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Abstract

The focus of this study was connections among 3 aspects of mathematical cognition at 2" grade:
calculations, word problems, and pre-algebraic knowledge. We extended the literature, which is
dominated by correlational work, by examining whether intervention conducted on calculations or
word problems contributes to improved performance in the other domain and whether intervention
in either or both domains contributes to pre-algebraic knowledge. Participants were 1102 children
in 127 2"-grade classrooms in 25 schools. Teachers were randomly assigned to 3 conditions:
calculation intervention, word-problem intervention, and business-as-usual control. Intervention,
which lasted 17 weeks, was designed to provide research-based linkages between arithmetic
calculations or arithmetic word problems (depending on condition) to pre-algebraic knowledge.
Multilevel modeling suggested calculation intervention improved calculation but not word-
problem outcomes; word-problem intervention enhanced word-problem but not calculation
outcomes; and word-problem intervention provided a stronger route than calculation intervention
to pre-algebraic knowledge.

Mathematics, which involves the study of quantities as expressed in numbers or symbols,
comprises a variety of related branches. At the primary grades, the major curricular focus is
whole numbers, which is conceptualized in three domains: understanding number,
calculations, and word problems. In the intermediate grades and middle school, the next
major curricular topics are rational numbers and algebraic thinking, each of which includes
its own domains. In high school, curriculum offerings include algebra, geometry,
trigonometry, and calculus. Little is understood, however, about how such aspects of
mathematical cognition relate to each other: which aspects of performance are shared or

Inquiries should be sent to: Lynn S. Fuchs, 228 Peabody, VVanderbilt University, Nashville, TN 37220; lynn.fuchs@vanderbilt.edu.

Lour use of terms is as follows. Mathematical equations are those with one variable (whereas algebraic equations have two or more
variables). Sandard equations are those with operations on the left side followed by the equal sign and either a single value (the total
sum) or an unknown quantity (x or blank) at the end of the problem. Thus, 3 + __ =7 is not a nonstandard equation because the
operation is on the left and the sum is on the right. However, 7 =3 + __is nonstandard, asis __ =3+ 4.

The content is solely the responsibility of the authors and does not necessarily represent the official views of the Eunice Kennedy
Shriver National Institute of Child Health & Human Development or the National Institutes of Health.



1duosnue Joyiny vd-HIN 1duosnue Joyiny vd-HIN

1duosnuely Joyny vd-HIN

Fuchs et al.

Page 2

distinct; how difficulty in one domain corresponds to difficulty in another; or whether
instruction in one or another domain produces better learning in a third domain. Such
understanding would provide theoretical insight into the nature of mathematics competence
and practical guidance about how to organize curriculum and design instruction. The focus
of the present study was connections among three aspects of mathematics performance in
second-grade children: arithmetic calculations, arithmetic word problems, and pre-algebraic
knowledge.

Focus on Arithmetic Calculations, Arithmetic Word Problems, and Pre-

Algebraic Knowledge

Few studies have examined how students develop competence with algebra. Yet, consensus
exists that algebra is required for successful participation in the workforce and represents a
gateway to higher forms of learning in mathematics, science, technology, and engineering
(National Mathematics Advisory Panel [NMAP], 2008; RAND Mathematics Study Panel,
2003). For these reasons, passing an algebra course is frequently required for high-school
graduation, but 35% of students fail to complete such a course and 93% of 17-year-olds
cannot solve multistep algebra problems (U.S. Department of Education, 2008). In light of
such difficulty, interest in algebraic cognition among elementary grade children has
increased in the past decade, with the 2003 RAND report calling for systematic inquiry on
this topic — hence our focus on pre-algebraic knowledge.

At the same time, calculations and word problems are, in and of themselves, critical aspects
of mathematics competence in the primary grades and through adulthood. Whereas a
calculation problem is set up for solution, a word problem requires students to process text
to build a problem model and construct a number sentence for calculating the unknown. This
transparent difference would seem to alter the nature of the task, and correlational studies
suggest the cognitive abilities underlying word problems and calculations differ (e.g., Fuchs,
Fuchs, Stuebing, et al., 2008; Fuchs, Geary, et al., 2010a, b; Swanson, 2006).

Although such correlational work raises the possibility that calculations and word problems
represent distinct domains of mathematical cognition, stronger evidence would come from
studies examining whether intervention in one domain affects the other. A handful of
experimental studies suggest limited transfer from calculation intervention to word-problem
outcomes (e.g., Fuchs et al., 2009; Fuchs, Powell, et al., 2011). But we identified no studies
assessing transfer from word-problem intervention to calculation outcomes, none
investigating both forms of transfer in the same study design, and none exploring transfer
from calculations or word-problem intervention to pre-algebraic knowledge. In the present
study, we extended the literature by examining whether intervention conducted on
calculations or word problems transfers to the other domain and whether intervention in
either or both domains contributes to pre-algebraic knowledge.

J Educ Psychol. Author manuscript; available in PMC 2014 December 23.
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The Role of Arithmetic Calculations and Word Problems in Algebraic

Thinking

Algebra involves symbolizing and operating on numerical relationships and mathematical
structures. Algebraic expressions can be treated procedurally, by substituting numerical
values to yield numerical results (Kieran, 1990). This suggests that understanding of
arithmetic principles involves generalizations that are algebraic in nature, such that algebra
warrants a prominent role in early instruction (Blanton & Kaput, 2005; Carraher &
Schliemann, 2002; Falkner, Levi, & Carpenter, 1999; NMAP, 2008). Others (e.g., Balacheff,
2001; Linchevski, 2001) suggest an interference effect that makes algebra developmentally
inappropriate for young children: Sfard (1991) referred to a deep ontological gap (p. 4);
Linchevski and Herscovics (1996) used the term cognitive gap (p. 39). Many researchers,
however, espouse a third view, closely connected to the first, which supports a connection,
but only if arithmetic instruction (on calculations or word problems) is designed to facilitate
the transition (Herscovics & Kieran, 1980; Jacobs, Franke, Carpenter, Levi, & Battey,
2007).

Underpinning the third perspective is Pillay, Wilss, and Boulton-Lewis’s (1998) model of
learning, which incorporated the work of Kieran (1990) to reinterpret the cognitive cut or
gap in terms of a developmental progression. In this model, the first stage of learning is
arithmetic competence: the capacity to operate numerically and the understanding of
operational laws and relational meaning of the equal sign (i.e., both sides of the equal sign
are the same value) in standard equations. This provides the foundation for a pre-algebraic
stage, which builds on arithmetic competence by expanding the relational meaning of the
equal sign to include nonstandard equations (i.e., equations with the equal sign in an
unfamiliar, or nonstandard, position), the concept of unknowns in equations, and the concept
of a variable. This stage supports the development of formal algebraic competence. Pillay et
al.’s model is consistent with a connection between algebra and arithmetic, as expressed in
the first perspective discussed above. But it is more central to the third perspective by
specifying an intermediary stage that clarifies the nature of that connection, even as the
model captures focal points for measuring the progression from arithmetic to algebra and
designing early instruction to support the transition.

Unfortunately, research illustrates how conventional instruction causes most students to
misconstrue the equal sign as an operational symbol (Baroody & Ginsburg, 1983; McNeil &
Alibali, 2005; Powell, 2012). Take the problem 7 + 5= __ + 3. Common errors reflect
misunderstanding about the equal sign: 12, in which students ignore the operation to the
right side of the equal sign, and 15, in which they add all known values (Falkner, Levi, &
Carpenter, 1999). Such confusion persists into high school (NMAP, 2008) and is associated
with difficulty in using algebraic notation to represent word problems (Powell & Fuchs,
2010) and solve linear equations (Alibali, Knuth, Hattikudar, McNeil, & Stephens, 2007;
Knuth, Stephens, McNeil, & Alibali, 2006). In the present study, we relied on Pillay et al.’s
model to design both forms of intervention (calculations and word problems) in ways that
potentially support the transition from arithmetic to algebra. (We provide the theoretical and
empirical basis for the intervention design in the method section.)

J Educ Psychol. Author manuscript; available in PMC 2014 December 23.
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Fluency with calculations may reflect a strong foundation in arithmetic operational laws and
generalizations, which may support pre-algebraic thinking. For example, Jacobs et al. (2007)
showed positive effects of a year-long professional development project, in which algebraic
reasoning as generalized arithmetic was used as a platform for work with elementary
teachers. Students in participating classes showed stronger understanding of the equal sign
and used more strategies involving relational thinking during interviews than students in
nonparticipating classes. Fluency with calculations may also support pre-algebra by
reducing demands on working memory to free up attention for the challenges associated
with handling nonstandard equations and variables (Geary et al., 2008).

On the other hand, word problems not only require calculations, but also involve two forms
of symbolic representations (numerals and language) and reflect understanding of
relationships between known and unknown quantities. In fact, a key source of error in word
problems involves transforming problem narratives into algebraic equations (Geary et al.,
2008). For example, competent problem solvers translate “Fred had 3 more than Harry” to F
= 3 + H, by recognizing the smaller quantity must increase to equal the larger quantity. A
common error, however, is F + 3 = H. Word problems may, therefore, involve greater
symbolic complexity than calculations and may rely more on the type of mental flexibility,
manipulation of symbolic associations, and maintenance of multiple representations
(numerical and linguistic) that support pre-algebraic thinking (e.g., Kieran, 1992; Sfard &
Linchevski, 1994).

Only a handful of relevant studies, have investigated the connection between arithmetic
(calculations or word problems) and algebra. Beyond work by the Carpenter group (e.g.,
Carpenter & Levi, 2000; Jacobs et al., 2007), Lee, Ng, Bull, Pe, and Ho (2011) and Tolar,
Lederberg, and Fletcher (2009) found that arithmetic calculations serve as a platform for
algebra. But Lee et al. used word problems as the outcome (to serve as a proxy for pre-
algebraic knowledge); Tolar et al. focused on college students; and neither study included
word problems as a predictor of algebra knowledge. Fuchs et al. (2012) simultaneously
considered calculations and word problems as predictors and found they both uniquely
predicted third graders’ understanding of the equal sign and variables. This provides support
for Pillay et al.”s (1998) third perspective. Yet, to derive causal inferences, research is
needed to examine whether intervention in calculations versus word problems improves
children’s pre-algebraic knowledge.

Study Overview and Hypotheses

In the present study, we defined arithmetic calculations as skill with number combinations
(adding/subtracting single-digit operands) and procedural computation (adding/subtracting
whole numbers requiring algorithms). We defined arithmetic word problems as
linguistically presented problem statements, some of which present irrelevant information
and/or charts and figures, for which solutions require adding or subtracting 1- or 2-digit
numerals. We defined pre-algebraic knowledge as understanding of the equal sign (i.e.,
solving nonstandard equations with one unknown) and the concept of a variable (i.e.,
completing function tables). In the text that follows, we use the terms calculations to denote
arithmetic calculations and word problemsto denote arithmetic word problems.
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We assigned second-grade teachers to calculation intervention or word-problem intervention
or control group instruction (to control for maturation and the typical school program). Both
intervention conditions involved two-tiered responsiveness-to-intervention (RTI), in which
(a) whole-class intervention replaced a portion of the classroom teacher’s mathematics block
for all students in the class, and (b) adult tutors provided supplementary intervention in
small groups to children at risk for poor outcomes (i.e., children with the lowest pretest
mathematics scores). This small-group tutoring supplemented whole-class intervention. We
contrasted the efficacy of calculation and word-problem intervention against each other (and
against the business-as-usual control group) on calculation, word-problem, and pre-algebraic
knowledge outcomes. Calculation intervention provided no instruction on word problems.
Word-problem intervention provided no instruction on calculations: Children were directed
to use whatever methods their classroom teachers had taught them to calculate answers.

Our major purpose was to examine connections among calculations, word problems, and
pre-algebraic knowledge. Our major contrast, therefore, was between the two active RTI
conditions: one focused on calculations and the other on word problems, both of which
controlled for instructional time on the relevant domain. At the same time, including a
business-as-usual control group controlled for maturation and history effects and permitted
conclusions about whether students in one or more of the RTI conditions made more
progress than would have occurred without RTI. Our hypothesis was that effects are specific
to the focus of intervention. We expected calculation intervention to result in superior
calculation outcomes, compared to word-problem intervention and to control. We expected
word-problem intervention to produce superior word-problem outcomes, compared to
calculation intervention and to control.

Our second hypothesis was that both forms of arithmetic intervention (calculation
intervention and word-problem intervention) improve pre-algebraic thinking, such that both
conditions would outperform the control group. But we expected word-problem intervention
to produce stronger pre-algebraic knowledge than calculation intervention, based on the
assumption that arithmetic word problems involve greater symbolic complexity than
arithmetic calculations and rely more on the type of mental flexibility, manipulation of
symbolic associations, and maintenance of multiple representations that support pre-
algebraic thinking. (See “Frameworks” in method section for linkages between calculation
intervention and pre-algebraic thinking and between word-problem intervention and pre-
algebraic thinking.) Such findings would provide strong evidence that calculation and word-
problem skill are separable; that development of either form of arithmetic skill provides a
route toward pre-algebraic knowledge, when instruction is designed to provide linkage; but
that connections with algebra are stronger for word problems than calculations, with
development of word-problem skill providing a stronger route to pre-algebraic competence.
We included outcomes that were proximal to and distal from intervention. Proximal
outcomes refer to measures aligned with at least one of the two active treatment conditions.
Distal outcomes refer to measures that extend beyond alignment with one or more of the two
active treatment conditions and tap students’ ability to generalize beyond problem types they
learned within intervention.
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A secondary purpose of this study was to assess the efficacy of (a) the second-grade two-
tiered calculation intervention, based in part on previously validated whole-class (Fuchs et
al., 1997) and tutoring (Fuchs et al., 2009, 2011) programs at third grade, and (b) the
second-grade two-tiered word-problem intervention, based in part on previously validated
whole-class (Fuchs, Fuchs, Craddock, et al., 2008) and tutoring (Fuchs et al., 2009, 2011)
programs at third grade. These programs are referred to, respectively, as Math Wise and
Pirate Math. We explain the conceptual framework and methods for calculation
intervention, for word-problem intervention, and for instructional linkages between each
form of intervention and pre-algebraic knowledge in the method section and in the online
supplementary method section.

Method

Participants

Selection—~Participants were selected from 1917 children with consent in 127 second-
grade classrooms taught by 96 teachers in 25 schools in a metropolitan school district across
four cohorts (one per year for 4 years). Some teachers participated in more than one study
cohort, hence the discrepancy between number of classrooms and teachers. Selection of the
sample occurred in three steps. First, we conducted whole-class screening with these 1917
children on calculation and word-problem measures (see Measures) to create three
achievement strata: low on both domains; low in one domain; and low on neither domain
(cut points were based on relations between the screening measures and year-end outcomes
in a pilot study with a similar population; Fuchs, Zumeta, et al., 2010).

In the second step, to select students for pre/posting, we randomly sampled students
stratifying by the three achievement strata at the start of each school year; the goal was to
represent students in each stratum but sample more students from lower strata, given the
study’s focus on RTI. In the third step, we administered the 2-subtest Wechsler Abbreviated
Scale of Intelligence (WASI; Wechsler, 1999) to exclude 92 children scoring <9t percentile
on both subtests (because the study was not about intellectual disability). As a result, 1327
of 1917 students were screened into the study. Of these students, 108 completed none or
only a small portion of pretesting: 106 moved after screening but before pretesting was
completed (the district experiences a disproportionate amount of moving in the first 6 weeks
of school) and two students’ special education schedule precluded participation. Thus, 1219
students were pretested: 13-123 students per school; 4-47 per teacher (as high as 47 due to
multiple cohorts/classrooms for some teachers); and 4-14 per classroom.

Study condition assignment—Stratifying by school, teachers (and their classrooms)
were randomly assigned to three conditions: ~37.5% to calculation intervention (33
teachers; 435 students); ~37.5% to word-problem intervention (35 teachers; 459 students);
and ~25% to control (28 teachers; 325 students). This maximized research-principled
intervention, while maintaining a large enough control group. Once assigned, teachers who
participated across cohorts remained in their condition, with ~25% of classrooms in each
condition having teachers in multiple cohorts. (In analyses, we nested students of the same
teacher across cohorts.)

J Educ Psychol. Author manuscript; available in PMC 2014 December 23.
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Although this study was designed as a cluster randomized design, it was carried out as a
quasi-experiment for two reasons. First, the study occurred in some schools where teachers
had previously been randomly assigned to calculation intervention (CAL) or word-problem
intervention (WP) as part of a pilot study. Because the present study relied on the same
interventions, we deemed it necessary to maintain teachers in their originally assigned
conditions. This involved 12 CAL teachers, 12 WP teachers, and six control teachers.
Second, two CAL, three WP, and four control teachers were directed to implement a
condition that differed from their assigned condition, and two teachers represented a
combination of the above. In these 11 cases, the assignment error was due to researcher
misreading of the randomization sequence; in no case was condition determined according
to teacher, school, or researcher preference. Below, we present analyses based on the full
sample. However, given these issues, we conducted supplemental analyses on the subset of
teachers/classrooms whose assignment was according to design (n = 55 teachers). For these
analyses, which are available in a supplementary online file (LINK), results were
substantively similar: The conditions were always ordered in the same way, and treatment
was always either significant or not as reported in the full analyses. Minor differences are
described more fully in the online supplementary file. So treatments did not impact student
and classroom performance differentially as a function of how assignment occurred. (Note
that in the supplementary file, we only report effect sizes in terms of Cohen d or Hedges g
statistic, since that is the primary effect size metric; the other effect sizes metrics included in
this paper were also similar.)

Attrition—Of the 1219 students, 117 (9.5%) moved after pretesting but before posttesting.
This attrition was comparable across conditions (p > .05; 11.26% CAL, 8.28% WP, 9.23%
control), and on pretest data, students who left did not differ from those who remained. The
analyzable sample thus comprised 1102 students from 25 schools, 96 teachers, and 127
classrooms. Across four cohorts, 24% of students were low on both domains; 14% were low
on one domain; and 62% were low on neither domain; 51% were female; 83% received
subsidized lunch; 13% were English as Second Language; 42% were African American,
27% were white, 23% were Hispanic, and 7% were other; and 5% received special
education services. Students’ mean age was 7.55 years (SD = 0.39). In line with the study
design, 386 students were in CAL (35.0%), 421 in WP (38.2%), and 295 in control (26.8%).
The number of students in Cohorts 1-4, respectively, was 310, 292, 267, and 233. Table 1
shows raw score means and standard deviations (SDs) for each screening measure and
standard scores means and SDs for nationally-normed screening measures, as a function of
condition. There was no significant difference as a function of treatment condition on any
screening measure.

Screening—From the Second-Grade Calculations Battery (SGCB; Fuchs, Hamlett, &
Powell, 2003), we administered four subtests of single-digit addition and subtraction in
groups: Sums to 12, Sums to 18, Minuends to 12, and Minuends to 18. For each, students
have 1 min to complete 25 problems (alpha on this sample: .85 to .93). The screener was
Sums to 12. The other three subtests indexed calculation outcomes (see below). Sory
Problems (Jordan & Hanich, 2000) comprises 14 combine, compare, and change word

J Educ Psychol. Author manuscript; available in PMC 2014 December 23.
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problems, requiring single-digit addition or subtraction. The tester reads each item; children
follow along on paper (alpha on this sample: .87). WAS (Wechsler, 1999) is a 2-subtest
individually administered measure of general cognitive ability (reliability = .92).

Calculations—We used two outcomes, a composite of experimental measures of proximal
effects and a composite of commercial measures of distal effects, which correlated .53. The
proximal effects composite included five group-administered SGCB subtests (Fuchs et al.,
2003): Sums to 18, Minuends to 12, and Minuends to 18 (see above) and 2-Digit Addition
and 2-Digit Subtraction. For each 2-digit subtest, students have 3 min to complete up to 20
problems (alpha on this sample: .96 and .87). A single-factor solution across these subtests
provided a good fit to the posttest data.2

The distal effects composite included Wide Range Achievement Test-3-Arithmetic (WRAT,;
Wilkinson, 1993), KeyMath-Revised (KM; Connolly, 1998) Addition, and KM Subtraction.
WRAT was administered in groups; KM individually. Each measure progresses from 1-digit
addition and subtraction to 2-digit addition and subtraction to whole-number multiplication
and division to problems involving fractions, decimals, and more complex calculation skills.
On WRAT, children who do not meet a basal on the written calculation items also complete
individually-administered counting and symbolic comparison items. Alpha on this sample
for the three measures, respectively, was .93, .84, and .81. A single-factor solution across the
three subtests provided a good fit to the posttest data.

Word problems—We used two outcomes, an experimental measure of proximal effects
and a factor score of commercial measures of distal effects, which correlated .52. The
proximal measure was Second-Grade Story Problems (Fuchs et al., 2009), which includes
18 problems (never used for instruction) representing combine, compare, change problem
types, with missing information in all three positions of the problem schema, with and
without irrelevant information, charts, or graphs. Solutions require 1-digit addition and
subtraction. In groups, the tester reads a problem aloud; students follow along on paper and
have 1 min to write a constructed response (i.e., not select a response from a set of choices)
before the tester reads the next problem. Each problem is scored for correct math (1 point)
and label (1 point) to reflect processing of the problem statement and understanding of the
problem’s theme. Alpha on this sample was .88.

The distal effects factor included KM-Revised Problem Solving (Connolly, 1998) and lowa
Test of Basic Skills-Data Interpretation and Problem Solving (IOWA,; Hoover,
Hieronymous, Dunbar, & Frishie, 1993). KM-Problem Solving includes 18 word problems
of increasing difficulty, which involve all four operations representing routine word
problems with transparent solution strategies; non-routine word problems without clear

2Factors were created for proximal computation, distal computation, distal problem solving, and proximal pre-algebraic knowledge, as
well as the pretest factors of computation and problem solving. For proximal pre-algebra, distal problem solving, and the pretest
problem solving covariate, there were only two measures, so a multiple factor solution is not useful. To compute factors, we used the
principal factors method, with the squared multiple correlation on the diagonal initially, and the fit of a single factor was good. The
computational pretest factor had only one eigenvalue above 1, and even the second factor did not overlap with the proximal-distal
distinction we made. Similarly, for proximal computation outcomes, the first eigenvalue was 3.01, whereas the next eigenvalue was .
31. A similar pattern was evidenced for distal computation. Perhaps more importantly, we chose the measures to conceptually
represent the six types of outcomes, and based our hypotheses on those types of outcomes.
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solution strategies; and items requiring students to demonstrate comprehension of a word
problem without solving it. Administration is individual; items are read aloud; responses are
constructed. Testing is discontinued after three consecutive errors. Alpha on this sample
was .74. IOWA is administered in groups. It includes 22 word problems representing taught
and untaught problem types; numbers in tables and graphs are required to solve some items.
Responding is in multiple-choice format. Alpha on this sample was .81.

Pre-algebraic knowledge—Pre-algebraic knowledge outcomes, which were
administered only at posttest, included proximal and distal measures. They correlated .50.
The proximal measures were Find X and Number Sentences. Each is administered in groups;
requires constructed responses; and begins with the tester modeling a sample problem. With
Find X (Fuchs et al., 2009), students solve standard equations (a + b =c or d — e =) that
vary the position of the unknown occurring in all 3 positions. Alpha on this sample was .91.
With Number Sentences (Fuchs et al., 2009), the tester reads eight word problems aloud;
students have 30 sec to write the standard mathematical equation representing the problem
structure (students do not find solutions), with the unknown again occurring in all 3
positions. The score is the number of correct equations. Alpha on this sample was .84. These
measures were combined into a factor score. (Note that we did not include items on these
proximal measures with operations on the right side of the equal sign or with operations on
both sides of the equal sign. This is because such word-problem types were not taught as
part of the word-problem intervention and, as such, those items would not have qualified as
proximal to the word-problem intervention. Such items were measured in the distal
measures.)

For Cohort 1, the distal measure was Dynamic Assessment of Algebraic Knowledge (DA, see
Fuchs, Compton, et al., 2008 for details), an individually administered measure of children’s
responsiveness to instruction on finding the missing variable in addition expressions (e.g., X
+5=11or 6 + x=10), simple multiplication expressions (e.g., 3x = 9), and equations with
two missing variables (e.g., x + 2 =y —1; y =9) (Skill A, Skill B, and Skill C, respectively).
Mastery of each skill is assessed before instructional scaffolding begins and recurs after each
level of scaffolding. If mastery occurs, the tester administers a generalization problem (for
Skill A, 3+ 6 +x=11; for Skill B, 14 = 7x; for Skill C, 3 + x=y +y; y = 2) and moves to
the next skill. If mastery does not occur, the tester provides the first (or next) level of
instructional scaffolding, which is followed by the mastery test. Each level of scaffolding
increases instructional explicitness and concreteness. If a student fails to achieve mastery
after all five scaffolding levels for a given skill, testing is terminated. Scores range from 0-
21 (0 = never mastered any skill; 21 = mastered each skill on the pretest and got each bonus
problem correct). Alpha on this sample was .84. The outcome was a sample-based z-score.

In Cohorts 2—4, a composite was generated across DA and the Test of Pre-Algebraic
Knowledge (Fuchs, Seethaler, & Powell, 2009), which comprises two types of problems.
The first problem type (20 items) involves mathematical equivalence statements with letters
standing for missing quantities: 18 in nonstandard format (e.g., y + 4 =9 + 3); two in
standard format (i.e., 1 + 5 = X). The next problem type (4 items) involves function tables,
each of which shows a 2-column table. The first column shows a variable; the second shows
a function involving that variable; each row shows a value for the variable and the resulting
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value for the function. In one row, the value of the function is empty; the task is to complete
that row. The functions are x + 3, y— 6, 2x + 1, and 3y. In groups, the tester demonstrates
how to complete a sample problem for each problem type. Students have 8 min to complete
the first problem type and as much time as needed (until all but two students finish) to
complete the second problem type. The correlation between the two problem types was .54.
The pattern of results was the same for the two problem types, so we used the total score.
Alpha on this sample was .88. In Cohorts 2—4, the score was a sample-based z-score
composite of DA and Test of Pre-Algebraic Knowledge.

Study Conditions—(For additional information, see online supplementary method file.)

The study conditions were business-as-usual control, 2-tiered CAL intervention, and 2-tiered
WP intervention. Tier 1 was 34 whole-class intervention lessons (2 lessons per week for 17
weeks; 40-45 min per lesson) for all students in the class. Researcher-delivered whole-class
instruction substituted for ~185 of ~300 min of classroom teachers’ weekly business-as-
usual mathematics instruction.

Tier 2 was 39 tutoring lessons (3 times per week for 13 weeks, beginning in Weeks 4-5 of
Tier 1 instruction; 2-3 children per group; 25-30 min per lesson) provided to 272 students.
The benchmark for low performance to determine eligibility for tutoring was <7 on
calculation and word-problem screeners. This yielded 320 students who were eligible for
tutoring. In Cohorts 1 and 4, we accommodated more students due to additional resources
(as typically done in RTI). So CAL students scoring <7 on calculations but >7 on word
problems also were eligible, as were WP students scoring <7 on word problems but >7 on
calculations. Also, in each cohort, before finalizing tutoring decisions, we asked teachers to
confirm the appropriateness of selections based on classroom observations. With this teacher
input, 50 students who were eligible for tutoring did not receive it, and 2 students who were
not eligible did receive it. So although 320 students were eligible for tutoring according to
the benchmarks we had set, 272 students received tutoring: 84 in Cohort 1 (42 in CAL; 42 in
WP); 50 in Cohort 2 (25 in CAL; 25 in WP); 72 in Cohort 3 (34 in CAL; 38 in WP); and 66
in Cohort 4 (34 in CAL; 32 in WP).

Below, we describe (a) the framework for CAL and WP intervention, with linkages in each
program to pre-algebraic knowledge; (b) the nature of control group instruction and
distinctions between control and the intervention conditions; and (c) fidelity of
implementation. Program manuals, which include lesson guides, are available from the first
author, under the title Math Wise for CAL and Pirate Math for WP. See the on-line
supplementary method file for more detailed information on (a), (b), and (c) and for
information on the structure of whole-class CAL and WP instruction, on the structure of
CAL and WP tutoring, and on the research assistant teachers and tutors and how they were
prepared and supported.

Framework for CAL intervention—CAL intervention incorporated two major emphases
that reflect understanding about how children develop competence with simple arithmetic
and procedural calculations (e.g., Fuchs, Geary, et al., 2013; Fuson & Kwon, 1992; Geary et
al., 2008; Groen & Resnick, 1977; LeFevre & Morris, 1999; Siegler & Shrager, 1984). The
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first emphasis was interconnected knowledge about number (e.g., cardinality, inverse
relation between addition and subtraction; commutate property). For example, students used
manipulatives to explore how a target number can be partitioned in different ways. They
focused on part-whole knowledge with number families, grouping families and using visual
displays/blocks to show how/why four problems make a family and to explore the inverse
relation between addition and subtraction. The number knowledge emphasis in CAL also
had a strong focus on tens concepts and place value. Students practiced counting by 10s with
a number list; explored relations between ones and tens and the meaning of zeros in the ones
and tens places; used and regrouped manipulatives to represent 1-and 2-digit numbers; and
identified smaller and larger numbers using place value and the number list.

The second major emphasis in CAL intervention was practice. Students were taught and
practiced efficient counting procedures for solving 1-digit problems and 2-digit plus 1-digit
problems that do not require regrouping. Practice required students to generate many correct
responses to help them form long-term representations to support retrieval. Students were
also taught and practiced efficient procedures for identifying when regrouping was required
in addition and subtraction problems and for actual regrouping.

CAL intervention was divided into six units: (a) equal sign as a relational term; (b) addition
concepts and operational strategies for problems for which retrieval is a viable strategy; (c)
concepts and operational strategies for similar problems involving subtraction; (d) concepts
and operational strategies for addition problems with regrouping; (e) concepts and
operational strategies for subtraction problems with regrouping; and (f) review.

Framework for WP intervention—Our framework for studying word problems was
based on Kintsch and colleagues (Cummins, Kintsch, Reusser, & Weimer, 1988; Kintsch &
Greeno, 1985; Nathan, Kintsch, & Young, 1992), who pose that word-problem solving is an
interaction between problem-solving strategies and language comprehension processes. This
model assumes that general features of the text comprehension process apply across stories,
informational text, and word-problem statements, but the comprehension strategies, the
nature of required knowledge structures, and the form of resulting macrostructures and
situation and problem models differ by task. According to this model, memory
representations of word problems have three components. The first involves constructing a
coherent structure of the text’s essential ideas. The second, the situation model, requires
supplementing the text with inferences based on the child’s world knowledge; this includes
informal knowledge about conceptual relations among quantities. The problem solver
coordinates this information with the third component — problem models or schema — to
formalize the conceptual relations among quantities. The schema guides application of
solution strategies. At second grade, combine, compare, and change problem types are the
major schema. The model poses that this process makes strong demands on working
memory, reasoning ability, and language comprehension.

In terms of working memory and reasoning ability, consider a combine problem (two parts
are combined to make a total): Joe has 3 marbles. Tom has 5 marbles. Tom also has 2 balls.
How many marbles do the boys have in all? The problem solver processes sentence 1 to
identify object is marbles; quantity is 3; actor is Joe; but Joe’s role is unknown. This is
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placed in short-term memory. In sentence 2, propositions are similarly coded and held in
memory. In sentence 3, balls fails to match the object code in sentences 1 and 2, signaling
that 2 balls may be irrelevant; this is added to memory. In the question, the quantitative
proposition how many marbles and the phrase in all cues the problem solver that this
problem falls in the combine schema. So the problem solver assigns the role of superset
(total) to the question; checks information held in short-term memory to assign subset roles
(the two parts); and rejects 2 balls as irrelevant. Filling in these slots of the schema in this
way triggers a set of problem-solving strategies. The hope is that with typical school
instruction, children gradually construct the combine schema on their own, just as they
devise strategies for handling the demands on working memory and reasoning this problem-
solving sequence involves.

Our schema-based approach to WP intervention explicitly teaches children the underlying
structure of combine, compare, and change schema, using real-life scenarios and role
playing with stories that have no unknowns. The teacher () transitions from complete
stories to problem statements with missing information and (b) introduces graphic
representations to formalize the quantitative relations underlying each schema and provide
opportunities for students to place known numbers and variables into the graphic
representations. The teacher then transitions to “meta-equations” to represent the schema
and teaches step-by-step strategies that begin with identifying problem statements as
combine, compare, or change schema and then building the propositional text structure.
Schema-based instruction facilitates connections among the situation model, schema, and
productive solution strategies by making these connections explicit. It also provides children
with strategies that reduce demands on working memory and reasoning. The child RUNs
through the problem: Reads it, Underlines the question in which the object code (marbles) is
revealed, and Names the explicitly taught combine schema. This prompts the child to write
the combine meta-equation (P1 + P2 = T for the above problem). The child then re-reads the
problem statement. While re-reading, he/she replaces P1 and P2 with quantities for each
relevant “part” and crosses out irrelevant objects/numbers. This reduces the burden on
working memory and reasoning, as it provides the equation for problem solving and sets up
the solution equation.

Word-problem solving also relies on language comprehension processes. As per Kintsch and
Greeno (1985), children learn to treat important vocabulary and language constructions in a
special, task-specific way, including extensions to ordinary usage for terms (e.g., all or
more) to more complicated constructions involving sets (in all and more than). But for many
children, this assumption is shaky. Cummins et al. simulated incorrect problem solving with
two types of errors: incorrect math problem-solving processes versus language processing
errors. Correct problem representation depended more on language, and changing wording
in only minor ways dramatically affected accuracy. As Nathan et al. (1992) concluded,
instruction must focus on language processes as well as the mathematical aspects of word-
problem solving. Our approach to schema-based instruction differs from other forms of
schema-based instruction (e.g., Jitendra, Star, Rodriguez, Lindell, & Someki, 2011; Jitendra
etal., 2009), in part, by providing explicit instruction on the language comprehension
demands specific to combine, compare, and change problem types. The major challenges we
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address are (a) underdeveloped representations of relational terminology and constructions
(e.g., more/lessthan; older; stronger) for compare problems; (b) discriminating relational
vocabulary and constructions from confusable ones (e.g., Tom has 5 fewer marbles than Jill,
as in compare problems, vs. Tom had 5 marbles and then he got 2 more, as in change
problems); and (c) under-developed representations of vocabulary related to quantities (e.qg.,
amount refers to quantity) and taxonomic relations at superordinate levels (e.g., 2 dogs+3
cats=5 animals; McGregor et al., 2002), which are important for combine problems.

WP intervention was divided into five units: (a) foundational skills for the word-problem
content (i.e., equal sign as a relational term; strategies to find x; strategies for checking
word-problem work); (b) combine program; (c) compare problems; (d) change problems;
and (f) review. The program typically provides explicit conceptual and strategy instruction
on 1- and 2- calculations (e.g., Fuchs et al., 2009), but for the present study, we removed all
instruction on calculations. When students asked questions or needed corrective feedback on
calculations, they were told to use the strategies they learned from their classroom teachers.

Linkages with pre-algebraic knowledge—CAL and WP intervention incorporated
instructional linkages to pre-algebraic knowledge, as per Pillay et al. (1989). This occurred
in two ways. First, both CAL and WP intervention explicitly focused on understanding the
equal sign asarelational symbol (Jacobs et al., 2007). Some work (Baroody & Ginsburg,
1983; Blanton & Kaput, 2005) suggests that teachers’ consistent use of the phrase isthe
same as (instead of equals) with young children is associated with improved understanding
of the equal sign. Short-term experiments with intermediate age students show that explicit
instruction on the meaning or location of the equal sign can enhance equal sign
understanding and performance on open, nonstandard equations (e.g., 6 +4+7=6+ _;
McNeil & Alibali, 2005; Rittle-Johnson & Alibali, 1999). Powell and Fuchs (2010) showed
that third graders with mathematics difficulty who received schema-based tutoring plus
equal-sign instruction performed better than students who received schema-based tutoring
alone on closed equations and some types of word problems.

Second, as discussed, WP intervention taught children to represent the underlying structure
of schemas in terms of “meta-equations”: for combine problems, P1 + P2 = T; for compare
problems, Bigger minus Smaller = Difference (B — s = D); for change problems, Start plus/
minus Change = End (St +/- C = E). Children were taught to identify the problem type and
write the corresponding meta-equation; re-read while replacing slots in the meta-equation
with information from the problem statement (including x for the unknown); and solve for x
(x could occur in any of the three slots of the equation). This has been shown to encourage
pre-algebraic thinking in second graders (Fuchs, Zumeta, et al., 2010). Because WP
intervention provided this additional linkage with algebraic thinking over CAL and because
WPs may involve greater symbolic complexity than calculations (as outlined in the
introduction), we expected WP intervention to stronger pre-algebraic knowledge than CAL.

Distinctions between control the CAL/WP intervention—Classroom teachers relied
primarily on the basal program Houghton Mifflin Math (Greenes et al., 2005) to guide
mathematics instruction. Their curricular content aligned with the content in CAL
intervention (1- and 2-digit adding and subtracting) and WP intervention (combine,
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compare, and change word problems). In this way, control students received calculation and
word-problem instruction relevant to the study. The amount of whole-class instruction was
comparable in all three conditions, but tutored children in CAL and WP intervention
received more instruction than some of the children in control group who would have been
eligible for tutoring (instruction was of similar time for control group students who
participated in the school’s intervention period in math). Results, however, indicated no
interaction between tutoring eligibility status and treatment condition.

Based on analysis of Houghton Mifflin Math (Greenes et al., 2005) and teacher reports, key
distinctions between the control and CAL conditions were as follows. (1) Control group
instruction did not address the equal sign as a relational term. (2) Control group instruction
focused less on number knowledge and more on procedures. (3) CAL provided greater
emphasis on development of fluency with efficient counting strategies. Important
commonalities between the control and CAL conditions were as follows: instruction
addressed one problem type at a time; provided students with explicit steps for deriving
solutions; and relied on worked examples, guided group practice, and independent practice
with corrective feedback.

Key distinctions between the control and WP conditions were as follows. (1) Control group
instruction did not address the equal sign as a relational term. (2) Control group instruction
emphasized a metacognitive approach to solving word problems, in which students used
guided generic questions (not specific to problem types) to plan, solve, and reflect on the
content of word problems; WP did not employ this general set of metacognitive strategies.
(3) In contrast to WP, there was no attempt in the control condition to explicitly teach
students to understand word problems in terms of the combine, compare, or change
schemas. (4) Control group instruction provided strong emphasis on computational
requirements for problem solution; WP intervention provided none. (5) Although control
group instruction allocated 3 weeks of instruction to finding missing addends, it focused
substantially less on this topic and did not connect this topic to the structure of word
problems. (6) Control group instruction taught children to rely on keywords (e.g., moreis a
signal to add the numbers in the problem), a common approach in schools; WP avoided
keywords (because they only produce correct solutions ~50% of the time). Important
commonalities between the control and WP conditions were as follows: instruction
addressed one problem type at a time; focused on concepts underlying the problem type;
provided students with explicit steps for deriving solutions; and relied on worked examples,
guided group practice, and independent practice with corrective feedback.

Fidelity—Prior to the first whole-class and tutoring session, research staff agreed on the
essential information in each lesson and made a checklist of points for each lesson. This was
done for CAL and WP whole-class instruction and tutoring. Each session was audiotaped.
At the study’s end, RAs independently listened to a random sample of tapes while
completing checklists to identify the percentage of points addressed. We sampled 20% of
whole-class instruction tapes equitably within conditions, RA-teachers, classrooms, and
lesson types; we sampled 20% of tutoring tapes equitably within conditions, RA-tutors,
tutoring groups, and lesson types. For whole-class intervention, the mean percentage of
points addressed was 95.87 (SD = 1.40) for CAL and 94.86 (SD = 1.85) for WP, t(16) =
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1.70, p = .110. For tutoring, the mean percentage of points addressed was 96.06 (SD = 2.83)
for CAL and 96.34 (SD = 3.28) for WP, t(35) = 0.58, p = .563. (In these fidelity analyses,
teacher/tutor was the unit of analysis; t tests are for dependent samples because each teacher/
tutor taught in both conditions.)

Testing occurred in classrooms for measures administered in groups or other school
locations for measures administered individually. Students were assessed on screening
measures in September; on pretest measures in October. Research assistants (RAs) delivered
whole-class instruction in November-March and tutoring in December-March. Posttesting
occurred in March. Testers were trained to criterion on each measure. All individual test
sessions were audiotaped, and a random sample of sessions was rescored from tapes by a
second RA, with agreement of 98%. All data were double entered/verified.

Analysis Plan

The first step was an unconditional model, to evaluate the effect of clustering at the teacher
level (i.e., one-way ANOVA with random effects; Luke, 2002; Sullivan et al., 1999). Our
models also included school as a third level; the purpose here was to account for clustering
at the school level (rather than expecting treatments to operate differentially at the school
level). Two intraclass coefficients (ICCs) were denoted for (a) teacher (within school),
where the numerator was variance due to that clustering, and for (b) school, where the
numerator was variance due to school clustering; the denominator in both cases are those
terms plus residual variance (i.e., total variance).

The second step added pretest as a student-level fixed effect to explain posttest variability
(i.e., one-way ANCOVA with random effects). The key parameter was the value of the
regression effect of the pretest on posttest in a given classroom in a given school (these
regression effects were not set to vary across classes/schools). The pretest covariate(s)
included student and teacher level measures of (a) factor score across the WRAT and the
five SGCB measures for calculation outcomes, or (b) a factor score from Second-Grade
Story Problems and KM-Problem Solving for word-problem outcomes (IOWA was not
administered at pretest). Both of these pretests were used for pre-algebraic knowledge
outcomes. Also in this second step, though after pretest, we added additional student-level
covariates, which in this study were sex, ethnicity, reduced/free lunch (RFL) status, English
as Second Language (ESL), and tutoring eligibility status.

The third step was to add the treatment effect into the fixed portion of the model, at the level
of the teacher. A key difference from the student-predictor model is that the intercept of this
equation is now conditional on the treatment effect (its regression effect). Other teacher
level predictors were then added at this third step. Specifically, we also added pretest as a
teacher-level fixed effect in these initial models to help alleviate issues associated with a
quasi-experiment. We also added cohort, since new teachers were assigned to conditions for
each cohort. In each case, the teacher-level fixed effects were never contributory over
student level pretests, and so were dropped from remaining models. Finally at this step, we
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also included interactions between treatment and cohort, which are described below if they
occurred.

The fourth step moved from the fixed portion of the model to the random portion. Students
were at level 1, teachers at level 2, and schools at level 3. In addition to a random intercept
(denoting variability in outcomes), we also evaluated whether a random effect of student-
level pretest could be added (e.g., denoting variability of slopes — which would indicate that
the relation between pre- and posttest varied across teachers). These additional random
effects were not contributory to any models and are not discussed further. That is, there were
no systematically differential relationships of pre- to posttest across teacher/classroom.
Finally, given the relatively small number of school units, we also considered the role of
school as a fixed, rather than random effect; in doing so, school never interacted with
treatment, nor did it alter the treatment effects substantively.

Model fit was estimated with restricted maximum likelihood (REML) in PROC MIXED. Fit
statistics included evaluation of deviance (-2 log likelihood) and other means (e.g., Akaike
Information Criteria or AIC; Bayesian Information Criteria or BIC). Denominator degrees of
freedom were computed according the Kenward-Rogers algorithm. We computed three
types of effect sizes (ESs): a measure analogous to R, a proportional reduction in variance
(PRV), and a measure analogous to a more traditional Cohen d or Hedges g statistic. First, at
a global level, we outputted predicted values from the final model and correlated these with
obtained values; then we squared the result (Peugh, 2010; Singer & Willet, 2003). The
resulting value, however, does not distinguish the contributions of the individual parameters
or levels. Second, at a local level, we computed a proportional reduction in variance (PRV;
Peugh, 2010; Raudenbush & Byrk, 2002; Singer & Willett, 2003) that is focused on a
specific model parameter (treatment) and level (school/teacher). We subtracted the variance
components of the final model, not from an unconditional model but rather from a model
with all other predictors except treatment, thus isolating treatment’s specific added
contribution. The PRV effects are only relative values (comparing one model to another);
they are not an absolute amount of variance explained (Ma et al., 2008). Third, we computed
ESs for treatment conditions by subtracting estimates between pairs of treatment condition
and dividing by the square root of the student level residual variance (and thus is
interpretable as a mean difference divided by a standard deviation, similar to a d or g), when
treatment was the only fixed effect in the model. The square root of the student residual
variance was used in the denominator rather than the raw SD, because the former considers
the clustering effect (Tymms, 2004). We present each of these indices (referred to as R?,
PRV, and ES, respectively, in the text that follows) to assist readers in interpreting the
relative effects of treatment in this study.

Table 1 shows raw score means and SDs for each outcome measure and standard scores
means and SDs for nationally-normed outcome measures. There was no significant
difference as a function of treatment condition on any pretest measure. Tables 2 to 4 show
results for the calculations, word-problems, and pre-algebraic knowledge, respectively.
Proximal and distal outcomes are shown in the same table. The top portion of each table
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shows results of the unconditional models. The bottom shows results for the full/final model,
including effects for treatment, cohort, tutoring eligibility status, pretest performance
covariates, and demographic covariates pertinent to the outcome. Covariates and tutoring
eligibility are level 1 (L1, student) predictors; cohort and treatment are level 2 (L2, teacher)
predictors.

Proximal calculation effects (Table 2, left side)—For the unconditional model, the
ICCs (computed according to Equations 1b and 1c) were .12 for teacher and an additional .
07 for school (i.e., 12% of the variance in proximal computations was accounted for by
clustering of students at the teacher level, with an additional 7% at the school level). Model
fit statistics were as follows: deviance = 2829.2, parameters = 3, AIC = 2835.9, BIC =
2839.5. When L1 predictors were added to the model, ESL status, RFL status, sex, and
ethnicity were not significant and so were dropped. When L2 predictors (treatment, cohort)
were added, there was no interaction and no effect for tutoring eligibility status. In the final
model (R2 = .49), there were significant effects for pretest (p < .001; higher outcomes with
stronger pretest performance), cohort, F(3,71.9) = 3.85, p < .014, and treatment condition,
F(2,92.8) = 12.97, p < .001. Follow up to the treatment effect indicated CAL outperformed
WP (p <.001; ES = 0.41) and control (p < .001; ES = 0.55), but the latter two groups did not
differ (p = .223; ES = 0.14). Model fit statistics for the final model were: deviance = 2277.2,
parameters = 3, AIC = 2283.2, BIC = 2286.8. The PRV at the level of teacher and school
due to treatment condition (relative to a model with all predictors except treatment) was .21
(i.e., adding treatment reduced variance between teachers/schools by 21% relative to the
previous model).

Distal calculation effects (Table 2, right side)—The unconditional model showed an
ICC of .07 for teacher and .06 for school. Model fit statistics were as follows: deviance =
2693.0, parameters = 3, AIC = 2699.0, BIC = 2702.7. For the model adding L1 predictors,
ESL status was not significant and so was dropped. When L2 predictors (treatment, cohort)
were added, there was no interaction. In the final model (R2 = .38), there were significant
effects for pretest (p < .001), sex (p < .035), ethnicity (p < .001), RFL status (p < .001),
tutoring eligibility status (p < .004), and treatment condition, F(2,93.9) = 9.96, p < .001, but
not cohort (F[3,56.5] < 1). Across treatment conditions and controlling for all other
variables in the model, outcomes were stronger for students with higher pretest scores, for
those not receiving RFL, for those not eligible for tutoring, for girls, and for children who
were not African American. Follow up to the treatment effect indicated CAL outperformed
WP (p <.003; ES = 0.30) and control (p <.001; ES = 0.38), and the latter two groups did
not differ (p = .116; ES = 0.07). Model fit statistics for the full/final model were: deviance =
2283.1, parameters = 3, AIC = 2289.1, BIC = 2292.7. Relative PRV for the addition of
treatment condition was .22.

Proximal word-problem effects (Table 3, left side)—For the unconditional model,
the ICC was .25 for teacher and .01 for school. Model fit statistics were as follows: deviance
= 7385.0, parameters = 3, AIC = 7391.0, BIC = 7394.6. When L1 predictors were added,
ESL status, RFL status, and ethnicity were not significant and so were dropped. The final
model (R? = .52) showed significant effects for pretest (p < .001), sex (p < .003), tutoring
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eligibility status (p < .021), cohort F(3,43) = 6.43, p <.001, and treatment condition,
F(2,99.7) = 119.07, p < .001. Across treatment conditions and controlling for all other
variables in the model, outcomes were stronger for students with higher pretest scores, for
girls, and for students not eligible for tutoring. Follow up to the treatment effect indicated
WP outperformed CAL (p <.001; ES = 1.00) and control (p <.001; ES = 0.92), but the
latter two groups did not differ (p = .718; ES = —0.07). The overall cohort effect indicated
Cohorts 3 and 4 outperformed Cohorts 1 and 2. There was also a significant interaction of
treatment and cohort, F(6,157) = 11.29, p < .001, which suggested relative differences
between WP and the other groups as a function of cohort; however, WP consistently
outperformed the other two groups in each cohort. Model fit statistics were: deviance =
6671.9, parameters = 3, AIC = 6676.9, BIC = 6681.6. Relative PRV for treatment condition
was .89.

Distal word-problem effects (Table 3, right side)—For distal word problems, the
unconditional model showed an ICC that was less than .01 for teacher and .10 for school.
Model fit statistics were as follows: deviance = 2539.7, parameters = 3, AIC = 2545.7, BIC
= 2549.3. All considered L1 predictors were retained. The final model (R? = .61) showed
significant effects for pretest (p < .001), sex (p < .021); tutoring eligibility status (p <.001),
RFL status (p <.012), ESL status (p < .001), ethnicity, F(3,1013) = 10.05, p < .001), but not
cohort, F(3,75.5) = 1.99, p = .123. Across treatment conditions and controlling for all other
variables in the model, outcomes were stronger for students with higher pretest scores, for
boys, for students not eligible for tutoring, for students receiving RFL or ESL, and for
students were not African American. The effect for treatment condition was not significant,
F(2,1045) = 1.56, p = .211. Model fit statistics for the final model were: deviance = 1659.8,
parameters = 2, AIC = 1663.8, BIC = 1666.3. Relative PRV for treatment was < .01, and all
ES differences were negligible (Jrange ES| = .01 to .10).

Proximal pre-algebraic knowledge effects (Table 4, left side)—In the
unconditional model, the ICC was .35 for teacher and essentially zero for school. Model fit
statistics were as follows: deviance = 1898.8, parameters = 2, AIC = 1902.8, BIC = 1905.2.
All covariates and predictors were retained except sex, which was not significant. The final
model (including L2 predictors, R? = .51) showed significant effects for both pretest
measures (both p <.001), RFL status (p = .045), ESL status (p = .014), ethnicity, F(3,879) =
5.33, p=.002), and treatment, F(2,82.1) = 162.86, p < .001. Tutoring eligibility status and
cohort were not significant (both p > .05). Across treatment conditions and controlling for
other variables in the model, outcomes were stronger for students with higher pretest scores
and for students not receiving RFL or ESL; outcomes were lower for African American
compared to other subgroups and higher for Hispanic than Caucasian. Follow up to the
treatment effect indicated WP outperformed CAL (p <.001; ES = 1.32) and control (p<.
001; ES = 1.36), but the latter two groups did not differ (p = .748; ES = 0.04). There was a
significant interaction of treatment and cohort, F(6,134) = 3.94, p < .002, suggesting relative
differences between WP and the other groups as a function of cohort; however, WP
consistently outperformed the other two groups in each cohort. Model fit statistics were:
deviance = 1444.0, parameters = 3, AIC = 1450.0, BIC = 1453.7. Relative PRV for
treatment condition was .90.
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Distal pre-algebraic knowledge effects (Table 4, right side)—The unconditional
model showed an ICC of .02 for teacher and .04 for school. Model fit statistics were as
follows: deviance = 2893.1, parameters = 3, AIC = 2899.1, BIC =2902.8. For the model
adding L1 predictors, RFL status was significant so it was dropped. When L2 predictors
(treatment, cohort) were added, there was no interaction. In the final model (R? = .48), there
were significant effects for both pretests (both p <.001), sex (p < .021), ethnicity (p <.001),
ESL status (p < .030), tutoring eligibility status (p < .031), and cohort (F[3,71.6] = 4.58, p
<.006). Across treatment conditions and controlling for all variables in the model, outcomes
were stronger for students with higher pretest scores, for boys, for students receiving RFS or
ESL, for students not eligible for tutoring, and for Cohorts 2 and 3 compared to Cohort 1;
outcomes were lower for African American compared to other subgroups and higher for
Hispanic than Caucasian. There was also a significant treatment effect, F(2,105) = 3.48, p
<.035. WP outperformed CAL (p <.036; ES = 0.21) and control (p <.024; ES = 0.22); the
latter two groups did not differ (p = .667; ES = 0.01). Model fit statistics were: deviance =
2183.3, parameters = 3, AIC =2189.3, BIC = 2192.9. Relative PRV for treatment condition
was .13.3

Discussion

The focus of the present study was connections among three aspects of mathematical
cognition in second-grade children: calculations, word problems, and pre-algebraic
knowledge. We extended the literature, which is dominated by correlational work, by
examining whether intervention conducted on calculations or word problems contributes to
improved performance in the other domain and whether intervention in either or both
domains contributes to pre-algebraic knowledge. This is the first study to estimate the
specificity of word-problem intervention and the first to investigate the specificity of
calculation intervention in the same study. It is also the first to assess whether intervention
on calculations versus word problems makes a stronger contribution to children’s pre-
algebraic knowledge. This study design provides a stronger basis than previous,
correlational research for determining whether these aspects of mathematical cognition are
shared or distinct and for informing practice.

Specificity of Effects of Calculation and Word-Problem Intervention

In terms of the specificity of effects of calculation and word-problem instruction, results
were in line with our hypotheses. Intervention improved performance in the targeted
domain, but not the other domain. So students who received calculation intervention
completed the study with stronger calculation skill than students in word-problem
intervention (ES = 0.41 and 0.30 for proximal and distal outcomes, respectively). They also
finished the study with stronger calculation skill than students in the business-as-usual
control group (ES = 0.55 and 0.38). But on word-problem outcomes, students who received
calculation intervention performed comparably to students in the business-as-usual control

3we also ran an exploratory analysis to examine whether the pattern of effects of the distal pre-algebra outcomes on the Dynamic
Assessment’s Skill C (assessing students’ ability to learn to solve equations most similar to algebra, e.g., X + 2=y - 1; y=9) were
parallel to the overall composite. Analysis of variance revealed a significant effect, F (2,1099) = 5.12, p = .006. Follow-up tests
revealed that the performance of the WP condition was stronger than that of the CAL group (ES = 0.22).
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group (ES = 0.14 and 0.07). On the one hand, this lack of transfer corroborates a handful of
prior studies (Fuchs et al., 2009, 2010). It also may not seem surprising, because calculation
intervention did not provide students opportunity to practice the word-problem skill their
classroom teachers were addressing. On the other hand, because calculation skill is required
for word-problem success, one might expect the superior calculation skill of students in the
calculation intervention condition to provide them a boost on word problems, especially
compared to the control group. We did not find evidence to support this.

Results occurred in parallel fashion for word-problem intervention on the proximal outcome.
(We discuss distal outcomes, for which effects were not significant, later.) Students who
received word-problem intervention completed the study with stronger skill than students in
calculation intervention (ES = 1.00) and stronger performance than students in the business-
as-usual control group (ES = 0.92). But on calculation outcomes, students who received
word-problem intervention performed comparably to students in the business-as-usual
control group (ES = 0.14). This is notable for the following reasons. This is the first study to
examine transfer from word-problem intervention to calculation skill (most word-problem
intervention studies address the calculation skills required for successful word-problem
performance within the intervention or do not assess calculation outcomes). The second
reason this lack of transfer from word-problem intervention to calculation skill is notable is
that word-problem intervention provided students with many opportunities in every session
to apply the calculation skills they were learning from their classroom teachers. Students
were also required to correct errors (using whatever procedures their teachers had taught
them). Yet, we saw no evidence of transfer.

These findings, in which calculation intervention improved calculation but not word-
problem outcomes and in which word-problem intervention improved word-problem but not
calculation outcomes, indicate these aspects of mathematical cognition are separable. This
supports our hypotheses, which were based on correlational research demonstrating the
cognitive abilities underlying word problems and calculations differ (e.g., Fuchs, Fuchs,
Stuebing, et al., 2008; Fuchs et al., 2006; Fuchs, Geary, et al., 2010a, b; Geary et al., 2012;
Swanson, 2006). Present findings, together with correlational findings, argue for
conceptualizing these two aspects of mathematical cognition distinctly. Practically, it
suggests that screening for mathematics difficulty requires different measures. It also
suggests that standards-setting committees, curriculum designers, and teachers should
address these two aspects of mathematical cognition explicitly and deliberately.

By contrast, at the present time, research and practice focus disproportionately on
calculations over word problems, perhaps with the assumption that understanding about
calculation development pertains to word problems and that instruction on calculations will
transfer to word problems. This is unfortunate given the present study’s findings and due to
the importance of word problems. Word-problem skill is the best school-age predictor of
employment and wages in adulthood (Bynner, 1997; Every Child a Chance Trust, 2009;
Parsons & Bynner, 1997; Rivera-Batiz, 1992). Also, word problems can be a persistent
deficit even when calculation skill is adequate (Swanson, Jerman, & Zheng, 2008). And the
cognitive processes involved in word problems are more numerous than those underlying
calculation skill (e.g., Fuchs, 2006, 2010a, b; Fuchs, Fuchs, Stuebing et al., 2008; Geary et
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al., 2012), which suggests that word-problem difficulty may be more complicated to prevent
and remediate.

The Role of Arithmetic Calculations and Word Problems in Pre-Algebraic Thinking

We also extended the literature by examining whether intervention conducted on
calculations or word problems and designed to provide linkages between the arithmetic and
the pre-algebraic stages of development (Pillay et al., 1998) contributes to pre-algebraic
knowledge. Toward this end, calculation and word-problem intervention incorporated a
strong focus on relational understanding of the equal sign (Blanton & Kaput, 2005; McNeil
& Alibali, 2005; Powell & Fuchs, 2010; Rittle-Johnson & Alibali, 1999). Word-problem
intervention also was designed to encourage pre-algebraic insight by teaching children to
rely on “meta-equations” to represent the underlying structure of word problems; replace
slots of the meta-equation with unknowns and knowns from the problem statement; use x to
represent the unknown; and solve for x (Fuchs, Zumeta, et al., 2010).

The goal was to increase understanding about whether arithmetic supports the development
of algebra and, if so, whether calculations or word problems contribute in differential ways.
Lee et al. (2011) and Tolar et al. (2009) found that calculations serve as a platform for
algebra. But Lee et al.’s pre-algebraic knowledge outcome was word problems; Tolar et al.
focused on college students; and neither study examined word problems as a predictor of
algebra. Fuchs et al. (2012) simultaneously considered calculations and word problems and
found that both uniquely predicted third graders’ understanding of the equal sign and
variables. We therefore hypothesized that either form of arithmetic intervention (on
calculations or on word problems) improves pre-algebraic thinking, such that each
intervention condition would outperform the control group. Also, based on the assumption
that word problems involve greater symbolic complexity than calculations and rely more on
the type of mental flexibility, manipulation of symbolic associations, and maintenance of
multiple representations that support pre-algebraic thinking, we expected word-problem
intervention to produce stronger pre-algebraic knowledge than calculation intervention.
Findings partially supported these hypotheses.

On pre-algebra outcomes, word-problem intervention resulted in superior performance
compared to the business-as-usual control group and compared to the calculation
intervention condition. This is notable because significant effects occurred not only on pre-
algebraic outcomes proximal to word-problem intervention (respective ESs = 1.36 and
1.32). Significant effects also occurred on the distal composite (respective ESs = 0.22 and
0.21), which assessed (a) performance on nonstandard equations and functions that were not
addressed in intervention and (b) responsiveness to instruction, via dynamic assessment,
problem types also not addressed during intervention: simple multiplication expressions
(e.g., 3x=9) and equations with two missing variables (e.g., x + 2 =y - 1; y = 9). Moreover,
exploratory analysis was used specifically to examine whether the pattern of effects of the
distal pre-algebra outcomes on the Dynamic Assessment’s Skill C (assessing students’
ability to learn to solve equations most similar to algebra, e.g., x+ 2 =y - 1; y = 9) were
parallel to the overall composite. These results also revealed a significant effect: The
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performance of the word-problem condition was stronger than that of the calculation
intervention group, with an almost identical ES of 0.22.

At the same time, however, contrary to our hypothesis, calculation intervention did not
produce superior pre-algebraic performance compared to the control group (ES=0.04 and
0.01). This is in line with McNeil (2008), who found that children do not benefit much from
equal sign instruction when it is given in the context of typical symbolic arithmetic
problems. Contrary to Pillay et al.’s (1998) framework, this suggests that calculation
intervention, even when it includes a strong focus on relational interpretation of the equal
sign, does not contribute to pre-algebraic thinking, relative to control group instruction.
However, in line with Pillay et al., results suggest that early arithmetic word-problem
intervention helps children make the transition from arithmetic to the pre-algebraic stage of
development.

Future research should continue to pursue this issue, given that (a) few studies have
examined how students develop competence with algebra; (b) algebra is important for
successful participation in the U.S. workforce and to higher forms of learning in
mathematics, science, technology, and engineering (NMAP, 2008; RAND Mathematics
Study Panel, 2003); and (c) large proportions of students in this country struggle with
algebra. In the meantime, however, findings suggest that an explicit focus on word-problem
instruction, designed to support algebraic thinking, is warranted — not only due to the
importance of word problems as a predictor of long-term school and employment outcomes
(Bynner, 1997; Every Child a Chance Trust, 2009; Parsons & Bynner, 1997; Rivera-Batiz,
1992) but also due to a link between such word-problem instruction and pre-algebraic
thinking, as documented in the present study.

Efficacy of Two-Tier Intervention Programs

A secondary purpose of the present study was to examine the efficacy of the calculation and
word-problem interventions. Previous studies had validated the Math Wise calculation
tutoring program and the Pirate Math word-problem tutoring program for third-grade
students at-risk for poor outcomes (e.g., Fuchs, Powell, et al., 2009; Fuchs, Powell, et al.,
2011; Fuchs, Seethaler, et al., 2008). The present study expanded each tutoring program to
include a whole-class component and address second-grade skills; ensured alignment
between the whole-class and tutoring components; and examined effects of the two-tier RTI
systems (whole-class plus tutoring for at-risk students) with second-grade children who
spanned the achievement continuum. Results supported the efficacy of both two-tier
programs.

Two-tier Math Wise produced superior calculation outcomes compared to the business-as-
usual control condition and compared to an active contrast condition (Pirate Math). This
was the case for the proximal calculation outcomes (ES = 0.55 as compared to the control
condition and 0.41 as compared to the active contrast condition). It was also the case for the
distal calculation outcomes (ES = 0.38 as compared to the control condition and 0.30 as
compared to the active contrast condition).
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In an analogous way, two-tier Pirate Math produced superior word-problem outcomes
compared to the business-as-usual control condition and compared to an active contrast
condition (Math Wise). This was the case for the proximal word problems outcomes (ES =
0.92 as compared to the control condition and 1.00 as compared to the active contrast
condition). It was also the case for the proximal and distal pre-algebraic knowledge
outcomes (ESs = 1.36 and 0.22 as compared to the control condition and 1.32 and 0.21 as
compared to the active contrast condition). Even so, there were no significant effects among
the three conditions on the distal word-problem outcome. This finding, which echoes prior
work (Fuchs et al., 2009; Fuchs, Powell, et al., 2011), is surprising given that the proximal
measure, where significant effects were found, largely mirrors large-scale word-problem
tests like the IOWA and was administered in the same fashion as the IOWA. The major
differences between the proximal and distal measures were that the proximal measure (a)
has more thorough behavior sampling of second-grade word-problem types (IOWA spans
grades 1-3; KeyMath spans K-12) and (b) compared to IOWA, requires constructed rather
than multiple-choice responses. The most parsimonious explanation for the different pattern
of effects on the proximal versus distal word-problem outcome is that students had greater
opportunity on the proximal measure to demonstrate the knowledge they had learned during
intervention — second-grade word-problem types, with constructed responses.

Study Limitation and Major Conclusions

Before closing, it is important to remind readers that although designed as a cluster
randomized design, the present study was carried out as a quasi-experiment primarily
because some classroom teachers had previously been randomly assigned to conditions as
part of a pilot study; so, they remained in those conditions. Also, 11 of 96 teachers
implemented a condition that differed from their assigned condition. As already noted,
however, the seriousness of this limitation is mitigated by the fact that, in no case, was
condition determined according to teacher, school, or researcher preference. It is also
mitigated by supplementary analyses we conducted, which showed that the pattern of results
for the subset teachers and classrooms whose assignment was according to design was
similar to those reported above, such that the way in which assignment occurred did not alter
the effects of conditions. We nevertheless encourage readers to keep this limitation in mind
while considering the study’s two major conclusions. First, calculation and word-problem
performance at second grade appear to represent distinct aspects of mathematical cognition
and indicate the need to address calculation and word-problem performance deliberately and
explicitly in research and practice. Second, word-problem intervention, when designed to
provide linkages between arithmetic and pre-algebraic thinking, may provide a superior
bridge to the pre-algebraic stage of development, compared to arithmetic calculation
intervention that is designed to provide linkages.

Supplementary Material

Refer to Web version on PubMed Central for supplementary material.
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