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Abstract

Hidden semi-Markov models (HSMMs) are a powerful class of statistical model that
have been applied to a wide range of areas such as speech recognition, protein struc-
ture prediction, Internet-traffic modeling, financial time-series modeling, and clas-
sification of music. Three basic problems of hidden Markov model inference are:
Computation of the likelihood, computation of the maximum likelihood-estimate of
the model parameters, and computation of the maximum a posteriori estimate of
the hidden state sequence. We address these inference problems for a set of models

closely related to HSMMs.

Our contributions are: (i) We extend the HSMM to allow observations to depend
not only on the current underlying hidden state, but on the next underlying hidden
state also. This extension can be used to model behavior whereby the observed data
gradually transitions between states, rather than abruptly. (ii) We formulate the
hidden portion of the model as a Markov renewal process. This allows us to naturally
perform inference on models with hidden events other than state changes, e.g., jumps.
(iii) We show that by augmenting the state space of our hidden Markov renewal model
(HMRM), we can perform inference on an even larger class of phenomena, including
models with stochastic volatility. Hence our HMRM can address three key areas of

modern financial time series: regime-switching, jumps, and stochastic volatility.

We develop algorithms to solve the three basic problems of inference for the HMRM.

We validate the algorithms by performing inference on simulated data.

We apply our model to two real-world datasets appearing in previously published

vii



analyses. The first dataset contains the log-returns of four European sector indices.
Specifications of the HMRM improve the modeling of the auto-correlation function
of squared returns compared to the HSMMs used in this first analysis. The second
dataset consists of weekly returns from a weighted portfolio of NYSE stocks. Another
specification of the HMRM gives improved volatility forecasts compared to the regime-

switching GARCH models published in the second analysis.

viil



Contents

1. Introduction

1.1.

1.2.

2.1.
2.2.
2.3.
2.4.

A Mixture Model . . . . . . ...
1.1.1. Formal Definition . . . . . . . .. .. .. ... ...
1.1.2. Inference . . . . . . . . . . ...
1.1.3. AnExample . . . . . . ...
A Hidden Markov Model . . . . . .. ... ... ... ... ... ...
1.2.1. Formal Definition . . . . . . . . ... ... ... ..
1.2.2. Inference . . . . . . . . ..

1.23. AnExample . . . . . . . ...

. A Hidden Markov Renewal Model

Two HMM Limitations . . . . . . ... ... . .. ...
Markov Renewal Process . . . . . . . . .. ... ...
Formal HMRM Definition . . . . . . .. ... ... ... ... ...
Inference . . . . . . . ..

24.1. Forward-Backward Algorithm . . . . ... ... ... .. ...

X

11
11
15
16
19
19
29



Contents

24.2. EM Algorithm . . . . . ... ... ... o 47
2.4.3. Viterbi Algorithm . . . . . .. . ... ... ... ... ... 50

2.5. Relation to HSMMs . . . . . . . . . .. ... 53
2.5.1. Characterizers of the HSMM . . . . . . .. ... .. ... ... 53
2.5.2. Literature Review . . . . . . . ... ... o0 o7

3. Some Examples of HMRM Based Models 64
3.1. Bridging-Means Sub-model . . . . . . . ... ..o 65
3.1.1. Efficient Computationofe . . . . . . .. ... ... ... ... 66
3.1.2. Optimizing Q.. . . . . . . . . ... 67
3.1.3. The Holding-Time Distributionn . . . . .. .. .. ... ... 70
3.1.4. Simulated Data . . . . . .. . ... o0 71
3.1.5. Inference . . . . . . . .. 74
3.1.6. Discussion . . . . . ... L 75

3.2. A Jump Sub-model . . . .. ... 75
3.2.1. The Observation Model ¢ . . . . .. ... ... ... ..... 76
3.2.2. Optimizing Q.. . . . . . . . . ... 76
3.2.3. Emphasizing Renewals’ Importance . . . . . . . .. ... ... 78
3.2.4. Simulated Data . . . . . ... ... o 78
3.2.5. Inference . . . . . . . .. 80
3.2.6. Discussion . . . . . . ..o 82

3.3. A Stochastic Volatility Sub-model . . . . . . ... ... ... ... 82
3.3.1. The Observation Model . . . . . ... ... .. ... ..... 83
3.3.2. Optimizing Q- . . . . . . . . . . . 84



Contents

3.3.3. Viterbi for the Augmented Renewal Sequence . . . . ... ..

3.3.4. Simulated Data . . . . . . . . ...,

3.3.5. Inference . . . . . . . ..

3.3.6. Discussion . . . . . . . ..

4. Applications

4.1. Modeling Autocorrelations of Squared Returns . . . . . . . . . . . ..

4.1.1. MLE Parameters . . . . . . . . . . . ...

4.2. Forecasting Volatility . . . . . .. .. ... oL

42.1. The AR(1)-SVHMRM . . . . .. ... ... ..

4.2.2. AR(1)-SV HMRM Forecast Formula . . . . ... .. ... ..

4.2.3. Comparison with Hamilton & Susmel . . . . . . . . .. .. ..

5. Conclusion

A. Derivations and Proofs

A.1. Mixture Model

A.1.1. Complete Data Likelihood, Posterior State Probability, Poste-

rior Expectation. . . . . . . ... oo

A.1.2. Optimizing Q, and Q. . . . . . . . . . . ... ... ... ...

A.2. Hidden Markov Model . . . . . . . . . . . . ...

A.2.1. Complete Data Likelihood, Posterior State/Transition Proba-

bilities

A.2.2. Optimizing Q, . . . . . . . . . .

X1

95
95
98
104
105
109
111

114

118



Contents

A.3. Hidden Markov Renewal Model . . . . . . . ... ... ... ... .. 125
A.3.1. HMRM Homogeneity . . . . . . . .. ... ... ... ..... 125
A.3.2. Forward/Backward Probabilities . . . . . ... ... ... ... 127

A.3.3. Complete Data Likelihood, Posterior Renewal/Sojourn Proba-

bilities, Likelihood . . . . . . . . . . ... .. ... .. .... 129

A34. EM Algorithm . . . . . ... ... 131

A.4. Bridging-Means Sub-model . . . . . . ... ... L 133
A.5. Stochastic Volatility Sub-model . . . . . . .. ... ... ... ... 137
A.6. Forecasting . . . . . . ... 139
A.6.1. Computing the Forecast Renewal Probabilities . . . . . . . .. 139

A.6.2. Forecast Distribution . . . . . . .. ... ... ... 141

A.6.3. AR(1)-SV HMRM Specifics . . . ... ... ... ... ... 142
Nomenclature 147
Bibliography 155

xii



List of Figures

1.1.

1.2.

1.3.

1.4.

1.5.

1.6.
1.7.

A directed graphical model representing the MM. The shaded nodes
represent observed values, unshaded are unobserved. Random vari-
ables are represented by circles, while diamond nodes are fixed, but
possibly unknown, parameters. The model parameters are a,e. . . . .
(a) The state sequence from an MM (b) The corresponding observation
sequence (c¢) Both sequences . . . . . ... ... L.
(a) The inferred parameters and state sequence using the data from
Fig. 1.2 (b) A comparison of the actual and inferred state sequences.

(a) A state sequence drawn from a Markov chain (b) The emitted
observation sequence . . . . ... ..o
A directed graphical model representing the HMM . . . . . . . . . ..
An illustration of the forward and Viterbi HMM algorithms . . . . .
(a) The inferred HMM and state sequence using the observation se-
quence in Fig. 1.4. (b) A comparison of the simulated and inferred

state sequences. . . . . ... L oL Lo

Xiil

16



List of Figures

2.1.

2.2.

2.3.

2.4.

2.5.

Histogram of word lengths in the English Linux dictionary
/usr/share/dict/words. Overlayed are the MLEs for the geomet-
ric and Poisson distributions. . . . . .. ... ..o
The first 7 renewals of a draw from an MRP, e.g. (z1.7,t1.7) ~
MRP(t1.k, Tk ks Mk, 20). oo oo oo
A notional representation of an HMRM. (This is not a valid directed
graphical model because the ¢, are random, so the structure is not fixed
[23, pg. 3]). Whereas the HMM in (see Fig. 1.5) emits a single ob-
servation x;, the HSMM emits a subsequence of observations xy, .4, , 1.
Each subsequence of observations is fully connected, indicating that no
independence assumption is made within each subsequence. The gray
edges represent our extension. . . . . . . ... ...
An illustration of the forward HMRM algorithm, and the Viterbi al-
gorithm. . . . . . . ...
An HSMM with Poisson distributed holding-times; unlike an HMM,
the width of each rectangle is not geometrically distributed. Here
we have set the diagonal of the transition probability matrix to 0, so
the system never transitions back to the same superstate. Each emis-

sion distribution assumes independence within the observation subse-

quence, so the rectangle heights are constant. . . . . . .. ... ...

Xiv

33

36

38

44



List of Figures

2.6.

2.7.

3.1.

3.2.

3.3.
3.4.

3.5.

3.6.
3.7.

An HSMM with Poisson distributed holding-times with a more elab-
orate renewal dependence structure than was used in Fig. 2.5. Again
we have used emission distributions that assume independence within
an observation subsequence. . . . . . .. ... ... ... L.
An HSMM with Poisson-distributed holding times. The emission dis-
tributions in this case do not assume independence of the observation
subsequence, rather these observation subsequences are draws from a
Wiener process with starting means at either 2 or —2. The parabolic
overlays are determined by the .1, .9 quantiles at the start of each

observation subsequence. . . . . . ... ... L

A renewal sequence drawn from an MRP with ¢, 7, and 7n;;, =
Pois(Ajr) asin (3.5). . . . ..o
An observation sequence realized from the bridging-means model (a)

without overlay (b) with overlay. . . . . ... ... ... ... ....

Simulated and inferred renewal sequences for the bridging model (3.1).

A realization of a renewal process with A = 20 as in (3.9) and 7 =
Pois(N). « oo
An observation sequence realized from the jump sub-model (a) without

overlay (b) with overlay. . . . . . . ... ... ... ... ... ...

25

57

71

73
75

79

80

Simulated and inferred renewal sequences for the jump sub-model (3.8). 81

A renewal process with Poisson holding-time distribution with param-

eter A =20. . . . . L,

XV



List of Figures

3.8.

3.9.

4.1.

4.2.

(a) An observation sequence realized from our stochastic volatility sub-
model. (b) With augmented sojourns overlayed. . . . . ... ... ..

Inference on the observations in Fig. 3.8a . . . . . .. ... ... ...

ACFs of squared log returns for 4 sector indices. “Bu” is Bulla’s
model, “IID” is our HMRM with emissions as in (4.1), and “BM”
is the bridging-means model of Section 3.1. . . . . .. .. ... ...
The MAP renewal sequence and variances of our 2-state AR(1)-SV HMRM
model (4.4) overlayed on NYSE weekly returns from July 31, 1962 to De-

cember 29, 1987. . . . . . . ..

xvi

113



1. Introduction

We develop a model we call the hidden Markov renewal model (HMRM). It is based
on a powerful class of models of called hidden semi-Markov models (HSMMs), which
are an extension to the popular hidden Markov model (HMM). Like their HMM
predecessor, HSMMs have been successfully applied to many areas such as speech
recognition, protein structure prediction, Internet traffic modeling, financial time se-
ries modeling, and classification of music. A longer list of applications can be found

in the survey by Yu [36].

As a prelude, we start with two well-known models of increasing complexity: the
finite mixture model (MM) and the aforementioned HMM. In the next chapter we

extend their potential applicability by introducing the hidden Markov renewal model
HMRM.

Each one of these model assumes that there are two processes. The first process pro-
duces a sequence of random values that are not observed. This unobserved sequence
of random values affects the second process, which produces a sequence of random
values that are observable. The behavior of both of these processes, the unobserved

and observed, is governed by a set of model parameters. In practice, these parameters
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are not known, and to be estimated.

The relationship among the random variables and parameters in these types of mod-
els can be depicted with a directed graphical model (DGM), also known as a Bayesian
network. DGMs are a powerful formalism that can be used to determine indepen-
dence properties of a model’s variables, thereby aiding in the derivation of inference
algorithms [3]. Our use of DGMs, however, will be restricted to providing notional
descriptions of the models. Fig. 1.1 on the following page depicts a DGM for a mix-
ture model. There, {si, s2,...sr} is the unobserved sequence, {z1,zs,... 27} is the

observed sequence. The unknown model parameters are o and e.

We will show in detail how to estimate both the model parameters and unobserved

sequence using the observed sequence.

Notation and Conventions

A complete listing of the notation, symbols, etc. used in this dissertation is given in
the nomenclature section at the end of the document. We mention the conventions

we employ and some of the most commonly used variable names in our introductory

models. First, we use “:” to compactly express a sequence or a vector, e.g., yi.;r =
{y1,v2, ..., yr}. We extend this notation to allow for multiple indices, e.g., for a m xn
matrix:
My - My,
Mimin =
M1 - My,
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Figure 1.1.: A directed graphical model representing the MM. The shaded nodes
represent observed values, unshaded are unobserved. Random variables are repre-
sented by circles, while diamond nodes are fixed, but possibly unknown, parameters.
The model parameters are a, €.

We denote s1.7 as the unobserved sequence; we sometimes call this the hidden state
sequence. The observed sequence is xi.r, it is said to be emitted from the hidden
state sequence, so the observations are sometimes called emissions. Each s; takes a

value in the state space, {1,..., K}.

We denote the complete set of a model’s parameters as 6; this is an aggregation of
multiple sets of parameters. For example in an MM, the parameters «q.x describe
the distribution of the state sequence, and 1. describe the distribution of the ob-

servations (see Fig. 1.1). So for an MM, 0 = {ay.x,e1.x}. We frequently omit the
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parameter set # when it does not affect a derivation.

name | meaning

S1.1 The hidden state sequence, s; is the value of this sequence at time ¢.

T1.7 The observation sequence, x; is the value of this sequence at time .

T The number of observations.
The number of values each s; can take, i.e., s; € {1,..., K}.
0 The complete set of model’s parameters.

We employ a convention of using Greek letters to name the model parameters. Capital
Roman letters are used to name variables used in the EM algorithm!. Script letters
are used in the Viterbi algorithms. We use a hat to denote a maximizer, e.g., 6
is the value that maximizes p(zq.r;60) over . Finally, although it is not always
possible, we try to use names that correspond to their meaning, e.g., 1.5 are the
emmissions distributions, ¢1.x is the initial distribution, 71.x1.x are the holding-time
distributions, 71.x 1.x is the transition probability matrix, F} is a forward probability,

Bj is a backward probability, and S;,‘f, is a posterior sojourn probability. These terms

are explained in the coming sections.

We adopt the same compact notation for expressing probabilities, densities, and mass
functions that is use by Gelman et al. [14, pg. 6]. An expression of the form p(-|-)
denotes a conditional probability distribution with the arguments determined by the
context; similarly p(-) denotes a marginal distribution. We use the terms ‘distribution’
and ‘density’ interchangeably; we do this for ‘distribution’ and ‘mass function’ also.

This allows us to us the same notation for continuous density functions and discrete

'The only exception is in the HMRM, where ¢ is forward sojourn probability, and 3 is the backward
sojourn probability.
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probability mass functions. To distinguish parameters from random variables, we
place parameters to the right of a semi-colon, e.g. p(xy|s;; ) is the distribution of x;

given s; under the parameter set 6.

Specific probability distributions are denoted by a leading calligraphic character, e.g.
N (p,0?) is a normal distribution with mean p and variance o?. We denote the
density or mass function of a distribution D(#) by fp(x;0). When a random variable
x is distributed according to D, we write x ~ D. A distribution used frequently in
our models is the categorical distribution, Cat(c.x). It is defined for all probability
vectors aq.x, i.e., the elements of .k are non-negative and sum to one. We say that
x ~ Cat(an.k) if p(v = k) = ag for k = 1,..., K. When K = 2, the categorical

distribution reduces to the Bernoulli distribution.

Frequently and implicitly we use three results from elementary probability theory:
The equivalent definitions of conditional independence, the chain rule of probability,

and the law of total probability. A short review of these results follows.

We say, “a set of random variables A is conditionally independent of a set of random

variables B, given the set of random variables C” if any of the following hold:

p(A, B|C) = p(A|C)p(B|C) +=
p(A|B,C) = p(A|C) <=

p(BJA,C) = p(B|C)

In such cases, we use the notation A_l B|C' to express the indicated conditional

independence. For example, Theorem 1.1 states that in a hidden Markov model
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T1p-1, S1:-1L 207, Sey1er|se. This is done by showing that p(zir, siy1r|T1e-1, 814) =
P(Ter, Se1:7|S¢).

The chain rule of probability (CRP)
p(A, B) = p(A|B)p(B)
is generalized to read:

N
p(Alv"'7 H A |A1n 1
n=1
The law of total probability (LTP) says that the marginal distribution of a set of
random variables A can be obtained by summing over all possible values of set of

discrete random variables B

ZP(A, B) = p(A)

B

and in the case where B are continuous:

/B p(A, B) = p(A)

When we apply this rule we say that B has been summed out, or integrated out,

respectively. We may say B has been marginalized out to include either case.



1.1 A Mixture Model

Chapter Outline

The next two sections present the MM and HMM. In each of these sections, we first
describe the generation of the hidden state sequence s;.;r and observation sequence
x1.7. We present plots that contain nearly all of the information used to generate the
observation sequence. We formally define each model by specifying its probabilistic
independence structure. We show how the EM algorithm, which is particularly suited
to problems with unobserved values [8], can be used to estimate the model’s parame-
ters. We present an algorithm that estimates the hidden state sequence. We conclude
each of these sections by demonstrating the model’s and corresponding algorithms’
feasibility. This is done by simulating data according to the model and estimating
the parameters and hidden state sequence using the simulated observation sequence.

In the next chapter we introduce the HMRM.

1.1. A Mixture Model

In a finite mixture model [29], the hidden state sequence is generated by iid draws

from a Cat(ay.x) distribution:
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We call a1.x, the state distribution. Consider a mixture model with K = 3 possible

states, T' = 50 observations, and state distribution:
arg = ( 0.2 0.3 05 ) (1.1)

The first 10 elements of a state sequence drawn from this model are

2,1,3,3,1,1,1,2,2,3, . ..

This state sequence is depicted in Fig. 1.2a on page 10. At each time t = 1,...,50,
there is a rectangle whose color corresponds to the value of s;. For example, since
s1 = 2 the left-most rectangle is green. The next rectangle is red, since sy = 1, and so
forth. We will discuss the other elements of Fig. 1.2a, namely the rectangle heights

and vertical positions, shortly.

Now we describe how the observation sequence is generated, and how it is affected
by the hidden state sequence. Besides the state distribution .k, the other set
of parameters in a mixture model are K probability distributions, called emission
distributions (or observation distributions). These emission distributions are denoted
by e1.x. Once the state sequence si.r has been generated, each x; is drawn from the

distribution ¢,,, i.e., if s; = k, then x; ~ g, where g, = N (s, o2).

The observation sequence in Fig. 1.2b was generated from the state sequence depicted

in Fig. 1.2a, and emission distributions
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E13 = ( N(6,22) N(0,3%) N(-8,4%) ) (1.2)

We now address the rectangle heights and vertical positions in Fig. 1.2a. The bot-
tom and top of each rectangle are the first and third quartiles of the corresponding
emission distribution in (1.2). The vertical center of each rectangle is the mean of the
corresponding emission distribution in (1.2). Fig. 1.2c combines the state sequence
depicted in Fig. 1.2a with the observation sequence depicted in Fig. 1.2b. It contains
all the information about the parameters of this model and the sequences it generated,

with the exception of the state distribution aq.3.

We will present many figures like Fig. 1.2c. These images of rectangles provide an
intuitive way of thinking about these models and will provide a visualization of the

more elaborate models to be introduced in the sequel.



1.1 A Mixture Model

[ Mo oMo O 0 O HEE [

0 10 20 ; 30 40 50

s: 11720713

(a) A state sequence drawn from an MM with a;.53 = ( 0.2 03 0.5 )

0 10 20 30 40 20

(b) An observation sequence generated from the state sequence shown in (a), and the
emission distributions specified in (1.2) on the previous page.

10-
5_
+ 0_
8 T
_]_0_

0 10 20 30 40 50

t
S 12 3

(c) The state sequence with the observation sequence. Compared to (a), we have removed
the outline of each rectangle, and added a line through the rectangles to indicate the
mean of the corresponding emission distribution.

Figure 1.2.: (a) The state sequence from an MM (b) The corresponding observation
sequence (c) Both sequences

10



1.1 A Mixture Model

1.1.1. Formal Definition

The MM is formally defined by equations (1.3). Given s;, each x; is distributed

according to the emission distribution indexed by s;. And each x; is conditionally

independent of all other variables in the model.

Telsy o~ e for [t=1,..

T A S\t; .’I’\t ‘ St for [t:l,...

Here v\; means all variables in the sequence vy.r, excluding the tth

vi.r\{v:}. The s1.r are iid according to a Cat(a;.x) distribution.

sg ~ Cat(og.k) for [t=1...

St J_l_ S\t fOI‘ [t:l,...

7] (1.3a)

] (1.3b)

value, i.e., v\, =

7] (1.3¢)

] (1.3d)

The complete set of mixture model parameters is § = {e1.x,@1.x}. The emission

distributions £1.x need not be normal, although in this dissertation they will either

be normal or a variant of the normal distribution.

1.1.2. Inference

We generated the observations in Fig. 1.2b using the parameters specified in (1.1),

(1.2), and the state sequence in Fig. 1.2a. In actuality, we want to do the reverse:

we have only the observations, and want to estimate the model parameters and the

hidden state sequence producing the observations. We recover the model parameters

11



1.1 A Mixture Model

by finding a value that (locally) maximizes the likelihood of the observed data. That
is, we find the 6 that maximizes p(z1.7;#). Such a 6 is called a maximum likelihood

estimator and by convention is denoted by:
6 £ argmaxp(rir;6)

Dempster et al. [10] showed that the iteration (1.4) converges to a local maximizer of

p(z1.7;0). This iteration is known as the expectation maximization (EM) algorithm .

it arggnaxEShTm:T;@(n) [log p(z1.1, $1.7;0)] (1.4)

The subscript on the expectation operator indicates that the expectation is to be
taken under the posterior probability p(31:T|x1:T;0(”)). Because the state space is

finite, this expectation can be written as a sum over all possible state sequences:

E51;T|11;T;9(") [IOgP(J/‘l:Ta S1:.17; 9)] = Z logp(xlva 51T 9)p(81;T|$1:T; ‘9(”))
s1:T
Given the model parameters, we can compute the posterior probability of any state
sequence, i.e., p(sy.r|xy.r;0). We will see that for a mixture model, it is straightfor-
ward to find the state sequence that maximizes this probability. This state sequence

is known as the mazimum a posterior (MAP) estimate.

12



1.1 A Mixture Model

1.1.2.1. EM Algorithm

In order to apply the EM algorithm we must find an expression for the expectation

n (1.4). The complete data log likelihood (CDLL) can be expressed:

T T
10gp($1;T,81:T, = Z 0og fest (xt) + Zlog U, (1-5)

t=1 t=1

/

The expression we derive for (1.5) is based on the posterior state probabilities; e.g.
the probability that s, = k after having made the observations x1.7. We denote this

probability as A%, and find:

A2 (s = by 6) for [i2y74]
noy T () oy

S fam () oé")
J

The expectation of each summand in (1.5) is

K
A.3
B, rlorzom [longSt (ﬂit)] = > log f., (z4) A}, for [t=1..7] (1.6a)
-1
(A.3) K '
B, rlorzom logas,] = ZlogakAk for [t=1,..7] (1.6b)

k=1

so the expectation can be written:

—~
ot

P K T
(1.6)
By plerro logp(zir, sir;0)] = > log fop () AL + Z log vy, Z Al (1.7)
k=11=1
2Qc(e1:1;0™) 2Qa(a1:x;0(M)

13



1.1 A Mixture Model

We note that the quantities A% are computed using the EM algorithm’s previous
iteration’s parameter set, 0 = {ag})(, 55"}( , which is to be distinguished from 6 =

{ar.k,e1.x}. The value of § = {ay.k, 1. } that maximizes (1.7) becomes 1),

In (1.7) we have defined Q. (e1.x;60™) and Qu(a1.x;0™). These two quantities parti-
tion the expression into two summands. Because Q. (c1.x;0™) does not contain any
a terms and Q,(o.k; 9(”)) does not contain any € terms, maximizing each separately

maximizes the entire expectation (1.7). The maximizer for Qq(ay.x; ™) is:

T_ At
an (\\:4) z:t_jik: for [k:l,...,K] (18)

The maximizer for Q.(e1.x;0™) is depedendent on the distributional assumption of

e. In the specific case of the normal distribution, & is N'(fix, 67) with:

, T t

L (Asa) g TRAY

i = S for [kt
21 Al

) . T A ZAt

52 (A.5D) i (e — )" Ay,

k T t
21 Ay,

for [k=1,..K] (1.9)

Equations (1.8) and (1.9) are called update formulas. Together with (A.2), they form

the essential part of the EM algorithm for the MM.

One iteration of the EM algorithm amounts to computing &1.x,é1.x under the pa-

rameter set 8, and then setting:

9(n+1) — {641:1(7 é\I:K}

14



1.1 A Mixture Model

1.1.2.2. MAP State Sequence

Because of the MM’s independence properties (1.3), the MAP sequence §;.7 is easily

found. The posterior of s.7 factors as follows

1) (1.3b) &
X p(seze)p(zy) o HP(St|$1:T)

1 t=1

(4

=

p(81:T|I1:T)
t

and so each s; can be maximized separately. The maximizer §; is simply the state

that yields the maximum posterior probability:

A

8 <+ argmax Al for [t=1,...7]
k

1.1.3. An Example

We apply the aforementioned procedures to an observation sequence. Fig. 1.3a is
based on the parameter values and state sequence resulting from the inference algo-

rithms applied to the data from Fig. 1.2b. The inferred parameters are

Q1.3 = <0.37 0.43 0.2)

€13 = <N(5.44,1.872) N(—2.14,2.3%) N(—9.97,1.932)) (1.10)

Fig. 1.3b permits a comparison the simulated and inferred state sequences.

15



1.2 A Hidden Markov Model

0 10 20 30 40 o0

(a) The data from Fig. 1.2 with the inferred parameters and state sequence overlayed. The inferred
parameters are in (1.10).

1- & S ‘wm - o= - & & 8 —
w2- S Jddaua"Hdiddeae "E TEEwEm =
3- omm 8 ol 8§ JdiEldliea oo 8 8

0 10 20 ; 30 40 50

w= inferred == simulated

(b) Simulated vs. inferred state sequences.

Figure 1.3.: (a) The inferred parameters and state sequence using the data from
Fig. 1.2 (b) A comparison of the actual and inferred state sequences.

1.2. A Hidden Markov Model

The difference between the MM and HMM has lies with the hidden state sequence.
The MM assumes that the elements of sq.7 are iid, whereas the HMM assumes that
s1.r is drawn from a finite state Markov chain [30]. After defining a finite state Markov

chain, this section proceeds analogously to Section 1.1.

Suppose we have defined for each t € N = {1,2,...} a random variable s; taking

values in {1,..., K'}. The process {s;}ien is said to be a Markov chain with state

16



1.2 A Hidden Markov Model

space {1,..., K} provided that

p(sipr = k|s1) = p(siy1 = klsy) for {2?{11 K}} (1.11a)

-----

Equation (1.11a) is known as the Markov property. We assume that {s;}sen is time-

homogeneous, that the RHS of (1.11a) does not depend on t.

Tk = p(serr = klsp =) for {igﬁ """ Iéﬂ (1.11b)

.....

The probabilities 7y.5 1.x form the transition probability matriz (TPM). In this dis-

sertation, we assume that s; is distributed according to an initial distribution, t1.x:
w2 p(si=k) for [ke{1,..k}] (1.11c)

An MC is parameterized by its TPM and and initial distribution. If si.7 is drawn

from a process satisfying (1.11), we write
st MC(LLK,TLK,LK)

Fig. 1.4a on the following page shows a state sequence drawn from a Markov chain

with the following parameters:

0.90 0.05 0.05
t1.x = 10.20 0.30 0.50 Ti.k1:k = [0.10 0.10 0.80 (1.12)
0.10 0.80 0.10

17



1.2 A Hidden Markov Model

Once the state sequence si.7 is generated, the observation sequence xy.7 is produced
in the same manner as in the MM: each z; is drawn from e,,. Fig. 1.4b shows

an observation sequence generated using e1.x below, and the state sequence from

Fig. 1.4a.
crx = | N(6,32) N(0,42) N(—8,5?) (1.13)
1g—
0- 00 MOMmmooo 00 0 00000 [OIDm ooono
10-
-15- I I I I I
0 25 5? 75 100

ss L1213

(a) A state sequence drawn from MC(i1.x,71:K,1:k ), With parameters as in (1.12).

0 25 50 75 100

St . 1 2 3

(b) Observation sequence generated using €1.x as in (1.13), and the state sequence as in (a).

Figure 1.4.: (a) A state sequence drawn from a Markov chain (b) The emitted
observation sequence

18



1.2 A Hidden Markov Model

1.2.1. Formal Definition

Equations (1.14) characterize an HMM. Given the state sequence, the observations
are distributed as they are in the MM. Each observation is conditionally independent

of all other variables given knowledge of its state. Stated succinctly, we have

Telse o~ gy, for [t=1,..7] (1.14a)

xy A S\ty T\t | St for [t:l,...,T] (114b)

In the MM definition (1.3), the s;.7 are independent and identically distributed ac-
cording to Cat(cy.x). Whereas in an HMM, s;.r adheres to (1.11). And in this case

we write:

Su.T ~ MC(LLK?TI:K,LK) (114C)

The entire set of HMM parameters is 0 = {e1.x, t1.x, T1: 1.k }-

1.2.2. Inference

As one might expect, inference of both the parameters 6 and the hidden state sequence
s1.7 is more complicated than it is in the MM case. Because the states si. are not iid,
the posterior state probabilities p(s; = k|x1.7;6) are no longer efficiently calculated

as simply as in the MM case, i.e., (A.2).

Baum et al. [2] presented a computationally feasible method for computing these
probabilities. Their algorithm has become known as the Baum-Welch algorithm, or

the forward-backward algorithm [28].
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1.2 A Hidden Markov Model

We present a theorem that states: Given knowledge of s;, all the model’s random
variables before time t are conditionally independent of all the random variables
after (or at) time ¢. We appeal to this theorem frequently as we derive the forward,

backward, and other inference algorithms.

Theorem 1.1. The following conditional independence property holds in an HMM:

Ti4-1,S14-1 AL Ter, Serrr | St (1.15)

Proof. We apply the chain rule of probability and the independence properties of the
HMM:

p(-rt:Ta St-i-l:T’xl:t—la S1:15)

(CRP)

:‘ p(ajt:Tlxl:tfla Sl:T) p($t+1:T|$1:t71> Slst)

(CRP) T T

= HP(%|$1:u71,81;T) H P(Su|T1:6-1, S1:u—1)
u=t u=t+1

(L.14b)  p T

(1.11a)

:l Hp(xu|3t:T> H p(8u|8t:u—1)
u=t u=t+1

(CRP)

= p(:):t;T, St+1:T|3t)

]

In the parlance of DGMs (e.g., see [3]), Theorem 1.1 is equivalent to saying that s;
blocks, or d-separates, any path between s1.;_1,x1.4-1 and s;y1.7, xer. Fig. 1.5 shows

the DGM for an HMM.
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1.2 A Hidden Markov Model

S1

S92

) 4

Figure 1.5.: A directed graphical model representing the HMM

Consider the computation of the posterior state probabilities, p(s; = k|x1.r). These
probabilities are of intrinsic interest; we may wish to know what state the system was
in at time t. They are also needed for the EM algorithm. Using Theorem 1.1, it can
be shown that (e.g., see Zucchini and MacDonald [37, (4.10)]):

A Dt At
7Bk 7Fk

(A.7)
p(St = k?|$1:T) X p(xt:Tlst = k?)p(st = k?7$1:t—1)

This probability is proportional to the forward and backward probabilities. We will

show that all of these probabilities can be computed in O(T K?) time.

Forward Algorithm The key insight the forward algorithm exploits is that the
forward probability F} £ p(s¢ = k,x1.4-1) can be computed from the previous forward

probabilities FI}. The algorithm starts by setting

Flcl — g for [k=1,..K]
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1.2 A Hidden Markov Model

Then for t = 2,...,T, we apply the following identity

F, & p

—~

St = k,l'l:tfl)

p(s =k, St—1 = J, T1:4-1)

I
W

<.
Il
—

=
&)
M=

P(St = kystfl =7 xl:tfl)p(xtfl‘stfl = j7$1:t72>p(3t71 =7 371:t72)

<.
Il
-

I
Nk

P(St = k?|3t—1 = j)p(l"t—ﬂst—l = j)p(st—l =7, xl:t—?)

.
Il
=

|
N

Tikfe, (1) F} 7 (1.16)

<
I
—

and set
K
Fy  « ZTj,kfaj (xt—l)Fj?_l for [k=1,..K]
j=1

The forward algorithm executes in O(TK?) time; there are O(T'K) many forward

probabilities and each requires a sum of K terms.

Fig. 1.6 on the next page illustrates the forward recursion. The black node represents
si11 = k. There are K' many paths to the black node; computing the probability of
this many paths is intractable. Any path to the black node must pass through one of
the blue nodes. So once we know the probability of each blue node, the probability
of the black node can be computed by summing over just the blue nodes — the gray
nodes need not be considered. This explains why the forward algorithm is relatively
more efficient. The lines following the nodes represent a recursion of this figure; i.e.,

the forward probability corresponding to each node was computed just as the forward
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1.2 A Hidden Markov Model

probability corresponding to the black node is computed in this figure. The following

is the correspondence between the computation of F/™' and the trajectories shown in

Fig. 1.6
K
Flz—H = ZTijij (.Tt) X F}t
S—~— j=1 ~~
black node black line blue node
K L4 L ® |
k [ @ @ ® |
©
=
2 L4 ® ® |
1 ® L ® |
1 9 ... t—1 t t+1

time

Figure 1.6.: An illustration of the forward and Viterbi HMM algorithms
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1.2 A Hidden Markov Model

Backward Algorithm Like the forward algorithm, the backward algorithm com-
putes the backward probabilities using previously computed values. The backward

algorithm, however, starts at 7" and goes backwards in time. It starts by setting:

Béi —  ex(rr) for [k=1,..K]
Then for t =T —1,....,1, we apply the following identity
By £ plaerls =)
(1.15) _ .
=" playse = J)p(Tegrr|se = )
K
= pladse = j) ZP(@H:T, Ser1 = kst = 7)
j=1
(CRP) K
= plxilse = j) Zp($t+1:T|5t+l =k, 50 = J)p(se41 = jlse = j)
j=1
(1.15) K
=" plxelse = j) Zp(xt+1:T|5t+1 = k)p(si41 = kls; = j)
j=1
K
fsj (xt) Z B;+1Tj’k
j=1
and set
K
B; — fsj (It) Z B§+17—j,k for [j:1,...,K]
j=1
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1.2 A Hidden Markov Model

1.2.2.1. EM Algorithm
Recall the EM algorithm (1.4). In the case of the HMM, the CDLL is:

(A.¢
= og feo, () +1og Ls, + Zlog Tor 1,50 (1.17)
t=2

logp(xlzTu Sl:Tv

IIM’ﬂ

In addition to the posterior state probabilities AKX the EM algorithm requires the

posterior transition probabilities. They are defined:

t A . (n) t‘=1 ..... T
Nj,k = p(se = k|si—y = j, w17, 0") for j=L Ilg
The expectation of each summand in (1.17) is
o K
Eq, a0 [log feo, (74) } = ) log f. (z:)A for [t=1...7] (1.18a)
k=1
) K
By oo l0gs] =" ) logu Ay, (1.18b)
k=1
A3 KLE .
ESLTMI:T;@(M [1OgTst,st+l} = ZZlogTj,kvak for [t=2...7] (1.18c¢)
=1 k=1

Combining (1.17) and (1.18), the entire expectation can be written:

Esle\th;g(n) [10gp($1:T, S1.T; 9)]

K K K
— ZZIogfgkxtAt—l—ZlongAlﬁ—ZZlogTijNjk
k=1t=1 k=1 =2

j=1k=1

£Qc(e1:x;0M) 2Q.(v1:x;0(M) 2Q-(T1:k,1:5;0()

Because none of the parameters {e1.x, (1.5, T1.x1.5 } are shared among Q. (€1.x; H™),
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1.2 A Hidden Markov Model

Q.(t1:x;0™), Q- (1. K1LK; 6(™), maximizing each separately maximizes the entire ex-

pectation. The maximizer for Q,(t1.5;60™) is:
.~ (AL
bk = A for [k=1,...k] (1.19)

The maximizer for QT(leK,lzK; Q(n)) is

T ATt
~ (A.9) thz Nj,k j=1,...K
Tik = K T for 1127k (1.20)
D=1 2ot=2 N;,l [ }
Since Q.(e1.x;0™) is the same expression as in the MM case, the maximizers &;, are
also the same. See e.g., (1.9) for the case where 1. are normal distributions. One

iteration of the EM algorithm amounts to computing i1.x, 71.x1:. Kk, €1:x,1:x under the

parameter set 8, and then setting:
ot {1k, ki, €1k )

1.2.2.2. MAP State Sequence

Unlike the MM case, the sequence of states with maximum a posteriori probability
cannot be obtained by simply maximizing p(s;|x1.7) separately for each s;. This naive
approach often leads to a state sequence very similar to the maximizer of p(sy.7|x1.7)

[37]. However, such an approach can also lead to an impossible sequence (see Rabiner
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1.2 A Hidden Markov Model

[28]). As an example, consider:

1/3 0 5 .5 N(~1,1)
s =1 1/3 |, T3 = .5 0 5 [, ci3= | N(0,1)
1/3 5 5 0 N(L,1)

Then if 215 = {—1, =1} is observed, A% = .45, A} = 42, A, = .13 for each t = 1, 2.
Since A! is the maximum of A! . for each of ¢t = 1,2, the naive approach with these

parameters and observations leads to 81.5 = {1, 1}, which is impossible.

The Viterbi algorithm [13] is a dynamic programming algorithm that computes this
optimal state sequence. First we define .Z} to be the maximum a posteriori proba-

bility of all state subsequences s1; that end with s, = k:

M = maxp(s; =k, S14-1|T1.7) for [22:117;{} (1.21)
S1:t—1 7
Similarly to the forward algorithm, we compute .#} efficiently by using the previously
computed values ./ ;}. We define %/~ to be the value of s;_; in (1.21). Equation
(1.22) shows how .} and .#/~! can be computed using the previously computed
values |}

t A =1,...
My, = g??)fp<3t:k>51:tfl|xl:T) for [tzl

-----

= max maxp(st =k,s1 =7, Sl:t—2|$1:T)
7=1,...,K S1:t—1

LY max max (st = k|si—1 =7, s T1T)

j:LMKSMiZP t t—1 = ], S1:t—2, T1.T

X p(St—l =1, S1:t—2|$1:T)
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1.2 A Hidden Markov Model

(1.15) .
= Inax p(st = k|si—1 = j, x11)

X glfxxp(st 1= J, S1-2|T17)

t—1

= max Ai’k ///t_l (1.22)

t—1

. _ A i,k _

with 7' £ argmax —9=r. 2"
=1,k A

t.
J

So the algorithm begins by setting
My ik for [k=1,..K]

then for each t = 2, ..., T, .} is computed according to (1.22), the value of j in this

equation is stored in .

Nk
M Jmax fit M for [rk=1...K]

N
S argmax At ///t for [k=1...K]
Jj=

Once . and .7 ;' are computed, we set .#7 « argmax, .#. Then the MAP
state sequence 3.7 is constructed in reverse order, starting with 37 < .#7, and then

foreacht =1T,...,2, §;_1 < 5”;;1.

The Viterbi algorithm shares the same structure as the forward algorithm. It can be
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1.2 A Hidden Markov Model

related to the nodes and lines in Fig. 1.6 on page 23 as follows:

t+1 _ __ b t
A = om0 A
black node ~—~— blue node

black line

1.2.3. An Example

Fig. 1.7a on the next page shows the result of our HMM inference algorithms ap-
plied to the simulated observation sequence in Fig. 1.4a on page 18. The inferred

parameters are:

0.00 N(5.5,3.22)
l1:3 = [1.00 €13 = | N(-0.9,2.7%)
0.00 N(—8.7,2.42)
0.90 0.00 0.10
Ti:31:3 = [0.00 0.30 0.70 (1.23)
0.30 0.60 0.10

Fig. 1.7b shows the actual and inferred state sequences.
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1.2 A Hidden Markov Model

-15- I I I I I
0 25 50 75 100

(a) The observation sequence from Fig. 1.4b. The colored rectangles are based on the inferred pa-
rameters and state sequence. The inferred parameters are specified in (1.23) on the preceding

page.

1- - - SN N S @
$2- §8 omelill Fee wva ofe 88 SEGPE88.8
3- 88 88 8de SebdE §8 888 S°ssssss
0 25 5'% 75 100

we inferred == simulated

(b) Simulated vs. inferred state sequences.

Figure 1.7.: (a) The inferred HMM and state sequence using the observation se-
quence in Fig. 1.4. (b) A comparison of the simulated and inferred state sequences.
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2. A Hidden Markov Renewal
Model

Hidden Markov models have two major limitations. We develop a model that ad-
dresses these limitations by using a Markov renewal process (MRP) in place of the

HMM’s Markov chain. We call this model a hidden Markov renewal model (HMRM).

The HMRM is based on a class of models, which also address these HMM limitations,
called hidden semi-Markov models (HSMMs). These models are based on an hidden
semi-Markov process (SMP). In contrast to most (if not all) HSMM authors, we
explicitly develop our model as having a hidden Markov renewal process — the term
“semi-Markov process” does not appear in our development. The primary reason for
this decision is that, compared to an Markov renewal process, the associated semi-
Markov process loses information. In particular, an MRP retains the times of all
state changes, including times where a state transitions to itself. Such self-transitions
are lost when an SMP is used. By exploiting these self-transitions, we can naturally
model behavior other than state changes, e.g., the Jump model we present in Section

3.2 and the Stochastic Volatility model of Section 3.3. Our formulation progresses
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2.1 Two HMM Limitations

naturally from the HMM because the MRP is characterized by a property similar to

Markov chain’s Markov property.

The HMRM extends the capability of the HSMM by allowing observations to depend
on adjacent (super)states!. This, for example, allows us to model behavior where
the observations transition gradually, rather than abruptly, between states. We do
this with our Bridging-Means model of Section 3.1. To our knowledge, previous
incantations of the HSMM have only allowed for observations to depend on a single

(super)state.

The next section elaborates on the aforementioned HMM limitations and describes
how they can be rectified by the HMRM. After defining and describing the MRP, we
formally define the HMRM and show how we can perform inference for this model.
We conclude the chapter with a section on hidden semi-Markov models (HSMMs)
and relate the HMRM to some HSMMs we encountered in the literature. In the next

chapter we specify some sub-models of our HMRM.

2.1. Two HMM Limitations

HMDMs exhibit two major limitations. The first is the modeling of the holding-time,
which is the contiguous amount of time spent in a state [28]. The holding-time is

equivalent to the width of the rectangles in e.g., Fig. 1.4b on page 18. As (2.1) shows,

La superstate is defined shortly
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2.1 Two HMM Limitations

this quantity is geometrically distributed with parameter (1 — 7 ;) for each state k.

p(5t+1:t+d—1 =k, S14q 7 k|3t = k)

d—1
(1.11a)
= H P(se45 = K|sirs-1 = k)p(St4a 7# K|St1a-1 = k)
6=1

= ()T (L= Tn) (2.1)

Fig. 2.1 on this page is a particular example of a dataset that the geometric distribu-

tion fails to model. It is the word lengths in the English language.

15000 - Distribution
+Geo(0.12)
" -~ Pois(7.46)
o]
—
o
E 10000 -
(-
o
—
)
o
2 5000-
S
p
0 —
0 5 10 15 20

Number of Letters in Word

Figure 2.1.: Histogram of word lengths in the English Linux dictionary
/usr/share/dict/words. Overlayed are the MLEs for the geometric and Pois-
son distributions.

A second major limitation of the HMM is the strong independence assumption it
makes on the observations. Because each observation x; is associated with a single

state s;, the observations are all conditionally independent, given the underlying state
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2.2 Markov Renewal Process

sequence Si.r.

Next we define and describe a Markov renewal process. Then we show how the

HMRM addresses the limitations of the HMM.

2.2. Markov Renewal Process

We define a (finite space, discrete time) Markov renewal process (see Cinlar
9], Howard [17], Kao [19], Janssen and Manca [18]). Suppose we have defined for
each r € N = {1,2,...}, a random variable z, taking values in {1,..., K} and a
random variable ¢, taking values in N such that 1 =1¢; <y, <t3 < ---. The process

{(zr,t;) }ren is said to be an MRP with state space {1,..., K} provided that

p(zr—H = katr—H —t, = d|21:7‘7t1:r)

reN,
= plzry1 =kt —t, =d|z) for |:tr+1_tT€N}:| (2.2a)

We always assume that {(z,,t,)}ren is time-homogeneous, that the RHS of (2.2a)

does not depend on r. Define (as in Cinlar [9, pg. 314]):

. Z’!‘E{l ----- K}
Ii;{k 2 oz =k tey —t. = d|z, = ) for [jﬁ_\%e{l ..... K}} (2.2b)
€

The family of probabilities s} k1.x 18 called the semi-Markov kernel, which is well-
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2.2 Markov Renewal Process

defined because of time-homogeneity. Each of these probabilities can be factored

Rijk = p(ZT+1 = kv bry1 — . = dlzr - j)

- p<tr+1 -t = d|Z7« = ja Zr41 = k) p(ZrJrl = k|2r = ,])

£fn; 1 (d) =Tk

We define the holding-time distribution n;;. in terms of its mass function f, . We

also define the transition probability 7; :

@) 2 pllos—t=dz = B for |melhon) | 220)

. = r — Uy = r = ], Zr = zreil,..., .

fm,k P{tr+1 = D Zre1 o zr+1€{1,....K} ¢
Ve zr+1€{1,...,.K}

It remains to specify how z1,t; are distributed. We assume that Markov renewal pro-
cesses are not delayed [9], and that z; is distributed according to an initial distribution

L1 K-

pli=1) = 1 (2.2¢)

>

p(z1 = k) for [ke{1...K}] (2.2f)

When a sequence (z1.g11, t1.r+1) is drawn from a process satisfying each of (2.2), and

tr < T < try1, we write:

(z1.r+1,t1Re1)  ~  MRP(k, ik 1k Mk 1K, 1)

A draw from an MRP is shown in Fig. 2.2 on the next page. While we have assumed
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2.2 Markov Renewal Process

that ¢; = 1 for all our Markov renewal processes, we do not assume that 7', the time

of the last observation, coincides with any of ¢;.g ;. For example in Fig. 2.2, T' = 20.

1 N z5=1
ts=12
2- & [
- z1=2 z7=2
Va) t1=1 tr=22
3 —
Z 3 z3 3
to=3 t3=06
4 —
z4=4 z6=4
| | t4=8 | | teg=17 |
0 ) 10 ; 15 20

Figure 2.2.: The first 7 renewals of a draw from an MRP, e.g. (z1.7,t1.7) ~
MRP (1., T1:K,1:K 5 Th:K 1K 20).

In the HMM (1.2) each element s; of the hidden state sequence is associated with a
single time. We call 2.5, a superstate sequence because each z, is associated with
possibly multiple times, namely {t,,t,+1,...,t.41—1}. The sequence ¢;.g; accounts
for time; it is called the renewal-time sequence. We further define the pair (z,,t,)
to be the 7" renewal, and call adjacent renewals a sojourn. For each r = 1,... . R
we define d, £ t.41 — tr to be the r'" holding-time?. In the context of an MRP, we
let si.r denote the value of the superstate sequence at time ¢, i.e., s; = z. where
t, <t <t-1, and call s;.p the state sequence. Later, when we incorporate the MRP
into the HMRM, we will see that the superstates emit observation subsequences. We

summarize this new nomenclature in Tab. 2.1 on the following page.

Recall the two limitations of the hidden Markov model: It has implicit geometric

holding-time distributions, and an excessively strong independence assumption with

2or “sojourn duration”
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2.2 Markov Renewal Process

| word | meaning | expression (for r'") |
superstate a hidden value associated with an observation subsequence | z,
holding-time the length of an observation subsequence d,
renewal-time the starting time of an observation subsequence t,
renewal a superstate paired with its renewal-time (zr, )
sojourn a pair of adjacent renewals (zrytr), (Zrg1stre1)
observation subsequence | the observations generated during a sojourn Tty —1
state sequence the value of the superstate associated with time ¢ Sy

Table 2.1.: A summary of nomenclature introduced for the HMRM.

regards to the observations. We now develop a model that addresses these limitations.
The main idea is that the hidden process now emits subsequences of observations
rather than a single observation. The distribution of the lengths of these subsequences
need not be geometric. Fig. 2.5 on page 54 shows an HSMM with Poisson distributed
holding-times. The HMRM allows us to model each observation subsequence however
we wish, in particular, the observations need not be independent of each other within
a subsequence. For example, the observation subsequences in Fig. 2.7 on page 57 are

drawn from a Wiener process.

We describe how the hidden and observed sequences are generated. First, we draw a

renewal sequence
(21:R+1, tl:R+1) ~ MRP(leKy T1:K,1:K, TN: K 1: K » T)

and then observations
Tpyityir—1 ™~ €z oy forr=1,... R—1, and z;,.17 ~

E21%721?4-1

where €1.x,1.x are the emission distributions. In a HSMM, the emission distributions
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2.3 Formal HMRM Definition

depend on one superstate, z.. We have allowed them to depend on both z, and 2.

21 > 22 x

Figure 2.3.: A notional representation of an HMRM. (This is not a valid directed
graphical model because the ¢, are random, so the structure is not fixed [23, pg.
3]). Whereas the HMM in (see Fig. 1.5) emits a single observation x;, the HSMM
emits a subsequence of observations x ., ., —1. Each subsequence of observations is

fully connected, indicating that no independence assumption is made within each
subsequence. The gray edges represent our extension.

2.3. Formal HMRM Definition

Equations (2.3) formally define our model. Equations (2.3a) and (2.3b) are analogous
to (1.14a) and (1.14b) in the HMM. Equation (2.3a) specifies that €7, is the emission
distribution for an observation subsequence emitted during a sojourn of length d from
superstate j to k. The subscript “¢,.1 — 1 AT” on x allows for the last observation
subsequence to get cut off at T, even though ¢z, 1 may go past T+ 1. Equation (2.3b)
specifies that every observation subsequence is conditionally independent of every

other model variable, given the subsequence’s sojourn. Recall that the holding-times
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2.3 Formal HMRM Definition

are defined d, = t,1 —t,.

xtr:(tr+1—1)AT|Zr:r+1; trrp1 ™ 5?:7ZT+1 for [TG{I,...,R}]
(2.3a)

Ttp:(tpy1—1)AT A Tt tr/a Ryt Zrir41, tr:r+1 for {:lg{{gf+’ii+1,1}}

(2.3b)

The line below specifies that the renewal sequence is drawn from an MRP with spec-
ified parameters, and that tg < T < tgyy. Equivalent to this line are the equations

(2.2), which define an MRP.

(ZI:R—l—latl:R-l—l) ~ MRP<L1:K7Tl:K,l:KynlzK,lzKyT) (24)

The entire set of HMRM parameters is 0 = {e1.x1., t1:5, T1K 1K THK LK -

In order to perform inference on an HMRM, we must additionally make a technical

assumption that the holding-time distributions have finite support:

dDst.d>D = f, ,(d)=0 foreachk=1,... . K,j=1,...,,K

This condition can typically be satisfied practically even for parametric holding-time
distributions that do not have finite support. This is done by limiting the support
to a value D such that 302, fy, ,(d) < eforeach j=1,.... K, k=1,...,K. We

found that setting e to the machine epsilon [26, pg. 49] was sufficient to perform the
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2.4 Inference

inference presented in this dissertation. A computer’s machine epsilon? is the smallest

positive number € such that 1 +¢ > 1.

2.4. Inference

Inference with the HMRM resembles inference with the HMM. We follow same outline
as the HMM case, first presenting a useful theorem that shows how the model’s
random variables can be split into two conditionally independent sets. We call on

this theorem frequently as we develop our inference algorithms.

An important insight used in our inference algorithms is that the probability that
a renewal from superstate j occurs at time ¢ can be computed by summing over all
possible sojourns from superstate j beginning at time ¢ to all immediate successor

superstates after holding in j for all possible lengths:

K D
pOrst.z. =46, =t)=> > p(Orst.z =j, 241 =k t, =t,d, = d) (2.5)
renewal probability e sojourn probability

Renewal probabilities can, in turn, be used to compute sojourn probabilities:

p(Irst.z, =74, 2001 =k,t,=t,d. =d) =

p(zr41 = k,d, = d|z, = j,t, =t)p(3rst.z, =j,t, =t) (2.6)

20, (d) T, renewal probability

3The computer we used had a machine epsilon of 2752 ~ 2.22 x 10716,
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2.4 Inference

The “3” qualifier in (2.5)-(2.6) provides algorithmic efficiency. We will describe pre-
cisely how this qualifier promotes a more efficient forward algorithm after presenting

the algorithm.

Analogous to the HMM’s Theorem 1.1, Theorem 2.1 shows that given knowledge of
a renewal into superstate z, at time ¢,, all the model’s random variables before ¢,
are conditionally independent of all the random variables after (or at) time ¢,. This
theorem helps motivate the forward /backward algorithm. We cite it frequently in our

development of the HMRM inference algorithms.

Theorem 2.1. The following conditional independence property holds in an HMRM:

Ti:t,—15 2Z1:r—1, tl:'r‘—lJ-l—xtT:Ta Zr41:R+1; 7fr—l—l:R—‘,—l |Z7‘7 tr (27)
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2.4 Inference

Proof. Apply the CRP and properties (2.3b), (2.2a).

tr+1:R+1 tl:rfl t
P (xtT:Tu Zr41:R+1 ’ xl:tbe 21ir—17 z:

(2.3b)

U w

b
[

(CRP) t ‘
_ +1:R+1 ti1ir—1 T
- p (It'NT Zr+1:R+17 #l:r—1) Z:)
tr41:R+1 t1r—1 ¢
X p (zr+1:R+1 Z1:r—17 Z:
R
(CRP) t t
= +1:R+1 tiip—1 ©
- H p (xtu:(t'lkkl*l)/\T ‘ "'El:tufl’ Z:+1:R+17 Z1ir—17 Z:‘)
u=r+1
R+1
t t1ity—1 t1p—1 t
X H p (z’; 21»2—1721:;71’,2:)
u=r+1
o
24, trp1:rR41 L
H P <xtu:(tu+1—1)/\T ‘ T1ity—1, z:+1;R+17 z;
u=r+1
R+1
t tlity—1 t
X H p (zﬁ | Zl:t:ifl?Z:)
u=r+1
(CRP) t '
el +1:R+1 tr r+1:R+1 | tr
= D (xtr:T | Zr41:R41) Zr) xXp (ZT‘+1:R+1 727-)
(CRP)

try1:R+1 | tr
- p<xtT:T7zr+1:R+l Zr

]

To see how this theorem motivates the choice of forward and backward probabilities,
consider the posterior probability that a renewal into superstate k occurs at time ¢,

ie., p(Irs.t. .z, = k,t. = tlxy.r). Theorem 2.1 tells us that this probability can be
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2.4 Inference

written:

p(3rs.t.z, =k, t, = tlxyr)

A.16
P p(Irs.t.z, =k, t, =t,x141) p(xer|zr =kt = 1)

t—1 — Rt
—F! =B}

The probabilities Fy ! and B are the forward and backward probabilities (which are
defined in (2.8a) and (2.9a), respectively). We will show that these probabilities can
be computed in O(K?TD) time.

2.4.1. Forward-Backward Algorithm

The forward and backward algorithms each use two types of probabilities: for-

ward /backward sojourn probabilities, and forward /backward renewal probabilities.

2.4.1.1. Forward Algorithm

The forward renewal and sojourn probabilities are defined in (2.8).

Ff & p@rstoz. =k t,=t+1, 214) for [Z::OIIH (2.8a)
t=1,...,T

obt 2 p(FrstlTirid il g) for l?:i;:::;?ﬂ (2.8b)
k=1,...,K

The upper limit on d in (2.8b) is needed to ensure that ¢, > 1 in this equation. The
algorithm starts by setting

0
Fl:K — LK
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K| e ® ® i
o)
+~
S kI o ® ® |
wn
—
)
o) n i
=3
wn
21 e ® ® i
1 e ) ® i
| | | | | | | |
1 t—D—1 t— D t—D+1 t—d t—1 t t+1

renewal-time

Figure 2.4.: An illustration of the forward HMRM algorithm, and the Viterbi algo-
rithm.

Then for each t = 1,...,T, the forward algorithm first computes gbﬁ’}I?AD, and then
FltK
td (A1l —d d=1,...tAD
O fz—:ik(xtJrlfd:t) fnj,k(d) Tjk X th for {k:ltlé }
(A.12) K oD
FlLe S o for [k=1....K]
j=1d=1

We illustrate how gb;;l’d, and F) ,ﬁ“ correspond to Fig. 2.4 on the current page:

=t
DAt+1 A
Fl§+1 = Z Z fad (‘rt—dlt-&-l) fﬂj,k (d) Tik X Flz—i_l_d
—— =1 d—1 Jsk ——
black node black line blue node

In Fig. 2.4, the black node represents the renewal z,. = k, t, =t + 1. The blue nodes
represent all possible previous adjacent renewals. Fi ! is computed by summing over
all these adjacent renewals. The lines following the nodes represent a recursion of

this figure; i.e., the forward probability corresponding to each node was computed
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2.4 Inference

just as the black node in this figure. Because holding-times are restricted to be no

greater than D, it is impossible for a sojourn starting at a gray node to end at the

black node.

An important point that still remains is the use of the “3” qualifier in the definition
of the forward probabilities. By including the “3” qualifier, we sum over all possible

values of r such that z, =k, t, =t +1

pErst.z, =k t.=t+1)=> plz =k, t, =t+1)

and collapse O(t) many probabilities into a single probability. Were we to omit the

qualifier from our forward sojourn probabilities, instead defining them as

t=1,...,T
. =2AL,...t
t,dr A Zr=j zZr41=k 7‘7 P
ij,k =D (tT:H_l—d’ trp1=t+1s L1t for d=L,...tAD
7j=1,..,.K
k=1,... K

there would be O(T?DK?) many forward sojourn probabilities, whereas there are

only O(TDK?) many with the qualifier.

2.4.1.2. Backward Algorithm

The backward renewal and sojourn probabilities are defined in (2.9).

B; 2 plrerlz =4, t, = 1) for [2::1111}] (2.9a)

t,d A trr1=t+d tr=t f 2:2117,’,12) 2.9b

ﬁj,k‘ - P(%:T, Zrp1=k Zr:j) Or \,=1, K (2.9b)
k=1,.. K
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2.4 Inference

Neither B nor g is indexed by r, so there is concern that these probabilities may not
be well-defined. But Theorem A.1 shows that these probabilities are constant with
respect to r; so indeed, they are well-defined. For each ¢t = T',...,1 the backward

algorithm computes ﬂf’}}D, and then B! .

td (A13a) d d=1,...,(T—t)AD
ﬂj,k — B;.+ X fE;{k (T4aqd-1) X fnj,k (d) 7k for {]zlllfg
td (A.13b) d=T—t+1,...,D
5j,k — fE;'i,k (l't T) X f77j,k (d) Tk for |:“,7€:117".'_’7II§»
(A11) S
B’tf A Z Z B;Z for [k=1,..K]
k=1d=1

2.4.1.3. Likelihood and Posterior Probabilities

Our EM algorithm for the HMRM uses the likelihood, posterior renewal probabilities,

and posterior sojourn probabilities. These are defined in (2.10).

L 2 p(zir) (2.10a)
E, £ p@Erst.z =kt =tz for [2::017;(
(2.10b)

s
o = pErstz =4, zn =kt =ttt =t+dzr) for |52k
k=1,.. K]

(2.10¢)
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2.4 Inference

These quantities can be computed using the forward-backward probabilities, as we

show in (2.11). We first compute the likelihood

L "¢ S BR (2.11a)
k=1

the posterior renewal and sojourn probabilities can then be computed in any order:

By "= BECL for [i=5-%] (2.11b)
(A.19) t=1,...T

Sy = FTBR/L for l?f};;;;j?] (2.11c¢)
k=1,..K.

2.4.2. EM Algorithm

Recall the EM algorithm (1.4). In the case of the HMRM, the CDLL is

. R
il. 10g bz + Z {log T zri1 + 1Og f”]zy-,zhLl (dT)}

r=1

>

(
log p(z1.1, 21:R+1, t1:R+1)

R (2.12)
+ Z log fEZ:vZT»H (xtri(trﬂ—l)/\T)
r=1
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The expectation of each summand is:

Q5(€1;K,1:K; e(n)) = Ezl R4+1t1:R41|T1:30(" [Z log f. xtri(trﬂ—l)/\T)

827‘ Zr41
a2 SELL y
- Z Z Z lOg f (mt:(t71+d)/\T)Sj:k (213&)
j=1k=1t=1d=1
R
n AN
QL(LISK;Q( )) = EZl:R+17t1:R+1|$1:T§9(n) [Z log Lzll
r=1
(A21) &
= > uby (2.13b)
k=1
R
n AN
QT(TI:K,I:K;Q( )> = EZl:R+1yt1:R+1|5E1:T§'9(n) lz 10g7’2r’zr+1‘|
r=1
(A.20) KX r D
Z Z 08Tk Y. Y. St (2.13¢)
j=1k=1 t=1d=1
A R
Qn(nlzK,lzK; Q(n)) = EZl:R+lat1:R+1|$1:T§0(n) lz log fnzhztﬂ (dr)‘|
r=1
(a20 K K T D td
> Z log f,, . (d (2.13d)
Jj=1k=1t=1d=1

So the entire expectation can be written:

EZ1:R+1¢1;R+1\$1:T;9(”) log p(1:7, 21:R41, trr41)]

(2.12)
(2.13)

= Q.(uk; g(n)) + Q:(e1:1,1:K; 9(n)) + Q- (71K 1:K; g(n)) + Qu(Mik 1k Q(n))

Because none of the parameters {e1.x 1.k, t1:x, Tk 1.k Mk} are shared among

QE (51:K,1:K; e(n))a QL(LIIK; e(n))’ QT (TI:K,I:K; g(n))j Qn (nl:K,l:K; g(n))j maXimiZing each
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separately maximizes the entire expectation. The maximizer for Q,(t1.x; 0™) is:

by = E,i for [k=1,..K] (2.14)

The maximizer for Q, (T.x.1.5;0"™) is:

T D t,d
“ (A.9) Zt:1 Zd:1 Sj,k f j=1,....K
Tjk - K T D St7d or [k:l,...,K} (215>
Ek:l Zt:l Zd:l 7,k

The maximizer of Q.(e1.x1: x;0™) varies with the form of £ choosen; in the next
chapter we present some interesting forms for e. The maximizer for Q,(M1.x1.x; o)
also varies with the form of 7;,. Barbu and Limnios [1] show how to find 7); for
a non-parametric distribution. In the case where the holding-time distributions are
dependent only on the current superstate, i.e., 1, = 1, for each k (a simpler indepen-
dence structure), Bulla [5] shows how to find 7); for geometric and negative binomial

distributions, and Ferguson [12] finds it for the Poisson distribution.

One  iteration of the EM  algorithm  amounts to  computing

ELK 1K, L1k, Tk 1:K, Th:k,1:x under the parameter set 6 and then setting:

0(n+1) — {élzK,lzKy Z1:](7 'f_l:K,l:Ka ﬁl:K,l:K}
A potential mitigator for the increased complexity required by this model is that
much of it can be done in parallel, e.g., for each ¢, all the values of qb’i’:lj(,Dl: x can be

. . t,1:D t,1:D
computed in any order. This also true for 5% 1.5, and S| % 1. k-
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2.4 Inference

2.4.3. Viterbi Algorithm

The algorithm to find the maximum a posteriori renewal sequence is analogous to
the HMM case. There, to find the optimal partial path ending with s; = k, we had
to consider all possible previous adjacent states, s;_1 = 1,..., K. Here, to find the
optimal partial path ending with z, = k, t, = t, we must consider all possible previous
adjacent renewals, 2z, ;1 =1,... K, t,_ 1 =t—1,...,t—D.
We define .} to be the maximum a posteriori probability of all partial renewal
sequences ending with a renewal in superstate k at time t:

%13 L max p(ZT = ]{37 t,,, = t, Z1:r—1, tl:'r—1|x1:T) for {2:211’7’.'."’?;(+D} (216)

r=1,...,t
21 =15t —1

To facilitate recovery of the optimal renewal sequence, we further keep a record of
best predecesors [12] 2, Zt. 2t is the value of z,_; in (2.16) and .Z;' ! is the value
of t,_1. (2.17) shows how .Z}, %!, and 7! can be computed using the previously

computed values ..
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¢ = zr=k Alir—1
My, = max - p (t::t, tm_l‘xm)
Zlp—1,t1r—1
— 2r=k Zr—1=j Zlir—2
B P o S R e Y (t::t’ tr1=t—d> tl:’"—Q‘xlzT)

dzl\/t,...,(t—l)/\D 21 —2,t1:r—2

(CRP)
(2.7) o=kl Zr—1=]

- j:nllaXK p (t::t tr_1=t—d» :L't:T)
d=1Vt,....t—1AD

1= 21 em
% X, P (f:—11=gfd’ t11§:_22'331::r’)
Zl:r72:t1:’r72
t—d,d
O 217)
j=1,...K Bt J
d=1Vt,...t—1AD ~ 7

t t—t

: A ko '
with (23, 1) = arg max A
& B "
j=1,...,.K J
t'=1Vt—D,...,(t—1)AT

The algorithm begins by setting

1
My <~ Lk

then for each t = 2,..., T+ D, .} is computed according to (2.17). The value of j

in this equation is stored in 2. The value of d is used to compute ¢ — d, which is
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2.4 Inference

stored in 7.

t dd
///,ﬁ — max o d//ﬂ d for [k=1,...K]
j=1,.. K B
d=1Vt,...,(t—1)AD
t—d,d
t J:.k _
(2, dr) <« aIgmax iy for [k=1...K]
7j=1,...,. K j
d=1Vt,...,(t—1)AD
L%f — t—dy for [k=1,..K]

Once .//1T ;QD are computed, the MAP state sequence 21.g11,t1.r11 IS constructed in

reverse order, starting with the last renewal, which must occur after time T

A n t
(Zr41, tre1) < argmax
k=1, K

And then for each r:

(G, B) (28 g

Zr41? Zr+1

The algorithm stops when ¢, = 1. As in the HMM case, the Viterbi algorithm shares
the same structure as the forward algorithm. It and can be related to the nodes and

lines in Fig. 2.4 on page 44 as follows:

=t
K D s
Ft“ = ZZfa LTt—d:t+1 fmk( )ijk X FHI !
v j=1d=1 W—’
black node black line blue node
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2.5 Relation to HSMMs

2.5. Relation to HSMMs

A variety of models fall under the umbrella of “hidden semi-Markov model”. Yu [36]
gives a survey of many of these variations. We describe HSMMs using the termi-
nology introduced previously in this chapter. We identify three characterizers that
distinguish the different variants of HSMMs and give graphical examples. The section

is concluded with a short review of the HSMM literature.

2.5.1. Characterizers of the HSMM

There are three characterizers of an HSMM; they are described in the subsections

below. Each has to do with the assumptions that the particular model makes.

2.5.1.1. Independence Assumption Among Renewals

The first characterizer has to do with the independence assumption among the re-
newals. In the case of the HMRM, this independence assumption is specified by
(2.2). According to Yu [36, pg. 226|, one of the simplest, most popular dependence

structures used in applications is

Zr+41, dr Zlir—1, tl:r | Zr

AL
Zr4+1 AL dr ‘ Zr

I
—_

p(zrs1 # 2r) (2.18)
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2.5 Relation to HSMMs

The above is stronger than the MRP independence assumption (2.2) that we use. It
assumes that the holding-time depends only on its superstate, and that there is 0
probability of self-transition. This is the independence assumption used in an HSMM

called the explicit duration HMM (EDHMM). The data in Fig. 2.5 on the current

page was simulated from an EDHMM.

Vﬂ W /\f’%

0 20 40 60

St . 1—2

Figure 2.5.: An HSMM with Poisson distributed holding-times; unlike an HMM,
the width of each rectangle is not geometrically distributed. Here we have set the
diagonal of the transition probability matrix to 0, so the system never transitions
back to the same superstate. Each emission distribution assumes independence
within the observation subsequence, so the rectangle heights are constant.

In contrast, Fig. 2.6 on the following page shows a simulation using the MRP in-
dependence assumption. The diagonal of the transition probability matrix used to
generate this figure is set to 0.8, allowing superstate self-transitions. This is mani-
fested by adjacent rectangles of the same color. This weaker assumption also allows

the holding-times to depend on their superstate and the next superstate also. Here we
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2.5 Relation to HSMMs

have set the mean holding-time for self-transitions to be 0.1. The mean holding-time
for a transition 1 — 2 is 3, and 2 — 1 is 4. This is reflected in the tendency of wider

rectangles to precede a change in color.

il
i

0 10 20 30 40 50

St . 1—2

Figure 2.6.: An HSMM with Poisson distributed holding-times with a more elab-
orate renewal dependence structure than was used in Fig. 2.5. Again we have
used emission distributions that assume independence within an observation sub-
sequence.

Not all HSMMs use an underlying SMP to define the hidden process — at least not as
it is defined by several authors: Cinlar [9], Howard [17], Kao [19], Janssen and Manca
[18] and Pyke [25]. Weaker independence assumptions, leading to more sophisticated
independence structures, such as the general model of Yu [36] can be used. Stronger
assumptions with less sophisticated independence structures like that of Guédon [15]
are also used. So the name “hidden semi-Markov model” is perhaps a slight mis-
nomer. The common idea binding models dubbed “HSMM?” is that superstates emit

subsequences of observations and the length of these subsequences is random.
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2.5 Relation to HSMMs

2.5.1.2. Emission Distribution Assumptions

The 2nd characterizer of an HSMM involves the assumptions made on the emissions
distributions ;. One possible assumption is that the observations are iid within a

observation subsequence, e.g.

d—1

eu(Tragda—1) = HfN(xtJrJ;/JlkaO-I%)
6=0

Such distributional assumptions are common. They correspond to Fig. 2.5 and
Fig. 2.6. More elaborate emissions distributions are possible. For example, if the
observation subsequences follow a Wiener process starting at some point py, (for each

superstate k) then the emission distribution would be:

d—1

Si(ftzwd—l) = f/\/(%;ﬂk,ai)HfN(thJr&;ﬂUthl»Uz)
5=1

Such emissions distributions were used for Fig. 2.7 on the next page.

It is with respect to this characterizer that our model differs substantively from pre-
vious HSMMs. Our model allows an observation subsequence to depend on both the
coinciding superstate and the next. This requires that the emission distributions be

indexed by two superstates, i.e., €.

2.5.1.3. Censoring

The last characterizer of an HSMM is called censoring. If we do not assume that

the first observation coincides with a renewal time, we say the model is left cen-

o6



2.5 Relation to HSMMs

sored. Similarly, if we do not assume that the last observation immediately precedes
a renewal-time, we say the model is right censored. Right censoring is illustrated in
Fig. 2.5, the overlay indicates that had they been observed, emissions 51 to 60 would

have been from superstate 2. Our HMRM is right censored but not left censored.

5_
O_
é" .............................................................................
5-
_]_O _
0 50 1(')0t 150 200
St - 1—2

Figure 2.7.: An HSMM with Poisson-distributed holding times. The emission dis-
tributions in this case do not assume independence of the observation subsequence,
rather these observation subsequences are draws from a Wiener process with start-
ing means at either 2 or —2. The parabolic overlays are determined by the .1, .9
quantiles at the start of each observation subsequence.

2.5.2. Literature Review

Here we review some of the papers that most shaped this dissertation. We describe
each paper’s model in terms of the three characterizers above: the renewal indendence

structure, the emissions distributions, and any censoring assumptions. For each paper
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2.5 Relation to HSMMs

we include a table summarizing these characterizers. We also enumerate any errors

we identified during our study of each paper.

2.5.2.1. Ferguson [12]

The “variable duration HMM” of Ferguson [12] was the first appearance of what
is now called an HSMM. The renewal independence structure (2.18) was used. No
assumption regarding the observation distributions were made in the development of
the forward-backward algorithm. However, in his development of the EM algorithm,
Ferguson assumed that the observations are iid within an observation subsequence.
The development did not address the third characterizer, censoring, except to say “it

is messy, but possible, to handle”. So the model assumes no censoring.

Ferguson notes that the HMM can be recovered from the HSMM in two ways. This
is important because it allows us to use existing HMM routines to test our HMRM
routines. The first way*the HMM can be recovered from the HSMM is by setting each
holding-time distribution to be degenerate at 1, and reusing the transition probability
matrix of the HMM to be replicated:

p(d, = d|z, = j) = 01(d), Tf’f‘”‘” = 7 M Vi=1,.... K, k=1,....K

Jisk

The second way is by setting the hold-time distributions to the geometric distribution
with parameters determined by the diagonal of the transition probability matrix in

the HMM, and replicating the rest of the HMM:

4Inference using this method ends up being substantially faster in practice; performance is compa-
rable to the standard HMM inference algorithms.
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2.5 Relation to HSMMs

. HM M HSMM MM Vi=1,...,.K
p(d, = d|z. = j) == fgeo(d; 1 — Tij ), Tj,kS =Tk k;éj

Conversely, Ferguson notes that an HSMM can be embedded in a larger HMM, “with

considerable labor”. This was done by Langrock and Zucchini [20].

He states that there are three basic problems in the study such models: (i) computa-
tion of the likelihood (ii) computation of the MLE (iiia) computation of the maximum
a posteriori state sequence and (iiib) computation of the maximum a posteriori state
at each time ¢. He gives solutions (i), (ii), and (iiia) using an adaptation of the
forward /backward and EM algorithms of Baum et al. [2]. For (iiib) he develops an

adaptation of the Viterbi algorithm [13].

Finally he gives exact reestimation formulas for Poisson and geometrically distributed

holding-times, and normally distributed emissions.

characterizer model assumptions

renewal structure P(zrit, tri| 2t b)) = (a2, tr = ) p(2021]20)
emission No assumptions for forward-backward algorithm.
distributions Assumes iid emissions for EM algorithm.

censoring None

2.5.2.2. Guédon [15]

This paper presented efficient, detailed algorithms for solving the inference problems
outlined by Ferguson [12]. These algorithms serve as the basis for two freely available

R [27] software packages, those of O’Connell et al. [24] and Bulla et al. [7]. The model
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2.5 Relation to HSMMs

presented in this paper used the same renewal independence structure (2.18). Also
assumed was that the observations were iid within an observation subsequence. The

model allows for right censoring.

Another interesting aspect of this paper is that it presented an algorithm that is
immune to numerical underflow problems. To do this, the algorithm exploits the
assumption that observations were iid within an observation subsequence. Our model

does not make this assumption and so does not employ Guédon’s technique®.

In the process of testing our implementation of the backward algorithm presented in
this paper, we found that it was susceptible to “divide by 0” errors. This can occur

in the backward recursion, specifically line -7, pg. 637:

G;(t+1) :=G,(t+ 1)+ L1;(t + u) Observd;(u)/F;(t + u)

as the value Fj(t 4+ u) can be 0. The problem is alleviated if instead the algorithm
stores the quantity, e.g. LldividedByF};(t) := L1;(t) + Gi(t + 1)pj; on line 2, pg.

638, and replaces the computation of G;(t + 1) above with:

G;(t+1) :=G,(t + 1) + Lldivided ByF;(t + u) Observ d;(u)

Our inspection of the source code in Bulla et al. [7]’s and O’Connell et al. [24]’s R
packages indicated that they used some other technique to mitigate this “divide by

0” issue.

®Rather we worked with our probabilities in log domain, as in [23], and found that a double-precision
machine was sufficiently accurate.
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2.5 Relation to HSMMs

characterizer model assumptions

renewal structure P(Zrits et |2, tr) = D(teia|2ze, tr = 1) (21 2r)
and  p(z # zr41) = 1

emission Assumes iid emissions.

distributions

censoring Right-censoring

2.5.2.3. Yu [36]

Yu developed a unified model that is the most general we encountered. The model

made the weakest renewal independence structure assumption that we saw

p(zr—‘rla dr—i—l |le7“7 dl:r) = p(zr—i-h d?"—i-l |Z7“7 dr)

p(zr-i-l 7& Zr) = 1

It made no assumptions regarding the emission distribution, and allows for left and/or

right censoring.

The paper enumerated several categories that HSMMs can fall into. It showed how
these categories arouse by making particular assumptions on the unified model. This

paper is a survey, and included over 200 references.

One error we noticed is on line 16 pg. 225. For the first equality there to be true one
of the two assumptions must be made: (1) there is a subsequence boundary between

t and t + 1, (2) the observations are independent with a subsequence.
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2.5 Relation to HSMMs

characterizer model assumptions

renewal structure p(Zri1s drs1|210, diy) = P(2e41, drgalze,dr)  and
p(zr 7£ Zr+1) = 1

emission Makes no assumption.

distributions

censoring Left and right censoring.

2.5.2.4. Murphy [23]

Murphy’s paper began by making the same weak renewal independence structure
assumption of Yu — and additionally allowed for superstate self-transitions — but
eventually imposed the stronger assumption (2.18). He made no assumptions about
the emissions distributions. He noted that this allows the emissions to themselves be
an HMM or state space model. By introducing additional variables, he showed how
a valid DGM for HSMMs can be constructed. He showed how numerical underflow
in HSMM computations, an inherent problem when multiplying many probabilities,

can be alleviated by working in log space. Censoring was not addressed in this paper.

characterizer model assumptions

renewal structure p(zrit, tri| 2t b)) = p(teaal|ze, tr =) p(2021]20)
emission Makes no assumption.

distributions

censoring Not addressed.
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2.5 Relation to HSMMs

2.5.2.5. Barbu and Limnios [1] and Malefaki et al. [22]

Malefaki et al. [22] presented an efficient EM algorithm for inference on a model
previously developed by Barbu and Limnios [1]. The renewal independence structure
in this model is the same as our MRP, although these authors do not allow for self-
superstate transitions, as we do. There independence structure allows the holding-

time distribution to depend on both the current and next superstates.

characterizer model assumptions

renewal structure p(zri1, drs1|z10, di) = p(zrg1, disil|ze, dr)  and
p(zr 7& ZrJrl) == 1

emission Assumes emissions are non-parametric, discrete.

distributions Barbu and Limnios allow for auto-regressions in the

observation subsequences.

Malefaki et al. assume observation subsequences are iid.

censoring Left and right censoring.
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3. Some Examples of HMRM
Based Models

Chapter 2 presented the hidden Markov renewal model as a general model, and left
certain components unspecified. For the HMRM to be of any practical use, we must
further specify the following four things: The observation distributions e;.x 1.5, the
holding-time distributions 1. 1.x , and corresponding formulas for the maximizers of
Q- and Q,. We call such specifications sub-models. By specifying different emission
and holding-time distributions, different sub-models suitable for different problems

can be generated. But the core of the model can remain unchanged.

We present three sub-models, each according to the following template: We specify e
and 7, and correspondingly derive maximizers for (). and ),. We then simulate data
from the sub-model. Finally, we use our inference routines to recover the model’s

parameters and hidden renewal sequence.

64



3.1 Bridging-Means Sub-model

3.1. Bridging-Means Sub-model

One of our primary contributions is an extension of the HSMM that allows the ob-
servation subsequences to depend on both current and future superstates. This sub-
model highlights that contribution. In particular, each observation is drawn from
a normal random variable whose mean is determined by (the mean of) the current
superstate and (the mean of) the next superstate. Equation (3.1) specifies the precise

manner in which this determination is made.

(d=1)A(T—t)

d—§¢ )
<9€t;(t+d—1AT)) £ H In <$t+63 Tﬂj + d/%a%%k) (3.1)
5=0

fea

gk

The mean for any observation is a convex combination of the current and future mean.
The weight of the combination is determined by the proximity of the observation to
the adjacent renewal-times. For an observation occurring in the exact middle of
the adjacent renewals, the weights will each be 1/2. Contrastingly, an observation
coinciding with a renewal will have the same mean as the associated superstate, with
no contribution from the future superstate’s mean. Because it leads to a non-analytic
update form, we have chosen to develop the model such that the variance does not
“bridge” in the same way as the mean!. The variance depends on both adjacent

superstates, but it is constant for the duration of each observation subsequence.

Tt may be possible to allow the variance to bridge in this manner but our analysis indicates
numerical methods would be needed to solve for each &; .
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3.1 Bridging-Means Sub-model

3.1.1. Efficient Computation of ¢

The inference algorithms require the computation of fEdk(xt:(Hd,lAT)) for each d =
75

1,...,D,t=1,...,T. The naive computation of each fgdk(xt:(Hd_l/\T)) is O(d), and
J»

so the total computational complexity of these e would be O(K?D?T), rendering our

algorithm unfeasible for larger datasets.

We develop a method to compute feqk(xt;(Hd_MT)), for each j,k,t,d, in O(K2DT).
s
This is done by storing auxiliary quantities obtained during the computation of
fedk(xt:(Hd_MT)), which allows us to compute fsdzl(l't:(t_f_d/\'f)) in O(1) time. In
s 7
d+1

essence, the improved efficiency relies on the simple idea that Y 57, zs can be com-

puted in O(1) time once Zfsl:o x5 has been computed, since Zgié Ts = Tg+ Zfsl:o 5.

From (3.1) and the density of a normal random variable we have:

dNT —t+1
log ot (Trura-1nm) = = ( 5 ) (log 2 + 2log o)
1 d—1NT—t d . 5 5 )
- =5 — ;= = 3.2
2‘7J2'k 5222) (55t+6 d M dﬂk) ( )

With the exception of the sum, (3.2) can be computed in O(1) time. We rewrite the

sum as:
1 (@=DAT-1)

g X (@0l =)+l — )

Defining y; Lz, — {45, this becomes

1 [@naa-o (d=D)A(T—1) (d—1)A(T—1)
2 Yoo [d=0lyls+2 Y (d—=0)0ysitaen+ Y OCUiisk
5=0 5=0 5=0
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3.1 Bridging-Means Sub-model

Lemma A.5 on page 133 shows that this is

1

=z Uea(yrrj * viry) + 2Ca(yir * yirk) + Via(yire * Yrok)] (3.3)
where “x” denotes element-wise multiplication, and U, C, V are defined in Lemma A.5
on page 133.

3.1.2. Optimizing Q.

Recall that the EM algorithm for an HMRM requires maximization of:

K K T D J
Q. = Z Z Z Z log f ft:(terfl/\T))S;:k

j=1k=1t=1d=1

We derive optimal values of p, o for ¢ defined as in (3.1).

3.1.2.1. Optimal p

First, we find the optimality condition for each f;:

0Q. K T D (d=1)A(T-t) d—24 i
m = Z Z Z Z 2ol (dwpps — (d — ), 5“’6)53':16
J k=1t=1d=1 =0 J:k

D (d-DAT-1)

a7 (dTers —Op; — (d = 0) ) S
Uk’]

k=1t=1d=1  6=0
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3.1 Bridging-Means Sub-model

Isolating the p;:

1

dgakud 0)dS s — (d = 0)*Syiu; — 6(d — 8)S i yu]

Js

K T D
1
20> X & 7ot [6dSijt+5 0281y — 8(d — 8)Sy e

G (d=1)A(T—t)

K T D . 1 D
S I 3t LD SIRCELEIERT S ot

t,d (d—1)A(T—t)
kg

Z 51’t+6]

i=1t=1 | 95k d=1 5=0 d=1 5=0
K i 1 D Sﬁ,z (d—1)A(T—t) D td (d—D)A(T—t) ,
SIS e 2SS e,

g

52
s | ik am T

5=0
td (d—1)A(T—t)

Z o(d — 5)] Mk

6=0

0=0 J d=
K T 1 D St,zl (d—=1)N(T—t) 1 D
SPAES S R %

k=1t=1 | "3k d=1 6=0

We address the issue discussed in 3.1.1 by replacing the sums over ¢ with the equiv-

alent from (A.22)-(A.30).

EXl1 &S 1 2 s
= 2> |=2 #Dt,d(% )+ 5> T’JEt,d(xl )
k=1t=1 gk d=1 k,j d=1
2b;
K 7 [ D qtd D atd
1 S7L 1 o
=22 | g Pat o D Qua
k=1t=1 7,k d=1 k,j d=1
=a;
K T 1 D t;;j 1 D ?d.
DD Ol S R ek
t.d d| Hk
k=1t=1 0-32',16 d=1 a? l%,j d=1 d?
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3.1 Bridging-Means Sub-model

K
=bj —ajpi; — D Bjntix
k=1

So the optimal i satisfies the following matrix equation, with a, b, B defined as above:

by Bii+a1 B - Bik H1
by B By Byo+ay -+ Bk fl2
bk Br Bgp -+ Bgg+ag 5%
——— ———
b B+diag|a] i

3.1.2.2. Optimal o

Optimal o is derived as follows:

So the optimal value for o, satisfies

T D (d=1)A(T—t) d—2§ ) 2 ‘d 9 r 2 t,d
ZZ <$t+6—dﬂj_dﬂk) Sj:k: j,kZZMAT—t—I—USjZk

t=1d=1 6=0 t=1d=0
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3.1 Bridging-Means Sub-model

Again, the naive computation of the sum over § is problematic from a performance

standpoint. This is readily addressed by employing (3.3):

(mqggf_ﬂ g5 5 \2
= Lt+s d /’LJ dluk
1
=P [Ut,d(y%:T) +2C a(y1:my * Yrmk) + Mfd(y%;T,k)}

So the optimal a‘?’k is:

52 Y i & [Urayir * yiryg) + 2Ca(yir * yure) + Vea(yure * yimw) S;jg
= :
’ S S (AT —t+1) S5

3.1.3. The Holding-Time Distribution n

We define each n;; to be the Poisson distribution with parameter \;:

Mk £ Pois(Njk) (3.4)

3.1.3.1. Optimizing @,

With the 7.k 1.x defined as in (3.4) we optimize @), over .

K K D

j=1k=1d=1 t=1
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3.1 Bridging-Means Sub-model

Taking the partial derivative gives:

8@77 & [ d ] d t,d

x — -1 S
Ok dZ::l Ajk ; 7
So the optimal value for A is given by:

D T otd
2am1 A2 Sj,k
D T atd
Dode1 2ot=1 Sj,k

>

gk

3.1.4. Simulated Data

We first simulate a renewal sequence from an MRP with a Poisson holding-time

distribution and the following parameters:

0.5 0.5 0.5 14 14
= , T , A= (3.5)
0.5 0.5 0.5 14 14
1 - Oumm—— O GO ——
>y
2 - O —— O u— O O——
| | | |
0 o0 100 150
t
Figure 3.1.: A renewal sequence drawn from an MRP with ¢, 7, and n; , = Pois(\; )
as in (3.5).
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3.1 Bridging-Means Sub-model

Using this renewal sequence, we simulate an observation sequence with € as in (3.1)

and parameters:

1 , o= (3.6)

Fig. 3.1 on the preceding page contains the renewal sequence, Fig. 3.2a on the next
page contains the corresponding observation sequence. The information from these 2
plots and (3.6) is all contained in Fig. 3.2b. The parallelograms in the overlays of this
figure elucidate our extension: the observations corresponding to these parallelograms

depend on adjacent superstates, not a single superstate.
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3.1 Bridging-Means Sub-model

0 50 100 150

(a) A simulated observation sequence from a bridging-means sub-model with underlying sequence as
in Fig. 3.1 and observation model (3.1) with parameters (3.6).

10-
95_ ‘ l !
R f ¢
5 “1' ‘" VY 'ﬂ‘ l" ety
0 50 100 150
t
St 1—2

(b) The same observation sequence as in (a). The overlay represents the underlying renewal sequence
and the means and variances of the observation sequence at any time. The bottom and top of the
overlay at any time ¢ are the .1 and .9 quantiles.

Figure 3.2.: An observation sequence realized from the bridging-means model (a)
without overlay (b) with overlay.

The distance between the top and bottom of the overlay at any point is determined by
0jk, where j and k are the adjacent superstates. Because our model is right-censored,
the end of the observations does not necessarily correspond with the final renewal, as

in the case in Fig. 3.2b.
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3.1 Bridging-Means Sub-model

3.1.5. Inference

We attempted to find the MLE of the parameters of the model using the EM algorithm
with 1000 different starting parameters. The parameters were chosen randomly in a
manner similar to that used by Rydén [31] or Bishop et al. [3]. The starting parameter
for + was set to the uniform distribution. Each row of 7 was drawn independently
from a symmetric Dirichlet distribution. Each of M* was drawn independently from
a continuous uniform distribution on the interval (0,+/T). The y were sampled from

the observations without replacement. Finally, each of 0} was drawn independently

from a continuous uniform distribution on the interval (0, y/max x1.7 — min zy.7).

3.1.5.1. Parameters

The parameters we find using the EM algorithm are:

8 0.0 PN 0.25 0.75 52 17 19
1.0 0.50 0.50 8 17
3 1.1 3.0
T I PR (3.7)
-3 52 1.0

3.1.5.2. Renewal Sequence

We use the Viterbi algorithm to find the most likely hidden sequence. We use the

inferred parameters listed in (3.7).
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3.2 A Jump Sub-model

1 - Ou—— O— O —
B
2 - O — O — C __— O EE——
0 50 t 100 150

inferred == simulated

Figure 3.3.: Simulated and inferred renewal sequences for the bridging model (3.1).

3.1.6. Discussion

The bridging-means sub-model requires that we allow each observation subsequence
to depend on adjacent superstates as opposed to a single superstate. This is something
that cannot be done with a HSMM. So this model elucidates a contribution of our

HMRM.

3.2. A Jump Sub-model

We have formulated our HMRM to have a hidden MRP rather than the HSMM’s
SMP. We now present a sub-model conceived in the context of this formulation. This
sub-model illustrates how we can associate events other than superstate changes with

a renewal.

The idea behind the model we present is simple: The first observation in each ob-
servation subsequence is normal distributed according to a global distribution. The

remaining observations in the subsequence are normally distributed about this first
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3.2 A Jump Sub-model

observation, with a different, local, variance. We can think of the first observation
in each subsequence as a “jump” in the observation sequence. Fig. 3.5b on page 80

shows a simulated data set with 8 such jumps.

3.2.1. The Observation Model ¢

The emission distributions e;.x 1.5 are defined:

jump locally distributed
(d—=1)A(T—t)
fsik(xt:(t—kd—l/\T)) = I (e Hg(5.k)> Ug(j,k;)) 51_[1 In(Tegs; 20, U?(j,k)) (3.8)

Given that a sojourn from state to j to k begins at time ¢, z¢| ~ N (g r), O'z(j’k)) ,
and the remaining observations in the sojourn will be normally distributed about x;
with a variance of Jf(j,k). So each observation subsequence has it’s own mean — the
number of means is not restricted by the number of states K. The number of means

is determined by the number of renewals in the hidden renewal sequence.

3.2.2. Optimizing Q.

We derive EM updates for pig¢x), 0g(k), and oy x). Here Q. can be written:
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3.2 A Jump Sub-model

T D
Qe = ZZ10%5?,k($t:(t+d—1AT))S;,’g

YYY Y s : =
= =57 |og oy + log2m + ~—F—F—
j=1k=1t=1d=1 ” o 2 203(]‘#)
d—1A(T—t) 1 Lo )2
—Sik > |logoigw + ;5 log2m + s 20 o 2
§=0 T1j.k)

Employing the first order optimality conditions for igepe TODO gives:

T D qtd T t pt—1
Dot Tt D g Sj,k (A.18) D=1 xtBj,ij,k

E ﬂg(]vk) =

Y Y S;:Z B i B;ku;,;l
FOI' O-g(j,k):
aQs 4 2 2 D t,d
x Y — Ug(ik)) —O k}zsk
00 4(j k) t=1 ( 90 ) 90k d=1 ’
. 52 Zt 1( ng,k)> Zd 15 _Zt 1( Mg(yk)) B Ftl
ik
g(j ) Zt:l Zd:l ng Zt 1B;kFt 1
For Ol(j,k)
8Q5 T D i d—1)N\(T—t)
X ZZSA’,C (Tpp5 — x1)" — 0] k
9o k) i S 6—=1 [ v )}



3.2 A Jump Sub-model

=~ (d—1)A(T—t 2
L A2 Zthl Zt?:l S;,k: Z((S:1 N0 (Ters — 1)

0GR =
oo S Yda Sikld = 1A (T = 1))

3.2.3. Emphasizing Renewals’ Importance

To emphasize the importance of our formulation of the HSMM as having a hidden
MRP rather than SMP, we present the case of our Jump sub-model were there is
only a single superstate — hence superstate changes don’t occur. Because there is
no switching among multiple superstates, the hidden process is a renewal process
(e.g., see Cinlar [9, Chapter 9]). We could call this a hidden renewal model (HRM).
Fig. 3.4 on the next page depicts a draw from a renewal process. Note that the
corresponding semi-Markov sequence contains no information because it is constant
for all £. Renewals, particularly the times of the renewals, are indispensable in this

model.

3.2.4. Simulated Data

Because K =1 here, we omit the super-state subscripts for the rest of this section.

The values of the parameters we use to simulate data from this model are:

AE£20,  p, =0, 0,210, 0,28 (3.9)

A realization from the renewal process underlying the observations is depicted in

Fig. 3.4 on the following page.
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3.2 A Jump Sub-model

St

0 50 ; 100 150

Figure 3.4.: A realization of a renewal process with A = 20 as in (3.9) and n =

Pois(A).

This realization is used to generate the observation sequence Fig. 3.5a, with ¢ as in
(3.8) and parameters as in (3.9). The bottom and top of the rectangles in Fig. 3.5b

are the .25 and .75 quantiles.
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3.2 A Jump Sub-model

0 50 100 150

(a) A simulated observation sequence from a jump sub-model with underlying renewal sequence
Fig. 3.4 and observation model (3.8) with parameters (3.9).

30 -

20 -
_10-
& (-
-10-
-20 -

0 50 100 150

Renewal: 12345 6 7

(b) The same observation sequence as in (a). Each colored line is a local mean, and the surrounding
rectangle represents the .25 and .75 quantiles for all but the first observation in each observation
subsequence (conditioned on the first observation in each observation subsequence). The height
of this rectangle is determined by 0,cq;- Note there is different local mean for each renewal.

Figure 3.5.: An observation sequence realized from the jump sub-model (a) without
overlay (b) with overlay.

3.2.5. Inference

We again used 1000 sets of random starting parameters to fit our model. The

starting parameters for A were drawn from a uniform distribution on [0,7]. The
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3.2 A Jump Sub-model

starting parameters for figope were drawn from a normal distribution with mean
the same as the sample mean of x1.7 and variance equal to the sample variance of
{min z;.p, max x1.r}. The starting parameters for oy, were drawn from a uniform
distribution on [0, sd({min x;.7, max z1.7})], where sd(y;.7) is the sample standard

deviation of y;.7. The starting parameters for oy, were set to sd(zy.7).

3.2.5.1. Parameters

The MLE parameters obtained from the EM algorithm are similar to the true values

(3.9):

A= 1812, pu, = -139, o, = 934, o = 791 (3.10)

3.2.5.2. Renewal Sequence

The result of the Viterbi algorithm using the MLE parameters (3.10) is shown in

Fig. 3.6 on the current page.

St

inferred == simulated

Figure 3.6.: Simulated and inferred renewal sequences for the jump sub-model (3.8).
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3.3 A Stochastic Volatility Sub-model

3.2.6. Discussion

We have presented a jump sub-model, demonstrating that inference for a class of
models we call hidden renewal models is readily performed using the framework de-
veloped in Chapter 2. This model illustrates an example of associating an event other
than a state change with a renewal, something that is typically not thought of in the
context of a HSMM.

3.3. A Stochastic Volatility Sub-model

We can use the HMRM framework to develop a stochastic volatility (SV) sub-model.
Whereas our jump sub-model associated a mean with each observation subsequence,

in this model, we instead associate an unobserved variance with each subsequence.

We do this by augmenting the hidden MRP (2.2) with a (inverse) variance sequence
v1.gr- These variances are drawn from a distribution determined by the adjacent
superstates, z,..,.1. Each random variance is conditionally independent of all random

variables outside its sojourn:

Urlzrtr-H ~ ga(’/zr,zr+1/2a Vzr,zr+1/2) (3-11)

v, L T\tyitpy1—1) t\r:r+1> A\rir4+1; V\r ’ Zrir41, tr:r+1 (312)

When

(z1:R+1, t1Re1)  ~  MRP(ik, Tk 1k Mk 1K, 1)
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3.3 A Stochastic Volatility Sub-model

and

UT|Z7":7“+1 ~ ga(’/zr,er/Qa Ver,zrsa /2)

for each r =1,..., R, we say that the sequence (21.g4+1,t1.r+1,v1.r) is drawn from an

augmented Markov renewal process, and write:
(21:R+1, t1.R+1, Ul:R) ~ AMRP(leKa T1:K,1:K,T:K1:K, V1:K 1:K T)

Fig. 3.8a shows a simulation from this model. In Fig. 3.8b, the height of each rectangle
is inversely proportional to a value drawn from a Ga(v/2,v/2) distribution. The
bottom and top of these rectangles represent the .1 and .9 quantiles of observations

drawn during the associated sojourn.

Liu and Rubin [21] show how the EM algorithm can be employed to find the MLE for
a Student’s t-distribution. A key difference with their analysis and ours is that they
associate every unobserved variance with a single observation, whereas in our model,

an unobserved variance is associated with a subsequence of the observations.

3.3.1. The Observation Model

Given (2p.41, try1, Ur), which we call the the rt" augmented sojourn, the observations

are distributed as iid normal, with variance inversely proportional to v,:

p(xtr:(tr+1—1)/\T|z7":r+17 t7‘:7’+17 Ur)

(tr41—1)AT

— H In (@ ey s U;ZTH/UT) for [r=1,..R] (3.13)

t=t,
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3.3 A Stochastic Volatility Sub-model

Using (3.11) and (3.13), the distribution of ¢ ., ,, 1, Vr|2pr41, trps1 can be expressed

p<xtrztr+1fla (% |Zr:7"+1 ) tr:rJrl)

(CRP)

= p(xtT:t,.Jrlfl |Zr:r+17 tr:rJrl)p(Ur ’Zr:r+17 tr:r+1) (314>
(3.13) (trg1—1)AT
(3.11)
= H fN(xt; Hzp zry1s 0-37‘,257-+1//UT)
t=t,
X fga(UT7 VZ’I‘7Z’V‘+1 /27 VZT,ZT+1/2) (315)

Then v, can be integrated out to yield the emission distributions:

faj,k(xt:t+d—1) = P(Trira-1lzr = J, zrg1 = kot = Lt =t 4 d)
= / p(xt:t—&-d—la vr|zr =J Zr41 = k’, br =10t 1 =1+ d) dv,
0
d+V"k _
2 )fd/2F ( 2 ) (Zgl:é(xH(; - Mch)Q i 1)

= (707
I ]7k Vi k . 2
r (%) Viko2y

_d+l/]"k

Whence the emission probabilities needed by the forward/backward probabilties can

be computed.

3.3.2. Optimizing Q.

Recall the CDLL given in (2.12):

R
logp(zi.r, 21:841, t:ry1) = logis, + Z [log Terzrs T+ 108 fnzT,zTH (dr):|

r=1

R
+ Z log sz;,zrﬂ (xtT:tr“il/\T)
r=1
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3.3 A Stochastic Volatility Sub-model

In the SV sub-model we must account for the augmentation of the variance sequence

v1.r. Our SV sub-model CDLL is:

10gp(~771:T7 21:R+1, L1:R+15 Ul:R)

R
- bz + Z [log Tzr 2ri1 + log fnzT,zT+1 (dr)}

r=1
R

+ Z log fN<xt7’3tr+1_1/\T; qur,zr+17 U§T7ZT+1 /UT>

r=1

R
+ Z log fga('Ur; Var zria /27 Vzr,zr+1/2)

r=1

The “expectation” step in the EM algorithm is:

EZLR_H [logp(l'lzT, Z1:R+1, L1:R+1, Ul;R)]

t1:R+1 |21
V1:R

Because they do not have any v, terms, @Q,,Q,, @, are all unchanged from (2.12).

The (). term becomes:

QE(glzK,l:K; e(n))

- E ZR: log fN(xtr:tT+1—lAT§ﬂZr7Zr+1 7U§7~,z7,+1 /vr)
el | Fio8 Foa(orier s 3 im 1/
1:R

T

R

j=lk=1t=1d=1 vr

Shd(3.16)

Tt:t+d—1AT 7,

2r=3,2r+1=k
tr=t,tpq1=t+d

log f_a X (Ttitrd—1nT)
7,
+log fga (vivj k/2.v5,k/2)

Where the last expectation is taken wunder the posterior distribu-

tion of v ~  Ga(vjr/2,vjk/2) after having observed xpia-nar|v ~
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3.3 A Stochastic Volatility Sub-model

]_[((;d:_Ol)A(T_t) In(Tegss ik, 035,/v) . This posterior distribution is [3]:

Vik + (dAT —t+1) vy | S0 @irs — pjn)?
Y o + 2
2 2 202,

) @)

U|$t:t+d—1/\T ~ Ga (

We abbreviate this expectation as E]tg for the remainder of this subsection. Each

summand in (3.16) is:

Ejg [1083 fa?,k(xt:(t+d71/\T)) +  log fga(vivjk/2, Vj,k/Q)]

dN(T —t+1
= - ( +1) (log 2m —log 07 + E;fjg [log v])

E;Z [U] d—1AT—t

Z (Te45 — Mj,k)2

Vjk Vjk Vjk Vjk d Vik —td
+ 2 log 37 —logT (j) + (‘; - ) EZ; llog v] — JTEth [v]

The expectations of a g ~ Ga(«, ) random variable are F [g] = o/ and E [log g] =
() — log 3.2 Thus

i (3.17) vigk +(dN[T —t+1])
Ji.k [U] - ] d—1AT—t N2 /2
Vik + 25=0 (Ters — k) /Uj,k
(3.17) Vig+(dN[T —t+1
Ejilloge] = w( e { g )
log (Vj,k + 2T (s — ) /J?,k>
2

?The function ¢ is defined as 1(z) £ 4 [logI'(z)], and is called the digamma function.
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3.3 A Stochastic Volatility Sub-model

First order optimality conditions yield the following update formulas:

d T—
ZtTlZleE;k[] kzéo/\( t)$t+6

ik = (3.18)
SN0 B0 ya L tE;;j[ ]s. (AT —t+1)
o S S BRSSO (s — )
62, = - e (3.18b)
Y Y Sy @N[T —t+1])
L v ik t,d td t.d
=> > log L R - )t E;pllogv] — Ej[v]| Six (3.18c)
=1 d=1

The expression on the RHS of (3.18¢) is monotonic in v, on (0, 00), and so &, can

be found via a one-dimensional search [21], e.g. the bisection method.

3.3.3. Viterbi for the Augmented Renewal Sequence

We can rederive the Viterbi algorithm with vy.g as a part of the renewal sequence.
We define .} to be the maximum a posteriori probability of all partial augmented

renewal sequences ending with a renewal in superstate k at time ¢:

A Zr k 2Z1r—1
My = max p(tr_t trr—1 |21, T) for {t v ’I;FD} (3.19)
r=1,...,t Vpr—1 Vlir—2 o
Z1ir—1,t1r—1
Viir—1

Our record of best predecessors is now 2, Z!, ¥, the values of z,_1,t,_1,v,_1 in
(3.19). Equation (3.20) shows how all these values can be computed using the previ-

ously computed values ./}

%t A =k fl r—1
= max t —t 1Lir—1 |21
k r=1,...,t p v, 1 V12 LT
21r—1,t1r—1
Viir—1
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3.3 A Stochastic Volatility Sub-model

zr=k Zr—1=] Z1:r—1
— HllaXK Ilna}t( d p Zr:t ,tr_lztfd, 3;1117‘—12 1.7
J=1,... r=1,....,t— r—1 Ur—2 r—
d:IVt,...,(t—l)/\D Z1r—2,t1:r—2
Vp—1 V1ir—2
(CRP) zZr=k Zr—1=J
= i HllaXK P Ur—1|tr=t ﬁ)rflz:t—d, T1.T
=1,..., r—
d=1Vt,....(t=1)AD
Ur—1
zp=k|Zr—1=]
X D\ tr=t |tr—1=t—d, T1.T
Vpr—2
erlzj Zl:r—1
X max t 71:t—d t1r—1 an
7’=1,...,t7d p ’l):_z 7711:'1‘72 LT
Z1ir—2,t1:r—2
Vl:ir—2
(3.12)
(2.:))1)) 2=k Zr_1=j
- j:rrllaXK Pl Ur—1|t = t:,lzt_da Tt—d:(TAt—1)
d=1Vt,...,(t—1)AD
Ur—1
zr=k|Zr—1=J
X P\ =t |ty 1=t—d> Tt—d:T
Zr—1=J Z1:r—1
X max tr_1=t—d, t1:r—1 |27.
r=1,....t—d p UZ,Z P12 LT
Z21ir—2,01:r—2
Vi:ir—2
— 2p=k Zr—1=]
= jirllaXK %}Ei(p Ur—1|tr=t » t,_,=t—d> Tt—d:(TAt—1)
d=1Vt,....(=1)AD
ﬁt—d,d
Jk t—d
X Bt._d %] (320)
J
t gt oty A sr=k Zr-1=]
('%{j ) ‘?];: ) /1/19 ) - a'rglma];( P\ V1|t =, bty =t—d> Lt—d:(TAt—1)
‘7: PARAS]
t'=1Vt—D,...t—1AT
Ur—1
Bt/,t—t/
Jk t'
X B /fj
J

The mode of a Ga(a, §) distribution, when it exists, is (o« — 1)/, so for each j, k:

= Vik + d—2
=k Zr—1=J _ s
%laxp Ur—1 f::t ) tr_1=t—d> Ti—d:t—1 — d 2 2 (321)
T Vik + X1 (Ti—s — Hjk)” /05,
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3.3 A Stochastic Volatility Sub-model

The mode (3.21) only exists when v, +d—2 > 0, TODO d, so the MAP augmented
sequence only exists when v;, > 1 for each 7, k. When this condition is not satisfied,
a possible practical solution could be to compute the MAP of the unaugmented
sequence (21.p41,t1:r41) as in (2.17). Then, the sequence 9.5 could be constructed as
follows: For each r such that cir > 2, set 0, as in (3.21). For those r such that cZ,, =1

and v, < 1, the posterior density of v, is unbounded as v, — 0. So for those 7,

Zr4+1

7, could be set to some adhoc value.

When it exists, the MAP is recovered by the following algorithm:
My — ik

Then for each t =2,..., T+ D

Vip+d—2
M — max —= 7 5
amtir i p Vik T Xt (Tems — 1) /05
g
x Dik gt for [k=1,..K]
Bt—d J
J
Vik + d—2

(2t d) «+ arg max

d 2 2
7j=1,...,. K Vik —+ (x5 — i o2
d=1Vt . —1AD 7 Y51 (@ fik)”/ ik

Bt'_dd
X %f///jtfd for [k=1...K]
J
o o tod for [k=1,..K]
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3.3 A Stochastic Volatility Sub-model

I/Qﬂkt,k‘{'d—Q

Vo 5
d - 2
Vatk + D 51 (%—6 Mﬂ’,j,k:) /U'@{ka

Once 4P are computed, the MAP state sequence 31.p.1,t1.r41 is constructed in
1:K p ) q R+1, U1:R+

reverse order, starting with the last renewal which must occur after time 7"

A n t
(2ri1, try1) < argmax .,
k=1,...,K

And then for each 7:

~

(b 0) = (0 TP

Zr41 7 Zr41 ) Zr+1

The algorithm stops when ¢, = 1.

3.3.4. Simulated Data

We first draw a renewal sequence from a renewal process with Poisson holding-time

distribution with parameter A = 20. This sequence is shown in Fig. 3.7 on this page.

0 50 , 100 150

Figure 3.7.: A renewal process with Poisson holding-time distribution with param-
eter A = 20.

There are 7 renewals in this sequence. The corresponding variances, whose inverses
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3.3 A Stochastic Volatility Sub-model

are drawn iid from a Ga(1.5/2,1.5/2), are:

/v = (6.19,16.14,4.18,0.13,1.31,6.43,0.53)

Each observation is drawn from a A/(1,2%/v,) distribution, where v, is used for the 7"
observation subsequence. The observation sequence is shown in Fig. 3.8a. The bottom
and top of the overlay in Fig. 3.8b are the .1 and .9 quantiles for each observation

given the augmented renewal sequence.
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3.3 A Stochastic Volatility Sub-model

0 50 100 150

(a) Observation sequence simulated from our stochastic volatility sub-model with K = 1, n =
Pois(20), p =1, 0 =2, and v = 1.5.

Renewal: 1 2 3 4 5 6 7

(b) The .1 and .9 quantiles of each observation in (a) overlayed.

Figure 3.8.: (a) An observation sequence realized from our stochastic volatility sub-
model. (b) With augmented sojourns overlayed.

3.3.5. Inference

We used 1000 sets of random starting parameters. The starting parameters for A
were drawn from a uniform distribution on [0, 7]. The starting parameters for p were
drawn from a normal distribution with mean the same as the sample mean of x,.7 and

variance equal to the sample variance of {min 1.7, max zy.r}. The starting parame-
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3.3 A Stochastic Volatility Sub-model

ters for o were drawn from a uniform distribution on [0, sd({min z1.7, max xy.7})].

3.3.5.1. Parameters

The MLE parameters are:

A

A=2119, =088, =152,  ©=1.03 (3.22)

3.3.5.2. Renewal Sequence

The results of the Viterbi algorithm, using both the MAP and ad hoc methods de-
scribed in Section 3.3.3, are shown in Fig. 3.9a on the next page. The MAP augmented

renewal sequence is overlayed in Fig. 3.9b.

3.3.6. Discussion

We have shown how the statespace of an MRP can be augmented. In this case, we
augmented each superstate with a variance drawn from a Ga(v/2,v/2) distribution.
The sub-model presented provides another example of associating an event other than

a state change with a renewal. In this case, this event is a change in volatility.
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3.3 A Stochastic Volatility Sub-model

St

50 y 100 150

S- 900
®

- ad hoc == MAP - simulated

(a) Simulated and inferred renewal sequences for the stochastic volatility sub-model. Both the MAP
and ad hoc methods described in Section 3.3.3 are shown.

Renewal: 1 2 3 4 5 6

(b) The MAP renewal and variance sequence for the data in Fig. 3.8a. The .1 and .9 quantiles,
determined by [ = 0.88, 6 = 1.52, are overlayed.

Figure 3.9.: Inference on the observations in Fig. 3.8a
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4. Applications

This chapter contains two instances of hidden Markov renewal sub-models applied to
real datasets. With each application, we compare the HMRM’s performance to that

of previously published models.

4.1. Modeling Autocorrelations of Squared

Returns

Rydén et al. [32] found that hidden Markov models were able to reproduce several
stylized facts of financial time series. A notable exception was the slowly decaying
ACF of squared returns. Bulla and Bulla [6] developed a model, based on Guédon’s
HSMM, with negative binomial holding-time distributions and normal emission dis-
tributions. We denote this model as “Bu” in the figures and tables of this section.
They showed that this model was able to reproduce this stylized fact in most cases.
They noted however that the model was not able to reproduce the slowly decaying
ACF of four sector indices considered. Of these four sectors, three were from the

financial industry.

95



4.1 Modeling Autocorrelations of Squared Returns

We fit our bridging-means model of Section 3.1, denoted “BM”, to these four sectors!.
Our model contains a more elaborate renewal independence structure, allowing for
holding-time and emission dependence on both the coinciding and next superstates.
So we investigate the possibility that the “bridging” of means in our model may not be
the source of any improved performance. We do this by also fitting another HMRM,
but with emissions distributions that assume conditional independence of observations
within a subsequence. That is, for each pair of superstates j, k the emission density
of a sojourn of length d is:

(d—1)A\(T—t)

fgg,z’k (xt;(t+d—1)AT) = 5110 In ($t+6§ s U?‘,k) (4.1)

We denote this model “IID”. Like the bridging-means model, this model has 17 free
parameters. But it does not transition gradually between superstates. Both the 11D

and BM models used negative binomial holding-time distributions.

Fig. 4.1 shows the empirical ACFs of these datasets with the ACFs of the fitted
models. It is clear from visual inspection that both the BM and IID model’s perform
significantly better than Bulla’s model. Tab. 4.1, which contains the sums of squared
differences between each model’s ACF and the empirical ACF, confirms this assertion.
The difference between our BM and IID model is negligible. With the exception of
the parameters fit to the Financials dataset (see Section 4.1.1.2), the difference in the

parameters for these models is also relatively small.

"'We thank Professor Jan Bulla for graciously providing the data used in this section.
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4.1 Modeling Autocorrelations of Squared Returns

Banks Financials

0.25
|
|

IID

0.05
|

ACF
0.10 0.15 0.20
| | |
@©
<
ACF
0.05 0.10 0.15 0.20 0.25
| | | |

20 40 60 80 100 20 40 60 80 100

Lag Lag

Insurance Retail

0.30
|
0.22
|

ACF
0.15 020 0.25
| | |
ACF
0.14 0.18
| | | |

0.10
|

T I I I I T I I I I
20 40 60 80 100 20 40 60 80 100

Lag Lag

Figure 4.1.: ACFs of squared log returns for 4 sector indices. “Bu” is Bulla’s model,
“IID” is our HMRM with emissions as in (4.1), and “BM” is the bridging-means
model of Section 3.1.
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4.1 Modeling Autocorrelations of Squared Returns

Bu

1D

BM

Banks
Financials
Insurance
Retail

0.53
0.17
0.92
0.32

0.09
0.07
0.10
0.06

0.09
0.07
0.11
0.06

Table 4.1.: The sum of squared differences between the empirical ACF and those of
the models in Fig. 4.1 at lags 1,...,100. Like Bulla and Bulla [6], the ACFs were
generated from simulation. We used an observation sequence of length 5 x 107,

4.1.1. MLE Parameters

4.1.1.1. Banks Dataset

Bridging-Means

—0.94 2.77 1.22
f= x 1071 b= x 1072
8.15 0.67 0.49
0.13 0.12 0.01 0.03
P = p=
0.05 10.74 0.01 0.11
0.13 0.87
7=
0.97 0.03
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4.1 Modeling Autocorrelations of Squared Returns

IID HMRM
2.57 2.78 1.22
[ = x 107 &= x 1072
5.59 0.68 0.50
012 0.11 ~]0.01 0.03
T = p:
0.04 10.28 0.01 0.11
0.13 0.87
7=
0.96 0.04
Bulla
—11.02 2.16
= x 1074 b= x 1072
6.25 0.68
~0.08 0.08 ~10.03 0.03
r = p:
0.08 0.08 0.01 0.01
~10.00 1.00
T =
1.00 0.00
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4.1 Modeling Autocorrelations of Squared Returns

4.1.1.2. Financials Dataset

Bridging-Means

—15.40 1.14 2.49

[ = x 1074 b= x 1072
15.73 0.54 0.73
0.05 0.04 0.05 0.01

P = p=
0.08 0.18 0.00 0.02
0.83 0.17

7=
0.42 0.58

IID HMRM

—10.01 2.79 1.49

[= x 1074 b= x 1072
6.43 0.86 0.59
0.09 0.05 0.01 0.03

P= b=
0.19 0.09 0.04 0.00
0.16 0.84

7=
0.72 0.28
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Bulla
—14.14 2.16
f= x 107* &= x 1072
6.31 0.67
A 0.09 0.09 A 0.03 0.03
r = p g
0.09 0.08 0.01 0.01
0.00 1.00
7=
1.00 0.00
4.1.1.3. Insurance Dataset
Bridging-Means
—1.81 3.65 1.62
[= x 1074 b= x 1072
6.03 0.94 0.65
A 0.03 0.10 A 0.00 0.01
r = p =
0.20 9.87 0.01 0.09
0.39 0.61
5=
0.85 0.15
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IID HMRM
2.05 A 3.66 1.61 ;
= x 10~ o= x 10™
4.67 0.93 0.65
) 0.03 0.10 R 0.00 0.01
T = p g
0.19 13.22 0.01 0.12
0.38 0.62
7=
0.86 0.14
Bulla
—12.33 2.76
= x 1074 b= x 1072
4.70 0.84
R 0.06 0.06 A 0.02 0.02
7" o p g
0.06 0.06 0.00 0.01
R 0.00 1.00
T =
1.00 0.00
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4.1.1.4. Retail Dataset
Bridging-Means

1.70 3.39 1.73

= x 1074 b= x 1072
8.23 1.00 0.71
~10.02 0.06 ~10.00 0.01
"": p:
0.18 3.45 0.02 0.05
0.30 0.70
7=
0.88 0.12
IID HMRM
1.41 3.39 1.75
[= x 1074 b= x 1072
7.66 1.01 0.71
~10.02 0.06 ~10.00 0.01
r = p:
0.18 3.30 0.02 0.05
0.30 0.70
7=
0.87 0.13
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4.2 Forecasting Volatility

Bulla

—13.16 2.92

f= x 107* &= x 1072

9.60 0.88

A 0.03 0.03 A 0.00 0.00

r = p =
0.12 0.12 0.01 0.01
0.00 1.00

p—
1.00 0.00

4.2. Forecasting Volatility

Hamilton and Susmel [16] used autoregressive conditional changing heteroskedasticity
(ARCH) models with regime-switching to forecast the volatility of stock returns. The
data used was the value-weighted portfolio of stocks traded on the NYSE contained in
the CRISP data tapes from the week ended July 3, 1962 to the week ended December

29, 1987. There are T' = 1331 observations in this dataset.

We compare Hamilton and Susmel’s model to an HMRM using this dataset?. The
specific HMRM we use is a combination of the Jump sub-model from Section 3.2,
and the stochastic volatility sub-model from Section 3.3. We also add a first order

auto-regressive component to this HMRM’s observation subsequence model. We call

this model a AR(1)-SV HMRM.

2This data was obtained from Hamilton’s website:
http://econweb.ucsd.edu/~jhamilto/SWARCH.ZIP.
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4.2 Forecasting Volatility

4.2.1. The AR(1)-SV HMRM

We describe our model and present the EM updates to find the MLE. We then present

the result of the EM and Viterbi algorithms applied to weekly returns from the NYSE.

4.2.1.1. Model Description

We use Negative Binomial holding-time distributions. The distribution of the obser-

vation subsequences can be described:

zr=7 zr+1=k
b (xt:(t—i—d—l/\T) t::t ) tryp1=t+d> U7«>

initial distribution

= v (%; Hg(5.k)> Ugoyk))
(d—1)A(T~t)

x I Iv(@es; @atirs— + uga), Oigp /or) (4.2)
5—1

autoregression

where, as in our stochastic volatility sub-model, an (inverse) variance v, is drawn for

each observation subsequence:

g frif;k ~ Ga(Vjr/2,vjr/2) (4.3)

Uy

So the first observation in any subsequence is drawn from an initial distribution

N (ug(j,k),og(jk)) . Subsequent observations in the subsequence satisfy x;,1 =
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4.2 Forecasting Volatility

Lk + @i ke + € where €v, ~ N(0, UIQ(M)/'UT) . Integrating out v, from (4.2) using
(4.3) yields the emission densities that are readily employed in the forward-backward

algorithm.

1—1 (d—1+Vj7k>
_d-1 2
fej’k(xt:(t—i-d—l)/\T) = fN(xtQHg(j,k)aaz(j,k)) X (WVj,kU?(j,k)) 2 W
2
_d71+l’j,k

ZgZiAT_t(%M — QjkTit5-1 — Ml(j,k:))2 ’
X 5 +1
VikOi(j k)

4.2.1.2. EM Updates

The EM updates to the parameters fig(;r), 0g4(jk), Which describe the distribution of
the initial observation in each subsequence, are the same as in the Jump sub-model,

see Section 3.2.2 on page 76. We present these updates again here:

L S T S;:,‘i

S S N

i (xt - Ng(jyk)>2 i S;‘:g
L SR S

Og(j,k) =

The updates of the local parameters are similar to the stochastic volatility model
of Section 3.3. Because we assume that the first observation in each observation
subsequence is drawn from the initial distribution, the sums over ¢ start at 1, rather
than 0 as in (3.18b). The expected values of an (inverse) variance drawn during a

sojourn from superstate j to superstate k starting at time ¢ with duration d are:
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; d—1N|T -t
B[] = v P @ZINT =) for [42,..1]

Vig + Sgo Tt (xt+5 — QjkTtro—1 — Ml(jyk’)> er

Vip+(d—1N[T —1t
Ejillogv] = w( it 2 | D)
d-IAT—t ? o2
Vik + 25— ($t+5 — PjrTirs-1 — ”l(ﬂ':’f)) /%ik)

2

— log

EM updates for the local parameters p;, ¢; satisfy the following matrix equation:

d .d , d—1IN(T—t
ST SR BV ) SH a1 A (T )] S SR, B ] S T T 2y
t,d td d—1IN(T—t t,d t,d d—1IN(T—t
S SR BN ] St T s S SR, B ) Sty T a2
. .d ,d —~d—1A(T—t
Hi(,k) 2?21 EdDZQ E;k[v] S;k25—1 ( )xt-i-&

iy T D t,d d—1IN(T—t

The update for ;) is:

A

d d—1A(T— 2
5 ZtT:1 ZdD:2 E; [ ] Z A( ) ($t+5 - ¢j ELt45—1 — Ml(j,k))
I(j.k) —

i 1Zd 2 Sk (d—=1AT —t)

Finally, 7; is the solution to:

A A

+1—¢<2

O:Zillog

t=1d=2

) E [logv] E;Z[U]] S;:g

107



4.2 Forecasting Volatility

4.2.1.3. Fitting the Model

The model as we have described above, with K = 2 superstates, would lead to 34 pa-
rameters. To engender parsimony we impose some additional constraints. First, each
holding-time and emission distribution can depend only on the coinciding superstate,
and not the next. That is, n;, =n; and ¢, =¢; foreach j =1,... K, k=1,... K.
The manifestation of this constraint is that every matrix in (4.4) has constant rows.
We additionally restricted o4(1.x,1:x) and v1.x1.x each to a single value, as can be
seen from their matrices in (4.4). Finally we do not allow state self-transitions, i.e.,
the transition probability matrix 7 is 0 along the diagonal. This yields a model with
14 free parameters, which is comparable to the models of Hamilton and Susmel (see

Tab. 4.2).
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238 238 ) 1.86 1.86
Hg = 04 =
—1.83 —1.83 1.86 1.86
0.40  0.40 ) 1.43 1.43
—-2.09 -2.09 2.60 2.60
0.28 0.28 4.35 4.35
¢ = UV =
0.20 0.20 4.35 4.35
0.32 0.32 0.02 0.02
T = p =
89.66 89.66 0.98 0.98
0.00 1.00
T = (4.4)
1.00 0.00

The MAP renewal sequence found for this model is displayed in Fig. 4.2 on page 113.

4.2.2. AR(1)-SV HMRM Forecast Formula

We wish to compute the 1-step ahead forecasts E [xii1|x14], Var [xiq|2i,] under
our AR(1)-SV HMRM. Our derivations yielding the formulas for these quantities are
somewhat involved, see Section A.6. There we have derived forecasts for arbitrary

steps-ahead.
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E 21|71

(A.34)
(A.36)
(A.38)

Mw
Nk

>d t
Ha(ik) X TjaMje % I
1

b
Il

1

.
Il

(D—1)At

(%‘,kﬂ?t + Ml(j,k)>
d=1

+
M=
M=

<.
I
—-
i
—_

X fa?,k (Ter1-d:t) X Tj,kn;l? X F;_d

Var x|

(A.34)
<A )()) K K

IDIOILATEL S

j=1k=1

K (DAt+1)— 1

ik +d— 1 2
PYY Y M,
j=lk=1  d=1 V1k+d 3 o
| - N o N\2/42
ik + 501 (Ter1-drs — GinTe-d+s — LuGw)*/ T
Vik + (d - 1)

X fs?,k(xtﬂ—d:t) X ijknj%g X F;_d
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4.2 Forecasting Volatility

4.2.3. Comparison with Hamilton & Susmel

Using the same dataset, we compare the forecasts of our AR(1)-SV HMRM to the
regime-switching ARCH models of Hamilton and Susmel [16]3. All of Hamilton and
Susmel’s results are conditioned on the first four observations in the dataset. For the

1 step-ahead forecast, the following loss functions were considered:

1 & 2
MSE = —— ; {(@ = B [zi]wraa]))’ = Var [z]2144]}
1 T
MAE = 1 > Nz — E (2| 1:0-1])° — Var [z @11
=5
2 _ 1 & _ 2\ 2
[LE)? = 1 > {log ((xt E [z¢|714-1]) ) log Var [xt]xlzt,l]}
t=5
1 T
|LE| = 71 Z|log ((xt - F [xt|:171:t_1])2> —log Var [xs|x1.41]|
=5

All these loss functions are compared against a baseline model that Hamilton and

Susmel call a “constant variance” model. Under this constant variance model:

1 T

Bconstany [21 | 2101] = g 3 for r=s...7]
1 T

Var(ig?isgﬁg) [ | 210] = T _ 4 Z (2t — E [z | 331:::'—1])2 for [t=s5,..7]
t'=5

We were able to reproduce Hamilton and Susmel’s published loss functions for the

30nly the 1-week-ahead forecast is used because we were unable to reproduce their values for the
4 and 8-week-ahead forecasts. We used the rugarch R package to successfully reproduce the log
likelihood and 1 step-ahead forecast loss functions for Student ¢ GARCH-L(1,1) model, but were
unable to reproduce the 4 and 8-step-ahead forecast loss functions for this model. So we are not
confident that we understand exactly how the loss functions were computed for these forecasts,
and thus not confident a comparison with our model would be equitable.
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4.2 Forecasting Volatility

“Student t GARCH-L(1,1)” model. The last row in Tab. 4.2 on this page contains the
percent improvement of these loss functions computed under our AR(1)-SV HMRM.
The baseline for this improvement is the constant variance model. The other rows in
Tab. 4.2 were obtained from Hamilton and Susmel’s paper. Tab. 4.2 shows that our
model’s forecast improves those of Hamilton and Susmel [16] by approximately 50%

for each loss function considered.

Percent improvement in loss

#
Model Param. locL MSE MAE [LE)> |LE|
Student ¢ GARCH-L(L,1) 7 28220 8 3 15 10
Student ¢ SWARCH—L(3,2) 13 —2802.7 -7 11 10 10
Student ¢ SWARCH-L(4,2) 15 —2798.1 6 13 7 9
2-state AR(1)-SV HMRM 14 —2798.6 9 21 22 15

Table 4.2.: Metrics from the models of Hamilton and Susmel [16] and our model.
For each loss function, the best performing model(s) of Hamilton and Susmel [16]
are emboldened. Because Hamilton and Susmel treated the first four observations
as given, for our model we used log £ = p(xs5.7|21.4).
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Figure 4.2.: The MAP renewal sequence and variances of our 2-state AR(1)-SV HMRM
model (4.4) overlayed on NYSE weekly returns from July 31, 1962 to December 29, 1987.
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5. Conclusion

Each model we presented is based on observed values being dependent on some un-
observed sequence. We first introduced the finite-mixture model, a model where each
observation is dependent on an unobserved state. These states are iid from a proba-
bility vector of length K; this probability vector is a parameter in the model. Next
we presented the hidden Markov model, which replaces the iid sequence of states with
a sequence drawn from a Markov chain. These two models, the mixture model and
the hidden Markov model, are precursors of our model, the hidden Markov renewal

process.

The HMRM replaces the HMM’s Markov chain with a Markov renewal process. The
Markov renewal process can be thought of as a Markov chain augmented with renewal-
times. The observations in an HMRM consist of observation subsequences, rather
than single observations. The start of each subsequence coincides with the renewal-

times of the hidden Markov renewal sequence.

Our development of the HMRM drew a parallel with the HMM, presenting a theorem
that shows how knowledge of a renewal segregates the hidden and observed sequences

into two conditionally independent sets of random variables: those occurring before
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the renewal and those occurring after (or at) the renewal. We also presented a graph
showing how renewals are related in the forward and Viterbi algorithms. The de-
velopment of the forward-backward algorithm for the HMRM distinguished between

forward /backward renewal probabilities and forward /backward sojourn probabilities.

Our HMRM extends previous HSMMs. Whereas previous HSMMs allow each obser-
vation subsequence to depend on only the coinciding superstate, the HMRM allows
each subsequence to depend on the next superstate also. This allows, for example,

the observations to gradually transition between the superstates.

Our formulation of the HMRM was initially kept general, we did not specify the
emission or holding-time distributions. To more concretely demonstrate our HMRM
we presented three sub-models that, by specifying these distributions, can be em-
ployed practically. We called the first sub-model the bridging-means sub-model. It
illustrated how our extension could be employed to model observation sequences that

gradually transition between superstates.

The next sub-model demonstrated that by using a hidden Markov renewal process,
rather than a semi-Markov process, phenomena such as jumps can be inferred from
an observation sequence. This model set the number of possible superstates, K, to 1.
So the superstate sequence was constant, containing no information. This elucidated
the importance of the renewal-time sequence, which in our jump sub-model, contains

the times of the jumps. This renewal-time sequence is absent in an SMP.

Our last sub-model augmented the state space of the hidden Markov renewal process
to include (inverse) variances. Because these variances are random, we termed the

model a “stochastic volatility” sub-model. Throughout our exposition of HMRM sub-
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models, we presented plots with overlays of rectangles — each rectangle corresponding
to an observation subsequence. The width of the rectangles in HMRM based model
are randomly distributed according to the holding-time distributions. In our stochas-
tic volatility model, the height of each rectangle is also random. As in our jump
sub-model, we allowed for only one superstate value. This provided another example

of associating an event other than a state change with a renewal.

We showed how to simulate from each sub-model. Then, using only the observation
sequence, we showed how to estimate the sub-model’s parameters and the unob-
served state/renewal sequence. By doing this with the three sub-models presented,
we demonstrate that our HMRM framework can be used to perform inference for
models that incorporate three key areas of financial time series: regime-switching,
jumps, and stochastic volatility. Further, the bridging-means model demonstrated
how regime-switching in our model can be gradual, rather than abrupt. This is be-
cause we have allowed observation subsequences to depend on both current and future

superstates.

The penultimate chapter applied HMRMs to two real-world datasets. The first was
daily returns from four European sector indices, and was previously analyzed by Bulla
and Bulla, using the HSMM of Guédon [15]. Our HMRM was able to better model
the ACF of squared returns for the indices considered. The gradual regime-switching
of the bridging-means model was not the source of the improved modeling however. A
HMRM that assumed the observation subsequences to be conditionally iid performed

just as well.

The second real-world dataset was weekly returns from a portfolio of stocks on the
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NYSE. We used an HMRM that modeled autoregressions and stochastic volatility.
Compared to the regime-switching ARCH models of Hamilton and Susmel [16], this
HMRM improved volatility forecasts by approximately 50% for each metric consid-

ered.
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A. Derivations and Proofs

A.1. Mixture Model

A.1.1. Complete Data Likelihood, Posterior State

Probability, Posterior Expectation
An expression for the complete data likelihood of a state sequence s1.7 and observation
sequence 1.7 in a mixture model with parameter set 0 = {a1.x, 1.} is given by:
(CRP)
p(xrr, sir; ) = plrir|sir; 0)p(sir; 0)

(].IH[) T

1.3d)

=0 T p(dlse; 0)p(se; 0)
t=1

= 1:[1 s, (T4) v, (A.1)
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A.1 Mixture Model

For a mixture model with parameter set (" = {a@{, 5@(}, the posterior state prob-

abilities, A% = p(s; = k|x1.7;60™), can be computed:

plse = kloyp; 00) =" p(s, = klay; 6) for ({2 7]
p(xi|se = k; 9("))p(3t = k; e(n))

S (e se = J;00)p(s, = j; 0™)

_ 5l(gn) (mt)al(cn) (A.2)

i g @)y

An expression for the posterior expectation of a function of a state subsequence is:

E51:T|551:T§0<n) [f<3t:u)] = Z f(St:u)p(SlzT\l’LT; 9) for [1§t§u§T]
- Z f(stw) Z Z p(s1r|r17; 0)
= Z f(St:u>p(St:u’xl:T; 0) (AB)

We did not use any of the mixture model assumptions (1.3); we will use this formula

again with the HMM.

A.1.2. Optimizing ), and Q).

The following results are used to computed the update formulas for the mixture model

EM algorithm.
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A.1 Mixture Model

Lemma A.1. The maximizing values &q.x for

K
Z log O{kAk
k=1

subject to the constraint

satisfy:

Gp = —p— (A.4)
jK:1 Aj

Proof. The optimality conditions [4] require:

Al/OAél 1

AK/OAéK 1

Multiplying each equation by é;/A and summing all the equations gives

K_ A K
Zk_/\l LA ;;1 Qg
——

where the right-hand side sums to 1 by the constraint. Hence A\ = Zle A and
ar, = A/ [ZI, 4. 0

Lemma A.2. The values [i1.xc,01.x mazimizing

K T K T
Q(/’LI:Kao-lK é Zzlogff\/ xta/”’k70k) 2@(“1:[(70’1[( = Zzlogf/\f xt"uk’o-k> At

k=1t=1 k=1t=1
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A.1 Mixture Model

are

. Y w Al
o= ST A5
T A N2 At
A2 Zt:1 (ZUt - ,Uk) Ak
‘ i AL

Proof. The log of the normal density gives:

303 (= m)?) 4
Q1105 01.K) X Z Z log oy, + 5o Al

k=1t=1 k

The optimality conditions for p; imply that
T T
S Al = Y 2, Al
t=1 t=1

and solving for fi; yields the first equation in (A.5b). The optimality conditions for

o imply that
T T

> 0pAL = > (e — ) A

t=1 t=1
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A.2 Hidden Markov Model

A.2. Hidden Markov Model

A.2.1. Complete Data Likelihood, Posterior State/Transition

Probabilities

An expression for the complete data likelihood of a state sequence s1.7 and observation

sequence zy.r in an HMM with parameter set 6 = {t1.x, T1.x.1:x, €15 } 1S given by:

( T
(1.11a)
= = Hp(mt‘st)P(3t|5t—1) (A.6)

First we show how the posterior state probability can be computed as a product of

forward and backward probabilities

D p(aer|se =k, xr—1)p(se =k, 21.4-1) for {2::111;(}

(CRP)
p(st = k7x1:T) =
(1.15)

p($t:T|St = k?,ILt—l)p(St = k,xlzt—l) (A-7)

and the posterior state probability can be computed from the joint probability as

p(s¢ = klzrr) = p(se = k,21.7)/ > p(s¢ = j, 21.7). The posterior transition probabil-
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ities can be similarly factored:

p(se = J, 5041 = k, 217) (EP) P(Tir7|5e = J, S0 = K, 1421) for {2::11%71}
X p(st+1 = klsy = j, x1.4)
X p(l’t|5t =7 xl:t—l)
X p(st = J, T1:4-1)
(!M p(xt—i-l:T’St—',-l = k?)
X p(siy1 = kls: = j)
X p(ai|se = j)
X p(si = J, T1:4-1) (A.8)

A.2.2. Optimizing ),

The following result is used to computed the update formula for the TPM in the
hidden Markov model EM algorithm.

Lemma A.3. The mazimizer T1.x1.x for

K K T
> > logmin ) Nj,

j=1k=1 t=2

subject to the constraints

K
mrk=1forj=1,... K
k=1
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satisfies:

A

T t
D=2 Nj,k
7—]7k

= &K T ¢
Doim1 2t—2 Nj,z

Proof. The optimality conditions [4] require, for each j =1,..., K:

T A T N
S Nia/Tin o Tima Nig/Tik At M
TNt /2 e TNt - Ae oo+ A
D ot=o K,l/TK,l Dot—o K,K/TK,K K K

Here we have represented K? equations as a single K x K matrix equation. Dividing

each equation by the corresponding A term and multiplying by the 7 term gives

T T . .
SELNG /M o SEL N /M F1 o Pk
T T . R
ST Nk Ak - YL, Nk /i P o kK

Computing the sum of each row and applying the constraint that > | 7ik = 1 gives

Yo Yiee N/ 1
Zszl Ethz N;(,k/)‘K 1
so N =Y, 3T, Nj, foreach j =1,..., K. Hence 7;; is as in (A.9). O
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A.3 Hidden Markov Renewal Model

A.3. Hidden Markov Renewal Model

A.3.1. HMRM Homogeneity

We first establish that the HMRM is homogeneous — the probability distribution
of any future renewals and observations is constant with respect to the number of
renewals that have occurred previously. This result is perhaps to be expected given

MRP homogeneity (2.2b) and the homogeneity of the observations implied by (2.3a).

Theorem Al (HMRM Homogeneity).  The distribution
p(l’tr;T,tr+1:r+p,Zr+1;T+p|t7«,ZT) is constant with respect to r. That is assuming

tr’:r’-{—p = tr:r—i—p and Zrlipl4p = Zrir4p then

P(l’tT:T, tr+1:r+p7 Zr+1:r+p’tra Zr) = P(%:T, tr/+1:r/+p7 zr’+1:r’+p’tr’a ZT‘/) (AlO)

Proof. Factoring both sides of (A.10) and applying the homogeneity properties im-
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A.3 Hidden Markov Renewal Model

plied by (2.3a), (2.2b), shows that the two quantities are equal.

P(xtT:Ty tr+1:r+p7 Zr+1:r+p’tr7 Zr)

(CRP)
= p(xtT:T|tr:r+p7 zr:r+p) X p(tr+1:r+p7 Zr+1:r+p|tra ZT‘)
(CRP)
= H p('rtu:(TAtu+1—1) |'Tt,«:tu—17 tr:r+p; Zr:r+p)
uu>r,
tu <T
r+p—1
X H p(tqula Zu+1 ’tr:ua Zr:u)
u=r
(2.:51>§
(2.3a r4p—1
(2.2)
= H ggZ,Zqul (Itui(T/\tu+1_1)) X H TIZU7ZU+1 (du)Tzuazu+1
wu>T, u=r
t, <T

In the exact same manner as above we can show that:

p(iCt:T, tr’+1:r’+p7 ZrUrl:r/er’tr/a Zr’)

r'+p—1
_ d
- H gzz,Zu+1 (xt{uZ(T/\tihLl—l)) X H nzu,zu-u (dU)Tzu721t+l
wu>r’, u=r’
t, <T

It is then clear that if t,/,14, = t;.,.1, and 2,4, = 244, the two sides of (A.10) are

also equal. O
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A.3 Hidden Markov Renewal Model

A.3.2. Forward/Backward Probabilities

Here we derive formulas for the forward/backward sojourn/renewal probabilities.

First the forward sojourn probabilities:

qﬁéi L2 p@rstz,=j, 2y =k ty,=t+1—d t,p1 =t+1, 214)

Zp(zrzj, Zemi =k, t,=t+1—d, t,,g =t+1, x14)

(CRF
= Zp Ti41- dt|2r =) o=k tr=t+1—d t,.y=t+1, 21, d)
Xplzppr =k, tppy=t+1st.z, =4, t,=t+1—d, v1.4_q)
Xplzr =g, t, =t+1—d, x14q)
(2.7)
(A.10) ,
= p@1adlzr =7, 21 =k, t,=t+1—d, t,;; =t+1)
Xp(zpp1 =k, tpyg=t+ 1z, =4, t,=t+1—d)
XY p(z=j, te=t+1—d, T144)
(2.3b)
(2.2b)

5?,k<xt+1—d:t) X Njg(d) Tjp ¥ Fj?_d (A.11)

The forward renewal probabilities:

Fli £ p(Arst.z. =k, t,=t+1, x14)

DAt

= ZZpElrstzT 1 =0 =k t,g=t+1—d t,=t+1, z14)

K

e PIDILH (A.12)

1

.
~
i
i

!
2

H
i

.
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A.3 Hidden Markov Renewal Model

The backward sojourn probabilities, for ¢t +d < T

5;:2[ é p(‘rt:T7 Zr+1 - k, t,,.+1 = t —|— dlzT e j’ t’f‘ — t)

(CRP) ,
= p(xar, |Tetrd-1, 21 =k, 1 =t +dz, =4, t, = 1)
X p(Tepya—1|2r1 =k, trp1 =t +d, 2o = J, t, = 1)
X p(zr—l—l = k7 tr+1 =t+ d"zr = j7 t, = t)
(2.7)
(2.3b)
(2&1))

B§+d X 5?,k($t:t+dfl) X Nk (d) Tk
and when t +d>1T + 1:

B;,’Z = p(zer, zop1 =k, trpr =t +d|z = j, t, = 1)

(CRP)

p(xt:T‘ZT‘ =7 Zr41 = ka br=1ttrpn=t+ d)

X p<zr+1 = ka lry1 =1+ d|2r = j; t, = t)

(

31
(2.2t

)
2b)
=" &Y (er) X nip(d) i

NN

Finally the backward renewal probabilities can be computed:

Sy
=
>
—~

i p xt:T|Z7’ - ka t’r - t)

D
Zp(xt:T7 Br4l = k’, lr1 =1+ d’Z’F =7, tr = t)
d

I
M=

£
Il
—
Il
—

IIE
™=
Mo

t,d
Bilk

x~
I
—_
Y
Il

1
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A.3 Hidden Markov Renewal Model

A.3.3. Complete Data Likelihood, Posterior

Renewal/Sojourn Probabilities, Likelihood

An expression for the complete data likelihood of a renewal sequence (z1.g41,t1.r41)
with tp < T < try1 and observation sequence x1.p in an HMRM with parameter set

0 = {L1:K, TLK 1K K 1:K 51:K,1:K} is given by:

P(Z1:R+17 t1:r+1, $1;T)

= p(@rr|#rers tire) X P(21R+1, tiry1)

((‘/:’/’)) Rl dy dr
= gzr,zr_H (xtritwrl*l) E;zr,zT_H (xtRZT)
r=1
R
X p(Zl, tl) X H p<2r+17 tr—i—l ‘21:7”7 Z51:7“)
r=1

-

1

(2.2b) — dy dr
= gzr,th (xtritr+1—1) 5z,«,zr+1 (ItR5T)
r=1

R

X p<217 tl) X H TZT,zr+177zT,zr+1 (dr> <A15)

r=1

The posterior renewal probability can computed by first finding a formula for the
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joint probability

p(3rs.t.z, =k t, =t,x1.7)

= Zp(zT = k? tT’ = t? 'TI:T)

CRP)
: = p(xt:T|x1:t—l7Z’r - k? tr - t)p(ZT - k? t?“ - ta xl:t—l)

L el =kt =) Sl = te =, 210

= p<xt:T|Zr = k; tr = t)p(flrs.t. Zp = k’, tr =1, xl:tfl)

Bl Fl (A.16)

and then, since t; = 1, the likelihood can be computed

K
L2p(r.y) = > pErsit.z =kt =1, 217)
k=1

(A.16) K
= > BF! (A.17)
k=1

and finally normalizing the joint by the likelihood:

p(Ars.t.z, =kt =tlxrr) = pErst oz =kt =t x.7)p(rrr)

(A.16)

="' BiFYL (A.18)

To get the computational formula for the posterior sojourn probabilities we first
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A.3 Hidden Markov Renewal Model

compute the joint

p(3rst. z, =4t =t 2,41 =k, try1 =t +d, z1.7)

= Zp(zr:j7tr:t;zr+1 :k7tT+1:t+d7'r1:T)
(CRP) .
= ZP(%:T; Zp1 =k, tepn =t +dlz, = jit, =t 214-1)

X p(zr - .ja tr - t7x1:t—1)

(2.7
(A.10) )
= p<xt:Tazr+1 :katr+1 :t—i_d‘zr =t :t)

X Zp<zr = ja t, = taxl:tfl)

— Bl x R (A.19)

J

and normalize by the likelihood

p(Irs.t.z, =j,t, =t 2,01 =k, try1 =t +d|xrr)

= p@@rst.z,=j,t, =t 2,01 =kt =t +d|xrr)/p(a1T)

=g

(A.19)

= B x ETYL

A.3.4. EM Algorithm

Lemma A.4 shows how to compute the general form of an expectation that appears

multiple times in the “E” step of the EM algorithm for the HMRM.

Lemma A.4. If z1.541,t1.r41 ~ MRP(M:K»Tl:K,l:Ka771:K,1:K>51:K,1:K7T) then for any

131



A.3 Hidden Markov Renewal Model

r=1...,R
R K K T D
] =2 22 > fUktt+d)Sip (A20)

Z f(ZT7 Zr41, try trJrl)
=1k=1t=1d=1

r=1

EZl:R+17t1:R+1 |z1.7;0 [
J

st.ip <T < tR+1}. For any 21.zp11,t1.r41 € P

Z1:R+1,

Proof. 'Let P = {t1:R+1

re{l,...,R} = t,e{l,...,T}

by definition of R. Further, by definition of D:

tr=t = t,n €{t+1,....,t + D}

Finally, z. € {1,..., K}, 2,41 € {1,..., K} for any r.

R
Z Z f(zrs Zo1, try o) D(21: 041, t1mt1 | T17)
zl:R+1)€P r=1

- K T D R
= 2220 2. 2 IUktt+ad

=1 =1d=1 Zl:R+17€P r=1

Eond
—
o~

<

t1:R+1
X p(21:p+1, tera |2rr){z = J, 2000 = Koty = 8ty = d}

K T D
= Z Z Z Z Z fG ktt+ d)p(21:r 1, tirea|T1r)

i=1 k=1t=1d=1 #1:R+1,
tl:R+1 eP s.t.
Jr with
tr=t,tr41 =t+d,

zr=j, Z'r+1:k3

<
o

LOur proof uses elements of both [12] and [1].
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A .4 Bridging-Means Sub-model

K K T D
= ZZZZf(]v k7t7t+d) ZP(ZI:R+17t1:R+1|x1:T)
j=1lk=1t=1d=1 ill;:ﬁill,ep sit.
dr with
tr=t, tr11=t+d,
zr=j, zr+1=k

K K D
= 2223 fU kLt +d)S

We additionally use the following result in the “E” step of the EM algorithm for the

HMRM:

EZl:R+1,t1;R+1 |z1.7;0(™) [f<zl)]

= Z f(z1)p(21:R41, ti:r41 |T17)

Z1:R+1,
t1:R+1 €P

K
= Y f(k)Y_ p(zirt1, trpst|Trr)
k=1 211;111’679 s.t.
z1=k
K
= f(k) E;

k=1

A.4. Bridging-Means Sub-model

Each of (A.22)-(A.27) is defined to be a sum based on a contiguous subset Zy. ;4 aya(r—)

of 1.7, e.g., Spa(x1.7) is simply the sum of the elements in the 24.aar—r). We given

recursive expression for each of (A.22)-(A.27), enabling their computation in O(1)

time, given the previously computed values.
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A .4 Bridging-Means Sub-model

Lemma A.5. Given the following definitions (=) the following recursive equalities

(=) hold:

Snd(SULT) £

Et,d(l'LT) £

Dt,d($1:T> =

Via(rir) =

Ut,d($1:T) =

d—1NT—t

Z Tt+6
6=0

Sta-1(v1r) + g1 ft+d—1ZT

Sta—1(z1.7) ift+d—1>T+1

d—1NT—t

Z 0T¢4s
6=0

Eig1(zir)+ (d—1)T4ig

Et,d—l(iULT)
d—1AT—t

Z (d - 5) Ti46

6=0

Dy g1(z1.7) + Spa(xr.r)

Dy g1(z1.7) + Sta(xrr)

d—1NT—t

Z 52$t+6
6=0

Vida—1(x1.r) + (d — 1)2 Td—1

Vt,d—1($1:T)

d—1NT—t

Z (d - 5>2 Ti45

5=0
Uta—1(z1.1) + 2Dt g(x1.7) — Sta(xrr)

Uta—1(z1.7) + 2Dy g(x1.7) — Sta(xr.r)
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A .4 Bridging-Means Sub-model

d—1NT—t

Cra(zir) = Y. 6(d—0)wiss

6=0

Cra—1(z17) + Erg_1(z17) + (d — 1) 2491
_ (A.27)

Cra—1(x17) + Era—1(x1.7)

d—1NT—t

Pa= > (d—96)

0=0

s+ a1+ 2d) s,

Pog1—(T—-t+1)(T—-t—2d+1)

d—1NT—t

Q= Y &
5=0

Qa1 + (d—1)?
- (A.29)

Qta-1
d—1NT—t

Ria% Y 6(d-9)

6=0

s(d—1)d(d+1)
= (A.30)

Rigy+ (T —t+1)(T —t)

Proof. First we consider the case when t+d —1 < T. (A.22), (A.23), and (A.25) are

all trivial. For (A.24) we note that:

-1 -2 -2
Dyg(z17) — Dyaor(z1r) =D (d = 8) w5 — > (d—1—=0) Tpss = Tpya1 + P Tegs
5=0 5=0 5=0
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A .4 Bridging-Means Sub-model

For (A.26), we use the fact that 2% — (z — 1) = 2z — 1:

d—1 d—2

Ut,d(xl:T) - Ut,dfl(xlzT) = Z (d - 5)2 Tt45 — Z (d —0— 1)2 Tt+6
6=0 6=0
d—2 -
=Tiyq—1 + 2 Z (d—0)xips — Z Tis
6=0 6=0

d—1 d—1
=2 Z (d — (5) Ti4s — Z Ti4§
6=0 6=0
For (A.27):

Ct,d(xlzT) Ctd 1 ZL‘l T Z 0 d 5 JZH_(; - Z 5 —1-— l’t+5

d—2
=(d—1)44q-1 + Z 0T 45

Now the case when ¢t +d — 1 > T + 1. (A.22), (A.23), and (A.25) are all trivially 0.

For (A.24) we note that:

d—1AT—t d—2AT—t
Dt,d(331:T) - Dt,dfl(mlzT) = Z (d - 5) Lits — Z (d —1- 5Ut+5 Z Li4s
6=0 6=0
For (A.26):
d—1AT—t ) d—2AT—t )
Ut,d(CUl:T) - Ut,dfl(xlzT) = Z (d - 5) Tt45 — Z (d —1- 5) Tt+6
6=0 6=0

T—t T—t
=2 Z (d — 6) Li4s — Z Tt+s
6=0 0=0
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A.5 Stochastic Volatility Sub-model

For (A.27):

d—1INT—t d—2N\T—t

Cra(rir) = Craa(mir) = Y, 0(d=0)aps— D, 0(d—1-=0)my,
6=0

6=0

T—t
= Z 0Tt16
6=0

A.5. Stochastic Volatility Sub-model

The following lemma is an analog to Lemma A.4 for a hidden augmented Markov

renewal process.

Lemma A.6. If (21.p4+1,t1541,v1:8) ~ AMRP(t1.k, Tik 1K, MK 1K, ELK 10 L)

then

EZ1:R+1 [Z f(ZT7 Zrg1s bry Lo 1, Ur)]
t}U:R+1 z1.7 Lr=1
1:R

j=1k=1t=1d=1 Ur

It:tfdfl/\T [f(.]) k? tv t + d7 ’U)] St’/:i:

]7
Zr=2,2r+1 =k
tr=t,tr41=t+d

Proof. Let P & {ZLR“’ sttr <T < tR+1}. Then

t1:R+1

R+1
EZI:R+1 [Z f(Zr, Zri1y by bt Ur>‘|
tIU:R+1 zr.r Lr=1
1:R

R
= Z J(Zrs Zrg1s s g1, 02)D(21:R41, LRt 1, V1R | T 1) dVLR
V1:R r=1
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A.5 Stochastic Volatility Sub-model

fiii > /i fU, k.t t+d,v,)

j=1 k=1 t=1 d=1 ?1:R+1
! t1:R+1 € P vir

X p<v7"’27' = j?tT = t7t7'+1 =t+ d?‘rl:T)

X p(”\r‘zl:RJrly t1:Ry1, 371:T)p(21:R+17 t1:Ry1 |$1:T)

X H{Z =)z =kt =1t = d}dULR

ISP DD FGok,t,t+d,v,)

j=1k=1t=1d=1 21 :R+1
i © P olr
s.t. Ir with
tr=t,tr41=t+d,
zr=J, 2r+1=k

p(velzr = jitr = 4ty =t +d, 217)
X p(\,|21:R41, t1:R41, T17)

X p(21:r+1, t1:r41]|T1.7)dV1R

ZZZZ fU, k t,t+d v,)

Ur

X p(vr"zr = j> tr = t? t?“-f—l =t+ d7 ml:T)dUT

X Z P(U\T\Z\r, U1:R+15 flflzT)dU\rP(leR+1> ti:ry1|T1r)
Z1:R+1
t1:R+1 €P U\r
s.t. 3r with
tr=t, t,1=t-+d,
ZT‘:ja Z7+1_k

Zizz fU, k t,t+d v,)

j=1k=1t=1d=1

<.

Up

X p(vr|zr = J,tr =t, bry1 =1+ d> $t:(t+d71/\T))dUrS;:g

j=

Ttit+d—1AT [f(,j7 k; t;t + d, U)] S;:Z
zr=J,2r+1=k
tr=t,tr41=t+d

—_
o

Ur

—_
~
I
—_
a
Il
—
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A.6 Forecasting

A.6. Forecasting

We wish to find an expression for the f-step ahead forecast distribution: p(xif|xy.).

To this end, we first define forecast renewal probabilities as:
ol 3 — kb, = for [i=1.r A
i = p(Arst.z, =k, t, =t+ 1+ f, x14)for ’;—17---11.{ (A.32)

Note that F;’O = Fj, with F} as defined in (2.8a). These forecast renewal probabilities

can be computed in a manner akin to the forward algorithm.

Throughout this section we will make the assumption that the distribution of obser-
vations at the beginning of an observation subsequence is independent of the length

of the subsequence:
z. :j ZT+1:.I€ . 2z :j ZT+1:k d=1,..., D
p (xt:ter ’ El'rt:zt ) tT+1:t+d) - D (xt:ter | Elrt::t ) tr+1=t+d’) for [d/Zd <A33>

Note this assumption does not hold in the case of the bridging-means model, but it

does hold for the AR(1)-SV HMRM.

A.6.1. Computing the Forecast Renewal Probabilities

Applying (2.5) we have:
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A.6 Forecasting

F’iﬂf

zr=k
b (El'rt,«:t—&—f—&-l? xl:t)
K DAt+f

_ erlzj zr=k
= > > P(3Ttrflzt+f+1—d7tr=t+f+17$11t)
j=1 d=1

When d < f the renewal t, =t + f + 1, 2z, = k is independent of ., and we have

2r—1=] zr=k
p (Hrtr_lzt—i-f—i-l—dv o=t f+15 951:15)
(( HP) zr=Fk Zr—1=J 2r—1=J
= D (t::t+f+1 | Elrt,«_lzt—i-f—i-l—dv 1’1:1:) X p <3rtr_1:t+f+1—d> $1:t)

Tj,kf??j,k (d) X F]I'f’f_d

When f +1 < d the renewal ¢, =t + f + 1, 2, = k is not independent of x4 r41_44

and we have:

erlzj Z’V‘:k
p (Hrtr,1:t+f+1_d7 tr=t+f+1s 5(71:73)

(CRP)

erlzj zr=k
p (fft+f+1—d:t | HrtT,1:t+f+1—d7 tr:t+f+1:x1:t+f—d>

ZT:]C Zr:j ZT:j
Xp (tT:tJrerl | 37"1:7.:t+f+1—da $1:t+f—d) Xp <3Tt,.:t+f+1—da xl:t-l—f—d)
(2.7)

(A.33) _
= fz—:?’k(xt+f+lfd:t) X Tj,kfnj,k (d) X F]Hf 0

So these probabilities can be computed recursively for f =1,2,....

K | f DAt+f
t, t,f—d t+f—d,0
Fl e S i () X PN ST (e peaa) X TSy (d) x Fy
j=1 [d=1 d=f+1 7
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A.6 Forecasting

A.6.2. Forecast Distribution

We first consider the joint distribution p(z44 s, z14) rather than the forecast distribu-

tion p(ziyf|z1.4), as the later is easily recovered from the former:

P(l’tﬂ‘, $1:t)

K K -1
- Z Z Z p (xtﬂ”’ E|7ﬁtr_t+f ds tTil>t+f | 1. t)

oy LK (fAD)—1 .
AL Zr=] Zr41=
ey Rl

>d t,f—d—1
X Tj,knj,k X FJ

(DAt f)— N
+ > P (xt+f | et s dt7artr—t+f & f:f:ll>t+f)
d=f

X faj;fﬂ(xtﬂ,d:t) X T;, k%k X FHf d-1,0 (A.34)

Where we have utilized the following notation for the complimentary distribution

function of 7;:

D

>d A =k =j _

Mk = p(f::>t+d f;:tj> - Z fnj,k(é)
d=d+1

The remaining terms needed for the forecast distribution

Zr+4

r=J s k
p (e s BT airtiShey) and p (wess | @onpan, 3T wiiishy)  (A35)
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A.6 Forecasting

are dependent on the choice of emission distributions. In the next subsection we find

formulas for these in the case of the AR(1)-SV HMRM.

When f = 1, computation of the forecast distribution serves a practical purpose.

From the CRP, we can compute the likelihood from our f = 1 forecasts as

h
I
=

p(mt‘xlst—l)

t=1

which can be tested against (2.10a). This helps ensure, at least in the f = 1 case, our
forecast derivations and code are correct. These forecasts can also be used to compute

p(z1.4), which is used in conjunction with(A.34) to yield the forecast distribution of

p(f’?t+f|$1:t)-

A.6.3. AR(1)-SV HMRM Specifics

We split the computation of (A.35) into two cases. For the rest of this section we

assume 2, = j, Zp01 =k, t, =t+ f —d, t,.1 >t + [ is given.

zZry1=k

A.6.3.1. case 1: p(a:t+f|5|rf:j+f_d,tr+l>t+f)

In the case of the AR(1)-SV HMRM, this case is further split into two sub-cases.
sub-case 1la: d =0 This case implies that a renewal is coincident with t + f:

Topp ~ N (F‘g(j,k)’ U;(j,k))
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A.6 Forecasting

sub-case 1b: d € {1,...,f — 1} This case means that a renewal occurs after z,

the last given observation, and an unobserved jump has occurred.

F-1 o2 -1
5 (4:k) 5
Topf|Tiq a0 ~ N ((b;kxu + i) Y Py ; > ¢12(j,k))
=0 =0

So
Tpyf — ¢£,kxt+f—d — G ez gblé(j,k)
— Zep—a ~ T (Vjr)
O1(3,k)\/ 226=0 Pij, 1)
Note that
T —pu
o~ T()
=
1 T— W
plaluo) = —fr (“Hiv)
o o
Thus
1 ; 1
P(eiy) = T o / fr <$t+f — QI RTryf—d — MGk Y Pk Vj,k:)
O1(j,k)\/ 225=0 Cbz(j,k) Toyf—d 6=0

X far (It+f—d; Mg(5,k) 03@,@) d$t+f—d

This integral cannot be computed analytically. However it might be possible to eval-
uate it using numerical integration routines. Fortunately, because we are primarily

interested in the moments of this distribution, we needn’t compute this integral.
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A.6 Forecasting

r=J r =k
A.6.3.2. case 2: p ($t+f | Teqpats IS i frill>t+f)

In this model, for each observation subsequence starting at time u, we have
Tyi1|Tu, ¥ = @iy + k) + €1, Where e, qfv ~ ./\/'(O,le(j,k)/v) and v is the
(inverse) variance for the corresponding sojourn. This implies that @, .|t v =

¢;ljkmu + ul(j:k) 25 0 lj (4,k) + Z(S 0 l 3, k)€u+5+1 Thus

Ty f|U Ty fodit
k)
~ N (ij Lt + 1y (4,k) Z ¢l ],k)7 J Z ¢l ],k))

U|f’5t+f—d:t

~ Ga w Vik + Zg;{(xt+f—d+§ — QjkTtyfdiro—1 — /vbz(j,k))2
2 2 201(; 1)

and so

-1 5
Ti+f — ¢fkwt — Hi(j,k) Z(J; 0 ¢l(j,k)

G20 08y
vik +(d—f)

X
\IVJkJFZa 1(xt+f d+5 = PjkTttfmdrs—1 — Hi(k))> /Uz]k

’$t+f—d:t

~ T(vjr+d—f)
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A.6 Forecasting

A.6.3.3. Moments

Case la is trivial:

1=k
E [$t+f | EITtr—t+f d frill>t+f} Fg(j.k)

r k
Var |:xt+f ’ E'Ttr_t+f d ;ill>t+f} 2(37’@ <A36)

For case 1b, we note that z;flv = ¢{k Tpyf—d + MGk 4 o¢z]k) + yed ljk) €5

where each e5lv  ~ N(O,lejk)/v) . This implies that 97} l]k)€5|2) ~

N( l(Jk)Z l@k) )
Ula'v\/Zso l(]k)

Var {Zg;é ¢?(j7k)65} = UlQ(ch) 26:0 ¢l(j7k)yj,k/ (vjr —2) for v, > 2. It is clear from

Y520 zjk yes ~ T(vjx), and finally

the previous equation that that we cannot meaningfully forecast the variance when

there exists j and k such that v;;, < 2.

Zr k —d . 9
E w352 sw i tiShg] = 60 meGm + maw D Sm
6=0

d—1
Zr k 2 d
Var {xt+f5|7atr—t+f ds tTill>t+f} ¢J(lf : ;(j,k) + UZZ(j,k) Z ¢l2(j,k)Vj,k/ (vix —2) (A37)
6=0
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A.6 Forecasting

For case 2:

zZr+1=k
E [%Jrfz | Tt p—at, E|7ﬁtr—t+f a tr+1>t+f}

f-1
= ¢f,kf€t + 1k D G
6=0

Zr41 k
Var {$t+f | Ty g dtazlrtr_wrf ds tr+1>t+f}

vik+d—f

= d X
Viptd—f—2 Uz],k)z¢zjk)

d—f
o Vik o ($t+f—d+a — QikTes f-drs—1 — HiGik) Otk
Vik + (d = f)

(A.38)
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Nomenclature

ACF

CDL

CDLL

CRP

DGM

EDHMM

EM

HMM

HRM

auto-correlation function

complete data likelihood; for the MM, HMM, this is p(z1.7, s1.7; 0),

for the HMRM it is p(z1.7, S1.r+1, t1.R4+1; 0)

complete data log likelihood, the logarithm of the CDL
chain rule of probability, p(vi.n) = [T2-, P(Vn|V1m—1)
directed graphical model, also called a Bayesian network

explicit duration hidden markov model, one of the simplest and

most popular HSMMs
expectation maximization
hidden Markov model

hidden renewal Model; an HMRM that does not switch between

states — equivalently an HMRM with K =1
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Nomenclature

HSMM

iid

MAP

MLE

MM

MRP

s.t.

SMK

SMP

SV

TPM

Cat

Geo

MC

hidden semi-Markov model

independent and indentically distributed
maximum a posteriori probability (estimate)
maximum likelihood estimator/estimation
(finite) mixture model

Markov renewal process

such that

semi-Markov kernel

semi-Markov process

stochastic volatility

transition probability matrix

the categorical distribution, = ~ Cat(t1.x) if p(x = k) = 1 for

k=1...K

the geometric distribution, x ~ Geo(r) if p(x = d) = (1 — m)¢ " Ix
ford=1,2,...

MC (1.5, T1:x 1.5 ) is Markov chain with initial distribution ¢.x and

transition probability matrix 7.k 1.5
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Nomenclature

MRP

NB

Pois

fD(';e)

emissions

factorize

holding-time

MRP (1.5, Ti:k 1K, Tk 1K, €1k 1) 18 a Markov renewal pro-
cess with initial distribution ¢1.x, transition probability matrix
T1.x,1:k, holding-time distributions 7.k 1.x, and emission distri-

butions 1.k, 1:x

the negative binomial distribution, x ~ NB(r,p) if p(z = d) =

(dzif)(l —p)dprford=1,2,...

1 _(@—w)?

the normal distribution, = ~ N'(p,0?) if p(z) = =™ 27 for

rzeR

the Poisson distribution, z ~ Pois(A) if p(x = d) = )\d_l(d%i)!, for

d=1,2,...

the density or mass function for a distribution D with parameter(s)

0
observed values in a model, x1.7

exploiting independencies to express a probability or density as a

product (of factors)

the length of an observation subsequence, d, £ t,,1 — t,, is the r*

holding-time

Markov property p(st-l-l’Sl:t) = p($t+1’8t)

renewal

a (superstate,renewal-time) pair, (z,,t,) is called the r** renewal
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Nomenclature

renewal time

sequence
sojourn
state

sub-model

superstate

update formulas

t,d
Bik

Z1:R+1: t1:R+1

the starting time for an observation subsequence, t, is the starting

time for the 7" observation subsequence

a finite, ordered, set; e.g. s1.7 = {s1,52,..., 57}

a pair of adjacent renewals, (2,,t,), (2,41, t,41) is the ' sojourn
an element of the unobserved sequence, s; the state at time ¢

a specification of €, 1, and the corresponding maximizers for Q).

and @,

an  unobserved  value, 2y associated ~ with  times

tryt,+1,...,t,x1 — 1 in an MRP

the formulas for the next iteration’s parameters, theta"*Y, in the

EM algorithm

backward sojourn probability, B;fjg 2 p(zpr, 2pg1 =k, trpy =t +

dlz, =k, t,=1t)

the maximum posterior state sequence,

N A
S1.r = argmax,  p(sir|rir)

the maximum posterior renewal sequence,

A N A
21R41, tiper = argmax,, oy o P(21R41 tiret[TrT)

in an HMM — the maximum posterior probability of all state se-

quences ending with s, = k, max,,, ,p(s; = k,s14_1|rir); in
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Nomenclature

t,d
D5k

j7

an HMRM - the maximum posterior probability of all state se-

quences ending with (z, = k, ¢, = t), max ,—1,.¢+ p(z. =k, t, =
Z1r—1,t1r—1

t, 2101, i1 |T17)

the value of s; in the maximum posterior probability state sequence

ending with s;.1 =k

the value of ¢,_; in the maximum posterior probability renewal
sequence ending with (z, = k,t, = t)
the value of z,_; in the maximum posterior probability renewal
sequence ending with (z, = k,t, = t)
forward sojourn probability, ¢;:i L2 p(Frst.z, =7, 2o =k, t, =

t—1+ da t?"-‘rl = ta xl:t)
posterior state probability, A% £ p(s; = k|z1.7;0)

in an HMM - the forward probability F} £ p(s; = k,z1,_1); in
an HMRM - the forward renewal probability F} £ p(3rs.t.z, =

k,t, =1+ 1ax1:t)

posterior sojourn probability, S;fﬁ L2p@rst.z, =74, 2 =k, t, =

t, tr—‘rl =t+ d|x1:T)
element-wise product, €.g. Ypu * 2t = (VeZe, Yerts Zeats - - > YuZu)

conditional independence; A_l B|C <~ p(4,B|C) =
p(AIC)p(B|C) <= p(AlB,C) = p(A|C) <= p(BJA,C) =
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Nomenclature

pa(v)

sd()

/U\t

p(B|C)

denotes that a variable is being set to some value, typically used

in the context of an algorithm
denotes a maximizer, e.g. 6 = arg max p(z1.7;6)
0

the indicator function, I{expr} = 1 if expr is true, and I[{expr} = 0

if expr is false

the natural numbers, 1,2, 3, ...

_(e—pw)?
202 for

is distributed as, e.g. z ~ N(u,0?) if p(z) = m}%e

relR
the maximum of two numbers, z V y £ max(x, y)
the minimum of two numbers, z A y £ min(x,y)

in a DGM this is the set of all nodes that are parents of v, that is

all nodes u such that u — v
the sample standard deviation
specifies all but the ' element in a sequence, vy.7 \ {v;}

Specifies a contiguous sequence of values, e.g. Vg =
(U, Vgy1,- -, 0y). Two subscripts can be used to express a ma-
trix, e.g. Ti.x1.x; Thi.x represents the k™ row and 74 1.5 the k™

column. If ¢ > u, then the convention is that v, = @.
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Nomenclature

diag|[v]

the diagonal matrix with the vector v as the diagonal

the state distribution in an MM, p(s; = k) = oy for every t =
1...T

the holding-time distribution

n;i,k = p(tr—i—l — = d’Zr =J Rr4l1 = k)

the initial distribution; in an HMM, ¢, = p(sy = k) fork =1... K,

in an HMRM ¢}, = p(21 = k)

the transition distribution or transition probability matrix; 7; =
p(sie1 = k|s; = j) for an HMM,
Tjx = p(2r41 = k|2, = j) for an HMRM

all the model’s parameters; # = {1, ¢} for an MM, 6 = {s,¢, 7} for

an HMM, 0 £ {1, ¢, 7,1} for an HMRM

the emmission distribution e;(x;) £ p(x¢|s; = k) for an MM and

HMM

)
5?7k(xt:(t+d71/\T)) = p(wt:(t+d71/\T)|E|TS~tZr = jazr-‘rl - katr -

t,t,o1 =t +d) for an HMRM

the number of hidden (super)states in a model; in an MM or HMM

s €1,...,K for each t, in an HMRM z, € 1,..., K for each r

the r** holding-time, d, £ t,;q — t,
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Nomenclature

R the number of renewals occurring (strictly) before time 7"+ 1 in
an HMRM

S¢ the state of the model corresponding to observation x;

T the number of observations

t, the 7" renewal-time, equivalently the time of the beginning of the
r*" observation subsequence Tty —1

Ty the observation at time ¢

Zy the superstate coinciding with the 7" observation subsequence
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