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ABSTRACT

To date, finite element techniques using the Ritz
Method have found wide use in solving differential equations
in the applied sciences, particularly in structural analysis.
Finite Element Techniques using weighted-residual methods,
however, have not been tried. This thesis develops Finite
Element Techniques using the Collocation, Subdomain, Galer-
kin, and Ieast-Squares weighted-residual methods, and
compares them to the Ritz Method.

Numerical results are presented for a one-dimensional
problem using all weighted-residual methods and the Ritz
Method. From a standpoint of accuracy and ease of formula-
tion and programming, the Subdomain Method compared
favorably with the Ritz Method.

The solution of a two-dimensional problem was
attempted. The weighted-residual techniques led to a
singular matrix. This was due, probébly, to the poor choice

of an approximation family.
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Chapter 1
INTRODUCTION

The analysis of many problems in engineering and the
applied sciences depends upon obtaining solutions to differ-
ential eqguations. In all but the simplest of cases, an
analytic solution i1s difficult or impossible to obtain because
of complicating factors such as the number of dimensions
involved, nonlinearity of the equations (coefficients of
the derivatives being themselves functions of the dependent
variable), complex geometry of the boundary, etc. Because
of this, techniques have been developed to approximate the
solution of the problem.

As early as 1795, Carl Fredrich Gaus developed an
approximating technique [1]*, the Least-Squares Method. This
technique depended upon finding the best fit solution among
an assumed family of solutions. Other methods, Collocation [2],
Subdomain [3], and Galerkin's [4], used the same approach but
changed the criterion for determining the best fit. In 1908, .
W. Ritz [5] proposed a method whereby, when possible, the
equation was first reformulated into its variational statement.

A best fit was then obtained for the solution of the problem

*Numbers in brackets refer to identically numbered
entries in the References at the conclusion of this thesis.
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in this variational form. These approximating techniques
were applied to the entire domain of the problem.

Another approximating technique, the Finite-Differ-
ence Method, sought numerical solutions to the differential
equations by approximating the equation by the corresponding
difference equation. This technique requires many calcula-
tions in order tc obtain a good approximation, a drawback
when calculations had to be performed manually.

The rapid development of computer hardware since
the late forties has given rise to a corresponding develop-
ment of finite techniques for solving differential equations.
These techniques generally took advantage of the computer's
ability to perform many repetitive calculations with lightning
rapidity.

Because the computer removed the obvious computa-
tional drawback of finite difference methods, these methods
were first used in computer application. In the 1950's,
the Finite-Element Technique was developed. This technique
breaks the domain of the problem into smaller elements. The
Ritz Method is then applied in an implicit manner in which
the approximate solution is expressed in terms of the initialiy
unknown nodal values of the dependent variables.

In this thesis, the other approximating techniques
(Collocation, Subdomain, Galerkin, Least-Squares) are applied
in a manner analogous to that employed for (Ritz) finite
elements. That is, the entire domain is subdivided into

finite elements. The various methods are then applied in a
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piecewise manner. This piecewise application of the weighted-
residual method has not been attempted previously.

The various Finite-Element Technigues are then
compared from the standpoint of programming efficiency, machine
running time, accuracy of solution, and rate of convergence

of solution with respect to the number of elements.



Chapter 2
SURVEY OF PREVIOUS RESEARCH

The major contribution to the development of the
Finite-Element Method has been in the field of structural
analysis. This is a natural development when one views the
network formed by the elements as a structure of beams and
when one recognizes that variational techniques (Ritz Method)
have long been standard techniques in structural analysis.
Research in the field developed as follows.

In the 1940's, Henrikoff [8], McHenry [9], and
Newmark [10] suggested that the analysis of elasticity in
plates and continuous bodies could be approximated by the
analysis of elasticity in a network or lattice. At this
time, Henrikoff noted that such a method has the advantage
of overcoming the complex geometry of the boundary, but that
a major disadvantage was 'the great amount of labor of com-
putation. . . ." 1In 1955 and 1956, Argyris [11] and Turner
[12], et al., actually approximated continuous problems with
networks and introduced the term "finite element." This
work used the Ritz Method for problems in structural analysis.
These researchers Jjustified their method by means of physical
analogy arguments rather than theoretical mathematical con-
siderations. Although they were unaware of the fact, the

theoretical justification for their method had already been

n



developed by Courant [12] in 1943, 1In his work, Courant
actually solved a plane torsion problem by subdividing the
domain into elements and applying the Ritz Method. Following
this, many workers in structural analysis considered such
questions as new element shapes, varying element size,
numbers of nodes per element, etc., and applied them to
specific structural problems. Over fifty such references
are cited by Zienkiewicz [14] in his review of the develop-
ment of the Finite-Element Method.

The earliest reference to the use of Finite-Element
Methods in areas other than structural analysis is Zienkiewicz
[15] in 1965 and Wilson and Nickell [16] in 1966. These
researchers both dealt with the application of the method to
heat-condvction problems. Taylor [17] (1967), Martin [18]
(1968), and Atkinson [19] (1969) applied the method to fluid
mechanics.

Although much work has been done applying the Ritz
Method to finite elements, there has been very little work
using the concept of subdividing the domain into elements

and applying weighted residual methods.



Chapter 3
DEVELOPMENT OF THE TECHNIQUES

In this section, the classical approximating tech-
niques for the solution of differential equations are
briefly developed and are then formulated in the Finite-
Element Method.

As the development of the classical "whole domain"
techniques follows Crandall's [6] explanation, the reader
may refer to this source for more details. All techniques
of approximation have in common the choice of a trial solu-
tion which, because of undetermined parameters or undeter-
mined functions, actually represents a whole family of
possible approximations. A "best fit" approximation is then
chosen from within the family. The various techniques differ
in the criteria for choosing this 'best fit." Since the
techniques do choose the best solution from a prescribed
family, their success depends, to some extent, on the family
selected. That is, the methods will not overcome a very

poor choice of initial family.

3.1 General Formulation

The discussion will be limited to the system,

CIpg[Y) = F3; By[Y] = g5, i=1,...,m, (3.1)



where Lgm[Y] i1s an expression containing Y and its deriva-
tives up to order 2m, F is a function of the dependent
variable(s) only, B;[Y] is an expression in Y and its deriva-
tives normal to the boundary which applies to the entire
closed boundary of the domain of the problem, g are the
values known at every boundary point, and the system of
equations,

Bylv] =g 1=1,...,m,

is linearly independent. We consider the trial solution to

have the linear form,

= E x

Y . i¢i ) (3.2)
i=1

where the q)i(i=1,...,r)are known functions in the domain D,

q)l =1, theeXy (i=1,...,r) are undetermined constant

parameters, and the set qDl,...,qD is linearly independent.

r
This trial solution could be written in matrix

notation as

X3

SRR SN I S cts

oY

r

where < > 1is a row vector and {} is a column vector. In

the Finite-Element Method, the domain is considered to be
divided into K elements. The approximating techniques are
then applied to obtain a different "best fit" for each element

of the domain. The boundary conditions of each element are



provided by geometric consideration which makes them
implicitly defined in terms of the real boundary conditions
of the entire domain. Each element is considered to have n

nodes. Then for the Jth element, a trial solution is

T¥1
_ \ :
gt = <J<P.1’Jq>2""’J(PI/ . (3-4)
Jcir
If r is set equal the number of nodes, n, and if the equa-

tion is evaluated at each node, the system becomes:

JX1
J¥1 = <J,1(P1’J,1¢2""’J,1q)n>
) : ) ) J<n
. (3.5)
. ‘ : : 7
Jin = <J,nq)1’J,n 2’---,J,n<Pr>
Q(n

where ;Yq,...,75Y, are the nodal values of the dependent
variable in the J'P element and J,14>1"":J,1<Pn.(i=1""’n)
are the linearly independent known functions evaluated at

the n nodes of the JUN element. This can be written as

JY1 'J,lcpl----J,:LanT X1

i

w
(O)
S

X
J¥n LJ,DFFl""J,nFFn' J n




or, in short notation, as

{JYNX =[J<FN] {JCXN} : (3.7)

Since the jYy are implicitly known and the J?N
functions are linearly independent, the unknown coefficients
can be expressed as a function of the nodal values of the

element J,
{J“N} = [JCFN]—l {JYN)S . (3.8)

where []"1 denotes the inverse of the matrix. Then from

Equations (3.4) and (3.8) with r = n, it follows that

gt = <J@1’J<P2""’Jq>n) [JCFN]_l {JYN} (3.9)

which represents the trial solution as a function of the n
nodal values of the element J.

Thus, Jjust as in the '"whole domain'" technique, the
values of the r parameters 041,...,0(r need to be evaluated.

In the Finite-Element Method, the values of the parameters

1151050+ - 1%y

(3.10)

Xy X g o
| k1K 2’ K™ n|

need to be evaluated by using a best fit technhique. Because

the topology of each element is uniform, this presents no
major problem for computer application. To derive the criteria

for one element is sufficient.
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There are two basic types of techniques for getting
the best fit among the family of possible approximations,
once the family is fixed: the Weighted-Residual Methods and
the Stationary Functional Method. In either case, the
result of applying the technique is a set of n simultaneous

equations for each element.

3.2 Boundary Condition

In the derivations to follow, each element is treated
as an independent domain. The boundary conditions of the
element are represented through the initially unknown nodal
values on the element boundary. Then in an implicit manner,
the nodes of this element are expressed in terms of the known

boundary condition of the whole domain D.

3.3 Weighted Residual Techniques

The residual of the system (3.1) is defined as:
R=F- Ly [Y] . (3.11)

For the J' element using the trial solution (3.4), the

residual is of the form

R = jF - Ly, [5Y]

3
= gF - I’Zm[<l’Jq)23""J<Pn> [J(PN]_l SLJYN}]

which is equal to zero for the exact solution.

(3.12)

Within a fixed family, a '"good" approximation may

be described as one which maintains jR relatively small. The
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criterion of the Weighted Residual-Methods is that the

various weighted averages of R should vanish.

3.3.1 Collocation

The residual JR (3.12) is set to zero at the n nodes

of the element J.

(3.13)

3.3.2 Subdomain

The Jth element is subdivided into n subdomains,
usually according to a simple pattern. The integral of the
residual jR (3.12) over each subdomain is then set equal to

zero to provide n simultaneous equations for the nodal value.

|
o

SDl

sRASD, = O ,
SDy,

where SDi is the area of subdomain i.

3.3.3 Galerkin

This method takes the n integrals over the entire

element weighted by the n trial solution functions.

JqDK JgRADy = O (3.15)
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where Dy is the domain of element J (where JcPl = 1)

within each element.

3.3.4 Ieast Squares

The integral of the square of the residual is mini-
mized with respect to the undetermined parameters, which in
this case are the nodal values, to provide n simultaneous

equations for the Jth element,

Z) 2
JR°ADy =

INELA

i
O
-

Dy

—Z) JR2dD7 = O.

“QOgin

Dg

3.4 Stationary Functional Method

The Ritz Method: Solving a given boundary-value
problem is equivalent to solving the corresponding variational
statement of the problem, i.e., extremizing the functional
g1 associated with the initial differential equation. The
Ritz Method is an approximation technique for solving varia-
tional problems. The trial family (3.9) is substituted into

the functional

Dg

where the function JG is derived from the differential

sth

equation and Dy is the domain of the element. By the
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method, the functional is then minimized with respect to the

unknown parameters (nodal values) of the trial family,

o
DI

(3.18)




Chapter 4

APPLICATION TO SPECIFIC EXAMPLES

In this section, the Finite-Element Method is
applied to specific problems. The different techniques
developed in Chapter 3 are then used to seek the best solu-
tion within the family of possible approximations.

4,1 One-Dimensional Problem with Quadratic
Approximation

The general form of differential equation to be

considered is as follows:

L(Y) - F == (PY') - Q¥ - F = O, (4.1)

in the interval (0,1) where Y' is 2, and P = P(X),
ax

Q = Q(X), F = F(X) are functions of the independent variable,

with the boundary condition

4,1.1 Formulation

In the formulation of the problem, it was assumed
that the functions (PX), Q(X) have the constant value, one,
and the function F(X) is equal to the independent variable X.

Hence the actual equation is

4

= (Y') - Y- X =0,

14
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Note that even when P,Q are not constants in the
whole domain, a good approximation could still be sought by
evaluating P and Q within each element.

A '"pest fit" solution will be sought from the

P, =1, ch =X <P3 =% (=3).

In finite-element terms, Equation (3.4) yields a trial

family,

solution for the J'R element of the form.

7%
¥ = €1,%,X2> { ;9G] . (4.2)

7%

The domain D, which is a line, is divided into a finite
number of elements. Because there are three undetermined
parameters, each element has three nodes. The trial solu-
tion (4.2) is expressed as a function of the three nodal

values of the J'H element by using (3.9):

Ja1 Jéo g3 JY1
_ 1 2
7Y = 75 <{1,%X > | o1 gP2 Jb3 Yo (4.3)

JC1 Jgt2 Jc3 JY3

where X = JgX1 + SJ. SJ is the local coordinate of the Jth

element. X7 is the X coordinate of the first node of the

Jth element (see Figure 4.1).

J%1 %2 783
11
P - 78 | P1 gP2 P3| (4.4)

J%1 3% J°3



;0 = \ [JCPN]I, the determinant of [}R\] .

Jth element
4 A N\
of
g >
° SRS] g%0 X3
55 ¥ } >

Figure 4.1. Relationship of Local and X Coordinate

When the trial solution (4.3) is substituted into

(3.12), the expression of the residual becomes

_ 2JP < S Je 2
JR = —J—_K J&B,Jb3_,JC3 - EA— <1,X,X >
J21 Jéo Jo3 JY1
JP1 P2 gb3 giop- F =0

JC¢1 Jt2 Jt3 JY3

16
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x + A3
JXl + 2Jg/3

£ g% + JQ

N

X1 £ X

in

xy + ;032 x

N
P
1

JgX1 + 2JP/3

th

J element

A \
g JX &)

.

JX1

1T

X

il
hat }

JX1 + JP/3

3

Figure 4.2. Division of the Element for Subdomain Method

Equations (3.14) and (4.5) yield:

2.P-G, . Q

(4.10)
{JYQ} + JGo,1 =0
where
Srm - (JXm+1)kk‘ (7%n)" (4.11)
and
JXg = gXq + (t - 1) JP/3 (4.12)

(t=1,2,3,4)

and i specifies the subdomain within the Jth element.
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or, in short notation, as
2.P Q
- (=d J { } =
R= (—— <A - = _ X A Y - F=0
R=Ex U3y - Sx XY D) %

The various weighted-residual methods use this residual in

various expressions to determine a '"best fit" solution.

L,1.1.1 Collocation

The residual is set to zero at the three nodes of

the J'H element (see Figure L.1),
X =54
Xo = gX1 + J’Q/Q (46)
X3 = g%+ of

where Jf is the length of the Jth element.

From Equations (4.5) and (4.6), it follows that

2gP e 2
= (22 ¢a - I (1, %4, A
gR(5%1) (JA 8,32 - =5 <LaXXID> | K,K]> "

:7)
{JYK} - g1 = 0. 7

Similarly,

JR(g%y + J{>2)

Il
O
"

(4.8)
JR(gX1 + Jf) = 0. (4.9)

For all the elements, Equations (4.7) through (4.9) are combined

to evaluate the nodal values of Y5 for the element.

4,1.1.2 -‘Subdomain
th

The J element is subdivided into three subdomains

(see Figure 4.2):
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4,1,1.3 Galerkin

When Eguation (3.15) with J@l = 1, J?g = X,
J*>3 = X2, is combined with the expression of the residual
(4.5), the following is obtained:

2. P H. Q
JT I+ J
(—_JKL— {Ag,37 - BTN <JHi+l>JHi+2’JHi+3>

[AK,K]> {JYﬁ\ + gHijo = O (4.13)
| (i=1,2,3)
where
THy = M (4.14)
and
gk3 = g% F je : (4.15)

See Figure 4.1.

4.1.1.4 TIeast Squares

Equations (3.16) can be reformulated into

R
JRﬁézig_dDJ = 03 Jnlgiﬁ__dDJ = 03 Jﬁgéi___dDJ = 0.
J%*1 Vg2 J 3

DS Os Dy (416)

With Equations (4.2) and (3.12), it follows that
gR = 25%%3gP = 5Q(g¢1 + yOK + gotzx®) - X = 0. (L4.17)

The partial derivatives with respect to the unknown coef-

ficients are (from Equation 4.17):

“OgR _TOJR TOJR

__Q_—__QX___
Ojot] J= DR J > o5y

= 24P - JQX°. (4.18)
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Equation (4.18) is substituted into Equations (4.16) to

yield:
Dg
Dg
513 = 25P( | jRdD;) - Q( | sjRxPapy) = O, (4.21)
Dy Dy

It can be seen that Equations (4.19) and (4.20) are the same
as Equations (3.15) for K = 1,2 (i.e., qul =1, JCFE = X)
respectively, and Equation (4.21) is a combination of
Equations (3.15) for i = 1,3 (i.e., JCFH =1, qu3 = x2),
Therefore, application of the Ieast-Square Method 1s seen to
result in a series of equations (4.19, 4.20, 4.21) which are,
in fact, linear combinations of the equations resulting from

the Galerkin Method.

4,1.1.5 Ritz

The variational statement of Equation (4.1) is [7]:
A
T = | [4P(59")% + ;@572 + 25F;v]aX (4.22)
0

The expressions for (;Y')2 and Y2 are found from Equation (L.3).
These are substituted into Equation (4.22). When the partial
derivatives with respect to the nodal values are taken, the

final equation is of the form:
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JTigly + gGigle + gWigly - g2i = O (4.23)
where
gli = (gaig¥1 + gbig¥e + geyg¥3) (1=1,2,3) (4.2h)
Jé1
JT1 = JQ <JV13JV23%JV3> Jao (4.25)
Ja3
Je1 Jao
gt1 = 99 <JV2’%JV3’%JV4> ge2 ) * 2P {GV1,5V2> (saz( (4.26)
Ja3
J21 Jéo
W = SN E v 2w Pe2V,,S I
g0 = 50 <30V3:35Ms50V5) {gee) t P L25V2,55V30 Yso3 ) (B-27)
J%3
Je1
2 1
721 = ;O <JV2:§JV3:§JV4> 722 (4.28)
a
and J73
JV_.L = (JXl + J‘?)l - (JXl)l (i=l,...,5) . (“-.29)

(7705 3605 JWos 25 ) and (JT3,JG3,JW3,JZ3) can be obtained by
substituting the b's and the c's (see Equation 4.3), instead
of the a's respectively in Equations (4.25), (4.26), (4.27),
and (4.28). By substituting Equation (4.24) into Equation
(4.23), Equation (4.23) can be expressed as a function of

the nodal values as follows:

GTi55%55 557 [o8x, k! {JYK} - g%3 = 0. (4.30)
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These equations are then used to determine JYl,...JY3.

4,1.1.6 Element Combination Method

To obtain the general equation, it is necessary to
add the contribution of all the elements [15] (see Figure
4.3a). This technique is used in the (Ritz) Finite-Element
Method. However, it did not work for the one-dimensional
piecewise weighted -residual methods. It is possible that
this failure is due to the isolation of middle nodes of the
element from the boundary. They have no implicit linkage
with the external boundaries of the whole domain. An
overlapping element technique that put each node as the

boundary of at least one element was used (see Figure 4.3p).

Computational elements //’—N\\\

Physical elements ———
1 2 3 1 2 3 4 5
S e —— e
1 2 3 1 2 3
(a) (b)
"Ritz Element Combination Element Combination Used

Figure 4.3. Element Combination

After the nodal values are determined for the Jth

element, a continuous solution within the element is then
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obtained by substituting {JYN} into Equation (3.9). In

this way, JY can be computed at any point within the element.
In particular, the solution obtained using a large element
can be compared, pecint by point, with a solution obtained

using a smaller element at the nodes of the smaller elements.

L.1.2 Results

The equations derived in Chapter 4.1 were then
programmed to obtain solutions for 1, 2, 4, 8, and 16 elements.
The solution was compared to the analytic solution,

Y = [sin(X)/sin(1)] - X. Charts 1 through 5 display results
obtained for each method and compare them to the analytic
solution.

The curve formed by the symbol "1" is that obtained
by the classical "whole-domain'" method. As the curve identi-
fication symbol increases through 5, the number of elements
increases to 16 (i.e., 33 nodes). The "6" curve corresponds
to the exact solution.

Whenever a symbol does not appear, it is because the
point has essentiallyAthe same value as a finer (more elements)
approximation. For example, in Chart 1, approximations 4
and 5 are essentially the sameé as the analytic solution, 6.

Chart 6 represents the convergence of the various
methods to the analytic solution. The absolute error, E,
is measured by the sum of the absolute value of the differ-
ence between the approximation and the analytic solution at

33 points in the domain
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0.9184
0.9388

0.9796
1.0000

CHART 1

RITZ METHOD
° LEGEND
62 1 CURVE NO. ELEMENTS USED
62 1 ; ;
62 1 3 :
62 1 4 8
6 2 1 5 18
6 ANALYTICAL SOLUTION
62 1
6 1
6 1
26 1
26 1
26 1
26 1
26 i
26 1
26 1
6
16
1 a3z
1 62
1 62
1 62
1 62
1 6
1 6
1 26
1 6
1 26 NOTE: CURVES 3, 4, 5 ARE
1 26 COINCIDENT WITH 6
1 26
1 26
1 6
6

0.0 0.0072 0.0144 0.0216 0.0288 0.0360 0.0432 0.0504 0.0576 0.0648 0.0770

Y COORDINATE
——
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MHA»2-03T000 X

0.0
V.04 8

0.0816
0.10-0

0.1429
0.1633

0.2041
G.2245

0.26n3
0.2857

0.3265
0.34n09

0.3878
0.4032

0.44490
0.4674

0.5102

0.5510
0.5714

0.6122
0.6327

0.6735
0.6919

V.7347
0.75»1

0.7959
0.81¢3

0.8571
0.8776

0.91 k4
0.9318

0.97%6
L.0000

0.0

CHARY 2

COLLOCATION METHOD LEGEND
CURVE NO. ELEMENT USED
1 1
456 1
2 2
345 6 1 i g
34568
> ! 5 16
32 45 6 1 6 ANALYTICAL SOLUTION
3 4 5 6 1
3 4 5 6 1
23 5 6 1
2 4 5 6 1
3 4 5 6 1
2 3 4 5 6 1
2 3 4 5 6 1
2 3 4 5 6 1
2 3 4 5 6 1
2 3 4 5 6 1
2 3 4 5 6 1
2 3 4 5 6 1
2 3 4 5 6
2 3 4 5 16
2 3 4 5 1 6
2 3 4 51 6
2 3 4 5 6
2 3 4 1 5 6
2 3 41 5 6
2 3 4 5 6
2 3 14 5 6
3 1 4 5 &
2 31 4 5 6
2 31 5 6
2 3 4 56
2 3 4 56
2 346
0.0071 0.0143 0.0214 0.0286 0.0357 0.0429 0. 0500 0.0571 0.0643 U.0T14

Y COORDINATE
——

6¢



mMH4»Z—-0TIO00O X

0.0
0.04. 8

0.081i6
0.1070

0.1429
0.1633

0.2041
0.2245

0.2653
0.2857

0.3265
0.3469

0.3878
0.4082

0.4490
0.4674

0.5102

0.5510
0.5714

0.61¢22
0.6327

0.6735
0.6939

0.7347
0.7551

0.7959
0.8163

0.8571
0.8776

0.9184
0.9388

0.9796
L.00060

62 1

0.0072

62

0.0145

CHART 3
SUBDOMAIN METHOD

LEGEND

NO. ELEMENT USED

CURVE
1
2
3
1 ) a4
62 1 .
6 2 1
362 1
36 1
62 1
26 1
26
26
26
1
1 64
1 6
1 6
1 26
1 26
A 26
26
0.0217  0.0289  0.0362  0.0434  0.0507  0.0579

Y COORDINATE
——

1
2
4
8

16
ANALYTICAL SOLUTION

26 1
26 1
26 1
61
63
162
1 62
1 62
1 62
62
6

NOTE: CURVES 4,5, ARE
COINCIDENT WITH 6

0.0651 0.0724

9z



mMH4»Z—0UDOOO X

0.0
U.0408

0.0816
0.1020

V.1429
0.1633

V.2041
0.2245

0.26%3
0.2857

0.3265
0.3469

0.3878
0.4082

0.4490
04694

0.5102

0.5510
0.5714

0.6122
0.6327

0.67135
0.6939

0.7347
0.7551

0.7959
0.8163

0.8571
0.8776

0.9184
0.9388

0.97496
1.0000

CHART 4

GALERKIN’S METHOD

LEGEND
CURVE NO. ELEMENT USED
632 1
1 1
64 2 1 2 2
63 2 1 3 4
4 8
63 2 1 5 16
643 2 1 6 ANALYTICAL SOLUTION
6 3 2 1
63 2 1
6 3 2 1
643 2 1
6 3 2 1
643 2 1
6 3 2 1
643 2 1
643 2 1
653 2 1
643 2 1
653 2 1
6 3 2 1
63 2 1
6 3 2 1
643 2 1
63 2 1
63 2 1
63 2 1
63 2 1
63 2 1
632 1
6421
62
6l
ol
0.0091 0.0273 0.036% 0.0455 0.0545 0.0636 0.0727 0.0818 0.0909

0.0182

Y COORDINATE
——

Lz



Ma4»Z~0TO0O00 X

0.0
C.04u8

0.0816
6.10/0

V.1429
0.1633

0.2041
0.2245

0.2652
0.2857

0.3265
0.3469

0.3878
0.4082

0.4490
0.469%

0.5102

0.5510
0.5714

0.6122
V.6327

0.6735
0.6939

0.7347
0.7551

0.79%9
0.8163

0.8571
0.8776

0.9184
0.9388

0.9796
1.0000

6
52 6 1
5 2 6 1
4 5 6
4 25
3 4 2 5
3 24 5
3 2 4
3 2 4
3 2
32
23
2
2
2
2
2
2 3
2 3 45 61
234561
6
0.0 0.0091

0.0182

6
5
S
4.
4
3
3
3
3
2
2
2
2 3
3 4
5 61
0.0273

CHART

LEAST SQUARE METHOD

0.0364

6
5
S
&
4
4
4
4
5
6 1
0.0455

6
6
6
6
5 6
-]
5
5
4 5
4 5
4 5
4 5
4 5
5 6
5 6
[} 1
1
0.0545 0.0636

Y COORDINATE
——

CURVE

DU HAWN =

0.0727

LEGEND
NO. ELEMENTS USED

1

2

4

8

16
ANALYTICAL SOLUTION

1
1
1
1
1
1
1
1
1
0.0818 0.0909

8z



mwHZmgZMrrm MO IMWECZ

CHART 6
ABSOLUTE ERROR
1.0000 3 S

2.2245 37 2 5
4.0612 3 4 2 5
NOTE: CURVE 1 1S
COINCIDENT WITH 6
8.0408 34 2 5
LEGEND
CURVE METHOD
1 RITZ
2 COLLOCATION
3 SUBDOMAIN
4 GALERKIN
5 LEAST SQUARE
i i
MO
€= E —
TRIAL AN
=
16.00L0 4 2 5

V.0000 0.0825 0.1650 0.24175 0.3300 0.4125 0.4950 0.5775 0.6600 0.7425 0.8250

ABSOLUTE ERROR E

6C



Chart 7

Computational Time ([&T) vs. No. of Elements (N)
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. .

E =i lYtrial(_o)_ig) - Yanaly.(3_ig) > (4.31)
i=0

where the Yi.,;,7 1s obtained as discussed in Section h.1.1.6.

This error represents the total area between the exact

(analytic) solution curve and the approximate solution curve.

It is a convenient measure of the relative error for the

entire domain.

The computer time required for a solution by all
methods for a given number of elements was approximately the
same. Chart 7 presents computer time required to obtain the
solutions for various numbers of elements plotted on a log-log

graph. /\T is the time differential between one and n elements.

4.2 Two-Dimensional Problem with Iinear Approximation

4,2.1 Formulation

Consider the differential equation

Oc

=% - Y =0 (4.32)
in the domain

O£ X<€1,0£Y%1

where

G = G(X,Y)
under the boundary condition

X =1, G(1,Y) = O. (4.33)

A "pest fit" solution will be sought from the family

CF1= 1; ci>2=x; ?3=Y . (4.34)
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Stating the problem in finite-element terms, Eqguation (3.4)

yields a trial soclution for the Jth element of the form
J1
76 = <L,X,Y> {jo0) . (4.35)
T3

Because of the three undetermined parameters, the triangle
with a node in each vertex has been used to divide the
domain D.

The trial solution (4.35) is expressed as a function

of the three nodal values of the JtB element by using (3.9).

Then,
~
Ja1 g22 J83 JG1
1
JG=—EQJ {L,X,YY |[gby gbo Jb3 4 JGol (4.36)
J¢1 Jt2 g°¢3 LJG3
where
. 721 g2 723
[JCFN] = 3R | 9P1 P2 9°3 (4.37)
J
JC1 J%2 J¢3
and
JZX = %I[JqDN]l = Area of the triangle. (4.38)

With the trial solution (4.36), the expression of the

residual (3.12) becomes

1
gR = a7 SgP1gP2sgP3d {502} - ¥

il
O

(4.39)
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The residual is used in the various methods in order to

determine a '"best fit" solution.

4.,2.1.1 Collocation

The residual is set to zero at the three nodes of

the J* element (see Figure L.4).

Node X Y
1 g1 g1
2 7Xo Yo (4.40)
3 J43  JY¥3
A
Y

(%25 3¥2)

Figure 4.4. Two-Dimensional Triangular Element

Using Equations (4.39) and (4.40) results in

JG1
1

JG3
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Similarly,

and
JR(3%X355Y3) = O. (L.43)

Equations (4.41) through (4.43) are then used to evaluate

the nodal values of the element.

4.2.,1.2 Subdomain

The JUN element was subdivided into three subdomains
as shown in Figure 4.5, where the (jXy,gYy) are the coordi-

nates of the median of the triangle,

Y \ (s, X5)

500 (Mu,2Yy)
5% ) 3F (X) I SR A

—t
X
Figure 4.5. Triangle Partition for
the Subdomain Method

and yF; (X) = gNiX + gMy (i=1,...,6) where jN; is the slope
of the line jFj(X) and jMj is the point of intersection with

Y eoordinate. Then,Equations (3.14) and (4.39) yield

JG1
l<lo bo, gD G - 3I3 =0
g SgP1,JP25J03 Jh2 i s (4. 40)
J%3

(i=132)3)
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Xy [ gF2(X) JX3  [3F2(X)
gi1 = Yavax + Ydvdx (4.45)
gX1 JoR X)Xy JsFe(X)
g¥y (P (X)X [5F5(X)
- Ydvdx + Ydvdx (4.16)
Xy JgF(X) JoXy [ 5F1(X)
JX3  [3F6(X) X2  [3F3(X)
I3 = YdYdx + Ydyax (4.47)
JXy | gF5(X) J%3 | 3F5(X)

4.,2.1.3 Galerkin

By using Equation (3.15) with Jq>1 = 1, JcFé = X,
JCTE = Y, and the expression of the residual (4.39), the

where

Jgio

following is obtained:

JG1
3 <Jb13Jb2:Jb3> JGo - Iy =0 (4.48)
G
J73
I JG1
X
250 <Jb1,Jb2,Jb37 JGoy - Ixy = O (4.49)



: J%1
o SaP1sgP2s b3y {sfel - T2 =0 (#.50)
G
where J73
Iy = YaDy (4.51)
Dy
,
Iy = XYdDy (4.52)
/Dy
p
T = Y2dD - (4.53)
D7

h.,2.2 Results

The system used has no known variation statement.
Hence, it is impossible to formulate a Ritz Method. Due to
the poor results of the one-dimensional problem using the
Ieast-Squares Technique, this method was not developed for
the two-dimensional problem.

The equations derived in Section 4.2.1 were then
programmed. The resulting system of linear algebraic
equation was seen to be singular. The singularity is believed
to be due to the poor approximating family since it contains |
no. xy terms and the exact solution is known to be Ci = Xy + y.

Due to the labor involved in developing and programming
the linear family in the two-dimensional program, it was
decided that the application of a quadratic family was beyond

the scope of this thesis.
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The main difficulty encountered in any of the
approximations involving integration (Subdomain, Galerkin,
Ieast-Square) is that a simple algorithm for the area inte-
gral similar to that available for the Ritz (Finite-Element)
Method [20] has not been developed. Hence, the integration
over each element must be carried out. This results in
multiple integrals with variable limits (e.g., Equations

4.45 through 4.47).



Chapter 5

CONCILUSIONS AND EXTENSIONS

5.1 One-Dimensional Problem

The following conclusions are made, based on the
specific one-dimensional problem used in this thesis:

1l. All the techniques approached the analytic
solution, with the error decreasing as the number of elements
increased.

2. For a given number of elements, the Subdomain
and the Ritz methods yield the best approximation.

3. Poorest results were obtained using the Least-
Squares method. The error in the Ritz and Subdomain method
using only two elements was less than one-half of the error
in the Ieast-Squares method using sixteen elements.

L, TFor a given number of elements, computation
time for all methods was essentially the same.

5. Computation time is generally of the exponential
form (see Chart 7).

6. 1In terms of difficulty of programming and deri-
vafion, the methods ranked as follows (listed in order of

increasing difficulty):

38
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1l. Collocation
2. Subdomain

3. Galerkin

L, Ritz

5. Ieast Squares

7. For this problem, combining the factors of
minimizing error, computation time, and programming diffi-
culty, the Subdomain method would be preferred, followed by

the Ritz method.

5.2 Two-Dimensional Problem

Although numerical results were not obtained, the

following observations can still be made: o

1
1. For trial family ( = <1,X,Y> { o<} all
=3

Weighted Residual Techniques led to a singular cocefficient
matrix.

2. This shows that the approximation G| = {1,X,Y>
i:% is a poor approximating family for the analytic

<3
solution G‘ = XY - Y.

3. A higher approximation family, (:1= (1,X2,Y2,
XY,X,Y){OQN} , Will complicate significantly the equation.
Better methods of solving

I;_lIgL%XKYJdA,

where A

Ii = (a4X + b3Y + ci) i=1,2,3

are the area coordinates of the element, must be sought.
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5.3 General

1. It is possible to apply Weighted-Residual methods
to finite elements to obtain approximate solutions of differ-
ential equations.

2. In order to achieve any kind of approximation,
the Weighted-Residual methods require a higher order of
approximation than the Ritz Method does. It is due to the
lower order degree of the variational statement with respect
to the‘original differential equation.

3. As stated in Chapter 3, no technique will over-
come a poor approximating family.

L. The computer time among the techniques for a

given number of elements is not significantly different.
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APPENDIX A

Program Flow Charts



A.5

INOP =

1

INOP=INOP+1

Summary
Print Out

(IDIMEN)
Method

End

Zeros out
Coef. Matrlx
(AK(I,J)

Forc Vec QL




Yes

Ritz
One-Dimen.[™
Problem

Ritz

A.3

Method =
-—.- Method -

10,000

Two-Dimen. j—
Problem

Ccllocatiorn
One-~Dimen.
Problem

Collocatior
Two-Dimen.

Method =

—" Method -

1,000

Problem 4

Subdomain
One-Dimen. -T

Problem

Subdomain

Method =
Method -~
100

Two-Dimen.
Problem [~

Galerkin's
One-Dimen.
Problem

Galerkin's
Two-Dimen.

Method =
Method -
10

Problem [

Ieast Sq.
One-Dimen.
Problem

Least 3q.
Two-Dimen,

Method =
Method -
1

Problem

@



Shuffle Equation
Numbering System

:

Fliminate Excess Rows
and Columns

v

Transform Matrix in a
Vector

v

Inverse of the Matrix

2

Multiply Inverse Xx
Column Vector

Problem

Problem

AL



Summary

A.5



Jin

From

Increment

Until

Read, Write

Start, Stop

Connector

Of fpage Connector

Process

Do Loop

If Statement

Logical Flow

A.6
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Data and Results



Appendix B

DATA AND RESULTS

This section contains the computer output for the
one-dimensional problem in order of increasing number of
elements. The information for a given number of elements is
arranged as follows:

1. Input

2. List of results for Ritz, Collocation, Subdomain,
Galerkin, and Least Squares

3. Summary results and time spent

4., Graphic summary

B.2



FINITE ELEMENT TO 1 DIMENSIONAL PROBLEM.

METHUD TO USE = 11111
NUMBER OF NODES = 3
NUMBER DOF ELEMENTS = 1 -
NUMBER OF NODAL VALUES GIVEN = 2
NODAL COORDINATES
NODE X Y INITIAL VALUE
1 0.0 0.0 0.0
2 0.50000 0.0 0.0
3 1.00000 0.0 0.0
ELEMENT NODE NUMBERS CONSTANTS P(T) Q1)
1 1 2 3 1.00000 -1.00000
2 NUDAL VALUES GIVEN
NODE VAL.
1 0.0
3 0.0

F(I}

1.00000

0.0

PQLIL)

€d



RITZ MCTHOD: ONE DIMENSIONAL PROBLEM USING QUADRATIC APPROXIMATION {METHOD = 10000}

NUDE X-CUORDIN ANALYTICAL APR METHOD ERROR
1 0.0 0.0 0.0 0.0
¢ 0.03125 0.005881 0.008409 ~0.002528
3 0.06250 0.011726 0.016276 -0,004550
4 0.04375 0.017499 0.023600 ~0.006101
5 0.12500 0.023163 0.030382 -0.007219
6 0415625 0.028682 0.036621 -0.007939
7 0.18750 0.034021 0.042318 -0.008297
8 0.21875 0.039143 0.047472 -0.008329
9 0.22000 0.044014 0.052083 -0.008070
10 0.28125 0.048597 0.056152 -0.007555
1l 0.31250 0.052858 0.059679 -0.006820
12 0.34375 0.056763 0.062663 -0.005900
13 0.37500 0.060276 0.065104 —0.004828
14 0.40625 0.063365 0.067003 -0.003638
15 0.43750 0.065995 0.068359 -0.002365
16 0.46875 0.068133 0.069173 ~0.001040
17 0.50000 0.0697417 0.069444 0.000302
18 0.53125 0.070805 0.069173 0.001631
19 0.96250 0.071274 0.068359 0.002915
20 0.59375 0.071125 0.067003 0.004122
21 0.62500 0.070327 0.065104 0.005222
22 0.65625 0.068849 0.062663 0.006187
23 0.68750 0.066664 0.059679 0.006985
24 0.71875 0.063742 0.056152 0.007590
25 0.75000 0.060056 0.052083 0.007973
26 0.78125 0.055579 0.047472 0.008107
27 0.81250 0.050285 0.042318 0.007968
28 0.84375 0.044149 0.036621 0.007527
29 0.87500 0.037145 0.030382 0.006763
30 0.90625 0.029251 0.023600 0.005650
31 0.93750 0.020443 0.016276 0.004167
32 0.96875 0.010700 0.008409 0.002290
33 1.00000 0.0 0.0 0.0

LA



CULLUCATIUN METHUD: OwE OIMENSIONAL PROBLEM USING QUADRATIC APPROXIMATION ( ME THOD

NUDE

O~ VS WwN -

X-CUURDIN

0.0

0.03125
0.06250
0.09375
0.12500
0.15625
0.18750
0.218175
0.25000
0.28125
0.31250
0.34375
0.37500
0.40625
0.43750
0.468T5
0.50000
0.53125
0.96250
0.59375
0.62500
0.65625
0.68750
0.71875
0.75000
0.78125
0.81250
0.84375
0.87500
0.90625
0.93750
0.96875
1.00000

ANALYTICAL

0.0

0.005881
0.011726
0.017499
0.023163
0.028682
0.034021
0.039143
0.044014
0.048597
0.052858
0.056763
0.060276
0.063365
0.065995
0.068133
0.069747
0.070805
0.071274
0.071125
0.070327
0.068849
0.066664
0.063742
0.060056
0.055579
0.050285
0.044149
0.037145
0.029251
0.020443
0.010700
0.0

APR METHOD

0.0

0.008650
0.016741
0.024275
0.031250
0.037667
0.043527
0.048828
0.053571
0.057757
0.061384
0.064453
0.066964
0.068917
0.070312
0.071149
0.071429
0.071149
0.070312
0.068917
0.066964
0.064453
0.061384
0.057757
0.053571
0.048828
0.043527
0.037667
0.031250
0.024275
0.016741
0.008650
0.0

ERROR

0.0
-0.002768
-0.005015
-0.006776
-0.008087
-0.008985
-0.009506
-0.009685
-0.009558
-0.009160
-0.008525
=0.007690
-0.006688
-0.005553
-0.004318
-0.003017
-0.001682
-0.000345
0.000962
0.002208
0.003362
0.004396
0.005280
0.005985
0.006485
0.006751
0.006758
0.006481
0.005895
0.004976
0.003702
0.002050
0.0

01000}

54



SUBDOMAIN METHUD: UWE DIMENSIONAL PROBLEM USING QUADRATIC APPROXIMATION (METHOD = 00100}

NODF Xx—-COORDIN ANALYTICAL APR METHUD ERRUR

1 0.0 0.0 0.0 0.0

2 0.03125 0.005881 0.008604 -0.002723
3 0.06250 0.011726 0.016653 -0.004927
4 0.09375 0.017499 0.024147 —0.006648
5 0.12500 0.023163 0.031086 -0.007923
6 0.15625 0.028682 0.037469 -0.008787
7 0.18750 0.034021 0.043298 -0.009277
-] 0.21875 0.039143 0.048571 -0.009428
9 0.25000 0.044014 0.053289 ~0.009276
10 0.28125 0.048597 0.057453 -0.008856
11 0.31250 0.052858 0.061061 -0.008202
12 0.34375 0.056763 0.064114 -0.007351
i3 0.37500 0.060276 0.066612 ~0.006335
14 0.40625 0.063365 0.068555 -0.005190
15 0.43750 0.065995 0.069942 -0.003948
16 0.46875 0.068133 0.070775 -0.002642
17 0.50000 0.069747 0.071053 —0.001306
18 0.53125 0.070805 0.070775 0.000030
19 0.56250 0.071274 0.069942 0.001332
20 0.5937H 0.071125 0.068555 0.002571
21 0.62500 0.070327 0.066612 0.003715
22 0.65625 0.068849 0.064114 0.004735
23 0.68750 0.0666064 0.061061 0.005603
24 0.71875 0.063742 0.057453 0.006289
25 0.75000 0.060056 0.053289 0.006767
26 0.78125 0.055579 0.0485T1 0.007008
21 0.81250 0.050285 0.043298 0.006988
28 0.84375 0.044149 0.037469 0.006679
29 0.87500 0.037145 0.031086 0.006060
30 0.90625 0.029251 0.024147 0.005104
31 0.93750 0.020443 0.016653 0.003790
3¢ 0.96875 0.010700 0.008604 0.002096

33 1.00000 0.0 0.0 0.0

99



GALERKIN®S METHUD: ONF DIMENSIONAL PROBLEM USING QUADRATIC APPROXIMATION (METHUb = 00010}

NODE X—COORDIN ANALYTICAL APR METHOD ERROR

] 0.0 0.0 0.0 0.0

14 0.03125 0.005881 0.011009 ~0.005127
3 0.06250 0.011726 0.021307 -0.009580
4 0.09375 0.017499 0.030895 -0.013396
5 0.12500 0.023163 0.039773 -0.016610
[ 0.15625 0.028682 0.047940 -0.019258
7 0.18750 0.034021 0.055398 -0.021377
8 0.21875 0.039143 0.062145 -0.023002
9 0.25000 0.044014 0.068182 -0.024168
L0 0.28125 0.048597 0.073508 -0.024911
11 0.31250 0.052858 0.078125 -0.025266
12 0.34375 0.056763 0.082031 -0.025268
13 0.37500 0.060276 0.085227 -0.024951
L4 0.40625 0.063365 0.087713 —0.024348
L5 0.43750 0.065995 0.089489 -0.023494
L6 0.46875 0.068133 0.090554 -0.022421
17 0.50000 0.069747 0.090909 -0.021162
18 0.53125 0.070805 0.090554 -0.019749
19 0.56250 0.071274 0.089489 -0.018214
20 0.59375 0.071125 0.087713 -0.016588
21 0.62500 0.070327 0.085227 ~0.014901
22 0.65625 0.068849 0.082031 -0.013182
23 0.68750 0.066664 0.078125 ~0.011461
24 0.71875 0.063742 0.073508 ~0.009766
25 0.75000 0.060056 0.068182 -0.008126
26 0.78125 0.055579 0.062145 -0.006566
27 0.81250 0.050285 0.055398 -0.005112
28 0.84375 0.044149 0.047940 -0.003792
29 0.87%00 0.037145 0.039773 -0.002628
30 0.90625 0.029251 0.030895 -0.001644
31 0.93750 0.020443 0.021307 -0.000864
32 0.96875 0,010700 0.011009 . =0.0003C9

33 1.00000 0.0 0.0 0.0

L



LEAST SQUARES METHOD: ONE DIMENSIONAL PROBLEM USING QUADRATIC APPROXIMATION (METHUD = 00001)

NODE Xx~COORDIN ANALYTICAL APR METHOD ERROR
1 0.0 0.0 0.0 0.0
2 0.03125 0.005881 0.011009 -0.005127
3 0.06250 0.011726 0.021307 -0.009580
4 0.0937% 0.017499 0.030895 -0.013396
5 0.12500 0.023163 0.039773 —0.016610
) 0.15625 0.028682 0.047940 -0.019258
7 0.18750 0.034021 0.055398 -0.021377
& 0.21875 0.039143 0.062145 -0.023002
9 0.25000 0.044014 0.068182 -0.024168
19 0.28125 0.048597 0.073508 -0.024911
11 0.31250 0.052858 0.078125 -0.025266
12 0.34375 0.056763 0.082031 -0.025268
13 0.37500 0.060276 0.085227 ~0.024951
14 0.40625 0.063365 0.087713 -0.024348
15 0.43750 0.065995 0.089489 -0.023494
16 0.46875 0.068133 0.090554 -0.022421
17 0.50000 0.069747 0.090909 -0.021162
138 0.53125 0.070805 0.090554 —0.019749
19 0.56250 0.071274 0.089489 -0.018214
20 0.59375 0.071125 0.087713 -0.016588
21 0.62500 0.070327 0.085227 -0.014901
22 0.65625 0.068849 0.082031 -0.013182
23 0.68750 0.066664 0.078125 -0.011461
24 0.71875 0.063742 0.073508 -0.009766
25 0.75000 0.060056 0.068182 -0.008126
26 0.78125 0.055579 0.062145 -0.006566
27 0.81250 0.050285 0.055398 -0.005112
28 0.84375 0.044149 0.047940 -0.003792
29 0.87500 0.037145 0.039773 -0.002628
30 0.90625 0.029251 0.030895 -0.001644
31 0.93750 0.020443 0.021307 —0.000864
32 0.96875 0.010700 0.011009 -0.000309
33

1.00000 0.0 0.0 0.0

~ 1. )
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X~COTRDINATE

0.0
0.%0000
1.00000

TEME SPENT IN SEC.

ANALYTICAL SOLUTION

cocCc

RITZ

0.0
0.0694444178
0.0

0.033999998122

CULLOCATION

0.0
0.071428537
0.0

0.028999999166

SUBDOMAIN

[= NN

-0
.071052611
0

0.028999999166

GALERKIN*S

«0
=-090909004
-0

ooco

0.028999999166

LEASTSQUARES

0.0
0.090909004
0.0

0.028999999166

69



m—EA>» 203000 X

0.5102

1.0000

-

0.0091

0.0182

0.0273

CHART AL

ONE ELEMENT APPROXIMATION

0.0364

0.0455 0.0545 0.0636

Y COORDINATE
——

LEGEND
CURVE METHOD
1 ANALYTICAL SOLUTION
2 RITZ
3 COLLOCATION
4 SUBDOMAIN
5 - GALERKIN
6 LEAST SQUARE
2 4 6
0.0727 0.0818 0.0909

oLrd



x

m-E»Z2—"0313$000

0.51¢2

1.0000

LEGEND

CURVE

DN BWN =

6

—-0.0212

ERROR

ANALYTICAL SOLUTION
RITZ

COLLOCATION
SUBDOMAIN

GALERKIN

LEAST SQUARE

-0.0190 -0.0169 —0.0147

CHART A 2

ONE ELEMENT APPROXIMATION

-0.0126

-0.0104

-0.0083 -0.0061

Y COORDINATE
——

-0.0040

-0.0018

0.0003

irg



FINEIE ELEMENT TU 1 DIMENSTIUNAL PRUBLEM.

METHUD 10 USE = 11111
NUMBER OF NUDES , = 5
NUMBLR OF ELEMENTS = 2
WUMBER OF NODAL VALUES GIVEN = 2
NUDAL COORDINATES
~ NODE X Y INITIAL VALUE
1 0.0 0.0 0.0
2 0.25000 0.0 0.04000
3 050000 0.0 0.06000
4 0.75000 0.0 0.50000
5 1.00000 0.0 0.0
L LEMENT NODE NUMBERS  CONSTANTS P(I) Qer)
1 1 2 3 1.00000 -1.00000
2 3 4 5 1.00000 -1.00000
2 NODAL  VALUES GIVEN
NODE VAL.
1 0.0
5 0.0

F{I)

1.00000
1.00000

[~X~4
[=N=}

PQLID)

AN



RITZ METHUD: ONE DIMENSIONAL PROBLEM USING QUADRATIC APPROXIMATION (METHOD = 10000)

NODE X—COORDIN ANALYTICAL APR METHOD ERRUR
L 0.0 0.0 0.0 0.0
4 0.03125 0.005881 0.006499 -0.000618
3 0.06250 0.011726 0.012712 -0.000986
4 0.09375 0.017499 0.018640 ~0.001142
5 0.12500 0.023163 0.024283 -0.001121
6 0.15625 0.028682 0.029641 -0.000959
7 0.18750 0.034021 0.034713 -0.000692
8 0.21875 0.039143 0.039500 -0.000357
9 0.25000 0.044014 0.044001 0.000012
10 0.28125 0.048597 0.048218 0.000379
11 0.31250 0.052858 0.052148 0.000710
12 0.34375 0.056763 0.055794 0.000969
13 0.37500 0.060276 0.059154 0.001122
14 0.40625 0.063365 0.062229 0.001136
15 0.43750 0.065995 0.065019 0.000976
16 0.4687) 0.068133 0.067523 0.000610
17 0.50000 0.069747 0.069742 0.000005
18 0.53125 0.070805 0.071279 -0.000475
19 0.56250 0.071274 0.072030 -0.000756
20 0.59375 0.071125 0.071995 -0.000870
21 0.62500 0.070327 0.071174 -0.000847
22 0.65625 0.068849 0.069567 -0.000717
23 0.68750 0.066664 0.067173 -0.000509
24 0.71875 0.063742 0.063994 -0.000252
25 0.75000 0.060056 0.060028 0.000028
26 0.78125 0.055579 0.055276 0.000303
27 0.81250 0.050285 0.049738 0.000547
28 0.84375 0.044149 0.043414 0.000735
29 0.87500 0.037145 0.036303 0.000842
30 0.90625 0.029251 0.028407 0.000844
31 0.93750 0.020443 0.019724 0.000719
32 0.96875 0.010700 0.010255 0.000445
33 1.00000 0.0 0.0 0.0

*
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CULLUCATIUN METHUD: ONE DIMENSIONAL PROBLEM USING QUADRATIC APPROXIMATIOUN {METHOD = 01000)

NODE X-COORDIN ANALYTICAL APR METHOD ERROR
L 0.0 0.0 0.0 0.0
2 0.03125 0.005881 0.004758 0.001124
3 0.06250 0.011726 0.009242 0.002485
4 0.09375 0.017499 0.013452 0.004047
5 0.12500 0.023163 0.017388 0.005775
6 0.15625 0.028682 0.021050 0.007632
7 0.18750 0.034021 0.024439 0.009582
8 0.2187> 0.039143 0.027553 0.011590
9 0.25000 0.044014% 0.030394 0.013619
10 0.28125 0.048597 0.032961 0.015636
11 0.31250 0.052858 0.035255 0.017604
12 0.34375 0.056763 0.037274 0.019489
13 0.37500 0.060276 0.039020 0.021257
L4 0.40625 0.063365 0.040492 0.022873
15 0.43750 0.065995 0.041689 0.024305
16 0446875 0.068133 0.042614 0.025519
17 0.50000 0.069747 0.043264 0.026483
18 0.53125 0.070805 0.044539 0.026266
19 0.56250 0.071274 0.045283 0.025991
20 0.59375 0.071125 0.045497 0.025628
21 0.62500 0.070327 0.045181 0.025146
22 0.65625 0.068849 0.044334 0.024516
23 0.68750 0.066664 0.042956 0.023708
24 0.71875 0.063742 0.041048 0.022694
25 0.75000 0.060056 0.038609 0.021447
26 0.78125 0.055579 0.035640 0.019939
27 0.81250 0.050285 0.032140 0.018145
28 0.84375 0.044149 0.028110 0.016039
29 0.87500 0.037145 0.023549 0.013596
30 0.90625 0,029251 0.018457 0.010793
31 0.93750 0.020443 0.012835 0.007607
32 0.96875 0.010700 0.006683 0.004017
33 1.00000 0.0 0.0 0.0

1
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SUBDOMAIN METHOD: ONE DIMENSIONAL PROBLEM USING QUADRATIC APPROXIMATION (METHOD = 00100)

NODE X-CUORDIN ANALYTICAL APR METHOL ERRUR

1 0.0 0.0 0.0 0.0

2 0.03125 0.005881 0.006531 -0.000650
3 0.06250 0.011726 0.012776 -0.001050
4 0.09375 0.017499 0.018733 -0.001235
5 0.12500 0.023163 0.024404 -0.001241
6 0.15%625 0.028682 0.029787 -0.001105
7 0.18750 0.034021 0.034884 -0.000863
8 0.21875 0.039143 0.039693 -0.000550
9 0.25000 0.044014 0.044216 -0.000202
10 0.28125 0.048597 0.048452 0.000145
1t 0.31250 0.052858 0.052400 0.000458
12 0.34375 0.056763 0.056062 6.000701
13 0.37500 0.060276 0.059436 0.000840
L4 0.4062> 0.063365 0.062524 0.000841
15 0.43750 0.065995 0.065325 0.000670
16 0.46875 0.068133 0.067838 0.000295
L7 0.50000 0.069747 0.070065 ~-0.000318
18 0.53125 v.070805 0.071614 -0.000809
19 0.56250 0.071274 0.072373 -0.001098
20 0.59375 0.071125 0.072341 -0.001216
21 0.62500 0.070327 0.071519 -0.001192
22 0.65625 0.068849 0.069906 ~-0.001057
23 0.68750 0.0666064 0.067503 -0.000839
24 0.71875 0.063742 0.064310 -0.000568
25 0.75000 0.060056 0,060326 -0.000270
26 0.78125 0.055579 0.055552 0.000028
27 0.81250 0.050285 0.049987 0.000298
28 0.84375 0.044149 D.043632 0.000517
29 0.87500 0.037145 0,036486 0.000659
30 0.90625 0.029251 0.028550 0.000700
31 0.93750 0.020443 0.019824 0.000619
32 0.96875 0.010700 0.010307 0.000392
33 1.00000 0.0 0.0 0.0

G1'g



GALERKIN'S METHOD: ONE DIMENSIONAL PROBLEM USING QUADRATIC APPROXIMATION (METHOD = 00010)

NODE X-COORDIN ANALYTICAL APR METHOD ERROR
i 0.0 0.0 0,0 0.0
2 0.03125 0.005881 0.007655 -0.001773
3 0.06250 0.011726 0.014926 -0.003200
4 0.09375 0.017499 0.021814 -0.004315
5 0.12500 0.023163 0.028319 -0.005156
[ 0.15625 0.028682 0.034440 -0.005758
7 0.18750 0.034021 0.040179 -0.006158
8 0.21875 0.039143 0.045533 -0.006390
9 0.25000 0.044014 0.0%0505 -0.006491
10 0.28125 0.048597 0.055093 ~0.006496
11 0.31250 0.052858 0.059298 -0.006440
12 0.34375 0.056763 0.063120 -0.006357
13 0.37500 0.060276 0.066558 -0.006282
14 0.40625 0.063365 0.069614 -0.006249
15 0.43750 0.065995 0.072285 -0.006290
16 0.46875 0.068133 0.074574 -0.006441
17 0.50000 0.069747 0.076479 -0.006732
18 0.53125 0.070805 0.077771 -0.006967
19 0.56250 0.071274 0.078254 -0.006979
20 0.59375 0.071125 0.077927 -0.006801
21 0.62500 0.070327 0.076790 -0.006463
22 0.65625 0.068849 0.074844 -0.005994
23 0.68750 0.066664 0.072088 -0.005424
24 0.71875 0.063742 0.068522 -0.004780
25 0.75000 0.060056 0.064147 —0.004091
26 0.78125 0.055579 0.058962 -0.003383
27 0.81250 0.050285 0.052968 -0.002683
28 0.84375 0.044149 0.046164 —-0.002015
29 0.87500 0.037145 0.038550 -0.001405
30 0.90625 0.029251 0.030127 -0.000877
31 0.93750 0.020443 0.020894 -0.000452
32 0.96875 0.010700 0.010852 -0.000152
33 1.00000 0.0 0.0 0.0

1
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LEAST SQUARES METHOD: ONE DIMENSIONAL PROBLEM USING QUADRATIC APPROXIMATION (METHOD = 00001)

NODE

N b et gt gt P s e e gt s
QUVU®NOCVSHPWN=O

WRNNNNMNNONN
CO@®~NGV P WA~

W W
[N

VE~NTWMPH WN—

X—COGRDIN

0.0

0.03125
0.06250
0.09375
0.12500
0.15625
0.18750
0.21875
0.25000
0.28125
0.31250
0.34375
0.37500
0.40625
0.43750
0.46875
0.50000
0.53125
0.56250
0.59375
0.62500
0.65625
0.68750
0.71875
0.75000
0.78125
0.81250
0.84375
0.87500
0.90625
0.93750
0.96875
1.00000

ANALYTICAL

0.0

0.005881
0.011726
0.017499
0.023163
0.028682
0.034021
0.039143
0.044014
0.048597
0.052858
0.056763
0.060276
0.063365
0.065995
0.068133
0.069747
0.070805
0.071274
0.071125
0.070327
0.068849
0.066664
0.063742
0.060056
0.055579
0.050285
0.044149
0.037145
0.029251
0.020443
0.010700
0.0

APR METHUD

0.0

0.002705
0.005229
0.007573
0.009736
0.011718
0.013520
0.015142
0.016582
0.017843
0.018922
0.019821
0.020539
0.021077
0.021434
0.021611
0.021607
0.025731
0.029124
0.031788
0.033722
0.034926
0.035401
0.035145
0.034160
0.032444
0.029999
0.026824
0.022919
0.018284
0.012919
0.006825
0.0

ERROR

0.0

0.003176
0.006497
0.009926
0.013427
0.016964
0.020500
0.024001
0.027431
0.030754
0.033936
0.036942
0.039737
0.042288
0.044560
0.046522
0.048140
0.045074
0.042150
0.039337
0.036604
0.033923
0.031263
0.028597
0.025897
0.023135
0.020286
0.017325
0.014226
0.010967
0.007524
0.003875
0.0

g



X~CUORDINATE

0.0

0.25000
0.50000
0.749000
1.00000

TIME SPENT IN SEC.

ANALYTICAL SOLUTION

¢.0
0.044013560
0.069746912
0.060056210
0.0

RITZ

0.0
0.044001408
0.069741845
0.060027938
0.0

0.035999998450

COLLOCATION

0.0
0.030394312
0.043263964
0.038608976
0.0

0.032999999821

SUBDOMAIN

0.0
0.044216018
0.070064843
0.060325827
0.0

0.030999999493

GALERKIN®*S

0.0
0.050505053
0.076479018
0.064146996
0.0

0.030999999493

LEASTSQUARES

0.0
0.016582374
0.021607026
0.034159623
0.0

0.030999999493

8lL'g



MmM=E»2Z2~0323000 X

0.5102

0.7541

1.0000

CHART Bl
TWO ELEMENTS APPROXIMATION

LEGEND
CURVE METHOD

ANALYTICAL SOLUTION
RITZ

COLLOCATION
SUBDOMAIN

GALERKIN

LEAST SQUARE

DA LWN -

0.0076 0.0153 0.0229 0.0306 0.0382 0.0459 0.0535 0.0612 0.0688 0.0765

Y COORDINATE
——

6t°g



M-E>»2-023000 X

0.2653

0.5102

0.75%1

1.0000

~0.0067

CHART B 2

6
LEGEND
CURVE ERROR
1 ANALYTICAL SOLUTION
2 RITZ
3 COLLOCATION
4 SUBDOMAIN
5 GALERKIN
6 LEAST SQUARE
42 3 6
42 3
42 3 6
6

-0.0012 0.0042 0.0097 0.0152 0.0207 0.0262 0.0317 0.0372 0.0427

Y COORDINATE
-

0.0481

029



FINITE ELEMENT TO 1 DIMENSIONAL PROBLEM.

METHUD TO USE 11111

NUMBER OF NODES = 9
NUMBER OF ELEMENTS = 4

NUMBER OF NODAL VALUES GIVEN

"
N

NODAL COORDINATES

_ NODDE X A INITIAL VALUE
1 0.0 0.0 0.0
2 0.12500 0.0 0.02000
3 0.25000 0.0 0.04000
4 0.37500 0.0 0.05000
5 0.50000 0.0 0.06000
6 0.62500 0.0 0.50000
T 0.75000 0.0 0.55000
8 0.87500 0.0 0.30000
9 1.00000 0.0 0.0
ELEMENT NUDE NUMBERS CONSTANTS P(I) Qln . FLl) PQll}
1 1 2 3 1.00000 -1.00000 1.00000 0.0
2 3 4 5 1.00000 -1.00000 1.00000 0.0
3 5 6 T 1.00000 -1.00000 1.00000 0.0
4 7 8 9 1.00000 -1.00000 1.00000 0.0
2 NODAL VALUES GIVEN
NODE VAL.
1 0.0
9 0.0

(YA



RITZ MtTHIID: ONE DIMENSIONAL PROBLEM USING QUADRATIC APPRUXIMATION {(METHOD = 10000)

NODE X~-COORDIN ANALYTICAL APR METHOD ERROR
1 0.0 V.0 0.0 0.0
2 0.03125 0.005881 0.006007 -0.000126
3 0.06250 0.011726 0.011870 -0.000144
4 0.09375 0.017499 0.017589 -0.000090
5 0.12500 0.023163 0.023163 0.000000
[ 0.1%625 0.028682 0.028592 0.000090
7 0.18750 0.034021 0.033877 0.000144
8 0.21875 0.039143 0.039018 0.000125
I 0.25000 U«044014 0.044014 -0.000000
10 0.28125 0.048597 0.048716 -0.000119
1l 0431250 0.052858 0.052993 -0.000135
12 0434375 0.056763 0.056847 -0.000084
13 0.37500 0.060276 0.060276 0.000001
14 0.40625 0.063365 0.063280 0.000085
| ] 0.43750 0.065995 0.065860 0.000135
L6 0.46875 0.068133 0.068016 0.000117
17 0.50000 0.069747 0.069747 0.000000
IH 0.53125 0.070805 0.070908 -0.000104
19 0456250 0.07T1274 0.071392 -0.000118
20 0.59375 0.071125 0.071198 -0.000073
21 0.62500 0.070327 0.070326 0.000001
22 0.65625 0.068849 0.068775 0.000074
23 0.68750 0.066664 0.066547 0.000117
24 0.71875 0.063742 0.063641 0.000101
29 0.75000 0.060056 0.060057 -0.000000
26 0.78125 0.055579 0.055662 -0.000083
27 0.81250 0.050285 0.050379 -0.000093
28 0.84375 0.044149 0.044205 -0.000057
29 0.87500 0.037145 0.037143 0.000002
30 0.90625 0.029251 0.029191 0.000059
31 0.93750 0.020443 0.020350 0.000093
32 0.96875 0.010700 0.010620 0.000080
33 1.00000 0.0 0.0 0.0 .

[AA:



COLLOCATION METHOD: ONE DIMENSIONAL PROBLEM USING QUADRATIC APPROXIMATION (METHOD = 01000)

NODE X=CUOURDIN ANALYTICAL APR METHOD ERROUR

1 0.0 0.0 0.0 0.0

2 0.03125 0.005881 0.004481 0.001400
3 0.06250 0.011726 0.008823 0.002903
4 0.09375 0.017499 0.013027 0.004472
5 0.12500 0.023163 0.017091 0.006071
6 0.1%625 0.028682 0.021017 0.007665
T 0.18750 0.034021 0.024804 0.009216
8 0.21875 0.039143 0.028453 0.010690
9 0.25000 0.044014 0.031962 0.0120%1
v 0.28125 0.048597 0.035538 0.013059
11 0.31250 0.052858 0.038838 0.014020
12 0.34375 0.056763 0.041864 0.014899
13 0.37500 0.060276 0.044613 0.015663
14 0.40625 0.063365 0.047088 0.016277
15 0.43750 0.065995 0.049287 0.016708
16 0.46875 0.068133 0.051210 0.016923
17 0.50000 0.069747 0.052858 0.016888
18 0.53125 0.070805 0.054090 0.016714
19 0.56250 0.071274 0.054783 0.016492
20 0.59375 0.071125 0.054935 0.016190
21 0.62500 0.070327 0.054547 0.015779
22 0.65625 0.068849 0.053620 0.015230
23 0.68750 0.066664 0.052152 0.014512
24 0.71875 0.063742 0.050145 0.013597
25 0.75000 0.060056 0.047598 0.012459
26 0.78125 0.055579 0.044374 0.011205
27 0.81250 0.050285 0.040372 0.009914
28 0.84375 0.044149 0.035590 0.008558
29 0.87500 0.037145 0.030030 0.007115
30 0.90625 0.029251 0.023691 0.005560
31 0.93750 0.020443 0.016573 0.003870
32 0.96875 0.010700 0.008676 0.002024
33 1.00000 0.0 0.0 0.0

A



SUBDUMAIN METHUD: ONE DIMENSIGNAL PROBLEM USING QUADRATIC APPROXIMATION (METHUOL = 00100}

NODE X—COORDIN ANALYTICAL APR METHOD ERROR
1 0.0 0.0 0.0 0.0
2 0.03125 0.005881 0.006014 —-0.000133
3 0.06250 0.011726 0.011884 -0.000158
4 0.09375 0.017499 0.017609 -0.000110
5 0.12500 0.023163 0.023189 -0.000027
4 0.15625 0.028682 0.028625 0.000057
7 0.18750 0.034021 0.033916 0.000105
3 0.21875 0.039143 0.039062 0.000081
9 0.25000 0.044014 0.044064 -0.000050
10 0.28125 0.048597 0.048772 -0.000175
11 0.31250 0.052858 0.053054 -0.000196
12 0434375 0.056763 0.056912 -0.000149
13 0.37500 0.060276 0.060345 -0.000069
14 0.40625 0.063365 0.063353 0.000012
15 0.43750 0.065995 0.065935 0.000059
16 0.46875 0.068133 0.068093 0.000040
17 0.%0000 0.069747 0.069826 ~0.000079
18 0.53125 0.070805 0.070989 -0.000185
19 0.56250 0.071274 0.071473 -0.000199
20 0.59375 0.071125 0.071279 -0.000154
21 0.62500 0.070327 0.070406 ~0.000079
22 0.65625 0.068849 0.068853 -0.000004
23 -0.68750 0.066664 0.066622 0.000042
24 0.71875 0.063742 0.063712 0.000030
25 0.75000 0.060056 0.060123 -0.000067
26 0.78125 0.055579 0.055725 -0.000145
27 0.81250 0.050285 0.050436 —0.000150
28 0.84375 0.044149 0.044256 -0.000107
29 0.87500 0.037145 0.037186 -0.000041
30 0.90625 0.029251 0.029225 0.000025
31 0.93750 0.020443 0.020374 0.000069
32 0.96875 0.010700 0.010632 0.000067
33 1.00000 0.0 0.0 0.0

v
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GALERKIN'S METHOD: ONE DIMENSIONAL PROBLEM USING QUADRATIC APPROXIMATION (METHOD = 00010)

NODE X=COORDIN ANALYTICAL APR METHOD ERROR
1 0.0 0.0 0.0 0.0
2 0.03125 0.005881 0.006412 -0.000531
3 0.06250 0.011726 0.012631 -0.000904
4 0.09375 0.017499 0.018655 -0.001157
5 0.12500 0.023163 0.024487 -0.001324
6 0.15625 U.028682 0.030124 -0.001442
7 0.18750 0.034021 0.035568 -0.001547
8 0.21875 0.039143 0.040818 -0.001675
9 0.25000 0.044014 0.045875 -0.001861
10 0.28125 0.048597 0.050637 -0.002040
11 0.31250 0.052858 0.054958 -0.002100
12 0.34375 0.056763 0.058839 -0.002076
12 0.3750U 0.060276 0.062279 -0.002002
14 0.40625 0.063365 0.065277 -0.001913
15 0.43750 0.065995 0.067835 —0.001841
16 0.46875 0.068133 0.069952 -0.001819
L7 0.50000 0.069747 0.071629 -0.001882
18 0.53125 0.070805 0.072727 -0.001922
19 0.56250 0.0T1274 0.073138 ~0.001864
20 0.59375 0.071125 0.072863 -0.001738
21 0.62500 0.070327 0.071902 -0.001575
22 0.65625 0.068849 0.070254 -0.001404
23 0.68750 0.066664 0.067919 -0.001255
24 0.71875 0.063742 0.064898 -0.001155
25 0.75000 0.060056 0.061190 ~-0.001133
26 0.78125 0.055579 0.056668 -0.001089
27 0.81250 0.050285 0.051253 -0.000968
28 0.84375 0.044149 0.044944 -0.000796
29 0.87500 0.037145 0.037742 ~0.000597
30 0.90625 0.029251 0.029647 -0.000396
31 0.93750 04020443 0.020658 ~0.000215
32 0.96875 0.010700 0.010776 -0.000076
33

1.00000 0.0 0.0 0.0

LTAL:]



LEAST SQUARES METHOD: ONE PIMENSIONAL PROBLEM USING QUADRATIC APPROXIMATION (METHOD = 00001}

NODE X-COORDIN ANALYTICAL APR METHGOD ERROR
1 0.0 0.0 0.0 0.0
2 0.03125 0.005881 0.001117 0.004764
3 0.06250 0.011726 0.002149 0.009578
4 0.09375 0.017499 0.003094 0.014405
5 0.12500 0.023163 0.003953 0.019210
[ 0.15625 0.028682 0.004726 0.023956
4 0.18750 0.034021 0.005413 0.028608
8 0.21875 0.039143 0.006014 0.033130
9 0.2000 0.044014 0.006528 0.037485
10 0.28125 0.048597 0.012104 0.036493
11 0.31250 0.052858 0.016922 0.035936
12 0.34375 0.056763 0.020984 0.035779
13 0.37500 0.060276 0.024288 0.035989
la4 0.40625 0.063365 0.026834 0.036531
19 0.43750 0.065995 0.028624 0.037371
16 0.46875 0.068133 0.029656 0.038477
| 4 0.50000 0.069747 0.029930 0.039816
18 0.53125 0.070805 0.034472 0.036333
19 0.56250 0.071274 0.037899 0.033375
20 0.59375 0.071125 0.040212 0.030913
21 0.62500 0.070327 0.041411 0.028915
22 0.65625 0.068849 0.041496 0.027353
23 0.68750 0.066664 0.040467 0.026197
24 0.71875 0.063742 0.038324 0.025419
25 0.79000 0.060056 0.035066 0.024990
26 0.78125 0.055579 0.034342 0.021237
27 0.81250 0.050285 0.032573 0.017712
28 0.84375 0.044149 0.029758 0.014390
29 - 0.87500 0.037145 0.025898 0.011247
30 0.90625 0.029251 0.020992 0.008259
31 0493750 0.020443 0.015040 0.005403
32 0.96875 0.010700 0.008043 0.002657

33 1.00000 0.0 0.0 0.0

LT



X~COORDINATE

0.0
0.12500

0.25000

J.47500
0.20000
0.62500
0. 75000
0.87500
1. 00000

TIME SPEJT IN SEC.

ANALYTICAL SOLUTION

0.0

0.023162723
U.044013560
0.060276449
0.069746912
0.070326686
0.060056210
0.037145019
0.0

RITL

0.0

0.023162555
0.044013705
0.060275521
0.069746733
0.070325613
0.060056701
0.037142996
0.0

0.046999998391

COLLDCATION

0.0

0.017091230
0.031962305
0.044613209
0.052858435
0.054547209
0.047597561
0.030030001
0.0

0.042999997735

SUBDOMAIN

0.0

0.023189303
0.044063833
0.060344964
0.069825768
0.070405722
0.060123082
0.037185904
0.0

0.041999999434

GALERKIN®S

0.0

0.024486557
0.045874942
0.062278569
0.071628749
0.071901858
0.061189692
0.037742130
0.0

0.042999997735

LEASTSQUARES

0.0

0.003952805
0.006528359
0.024287559
0.029930484
0.041411240
0.035066064
0.025897842
0.0

0.041999999434

XA



mHA>» 2" 0000 X

0.2653

0.3878

0.5102

0.6327

0.7551

0.8776

1.0000

LHART C 1
FOUR ELEMENT APPROXIMATION

LEGEND
CURVE METHOD
1 ANALYTICAL SOLUTION
2 RITZ
3 COLLOCATION
6 3 45 4 SUBDOMAIN
5 GALERKIN
6 LEAST SQUARE
6 3 4 5
-3 3 4 5
6 3
6 3
6 3 45
6 3 45
[
- - - - - - - N L] Ll L]
0.0 0.0072 0.0144  0.0216  0.0288  0.0360  0.0431 0.0503 0.0575  0.0647

Y COORDINATE
——

0.0719

81



m-H»Z~"02000 X

0.1429

0.2653

0.3878

0.5102

0.6327

0.75%1

0.8776

1.0000

54

-0.0020

0.0022

0.0064

0.0105

CHART C 2

FOUR ELEMENT APPROXIMATION

0.0147

0.0189

LEGEND
CURVE

DN PRWN =

0.0231 0.0273

Y COORDINATE
——

ERROR

ANALYTICAL SOLUTION

RITZ

COLLOCATION
SUBDOMAIN

GALERKIN

LEAST SQUARE

0.0315

0.0356

0.0398

62



FINITF ELEMENT TU 1 DIMENSIUNAL PROBLEM.

METHOD TO USE = 11111
NUMBER OF NUDES = 17
NUMBER DF ELEMENTS = 8
NUMBER OF NODAL VALUES GIVEN = 2

NUDAL COORUINATES

_ NODE X Y INITIAL VALUE

1 0.0 0.0 0.0

2 0.06250 0.0 0.0

3 0.12500 0.0 0.0

4 0.18750 0.0 0.0

5 0.25000 0.0 0.0

6 0.31250 0.0 0.0

7 0.37500 0.0 0.0

8 0.43750 0.0 0.0

9 0.50000 0.0 0.0

10 0.56250 0.0 0.0

11 0.62500 0.0 0.0

12 0.68750 0.0 0.0

13 0.75000 0.0 0.0

14 0.81250 0.0 0.0

15 0.87500 0.0 0.0

16 0.93750 0.0 0.0

17 1.00000 0.0 0.0

ELEMENT NODE NUMBERS CONSTANTS PLI) Qi) F(D) PQlI)
1 1 2 3 1.00000 -1.00000 1.00000 0.0
2 3 4 5 1.00000 -1.00000 1.00000 0.0
3 5 6 7 1.00000 -1.00000 1.00000 0.0
4 7 8 9 1.00000 -1.00000 1.00000 0.0
5 9 10 11 1.00000 ~1.00000 1.00000 0.0
6 11 12 13 1.00000 -1.00000 1.00000 0.0
7 13 14 15 1.00000 -1.00000 1.00000 0.0
8 15 16 17 1.00000 -1.00000 1.00000 0.0
2 NODAL VALUES GIVEN
NODE VAL.
1 0.0
L7 0.0

0¢d



RITZ METHUD: ONE DIMENSIONAL PROBLEM USING QUADRATIC APPROXIMATION (METHOD

NODE

OO~ W~

X-COORDIN

0.0

0.03125
0.06250
0.09375
0.12500
0.15625
0.18750
0.21875
0.25000
0.28125
0.31250
0.34375
0.37500
0.40625
0.43750
0.46875
0.50000
0.53125
0.56250
0.59375
0.62500
0.65625
0.68750
0.71875
0.75000
0.78125
0.81250
0.84375
0.87500
0.90625
0.93750
0.96875
1.00000

ANALYTICAL

0.0

0.005881
0.011726
0.017499
0.023163
0.028682
0.034021
0.039143
0.044014
0.048597
0.052858
0.056763
0.060276
0.063365
0.065995
0.068133
0.069747
0.070805
0.071274
0.071125
0.070327
0.068849
0.066664
0.063742
0.060056
0.055579
0.050285
0.044149
0.037145
0.029251
0020443
0.010700
0.0

APR METHOD

0.0
0.005899
0.011726
0.017481
0.023163
0.028700
0.034021
0.039126
0.044014
0.048615
0.052859
0.056747
0.060277
0.063382
0.065996
0.068118
0.069748
0.070822
0.071276
0.071112
0.070330
0.068866
0.066667
0.063732
0.060061
0.055596
0.050289
0.044140
0.037149
0.029264
0.020444
0.010690
0.0

ERROR

0.0
-0.000018
-0.000000

0.000018
~0.000000
-0.000018
-0.000000

0.000017
=0.000001
-0.000018
-0.000001

0.000016
=0.000001
-0.000017
-0.000001

0.000015
-0.000002
-0.000017
-0.000002

0.000013
-0.000003
-0.000017
-0.000003

0.000010
=0.000004
-0.000017
-0.000004

0.000008
-0.000004
-0.000013
-0.000001

0.000010

0.0

10000)

1€q



CULLOCATIUN METHOD: ONE DIMENSIONAL PROBLEM USING QUADRATIC APPROXIMATION (METHOD = 01000)

NODE X—CUORDIN ANALYTICAL APR METHOD ERROR
1 0.0 0.0 0.0 0.0
2 0.03125 0.005881 0.004947 0.000934
3 0.06250 0.011726 0.009824 0.001902
4 0.04375 0.017499 0.014630 0.002869
S 0.12500 0.023163 0.019366 0.003797
6 0.15645 0.028682 0.024066 0.004616
7 0.18750 0.034021 0.028625 0.005396
3 0.21875 0.039143 0.033043 0.006100
9 0.25000 0.044014 0.037320 0.006694
10 0.28125 0.048597 0.041386 0.007211
il 0.31250 0.052858 0.045171 0.007688
12 0.34375 0.056763 0.048675 0.008087
13 0.37500 0.060276 0.051899 0.008377
14 0.40625 0.063365 0.054774 0.008591
15 0.43750 0.065995 0.057231 0.008764
16 0.46875 0.068133 0.059271 0.008862
17 0.50000 0.069747 0.060895 0.008852
18 0.53125 0.070805 0.062034 0.008770
19 056250 0.071274 0.062626 0.008648
20 0.59375 0.071125 0.062670 0.008455
21 0.62500 0.070327 0.062166 0.008160
22 0.65625 0.068849 0.061051 0.007798
23 0.68750 0.066664 0.059265 0.007399
24 0.71875 0.063742 0.056807 0.006935
25 0.75000 0.060056 0.053679 0.006377
26 0.78125 0.055579 0.049820 0.005759
27 0.81250 0.050285 0.045176 0.005109
28 0.84375 0.044149 0.039747 0.004401
29 0.87500 0.037145 0.033534 0.003611
30 0.90625 0.029251 0.026481 0.002769
31 0.93750 0.020443 0.018541 0.001901
32 0.96875 0.010700 0.009714 0.000985
33 1.00000 0.0 0.0 0.0

(A



SUBDOMAIN METHUD: UNE DIMENSIONAL PROBLEM USING QUADLRATIC APPROXIMATION (METHUD = 00100}

NODE X-COORDIN ANALYTICAL APR METHOD ERROR
1 0.0 0.0 0.0 0.0
2 - 0.03125 0.005881 0.005901 -0.000020
3 0.06250 0.011726 0.01173 -0.000003
4 0.09375 0.017499 0.017486 0.000013
5 0.12500 0.023163 0.023169 ~0.000007
[ 0.15625 0.028682 0.028708 -0.000026
7 0.18750 0.034021 0.034030 -0.000010
a 0.2187% 0.039143 0.039136 0.000007
9 0.25000 0.044014 0.044026 -0.,000012
L0 0.28125 0.048597 0.048628 -0.000031
11 0.31250 0.052858 0.052873 -0.000015
12 0.34375 0.056763 0.056762 0.000001
i3 0.37500 0.060276 0.060293 -0.000017
14 0.40625 0.063365 0.063399 -0.000034
15 0.43750 0.065995 0.066013 -0.000018
16 0.46875 0.068133 0.068135 -0,000002
17 0. 50000 0.069747 0.069766 ~0.000019
18 0.53125 0.070805 0.070839 -0.000035%
19 0.56250 0.071274 0.071294 ~0.000019
20 0.59375 0.071125 0.07L129 -0.000004
21 0.62500 0.070327 0.0703406 -0.000019
2? 0.65625 0.068849 0.068882 -0.000033
23 0.68750 0.066664 0.066682 -0.000018
24 0.71875 0.063742 0.063745 -0.000003
25 0.75000 0.060056 0.060072 -0.000016
26 0.78125 0.055579 0.055607 -0.000028
27 0.81250 0.050285 0.050299 ~0.000014
26 0.84375 0.044149 0.044148 0.000000
29 0.87500 0.037145 0.037155 -0.000010
30 0.90625 0.029251 0.029269 -0.000019
n 0.93750 0.020443 0.020448 ~0.000006
32 0.96815 2.010700 0.010692 0.000008
33 1.00000 0.0 0.0 0.0

€ed



GALERKIN'S METHND: ONt DIMENSIONAL PROBLEM USING QUADRATIC APPROXIMATION (METHOD = 00010}

NOOF X-COORDIN ANALYTICAL APR METHOOD ERROR

L 0.0 0.0 0.0 0.0

2 0.u3125 V. 005881 0.006027 -0.000146
3 0.06250 0.011726 0.011957 -0.000231
4 0.09375 0.01L7499 0.017790 -0.000251
5 0.12500 0.023163 0.023527 -0.000364
6 0.15625 0.028682 0.029110 -0.000428
7 0.18750 0.034021 0.034469 ~0.000448
A 0.21875 0.039143 0.039603 -0.000460
E 0.25000 0.044014 0.044512 =0.000499
10 06.28125 0.048597 0.049128 -0.000531
1i 0.31250 0.052858 0.053383 -0.000524
12 0.34375 0.056763 0.057276 -0.000513
13 0.37500 0.060276 0.060807 -0.000530
14 0.40625 0,063365 0.063908 -0.000543
15 0.43750 0.065995 0.066515 -0.000520
16 0.46875 0.068133 0.068626 -0.000493
L7 0.50000 0.069747 0.070242 -0.000495
1R 0.53125 0.070805 0.071298 -0.000494
13 0.56250 0.071274 0.071733 -0.000459
20 0.59375 0.071125 0.071547 -0.000422
21 0.62500 0.070327 0.070740 -0.000413
22 0.65625 0.068849 0.069250 —0.000401
23 0.68750 0.066664 0.067022 -0.000359
24 0.71875 0.063742 0.064057 -0.000314
25 0.75000 0.060056 0.060353 -0.000297
26 0.78125 0.055579 0.055855 -0.000276
27 0.81250 0.050285 0.050514 -0.000229
28 0.84375 0.044149 0.044329 ~0.000181
29 0.87500 0.037145 0.037301 -0.000156
30 0.90625 0.029251 0.029380 -0.000129
31 0.93750 0.020443 0.020522 -0.000079
32 0.96875 0.010700 0.010729 -0.000029
33 1.00000 0.0 0.0 0.0

ve'd



LEAST SQUARES METHOD: ONE DIMENSIONAL PROBLEM USING QUADRATIC APPROXIMATION (METHND = 00001)

NODE

-
-

- et e e et
CE~NGTWPWN

NNNNNVNNONN
NG ST HWN—-O

N
(=]

Wow W
- N -

—
D JOWa IS W~

X-COORDIN

0.0

0,03125
0.06250
0.09375
0.12500
0.15625
0.18750
0.21875
0.25000
0.28125
0.31250
0.34375
0.37500
0.40625
0.43750
0.46875
0.50000
0.53125
0.56250
0.59375
0.62500
0.65625
0.68750
0.71875
0.75000
0.78125
0.81250
0.84375
0.87500
0.90625
0.93750
0.96875
1.00000

ANALYTICAL

0.0

0.005881
0.011726
0.017499
0.023163
0.028682
0.034021
0.039143
0.044014
0.048597
0.052858
0.056763
0.060276
0.063365
0.065995
0.068133
0.069747
0.070805
0.071274
0.071125
0.,070327
0.068849
0.066664
0.063742
0.060056
0.055579
0.050285
0.044149
0.037145
0.029251
0.020443
0.010700
0.0

APR METHODD

0.0

0.001069
0.002094
0.003076
0.004015
0.009574
0.013953
0.017150
0.019168
0.025623
0.030552
0.033953
0.035827
0.040730
0.044311
0,046571
0.047508
0.050474
0.052178
0.052620
0.051800
0.052366
0.051669
0.049708
0.046485
0.044188
0.040600
0.035721
0.029552
0.023860
0.017037
0.009084
0.0

ERROR

0.0

0.004813
0.009632
0.014423
0.019148
0.019108
0.0200068
0.021993
0.024r46
0.022973
0.022306
0.022810
0.024450
0.022635
0.021684
0.021562
0.022239
0.020330
0.019096
0.018505
0.018527
0.016483
0.014995
0.014034
0.0135171
0.011391
0.009685
0.008427
0.007593
0.005391
0.003406
0.001616
0.0

6e'd



X~COORDINATE

0.

0.06250
0.12500
0.18750
0.25000
0.31250
0.17500
0.43750
0. 10000
0.56250
0.62500
0.68750
0. 75000
0.81250
0.87500
0.93750
1.00000

TIME SPENT IN SEC.

ANALYT[CAL SOLUTION

0.0

0.011726320
0.023162723
0.034020722
0.044013560
0.052858412
0.060276449
G.065994799
0.069746912
0.071274221
0.070326686
0.066663861
0.060056210
0.050285220
0.037145019
0.020442843
0.0

RITZ

0.0

0.011726450
0.023163110
0.034021154
0.044014245
0.052859165
0.060277425
0.065995753
0.0697484061
0.071276248
0.070329547
0.066667318
0.060060546
0.050289389
0.037148926
0.020444330
0.0

0.110999941826

COLLOCATION

0.0

0.009824101
0.019365698
0.028624788
0.037319951
0.045170892
0.051899474
0.057230920
0.060894758
0.062626064
0.062166400
0.059264839
0.053679019
0.045176189
0.033533953
0.018541459
0.0

0.104999959469

SUBDOMAIN

G.0

0.011729643
0.023169361
0.034030311
0.04402%991
0.052873161
0.060293235
0.066012919
0.069766045
0.071293712
0.070345879
0.066682041
0.060072426
0.050298732
0037154984
0.020448353
0.0

0.104999959469

GALERKIN*S

0.0

0.011956941
0.023526620
0.034468506
0.044512250
0.053382892
0.060806908
0.066514552
0.070242286
0.071733415
0.070739746
0.067022383
0.060352813
0.050513957
0.037301015
0.020522308
0.0

0.105999946594

LEASFSQUARES

0.0

0.002094182
0.004014924
0.013952516
0.019167688
0.030551925
0.035826746
0.044311289
0.047508232
0.052178465
0.051800080
0.051668689
0.046484932
0.040599950
0.029551677
0.017036989
0.0

0.106999993324

g¢d



m—eH»2-02000 X

0.0816
0.1429
0.2041
0.2653
0.3265
0.3878
0.4490
0.5102
0.5714
0.6327
0.6939
0.7551
0.8163
0.8776
0.9388

1.0000

CHART D1
EIGHT ELEMENT APPROXIMATION

LEGEND

CURVE
1
2
3
5 4
5
6
3 45
3 45
6 3 45
6 3
6 3
6
6
6
6
6 3
6 3 5
6 3 5

0.0215 0.0287 0.0359 0.0430 0.0502 0.0

Y COORDINATE
o

METHOD

ANALYTICAL SOLUTION
RITZ

COLLOCATION
SUBDOMAIN

GALERKIN

LEAST SQUARE

45

574 0.0646 0.0717

A%



mMHP»Z-030C00 X

0.0816
0.1429
0.2041
0.2653
0.3265
0.3878
0.4490
0.5102
0.5714
0.6327
0.6939
0.7551
0.8163
0.8776
0.9388

1.0000

54

54

54

54

-0.0005

CHARY D2

EIGHT ELEMENT APPROXIMATION
LEGEND

CURVE ERROR

ANALYTICAL SOLUTION
RITZ

COLLOCATION
SUBDOMAIN

GALERKIN

LEAST SQUARE

O RWN =

. . . . . . . . . -

0.0020 0.0045 0.0071 0.0096 0.0122 0.0147 0.0172 0.0198 0.0223 0.0248

Y COORDINATE
—

8ed



FINITE ELEMENT TU 1 DIMENSIONAL PRUBLEM.

METHOD TO USE = 11111
NUMBER OF NOUES = 33
NUMBER OF ELtMENTS = 16

t
N

NUMBER OF NODAL VALUES GIVEN

NUDAL COORDINATES

{0DE X Y INITIAL VALUE
1 0.0 0.0 0.0
2 0.03125 0.0 0.0
3 0.06250 0.0 0.0
4 0.09375 0.0 0.0
5 0.12500 0.0 0.0
6 0.15625 0.0 0.0
7 0.18750 0.0 0.0
8 0.21875 0.0 0.0
9 0.25000 0.0 0.0

10 0.28125 0.0 0.0
11 0.31250 0.0 0.0
12 0.34375 0.0 0.0
L3 0.37500 0.0 0.0
14 0.40625 0.0 0.0
15 0.43750 0.0 0.0
16 0.46875 0.0 0.0
17 0.50000 0.0 0.0
18 0.53125 0.0 0.0
19 0.56250 0.0 0.0
20 0.59375 0.0 0.0
21 0.62500 0.0 0.0
22 0.65625 0.0 0.0
23 0.68750 0.0 0.0
24 0.71875 0.0 0.0
25 0.75000 0.0 0.0
26 0.78125 0.0 0.0
27 0.81250 0.0 0.0
28 0.84375 0.0 0.0
29 0.87500 0.0 0.0
30 090625 0.0 0.0
31 0.93750 0.0 0.0
32 0.96875 0.0 0.0
33 1.00000 0.0 0.0

6€'9



FLEMENT

—
OLE@®~T VS WN -~

e
v SWN -

NUDE

NODE NUMBERS

1 2
3 4
5 6
7 8
9 10
11 12
13 14
15 1 33
17 18
19 20
21 22
23 24
25 26
27 28
29 30
31 32
2 NODAL

0

0

VALUES

VAL.

Cco

GIVEN

CUNSTANTS PLI)

1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000

Qi)

-1.00000
-1.00000
-1.00000
-1.00000
-1.00000
-1.00000
-1.00000
-1.00000
~1.00000
-1.00000
-1.00000
-1.00000
-1.00000
-1.00000
~1.00000
-1.00000

FLI)

1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000

PQL{I}

1.0000¢
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000

ov'd



RITZ METHUD: OUNE DIMENSIONAL PROBLEM USING QUADRATIC APPROXIMATION (METHOD = 10000)

NOOLL X=-CUO0RDIN ANALYTICAL APR METHOOD ERROR
1 0.0 0.0 0.0 0.0
2 0.03125 0.005881 0.005878 0.000003
3 0.06250 0.011726 0.011720 0.000006
4 0.09375 0.017499 0.017489 0.000009
5 0.12500 0.023163 0.023150 0.000013
6 0.15625 0.028682 0.028666 0.000016
7 0.18750 0.034021 0.034001 0.000019
& 0.2187H 0.039143 0.039120 0.000023
9 0.25000 0.044014 0.043988 0.000026
10 0.28125 0.048597 0.048568 0.000029
11 0.31250 0.052858 0.052826 0.000032
12 0.3437> 0.056763 0.056728 0.000035
13 0.37500 0.060276 0.060239 0.000037
14 0.40625 0.063365 0.063326 0.000039
15 0.43750 0.065995 0.065953 0.000041
16 0.46875 0.068133 0.068090 ~ 0.000043
17 0.50000 0.069747 0.069702 0.000045
18 0.53125 0.070805 0.070758 0.000047
19 0.56250 0.071274 0.071226 0.000048
20 0.59375 0.071125 0.071076 0.000049
21 0.62500 0.070327 0.070276 0.000051
22 0.65625 0.068849 0.068798 0.000051
23 0.68750 0.066664 0.066612 0.000051
24 0.71875 0.063742 0.063691 0.000051
25 0.75000 0.060056 0.060006 0.000051
26 0.78125 0.055579 0.055530 0.000049
27 0.81250 0.050285 0.050238 0.000047
28 0.84375 0.064149 0.044105 0.000043
29 0.87500 0.037145 0.037108 0.000037
30 0.90625 0.029251 0.029221 0.000030
31 0.93750 0.020443 0.020422 0.000021
32 0.96875 0.010700 0.010688 0.000012
33 1.00000 0.0 0.0 0.0

1

L'



COLLOCATIUN METHOD:

NODE

SN US W=

X-CDORDIN

0.0

0.03125
0.06250
0.09375
0.12500
0.15625
0.18750
0.21875
0.25000
0.28125
0.31250
0.34375
0.3750C
0.40625
0.43750
0.46875
0.50000
0.53125
0.56250
0.59375
0.62500
0.65625
0.68750
0.71875
0.75000
0.78125
0.81250
0.84375
0.87500
0.90625
0.93750
0.96875
1.00000

ANALYTICAL

0.0

0.005881
0.011726
0.017499
0.023163
0.028682
0.034021
0.039143
0.044014
0.048597
0.052858
0.056763
0.060276
0.063365
0.065995
0.068133
0.069747
0.070805
0.071274
0.071125
0.070327
0.068849
0.066664
0.063742
0.060056
0.055579
0.050285
0.044149
0.037145
0.029251
0.020443
0.010700
0.0

APR METHOD

0.0

0.005354
0.010673
0.015956
0.021168
0.026272
0.031233
0.036017
0.040587
0.044908
0.048945
0.052664
0.056029
0.059008
0.061566
0.063669
0.065285
0.066381
0.066925
0.066885
0.066231
0.064932
0.062957
0.060279
0.056867
0.052695
0.047734
0.041960
0.035345
0.027865
0.019496
0.010215
0.0

1

ONE DIMENSIONAL PROBLEM USING QUADRATIC APPROXIMATION (METHOD

ERROR

0.0

0.000527
0.001053
0.001543
0.001995
0.002410
0.002787
0.003126
0.003427
0.003689
0.003914
0.004099
0.004247
0.004357
0.004429
0.004464
0.004462
0.004424
0.004349
0.004240
0.004096
0.003918
0.003707
0.003464
0.003189
0.002885
0.002551
0.002189
0.001800
0.001386
0.000946
0. 000484
0.0

01000)

A4



SUBDOMAIN METHOD: UNE DIMENSIUNAL PROBLEM USING QUADRATIC APPROXIMATION (METHUL = 00100)

NODE X~COORDIN ANALYT]CAL APR METHOD ERROR

i 0.0 0.0 0.0 0.0

2 0.03125 0.005881 0.005881 -0.000000
3 0.06250 0.011726 0.011726 -0.000000
4 0.09375 0.017499 0.,017499 -0.000000
b} 0.12500 0.023163 0.023163 ~0.000000
6 0.15625 0.028682 0.028682 -0.000000
{ 0.18750 0.034021 0.034021 -0.000000
8 0.21875 0.039143 0.039144 -0.000000
9 0.25000 0.044014 0.044014 -0.000001
10 0.28125 0.048597 0.048598 -0.000001
11 0.31250 0.052858 0.052859 -0.000001
12 0.34375 0.056763 0.056764 -0.000001
13 0.37500 0.060276 0.060277 -0.000001
14 0.40625 0.063365 0.063366 -0.000001
15 0.43750 0.065995 0.065996 -0.000001
16 0.46875 0.068133 0.068134 -0.000001
17 0.50000 0.069747 0.069748 -0.000001
1& 0.93125 0.070805 0.070806 -0.000001
19 0.56250 0.071274 0.071276 ~0.000002
20 0.59375 0.071125 0.071127 -0. 000002
21 0.62500 0.070327 0.070328 -0.000002
22 0.65625 0.068849 0.068851 ~0.000002
23 0.68750 0.066664 0.066666 -0.000002
24 0.71875 0.063742 0.063744 -0.000002
25 0.75000 0.060056 0.060058 -0.000002
26 0.78125 0.055579 0.055581 -0.000002
27 0.81250 0.050285 0.050287 -0.000001
28 0.84375 0.044149 0.044150 —0.000001
29 0.87500 0.037145 0.037146 ~0.000001
30 0.90625 0.029251 0.029252 -0.000001
31 0.93750 0.020443 0.020444 -0.000001
32 0.96875 0.010700 0.010700 -0.000000
33 1.00000 0.0 0.0 0.0

*

ev'd



GALERKIN'S METHOD: ONE DIMENSIONAL PROBLEM USING QUADRATIC APPROXIMATION (METHUD = 00010}

NOOE X-COORDIN ANALYTICAL APR METHOD ERRDOR
1 0.0 0.0 0.0 0.0
2 0.03125 0.005881 0.005918 -0.000037
3 0.06250 0.011726 0.011788 -0.000062
4 0.09375 0.017499 0.017579 -0.000081
5 0.12500 0.023163 0.023258 -0.000095
6 0.15625 0.028682 0.028789 -0.000107
7 0.18750 0.034021 0.034136 -0.000116
8 0.21875 0.039143 0.039266 -0.000123
9 0.25000 0.044014 0.044142 -0.000128
10 0.28125 0.048597 0.048729 -0.000132
11 0431250 0.052858 0.052992 -0.000134
12 0.34375 0.056763 0.056898 -0.000135
13 0.37500 0.060276 0.060411 —-0.00013%
14 0.405625 0.063365 0.063499 -0.000134
15 0.43750 0.065995 0.066127 -0.000132
16 0.468175 0.068133 0.068262 -0.000129
17 0.50000 0.069747 0.069873 -0.000126
18 0.53125 0.070805 0.070926 -0.000121
19 0.56250 0.071274 0.071391 -0.000116
20 0.59375 0.071125 0.071236 -0.000111
21 0.62500 0.070327 0.070431 -0.000105
22 0.65625 0.068849 0.068947 -0.000098
23 0.68750 0.0666064 0.066755 -0.000091
24 0.71875 0.063742 0.063825 -0.000083
25 0.75000 0.060056 0.060131 -0.000075
26 0.78125 0.055579 0.055646 ~0.000066
27 0.81250 0.050285 0.050343 -0.000057
28 0.84375 0.044149 0.044197 ~-0.000048
29 0.87500 0.037145 0.037184 -=0.000039
30 0.90625 0.029251 0.029280 -0.000030
31 0.93750 0.020443 0.020463 -0.000020
32 0.96875 0.010700 0.010710 ~0.000010
33 1.00000 0.0 0.0 0.0

1+
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LEAST SQUARES METHND: ONE DIMENSIONAL PROBLEM USING QUADRATIC APPROXIMATION (METHOD = 00001)

NUDE X-CUURDIN ANALYTICAL APR METHOO ERROR

1 0.0 0.0 0.0 0.0

2 0.03125 0.005881 0.001199 0.004683
3 0.06250 0.011726 0.002375 0.009351
4 0.09375 0.017499 0.007696 0.009803
9 0.12500 0.023163 0.010553 0.012610
6 0.19625 0.028682 0.017155 0.011527
7 0.18750 0.034021 0.020744 0.013277
8 0.21875 0.039143 0.026715 0.012428
9 0.25000 0.044014 0.030415 0.013599
10 0.28125 0.048597 0.035780 0.012817
11 0.31250 0.052858 0.039255 0.013603
12 0.34375 0.056763 0.043939 0.012824
13 0.37500 0.060276 0.046951 0.013325
14 0.40625 0.063365 0.050844 0.012521
15 0.43750 0.065995 0.053197 0.012798
16 0.46875 0.068133 0.056178 0.011955
17 0.50000 0.069747 0.057700 0.012047
18 0.53125 0.070805 0.059646 0.011159
19 0.56250 0.071274 0.060179 0.011095
20 0.59375 0.071125 0.060966 0.010159
21 0.62500 0.070327 0.060365 0.009962
22 0.65625 0.068849 0.059871 0.008979
23 0.68750 0.066664 0.058000 0.008664
24 0.71875 0.063742 0.056107 0.007636
25 0.75000 0.060056 0.052839 0.007218
26 0.78125 0.055579 0.049433 0.006146
27 0.81250 0.050285 0.044648 0.005638
28 0.84375 0.044149 0.039622 0.004526
29 0.87500 0.037145 0.033208 0.003937
30 0.90625 0.029251 0.026461 0.002790
31 0.93750 0.020443 0.018313 0.002130
32 0.96875 0.010700 0.009749 0.000951
33 1.00000 0.0 0.0 0.0

L}
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X=COORDINATE

Gau
'0.03125
0.06250
0.09375
0.12500
0.15625
0.18750
0.21875
0.25000
0.28125
0.31250
0.34375
0437500
0.4062%
0.43750
0.46875
0.50000
0.23125%
0.26250
0.59375
0.62500
0.65625
0.68750
0.71875
0.75000
0.78125
0.81250
0.834375
0.87500
0.90625
0.93750
0.96875
1.C0000

TIME SPENT IN StC.

ANALYTICAL SOLUTION

0.0

0.005881298
0.011726320
0017498791
0.023162723
0.028682053
0.034020722
0.039143085
0.044013560
0.048596978
0.092R58412
0.056762934
0.060276449
0.063364804
0.065994799
0.068132937
0.069746912
0.070804536
0.071274221
0.071125150
0.070326686
0.068849325
0.066663861
0.063742101
0.060056210
0.055579185
0.050285220
0.044148564
0.037145019
0.029250681
0.020442843
0.010699630
0.0

RITZ

0.0

0.005878091
0.011719946
0.017489355
0.023150165
0.028666049
0.034001391
0.039120350
0.043987535
0.048567802
0.052826218
0.056728300
0.060239397
0.063325644
0.065953434
0.068089664
0.069701850
0.070757985
0.071226239
0.071075857
0.070276141
0.068798125
0.066612422
0.063691080
0.060005520
0.055529743
0.050238069
0.044105072
0.037107538
0.029220901
0.020421959
0.010687985
0.0

0.572999954224

COULLOCATION

0.0

0.005354419
0.010673098
0.015956048
0.021167528
0.026271876
0.031233486
0.036016878
0.040586632
0.044907641
0.048944827
0.052663554
0.056029249
0.059007909
0.061565593
0.063668907
0.065284848
0.066380918
0.066924870
0.066885352
0.066231012
0.064931691
0.062957227
0.060278524
0.056866918
0.052694615
0.047734298
0.041959595
0.035344835
0.027865164
0.019496430
0.010215491
0.0

0.509999990463

SUBDOMA IN

0.0

0.005881347
0.011726446
0.017499074
0.023163076
0.028682385
0.034021143
0.039143570
04044014201
0.048597701
0.052859180
0.056763913
0.060277503
0.063366055
0.065995932
0.068134248
0.069748282
0.070806026
0.071275830
0.071126699
0.070328414
0.068851173
0.066665709
0.063743889
0.060057908
0.055580862
0.050286647
0.044149913
0.037146129
0.029251609
0.020443525
0.010699987
0.0

0.570999979973

GALERKIN®*S

0.0

0.005918216
0.011788066
0.017579362
0.023257948
0.028788727
0.034136478
0.039265815
0.044141624
0.048728675
0.052992322
0.056897987
0.060411442
0.063498795
0.066126704
0.068262041
0.069872618
0.070925891
0.071390629
0.071235895
0.070431292
0.068947256
0.066754580
0.063825071
0.060131069
0.055645660
0.050342720
0.044197012
0.037184097
0.029280238
0.020462718
0.010709625
0.0

0.569999992847

LEASTSQUARES

0.0

0.001198611
0.00237533})
0.007696215
0.010552566
0.017155122
0.020743910
0.026715070
0.030414820
0.035780024
0.039255463
0.043938901
0.046951003
0.050843854
0.053196605
0.056178395
0.057699673
0.059645981
0.060178909
0.060965765
0.060364902
0.059870571
0.057999942
0.056106560
0.052838534
0.049433041
0.044647660
0.039622258
0.033207793
0.026460748
0.018312734
0.009748768
0.0

0.578999996185

9t



M=PpPZ-0T00O0 X

0.0
0.0608

0.0816
0.10°0

0.14:9
0.1633

0.2041
0.2245

0.2653
0.2857

0.3265
0.36469

0.3878
0.4082

0.4470
0.46494

0.51uL2

0.5510
0.571L4

0.6122
0.6327

0.6735
0.6939

0.7347
0.7551

0.7959
0.8163

0.8571
0.8776

0.9134
0.9388

0.9796
1.0000

CHARTY E 1

SIXTEEN ELEMENT APPROXIMATION

LEGEND
3 CURVE
1
35 2
[ 35 3
4
6 3 5 5
6 3 5 6
6 3 5
6 3 45
6 3 5
6 3 5
[ 3 25
6 3 5
6 5
6 3
6
6
[
6
6
6
6
6
3
6 3 5
6 3 5
[} 3 5
6 3 5
6 325
6 345
6 35
645
0.0071 0.0143 0.0214 0.0286 0.0357 0.0428 0.0500 0.0571

Y COORDINATE
—g—

METHOD

ANALYTICAL SOLUTION
RITZ

COLLOCATION
SUBDOMAIN

GALERKIN

LEAST SQUARE

0,0643 0.0714

AA:]



mH4P»Z-"0T000 X

0.0
0.0408

0.0816
0.1020

01429
0.1633

0.2041
0.2245

0.2653
0.2857

0.3265
0.3469

0.3878
0.4082

0.4490
0.4674

0.5102

0.5510
0.5714

0.6122
0.6327

0.6735
0.6939

0.7347
0.7551

0.7959
0.8163

0.8571
0.8776

0.9184
0.9388

0.9796
1.0000

52

52
52

52
52

52
52

52
52

52
52

52
52

52

52
52

52
52

b2
52

52
52

52
52

52
52

52
52

52

-0,0001

CHART E2 LEGEND
SIXTEEN ELEMENT APPROXIMATION CURVE ERROR

ANALYTICAL SOLUTION
RITZ

COLLOCATION
SUBDOMAIN

GALERKIN

LEAST SQUARE

DAL WN =

- - - - . - - . . -

0.0012 0.0026 0.0040 0.0054 0.0067 06.0081 0.0095 0.0109 0.0122 0.01306

Y COORDINATE
——

8v'd



