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ABSTRACT

Solution of many chemical engineering problems
requireé the use of numerical integration techniques. The
most popular integration technique for such problems is
the classical fourth order Runge-Kutta that in some cases
can be used only with very low efficiency.

In the last few years new methods have been
developed which seem to be efficient for regular and
stiff problems. Some of these new methods were compared
in the solution of chemical and physiological systems.
The program written by C. W. Gear, which includes two
slightly different algorithms for stiff systems and a
third algorithm for regular systems was found to be the
most stable and efficient in all cases.

To increase accessibility of the Gear program
for general engineering usage, a set of subroutines was
written. These subroutines were designed with the
following objectives:

a) Minimization of input requiremtns.

b) Minimization of interaction between user and
integration program.

c) Giving the user the option of calculating the
values of the dependent variables at certain specific

values of the independent variable.



d) Giving the user the option of dynamically
selecting the algorithm to solve the problem in question
efficiently.

The behavior of the different algorithms in the

solution of selected problems is also discussed.
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INTRODUCTION

Solution of many chemical engineering problems
requireé the use of numerical integration technigques. The
most popular integration technique for such probklems is the
classical fourth order Runge-Kutta. The main advantage of
this method is that it can be easily programmed and its
efficiency is reasonable for simple prcblems. However in
many chemical engineering problems this method cannot be
used at all, or may only be used with very low efficiency.

Problems like simulation of a tubular reactor [3]
or simulation of batch distillation columné [6] are stiff
problems which have very large negative eigenvalues. For
such problems the Runge-Kutta method is less efficient than
the simple Euler method. Also for regular (non-stiff)
prcblems, some of the predictor corrector methods proved to
be less time consuming than the Runge-Kutta method.

In the last few years new methods have been developed
[4] which seem to be efficient for regular and stiff problems.

The aim of this work is:

1) To compare the efficiency of the new methods for
typical chemical engineering problems.

2) To prepare a general purpose integration
subroutine which will be easy to use and will solve

chemical engineering prcblems efficiently.



Chapter 1
NUMERICAL INTEGRATION GENERAL CONCEPTS

The natural laws in any scientific or technologicél
field are not regarded as precise and definitive until they’
have been expressed in mathematical form. Such a form,
usually an equation, is a relation between the quantity of
interest, say product yield, and independent variables such
as time and temperature upon which yield depends. When it
occurs that this equation involves, in addition to the
function itself, one or more of its derivatives it is

called a differential equation. Except in those few cases

in which the differential equations can be integrated
directly, the solution will have to be approximated using
numerical integration techniques.

An approach to the numerical approximation for the

solution of differential equations is the difference method.

The solution is approximated by its value at a sequence of

discrete points called the mesh points. Ideally the

solution could be represented by its actual value at each
mesh point so that it could be approximated to high
accuracy by interpolation between the mesh points. However,
two problems interfere with this ideal:

1) The exact solution of the differential equation
is not in general known and cannot be calculated, so the

2



solution to a different problem which can be calculated is

sought. Thus the truncation error can be defined as the
error introduced by using a mathematical formula which is an
approximation to the true problem and is a direct function
of the interval size, the numerical method and the ‘
particular system under consideration.

2) Numbers cannot be represented exactly in the
numerical processes involved. The change introduced by

this mechanism will be called round-off error. Rounding

of numbers is a necessary evil in machine computation
because of the fixed digit capacity of the memory and
arithmetic units. We have to consider also the local

truncation error defined as the amount by which the solution

of the differential equation fails to satisfy the equation
used in the numerical method.

Consequently the difference method solution will be
represented by a finite precision number containing two
sources of error, round-cff and truncation.

When we think of approximating a solution numerically
we naturally are concerned with how accurate we can make the
numerical solution to the actual solution. When we pick a
method it may depend on one or more parameters, for example,
the step size or the number of terms in a series expansion.
We would like to know how to pick these parameters to
achieve any desired accuracy. It is possible that tﬁere is
an error below which it is not possible to go.

Before attempting to numerically integrate a system

of differential equations, we have to be sure that the



system has a unique soluticn. This can be done using the

following theorem: (A proof of which can be found in [12].)
If y'* = f£(y,t) is a differential equation such that

f(y,t) is continuous in the region 0 < t < b, and if there

exists a constant L such that
[£(y,e) - £y*8)] < L]y - v (1)

where (y,t) and (y*,t) are two different points in
the region 0 < t < b with the same value for t for all
0 <t <b and all y,y*.
Then there exists a unique continuously differentiable

function y(t) such that

I

y'(t) = £(y(t),t)

and y(0) = Yor the initial condition. 2)

The condition expressed by equation (1) is called
the Lipschitz condition and L is called the Lipschitz
constant.

In addition to insure that the problem has a
solution, we have also to assure ourselves that it is
"well posed". By this we mean that small perturbations in
the stated problem will only lead to small changes in the
answers. Fortunately it can be shown that the Lipschitz
condition for an ordinary initial value problem is a
sufficient condition to be "well posed".

Any desired degree of accuracy can be achieved for
any prcblem satisfying a Lipschitz condition by picking a

small enough step size. Since as the step size decreases



the number of points and hence the amount of calculations
increases, we would expect the effect of round-off errors
to increase because there are more of them. Therefore in
defining convergence, we must require that the computations
indicated in the method be performed exactly. In practice,
this means that additional digits are carried in the
computations as the step size decreases.

At each step of the numerical integration, the
process is considered to have converged when each component
of the dependent variable vector has satisfied a convergence
criterion. In testing for convergence, two successive
values (for each component) at the point in question are
compared. Let the difference between the two for the "jth"
component be 6j, and let the error tolerance allowed by the
user be EP. Three convergence error criteria can then be
stated as:

1) Standard error

Let (yj)M be the largest absolute value
attained so far in the integration by the dependent

variable yj. The convergence requirement is:
|6j/(yj)M| < EP j =1,2,...,n (3)

if (yj)M < EP, it is replaced by EP.
2) Relative error
Let yj be the current apprcximation to the
respective dependent variable. The convergence requirement

is:



|6j/yj| < EP j =1,2,...,n (4)

if |yj| < EP, it is replaced by EP in the test.
3) Absolute error

The convergence requirement is:

|6j| < EP j=1,2,...,n (5)

The concept of stability is associated with the
propagation of errors of the numerical technique as the
calculations progress with a finite interval size, that is,
the effect errors made on one step will have on
suceeding steps. Convergence does not necessarily imply
stability.

The problem of instability arises because in most

instances the order of the approximation difference equation
is higher than that of the original differential equation.
Hence, the difference equation possesses extraneous
solutions which in some instances can dominate the solution,
so that the solution of the difference equation bears little
if any resemblance to the true solution of the original
differential equation. It happens frequently that the
spurious solutions do not vanish even in the limits as the
increment sizes approach zero. This phenomenon is called

strong instability, and implies lack of convergence as well

as lack of stability. When a method possesses convergence
but has unstable asymptotic behavior, the phenomenon is

called weak instability. If the extraneous solutions tend

to grow as the calculations progress, but at a rate much



slower than the true solution, the solution is said to

posess relative stability; if the extraneous solutions tend

to grow as the calculation progresses, at a rate faster than
the true solution, the solution is said to be unstable.

The methods which require a knowledge of the
differential equations and initial values only are called’

one-value methods. They are usually called one-step

méthods because they only require the value at one mesh
point to compute the value at the next.

There are other kinds of methods which require
several pieces of information about the dependent variable
at time t = tn—l in order to compute the equivalent pieces
of information at t = tn. We call these mgthods multi-
value methods since they use more than one value of the
dependent variable. Often these methods use the values of
dependent variable and its derivatives at "k" different

mesh points tn—l'tn—z""’t They are therefore called

n-k°

multi-step methods.

A multi-value method consists of two processes

which are called prediction and correction. In the

predictor process an approximation to §h is computed from

§h—l by linear extrapolation. This approximation is called

§ﬁ,(0) and it is given by

§h,(0) =B Yn-1 (6)

where B is any suitable matrix of constants.
The prediction process does not make use of the

differential equation in any way, so the correction process



corrects the approximate values if they do not satisfy the
differential equation at t = tn. The differential equation

is written as:
0 =Gy, = ~(y ), +hi((y),) = -hy! + hf(y ) (7)

where (y)i is the ith component of the vector y. G(yn,n(O))
is the amount by which §6 n(0) does not satisfy the
!
differential equation.
A vector multiple of this scalar is added to §h (0)
’

to correct it by the process

— —

Yn, (1) = ¥n,(0) * €Wy, (o)) (8)

This process can be repeated by

Yn, mt1) = ¥n, (m)

FTEE, (@) M= L2, (9)

for a fixed number of iterations or until there is no

further change in §5 (m) * The value used for §h is then
’

m)
Yn, M)’ where M is either fixed or large enough to get

convergence, that is such that G(yn )) is zero to the

¢, (M
accuracy desired. We say that M is the number of corrector
iterations.

We can distinguish two special cases of multi-value
methods:

1) Explicit

When the method provides an explicit way of

computing Yn and hyé from the values of y and its derivatives

at preceding points. It requires only a vector inner product

and one evaluation of the function £ for each step.



2) Implicit
When the method is represented through a non-
linear equation involving the function f and that must be
solved for Y,r We have an implicit method.
.In accordance to the magnitudes of the eigenvalues,
we have regular systems and stiff systems of differential

equations. Stiff systems are those in which the magnitudes"'

of the eigenvalues vary greatly, and when this happens the
system has components whose values will be qguickly very

small if compared with the values of other components.

To guarantee a good solution most of the numerical
integration methods require that the absolute value of the
product of the interval size and the eigenvalue be bounded

by a single small number, the order of which is from 1 to 10.
As a result, an extremely small interval size has to be

used over the entire range of integration and the computation

time can become excessive.

1.1 Stiff Stability

Gear [1l] defined stiff stability as follows:
A method is stiffly stable if in the region
R, (Re(h}) < D) it is absolutely stable, and in

R, (D < Re(h}) < a, |Im(hA) | < 8) it is accurate.
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Stiff Stability

The rationale for this definition is as follows: ekh is the

change in a ccmponent in one step due to an eigenvalue A.

If hA = u + iv, then the change in magnitude is e, 1If

u < D < 0, then the component is reduced by at least eD in

one step. We are not interested in the accuracy of components
that are very small, so for some D we are willing to ignore

all components in R We Jjust require that the method be

1
absolutely stable. Around the origin we are interested in
accuracy, for which relative or absolute stability is

necessary.
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1.2 Systems of Equations and Equations of
Order Greater than One

One common technigque for handling equations of the

form:

y P = ty,yt .y P L0 (10)
where f satisfies a Lipschitz condition in each of the y(l),
and y(l) is a notation for dly/dtl, is to transform them

into an equivalent first order system. If we define the

variables:

yio= gD i=1,2,...,p (11)
we can write (10) as
(yp) '= f(Y1,Y2,Y3r---:Yp,t)- . (12a)

While by differentiation of (11) for i = 1,2,...,p-1 we get:

. . 4
(yh ' =y = it | (12b)
Equation (12) is a system of p first order equations which
can be handled by the methods used to solve first order
equations.
The original problem (equation 10) will have

initial values specified for y(l_l)(O),

i= 1,2,--c,p
so (12) will have initial values specified for y'(0) as

required.



Chapter 2
SELECTION AND DESCRIPTION OF METHODS

2.1 Selection of Methods

Among the recommendations made by Hull et al. [4],
the following were considered.

If a program library is to provide the best available
method for whatever situations may arise, it must contain
several different methods, including:

1) An extrapolation method for situations in which
function evaluations are relatively inexpensive.

2) A variable order Adams method for situations in
which function evaluations are expensive.

3) A fourth or fifth order Runge-~Kutta method for
calculations in which the function evaluations are simple
and the tolerance not very stringent.

4) The library should also contain special methods
for special problems. The most important of these is a
special method for stiff systems.

5) It also may be helpful to have special methods
that can be applied directly tc higher order differential
equations.

Regarding extrapolation methods, only the one
originated by Bulirsch and Stoer was tested and it is

therefore the only one that can be recommended.

12
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The variable order Adams method originated by
Gear can also be recommended because it is almost as
efficient as the Krogh's, but in addition to that it
includes an option for handling stiff systems that is very
efficient.

In accordance with these recommendations the
following methods were chosen:

The extrapolation methods selected are the
implementation presented by Gear [2] of the Bulirsch and
Stoer rational function extrapolation which also includes
the polynomial extrapolation method and the Bulirsch and
Stoer algorithm modified by Crane and Fox [7].

The Gear implementation of the variable order
Adams method was selected because it is very efficient and
contains in the same program the option for stiff systems.

One of the most important attractions of using
Runge-Kutta methods is that they are quite a bit easier to
program than variable order Adams methods. The fourth order
Runge-Kutta was selected because Ruﬁge—Kutta of order
higher than fourth requires a more complicated algebraic

work.

2.2 Description of Methods

Fourth Order Runge-Kutta

The Runge-Kutta of the fourth order approximates
the differential equation with a Tayler's series expansion
of order 4 but it is derived in such a way that all higher

order terms are expressed in terms of first order derivatives.
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This method employs a recurrence formula as follows:

=y + alk + azk2 + ak, + a,k (13)

Yiq 1 373 454

to calculate successive values of the dependent variable of

the differential equation

y' = £(x,y) : (14)

where kl hf(xi,yi)

k2 = hf(xi + plh,yi + qllkl)

(15)
k3 = hilx; + pyh,y; + qyiky + qy5k))
kg = hE(x; + p3hoy, + qgik; + agpk, +oqy3ky).
The p's and g's assume values such that (13) becomes
Yipg = ¥ %(kl + 2k, + 2k + k). (16)

The principal advantage of the Runge-Kutta methods
is the self-starting feature and resulting ease of
programming, and one disadvantage is the requirement that
the function f(x,y) must be evaluated for several slightly
different values of the independent variable in every step
of the solutibn. This repeated determination of f(x,vy)
usually results in a less efficient method with respect to
computing time, than do other methods of comparable
accuracy, in which previously determined values of the
dependent variable are used in subsequent steps. Another

disadvantage is that it is more difficult to estimate the
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per-step error for higher order Runge-Kutta solutions than
for solutions obtained by scme other commonly used methods.

The computer program uses the Runge-Kutta-Merson
method which is a fourth order Runge~Kutta process that
simultaneously gives an apprcximation to the single step
error.

Merson [8] has suggested the following equations:

Ng = ¥, kg = hf(no)
k0 :
“1 = ”o + g— kl = hf(nl)
k. + k
_ 0 1 -
k0 + 3k2
ng =mng + - k3 = hf(n3) (17)
k. - 3k, + 4k
_ 0 2 3 -
Ny Ny *+ 2- k4 = hf(n4)

Yn+1 = M5 = Mg *

or yn+1 = yn +

The additional computation serves to determine the
error, in an approximate sense. If the interval is small
enough, so that we can represent f(x,y) by the linear

approximation:

f(x,y) = Ax + By + c. (18)
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Merson shows that

_ _ 1,505 6
ny = vt ) - oshoy P+ om®) (19)
and  ng = ylt_ ;) ~ =3sn7y )+ 0(n®), (20)

Thus the difference ns - n4 is an indication of the local-
error. This method has been used successfully in a number

of autcmatic step selection methods.

Bulirsch and Stoer and Polynomial Extrapolation (DIFSUB)

Two algorithms are used in this program:

1) Rational function extrapolation

2) Polynomial extrapolation

The original rational extrapolation algorithm was
prcposed by Bulirsch and Stoer [9]. The particular imple-
mentation we have used is based in the FORTRAN version by
Clark [10] of the Bulirsch and Stoer ALGOL program. This
algorithm was certified and modified slightly by Crane and
Fox [7], and such a version corresponds to the'program
DESUB that has also been used in this work.

A rational function is one which is the quotient of
two polynomials. The algorithm uses diagonal rational
polynomials (i.e., rational functions of the form:

P (h) P +Ph+...,+Puhu

R (h) = i 0 1 -
m ' d, + qlh + ... + qvh

where u = integer part of m/2

|

integer part of (m+l)/2),

<
it
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agrees with

l>

obtained by

hy > by,

This formula
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ning R;(h) as the rational approximation which
y(x,h) at h = hi'hi+l"°"hi+m’ where

i Rt .
ces O hi+m and Rm(O) = Rm’ then the R's can be

the formula:

0 (This is used to get the recurrence started.)

= y(t,hi) :
i+l _ Ri (21)
i+l + m-1 m—-1
m~-1 . . .
h, 2 R;ii - R,
1 -1
h, i+l i+l
i+m R-1 ~ BRp-> m> 1

involves calculating the differences of numbers

that are getting closer and closer to the answer Rg, SO

less floatin
differences

Thus

e

|

R

and

g point error is obtained by calculating the

directly.
(21) can also be written:
i+l i+l
C * W
m21 m-1 (22)
h. . .
i i i+l
- Dm—l Cm—l m > 1
i+m
2
h, i i+l
D w
An,, | ™1 ml
; i+m (23)
h. \2 . i1
1 pt - ¢t m>1
h m-1 m—-1 -
i+m
i i-1
C, - D (24)
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i_ i Litl
where D =R -~ R 7 (25)
i_ pi_ i
C. =R, R._; (26)
wh = R - RYL, (27)
m m m

Polynomial extrapolation, the other algorithm used
in DIFSUB is performed by integrating the differential
equation over the interval (0,t) using step size hi to
get the results y(t,h) for i = 0,1,2,...,m where
h0 > h1 > h2 > ... 2 hm > 0. The polynomial in "h" of "mﬁ
that passes through these results is then evaluated at h = 0.

The Aitken interpolation process allows a rule for

constructing a triangle of approximations to R;(h) in which

two values are used to form the next approximation by the

relation:
i+l Ri
i i+l m-1 m-1
R =R ;+ (28)
hy
-1
hi+m

where Rm(t,h) is a polynomial of degree m in h.

Aitken Interpolation

_ g0
l
\ 1% ™~ 20
l 3
y(t,h2) 2//)? \\59 1_//3

0\\5 2‘//? 2
3///.7 l

y (t,h3)
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As can be seen this type of method has the potential
for being of arbitrarily large oxrder (by making "m" larger)

and for reducing the step without voiding the results of

n "

work at larger steps (by increasing "i" for fixed "m").

In practice, these procedures are limited by rounding errors

1

and instabilities. Increasing "m" or increases the

number of calculations in the basic integration by the

Euler method at the rate of 2m+l. This means that

precision will be lost as "i" or "m" increase.

The stability of the polynomial extrapolation methods
is still an open question. Experience has shown that
eguations with very negative values of 3f/3y cause severe
instability problems until the basic step size "ho“ is

reduced to the point where

h.=——| is close to 1.

of
03y

Hull [4] says that the Bulirsch and Stoer method is
particularly good when the functions evaluations are not

very expensive.

Crane and Fox "DESUB"

The algorithm used in this program to integrate a
set of first brder ordinary differential equations is
based on an extrapolation procedure. Extrapolation to zero
interval size is a familiar device for improving a discrete
approximation, T(h), whose truncation error can be

expressed in powers of the discretization interval "h".
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T(h) = t. + t.h?* + . hP2 + ... (29)

0 1 2

where t0 is the exact answer and the rest of the sum
represents the truncation error. In extrapolation, a
sequence'of h's, hO’hl’h
compute successive approximations T(ho),T(hl),T(hz),....'.
The first two approximations can be used to eliminate the
term of order hpl, the next one to eliminate the term of

order hP2

, etc. In other words, a polynomial of powers in
"h" is fitted to the approximations and extrapolated to
zero interval size, h = 0.

Instead of a polynomial a rational function of "h"
may be used and extrapolated to zero, often with improved
convergence. The program DESUB is based on the use of
rational functions as developed by Bulirsch and Stoer [9].
Rational extrapolation is used in their algorithm, to a
modified midpoint integration rule.

Let

dyi

greees tending to zero is used to

3= - f(x,yl,yz,...,yn) i=1,2,...,n (30)

be the system of differential equations to be integrated

with the initial conditions

yi(O) = Y30 i=11,2,...,n. (31)

The algorithm described below for a single equation

dx

Y = £(x,y) (32)
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applies, for a system, to each equation in the system.

The modified midpoint rule at any point is based on

a "lower" value, "y;" of "y", and a middle value, "y ", of

y" at an interval "h/2" ahead of "yl". These values are

used to compute an "upper value", "yu", of "y" at an

interval "h/2" ahead of "ym“. The value "Yu" is computed’
from
Yy =¥y th f(Xm,ym). (33)
Yu
i;,/,,————@\

Y1

. % > % >

Xy Xn Xa

Figure 2.1 Modified Midpoint Rule
” L1} 1 " " 1 1) n n
At the next step Y becomes Yy Yy becomes Y and
the process continues until the final "ym" is the value at
the end of the integration interval. A final correction

sets the value of "y" at this point to an average.

v =3 Erm + [yl + [%Jf(xm,ym>) (34)

To start the process the algorithm uses:
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Y1 T ¥g
_ (35)

Yo = Yo + |7) T (Xor¥p).
Under suitable differentiability conditions the modified
midpoint approximation to the solution y(x) has the
asymptotic expansion:

2 4 )
T(h,x) = y(x) + tl(x)h + tz(x)h + ... (36)

and an extrapolation to zero interval size can be applied.

A rational extrapolation of order 6 is used in the programmed
implementation; that is at each integration step as many as
six applications of the midpoint rule are computed for
sucessively smaller "h" and extrapolated to h = 0 in
attempting to achieve convergence. This method allows the
user to make his own choice among three different conver-

gence criteria.

GEARSB

This program includes two methods:

1) Adams predictor-corrector

2) A multi-step method suitable for stiff systems
The Adams predictor-corrector formulas are as follows:

A) K-step Adams-Bashfort formula (explicit multi-

step method) :
n-1

= J
y y + h E Y. V fn—l (37)

which expresses an approximation to the value of y(t) at tn

in terms of the value at t -7 and the backwards differences



23
of the derivatives at "t _,".
The backwards differences are given by:
gtl: _ 9 - v4
v fm v fm VAL 1 (38)

where V'f = £

k
Yn = ¥p-1 F h 2 8ki fn—l (39)
i=1
. k-1 .
_ gy i-1 : J
where B, = (-1) j=§—l Y5 [i—l]‘

B) Adams-Moulton method formula (implicit multi-

step method)

J
Ve of (40)

where Y = (—l)J J [—Sfl]ds.
3 o U 3

This formula can also be expressed in the following form:

k-1
= *
Yo = Y¥pp th E By E o (41)
i=0
3L
* = —_ *
where Bki (-1) jil [1]Y .

The region of stability for the implicit Adams-
Moulton methods is larger by a factor of ten or more than
that of the explicit Adams-Bashfort method. The truncation

errors are also smaller for the implicit methods, so the
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implicit methods can be used with a step size that is
several times larger than that of the explicit methods.

The local truncation error is proportional to a
derivative of the solution "y(t)". The derivative can be
estimated by using a numerical differentiation formula.

If it is desired to control the single step
truncation error to be less than €, we must select h so

that:

1 ! Va < € (42)

Cq+ q

where Vaq is the backwards difference of the last component
of a and a = [y,hy',...,hqy(q)/q!]T.

When a system of equations is to be integrated, it
may be desirable to control the error in each component

differently, so we control

Va

= < g (43)

Cgrr @ |||
g+l 2
where for each member of the system there is a Vaq

componeﬁt and a weight component w. []~||2 is the L, norm

2

which is defined:

113l = / z]at]?

i

where the ai are the components of the vector a.

The basic step control mechanism is to execute one
step and to perform the test (43). If the test suceeds, the
step is accepted; otherwise it is rejected. The step size
to use for the next step or to repeat the rejected step is

estimated to be oh where
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0Lq+l I

Va |
Cq+l q! —agllz = €. (44)

If the step size were used and if the error were
exactly prcportional to hq+l (that is if Va_ is constant
from step to step), the test would just be satisfied next
time. .However, Vaq is not usually constant, so a slightly
smaller step is used in order that test (43) can reasonably
be expected to be satisfied. 1In the program, d is

estimated by:

1
1 € 1 a+l
o = . (45)
2 |, , Va
gtl e l -4 I
0 2

It is also necessary to test the step size that could be
used in other orders.
Since

q+2

N
112

~ h
g ql

y(q+2)

(46)
d
T Y

oy

(a) ,

V]
i
|

Q
Q

the step sizes that could be used in orders g+l and g~1 can

be estimated tc be ah, where

- 1
q+2
o = 114 £ 21 For order g+l (47)
° !
Cq+2 gl V-a
q
a = 113 > al For order g-1.(48)
. c, ! q‘
9 w
2
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The factors 1.3 and 1.4 are to provide a similar range in

which test (43) will succeed. They were chosen on an

ad hoc basis to bias the method in favor first of not
changing the order since it reaguires additional computer
time, and then in favor of reducing the order because it is
a little less work per step.

The estimates of o are made:

1) If a step fails, except then no attempt is made
to increase the order.

2) g+l steps after the last change in order or
step size.

3) Ten steps after the o were last estimated if no
step increase was made at that time. (This is to reduce the
overhead of testing too frequently.) ‘

When the o are estimated, the order corresponding to
the largest is chosen and the step changed appropriately.
The program does not increase the step at the current
order g if a < 1.1 since it is felt that the increase is
not worth the computer time to perform it.

Starting is almost automatic. The value of hy6 can
be calculated from the initial value and the differential
equations. This is sufficient to allow a first order
process to be used. The order control mechanism can then
increase the order to a desirable level.

The estimated single step errors are controlled so
as to be less than the error test constant (EPS), thus,
the overall error is proportional to the number of steps if

f 1is independent of y. If the equations are stable, early
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errors are decreased so the error is smaller; if they are
unstable, the error is larger. This is because the error
control is based on estimates of the local truncation error
only.
Multistep Method Suitable for Stiff Systems:

In order to express the order and the error

coefficient in a convenient way, define the polynomials

p (&)

il

i M=
Q
™

(49)
a (&)

Il
I M=
™
Y

For a stiffly stable method, ¢(&) must have at
least as great a degree as p(&). Otherwige, one root at
U = o is », This means that the methods are implicit.
Consequently we have to solve the corrector equation. For

an implicit multi-step method:

g (0% (m)
- i Yn-1

1

(m+1) _

{ + 8y ny! ™ 4 ogx ney ™) (s0)

Y n-1

i

which converges if

< 1. ' (51)

I

Unfortunately in this case h(3f/3y) can be very
negative, so we must use a different iteration. A Newton
solution can be expensive if the evaluation of 3f/3y is
expensive, but 3f/3y need not be re-evaluated at each
iteration if it does not change much. If a Newton type
method in which 3f/3y is not re-evaluated as each step

converges, it goes to a solution of the equation. When the
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method is expressed in a (k+1) value normal form, we

usually perform the corrector iteration:

qhmt1) * e, ) t G, ) (52)
Hence, if the method converged, it would converge to

3, = 23,0) + Tw (53)
where w is a scalar such that

F(an) = F(an(o) + Iw) = 0. (54)

Solving this expression by a Newton iteration, and writing

= +
%n, (m) n, (0) Iu)(m)
we have
a = a - T 3F e I —l F(a ) (55)
n(m+1) n (m) 33 n, {(m)
- OF Y
W = . I = |-L; + hL, 3= . (56)
da 4

W depends on the order of the method (via BO), h and 9f/9y.
If 3f/3y is slowly varying, W owill not-change much during
the iteration of (55) for a single step or over several

steps in which the step and order do not change. The I

corresponding to o(§) = Ek, 1 <k <6 is selected.

The matrix W is re-evaluated only if the order is
changed or if the corrector fails to converge in the sense

that the corrections WF(a are not small by the third

n, (m)
iteration.

Hull et al. [4] have worked with this method and

have found that it is very efficient for stiff systems.



Chapter 3

STATEMENT AND DISCUSSION OF RESULTS
OF THE PROBLEMS SELECTED

Once the programs mentioned in Chapter 2 were

modified to fit our computer system and properly implemented,

we proceeded to consider several typical chemical engineering

problems and we selected the following:

a)
b)
c)

d)

e)

f)

g)
The
algorithms,

1)

2)

A system of reaction rate equations.

A stirred tank reactor with exothermic reaction.
A turbulent boundary layer on a flat plate.

A periodic chemical reactiqn.

1. Sinusoidal forcing function

2. Bang-bang forcing function

The thermal decomposition of ozone.

The transient behavior of a catalytic fluidized
bed.

A biological system.

four computer programs provide the following
each implementing double precision arithmetic.
DIFSUB

a) Bulirsch and Stoer Rational Extrapolation.
b) Polynomial Extrapolation.

DESUB

Modified Bulirsch and Stoer Rational Extrapolation.

29
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3) GEARSB

a) Adams Multi-step Predictor Corrector.

b) Gear's higher order implicit method for
stiff systems (option 1). For this algo-
rithm, the user must provide a subroutine to
evaluate the Jacobian of the system. (For
X' = £(X), Jacobian J(X) = 3F/3%.)

c) Gear's method for stiff systems (option 2).
This algorithm has its own subroutine to
compute the partial derivatives by numerical
approximation.

4) Runge-Kutta-Merson (fourth order).

DESUB was also implemented in single precision to
observe its behavior in both cases. |

Considering that the program GEARSB offers two
slightly different algorithms for stiff systems (for one of
which the user must provide analytically the terms of the
Jacobian, while the other algorithm frees the user of this
often formidable task by numerically approximating the
Jacobian), we decided to use both algorithms and observe
the difference in accuracy as well as in computation time
caused by this factor. Thus, we tried to solve each
problem with eight algorithms, using error allowances of

3, 1l x 10_5 and 1 x 10_7. In some cases these error

1x 10
allowances had to be automatically increased in order to
avoid convergence problems and complete the integration

successfully. For all these runs the dependent variables
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were printed whenever (tn+l - tn) > tp, where tp was a
preselected constant.

Each problem was also solved with no printed output
but with the purpose of determining the computational time
for an error allowance of 1 x 10—5; to accomplish this we
used the subroutine FSTIME [12] which has a negligible
overhead of eight microseconds. The time comparison was
carried out considering only the double precision arithmetic
algorithms. This work was done in the Engineering Systems
Simulation Laboratory using an IBM/360-44 computing system.

The results of the different methods for each
problem are presented in a table which includes for each
error allowance, the amount of steps taken to perform the
integration, the number of times that the system of deriva-
tives were evaluated, and, for the error allowance of
1 x 10—5, the integration time for the IBM/360-44 system.

If the amount of steps and the range of the
integration are known, the average stepsize can be
calculated. The number of derivative evaluations is
important since the computational time is strongly
dependent upon this, particularly in the cases where the
expressions representing the differential equations involve
many arithmetic operations.

The amount of steps was not determined for DESUB
because this would have required a modification of the
structure of this system. In addition, since DESUB is a
modified rational extrapolation algorithm, the amount of

steps taken by DESUB will closely parallel the steps
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taken by the other rational extrapolation algorithm, DIFSUB.
Failure of solution for certain cases was due to
either of the following reasons
a) Premature stoppage of the run, due to program
"blow up" (numerical instability).
b) The requested error allowance was smaller than
that which could be handled by the method.
In the tables presenting the results, "a" is indicated
as "unstable", while "b" in indicated as "no convergence".
For a non-linear system the eigenvalues are a function
of the state variables, whenever reported these were
calculated at certain values of the independent variable

using the Jacobian at the same poiht.
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3.1 A System of Reaction Rate Equations

The concentrations of the reactants in a complex
chemical reaction system are given by a set of first order
differential equations defining the rates of change of
concentration with time as functions of the concentration

only. Thus a typical set may be written:
L-F . (57)

Seinfeld, Lapidus and Hwang [3] solved the following system:

dy; 4
I = —0.04y1 + 10 Yo¥3 | (58)
dy

2 _ a4 _ 7.2 '
T = 0.04yl 10 Yo 3 x 10 Y, (59)
dy

3 _ 7 2

with initial conditions
yl(O) = 1, y2(0) = 0, y3(0) = 0

where Yyir Yo and Y3 represent the mole fractions of the

three species and t is the independent variable, time.
This problem is a very stiff set of non-linear

ordinary differential equations, the eigenvalues of which

=0, A\, =0, A, = ~-.04, but at t = 0.02

are initially A 2 3

1

A3 = ~2405.
Figure 3.1 shows a plot of the solution for this

system. The behavior of each algorithm in the solution of

this problem in the range from t = 0 to t = 15 is shown in

Table 3.1.



34

In the solution of this problem, GEARSB has shown
an absolute superiority over the other subroutines
because the stiff algorithms in such a program were
stable in all three different error allowances, while the
rest of the programs were unstable at an error allowance

3

of 1 x 10 ~° or less; the polynomial extrapolation algorithm

was also unstable at an error of 1 x 10—5. In addition,

the Adams predictor-corrector algorithm in GEARSB was
unstable at an error of 1 x 10> but it showed stability at
an error of 1 x 10"4. With respect to the execution time,
GEARSB stiff method showed a superiority ranging
approximately from 1:300 to 1:1000 of the time taken by the
other methods. It is interesting to note that Robertson [19]
predicts the difference between the best and the worst
computation time in the solution of this problem to be a
factor of 1000. The single precision version of DESUB was
very inefficient for an error of 1 x 10-7 and it required
more function evaluations than the double precision version.
The slight difference in computation time between the two
algorithms for stiff systems from GEARSB is due to the fact

that additional function evaluations had to be made in order

to numerically approximate the partial derivatives.
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Figure 3.1 A System of Reaction Rate Equations
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Error = 1 x 107 ° 1 x 10 1 =7
Func. Func. Time Func.
Program Algorithm Steps Eval. Steps Eval. Secs. Steps Eval,
D Rational :
I Lon : a 6915 211181 498.58 6969 215573
- Extrapolation
3 Polynomial
B Extrapolation a a 6189 190121
0 Doub e . a 395225 | 1084.89 361210
S
0 Singie. a 523733 | 1009.50 87191%
Adam's Predic- '
G for—Corrector 34217 1049267 32674 99482 533.15 38377 119791
E
A Gear's Stiff
R Option 1 31 104 47 126 1.14 92 222
S A
B Gear's Stiff
Option 2 27 126 47 162 1.19 92 264
Runge- Runge-Xutta-
Kutta Merson a 26783 133915 391.27 38347 191735

Table 3.1 A System of Reaction Rate Equations

a unstable

Integration from t = 0 to t = 15

*
This integration was performed only from 0 to 1.5

errox

10-4

9¢
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3.2 A Stirred Tank Reactor

This development is similar to that of Aris and
Amundson [20], which was numerically integrated by Shannon
[13] using his changeable independent variable technique.
For the case of a non-adiabatic stirred tank reactor with an
exothermic first order irreversible reactidn occuring with

rate

_ _ _E
r, = Ac, exp[ ﬁT]' (61)

For a specific numerical example, Shannon [13] shows the

following equations:

ag _ _ - 1 _1
G- 1-&-¢Eexp 50[2 n} (62)
dn _ _ - - - - i_1
IE - 2{(n 1.75) 30(n 1.75) (n 2.0) + & exp 50[2 n]
(63)
X
where § = ié—
AD
XA = mole fraction of A in the reactor
XAO = mole fraction of A in the feed stream

c.T
n:
XAO(AH)

= gpecific heat of reacting mixture, Btu/mole°R

C
T = temperature in the reactor, °R
with the initial conditions

£(0) = 1.0, n(0) = 1.75.



in

be

t = 0 the eigenvalues of the system are.Al = 5.9572,

= -1.02625 and at t = 10, A; = -2.625 + 2.4225i,

-2.625 ~ 2.4225i.

Figure 3.2 shows the solution of the system while
Table 3.2 the behavior of the different algorithms can
observed.

The behavior of the algorithms in the solution of

this system can be summarized as follows:

in

GEARSB stiff algorithm was again the best, however

this case the computation time ratio among this and the

slowest one (DESUB) was of only 1:1.35.

38
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Figure 3.2 A Stirred Tank Reactor
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Error = 1 x 1073 1 x 10 | 1 x 10”7
Func. Func. Time Func.
Program Algorithm Steps Eval. Steps Eval. Secs. Steps Eval.
D Rational )
I . 32 736 40 984 2.55 58 1552
F Extrapolation
S .
Polynomial
0 Extrapolation 32 736 38 930 2.245 54 1406
D Double
E Precision 783 783 2.86 1071
S
U Single
B Precision 627 851 1.88 2348%
Adam's Predic-
G tor-Corrector 98 246 165 382 2.63 241 577
E
. .
A o ton 15HE 45 135 105 290 2.133 172 460
S
p ' 3
5 ootion St 43 148 105 310 2.133 172 484
Runge-~ Runge-Kutta-
Kutia Mergon 66 330 136 810 2.31 367 1835
Table 3.2 The Stirred Tank Reactor Problem
Integration from t = 0 to t = 10
* -
error = 10 6

oY
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3.3 A Turbulent Boundary Layer Problem

Bullin [14] shows the momentum equation for a two-
dimensional boundary layer problem on a flat plate for an

incompressible f£luid to be:

For the inner region

-¢n ~-$n
SEEN + ALL-(£9)%) - Bn(f")2[1+[%%-l]e n—G]Ll—e ﬁg]

[1 + 2E]

Frov -

v

,[af! L (3f E

For the outer region

1y _|2 |§_£'__|'___f___
gy SEET S AL1-(£')“1+ 2Re[f {BRe]‘. £ [BRe];] 65)

3E

with boundary conditions

£f=0 £' =1
atn=20 at n > «
£' =0 £'' > 0
where £ = dimensionless similarity variable [f' = %—J
o
f' = derivative of f with respect to n at constant x
and A
= di ionl imilarit iable = L %
n = dimensionless similarity variable = Zvuag Uy
x:—-.z_é(_iig
u, ag
& = independent similarity variable in x-direction, ft.
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u, = streamwise approach velocity, ft/sec

u, = streamwise velocity at the outer edge of boundary
layer ’

v = kinematic viscosity, 1bs/ft2

= constant = 2k2(2Re)1/2

k = constant in Eddy viscosity equation, dimensionless
u_g
Re = Reynold's number = —%—
n(S = value of n at outer edge of boundary layer,
dimensionless
Y+ - a
¢ b
+ . +
Y, = maximum value of y
a = turbulent damping factor
b = constant
y+ = distance in y-direction in terms of wall law,
dimensionless

E = Eddy viscosity, lbs/ftz.

As can be seen, the equation is a non-linear, third
order ordinary differential equation. In order to solve
such a problem, we transformed it into an equivalent first

order system of three equations.

£, = £ ' (66)
£, = £ | (67)
f3 = £''' [given in equations (64) and (65)]

Because we were only interested in the numerical integration
of such a system, and not in the solution of the two point
boundary value problem, we used the initial value of f'' as

calculated by Shannon [13], as well as the coefficients
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calculated by the linear regression analysis subroutine
written by Shannon.
The numerical values of the different parameters we

used were:

a = 1.0

b = 25.0

na = 34.42

k = 0.4

A = 0.

Re = 1 x 107

and the initial conditions:

f(o) =0,

fl(o) =0,

f2(0) = 5.4
at n = 0 the eigenvalues of the system are Al = -1.7544,
Az = =1.7544 and A3 = ~-1.7544.

The shape of the solution is presented in Figures
3.3.1 and 3.3.2 and the summary of the performance of the
algorithm is in Table 3.3.

Runge-Kutta was unstable with an error allowance of

only 10—3. The single precision arithmetic version of

DESUB presented a limiting error of 5.58 x 10_6 and therefore

the problem was not solved for an error allowance of 1 x 10"7
with this method while the GEARSB stiff algorithm could only
be solved for an error allowance of 1 x 10-6, however the
Adams predictor-corrector algorithm of GEARSB program had

the best computation time showing a superiority ranging

from 1:1.06 to 1:1.79.
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-3 -5 ’ -7
Error = 1 x 10 1 x 10 1 % 10
] Func. Func. Time Func.
Program Algorithm Steps Eval. | Steps Eval, Secs. Steps Eval.
T Rational 30 63 40 44 | 10.12 ' 14
- Extrapolation 0 9 0. 57 69
S Polynomial
B Extrapolation 33 725 38 886 9.197 54 1370
D Doubl
E Precision 463 1005 11.83 2193
S
U Single
B Precision 475 561 5.02 b
Adam's Predic-
G tor-Corrector 99 450 164 786 6.63 224 1252
E
A Gear's Stiff
R Option 1 70 410 127 794 7.05 . 205 1240%*
S
B Gear's Stiff
Option 2 , 67 458 125 910 7.69 205 1340%*
Runge- Runge-Kutta-~
Kutta Merson a . 158 790 8.29 453 2265

Table 3.3 The Turbulent Boundary Layer
Integration from n = 0 to n = 34.42

a unstable
b no convergence

* -6
error = 10

oF
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3.4 Periodic Chemical Reaction Problem

Sincic [18] has investigated forced oscillation in
a chemical reaction using the inlet temperature of the
feed stream as a forcing function. Two forms of forcing
functions were considered: sinusoidal and "bang~bang" (step
functions); in both cases the middle value of the function
was the same.

The following system with specified numerical

values was selected:

€ = 6.5 -~ C - 1.75754943 x 10°? exp(-14088/T)c  (68)
ar _ 15
3 = 2.162(T0 - T) + 4.745383461 x 107 °C exp(~14088/T)
(69)
where C = concentration, moles/liter‘
T = temperature, °K

t = time, dimensionless.

For the sinusoidal forcing function:

Ty = 390 + 1l0cos(27mt/p)

where p = period = 6.

For the bang-bang forcing function:

400 for 6n + 2 < t < 6n + 13
T, = .
380 for 6n < t < 6n +
and for 6n + 15 < (n + 1)6

where n =0, 1, 2, ... .



48

It is interesting to notice that while the sinusoidal

0
smoothly, the bang-bang makes it vary sharply and allows only

forcing function may vary the value of the parameter "T

two values; this factor obviously is cause of additional
stiffness in the numerical integration.

At t = 0, the eigenvalues of the system are:

Al = -.3804 + .73201, AZ = ~,3804 -~ .7320i; while at
t=1.57, Al = -~.1926645, X2 = ~,5944355 and at t = 18.282,
Al = .4097, 12 = .6798.

Table 3.4.A shows that for the case of the sinusoidal
forcing function, the three algorithms of GEARSB had very
similar behavior and all three were superior to the rest.

The slowest one was the Runge-Kutta, which took 3.83 times
the time required by option one of GEARSB stiff algorithm.
The rational extrapolation and polynomial extrapolation
algorithms form DIFSUB took respectively only 1.97 and 1.53
times more time than GEARSB stiff algorithm.

Figure 3.4.A shows the plot of the solution of
this problem.

For the case of the bang-bang forcing function, it
is interesting to notice that stiff algorithms from GEARSB
took less time in performing the integration than the others,
but they had convergence problems at small error allowances
of 1 x 10—5; however, the system could not be solved by
this algorithm for an error allowancé of 1 x 10—7.

Although Runge-Kutta and DIFSUB algorithms lacked convergence

problems for small error allowances, Runge-Kutta required
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more time by a factor of eight than the stiff algorithm
from GEARSB, and rational extrapolation and polynomial
extrapolation from DIFSUB required the same by a factor

of 4.77 and 4.25 respectively.
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Error = 1 x 10—3 1 x 10—5 1 = 10-.7
Func. Func. Time Func.
Program Algorithm Steps Eval. Steps Eval. Secs. Steps Eval.
D Rational :
; Extrapolation 37 889 48 1232 7.855 75 2071
8 Polynomial
B Extrapolation 36 868 46 1174 6.105 70 1918
D Double v
B Precision a 963 4,948 . a
S
U Single
B Precision a a b
Adam's Predic- | -
G tor-Corrector 115 281 201 493 4.195 293 738
E -
A Gear's Stiff
R Option 1 65 235 141 442 3.986 217 669
S
B Gear's Stiff ,
‘ Option 2 69 318 141 476 4.043 217 745
Runge- Runge-Kutta- _
Kutta Merson 790 3958 728 3640 15.283 2246 11230

Table 3.4.A Periodic Chemical Reaction (Sinusoidal Forcing Function)
Integration from t = 0 to t = 18

a unstable
b no convergence

s
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Error = 1 x 10 1 x 10 1 x 1077
Func. Func. Time Func.
Program Algorithm Steps Eval. Steps Eval. Secs. Steps Eval.
: Rational 306 9128 |38.5236 545 16537
P Extrapolation 197 5639 ‘
S .
Polynomlal ) 1 157009
g Extrapolation 178 5064 285 85009 34.3618 517
D Double
E Precision a a a
S
U Single b
B Precision a a
Adam's Predic-
G tor-Corrector 1007 2800 1374 3662 29.02 b
E
A Gear's Stiff
R Option 1 210 802 234 914 8.07* b
S
B Gear's Stiff
Option 2 220 1094 232 1157 8.3573% b
Runge=- Runge-Kutta-
Kutta Merson 1197 55985 3246 16230 68.7887 9678 483990
Table 3.4.B Periodic Chemical Reaction (Bang-bang Forcing Function)
Integration from t = 0 to £t = 18
a unstable
b no convergence ) L
4 6]

* -
The error allowance had to be automatically increased to an average of 5 x 10
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3.5 The Thermal Decomposition of Ozone

This problem was used by Bowen et al. [16] as an
important system in singularily perturbed form with which
to derive an analytical solution approximation via -
matched asymptotic expansions. The accepted kinetic steps

involved for a dilute ozone oxygen mixture are
Ky

—_
, 0+ 20,
kK,

ks
0y +0 ~3» 20, .

O3 + O

Aiken and Lapidus [15] defined the following dimensionless

variables
y =710]/E[O3]0 (70)
x = [0,1/104], ' (71)
k = 2k,[0,1,/k; , (72)
E = kl[02]0/2k3[03]0 (73)
where [O]0 = initial concentration of oxygen atom
[02]0 = initial concentration of oxygen molecule

[03]0 = jinitial concentration of ozone
[0] = concentration of oxygen atom

[0 = concentration of oxygen molecule

5]

[03] = concentration of ozone:

and the time scale divided by 2/kl[0 They described

2]0'

the transient behavior by
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gt = "X - ®Y + Exy (74)

dy _ . _ -
3E = X - xy - Exy (75)

with initial conditions
x(0) = 1, y(0) = 0.

This problem was solved utilizing the following

nuneric values:

E=1.0/98

k = 3.0.
The eigenvalues of this problem at t = 0 were Al =0,
AZ = ~-102 and at t = 100, Al = -2.,0137 + 1.4092i,
AZ = -2.0137 - 1.40921i.

In Figure 3.5 we can observe the shape of the
solution while in Table 3.5 we can see the behavior of the
algorithm in its solution.

For high accuracy results (error allowance of 10—7

)
the single precision version of DESUB was very inefficient,
while for an error allowance of 10"3 the double precision
version showed instability; however, the problem can be
solved with an error allowance of 10_4.

The most efficient method for this problem was the
stiff algorithm of GEARSB. Its superiority in time

computation ranged from approximately 1:2 if compared with

DIFSUB to 1:3.5 if compared with DESUB.
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Error = 1 x 10_'3 1 x 10 1 x 10—7
Func. Func. Time Func.
Program Algorithm Steps Eval. Steps Eval. Secs. Steps Eval.
? Rational
F Extrapolation 105 3013 163 4167 7.855 206 6038
S Polynomial
B Extrapolation 98 2758 125 3589 6.105 125 5699
D Double
E Precision 5104* 4925 11.828 5467
3
U Single
B Precision 4075 4920 6.93 19504
Adam's Predic-
G tor-Corrector 510 1457 746 1891 10.28 1045 2227
E
A Gear's Stiff
R Option 1 86 232 186 495 3.565 274 698
S
B Gear's Stiff
Option 2 86 268 186 539 3.614 274 764
Runge- Runge-Kutta-~
Kutta Merson 401 2005 578 2890 8.273 1272 6360
Table 3.5 Thermal Decomposition of Ozone
Integration from ¢t = 0 to t = 100
* -
error = 10 4

09
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3.6 Transient Behavior of a Catalytic Fluidized Bed

Luss and Amundson Il?] have examined a specific
model for the dynamics of a catalytic fluidized bed in which
mixing is complete and heat and mass transfer resistances are
lumped at the particle surfaces. An irreversible gas
phase first order reaction (A + B) is assumed to occur
within the uniform porous catalyst pellet, each of which
is at the same partial pressure and temperature. Aiken
and Lapidus [15] solved this problem with the equations

and parameters numerically specified as follows

X = 1300y, - x) + 1.04 . 10%ky < (76)
.dyl 3

gp- = 1-88 ° 1070y - vy, (1 + k)] (77)
dy2

g = 1752 - 269y, + 267x (78)
?3 = 0.1 + 320y, - 321y | (79)
dat ’ 1 3 -

and initial conditions

x(0) = 759.167,

I
o
.
o
-

v (0)
y2(0) = 600,

y3(0) = 0.1
where k¥ = 0.0006 exp(20.7 - 15000/y2)
x = temperature of the particles, °R

Yy = partial pressure of the particles, atm
Y, = temperature of interstitial fluid, °R

Yy = partial pressure of the interstitial £luid, atm.
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Luss and Amundson [17] report the existence of three
possible steady states, and they determined the eigenvalues
by solution of the fourth order polynomial by use of the
Newton—-Raphson method. The values of the eigenvalues for

the three steady states are:

First Second Third °

Steady State Steady State Steady State
Al -0.00632 +b.00610 ~-0.00898
AZ -0.91177 ~-1.26387 -12.6008
k3 -270.3147 -270.731 -270.7236
A4 -2186.977 ~2183.084 -2258.0596

Since the eigenvalues of these states differ by six orders
or magnitude, the system is very stiff.

Figure 3.6 shows the plot of the solution of this
problem while in Table 3.6 it can be seen that the algorithms
for stiff systems in GEARSB are very superior to the others.
Its superiority in computational time for an error allowance
of 1 x 10—5 was approximately 1 to 100 if compared with
polynomial extrapolation of DIFSUB and 1 to 125 if compared

with rational extrapolation of DIFSUB and Runge-Kutta.
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Error = 1 x 1073 1x 10 1 x 107/
%unc. Func. Time Func.
Program Algorithm Steps Eval. Steps Eval. Secs. Steps Eval.
D Rational ;
; Extrapolation 4152 128368 4160 128600 462.55 4168 128780
S Polynomial
B Extrapolation 3698 113566 3701 113677 366.8 3711 113991
D Double
E Precision a a a
S
U * Single
B Precision a a a
Adam's Predic-
G tor-Corrector 18988 61068 19192 61733 439.43 21574 71729
E
A Gear's Stiff
R Option 1 45 105 108 268 3.69 205 522
S
B Gear's Stiff
Option 2 45 161 - 108 336 3.83 205 622
Runge~ Runge-Kutta-
Kutta Merson 21332 106660 21475 107375 454.058 21992 109960
Table 3.6 Transient Behavior of a Catalytic Fluidized Bed

a unstable
b no convergence

Integration from ¢t = 0 to t = 10

S9
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3.7 Mathematical Model of Human Muscle-Chemical Aspects

Bidani and Flumerfelt [21] have developed a
mathematical model for the closed loop human respiratory
system. The muscle model presented here is one of its
subsystems. This lumped model accounts for transport
(convective, diffusive and active), storage, depletion
and interconversion of the respiratory species (physically.
dissolved oxygen, oxyhemoglobin, physically dissolved carbon
dioxide, bicarbonate ion, hydrogen ion and carbamino).

For details on this development refer to
Bidani [21].

Because of blood flow transit delays inherent
in the respiratory system, the equations describing it take
the form of non-linear differential-difference equations.
Solution of such a system proceeds sequentially, each
subsystem being integrated in turn.

The limitation imposed on such a segquential
integration of the system is that the maximum time'step
taken for numerical integration of any of the subsystems
must be less than the smallest value of the delay time in
the model. It is for this reason that the Muscle equations
are solved here with time step equal to 0.05 minutes, and
for the same reason we decided to use the fixed step
Runge-Kutta~-Gill algorithm, rather than the variable step
Runge-Kutta-Merson used in all the other problems.

This model was solved using only the double

precision algorithms.
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Equations for Muscle System

Intracellular Fluid

Dissolved carbon dioxide:

dp
CCOZ' 1
= |————{|- D P - P + F
o \Y csc| ¢ s MT
ak CO2 c , [ CO2 COz] CO2
(80)
kv
- Ve kuaCOZPc - g [H][HCO31
CO2
Oxygen: Physically dissolved and chemically
combined with myoglobin
dPCO 1
2 .
E Em Vc Dsco PsO - PcO - MTO (81)
dt o, 2 2 2
Bicarbonate ion:
d [HCO,] | 1l ( ]
— | = |5={ (L - F)M - D r _[HCO,]1 - [HCO,])
at Vo TC02 csb'cs 3'c 3's
(82)
kv
* Ve kuaCOZPc - g HI[HCO5T
CO2
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Hydrogen ion:

d[H]C 1 kV
= {=={1 (1 - F)M +v ka - —[H] [HCO.,]
at Ve Teo c02 Cco k c 3¢
2 2
2.._303[H]c (83)
= KogpltegHlg = [HI) ||~ —5—=
c
Interstitial Fluid
Dissolved carbon dioxide:
arp
sco2 1 .
at | |%coVs|| Pspe Psco ) PBco ¥ Pesc Pcco ) Psco
2 2 2 2 2
k (84)
- V_lk o —[H] [HCO,]
siu CO2 co
2
Physically dissolved oxygen
dPSO 1
2l = a- v ||Ppso|FB. ~ Fs = DseolPs. T Fe 1 (s
l dt o2 s o2 o, o2 02J
Bicarbonate ion:
d [HCO,]
3's| _ 1 _
( ] - Vm]Dcsb(rcs[HCOB]c [HCO3T)
dte ;U sy
(86)
Akv
- Spb( [HCO, ] - IHCO3]p) + V kuchOzPSCO - R-—[H]S[Hco3ls

2
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Hydrogen ion:

d[H]s 1
= V; KcsH(tcs[H]c - [H]s)

dat
K'P | (87)
o
] P2 Bgo 2.303[H]
-D S _ 2 _ s
sph rSp [HCO3]p Bs
Whole Blood
Dissolved carbon dioxide:
ap
Bco2 1
= ——— a Q P - P
at ®co.VB|| 2B Beo.a  Beo
2 2 2
(88)

+ D P - P -V =V -V __
spc| s B prpr erer ercarb
CO2 CO2

Oxygen: Physically dissolved and in chemical

combination with hemoglobin

dp
Po, 1 \
= | Q_(C - C - D - P (89)
a. Vv BI B B pso| B
dt O2 B [ 02a OZJ ( O2 02J
Blood Plasma
d [HCO, ] .
3°'p 1
_E| = (=110 [HCO.] - [HCO,]
dt vB Bp[ 3 Pa 3p
p
(90)
+ Dspb(rspb[HCO3]S - IHco3Jp) - RepB + vprpr



where

v
prpr

\Y
erer

RepB,

Il

it

(£,/£,)

e, + eZ(fl/fZ)

8

C5 - elc4

6204 - C6

1+ (1 + c3)b10

b, + bg(fl/fz) + b

10e1

+ eZ(fl/fz))

¢y = (1 + cj3)bg
cy - (1 + c3)b9
(by + byby - rd; - rd,d;)/rd,
(b3/rd2)
(by/x)
2.303u¢ k' PBcoéa PBCO2 }
ZVBeBer ECON + [HCO3]pJ
1.5V capp + 0+6 RO,HD
' rQBe ([HCO,1__ -~ [HCO,1.)
A 3P, 3'p

70
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84}

]

(
vBe
r__—-.—-
Vg
. p
( 3
B
5| (Pgbg + Pgby = by = byby)
L 4
.
(Ve (b b
P4 - 5.
b, |75 A 3
\ P p
v \
_ | Bl
Pyf Vs
0 ][ Ps Py
B, CO, Co,a i co,
v [ECO.] THCO,]
B 3 3
p P, P
o k'p
D
sph Tep [HCO3]p
RN P
2.303 %k Beo a Beg
2 2% 2
sz Bp [HCO3Tb [HCO3]p
P a
o k'p
co, BC02

2
(1rCO4] )

_k"
[HCO3]p
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Vercarb

ar
o] ba

- QBe(carba ~ carb)

[H]bqa[HCQBJpa
+ Ga[HCO3]p

24
a

2y [HCO3]p

a a

r[HCO,]l_k_ + a
[ 3 P, 2 CO2

a. [HCO.,]
2a 3'p

[r[HCO3]pak0 + o

(1 - sa/lOO)rkz

(sa/lOO)rkO

(k'/rkc)

D
ps)
+ S -
co3]p} v, J(rsp[Hco3]s [HCO3]p)
P
- Py + psc Ps - P
CO2 CO2 CO2
- Vercarb
k'PB
COza]
k'p
COZ BC02a
100

72
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nrh .IHbJG[HCO3]p
a, + GIHCO3]p
. ;lIHCOBJP R ..a2[HC03]p
r[HCO,] k + a kP (r[HCO,] k. + o k'p
[ 3'p 2z T %o, VB, ] 3'p 0 T %ot Fr }
2 2
a; = (1 - s/lOO)rkz
a, = (s/lOO)rk0
C - o~ P
Bo2 _0,2302
g = C . 100
max
RO_Hb = QBCmax(S B sa)
2 ~ {100) (22.2)
_ u
g~ Cmax(l + u] t 05 Py
o 2 20
2 2
w = 0.925v + 2.8v2 + 30 v°
v = [0.004273 + .04326(P =-535p
Beo Bo
2 2
u
C = C { a J + o . P
B max|l + u 0. B
o,a 2 "0.,a
2 2
2 3
u = 0.925v_  + 2.8v7 + 30v
a a a a
v, = 10.004273 + 0.04326(P, "535]pB
a C02a 02a
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T, =cC__ (0.925v + 2.8v2 + 30v°>)|0.004273 + 0.04326(p ]‘-535]
O max B
2 co
2
(1 - u)?
+ O
0,
c, (321.221)
max
— _ ~100
°mg T 73.228 ¥ B, 2 + %o,
2 0

2

System Parameters and Initial Conditions: Normal Man at
Rest '(Steady State)

0.84 (L/min)

10
1l

= 0.0425/22.4 (L/min)

[M ] = 0.05 (L/min)
To
2/0

r = 0.7 (dimensionless)

LO

3 2
Chax = °°2°1[m]

max

[Hb] = 0.02058 (M)/(L erythrocyte)

o, ° 3 x 107> (M)/(L blood) (mm Hg)
G, = 3% 107> (M) /(L blood) (mm Hg)
k = (0.13) (60) (1/min)

k. = (89)(60) (1/min)



kl

~6.1

(10) (M/L)

ky
k' = (M/L)
u

8

7.2 x 10 ° (M/L)

9

8.4 x 10 ° (M/L)

2.4 x 1072

(M/L)

0.39 (dimensionless)
-0.0061 M/ (L) (PH unit)
-0.056 M/ (L) (PH unit)
-0.0021 M/ (L) (PH unit)
-0.0195 M/ (L) (PH unit)
1.0 (L)

3.46 (L)

26.5 (L)

QB(l - HCRIT/100) (L/min)
QB (HCRIT/100) (L/min)

VB(l - HCRIT/100) (L/min)

VB(HCRIT/lOO) (L/min)

1.64 x lO_4 (L oxymyoglobin/L ICF)
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2 2
_ o4
= MT S Pc < 10.0
02) 0] —=2 0,
10
M, = (M, ) P, 2 10.0
co, | "%, g 0,
(M ) P < 10.0
Teo o
_ %9 O[MTO ] 2
M 2
To
[7o,):
Py = 39.0 (mm Hg)
CO,a
2
Py = 100.0 (mm Hg)
O0,a
2
[HCO3] = 0.022888 (M/L)
P
a
Po r Pg [HCO3]p: Solution to the following
CO 0
2 2
three non-linear algebraic equations.
ol Q. {P - P + (0 + rQ [Hco,] -~ [HCO,]
co, "B BCOza BCOZJ [ B, Be][ 3'p, 3'p
+ MT + QB (carba - carb) = 0
Cco e

2



L

es

QBpo + QBeBe
Q + rQ [HCO,] - [HCO,] + 2 .
[ Bp BeJ[ 3 Pa 3 p] 2.303
P p )
B B
C02a' CO2
[HCO3] P, [Hco_3]_p
PB PB + 1.5QBe(carba - carb) - 0.6R02Hb
COZa .‘.C02
[HCO3]p [HCO3]p
a J
MT
c e 1 c [ he }- o P =0
BO a QB maxi{l + u O2 BO
2 2
(AP) = 2.0 mm Hg
SB
CO2
(AP) = 5.0 mm Hg
s
BO
2
(AP)S = 5.0 mm Hg
c
CO2
(AP) = 5.0 mm Hg
c
O,
x = 0.90 (dimensionless)
z = 0.10 (dimensionless)
F = 0.80 (dimensionless)
t = 0.5 (dimensionless)
cs
r = 29.88 (dimensionless)
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r = 0.95 (dimensionless)
sp
P = P + (AP)
s B s
CO2 C02 BCO
2
[HCO3]S = 0.027 (M/L)
M
[.TCO ] jl(g - z)
D = 2
spc (AP)S
B
CO2
ko, P - M 2
Cw 0 8o, . Teo [Vs}
H] = 2 2
S kV
E—[HCO3]p
M
TC02 (l + z - x)

DspB (£, THCO,T "= THCO,T Y

(M
Tcon e (1 + z - x)
D =
spH ( o k'P
[H] o, Bco2
| Tsp [Hco3]p
Pc = Ps + (AP)S
C02 CO2 CCO
2
[HCO3]C = 0.012 (M/L)
M
o)
D = 2
csc (AP)S
Cco



[H]

csB

pso

SCO

it

k o P - M
[.u.q02.¢co [ Tcoz]

Ve

(F -~ x

2]

2
k'V
[E‘][HCO3]C

M
[.Tcon * (1 - %)

[ICS[HCO3]C - [HCO3]S]
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Figures 3.7.1 through 3.7.4 show the transient
response of the eleven variables of this model, while in
Table 3.7 the performance of the algorithms can be observed.

For error allowance of approximately 10"7 the three
algorithms of GEARSB had convergence problems, however

~3, the three algorithms of such

at error allowance of = 10
a program were more efficient than all of the others.
The superiority of the option 1 for stiff systems algorithm
ranged from 1:8 if compared with Polynomial Extrapolation
of DIFSUB, tc 1l:15 if compared with DESUB.

Because this is an eleven equation system, the
overhead of numerically approximating the terms of the
Jacobian was significant, and caused a difference in

efficiency of approximately 6.6% between the two options

for stiff systems in GEARSB.
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Fig. 3.7.1 Mathematical Model of Human muscle.
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Fig. 3.7.2 Mathematical Model of Human Muscle.
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b no convergence

Error = 1 x 1072 1 x 10°° 1 x 1077
e sts a0 e eem et et TP — - vy
Program Algorithm Steps Eval. Steps Eval. Secs. Steps Eval.
11? Rational 713 19635 717 19821 630.86 - 736 20418
F Extrapolation
S .
Polynomial
g Extrapolation 704 18735 709 19059 588.65 723 19797
D Double
E Precision 28920 29228 1073 31037
S
U Single
B Precision
Adam's Predic-
G tor--Corrector 2468 6477 2710 7353 268.2 b
B
A Gear's Stiff
R Option 1 969 1014 984 1130 72 b
S
B Gear's Stiff 1063 3326 987 1311 76.76 b
Option 2
Runge- Runge~-Kutta~
Kutta Gill 1600 19200 1600 19200 614.81 1610 19312
Table 3.7 A Biological System

G8
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3.8 Discussion of Results

For the purpose of discussion of results, it is

convenient to separate the problems as follows:

I.

II.

It
algorithms

A-1.

A—70

A-8.

Moderately stiff systems

1) A stirred tank reactor with exothermic
reaction.

2) A turbulent boundary layer on a flat plate..

3) A periodic chemical reaction sinusiodal
forcing function.

Highly stiff systems
1) A system of reaction rate equations.

2) A periodic chemical reaction bang-bang
forcing function.

3) The thermal decomposition of ozone.

4) The transient behavior of a catalytic
fluidized bed.

5) Mathematical model of muscle chemical
aspects.

will also be convenient to identify the different
as follows:

Bulirsch and Stoer Rational Extrapolation in
DIFSUB.

Polynomial Extrapolation in DIFSUB.

Double Precision version of DESUB

Single Precision version of DESUB

Adam's Predictor Corrector in Gear program.
Stiff algorithm Option 1 in Gear program.
Stiff algorithm Option 2 in Gear program.

Runge-Kutta-Merson.

In this section the error allowance criterion will be

indicated as EPS.
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3.8.1 Comparison of the Overall Efficiency of the Algorithms

In order to compare the overall efficiency of the
different methods, the integration times of the problems were
normalized (division of the computational times of the
different methods by the time of the best for every example)
and are shown in Tables 3.8.1.A and 3.8.1.B (Algorithm A-4
was not considered.)

From these tables it can be seen that for the stiff
systems, algorithm A-6 was the most efficient in all cases.
The difference in efficiency between this algorithm and the
algorithms in the rest of the programs ranged from 1:1.7 in
problem II-3 solved by algorithm A-2, to 1:952 in I-1
solved by A-3.

For the moderate systems the three algorithms of Gear's
program are superior to the others, however this superiority

is not as notable as for the stiff systems.



Runge- DESUB DIFSUB GEARSB
Kutta- Double Rational | Polynomial Adam's Stiff Stiff
Problem Merson Precision Extrap. Extrap. P. - C. Option 1 |Option 2
3.1 A System of Reaction
Rate Equations 343.219 951.658 437.350 a 467.675 1 1.044
3.6 The Transient
Behavior of a Cata-
lytic Fluidized Bed 123.051 a 125.352 99.404 119.087 1 1.038
3.7 A Biological System 8.539% 14.903 8.762 8.176 3.725 1 1.066
3.5 The Thermal Decompo-
sition of Ozone 2.321 3.318 2.203 1.712 2.884 1 1.014
3.4.B Periodic Chemical
Reaction

a unstable
*
Runge-Kutta-Gill

Table 3.8.1.,A Normalized Times for Stiff Systems
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Runge- DESUB DIFSUB GEARSB
Rutta- Double Rational | Polynomial Adam's Stiff Stiff
Problem Merson Precision Extrap. Extrap. P. - C. - Option 1 | Option 2
3.2 The Stirred Tank
Reactor 1.083 1.341 1.195 1.052 1.233 1 1
3.3 The Turbulent
Boundary Layer 1.250 1.784 1.526 1.387 1 1.063 1.160
3.4.A Periodic Chemical
Reaction 3.834 1.241 1.971 1.532 1.052 1 1.014
Sinusoidal Control

Table 3.8.1.B Normalized Times for Moderate Systems
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3.8.2 Comparison of the Effect of the Error Allowance
on the Different Methods

Table 3.8.1.A shows that for EPS = 10 °

algorithm

A-6 was superior to all other algorithms by a factor ranging
from 1:8 to 1:14 in problem II-5, and by a factor of 1:4

to 1:8 in II-2. However at EPS = l()-7 algorithms A-5, A-6
and A-7 had convergence problems, while the other algorithms
lacked those problems. Thus it seems that for systems like
those mentioned, the price to be paid for a very efficient

solution is to allow EPS = 10—5 =7

or larger. For EPS = 10
a good choice should be algorithm A-2.

Algorithm A-4 consistently had convergence problems ox
was found to be very inefficient for EPS = 1077, More
detailed information about this point is provided in section

3.8.4.

3.8.3 Comparison of Stability of the Different Algorithms

Algorithms A-6 and A-7 were stable in all the runs

attempted. Algorithm A-5 was unstable only in the

solution of II-1 for EPS = 10—3, but it was stable for

EPS 2 10_4. A-1 was unstable also for II-1 for EPS = 10_3.
The rest of the algorithms showed unstability in at least
two cases.

3.8.4 Comparison of Single and Double Precision
Versions of DESUB

In general algorithm A-4 works reasonably well for
EPS = 10_5, however as a higher accuracy is required, the
efficiency of this algorithm decreases and at EPS = 10-7,

its performance is really bad (too many function evaluations)
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or there is no convergence.
To illustrate these points the following facts can

be mentioned:

-5

a) In solving I-1 for an EPS = 10 ~, A-4 took

1.88 seconds (a-3 took 2.86), while in attempting to solve

the same problem for an EPS = 10—‘7 with no printed output

it took more than forty-two minutes.

b) Table 3.1 shows that in the solution of the

-5

problem II-1 for EPS = 10 the single precision version took

93% of the time taken by the algorithm A-3 while at EPS = 10—7

the double precision version required 361210 function
evaluations to perform the whole integration and the
single precisicn version took 87191 for only 10% of the
integration.

-5

c) In II-3, at EPS = 10 it can be seen that the

behavior of both versions of DESUB is very similar. However

for an EPS = 10_7, A-4 took more function evaluation than

A-3 by a factor of 3.574.

d) 1In I-2, while algorithm A~3 solved the problem

=7

at EPS = 10 ', algorithm A-4 lacked convergence for such

an EPS,

3.8.5 Comparison of the two Algorithms for Stiff Systems
in GEARSB Program

The difference in integration time among algorithms
A-6 and A-7 is due to the fact that while A-6 needs only
one evaluation of the analytically expressed terms of the
Jacobian every time that this matrix has to be evaluated,

algorithm A~-7 requires a number of evaluations equal to the
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number of dependent variables of the right hand side of
the differential equations to numerically approximate
such a matrix. As can be seen this difference can be
significant for large systems. In problem II-5, built by
eleven equations, the difference in function evaluations

between those algorithms was 181 while in computational

oo
.

time the difference was = 6.6
It is also interesting to note that in the same

problem (II-5) algorithm A-7 took 3326 function evaluations

for EPS = 10~3, while the same algorithm took 1311 for

-5

EPS 10 °. This can be explained considering that in the

R

numerical approximation of the Jacobian, the change (R)

made to each dependent variable to disturb the system

(and so evaluate the corresponding term of the Jacobian)

is calculated as a direct function of EPS, therefore for
large EPS's, R is also large. In some cases this can origi-
nate inaccuracies in the numerical approximation that will
slow the convergence. This seems to be the case in this
problem since for EPS = 10_4 the same algorithm took 1612

function evaluations.

3.8.6 Comparison of the Extrapolation Algorithms

In general A-1 and A-2 had better performance than
A~3. This can be better seen in the highly stiff systems.
If A-1 and A-2 are compared, A-2 is more efficient that

A-1 by an average factor of approximately 1.20:1.

However, in problem II-1, A-2 was unstable at EPS = 10—3 4
and at EPS = 10~°, while A-1 was unstable only at EPS = 10 °.
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3.8.7 Performance of Runge-Kutta-Merson Algorithm

For stiff systems algorithm A-8 is very inefficient.
Such an inefficiency can be seen in Table 3.8.1 which shows
that its best performance in problem II-3 is 2.3 times
slower than the best algorithm for such a problem, while in
problem IX-1 the factor was 343. For moderate systems

its performance is acceptable.



Chapter 4
CONCLUSIONS

From the results obtained in Chapter 3, it can be
seen that the three algorithms in the program written by
Gear can, 1f properly selected, solve efficiently stiff as
well as non-stiff systems of ordinary differential equations.
The Adam's methods whose extraneous eigenvalues are zero is
usually the best choice to solve any problem [2]. Therefore
such an algorithm should be attempted first. If it is found
that the problem is stiff, any of the two options for stiff
systems should be used.

To increase the accessibility of Gear programs for
general engineering usage, a driver set of subroutines
(DRGERT, DATARD, INVAR, PARESC and ESCINT) was written with
the following characteristics:

a) Minimization of input requirements. The user
has to specify only the following parameters

1) The number of equations

2) The printed output interval

3) The required error allowance

4) Initial value of both dependent and independent
variables

5) Final value of the independent variable

6) Algorithm to be used {(optional).

94



95
The rest of the parameters to the Gear program are properly
handled by the driver set of subroutines.

b) The driver system increases automatically the
error allowance as required up to three orders of magnitude
to avoid convergence problems. (This in some cases prevents
the prémature stoppage of the integration because of the fact
that the requested error is smaller than can be handled.) .

c) The driver system has flexibility to allow the
user to provide his own output subroutine, and it also
provides a standard printed output for all of the users who
do not have special output requirements.

d) The initial values of the dependent variables
can be provided through punched card or the user can provide
a subroutine to calculate them. The subréutine (DATARD)
has card reading instructions for such variables that will
be bypassed if the user inserts his own initial values
subroutine.

e) Because Gear's method automatically adjusts the
step size (and order) as the calculation proceeds to achieve
specific accuracy requirements, the solution at specific
values of the independent variable is not available.
Considering that in some cases this is an important factor,
an algorithm was implemented in the subroutine (ESCINT) to
obtain the solution at such specified points. This feature
should be used rationally since it implies a reduction of
efficiency.

Thus the user can select between:



1)

2)

£)
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Asking for the solution at specific values
of the independent variable.

Asking for the solution at values hetween
certain points of the independent wvariable.
((tn+l - tn) > tp, where tp is a constant
selected by the user.)

Because the program has three algbrithms that

can solve efficiently most of the problems, it is important

to dynamically select the adequate algorithm for the most

efficient solution of the problem in gquestion.

To handle this situation, the driver system offers

three alternatives

1)

2)

3)

The user decides which algorithm to use. For
the cases in which the user already knows the
characteristics of the problem that is being
solved.

The user lets the driver system decide between
using Adam's Predictor Corrector or the Option 1
for stiff systems. In this case, the user has
to include a subroutine (PEDERV) to calculate
the terms of the Jacobian.

The user lets the driver system decide between
using Adam's Predictor Corrector or the Option 2
for stiff systems. In this case the Jacobian is
numerically approximated if the algorithm

selected is the stiff Option 2.
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For the selection mentioned in points 2 and 3,
Schacham [private communication] proposed the following
strategy:
The integration is started with the Adam's method,

using an error allowance EPS The integration in continued

lu

until a stable value for step size hl is obtained. The

integration of the same interval is repeated using another -
error allowance EPSZ, where EPSZ>> EPSl. If the step size
is limited by the accuracy requirements, then the new step

size will be

_ 2in
h2 - hl[EPSl

EPS ]l
where n is the order of the integration method.

If this expression holds, then the integration may be
continued with the Adam's method. If the new step size is
much smaller than expected or h2 = hl'

limited by stability, and the integration must be continued

then the step size is

using the stiff algorithm.

This strategy was implemented using the average
value of the step size rather than its last value, and for
the cases in which the order was different (in the two

integrations), the following expression was used.
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This selection algorithm had satisfactory performance
in all the problems attempted as can be seen in Appendix A.

Listings of all the algorithms used as well as
example problems can be found in the appendix section.

Many problems in continuous system simulation lead
to systems of ordinary differential equations which require
the solution of a simultaneous set of non-linear and
implicit algebraic equations each time that the derivatives
are to be evaluated. Thus, the actual system should be
extended to provide the capability of simultaneous
numerical solution of differential-algebraic equations.

A unified method for handling this is discussed by Gear [22],

and would be a friutful extension of this work.
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dy/dt

any function

time (independent variable)
dependent variable

approximation to the dependent variable at
point n

predictor approximation to Y, by linear
extrapolation

matrix of constants used in the predictor
process

amount by which Yn, (0) does not satisfy the
14

differential equation in the corrector process
number of corrector iterations

any function of h such that there exists constants
h, and k independent of h for which |0(h) | < kh

for all |h| < h

constant coefficient

ith component of the vector y
dly/dtl (ith derivative of y with respect to "t")

rational approximation which agrees with y(x,h) at

h = hi'hi+l""’hi+m where hi > hi+l > i.. > hi+m
rRE - R1+l

m m-1

i i
Rm - Rm—l
rRY - Rl—l

m m

polynomial of degree m in h
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step size

a discrete approximation for an ordinary
differential equation

difference between two sucessive extrapolated
values for the jth component
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l,...,hqy(q)/q!]T (T = transpose operator)
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L2 normnm
error allowed

eigenvalue

k-1

hA plane
vector x
matrix x
(t - tn-l)/h

compenents of vector I
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APPENDIX A

This appendix contains the following material:

1) Listing of Gear program. Identified as GEARSB
through all this work, such a program was modified to allow
the user to choose his own names for the subroutines to
evaluate the right hand side of the differential equations,
and to evaluate the terms of the Jacobian matrix. In the
GEARSB version such subroutines must be named as DIFFUN and
PEDERV respectively.

2) 1IBM Scientific Subroutine Package matrix
inversion routine MINV.

3) Driver set of subroutines for GEARMF as follows:

DRGERT (Main routine).

DATARD (Data and parameter reading).

PARESC (Writing of parameters routine).

INVAR (Initialization of variables).

ESCINT (Integration driver).

4) Solution of the selected problems using
different options of the driver set are presented. The
solution of "A system of reaction rate equations" is pre-
sented in two forms:

a) "Natural" solution of Gear method.

b) Solution forced at exact intervals (of unity)

of the independent variable.

Note the difference in function evaluations as well
as integration steps taken in each case.
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5) Solution of the "Mathematical model of human
muscle-~chemical aspects" problem.
If not explicitely presented, the main program for
all the examples in part 4 is similar to the first one

presented.
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HMAX THE MAXINUM STZE TC WHICH THE STEP WILL BE INCREASED
gEPS THE ERRCR TEST CCNSTANT. SINGLE STEP ERRCR ESTIVMATES
CIVICED BY wMAX{I) MUSYT BE LESS THAN THIS
ACJUSTED 70 ACFEIVE THIS. ' :
MF THE NETHCD INDICATCR., THE FCLULCWING ARE ALLCWELC..
0 AN ACAMAS PREDICTOR CCRRFCTCR IS USED.
1 A MULTI-STEP METHOO SUITABLE F(QR STIFF
SYSTEW¥S IS LSEC. IT WILL ALSO WORK FCR
NCN STIFF SYSTEMS. HCWEVER TrE USFR
MUST PRCVICE A SUBROUTINE PEDERV WHICH
EVALUATES TFHE PARTIAL CERIVATIVES OF
THE DIFFERENTIAL EGQUATICNS WITE RESPECT
T0 TrE YHS. THIS IS DCNE BY CALL
PEDERVNT,Y,yPW,MNE PW IS AN N BY N ARRAY
WHICH MLST BE SET TC THE PARTIAL CF

P A W N U B % 3 % O B i

B % 3 o WM M N N R 2 H

CE2R
CE2R
CEAR
CEAR
GEAR
GEAR
CEAR
GEAR
GEAR
CEAR
CERAR
GE AR
GEAR
CEAR
GEAR
GEAR
CELR
GEAR
CEAR
CEZR
GEAR
CEAR
CEAR
CEAR
GEAR
CEAR
CE2R
GEAR

720
713C
74C
1%¢C
7¢C
71C
78C
750
gcc
81cC
820
3¢
g€4C
356G
gec
gic
88C
8scC
SCC
91C
92C
G2C
940
950
9¢0
Sic
980
3sC

GEARICCC
CEARLIOILO
CEAR1C2C
CEARLIC2C
CEAR104C
GEARL10O50
GEAR1CEC
CEAR1QT0

LOT



1€8:
1CS:
11C:
111:
112:
113:
114:
119:
116:
117:
118:
119:
12C:
121:
122:
123:

1

4

LA

P I
125
1262
127:
128z
129:

3

C

1212

et
L
~no

e et et = s et d e jst s
AN S I US  W  W  P A S PR WY

—

LN e O30 8 =g O D

€8 846 0% 30 w4 4% 2z sE 6% g0 g8

Ca
C#

C#
C*
C*
C#
C#
C*
Cx
C*
Cx
Cx
C*
Cx
C*
Cx*
C*
C*

C*
CH*
C*
Cx*
C*
Cx
C®
C*
C %
C#
Ca
C*
Cx*
C

THE I-TH CQULATICN WITH RESPECT
TO TRE J OEPENDENT VARIABLE IN PW({IyJ)e
CCNTINUE
Ph IS ACTULALLY STCREC 1IN AN VM EBY ¥
ARRAY WHERE M IS THE VALUE CF N USED CN
THE FIRST CALL YO THIS PRCGRAM,.
2 THE SaVME 8S CASE 1, EXCEPT TFHAT THIS
SLBRCUTINE CCMPUTES THE PARTIAL
DERIVATIVES BY NUMERICAL OIFFERENCING
CF THE CERIVATIVES. FENCE PECERV 18§
NCT CALLFD.

AN ARRAY OF N LGCATIONS WHICH CCNTAINS THE MAXIMUM
CF EACF Y SEEN SC FAR. IT SHCULD NCRMALL Y BE SET TC
1 IN EACH COMPCNENT BEFCRE THE FIRST ENTRY. (SEE TFE
DESCRIPTION OF EPS.Y ‘
ERRCR AN ARRAY CF N ELEMENYS WHICH CONTAINS THE ESTIMATED

CNE STEP ERRCR IN EACH COMPCNENT.

KFLAG A CCMPLETION CODE WITH THE FCLLOWING NMEANINGS..
+1 THE STEP WAS SUCCESFUL.
CCNTINLE
-1 THE STEP WAS TAKEN WITH H = HNIN,
REQUESTED ERRCR WAS NOT ACHIEVED.
-2 THE MAXIMUM CRCER SPECIFICC WAS FOUNC TC
BE TCO LARGE.
-3 CORRECTOR COMVERGENCE CCULD NCT BE
ACHIEVEC FCR K .GT. HVMIN.
-4 THE REQUESTED ERRCR IS SMALLER THAN CAN
BE HANCLED FOR THIS PRCBLEWV,.
JSTART AN INPUT INCICATOR WIYH THE FCLLOWING MEANINGS..
-1 REPEAT THE LAST STEP WITF A NEW F
G PERFCRM THE FIRST STEP. THE FIRST STEP
MUST BE CCNE WITEH THIS VALUE CF JSTART
SC THAY THE SUERCUTINE CAN INITIALIZE
- ITSELF.
+1 TAKE A NEW STEP CONTINUING FROM THE LAST,.
CCNTINLE

YMAX

BUT TFE

-3

o ¥ 4 % H N M AR BN F NS

o % o 3 M W B H B ¥ YN

CLARICEC
CELR106G0
GEARLLCC
CEARITIC
CEARLLIZ0
GELRLI1I3C
CEAR114C
CE2RL1EC
GEARLI1€OQ
CEARILTC
CEARI1EC
CEAR116G0
CEAR]2CC
CEAR121C
CELR1220C
GEAR123C
CELRYI?AC
GCEARL1Z250
CErR1ZEC
CCAR1Z27C
CFAR12EC
CEAR1290
G:AR13CC
CEARL3I1C
CEARL1320
CEARL133C
CEARL340
CEARI350
GEARL3EC
CEAMR137C
CEARL13EC
GEAR136C
CEAR14CC
CEAR1410
GEAR1420
GEAR142C

80T



ll,l,:
14%:
1462
147:
148:
149:
15C:
151z
182:
1532
154:
1252
156:
157:
1SR:
159:
1¢0:
1&Y:
162:
ita:
1642
165
166
1672
1£8:
1¢6G:
17C:
171:
172:
173:
174
1753
176:
177:
17€:
176:

Cx* JSTART IS SET TG NC. THE CURRENY CRCER (F TEE NETEOD

C* AT EXIT. NC IS ALSC THe CREOER CF THE dNMAXINUWM

C* CERIVATIVE AVAILADLE.

C* MAXCER THE MAXIMUM CERIVATIVE THAY SHOULC BE USED IN THE

C* NETHCD. SINCE THE CRCeER IS ECUAL TC TFE FIGHEST

C#* DERIVATIVE USEDy THIS RESTRICTS THE CRDER. IT MUST

Cc#* BE LESS THAN 8 FOR ACMAS ANLC 7 FCR STIFF METHCLCS.

C* A BLCCK CF AT LEAST N*%x2 FLCATING POINT LCCATICONS.

C# R LR R e e T

CIVENSICN Y(8,1)y YMAX(1)9SAVE(1Cs+1)+ERRCRI1)sPh{1),

1

A(8),FPE

RIST (7,2,3)

%
¥
%
x
3
%
*
»
%

CHosesetisfesiisseddtsssestasosstssisssdssisessssiseessssssssstesssssss
CIMENSICON PPW(1)
CIMENSICN LL

f%!i$$$$$i$i$$$$&$$$$if$$ki$i$$1$‘$$$$$5$$$$$$53$!$$$$$$$$5$$513‘$SS$$!

Cakd gy ot X S AU AN b h b B A g% Ao foR e e 0 ook ook e S o % o okl Dok Aol B Bk
Cx THE CCEFFICIENTS IN PERTST ARE USEC
C* © CROECR,

THERE

LI1Y,MMM(L)

FCRE CALY ABCLY CNE PERCENT FCCURALCY IS

IN SELECTING THE STEP ANC

NEECEL.

*
%

GCEARL144C
CEAMRI4LEC
CEAR14C0
CEAR147C
CEARL4EC
CEAR14SO
Gear1SCC
CEAMLISIC
CEARISC
CE£RLE?

CCAR1c24C
CEsR1ISEC
CEAR15¢0
CEARLICZTC
CEARLEEC
CEARLHSC
CEARIECC
Ceartieac

CALD LD B d b ooy h ok Y e e e A X S Y AR DR XOR RGeS CL PR 20

CATA PERYSY /2.0,

LG SR VSR S

l:.577o33‘3910-42113-7717.1511-0'
2.0912.C724.C04937.89,53.33,7C.08,87.67,
3.016.019.1€6791245+15.98451.Cv1.0,
12:0724.0437.86953.3347CCE8,E7245791.0(>
ley1es0.54y0.166740.04133,0.CC826741.C,
1a01110'2-071007-31579 0074C7’00139/

Cata A(2) / =-1.0/
IRET = 1
KFLAG = 1

IF

(JSTART.L

E.C)GO TO 14C

CEARLENC
CEAR11E4C
CFARL165C
GELRLEEQ
CEARLEIC
CEARIEEC
CE2R16SC
CEARL17CC
CEAR1T71C
CEARLTZ20

Gl etk PR R R IR SRS U T AN A Y A Y F SRS DN SRR DA DR R ek b kb b o bR *GEARL 73C

C* BEGIN

C*¥ H h BY THE FARTCR R [F THE CALLER HAS CHANGEC H.

BY SAVING

INFCRMATICN FCR PCSSIELE RESTARTS ANC
ALLL

C# CEPENDENT CN b+ MUST ALSC BE CEANGEL
C*x E IS A CCVMPARISCN FCR ARRCRS CF THE CURRENT CRCER NQ.

C* TC TEST FOR

INC

REASING THE CROCER, ECWN FCR CECREASING

C* FNEW 2S TFE STEP SIZE THAT WAS USED CN THE LAST CALL

CHANGING
VARIABLES

EUP IS

THE GRCER.

CEARLT74C
CEARLITSC
CEAR1T7¢C
CEARILTIC
CEAR1T7EC
GEARLTSC

60T



180:
1€1:
1€2:
183:
1843
185:
186:
187:

C Qe

1862
16C:
1¢61:
i62:
193z
1€4:
1¢5
16¢6:
167:
1¢e:
1692
2CC:=
2C1:
zC2:
2C3:
2C4:
2¢5:
206
2C7:
2C¢g:

1

rn
(@]

7

£

N
et
(@]

NN N DY RO T

ot et pd ek s

WSS WAy e

20 s S8 20 30

CHG e e b A A o dp bbb bbb fdiofeokrdededofedokfeoie A b nkkxxfrxexxEGCEARIBCO

1C0 CC 110 T = 1,N CEARLE1LC
LC 11C J= 14K CEARLIBZC

110 SAVE(J,I) = Y{JsI) CEARL1E3D
HCLLD = HNEW GEARLE4C
IF{H.EC.HCLD) GC TC 13¢C CEARLEEC

120 RACUM = H/HOLD CE2R18¢0
IRET1 = 1 GcaAR1E?C

GG TC 750 GEAR1EEC

13C ANCCLD = NGQ CEARLIESGC
T1CLC = 7 CELRIGCC

RACLY = 1.C GEARISIC
IF{(JSTART.GTL.Q) GC TC 25¢C CeaR1I9ZC

¢C T4 170 ' GE2R1IG30

140 IF{JSTART.EQ. -13 GC TC 140 CEAR1G4C
oo o 3 e o ok ok e oo e ol e XN Kokl R o R R R R R R R R R R kAP A AR F R A BHAXLCEARIGSEC
C* CN TFHE FIRST CALL, THE CROER IS SET TC 1 ANC THE INITIAL CEARLII6O
C* CERIVATIVES ARE CALCULATEL. GEAR1STC
G ol e ok ek e de o e e e e e e A kD R AR E B AR AU AR A AN AR Y BB EI YA KB IABIGCEARISEC
NG = 1 CEARIGSC

N3 = N GEARZ2CCC

Nl = N*}1C . GEARZCIC

NZ = N1 + 1 CEARZ2020

N4 = N¥%2 CecAR20130

NS = N1 + N ‘ CEARZ2C4C

NeE = NS + 1 CEAR20EC

CALL CIFFUN{T,YySAVE(NZs1)) CEAR20CO0

£C 150 I = 14N . GEAR2CIC

150 Y{24,1) = SAVE(NY + I,1)}%F CEARZCEC
FNEW = H CEARZ2Q90

K = 2 CEARZ21CC

G0 TC 1CGC CEARZ211C

e e o e oo o s ol e tete e B ok o RO R H R HOR AR R KRN R R B R AR S A IR AR AR F A AN NSRS IS IS S EINICEAR2LZC
C* REPEAY LASY STEP 8Y RESTORING SAVED INFCRMATICN. GEAR2130
R bk tek B e O P F N KA IR A TS F R DGR PR F AWK I IR A XY IICEARD2 14C
16C IF(NQ.CG.ANGCLD) JSTART = 1 ‘ CEARZ2LEC

01T
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T = 1CLD CEARZ21€C

NG = NQEGLC CEAR2170

K = NC + 1 GEAR21EC

GCTC 12¢C ' CEAR21GC
Colkhfp it ddpddokdgdldfodiededfekeoprrbbkdeeskopde koo el deoalrodde pop e ke ek kg XxFXCELR22CO
Cx SET THE CCEFFICIENTS THAT CETERMINE THE GROER AND THE METHCD CEAR221C
C* TYPE, CHECK FCR EXEESSIVE CRCER. THE LAST Twh STATENMENTS CF CEARZZZC
C* THIS SECTION SET IWEVAL .GT. C IF Pw IS TC BE REEVALUATELC CEARZ22C
C*¥ PECAUSE CF THE CRUER CHANCE, AND ThEN REPEAT THE INTEGRATICN .GEAR224C
Cx STEP IF IT HAS ANCY BEEAN CCNE {IRET = 1) CR SKIP TQ A FINAL CEAMRZZEC
Cx SCALING BEFQORE EXIT IF IT HAS BEEN CCMPLETECL (IRET = 2)e CELRZ2¢€0
Coardedoboe p ke dohed b hdopedetey ool oo Bl feoledfoofee Yook e ofeskae e oo e e Y e e ek e kxxk kA CEAR227C
170 IF(MF.EGC.C) CC TC 180 CEARZZEC

IFING.GTLE) GG TC 19C CEAR22SC

CO TO0(2219222:223:2240225422€) 4NQ CEAR23CO
180 IF{ NC.GT.7) GC TC 190 CEAR231C

GO TC (2115212421342144215,2164217)4NC CEAR2320C
130 KFLAG = -2 CEMR233C

RETURN CEAR234C
Cosese e domakdemskfepole ook paeofeedeolrolooeoe ook ookl e e b kb koo A b b e G By AR WA AR SRR NS FFFCEAR22EC
C*¥ THE FCLLCWING COEFFICIENTS SHOLLD BE BEFINEC YC THE MAXIMNUM CEAR2340
C* ACCURACY PERMITTEC BY THE MACHINE. THEY ARE, IN IN THE CRDER USED.. GEAR237C
C* ’ GEARZ23EC
C*x -1 ‘ CEAR22GC.
C* =1/24-1/2 CEAR24CO
C¥ =5/7124+-3/4,4-1/6 CELRZ241C
Cx =2/64,-11/124y-1/34-1/24 - CEAR2420
C* =251/72C4=25/244y=35/12+-5/484-1/12C . GE2R2430
C¥ -G5/288,-137/12C4~5/8-17/96+~1740,-1/72C CEARZ244C
C¥ ~1GC8T7/6C48C4-45/74C,=2C3/27C4=49/1924=T/144,=7/1440,~-1/5C40 GEAR2450
C* CELR24E€Q
c* 1 ' CEAR247C
Cx ~2/34~1/ CEARZAEC
C% =€/114~6/114-1/11 GEAR24G0
C* =12/254+=7/10,~1/5,-1/50 GEAR25(CC
Cx =12C/2744+-225/2744-85/2144=15/2T744-1/274 GEARZ251C

TIT1
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C*¥ —18C/441+4-58/€3+-15/364-25/2524=3/252,4~-1/17¢4

GEARZEZC

CRAEEATDEEADIH BN A AR H BRI RAR AR R LKL AL IR AL LKA SR I LR DA R I LA NRICEARDS 20

211

212

213

214

215

216

217

A(l) = -1.C0

CC TC 230

A{l) = -C.5CCCCCCCC

AL3) = -=C.5CCCCCCCC

GC€ TC 230

Al1) = —-C.41€E66€E66£668667
A(3) = -C.75CCCCCCC

A{4) = -0.16666606L¢E6868L8ET7
GG TC 230

A{l) = -0.375CCOCCC

B3} = ~0.G1ECEEH6EECEELEET
A{4) = ~0.3333333333332333
A{5) = — C.CAlL66EEL666E06€EE87
CC YO 230

A{l) = -0.34861121111111111
A(3) = —1.CH1EE6EEEHE6EE66T
Al&) = -C.48€1111111211111
A{5) = - C.104166686866066667
A{¢) = -C.CC8323333333333333
CO TC 23¢C

A{l) = -0.3298611111111111
£(3) = —1.141¢EE6E66666€667
Al4) = -C.€28CCCCCC

A{5) = - C.177C832333222223
A{o) = -0.£25CC00CCO

A{7) = -C.CC13ERBQBEBRRLEEERS
¢C 10 230

A{l) = -0.3155919312169312
A(3) = -1.235CCCCCC

A(4) = -C.751851851851851¢
A{S) = -0.2552083333333333
A(6) = - C.C4861111111111111
A{7T) = - C.CC48611112111111111
AlB) = -0.C001984126G8412€9¢€4

GEAR254(C
CEAR25EC
CEARZ25¢0
CEAR257C
CEARZSEC
CEARZ2ESC
CELRZ26CO
CEARZELC
CEARZ2EZC
CELR262Q
GEER264C
CEAR2EEC
CEAR26EC0
GE2AR2&17C
GEARZEEC
CELRZ2A5C
CELR27CO
GEAR271C
CEMR272ZC
CEAR2T 30
GEAR274C

CEAR27EC -

CEAR2TEC
CEAR217C
GEARZ27EC
CELR27SC
CEAR28CO
CEAR281C
CELR28¢C
CEARZ283C
CE4&R284C
CEARZ2ESC
CEAR2860
GEAR2E1TC

21T



224

230

CC TC 230

A{l) = -1.C0CCCCOCO

GC TC 23¢C

AlLl) = —0.COEEECEHLECEEEEET
A{3) = -0.3333333333333333
CO 70 23¢C

A{1) = ~C.5454545454545455
£(3) = A(l)

A{4) = -.L6CGC5C9CG06CS091
CC TG 230

A{l) = -0.48C0CCCCQO

A(3) = -C.7CC0OCCO00

Al4) = ~C.2CCCCCCCC

A{5) = ~0.C2C0CCCCO

GO TC 23¢C

All) =-C.43765€6204376562

£(3) = -C.£21167883211¢€7¢8
A{4) = -0.31021893781021898
A{5) = ~C.(C5474452554744526
Al6) = =C.CC364S63503645€35C4
GC T1C 230

(1) = ~C.4C81€32653C61225
A{3) = -C.52C€3432C63452C¢
Al4) = ~0.41CEE6ECLEEEECEET
A(S) = ~0.0992063492063452
A{6) = -=0.L119C47£616C47616
£{7) = -0.C00566892424C3€282
K = NQC + |

IBCLB = K

MTYP = (4 - MF)/2

ENCZ2 = JS/FLCAT(ING + 1)

ENQ3 = JS/FLCATINQ + 2)

ENQl = C.5/FLOAT(NQ)

PEPSH = EPS

ELP = (PERTST(NQ,MTYP,2)%PEPSH)*%2
E = (PERTSTI(NQsMTYP,1)%PEPSH)%%*2

CELR2EEC
GEARZECSC
CEARZ9CC
CEARZ2910
CEARZ2SGZC
CEARZ293(
CEARZ2940
CEARZ29EC
CEARZ2SEC
CEARZ2970
CEAR2SGEC
CEARZGSC
CEARICCC
GEARJC1LO
CEARZCZC
CEanricic
CEARI3Q4O0
CEARICEC
CEARICEC
CEARIOTO
CEAR3CEC
CEARZ2CSC
CELR3LICO
CEAR3LLC
CEAR3LZC
CEAMR312C
GCEAR314C
CEAR31E¢C
CEARILEC
CEARS17C
GEARILIEC
CEARZ3ISC
CEAR32CO
CEAR321C
CEAR3ZZC
CEAR3230

€TT
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344

ECWN = (PERTSTINQ.MTYP,3)*PEPSH)¥%2 CEFR3240

IF {ECWN.EC.O) CC TYC 780 . GCEAR3Z2EC

BND = EPS*ENGI/OFLCATINY CEARIZEC

240 IWEVAL = NMF . CEARZIZ2TC

CC TC (2504+680)4 IREY CEAL2EC

Colsded e At et R e AR AR A R BRI A AT R F AR R B G A AR RIS A L IR RN WICEAR22GC
C¥ TrHES SECTION CCMPLTES THE PRECICTELC VALUES EY EFFECTIVELY CELR22CC
C¥ MULTIPLYING THE SAVEC INFORMATION BY THE PASCAL TRIANGLE CEAR3310
C* MATRIX X CEARZ2ZC
Clte etk ARy ddok U R Y R N R U BRI R R A LI R A DG IS IR I H Ay 9B SRCEAR 2220
250 T =T + b GELR334C
LC 26C J= 24K CEAR33EC

£C 26C J1 = J4K CELRI2ED

JZ2 = K - Jl1 + J-1 CEAR33T70

CC 260 I= 14N ’ GEARIZEC

260 Y{J2,7) = Y(J2,1) + Y{J2+41,1) CEAR336C
CABFES AR R F R LB TR DBtk ol sk ok ok el ok ek ke Rk Dy F AN A F ¥ S ¥ F R FCEARISLCO
C*x UP TC 3 CCRRECTCR ITERATICNS ARE TAKEN. CONVERGENCE IS TESTED GEAR341C
Cx BY REQGUIRING CHANGES TC BE LESS THAN BNC WRICHE IS CEPENCENT CN CEAR242C
C% THE ERRCOR TEST CCNSTANT CeAR3420
C* THE SUM OF T+E CORRECTICNS IS ACCUMLLATED IN THE ARRAY GEARI4 40
C* ERRCR{I!s IT IS EQUAL TC 7TEE K-YH LCERIVATIVE OF Y MULTIPLIEDL CEAR34EC
C* BY FxxK/{FACTCRIAL(K-1)%*A(K)),AND IS THEREF(CRE PRCPCRTICNAL CEARI4EQ
Cx TC YFE ACTUAL ERRORS TO THE LOWESY PCWER CF H PRESENT. SH#%kK? CEAR3470
Gt A ket e A b AR AN B RN BB AN NG R B A Y B XA R R R ARG DRI RV RCEARIGEC
£O 27C 1=14N CEAR34GC

270 ERRORI(I) = C.Q CEAR3SCO
CC 430 L=1,3 : GEAR3S1C

CALL CIFFLM(T,Y,SAVE(NZ,1)) : CEAR3SZC

NK = N#%2 CEAR3S 30

CRANIG DA RH B DGR LA D RA KD R T A Y DN A B A E U RN G h Rt DR BB h AR I B R F R AR AU RSB GEARIS4LC
C* IF TYHERE HAS BCEB A CHANGE CF CRCER CR (CR TFERE FAS PEEN TRCUBLE GEAR3EESC
C¥ WITH C3NVERGENCEPW IS RE-EVALUATELC PRICR TC STARTINC TFrE CEAR3SELC
C¥* CCRRECTOR ITERATICN IN THE CASE OF STIFF METHODS. IWEVAL IS GEAR3S5TC
C*¥ THEN SET TC -1 AS AN INCICATCR THAT IT FAS EEEN CONE. GEAR3EEC

CHott ot sddddkddadordohiorxshfokdddiorrddokfk d bk e ISRV A AN R ¥R CEARISSE
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371:
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373:
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TF{IREVALLLTLL) GC TC 35¢C CcaR3¢eCC

IF{MF.EQ.2) GO TO 21C CEAR3610

CALL PECERV(T,YsPW,N3) CEAR3E2C

R = A{1)=*H ' CEARZE2C

CO 28C I=1,N4 CEAR3640

280 EWlI) = Pu(I)*R CEAR3IEEC
C:x*##*#**#****#*v**#***#****##***#***#*#**x‘#**########*######**t####*###c& AR2EEC
C* ACC THE IDENTITY MATRIX TC THE JACCRIAN ANC INVERY TC GET Ph. CELRIETC
Coud b ok bbbk p A pe e e ARG H AN AP H kR bR A NI S U FLCEARILEC
2350 CC 3CC I=1,A GEARIESC
30¢C PWlI¥{N3+1)-NK3) = 1.C + Ph{I%(A341)-N3) CEAR3ITCC
IWEVAL = -1 CEAR3T10

C = m e e e —— e ——— CEARITZC
C THE CARDS INCLLDED BETWEEN TFE TWC ALL *$' CARLS WERE ACCEC 1IN ' CEAR3T2C
C CRCER YO MATCF THE CALLING OF THE NMATRIX INVERSICN SUBRCLTINE CEAR3T 40
C TC THE MINV SUBRCUTIANE CF THE IBM SCIENTIFIC SUBROUTINE PACKAGE CEAR3TEC
C CRIGINALLY THE GEARSB PRCGRANM HAD THE FCLLCWING CARC CEAR2TEC
o “ CALL MATINVIPW,N,N3,J1) Ce2R3770
{ = e e e e e e e e e e GEAR3TEC
CHEPsitisstdtsdnsssdstsodssietdeesdsossstessssesdsssssseqsssssssssssssss CoaRaTscC
CO 1CCO I = 1,AK CEARZIECC

10C0 FPWI(I) = PW(I) CEAR3CIC
CALL MINV(FPhyNyPOET yLLL VM) CEARIEZC

IF{ ABS{PDEY).LE. 1.E~CS)}PUET = C.ECC GEAREIC
IF{PCET.EC.O0.ECO) JI = =1 CEAR3840

C HhhD NIRRT RR N BN R RS AR RA N A AR A AR R AR AR NA BB R AN D AN BHEEAECCARIESC
IF{PLET LEC. C.ECC) WRITE(6,16C0) CEARIREC

1600 FCRMAT(1X,*SINGULAR MATRIX') ' ' CEARABTC
C HahH R RN R AN AR D RN B G ANl B R AR B AN DA R HA A BHEAHEBGEAREEC
IF(PCET.NELCL.ECC) JI = +1 CEARIESC

DC 11CC I = 1,NK CEAR39CO

11CC PW{l) = PPWI(I) CEAR3SIC
CE888 85858855838 85500 5885385888385 53 6853534483834 383835848¢8888888 GEAR2GZC
IF(J1.GT.C)GC TC 35¢C CEAR392(C

GO TC 440 GEAR394C

Corste o R ok R R B e i Ao B ok R AU R Ak R N A IR A D H B R YR AR R I IRV A AR AN IKXCEARISEC

SIT



36¢E:
3g7:
368:
366G
4CC:s
401:
4C2:
4C3:
4C4:
4C5:
4C€:
4C7:
4C8:
4CG:
41Q:
411:
4£12:
413
414:
415:
41¢€:
417:
418:
416G
42C:
4213
422
4233
424
4253
LZ€E:
427:
4283
429:
43C:
431

CREGAD N HAANNIF R E G RN D LY RN H AL R LR F by I F AR S F R AR AR NGB A D IR F NI AV RCEARIGEC

C* EVALLATE THE JACCBIAN INVC PWw BY AUNERICAL CIFFERENCINC.
C* CHANCE MACE TC THE ELEMENT OF Y.IT IS EPS RELATIVE TC Y hITF

Cx A MININMUM CF EPS*x2

R 1S TFHE

CEARZGTIC
CE£R3980
CEAR3GSC

Gt ol e e doofe e e e ofe e deofe e eopefedle e oo e e e ke e p ok p o e e e AR g b YA A IFR 2% IRCLEARGCCC

310 CO 32C I=1,4N
320 SAVE(9,1I) = Y(1,s1)
CC 34C J=1,N
R = EPS*DMAX1I(EPS,CABSISAVE(G,J)))
Y(lyJd) = Y{1l:d) + R
0 = A(1)%H/R
CALL DIFFUNIT,YySAVEINE,1))
CC 330 I = 14N

330 EW{I+{J=-1)%N3) = {SAVE{NS+I,1) - SAVE(N1+I,1))%C
24C Y{l,d) = SAVE(S,J)
GC TC 290

350 IF{MF.NEL.C) CC TC 370
CC 3&C I=1,N
360 SAVE(S9,1)= Y(2,1) - SAVE(N1+I,1)%*H

GC 7C 410

270 CC 38C TI= 1N

380 SAVE(NS+I,1) = Y(241) = SAVE(N1+I,1)*H
LC 400 I=1,4N
£ = C.C ‘

£0 39C J=1,N
390 £ = 0 + PW{I+{(J=1)I*¥N3)2SAVE(NS+J,1)
4CC  SAVEL(S,I) =T
41G NT = N

CELR401C
CEaR4CZC
CEAR4CIC
CEARG4Q4O
Ce2R4CEC
CEARACEC
CELRACTC
CEARA4QED
CEARA4CSC
CEARSGLICC
CEAR411C
CEAR412C
CEAR4LIC
CE2P4140
GEAR4GLIEC
CELR4LEC
CEARLLITO
CEAR4YEC
GEaAR41ICC
CEAR4Z2CC
CELR4210
GCEARGZZC
CEARL22C

C#*##ta###v*##*##***t**###**##*»*####*#*******#*#*#***#******##4**##**##CEﬁPQZGO

C* CCRRECT ANC SEE IF ALL CHANCES ARE LESS THAN 8ND RELATIVE TC YMAX,

C* IF §Cy HE CCRRECTCR IS SAIC TC RAVE CCANVERCEC.

GEAR42E5C
CELR4Z¢C

C e e o 30 s o e e oo e e e o o ook s don o Al Al ok ok ok R AR KR R O R R R AR A AR B IR R A B R AR ERBLCEARGZTC

€4 420 I=1,N

Y{1,I) = Y(1,1) + A{1)}*%SAVE(9,I])
Y(2y,1) = Y(241} - SAVE(G,I)
ERRCR({I) = ERROR({I} + SAVE(G,I)

CE2R4260
CEAR426SC
CEARAZ(C
CEAR4310

9TT



432:
433z
424
4352
436:
4273
428:
439:
440
441
4421
443:
4442
4452
4462
447:
G4k
4493
4¢C:
451
452:
4% 3:
44
455¢:
4563
457
4582
456G
4£C:e
461:
4628
4¢&3:
b4€4 3
465:
4662
4¢7:2

IF(CABS(SAVE(S,y1))-LEL(BNDRYMAX{TI)})) NT = NT - 1

CELR4 320

420 CCNTINLE CEAR433C
IF {(NTLLESLC) GC TC 4SC CEARAZLC
43C CONTINLE CEARLIEC
(R EEEEEEREERRREREEEERESREEEEREEEES SRR R AEEEEREEE R R R Rl R NN RN
C* THE CCRRECTCR ITERATICN FAILEC TC CCANVERCE IN 3 TRIES. VARICUS CEAR42TC
Cx PCESIBILITIES ARE CHECKED FCR. IF H IS ALREACY FRMIN ANC CEZR43EC
C¥ THIS IS EITHER ACAMS METHCO CR THE STIFF METRHCC IN WHICF THE GEAR4390
C* MATRIX Ph HAS ALREACY BEEN EVALUATEC, A NO CCNVERGENCE EXIT CEAR44CC
C* IS TAKEN, CTHERWISE THE VMATRIX PwWw IS RE-EVALUATEC ANC/CR THE CEAR441IC
C¥ STEP IS RECUCED 7O TRY AND GET CONVERGENCE. CEAR4420
XSRS LR EEELEEEEEEEEEEEEEESEEEEEREEREEEEES LRSS EREREER LR LR 2RI LT ELN
44C T = TCLE CEAR4G44C
IF((HLESIHMIN¥1.CCCCL) ) ANDSU(TIWEVAL - FTYP).LT.~-1)) CGC TG 460 CELR&4450
IF ((MFLEC.C).CR.{IWEVAL.NEL.O)})IRACLM = RACLM*0,25CC GEARG4H4EC
TWEvAL = PF CEAR44TC
IRETL = 2 CE2R442C
cC-1C 750 GEAR44HGC
460 KIFLAG = =3 CEArRASCC
470 LOC 48C I=1,N CEARAS]C
CC 480 J=1,K CEARAS 20
48C Y{JyI) = SAVE(J,I) GCAR4SZ:C
H = HCLD CEAR4S54C
NC = NQOLT CEBR4S55C
JSTART = NC CEAR4SEC
RETLRA CEAR4L4ETC
(I EEEREEEEREEREEEEERREREREEEREERESEEEEEREEEREEREEREEEEEEEEEERE-2R 2022502 -2 R oA S RSN
C+ THE CCRRECTCR CCNVERCEC ANC CCNTROL IS PASSEC 1O STATEMENT £2C GEAR454C
Cx TF THE ER CR TEST IS C.K., ANC TC %40 CTFERWISE. CEAR4ECC
Cx IF THE STEP IS CeK., IT IS ACCEPTED. IF ICCUE KHAS BEEM RECUCEC CEAR4ELC
C¥ TC CNEs A TEST IS MADE TO SEE TO SEE IF THE STEP CAN BE INCREASEC CEAR462C
C*¥ AT THE CURRENT CRCER BY GCING TO ONE HIGHER OR ONE LCWER. CEAR4€E3C
C* SLCH A CHAANGE IS CNLY MACE IF THE STEP CAN EE INCREASEC BY AT CEAR4EALC
C* LEAST 1.1. IF NO CHANGE IS PCSSIBLE IDCUB IS SET 7C 10 7TC CE2R4650
C* PREVENT FURTRHER TESTING FCR 1C STEPS. GEAR4EEC
C* IF A CHANGE IS PCSSIELE, IT IS MACE ANC ICCLE IS SET TC CEAR4ETC

LTT



4¢8:
4693
47C:
4713
4723
4732
474
4752
4762

4172

478
479

4L80:
481

L482:
4832
HE4H S
HEST
G0
HET:
4E8:
4892
LG
Sl:
4G2:
4G3:
4G4
495
4658
4¢7:

4

B 8
[N o
Ry

o3
O

An Ui W

%

(@]
(&)

OO O
N N =

e

¢ 44 e

C¥ NG + 1 TC PREVENT FULRTHER TESTING FCR THAT DMNUMEBER

Cx* IF THE ERRCR
C* LCWER CRCER IS CCMPUTED,

wAS YOO LARGE,

CF STEPS. CLAR4EEC
THE OPYINUM STEP SIZE FCR TiHIS CR CELP46G0
ANC THE STEP RETRIED. IF IT SHECULLD GE£R4TCC

Cx FAIL TwICE MCREIT IS AN INCICATIGN THAT THE CERIVATIVES THAT HAVE ACCGEAR4TIC

C+ LMLLATE:
C* SC TFHE FIRST

IN THE Y ARRAY HAVE HAVE ERRCRS CF THE WRCNC CRCER
CERIVATIVES ARE RECOMPUTED ANC THE ORDER IS SET TC 1.

CEAR4TZC
GEAR4T 3Q

Comdedede b et ek R AR RN RN DB B Aok ok B F kDA R AR AR A AR LR BHCEARLT4C

450 C = C.C CEAR&TEC
€0 5GGC I=1,N CEAR4LTEC
€0 C =LC + (ERRCR{I)/YMAXITI))*%2 CEAR4TIC
IWEVAL = C CEAR4TED
IF(C.CT.E)} GO TO 54C CEARAGTSO
IF{K.LTL3)CC TC 520 GEAR4ECC

I EELPEEE LRSS LRSS LA LS SRR R LR AR EE R R SRR REREEE AR ERELED RSN YR NES

C* CCMPLETE THE CORRECTION OF THE HIGHER CRDER DERIVATIVES AFTER A

Cx SULCCESFUL STEP

CE2R4B2(
CELR4R2C

Caaed bt doh xdedede skt demdok e o ARk ARG ARk HF AN S A AP H NI ABI BB VB R IBSRICE ARG P AL

CC 51C J=3,K CErR4GEEC
€O 510 I=1,N ' CEAR4RLC
£10 Y{JdsI) = YUJyI) + A(JIHXERRCR(I) CEAR4ETC
520 KFLAG = +1 CEAR4EEQ
ENEW = F CEARS4890
IF{ICCUB.LE.L) GO TO 550 CEAR4SCC
focLg = 1ccee -1 CELR491C
IF{ICCUB.CT.1) GO TO 7CC CEER4GS 20
CC 530 I=1,N CEAR4G3C
53C SAVE(1C,.I) = ERRCRI(I) CEAR4G4C
GG TC 7CC CEAR4GS5D

CHRAFSH DB F A3 DAk U AR B RIS IR FrG A AR AN S E R Bk AR R ARG kN AAAERCEARSGGEC

C* RECLCE THE FAILLRE FLAG
C* RESTCRE TC
Cx THREE FAILULRES.

C¥ TRIEC

IN THAT CASC
Cx ACCUMULATEL ERRORS SC A RESTARY FROM THE CURRENT VALLES CF Y IS

CCUNT TC CHECK FCR MULTIPLE FAILURES. CEAR4STC

ITS CRIGINAL VALUE ANLC TRY AGAIN UNLESS THRERE FAVE CELR4GEC
THE CERIVATIVES ARE ASSUMNEL TC kAVE CEAR4GSGST

CEARSCCC

GEARSCIC

Coretestedoh g o fgor 0 b dod ok AX ok AR ok A e B B AR ARG A AN SR BRI RN A F A F 2RI IIARLGEARSC ZC

540 KFLAG = KFLAG - 2

CEARS030

81T
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IF{F.LEL{HMNIN%¥1.CCCC1)) GC TO 74C CEARS504Q

T = TCLC CEARSCSC
[F{KFLAG .LE. -5) GC TC 720 GEARECEC

CHRA AT DA r 2 h b Db d ok ek e e AR e b e A AR A A AR R PR ARG R A2 A ¥ A2 CELRSCIC
C# PR14PR2,PR3 WILL CONTAIN THE AMOUNTS BY WHICH THE STEP SIZE CEARSGEAC
C* SECLLC E CIVICELC AT CRLCER CNE LCWERy AT TFES CRCER, ANC AT CRDER CEARECSC
Cx CNE HIGHER RESPECTIVELY CEARSICC
CoAded R hoh s odokoh 2 oh b o ob oy oo o oh oot o oo o sl bl R o ol o e ok kol o Bk ol ok ROl R R R Rk BB CELARS 110
550 FR2 = (C/E)**ENGZ*1.2 ) GEARS12C
PR3 = l.E+2C CELRELZC
IFI{NCG.GE. MAXCDER).CR.IKFLAG.LE. ~1)) GC TO 570 CELRS140

£ = C.0 . CEARSLIEC

CC 56C I=1,N CEARELEC

560 =0 + ({ERRCRI{I) - SAVE{1C,I))/YMAX(I))%x*2 CEARSLIC
PR3 = (C/EUP)**ENC3I*1.4 CEARSLEC

t71C PR1 = 1.E+20 CEARELICC
IF{NG.LE.Y) GC TC 59C CEeEPRSZCC

L = C.0 CEARS21C

. CC SBC I = 14N GCEARSZC
580 E = 0 + {(Y(KeI)/YNMAX({])) %2 CELRS2 20
PRI = [D/ECWNIY*ENQLI#*1.3 CELRD 240

56Q CCNYINUE CEARSR2EC
IF{PRZ.LE.PR3) GC TC 65¢C CEARE2EC

IF (PR3.LTLPR1)Y GO 7O ¢€6C CEARS2T0

600 R = 1.0/78FAXLI{PR1,1.E-4) CELRS2¢EC
NEWCE = NQ - 1 ’ GEarszseC

E1C ICCLB = 1C CEARSACC
TFIIKFLACLEQaL) dANDL{RLLTL{1.1))) GO TO 1ICC CEBARS31C
IFINEWCLLELNG) GT TC 630 CEARS3ZC

3 sk st o st oo Aok el ok R R Sk ok Al s ok B e SR R R R R X AR R R R ARG R R AN R A AR IR H A ICEARS 2IC
C* CCMPUTE CNE ACCITIONAL SCALED DERIVATIVE IF CRCER IS INCREASED CEARS34C
Com st RN B AR AR E LA N BB DU F AT AR A BB B RN R AN IAN S IR IR ARV DX DI ERICLARSIEC
CC €2C I = 14N CEARS3EC

620 VINERC+1,1) = ERROR(I)*A(K)/DFLCAT(K) CELRS37Q0
630 K = NEWC+] GEARS3EC

[F(KFLAGL.EQC.1) GC TC 67¢C CEARS26C

61T



54C:
541:
5423
543:
5442
5452
24¢
5473
54¢:
54G:
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*

e 02

9 16 a5 se s

€40

£5C

€6G

£7C

£80

690

7CC
71C

720

RACLW RACUNM%ER

IRET1 3

¢C TC 750

IFINEWC.ECLNG) GC TC 250
NQ = KNEWQ

CC 10 170

IF(PR2.CT.PRY) GC TC &CO
NEWQ = RQ

R = 1.C/AMAXL1{PR2Z2,1.E=4)
CC 7C 610

R = 1.C/ANMAX1(PR331.E-4)
NEWEC = NQ + ]

CC TC 610

IRET = 2

R = DMINLIRsHNAX/DABSIH))
o %R

FANCw = H

IFIRG.EC.NERQ) GO TC ¢€C
NG = NEWQ

¢cC 1TC 1170

Rl = 1.C

LG €9C J = 2K

R1 = R1*R

UC &€SC 1 = L1yN

Y(JdeI) = Y{JsI)%R1

IcCue = X

CC 71C [=14N

YMAX(T) = CVAXLI(YMAX(I),CABS({YI(1,1)))
JSTART = NQ

RETLRN

IFINC.EQ.1) GO TG 78C

CALL CIFFUN(T,YsSAVEINZ,1))

R = E/HCLC

£C 73C I = 1,N

Y(l,1) = SAVE(1l,I)

SAVE{2.+1) = FCLC*SAVE{(N1+1,1)

CEARE4(C
CELRS410
CErRE4ZC
CEARS43C
CELRS544C
CE£RB450
CEARE4LEC
CEARS4TC

CrARS 43S

CEARSLSC
CEARESCC
CE2RS55 10
GEARSB2C
CEARES2C
CEARS554(C
CEARERS

CLARESEC
cocrrssiC
CLARDSHO
CEARESST
GEARSECC
CEARSELQ
CEARSEZC
CEARSEAC
CEARB64C0
CEARSEEC
CEARSEEC
CEARSSTC
GEARSGBO
CEARSESC
CEARSTCC
GEARSTLO
CEARS7ZC
CEARSTZC
CEARST4C
CEARST .

0cT
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578:
579:
S5€C:
SEl:
582:
c83:
S84:
585:
5E6:
tgi:
588:
SES:
£6C:
5613
5G62:
€G3z
£G4
5452
56¢4:
567z
5¢8:
569Gz
£CC:
6C1l:
6C2:

730

140

Y{2y1) = SAVE(2,1)*R
hNG = 1

KFLAG = 1

cC 10 170

KFLAG = -1

FNEW = H

JSTART = NG

RETURN

GEARSTCC
CEARSTIC
CEARSTEC
CEAR57S0
CEARSECC
CEARSBIC
CEAR5820
CEARSEIC

Coldededet ek ofogofrdddededododosk oo ool ko bk o ok ke b F b S A p ek S FEFFICEARE584C

C* THFIS SECTION SCALES ALL VARTIABLES CCANECTED WITH H ANC RETURNAS

Cx TC THE ENTERING SECTICN
C o et o b dofe ol o e sk ol ok ok e e BRI RO R B e AR KA AR R L A I N AR A AR I RN DI AA R K AR IIINLCELRSETC

750

760
17C

780

RACUM = DMAX1{DABS(HMIN/KOLD) RACLV)
RACUM = CMINI(RACUM,CABS{FMAX/HCLLC))

R1 = 1.0

CG 76C J = 24K

R1 = RI*RACUV

CC 76C 1 = 14N

Y{JsyI)} = SAVE(J,1)*R1
t = FCLLC*RACUM

CC 77C I=1.N

Y(1,1) = SAVE{l,I)
ceue = K

GC TC {130y 25C+640),IRETL
KFLAG = -4

GO TO 47¢C

END

CE2AR58S5C
GEARSEEC

CEARS8EC
CEAR586C
CEARESC(C
CELR591C
CELRSGZC
CEARSG2C
CEARB594C
CEARS5G5(0
CEARSGEC
CEARS9TC
CEAR5980
GEARSGSC
CEARECCC
CE2R601C
GEAREC2C

R4S
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MINV

..-0.0...0000...«-0..0"..................0...0."o.'....c...o.'.vwlhv

MINvV

SUBRCUTINE MINV ’ MINV
MINV

PLRPCSCE MIWV
INVERT A MATRIX MINV

) FINV

LSAGE MINV
CALL MINV{AsN+sDyL4VM) MINV
MINV

CESCRIPTICN OF PARAMETERS MINV
A - INPUT MATRIX, CESTROYEC IN COMPUTATICN ANLC REPLACEL BY NMINV
RESULTANT INVERSE. TNV

N - CROCER OF MATRIX A FINV

D - RESULTANT CETERNMINANT MIhvV

L = WORK VECTOR CF LENGTH N ‘ MIKNY

M ~ WORK VECTOR OF LENGTH N ' MINV

' MINV

REMARKS . MINV
MATRIX A MUST BE A GENERAL NMATRIX MINV
MIANV

SUBRCUTINES AND FUNCTICN SUBPRCCRAMS REGQUIREL MINV
NCNE VINV
MIAV

METHCE ' ‘ MiNv
THE STANDARD GALSS-JCRDAN NMETHCD IS USEC. THE CETERNINANT MINV

IS ALSC CALCULATED. A DETERMINANT CF ZERO INDICATES THAT MINV
THE MATRIX IS SINGULAR, VIRV

‘ MINV
.'...........'..'.........'..........‘.'.......'............‘.....PIAV
' NINV
SUBRCUTINE NMINV(AGN,CoLy¥) ' MINV
CIMENSION A{1),L(1)4M(1) MIANV
MINV

10

«C
20
40
5C
éC
10
20
SC
1CC
110
12C
12C
140
15C
1¢C
170
180
16C
2¢C
210
22C
22C
240
2¢%C
2€C
270

280

26C
3¢l
310
32C
33C
340
3s5C

[AAN
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MINY

IF A DCULBLE PRECISICN VERSICN CF THIS RCUTINE IS CESIREC, TRE NMINV

C IN CCLUMN 1 SHOULD RE REMOVED FROM THE DOUBLE PRECISICN VIV
STATENMENT WHICH FCLLCWS. MINV
MINV

COURBLE PRECISION A,D,BIGA,HCLD MInV
MINY

THE C MULST ALSC BE RENCVED FRCM CCURLE PRECISICN STATENENTS MINV
APPEARING IN CTHER RCUTINES USEC IN CCNJUNCTICN WITH TEIS MINV
RCUTINE. MIANV
MINV

THE DOLBLE PRECISICN VERSICN CF THIS SUBRCUTINE MUST ALSO MInV
CCNTAIN COUBLE PRECISICN FORTRAN FUNCTIONS. ABS IN STATENMENT NMINV

1C MUST BE CHANGEC T0 CABS. SN
MINY
.00'..000...'00......0.’0....0.0.........'.00.‘....OQI......O.’NIr\V
MINY

SEARCH FGR LARCEST ELENENT MINV
MINVY

C=1.0 MIAV
Ni¢==N NINV
LC 8C K=1,N MINY
NK=NK +N MINV
L{K)=K MIAV
M(K)=XK ¥INY
KK=NK+K MINY
BICA=A(KK) : MINV
UC 2C J=K,\ NINY
1Z=Nu{Jd=-1) ' YINV
LO 2C I=K,N : NINV
14=12+1 MIAV
IF{ ABS(BIGA)- ABSIA(IJ))) 15,20,20 , MINV
P1GA=A(TY) MIANV
L{K)=1 MINV

M{K}=J MINV

3eC
37C
Jeag
360
4CC
41C
420
43C
44C
450
4¢6C
47C
480
4S50
5CC
510
520
53C
54C
550
560
€3C
580
5960
&CC
¢1c
€20
¢iC
£4C
tEC
660
&£17C
&80
690
7CC
71C

€T



leReNake!

2C

38

4C

45
4¢

48

CCNTINLE
INTERCHANGE RCWS

J=L{K)

[F{J-K} 35,35,25
KI=K-N

CO 32C I=1,N
KI=K[+N
FCLE=-A(KI)
JI=KI-K+J
AKI)=A(JI)
AlJI) =kOLC

INTERCHANGE CCLUMNS

[=M{K)

IF(I-K) 45,45,38
JP=N*{I~1)

LO 40 J=1,N
JK=NK+J

JI=JdP+J
FCLE==-A{UK)
ACIK)=A(JT])
A(JI) =HCLL

CIVIOE CCLUMN BY MINUS PIVOT (VALUE OF PIVOT ELEMENT IS

CCNTAINED IN BIGA)

IF(BICA) 48,46+48
L=C.C

RETLRN

LC 55 I=1yN

IF{I-X} 50,55,50Q
IK=NK+]
AUIKY=A(IK)/(-BIGA)

MINV
NINV
MINV
MINV
NINV
MINV
NMINV
MINV
YMINV
NINV
MIANV
MINV
MINV
MINV
MINV
MINV
MIANV
MINV
MINV
FINV
MINY
MIANV
MINV
MINV
MINV
MINV
FMINV
MINV

1¢C
73C
74C
7:C
T1€0
770
TEC
16C
8C0
21c
geC
813C
840
gsC
B¢EC
870
EEC
£6C
9CC
G1C
GeC
91C
940
SsC
S¢eC
91C
9FC
5sC

MINVICCG
MINVIOILO
MINVIOZC

MINVIOZC

FINVIUAO
MVINVLICSO
MINVLICEC
MINVICTO

Vet



1C8:
1Cao:
11C:
111:
112:
113:
114:
115:
1163
117:
118
119:
12C:
121:
122:
123:
124:
125:
126:
127:
128:
129:
13C:
131:
122:
123:
1342
135:
1263
137:
118:
12932
140:
141:
142:
143:

C

OGO

OO0

OO

55

60
€2

70
75

80

CONTINUE
REDLCE MATRIX

LC €5 I=1,N
IK=NK+]
HCLD=A(IK)
IJ=1-N

LC 65 J=1,sN
I1Jd=1J+N

IF(I-K) &Cy65,6C
IF{J-K) 62,65,62
Kd=1J-1+K
A{TJY=HCLC*A{KJ)+A{1J)
CCNT INUE

DIVIDE RCw BY PIVCT
KJ=K-N
LC 75 J=1,N
KJ=KJ+N
IF(J=K) 7Cy75,7C
AUKJ)=A(KJII/BIGA
CCNTINLUE
PROCUCT OF PIVOTS
C=D*BIGA
REPLACE PIVUT BY RECIPROCAL

A(KK)=1.C/BIGA
CCNTINUE

FINAL RCW AND CCLUMN INTERCHANGE

MINVIOHED
MINVICSC
MIANVIICC
MINV1L1IO
MINVIL1ZO
MinVL13C
MINVI14G
MINVILSO
MINVLI1EC
MIANVILTIC
MINVILEG
MINV]I1SO
MINV1IZCC
NMINVIZ1C
MIAVLIZ220
MINV1Z23C
MINVIZ4C
MINVIZ2ED
FINVIZ2GO
MINV1Z21C
MINVIZEC
NINVLIZSO
MINv1ICC
MINV]3IC
MINVLIZZO
MINV1Z30
MINV134C
MINVIZEC
MINVLI3GC
FINV13T70
MINV13EC
VMINVI3G0
MINV14CO
MIMNV1AIC
MINV14ZC
MINV1I42C

SZT



144
14%
14¢
147:
148:
146:
1¢C:

s e a8

—

AR U AR U AN AN i Wi

OO X NGV N

(X}

s 40 aa #s 02 84 s

bt Pt s Pt e

1C0
1C¢

1Ce

11C
120

125

136

15C

(K-1)

{K) 150,150,105
LK)

F(I-K) 12C0,120,1C8
JC=N*{K=-1)
JR=N*(1-1)

CC 11C J=14N
JK=JG+J
HCLC=A{JK)
JI=JR+J
A{JK)Y==A(JI)
A(JT) =HCLC
J=M(K)

IF{J-K) 1CCy1C04125
Ki=K-=N

LC 13C I=1,N
KI=KI+N
FCLC=A(KI)
JI=KI=-K+J
A{KT)==A(JI])
ACJT) =b0LE

cc 1C 1C0

RETURN

ENC

MINV144O
MINVIGSC
MINVLI4CC
MINV1ATC
FINV1I4EO
MINV1I4GC
MIAV1ISCO
MINV]ISIO
MINVLISZC
MINVLISZC
MINVISAO
MINVISEC
MINVISEQ
MINVISTC
MINVISEC
MINVLIESGC
MINVIECO
MINVICLIO
MINVLIEZC
MINVLIEZC
MINV1EG4O
PINVIOSO
MINVIEEC
MINVICTC
MINVIEEC

XA
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SUBRCUTINC DRGERT(CIFFUN,PECERV,QUTP,.VALINT) CRCE IC

[MPLICIT REAL*8 {A-H,C-2) LRCE 2C
% 3 o 3 oo e 3 sk o o e % ok e o ok ok 3k e o A o ok ok e ol vt ol ool ok e ofe ok o B ol % ok ek ook ol ol e e e ok e R ok ok sk ek loR kR X ¥CRGE 3C
Cx THIS SYSTEVM WAS DESIGNED HAVING IN MIND TEE FOLLOWING ¥*CRGE  4C
C* CBJECTIVES CRCE <0
C* *CRCE &0
C* 1 TG MAKE AS EASY AS PCSSIBLE THE USE CF THE NULME- .  #CRGE 7C
Cx RICAL INTEGRATION PRCGRAV WRITTEN BY C. CGEAR. ¥CRCE E&EC
C* FLRCE SO
C* 2 TC TEST TEE CRITERICN FOR RESTRICTICN CF TkE *CRGE 1CC
C* STEP S1ZE BECALSE CF ACCURZCY REGUIREMENTS *CRCE 11C
C* ANC THEREFORE DETERMINE IF THE SYSTENM BEING SCLVED =*CRCEF 120
C* IS A STIFFF CONE. THIS WILL PERMIT SELECTION CF THE =*CRCE 13C
Cx ALGORITHN TC SCLVE TFHE PRCELENM IN CUESTICN PLCRCE 14C
C# EFFICIENTLY CRCE 150
C* *CRCE 1€C
C* ' 3 TC GIVE TFE USER THE DPT ICN OF CALCULATING *CRCGE 17C
c* THE VALUES CF THE DEPENCENT VARIABLES AT CERTAINAN *CRCE 18C
C» SPECIFIC VALUES OF THE INDEPENDNT VARIABLE *CRCE 140
c* {EXACT INTERVALS). CRCE 2¢CC
C* *CRCE 21C
Cx 4 TO ALLOW USER TOQ PROVIDE THE INITIAL VALLES CF FCRCF 220
C* THE CEPENCENT VARIABLES BY CARD OR BY A SUBROUTINE *DRCE 23C
C* *CRCE 24C

CONTINUE CRCE 250
c* 5 TC ALLOW FOR STANDARD OUTPLY CR SPECIAL CUTPLT *CRGE 2¢C
o RCUTINE IF SC CESIREL BY USER. *CRCE 27C
C* #CRCF 28C
Cx* 6 TO PROVIDE FOR PREESPECIFICATION OF PARTICULAR ¥CREE 726C
Cw CPTICN CF SCLUTION BY USER. *CRGE 2CC
C* sCRCE 310
Cx 1 TO ALLOW FOR SUPRESSING CF FRINTED GLTPLT OF PARA *CRCE 320
C* METER LIST. ' CRGE 323C
g $LRCGE 340

CCONTINUE CRCE 350

LZtT



43:
44
452
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942
60:
€l:
€2:
63:
E4 2

Ll e

G
66
672
&En:
69:

71:

C*
C#
Cx
Cx*
C*

Cr
Cx
¢
C*
Cx
Cx
O
("
Cw

Cx
Cx
C
C*
Cx
C
C*

TC CALL THE SYSTEM USE :
CALL CRGERTI(DIFFUN,PLCERV,CUTP,VALINT)

WHERE:

DIFFUN

PECERV

cLTP

VALINT

CONTINLE

NAME CF THE SUBRCUTINE TC CALCULATE THE RICHT
HAND SIDE OF THE DIFFERENTIAL ECUATICNS

NAVE CF THE SUBRCUTINE TC CALCULATE THE
JACOBIAN.

NANME CF THE SUBRCUTINE FOR PRINTEC CUTPLT

SUBRCOUTINE YO PROVIDE INITIAL VALUES OF TH
DEPENCENT VARTABLES.

THE LAST THREE SUBRCUTINES ARE CPTIONAL ANC
SHCULD BE INCLUCEU CNLY IF THEY ARE
REQUIRED BY THE USER.

HOWEVER MUST INCLUDE TFE NAMES IN

CALL INSTRUCTIGN.

¥CRCE
*CRGE
ALRGE
*CRCE
*CRCE
¥*CRGE
*CRCE
¥CR(CE
*CRGE
*CRCE
#*[RCE
#CRCE
*LRCGE
*CRCE
*LRCE

CRGCEC

CRCt
FLRCE
#LRCE
#LCRCE

CRCE
*LREL
$CRCE
*[RCE

C e e o o b el ok % o o o o % o o o o e ok o e o o e o e e e o o ol ol ol o o e Xk b Aok R R KR B X X ok ROk kR kR [RGE
EXTERNAL LIFFUNZPECERV,CUTP,VALINT

CNOVMON /BLKL/ZJJSTART yJC,JF s MAXCERGMF Ny IESIF+ICyINJKFLAC
COMMON/RLK 2/ FMIN s SFLIEPSsFEPSy T SPLM,SPLML,DELTA,FSEL,HNAX,T1
CCMNON/HLKA/ SAVE(12+25)¢Y({8,25) 3 YMAX(25),ERROR(28),YF(28)
COMMON/BLKE/ Pwl625),4,PPh{625)

COMMON/BLKT/ LLL(Z2S) MMM 25)

CCvMMCN /BLK1S/ EPS1,EPS2

COMMCN/BLKLIT/ JCRCER

CCMMGN /BLK2C/ 1P

CCMNMCN

NCFNS

CALL CRRSET(208,9599,-1,1)

DRGE
CRCE
LRCE
CRCE
CRCE
CRCE
CRGE
CRCE
CRCE
CRCE
CRGE

360
31C
3FC
36C
4¢0
41C
420
430
44C
450
460
47C
4€C
4G9
SCC
51
5¢C
530
94C
550
5680
510
5¢C
560
¢CC
£1C
£20
630
eaqC
¢cv
660
67C
660
690
7CC
71C

8¢T



CALL ERRSET(20G5,999,-1,1) CRCE 7ZC

CALL CRCE 7130

CALL CRCE 74¢C

CALL CRCE 7¢:C

e o b ok o e e e ok e o e s ol el koK el e e el de R R R R R R R B R e ARk A AR A AR H R AR IERAILREE TEC
C* [F THE USER HAS DECIDED WHAT METHOD TO USE READ *CRCE 77C
Cx THE NEXT CARC. *CRCE 7¢&C
C % NF METHOD FLAG FCR THE INTEGATICN METHCD TC BE USEC *CRCE 740
% PREDICTCR CCRRECTCR ¥*CRCE &00
Cx STIFF COPTICN PROVICING tPECERV! *CRCE €1C
C* STIFF METHCC WITHCUTY fPECERV? *LRCE 020
O it CRCE 830
C CRCE 84C
IF(IV CC TC 366 CRCE fc=C
READ(S5,1CC4)NMF CRCE BEC

1004 FCRMATI(IL) CRCE g7C
IE = CRCE FEC

SPLM1 CRCE #6C

EPS CRCE 9cCv
WRITE(64+STO)NF . CRCE G1C

S57C FORMATL///771%,37{v*%x0)/ CRCE 92C
| 1Xy "EMETHOD FLAG SELECTED BY USER IS 's1Xel2,'%0/ CRCF 930

i IXy37(v%1)) CRCE G4C

CALL ESCINT CRCE SEC
RETURN CRCE 960

C CRCE §7C
G e e v e e o o e oo sk e e o o ok e o e ool A ol ok R R R R R B R R R R AR A kAR kA RNk kA E XXX CRCE GEC
C#* TRY ACAMS METHCD WITH EPS ¥CRCE G40
(o e e e e e e e e o e e e e e e e e e e e G e e . — - — CRCELCCC
C CRGE1IC1C
36¢ IE = CRCELlCZC
SPLM1 ‘0.C1CCO%SPLM CRCE1GC30
IF{SPLNML 0.5CC0) = CRGE1C4C
[F{SPLML = CRCEL1GESC

MF = CRCELIOCC

EPS 1.0€-07 CRCELIC?C

6CT



1€8: CALL ESCINT . CRCE1CEC

1C9: JC = J CRCEICSC
110: FlA = T/4C CRCELLICO
111: WRITE(E,315)EPS,ELA CRGr111C
112: 315 FCRMAT(///71X,'FCR CEPS = ' ,1X,D15.7/ ' ACANM''S PRECICTOR CCRRECTOR CRCEl1lzC
113: | AVERAGE STEP SIZE IS "»D19.7} . CRCFLIL3C
114: WRITE(E,316)YJORCER CRCE114C
1i5: 316 FCORNMAT{/1X4vTHC CRLCER CF THE INTECRATION IS ', 12/) , CRGEL11EC
11¢&: JORD1 = JCRDER CRCELIL1EQ
117: C % e A % e X e A0 s o o o % ¥ o o e ok e ofe o o ok ok e o ook 3 o e e ok ool ok ok Rk ekl ol ke ok e kol ko e Ao ok ek ok AR kKX R CRCELLI 70
118: (= TRY ACANS NMETHCO WITH EPS = 1.0-04 *CRCETILEC
119: C CRCGE11GC
120 Cr==emrrr e e e e e S e e e — e e - — - CRCE12CO
121: CALL INVAR ' T CRCEL121C
lz?z: EPS = 1.00-04 CRCEL1Z2Z20
1233 CALL ESCINT ERCEL?230
124: JF = J CRCC124C
125: H2A = T/JF CRCE1?2=C
126: WRITE{Gy31E)EPS,HZA CRCELZ260
127: WRITE(G,31¢) JORCER . CRCELZ2T7C
128: JORDZ2 = JCRDER CRCEL12EC
1242 Fl = (1.0-Ca)%*x(1.0CC/0FLCAT{JYCREZ)) LRCEL12490
130: FZ2 = (1 U0-C7)Y%3( 1.DO00/DFLOAT(JORDL)) CRCELI3CO
131 F2C = RIAX{F1/F2) CRCELZIC
122: WRITE(E,317)EPS,H2C CRCEL1320
1333 317 FORMAT(LX,'STEP SIZE CALCULATED FCR EPS = "4D15.793Xy"IS =7,C15.7T)CRCEL1330
134 IF (R2A JLT. 0.9000%KE2C) MF = IM . CRGEL34C
1325: IF (H2A LT, C,90CC0xR2CY WRITE(64318)NMF CRCEL3E0
136: 318 FORMAT(///1Xy44(v%10)/ CRCEF1360
137: | I1X, Y2VETHCE SEtLECTED IS GEAR'*S STIFF COPTICN tyI1,%%%/ CRCELRTC
138: ] IX,44(t%0}) CRCEL3EC
1391 IF {H2A .GE. 0.9DCC*H2C) MF = C CRCEL3IYO
14C: IF( H2A .CE. 0.90CO*R2C) WRITE{é,321) CRCEl4aCC
141 321 FCORNMAT(//7/741Xy4T7(%%1)/ CRCEL41C
142: ] 1X, " ®*VETHCD SELECTED IS ADANM''S PREDICTCR CCRRECTCR#'/ CRCEL1420
143: b 1Xye47(v%t)) CERCELl43C

0€T



144
145
14582
147:
148:
146G:
150:
151:
1822
153:
154:

852

EPS = EPS1
SPL¥M1 = SPLW
IE = IF
CALL INVAR
CALL ESCINT
RETLRN

VF = C

CALL INVAR
CALL ESCINT
RETURN

END

77 b

CRCE1440
CRGEL4EC
CRCEL4€0
CRCEL1470
CRGEL1GEC
CRCEL4GC
CRCE1SCO
CRCEL1%1C
CRCE1S:ZC
CRCEL1530
CRCEL54C

TIE€T
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SUERCUTINE OATARD CATA

INMPLICIT REAL#*#8 (A-H,(-2) CATA
(MPLICIT INTEGER*4 {((C) . CATA
EXTERNAL CIFFUN,PECERV,0OUTP+VALINT CATA
COMNON /BLKL1/J4JSTART 3 JO o JF o MAXCERyMF4 N, T1E, IF, 10,y IMyKFLAG CATA
CCMMON/BULK2/HyHMIN SEL+EPSyFEPS+TySPLMySFLVM]1,CELTAZFSEL,FVMAX,T1 CATA
COMMON/BLK4/ SAVE(12:25)2Y(8+25)y YMAX(25),ERROR(25),YF(25) . CAYTA
COMNCN/BLKSY/ PW(629),PPWI(625) CATA
COMMON/BLK?/ LLL{25),MMM(25) CATA
COMMUON/BLKS8/ QHEAD(20) CATA
CCVMMEON /BLKI/YL1(25) CATA
COMMON /BLK1S/ CPS1,EPS2 CATA
COMMON /BLKZ2C/ IP - LCATA
CCMMCN NCFNS CATA

(e e e o e s st o e ok oo e ook ook sk ok ekt ek ok e Rt R ROR R R B R R RN Dk bk R SR A AR AR NI LA TA
C* ———eme———— READ THE TITLE CARD W ==—--=-——>w=- ¥LATA
(mmmmrr e e e e e e e e e e e e e e e e e e e e . e e e e — et e - - — CATA
C CATA
3535 READ(S,1CCS)Y(CHEAD{T),I=1,20) CATA
1005 FORMAT(2CA4) CATA
C CATA
e 3 e o e e e ok 3 o s e e st e o e st e o e e ot skl A e R ok ok K ok R R R R R AR A KD AR AN AN A X IERILCATA
Cx* READ THE FOLLOWING PARAMETRS ¥CATA
C* 1E 0 IT IS NOT REQUIRED QUTPUT AT EXACT INTERVALS *CATA
C* 1 IT IS REQUIREC CUTPUT AT EXACT INTERVALS *CATA
C* IC C IT IS CESIRED STANDARD CUTPUT *CATA
G 1 USER IS TO INCLULDBE HIS OWN CQUTPLT SLBRCLTINE *CATA
Cx* IV 0 INITIAL VALUES PRCVIDEU THROUGEF PUNCHED CARDS *CATA
(e 1 INITIAL VALUES wWILL BE PRCVILEC BY SUBRCUTINE 2CATA
C= TVALINT Y, *LCATA
C* v U THE USER CECICES WHICEF METKHOD TC LSE *CATA
o 1 THE LSER WANTS THIS SYSTEM TC CECICE BETWEEN *CATA
Cx ADMYS PREDICTOR CCRRECTICR  AND CEAR'S STIFF *LATA
“CH METHCD { "PEDERV* MUSTY BE PROVILCED) CATA
C* 2 THE USER WANTS THIS SUEBRCUTINE TC CECICE YCATA

1C

ZC

30

4C

cC

¢G

1C

£C

6C
1CC
11¢C
12C
130
14
1¢C
1¢C
17C
1€
16¢
2C0
21C
220
230
24C
2¢C
2¢C
21C
26C
260
3C0
31C
320
330
34C
350

CET
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Cx BETWEEN ACANMS P.C. ANC GEAR'S METHLS OPTICN 2 *CATA

Cx (IN THIS CASE THE JACCERIAN IS AFPRCXINATFU NU- *E£ATA
C* MERICALLY BY GEAR'S PRCGRAM. “CATA
C# Ip C THE LSER WANTS THE PARANETERS TC EBE PRINTECL *CATA
C* 1 THE USER WANTS YO BE SUPPRESSED THE PRIANTING CF THE *CATA
Cx* INTEGRATICN PARAMETERS *CATA
Cmmm e e - e — - - Cala
C ' CATA
RCAC(5,10C3)IF, 10, IV,IM,1IP CATA

10C3 FCRMAT(S5I1) CATA
C CATA
C CATA
C CATA
(% s o o s o e ok 4 ol o o 9 sk s e e o el e ot ok e ek R e Ak Rk ok ke A bk kAR ARk AR B EREFLLATA
Cx READ THE FOLLOWING PARAMETERS: 2CATA
* SEL INTERVAL IN WRICE IT IT CESIREC OLTPUT =CATA
Cx )\ THE NUMBER CF EQGUATICNS HCATA
Cx* EPS THE ERRCR ALLCWANCE FCATA
Cx T THE INITAL VALUE CF THE INDEPENCENT VARIABLE *CATA
c* SPLW THE SUPERIOR LINMIT DOF THE KRUMERICAL INTECRATION HCATA
o m e e e e e m = CATA
C LATA
C CATA
READ(S,1CCC)YSEL,NyEPSLT1,SPL¥ LATA

1000 FORMATI(DG6.Zy 3Xy12 » 2(3X,D6.C)) CATA
C _ CATA
C CATA

ok e ob o o Sk ook o o ook o o o oot e sk Ol ot ok ol o Bl AR SR K SR R e R AR R RORROR B R R AR A A A SR AT A
C¥ TEST IF TFE INITIAL VALUES OF THE DEPENDENT VARIABLE WILL BE READ =*CATA

C*FRCM CARCS CR  WILL BE CALCULATED BY A SUBRCLTINE ¥CATA
(e e e e e e e e e e e e e e e = e e e e 2TA
C ' A CATA
IF ( Iv .EC. O0) GC TO 2510 CATA
C CATA
CALL VALINT{Y1l.N) CATA
GC TC 2511 ‘ CATA

2¢0
370
3EC
3¢6C
4C0
41C
42C
420
440
4¢C
LEC
470
4EC
46C
5C0
51C

£eC
[sO Wad

528
54C
cecC
5¢0
$ 10
SEC
56C
HLCO
61C
£eéC
£2C
640
€€C
E€Q
6170
tEC
£SC
7C0
71C

€€T



72
73
74
75
76
17
78
79

C
81
82
83

-
-
-
.
-
-
-
-
-
-
-
-
-
-
-
-
-

C CATA
C 350 3 3t a3 s e ofe e ok ak o o ok gk 3% ok o8 vk e sl e ol Ak e e ol A o el ek o ok b ok kool ok ke ok Aok ok b AR B AR Ak XAAAILATA
C* READ THE INITIAL VALUES CF THE DEPENCENT VARIABLES FCATA
Cx IF THrE USER IS GOING TC PROVIDE THE INITIAL VALLES BY CARD “CATA
Cmmm e e e e e e e e e e e CAIA
C CATA
2510 CCNTINUE CATA
REAC(S,101C)Y ( YL(I)y I=1,N) . CATA

101C FCRMAT(5(012.44+4X)) CATA
C CATA
2511 RETURN - . CATA
END CATA

72C
732C
74C
750
7¢C
71C
780
76C
&CC
810
82¢C
&3¢

VET



SLRRCLTINE PARESC PARE

1:

2: IMPLICIT REAL*E8 (A-H,Q-Z) : PARFE
3: IMPLICIT INTEGER*4 (C) FARE
43 EXTERNAL CIFFUNZPECERYVY,CLTP,VALINT PARE
S5: CCVMVMON /BLK1/J»JSTARTyJC ey JFyMAXDERyMF YNy IE,IF,ICyIVyKFLAC PARE
6: COMMON/BLKZ2/FyHMIN)SEL EPSHWFEPS, Ty SPLM,SPLM]1,DELTAL,FSEL,HNMAX,T1 FARE
1: CONMMON/BLK4/ SAVE(124+25)+Y(8+25)yYMAX{25),ERRDOR(25),YF(25) ' PARE
a: COMMON/BLKE/ Pnl625) ,PPW(£25) PARE
gz COMMON/BLKT?/ LLL{25) ,MMM([25) FARE
1C: CCMMOCN/BLKB8/ CHEAC(20) PARE
11: COMMON /BLK1S5/ EPS1,EPS2 PARE
12: CCMMON /BLKZ2CG/ IP FARE
13: CCMMCN NCFNS T PARE
14: C PARE
15: IF (1P JEQ. 1) PARE
16: ] RETURN PARE
173 Coosdooksesotorod o osetok folor oot deoddefodote ek ot st ool b D ook b ok bk A H G R R R p ek H Rk %k PARE
18: C# WRITE ALL THE PARAMETERS TC THE NUMERICAL INTEGRATICA *FARE
19: Comrr e e e e e e e e e e s m s - -~ FARE
2C: C PARE
z1: C ) PARE
223 WRITE(&,1CZ2C)I0HEAD FARE
233 1020 FCRMATI(IHYI///Z7/7/71X,20A4) PARLC
243 WRITE(6,1C2C)SEL, NebsFVMIN,EPS1,MAXDER,T PARE
25z 1030 FORMAT({1IH-,*OQUTPUT AT INTLERVALS OF v,09.2/ PARE
263 1" NUMPER CF EQUATICNS IS *,I2/7" INITIAL STEP SIZE IS ',06.2/ FARE
213 2¢ MININULNM STEP SIZE IS *,C9.2/" TCLERANCE 1S '.C9.2/ PARE
z8: 3¢ MAXIMLM DERIVATIVE TC BRE USEDR IS '»Il/' INITIAL VALUE CF TFHE INCPARE
29: SEPFNLENT VvARIABLE IS ' ,D6.2) FARE
3¢z WRITE(O41041 )HNAX,SPLV : PARE
I1: 1041 FORMAT{1X,*MAXIMUNM STEP SIZE ALLCWEC IS '4wCl15.6/ PARE
32: 1t SUPERIQOR LIMIT OF THIS INTEGRATICN IS 'wD15.6) PARE
39z [F{IF <EQ. 1 ) PARE
34 ] WRITE(64+52C) PARE
35: 520 FCRMAT(1X,*EXACT INTERVALS wiLL BE PRCVILED?') FARE

1C
20
3c
4C
cC
¢C
7C
&C
50
1CC
11C
120
14C
14C
150
1€C
17C
1EC
156C
2CC
21C
22C
23C
24C
250
2¢C
27C
280
26C
alc
31C
320
23
34C
350

GET



362 IF { 10 JEGQ. 1) FARE 360
37: | WRITE(6,525) FARE 37C
38: 525 FCRNAT({1X,*THE USER IS GCING TC INCLUDE +IS QUTPUT SUBROUTINE?') PARE 32EC
G IF(IV LEQ. 1 ) FARE 36C
4G ] WRITE{(6,53C) FARE 4CO
41 53C FCRMAT{LIX,*THE INITIAL VALUES WILL BE PRCVILCED BY THE SUBROUTINE PARE 41C
L2 VOSYALINTYY 7)) PLRE 4¢C
43: IF(IM JEQ. C) . FARE 430
443 ] WRITE(6,4540) PARE 44(C
45: 54C FCRMAT(1X,*THE ULSER EBAS SELECTED THE INTEGRATICN NMETHCCY) PARE 4E&(C
463 IF{L IM JEGQG. 1) FARE 460
47: ] WRITE(6,550) FARE 417C
482 550 FORNMAT(LX,y'ADANS PREDICTCR CORRECTCR CR OPTION 1 QOF GEAR''S STIFFPARE 4€C
49z | METHCD wlILL BE SELECTEDY) FARE 4GC
H0: IF (IM JEQ. 2) PARE SCQ
913 | WRITE(G+560) PARE S1C
522 S5¢C FORMATILX,VADANMT 'S PREQICTCR CCRRECTCR CR CPTICN 2 CF GEAR''S STIFFARE 5¢0
541 1 METHOD WILL BE SELECTED?') FARE 530
542 WRITE(6,1C40) (Y(LlyI)y T = 14N) ' PARE 54C
eg: 104C FCRMAT{IHCy' THE INITIAL VALUES CF THE DEPENCENT VARIARLES ARE'/ PARE 5¢%0
56 110(2X,012.4)//777) FARE 5¢0
57: LIN = 60 A PARE 57C
£8: RETLRN , PARE SEC
£6G: END FARE 5960

9¢€T
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SUBRCUTINE INVAR

IMPLICIT REAL*SB

{A-H,Q-2)

EXTERNAL CIFFUN,PECERV,CUTP,VALINT
COMMON /BLKL/J2JSTART 4 JCyJF,MAXCER,MFyNs JEZIF,IC, IM,KFLAC

COMMON/BLKZ2/bhyHMINySEL+EPSyFEPSy T9SPLM,SPLML,DELTA,FSEL,HNAX,T1

CCVMMON/BLK4/ SAVE(12425)9Y(8425),YMAX(25),ERROR(28),YF(25)
COMMON/BLKS/ Pwil625) ,PPW{€25)
COMMON/BLKT/ LLL{25) ,MMM(25)
CCMNCON /BLKS/YL1L25)
CoVMCN /BLKLIC/ LIN
CCMMON /RLK15/ EPS1.EPS2

CCMNMCN NCFENS

INVA
INVA
INVA
INVA
INVA
INVA
INVA
INVA
INVA
INVA
INVA
INVA
INVA
INVA

(4*##*4######»*#&*###v###*ﬂ####*###***##***##**#*##****#**###*##**##ﬁ#*#Ihvn

C* INITIALLIZE ALL TEE VARIARLES RFCUIREDR BY THE NULMERICAL FIMNVA
L% INTEGRATICN., 9 INVA
C# NOFNS ACCUMULATE THE NUMBER CF FUNCTYICN EVALUATICAS % INVA
Cx% J NUMRER CF STEPS TAKEN FINVA
C* H STEP SYZF TC BE ATTENPTEL CM THE NEXT STEP P [NVA
C* FMIN THE MINIMUM STEP SIZE THAT CAN BE TAKEN IN TRE HINVA
C* NUMERICAL INTECRATION. INVA
C* MAXDER THE NMAXIMLM CRCER CF THE INTECRATICN T INVA
C* JSTART REFER TO GEAR'S PRUGRAM CCMMENTS FCR EXPLANATICN *INvA
L YNAX ARRAY USEC BY GEAR METHCD MULST BE ASSIGANED VvALLUE ¥*INVA
C* CF UNITY TC EACH CF-ITS ELENENTS BEFCRE STARTINC FINVA
* THE NUMERICAL INTEGRATICN. *¥INVA
(mmmm e r e e e e e e e e e e e e e — INVA
C INVA
= T1 INVA

NCFNS = 0 IANVA

J =0 INVA
JSTART = C INVA

F = 1.0-C4 INVA

LIN = 60 INVA

1C
2C
aC
4C
50
¢C
10
8C
SC
1CC
110
12C
13C
14C
150
1¢¢
11C
180
16C
2CGC
210
22C
21C
240
25C
2¢C
21¢C
28GC
z6cC
ice
310
32C
33C
340
15C

LET



362
37:
a8z
39:
40:

42
432
443
45
46:
47
483
49:
5C:
81:
52:
53:
543

53
56
57:
J M
591z
€EC:
¢l:
&2
£3:
L4z
4b:
66

EMIN = 1.0C~-10 : INVA
NAXCER = 6 INVA

C INVA
C INVA
LC 55 [ = 1,N INVA
YMAX(I) = 1.CCC INvA

55 CONTINUE INVA

o ~ INVA
o INVA

CRteddt bk feoytddodp ok dedohdeddedtedokdgeokdorfiormkd kbt phddhrfdddhdethd okl vt [NVA

C*¥SET CTHER VARIABLES TC PROPER VALUES BREFORE STRATING THE INTEGRATICA¥INVA
C* HNAX  THE MAXINUNM STEP SIZE THAT CAN BE TAKEN IN THE INTEGRATION#INVA
C* FEPS IS THE MAXINUM ERRCR ALLCWANCE FCR THE SYSTENM TFAT £INVA
C* 1S REING INTEGRATED. IS THREE ORDERS OF MAGNITUDE LARGER THAN EPS*IAVA
it it INVA
c INVA
FMAX = SPLM INVA
Coledetemedens ek e e koo e e e oo sk op b b s e e e o op e b el o oy ook e ks e ek e ek Bk [N VA
C* A VALLL EGQUAL TC THE INTERVAL IN GQUESTICN 2 INVA
C% IF EXACT INTERVAL ARE REGQUIRED THE MAXINUM STEP SIZE IS ASSIGNEC *INVA
Cmmm = e e INVA
IF (IF .EC. 1) KNMAX = SEL INVA

c INVA
C INVA
FCPS = EPS1%#1.0+03 INVA

LELTA = SEL , INVA

FSEL = SEL : IAVA

o INVA
CO 6C 1 = 1,N INVA

60  Y(LlyI) = YI(I) IAVA
RETURN | INVA

ENY : INVA

3¢C
23C
3€C
390
4CC
410
420
43C
44C
45C
4¢C
41C
48C
490
5CC
510
520
53C
€4
550
5¢C
siC
SEC
56C
&CC
¢1C
620
€32C
664G
650
€EC
£icC

8¢T



SURRCUTINE ESCINT ESCI 1IC

1:
2: IMPLICIT REAL*E (A~H,Q-2) ' ESCI 20
3: EXTERNAL CIFFUN,PECERV,,OUTPVALINT eSCI 3C
43 COMNCN /BLKL/JyJSTART JO 4 JF,MAXCER,MFyN, IE, IF, 10, IMyKFLAGC ESCI 4C
5: COVMON/BLKZ/HyHVMIN,SEL,EPS,FEPSyTSPLM,SFLVML1 CELTA,FSELYFNAX,T1 ESCI tC
6: COMMON/BLK4A4/ SAVE(12925),Y(8,25) s YMAX(25),ERROR(25),YF(25) ESCI €0
7: CONNGN/BLKS/ PW{625) +FPPW(625) ESCI 1C
a: CCMMUN/BLKT/ LLL(25) ,MMM{25) ESCI &cC
93 COMMOCN /BLK10/ LIN ESCI G0
1C: CCMMECN/BLKLT/ JCRCER ESCI 1CC
11 COMMEGN NCFANS ESCI 11C
122 Colootedodok g o o st ook e e ok oh 3 o o ob e ol e o b o o o ook ok e ok o o ookt e Qe ol ok o ofe e e o ok ke ek ke ek kR R R ESCT 120
13: C* INCREASE BY CNE THE NUMBER COF STEPS TAKEN BEFCRE PERFORMING =~ ¥ESCU 114C
l4: C* THE NEXT CNE. 2ESCI 14C
15: (mmm s e e e e e e e e e e e e e e e e e e e e e e e e — e — e aa et ————— ESCI 150
18 C ESCI 1¢C
17: JSWIE = 3 ESCI 117C
ia: KFLAG = 1 ESCI 1E&C
19: 80 J = Jd + 1 ESCI 16C
2C JSWIE = JSWIE + 1 ESCI 2(CC
Z1: IFf (KFLAG .GT. €)Y TC =1 ’ ESCI 21¢C
22: C ESCI 220
233 CoRAordm ok okl p g dok Rk A AR R A R AR Rk R b R kRN R AR Ak FH R R RERRRIESC] 24C
24 Cx YTC' CCNTAINS THE INDEP., VARIABLE VALUE BEFCRE INTEGRATICN STEP ESC1 240
25: (e e e e e = e e e o ESCI 250
267 C ESCI 2¢C
27: IF({IE .EQ. 1 )} TC =7 ESCI 27C
283 IF{JSWIE .EQ. 1 ) GO TC 315 ’ ESCI 280
29: IF(JSWIC +NE. 2 ) GO TC 315 . ESCI 26C
3C: H = 0T ESCI 3CC
TL3 ok v ok kb o ok ok e okl koo ok R ok AR kR R R R ok Rk AR R R AR XY R R AR RELESCT 310
32: Cx PERFCRM ONE INYEGRATICN STEP *ESCI 32C
J3: (mmmmmm e e e e e e e e e e e e e e e e e e e ——— —————— ESCI 32C
24: C ESCI 34C
35: C ‘ eSCI 350

6ET



36:
37:
ja:
39:
40:
41:
42:
43:

s aa 2 9p

LY AN WU U AL
W~ OWL DN DWW

m
oo
.

48 06 s S0 %0 34 28 N0

315 CONTINUE . ESCI
CALL GEARNMFI{NyTyYsSAVEy Ry EMINyHMAX,EPSyMF,YMAX,ERRCRyKFLAGyJSTART,LESCI

2 NAXDERyPWPPWyLLL VMMV CIFFUNLPECERV) ESCI

C ESCI
C ESCI
(G4 3% e ok e o e 9 ok o ok % 3ok e sk e oo o e okl S ok Rk R RO R R R R R R R R AR AN AR A AR AR AR A IR IFRRESC]
C* TEST IF ThE PREVICUS STEP wWAS SUCCESFUL *ESCI
Cx *ESCI
(e e e e e e e e e e e e e e e e e e - ESCI
C ESCI
IF (KFLAG .LT. G ) GO TO 4cCCO ESCI

e e e o o o o e e ol B e e ok o o ol o o ot R ok R e o A R ok X R R N R ok Rk Rk Ak NE R R KL K XKESC |
C#* TN CCNTAINS THE VALUE CF THE INDEPENCENT V2RIABLE AFTER THE INTEGRAXESC!
C4# TICN STEP HAS BEEN EXECUTED. i 2ESCH
(rmmmm e e e e e e e e e e e e e e e e s - - —————— ESCI
IF (IE .CGCe 1)} TN =70 ESCI

C ESClI
C ESCI
C ESCI
(e 3 e et oo e K e o o o 0l 0K OB e ek Rl sl ol ok ekl R Aol B O R R AR F DR R A KA A AN RS FESC ]
C* TEST IF THE EXACT INTERVAL FEATURE HAS BEEN REQUESTEC *ESCI
C#¥ IF NCT SKIP Tkt CCRRESPONCING INSTRUCTIONS *ESCI
G e e e e ESCI
C ESCI
IF ( 1E ECG. O ) GO 70O 4CCC ESCI

C ESCI
o e o s o o oo o e o o e o o e o sk e e s e ool e ol e X e Rk ekl Rl e ok R R Rk ok R R kA R A kR Rk Rk XRESC ]
Cx IF TFE NEXT EXACY POINT HAS BEEN EXCEEDED CETERMINE THE EXCESS ¥*ESCI

C* AND RECPEAT THE PREVICUS INTECRATICN STEP WITH A NEW STEP SIZE SUCH #*ESCI

C* THAT THE REPEATED STEP wWILL GIVE THE VALUE CF THE INCEPENCENT VARIA *ESCI
C# BLE EXACTLY AT THE POINT DESIRED *ESCI
Crm e e r e e e e e e e e e e e e e e e e e e e o ESCI
C ESCI
IF(T LT. CELTA®0.66GS0CC)IGO TO 4CCC ESCI
LT = TN - T7C ESCI
H = DELTA - TC ESCI

360
37¢C
3€C
360
4CC
41C
42C
430
44C
4:C
460
470
4EC
490
5CGC
51C
5¢C
530
£4C
550
560
57C
58C
5460
6CC
61C
&zC
&£3C
€4C
65C
660
&1C
¢80
690
7CC
71C

0vT
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.

T8
19:
80:
81:
g2:
83:
8§42
£5:
862
87z
ga:
86z
992
Sl:

Gg2:

I3
Y4 2
55
G962
G7:
c8:
5913
1C0:
1C1:
1¢2:
1C3:
1C4:
1C5:
1062
1C7:

COLTA = CELTA + SEL

IFICARS{H) LT, 1.D-C6) GC TO 4CCC

JSTARY = -1

JSWIE = 0

CC 1C 8C
€ ok o 3k ok e 338 5 ok o 2 oh o8 o ol e ook b ko o X ok of ok ok el o ok 3k e ot e ol ol ol e e o o sl e e ool o o e ool ke ok o o Ok 3
C* CETERMINATICN CF THE PRCBLEM IN THE INTEGRATION STEP ANC CORRECTIONSY

4uCGC CONTINUE
[IF{KFLAG.CT.0) GO TO 81
IF(KFLAG.EC. =1) JSTART = -1
IFIKFLAG.EC. -2) WRITE{(6,225)
225 FCRMAT(1lh~,3THE MAXIMUM CRCER SPECIFIED IS TCO LARGE?')
[FIKFLAG JEQ. -3) WRITE(6,230) '
23C FORMAT({1H-,'CCRRECTCR CCNVERGENCE NOT ACHIEVEL FCR F.GT.FNMINY)
IF(KFLAC.EG. =4) WRITE(¢&,235)
235 FCRMAT(1H-,'REQUESTELC ERRCR IS SMALLER TFAN CAN BE EANOLED')
IF(KFLAG.EQ. =4) GC TC 579
IF{KFLAC .NE. =1) GO TO G¢
[IF{HMIN.LT.1.0~09) WRITE(6,666)HMIN
6EE  FORMAT(IH-,12X,*PRCGRAVY TERNINATEC HNIN = ',C15.6)
FMIN = hMIN/2.0C0O
GC TC 80
€1 CCNTINLE

C Aok o % %03 o o e o o o 4o 3 e ol e oot o ook st o e ot e e e o ofe s o o e o o e o ool 3 o o e R ool e 3o ok o e oK e b K ok
Cx SAVE THE ACTUAL CRCER OF THE INTEGRATION BEFORE ASSIGNING NEW ¥
C#* VALLED TO JSTART %
C _______________________________________________________________________
C

JCRDER = JSTART

JSTART = 1
C
(€ % 3 5 90 e 3 9 ¥ e o e 3 e o e ok o ok e e ok ek o ok ob o ok o o e o e o ol ot ot o ook 3 ok ok e o b o e o o o e o Rk R e
Cx CHECK IF IT IS TINME TC PRCCLCE PRINTEL CUTPLUT TR
C ———————————————————————————————————————————————————————————————————————
C

ESCI 7zC
ESCT 730
ESCI 74C
ESCI 7¢¢€
ESCI 7¢C
ESCI 770
g£SCI 17¢C
ESCI 7538
ESCI 8CC
£ESCI #1C
ESCI fZzC
£ESCI 830
ESCI 84C
ESCI foC
ESCI 2¢C
ESCI g1cC
ESCI FEC
ESCI &sC
ESCI 9CO
ESCI 91C
ESCI 920
FSCI 9130
ESCI 94C
ESCTI SEC
ESCI 960
ESCI 97C
ESCI GEC
ESCI 9s0C
ESCI1CCC
ESCIICIC
ESCI10zC
ESCI1030
ESCI104C
ESCI1CsC
ESCI106Q
ESCILIC?C

91
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131:
132:
1333
134:
135:
13¢:
137:
13e:
129:
140G
141:
142:
143:

7 e -

IF{T «L7. FSEL*0.969G0CC) GO 7O 65 ESCI1ICEC

[F (SPLNM1 JNE. SPLVM) GC TC 95 ESCI1CSC
FSEL = FSEL + SEL ESCI11CO
C ESCILL1O

O b e e e A e A AR B R PR R R F R p R DY AR AN AR AR A IS A B I F AR AR AR ARk w R VAR FXESCI 1L ZC
C* TRANSFER THE VALULES CF THE OEPENDENT VARIABLES TC THE CUTPUT VECTOR =*ESCI1120

ettt e L R ESCIL140
C . ESCILlEeC
£n 222 I = 1N ESCIL1EC

222 YF{I)} = Y{(1l,1) ESCI1l7C
¢ ESCILLEC
G e e ol R0k oo A e Al KRR KR O R R A AR R AR A AR RS R AR ARG LA AR AN F A AR IXSEBESCILLSC
C* TEST [F THE USER IS GOING TO INCLUDE HIS CwWN CUTPUT SUBRCUTINE ¥*ESCI12C0
C=]F NCT THE STANUCARC UPTUT ROUTINE WILL BE EXECLTED *ESCIL21C
(e e e e e e e e e e e e ESCIlzzcC
C gESCIi2:C
“IF (I JULCe G) GC TC 41CC ESCl124C0

Gt e A el st A e 8 e A D A e AR A e e Al R ARk A A R AR F R AR AR AP AN A SRR ARV E AR RESCI L2 C
CH¥THIS SUBRCUTINE WRITTEN BY THE USER ALLCWS HINM TC PRINY ANY CF THE BESCIL12¢0

C+#FCLLOWING CATA: _ #£S5C11270
C* N NLMRBER CF ECUATICNS #ESCI12¢8C
Cx T INDEPENDENT VARTABLE (NCRNMALLY TINME) YESCIL26C
C= J NUMBER OF STEPS TAKEN UP TC THIS PCINT IN THE NUM. INT. #ESCIL3CO
Cx YF A VECTCR CCNTAINIG THE VALUES OF THE DEPENDENT VARTABLES #*ESCI131C
Cx IT HAS *N' ELEVNENTS. ESCIl3zC
C* SAVE TWl DIMENSICNAL ARRAY CONTAINING THE DERIVATIVES IN *ESCIL330
Cx THE SUBARRAY SAVE(NZ2,1)) WHERE N2 = N*10 + 1 *ESCI134C
C* REFER TC GEAR PRCGRAM FCR MCRE INFORMATION ABCUT TFKIS *ESCr13¢c
C* PARAMETER ESCI13¢C
C* SEL FTIME INTERVAL FCR PRINTING *ESCIL37C
Cx C7 PREVICLS STEP SIZE *ESCI13¢EC
Cx NOFNS  NUMBER CF FUNCTICN EVALUATICANS UP TC THIS PCINT #ESCIL3G0
Cmmmm s e e e - e e e~ - ESCI14CO
C ESCI141C
c ESCI1420

CALL CUTP(NyT9»JsYFySAVE,HsOT4NCFNS) ESCI1430

VT



La4:
145:
14¢:

147: -

148:
146:
1c¢C:

15i: .

122
153:

154:

155:
1s¢:
1572

1583 .

15G:
1€C<
1€1:
lez:
162
1642
1€5:
1¢¢:
167:
1€8:
166:
170:
171:
172:
173:
174

175:
17¢: .

177:
178:
176:

GO TO 95 © ESCIl440

C . . ESCIl45C
c  ESCIl4€C
C%*»i"t#**ﬁvé";"‘*##4*******#*******lb********#****#******##*######***#**#*ESCI14 1C
C* STANCARC CUTPUT -SECTION i SESCIL4EC
e et e e ESCI145C
c . ESCI1SCC
410C CCNTINUE - ESCIL1S10
IF{LIN .LE. 56)C0 TO 963 ESCI152C

57 WRITE(6,1C5) . ESCI11530
105 FCRMAT(1H1,3X,"DE. EV. ', TACCUM. STEPS';€X,*STEP SIZE', . ESCIL540

1'  INCEP. VARIABLE', 2X,'DEPJIVAR(1} DEP. .VAR(2) J«dJd%///) + FESCILSSC

LIN = 4 © ESCIL5¢€C

963 WRITE(6,91)INOFNS,JyH 4T . ESCI157¢C
91  FCRMAT(lh +3Xs1652Xy1641CX,C154891X,014.7) ESCILSEC
WRITE(641950)  (YF(I), T=.1,N) ESCI155C

195C FCRMAT{1H+,58X,401X,015.8,1X)461/1X,58Xs4(1XsC15.841X))) t ESCILECC

© LIN = LIN + 1+ N/4 . ESCIL610

c ESCI162C
(2 %% e sk 4 e 3 e e o e oo ol ofe ok e ok e Xk ol ol ofe sk e ok ook e e e ok e R e B ek Ak A AR AU SRR AR AR IFSISIESC]IE2C
Cx TEST IF Trhi INTEGRATION HAS REACHED THE SUPERIGR LIMIT . #ESCI1640
(= m m m e e e ~-~~ESCI1E5C
c ESCI1€¢6C
95 IF ( T.LT.SPLM1) GO TO 8C ESCI1670

C ESCIle8C
IF{SPLML ..NE. SPLM) :GC -TC 96 . ESCIlesc
WRITE(65GSINOFNS ' . ESCILTCC

99  FCRMAT(L1KO,'TCTAL NUMBER OF FUNCTION:EVALUATICONS', 1€) ESCILT1C
96 CCNTINLE ESCI17ZC
RETULRN : ESCIL72C

C : ESCI174C
C ESCI175C
C***V¥%*****************************************************************ESCI1]60
L% IF THE ERROR REQUESTED HAS BEEN SMALLER .THAT CAN BE FANCLED $ESCIL770
.C% INCREASE IT.LP TC A MAXIMUM CF 1.0E+03 TIMLCS THE .INITIAL:ERROR - #ESCIL7&C
.C* USING INCREMENTS .CF 1.CE+Cl EACH:TINE i - ESCILTSC

€vT
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580

581
582

EPS = EPS*10.CCO

[F (EPS

.GT.

FEPS)

WRITE(6,58C)EPS
FCRMAT(1X,'NEW TOLERANCE IS?

JSTART =
cC 1C 8C

-1

WRITE(&yS82)FEPS

FCRMAT(1X,'ERRGR THAT CAN BE HANCLED GREATER THAN

GC TC 581

1Xy*PROGRAM. TERMINATED')
3535 STOP 3535
3333 RETURN

END

L1c.7)

'wC15.7/

T7 e T

ESCIl8CO
ESCIlE1O0
£scirrgec
Escliezc
ESCI1840
ESCI185C
ESCI1EeC
ESCI187IC
ESCIlEe80
ESCIiescC
gesSCrioce
ESCILIOLO0
ESCI192¢C
ESCI1930

PYT



" GENERAL PROGRAM LINKAGE

MAIN

DRGERT

DATARD INVAR ESCINT PARESC
A *
AN
I
[ N
I N
I \
AN
v N4
VALINT GEARMF ouTP
®
\
\
AN
N
<
DIFFUN PEDERV

Figure A.1l
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FCRTRAN

LGt
(Ccz
ccces
Cuia
CCCH

Iv & LCVEL

16 NAIN

IMPLICIT KEAL®E [A-H,Q-2)

EXTERNAL CIFFUN,PECERV.CUTP,VALINT
CALL DRGERT(DIFFULN,PECERV,CUTP,VALIAT)
sICcP

ENC

CATE = 74321

04/37/752

PAGE CCO1

971



FORTRAN
[ oRY
CCoz
[
CCC4
[
TLCé

(M
€ege
€CCs
C01¢

Iv & LEVEL

is DIFFLN CATE = 74321

SLERCLTINE DIFFUNIT,Y,0Y)

I¥PLICIT REAL*E (A-H,Q-2)

CIMENSICN Y{(843),0Y(3)

CCMMON NCFNS

MNCFRS NCFNS + 1

DY (1) -0.04CCO%Y{1s1) + LCCCC.OCC¥Y(1,2)%Y (143}
oYti2) C.C4DCCH*Y{141) =~ 1CCCC.CO0%Y(1,2)#Y(1,3)
1 ~ J.C0+CTH{Y(1,2)%%2)

CY{3) = (3.C+07)1*(Y(1,2)%%2)

RETLRN

END

oo

04/37/52

PAGE CCG1
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FOATIAN

CeCt
cto2
(]
ClCa
CeuY
(0l
ceC?
CCLe
ey
cc1e
ccll
£gtLe
ccin
C01i4

iv 0 LEVIL

LIRS
>

PECERV CATE = 74321

SUPROLTINE PECERVI T,Y,PhyM)
IFPLICIT REAL%E (A-H,Q-2)

CI¥INSICA
Phil,l)
Pwilis2)
Palle3)
Prl2,1)
Pwi2,2)
PWwi(2,3)
Prli,l)
Pri{2,2)
Fn{3,3)
RETLRN
END

it nn wu o a

Y(8:¢3},PW{3,3)
~ C.C4

(1.0+4C4)*Y{1,3)
(1.C+04)%Y(1,2)

C.C4%

{(=1.D+C4)%Y(193) =(6.D+4CTI*Y(1,2)
(-1.C+04)%Y{1,y2)
C.0
(6.D+CT}%2Y({1,2)
0.0

C4/31/752

PAGE CCG1
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PROCOLEN 3.1 A SYSTEM CF REACTICN RATE EQUATICAS

CLIFLY AT INTERVALS CF 0.10C 01
NLFoeR OF EQUATIONS IS 3
INTTILL STER? S1ZZ IS Ca1(0-C
SInEMUY STeP Si2E IS Gl G
TOCLERANCE IS (. 100-T4
Aty DIRIVATIVE TO 3£ LSCC IS 6

INTTIAL W7LLE CF Ti€ INCEFPENCENT VARIAEBLE IS C.0
HAXINLM STEP SIZE AaLLCweEC IS 0.1€C0C005 01

SLPERICR LIMIT CF THIS INTEGRATICN IS 0.4CCCCOC Q2

EAACTY INTERVALS wilt 8% PRCVICED

ACAYS PRECICTCR CCRRECYCR CR CPTICN 1 CF GEAR®S STIFF METHOD WILL BE SELECTED

TRE INTVIAL VALULES CF THE CEPENDENT VARIABLES ARE
L.1C0CL C1 0.0 C.t

FLR EPS = 0.1C0CCOCC~06
AUCAMTS PRECICTICR CCRRECTCR AVERAGE STEP SIZE IS

TFE ChCER CF TrE INTEGRATICN IS 1

FCR cP3 = c.lcicoccen-c2
AUAMIS PACCICTCR CCPRECTCR AVERAGE STEP SIZE 1S

T2 OKRUER CF THE INTEGRATICN IS. 1

STEP SIZE CALCULATEL FOR EPS = €.10000000-03

Nrwd " IFT R IR ER LR HL R U AINAANBAB LG AR ENUFIUY
«METRCD SEZLECTED 165 GEAR'S STIFF CPTICN L=
R R L L e L Y T

0.3571021C-03

C.5208773D-C3

IS = 0.3571C210 CO

6vT



Pl
Lol &)

164
lecg
171
1Ty
178
e
184
103
51
144
2C0
07
P s
21{‘
2l
ed2
233
23%
243
248
26
201
21¢
217
28l
28¢c
293

LG

ACCLM,

25
34

41
438

57

STEPS

STEp Sli€

C.4562511480-01
C.2362788£0-01
C.G6CE2C¢€650~-01
0.56C543410~01
C.56C843410-C1
C.46108495C GO
G.4€61084550 00
C.461C84950 GO
C.4€1CE495C CC
C.481CE455D GO
0.4610849%0 00
C.4£1CE4950 CC
£.456108495C 00
C.4€1CE4G50 (C
C.4&1CE495C CO
C.4£108495D GC
C.45108495D 00
C.461CE44S0 GO
C.4&1CE4G5D0 CC
0.46108495C €0
C.4€lCE495D CO
C.461084950 00
C.4£1084G50 CC
CedbiCEA9SD 00
C.aciCdasull CC
C.4€1084450 CO
0.461084952 €O
C.4€61CE455) COC
0.456108495C 00
CoatllE4s5d CO
C.ha6lCiasvwl 00
C.4061564%5D CO
C.4£1CE4G50 CO
C.451GEA950 00
Co461CE84G650 CO
C.7783CC93C~01
C.7783CC%30-01
C.7743CCS3C~C1
0.7782CC925-C1
C.7733C€C930-01

TCTAL NUMCER CF FUNCTICN EVALUATIGCNS 302

INCEP.

0.1C0CCGOC
0.2CCCCeCo
C.3CCCCCOD
0.4CGCCCCD
0.5C0CCCCO
0.6C0CC00OD
C.7CCCCCCD
0.8C0CC0O0D
C.sCCCCCCo
C.1CCCCOCO
0.11CCCCCD
g.12CCCCCL
0.13CCCCCD
C.14LCCCCD
0.150CCOCD
C.1l€CCCCCD
0.17C0CCCD
G.l8CCCCCL
C.16CCCO00
g.a2ccccccee
C.21CCCCOD
0.220CC000
C.23CCCCCD
0.24CCCO0D
C.25CCCCCO
c.26CCCCCE
0.272C0CCCCH
0.280CCCCO
0.26CCCCCOD
C.3CCLCCCD
0.310CCC00
C.32CCLCCO
0.3230CCCCD
0.34CCCCCO
C.35CCccCce
0.3cCCCCCC
C.27CCCCCD
0.380CC00D
C.36CCCCCD
C.400CC000

VARIABLE

C.966464520
0.941£13€80D
C.9216Cl15D
0.205%34C90
C.8915313CD
0.879285250
C.B682ETE5D
0.8585¢61C80
0.849€CL2T70D
C.841375540
0.8337€2¢7C
C.826¢£685D
0.820C23200
C.813171743ED
0.8C0787366C
C.8C2282270
0.79656768C
0.7916C2250
0.787C62370D
0.7682421750
C.77768CE3D
0.77370558C
C.76G585150
0.765¢1918¢C
0.76£1785020
C.758C7713¢C
C.7544£8702C
G.751CC707D
0.74763025C
C.74425C310
C.741106151C
Ca73ECEBETD
C.735C36570C
0.73203208D
€.729219%20
0.72641¢E50
C.723€7934D
0.721C0438C
Ca 718388840
0.71583214C

CEP. VARIL) DEP. VAR(Z) Jase

C.307470340-04
C.27C1845ED-C4
C.24382806C~-C4
C.224C6557D-C4
€C.208540880-04
C.195%65480~-C4
€.185511220~-04
C.176648470-04
C.165C13SEL-C4
0.162347C1C~04
Co15€46CC0~-C4
0.15121156C-C4
C.14€493430-C4
C.142221¢6C0~C4
C.1382294CD-C4
€C.1347¢3330~-C4
0.13147986L-04
C.12E443170-C4
0.12562345C~-C4
C.122G655€EC0-C4
€Ce12C539CS5D~-C4
C.11€82351CC-C4
C.116C&B640-C4
G.114G2659L-04
C.112CS€1€L~-C4
0.11026949C-04
C.10£5353¢€D~C4
0.1C688731C0-G4
C.105317440~C4
C.1C38206CD-C4
C.10229C1&L-C4
C.1€1C2236D0-C4
0.99711529L-05
C.5845505CD-CS5
0.972476620~05
C.9€C87425D0-CS
C.5497C626C~05
C.93€65CCS0D~-CE
C.G2E574310-05
€.918575700-05

0.325C47340-C1
C.5€3591C40-01
0.78C744680-C1
0.944435C40-C1
0.1C8447840 QO

. 0.12C£9515D CO
0.13159390C CO .

0.141421250 CO
C.15C37473D0 00
0.15860383C CO
0.1€6€222C€0 CO
0.173318030 00
0.17$96215D0 CO
0.186211400 00
C.152112510 CO
0.15170425C 00
0.2G301517C6 CO
C.2CEC84G1D CO
0.212925C7D0 00
C.21755655D0 CC
0.222G0732D QO
C.22€2826CD CC
0.23039925C €O
0.234366420 CO
€.2382C377D CO
0.241911¢50 CO
0.,2485C02120 CC
0.248982240 00
€.25235622D0 CC
0.255€3931C 00
C.25£828250 CO
C.2¢€163123C 00
0.264953C60 (C
0.2¢7EG8CT0 CO
0.27077C35C €O
0.273573540 CC
0.27631116C CO
0.27898623D (0
0.281€£0218C 00
0.284158680 CO

06T



PoaCBLEM 3.1 A SYSTEM CF REACTICN RATE ECUATICNS

CLYFLT AT INTERVALS CF C.10C 01

NUMUER CF ECUATIINS IS 3

iNETleL 59Z0 S1Z2E I35 Cl.1CC-C2

FINIPUY SYEP SIZE 1S C.1CLC-GS

TOLCRaNCE IS C.iC0-04

PAXIMUM OIRIVATIVE 70 BE LSED IS 6

INIYLIAL VALUE CF THE INCEPENCENT VARLABLE IS (0.0

MAXIFLP STEP SIZk ALLChEC IS 0.4C00C0L 02

SLPERIOR LIMIT CF ThIS INTEGRATICN IS c.4CCCCOC 02

ALA*S PRECICTCR CUORRECTCR CR GPTICN 1 OF GEAR'S STIFF METHOD WILL BE SELECTED

THE INITIAL VALUES CF Tr€ DEPENCENT VARIABLES ARE
Ce1CC30 C1 C.C c.0

FLR CPS = c.1CCiCC0OCL-CE
ACaktS PRECICICR COURRECTCR AVERAGE STEP SIZE IS 0.35710210-03

THC CRCER CF THE INTEGRATICN IS 1

CR gPC = c.1CCucCLee~C3
ALAPS PROCICTOR CORALECTCR AVERAGE STEP SIZE IS €.5208773C-03

~C CRCER CF Tr& INTECRATIGN i5 1

STE? SIZE CALCULLATED FCR EPS = (C.1CCCCCOD-03 IS = 0.35710210 CO

A I R R N D RTE R TR S R T PR AVE S L g P
uMECSLL SELECTEC IS GEAR®S STIFF CPTICN 1%
R R R R L g N Y S LR R L)

IST



CEe EV.

-
~o
)

e
¥ A&’

Cn e O 4

EASRVERRR RN SV R I
s

PO gt e Pt s hm e

.

ihh
La7
1%0
152

ACCLI.

STLP S1ZE

0.520977217C

«£20917270
C.7581C38¢0
C.7581C38¢0
C.75681C3860
C.75€1C23¢€0
Cel112¢€165D
C.1126¢€1690
C.1128€1650
G.112861850
Co112¢6€166D
C.112a8168¢C
C.16754¢GCD
C.1€67949¢6500
C.16794£LGCO
C.1€7646¢£9C0
C.167946900
Ca1&754e5C0
0.2%033245C
C.2502204%0
06250342450
C.29C222450
€C.2503322450
C.250332450

TOTAL NUNMBER GF FUNCTICN EVALUATICNS

INCEP. VARIADLE
CO 0.1147C23D C1
CC 0.2€542130 C1
€0 0.3018214D C1
0C 0.45033910 o1
00 0.5C2430680 0!
CC 0.€C&££2230 Cl
00 0.71C8277D C1
0C 0.86244850 C1
00 0.938253S0 01
0C 0.1C14C690 C2
Cl G.116569C0 C2
01> 0.127&352D0 C2
01 0.1391C12D 02
01 0.15C36750 C2
01 O0.1£1€2370 C2
01 0.17285980 02
01 O0.1L41£6638D C2
01 0.20098078 02
Cl 0.2177554D Q2
Cl 0.23455010 C2
Gl 0.2513448D0 C2
Gl (.26813650 02
01 0.28493420 C2
Cl C.3CS8¢74D C2
0L 0.335CCu¢D 02
01 0.3€CC234D C2
Cl C.385C6710 C2
01 0.4101C04D C2

152

cer.

0.9€220186D
0.94C43073D
0.921¢57CSC
C.8982167CD
0.89119593C
C.8785C272D
0.867255%04C
C.B52€5836D
C.84636173C
0.8402541CD
0.829C29C4C
C.821408210
0.81430273D
0.80764437D
C.8C1277580
0.79545639C
C.76GE424SD
C.78167532C
0.774633140
C.76774713D
0.7812¢&12CGC
Ce75512EESD
C.749311400
Ca741154740D
0.733537460
0.72¢38G€30
C.71965412C
0.7132E3550

VAR(1) DEP.

VAR‘Z’ oe e

€C.3C1C2356D-C4
0.26852229C0-04
Ca243419510-C4
C.21575976L~-04
C.20618443D-C4
C.195191C50~04
C.18446319C~C4
C.17173819C0-C4
Cel16£344030-04
C.1614€ECCT0~C4
0.152934400-04
Cal474644€D-C4
0.14257675C-C4
C.13B18C€7D0~-C4
C.134197210~04
€C.13056452D-C4
Ce1272335€D-C4
C.122745300-C4
C.11873C37D-C4
0.11511562C-04
C.11183£250-C4
C.108€4288C~C4
C.10£0952S0-C4
€.1€2389C80-04
C.$906908670-05
C.56C7615¢D~-C5
0.93357686C-C5
C.5CE873311D-C5

0.37588CC60-01
0.595424130-01
C.7€84185€¢€0~C1
0.1C176172C CO
C.1C8783250 COC
0.121477760 CO

0.122726510 GC,

0.147124430 CO
0.153621640 CO
0.15972G975D0 CO
0.1709556¢€0 CC
0.178577C4D CO
0.185683020 GO
C.162341810 CC
0.158609C00 00
C.2C453C550 CC
C.21C1447SC CO
0.2180124C0 CO
C.22535465D 00
0.232241360 €O
C.228727¢618 CC
0.24486023C G0
C.25C€777SSD CO
0.258835020 CO
0.2(645263D (O
0.2736CC77D CO
0.280336540 CO
C.2E67073¢0 €O

ZST



19 DIFFLN DATE = 74321 C4/44/01 ! PAGE 0001

SLERCUTINE DIFFULN{T,Y,0Y)
INELICIY REALAE (A=HyG=2)

GINONSICN Y(B,y1),CYil)

CORNECN ACFNS

NGCFNS = NCFNS + 1

1€ = CEXPISC.CO0%(.50C0 = {1.DCO/Y(1,2}3)))

Il = =2.0CC%{Y(l42) -~ 1.75CCC) - 30.CCO%(Y(1,2) - 1.75CCC)*
TiYILe2) = 2.0CC) + YU1,1)%ZE

SY{LY = (1.000 - Y{1l41) - Y{L,1)%ZE)
gYi{2;, = 12

RETURN

ENC

€ST



FUR VAN IV

WO

[N NGNS Wl N o)
[oN R eNe NN Nl

Crey < Yy oy

e An

LCC?
(VIR LA

r~

9

LEVEL

15 PEDERV CATE = 74321
SLERCUTINE PECERVI T,Y,PheV)

IMPLICIV REAL®E (A-H,C~-2)

CIFcHhSICN Y{8,119PW{2,2)

04/44/01

all,l) = - 1.0CC - DEXP{SC.LCO%{0.5CC0 - (1.C00/Y(1,2))))
PA{152) ==(5C.CCC*Y{1,1)/Y(1,2)4%2)%DEXP(25.LC0 ~ SQ.C00/Y(1l,2))
Pal2+1) = DEXP(25.0CC - 5C.CCC/Y(1,2))

PW{2:2) = = 2.CCC - 3C.DCC*{2%Y{1l,2) ~ 3.75000)

+ {50.000%Y(152)/Y(1,2)%%2)¥0EXP{25.C00 ~ 5C.D00/Y(1,2)
RETURN
END

}

PAGE CCC1

7ST



TrE STIRRED TANK REACTCR PRCBLEM

OUTFLT AT INTERVALS CF C.2CC CC

AUMEER OF EQUATICNS IS 2

INITTAL STE? S$IZ2E IS G.1CC-G3

polilrLr Sied SfZe IS 0.1CC-09

TILeRanlt 15 C.1CL-C4

MAAINMUY CLRIVATIVE TC EE USEC IS 6

IniTlAL vaLUE COF THE IALCEPENCENT VARIABLE IS 0.0
MANIMUM STEP SIZE ALLOWED IS 0.2CC0CQD 00O

SUPLRICR LIMIT GF ThIS INTEGRATICN IS 0.1CCCCOD 02
CXACT INTERVALS wILL BE PROVICEC

ACAFS PRECICTCR CORRECTCR COR CPTICMN 1 CF GEARYS STIFF METHOD WILL BE SELECTEC

TRE INIYIAL VALUES GF TFe CEPCANDENT VARIABLES ARE
G.1CC0C G1 0.175CC C1

FCR EPE = C.1CCCccorp-Ce
AUAM'YS PRECICTCR CURRECTCR AVERAGE STEP SIZE IS 0.18248930~-01

Te€ CRUER CF TrE INTCGRATICN IS 5

FCR EPS = C.1CCOCR0C—-C3
Aliirs PRECICYCR CORRECTCR AVERAGE STEP SIZE IS 0.41172440-01

TrE CrTER CF TRE INTECRATICN IS - 32

STEP SIZE CALCULATED FCR EPS = c.1CCcccoc-03 IS = 0.21276690-01

R R e R R R A R R Y R P AL R T LT R L
WEVrLL SELUCTEL IS ACAM'S PRECICYCR CCRRECTOR®
CHRFREL ARG BT LA VAR HRL AN AR RN ANV IV L SRR %

GST



BRI N R

S AN
B

~NA N

W P2 A0 I N e e
o

[
FOCOOVVW

34

FoN A A

EYIRSE N I ¢ IR R U R
Seal A O e NN

-~

>~
o n
a

212
zie
28y
264
23

I

SYEP SILC

C.14952236C~01
0.64214C510-02
C.?2C232¢9¢L~C2
0.259045720~02
Co1355829510~-Cl
0.16620€660-03
0.152341870-C2
CoéE5€613650-C2
0.5485CC84C-01
C.577611450-C1
«527C75%9C-01
C.527C7£660-C1
C.527C7569C-01
0.527075%90-01
C.527C15550~-C1
0.52707594C-01
C.527C78950~0C1
«527075%3C~-01
C.S527C75550-01
C.52710759%9C~-01
C.227C756G650~-C1
C.5270755$G60~-01
0e527C7565C~-C1
Ce527C786%C~-C1
0.52707549%03~-01
C.227074650-01
CahZ2iU15490-01
CeS27075690-C1
£.527C7596C~G1
5273C1594D~C1
C.52707£990~01
0.92707£990~-01
. 527C7554C~C1
0.52707%990-01
CoH27CT58S0G-C1
C.527C7%995-01
6.527C7¢€95D-01
C.%27075960-01
0.527C1595C~01
Ce 270786450 -C1
GaDd701549C-01
Cuan21275550~01
C.5220754988~01
0 527C75550-01
CeS2707596GL-01
0.£27C75%50-C1
L5£27C7%950-01
0.927075%90~01
CoS27075650~01
0527u7599L~C1

hUMZER LF FUNCTICN EVALUATICANS 489

INDEFP.

0.2CCCCOGO
C.4CCCCCCH
C.6CCCCCCO
0.E8CCCCCCO
0.1CCCCCCD
0.12CCCCCO
0.14CCLLCD
0.16CCCCGD
0.18CCCCCD
0.2CCCCCCD
0.22CCCO0D
C.24CCCCCD
0.26CCCCOD
0.28CCCCCD
C.3CCCCCCO
0.32CCCCCO
G.34CCCOCD
0.36CCCO00
0.38CTCCCH
0.400CC0CDH
0.42CCCCCO
0.4460C0CC
0.4€6CCCCCD
0.48CCCCGO
0.5CCCCCCD
c.52CcCcen
0.54CCCOUD
C.5¢CCCCCD
0.580CC000
g.6CCCCCCD
0.62CCCCAD
0.64CCCCCD
C.66CCLTCH
0.£8CCCCCD
c.7C0CCCCCY
0.72GCC00QD
0.74CCL0CO
0.76C0C000
0.78CCCCCD
g.8cccccoo
0.62CCCCCH
U.84CCCCCD
0.860CCC0OD
C.E8CCCCCOH
0.9CCACCOD
C.%2CCCCCO
0.54CCCCCD
0.5¢6CCLCCO
G.G68CCCCAD
0.1CCCCCCE

VARTABLE

0.99452448C
0.988C2416D
C.974%55641C
0.93411225C
0.83CC62C4D
0.6464506930
0.4873&73CD
C.444136310
0.451500440
C.4687555€0
0.48375644C
C.49317252C0
C.493CRE230
C.501255520
C.5C1€43240
0.5C01c83%40
C.5CCT€875D
€.500G255480
C.5CCIG318ED
0.49958364L
C.465%46790D
0.499549590
0.4G699¢€€250
C.496522160
€.499593130
C.49696G6CS0
0.5CCCGL3490
C.5CCCCLE3D
0.500C0142C
C.5CCCCCEID
0.5CCCCCa10

0.5C0CCC14E,

Ca4G596459960
04499666920
Cah45965555D
0.494566993C
€.45656565D
0.49596G4%92C
0.49965595D
C.49G6559980
04499566550
$.5CCCCCCCD
0.5C0CC0CAD0
C.5CCCCCCID
0.500CC001C
C.5CCCCCCLID
0.5CCCCCClC
0.50CCCCC10
C.45565$5G0
0.499669990

CEP. VAR(L) CEP.

VARIZ2) caee

0.17606274C
C.175C8C54D
0.185325¢30
C.16223725D
0.200688C30
C.20¢€16815D
C.2CSE2CEED
C.2C02313850
C.2CC220420
C.156€02510
C.196482250
C.1665887¢€D
0.19974424C
C.166€73¢€20
0.199957C1C
C.1665952CD
€.2CCC14250
0.2GCC152¢CN
€.2CCC10930D
C.2CCCO612D
C.2€CC02¢E80
0.200600560D
C.155695G5¢SD
0.189999470
C.1555995¢D
C.196669172C
0.164665¢E8¢0
C.15666565D
c.20CCCoCCT
C.2CCCCCC2D
€.200C0002C
€.2CCccccio
C.200600C10
c.2CCCCCCCD
c.2Cccccccn
$.2CCCCCCCO
t.2CCCCCCCO
0.2CCCQ0CCD
C.2CCCCCCCD
c.2Cccoccoe
c.2CCCCccccn
c.20CCCCC0C
c.2ccccccce
€.2CCC0CCCO
0.20cccoccCe
C.2CCCCCCCD
0.206C00GCC
C.2CCCCccceo
¢.26CCCOCCC
€.2CCCGCCCO

01
Cl
cl
Cl
ol
Ccl
C1
01
cl
cl
Cl
1
Q1
Cl
C1
C1l
Cl
Ccl
0l
Cl
Cl
c1
Cl
ol
cl
Cc1
1
Cl
01
Cc1
01
1
01
cl
Cl
c1
1
01
Cl
01
cl
Cl
Ccl
Cl
01
Cl
Q1
Cl
1
Cl

9ST



FOsTKAN IV G LEVEL 19 MaIN DATE = 74321 04/50/15 PAGE 0001

ccel ivPLICIT REAL®E (A-H,C~2)

cee CCvPCN /BLKL/CA

Cle DINENSICN CA{Z4443)

CCl4 EXTERNAL CI1FFUN,PECERV,OUTP,VALINT

cees CC € NRE = 1,3

Tliws 5 READU5,51C) ({ CAL{I JsNRE)y T = 143)y J=2144)
SOud 510 FCPHMAT( 6C1C.4)

[ WRITE(54405)

LL0s 605 FORMAT{181,*'CCEFFICIENTS"//)

CCLu LC 5C NRE = 1.2

CCli ARITE(E610) (( CA{IyJ4NREYy I = 143}y J=104)
cclz £1C  FCRMATI{1H ,3D15.4)

Lo 50 CCATINLE

Cols4 CALL CRGERT(DIFFUNyPEDERV,QUTP,VALINT)

(41s SYCe

Col6 END

LST



FORTRAN IV G LEVEL 1S DIFFUN CATE = 74321 04750715 PAGE CCC1

SUBRCUTINE DIFFLN{X,Y,0Y)
IFPLICIT REAL®E {A-H,Q-Z7)
REAL*8 KC

LEAL2E LANMBDA

CIMENSION Y{8,:3}),0Y(3)
LATA AA/ 1.0CC/

CATA B /2%5.LCCC/

DATA ETACEL/34.420C0/
CATA KC/Ue4CCC/

CATA LAMECA / C.CCO/

CAYA RE/1.D+7/

e YOI DD OO

[sEeNaNsRoNaNa NN o Ne I ol & W
[aNeEe N NS RN oNeNONe Ne e Nel
AR IR UV @ BEVARES - JPAE < R N SO  C R

1 LATS TRPT/E.484DCC/
1 CCMMCN NCFAS

o] CONMCON /CCYUN/EPCNL,BETALTERNL,TERN2

Coi COMMCN /CCNL2/ ANLM

Cule CCONMON /CCMU3/ DELTA

(] NMCFAS = RCFAS + 1

€313 BETA = 2.0CC%{KC*%2)¥CSCRT(2.DCC*RE}

COLG Phi = {{({{2.CCC#RE)#%.25)%0SQRT(5.4CC0C0) %ETADEL) - AA}/B

c2¢c NCENS = ACFNS + 1

{Cat OY(l) = v{1,2)

g2z pYi2y = Y{1,3)

{023 G = PrRI¥X/ETACEL

CCéa TERMI = 1.0CG - CEXP{=C)

€025 TERY2 = 1.DCC + {G-1.DCCY*0EXP(~Q)

Lov EPCAU = (BETA/2.CO0)»{X#%2)% Y{1,3)}%{ TERM1%*Z)

Lezy CALL CFLTAC{X,CELTA)

CLos IFt{% GT. YRPT} CC TC 25

cCaY ANUF = = Y{1,3)¢Y(1,1) + LAMBUA#{1.0CC = Y{1,2)%%2)
| - BETA®X® Y{1,3)4%2%TERMLI#TERM2

ccsic DY{2) = ANLM/{1.0CC + 2.CCCH*EPCAU}
] + DELTA /{ 1.0(0 + 2.DCO%EPCNUY)}

R GC TC 3¢

CLs2 25 Dyi3) ={{=v{1l,1)%Y{1l,3) .
: + LANBOA#{{1,D0CC = Y(1,2)Y)%%2))/(1.C0C + EFCAUY))
i + CELTA/( 1.CCO + EPUNU)

¢33 30 COAVIALE

LCB4 RETURN

6C35 EC

8GT



FORTRAN IV G LEVEL 16 DELTAC CATE = 74321 04/50/15 PAGE C0C1

LCal SUBKRCUTINE CELTACIX,DELTA)

ccc2 JFPLICIT REAL#E (A-H,0-2)

CCC3 EIMEASICN CA(34+4,43) 4F(4,3)

LCCa CCPMON /BLKL/CA

CCus £C 2 K = 1,3

{ClLe BC 2 J= 244

cee? 2 FUJeX) = CA(LoJeK) + CAI2,JsK)I% X 4+ CA(3,J,K) #(X2¥%2)
oy TERML = (F{3,3) - F(3,1))/14.0+8)

€239 TERMZ = [F{2,3) - F{2,1))/(4.D+6)

ceic DELTA = 2.0CO4REX({(F(3,2)3TERML) —~ (F(4,2)%TERM2))
CCIl RETLRN

co0iz2 ENC

6ST



FURTRAN IV G LEVEL 1S PEDERV CATE = 74321 04/50/15 PAGE C0Q1

Lol SUERCLUTINE PECERVI XyYyPhoM)

o2 I0PCICIY HEALNE [A-H,Q-2)

(0 CIFENSTIUN Y{8:3),P%(3,43)

CLCa REAL2E LAVEDA

CCas CATA LaMaCa / C.CCO/

(cce CATA YRPT/6.4E48C0/

€Cey CCOMFIN JCCFUN/EPCNUL,BETA,TERN1, TERN2

ccle CCMMCN /CCHU2/ ANUM

€Ly CCHMOR /CCPUY/ GELTA

gl Pallsl) = C.C

Ol Pally2) = 1.0

vtz Prlly3) = C.0

Cels Pal2,1) = C.0

C0la PhiZr2) = C.C

CCis Pui2:3) = 1.0

CCie [FIX GT. TRPTY GC TO 25

cliv PrlZe1) = = Y{1,3)/0 1. + 2.%EPCNU)

[RER ] PRl3+2) = = 2.3LAMUDARY(1,2) /(1. + 2.%EPCNU}
CeLs CERUM = =¥ (1,1) - 2.vBETA#XHTERMISTERM24Y(1,3)
ccag ABAl = 1.DCC + 2.DCO%EPCANU ’
Li21 CLEN1 = Z.DCCREPCNU/Y(1,3)

€caz Pr{3,3) = (ABAL¥CENUM - ANUM%CDENL)/ABA1%%2

{ = ANUM¥CCENL/AGAL##2

o6 7C 3¢
25 COATINUE
Pail3si) = =Y{1,3)/711. + EPCNU)
Philed) = —2.4LANACAYY(1,2)/{1. + EPCANU)
ABRZ = 1.DCOC + EPONU
CLENZ = EPCNU/ZY(1,2)
ARRZ = (=Y{1,1)=Y(1,3)
: ¢ LAMBODAY((1.0C0 = Y(1,2))¢%2))

030 Pxi343) =(AB82%(-Y(1,1)) = ARR2¥DDENZ)/ABAZ%%2
| ~ CELTASLCEN2/788A2%%2

CG2l 3¢ CONT INLE

co32 RETURN

CC33 ENC

091



i

c
c

F

FICIENTS

C.3
~0.iCuél 01
C.OBIGD CC
C.13450-G1
C.o
-€.1023C G1
C.E82¢€0L CC
Je12280-C1
0.0
-C.113:83 (1
0.468310 TC
6.1186C~01

0.77420 00
Ca116%0-C1
=Le28580-C3
J.LCCCE C1
C.7ECCC CO
C.11240-C1
~0.248¢C~-C3

c.cC
C.2730D0-C2
-C.1330D-03
C.11¢30~-C5
C.C
C.2547C~-02
-C.11300~03
C.82510-C6
C.C
C.22380~02
-{.1CC4D-C3
C.85590-Cs

I9T



PROBLEM 5.3 T+E TURBULLENT BCUNCARY LAYER CN A FLAT PLATE

T INTERVALS CF (C.50C €O

ECULATICNS IS 3

Ik S12E IS €.1CE-C3

MINTMUY STER SIZE IS Q0.100-C9

TOLZRANCE IS C.10L-U4

MAXIMLM DERIVATIVE 7O BE LSED IS 6

INETLAL VALUE CF THE INCEPENCENT VARIABLE IS Q.0
EaxIPLY STEP SIZE ALLCWELD IS 0.5C035000 00

SUPERICR LIMIT CF THIS INTEGRATICN IS 0.34C0C0C Q2
EXLCT INTERVALS wWILL BE PRCVIUED

ACarS PRECICTCR CCRRECTCR CR CPTICN 1 CF GEAR®'S STIFF METHOD WILL BE SELECTED

CLTPLT
NLNMZER

A
cr
INIY AL ST

ThE INITIAL VALUES GF THE DEPENDENT VARIABLES ARE

C.0 C.C C.54C00 C1
FCREPS = C.1CCCCCTC~CE
ACAM'S PRECICTGR CCRRECTCR AVIRAGE STEP SIZE IS 0.5155388L-02

Y7 CRLCER CF TrE (NTEGRAYICN IS 6

Fle EPS = G.1CCuCGOC-C3
ACANMYS PRECICTYCR CURKECTYCR AVERAGE STEP SIZE IS 6.9849942C-02

TEE CRLER CF THE INTEGRATICN IS - 4

SYEP SIZE CALCULATEC fCR EPS =  0,1000000C-03 IS = 0.75670750-~02

A R A R A IR LI X R R SRR L EEEE R E R LR R R
VMIIRIT SELECYES IS ADAXIS PRECICTCR CCRRECTCR*®
EE Y R A A AR 2 S AR R R AR A LR LS AR SRR L SR 2 A X 2]

29T



CZ. Ev. ACCUV. STEPS STEP SI1ZE INDEP. VARIABLE CEP. VAR({1l) DEPe VAR{2) ceae

220 & €.2¢3138790-C1 0.5CCCCCCD CC 0.21921C83D0 CC €C.5%24691780 CC 0.178491570 CO

“&3 €3 €.231517668-01 0.1€00C000 O1 0.51225205C Q0 0.61281368C OC 0.855985€670~01
5C8 96 0.491832%6C-01 0.15CCCO0D 01 0.828€57320 €O C.647¢5273D0 CC C.5125C238D-C1
536 104 0.55C22C4¢0-02 C.2CCCCCGD C1 C.115€3534D C1 Ca€723477€0 CC C.42EEG804C~01
563 11l €C.2C5421670 CO C.25CCCLCCH C1 C.14G64€820 C1 C.€9147525D0 CC 0.34259135C-01
558 HA C.243222920 €6 C.3CCCCOCC 01 C.184624650 01 0.707075750 00 ~ 0.28495175C-C1
£34 126 C.4648C5C20-C1  0.35CCCCCD 01 C.220¢€16110 C1 0.72023974C CC 0.243718640-01 .
554 132 C.854C&E550-01 GC.4CCCCCCD C1 C.25¢61ESSD C1 C.731€17380 CC 0.212761€8C-01
£¢2 136 C.3922414€D0 CO 0.45CCCCCC 0O C.29375%31C Ol C.741€28490 00 0.1€886727CC-01
6 145 C.1C&75€540 €O C.5CCCCCCO C1 C.331C¢é4110 C1 C.T7ECE€2EED CC 0.1€937765C~-01
718 141 C.s5CCCCCCCyV 00 O0.55CCCOCD 01 0.36879734D C1 C.758622¢€80 CO 0.15359287C0-01
738 152 0.125CCCCCD €0 OQ.6CCCCCCD C1 €.40651474D0 Cl C.765563680 CO C.14C41873LC-01
756 157 C.125CCCCCD GC  C.é&5CCCCCh 01 0.445283650 C1 C.7727C3520 CC 0.13C261430-01
i7a 162 0.125CCC000 00 0.7CCCCCCD C1 C.4841814SC C1 C.77520€16D CC C.125757540~C1
186 i67 0.125CCCCCD CC  0.75CCCCCD C1 C.S233C371D C1 C.785€771S0 CO 0.12908608C-01
6L 172 C.125CCCCCD CC C.8CCCCCCC 01 €C.562748567D Q1 C.792115730 GO 0.12845833C-Cl
£06& 177 0.125CCCOCC GO C.85CCC00D0 O} 0.602514770 01 C.79¢523580 CC C.127861C1D-C1
8ib 152 C.125CCCCCC 0C Q.S5CCCCCCD C1 C.642€C054D0 01 C.804502230 CC 0.12729354C-01
926 187 €C.125CCCCCD CC 0.55CCCCCyL C1 C.683C04540 01 0.811253388 CC 0.12675286C-01
6318 162 "~ C.125CCC0CO 00 0.10CCCOCD 02 0.72372544C 01 0.817578C20 CC 0.12623¢380~-C1
a4t 187 C.125CCCCOD 00 0.105CCCCH C2 0.764761630 C1! C.823€77380 CC 0.12574185C-01
£34 22 C.1280CCCCO CC O0.11CCCUCD C2 €C.8C611277D0 Cl1 €.83C15253C CC 0.12526733C~-01
Cés 287 C.128CCCUCE 00 0.115CCG0D Q2 0.847776790 C1 0.836404420 CGC 0.124811120-01
£l 212 U.12%6CCC00 00 0.12CCCCCD C2 0.889152€640 01 C.€42€3253D (CC 0.1¢4371740~C1
nYH 2y C.125CCCCCL QG C.125CCCCDL C2 €C.532(36€20 CI C.84E84185D CC 0.1239478¢C~-01
IR ¢2é C.128CCCCCOD CC C.13CCCCOD ©2 C.974¢36¢€80 C1 0.85502895C CO 0.12353822C0~C1
Eer) 221 €C.125CCCOCGE CO C€.135CCCUD Q2 C.101754240 02 C.86119561D CC 0.1231421C0~C1
Gih 232 C.125CC0CCL €O C.laCCCCCD C2 C.166C7559D €2 C.B&7343370 CC C.l122758240-01
526 231 €. 12500CCCC CC 0.145CCCCL C2 Cal11042764D 02 0.873471520 0C 0.12238562C~-01
G -6 Zag C.o125CLC0CC O0C 0O.15CCCO0B 02 C.1148016280 Q2 c.875%58214C CC C.122C24350-C1
vl 2l Ce.125CCCGCY CO 0.158CCCCO C2 C.119223430 G2 C.ELEET4530 CC C.121672%50-01
536 252 €.129CCCLCD CC  Q.léCCCCCD G2 C.123€€7CCD C2 C.891748590 CC 0.12133G99C-01
Gt 227 C.125CCCOCC 00 O0.165CCU00 G2 0.12814050C 02 0.897807780 CC 0.1206975¢0~C1
576 262 0,1250CC000 GO 0Q.17CCCCCD C2 0.132€¢45C5D0 C2 C.GC2¢€49%32D0 CC C.12C&72320-C1
H55 &7 Co125CCLCCD CO C.175CCCCD C2 C.13717537D C2 €.9C5875240 CC 0.12035662C-01
PN 272 €.1245¢Clceh CC C.1eCCCGCD 02 C.14174378C 02 C.915885310 CC 0.12C047420-01
Ll 217 G.129CCCCCG CC OL1ESCLCCE €2 C.146338200 02 C.921€801C0 CC C.116745310~C1
teld 282 Ge125C(CCC0 CC C.18CCCCCD C2 C.15C%&2850 C2 C.G27E55G€E0 CC Ce11544655L-01
1C24 éet C.125CCCCCH CC  0.195CCCCO €2 C.15%¢€16770 02 C.933825200 CC 0.11916097C0-01
icd 262 C.125CCCOCL 00 0.,2C0CCC00D 02 0.16030078C 02 0.9357761¢0 CC C.l1ER78CED-01
| Ry 2457 ¢.1250CCCCC €O 0O.2C5CCCCD C2 C.165C14510 C2 C.54%71311D CC C.1186CCS80~01
tCo6 0E C.125CCCCCD GG C.21CCCCCD C2 C.1£61757¢€SD C2 C.G65163635C CC 0.11832939C~01
144 ic? C.129CCC0OC0 00 Q.215CC000 C2 0.17453C85C C2 C.99754614C CC 0.118C¢2€70-01
1L78 3wz C.125GCGCED0 09 G.22CCCCCD C2 0.175223330 €2 C.563442740 CC C.1178C17€0-C1
1L 217 C.1258CCCCLD CC C.225CCCCL €2 C.1641€52¢60 C2 €C.66932639D CC 0.11754%30C-01
A 3iz C.1220CCCC0 CC C.230CCCCD c2 C.18GC2657C 062 €C.975191734C CC 0.11729343C-01
1ile e 0.125CCC0C0 CO0 C.235CCC00 02 0.193617216 €2 C.981(55¢€1D0 CC 0.117C48570-C1
it 134 C.129CCCCED €O Q.240CCCCD C2 C.19€€37110 C2 C.GE€S5C2C1D CC 0.11680275C-01
1125 237 . 125C0CCCH €C  C.245CC0CD 02 C.203786210 02 C.$62736150 CC 0.11656358C-01
1i3¢ 142 €.125CLCCCE GC 0.25CCCOCD 02 0.20876445C C2 C.S9€Ec5843D0 (C 0.11632832D-C1
1ido a7 G.125CCC006 €O 0.255CCCCH C2 €.213771727C C2 C.1CC4385C0 C1 C.11606¢810-C1
L1356 252 C.125CCCCC0 €S 0.26CCCCCC C2 C.218¢€C€12C C2 C.1C1C16820 C1 0.11586891C~-01
lide VR C.125CCCCCD GO 0.2&5CC000 €2 C.22387344C 02 0.101595600 Gl 0.11564445C-01

€9T



wee Y.

[
[EI S NN

NN e~
co o

"\
> o

Ll
B IO N N s b e

-

1286
12698
13C5
1316

ACCLWV.

362
367
372
317
382
387
3s2
397
4C2
4C7
“12
417
422
4217
432

STEPS

STEP SIZE

6.125CCCCG60 CO
C.125CCCCCD CC
Ce125CCCICE CC
G.125CCCC0C 00
G.125CCCCCC 00
C.125CCCCCC CO
C.125CCCCCE CO
C.125CCCCCD €O
C.125CCCCED CC
€.125C(CCCO CC
C.128CCCCCH CC
C.125CCCCCE CC
C.125CCLCCO CC
€C.125CCCCCD QO
C.125CCCCOL 0O

TCTAL MUMEBER CF FUNCTICN EVALUATIONS 1318

0.27CCCCCD
Ce275CLCCO
c.2eccccece
0.285CC000
0.26CCCCCO
C.265CCCCD
C.3CCCCCCD
€.3C65CCCCD
C.31CCTCCCD
C.315CCCCO
C.32CCCCCD
0.325CCCCD
C.33CCCCCD
0.335CCC00
0.340CCCOD

INCEP. VARIABLE

0.228G667660
C.234(SC75%D
€.23924263C
0.244423260
0.249€325SD
0.254E705¢€D
C.26C137120D
C.265432220
C.27C155E10D
C.2761C7840
€.2814882¢0
C.286897030
€.292234C90
0.297799400
0.303292910

CEr. VAR(1) DEP.

VAR(2) eeus

€C.102173270D
C.1C2745840D
€.103325330
C.102€%9750D
€C.1C447313D
C.1CSCA54¢€D
C.ICEELETNTD
€.1C€187C8D
C.1C0€756380
C.1C73247C0
C.107862C50
0.1C8458440
G.109C23880D
0.109588380
0.110151960

€.115422420-01
0.11520558C-01
0.11469C8¢C-C1
C.114776140-C1
C.11457C24D-01
C.114364340-C1
C.114161C6C-01

0.113G96C42C-C1l

0.11376232C~-01
0.1135666SC~C1
0.11337346C-01
0.113182550~01
0.11299388C~01
0.112807410-~01
0.112623C5D-01

¥OT



FIRIRAN

CCoi
cthe
CCC4
[
Slub
ClCe
cce?
CCG3
Cauy
C21¢
Call

(Clz

COL3
CCla

IV o LEVEL

1S CIFFUN CAYE = 74321

SUBRCUTINE DIFFUN(X,Y,DY)

T#PLICIT REAL4E [A-H.Q-2)

CIMERNSICN YU842)4CY(2)

DATA BPERID 7/ €.LCC/

CATA CCSPI / €.28318ECO/

COMMIN NOFAS

NCFNS NCEAS + 1

ARGLY CCSPI#X/BPERID

AF = LCCSCARGLM)

TC = 35C.CCC + 1G.COQ*AF

DY(13 = €.50CC = V{1,1) =~ 1.75754943014%
{ CEXP(-148828.LC3/Y({142))%Y{1,1)

BY(2) = 2.162CCO0%{TC -~ Y(1,2)) +

! 4.745383461C15%CEXP (= 14088.D00/Y{1,2))%Y{1s1)
RETURN

ENC

Hon

05/71C/44

PAGE 0001

S9T



CCCé
CCo7

gcue
£CCs

Iv G LEvCL

!

i

1S PEBERV CATE = 74321

SLERCUTINE PECERVI XyY PhyV)
IMPLICIT REAL®E (A~H,Q-2)
DIFENSTON Y(E,2),PW(2,2)

Philel) = = 1.CCC - 1.75754943C14*CEXP{ - 14088.C00/Y(1,2))

PWlls2) = ~ 1,75754G43D14%CEXP{~14088.0CC/Y{1,2))%Y(1,1)%
(14C88.CC0/(Y(1,2)%%2))

Pal241) = 4.74538346D1S5%CEXP{-14088.CC0/Y{1,2))

Pul(2,2) = - 2.1620(C + 4.745383461015%

LEXF{ = 14CBB.CCO/Y(142))3Y{1,1)%
(14CE8.0CC/{Y(Ly2)%%2))
RETURN
ENC

05710744

PAGE COC1l
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FROBLEX 3.4.4 THE PERICCIC CHEMICAL REACTION (SINUSOIDAL FCRCING FUNCTION

CLTPLT AT INTERVALS CF C€.25D CO

RUNBER CF ECUATICONS IS 2

In{TlaL STEP STZE IS Q.1CC-C3

MINLELY STEP SIZE IS C.1CC-C9

TOLERANCE IS C.1C0-C4

WaN{FUY CERIVATIVE TC ©BF USED IS 6

INTTIAL VALLE Cr THE INCEPENCENT VARTABLE IS 0.0
PAXIMUM STEP SIZE ALLCWED IS €.25CCCCD CC

SULPERICR LINMIT CF T+IS INTEGRATION IS 0.18CCCCD C2
EXACT INTERVALS wWiLL 3E PRCVICED

ACAMS PRCCICTCR CORRECTCR OR CPTICN 1 CF GEAR'S STIFF METHCC WILL BE SELECTEL

Tr€ INITIAL VALUES GF YHE CEPENCENT VARJABLES ARE
C.1623%C Cl 0.4265C C3

FCR EPS = C.10CCCCCO-Ce
ALANYS PRECICTCR CORRECTCR AVERAGE STEP SIZE IS C.26308(09D-C1

The CRuzR CF ThE INTECRATICN IS 5

FLR OEPS = C.1CCCCCC-C3
alE¥eS PREUICTCR CORRECTCR AVERAGE STEP SIZE 1S C.62794520-C1

YhE CRCIR CF THE INTECRAYICN IS- 3
STEP SI1ZE CALCULAYEL FCR EPS = - C.1CCCCOCD-03 IS = 0.3C0672980~01
R N AR I AT I L P P L e R A P L L

#¥ETRCL SCLECVEL IS ACAMYS PRECICTCR CORRECTOR®
P T L N e E I s R T ST Y

LOT



Le.

EV.

195
243

Z22d
2373
0l
FhY
2yl
267
217
2¢8

[P VIS W I TR VE
(]
o

N CNAT - LW N

YORRUo T NS B+ K o 0B KN S R S g

W LUt W
-
o

460
414
“wed
429
438
447
451
454
4¢&7
477
498
459

ACCUNM.

29

125
129
133
137
141
145
149
143
67

169

STEPS

STEP SIXt

«£T3CC5E5D-C3
0.19¢94432C-01
(.8872¢¢63CD~C1
€.12055¢€62C 0O
C.12C55¢6¢2D CG
C.6264184820~01
C.€241€422C-01
C.624184820-C1
0.8241E4320-01
C.£2418482D0-G1
0.62418482C-01
C.6241E482D-01
C.62418482C-01
C.€24184820-C1
C.62418482C-01
Q.E241E4826~-C1
C.€24184820~G1
0.62418482L-01
C.€£241€64820-C1
C.624184825-01
C.tz4184820~-C1
C.624184382C-01
C.E24184820-0C1
Ce624184920-01
0.£24184820-01
C.6241E4820-C1
0.624184820-01
C.624104820-C1
C.6241F482C~01
.624124820~-01
Co624184820-01
C.t241£64820-C1
C.€241E4820~C1
0.624184820-01
C.8241£422D-C1
Cue62418482L~01
Cut241E482D~-C1
Ce6241£4862C-01
Ce€24134820-C1
Ca624134820~-01
0.624186482C-01
C.424184820-01
0.624184820-01
CeG241E4820-C1
C.62418482C-C)
Coet241€4820~-G1
C.624184320~01
C.62418482C-C1
C.6241£84820-01
0.624184820-01
Cob82418482C-C1
0.62418432C-01
Ce€241£4820~C1

INDEP.

0.25CCCCAD
g.5cccccoe
C.75CCCCCD
0.1CCCCOGD
C.125CCCCD
¢.15CCC0o00
Ce.175CCCCD
c.2CCCCCCD
0.225CCCCD
0.250CCCCO
0.275CCCCO
c.3Cccccco
0.325C0Q00
C.35CCCCCOD
0.375CC00D
C.4CCCCCCD
0.425CCCCO
0.45CCCCCD
C.475CCCCD
0.5C0CC00D
0.525CCCCD
0.55CCC0I0
C.515C2CCD
c.oclccece
0.£25CCCCD
C.65CCCCCD
0.€£75CCCCO
C.7CCCCCCO
0.725€C00Q0
Q.75CCCCCD
0.7750C000
0.8CCCCCCD
G.825CCC0C
0.85CCCCCD
0.875CCCCD
0.9C0CC000
C.525CCCCD
0.95CCCCOD
0.675CCCCO
0.1CCCCCCD
0.1028CCCO
0.1C5CCGGD
0.1C75CCCO
C.l1CCCCCD
0.1125C000
C.115CCCCD
0.1175CCGD
0.12CCCCCD
0.1225CC00
0.125CCCCD
0.1275CCCD
0.130CC00D
0.1325CCCD

VARIABLE

C.258E19500
0.30755424C
Gi343111160
0.36977255C
C.392546580
0.41640146C
0.443E3524D
C.473562C3C
0.502°5€857C
G.5287C216D
0.551C0671C
Ce56G4€6245D
0.58441373C
C.56¢€3155ED
0.605€25R1C
0.61270851D
C.617£526950
0.6212402€0
C.€22548C20
0.622344988C0C
C.£21125110
G.61728074C
C.€11192¢€80D
C.6C2¢€1417C
0.591¢78140C
C.578458540
0.56381745C
Ca5454363CD
0.538C935CC
€C.533C23C¢eD
0.535%5543C
C.5454763C0
Ce5584C6G1D
0.57164113¢C
C.584E5CESLD
0.595421710
C.6C4534570
0.611515830
C.€61771213D
€.622C6983C
0.625C55850
C.62603456D
0.627257690
C.€2€25€CLD
0.62364454C
C.619175550
0.61259679C
0.E03¢€7584D
0.592241520
0.578€21310
Ca563E5CCS0
C.549209280
G.537E5611D

CEP. VAR(l) CEP. VAR(Z) eeve

Ca.423668¢€30
C.422262C40
C.421£€09430
C.42C€242¢D
C.41E€06510
0.414G1334C
C.4CG658C3CD
C.4034674080
C.3G67€C2440
Ce392€¢1144C0
C.38ET14ECD
€.385G624130
C.3841773¢€0
C.382393320
0.38348428C
C.384354720
0.38589836C

«287SGECS0
C.39Ct2918C
$.292265¢720
C.36€386210
C.39G47957D
C.4C25417¢€10
G.40549760C
C.4CE234C5D
0.410¢32170
C.4124G45¢D
C.41345257D
C.41314CC50
C.4106€9130D
€.4069887CC
C.4C162C74D
0.396747460
C.2921€€57D
C.3884976CD
C.2p5€62€220
€.384144C6D
€.383391240
C.383497140
0.384374400
C.3EE521C4D
€.388022150
C.39CE5422D
C.32633921CD
C.39€4141730
€.36G5115¢€0
€.402583730
C.4€E24C370
G.408286650

Ce41C€G5544D

€.412583640
C.413¢1212C
€»413294110

89T



CE. £v. ACCLM,

cil c21
h2¢2 225
£32 226
543 233
554 237
S 241
72 2.5
%290 249
587 253
593 57
601 261
ECS 265
€17 269
£25 K]
£33 2717
640 281
€4 2es
654 289
¢e2 263

sTCPs

STEP SIZE INCEP.

C.6241E8482C0-01
C.624184820-C1
C.6241£4820~01
0.624184820~-01
C.t241E4820-01
0.624184820-01
CebzalEqlzt-C1l
C.£2418E482C-01
C.62418482D~C1l
C.824184820~01
C.£2412482C-C1
Ce€241E4220-C1
0.£24184820-C1
C.6241£4820-C1
0.€2418482C-01
C.6241£8482D-01
C.€241€4820~-01
C.€241£4820-C1
C.624184820-01

YCTAL NUMEER CF FUNCTICN EVALUATIONS 664

0.135CCOCD
C.1375CCCD
C.14CCCTCR
0.1425CCCD
G.145CCCCO
0.1475CCCO
C.15CCCCCD
0.1525C000
C.155CCCCD
0.1575CCC0
C.1€6CCCCCD
C.1625C0C0
0.165CCCCC
Cal1€75CCCD
0.170CC000
C.1725CCCO
0.175CCC0O0
0.1775CCCD
0.18CCCCOD

VARTABLE

0.53223563C
C.535C1%¢CD
C.544552110
0.557E82¢4C0
C.571257470
0.583647970
C.5645762CD
0.60418265C
C.611£63627D
0.61745548C
0.6216CCECD
C.624663480
C.£2¢7317CC
C.€27177€CD
0.626194230
C.623566S50D
0.61914324D
C.561256951D
0.6C3€5590C

01
cl
01
C1
gl
ol
Cl
01
Cl
01
Cc1

CEP. VAR(1) CEP. VAR(2) sees

C.qll1148670
C.4C71€€520
0.4020706%D
C.36¢858450
0.392242270
C.28E54€150
C.38585622D
C.2841¢€32¢0
€.383402650
0.383504270
C.384378¢€7D
0.385923550
C.3€EC23580
€.39C555(CsC

«362292430
C.39£414176D
C.39%51139C
C.4C2E8€33ED
C.405539850

69T



FOR TicAr

[VIvR
Leo2
CCG3
CCGa
uuly
CCle
cce?
cucsn
CCuUs
tcle
CCll

Go12
Co13

CC1l4
CC1l5

v

r
(]

Livel

LS DIFFUN CATE

SLBRCUTINE DIFFUN{X,Y,DY)

IMPLICIT REAL¥E (A-H,Q-2)

DIMENSICN Y(8,2),DY(2)

DATA BPCRIND / e.0CC/

DATA DOSPL / €.28318EC0O/

CCHMON NCFNS

NCFAS = NCFNS + 1

TC = 380.9CC

ARCLIM = LOSPI*X/BPERID

AF = LGCCS(ARGLYM)

IF { AF LT. C.DCO) TC = 4£C.DCC

CY{1l) = 6.500C = Y{1,1) = 1.75754943D14%
CEXP(=14088.C00/Y(14+2))%Y(1,1)

DY(2) = 2.162CC0%{TO - Y(1,2)) +

74325

4.745383461C1S%DEXP(~ 14088.000/Y(1,2))%Y{1,1)

RETURN
END

01/25/55
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FERTRAN

CCul
LUt 2
CCos
CCC4
o005
CCae
CuouT

coous
<Cco

Iv G LEvEL 1% PEDERV CATE = 74325 01725755
SUPRCULTINE PEDERVIE XY yPheM)
IMBELICIT REAL4E (A-H,0-2)
CIVENSICN Y{B,2),PW(2,2)
Phlisl) = = 1.0C0C - 1.75754943C14%CEXP( ~ 14G88.C00/Y(1,2)}
Pa{le2) = = 1.75754943D14%0EXP(~14088.0C0/Y(1+2))%Y({1,1)%
I (1l4UBB.CO0/(Y(1,2)%%2))
Pul241) = 4,74538346015%CEXP(~14088.000/Y{(1,2))
Pwi(2,2) = - 2.162000 + 4,7453863461D15%
| CEXPUl = 14088.C00/Y(142))%Y{1l,1)%
I (14CE8.0CC/UY(Ly21%%2))
RZTURN
ENC

PAGE G001
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PRCELEY 3.4.8 THE PERICLCIC ChHEMICAL REACTION (BANG-BANG FORCING FUNCTYION)

CLTIPLT AT INTERVALS CF G.lCC CC

NUMUEER OF EQUATICNS IS 2

INTTLAL STEP S1Z& IS GC.1CD-C3

MINIMLY STEP SIZt IS 0.1CC-09

TOGLERANCE IS C.1GD-C3

PAXINUMY DERIVAYTivE TO BE LSED IS ¢

INIVIAL VALLE CF TRE INCEPENLENT VARIASLE IS 0.0
MAXIMUY STEP SI7E ALLUWED !S 0.1C00000 00
SUPSRICR LIMIT OF THIS INTEGRATION IS 0.1800CCD 02
EXACT INTERVALS wILL BE PROVICELD

THE LUStR 1iAS SELECTEL THE INTEGRATICN METHGC

TEE INITTAL VALUES GF THE DEPENDENT VARIABLES ARE
0.192950 01 0.4265C C3

R R A R R E R E R E R R 2R

HPETHOD FLAS SELECTED BY LSER IS 0%
R R R R T T R T T T T T

LT



11
19
27
43
50
6
&3
15

B4

26

4¢
50
54
5&
61
72
75
771
74
g1
&3
85
£7
8y
91
Y3

97
Sy
101
1C3
1€35
107
168
111
113
118
12¢
12%
13¢
135
ih2
211
354
412
Hha
HEa
473
474
485
491
46¢€
501

STEP SIZE

0.2257€€6C0-01
C.z2217¢L¢CCC-C1
0.22776C6CL-01
C.2277€E6CD-01
C.22776¢000L-CL
G.2217€€4C0-01
C.2217€€46C1-C1
0.22776660C-01
C.2277¢8¢€6C0L-C1
0.227766600-01
€.2277€E6CD-C1
G.22776660C0~-01
0G.2217¢€6C0~C1
0.2277666C0~01
C.(33120960-03
C.551CC45CD-01
0.1000CcCCD OO0
C.1CCCCCCCDL CC
C.1000GCOCH 0O
C.1l{uCCCCu c¢C
c.1CCCCCCOl GO
0.1CCCCCCCL €O
C.1CGCCCCOL 0O
C.icdccccar CG
C. 1CCuCeOen ue
V. lUGuCCuil U
C.1CCLCCCCL e
0.10C0CC00GL 00
C.1(CCCCCCDL CO
0.1G6C00C000 €O
0.1CcCccccen ¢o
C.1¢coccoae 00
Ceo1CCCCLCCD CO
. 1CCCCC0aD CO
C.lCcCCLCen 00
€.1CCCCCCCO CO
0.25006CCCCL~01
c.1cCcccceco ¢o
C.2500CC00C-01
€.25CCCCCCD-01
$.250CCCCOL-01L
0.3284C126L-02
C.d294524°0-G2
C.135€35717b-G2
C.11891646C~-02
0.31504844L-02
Ceb354£€650-02
C.13574406D-01
Ca23581CT7T70-01
C.l1E865C5460-02
0.559528470-02
C.25CCCCTCD~-01
0.2500C0C000-01

INDEP.

0.1CCCCCCL
0.2CCCCOCD
0.3CCCCCCL
0.4CCCCCOD
0.5C0CCQ0D
0.6CCCCCCD
0.7CCCCOCD
0.8CCCCCCD
0.9CcCCUOn
0.1CCCCCGD
C.11CCCCCD
0.12C0C000
0.13CCCCCTD
0.140CCC0OD
0.15CCCCCD
0.16CCCCOD
0.17CCCCCD
0.18CCCOQD
0.16CCCCOD
C.2CCCCCCD
0.2100C000
C.22CCCCCL
0.2300C000
0.24CCCCCD
0.25%0C0000
0.2¢GCLLED
0.27G6CCG00
0.28CCCCCD
0.29CCCCOD
0.3C0CC0O0D
0.31CCCCCL
0.320CC000
C.33CCCCCD
0.3400C000
0.35CCCCCH
0.36CCCO0D
G.37CCCCCL
0.380CC000
0.390CC00D
0.4CCCCCCD
0.410C0000
0.42CCCCED
C.43CCCCCY
C.44CCCCCO
0.450C0C000
0.46CCCCCD
C.47CCCCCD
0.4R8CCCCLOD
0.46CCCCCDH
0.5C0CCCCO
0.51CCCCCD
0.52CCCQCH
0.5300G00D

VARIABLE

DEP. VAR{1l) DEP.

0.227€841CD C1
0.259337060 C!
C.286z¢€1¢€1D C1
C.315665180 C1
G.344C2285C 01
0.370218€¢7D C1
0.394479420 01
0.41€£2218D C1
C.43731653D0 01
0.456C61280 01
C.47316626D 01
0.488758200 01
€.95€2545220 Gl
0.515843590 01
0.52755475D C1
C.537561119D 01
0.54€6€938CD C1
0.55452006D 01
0.560P8258D €1
C.%€6CT7516D Cl
0.57019003C 01
C.573315¢8D C1
0.575453219C 01
0576615170 C1
0.577531760 01
0.5714364940 01
CGeb76678310 01
0.575242360 C1
0.5732C43CD Gl
0.570726360 01
0.567556C20 C1
0.56377248C 01
C.556231310 C1
0.55415572C Ol
0.54812162D0 C1
0.541C3102D0 01
0.532¢C6520 C1
C.522263170 C1
0.509140780 01
C.4911165CD0 €1
0.46282824C 01
0.399130170 01
0.€12¢€1C40-C2
C.112C7754D~Cl
0.18699089C-01
0.35117136210-C1
C.LCT123C€5D~C1
0.96972327C-01
C.14527743D CC
C.206€59860 00
0.282108700 CC
C.372773%4D CO
0.480307720 00

VAR(2) eawe

C.420¢€10€80
0.41%02B330
C.4CG5SC42CD
€C.405338780
0.401360840D
C. 397650950
0.39506221D
C.392€3%617D
0390610910
€C.388628¢20
€.387536C8D
C.38638€¢1D
C.38543G9530
0.3846611710
C.384C236€SD
03874254970
€C.39C3122CD
C.3927631710
C.294874310
Ce39671737D
C.39835CC4D
C.399817110D
0.401154090
C.402389440
0.4035%46420
C.4CaCh4510
0.4051700500
0.40€¢€125420
C.407745430
C.40876255D
C.409795590
C.410861210
C.411G6793¢€0
C.413175470
C.414483650
C.415954470
Ca417¢53370
C.419710450
0.422246350
C.426C40206D
C.432C95880
C.44C83€170
C.54522647D
€.532652190D
0.522440470
C.51CC92420
C.4G66841170
0491247050
C.403G271¢€D
0.477578860
C.47165£€CD
C.466855450D
C.462094820

€LT



CL. €Y.

1297
1163
359

—

e Wb o b
R e LN 4

— bt bt bt st s

F UV O

—
[os
o
-

oS NN e

G

-
1)

-~
L%

1377
1381
L31ES
1389
1393
1597
t401
14C5
142%
14731
lald/
14473
laa?
1451
1455
1459
1463
1467
a7t
i97%
IR
Pads
Lanyd
1491
1495
1499
15034
anT
tur3
1519
1525
1237
L3947
LRB0
Lesy
1443
2132
2411
2425

ACCUVN.,

STEPS

STEP SIZE INDEP.

C.25CCCCCCD-C1
c.1cccccooc 6o
C.1CLCLCCCD CO
C.1CCCCCO00 GO
G.1CCCCCCOD €O
C.1CCCCCCCO CO
0.10L0CCO0D 00
C.10CLCCCCL O
0.16000C0OCLC 0O
C.1CCCCCCLD CC
G.1CCOCCOOL 00
Ce.1CCCCCCCD CO
C.1CCCCCOOD 0O
0.1C6CCCCCD GG
C.1CGCCCOCO CC
0.1000CC00D 0O
C.1CCCCCCCD 00
0.1C00GC0O0C QO
C.10CCLCCCD CO
G.1000QCC006C 00
G.lCCCCCCCL CQ
G.1CCOCCOOD OO0
C.1411C7440~-C2
C.1CCOCCOCL 0O
0.1CGCLCCEBD 00
C.1CLCCCTln 00
0. 10LCGLODGE U
C.1CCECLCCD CO
0.16600C0C0 00
C.1CCCLCCCD €O
6.1CCOCCCCL CO

"C.1CCCCLCCD GO

¢.1c3C8Ccce 00

V. 1CCCCC0CD €O

Ge.1C3LCCCCLE CC
0.16u0CCO0N GO
C.,1CCCCCCcco €O
0.100C¢CcC0oCC GO
C.1CCCCCCCD GO
ce.lClCCCcOCt 00
0.1CCGCLCCy 0C
C.1CCCCCOJL QO
C.10CCCLCCh GO
C.108CCCCct ¢o
0.100G0CCO00 00
C.250CCCLCCL-CL
0.250038CQ0L~01
C.2%.0CC0CH-01
Ca6u3L35828-C2
C.1C%48CC30-02
C.209154430~02
C.17681C870-CG2
C.4910638220-02

C.54CCCCCO
0.550CC000
C.5£CCCCCD
0.570CCG00
0.%8CCCCCO
0.59CCC0OD
0.0CCCCCCD
C.61GCCO0D
0.62CCCO0D
0.63CCCCCL
0.640CCUND
C.£5CCCCCO
0.6600C00D
0.£7CCCCCL
0.680CCLOD
0.£5CCCCCOL
0.7CCCCOQD
O0.71CCCCCD
0.72CCCO0D
0.730C00GH
C.74CCCCCD
0.7500C00D
C.76CCCCCD
C.77COCCCO
0.7820CCCCH
G.76CCECAN
G.gccClcecn
0.81CCCOCD
0.820CCLAN
0.83CcCCCCD
0.8400C000
0.85CCCCCD
0.8600C0LC0
0.87CCLCCD
0.38CCCLOD
G.86CCLCED
0.5C0CCCODL
0.916CCCCD
0.62CCCCCO
0.930C0000
C.S4CCCCCD
0.950CC000
0456CCCCCD
0.37GCCCOD
0.58CCCCCD

"0.649CCCOVL

c.lciccecn
C.1C1CCCTD
G.10z2CCi0p
C.103CC00D
C.1C4CCCCD
0.105CCCCO
0.1C6CCGCD

VARTABL

E

DEP. VAR(1) DEP.

G.(C7137C3D CC
0.756%2329C 00
€.932£814CD CC
0.113G624360 01
0.1378728CD C1
0.164652550 01
0.194€3357D CI
C.225611830 01
0.257C75240 01
C.2875€644D C1
0.31760186C 01
C.3455¢846D Cl
0.371660840 01
0.3958€1374D C1
0.418C4908C 01
0.438435710 C1
0.457CB627D 01
0.474102470 C1
C.489¢C€&37D C1
0.50371505C 01
C.51&6%4158D0 C1
0.52819326C C1
C.538€C1720 C1
0.547£85560 Cl1
0.55%212246 C1
C.561580480 01
0.266782420 C1
G.57C6C4514D C1
0.574C4760D 01
C.576279320 C!}
0.57767859C 01
C.57831151D C1
C.57R235240 01
0.57749733D C1
C.576135120 01
C.5741748C0 C1
C.5T1€3021D0 C1
C.56850079D C1
C.5645€¢8570 Cl1
0.560393290 01
C.5%52C444D Cl
0.54938802C 01
0.5424¢3120 C1
€.5342382%0 01
0.524222€C0 C1
C.511564280 01
C.494455350 Q1
C.4687365¢D Cl
0.414L074%60 01
C.551C64740-02
C.1G2767C1D-C1
C.174C1274D~C1
Ce33114453D-01

\,AR(Z’ LI ]

C.457505570D
C.452425¢1D
C.44681S9C440
C.44316566D
C.4317771722D
0.432055650
Ce4261511720
Ce42C291770
C.414731€¢7D
C.40463235D
C.4050G661710
C.401150450D
C.397771440
C.36461122D
0.392510240
€.39C¢5C7C2D
0.388843240
C.38B746621D
C.3B€E329630D
C.385293¢9D
C.384624120D
C.3836925¢80D
C.36€6G3€48D
0.389897470
C.392402¢€40
Ca394%%7030
C.39&435740
C.3G809745D
0.394588110
Ce4CC94419D
C.402194ESD
C.4C23€¢4C50
C.404471550
C.4GE53447D
0.406568030
C.A4C7286420D
C.4C860362D
C 408634220
Co410694430D
C.4118C348D
Ca1268557D
C.414273040
Cet41%711E70
0.41737182¢C
C.al168367260
C.42189632C
C.425283¢3D
Ca430925860D
Ce443168660
0.54737436C
Ce 534390340
C.523858760
C.511236180

PLT



Ci. EV.

2446
2ub0
PARTY
cury
2¢e2
2066

alCuM,

954
G644
571
717
982
su7
G492
557
1C02
CC4
1C09
1CC8
10w
1€12
1Cl4
1016
1C1lE
1624
1022
1C24
1C24
1C2%
1C03¢
1C32
1034
1C 3¢
tu3H
LC4C
iC42
104y
1651
1C53
1C355
1Cs7
1094
GG
13
1Co6Y
1¢e7
1C6 9
LCri
1C73
ic?l

il

107y .

1cdl
lu8l
1ces
[
1CHYy
1u91
1C% 3
1C9¢

STEPS

STEP SIZE INDEP.

C.86C8ICCTD-02
0.356957938-02
Ca1222¢42%0~C1
C.19893379€C-01
C.25CCCLCCD-CL
0.25C00CO0D0-01
C.25CcCCCCO-01
C.25C0CCGCO-C1
0.250CCC00D-01
C.1CCcCCCCh GO
0.10000C00€C 00
C.1CCCCCCCL CO
0.1CCuCCOCE 0O
C.1CCCCLCCD CO
C.1CCOCCGCD 00
0.1CCCCCCCD CO
C.iCCCCCOOD OO
C.1CCCCCCOD 00
C.1CCCCCCCC €O
G.1000CC00CD 00
C.1CclCCCcCD ¢o
C.1G00CC0QL OO0
C.1CLCCCCCD €O
c.1C€ccccoeoce oo
c.1cceeeocn ¢o
C.1CCCCCact 00
C.10Ccedce co
C.1gccccocu cc
0.1000CC00L OC
C.14C573330-02
0.10C0GC00C CO
C.1€cCcccceo co
0.1C00CCO0C QO
€.1CCCCeicn ¢o
C.1C0GCCCO0 00
C.ICCCCCCCE CO
Co1CCUCCUCD GO
C.1CCCCCOOD GO
C.1CCcCcccco ce
C.10000C000 0O
C.1Ccceiccy ¢c
C.1006GUCC0D QO
C.1CCCCCCCu CC
C.1CuCuLuOL 00
0. 1CCLLCLCCO CC
c.1Cccccoar o0
C.1CC0CCCCD CC
C.1CuCoCoCo CC
J.1€0CCCCan co
C.1CCCILCCL TC
0.10CGCC00TC CO
C.1C00CCCCCL CO
G.2500G6C0OCE-01

C.1C7CCCOL
0.1C8CCCCD
0.1C5CCCCD
0.110CGC00D
0.111CCCCD
0.1126C000D
C.113CCCGD
0.114CC00D
0.115CCCCD
0.116CCC0D
0.117CCCCD
0.118CC0O0D
0.1190G0C0
0.12CCCCCD
0.1210CG00
0.122CCCCD
0.1230C000
0.124CCCCO
0.125CCC00
0.1¢€6CCCCD
C.127CCCCD
0.128CCCOD
0.129CCCCL
0.13CCC00D
0.131CCCCD
0.132CC000
0.133CCCCD
C.134CC0CU
0.125CCCCH
0.136CCCCO
0.137CCCCOD
C.138CCCCO
0.139CC000
0.14CCCCOD
0.141CC00C
C.142CCCCL
0.143CCu0D
O.144CCCCD
0.145CC00C
C+14€CICCH
C.147CCGOD
o.l48CCCOL
C.146CCCCD
0.15COC00D
0.181CCCCL
C.152CC00C
0.153CCCCD
0.154CCCCO
0.1€5CCCCD
0.196C0000
0.157CCCCD
0.156GCGCD
0.159C000D

VARTAULLE

CEP. VAR({L) CEP.

0.5761781550-01
C.927850150~01
C.139E267CD CC
0.19965C68C CO
C.273€215%D CC
0.36288936C CO
0.468€28240 CO
0.593382420 00
0.74G6285C50 CC
0.913955390 00
0.1i170113C Gl
€.135320430 C1
0.162107350 01
C.19147635D0 C1
0.222458210 01
C.25363C420 C1
C.284514920 0Ol
0.314¢951¢D0 C1
C.34284536D 01
0.36913Cé30 C1
C.393478250 01
0.415603300 01
C.436474780 C1
0.45529131C 01
C.4724657¢D C1
0.488116030 01
0.5022%99460 C1
Ce51%530969L 01
0.527C745¢0 C1
0.53758586D 0Ol
0.546£62900 C1
C.5542713820 Cl
0.56081851C 01
C.5€€CE8SSTD C1
0.570280030 01
C.57347613C0 C1
0.57516084L C1
0.5772C846D C1
C.577€8570D 01
0.577E5C11C C1
C.577149620 01
0.575821890 Q1
C.573893460 Cl
0.97L278470 01
C.568276470 C1
0.56457043C 0Ol
0.560219840 C1
€.5%%154830 01
0.%49¢£15¢C C1
0.542361140 C1
0.5341622C0 C1
€.524176560 Cl
0.51155704C 01

VAR(2) eeee

0.500792770
G.49205C2CD
C.4B4E166G4D
0.478182120
C.472491C6D
0.467351880
C.462564¢€10
0.4571965280
C.45338848D
0.448676540
C.443€85720
C.438334220
C.432€41C20D
C.42674563D
0.42C€75370
C.415271C20
0.41G6119170
C. 405524 €40
0.401519880
C.39EC85¢€¢€D
C.39517625C
C.352732C1VL
C.35Ca91620
C.38£596260D
€C.387592710
0.386433930L
C.3854754CD
0.384694610
€.384C5C3s0D
0.386983950
€.38693¢€¢4D
C.392435C9D
€.394584C30
C.396458250D
C.398116230D
C.3G86(C3170
C.4C095720C0
C.402205¢20
0.403372800
C.40447856D
C.40553962C
C.4CE572CED
€.40758914D
C.408€05CSD
Ce4CS5634460
0.410693440
C.411EC11SD
0.412981840
Ce4142€67€€0
0.415704440
C.411361€5D
€C.416353360
€.421876230

SLT



LE. V.

2a08
2821
240
3120
3417
3567
3070
3112
37140
3751
37162
3773
3784
3795
3807
5816
3824
3630
3836
3r42
38438
3E52

ACCUM,

—p e e et

STEPS

STE? SIIE INDEP.

C.25CCCCCCD-C1
C.25CCCCG0C-01
0.422056060-02
0.26G1594620-03
C.161CCER20~C2
0.46804298C-02
0.65654CC5D-C2
«33717C6C0-02
C.97038962C-02
C.454572920~G2
€C.25CCCCG0OL~01
0.250CCCCCD-C1
€. 25CCCCCCO-01
0.2500CC0CD-01
C.25C0CCCCD-C1
0.250GCC0CC-0
C.1CCCCCCCL CO
0.1CCOCCO0D 00
C.1cCcCCCCl ca
C.1CCOCCOCD OO0
C.1CCCCCCOD 00
C.1CCCCCCCD CC

FTCTAL NUMBER CF FUNCTICN EVALUATICAS 3852

C.16CCCCCD
0.161CCGOD
O.1€2CCCCD
0.1626848D
C.163649620
0.1¢5CCCCD
0.1€66CCLCD
C.1&7CCCCH
0.1€68CCC0D
0.16%CCCCD
0.1700CU0D
0.171CCCCL
0.172CCCO0
0.173CCCCD
0.174CCCCD
0.175006000D
0.17¢CCCCO
0.17706CC0D
c.l178CCCcCO
0.179CCCOD
0.18CCCCCD
0.181CC00C

VARIABLE

DEP. VAR{1l) CEP.

C.4545G7720 C1
0.468513E5C 01
C.4152574¢0D C)
0.544C67160~-C2
C.1C21556€0-C1l
0.173¢€38610~C1
C.33CT6CESD-C1
C.5752626CD~C1
0.925€1974£~01
€C.135527570 CC
0.19948864C 00
0.273786210 CC
C.36236450D0 00
0.468C08440 CC
0.552€52430 CC
0.739524820 00
C.912%4231D0 CC
0.111582596 C1
0.1351841CD C1
C.161555C5C O1
0.191315460 C1
0.22228864D 01

VAR(Z) LR R J

€.425352320
C+43CE6TSTD
C.4426G445D
C.5417€92€80
C.534516340
6.52263C17D
C.51126G¢€1D
C.500845230
C.492C94¢E¢D
C.484¢€54E10
0.47821526D
C.47252€2CD
0.467378560
C.462585€C0
C.4575895GD
0.452413410
C.448703C30
C.4437135SC
C.4383641CD
C.432672470
Cad2€777€2D
0.420906550

oLt



FCuTwaN Iv G LEVEL 1% DIFFULN CATE = 74321 05/30/01 PAGE CQC1

¢éel SLYRCUTINLC DIFFUN(X.Y,DY)
cLoe? IMPLICIT REAL®#8 {A-H,Q-7)
£Ces3 CI#ENSICN Y(842),0Y(2)
CLC4 DATA O¥/3.CCC/
C EPSLEN 1S BCUAL TO 1.0D0CC/S8.DCC
CClH CATA EPSLCN /7 €C.0102040816320CC/
€CCe¢ CCVMCN NCFAS
¢caey NCFNS = NCFNS + 1
Cale SY(L) = =Y(Ll,1) = Y(1,1)%Y(142) + EPSLON®DK*Y(1,2)
CCes OY(2) =(Y(lsl) = Y(La1)%Y(1,2) - EPSLCN¥CK*Y(1,2))/EPSLON
cC1ld RETURN
Coll ENC

LLT



cORITRAN v G LEVEL 19 PEDERV CATE = 74321

CCCl SURRCUTINE PECERV{ XeY4PhyN)
LoG2 IMPLICIT REAL*S {A~h,Q-2)
€ic3 CINENSICN Y{Bs2)9PuWi2,2)
CCls ata Dr/3.GCC/

C £PSLON IS EQUAL TC 1.0C000/98.0CC
ey CATA EPSLON / C.C10204081632CCC/
CCC¢ Pallyl) = = 1.0CC ~ Y{l,y2)
ccer PW{ls2) = ~ Y{1,1) + EPSLCM¥DK
cCas Pal2,1) = ( 1.C00 = Y{1,2)}/EPSLON
CCas Phi2s2) = = {Y(1l,1) + EPSLCN*CK)/EPSLCN
GC1lC RETULRN
goll ENE

05/30/01

PAGE COQC1

8LT



FRCBLEM 3.5 ThE THERMAL CECCMPGSITICN OF QOZCKNE

CLIFLTY AT INTERVALS CF 0.10C 01

NLMBeR OF EQUATIONS IS 2

IniTIsaL STVEP SI1ZE (S C.1CD-C3

BINIPUP STEP SIZE IS 0.10C-09

TCLERANCE 1S C.1CD-C4

MLaingM DIRIVAYIVE 10 BE LSEO IS 6

INITIAL VALUE CF TrhE INCEPENCENTY VARIABLE IS C.C
MAXIMUY STEP SIZS ALLCWECD IS 0.1CGCGOC 01

SLPERIGR LIMIT OF THIS INTEGRATICAN IS 0.1CCCCOC 03
EALLT INTERVALS alLL BE PROVIDEC

ACAMS PRECICTCR CCRRECTCR CR CPTICN 1 CF GEAR'S STIFF METHOO WILL BE SELECTED

Ted INITIAL VALLES CF THC DEPENDENT VARIABLES ARE
C.13CCC G1 0.3

FCR EPS = C.iCCCCOCD~-Ce
ACAPTS PRECICTCR CORRECTCR AVERAGE STEP SIZE IS €.42035C9C-02

ki CRCER CF THE INTEGRATICN IS 4

£CR EPS = g.1Ccl0CQ0C-03
ACAV'S PRICICTCR CORRCCTCR AVERAGE STEP SIZE IS 0.9119119C-02

T CRCER CF THE INTECRATICN IS- 3

STIP SILE CALCULLATED FCR EPS = 0.16C0CC0D-03 IS = 0.10971820-01

R R L L I T 2 S AR R R E S R L
~oDVRLLD STLECTED IS GUARYS STIFF QPTICN 1%
R N R s ST R R 2 T

6LT



LE.

EV.

ACCu¥M. STEPS

1Cs
1ls
129
137
143
149

TRn
158

151

STEP SIZE

0.255€6¢72¢0~01
€.3630715040-01
C.120627520 Cc¢C
C.153C41230 CO
0.11947C650 0OC
C.11647C65D GC
0.11947065C 00
Ce11G647C€50 COC
C.11947C658 QO
0.119470650 00
C.11947C650 00
0.11947C650 00
C.11647C65D CO
0.11947065C QO
€.11647C65D CC
0.11947C65C €O
0.11947C¢ED CC
C.11947C6SD 00
G.11947C650 CC
C.11947G650 CO
G.11947C650 00
C.115847C6%0 CC
0.11947C64%0 0C
C.11%47C650 CC
C.l1947C6%0 GO
0.11941C65D CG
C.11947C65D 0O
C.11%47065C 00
C.11647C&45D CC
0.11947C65C 00
C.11647C650 CC
C.11947C65C 00
0.11947C650 CG
C.11947C65D CO
C.11947C450 CC
C.11641C¢50 CC
0.11547C650 €O
C.11647€C48513 CQ
0.119470650 00
C.11647C€5D 0C
C.11947065C GO
C.11947C650 CC
Ge11947C0650 QO
C.114947C650C 0O
€. 116470658 CC
0.1194706%0 00
C.11547C465D CC
0.11647065C GO
0.11947C65D0 CQ
C.11947C¢650 00
C.11647C650 CC
C.11647C658 CQ
0.119470450 00

C.1CCCCCCO
0.2C0CC0O0O0L
0.3CCCCCCD
€.4CCCCOCD
g.5CCCCCCO
C.6CCCCOCD
0.7CCCCCCO
c.8CCCCCCD
0.9CGCC00ON
0.1CCCCCCD
0.110G6C0CD
0.12CCccchD
G.130CCCCD
0.14CCCCCOD
C.150CCCCD
6.16G0C000D
g.17CCCCCD
0.180CC00D
0.15CCCCCD
0.2C€cCccoce
0.21CCCCCD
€.22CCC00D
0.23CCCCCO
0.24CCCCCD
G.25CCC0O00D
C.2eCCCCCD
0.270C0C00
0.28CCCLCD
C.25CCCCCD
G.3cocccceo
0.31CCCCCO
0.320C0000
0.33CCCCCD
0.340CC000D
0.38CCCCCO
g.36CCCCCO
0.37CCCCCO
G.38CCCCCD
0.36CClCCO
0.4CCCCCCD
0.410CC00D
C.42CCCCCD
0.,430CCCO0
0.44CCCCCO
C.45CCCCCO
0.46CCLCCO
C.47CCCCCO
C.480CCCOD
Ce.4SCCCCCY
0.5CC0CCOD
0.51CCCCCD
0.52CCCCCO
0.53CCCCCD

INCEP. VARIABLE

DEP. VAR(Ll) DEP.

C.1565C565D CC
0.387C1623C-01
0.162C424CD-C1
0.954€30530-02
0.665¢485C0-C2
c.508232560~02
0.410197640-02
Ce3432644¢€D-C2
0.295C8519L~-02
0.25€£7C7CD-C2
0.23CC2484C-02
0.20710856D-C2
€.188313690-02
0.17262475D-C2
C.156223¢£30-C2
0.147531650-02
C.138C44150-C2
0.12938916C-02
0.12175C45D~C2
C.11455946C-02
0.108¢8827SC-02
G.103413920-02
0.984€6004C-C3
C.4%36¢823C0~-C3
0.8984619890-073
C.8£CS584CCD-C3
0.826363864C-03
0.794411€63C~C3
C.764£31C30~-03
0.73736764C-C3
C.711€C328L-C3
0.68764711C~03
C.€65€34C30~C3
0.64471922C-03
0.£25C75450~C3
C.60655C54C=-C3

«58G1645¢0-C3
C.572710330-03
0.55714783C-03
Ca5424(6510~-C3
0.52842430C-03

«515143CCD~C3
C.50251164C-03
C.49C4€3¢680-C3
€.479C1658D0-03
C.468C73180-C3
C.457€171350-C3
0.44761761C-03
C.438C448CD-01
C.42887216C~03
0.420C7515D~C3
Ge4l11631180-03
0,40351645C~03

VAR(Z) LN N ]

C.85C2C257D CC
0.59664343C 0OC
Ce381€€0530 (C
0.260111420 CO
Cel92¢€2E4ED CC
C.15172434C CC
Ce12472977D0 (CC
Ce.1057118C0 CC
C.91€2E8C10~-C1
C.8CEZ25CE40~C]
0.72266019C-01
C.€532€5620-C1
0.59594917C~01
C.547785620-C1

.5CE76961C-C1
C.471427122C-C1
C.44CE6289D-G1
€.413644960-01
C.38673CSS50-C1
C.36841712C-01
€.345302560~-C1
C.332C864ECC~C1
C.31£441CSD-C1
€.30221559D-C1
0.2P6209120-C1
€C.2171211€10-C1
C.266271490-01
Ce25€¢11EE20-C1
C.24670425C-01
€.23795512D-C1
€.2256034CC-G1
C.22219CCSC-C1
Ce215C63€1D-C1
0.20837885C~-C1
Ce2C2CSECID-C
0.19617999C~01
Cal5C5S5€1D~C1
(.18532717C~C1
C.18C23787D~-C1
€C.17560958D-C1
Cal171122230~-C1
Cal€€8582C0-C1
0.16280056L-01
C.15€63565D~C1
0.15%24982C-01
C.15173C470~-C1
C.14636683C-C1
C.145148€20-C)
€.142C67170-01
€C.13911343C-01
Cel13¢279760-C1
0.133559100-01
C.13CS44720-C]

08T



LE. EVa. ACCULM,
¢8R 437
&9 443

Co 444
1C6 455
712 461
718 41
724 473
73C 476
736 485
742 491
7438 497
754 €03
760 509
766 515
172 521
178 527
184 £33
T30 $39
150 g4¢
€C2 551
808 €57
¢la £é3
820 5¢9
H2aG 579
512 G4
g 5817
Hhd UG5
€50 569
€S8 605
€62 Ell
858 8117
B4 E25
cig £29
£G2 L4l
593 c47
GC [
Si0 659
516 &65
G2 L7t
923 &7
PR ey
940 €89
S4t €45
852 701
SS8 iCc?
DT 713

TOTAL N

SYEPS

STep slie

C.i16417C650
0.11947C650
Col1i%4706%D
0.11947C650
Ca11647C6950
C.11947C65C
Ce11847C6H5D
C.11947C65C
C.119470650
C.11547Ce50
Cel11947C650
C.i1647C¢S0L
0.11947065¢C
Ce11647C65D
C.11947C65D
C.11547C65C
C.11647C650
C.11947C650
C.11647(650
G.11947C650
C.11647C650
C.11647C65L
Call9A7CEED
C.1i947C06S0
C.1l%47C880
C.11947C650
G.119410065C
C.11647C650
0.11947C65D
Ca11G647C65D
C.11947C05C
C.11647C650
Ceil1947C65C
0.11547C€50
C.11947C650
€.119470650
C.11647C650D
0.11947C65C
Ce11647C65D
C.11947065C
C.11647C8%0
C.11947C45¢C
C.11547C650
C.11947C650
C.11547C650D
C.11547C650
0.119470650

NUMCER CF FUNCTICN EVALUATIOAS

INDEP., VARIABLE
CC G6.54CCCCGD C2
C0 0.53CCCCCO C2
CC 0.56CCCCCD €2
00 0.5700CC0O0 €2
CG 0.58CCCCCD C2
CO0 0.59CCC00D C2
CC C.e&CCCCCCD C2
00 0.61000C00 C2
00 0.62GCCCCD C2
€0 C.&3CCCCCL Q2
0C 0.64CCCCCO C2

C C.65CCCCCD C2
00 0.660GCC0OD 02
CC 0.67°CCCCCD C2
00 0.680CC0OGE 02
GC GC.é6CCLCCD C2
cc cC.7C0CCCCCC C2
€O C.71CCCCCD C2
€L C€.72CCCCCO C2
CG 0.73CCCCCD C2
€0 0.74CCCGCE C2
00 0.750CC00C 02
CG C.7eCCCCChL C2
00 0.770CC0O0CD 02
CC  C.78CCCCCL C2
00 0.740CC0O0D 02
00 0.8CCCCCCO C2
CC 0.81CCCGCOD0 02
Co 0.8zCCCCCD C2
G0 0.830CCOCDO C2
0Cc 0.84CCCO0CD Q2
CC C.&5CCCCCD €2
CC 0.360CC0QC 02
CC 0.87CCCCCD C2
00 o0.83CCC0CD 02
00 0.8sCCCCCL C2
CC o©0.S8CCCCCCh 02
00 0.510CCCCD C2
€CC C.s2CCCacCy QC2
GO 0.93CCCCO0 C2

C C.64CCCCCL (2
€O 0.950CC00D0 02
CC C.S¢CLCCCCD €2
G0 0.870CC000 02
¢C C.S8CCCCCD C2
CC C.SSCCCCCD 02
00 QC.1CCCCCCD C3

565

CEP.

0.35572C740-03
0.3882173CC-C3
C.3ECSG268D~-C3
0.374C3164C-03
C.36722CC3D-~C3
0.36084471C-03
€.354£93360-C3
C.34855470C-C3
0.342717540-C3
C.337C73150~C3
Co.331€1112C~C3
C.32€223C2D~C3
0.3212C071C-C3
Ce31£236520-C3
0.31142325C-03
0.3067%412D-C3
C.30222276L~03
6.29782317C-C3
C.293545¢80~-03
0.28936¢560-C3
C.28535656D-C3
0.28143391C-03
C.2917€143CD~C3
0.273896880~-03
C.27CcT17568D~C3
C.2661752590~03
0.26331E2€60-C3
0.259671150-03
0.25€707S7C-C3
Ce253£25€2D0-C3
0.25042112€6-GC3
Ce2472G61€€0-C3
0244434540-03
Ce241547220~-C3
0.23872725C-03
C.23567225D-C3
$.23328C140~03
0.23C¢48¢70-C3
€.228C7585D-03
0.22555974C~03
Ce223(9845D-C3
0.22069032C~C3
C.21823355D0-C3
0.216C2653C~03
0.213767720~-C3
0.211£5561C-C3
0.2093€8780~C3

VAR(L1) CEPa VARI(2) aeee

0.12843056C-01
€.126016570-C1
C.12368C72C-C1L
0.12143455C~C1
€.115269160-01
C.11717915C-C1
C.115161C30-C1
0.11321114C~01
Ca111326CSD~C1
0.10950265C-01
C.107737550-C1
€.1€6C2917C-C1
0.104373€66C-C1
€.102768570-01
€.101212820-01
€.557C3C24D-C2
C.982375&1C-02
C.SEEL1445€D-C2
€.954320250-02
C.94CEB4ZSD-C2
€.527£21€CD-02
C.S15115C2C-C2
€.5C2752CCD-02
C.89CTIB140-C2
C.ETSCCCE€0-C2
0.86758651C-02
C.85€465570-C2
0.84562540C-02
C.835C55450~Cz
C.82474715C-C2
C.81468953C~C2
C.8C4€73580~C2
C.79529152C~C2
C.7€6S35CED-C2
0.776795650~C2
C.767666110-C2
0.759139360~02
C.75CECEE20-C2
€.74226713C-02
C.7341C8ESD-C2
C.72¢1275CD-C2
C.7182184CC~C2
C.71C67456D~02
0.703192300-02
C.€95£65450-C2
C.688689570-02
C.E81E60C50-C2

18T



PRCELEMY 3.5 TrE THERMAL DECCMPOSITICN OF GICNE

T AT INTERVALS CF 0.10C 01

R GF ECUA{IONS IS 2

AL STE? THZE 1S 0.1CD-C3

LV STZP SIZE IS 0.10C-C9

RANCE IS C.1C0-C4

i#UY CERIVATIVE TO RE LSED IS €

TIAL VALUE CrF THE IACEPENCENT VARIABLE IS 0.0
AXINMLY STeP SIZz ALLCwEC IS 0.1CCCCCC 01
ERICR LIVIT CF THIS INTEGRATIGN 1S c.1CCCCCC €3
CT INTERVALS wILL BE PROVICECD

M

om0 0"

s T

-

> MIAN T e T ed e O

~.
x

TrE [alTIAL VALUES CF THE DEPENDENT VARIABLES ARE
G.1C00L C1 G.0

FUR EPS = C.1lCCCCCC~-Ce
ACAMYS PRECICTCR CURRCECYCR AVERAGE STEP SIZE IS C.42035C90-02

Tne CRCER CF TFE INTEGRATICN IS 4

FCR EPT =
/

ARG BRULIC

-

[0
CUR

> 1 coL-0
CRr RECTCR AVERAGE SYTEP SIZE IS €.9119119C-02

ThE CRCER (F THE INTEGRATICN IS~ 3

STE? SIZE CALCULATED FCR EPS = C.10CCCCOC-03 IS = 0.10697182D0-01

AR AR AL E Ry e A T R R A e R R R LS S L L
SVETPOC SELECTEC IS GEAR?S SYIFF CPTICN 2%
S R A R R R L R R R R R L L)

8T



cte EVe ACCUV. STEPS STEP SIZE INOEP. VARIABLE DEP. VAR{1l) DEP. VAR(2) ..

2538 iCé6 C.2556€672¢0-C1 C.1CCCCCCD C1 0.1595C5€690 CC C.E5C20257D CC
231 118 .363C75C40-Cl C.2CCCCCOD G} C.387C19230-01 0.59694343L CC
357 129 0.1206275286 00 0.3CCCCCCD C 0.162C424C0-C1 C.381€40530 CC
z82 137 C.153C4122D 0G C.4CCCCOCD CU G.954¢3C53D~C2 C.26C111420 CC
368 las C.11947C650C 00 0.5CCCCCO0 01 0.66564850C-02 C.l1G2€628480 CC
414 149 C.11947C€650 0C C.€CCCCCCD C1 C.50823259D-C2 C.151724340 CC
426 15¢ C.11947C65C 00 0.70CCCOCD 01 0.41019794C-02 C.12472977L CC
Y37 161 C.11947C€650 CO0  Q.8CCCCClh CL C.343%254480~C2 C.10€711¢C0D CC
4466 167 C.11947C65D 00 0.9CCCCHGL Gl C.295(08516C-02 0.91€388C1C~01
4549 172 0.11947C650 0C Q.1CCCCCCD C2 C.2587C7CD-C2 C.80€25C€4D-C1
46C 17% C.11$47C¢50 00 0O.11C0CCOCD €2 €.23002484D-02 0.72266015C-01
466 1E5 C.11947C65C 00 0.12CCCCCD C2 0.20710855C-C2 0.£653¢85920~C1
47 18l C.11647C65D GC G.13CCCGCD C2 C,188313¢€6D-C2 €.56564917C-C1
480 197 0.11947C65C CO O.l4C0CCCOD 02 0.172¢2475C-G2 0.5477€5620-C1
565 2C5 £.11647C&5D CG  C.15CCCCCD C2 C.156233¢€3D-C2 C.5C€676961D0-C1
4G4 zZCs C.11547C650 00 0.16C0C000 02 0.1476316%5C-02 G.4T142722C0~01
5C2 215 C.119470650 CO 0.17CCCCCD C2 C.138C441350~02 Ce44C€62ESD-C1
€10 ¢21 C.11547C65D €CC 0.18GCCC0D G2 C.129289160D-C2 0.413644560-01
°15 227 C.11947C650 00 O.18CCECCD C2 C.121750450~C2 C.38573Cs5D~C1
S22 232 C.11947C&S0 66 C.2CCCCCOD 02 C.1146594¢0-02 C.36841712C-C1
5234 239 G.11947C65C CO0 0.21CCCCOD 02 C.10888289L-02 C.345202566-C1
542 245 C.11547CE50 CG C.22CCCCCH €2 C.1C341352D~-C2 C.332C648GC0-C1
£32 <l C.119473¢65C 00 0.2308C00D €2 0.984640G64C-03 C.21£441CS8C~C1
5%% 257 C.11947C&50 CG  C.24CCCCCD €2 C.936¢E23C0-C3 €.3C2215560-C1
SE4 Z€3 C. 119470650 00 0.2500C000 @2 C.89A8(1985C-03 €.28920912C~01
5T4 2649 C.11947C650 06 0.26CCCCCD C2 0.860584CCND-C3 C.271271¢€7D0~-C1
SE2 279 C.11v47C6% CC6  C.27CCCCCDR G2 C.826263840-03 0.2662717490~-01
%60 281 0.11947C650 00 0.28CCCCCD C2 0.794411€3C~C3 €.25¢118€20-C1
SGR AL C.11647(065D CC C.25CCCCCD 02 C.764€31C3D-C3 €C.24670425C-C1
ECO 243 C.11947C658 00 0.3C0CCCOL 02 0.737267940L-C3 €C.227$85120-C1
¢l4 249 Ga11947C65D CO 0.31CCCCCD C2 C.7118€C32rD=~-C3 C.2268C34C0~C1
£22 3C5 C.11947C650 00 0.32CCCOCC 02 0.687694711€-03 €.222190C9C~0Q1
630 311 C.113947C65C CC  G.23CCCCCL C2 D.EEEE34C30=C3 C.215CE63€10~C1
€33 aly C.11647C¢&50 CO C.34CCCCCLC 02 Ce64411622C-03 C.20837885C~C1
Lh 6 323 0.11947065C 00 0.356CCCCO (2 0.€25C7545C~-C3 €C.2CeC5€CID~C1
a5 324 C.116470L50 CC C.36CCCCCHD 02 C.6G659C540-03 C.16¢17665C~C1
(¥ EEY) C.11947CL50 GG 0.37CCLCCO C2 0.58916494C-C3 €C.16(856¢610~-C1
Wi 241 C.119479C650 CC Q.3ECCCCCH C2 C.57271C230~C3 C.185327170-C1
£78 247 C.11947C65C €0 0.39CCC000 02 0.55714783C-03 €.18C23787C~-C1
656 353 0.11647C650 CC C.4CCCCCCD C2 Ce5424C661D~C3 C.175€065€0~C1
L9549 359 €.11547C4650 C0 0.410CCG0OD 02 C.52842430C-03 0.171122323C~-01
702 365 C.11947C650 00 0Q.42CCCCCD C2 C.515143CCD-C3 C.1é€8582CN-C1
710 7. C.11947C650 €O C.43CCCCO0 C2 C.502511640~-03 0.16280056C-01
1.8 377 G.1194700650 0C C.44CCCCCO C2 0.490483686C~C3 €.158635¢50-C1
1546 ez €C.11$47C€50 CC  C.45CCLCCD C2 C.479C16980-03 C.15524982C~C1
24 aby Go11947065C 00 0.46CCCCCO €2 0.468C7313C-03 C.15173C470~-C1}
142 265 Ceil94a7CéSD CGC Ca47CCCCCO C2 C-457€¢17350-G3 C.148366€30~-C1
750 4C1 C.11847C65C 00 0.480CCC0O0 02 0.44761761C~C3 C.145148£20-C1
754 “u7 C.11647C¢52 €O 0.4S5CCCCCD C2 C.438C448CD-C3 C.142C¢7170-C1
R4 413 C.119479C0650 GO 0.500C0C0OC 02 C.428E€7216C~C3 0.139113430-01
774 419 C.11947C650 00 C.51CCCCCD €2 0.42CC7515D0~-C3 C.13£2791760~C1
P32 458 C. 116470650 CC G.52CCCC0C C2 C.411631180~03 C.13355910C0-C1

150 431 0,11947C650 GO 0.53CCCCC0 C2 C.403%515450-03 C.13CS44720-C1

€8T
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STEP SI1ZE INDEP.

C.11647C¢50 CC
0.11947C65C Q0
C.116417C€5D GG
C.11547C65C CO
C.11947C65C CC
C.11%47C6%C CO
.11647C650 CC
C.11647C650 CC
Cell947C65C 00
C.11547(65D CC
0.11947865C CG
C.11547C6S0 CQ
C.11647C65%C 00
0.11947C680 CO
C.11947C65C 00
0.11947C65C CQ
C.11%47C65D CC
0.11947065C CO
C.11947C65D CC
C.11847C65C GO
G.11647CESND CC
C.1194706%D 0O
C.11947C65C CC
C.11647C65D CG
N0.11947C650 00
115470650 CC
0.11947C6506 QO
2119470650 CO
.11947C65%C €O
+ 115476650 GO
.11947C65C C
+11647C65C CC
»11G47C6UC CO
C.11947C65C 00
C.i1%47C&R0 CQ
C.119470650L 0Q
C.11547C650 CC
0.11947C65C OC
C.119470¢50 CC
C.11947C65C GO
C.119471C6505 0C
C.11947C050 00
C.1l947C04C CC
C.11%47C6¢0 CC
C.11947065C 0C
C.11%47C6%D CO
0.11947065C Q0

PO OO0O0

FCT 2L NUMRER CF FUNCTICN EVALUATICNS 1167

C.54CCCCAD
0.58CCCCCD
0.5¢ccCcCO
0.570CC0OCE
g.58CCCCCO
0.59CCCCCH
0.6CCCCCCD
0.61CCCC00C
0.62CCCCCD
0.63CCCCCD
0.64CCCCCO
C.65CCCCCD
0.6600C00D
0.67CCCCCD
0.680CCCCO
0.6GCCCCCD
C.7CCCCOCD
0.71CCCCCD
C.72CCCCCO
G.73CCCGOD
C.74CCLCCD
0.750G6200¢C
C.7¢CCCCCD
C.77CCCCGH
c.78CCCCCD
0.76CCCCCOD
Cc.BCLCCCCD
0.81CCCOCD
0.82C0CCCOD
0.82CCCCCO
0.84CC0GOC
C.E5CCCCCD
0.86CCCOCD
0.87CCCCCD
C.B8CCCCCD
0.86CCCCCN
C.Gccccccn
0.51CCCCOD
€.520CCCCD
0.930CC00D
0.64CCCCCO
0.95CCCO0C
0.5¢CCCCCH
C.S1CCCCCC
0.58CCCCCD
€.65CCCCCD
0.1CCCCCOD

VARIABLE

CEP.

€.39572074D~03
0.388217300-03
C.3EC562680-C3
0.374C3164C-03
C.3£722CC3D-C3
0.36084471C-03
0.354553350-C3
C.34855470C-03
0.34271754C~C3
€.337C731$0-03
0.33151112C-03
C.326323C2D0~C3
0.32120071C-03
€.316236520-C3
C.31142325C~-03
0.30€754120-C3
€.30222276D-03
0.29762317C-C3
C.29354G680~C3
0.28939696C-C3
C.285256560-C3
0.28143351C~03
0.2776143CD-C3
C.273£96880-