127\2 1 €13 \u
<€ l> <0 2>
€21 5\1 2 €225 \2 o
The corresponding matrix Routh array is

23D < Z j;i L) e
%< ><

o

1 2

w||—'

~
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No singular matrix appears in the matrix Routh array and
all the Hi's can be obtained. It is observed that only
the H3 is a symmetric but non-positive definite matrix.
From the above illustrations we conclude that if
any ill conditioned problem occurs in the calculation, then the

above methods can be applied to solve the problem.
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CHAPTER VI

CONCLUSION

The transformation matrix established by Chen and
Chu9 for transforming the companion form to the Schwarz form
has been modified and extended to transform the companion
block form to the Schwarz block form. The matrix in the
Schwarz block form has been constructed by using the matrix
guotients obtained from the matrix Routh array which is
constructed from the characteristic polynomial matrix.
When the matrix quotients in the matrix Routh array are
positive definite and symmetric real matrices, a sufficient
condition derived in this research shows that the multi-
variable system is asymptotically stable. Also, a set of
necessary conditions has been derived.for the asymptotic
stability. Thus, we have partially extended the Routh
criterion16 to the matrix Routh criterion for a class of
matrix polynomials. The direct extension of the necessary
and sufficient condition of the scalar Routh criterion to
the matrix Routh criterion for a general matrix polynomial

requires further study.
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