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ABSTRACT

A quantum model for the vorticity of a single fluctuating
rectilinear vortex is obtained by assuming Wigner's distribution for the
vorticity. The starting point for this calculation is Fetter's quantum
theory of the superfluid vortex, in which the vortex waves are induced
by a quantum rather than a classical random noise source. Thermal
averaging of the quantum model does, however, give the classical
result for the distribution. From the vorticity, a quantum model for
the velocity around the vortex is obtained. A thermal averaging of
the velocity allows an explicit verification of McCauley's proposal
that the effect of quantum fluctuations is to smear out the vortex
singularity and give the appearance of a classical core. A quantum
model for the kinetic energy density is also obtained. From this

itis found that the zero-point velocities are uncorrelated.



TABLE OF CONTENTS

I. Discussion and Presentation of Results

A.

E.
F.

Classical Treatment of the Vortex Problem
1. The Circulation and Hamiltonian Formalism

2. The Vorticity

. Quantum Theory of the Vortex

1. Circulation Quantization and Consequences

2. Fetter's Quantum Theory

. Self-energy of a Single Rectilinear Vortex in an

Unbounded F]uid

. The Vorticity

1. The Distribution Function
2. Wigner's Distribution and Joint Probabilities
3. The Thermal Average Distribution

The Velocity Distribution

Kinetic Energy Density

II. Details of the Calculations

A.

B.

Calculation of the Average Vorticity by Assuming
Wigner's Distribution

1. Transformation of Fetter's Hamiltonian
. Mean Square Deformation

Expectation of the Distribution

S W N

. Components of the Vorticity in the Plane

Identification of Wigner's Distribution

vi

Page

10
11
11

12
14
15
17
18



C. Calculation of the Average Velocity
1. Derivation of the Velocity Fourier Coefficient
2. The Averaging and Fourier Inversion
D. Calculation of the Average Kinetic Enérgy Density
1. The Averaging
2. Fourier Inversion
III. Summary

References

Figure 1: The Helical Configuration of the Fluctuating Vortex

vii

20
21

22
23
24
26



I. DISCUSSION AND PRESENTATION OF RESULTS
A. Classical Treatment of the Vortex Problem

1. The Circulation and Hamiltonian Formalism

The first study of rotational flow was done by Helmholtz, in
Crelle's Journal, in 1858. The investigation and application of vortex
motion has continued from that day to this, necessarily including an
eventual integration with quantum theory. Many aspects of the vortex
problem have been treated classically, but let me here recapitulate
a few points of classical theory which will prove pertinent to the dis-
cussion later in this work. The circulation (or strength) of a vortex,

denoted by K, is defined by

g’,\"r‘- e = K. (1)
<
By Stokes's Theorem, this becomes
S(vxn‘:’)-ol? = K, (2)
s

where S is bounded by ¢. So we see that the curl of the velocity is
the circulation per unit area, or the vorticity.

In 1880, W. Thomson (Lord Ke]vin)] solved the hydrodynamic equations
of motion for the vortex. The exact nature of the solutions depended
on certain boundary conditions as well as the distribution of vorticity.
One particular case assumed a vortex in an unbounded, incompressible,
non-viscous fluid, with a uniform vorticity over a certain core radius,
a, and irrotational flow outside this region with no slip between.
That is,

—

— A
an;-:Zw:z_(,_)z’ Y(O.’ (3)
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Vx® = 0, v > a. (4)
This distribution predicts that the core area rotates like a solid body
with angular velocity & . The significance of Thomson's calculation
is that if this vortex is given a transverse perturbation, simple har-
monic vibrations result. This was the first prediction of self-induced
vortex waves.
The next major step in the development of classical theory of the

2’3. The Hamilitonian for an

vortex problem was a Hamiltonian formalism
array of rectilinear vortices is proportional to the interaction energy
of the array which is also the kinetic energy of the circulating fluid

h
th vortex form the it

to within a constant. The X,y coordinates of the i
pair of conjugate variables. This dynamical approach to the formalism
is for a two dimensional system. It cannot be extended to three
dimensions except for the special case of small oscillations of a
rectilinear vortex.

2. The Vorticity

One approach to the vorticity for a rectilinear vortex is to define

it by the circulation times a delta function

A

Vx o =K S(F-7) 2. (5)

Thus the delta function locates the vortex singularity. If the vortex
is subjected to a classical noise source, then x',y' may be taken as
Gaussian random variables. Using an appropriately normalized Gaussian

distribution function, the expectation of the delta function becomes

-t

<5-(\F‘-Y—‘")> = fj‘dx dy" §(F-¥") e . (6)
ﬂf

?



...V"’/(T"z
e .
o> (7)

—
1

where crz is the spread of the distribution. In this case then, we
see that the expectation of the vorticity distribution is just the
probability density for locating the vortex.

The classical foundation for this thesis is now laid. The quantum
theory of a vortex is discussed in Part I-B and the self-energy
(in a quantum description) is discussed in Part I-C. The results of
the calculations of this thesis are presented and discussed in Part
I-D,E,and F. Part II presents the details of the calculations, and
Part III is a summary.

B. Quantum Theory of the Vortex

1. Circulation Quantization and Consequences

The first to suggest the existence of quantized vortices was
Onsager4. He proposed that such quantized vortices would allow a super-
fluid to rotate, as well as providing a possible explanation for the
A -point transition (that when the vortices become concentrated to the
point of a connected tangle, the superfluid becomes normal). The rota-
tion problem for a superfluid is as follows (here I condense Feynmans):
suppose a "can" of solid helium (under pressure > 25atm at OOK) is
rotating. If the pressure is reduced, the solid melts and the liquid
rotates with the angular momentum given to the solid. The problem is
to find the state which minimizes the energy for a given angular momen-
tum. The conclusion reached by Feynman is that a discontinuous velocity
distribution is necessary, and that the maximum number of minimum

strength vortices produces the lowest energy state. The minimum vortex



strength is defined by

%F'd?=!&=n(—hﬁ), n=1, (8)
C

where h is Planck's constant and m is the mass per (helium) atom. The
maximum number of vortices possible is angular velocity dependent
since the curl of the velocity (2w) is the circulation per unit area,
i.e.,

2w - 2om 2.1 x ‘03 G Nortices

K h cmt (9)

The idea of quantized vortex motion has found a home with the
theory of another phenomenon, as well. Particularly, one sees the idea
arising for another "super" state, as the Abrikosov array6 for bulk
type-II superconductors.

This method of quantizing the vortex by assuming the strength to
be integer multiples of h/m is a Bohr-Sommerfeld type of quantization.
For the most part, then, any treatment of a vortex problem could be
handled by classical theories, with Planck's constant entering only
through the circulation. But given the type of Hamiltonian a vortex
possesses, if the axis of the vortex is localized, zero-point motion
fo]]ows7. And zero-point motion cannot be encompassed within any

classical theory.

2. Fetter's Quantum Theory

7
Fetter proposed a fully quantum-mechanical system for an incom-
pressible, non-viscous fluid with mass density (B by quantizing the
position of a fluctuating vortex. He assumed small displacements,

U, of the vortex Tine position in the X,y plane. By parameterizing the



deformation variable by the z coordinate, U(z), an extension to three
dimensions was allowed. From this point, the energy calculation is
analagous to the self-inductance calculation for a current-carrying
wire in c]assiéa] electromagnetic theory. Fetter then made a harmonic
approximation for the Hamiltonian, taking it to second order in U(z).
He identified the cannonical field variables for the 1th vortex as

proportional to the deformation,

9,@ = 4ok Uni(@), (10)
P @ =JpK uyi(@, (11)

where each vortex is assumed to have the same minimum strength, .
This produces an exact set of Hamiltonian equations
§H/8g.@ = -p, @, (12)
SH/Ep@ = ¢.@). (13)
These canonical variables Fetter interpreted as quantum-mechanical
field operators obeying Heisenberg equations of motion:
ih ¢, @)= [ @, H], (14)
h 3= | p, H]. (15)

And in order to correctly reproduce the equations of motion for the
vortex array, these operators are subject to the usual canonical

commutation relations

A2y = Lh.. -Z'). 16
[i;‘”’ PJ(Z)] LﬁSLJ $ (z-2) (16)
The translational invariance of this system is continuous along the .

7

z axis, but discrete in the x,y plane’. This anisotropy is reflected
in the commutation relations by the appearance of the two different
delta functions; the Dirac delta function of the z coordinate and the

Kronecker delta function of the lattice position variables in the x,y



plane.
C. Self-energy of a Single Rectilinear Vortex
in an Unbounded Fluid

The self-energy of the vortex core can be formulated as an inter-
action of two parallel vortex filaments, with a single quantum-mechanical
operator sufficient to describe each elementary length of filament.
Again, this is analogous to the self-inductance calculation of classical
electromagnetic theory. So after Fetter Fourier-analyzed his operators
(Part II-A.1), the self-energy was found by setting i=j for the
operators and averaging the interaction energy over the core of.radius

a, thus obtaining

H:—;:zz-_w(c)(ia?_( +P¢R—c>' (17)

Here the dispersion relation is given by

woy = & K -y, (18)

where K, is the zero-order modified Bessel function of the second kind
and € )(for Eq.(18) only) means
oy Nl
ria vr£qG
Now Fetter only approximated this dispersion relation for the
case a{< 1. McCau]ey8 has made an exact calculation, yielding

w©) = Fa(F - TeOKG), (19)

Ta*

where I] and K] are first-order modified Bessel functions of the first

and second kind, respectively. Eq.(19) must be taken with a grain



of salt at high frequencies because of its semi-classical origins.

However, this problem is ameliorated by the fact that it becomes

necessary to take an upper cut-off for the wavenumber, ﬁnax(Part II-A.2).
After several more transformations (Part II-A.1), the following

Hamiltonian is obtained

H= Z—_ A0 (N+m +N@ + 1) , (20)

{20

where N; and N_ can be identified as the number operators for quanta
of vibrations in either of two polarizations. These polarizations
correspond to vortex waves travelling in either the +z or -z direction.
An illustration of this helical arrangement is shown in Figure 1.

D. The Vorticity

1. The Distribution Function

] :

Fetter's model assumed8 a sectionally continuous distribution’ for
the ¢lassicat-vorticity, namely,
IxT = K (1— H (v, ) , (21)
a’L
%’ o , ri<a,
H(V‘,Q}z i , v>a. (22)

Classically, this is equivalent to a core in solid-body rotation.
It is at this point that I extend Fetter's work by assuming a quantum-

mechanical discrete vorticity, as first suggested by 0nsager4:

Vxir = K §(F-T@)n. (23)
The location of the vortex is given by Fetter's canonically conjugate

deformation operators and n is the local direction (see Fig. 1).
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no= (24 %)/«/1+ |5 (24)

Thus we are subjecting the vortex to a quantum noise, The average of
this directed delta function is interpreted as a vector probability
density for locating the vortex. Throughout this work, the local
direction is approximated to lowest order in W, since the harmonic

approximation requires the magnitude of bending to be small:

ANA d'ﬁ‘
nE R o (25)

A Fourier-expansion of this distribution function yields the two-

dimensional characteristic function:

—

-

Er RV, —hu@
;,a%z‘ ";,-k =;@ RO TS

The motivation for choosing this particular distribution function
is two-fold. First, it is the same form (sans direction) as one of the
pure state joint probabilities for non-commuting operators proposed by
Margenau and Hi]]g. Second, it can be shown (Part II-B), at Tleast for
a single mode of vibration, that this is Wigner's distribution.

2. Wigner's Distribution and Joint Probabilities

Wigner's distribution for canonically conjugate variables p and q

is defined]0 by

| C —igp/A
ffw(P»?’z?vL’éTL"”ze plg+n/2,0-n/0),  (27)

where ¢>(x,x') is the appropriate density matrix for the system. It
should be pointed out that the definition of Wigner's distribution as a

probability density is not unique. w1gner]1 has proven that, in general,
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one cannot define a non-negative joint probability distribution for the
eigenvalues q and p of quantum-mechanical operators a and 6. Margenau
and Hi]]g have shown that for some systems in a pure state, this distri-
bution takes on negative values. However, for oscillator type systems,
it can be shown that the thermal Wigner distribution is a non-negative
Gaussian in both p and q. Fetter's model with the harmonic Hamiltonian
falls into this category. Thus Wigner's distribution can be suitably
chosen as a joint probability density for our canonical non-commuting
operators.

3. The Thermal Average Distribution

The thermal averaging of the delta function distribution involves
an application of the Baker-Hausdorff formula (Part II-A.3), which yields

—>/ u®
A

W o= Z. (28)

L
LR
As expected, this result is Gaussian, the spread being the expectation of
the square displacement averaged over the z direction. We see that this
is the same result as is obtained by subjecting the vortex to classical
random noise (Eq.(7)). Unless a partial trace is taken, i.e., a maximum
wavenumber cut-off used in the calculation of the mean square displace-
ment (Part II-A.2), ¥ diverges and the distribution vanishes. In

fact, at a non-zero temperature, a Tower cut-off on the order of 2W/L
must also be taken in order that the distribution not vanish. These
partial traces must be taken despite the fact that a strict definition

of quantum field operators requires no Timits on the wavenumbers

(total traces). Also, an explicit calculation is made (Part II-A.4) to

show that the components of the distribution in the x,y plane do not,
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on the average, contribute.
E. The Velocity Distribution
The velocity is solved for from the quantum delta function distri-
bution (Part II-C.1), subject to the condition that the divergence of
the velocity is zero. The result obtained for the thermal average

velocity (Part II-C.2) is,
_y-"/_z'
(' _ <.u>) A

By =3 ¥ P (29)

where % is the azimuthal direction. For WS>JéIz} » the average velocity

is irrotational,

A

&y ~ 1‘% ? - (30)

For r<(1k;3} » the average velocity goes as the radius, indicating

rotation as a solid body:

Ky  a
<’V> 1’T<uz> 7- (31)

The curl of the zero-point average velocity for r<Kwkﬂ;} is

L

W
IYxLTY, ~ S o) £ (32)

This calculation verifies explicitly the proposal of McCau]ey8 that
the effect of purely quantum fluctuations is to smear out the vortex
singularity and give the appearance of a classical core. Thusllﬁﬁso
is identified as the core radius, a.

F. Kinetic Energy Density

The kinetic energy density, assuming a near-uniform mass density, is

€= (anr’“/z. (33)
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From the solution for the velocity Fourier coefficient (Eq.(105)), a

calculation is made for the average of v2.

The averaging process here
only involves a redefinition of the constants in the Baker-Hausdorff
formula (Part II-D.1). Since the maximum wavenumber, lﬁax must be
left finite to some extent, otherwise everything vanishes, I used Iﬁax

finite only insofar as it enters into the definition of a2,

Due to
the complex nature of the correlation, the energy density is found only
for zero temperature in order to simplify calculations. The result, in
the Timit of large wavenumbers, is that the velocities decouple (Part II-
D.2):

(), = o) KT, . (34)
Thus, the zero-point average kinetic energy density distribution

becomes:

g (&) (1 - e-\”/)

(35)
where a2 is the mean square fluctuation due to zero-point motion.
IT. DETAILS OF THE CALCULATION
A. Calculation of the Average Vorticity by
Assuming Wigner's Distribution
1. Transformation of Fetter's Hamiltonian
Fetter's Hamiltonian is
W= —ﬂ; W@ (9,7-¢ + P Pe) » (36)
g =naw/ L, n=9°,%t4 2. (37)

where L is the extent of the system in the z direction.

w0y = 32 (F ~ LK, @0). (38)



13

—i{z
.
2(2) =3y 2@. 2, , ")(e\ =30 52: e ])e (39)
20 40
A —sz _l_.
= 3L S_df e ¢ =3JC dee f(z). (40)

-0

[2(2), p(z')] = (h&(z-zy = [?C , Pe'] =ihd,, . (41)
Since the integral representation for the modified Bessel

function of the second kind that Fetter used in his development of

the Hamiltonian is strictly defined for {3 012, let the sum in the

Hamiltonian be restricted to non-negative wavenumbers:

H =%-ow(€) (‘Zc 7-¢ +P¢P-e)' (42)
To transform to self-adjoint, canonical operators, let

zc= Tae * iFL ! Po = P * i?/( ’ (43)
B 3z

e ™ Pe” Pe Pe= 90~ G0 - (44)
7 i VZ {

T ™ Ze ¥ Ce o P = P PP (45)
Iz 1z

[Zé)/j/e,]: [?;q)/z)zq] =Lﬁ (46)

Lo 2 )7 [peopud = Leeore) 2 Lo pe o w)

Z,¢ v Pie are odd functions of ¢ and,

P20 Pa¢  are even functions of £ .



2

_ L 2 2 *
H= 7‘%0 w(@(f,c‘*P,e t Tee +Pz£)'

et @O= g, +ipy s A% g+ (P,
Y24  ah

[Q_(@), Qj(()] = {a;e) , CLI(()] =1 : Bose creation and

annihilation operators.

o *» _
@ a_ = Nw, a,a = N(©.
H=2_ hwce)(N+<e) +N@© +1).

{30

2. Mean Square Deformation

%(23 JE iz | iz
U@ = Jox T Jene 24'@ e ~mze‘a (Gt )

:hﬁ‘—_ %o ( crafz Cae ~ 5('44(2/0,().

(2} -~z -ilz

R N N

L1

’/:(3—5{ %:O(Cod(z Eq t S‘;"&Ze)‘

W) _(SJ\Z ( gl(z) + PI(Z)X

+20

st

W = Pkt gdz(g @+p@) \DKLz(&?e*?:?)

E=<H) = IZ}O E, = (Z% hu) ch (phow)/2)-

14

(48)

(49)

(50)

(51)

(52)

(53)
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W) = (Jil_ z E /u(@ = @KL_ 2 coﬁ:((a’ﬁw(z)/z). (58)

£>0 20

= I/k T, T=°"K , kg™ Boltzmann's constant.
Cmax

p Cin™ 2W/L
— he (™ $8m
<wA) = e g dt = Fo~ = . (60)

3. Expectation of the Distribution

B SR TE R
(@,7 2 o e P e (W)
e —RTE
(W), =T e o : (62)
Z

- pH
Z‘Trep. (63)

Because the operators for each mode commute, a product of thermal

. - (61)

averages may be taken:

(Ny —WE_LXP_[— &= (’{’g"'Pm +?1€+Pze)]

120

2 2
exp [’i/‘x PR (c‘”h 0,5 smlz P;e) - ikﬂjﬁ—“—;‘ (Cod?zpzﬁslinfiflj-

= T T ean [B%620) explolpd sute (kg )
” EZ; —pwit)
axp[ Z (fu*]’c) I /(:»IC&QZ(%P;H/&X )] (65)
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Eq.(65) is the same form as a particular application of the Baker-

Hausdorff formula worked out by Weiss and Maradudin]3, namely

P+ «P +pQ P+ Q™ —4c wtc (<* +p?) T
e e = < e .
c=[2,Ql &(66)
1)'=1+';.'C(p+«(c5tc,) , Q'=Q+“|£c.(f5c6tc_-oc),

Let the following identifications be made:

5
1)l= L L;‘(n 31( ) Q:= ‘ :'e) (le ‘
Ez= Zm Pze , Q1'~' L-/E‘:.—(T) ‘Zze .
- (67)

oL, = 2k, simlz p = 2R stz

VP K L p wie) J(JKL(w(e)
«, = -2k, calz | p= 2k oz .

JPKRL puwlo JPRLpW® )

—pw (B h L@
¢ =C, = [ fn,z ) Q',’-] = -‘szg [ﬂ,z(' zl,zl] - _Lib'o—_ (68)
6, =TT Teawp (@2 @+ 2) >

Z
-iphw 2 2 2
e,xp[ —%T:.ﬁwt(ipﬁwcz)/z)(o(,’#p, +°‘1+sz- (69)

Since (Q,P) —>(Q',P') is a canonical transformation the

remaining Tr exp(Q1'2+P]' 2+Qé2+Pé2) cancels with Z.

(W): *'(L exp | “@uﬂ(pﬁwco@ W%’%—@] (70)
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(W), Te,xl:{qokL cétf\(M} ex?[ L{(/F\Z\Z oith ﬁwm)l (71)

(W), = exp (- 323> [4). (72)

—

kv~ Ra/Yy
2 e < .

(W), = -
\ g . RE -KW®N - ¥/
(W’)Z = (;;31 _,od & c e = ——e‘_,“m . (74)

4, Components of the Vorticity in the Plane

(R'F -27:-"4,« oy
\7\7=%e d {e u(z+§%)>. (75)

—
U

& W g
(‘»:;‘h)x)\d = <e, dz /. (76)

Because differentiation is independent of the thermal averaging process,

the planar components of the distribution may be represented so:

_RG - V. dT/d
\, ;9 e o z>. (77)

v'=0

Here the exponential operators may be combined because

- - oky y' / (42
[—ik-u —iv %] = ﬁ%%,e e [7 P *

‘&ux (-2
PRL 4 f e Lg, P |
= KL (&xs%x')% - o (78)

The solution to Eq.(77) involves redefining the constants used in



the Baker-Hausdorff formula, Eq.(67), in this way:

f - ’ ]
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-

a) = 2 (khysmlz +x'Canlz) , p = —z(ljsimfz +y U callz).

PR L p wi VPR L pwi)

{

YKL pw©) vV pPKL puto)

(-\'-";e)x,\j = iy —“- exp Ll‘DKLCM(M\WO) (B4 v'* 2)]

v'=o £20
(g = | i v [ 252 T Lo (252
Ry = |_oxp[ 5= TR T, ¢ ot (£552]

(SR etk (B557) ¢

B. Identification of Wigner's Distribution

i

O.

For a single mode of vibration,
Ha _: €z ~ch —ilz >
- (% Ry
\J{ = ;. e <exP P (A ?l FR'E(: c )

itz —hk, -il2 3
Let § (3KL. e ) 7 JPKE e

Z=J(IX s P‘J(DKL.LJ. T
AN PA’/’c

d, = 2 (- k, coalz +y'l smlz) BT 2(- A nla +x{sinl2).

r(79)

7

(80)

(81)

(82)

(84)

(85)



19

v = g%k;-_% e-;\gg(ﬁ C—;neie%(eagg/ﬁ +iﬂ'§/h>. (o6)
o P A BT e gl
. ey c-igze—;€7ﬁ c-iﬂe‘e% €+i§'2/z‘hx
<e, g ¢/H , izﬁ/f) o)

For a pure state, the expectation of the operators is:

igs/h iy p/
yle se% ”hh{)).

By inserting the identity, this becomes

ico/h  iyp/h L¢3/ inp/lh
yle st lyp = Z (wlef%2 lgD<¢'l e tF lpd.  (e8)
Since B/’ﬁ is the generator of infinitesimal translations in g-space

(Tikewise q/ﬁ for p-space),

= Z e <1p|z><<z sylp) . (89)

p L ~igge /e. -ippe s +igy/2h
Mﬁ‘P = 4% EE; 2 c e X
’ 5.2

7
PR <pleD<s tylyp). (90)

zl

v, = .E.KLZ t’zi’c 2—<‘{’li><f+7w)>x
§(g7h - ge /h +y/zh).  (91)
(2
-t pe /% —-:
vy T T T Nyl DGl



Now Tlet e-‘lzq—)q and eb!zp —>»p, then for a mixed state, and

neglecting the normalization Tr e'PH,

W, =

W, *

4o
KL

mh ) dye

-o)

EKL ¢
galvl e

2Th
o

—'nﬂ’/ﬁ -p

~in p/h

Tre

M
Vo~ /2> <q+y/zl.

_L*z’ <g'le H*WOM

8(g'-g-7/%)

4
- L —t’zP/‘h
W, T 1{175'1; Ldoz e <Z+7/z|(3|2-—z/1>.

-
i

]

We

ﬂ-d"dﬁ Wy T OpKL

-0

Rr —RE@
VxTJ*’= KZ e ‘ e z.
®
~ AP
o= z_ e V(T,a’(l))
®
LTT‘:\ —_
VXA = %:. e chx V.

$o0
PKL (1_1‘.—‘{) gdol e

-

-‘nﬁ/’ﬁ

PKL iw (g,P). 10

As a check, we see that

40

| [ ddy §,6.9) =

-

el tn/a, g-1/2)-

§5dZdP 1.G6,p ° 1.

-00

C. Calculation of the Average Velocity

1. Derivation of the Velocity Fourier Coefficient

20
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(95)
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(97)
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J] is the first-order Bessel function, M is Kummer's function,
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D. Calculation of the Average Kinetic Energy Density

1. The Averaging
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Here again, the only change necessary to solve Eq.(116) is a redefinition

of the parameters in Egs.(67):
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2. Fourier Inversion
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ITI. SUMMARY

As comprehensive as Fetter's quantum theory of the superfluid
vortex is, he did not indicate how one would go about obtaining a
quantum model for the vorticity, and from there the velocity and
kinetic energy density. By a simple extension of Fetter's work,
namely assuming Wigner's distribution for the vorticity with
Fetter's deformation operators as the quantum noise source, I
present here for the first time a quantum model for the vorticity.
From this model, the velocity around the quantized vortex is calculated.
Having obtained then a quantum model for the velocity, a thermal
averaging provided an explicit verification of the proposa]8 that
purely quantum fluctuations smear out the vortex singularity and
give the appearance of a classical core. From the velocity, a
quantum model of the kinetic energy density is obtained. It is also
found that for the average zero-point energy density the velocities

are uncorrelated.
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The quantum model for the velocity may bear several potential appli-
cations. In particular, a classical model for the velocity has been
used in the calculation of the mutual friction force (due to the
scattering of phonons) between the normal and superfluid components of
Hell. Pitaevskii16 has made this calculation in the Born approximation,
valid for distances from the vortex greater than the phonon wavelength.

17

Fetter™ has made the exact calculation, in the long wavelength limit..

In both cases, the scattering of phbnons does not probe the core. That
this calculation may now be done taking into account the quantum

fluctuations of the vortex, is a problem for future research. It is not
clear whether the effect of quantum fluctuations will be experimentally

measurable.
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