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ABSTRACT

In this dissertation the primary concern is with showing the ex-

istence of a solution to the initial-value problem

x(t) e F(t,x(t))

x(0) = x4,
The function x is once-~differentiable on a closed interval of real
numbers having left endpoint zero into a Banach space. The multi-
function F maps the cross product of the interval with the Banach
space into the Banach space and x, is in the Banach space.

The initial-value problem is transposed, using the Bochner in-
tegral, into a multifunction fixed point problem in the space of con-
tinuous functions on the interval into the Banach space. Several
multifunction fixed point theorems are obtained in solving the trans-
posed problem. Each of these results is dependent, either directly
or indirectly, on the multifunction being condensing with respect to
a measure of non-compactness, As a result, both the concept of a
measure of non-compactness and the concept of a condensing multifunc-
tion are treated.

In addition, the idea of a monotone multifunction is developed
and a role found for it in the fixed point theory. Finally, the topo-
logical structure of the solution set to the initial-value problem is

investigated,



TABLE OF CONTENTS

INTRODUCTION

CHAPTER 1
1.1 NotatiONe.eo:ocecerececococococarscsossscssscssssaasssnans 4
1.2 Calculus-.-.-.-d-.-.....-..........o...........‘...... 6
1.3 Partial Orderings on a Banach Space........coe00v0eeeal5
1,4 Measures of Non—compactness.e.ecececescesossocccssssnscl?
1,5 MultifunctionSe.e.ece.0r000c0c0coccrcsccsvcccnccscsncse2b
1.6 Contractive and Condensing Multifunctions.............31

CHAPTER I1

2,1 A Definition of Solution to the
Initial=value Probleme.c.oceverereccrsorsancsccsnea3dl
2,2 A Fixed Point Theorem for g-contractive
MultifunctionS.e.eo.co0-0c0c0c0c0cpcscccocsscacsoscssea38
2.3 The Measurability of Multifunctions..........ev0eeeeeetl
2,4 A Solution to the Initial-value Problem...............45

CHAPTER IIiI

3.1 A Fixed Point Theorem in an Order Interval............49
3.2 A Solution to the Initial-~value Problem
in an order Intewal.......ooo'ooon.o.oolo-ooooooosz

CHAPTER IV
4,1 A Fixed Point Theorem in a Compact Sete...cevevseessssbb

4,2 A Solution to the Initial-value Problem
in a convex SetOc.-.-.o.-.-.o.oooocccuo--ooo-ooooo68

CHAPTER V
5.1 Structure of the Fixed Point Set.ecceesceeccsssscessss?d

5.2 Examples of Initial-value ProblemSe.......ccvteeeevees?5
5.3 Further ResearCh...c....'-i-ooo..'.-oco........----o-.-.77



INTRODUCTION

The primary concern of this dissertation is to investigate the

existence of a solution to the initial-value problem

x(t) € F(t,x(t))

x(0) = x,.
Here x is a function on an interval of real numbers into a Banach space,
% denotes dx/dt, x, is in the Banach space and F is a point-to-set func-
tion, henceforth referred to as a multifunction, on the cross-product
of the interval with the Banach space into the Banach space,

The above problem is transposed into a corresponding integral prob-
lem which in fact turns out to be a multifunction fixed point problem.
Thus, the first chapter is basically devoted to providing some back-
ground as regards integration in Banach spaces and existing multifunc-
tion fixed point theory. The integral used throughout is the Bochner
integral essentially as developed in Hille and Phillips [24].* In
the endeavor to show the existence of a solution to the initial-value
problem several new multifunction fixed point results are obtained,

The pioneer work on the problem was done in the mid thirties by
Marchaud [29] and Zaremba [42]. More recently, Castaing [5], Filippov
[12], [13], [14] and Hermes [23] have extended this work operating in
Euclidean n-space. Through private communication it was also learned
that F, De Blasi and V, Lakshmikantham have investigated the problem.

Recent advances in multifunction fixed point theory allow its

application to the above initial-value problem not unlike the manner

*Throughout this dissertation a bracketed number refers to the
corresponding reference in the bibliography.



in which the Brouwer, Kakutani and Schauder fixed point theories have
been applied to show the existence of a solution when the kermel F is
restricted to be single-valued, Among the conditions necessary to en-
sure the existence of a fixed point for the multifunction arising in
the transposition of the initial-value problem into an integral prob-
lem is that it satisfy a certain Lipschitz-like condition,

Single-valued mappings satisfying this condition are referred to
in the literature as condensing, densifying or concentrative. This
class of mappings was studied quite extensively during the early sev-
enties by Danes [7], [8], [9], Darbo [10], Furi and Vignoli [19],

[20], [21], Nussbaum [34] and Sadovskii [38]. Akin to the class of
condensing mappings is the class of k-set-contraction mappings as
studied by Gatica and Kirk [22], Nussbaum [34], Petryshyn [36] and
Potter [37]. These mappings are also referred to in Martin [31] as
a-Lipschitz mappings.

More recently, condensing and k-set-contraction multifunctions
have been investigated by Fitzpatrick and Petryshyn [16], [17], [18],
Himmelberg, Porter and Van Vleck [25] and Martelli [30]. The k-set-con-
traction multifunctions, specifically for the case k<1, have also been
studied as a subclass of the ultimately compact multifunctions by Fitz-
patrick and Petryshyn [15].

Central to the idea of a condensing or k~-set-contraction multi-~
function is the notion of a measure of non-compactness. The best known
measure of non-compactness was introduced by Kuratowski [28] and is
presented in Example 1.4.7, The concept of a measure of non-compact-
ness has since been generalized by Darbo [10], Sadovskii [38] and, un-

der the name "compactness guage", by Jones [26]. Following the guide-



lines set by Sadovskii in [38] Section 1.4 is given to developing a
general concept of measure of non-compactness for locally convex top-
ological vector spaces.

The idea of a g-contractive multifunction as introduced in Section
2,2 is a take-off on one for single-valued functions due to Furi and
Vignoli [20]. The class of g-contractive multifunctions is an exten-
sion of the class of Banach contractive multifunctions as studied by
Filippov [12], Fitzpatrick and Petryshyn [15], Nadler [33] and Smith-
son [39].

The set relations as defined in Section 1,3 and subsequently ap-
plied in Chapter III follow from the work of Smithson [AQ]. Fixed
Point Theorem 3.1.3 is an outgrowth from the standard fixed point the-
orems for monotone single-valued functions which map an order interval
into itself, For example, see the work of Amann [1].

The development of Section 4.1 follows along the same lines as
that given in [15] except that the results here apply to a more gener-
al class of measures on non-compactness. Utilizing a fixed point the-
orem due to Kakutani and Tychonoff, later extended to multifunctions
by Bohnenblust and Karlin [3], Castaing [4] and Hermes [23] have shown
the existence of a solution to the initial-value problem in Euclidean
n-space under conditions somewhat less general than those given in The-
orem 4.2.6,

Definitions and statements of theorems from the literature have
been interspersed throughout the dissertation, However, unless other-

wise specified, all given proofs are the author's,



CHAPTER 1

1.1 Notation
The following notation will be used throughout the remainder of
the dissertation,
The set of all subsets of a point set X will be denoted by 2X,
If A and B are point sets then
A|B = {a]|acA and a¢B},
If X is a topological space and ACX then the closure of A in X
will be denoted by Cly(A) or more simply A when X is understood.
Suppose that (X,d) is a metric space and A is a nonempty subset of
X. The diameter of A is defined by
di(A) = sup {d(x,y)|x,y € A},
If xeX then
d(x,A) = inf {d(x,y)|yeAl.
If £>0 then
B(A,e) = {xeX|d(x,A)<c},
In the event that A is a singleton {a} write B(a,c) for B(A,c).
Suppose that A and B are nonempty compact subsets of the metric
space X. The Hausdorff distance between A and B is defined by
dy(A,B) = max {{sup {d(a,B)IaeA}}. { sup {d(b.A)lbeB}}}.
The distance function dy is a metric on the set of compact subsets of
X. If the metric space X is complete so is the metric space of com-
pact subsets of X with metric dy.
A subset A of X is precompact provided given €>0 there exists a
finite set {ai}igl in A such that

n
AC .kJB(ai,E).

i=1



A subset A of X is relatively compact provided A is compact in X.

If X is a complete metric space then a subset A of X is precompact
if and only if it is relatively compact.

Unless otherwise specified all vector spaces, including normed lin-
ear spaces and Banach spaces, will be assumed to have scalar field the
complex numbers,

Suppose that X is a vector space, If A and B are nonempty subsets

of X and n is a scalar then

i) A+B = {a+b|acA and beB};

ii) nA = {nalacal;

iii) A-B = A+(-1)B,

If A is a singleton {a} write a+B for A+B. If ACX and n is a scalar
then ¢+A = ¢ and n¢ = ¢,

A subset A of X is convex provided that whenever x,y€A and ne[O,i]
the vector (1l-n)x + ny is in A,

If X is a topological vector space and ACX then the convex hull
of A, denoted co(A), is the intersection of all convex sets containing
A. The closed convex hull of A, denoted co(A), is the intersection of
all closed convex sets containing A.

The following two results appear in [ ].

Lemma 1,1,1

If X is a vector space and ACX then
n n
co(A) = {.X niailn-zO, .z n; =1 and aieA}.
i=1 i=1
Lemma 1.1.2
If X is a topological vector space and ACX then co(A) = co(A).

The set of all closed subsets of a topological space X will be de-

noted by K1(X) and the set of all compact subsets by Kp(X). If X is a



vector space the set of all convex subsets of X will be denoted by K(X).
The set of all closed convex subsets of a topological vector space X will
be denoted by KIK(X) and the set of all compact convex subsets by KpK(X).
Finally, if X is the appropriate space and P is one of K, K1, Kp, KIK
or KpK then the subset of nonempty elements of P(X) will be denoted by
P(X).

If X is a Banach space and M is a compact metric space the Banach
space of continuous functions on M into X will be denoted by C(M,X)
where the norm of feC(M,X) is given by

||f|lc = gup {||£(t)]|[|: teM}.

The following two results are proved in [31].
Lemma 1,1,.3
If X is a Banach space and A is a precompact subset of X then co(A) is
compact in X.

Theorem 1.1.4

If X is a Banach space, M a compact metric space and ACC(M,X) then A
is precompact in C(M,X) if and only if A is bounded, equicontinuous and

{£(m)|fcA} is precompact in X for every meM,

1.2 Calculus

Properties concerning the measurability, integrability and differ-
entiability of functions having their range in a Banach space are dis-
cussed here,

Until otherwise specified X will denote a Banach space and T a com-—
plete measure space with a positive o-finite measure u acting on Q a
og-algebra of subsets of T.

The proofs for results not proved or referenced in this section can

be found in [24].



Definition 1.2,1

If £ and £,, n = 1,2,°+, are function on T into X then the sequence
{fn}nzl converges to f on T
i) almost everywhere (a.e,) provided there exists a u-null set E
in T such that éi: |[£¢e) = £,(t)|| = O for every t € T|E;
ii) almost uniformly provided that for every e>0 there exists E.
in Q@ with p(E.) < € such that {fn}n:1 converges uniformly

to £ on T|E,.

Definition 1.2,2

A function £:T X is

i) countably-valued if it assumes at most a countable number of

values in X and assumes each value on an element of Q3
ii) separably-valued if £(T) is separable in X;
iii) almost separably-valued if there exists a y-null set E such
that £(T|E) is separable in X;
iv) yu-measurable if there exists a sequence of countably-valued
functions converging almost everywhere in T to f.

Lemma 1,2,3
A function £:T +X is u-measurable if and only if f is almost separa-
bly-valued on T and £71(G) € 2 for every open (closed) set G in X.
Proof Suppose that f is u-measurable on T. By a result in [24] f
is the almost uniform limit of a sequence {fk}k:1 of countably-valued
functions. That is, there exists Aj € Q, j=1,2,°¢¢, such that
u(Aj) <1/j and'{fk}k:1 converges uniformly to f on TIAj.

Let A= ("\A.., Then Ac®, u(A) = 0 and {fk}k:1 converges point-

s J
=1 »
wise to f on T|A. The set \U£,(T|A) is countable and hence its clo-
k=1

sure is a separable subset of X containing £(T|A). Thus, £ is almost



separably-valued.
Let G be an open subset of X and
G, = {xeX|B(x,1/n) CG} for n = 1,2,-¢¢,
Consider teT|A. Then £(t)eG if and only if there exists positive inte-
gers n and K such that f, (t)eG, for all k2K. Now,
o o
£ 716 [a =3 U (g1t A
m,n=1 k=m
Since {fk}k=1 is a sequence of countably-valued functions, for each k
and n the set fk'l(Gn) is the union of a countable collection of meas-
urable sets and hence is itself measurable. Thus, £1(G)|AcQ and
hence £1(G)eQ since T is a complete measure space.
Conversely, suppose f is separably-valued and £1(c)eq for every open
set G in X. Let E be a p-null set such that £(T|E) is separable in X

and {xn}n:1 a sequence dense in £(T|E). Given >0 let

c = {f‘l(B(xn,e))}l{(;}f‘l(B(xk,e))} form = 1,2,¢°¢,
k#n

[--]
and ¢ ={_ C_,
n=1 "
Then the C, are pairwise disjoint, C,eQ for each n and E|C = T.

Define f_:T X by
Xy, if teC, for some n
£ (t) =
8, if teT|C (Here 6 is the zero of X).
Then f_ is countably-valued and lig £.(t) = £(t) for each teC. Thus, f
€
+
is measurable on T,
Since for every function £:T »X and every subset H of X, £ 1(X|H) =
T|£~1(H) the result for the case when G is closed follows immediately

from the preceding argument,

Definition 1.2.4

A countably-valued function f£:T »X is integrable (Bochner) provided



the function ||£]|]| on T into the real numbers is Lebesgue integrable

and then the integral on E € Q@ is defined by

[£(s)du = § xu(E NE)
E k=1
where £(t) = x; on E_ € @ for k = 1,2,¢¢,

Definition 1.,2.5

A function £:T +X is integrable (Bochner) provided there exists a se-
quence of countably-valued integrable functions {fn}n:I converging al-
most everywhere to f£f such that
%;5 {|[f(s) - £ (s)|]du = 0,
The integral on E ¢ Q is then defined by
ff(s)dp = lim ffn(s)du.
E ne F

Remark The above integral is shown to be well-defined in [24].

Theorem 1.2,6

A function £:T +X is integrable (Bochner) if and only if f is u-meas-

urable and ||£|| is Lebesgue integrable on T with [|[£(s)]|]du < =,
T
Definition 1.2.7

Let L(T,X,u) or L(T,X), when u is understood, denote the set of inte-

grable functions on T into X where functions which disagree only on a

u-null set are identified via the usual equivalence relation,

Lemma 1.2,.8

The set L(T,X) is a Banach space when endowed with the norm defined by
[1£11; = JI|£¢s)][du for £ e L(T,X).

Lemma 1.2.9 g

If f,g € L(T,X) and n is in the scalar field of X then f+g and nf are

in L(T,X) and

i) [(E+g)(s)dn = [£(s)du + [g(s)du;
E E E
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ii) fnf(s)du = nf£(s)dy;
E E
for E € Q.

Lemma 1.20 10

If {En}n:I is a sequence of pairwise disjoint elements in Q, E = ku)En
n=l
and £ € L(T,X) then
J£(s)du = § [£(s)du.
E n=l E
Lemma 1.2,11

If a sequence {fn}n:1 in L(T,X) converges almost everywhere to a func-
tion f and if there exists a function g € L(T,[0,=)) such that for all
n, ||fn(t)|| < g(t) for all teT then f ¢ L(T,X) and

lim [£f_(s)du = [£(s)d

Do é n H é H
for E € Q.

Lemma 1,2,12

If £ ¢ L(T,X) and E € Q then

[[[€(s)au]| < [I[£Cs)]]an
E E

where the latter integral is the Lebesgue integral omn E.

Lemma 1,2,13

I1f £ € L(T,X) then the set function m defined on Q by
n(E) = [£(s)du
E
is absolutely continuous,

Lemma 1.2,.14

1f a sequence {fﬁ}nzl converges weakly to £ in L(T,X) then
lim [ (s)du = [£(s)dn
0 g n E
for E € Q.
Proof Suppose that E € Q and consider x* ¢ X*, the conjugate space of

X. Then, let F* be the element in the conjugate space of L(T,X) defined



11

F*(£) = x*[f(s)du, £ ¢ L(T,X).
E
Since

LY = 13 * = * = o¥
X (11‘_1)2 l{fn(s)dp) lin F (£,) = F (£) = x (Ff:f(s)du),

lim [£,(s)du = [£(s)du.
el E

Lemma 102.15

If O<u(T)<~ and £:T X is a countably-valued integrable function then

J£(s)du € n(T)eo({£(s):seT}).
T

Proof Fix x, an element in the range of £, Then by Definition 1,2.4

k k
'{f(s)du = iiEKnZl"(E“)x“) + u(TIiE)].Ei)xo)

where f(t) = x, on E_ e Q for each n, Indeed,
k
1i (T E')=()=Ou
lim u [\JE;) = us

i=1
Since for each k

k k
1/u(t) (nzlu(En)) + u(TlglEi)) =1

and p is a positive measure
ff(s)du e u(T)co({£f(s):8¢T})
T

by Lemma 1,1,1.

Lemma 1,2.16

If 0<u(T)<=, E a y-mull subset of T and £:T +X an integrable function
then

ff(s)du e u(T)&({£(s):scT|E}).
T

Proof Let n be a positive integer, By a result of Hille and Phillips
[24] there exists a sequence {Aj}j=1 of nonempty disjoint elements of Q so

that T = k.)Aj and for any choice of 85 € Ay the function £, defined on
j=1
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T by
1.2.17 fn(t) = f(sj) for teAj

is countably-valued, u-integrable and

fl1£,(s) - £s)||dp < 1/n.
T

Select a sequence {sj}j:0 such that s ¢ T|E and for j21

A.|E, if A.¢E
8. € JI a J¢
J A, if A;CE.

Let £, be the function defined as in 1.2.17 for this choice of {sJ}J,l
and E_ = {UA_|A CE},
Now, define a function g, on T by
£,(t), if tiE
ga(t) =

f(so), if tEEoo
Since E, is a p-null subset of T, g, is countably-valued and p-inte-
grable since f is. Also,

JIXGITE {f(s)dull < {llgn(s) - £(s)||du
- {||fn(s) - £(s)||du

< 1/n.
Th 1i (s)du = [£(s)dy.
us, lim {gn s)du { s)du
By Lemma 1,2,15
m(n)
ff(s)du = 11m w(T) §  a; gn(t )
i=]
n n m(n)
where t; ¢ T, a;20 for lsi<m(n) and y a; = 1 for all n. However, for
i=]

-]

each i and n, t; ¢ Aj for some j and hence there exists sg € T|E such

that 3n(tli1.) = f(sz). Thus,

m(n)
If(s)du = lim u(T) ) a; f(s ) € u(T)co({£(s)|scT|E})
e i=1

by Lema 1.1010
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Lemma 1.2.18

o
If {fn}n=1 is a sequence in L(T,X) converging to f then there exists a

(-]
subsequence {f }k=1 converging pointwise almost everywhere on T to £.

By

Proof Select a subsequence {f }k 1 such that
-k
]Ilfn o " oy (s)|]ay <2
E 0y = £y || ana m = Z g,y = g 11

Then, fh (s)dy £ 1 for each m and hence, by an application of Fa-

tou's Lemma, Jn(s)dy € 1, Thus, h(t) <= a.e. on T so that
m (-]
3 £ (8) + kzl(}n \ (c)}

converges a,e, on T, But, £, + (f - f ‘)= £ so that
& ’ n RZI nk+1 nk nm

m=1

&1: fnk(t) = f(t) a.e, on T,
In the following A will denote Lebesgue measure on the real line.
Also, J will denote an interval of real numbers having endpoints ¢ and
d with c<d and ¢ = ~» and/or d = o will be permissible. If Jo = [a b]

J,CJ, and f € L(J_,X,)) then ff(s)dx may be written for [f(s)dA.

o

Lemma 1,2,19

1f J, = [2,b]CJ and £ € L(J_,X,)) then
b
|1f£¢s)dr]] < (b-a)sup {Ilf(s)||:seJ°}.
a
Proof This result is an obvious extension of Lemma 1.2.12,

‘Definition 1,2,20

A function f:J X is differentiable at teJ provided there exists F(t)
in X such that

lim £(t+h) - £(t) = £(t)
) h
t+heJd

A function f£:J +X is differentiable on J if it is differentiable at
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every point of J.

Lemma 1.2,21

t
If feL(J,X,A) and ceJ then the function defined by F(t) = [£(s)d)
. c
is differentiable a.e. on J and F(t) = f(t) a.,e., on J.

Lemma 1.2.22

IfJ, = [a,b]C:J and f£:J +X is a function differentiable on J, such

that E(t) = 6 on J, then f is a constant function on J,.

Proof By a mean-value theorem due to Martin [31] for every teJ,
£(t) - £f(a) e (t-a)co(#(s)|sc[a,t]) = {6}.

Thus, £(t) = £(a) on J.

Lemma 1,2,23

If J, = [4,b] CJ and £,g:J X are functions differentiable on Jo, with
£(t) = ;(t) on J, then for some CeX, £(t) = g(t) + C on J.
Proof Since (f:g)(t) = £(t) - ;(t) = 8 on J,, by Lemma 1.2.22, f-g
is a constant function on Jo,- Hence, there exists CeX such that

£(t) = g(t) + C for every teJ..

Lemma 1.2.24

IfJ, = [a,b]CJ and £,g:J +X are continuous functions such that g is
differentiable on J, with g(t) = £(t) for every teJ, then

b
[£(8)dx = g(b) - g(a).
a

t
Proof Let G(t) = [f(s)dA on J,. Then, as in Martin [31], for every
a

teJ,, G(t) = £(t). Thus, G(t) = g(t) on J, and by Lemma 1.2.23 there
exists CeX such that G(t) = g(t) + C on J,.
Now, G(b) =~ G(a) = g(b) -~ g(a) and G(a) = 6. Thus,

b
ff(s)dl = G(b) = g(b) - g(a).
a
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1.3 Partial Orderings on a Banach Space

The concept of a partial ordering on a Banach space defined here
generally follows one developed by Krasnoselskii in [2{].

Definition 1,3.1

If X is a Banach space then KCX is a cone provided
i) K is closed in X;
ii) if u,v € K then au + Bv ¢ K for all a,B ¢ [b.m);
iii) RN(X|R) = o,

Definition 1,3.2

A cone K is normal in a Banach space X provided there exists €>0 such
that for all x,y ¢ K with ||x]|| = ||y]] = 1,

[xey[] 2 e.

Definition 1.3.3

A relation <” on a Banach space X is a partial ordering on X provided
i) =x<’y implies tx<’ty if te[0,) and ty<‘tx if te(-=,0);
ii) =x<”y and y<“x imply x = y;
iii) =x<’y and z<’w imply x+z< y+w;
iv) x<”y and y<“z imply x<“z.
Remark If K is a cone in a Banach space X then the relation <* de-
fined on X by x<“y provided y-x ¢ K is readily seen to be a partial or-
dering.

Definition 1 0304

If (X,<”) is a partially ordered Banach space and u,v ¢ X with u<’v
then the set
[u,v] = {x|uc’x<*v}

is called an order interval with endpoints u and v,
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Definition 1.3.5

I1f (X,<”) is a partially ordered Banach space then a sequence {x >

n n=1
. . . . < .. .

in X is increasing if X <X 1 for all n, decreasing if X 415X, for
all n and monotone if it is either increasing or decreasing.

Definition 1.3.6

If (X,s,) and (Y,s,) are partially ordered Banach spaces and f is a
function on X into Y then f is increasing if x<,z implies f(x)s<,£(z),
decreasing if x<;z implies £(2)<,f(x) and monotone if it is either in-
creasing or decreasing.

Definition 1,3,7

A norm in a Banach space partially ordered by a cone K is semi-mono- '
tonic provided there exists a real number « such that if x<“y in K then
=[] < <llyll.
The following result is due to Krasnoselskii [27].
Lemma 1,3.8
A cone K in a Banach space X is normal if and only if the norm on X
is semi-monotonic,

Definition 1.3.9

If X is a Banach space partially ordered by a cone K and A,B ¢ 2X
then A is left-set related to B, written AiB, provided that
(B-a)NK # ¢ for every acA.

Definition 1,3.10

If X is a Banach space partially ordered by a cone K and A,B ¢ 2%

then A is right~set related to B, written A;B, provided that
(b-A)NK % ¢ for every beB.

Remark Definitions 1.,3,9 and 1.3,10 are indeed different for let X

be the real numbers with their usual ordering, A = {1,2} and B = {0,3},
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Then AfB but it is not true that A<B,
r

l.4 Measures of Non-compactness

The idea of a measure of non-compactness as defined in this
section is generally attributed to Sadovskii [38]. Unless otherwise
specified X will denote a locally convex topological vector space
in the following.

Definition ' 1.4,.1

A closed convexity in X is a set Ac2X with the property that if AeA
then co(A) € A.

Definition 1.4,2

If A is a closed convexity in X and (T,<,0) is a totally ordered set
with minimal element O then a function y:A »T is a measure of non-com-
pactness (mnc) provided that for all AeA

v(ca(A)) = y(A).
The quadruple (X,A,T,y) is called a non-compactness measurable (ncm)
space.

Definition 1.4.3

I1f (X,A,T,y) is a ncm space then v is
i) monotonic if A,BeA and ACB imply y(A) < v(B);
ii) semi-additive if whenever A, B and A|UB are in A then
Y(AUB) = 1ub {y(A),y(B)};
iii) non-singular if for all xeX, {x}eA and y({x}) = 0;
iv) 1l-regular if AcA and y(A) = 0 imply that A is precompact;
v) 2-regular if AeA and A precompact imply that y(A) = 0;
vi) algebraically semi-additive if T is a monoid and if A,BeA
implies A+BeA and y(A+B) < y(A) + y(B);

vii) invariant under shifts if AcA implies x+A € A and
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y(x+A) = y(A) for all xeX;
viii) semi-homogeneous if T = [0,@) and if AcA and n a complex
number imply nA € A and y(nA) = |n|y(A).

Example 1.4.4

Let X be a locally convex topological vector space, T = {0,1} with its
X
usual ordering and A = 2 , Define y:A »T by
0, if A is precompact

v(a) =
1, if A is not precompact.

-
o

Then it is easy to verify that (X,A,T,y) is a ncm space satisfying i
through viii) of Definition 1.4,3,

Example 1,4,5

let X be a normed linear space, A the set of all bounded subsets of X
and T = [0,»), Then, Martin [31] has shown that (X,A,T,di) is a ncm
space satisfying i), iii), iv), vi), vii) and viii) of Definition 1.4.3.

Example 1,4.6

Let X be a Banach space, C ¢ gﬁx), A the set of all bounded subsets of
Xand T = [0,). Define §g:A »T by

GC(A) = inf {d>0|ACL23(ci ,d), c;eC, n a positive integer}.
Then (X,A,T,Gc) is a ncm :pace.

Indeed, consider AcA. It is immediate that GC(K) = GC(A). Thus,
it suffices to show that §.(co(A)) = §,(4).

Let d>6c(A). Then there exists a positive integer n and c; e C,

n

l<i<n, such that ACZKM)B(ci,d). Let V= co({ci}igl) and x € co(A).

i=1
Then,

X = kzlnkak where nkzo, 1<ks<p, kzlnk = ] and 8 € A.

Now, define a function h on A into the set {1,e+¢,n} such that
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[| < d for all acA.

la - “h(a)

Then
- = ( - ) d.
% kzl"k%(aﬂ” ”kzl“k’k hea)’ |l <
Let
B = [0’1]10ooX[O’l]X{cl}XQQOX{cn}
n times
and

n
D= {(“’1:”':\"::"’1:”"%)].zl"‘i = 1, y;ef0,1]1.
18
Then D is a subgset of the compact set B and hence is precompact, Let
f:B +X be defined by

n

f(wl’.."wn’cl..oo'cn) = zlw.c., wiﬁ[o,l] for ]-Sisno

qmp 11
Then f is continuous on B and so is g, the restriction of £ to D.
Since g maps D onto V the set V is precompact in X. Thus, given €>0

m
there exists a finite set {v;};.; in V such that

m
vC UB(vi,E).
i=1
In particular, there exists j € {1,°++ ,m} such that

15 mngay = w3l <

Hence,
lxevsll < 1z = 5 meepgay ! 115 mespqy = vl < ave.
j 1l & (ay) oy Eh(a) T Vi
That is,
s 3 B(vj,d+e).
Since d was arbitrarily larger than 8g(A) and 6,(A) < 8.(co(h)),

éc(co(A)) = GC(A).

Remark The mnc Gc is referred to in the literature as the ball mea-
sure of non-compactness relative to C., In [38] Sadovskii shows that
the ball measure of non-compactness relative to C satisfies i) through

viii) of definition 1.4.3.
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Example 1,4,7

Let X be a Banach space, A the set of all bounded subsets of X and
T = [0,2). Define a:A »T by

a(A) = inf {d>0|A can be covered by a finite number
of sets of diameter less than d},

Then Martin [31] has shown that (X,A,T,a) is a ncm space.
Remark In [38] sadovskii shows that a satisfies i) through viii)
of Definition 1.4,3, In addition, he shows that if C = X in Example
1.4.6 then a and 6y are equivalent in the sense that there exists
m,M ¢ (0,») such that for every AcA, the bounded subsets of X,
m(s,(A)) < a(a) < M(s ().

In fact, he shows that m = 1 and M = 2 always works,

The measure of non=-compactness o was defined by Kuratowski
and is referred to in the literature as the set measure of non-com-
pactness, The following theorem is also due to Kuratowski [28].

"Theorem 1.4,8

Let X be a Banach space and {An}n:1 a sequence of nonempty closed

- -
subsets of X such that AIZ)AZIJ---. If %ig a(An) = 0 then A = £:1An

is a nonempty compact set and {Ah}nt converges to A in the Hausdorff

1
metriC.

Example 1.4.9

Let X be a Banach space, M a compact metric space, A the set of all
bounded subsets of X and T = [O,w). In addition, suppose that (X,A,T,y)
is a ncm space with y a monotonic mnc, Furthermore, let X, = c(M,X)

and Ac the set of all bounded subsets of X..

If AcA; define Ay = {f(t)|fcA, teM} and y,:A, »T by

YC(A) = Y(AM).
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Then (XC,AC,T,YC) is a ncm space.

To see this consider AeA,. Since (E3(A))MC:€3(AM) and Y is mono-
tonic

Yo (E(8)) = v((E6(a)),) < v(Go(a,)) = y(a,) = v, (a)
Also, %C(ET)(A))M so that
YC(A) = Y(AM) < Y((EB(A))M) = YC(EB(A)).
Thus,
Yo (eo(a)) = v (4).

The idea of defining e in this manner is essentially due to Sad-
ovskii [38] .

In the following sequence of lemma's the ncm space involved will
be as in Example 1.4.9,

Lemma 1.4,.10

If vy is monotonic then so is A

Proof Consider A,BgAc with ACB. Since AMC:BM and v is monotonic
= < az
YC(A) y(AM)_y(BM) YC(B).
Lemma 1.4.11

If y is semi-additive then so is Yo+

Proof Suppose A, B and A{JB are in Ag. Since y is semi-additive and

(AU B)M = AMU By

YC(AU B) y((AUB)M)
Y(%U B,)

lub {y(A,),v(B)}

lub {Yc (a) ,YC(B)}.

Lemma 1.4.12

If vy is 2-regular then e is non-singular.
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Proof Consider feX;. Then £(M) ¢ Kp(X) so that {fleAc. Since Y
is 2-regular
Yc({f}) = y(f(M)) = 0,

Lemma 1.4.13

If vy is monotonic and l-regular then Yc is l~regular when restricted
to equicontinuous sets in AC.
Proof Suppose A is an equicontinuous set in AC with YC(A) = 0.
Since y is monotonic and {f(m)|fsA}C'_'AM for every meM

0 < y({£(m)|£cA}) < y(4) = v5(A) = 0.
Thus, since y is l-regular A is precompact by Theorem 1.1.4.

Lemma 1.4.14

If vy is monotonic and algebraically semi-additive then e is algebra-
ically semi-additive,
Proof Suppose A,BeAc. Then A+B € AC’ AM+BME A and (A+B)MC:AM+BM.
Thus, since Y is monotonic and algebraically semi-additive
+ < < = .
YC(A B) = Y((A+B)M) < Y(AM+BM) < y(AM) + Y(BM) yC(A) + Yc(B)

Lemma 1.4.15

If Yy is monotonic, 2-regular and algebraically semi-additive then e
is invariant under shifts,
Proof Consider fexc and ASAC. Then f+A € AC and since y is mono-

tonic, 2-regular and algebraically semi-additive

Yo(£+A) = y((£+4) )

A

y(f(M)+AM)

IA

vy(£(M)) + y(AM)
Y(AM)

YC(A)
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Lemma 1.4,16

If vy is semi-homogeneous then so is Ye-

Proof Suppose that AeA, and n is a complex number. Then
Yo(na) = y((na)) = y(n(a)) = |n|y(a,) = |n|yy(A).

Example 1,4.17

Let X be a Banach space, T = [O,w), A the bounded subsets of X and
(M,d) a compact metric space. Also, let Xc and Ac be as in Example
1.4.9.

For n>0 and AcAg define

sup {||£(my) - f(my)||:d(my,my)<n and feAl, if A % ¢
w(n,A) =
0, if A = ¢.
The modulus of continuity of A is then defined by
w(A) = lip w(n,A).
™0,
It is not difficult to show that (X;,A;,T,w) is a ncm space. In-
deed, consider AcA; and n>0.
If A = ¢ then evidently w(A) = w(&5(A)), so suppose that A % ¢.

Then, given ¢>0,

w(n,A) = sup {||g(m;) ~ g(m;)|]|:d(m),m))<n, geA}

A

{sup {]|g(m;) - fg(ml)ll} + sup {llfg(ml) - fg(mz)ll}
+ sup {Ilfg(mz) - g(m,)) | |}:d(m; ,m))<n, geA, £ cA
and ||£,-g||¢ < e/2}
< e/2 + wn,A) + ¢/2
= u(n,A) + €.
Thus, w(n,A) < w(n,A) for every n>0 and so w(A) < w(A),
Evidently, w(n,A) < w(n,A) for every n>0. Hence, w(A) < w(A) and
w(a) = w(a),

Therefore, it suffices to show that w(co(A)) = w(A), Now,
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wln,co(A)) = sup {llkzlskfk(ml) - kElkak(m2)||:d(m1,m2)<n,

820, Sg =1 feA}
k=? k=1 k N

A

sup {||kzlﬂk(fk(m1) - fk(mz)llzml, m,, B, and f_

are as above}

IA

sup { §18k||fk(m1) - fk(m2)||:m1, m,, B, and f_
k=
are as above}

P
sup { ] Byuw(n,A):B, are as above}
k=1

(7,

= w(n,A)

Thus, w(co(A)) < w(A).

A

Certainly, w(n,A) < w(n,co(A)) for all n>0, Therefore,

w(A) < w(co(A)) and w(A) = w(co(A)).

Remarks It is readily verified that the mnc w satisfies conditions
i) and ii) of Definition 1.4.3. It also satisfies condition iii)
since a continuous function on a compact set into a Banach space is
uniformly continuous, Conditions iv) and v) are satisfied if either
w is restricted to AeA, such that the set {£(m) | feA} is precompact
for every meM or if X is the real or complex numbers. The former
follows from Theorem 1.1.4 and the latter from the Arzela-Ascoli
Theorem,

Condition vi) of Definition 1.4.3 is satisfied by w, for sup-

pose A,BEAC. If one of A or B is empty then it is obvious that
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w(A+B) = w(A) + w(B),
8o suppose that A and B are both nonempty. Then A+BeAC and for all

n>0

w(n,A+B) = sup {||(f+g)(m1) - (f+g)(m2)|l:feA, geB, d(ml,m2)<n}

A

sup {||f(m1) - f(m2)||=fsA, d(m, ,m,)<n}
+ sup {llg(ml) - g(m2)||=geB, d(ml,m2)<n}

w(n JA) + wln ,B) .

IA

Thus, w(A+B) < w(A) + w(B).
It is easy to see that w satisfies condition vii). Indeed, con-

sider feX

c and Ael . If A is empty then it is immediate that

w(f+a) = w(a),
so suppose that A is not empty. Then given ¢>0 there exists B>0 such
that
||f(m1) - f(m2)||<e vhenever d(m,,m,)<8
Therefore, if n<f then

w(n,A) = sup {Ilg(ml) - g(m2)||:geA, d(m, ,m,)<n}

iA

sup {||g(m1) - f(ml) + f(ml) - f(mz) + f(m2) - g(m2)||:

geA, d(my,m,)<n}

< sup {|l(f+g)(m1) - (f+g)(m2)||:geA, d(ml,m2)<n}

+ sup {I If(ml) - f(m2)||:d(m1,m2)<7\}

< w(n,f+A) + €.
Thus, w(A) < w(f+A). By conditions iii) and vii)
w(f+a) < o({£}) + w(a) = w(a)

and hence w(f+A) = w(A),
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Finally, w satisfies condition viii), for suppose AeAc, B is a
complex number and n>0, If A is empty then trivially
w(BA) = |B8|w(a),
so suppose that A is not empty. Then
w(n,BA) = sup {||Bf(m1) - Bf(m2)||=feA, d(ml,m2)<n}
= |B|sup {||f(m1) - f(m2)||=feA, d(ml,m2)<n}
= IBIw(n,A).
Thus, w(BA) = |B|w(A).

In the event that uw is restricted to AeA, such that {£(m)| feA}
is precompact for each meM, Nussbaum [34], without referring to w as
a mnc, has shown that a and @ are equivalent on Xy in the sense of the
Remark following Example 1.4.7. In fact, m = 1/2 and M = 1 always

works,

1.5 Multifunctions

The text by Berge [2] and the paper by Smithson [41] were used as
references in the development of this section,

Definition 1.5.1

Suppose X and Y are point sets, A function on X into 2% is called a
multifunction,

Definition 1,5,2

If X and Y are point sets, ¥ and G multifunctions on X into ZY, BCX and
ACY then

i) F(B) = \UF@®);
beB

ii) F (A) = {xex|F(x)NA $ ¢};
iii) the multifunction F(\G on X into 2¥ is defined by

FNG(x) = F(x)NG(x), =xeX.
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Definition 1.5.3

If X is a point set, Y a vector space, F and G multifunctions on X
into 2% and n a complex number then

i) F+G is a multifunction on X into 2¥ defined by

F+G(x) = F(x) + G(x), =xeX;
ii) nF is a multifunction on X into 2% defined by
nF(x) = n(F(x)), xeX;
iii) F-C is a multifunction on X into 2' defined by
F-G = F+(-1)G.

Definition 1.5.4

Suppose X and Y are point sets. If P is a property of sets then a
multifunction F:X +2Y is point P provided F(x) has property P for all
xeX,
Remark If X and Y are point sets then a single-valued function £ on
X into Y defined by f(x) = y and the multifunction F on X into 2% de-
fined by F(x) = {y} will be identified by the map y +{y}.

In the following X and Y will denote topological spaces unless
otherwise specified.

Definition 1.5.5

A multifunction F:X +2Y is upper semi-continuous (usc) at xeX provided

that for every V an open set in Y containing F(x) there exists an open

set U in X containing x such that F(z)CV for all zeU. A multifunction

F:X +2Y is upper semi-continuous on X if it is usc at every point of F.
The following result can be found in Smithson [41],

Lemma 1.5.6

A multifunction F:X +2° is usc if and only if F (A) is closed in X

whenever A is closed in Y.
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Definition 1,5.7

A multifunction F:X »2¥ is closed provided that whenever xeX and yeY

with y¢F(x) there exists open sets U in X containing x and V in Y con-

taining y such that for all zeU, F(z)NV = ¢,

Lemma 1.5.8

If F:X 2 is a closed multifunction then it is point closed.

Proof Suppose, by way of contradiction, that F(x) is not closed in

Y for some xeX, Then there exists a point erlF(x) such that every

open set containing y meets F(x)., However, this contradicts the defi-

nition of F being a closed multifunction,

Lemma 1.5.9

Suppose that F:X +2° is a closed multifunction. If {xa}aeA is a net

in X that converges to R and {ya}aeA is a net in Y that converges to

§ such that y eF(x ) for every acA then $eF(8),

Proof The graph ¥ = {(x,y)|yeF(x)} of F is closed in XXY. Indeed,

gince F is a closed multifunction, for every (x,y) ¢ (XxXY)|¥ there

exists open sets U in X containing x and V in Y containing y such that
UXV C(XxY) |¥.

Since (x ,y )e¥ for each aeA and {(x,,y,)} converges to (&,§) in the

ach
product topology (&,9)e¥, that is, $eF(R).

Definition 1.5.10

Y -}

A multifunction F:X +2° is o-closed provided that if {x } _,

is a
sequence in X converging to x and {yn}nzl is a sequence in Y converg-
ing to y such that y eF(x ) for all n then yeF(x).

Lemma 1.5.11

If X and Y are metric spaces then a multifunction F:X +2¥ is closed

if and only if it is o-closed,
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Proof Suppose that F is g-closed, By way of contradiction, suppose
that F is not closed. Then there exist xeX and yeY with y¢F(x) such
that for every open set U in X containing x and every open set V in Y
containing y there exists z, depending on U and V, in U such that
VOF(z) % ¢.

Thus, there exists a sequence {xn}n: in X such that xneB(x,I/n)

1
for all n and a sequence {y } . in Y such that y eB(y,1/n)NF(x)
) n n=1 n .
for all n. Since F is o-closed yeF(x), a contradiction.
Conversely, suppose that F is closed. Then, by Lemma 1.5.9, F is

g—closed,

Lemma 1.5,12

If Y is a regular topological space then every point closed usc mul-
tifunction F:X +2° is a closed multifunction.
Proof Suppose xeX and yeY with y¢F(x), Since F(x) is a closed sub-
set of Y there are open sets V containing y and W containing F(x) in
Y such that WV = ¢.

Since F is usc there exists an open set U in X containing x such
that F(U)CW. That is, if zeU then F(z)(\V = ¢ and hence F is a
closed multifunction,

The subsequent result can be found in Smithson [41].

Lemma 1.5.13

If F:X +2 is a point compact usc multifunction and AeKp(X) then
F(A) ¢ Kp(Y).

Lemma 1,5,14

If F:X +2Y is a closed multifunction and AcKp(X) then F(A)eK1(Y).

Proof Suppose {ya}ue is a net in F(A) converging to y. Then there

B
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exists a net {xa}ae in A such that yaeF(xa) for every aeB.

B

Since A is compact there exists xeA and a subnet of {xa}aeB

that converges to x, Thus, since F is a closed multifunction,
yeF(x) CF(A)

by Lemma 1.5.9, hence F(A)eK1(Y).

Definition 1.5,15

Suppose X and Y are point sets and F:X +2Y is a point nonempty multi-

function, A single-valued function f£:X -Y with the property that
f(x)eF(x) for all xeX

is called a selector for F on X.

Definition 1,5.16

Suppose (T,u) is a measure space, Y a topological space and F:T »2¥

a multifunction such that F(t) is nonempty u-a.e. on T. A single-
valued function f:X -Y with the property that f(t)eF(t) p-a.e. on T
is called a u-selector for F on T.

Definition 1,5.,17

Suppose (T,u) is a measure space and Y a topological space. A multi-
function F:T +2Y is u-measurable provided F (A) is p-measurable in T
for every closed subset A of Y.

Definition 1,5.18

Suppose (T,u) is a measure space and Y a Banach space. A multifunction
F:T »2Y is integrably bounded on T provided there exists a p-integrable
function p on T into the real numbers such that

sup {||y]]:yeF(t)} 5 p(t) for every teT.
The function p is called an integral bound for F.

Definition 1,5.19

Suppose (T,py) is a measure space and Y a Banach space. A multifunction
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F:T +2Y is integrable on T provided the set
B = {f|f is an integrable u-selector for F on T}
is nonempty. The integral of F on T is then defined by
JF(s)du = {qf:f(s)dulfen}.
T

Definition 1.5,20

Suppose that X is a point set and F:X +2% is a multifunction, A
point xeX such that xeF(x) is called a fixed point of F.

Definition 1.,5,21

Suppose that (X,<;) and (Y,<,) are Banach spaces partially ordered by
cones., A multifunction F:X »2Y is left-set (respectively, right-set)
monotone on X provided that if x<;z in X then

F(x) 5 (respectively, ;) F(z).

1,6 Contractive and Condensigg Multifunctions

The paper by Sadovskii [33] was used as a reference in the dis-
cussion here of condensing and k-set-contraction multifunctions, It
should be noted, however, that the work done there is restricted to
single-valued functions,

Throughout this section Q will denote a point set.,

Definition 1,.6,1

Suppose that X and Y are metric spaces and k>0, A multifunction
F:X *Kp(Y) is a k-contraction provided that for all x,z ¢ X
dy(F(x),F(z)) < kd(x,z).

Definition 1.6,2

If X is a metric space and Y a topological space then a multifunec-
tion F:QxX +2Y is precompact (respectively, compact) provided that
F(QxA) is precompact (respectively, compact) in Y for every bounded

subset A of X,
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Definition 1.6.3

Suppose that (xiAliT'Y1) and (Y,AZ.T,YZ) are ncm spaces., A multifunc-

tion F:QxX »>2Y ig ylyz-condensing if F(QxA)sA2 for every AeA1 and if
YZ(F(QxA)) 2 v,(a)

implies that A is precompact,

Remark If X=Yandy, =y, =y in Definition 1.6,3 then F is said

to be y-condensing or simply condensing, Since T is a totally ordered

set the last condition in Definition 1,6.3 is equivalent to demanding

that if A is not precompact then yz(F(QXA)) < v,(a).

Definition 1.6.4

Suppose that (X’A1‘T’Y1) and (Y'Az'T‘Yz) are ncm spaces, k20 and T
a subset of the real numbers. A multifunction F:QxX »2Y is a k-ylyz-
set-contraction provided that for every Aei,, F(QxA)eA2 and
v2 (F(QxA)) < k(yl(A)).

Remarks In order to apply the preceding definitions to multifunc-
tions defined on an appropriate space X into the set of all subsets
of an appropriate space Y identify X with QxX, where Q = {q} is a sin-
gleton, by the map x +(q,x).

Suppose that (X,A,T,v,) and (Y,AZ.T,YZ) are nem spaces where A
and A, are the bounded subsets of X and Y respectively, If vy, is a
2-regular mnc then every precompact, hence every compact, multifunc-
tion on X into 2¥ is obviously a O-YIYZ-set-contraction.

The subsequent result follows immediately from the two preceding
definitions and Definition 1.4.3.
Lemma 1,6,5
Suppose that (X’AI’T’Yl) and (Y’Az'T'Yz) are ncm spaces where y; is a

l-regular mnc. If O<k<l and F:X »2Y is a k-ylyz-set-contraction then
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F is ylyz-condensing.

The following result is proved by Fitzpatrick and Petryshyn in
[15].
Lemma 1.6,6
Suppose that (X.AX,T,GX) and (Y.AY.T,YY) are ncm spaces as in Example
1,4.6, If F:X -Kp(Y) is a k—contraction then F is a k-GXGY-set contrac-
tion.
Lemma 1,6.7
Suppose that (X’AI’T'Y1) and (Y,AZ.T,YZ) are ncm spaces where A, and A,
are the bounded subsets of X and Y respectively. If Y, is monotonic,
algebraically semi-additive and 2-regular, F:X »2¥ is a precompact mul-
tifunction and G:X +2Y is a k-ylyz-set-contraction then F+G is a k=y,Y,~
set-contraction,

Proof Consider AeAl. Then

A

YZ(F+G(A)) < YZ(F(A) + G(A))

[}

YZ(F(A)) + YZ(G(A))

A

0 + k(y,(a))

k(Yl(A)).
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CHAPTER II

2,1 A Definition of Solution to the Initial-value Problem

A definition of a solution to the initial-value problem as posed
in the Introduction is provided in this section. The definition dif-
fers from that of the classical solution as given by Filippov [12] in
that only a local solution defined almost everywhere in a neighbor-
hood of zero is sought here.

Definition 2.1.1

Suppose that T, X and Y are point sets., If x:T »X is a single-val-
ued function, scT and F:TxX +2¥ is a multifunction then

i) the multifunction F_:T +2Y is defined by

F (t) = F(t,x(t)), teT;

ii) the multifunction F X +2Y is defined by

Fs(z) = F(s,z), zeX.

Unless otherwise specified X will denote a Banach space, J a
closed interval of real numbers [0,T] with 0<T<w, and F:JXX 2% a
multifunction. Also, unless otherwise stated, any reference to mea-
sure on the real line will be to Lebesgue measure and it will be de-
noted by A,

Definition 2,1,2

If G:J +2x is a multifunction and Jo is a subinterval of J then
i) 18(G,J,) will denote the set of all integrable A-selectors
on J, for G restricted to Jos
ii) MS(G,JO) will denote the set of all measurable A-selectors
on J, for G restricted to Jg

Definition 2.1.3

A solution to the initial-value problem
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2.1.4 x(t) ¢ F(t,x(t))

x(0) = x5, x,eX
is an ordered pair (x,J,) where J, = [O,TOJ, 0<T,<T and x:J, *X is a
once differentiable function a.e. on J, such that x is a A-selector on
Jo for Fy restricted to J, and x(0) = x,,
Lerma 2,1,5
Suppose that J, = [O,T;], 0<T,<T and x,eX. If T is the multifunction

on C(J,,X) into the subsets of itself defined by
t

2,1,6 I'(x) = {y|y(t) = x, + [£,(8)d) where f,eIS(Fg,J )}
0

then every fixed point of T is a solution to 2.l.4,
Proof 1Indeed, I' is a multifunction on C(J,,X) into the subsets of
itself by Lemma 1.2.13.

Suppose that x is a fixed point of I'. Then

x(t) = x

t
o+ éfx(s)dl where f.eIS(Fy,J,).

Certainly, x(0) = x_ and by Lemma 1.2.21, x(t) = £ _(t) a.e. on J,.
Thus, x(t) e F(t,x(t)) a.e. on J  and hence x is a solution to 2.1.4,
Remark  The multifunction 2.1.6 corresponding to the initial-value
X, will be denoted by (P,xo) or simply I' when x is understood.
Lemma 2,1,7
Suppose that X is a separable reflexive Banach space and x X, If
Jo = [O,T;] with O<T <T and x ¢ C(J_,X) such that

i) F, restricted to J, is integrably bounded;

ii) Fo(t) € KIK(X) a.e. on J;

then the multifunction (T',x,) maps x into KpK(C(J,,X)).
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Proof If I'(x) is empty then the result is trivial, so suppose that
I'(x) is not empty.

[- -]
Consider {y,l};=1 a sequence in I'(x). Then for every n
t
¥o(t) = x, + [£ (s)dX where £ eIS(Fg,J,).
0

By i) and a result of Castaing [6] the set {f |n = 1,2,¢¢} is pre-
compact in the weak topology of L(J,,X). Thus, by a result due to

[
Eberlein and Smulian found in [11] there exists a subsequence {fy},;

L
of {f;} =1 converging weakly to some £ ¢ L(J,,X).
Let y be the function defined on J, by
t
y(t) = x, + [£(s)dA.
0
According to Lemma 1.2,14 for every teJ,

t t
im [fi.(s)dx = [£(8)dA.
e o -

By a result found in [24], for each k there exists a finite set of

, k. m(k) m(k)
non-negative numbers {ai}i=1 such that Z a; = 1 and
i=1
m(k) g .
lim 'z a;fre; = £ in LT ,X).
1=1
m(k) k
Let hy = z a;fy4;. By Lemma 1.2.18 there exists a subsequence
i=1

{hj}j=1 of {hyly=1 converging a.e. to f. Let

E = {teJ,|£,(t) § Fu(t) for some integer n} J {teJ |F (t) ¢ KIK(X)}
L){teJol{hj(t)}j=1 does not converge to f(t)}.

Then, for t € JOIE

£(t) € (“)éa(k_)fi(t)) Ceco(Fy(t)) = Fo(t).
k=1 i=k

Since E is a A-null set £(t) e F,(t) a.e. on J, and hence y e I'(x),
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To verify that I'(x) is compact in C(Jo,x) it suffices to show that
I'(x) is sequentially compact, that is, it suffices to show that {yk}k:l
converges to y in C(J_,X).

Now, I'(x) is uniformly equicontinuous on Joe Indeed, consider

z € I'(x). Then for every teJ,
t
z(t) = x + gfx(s)d). where £ eIS(F,,J ).

Let the fumction P, be an integral bound for Fx restricted to
Jo. Then, by Lemma 1,2,13, the function p on Jo into the real num-

bers defined by
t
p(t) = fpx(s)dx
0

is continuous, hence uniformly continuous, on Joe Thus, by Lemma
1,2,10 and Lemma 1.2,12, given €>0 there exists §>0 such that if

s,t ¢ J with sst and |t-s| < then
t t
|zC¢e) - z(8)|] < £||fx(s)||dx < {px(s)dk < |p(t) - p(s)| <.

Therefore, I'(x) is uniformly equicontinuous on I

The set S = {y}kvj{yklk = }1,2,%¢¢} is also uniformly equicontin-
uous since y € C(Jo,x). Thus, given €>0 there exists §>0 such that if
s,t € J with sst and |t-s|<§ then

[12(t) - 2(8)|| < €/3 for every zeS.
Let the set {ti}igl be such that 0 = t,<ese<t = T  and
max {t.-t. ,|2<isn} < &.

Then for each i ¢ {1,+++ ,n} there exists a positive integer N; such
that for iji

lIYj(ti) - y(ti)ll < eg/3.



38

Let N = max {NillsiSn} and consider ted . Then there exists me{l,+-+,n}

such that t_st, It—tm|<6 and thus for j>N

A

[lyse) = 311 = yye = yyedl]+ lyte = ye]]

+ [lyCe) - y(o) ]

A

e/3 + €/3 + ¢/3
=g
«© I3 »
Hence, {y.},_, converges to y and I'(x) is compact in C(JO,X).

In order to see that I'(x) is convex consider y,,y,el(x) and

ne[b,l]. Then
t
y;(£) = x_ + gfi(s)dk where £,€IS(F_,J ) for i = 1,2.
Thus,
t
ny (£) + (1-n)y,(t) = x_ + {)E\fl(s) - (1-n)£,(s)]dr, ted .

Let
E, = {teJ |£;(£)4F (£) for some 1sis2} U {ees |F, (£)4R(X)},
Since E is a A-null set and for teJolEo
nfy(e) + (1=n)£,(¢) e F (t),
nf; + (1-n)f, € IS(F,,J ). Therefore ny; + (1-n)y, € T'(x) and I'(x)

is convex.

2.2 A Fixed Point Theorem for g-—contractive Multifunctions

In this section the definition of a g-contractive multifunction is
given and a fixed point theorem for g-contractive multifunctions is
proved, The fixed point theorem will be applicable in obtaining a solu-

tion to the initial-value problem 2.1.4 in section 4,
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Definition 2,2.1

Suppose that X and Y are metric spaces and g:[0,0) +[0,») is an in-

creasing function continuous on the right with the property that

g{r)<r for r>0. A multifunction G:X -Kp(Y) is g-contractive provided
dy(6(x),6(z)) s g(d(x,z)) for x,zeX.

Remark Every k—contraction for k<l is a g-contraction.

Lemma 2,.2,2

Suppose that (X,Ax,T,Gx) and (Y,AY,T,GY) are ncm spaces as in Example

1.4.6. If G:X »Kp(Y) is a g-contractive multifunction then G is a

GXGY-condensing multifunction.

Proof Consider AsAx with GX(A) = d>0. Then, given €>0 there exists

xieX, l<i<n, such that

n
acl B(xi,d+e).

i=1
Since G is point compact for each ie{l,¢*¢n} there exists yjeY,
1<jsm(i), such that
c(x,)c U BGy.,e).
i . 3
j=1
It is not difficult to verify that
n m(i)

G(A)CU \

B(yl.',g(d-l-s) + €),
i=1l j=1 J
Indeed, if yeG(A) then yeG(x) for some xtA and there exists pe{l,*++ n}
such that
||x -xll X d+e,
P

Since dH(G(xp),G(x)) s g(d+e) there exists weG(xp) such that

[lv-yl| < glase).

In addition, there exists qe{l,+++,m(p)} such that y: > G(xp) and
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W~ < €.
o521
Hence,
Hy=vell < [ly=vl] + [lw-ygl] < gldse) + e.
Since g is continuous on the right lim g(d+e) = g(d) < d and so
>0,
there exists £>0 such that
gld+e) + € < d,
Thus, GY(G(A)) < 8y (A) and G is 848y ~condensing.
Lemma 2.2.3
Suppose that (X,A,T,GX) is a ncm space as in Example 1.4.6 and G:x +2%
is a closed condensing multifunction. Then any bounded sequence {xn}n:1
with the property that
%ig d(x ,6(x )) =0
has a subsequence that converges to a fixed point of G.
Proof Suppose that {xn}n:1 is a bounded sequence in X such that
%ig d(x_,G(x_)) = 0.
Let § = {xn|n=1,2,-°'}. Then, given €>0, there exists subsets T and
U of S such that T is finite, U C B(G(S),e) and § = TYU.
Since GX is monotonic, semi~additive and non-singular
63(8) < max {84(T),6,(U)} = max {0,8,(U)} < 8;(G(8)) + €.
Thus, 64(G(S)) > 84(S) and S is precompact in accordance with Defini-
. “ -] [
tion 1.6.3. Therefore there exists a subsequence {x }, ., of {x } _;
converging to xeX. Also, there exists a sequence {zk}k:I in X such
that z eG(x ) for each k and
lin ||x -z || = o.
Thus, the sequence {zk}k:1 also converges to x and since G is closed
x € G(x)

by Lemma 1.5.11,
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Theorem 2.2.4

Suppose that X is a Banach space and G:X +Kp(X) is a closed g-contrac-
tive multifunction. If G(X) is bounded then G has a fixed point.
Proof By Lemma 2.2.2 G is §y~condensing.

Making use of the point compactness of G construct the following
sequence in X. Choose x,eX and let xleG(xo) be such that

||xo-x1|| = d(x,,6(x,)).
For n>1 let x €G(x _;) be such that
=1%o | = dlx_,6(x 1))
Then by Lemma 2.2.3 it suffices to show that lim d(x,,G(x,)) = 0.
N

Now, for n>1

d(x,,6(x,))

LX)

dy(e(x,_q),6(x,))

A

gl | xpaq-x, | )

g(d(xn_l,G(xn_l))>
d(x__1,6(x _;)).

A

Let s = d(x ,G(x )) for n = 1,2,°°+. Then {s } _, is a non-negative
decreasing sequence of real numbers and hence converges to some se[O,m).
Since s < g(sn_l) and g is continuous on the right s < g(s).

However, since g(s) < s for s>0 it must be that s = 0. That is,

%EE d(xn,G(xn)) =0,

2.3 The Measurability of Multifunctions

This section is devoted to a discussion of some of the measura-
bility properties of multifunctions that will be necessary in the ap-
plication of the fixed point theorem of the preceding section to the

multifunction 2.1.6.
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In the following T will denote a locally compact space with a
positive measure u acting on a o-algebra 2 of subsets of T and Y will
denote a separable Banach space,

Lemma 2.3.1

If G and H are p-measurable multifunctions on T into Kp(Y) then G+H

is a y—measurable multifunction on T into Kp(Y).

Proof Certainly, G+H is point nonempty. To verify that G+H is point
compact it suffices to show that if A,B € Kp(Y) then so is A+B.

Therefore, consider A,B ¢ EB(Y). Then AXB is a compact subset of
YXY with respect to the product topology. Since addition is continu-
ous from YXY into Y the set A+B is the continuous image of a compact
set and hence is itself compact.

Thus, G+H(t) = G6(t) + H(t) € Kp(Y) for every teT. The multifunc-
tion G+H is u-measurable on T by a result of Castaing [5].
Lemma 2.3.2
Suppose 1 is a complete measure and G and H are n-measurable multi-
functions on T into 2Y such that G(t) and H(t) are both in Rp(Y) u-a.e.
on T. Then G+H is a u-measurable multifunction on T with
G+H(t) € Kp(Y) p-a.e. on T,

Proof Let

E = {teT|one of G(t) or H(t) is not in Rp(Y)}.
Then, define multifunctions Gy and Hgp on T into Kp(Y) by
G(t), if teT|E
Gg(t) =
{6}, if teE
and
H(t), if teT|E

Hg(t) = {
{6}, if teE.
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Each of Cg and Hp are py-measurable for consider A a closed subset of
Y. Then
Cg(A) = {teT:G()NA % ¢}
G (A)|E, if oA
¢ (A)UE, if 6cA,
Since p is complete GE is a p-measurable multifunction on T since G
is in accordance with Definition 1,5.17, The argument for the p-meas-
urability of Hp is analogous,
By Lemma 2,3.,1 the multifunction GE+HE is p-measurable on T in-
to Kp(Y). Given A a closed subset of Y let
E, = [(c+n)"(A)] NE.
Again, since y is complete E, is a y-null set. Also,
{teT]| [c+r(£)] N A $ 4}
[(c +n.) (A)]L}EA, if 6¢A
{(eg+ip) W]V E,, if oea.

Thus, G+H is p-measurable on T since Ggtiy is.

(G+H)™(4)

Finally, if teT|E then G+H(t) e Kp(Y) and hence G+H(t) e Kp(Y)
y-a.e, on T,
Lemma 2,3.3
If H:T -Kp(Y) is a py-measurable multifunction then there exists a
u~measurable selector, h, for H on T such that for every teT
2.3.4 h(t) ¢ {ver(t):||v]|| = a(e,H(E))}.
Proof let {“n}n:1 be a sequence dense in Y with u; = 6, Using the
point compactness of H construct the following sequence of multifunc~-
tions on T, Let

H(t) = {veH(t):||v-u1|l = d(u,,H(t))}

and for n>1 let
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Hy(t) = {veBy_3(t):||v-u,|| = dCuy,B ()],
Certainly, H, is point closed for each n. Thus, since H is point com-
pact and for all n, H,(t) CH(t) for every teT, the multifunction H,
is point compact for every n. Also, by a result of Castaing [5], Hy
is u-measurable on T for every n.

Since for every teT

Hy(£) D Ho(t) O oo,

o
the multifunction h = (R\Hn is point nonempty by Lemma 1.4.8 and is
=
u-measurable on T by a:other result of Castaing [5].
It is not difficult to show that h is single-valued on T, for
consider teT and suppose y,z ¢ h(t) with y $ z, Then there exists

€>0 such that B(y,c) (| B(z,e) = ¢, There also exists a positive inte-

ger j such that uj ¢ B(y,e). However, since y,z ¢ Hj(t),

ly-u5)] = 1z-usl],
a contradiction. Thus, y = z and h is single-valued.

Therefore, by Definitions 1,5.2 ii) and 1.5.17 and Lemma 1.2.3,
h is a y-measurable selector for H on T safisfying 2.3.4.
Lemma 2,3,5
If H:T +2Y is a p-measurable multifunction such that H(t) e Kp(Y)
u-a.e, on T then there exists a p-measurable p-selector, h, for H
on T such that

h(t) ¢ {veH(t):||v|| = d(e,H(t))} u-a.e. on T.

Proof Let

E = {teT:H(t) ¢ Rp(V)}.

Then, define a multifunction Hy:T +Kp(Y) by
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H(t), if teT|E

{8}, if teE,
As argued in the proof of Lemma 2.3,2, HE is p-measurable on T. Thus,
by Lemma 2,3,3 there exists a p-measurable selector, h, for HE on T
satisfying 2.3.4, If teT|E then h(t) ¢ HE(t) = H(t) and

h(t) e {ver(e):||v|| = d(e,H(t))}.

Since E is a u-null set the result follows.
Lemma 2.3.6
If G:T »2Y is a p-measurable, u-integrably bounded multifunction such
that G(t) € Kp(Y) u-a.e. on T then G is integrable on T.
Proof This is an immediate consequence of the preceding lemma and

Theorem 1.2.6.

2.4 A Solution to the Initial-value Problem

Certain contractive conditions on the kernel F of the initial-val-
ue problem 2.1.4 which guarantee a fixed point for the corresponding
multifunction I' and hence a solution to the initial-value problem are
ascertained here,

In the following X will denote a separable reflexive Banach space
and F, J and A will be as in Section 2.1. Any reference to measurabil-
ity on the real line will be to Lebesgue measurability.

Theorem 2,4,1

Suppose g is a function as in Definition 2.2.1, xoex and Jo = [O,To]
with 0<T°$min {T,1}. If for all x,y ¢ C(JO,X)
i) Fx is measurable and integrably bounded when restricted to Jo;
ii) Fx(t) e KpK(X) a.e. on 33
iii) sup {dH(Fx(t),Fy(t)):teJo} < g(|lx‘Y||c);

then the multifunction (T,x,) is g-contractive on C(J ,X).
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Proof If x e C(J ,X) then by i) and Lemma 2.3.6, r(x) is nonempty
so that ' maps C(J,,X) into KpR(C(J,,X)) by Lemma 2.1.7.
Consider x,y € C(J,,X). If z € I'(x) then

t

z(t) = x, + gfx(s)dx where f£,eIS(Fy,J,), tel,.

Now, define a multifunction H on J, into Zx by
H=F, - f.
Then H is measurable on J, and H(t) € Kp(X) a.e. on J, by Lemma 2.3.2,
Therefore, by Lemma 1.2.3 and Lemma 2.3.5 there exists h ¢ MS(H,J,)
such that
h(t) e {veH(t):||v|| = d(e,H(t))} a.e. on J,.
Since both h and f; are measurable on J,
ho= £ - £
where fyeMS(Fy,Jo). Recalling how H was defined and making use of iii)

it is clear that

[1£,€6) = £.(0)|] = d(£,(£),Fy(t))

IA

dy(Fy (£) ,Fye(t))

Ia

g(||x-y||¢) a.e. on Joe
As a result of i) and Lemma 2,3,6 the function w defined on J,
by

t
w(t) = x, + ffy(s)dk
0
is in I'(y). Thus,

t
| lz=w]|¢ = sup'{llg[fy(s) - £,(s)]dr| ]| tedy}

To
s [11£5s) = £4(s)||ar
0
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To
fg(||X~Y||C)dk
0

IA

1A

g(||x=y||)
by Lemma 1.2,12 and Lemma 1,2.19, That is,

sup {d(z,I'(y)):zeT(x)} < g('lx-yllc).
Reversing the roles of x and y gives the inequality

sup {dCw,T(x))ewel (1)} < gl [x=yl] ).
Hence,

dH(P(x),F(y)) < g(l|x-y||c)

and T is g-contractive on C(JO,X).

Theorem 2.4.2

Suppose that x eX, J_ = [D,To] with 0<Tosmin {T,1} and for all x,y in
C(JO,X)
i) Fx is measurable and integrably bounded when restricted to Jo3

ii) Fx(t) e KpR(X) a.e. on I3

iii) sup {dH(Fx(t),Fy(t)):teJo} s g(||x—y||c).

1f F(Joxx) is bounded then the multifunction (P,xo) has a fixed point
in C(JO,X) which is a solution to the initial-value problem 2.1.4.
Proof According to Theorem 2.4.1 and its proof T is a g-contractive
multifunction on C(JO,X) into KpK(C(J _,X)).

It is not difficult to show that T is a closed multifunction. In-
deed {x_} - {y_} - in C(J_,X)

eed, suppose that x }=1 and Yoln=1 8re sequences in C JO,X con—
verging to X and y respectively with Yn € P(xn) for all n. Then, given
€>0 there exists an integer N such that for n>N
||y—yn||C < /2 and ||x-xn||C < e/2,

Thus, for n>N

d(y,r(x)) < ||y-yn||c + d(y ,r(x))
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A

Hy=ynllc + 4 (PCx),T(x))

||y-ynllc + g(llx-xnllc)

IA

< e,
Since according to Lemma 2.1,7, T'(x) is a closed subset of C(JO,X),
y € T'(x) and by Lemma 1.5.11, T is a closed multifunction.

As a result of the hypothesis that F(J _XX) is bounded and Lem-
ma 1,2.12, 1(C(J,,X)) is bounded in C(J_,X). Therefore, by Theorem
2.2.4 the multifunction (I',x ) has a fixed point and by Lemma 2.1.5

it is a solution to the initial-value problem 2,1.4.
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CHAPTER III

3.1 A Fixed Point Theorem in an Order Interval

In this section a multifunction fixed point theorem is obtained
by requiring that a condensing multifunction satisfy a monotone condi-
tion on an order interval of a ncm space.

For the duration of this section (X,<”) will denote a Banach space
partially ordered by a cone K and i and : will respectively denote the
induced left and right set relations of Definitions 1.3.9 and 1.3.10.
Lemma 3.1.1
1f {xn}n:1 is a monotone sequence in a compact subset of X then it con-
verges.

Proof Suppose that {x_ } _, is an increasing sequence in a compact sub-

(<] -]
set of X. Then there exists a subsequence { } of {x } conver-
1 *k(n) n n=1

n=1

ging to xeX.

© [--]
Further, suppose that {xi(n)}n=1 is a subsequence of {xn}n=1 conver-
[} o0
ging to yeX. Then there exists a subsequence {xj(n)}n=1 of {xi(n)}n=1
such that k(n) < j{n) for all n. Since K is a closed set
y=x = Um G,y ) € K
(-] @©
That is, x<“y. There also exists a subsequence {xp(n)}n=1 of {xk(n)}n=1
such that i(n) < p(n) for all n. Again, since K is closed
x-y = lim (x -X, ) e K.
e p(n) Ti(n)
Thus, y<“x and x = y.
It is immediate that {xn}n:1 converges to x, for suppose not,
Then there exists ¢>0 and a subsequence {xk}k=1 of {xn}n=1 such that

X ¢ B(x,e) for all k. However, {xk}k=1 being in a compact subset of

X has a convergent subsequence which by the above must converge to x,
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a contradiction.
The proof for the case when {xn}n:1 is decreasing is analogous.
Lemma 3.1.2
An order interval [u,v] in (X,<”) is closed and convex.
Proof Suppose that [u,vﬂ is an order interval in X and x ¢ E;j;j.
Then there exists a sequence {xn}n:1 in [u,v] converging to x. Since
v-x, € K for every n and K is a closed set
v-x = %ig v-x, € K
so that x<“v. Similarly, since x -u ¢ K for every n,
x-u = %iz x,-u € K,
That is, u<“x, hence x ¢ [u,v] and [u,v] is closed.
To verify that [u,v] is convex consider x,y ¢ [u,v] and n ¢ [0,I].
Then by Definition 1.3.3 i)
nu <% nx <° nv
and
(1=-n)u <* (1-n)y <* (1=-n)v.
Thus, by Definition 1,3.3 iii)
u< nx+ (l-ny <’ v
and [u,vj is convex,

Theorem 3,1.3

Suppose that (X,A,T,y) is a ncm space with y a monotonic, semi-additive,
non-singular mnc and [u,v] is an order interval in X such that [u,v] and
all its subsets are in A, If G:[u,v] +2% is a left-set (respectively,
right-set) monotone, closed, y-condensing multifunction such that

{u} ; (respectively, :) G(u)
and »

G(v) ; (respectively, <) {v}
T
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then G has a fixed point in [u,v].
Proof Suppose that G is left-set monotone with
{u} 5 G(u) and G(v) 5 {v}.

Using the left-set monotonicity of G construct the following increas-
ing sequence in X. Let uy = u and for n2l select u, € G(un_l) such
that u,_j<“u,. It is clear that {un}n:1 is in [u,v]. 1Indeed, by in-
duction, u, is in [h,v] by definition. Assume u € [u,vﬂ for n20.
Then since uns'v and G is left-set monotone

G(u ) g G(v) 5 {v}.

Thus, since u ., € G(un)

-

u=u <"u <"V,
Let
A= {u} and B =\U{u}.
n=0 0 n=1 T
Then, BCG(A) and A = BLJ{uo}. Since Y is monotonic, semi-additive
and non-singular
v(a) = y(BU{u ) = v(B) < v(c(a)).
Thus, since G is y-condensing A is precompact and by Lemma 3.1.l1 and
Lemma 3,1.2 the sequence {un}n:1 converges to some y € [u,v]. Since
u € G(u _;) for n2l and G is a closed multifunction y € G(y) by Lem-
ma 1.5.11,
Suppose that G is right-set monotone with
{u} < G(u) and G(v) < {v}.
r r
Using the right~set monotonicity of G construct the following decreas-
ing sequence in X. Let v, = v and for n2l select v, € G(vn_l) such

that v s’vn_l. The sequence {vn} * is evidently in [u,vﬂ. Indeed,

n n=1 *
by induction, A is in [u,v] by definition, Assume that v, € [u,vﬂ

for n20, Since us’vh and G is right-set monotone
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{u} < G(u) < G(vy)
r r
Thus, since v,,; € G(v,),

» - -

cC= kv){vn} and D = \_){vh}.
n=1

n=0
Then, D C G(C) and C = D |J {v,}. Again, since y is monotonic, semi-ad-
ditive and non-singular
y(c) = y(0 U {v,}) = v(D) < y(c(C)).
Thus, since G is y-condensing, C is precompact and by Lemmas 3.1.1
and 3.1.2 the sequence {vn}n:I converges to some 2z € [h,i]. There-
fore, since v, € G(v,_;) for n2l1 and G is a closed multifunction

z € G(z) by Lemma 1.5,11 and the result follows.,

3,2 A Solution to the Initial-value Problem in an Order Interval

The Fixed Point Theorem 3.1.3 is shown to be applicable in deter-
mining a solution to the initial-value problem 2,1.4,

Unless otherwise specified (X,<”) will denote a separable Banach
space partially ordered by a cone K and < and : will respectively de-
note the induced left and right set relations of Definitions 1,3.9
and 1,3,10, Also, J and )X will be as in Section 2,1 and F will be a
multifunction JxX into 2X, Finally, the partial ordering on C(J,X) in-
duced by the cone

K, = {x ¢ €(J,X):x(t) € K for every teJ}
will be denoted by Sce The left and right set relations of Definitions
1.3.9 and 1.3.10 in (¢(J,X),<;) will be denoted by ;C and ;C respectively,
Lemma 3,2,1

Suppose that [u,v] is an order interval in (C(J,X),<.) and x,eX. If

.SC
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for all x,y ¢ [u,v]

i) F, is measurable and integrably bounded on J;

ii) Fx(t) e Kp(X) a.e. on J;

iii) xg<.y implies that F_(t) 5 (respectively, ;) Fy(t) a.e. on J;
then the multifunction (F,xo) is left-set (respectively, right-set)
monotone on [u,v].

Proof First, suppose that if x,y ¢ [u,vJ with x<$oY then
F () 5 Fy(t) a.e, on J,
Consider x,y ¢ [u,v] with x<oy and suppose that z € I'(x). Then
t
z(t) = x + gfx(s)dk where £ eIS(F,,J).
Let C be the constant multifunction defined on J by
c(t) = K
Then by Lemma 2,3,2, Definition 1.3,9 and the fact that K is closed
[Fy(t) - f‘(t)]r]c(t) € Kp(X) a.e. on J
and the multifunction Fy-fx is measurable on J. In fact, the multi-
function [Fy—foF\C is measurable on J for consider A ¢ K1(X). Then,
since K is closed, A(JK ¢ K1(X) and
3.2.2 ([F-£,]NC)7(A) = {ted|(F (t) - £,()INKNA) + ¢},
is a measurable set since Fy--fx is a measurable function on J. Ap-
plying Lemma 2.3.5 to the multifunction [Fy-fx]r\c and recalling that
f, is integrable, hence measurable on J, there exists fy € MS(Fy,J)
such that
fy(t) - £.(t) € K a.e, on J.

Since Fy is integrably bounded on J and by Lemma 2.3.6 the func-

tion w defined on J by

t
w(t) = x, + gfy(s)dx
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is in I(y). To verify that I'(x) $c r{y) it suffices, by Definition
1.3.9, to show that Z<We
Let
E= {seJlfy(s) - £.(s) ¢ K.
Then E is a A-null set, and by Lemma 1.2.16 and the fact that K is
closed and convex, for every teJ

t
w(t) - z(t) = [[f (8) - £ _(s)]dx
o Y x
€ tEE({fy(s) ~ £,(s):se[0,t] [ED)
XK
Therefore, z(t)<“w(t) for every teJ, hence zsow and r(x) IC r(y).
Now, suppose that if x,y ¢ [u,v] with X<oy then

Fx(t) : Fy(t) a.e, on J,

Consider x,y ¢ [u,v] with X<y and suppose that W e r(y). Then
. t
w(t) = x, + £f§(s)dx where foeIS(F,J).

Applying the argument given in the preceding case to the multifunc-
tion [fﬁ-Fi](]C, there exists 2z e C(J,X) such that isca. Thus, by
Definition 1.3.10, r(x) e I'(y) and the result follows.
Lemma 3.2.3
Suppose that [u,v] is an order interval in (c(3,X),5;) such that u
and v are continuously differentiable on J and x eX with u(0) <* x
<* v(0), If the multifunction F satisfies

i) F, and F, are measurable on J and F,(t) and F (t) are each

in Kp(X) a.e. on J;
ii) {u(e)} ; F,(t) I Fy(t) ; {v(t)} (respectively,

{u(t)} < Fo(t) < F,(t) < {v(t)}) a.e, on J;
r r T
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iii) F, (respectively, F ) is integrably bounded on J;

th < (respectively, < ) I'(u) and I'(v) < (respectively, < ) {v}.
en {u} c oo Ve rc 1c P Vr 2c tv}

Proof First, suppose that the left set conditions hold. Again, let
C be the constant multifunction defined on J by
c(t) = K,
Then [F (t) - 4(t)]Nc(t) e Kp(X) a.e, on J and by an argument simi-
lar to that given in 3.2.2 the multifunction [Fu-ﬁ](\c is measurable
on J, Thus, by Lemma 2.3.5 there exists f, ¢ MS(F,,J) such that
£,(t) - u(t) € K a,e, on J,
Since F,, is integrably bounded on J and by Lemma 2.3.6 the function
z defined on J by
z(t) = x, + ;fu(s)dl
is in I'(u). ’
Let
E, = {scJ|£,(s) - u(s) { K}.
Then, by Lemma 1.2.16 and the facts that E, is a A-null set and K is

a cone, for every telJ
t t t .
[£,(8)dn = fu(e)dr = [[£,(s) - u(s)]dr
0 0 0

e t&o({£f,(s) - u(s)|se[0,t]|ED

cC K
so that

t t,
x, + [£,(8)d) - [u(s)d) e Rex
0 0
and hence by Lemma 1,2.24

t
x, + gfu(s)dl - [u(e) = u(0)] ¢ R+x,,
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Thus, according to Definition 1,.3.1
t
X + [£4(8)dA - u(t) € K + [x, - u(0)] CK,.
0

That is, u(t)<“z(t) for all teJ, hence u<gz and {u} < r(u).

Suppose that w ¢ I'(v), Then
t
w(t) = x, + [£,(8)d) where £,eIS(F,,J).
0

Since F (t) N {v(t)} a.e. on J, v(t) - £,(t) € K a.e. on J. Let
E, = {seJ|¥(s) - £,(s) ¢ K},

Again, by Lemma 1.2,16 and the fact that E1 is a A~-null set, for ev-

ery tedJ
t. t t .
Jv(s)dr - [£,(8)ax = [[v(s) = £ (s)]dr
0 0 0
e tco({v(s) - £,(s):ec[0,t] [E; D)
CK
so that

t t
ge(s)dA - [x, + gfv(s)dx] e K—x,

and hence by Lemma 1.2.24
t
[v(t) - v(0)] - [x, + gfv(s)dk} e K-x,.
Thus,

t
v(t) - [x, + [£,(8)dA] € K + [v(0) - x ] CK.
0

That is, w(t)<“v(t) for all teJ, hence w<.v and T'(v) Se {v}.

C
The case involving the right set conditions is proved using an
analogous argument,

Lemma 3.2.4

Suppose that X is a separable reflexive Banach space, x eX and D is
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a closed subset of C(J,X), If for all xeD the multifunction F:JXX »2%

satisfies

i) Fx(t) € K1K(X) a.e. on J;

ii) for a.e. teJ the multifunction Ft:X *ZX, when restricted

to x(J), is usc;
iii) there exists p ¢ L(J,[0,»)), independent of x, such that
|lz|| < p(t) a.e. on J for all z ¢ Fu(t);
then the multifunction (I',x,) is closed on D.
Proof Suppose that {xn}n:l is a sequence in D converging to x and
{yn}n:l is a sequence in C(J,X) converging to y such that
Yo € T(x).

Then, for every n

t
Yolt) = x  + {fn(s)dh where f cIS(F_ ,J).

*n
According to iii), there exists an integral bound for the set

{£]n = 1,200},
Thus, as argued in the proof of Lemma 2,1,7, there exists a subsequence
{fk}k:I of {fn}n:1 that converges weakly to some f ¢ L(J,X). Then, by

Lemma 1,2,14, for every telJ

lim
ko

t
£.(s)dx = ({f(s)dl,

O\ rt

hence

t
y(t) = x, + [£(s)d), teJ.
0

Again, as argued in the proof of Lemma 2,1.7, for every k there ex-

. . . k. m(k) wlk) o
ists a finite set of non-negative numbers {a;}..," such that ) a; =1
i=1

and
m(k)

lim 121 a;f . = £ in L(J,X),
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For every teJ let

c(e) = (M e 5y, (e)).
k=l i=k

‘or a.e. teJ

HO

510 L€ ﬁﬁ(u £:(8)) Cc(e).
/978 k=1 i=k
2?2 v = {teJ|£(t) ¢ c(t)},

. restricted to x(J) is not usc},

DN Fxn(t) for some integer n},

3
E=E,.
n=1

is usc on x(J), given >0, there exists y>0
such that if yeX with ||y-x(t)|| < & then
F . (y) CB(F (t),e/2).
Also, there exists an integer N such that for n>N
|[x,(t) = x(e)|] < &.
Thus, given k2N there exist finite sets {"i}izl of non-negative num-
® m

1 of elements in X with z n; =1 and for each i,
i=1

bers and {zi}1=

z; ¢ F (t) for some j2k,
J
such that

m
llf(t) - 2 “izill < ef2,
i=1

Let w; € Fo(t) be such that Ilzi-will < €/2 for l<ism, Then
m m m
[T} ngzg = 1 ngwill < ] ngllzg—will < e/2.
i=1 i=1 i=1

Thus, since Fy(t) is closed and convex, f(t) € F,(t). That is, since
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E is a A-null set, f(t) € Fy(t) a.e. on J, hence y € I'(x) and T is a
closed multifunction on D as a result of Lemma 1.5.11.
Remark Suppose that X is partially ordered by a normal cone K and
F maps JXX into 2K in the preceding lemma. Further, suppose that
D = [u,v] is an order interval in (c(3,X),<.) such that Fy is inte-
grably bounded by p on J and the left set relation of condition iii)
of Lemma 3.2.1 is satisfied, Then, it is immediate that condition
iii) of the preceding lemma is also satisfied, Indeed, if xeD then
for a.e. teJ there exists a v, € Fy(t) for every z € Fy(t) such that
z<“v,. As a result of Lemma 1.3.8 there exists a real number x such
that for a.e. teJ, ||z|| < x||p(t)|| for every z ¢ F (t). Since xp
is integrable on J condition iii) of the preceding lemma follows.
Lemma 3.2.5
Suppose that x,eX and (X,A,T,y) is a ncm space where X is a Banach
space, A the set of all bounded subsets of X and y a mnc satisfying
properties i), ii), iii), vii) and viii) of Definition 1.4.3. If
F:JxX »2% is a k~y-set-contraction multifunction then the multifunc-
tion (r,xo) is a kT-yc-set-contraction in the ncm space (XC,AC,T,YC).
Proof For every x € C(J,X) and £, ¢ IS(F_,J) let

EL = {ted|£ (1) ¢ F (D).
Consider A ¢ Ac. Then
v (r(a) = y((r(a);)

by the definition in Example 1.4,9,

t
y(Uix, + (f)fx(s)dlzxeA, £ cIS(F_,J), ted})

by definition,

A

v(xo + | {teoli£,(s) :0c[0,¢] |E£}):xeA, £,eIS(F,,3), ted})
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since Y is monotonic and by Lemma 1.2.16,

Y (U {co(T&({fx(s):seﬂE:}) U {0}) :XeA, ferS(Fx,J)})

since y is monotonic, invariant under shifts and

A

non-gsingular and by Lemma 1.1.1,

Y(U {co(TEB(U{Fx(s):seJ}) U {0}) =XEA})

since y is monotonic,

=y (:o (reo(F(3xap)) U {0}))

by definition,

A

= y(Tco(F(JXAJ)))
since y is semi-additive and non-singular and by Defi~-
nition 1.4.2,

= Ty(F(JxA;))

since y is semi-homogeneous and by Definition 1.4.2,

IA

kTy(AJ)
since F is a k-y-set-contraction,
= kTyo(A)
by definition,
Thus, the result follows in accordance with Definition 1.6.4.

In the following theorem (X,A,T,y) will be a ncm space with X a
separable reflexive Banach space partially ordered by a cone K, A the
set of all bounded subsets of X and y a mnc satisfying properties i),
ii), iii), iv), vii) and viii) of Definition 1.4.3.

Theorem 3.2.6

Suppose that J° = [O,TOJ where To € (O,Ti and xoex. Further, suppose
that [u,v] is an order interval in A, the bounded subsets of C(J ,X),
such that u and v are continuously differentiable on J and u(0) <” x

<* v(0), If B = {x(t):xe[u,v], teJ} and the multifunction F:JxX »2X
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satisfies
i) for every x € [u,v], F, restricted to J, is measurable on J,
and F (t) e KpR(X) a.e. on J,;
ii) x<cy in [u,v] implies that F (t) i (respectively, :) Fy(t)
a.e, on J,;
iii) {u(e)} I F,(t) ; Fy(t) I'{;(t)} (respectively,
{u(e)} < F,(t) < F,(t) < {v(t)}) a.e. on J ;
iv) for a.e. teJ, the multifunction Fy restricted to x(J,)
is usc for every x ¢ [u,vﬂ;
v) F restricted to JoXB is a k-y-set-contraction with kT,<1;
then the multifunction (I',x,) has a fixed point in [u,v] which is a
solution to the initial-value problem 2.1.4,
Proof Suppose that the left set conditions of the lemma are satis-
fied, Since F is a k-y-set-contraction on J XB there exists a posi-
tive number M that bounds F(J,XB), that is,
|1z]] < M for every z ¢ F(J xB).
Thus, by Lemma 1.2.19, the constant function defined on J, by
p(t) = M
is an integral bound for F,, independent of the choice of x ¢ [u,vj.
Therefore, by i), ii) and Lemma 3.2.1, (r,x,) is left-set monotone on
[u,v] and by i), iii) and Lemma 3.2.3
{u} Se I(u) and I'(v) $c {v}.
Also, by i), iv) and Lemmas 3.1.2 and 3.2.4, T is closed on [u,v].
Now, the mnc yp is monotonic, semi-additive and non-singular on
AC by Lemmas 1,4.10, 1.4.11 and 1.4.,12 respectively. .
Let {“n}n:O be an increasing sequence in [u,v] and A = (‘){un} as

n=0
in the proof of Theorem 3,1.3, Then, u =u and for n2>1
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t
u,(t) = x4, + gfn_l(s)dx where fn_leIS(Fun_l,Jo), ted,.

As a result of Lemmas 1,2,10, 1.2.12 and 1,2.,19, given ¢>0 and n>1,

if r<t in J, with |t-r] < €/M then
t
ug () = w0 || < ]| £qe1(8)|[dr < /MM = €.
r

Thus, the set A is equicontinuous on J,. Also, consider x ¢ T(A).

Then, for some n>0
t
x(t) = x, + éfn(s)dk where fneIS(Fun,Jo), ted,.

By an argument analogous to the preceding one I'(A) is equicontinu-
ous on J, as well,
As shown in Example 1,4,17 the sets E ¢ Ag for which both E and
I'(E) are equicontinuous on J, form a closed convexity in C(J,,X) and
by v) and Lemmas 1.4.13 and 1,6.5, T is Yc-condensing when restricted
to these sets. According to the proof of Theorem 3.1.3 this is enough
to guarantee a fixed point for I' in [u,v] which is necessarily a solu-
tion to the initial-value problem 2.1.4 as a result of Lemma 2.1.5.
Suppose that the right set conditions of the lemma are satisfied
now. Then, by the same reasoning as in the preceding case (T,x,) is

right-set monotone on [u,v], {u} <, I'(u) and I'(v) < {v}, and T is
r xC ?

C
. o
closed on [u,v]. Also, if {vyl g is a decreasing sequence and

[
¢ = (v}
n=0
as in the proof of Theorem 3.1.3 then, as in the preceding case, C

and T'(C) can be shown to be equicontinuous on J,. This is enough to
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ensure a solution to the initial-value problem 2.1.4 again, as argued

in the preceding case.
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CHAPTER IV

4,1 A Fixed Point Theorem in a Compact Set

A multifunction fixed point theorem in the spirit of ome given in
Fitzpatrick and Petryshyn [15] is proved here.

Throughout this section Y will denote a locally convex topological
vector space and D an element of K1(Y)., If G:D +2¥ is a multifunction,
following Sadovskii [38], define the following transfinite sequence in 2%

Ko = T3(G(D))
and
&6(G(DMNKy-1), if a is an ordinal of the first kind

(A)KB, if a is an ordinal of the second kind,
B<a

Lemma 4,.1.1
I1f G:D +2Y is a multifunction then
i) Ky CKg for Bso;
ii) 6(pNK,) T K, for all a;
iii) there exists an ordinal § such that
Ky = Kg for é<a.
Proof The proof of i) and ii) is done simultaneously by transfinite
induction, Suppose that o = 0, Then i) is obvious. Since
G(dNK,) C 6(p) C zo(6(D)) = K,
ii) also follows, Assume that both i) and ii) are true for all B<a.
If o is an ordinal of the first kind then B<a implies that Bsa~l
and hence K,_j CKg by the induction hypothesis for i). Since
Ky-1 € KIK(Y)
and by the induction hypothesis for ii)

Ky = €0(G(DNKy-1)) CT Ky C Kg, B<a,
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hence, i) follows. As shown in the preceding argument, K, CK,_;
so that
DnKa CDnKu-—l'
Therefore,
G(DNK,) C co(6(PNK,_)) = K,

and ii) follows.

If o is an ordinal of the second kind then

K, = ﬂKB

B<a
so that i) follows immediately. Also,
G(DnKa) C é'G(G(DﬂKB)) for B<a.
As a result of the induction hypothesis for ii) and the fact that for
all B<a, K € KIK(Y),
é'G(G(DnKB)) CKB, B<a.

Thus,

G(DNK ) C('\K‘3 =K
B<a
and ii) results,
To see the validity of iii) note that when the cardinality of an
ordinal § is greater than the cardinality of 2¥ a repetition must oc-
cur in the transfinite sequence {KE}' However, since {Kﬂ} is decreas-

ing this is equivalent to

Kﬁ = KS for 6<a,

For the remainder of this section the set KB corresponding to a
a multifunction G:D +2° will be denoted by K(G,D) or simply K when G
is understood.
Lemma 4,1,2

If G:D +2Y is a multifunction then
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¢o(G(DNK)) = K,
Proof Since K = Kg = Kgu1,

co(c(DNK)) = EE(G(DﬂKG)) = K = K,

§+1
Definition 4.1,3

An usc multifunction G:D +2° is ultimately compact provided that
K £ KRp(Y).

Theorem 4,1.4

Suppose that G:D -K1(Y) is an ultimately compact multifunction. If
A is a nonempty precompact subset of Y such that G(A) C A then
K € Kp(Y).
Proof According to the preceding definition it suffices to show that
K is not empty, Following Fitzpatrick and Petryshyn [ ], define a
sequence in ZY as follows,
c, = G(ANA
and for n>1
Cy = 6(C1)NCyge
Then by Lemma 1.5.14, Cn is compact for each n, hence by Theorem 1.4.8,
C={)Cn & Kp(Y),
n=0
Now, C CG(C), 1Indeed, if x € C then x € G(C,)NC, for every n20.
Therefore, there exists a sequence {zn}n:0 such that for all n20,
x € G6(z,) and z, € C, CA,
Since A is compact there exists a subsequence'{zk}kzo of {zn}n:O con-
verging to z € A, In accordance with Theorem 1.4.8, given €>0 there
exists an integer N, such that for k2N,
Hz—zkH < €/2 and dy(c,C) < €/2,

Thus, d(z,C) < € and hence z is in the closed set C. Moreover, since
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G is usc and point closed, there exists an integer N such that for k2N
c(zy) C B(6(z),¢)
so that
x e G(z) Cc(c),
It is not difficult to show that C CK, for every a. Indeed, by
transfinite induction,
¢ Ceoa(6(c)) Ceo(6(D)) = K,.
Assume that C CKg for B<a. If o is an ordinal of the first kind then
ceo(c(c)) T eo(G(R, 1)) = Ky
If a is an ordinal of the second kind then since C CKg for B<a,
CC (kg = K.
B<a

Thus, € (CK and K is not empty.

In addition to Y denoting a locally convex topological vector
space, (Y,A,T,y) will denote a ncm space for the remainder of this
section,

Lemma 4,1.5

If y is monotonic, D and all its subsets are in A and G:D +Kp(Y) is an
usc y-condensing multifunction then G is ultimately compact.

Proof If K is empty the result is obvious, so suppose that K is not
empty.

By Lemma 4,1.2, &(G(D\K)) = K so that

DNK C eo(6(DNK)).
Since y is monotonic
v(pNK) < v(c(pNK)),

therefore D[\K is precompact and hence compact as D and K are in
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K1(Y). As a result of G being usc and point compact G(D[\K) is compact
by Lemma 1,5.13, Thus, by Lemma 1,1.3,

& (6(pNK)) =K
is compact,

Theorem 4.1.6

Suppose that D ¢ KIK(Y) with D and all its subsets in A and y is a mono-
tonic, non-singular, semi-additive mmnc. If G:D -KpK(D) is an usc y-con-
densing multifunction then G has a fixed point.
Proof According to Lemma 4.1.5 and a theorem of Fitzpatrick and Pe-
tryshyn [15] it suffices to show that K is nonempty.
Let x,eD and define a sequence in 2Y by
@(x,) = {x,}
and for n>1
c"(x,) = G(Gn-l(xo))
Also, let
®
A= k,)Gn(xo).
n=0
Then,
A =6 U (x,}
and since y is semi-additive and non-singular
y(a) = y(6(a) U {x }) = y(c(a)).
Thus, since G is y-condensing, A is precompact and K ¢ Kp(Y) by The-

orem 4,.,1.4,

4,2 A Solution to the Initial-value Problem in a Convex Set

In this section conditions on the kernel of the initial-value
problem 2,1.,4 enabling the application of the Fixed Point Theorem

4,1,6 are investigated,
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As previously specified X will denote a Banach space. 1In addi-
tion, (X,A,T,y) will denote a ncm space where A is the set of all
bounded subsets of X and y satisfies all the conditions of Definition
1.4.3 except possibly vi), Also, J, F and A will be as in Section 2.1.

For the purposes of this section suppose that x X, T € (0,1]
and r>0 such that F restricted to [O,TZ]XET;;:;Y is a k-y-set-contrac-
tion. Let B = B(x_,r). Then, by Definition 1.6.4, F([O,TZJXB) €A,
hence there exists a positive real number M that bounds F([O,TZ]XB).
Finally, let T, = min {r/M,T,}, T, ¢ (O’Tl] be such that kT <1, J, =
[O,To] and

C = {x e ¢(J,,%):x(J,) CB}.
Lemma 4.2,1
The set C is in KIK(C(J,,X)).

Proof The set C is nonempty since the constant function defined on

J, by
x(t) = x,
is in C,

To verify that C is closed consider a sequence {xn}n:1 in C con~
verging to xeX. Then, given >0 there exists an integer N such that
for n>N

[[x(t) = x,(e)|| < € for every teJ,.
Thus, for n>N
[1x(e) = xo|] < [[x(t) = z (]| + ||xy(e) = x || < e+r
for all teJ,. That is, x(t) ¢ B for all teJ,, hence x € C and C is
closed.

Consider x,y € C and n € [0,1]. Then for all teJ,

H(nx(e) + (1=n)y(e)) - x5|| = [[nx(t) = nxy + (1-n)y(t) = (1-n)x,|]



70

A

n||x(t) - x°|| + (1-n)|]y(t) - xoll

nr + (1-n)r

IA

= r.
Therefore, C is convex and lies in KIK(C(J ,X)).
Lemma 4.2.2
If (r,x ) is the multifunction 2.1.6 defined on C(J,,X) then
co(r(c)) Cc.
Proof Since C e KIR(C(J ,X)) it suffices to show that I(C) CC.
Consider x € C and y € T'(x). Then for teJ,

t

y(t) = x, + éfx(s)dx where f,eIS(Fy,J,).

(o]

According to Lemma 1.2,13, y ¢ C(J_,X) and by Lemmas 1.2.12 and 1.2.19

for every teJ,

t
HyCe) - x°|| leo + gfx(s)dx - x°||

A

t
|| £,.¢s)]]an
[Ile,

{A

tM

tA

r.

Thus, y € C and T'(C) CC.

For the remainder of this section let D = co(r(C)).
Lemma 4,2,3
If there exists x € C such that F, when restricted to J, is measur-
able and F (t) € Kp(X) a.e. on J, then D is nonempty.
Proof Suppose that x satisfies the hypotheses of the lemma. Since
F, is bounded, hence integrably bounded on J, by the constant function

p(t) =M,
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the set IS(F,,J,) is not empty by Lemma 2,3.6 and therefore D is not
empty.

Lemma 4,2.4

The set D is uniformly equicontinuous on Joe

Proof Consider y € D, Then, given €>0 there exist finite sets
{x.}.2 in C, {y;}." in D and {n.}.", in the non-negative real num-
i‘i=1 » Vi'li=1 i'i=1 g
m
bers such that y; € r(x;), lsizm, izlni =1 and for all teJ

m
[ly(t) - iZlniyi(t)ll < e/3.

Now, for every i € {1,¢¢+ ,m},

t

x, + gfi(s)dl where fieIS(FXi,JO), teJ .

Thus, for r,t € Jo with r<t and ]t-rl < €/3M,
Y m m
Ily(e) - y(o || = |ly(e) - ) niyi(t)ll + Il_z "iyi(t) = .z "iyi(r)ll
i=1 i=1 i=1
m
+ 1]y n;y;(r) - y(e) |
i=1

m t
<e/3+ ) niIIIf (s)|]|dr + €/3

i=l r

m
Se/3+ ] nM(e/3M) +¢e/3
i=1

=€
as a result of Lemmas 1.2.10, 1,2,12 and 1.2.19.
Lemma 4,2.5
Suppose that X is a separable reflexive Banach space, If for every
xeD

i) F_(t) e KIK(X) a.e. on I3
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ii) for a.e teJ  the multifunction F :X +>2X uhen restricted to
x(J ) is usc;
then (T,x ) is usc on D.
Proof Consider A a closed subset of C(J_,X). According to Lemma
1.5.6 it suffices to show that
r (A) = {xeD:T(x)NA # ¢}

is a closed subset of C(JO,X). To that end, suppose that {xn}n:1 is
a sequence in I' (A) converging to x € C(Jb,X). Then, there exists a
sequence {yn}n:1 in A such that for teJ

t

yn(t) =x + éfn(s)dx where fneIS(Fxn,Jo).

As noted in the proof of Lemma 4,2.3 the constant function
p(t) = M, ted
is an integral bound for each multifunction Fy onJ_, n>l., Thus, as
n
argued in the proof of Lemma 2,1.7, the set'{fnln = 1,2,¢+¢} is pre-
compact in the weak topology of L(J ,X) and there exists a subsequence
{fk}kzl of {fn}nzl converging weakly to some f e L(J_,X). Then, by
Lemma 1,2,14 for every teJ
t t
lim [f (s)dA = [f(s)dA.
e Jucon -

Also, as shown in the proof of Lemma 3.2,4, f e IS(F,,J ) and hence the

function y defined on J, by
t
y(e) = x_ + gf(s)dk

is in I(x).
To verify that I'"(A) is closed then, it suffices to show that

y € A. In fact, since the subsequence {yk}k:I of {yn}n:1 is in the
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closed set A it is enough to show that {yk}k:1 converges to y in
c(J,%).

Now, the set {yklk = 1,2,e+¢} is uniformly equicontinuous on I,
as a result of Lemma 4,2,4, Thus, as in the proof of Lemma 2.1.7,

o
{y, h =) converges to y in C(JO,X). There fore,

y ¢ T(x)NA

and T"(A) is closed,

Theorem 4.2.6

Suppose that X is a separable reflexive Banach space and that there
exists z ¢ C such that F_ when restricted to 3, is measurable and
F (t) e Kp(X) a.e. on J_ . If for every x ¢ D

i) Fx(t) e KIK(X) a.e. on I3

ii) F, when restricted to Jo is measurable;

iii) for a.e. teJ the multifunction F :X »2% when restricted

to x(J ) is usc;

then (P,xo) has a fixed point in D which is a solution to the ini-
tial-value problem 2.1.14,
Proof As a result of Lemma 4.,2.3, D is nonempty. The mnc Ye is
monotonic, semi-additive and non-singular on D by Lemmas 1.4.10,
1.,4,11 and 1.4.12 respectively, Also, by Lemma 1,4.13, Yo is l-regu-
lar on D and by Lemmas 1.6.5 and 3.2.5 Tis Y¢-condensing on D.

Since for every x € D the multifunction F, is measurable and in-
tegrably bounded on J by the constant function

p(t) = M, teJ

(T ,x,) maps D into KpK(D) by Lemmas 4.2.2, 2.1.7 and 2.3.6. Finally,
by the preceding lemma I' is usc on D. Thus, by Theorem 4.1.6, T has

a fixed point in D and by Lemma 2,1,5 it is a solution to the ini-



tial-value problem 2.1.4.
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CHAPTER V

5.1 Structure of the Fixed Point Set

In retrospect it is of some interest to note that the hypotheses
that the multifunction be closed and condensing with respect to a mono-
tonic mnc are common to each of the Fixed Point Theorems 2,2.,4, 3.1.3
and 4,1,6, As the next theorem indicates the presence of these two
conditions gives some insight into the topological structure of the
fixed point set of the multifunction,

Theorem 5,1.1

Suppose that (Y,A,T,y) is a ncm space with y a monotonic mnc and
G:Y +2° is a closed y-condensing multifunction. If S, the set of
fixed points of G, is in A then S is compact,
Proof Certainly, S CCG(S). Thus,
v(s) < y(G(s))

and S is precompact according to Definition 1,6,3,

To verify that S is a closed set consider {s,} a net in S conver-
ging to s in Y. Then, since sy € G(s,) for every o and G is closed,
s ¢ G(s) by Lema 1.5.9, |

Thus, S is closed and hence compact.
Remark Since in each of the Theorems 2.,4.2, 3,2,6 and 4.2,6, T is
a closed, bounded and y-condensing multifunction with respect to a mon-
ontonic mnc having domain bounded sets, the set of all solutions elic-

ited by any one of these theorems is nonempty and compact.

5.2 Examples of Initial-value Problems

In this section several examples are given of how the initial-val-

ue problem 2,1.4 might arise., Of course, many examples arise from the
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fact that if the kernel of the initial-value problem 2,1.4 is restrict-
ed to be single~valued then the problem becomes a standard initial-val-
ue problem in ordinary differential equations. This problem can be ef-
fectively handled without introducing multifunctions as illustrated by
Sadovskii [38]. Thus, the emphasis here will be on examples which have
kernels that are possibly not single-valued.

For the remainder of this section J will denote a closed interval
of real numbers [O,Tﬂ where 0<T<w,

Example 5.,2,1

Let X be a Banach space and f:JXX +[0,») and h:JXX +X single-valued
functions, Consider the problem of finding a solution x to the dif-
ferential inequality
| 1%(t) - n(t,x(£))|] < £(t,x(t)), teJ
x(0) = x,, x eX.

It is easily verified that this problem is equivalent to the ini-
tial-value problem

x(t) ¢ F(et,x(t))

x(0) = x,

where

F(t,x(t)) = B(h(t,x(t)),f(t,x(t)))

Example 5.,2,2

Let (X,<”) be a partially ordered Banach space and f:J +[0,») a sin-
gle-valued function, Consider the problem of finding a solution x to
the inequality
6 <* x(t) <* £(t)x(t), teJ
x(0) = x, x eX.

This problem readily translates into the initial-value problem
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x(t) e F(t,x(t))

x(0) = x

o

where

F(t,x(t)) = [8,£(t)x(t)].
In the event that X is partially ordered by a cone the multifunction Fy
is point closed and point convex for every x ¢ C(J,X) by Lemma 3.1,2,

Example 502.3

Let X be Euclidean n-space, Y Euclidean m~space and f:JxXxY X a sin-
gle-valued function. Consider the control theory problem
x(t) = £(t,x(¢t),u(t)), teJ
x(0) = x5, xoeX
where the control function u may be chosen as any measurable m-vec-
tor-valued function with value at time t in a preassigned subset U(t)
of Y. This problem is equivalent to the initial-value problem
x(t) e F(t,x(t))
x(0) = x4
where
F(t,x(t)) = {£(t,x(t),u(t)):u is a measurable selector for U on J}.
Considerable work has been done on this problem by Filippov [14] and

Hermes [23] without recourse to multifunction fixed point theory.

5.3 Further Research

There appears to be several avenues related to the initial-value
problem 2,1.4 and the fixed point theory developed to solve it open
for further research, For example, it might be interesting to inves-
tigate the types of conditions that would be necessary to guarantee a

solution to the initial-value problem 2,1.4 if the underlying space
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were other than a Banach space or, in the event that it is a Banach
space, if more or less general conditions were placed on it., Along
with experimenting with the underlying space an integral, either more
or less general than the Bochner integral, might be tried. Also, the
effects of generalizing or restricting the measure of non=-compactness
used in each case could be considered,

It may be of interest as well to attempt the development of a
constructive procedure for evaluating certain of the fixed points
shown to exist here, at least in the case where the space in which the
fixed points are known to exist is Euclidean n~-space. Some steps in
this direction have already been taken by Merrill [32] who has devel-
oped an algorithmic technique for evaluating fixed points of a certain
subclass of upper semi-continuous multifunctions having domain Euclid-
ean n-space,

Though the initial-value problem 2.1.4 is known to arise in the
area of control theory, further investigation into its role in the ar-
eas of linear programming, optimization and econometrics needs to be
made, As suggested by Merrill's work in [32] the fixed point theory
developed here, aside from its intermediary application to the ini-
tial-value problem, may be directly applicable to problems in these

areas.
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