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Abstract

This dissertation is mainly focused on the efficient computation of Green’s function
and electromagnetic scattering problems in layered media. The layered medium
Green’s functions (LMGFSs), together with various algorithms based on them, are
particular powerful methods to solve electromagnetic problems in layered media. The
significance of this work is to understand the physics of the electromagnetic wave
propagation and interaction with complex scatterers in multi-layered media, and also
to arrive at a few fast and efficient computational algorithms.

The LMGF's can be categorized into traditional ones and mixed-potential ones.
The first type of Green’s function directly calculates the field due to a dipole source
and the resulting semi-analytic Sommerfeld integrals (SIs) appearing in the traditional
Green’s function components can be evaluated extremely fast and accurately, finding
various applications in forward and inverse modeling in geophysical prospecting.
The mixed-potential LMGF is mostly useful for the formulation of system matrices
appearing in method of moments for solving scattering problems in layered media
because of its less singular nature. For both types of LMGFs, a few techniques, such
as asymptotic analysis, singularity extraction, and the weighted average method are
developed for the fast convergence of the resulting generalized Sommerfeld integrals.
The calculation of correction term added to the scalar potential for vertical currents,
give rise to a few efficient methods for the evaluation of the so-called half-line source
potential (HLSP).

In order to further reduce matrix fill time when solving 3-D problems using
the method of moments, a 3-D simplex interpolation approach is developed for
interpolating the spectral-domain integral terms. A simple but efficient approach
is to allocate an interpolation table covering all appropriate source and test point

combinations, but to populate data points on the fly only as needed. To remove

viil



all unbounded singularities a second-level singularity extraction is also needed for
curl-type operators to further regularize the spectral integrals, permitting a uniform
tabulation density.

Three types of problem: geophysical prospecting, antenna, and radiation problems,
are employed to demonstrate the accuracy and efficiency of our algorithm. In each
case, good agreements are achieved between our results and results completed by

independent approaches.
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Chapter 1
Introduction

The efficient and fast computation of fields in layered medium is very important in
many applications, with frequencies ranging from extremely low to optical frequencies,
in geophysical prospecting, remote sensing, microstrip circuits, antennas, and optical
waveguides [1-14]. Layered medium Green’s function (LMGF) and various technique
developed based on them, are particular powerful methods to solve electromagnetic
scattering problems in layered medium. This thesis is mostly aimed at investigating
computational algorithms using LMGF's and improving their efficiency. Without loss
of generality, this work starts from general electromagnetic theory with applications
slightly emphasizing geophysical problems involving complex uniaxial anisotropic

medium.

Reflection/ transmissio'p‘ét interfaces

Wave propagation ’fr “\\
4\/\/\[\/\ =~ ! nUIVV\»

Source

Figure 1.1. Model of planar multi-layered medium.

1.1 Dissertation Overview

The content of the thesis is organized as the following.



Chapter 2 first reviews traditional layered medium Green’s function (TD-LMGF)
[15]. The TD-LMGF directly calculates the electromagnetic field due to electric
or magnetic dipole in a layered medium, and is particularly useful in geophysical
prospecting industry [16, 17]. The formulation is based on uniaxial unisotropic medium
where the electromagnetic parameters, permittivity and permeability are different in
the transverse and vertical directions. The TD-LMGF is derived analytically using
transmission line theory in the spectral domain and then integrating back to the
spatial domain using inverse Fourier transforms. In order to accelerate the convergence
of TD-LMGF, asymptotic behaviors of different components of the TD-LMGF are
analyzed and their corresponding asymptotice forms are extracted. The TD-LMGF
discussed here is super-hyper singular for the evaluation of impedance matrix in the
integral equations formulation and thus is not proper for solving scattering problems.

In Chapter 3, the mixed-potential layered medium Green’s function (MP-LMGF),
which is less singular and more suitable for integral equation formulation in layered
medium, is discussed. Various acceleration techniques for evaluation of MP-LMGF,
for example, the discrete complex image method (DCIM) [18-24], the steepest descent
path method (SDPM) [25-28] and fast Hankel transform method (FHTM) [29-31]
have been developed in the last few decades. In our approach, asymptotic analysis [32],
singularity extraction [33], the weighted average method [34-36], simplex interpolation
[37-39] are combined for the acceleration of LMGF computation and matrix filling.
The evaluation of this type of Green’s function results in 14 independent Sommerfeld
integrals(SIs). The calculation of scalar potential kernels give rise to the so-called half-
line source potential (HLSP) [40]. Efficient evaluation of this HLSP is also important
for the fast convergence of the scalar potential and several numerical approaches are
developed to achieve that.

In Chapter 4, the equivalent current model is used to formulate the integral equation



based on the equivalence principle. Then the integral equation is transformed into a
matrix equation in order to solve for the induced current on the surface of scatterers.
The algorithms are bench-tested against reference results from other publications.

Chapter 5 discusses the second-level of singularity extraction method. In general,
the spatial curl-type Green’s function that appears in the MFIE, PMCHWT and
hybrid FEM [41-43] formulations is more singular than the other MP-LMGFs. Using
one-level of singularity subtraction, the remaining spatial integrals still contain a
logarithm singularity arising from the “quasi-static” image source, which causes the
interpolation scheme to lose accuracy. Hence, a higher-order asymptotic subtraction
is needed in order to remove all of the unbounded behavior.

Chapter 6 applies the second-level of singularity extraction method to study the
singular behavior of the curl-type Green’s function, which has a great impact on the
MFIE formulation. When the surface of the scatterer sits on the interface between
layers, the MFIE formulation has to be corrected in order to account for the reflection
from boundary [44, 45]. In this case, three different types of singular kernels, delta
function singularity, logarithmic singularity and hyper-singularity coming from the
image sources emerge and different transformation schemes are used to perform the
source singular integration accurately.

In Chapter 7, three problems are used as examples to demonstrate the efficiency
and accuracy of our algorithm. In the first example, we apply the TD-LMGF to
calculate the triaxial induction tool response [46, 47], ignoring the effect of borehole
and tool mandrel. Then the PMCHW'T formulation is employed to calculate the
tool response by taking account the borehole effect. As an second example, we apply
our solvers to the modeling of an antenna sitting above the ground and sea water
to observe the broadband input impedance. At last, a cubic scatter sitting on the

interface between two layers excited by a vertical electric current dipole is studied.



In this case, the MFIE formulation is corrected to account for the reflection from
the boundary. In all cases, numerical results show good agreements are achieved
compared to independent methods. Finally, in Chapter 8, conclusions and remarks

are made and several possible improvements and future research topics are discussed.



Chapter 2
Traditional Layered Medium Green’s Function

In order to calculate the electromagnetic field in layered media, it’s necessary to
compute the layered medium Green’s function (LMGF). The Green’s function is the
impulse response of a point dipole source in the surrounding medium or the field at
an observation point due to a unit source located at some source point. Once the
Green’s function is known, the field due to a general source can be obtained by linear

superposition.

2.1 Scalarization of Maxwell’s Equation

Consider an arbitrarily-oriented electric or magnetic dipole source embedded inside
a multi-layered medium, we wish to calculate the field distribution at any arbitrary
point [1]. The electromagnetic parameters of each layer are the relative complex unixial
anisotropic [48-51] permeability and permittivity dyadics denoted as H= %ut + ZZ 1,

and g = gtgt + Zze,. Starting from Maxwell’s equations,
VXE=—jouop-H—- M, VxH= jwee-E + J, (2.1)

because the medium varies only in the z direction, the field is translation invariant in

the x and y directions, if we define a 2D Fourier transform pair,

F(k,) = ]O ]OF (p) /¥ Pdxdy (2.2)

—00 —00

and

F(p) = (271r)2 / / B (k,) e 7 Pk, dk,. (2.3)

—00 —O0



where p = & + yg and apply them to Eq. (2.1), we can transform the two curl

equations into the following equations in spectral domain

@XE:—jwugg-I:I—M, V xH= Jweog - E +7J. (2.4)

If we let the vector fields be F = ft + Zﬁz, we can separate the transverse and

longitudinal components of the spectral equation, yielding vector transmission line

equations
iEt = #(/@3 — vk k) (Hy x 2) +k, I M, x 2 (2.5)
dz JWEQEY WEQE,

and )
d%ﬂt = m(/@? — vk k, ) (2 x Ey) + kpwif;z — 2% J.. (2.6)

Here k; = koy/i:6; denotes the transverse wavenumber, ky = w,/lo€o denotes the
free-space wavenumber and ¢ = ¢, /c., V" = u;/p1. denote the electric and magnetic
anisotropy ratios respectively. If we further define a rotated coordinate system with

two orthogonal transverse unit vectors

ol
ol
=

T A A A~ A A A
—x—l——yy, V=2x0=—2%+
k, k,

- Fy 5 2.7
il E, v, (2.7)

p

the transverse component of electric and magnetic fields can be expressed as

st

E,=0FE,+VvE, H,=uaH,+vH, (2.8)



Substituting Eq. (2.8) into the vector transmission line equation Equation 2.5, and

Equation 2.6, and Equating components in each direction yields

dE, ko) - k, ~ -~
— ( z) Hv + p Jz _ Mm (29)
dz JWEQEL WEQPE »

and
dH, oo -
= —L—FB, —J, (2.10)
dz Jwofit
for the F, and H, components and equations
dE, K2 .
S S (2.11)
dz JWEQEL
and
df, kM2 k, - .
dz Jwopte W o ft

for the £, and H, components. The above two sets of equations characterize transverse
magnetic (TM) and transverse electric (TE) waves respectively. If we further define

the wave impedances as

ke
ze= = gh o DR (2.13)

and sources as

Uez kp jZ—M,L”Z.e: _ju7
weoes (2.14)

ho_ ko 2 7 h
1 ——w#;’mMz — Jp, 0" = M,,

the above equations simplify to the scalar transmission line equations below with V, I

denoting E, H,or E,, H, fora =e,h respectively

—Lve = jkeZoI* — o,
a=ceh (2.15)

d Jo :jkgyava _ Z'a’

T dz



where the superscript e or h corresponds to TM and TE wave polarization respectively.
It has physical meanings that the field produce by a dipole inside the transverse
anisotropic layered medium can be decoupled into TE and TM waves. They propagate
through different layers with different wave impedance independently.

The above classical transmission line equation has closed-form solutions and if we

write the field directly as

B= (" 1)+ (¢": M),
fi= (¢7:3) + (6" ¥).
the dyadic Green’s function QEJ has the form of
8 k k 1 k2
G" = —aaVE V)t a L [ il Vi —— { e pe 5 (z—2)
= WEQE wepe’, Jweee’, | JwepE,
(2.17)

Here ¢’, and e, denote the vertical relative permmitivity in source and observation
layers receptively. The rest of the dyadic Green’s functions can be derived similarly

or found in [1].

2.2 Transmission line analogy

As we discussed above, the spectral components of the TD-LMGF are expressed
using voltage and current on transmission lines which can be easily solved for. Using
the transmission line analogy, the dipole source is modeled as parallel current and
series voltage generator, depending on the source type and orientation. Each layer is
modeled as a section of transmission line with a different characteristic impedance
and propagation constant. This analogy is illustrated in Figure 2.1. In this section,
we will discuss and analyze the solution of the transmission line voltage and current

using different methods.



W,

(83:"3)

Figure 2.1. Transmission line analogy for transformed transverse fields.

2.2.1 S-Matrix Method
Calculation of voltage and current distribution using the S-Matrix can be summa-

rized as follows:

1. Locate the layer number for source point and observation point.

2. Calculate the total impedance (TE/TM mode) looking up and down from the
source point recursively, starting from the most top and most bottom layers

using the equation
ZL + ]Z() tan (k?zd)

"Zo + jZ; tan (k.d)

(2.18)

3. Calculate the voltage and current right above and below the source point due

to the unit series voltage and parallel current sources.

4. Use the S-Matrix to propagate the current and voltage from source point to



observation point using the equations

V. cos (k.d —ijZysin (k,d V;
_ (k=) jZosin (k) . (2.19)

I, —j/Zysin (k.d) cos (k.d) I;

5. Substitute the obtained voltage and current for each component of the spectral-

domain LMGFs.

The S-Matrix described above is a simple and elegant method to calculate the
voltage and current everywhere along the transmission line. However, when the wave
is evanescent, the S-Matrix may become exponentially large resulting in unstable
numerical results due to numerical overflow. To be more specific, when the horizontal
wavenumber k, increases, the vertical wavenumber £, approaches —jk, and becomes
larger and larger. In this case, the element of S-Matrix becomes exponentially large
and the resulting voltage and current will first start to oscillate and eventually blow up
from numerical point of view. This will cause convergence problems for Sommerfeld
integrals. Hence an alternative approach is desired.

2.2.2 Propagation Method

The propagation method is a more robust way of calculating transmission line
current and voltage distribution. Let us first introduce the generalized reflection
coefficient in the following.
2.2.2.1 Generalized Reflection Coefficient

The generalized reflection coefficient denotes the reflection coefficient looking to
the left and to the right respectively at any point of a line. The expression for the
generalized reflection coefficient looking left fz +1 and looking right 1%“271 at interface

n+ 1 and n — 1, respectively can be written as

10



ca
a el
=@ . Fn—l—l,n + Fntn

n+1 —Q 3 (220)

1 + Fg—kl,nrnt%

e Te 4T
T, =——"—", (2.21)

1+ F;’;,Lnrntg

where
VA AY -

o = . 1 = e Ikendn (2.22)

i m’ n
with d,, being the thickness of layer n. The detailed derivation of Equation 2.20 and
Equation 2.21 can be found at various literature [1], [52] and will be skipped here due
to the limited content.
2.2.2.2 Transmission Line Green’s Function

The voltage due to the current source V,* will be shown below as an example; the
rest of the components V,*, I¥, I can be found using the transmission line equations
Eq. (2.15).

A-m=n

When the source and observation points are both inside layer n, as illustrated in

Figure 2.2, the V,* can be written as the general solution [52]

ZOL Ry NeY / J e k&
‘/i()é — 7’I’Le—jk‘zn‘Z—Z ‘ + Ane_]kznz + Bne.]kznz‘ (223)

At the right interface z = z,41(2p41 > 2’), we have

At the left interface z = z,(z, < 2’), we have

o +— ZOt ey ’ S Nel
Ape ik =T (7"6_]’“—2”'Z"_z e Bne]k“z") : (2.25)

11
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n-1

Figure 2.2. Source and observation points both in the same transmission line section.

Solving for A,, and B,, using the above two equations 2.24 and 2.25, and substituting

back into Eq. (2.23), we obtain

where we denote

and

B.m<n

7¢ « /
‘/;‘Oé — 7” _]kzn|z z | _I_ - ZRa e ]kzngnp (226)
Dr=1-T.t R =T,
o (2.27)
R, =T, R, =R, =D.T.,
Snl = 2271—}—1 - (Z + Z/) ySn2 = (Z + Z/) — 2z,
(2.28)

§n3:2dn+(2_zl>7gn4:2dn_(Z_Z/)-

In this case, we will consider the observation layer m below the source layer n and

12



z < Z'. The the voltage at section i + 1 can be written as
V(=) = A (14 T e 72 mlmsn) (2:29)
and the voltage at section ¢ can be written as
Ve(z) = A% (1 + I:?e_j%?ilz_’z”) ) (2.30)

Equating the above two equations at the junction z;,; as shown in Figure 2.3

Vi (ziq) = V2 (2i1) =V (2i41) (2.31)
we have
a —a
1_wi I_’i+1
«— - |
[04 (04
e o o Zi i1 e o 0
(2)
Zi Zi+1 Zi+2

Figure 2.3. Voltage continuity at the junction z;,; between section 7 and section 7 + 1.

A- ejkzai+1zi+l <1 + fi+1)
— = = . 2.32
A eIke Zit (1 + f e—j2kg;di> ( )

Thus we can obtain the formula relating the voltage of a section from the starting

13



point to its endpoint by

ey AQD)es (el ) e (2.33)

Using the above relation recursively, we may propagate the voltage from z = z, to
Z = Zmyy1 on one hand, so that
m e
VY (2ma1) = V(2 — 2.34
) =V ) IT g (231

i=m+1 Zig1)

On the other hand, at observation section m, the voltage V*(z) at the observation

point is related to V*(z,,+1) at the endpoint of section m as

—q (e —
V() oo ()

Vo (2mi1) 1 _i_f;e—j%gmdm

Tmme1 = 1+ L, e 98 G=mm), (2.35)

Finally, along with Eq. (2.34), we obtain the solution

o Ve (Z) o o s Ve (ZZ) Tm,m— €_j2kgm (zm+1-2)
V)= gtV ) =V ) TT g et
(Zm+1) i—ma1 (zi+1) 1+T, e 32k2, dm

(2.36)

The process of voltage propagation is illustrated in Figure 2.4.

C.m>n

If the observation layer is above the source layer and z > 2/, we can repeat the
derivation above to obtain the solution. However, we can also use the reciprocity
principle to simplify the problem, for example, by exchanging the source position and
observation position, we may be able to use the algorithm developed in the above
case. The derivation of reciprocity principal for transmission line theory can be found
in [53].

In the above derivation, we only analyze the V;* component. The other TLGF

14
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°
Z m+1 \ \ z
Observation Point | Source Point |

Figure 2.4. Tllustration of the propagation method: voltage propagates the from source
point 2z’ to z when 2z < 2'.

n+l

component V&, I, I can be derived from telegraph equation similarly.

2.3 Spatial LM GF

Using inverse 2-D Fourier transform, the above spectral-domain LMGF can be
converted back to the spatial domain. Because the 2-D Fourier transform is defined
as a double-infinite integral, it’s not efficient numerically. By introducing the Hankel
transform defined in Eq. (2.37), we can reduce the double infinite integral to a single

semi-infinite integral.

e}
—~
5
N
N—
——

1 T 7| sinn - , , sinn
/ / v F (k) e R 0= dk, dk, = (—j)" ! Sn{

2
(277) o 5 | cosmp COs 17y

(2.37)

where
o =tan"' (k,/k,),y =tan 'y —¢)/(x — 2), (2.38)

and
. 1 7. /
Su{F ()} = 5 [ F () Ju Gy (0 = 0)]) Rycdhiyim = 0,12, (2.:39)
0

15



defines the Hankel transform of F' (k,). The price we pay is the appearance of
Bessel functions inside the integral of Eq. (2.39). With a rigorous derivation, 16
independent integrals are found and are introduced as follows to simplify of notation

and calculation:

L= So{VE+ VY, L=S {1l +1}, (2.40)
Iy = So{Ve+ VI, L= So{If+ 1}, (2.41)
Iy =So{kIL}, Is=So{kV]"}, (2.42)

I = Si{k, VY, Is=Si{k,I'}, (2.43)

Iy =S {k,V'}, L= Si{kI}, (2.44)
L= S1{k, V'), Lo = Si{kIf}, (2.45)
Ly =S {Ve =V}, Ly=S{I)-I}, (2.46)
Lis =S {Vi-Vr}, Lg=S{I'-I}. (2.47)

Using the above independent integrals, the Green’s function relating electric current

to electric field gE 7 can be expressed below with the diagonal terms being

1 1
GIE; = —511 + 5 COS 27[13, (248)
E LY S PO (2.49)
EJ 1 —1 /
G, = Is—o0(r—7"), (2.50)

ng()glz ngofz

and the off-diagonal terms being

1
GPJ = “sin2yl, G/ = P70 (2.51)
Y 2 Jwepe',
1 sin 7y
GEJ = Zgin 241 GEJ = I 2.52
yx 28111 f}/ 137 yz ngoélz 77 ( )

16



cos 7y sin y

EJ __
sz -

Iy, GY = I1s. (2.53)

JWEQE, JWEQE,
The other Green’s functions can be also derived in a similar fashion thus will not

be listed here due to the limitation of context. It should be mentioned that the 2z

component of the above Green’s function is obtained using

o0

1 /
5o =)= 5 [ oo = ki, (2.54)
0
or o oo
o(z—a)o(y—y) = ! 5 / / ek (P=P) k. dk,. (2.55)
2m)

—00 —00

The delta function here contributes to the field inside the source region.

2.4 Sommerfeld Integrals in TD-LMGF

As we can see, the evaluation of the TD-LMGF relies on the efficient calculation
of the 16 independent integrals from Eq. (2.40) to Eq. (2.47). Evaluation of these
Sls is difficult due to the presence of poles and other singularities in the complex
plane [54-57]. In addition, the integrands are slowly decaying and oscillatory on the
real axis. In our approach, we subtracted the corresponding asymptotic forms of
the integral in the spectral domain and then restored the removed terms in spatial
domain forms [33]. The removed terms are expressed as closed-form expressions which
come from the radiation directly from the source or “quasi-static” images. Such
asymptotic extractions result in a spectral integrand that decays faster by a factor
of kg or more, where £, is the spectral integration number, and even renders some
otherwise diverging integrands integrable when the observation point is in the source
plane.

Taking the geometry of Figure 2.5 as an example, the source point is at 2z’ and

the observation point is at z. The major contribution to the total field is the direct

17



radiated field and the reflected field coming from “quasi-static” image sources. These
terms contain high spectrum components that make convergence difficult. When we
are performing the integration, if we subtract these components from the integrand,
the integral will converge faster. After that, the subtracted terms can be added back

using available closed-form identities.

i

1

1

1 [ee]

b Zs

I—:‘;’e—jkz(Zz?,—z—z')l/'
Z,— % .
3 ® o ®
,,,,,,,,,,,,,,,,, o=kl 2 nr;

' Zy

Bl ez

—pm-i-@
N
8

Figure 2.5. The direct and quasi-static image contributions to potential in layered
media.

In the rest of this chapter, we will first perform the analysis of integrand behaviors
and derive their corresponding asymptotic forms for the generalized Sls. After that,
all the closed-form identities that may be useful for the TD-LMGF calculation will be
introduced.

2.4.1 Integrand Behavior
The Sls that appear in spatial TD-LMGF have the form of [34]

o0

I= /G (2,25 k,) Jy (kpp) kpdk v = 0,1, 2, (2.56)
0 7ky)

18



where G (z, 2/; k,) is the spectral domain Green’s function of the layered medium. Its

corresponding asymptotic forms can be expressed as

—ck,
G (=, 75k,) ~ = [C+ 0 (k)] (2.57)

P

The asymptotic behaviors of Bessel function used above for large arguments are

2
wkpp

T oow
cos (kpp —vg Z) =012 (2.58)

Ju (Kop) ~

Thus we have the asymptotic behavior of the integrand as

e~5ke C;
d i
kp i=0 kp

f (kp) =

(ko) ,a=p—1/2. (2.59)

Here p(k,) is a periodic function (p = 2m/p, p > 0) behaving as cos or sin function
depending on the order of the Bessel function. When p = 0, it becomes to a constant.
For each integrand, d is the decay order of the leading term respect to k,. From
transmission line theory, the asymptotic behavior of the transmission line voltage and

current can be easily derived so that
VeI~ O (ke ™), V2 IF ~ O (e7™°), and V' Ig ~ O (K Te ™) . (2.60)

According to the analysis above, the convergence of the integrand can be categorized
into two types below.
Case 1: if the observation point is above or below the source plane (¢ > 0), the
integrand decay exponentially. The convergence of all the 16 integrals is guaranteed.
Case 2: if the observation point is exactly on the source plane (¢ = 0), the integrand
“decays” algebraically by the order of d . The above 16 integrand diverge in general

and the singularity extraction is needed for the integrand to reach convergence.
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2.4.2 Asymptotic Analysis

Before introducing the singularity extraction technique, it is necessary to discuss
about the asymptotic analysis. The asymptotic form of the integrand characterizes
the behavior of the integrand in the high spectrum, thus control the convergence of
the integral in the spectral domain.

Starting from Fresnel reflection coefficient,

zZr = Iy
po=2t L 2.61
Yz + 2 (2.61)
for TM case, we have
[ i = W e ) (2.62)

l ke N e
WENEL 1—1 WENEL l

When k, becomes very large, the asymptotic reflection coefficient (ARC) looking from

left is

e €00 (\/@)z B ( E?f‘€»2)1—1
Ten Toe = T (2.63)

For TE case, the ARC looking from left has the corresponding term

?h N ?h,oo _ (V “t'uz)l—l - ( “t/‘Z)l
l l ( ,Ut,uz)lil + ( ﬂtﬂz)l'

(2.64)

In order to calculate the ARC looking from right, we just need to replace [ — 1 to
[+ 1. These ARCs are also referred as static reflection coefficients, because they have
the same expression as the reflection coefficient for static electric or magnetic charge.
2.4.3 Closed-form Identities For Singularity Extraction

The singularity extraction process can be demonstrated as

I= / F (k) Jn (kop) k,dk, = 17 + I, (2.65)
0
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where F (k,) represent the spectral integrand and I"** and 7¢** is the difference integral

after extraction and the extracted terms

e = [ E ) = 5 )] o () i,

and

[ = / F> (ky) Jn (kop) K, dk,
0

respectively with £ (k,) being the asymptotic form of F (k,).

(2.66)

(2.67)

The extracted term I°** is usually calculated in closed form, and a collection of

Sommerfeld and related identities (SRIs) are found to be useful for accelerating the

calculation of those SIs [18], [20], [58].

Firstly, let us define

o~ ikt R

- a _ —jkg|s]
47 Re’ P ¢

with

R = \/p? /v + 22,

Then the identities associated with zero-order Hankel transform are

pe 1
I = — (e
A 50{2jka} VaG,
P S
— (!047
2 } Vi”(RO‘)2

|
e ) - 2 ()
|

kzpa kit 1o
i .

/UOC
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(2.68)

(2.69)

(2.70)

(2.71)

(2.72)

(2.73)



The identities associated with first-order Hankel transform are

P W B
2k, ATpR> ’

kop® . G?
[p=S 4ol L_ P =
" 1{2Jks} (v*)? (Re)?
k,p° 1 pls|3n— (kR*)?
I =84 22\ — G®,
¢ { 2} (v°)* R* (Rey’
i e ik —jkt|s] 2 ik, R QGa

2k, dmp (RO‘)Z o’
a —jktls|] _ o—jktR™
-[I :Sl p — ¢ . ‘ 9
27k2k, Amtgkip

and the identities associated with second-order Hankel transform are

ko™ 2
I; =5, {j ;p } =—Iyg — I¢,

p
p° 2

I =S =, -1

" 2{2jk?} p
p” 2

]L_SQ 7 ——]E—IB

(2.74)

(2.75)
(2.76)
(2.77)

(2.78)

(2.79)
(2.80)

(2.81)

Using the above SRIs, the original diverging generalized SIs may turn to exponen-

tially decaying integrals after singularity extraction. The worst case appears when the

observation and source points are both on the layer interface when the static image

point coincides with the observation point. Since the reflected spectrum doesn’t have

a closed-form expression in general, a integrand that decay faster by a factor of kﬁ

in the spectral domain can be obtained by extracting the leading-order asymptotic

terms.

2.4.4 Weighted Average Method

Using the above singularity extraction, the remaining integrand differences still

may be highly oscillating functions when the observation point and source point

are near the layer interface. To further accelerate the convergence of those Sls, the
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weighted average method (WAM) [34] is analyzed and employed.

Let us define
S oo &
s= [r©de=>u with w— [ @i (2.82)
a =0 &im1

where a < § < & < & < --- and lim, &, — 00 is a sequence of break points
selected according to the asymptotic behavior of the integrand, for example, the zero

point or local peak point. Then the integral can be written as a summation of

=0

with a remainder integral defined as
Tn=205,—95= —/f (&)dE. (2.84)
fn

The current extrapolation techniques all focus on the acceleration of this integral
remainder. Among them, the weighted average method is one of the most robust and
efficient methods. Below we review and illustrate the theory of the weighted average
method briefly.

The weighted average method defines a translated series,

WnSn + Wn+1 Sn+1 Ty + Nrn+1
S = =S4+ — 2.85
" W, + Wi 1+n (2.85)
ideally, if we choose
Tn
= — , 2.86
7 Tn+1 ( )

then S/ =S suggests the translated finite integrals are the exact infinite integrals.

Because 7, do not have a closed form in general, the leading term of its asymptotic
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form is used to estimate the coefficient 7. For example, the asymptotic analysis shows

that the remainder behaves as

—ngs

o~ aqw, + O (§,')  with w, = (—1)n+1€£—a, (2.87)
thus we have
Tn W, arq Wy -2
= 1+ ~ 1+ 0 (&, . 2.88
Tn+1 Wn+1 < a0€n£n+1 + algn) Wn+41 ( (5 +1)) ( )
If we choose 1 = —wﬁl, then
1 4p=1——n :1+e—q<§”—“~0(1), (2.89)
Wn+1 £n
and the translated remainder behaves asymptotically as
ﬁ . Tn + Nrn4+1 i 1+ nr:'_:l 1- wz::l-l w:):l []‘ + O (57:2)] 0 (5—2) (2 90)

Tn 'n + Nrn4+1 1 + n O (1)

This means the translated remainder becomes a scaled version of the original remainder
and we can employ this approach repeatedly. The recursive process can be expressed

clearly using Figure 2.6.

2.5 Numerical Examples

As a first example, we will validate the identities we introduced previously using
the homogeneous medium configuration illustrated in Figure 2.7. The results are
shown in the Tables 2.1, 2.2 and 2.3. The left-hand side is obtained by performing
pure numerical integration and the right-hand side is calculated using closed-form
expressions. Their values are the same for the decimal places shown.

As a second example, we consider a five layered stratified medium with both source

point and observation point with a distance of 0.2236 m located between the interface
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Figure 2.6. Illustration of recursive scheme for weighted average method.

Figure 2.7. Configuration of Sommerfeld and related identities validation.

of layer 2 and layer 3 as on the left side of Figure 2.8. The frequency is set to be 2
MHz. The conductivity of each layer is listed in Figure 2.8 with unit of [S/m]. The
relative permititivity and permeability of layers are set to be 1. Figure 2.9 plots

the integrand in the spectral domain before and after we subtract the corresponding
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Table 2.1. SIR results with o, /0, = 2 for TM polarization

Identity Real(LHS) Imag(LHS) Real(RHS) Imag(RHS)
A 7.8501e-03 -7.0698e-02 7.8501e-03 -7.0698e-02
B 2.2693e-01 -3.0084e-01 2.2693e-01 -3.0084e-01
C 1.8406e+00 -9.5475e-01 1.8406e+00 -9.5475e-01
D 1.4482e4-00 2.1578e+00 1.4482e+-00 -2.1578e+00
B 1.2585e-02 -1.5859e-02 1.2585e-02 -1.5859e-02
F 9.0765e-02 -1.2034e-01 9.0765e-02 -1.2034e-01
G 9.1774e-01 -6.2262e-01 9.1774e-01 -6.2262e-01
H 1.0367e-01 -5.2044e-02 1.0367e-01 -5.2044e-02
I 5.1406e-04 -3.6907e-03 5.1406e-04 -3.6907e-03
J 2.3275e-01 -8.6128e-02 2.3275e-01 -8.6128e-02
K 2.4311e-03 -3.1162e-03 2.4311e-03 -3.1162e-03
L 2.4780e-02 -1.6344e-02 2.4780e-02 -1.6344e-02

Table 2.2. SIR results with ¢,/0; = 2 for TE polarization

Identity Real(LHS) Imag(LHS) Real(RHS) Imag(RHS)
A 5.1211e-03 -3.6893e-02 5.1211e-03 -3.6893e-02
B 1.2562e-01 -1.5848e-01 1.2562e-01 -1.5848e-01
C 1.0337e+4-00 -5.1954e-01 1.0337e+00 -5.1954e-01
D 4.5107e-01 -6.0048e-01 4.5107e-01 -6.0048e-01
E 6.6148e-03 -8.1386e-03 6.6148e-03 -8.1386e-03
F 2.5123e-02 -3.1697e-02 2.5123e-02 -3.1697e-02
G 2.5698e-01 -1.6730e-01 2.5698e-01 -1.6730e-01
H 5.4889e-02 -2.7137e-02 5.4889e-02 -2.7137e-02
I 2.8856¢e-04 -1.8850e-03 2.8856e-04 -1.8850e-03
J 6.4132e-02 -2.3192e-02 6.4132e-02 -2.3192e-02
K 6.5013e-04 -8.0662e-04 6.5013e-04 -8.0662e-04
L 6.6796e-03 -4.2875e-03 6.6796e-03 -4.2875e-03

asymptotic forms. As we can see, the subtractions result in a spectral integrand
decaying faster by a factor of k’z and makes the originally divergent integral converge.

The third example validate results using singularity extraction method. We move
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Table 2.3. SIR results with o, /0, = 0.5 for TM polarization

Identity Real(LHS) Imag(LHS) Real(RHS) Imag(RHS)
A 2.8849e-03 -1.8848e-02 2.8849e-03 -1.8848e-02
B 6.6124e-02 -8.1365e-02 6.6124e-02 -8.1365e-02
C 5.4851e-01 -2.7120e-01 5.4851e-01 -2.7120e-01
D 1.2546e-01 -1.5838e-01 1.2546e-01 -1.5838e-01
B 3.3930e-03 -4.1232e-03 3.3930e-03 -4.1232e-03
F 6.6133e-03 -8.1358e-03 6.6133e-03 -8.1358e-03
G 6.8080e-02 -4.3385e-02 6.8080e-02 -4.3385e-02
H 2.8268e-02 -1.3861e-02 2.8268e-02 -1.3861e-02
I 1.5265e-04 -9.5264e-04 1.5265e-04 -9.5264e-04
J 1.6856e-02 -6.0203e-03 1.6856e-02 -6.0203e-03
K 1.6821e-04 -2.0522e-04 1.6821e-04 -2.0522e-04
L 1.7357e-03 -1.0983e-03 1.7357e-03 -1.0983e-03

f =2MHz (05) f =2MHz (61.5:)
(15:30) (1530)
=2 %=2 Observation Line 2 Observation Line 1
eas) S B
S o, [ ST S oann

(05.1.0) (05.10)

(002 (0..0.2)

Figure 2.8. Configurations of five layers of stratified medium for (left) singularity
extraction and (right) integrand observation.

the source point inside the third layer and put three observation lines with each

corresponding different convergence behaviors of the integrand. The configuration is

illustrated on the right side of Figure 2.8. For the first observation line ( p > 0 and

¢ > 0 ), the integrand oscillates and decays exponentially. The integral result I; is

plotted in Figure 2.10. For the second line ( p =0 and ¢ > 0 ), the integrand decays

exponentially. The integral result [; is plotted in Figure 2.11. Because the integral

27



8 F F T T
6
4
~ 2 T
= il
& o LT
9 _2 b= ‘# 'k
1
-4 i
-6 — WI/O Subtraction
""" W/ Subtraction
_8 I3 Id r r
-1 0 1 2 3 4
max
Ioglo(kp/|kt )

Figure 2.9. Comparison of integrand spectra for I; with and without singularity
extraction.

blows up as we approach to the source point, a log-scale of the integral value is plotted

in Figure 2.11. For the third line ( p > 0 and ¢ = 0 ), the integrand oscillates and

decays algebraically and the integral result I 4 is plotted in Figure 2.12. In this figure,

the “+” and “-” indicate we approaching the source plane in a limiting sense from

above or below.

As a final example, we use the Green’s function developed in this chapter to
calculate the field distribution due to the dipole source in layered media. The
configuration and parameters of each layer is shown in Figure 2.13. The source
point is located at (z = 0,y = 0,2z = —1.4) m and the observation line is along
(=3 < x<3,y=12=-0.3) m. Figure 2.14 plots the electric field if the source
dipole is of electric type. Figure 2.15 plots the electric field if the source dipole is of

magnetic type. This results agree well with reference [59].
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Figure 2.11. The integral I; on the second observation line, p = 0 and ¢ > 0.
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_____________ d,=-0.2
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Figure 2.13. An electric or magnetic dipole is radiating in a seven-layer medium (unit:

m). The

operating frequency is 300 MHz, and the layer parameters are

shown in the figure.
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Figure 2.14. The electric field distribution on the observation line due to the electric
dipole.

E field due to M source
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Figure 2.15. The electric field distribution on the observation line due to the magnetic
dipole.
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Chapter 3
Mixed-Potential Layered Medium Green’s Function

When solving the currents induced on scatterers in layered media, the dyadic
Green’s function may be used to formulate the integral equation which are then solved
by method of method. The method of moments casts the integral equations into
matrix using the subspace projection method. The TD-LMGF discussed in Chapter 2
is too singular for numerical processing as its counterpart in homogeneous media.
The highest singularity order is of O(1/R?) (also called super-hyper singularity) and
thus is not suitable for numerical processing. In this chapter we will focus on a less

singular type of LMGF' that we used for integral equation.

3.1 Mixed-Potential Representation

Michalski proposed three types of mixed-potential layered medium Green’s function
(MP-LMGF) [60]. Among them, the type of formulation C is now widely used and
most popular among computational electromagnetic society. The mixed-potential
representation remove one order of singularity by taking divergence gradient respecting
to the source current and remove another order of singularity by introducing a gradient
respect to the observation coordinates. The resulted generalized Sommerfeld integrals
(SIs) appearing in the potential kernels are less singular in spatial domain and converges
fast in spectral domain.

To begin with, we can represent the electric and magnetic field as vector and scalar

potentials [1]

1 1
E= —jwA-V®—-VxF, H=—juF-VU4+-VxA, (31
€0 Ko
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where the vector potentials are related to the electric and magnetic source via

A(r) = ,uo/gA (r,r’) - J (') dS’, F(r) =¢ /gp (r,r) - M (') dS’, (3.2)
S s

and the scalar potentials are

d(r) = —j:€0 (/S V' -J() K®(r, 1) dS’+/S 2-J(r') P.(r,v) dS’) (3.3)
and
U (r) = —jwluo (/S V' M) KY (r,r) dS’—l—/Si-M(r’) Q. (r, 1) dS’). (3.4)

The Green’s function kernel again do not have a close form. Their dyadic and scalar

components are expressed as 2D Fourier integrals below:

Gg(r,r 1 T 7| Gk, =22 . ,
gl _ . / / f( p?) eI =k, dk, . (3.5)
(27) G (kp, 2, 2)

—00 —0OQ

G (r,r')

The spectral MP-LMGF components are also expressed using transmission line voltage
and current similar to TD-LMGF in Chapter 2. For that associated with electric

current, we have magnetic vector potential dyadic Green’s function as

1 Vih 0 0
Jwiio
54 AN 1 1/h
G (ky,z2) = 0 =V, 0 : (3.6)
thz e tky e t e
i}kg (Iih_lz‘) l}kg (Iz‘h_Ii) ngosglv

the scalar potential kernel and vertical current correction term as

N Ve —yh - Vh _ e
K*® (kp,2,2") = jwso%, P, (k,z,2") = kgﬂlt% (3.7)
p
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The curl of magnetic vector potential dyadic Green’s function is

L (I — I + I — b

k2 ( ( k2 \"i i i wepel, v

~ ~A ’ 2

Vxg (knzd) = g (h-1) -1 Sp(h-I) eI |- (68)
wpopz wpopz

The spectral MP-LMGF's associated with magnetic current can be derived by imposing
duality principal.
3.1.1 Indepedent Hankel Transform

With rigorous derivation, 14 integrals are found to be independent and are intro-

duced here for simplification of notation and calculation, which are

L=S{VI}, L=S{I}, (3.9)

I3 =5, {][‘4—]1?}, Iy =5 {Vf‘l“/;h}7 (3.10)
Vih_‘/;e V;)h_vve

15250{14:—3}’ ]GZSO{k—?)}a (3-11)

IL—1) If—10

17250{ B } [8250{ e } (3.12)

Ie — [t Vh e
I, = U Iy = v 1

7 Sl { kp } ) 8 Sl { k?p } ) (3 3)

Ly =S {k, VI, Ly = Si{k, I}, (3.14)

Lz =S {If —I!'}, TLu=S{V})-V}. (3.15)

Among these 14 integrals, 8 of them are associated with zero-order Bessel function,
4 of them are associated with first-order Bessel function and the rest two of them
are associated with second-order Bessel function. Even though the second-order
Bessel function can be further expressed as linear combination of zero-order and
first-order Bessel functions, we still end up with 14 independent integrals in total after

replacement. In this work we just use the above notations.
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After substitution of the above integrals to the previous derived MP-LMGFs, we

have the spatial form in the following

L7 0 0
Jwho
A / — 1 1
g* (r,x) 0 I 0 : (3.16)
pig cosylg  pug sinylg nggs,z I,
K® = —jweols, P, = k3,1, (3.17)
and
—%SiHQ’leg %([3 -+ cos 2"}/[13) _Wﬁ sin’y[12
A .
V x g (r,r') = % (=15 + cos 2v113) %sm 2~v13 mﬁ cosvIqo
sin vy cos Yy
JWHo 2 In  jwhpops In 0

(3.18)
The same exercise may be repeated to obtain the MP-LMGF's associated with magnetic

current.

3.2 Sommerfeld Integrals Acceleration

3.2.1 Asymptotic Analysis

The asymptotic analysis here is the same as that introduced in chapter 2 for
TD-LMGFs, the only difference is that the closed-form identities may be a little
different due to the weak singularity of MP-LMGFs, such as the rise of half-line source
potential.
3.2.2 Half-Line Source Potential

After rigorous derivation, two extra Sommerfeld related identities apart from the
closed-form identities introduced in chapter 2, may be needed for the acceleration
of the generalized Sls appearing in MP-LMGFs. The first identity is the spectral

Green’s function having a second order of decaying respect to k% and its right hand
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side can be interpreted as the potential caused by a half-line source [40].

g eIkl 1 ooefjktmd
- R G 3.19
" 0{2<jk3)2} va/ dnhe 1
<]
with
R® = /p?/v> + s2. (3.20)
If we define

. o—Ike RS
G2 (p, <)) E/ el (3.21)

Is]

the identity M can be further simplified for notation as

Iy =S i = L G¢ 3.22
= EE—— = —G, , |IS]) - .

The second identity that might be useful is

Lo [ DLt 23
N = o{m}——;{] 1k, + 15[ G2 (p,[s])] - (3.23)

This corresponding to a higher-order of decaying of the integrand respect to k¢
compared to identity M. As we know, the half-line source potential is firstly introduced
in the reference [40] for homogeneous lossless isotropic medium. We can easily expand
it to lossy uniaxial anisotropic medium here.
3.2.2.1 Method 1: Exponential Integral Representation

Since we have R® = \/p2/v* + 5% and R*dR® = sds, Eq. (3.21) can be written as

/ oIk R ; 7 oIk R . o~ kiR
s = =
A R~ 4m\/ R — p? Jv> Ar R~

z re

dR".

n

WO(%)

(3.24)
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where the lower limit is r* = /p?/v® + 22 and the coeflicients C,, are binomial
expansion coefficients. The above expansion is only valid inside the unit circle in the

complex v plane

vl = ‘p/ <, (3.25)
Ra
implying the convergence condition
p/ve| < IR, (3.26)

since /v* € (—m/2,7/2), we can derive /1/y/v® € (—n/4,7/4). The above condition

Eq. (3.26) always hold true from Figure 3.1.

(R"‘)zzpzlv’)‘+z2 (R“) =p?lve+7?
Im Im
22
pzlva\ ‘S
M,
R 0 (R)
7@‘ { Re
@ \ 2 s
(R) e i
polv
7
Zv* e(-x/2,0] Zv* €[0,7/2)

Figure 3.1. Graphical proof of binomial expansion convergence condition.

After the convergence check, we now can switch the order of integration and

summation, yielding

o0
o—ikiR®

G = ni;o C, (,O/W_a)?nﬁ / (Ra)wdm (3.27)

ro

37



If we denote t = R*/r®, dR* = r®dt, we have

. 1 oo \/ﬁ 2n .
GZ:EZCn(p/T ) Eonr (jker) (3.28)

n=0

where the complex exponential integrals are
E, () = / £ et (3.29)
1
The recurrence relation for the exponential integrals

En-l—l (Z> = (6_2 - ZETH—I (Z)) , = ]-7 27 37 crey (330)

SRS

can be further used to simplify the calculation. For the limiting case p = 0, the only
term appearing in Eq. (3.28) is the n = 0 term, and therefore,

1 :
GS(p=0,2)= EEl (jkiz) . (3.31)

The method employs the binomial series expansion to evaluate the half-line source
potential, thus its convergence rate depends on the convergence rate of the series
expansion. As we learned before, the convergence radius of binomial expansion is

_ | /v
|7| < 1 and the smaller || = )pW

is, the faster the convergence we can achieve.
This corresponds to the small observation angle 6 physically in the spatial domain.
However, for large observation angles 6, an alternative approach is desired.

3.2.2.2 Method 2: Numerical Integral

The second method is a pure numerical approach. We may write

o—JkeRe e—ikeR®
S = ds — ds. 32
0 0
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The first term on the right hand side is the half of the potential contribution from an
infinite line source and is readily written in terms of zero-order Hankel function of

the second kind corresponding to an outgoing wave [61],

S ) t . .
j VvV

Here we need to be careful about the branch cut of the Hankel function as the variable
k; extends into the complex domain. Since Zk;/v/v* € (—/2,0], the above identity
follows an analytic continuation extending off the real axis into the complex plane
from isotropic medium to complex uniaxial anisotropic medium.

The remaining integral corresponds physically to a potential produced by a small

segment of line source extending from s =0 to s = z:

o~ kiR
AGT = . .34
G¢ / = ds (3.34)

0

The above integrand is a near-singular integrand and by introducing a transformation

of integration variable

du = —ds, (3.35)

corresponding to the function
u = sinh™! (z\/ I/a/p) ) (3.36)

we can remove its near-singular behavior. Thus the integral in Eq. (3.34) becomes

sinh~1 (zm/p)
AGY = — / e Ik B dyy, (3.37)
0
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Again, the sinh™! function is extended into complex plane and its branch cut should
be careful treated. Because sinh™! function contains a logarithm function, it has
an infinite Riemann sheets and the right Riemann sheet should be chosen to get
the correct result. Fortunately //v® € (—n/4,7/4) is on the principal branch for
most programming languages, when determining the upper bound of the integral by
analytic continuation, no special treatment is required.

After the transformation, the integration path is mapped to a complex curve on
the complex u plane. However, the integrand itself becomes an analytic function
such that path deformation is allowed. A simple and natural choice is a straight line

connecting the points from the lower to the upper limit.

3.3 Numerical Examples
As a first example, we repeat the same exercise for the second example in Chapter 2.
Here we compare the integrand behaviors of I; and I5 with and without asymptotic

subtraction in Figure 3.2.

log, (1)

-101 -10-
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log, o(k /Ik"™) log, o (k k")

Figure 3.2. Comparison of the integrand spectrum for I; and I5 with and without
singularity extraction.

After that, we redo the same procedure for the third example in Chapter 2.

The integrals are observed on three different observation lines and the results are
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compared between with and without singularity extraction in Figure 3.3, Figure 3.4

and Figure 3.5. Good agreements are achieved on these three cases.
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Chapter 4
Integral Equation Method

When we solve electromagnetic scattering problems in layered medium, full wave
simulations may be performed. In general, there are three major methods for full-wave
simulation, the finite-difference method [62], finite element method [63] and method
of moments [64, 65]. The finite difference method and finite element method require
one to discretize the entire interested region and to solve the electromagnetic field
everywhere in space. Hence, the resulting number of unknowns is usually quite large.
Sometimes if the scatterers have some fine structures, a single mesh scheme for the
whole structure may lead to a large number of wasted unknowns. Furthermore, in
order to truncate the infinite domain to a finite domain, a perfectly matched layer
(PML) should be used to absorb the outgoing wave in order to impose the Sommerfeld
radiation condition [66-68]. The discretization of the interested region will also
introduce grid dispersion when the field is propagated from one point to another[69].
The grid dispersion causes inaccurate wave velocities in different directions and results
in cumulative errors that become intolerable [70]. However, when we apply integral
equation methods, the Green’s function propagates the field from one point to another
in a exact manner and no dispersion error is introduced. The integral equation
approach with Green’s function becomes particularly powerful in a complex medium,
for example, considering scatterers near, penetrating or embedded in a stratified
layered media. The LMGF takes into account multi-reflection and the interference of
different spectra of waves in the layered medium. Using the surface integral equation
method, the unknowns are only associated with the surface of the objects or scatterers
instead of everywhere in the space of interest. Also, the formulation of integral

equations follows from the strong physics of waves and field interactions. Instead of
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performing pure numerical calculation as in finite difference or finite element method,
the integral equation based method brings physical insight to the problems under
investigation and allows one to distinguish the primary field and induced field easily.
The main difficulties of the integral equation are (1) the singular integrals in the
element matrix are difficult to calculate [71-73], and (2) the resulting dense system
matrix requires O(N?) storage and more than O(N?) effort to solve. Fortunately,
many advanced numerical methods are developed to handle all kinds of singular
kernels and with the development of some fast integral solvers [74-80], the second
limitation is much relieved. The discussion of these topics is beyond the scope of
this dissertation and will be not discussed here. In this chapter, we will focus on the

integral equation formulation.

4.1 Equivalence Principle

Let us consider an arbitrary shaped object embedded inside a layered medium.
We denote the surface of the object as S, and the region outside and inside the object
are VT and V~, respectively. Let (J;7, M) be the impressed electric and magnetic
currents outside the scatter, and (J;, M, ) be the impressed source quantities inside.
The fields due to the excitation of these current sources are denoted as (E*, HT)
outside and (E~, H™) inside, respectively. In the background stratified medium, each
layer is assumed to be a complex uniaxial anisotropic medium. The configuration is
illustrated in Figure 4.1.

A) Exterior Equivalence

If we place equivalent surface currents

Jf=nt xHY, M!=-a"xE", (4.1)

on S, these equivalent currents (J7, M) plus the original impressed sources (J.;, M)

outside together produce the original fields (E*, HT) outside and a null field (0~,07)
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)

Figure 4.1. Scattering problems in lossy uniaxial anisotropic multi-layered medium.

inside[81].
B) Interior Equivalence

Similarly, if we place an equivalent surface currents

J.=f" xH, M =—A xE, (4.2)

on S, these equivalent currents (J;, M) plus the original impressed sources (J;, M)
inside together produce the original fields (E~, H™) inside and a null field (0*,07)
outside.

Because the physical fields inside and outside the surface S are continuous, the
introduced equivalent surface currents of the exterior and interior equivalences are
just the negative of one other, satisfying

Jr=-J;, M/=-M,. (4.3)

S
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(a) (b)

Figure 4.2. Equivalent currents for (left) exterior region and (right) interior region.

If we enforce the continuity condition of the physical electric and magnetic field along

the surface S, we end up with the following two equations :

limE (J5, M{) +E (J7, M}) =limE (J;, M;) + E (J;, M;)
rlS 1S , (44)

3 + + + +) — 13 - — - -

where the up arrow 1 and down arrow | denote S is approached from the interior or
exterior respectively. Together with equations Eq. (4.3), we can solve the unknown
equivalent currents. This formulation is often referred as the famous PMCHWT
(Poggio, Miller, Chang, Harrington, Wu, Tsai) [82] formulation for scattering problems
of homogeneous dielectric bodies.

If the above object is a perfect electric conductor (PEC) with no interior sources,

the only unknown current type is the electric current because
M! = -at x Et =0. (4.5)

Enforcing the boundary condition of electric current or magnetic fields, Eq. (4.4)
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reduces to

s s s Ys

: + 0+ + M) — : + 0t + M) —
E%E(J 0;)+E(J7,M/)=0, or Eng(J 07) +E(J7, M) =0, (4.6)
and

lim H (J505)+H (7, M) =0, or lim H (J505)+H (JF, M) =H". (4.7)

One thing that should be pointed out is that the two different forms of the equation
from the internal surface and the external surface above are equivalent. The jump
discontinuity of the magnetic field in Eq. (4.7) comes from the electric source current.
Eq. (4.6) and Eq. (4.7) are called Electric Field Integral Equation (EFIE) and Magnetic
Field Integral Equation (MFIE), respectively. The above MFIE Eq. (4.7) often results
in a poorly-tested scheme [83], Alternatively, the rotated version of Eq. (4.7) shown

in Eq. (4.8) is more popular:

s Ys

A x limH (J7,07) + A7 x H(J7, M) =A% x H'. (4.8)
TS

Sometimes, a linear combination of Eqs. Equation 4.6 and Equation 4.8 is used
to remove the internal resonance of a numerical solution. Their physical meaning is

discussed in [65], [70].

4.2 Discretization Scheme
In order to solve the scattering problems using a computer, we need to transform
the above equations into matrix form using the subspace projection method. We shall

use the div-conforming RWG basis function [84] to expand the unknown currents and
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test Eq. (4.4) in a Galerkin sense. The resulting matrix equations are

+ - + -
Zmn + Zmn Cmn T Qg

ot B Yo Yo

where the impedance matrix is

1
[Zmn] = jCU/I/() < Ama gAaAn >4-
= Jweo

1
+-
JWeo

and the admittance matrix is

<V A K2 V-A, >

<V-A,, P, A, 72>,

1
Y] = jweo < Ap; GFi Ay >+—— < V- A KV V- A, >

JwWho

+-
JWito

The o matrix and  matrix are

[Cmn] = = < A; VX G55 AL > [Bn] = — < As V X GH A, >

The right hand side (RHS) system vectors are

Vo] =< A Ef —E7 > (1]

<V -Ap; QA -2 >

=< A,;H —H; >.

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

For the background layered medium, the Green’s function kernels are those

appearing in Chapter 3, while for the inner homogeneous medium, the dyadic Green’s

function kernels can be expressed as

48

(4.14)



and the scalar potential kernels can be written as

K*=K'=G, P.=Q.=0. (4.15)

with G = e*ij/47rR.
Similarly, the discretization of the EFIE in Eq. (4.6) results in the matrix equation
below

(Znn] [In] = [ng} ) (4.16)

with [Z,,,] being the same as Eq. (4.10) and the system vector [V ] being

[Vi] =< A Ef > (4.17)

The discretization of the MFIE in Eq. (4.8) results in the matrix equation below:

Brn] [In] = [1,] (4.18)
with [Bm,] being
[Bmn] = % <A Ay > — < A XV X GH A, > (4.19)
and the system vector [I? ] being
(1] =< A x Hf > (4.20)

The discretization of the CFIE [85] can be expressed as

[iZmn + aﬁmn] 1] = [lV,ﬁl + 04[7’;1] ;a € (0,1]. (4.21)
Tlo Mo
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4.3 Solution of Matrix Equation

The matrix equation can be solved using two types of methods: direct methods and
iterative methods. Commonly used direct solvers include Gaussian elimination, the
LU decomposition, and frontal and multifrontal methods. The main advantage of the
direct solvers is that it can produce an accurate solution in a fixed computational cost,
hence is very efficient for small problems. The computational complexity of the direct
solver is O(N?), and with the number of unknowns increases, the computational time
increases dramatically. Alternative, matrix with a large number of unknowns usually
employ iterative solvers to obtain the solution, since the complexity is on the order of
O(N?). Commonly used iterative solvers include the conjugate gradient method(CG),
biconjugate gradient method (BiCG), biconjugate gradient stabilized (BiCGSTAB)
and generalized minial residual (GMRES), etc. Among various iterative methods, the
conjugate gradient iterative method (CG), and their extensions received increasing
interests. For ill-conditioned matrix, the number of iterations can be greatly reduced
using preconditioning techniques, such as diagonal, block diagonal, near-neighbor and

Calderén preconditioning techniques.

4.4 Numerical Examples

As a first example, a PEC object is embedded inside a three layered medium.
It is excited by a electric dipole with polarization of (# = 45° ¢ = 0°,). The
configurations and all the parameters are shown in Figure 4.3. An observation line
along (—4 < x <4,y = 0,z = —0.9) m is chosen to observe the field distribution.
Both the EFIE and MFIE are used to calculate the induced current and the field
distribution. Results for the x and z components of the electric field are shown in
Figure 4.4 and Figure 4.5.

As a second example, we change the object to be homogeneous dielectric with

constants €, = 4 and p, = 1. The second layer is also changed to an isotropic layer
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Figure 4.3. A PEC object embedded inside a three-layered medium with (left) original
and (right) meshed structure.
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Figure 4.4. The  component of the electric field calculated using EFIE and MFIE
formulation.

with €5 = 2.5 — 0.3 and py = 1 in order to compare with the results from an existing
reference [59]. Again for the x and z components of the electric field are shown in

Figures 4.6 and 4.7.
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Figure 4.5. The z component of the electric field calculated using EFIE and MFIE
formulation.
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Figure 4.6. The x component of the electric field calculated using PMCHW'T formu-
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Chapter 5
Second Level Singularity Extraction

In the previous chapters, we discussed various techniques to accelerate the com-
putation of Sommerfeld integrals and applied them to several scattering problems.
Typically, when we employ integral equations to solve scattering problems, hundreds
of millions times of LMGF computation is required during the filling of system matrix.
In order to further accelerate the matrix filling process, one attractive yet popular
remedy is to precompute these integrals on a grid of points in the solution domain.
Then the integrals can be computed using table look-up and interpolation techniques.
For example, Atkins and Chew [39] proposed a scheme to reduce the storage of five
SIs to only two basic SIs and interpolate their values and their derivatives for the
computation of LMGF. Francavilla [38] reported a simplex interpolation scheme can
further accelerate the matrix filling while maintaining the same accuracy. Depending
on different problems, the interpolation can be performed in one dimension(1-D), two
dimensions(2-D) and three dimensions(3-D). For arbitrary shaped objects that are
embedded in different layers, 3-D interpolation in p — p/, z and 2’ is required. An
example of the sampling of the tabulation grid in three dimensions can be seen in

Figure B.2.

5.1 Motivation

In order to increase the interpolation accuracy, the singularity extraction technique
introduced before is used to regularize the spectral integral. In general, the spatial
curl-type Greens function that appear in the MFIE, PMCHWT and hybrid FEM
formulations is more singular than the other mixed-potential LMGFs. Using one-level

of singularity subtraction, the remaining spatial integrals still contain a logarithm
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Figure 5.1. Example of a four layered medium and the sampling of three dimensional
tabulation grid in p = 0 plane.

singularity arising from the quasi-static image source, which causes the interpolation
scheme to lose accuracy. Thus, a higher-order asymptotic subtraction is needed in

order to remove all unbounded behavior.

5.2 Second Level Asymptotic Forms

5.2.1 Second Level Asymptotic Forms of Reflection Coefficient
Consider a two layered medium, the reflection coefficient looking down (left) is («

= TE or TM)

« 7Z101_ZQQ

= — 0.1

The two-levels of asymptotic forms can be obtained using a Taylor series expansion

resulting in the form

1
?a,oo (k:p> _ ?a,lpo + ﬁ?a,loo +0 (k’;4) ’ (52)

p

where T'*5 and I'*>* are denoted as first-level and second-level of asymptotic
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reflection coefficient respectively.

A) TM Mode

For the TM mode, the reflection coefficient can be expressed as

kS kS
e _ Zf — Zze (“505t>1 (“805t>2
21 — e e N

Since we have

. k2
if we define z = 3, and
P

o VELEL, O =€ o Mt€¢ HtEz, X = €
a = , br=—=
VU, oo =h Eifly, v = h

by using the binomial series
11,
VIict=1-—t—=t*—..-,
2 8
we may obtain the expansion of k. in term of k, as
. 1
kY =~ —jvvek, (1 - 51)‘”:)3) .
Substituting the expression Eq. (5.7) to Eq. (5.3), we have

eco  A°— Brx
$21 - Ce— Deg’

o6

(5.3)

(5.6)

(5.8)



with the coefficients being

A =a5—a$, B¢=a5b5/2 — a5b5/2,
2 — 0] 5b1/ 705/ (5.9)
C¢ = a5 +aS, D°=ashs/2 + achs/2.

The reflection coefficient Eq. (5.8) can be further expanded into the formula below:

A — B°r  A°— B 1
e _ — : 5.10
! Ce — Dex Ce  1—-D¢/Cex (5.10)
Using geometric series formula for || <1
1
—— =14+ttt (5.11)
1—t
we obtain the asymptotic reflection coefficient in expression Eq. (5.2) as
A€ A¢D*® — B°C*
Teteo = £ pezee L A8 5L 42 (5.12)

= @7 (06)2

B) TE Mode
The same exercise is repeated to obtain the second level asymptotic form of the

reflection coefficient for TE case. The reflection coefficient for TE case is

N N wpope \ [ wrop
o L1 — 2y k) K2 ) g
2 - )
A ) 7 ()
1 2

z z

(5.13)

and without detailed derivation its corresponding two level asymptotic reflection

coefficients are given as

?h,l,oo _ A_h ?h,z,oo _ AMDh — B"Ch k2,

= a (5.14)

with the coefficient constant A, B, C, D being
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At =qat | —al, Bh= a?_lblh/Q — alhb?_l/Q, (5.15)
Ch=al  +al', Dh= a?flblh/Z + a?bfﬂl/Z.

One thing worthy to mention is the above expansion can be performed in terms
of k.. Due to the different forms of independent Hankel transforms introduced in
Chapter 3 and the available closed-form Sommerfeld and related identities, both
expansion forms in %, and k. are useful. However, one needs to be careful that k, is
asymptotically equivalent to jk2/y/vf for uniaxial anisotropic medium. The latter
expression should be carried together during the expansion. As a result, their first-level
and second-level of asymptotic reflection coefficients are the same as equations 5.12
and 5.14.

5.2.2 Second Level Asymptotic Forms of Transmission Line Green’s Func-
tion

A)m=n

The asymptotic form of the transmission line Green’s functions appearing in the
spectral LMGFs have three components in general as we discussed in chapter 2,
corresponding to the direct radiation and reflection from lower and upper boundaries.
Taking I; as an example, when the observation and source points are in the same
layer, its asymptotic form is

[0 — % [:l:e_jkzm + T oo ks _ T ’me‘jkzm} : (5.16)

7

Here the “4” and “” sign depends on if z > 2/ or z < 2/ and ¢ = |z — 2/,

S = |z+ 2 —2z,] and ¢3 = |22,,11 — 2z — 2’| correspond to the traveling distance of
the direct wave, reflected wave from the lower boundary and reflected wave from the

upper boundary respectively.
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The corresponding two-level asymptotic forms can be further expressed as

1
,00 -ar,1,00 -r,2,00
I =14 + 72l (5.17)
p

with &> and i being the first-level and second-level asymptotic coefficients of

I respectively, each having the form

i~ ,1,00 — % [ie—jkzeﬂ + ??717006_jkz2§2 _ ??717006_]7‘32[93] (518)

1

and

i3 — % [?g»me*jkzm — ?;‘72%*9"%3] . (5.19)

1

Aym=n=+1
When the observation and source points are in adjacent layers, its asymptotic

form contains only the transmitted part from the source point:

1 I =
[iOC,OO — § |::|:6_]kz1’.|z_z I (1 . ??’OO)] , m=mn j: 1 <520)

In this case, its first-level asymptotic coefficient is

1

1 : , pms
i oo _ 5 {ie—]kdlz—z | <1 o $?71700>:| , m=n —+ 1’ (5.21)
and its second-level asymptotic coefficient is

1

1 : =
juave — 1 [ie-mez—z | (_ﬁgm)] Cm—ntl (5.22)

Due to the context, the other components of the transmission line Green’s functions

such as V,, Vi and I, will be listed in the Appendix B for reference.
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5.3 Curl-Type Layered Medium Green’s Functions
It is seen from chapter 3 that six independent Hankel transforms, which are
expressed as generalized Sommerfeld Integrals (SIs), are used to form the curl-type

LMGF in the spatial domain. These integrals are

Iy=So{I'+If}, Ii=Sy{Ve+V]}, (5.23)
L= S {k, VI, Lo = Si{k,I}, (5.24)
Ly =S {If —I!'}, TLu=S{V})-V}. (5.25)

Using two-levels of singularity subtractions, the integrals are calculated in the

following manner

I =T 192 7, (5.26)

Here the integrals 17! and %2 are denoted as first-level and second-level of singular
components, respectively, and are calculated using closed-form or easily-calculated
identities. The residual integral 17 does not have a closed form in general. However,
because the remaining integrand 17 after a two-levels of asymptotic subtraction
decays very rapidly in the spectral domain, fast convergence can be reached using the
weighted average method.

To be more specific, take I3 as an example, its first-level of singularity term is

denoted as
1 h,1,00 h,1,00 1 e, 1,00 e, 1,00
J?flzso{a;ﬂf T }+SO{§;i1f T } (5.27)

its second-level of singularity term is denoted as

h h,2,00 h,2,00 € e,2,00 e,2,00
152250{?’—“;0,? T }+SO{?—2;0,$ T } (5.28)
2(jk%) 2(jks)
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and its remaining integral is
B = s { (1= 1 = 1) (I = Y ) b (5.29)

After we perform all the asymptotic subtractions, it is found that all the second-level

forms behave in the following fashion :

g e IkZIs] B e—IkZIs] g AN
| R G i 5.30
0{2(jk3)2} 1{2ykskp} 2{2(jk2)2} (5:30)

The evaluation of these integrals will be introduced in the following section.
5.3.1 Closed-Form or Easily-Computed Identities

As discussed in the previous section, a key feature of the singular extraction is the
the existence of corresponding closed-form or easily-calculated identities representing
the Hankel transforms of asymptotic quantities. The SRIs for the evaluation of first-
level asymptotic forms can be found in Chapter 2 and Chapter 3. For the evaluation
of the second-level asymptotic forms, the corresponding SRIs are introduced.

The first identity, also called half-line source potential is introduced previously in

P i 1 oO‘gfﬂwd 5.31
v=so{5imr) = | T >3

Is|

Chapter 3,

It contains a logarithmic singularity embedded when the observation point approaches
to the source point. The unbounded logarithmic singularity exists in the second-level
asymptotic forms due to the reflection from boundaries. If only one-level singularity
extraction is performed, this unbounded singularity not only makes the integral
difficult to converge near the source point, but also its singular behavior reduces the
interpolation accuracy of LMGF near the source point.

The rest of the identities are listed below
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—jkg|s| —jkels| _ ,—jkeR™
Io =5 {e—} == ‘ , (5.32)

27k2k, Amjkp
eIkl 1 e dktlsl T o
Ip=S9 S : —/efktR dz |, 5.33
r ! {2(]’/6?)2]{:,,} Amjkip \ Tk ! (5:33)
S
Ip =58 —— ¢ ==Ip — I, 5.34
R R U .

They are numbered alphabetically as a continuation of SIRs in Chapter 3. The Hankel
transform P above does not have a closed form. However, its right hand side can be
viewed as the derivative of the HLSP with respect to the transverse wavenumber k; of
the uniaxial medium with an anisotropy ratio.

5.3.2 Derivative of Half-Line Source Potential( HLSP)

The derivative of the HLSP is defined as

A, = / e IR s, (5.35)
Again, we can expand the binomial expansion method and numerical integration
method to evaluate this integral easily.
A) Binomial Expansion Method
Using the binomial expansion method, the integral can be computed as the power

series below:

r

A2 (p,2) =Y Cr (p/ W) Ean (ko). (5.36)

B) Numerical Integration Method
Using the numerical integration method, the integral can be broken into two parts,

from 0 to z and from 0 to oo,
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o0 z

A2 (p2) = [ s [ e (5.37)

0 0

The integral from 0 to oo can be evaluated in closed form, as it is viewed as the

derivative of the zero-order Hankel function with respect to k;,
o0

— d T e-ikRe 7 d p
IR gg = — ds = ——H? [ k . .
/6 ° jdkt/ R ° 2 dky 0 ( t\/V_a (5 38)
0

0

The derivative of the zero-order Hankel function is a first-order Hankel function [61],

The latter integral from 0 to z needs be computed numerically based on the

oscillation of the integrand

z

AAS = /e_jktRads. (5.40)

0

After the computation of two parts separately, we may obtain the final expression
as

T
A% (p,2) = —Ti_p}lf (kt\/%) — AA° (5.41)

5.4 Numerical Examples

This section presents examples that demonstrate the properties of the two-level
asymptotic subtraction method.

We use the same configuration for the second example in chapter 2. The integrand
in the spectral domain of I3 and I is plotted in Figure 5.2.

Each level of asymptotic subtraction results in a spectral integrand that decays

faster by a factor of kg. Tables 5.1 and 5.2 list the decaying order of all the integrals
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Figure 5.2. Example of integrand decaying behavior for I3 (left) and I, (right) by
using two-levels of asymptotic subtraction.

respect to k, for the algebraically decaying case.

Table 5.1. Decay order of Integrals I — I; using two levels singularity extraction

Integral L P I3 Iy I Ig 17
W/0O 0.5 0.5 -0.5 -0.5 0.5 1.5 0.5
L1 2.5 2.5 1.5 1.5 2.5 3.5 2.5
L2 4.5 4.5 3.5 3.5 4.5 3.5 4.5

Table 5.2. Decay order of Integrals Is — I14 using two levels singularity extraction

Integral Iy Iy I I 15 15 14
W/0 1.5 0.5 0.5 -0.5 -0.5 -0.5 -0.5
L1 3.5 2.5 2.5 1.5 1.5 1.5 1.5
L2 5.5 4.5 4.5 3.5 3.5 3.5 3.5

The second-level asymptotic subtraction not only gives a faster decaying integrand
but it also removes the logarithmic singularity of the integral in the spatial domain.
The remaining spectral integrals are then calculable at every point (they remain
bounded) and are sufficiently smooth to permit efficient and accurate interpolation

in the spatial domain. Figures 5.3 - 5.6 plot the remaining integral using one-level

64



and two-level singularity extraction for I3, Iy, I;o and I;4. The observation point
is on the interface of two adjacent layers. For I3 and I, the remaining logarithmic
singularity after one-level singularity extraction (on the left) is removed (on the right).
The remaining integral (on the right) is bounded and smooth enough for accurate
interpolation. for I and Iy4, even though the integral is bounded after one-level
singularity extraction, by using second-level singularity extraction the remaining
integral is even smoother for more accurate interpolation. Because the integrals Iy,

and I3 are dual to I;5 and I14, they are not shown here due to the limited context.
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Figure 5.3. The remaining integral I3 along the observation line using one-level (left)
and using two-level (right) singularity extraction.

The last example, we test the efficiency of the two level singularity extraction.
As discussed previously, the most difficult case for convergence is when the source
and observation points both sit on the interface of layers. In this case, the integrand
only decays algebraically. Moreover, some integrals, i.e. integrals associated with
curl-type operators, diverge mathematically and can only be interpreted in a limiting
sense. We test our code by putting the observation point at a distance of p =
0,1073 x X\, 1072 x Ao, 107 x X\, A9 away from the source point on the interface

as shown in Figure 5.8. The integral I} and I3 are selected for study because they
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Figure 5.4. The remaining integral I, along the observation line using one-level (left)
and using two-level (right) singularity extraction.
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Figure 5.5. The remaining integral I;5 along the observation line using one-level (left)

and using two-level (right) singularity extraction.

represent different decaying orders. For each integral, we use one-level and two-level
singularity extraction and compare the CPU time. The CPU time is the average CPU
time found by repeating the calculation 1000 times. Tables 5.3 and 5.4 list the CPU
time for various configurations when the convergence criteria is set to 107 and 1078
respectively.

For integral I;, the two-level singularity extraction case cost some extra time
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Figure 5.6. The remaining integral I14 along the observation line using one-level (left)
and using two-level (right) singularity extraction.
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Figure 5.7. The configuration for CPU time test of integrals performing one-level and
two-level singularity extractions.

compared to one-level singularity extraction case due to performing of the second-level

asymptotic subtraction. When the observation point is less than a wavelength, no

significant improvement of CPU time is observed because of the use of the weighted

average method. For distance p > A, the two-level singularity extraction can accelerate
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Table 5.3. CPU time (Unit : ms) for [; and I3 at different horizontal distances on the
interface by using L1 and L2 extraction(Convergence € = 107).

Integral Level p=20 p= p= p= p = X\
1073 1072\ 1071

I L1 0.266 0.703 0.531 0.468 5.094

I L2 0.437 1.312 0.625 0.547 2.203

I3 L1 N/C! 0.984 0.797 0.766 0.750

I3 L2 0.406 1.281 0.500 0.391 0.781

1”N/C” is denoted as "Not Convergent”.

Table 5.4. CPU time (Unit : ms) for /; and I3 at different horizontal distances on the
interface by using L1 and L2 extraction(Convergence ¢ = 107° ).

Integral Level p=0 p= p= p= p =N
1073 1072 1071

I L1 0.438 1.781 0.984 1.266 12.469

I L2 0.672 2.328 1.188 1.000 6.031

I3 L1 N/Ct 2.094 1.641 2.250 29.766

I3 L2 0.672 2.359 1.125 1.375 7.140

1”N/C” is denoted as "Not Convergent”.

the convergence one time faster compared to one-level of singularity extraction case.

For integral I3, when p = 0, the convergence is never achieved when only the
one-level singularity extraction is used. When p is around 1072 x A, again a little
extra time cost due to the second-level asymptotic subtraction is observed. when
p > 1072 x ), the two-levels of singularity extraction reach convergence faster for both
convergence criteria (¢ = 107% and e = 1078).

When the distance between source and observation point gets larger and larger,
the CPU time will increase. This is because the integrand oscillates faster and faster,
and denser and denser sampling points in spectral domain are needed in order to
capture the oscillating behavior of the integrand to achieve convergence. In this case,

other methods such as the famous steepest descent path method which is suitable for
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Figure 5.8. The configuration setting of cpu time test for integrals performing one-level
and two-levels singularity extractions.
far field interactions may also be used to accelerate the convergence.

Table 5.5. CPU time (Unit : second) of different steps in MFIE formulation (overall
convergence £ = 107 ).

Pts/\ SIs Interp  Grn’s Fn Inner Solution Total
Product
20 39.08 13.05 52.13 199.07 20.30 271.50
40 261.37 14.13 275.50 205.25 20.50 501.25
80 1679.61 17.50 1697.11 202.14 20.69 1919.94

Table 5.6. Speed-up factors for Green’s function evaluation and matrix filling

Pts/ )\ Grn’s Fn Speed-up Matrix fill Speed-up
20 347.78 73.0
40 65.80 38.2
80 10.68 9.66

As a last example, we consider a half-space problem that a rectangular perfect
electric conductor penetrating into soil sand. Tha layer above is air (¢, = 1.0, u,, = 1.0,
o = 0 S/m) and the layer below is anisotropic soil (¢, = 2.53 — j0.009108, €,,, =
2.25 — j0.005311, pi,, = 1.0, 0 = 0 S/m). The length of the cube is 0.1 m and its

centroid is located in the origin. The cubic is excited by a vertical electric dipole
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located in (—1.0,0.0,0.5) m as illustrated in Figure 7.16. The operating frequency is
1.5 GHz. The number of triangles is 1508 and total number of unknowns is 2262. In
order to demonstrate the efficiency of this method, we list the CPU time of different
steps on a intel(R) Core i7-4090 platform desktop in Table 5.5. The first column list
the interpolation density per wavelength. The second column gives the CPU time
to evaluate the Sommerfeld integrals. The third column lists the CPU time cost on
performing interpolation. The fourth column gives the time consumed in computing
Green’s function and the fifth column is time cost for element matrix evaluation
and matrix assembling. The sixth column lists the time for solving matrix equations
and the last one gives the total time. The speed-up factor for evaluation of Green’s

function and the matrix filling is also listed in Table 5.6.
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Chapter 6

Singularity of Curl-Type Operators

6.1 Motivation
The singular behavior of the Green’s functions plays an very important role in
the formulation of integral equations. For example, in free space, the magnetic field
integral equation (MFIE), is a second-kind Fredholm integral equation as
f—ﬁx/vxg(r,r’)-JSds’zﬁxHi r1S. (6.1)

2 tan’ —
pov

The %J $ contribution pulled out from the integral is due to the jump discontinuity
of the curl-type operator for free space. After the singularity extraction, the rest of
the integral is interpreted in a Cauchy principal value sense.

In Chapter 5, we studied two-level asymptotic subtraction for curl-type operators
in spectral domain. Their closed-form expression in spatial domain reveals all the
singularity in spatial domain. We will see in this chapter that the singularity of
curl-type Green’s function for layered medium behaves quite differently from that for
free space. As a result, the magnetic field integral equation formulation should be

modified correspondingly [45].

6.2 Singularity Analysis of Curl-Type Operator

In layered medium, the singularity contribution not only comes from the source
directly, but also from the image source. In fact, the singular behavior of contributions
from image sources is rather richer than direct radiation from source in homogeneous
medium.

Consider a two layered medium illustrated in Figure 6.1 with its side view as
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Figure 6.2,

& M

Figure 6.1. Side view of a RWG current patch on the interface of a two layered

medium.

The curl-type operator associated with electric current is expressed as

—% sin 2v113

V x gA (r,r') = % (—1I5 + cos 2v1y3)

. I
jwpops - 11

% (I3 4 cos 2v1y3) st;os,z sinyl1o
%sin 2")/[13 jwa;osszOS 7[12 . (62)
__cosy [11 0

Jwpotz

Since the current of the patch flows on the surface of the interface and we are interested

in the transverse component of the magnetic field, our study will concentrate on the

AA AA

transverse components, namely XX, Xy, yX, ¥y components of the curl-type operator.

They are expressed as the combination of two independent integrals I3 and I3 cos 2y

or [;3sin 27.

A) Iy
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gr””r

Figure 6.2. Rotated view of a RWG current patch on the interface of a two layered
medium.

The first-level singular form of I3 is denoted as
1 h,1,00 h,1,00 1 e,1,00 e, 1,00
Je2 :go{§;i1f T }+so{§;i1f T } (6.3)

and its closed form can be obtained via identity B:

e—IkS sl 1 »
]B :So{ 9 } = ;kl (1+jk'tRa) G“. (64)

The identity B is the off-diagonal term of the curl-type operator for homogeneous
media which produces a delta singularity only, hence the first-level singularity of
curl-type operator for layered medium only produce a localized delta singularity

similar to its counterpart in free space, but with a different coefficient due to reflection.
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Its corresponding P.V. integral vanishes on the interface plane as well,

?h,l,oo " ?e,l,oo

I;' = | sgn|z — 2|+ > S(p—1p'). (6.5)
The second-level singular form of I3 is denoted as
h h,2,00 h,2,00 € e,2,00 €,2,00
1?52:50{?—“;0,? T }+SD{?—2;0,? T } (6.6)
2(5k%) 2(7k%)

and its closed form can be obtained via the identity M

R o—k2ls] 1 mefjktRad i
= 0{2<jka>2}‘ﬁ/4ma 8 (67)

4
Is|

This term becomes singular when the source and observation points both sit on the
same interface and the observation point approaches the source point. In this case, we
have |¢| = 0, and the half line source potential becomes a half of the Hankel function

as

G2 (p.0) = o113 (ko Vi) (6.8)

Thus it is clear that the second-level singular form of I3 contributes a logarithmic
singularity with the coefficient of the second-level asymptotic reflection coefficient
11
2= Y Teree— g2 (kip/ V). (6.9)

v 8)

a=e,h

B) I3 cos 2y or Ij3sin 2y

The integral I;3 only contains a one-level singularity, and its second-level “singular”
contribution is bounded. So we focus on its first-level singularity here. Let us express
I3 as

Ly = I3 + 1%, (6.10)
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with 77%* and I being
1y = s {10y = (1 - 1) b (6.11)
and

=5, {%, L1, $e,1,oo7 _?e,l,oo} _s, {%, L1 ?h,l,oo) _?h,l,oo} ‘ (6.12)

The first-level singularity can be obtained via the identity

e—IkZs] 2
I, =5, { } =ZIg—1Ig (6.13)
2 p

with identity B being Eq. (6.4) and identity E being

e—jk?|§| Rae—jkt|§| _ |§| e—jk’tRo‘
I =S = ) 6.14
E { 2k, } ArpRe (6.14)

When I3 multiplies with sin2vy or cos 2y, identity B doesn’t produce a localized
singularity or any principle value contribution. However, when || = 0, identity E
produce a hyper singular behavior so that the first-level singularity of I13sin 2y and

I3 cos 2y is

L1

cos 27y e,1,00 h,1,00 1 Ccos 27y
Iis - (? - ) > . (6.15)
sin 2y il sin 2y

[

6.3 Handling Various Singular Integrals
Assume we have a RWG current patch sitting on the surface of two layers, the

transverse magnetic field is expressed by
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H, (VxG),, (VxG), 7,

= . . (6.16)
H, (VxG@G), (VxGaG), Jy
Taking H, as an example, we can expand it as
1
H, = 3 / —Ligsin2y Jg, (2, y') + (Is + L3 cos 2y) Jgy (2, y)ds'. (6.17)

S

The non-singular part of the above integral can be evaluated easily using standard
Gauss—Legendre (GL) quadrature. It’s the singular part of the integral that needs
advanced numerical quadrature rules. By skipping the long coefficients explicitly in
front of the individual integrals I35 and I3 , the singular part of the above integral H,

is found to be described by three singular integrals listed below.

I'= /(5(/) —p') Jgy (2, y)ds', (6.18)

s

P
2 = / H? (ktﬁ) Jo (2, 9)dS, (6.19)
and

1 cos 2y Jgy (2, 9)
3 __
sin 27y Jg, (2, y)

S

The singular kernels for the above integrals I' ,I? and I are § (p — p'), Inp, p% cos 27y
or p% sin 27y which are also called as delta function kernel, logarithmic singular kernel
and hyper-singular kernel in source integration, respectively.

The so-called “singularity subtraction” schemes are usually employed to evaluate
(near) singular integrals in the evaluation of reaction integrals. By using the singularity
subtraction scheme, the terms having the same asymptotic behavior as the integrand at

unbounded singularities are subtracted from the integrand and integrated analytically,

76



while the remained bounded difference integrand can be handled numerically by
standard GL quadrature.

Recent literature has focused on the “singularity cancellation” scheme to evaluate
the source singular integral. The singularity cancellation relies on the transformation
Jacobian to cancel the singular kernel. The resulting integrand then becomes a smooth
function easily to integrate numerically. Various transformations, like the “Extended
Duffy”, “Arcsinh”, “Radial” and “Radial-Angular” transformation [86] were developed
to handle 1/R singularities, while the “disc-triangle sub-domain division” integration
scheme [87] and “AD-R1-L-AS” transformation [88] are developed to handle the 1/R?
singularity.

In our work, different schemes and transformations are proposed for the accurate
evaluation of singular integrals in curl-type operators for layered media. They are
described in the following sections in details.

6.3.1 Handling Delta Singularity
Handling the delta singularity is very simple because the delta function samples

the current at the observation point:
I'=Jg,(p). (6.21)

6.3.2 Handling Logarithm Singularity

Consider an observation point on the plane of the source triangle S’. Due to the
integrand blowing up at the observation point, the source triangle S’ is split into three
subtriangles about the observation point

The integral can be written as the sum of three integrals, one for each subtriangular

domain,
3

=1
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Figure 6.3. Hlustration of handling logarithm singularity, the source triangle is divided
into three sub-triangle. The red dot is the observation point.

where I, is the integral on each subtriangular. If we define f(p) = H§ (kip/V/1?),

the integral on each subtriangle becomes
h 2'u(y)
I (2,) / £ I = [ [ 50 gy @) pasdy. 623

0 2'r(y)

Applying the transformation to the integral Eq. (6.23)
Y= tan—' L (6.24)

we obtain

U s

I (2, y) / / fp r') pdedp. (6.25)

Clearly, the logarithmic singularity is canceled at the origin. if we normalize the inner
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integral to the unit interval via the transformation

h
pP="N=—", (6.26)
sin ¢
the integral Eq. (6.25) becomes
I3 (2, y) / / fp r') pdipdn. (6.27)
sin ¢

Now the triangular domain is transformed into a rectangular domain as shown in
Figure 6.4. The integral now can be numerically evaluated using a standard Gauss-
Legendre integration scheme for transverse variables. For the radial integral, a
“MRW” integration scheme [89-92] which was designed to handle logarithm singularity
efficiently can be used. After transformation of the sampling points back to the global

coordinates, the integral can be evaluated in a standard GL quadrature rule fashion

as
I (,9) Zka (r), (6.28)
where
h ,
Wi, = wzwymf (pis) Ty (T'i) pij, (6.29)

and we assume a double-to-single index correspondence 4, j <+ k with w; and w; being
the i-th and j-th GL weights respectively.
6.3.3 Handling Hyper-Singularity

The efficient handling of the hyper singular integral in Eq. (6.15) is a very difficult
and challenging task. Extensive research has been conducted to evaluate the vector
integrals involving hyper-singular and near-hyper-singular kernels [88], [93-95]. In
order to accurately cancel the hyper singular kernel, we propose a two step approach

similar to [87]. The source triangular patch is divided into four parts: one disc region
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Figure 6.4. The subtriangle is transformed to a rectangular domain. the so-called
“MRW?” and standard GL integration scheme are used to perform the
integration in the radial and transverse direction.

and three subtriangular domain and the integral Eq. (6.15) is written as the sum of

four integrals,
3

I <I7 y) = lisc (JI, y) + Z Iez;t (ZE, y)? (630)

i=1
where 14 is the integral over the circular disc domain, and the Iét is the integral
on each subtriangle [87], [96]. We will see that I, integrates to zero if we use
RWG basis functions to represent the source current. For subtriangular integral,
we develop a transformation to exactly cancel the singular part of the kernel and
the integration domain is mapped to a rectangular domain similar to handling the
logarithmic singularity as discussed in the previous section.

A) Circular Disc Integration

Figure 6.6 shows the integration domain of I,,,..s and the corresponding local
coordinates, where a is the radius of the circular disc and + is the angle of observation

point to source point respecting to x-axis on the transverse plane.
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Figure 6.5. Ilustration of procedures for handling hyper singular integral. The tri-
angular domain is divided into a disc region and three sub-triangular
regions.

1
[annulus = / 27Tp2 COS 2’}/sz (I‘/) ds’. (631)
Sa

Firstly we use the radial transformation to perform the integration in polar
coordinates, and one-order of the singularity is reduced by the radial transform

Jacobian J = p,

2m a

Lonnuius = //_ Cos 2’}/sz )dpd’)/ (632)

Then we apply the transformation in the following
1
du = —dp, (6.33)
P

and switch the order of integration so that

27 Ina Ina 27
Lonnuius = / / cos 2vJy, (r dudv— — / / cos 27y Jgy (r")dudry. (6.34)
—oco 0
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Suppose the current is represented by an RWG basis function associated with vertex

1 on a planar triangular patch, which can be expressed in a Fourier expansion about

h; y h;

{r’ - riL _ [(I‘ —r)—(r—r) (v —v) —psin~y. (6.35)

Substituting the current into the above integral in Eq. (6.34), we can see the inner

integral vanishes by the orthogonality of Fourier series.

X

Figure 6.6. The integration domain of I,,,,,..s and the corresponding local coordinates,
where a is the radius of the circular disc and ~ is the angle of observation
point to source point with respect to the x-axis on the transverse plane.

B) Subtriangle Integration

Figure 6.7 shows the integrand domain of I and the corresponding local coordi-
nates. The y'-axis in local coordinate system (z’,y’) is defined in the direction of the

height vector of subtriangle 1. The angular variable ~ is defined in global coordinates.
The subtriangle integration is expressed as

(6.36)

1
I, = / o cos 27 Jg, (x') dS’
S/
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Again if we perform the integral in polar coordinates

Figure 6.7. Illustration of sub-triangle integration domain and coordinates. The y/'-
axis in local coordinates (z',y’) is defined in the direction of the height

vector of subtriangle 1.

h
$L sing

1 1
I, = %/ / ;cos 2vJsy (r')dpdep, (6.37)
YU a
and define
h
v=—, (6.38)
0
the integral I,; becomes
h
1 YL a
I, = %/ / %cos 2y Jsy (r')dvdep. (6.39)
U sing
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By further normalization of the inner integral to unit interval through the transforma-
tion

h
v=(1—mn)sinp+ U (6.40)

the integration domain will become a rectangular domain as shown in Figure 6.4

t pr—
2 a
PuU

L 1
1 h
Iy =— (— — sin gp) / %cos 2vJsy (r')dndep. (6.41)
0

Now standard Gauss-Legendre quadrature scheme can be used in the transverse and
radial variables to accurately perform the integration. After transformation of the

sampling points back to global coordinates, the integral can be evaluated as

]st (I, y) = ; Wi 27Tpi COs 27k=]sy (r,k) ’ (642)
where
h /
Wi = wiwj = ——f (pij) Joy (t'j) pi, (6.43)

(2
and we assume a double-to-single index correspondence i, j <+ k with w; and w; being

the i-th and j-th Gauss-Legendre weights respectively.

6.4 Numerical Examples

As a numerical example, we consider a rectangular current patch on top of an
interface. The top layer is air region ( &, = 1,4, = 1,0 = 0 ) and the bottom layer
is a substrate with parameters ( &, =4, u, = 2,0 =0 ). The current flows in the y
direction and its distribution is

Jsy (2,y) = %COS (%) . (6.44)
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Both the length and width of the patch are 1 meter and the system is operating at 150
MHz. We take an observation loop with radius a = 0.45 and calculate the z-component
of the magnetic field. Figure 6.9 shows the real part of H, and Figure 6.10 shows
the imaginary part. The red dotted line in both figures is the field computed using a
quadrature integration rule and the black solid line is the field component calculated
using the spectral-domain immittance (SDI) method [49]. The blue dotted line is the
contribution from the delta function. Unlike free space, the magnetic field right on
the surface contains the contribution from its image sources due to the reflection from
boundary. Since the current is a real function, the delta function singularity only
contributes to the real part of the magnetic field and its contribution to the imaginary

part is zero as shown in Figure 6.10.

Observation Loop

f =150MHz

W
W

Figure 6.8. The configuration for numerical computation of H, component due to the
y-directed current patch ( L = Im, W = 1m) on the interface between
two layers. The H field distribution along circle of radius of 0.45 m is
sampled to compare with results obtained via SDI method

Using the SDI method, the magnetic field is related to the current through spatial
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Figure 6.9. Comparison of real part of H, component between convolution method
and SDI method. The blue dot is the contribution from the delta function.
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Figure 6.10. Comparison of imaginary part of H, component between convolution
method and SDI method. The blue dot is the contribution from the
delta function.
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Green’s function as

H(z,y,z) //QHJ

—2dy—y,2,2") I, (2, ) da' dy (6.45)
or in shorthand notation as the spatial convolution
=Gx*J (6.46)

Taking the 2D Fourier transform of both sides, the magnetic field is the multiplication

of the Green’s function by the current distribution in the spectral domain

- Js.

T
I
Q.

(6.47)

When the current is in the y direction and the x component of magnetic field is taken
into consideration, we have

i, =G J, (6.48)
and o
1 o
H, (z,y) = — / / GHI J,, e Tker=itu g, dk,, (6.49)
(2m)
where
~NHJ =1 & ~ 1 h e 1 h e
G :(M -VXQ) = 5 (I + 1) + 5 cos 2 (I ~ 1) (6.50)
= ).

The spectral current distribution is expressed in closed form

= W kY
Joy (ks k) = T cos( ~

’;) | (6.51)

sinc (| &,
) (
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The SDI integral in Eq. (6.49) can be further performed in (k,, ¢) plane as

21 oo

1 - - .
7 / / GI ], e Tkorcoste=Ok dl,dep. (6.52)
0 0

H, (p,0) = 2n

6.5 Further Discussion

The above method only discussed the singular integrals appearing in self-term
element matrix evaluation in MFIE formulation. The nearly singular interactions
also need to be considered in order to further increase the accuracy of system matrix
and obtain an accurate solution. Nearly singular scenarios includes cases such as
two adjacent elements both sitting on the same interface as shown in the left part of
Figure 6.11, and one element sitting on the interface with the other element having

one edge or one vertex attached to it as shown in the right part of Figure 6.11.

A

(a) (b)

Figure 6.11. Hlustration of singular and nearly singular integral scenarios: (a) both
the source and testing triangles are on the interface, (b) only source
triangle sits on the interface and the test triangle share a common edge
or vertex with it.
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Advanced numerical integration and special treatment should be applied to accu-
rately evaluate these interactions for the following reasons:

1) For the near-singular case, the singular source behavior is rather rich and
complicated if the vertical distance from the observation point to the source element
is not zero. When ¢ is not zero, more terms will emerge in the singular kernel.

2) The singular behavior of the off-diagonal terms involving the z direction: GE7
G;IZJ , G ny‘] should be analyzed as well because the normal component of the
source vector integral needs to be taken into consideration for near singular interactions.
The corresponding independent integrals are I;; and Iy5.

3) The standard quadrature scheme becomes inefficient for testing integrals because
the source integral, though resulting in bounded potentials, has higher order singu-
larities near the source domain boundaries when test and source domain boundaries
overlap or coincide.

Studies of these topics has received renewed interest in computational community

recently and interested readers can refer to related publication for details [87], [92],

[95], [97].
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Chapter 7
Applications and Results

In this chapter, we apply the algorithm developed in previous chapters to model
the electromagnetic wave propagation and scattering for various problems in layered
medium. This chapter is divided into three parts, each concentrating on different
problems: a geophysical problem, an antenna problem and a scattering problem,

respectively.

7.1 Geophyscial Prospecting Problems

As a first example, we study an induction logging simulation in a three-layered
anisotropic formation [98] shown in Figure 7.1. The conductivity of the top and
bottom layer is 1 S/m and the middle layer is an anisotropic medium with horizontal
conductivity of 0.55 S/m and vertical conductivity of 0.18182 S/m. A triaxial
induction logging tool [99] which consists of three orthogonal transmitter coils and
three orthogonal receiver coils is used. The distance between transmitter and receiver
is 40 inches and the operating frequency is 20.0 kHz. The deviated angle of the well
trajectory is 0 degree. Figure 7.2 shows the received x-component of the magnetic
field by a x-directed dipole and Figure 7.3 shows the received z-component of the
magnetic field by a z-directed dipole. The y-axis logging location is at the center of
the transmitter and receiver coil. The results described by blue dots is calculated
using the finite difference admittance method in the reference [100]. The example used
here is from the paper [101]. Since the dipole moment they defined has a ratio of jwpu
compared to our result, we normalize our results to compare against them. Better
results are observed for the Hxx component when the tool crosses the boundaries

compared to theirs.
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Figure 7.1. Hlustration of induction logging environment in a three-layered formation.

The second example considered here is a three-layered formation shown in Fig-
ure 7.4, where the upper and bottom layer has a conductivity of 1 S/m, and the middle
layer has a conductivity of 0.2 S/m. The conductivity of drilling mud (borehole fluid)
is a water-based mud with a conductivity of 2 S/m. The diameter of the borehole is
10 inches and the thickness of the middle layer is 60 inches. The distance between
transmitter T1 and receiver R1, receiver R1 and receiver R2 is 24 inches and 6 inches

respectively.

91



-5 T T -5 T T

s TD-L MGF e TD-L MGF
* FD * FD
0 0
S S
g c
2 5 2 5
[} ©
O (&)
(e} o
- -
g g
5 10 = 10
(@] (@] )
o o
- - /
15 15
20 d d 20 d 4
-0.0775 -0.077 -0.0765 -0.076 -4 -3 -2 -1

Real(Hxx) Imag(Hxx) N 10-3

Figure 7.2. The H, component of the magnetic field due to x-directed magnetic dipole
in a three-layered formation.

The system has three operating frequencies: 400 KHz, 1 MHz and 2 MHz. In
our method, the PMCHWT formulation is used to calculate the induced current on
the interface of the borehole. The scattered field inside the borehole at the receiver
locations are then calculated using the solved induced currents. In the PMCHWT
formulation, all the mixed-potential layered medium Green’s function components are
used and the second-level singularity extraction is employed when we use the simplex
interpolation scheme to accelerate the matrix filling. The amplitude ratio is defined
as the ratio of the magnitude of the received voltages at R1 to that at R2, while the
phase shift is defined as the difference of phases between R1 and R2 [102]. As we
can see from Figures 7.5, 7.6 and 7.7, the amplitude ratio and phase shift increases
with increasing frequency. The results from our method agree well with the results

computed using a commercial solver, Maxwell2D.
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Figure 7.3. The H, component of the magnetic field due to z-directed magnetic dipole
in a three-layered formation.

7.2 Antenna Problem

As another example, we consider a cuboid sitting on the interface between two
layers as shown in Figure 7.8. The length of the cube is 0.16 m and the cross section of
the cube is a square with side length of 0.02 m. A voltage source with 50 €2 impedance
is excited at the center of the cuboid. For layer 2 , the region is air and for layer 1,
both sandy soil and sea water cases are investigated. The corresponding material
property constants are listed in Table 7.1. The operating frequency is from 0.02 GHz
to 1.5 GHz. We employed two kinds of meshes: a uniform mesh and an adaptive mesh
as shown in Figure 7.9 and their corresponding number of triangles are 2008 and 2524
respectively. The adaptive mesh has a relatively dense mesh along the edges in order
to capture their effects on input impedance. The input impedance seen from the feed

and the return loss are calculated for comparison.
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Figure 7.4. Hlustration of a three-layered log-whiling-drilling environment.

Table 7.1. Material property constants

Material Relative Relative Conductivity
Permitivitty Permeability (S/m)
Air 1.0 1.0 0
Soil 2.53-j0.009108 1.0 0
Sea Water 74 1.0 3.53

When layer 1 is sandy soil, the input impedance and return loss are shown in
Figures 7.10 and 7.11. As a comparison, we also plot the results when the antenna
is in free space as shown in Figures 7.12 and 7.13. The resonant frequency of the
antenna on sandy soil layer decreases due to the increase of effective permitivity. The

return loss bandwidth is enlarged due to the lossy soil. When layer 1 is sea water, the
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Figure 7.5. The amplitude ratio and phase difference between two receiving coils
(400KHz).

input impedance and return loss are shown in Figures 7.14 and 7.15. Great influence

of the input impedance and return loss by sea water is observed. In all cases, good

agreement between the uniform mesh and adaptive mesh is reached.
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Figure 7.6. The amplitude ratio and phase difference between two receiving coils
(IMHz).

7.3 Scattering Problem

The third example is a scattering problem. Consider a perfect electric conducting
cube above the sandy soil. The length of the cube is 0.1 m and its centroid is located
at the origin. The cubic is excited by a vertical electric dipole located 1 m to the
left of the centroid as illustrated in Figure 7.16. The operating frequency is 1.5 GHz

and we observe the scattered field along the observation line (—0.5 < z < 0.5,y =
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Figure 7.7. The amplitude ratio and phase difference between two receiving coils
(2MHz).
0,z = —0.09) m. Good agreement is observed between electric field integral equation
(EFIE) and magnetic integral equation method (MFIE).
Lastly, we consider a cube sitting on the interface between the air and sandy soil.
The boundary of the interface is moved to —0.05 m and the other parameters are
kept the same as shown in Figure 7.19. In this case, since the bottom surface sits

exactly on the interface, the MFIE formulation is corrected in order to capture the

97



\oltage Source Excitation f=002~15GH:

Layerz 1 W=H=0.02m

Figure 7.8. The cuboid antenna sitting on the interface of a two-layered medium.
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Figure 7.9. Ilustration of two mesh schemes: uniform mesh (above) and adaptive
mesh (below).
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Figure 7.11. Broadband response of return loss when the antenna is above sandy soil.
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Figure 7.13. Broadband response of return loss when the antenna is in free space.
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Figure 7.17. Comparison of x-component of scattered electric field along the obser-
vation line between EFIE and MFIE when the cube is above sandy
soil.

Again the x component and z component of the scattered electric field is calculated
for comparison in Figure 7.20 and Figure 7.21. The solid line is the results calculated
using EFIE and the solid dots are the results calculated using the MFIE without any
special treatment. The circles denote the results calculated using the corrected MFIE.
The last formulation takes into account the delta contribution from reflections for
self-term interactions when the triangular element sits on an interface. The result
obtained via EFIE can be viewed as a reference value and we can see the corrected

MFIE gives a better agreement around the peak value of the results.
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Chapter 8

Conclusion and Future Work

8.1 Conclusion

In this dissertation, the traditional, mix-potential LMGFs and their gradients are
discussed and developed using various techniques, namely asymptotic subtraction and
singularity extraction, weighted average method and simplex interpolation. Based on
them, a few fast and efficient algorithms are arrived at to compute the electromagnetic
wave propagation and interaction with complex scatters in multi-layered media.

In order to study wave propagation in uniaxial anisotropic media in our model,
a number of Sommerfeld and related identities are extended to uniaxial anisotropic
media with the introduction of ratios of horizontal to vertical medium parameters. For
lossy media, the effective distances between source and observation points appearing
in the spatial-domain forms become complex quantities involving the anisotropy ratios
depending on TE or TM polarization. Moreover, half-line source potential definitions
and methods for evaluating them are also extended to the complex domain through
analytic continuation.

The second-level of asymptotic extraction is developed with two purposes: (1)
After removing all unbounded singularities for curl-type operators, the spectral-domain
integral terms can be further regularized to permit interpolation using a uniform
tabulation density, and (2) The second-level of singularity extraction can be used to
study the singular behavior of curl-type operators in the MFIE formulation.

Three types of problem, geophysical prospecting, antenna and radiation problems,
are employed to demonstrate the efficiency of the algorithms and wide-range of

applications for which our algorithms can be applied.
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8.2 Future Work

8.2.1 Multiple Thin/High Contrast Layers

Numerical difficulties might exist for some extreme cases such as the computation of
LMGFs in thin stratified multi-layered media and layers with extremely high contrasts
between adjacent layer parameters. In the first case, the convergence acceleration may
not be achieved significantly since the layers are too thin to have the transmission
quantities and integrands in SIs decay fast enough, while in the latter case, when the
source and observation points are in adjacent layers, the asymptotic representations
might not be accurate enough until we reach extremely high spectral values.
8.2.2 Steepest Decent Path Method

When the distance between source and observation points gets further away from
each other, the integrand containing the Bessel function oscillates faster and faster. As
a result, denser sampling points are needed to reach convergence, thus the efficiency
of our algorithm may be decreased correspondingly. Alternative methods, such as the
famous steepest descent path method (SDP), may be used to achieve high efficiency.
8.2.3 Near Singular Integrals

When MFIE in layered medium is used, due to the rich and complicated forms of the
singular kernel appearing in the curl-type operator, advanced numerical techniques are

needed to evaluate the singular and nearly singular integrals accurately and efficiently.
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Appendix A
Gradient of Scalar Potential Layered Medium Green’s
Function

In the mixed-potential representation, the electric field due to an electric current

is denoted as

E=—jwA -V, (A.1)

In order to calculate the scattered field due to induced currents representing by RWG
basis functions in layered medium, the gradient of the scalar potential LMGF is

needed in the following forms:

1
Jweq

E = —jopo (64,3°) + —— ((VE*,V/-J) + (VP J2)),  (A2)

where VK? and VP, are the gradient of scalar potential K® and P,, respectively.
Again, their spectral forms are expressed using transmission line Green’s functions
and the corresponding Sommerfeld integration should be performed to obtain their

spatial forms.

A.1 Gradient of K¢

In the spectral domain, we have K® expressed as

~o _ JWEO
K? = 12

p

(Ve - Vb, (A.3)

By taking the gradient in the spectral domain, the x and y derivatives become

multiplication by —jk, and —jk,, while the z derivative remains in spatial form so
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that

= PN 7 A d ~ ngo e
VK? = (—jijx — Jkyy + £Z> 12 (VZ — Vf) ,
P

Writing the gradient component in each direction, we obtain

(VR?) = (v = v,

2 (]
kp

(VR?) =20 (ve = Vi),

2 1
kp

and

~ d jw€0
\V4 ) Ve ‘/"h

Because V7 satisfies the transmission line equation Eq. (A.8)

ave
dz

= —jk2Z°I2,

substituting Eq. (A.8) into Eq. (A.7) yields

k> jweoes

. _ _ Ie — 1t v°
(VK¢) —jweg (—quout( ) If) :

A.2 Gradient of P,

In spectral domain, P, is expressed as

2,
P S (V).
p

By taking the gradient operator in the spectral domain,

= 7 Qoo e A ko e
va:(_jka_jkyy—i_EZ) (]]{:gt(‘/;)h_‘/v)7
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(A.4)

(A.5)

(A.6)

(A.9)

(A.10)

(A.11)



and writing the components of gradient in each direction, we get

= 79 . / kI e
(VP% = —jkin 75 (V) =V, (A.12)
14
wa b 272 ky h e
(VPz)y = ks (VI = Vi) (A.13)
P
and
(VP.) =kiw LAy (A.14)
Ve O R2dz N T '

Again, the z-component of P, is expressed using the derivative of VP respect with z.

Since VP satisfies the transmission line equation,

avye
dz

= —JkSZIS + 0 (2 — 2'), (A.15)

by substituting Eq. (A.15) into Eq. (A.14), we end up with

~ ~ [h — J¢ e
(VF.), = ikt (wﬂom( Lol 15) | (A.16)

k;f WEQEL

One thing worth mentioning is the delta function § (z — 2’) is canceled since the

excitation itself is independent of TE or TM polarization.

A.3 Gradient of KV and Q.

As a dual problem, the magnetic field due to magnetic current is denoted as
H=—jwF -VV, (A.17)

In layered medium, it has the form

H = —juws (G M) + jwlﬂo (VK" V' M) + (VQ., M), (A18)
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where VKY and VQ, are the gradients of the scalar potential K¥ and @, respectively.

By repeating the same exercise above or imposing duality principle, the gradient of

KY is
(6[{‘1’) - w’g’fx (1" =19, (A.19)
r p
~ k
VEY) = PR pn ey A.20
(ViY), =g =) (A.20)
~ o~ Vh — Ve Vh
v s . v v v
(VK )Z = —jwiip {]wsoet 2 + oo | (A.21)
and that of @), is
o _ ']{32 /kz
(sz>m = j/?;% ([ze - [zh) ) <A22>
p
~ —ik2e' k
(vcgz)y - %5”’ (1e - 11, (A.23)
o
o 2 iy ‘/ie o ‘/z'h ‘/ih
(sz>z = kye'y ( JWEQEL kZ + oo ) (A.24)

In order to perform the Sommerfeld integration, the singularity extraction method
and the weighted average method described in Chapter 2 can be reused. All the
Sommerfeld and related identities needed to calculate the closed-form extracted terms
can be easily found in previous introduced identities from A to ). They are also

listed in Appendix C for reference.
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Appendix B
Two-Level Asymptotic Transmission Line Green’s
Function

The asymptotic transmission line Green’s function is listed in this appendix. From

the wavenumber dispersion relationship, it’s easily seen that when &, > k;, we have

R = k2 = vak2 = —jy[vak2 — k2, (B.1)

hence the all voltage and current on the transmission line decay exponentially away

from a source at z = z’. They behave as
e~ kellz=="] (B.2)

This suggests the Sommerfeld integration over the spectral variable k, converges
exponentially if there is a separation between source and observation planes. When
the source and observation points are not well separated, i.e. z and 2’ are in the same
or adjacent layers, the integrand doesn’t decay fast enough for efficient numerical
computation. In this case, the integral can be accelerated by removing its spectral
asymptotic form in spectral domain and adding the extracted term back in the spatial
domain using the SIRs listed in appendix C.

Ayn=m

When the observation and source point are in the same layer, the multi-reflection
back and forth from layer boundaries can be ignored and we only consider three parts
in the asymptotic forms of the transmission line quantities: direct part, first reflected

parts from lower and upper boundaries.
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[ ]

Figure B.1. Asymptotic forms of transmission line Greens functions when both source
and observation points are located in the same layer.

[0}

o = B [y ety Fymeion] (b
o = et | Tyt _Tamenos] (o
| ZaE % [ie‘jkm“ ?a"o A ? e _]kzm} (B.5)
[ = 2;7? [e‘jkm“ - ?g%—jkwﬁ - ‘”Oe ‘7’“””3} (B.6)
where ¢ = |z —2/|, @ = |2+ 2 —2z,|, and ¢3 = |2z, — z — 2/| is the traveling

distances of each wave component, respectively.
Byn=m+£1
when the source and observation are in the adjacent layers, we only consider the

transmitted contribution. The asymptotic transmission line voltage and current can

zZ¢ ?
‘/i()é,oo = _271, |: —gkzns1 ( ):| (B?)
Iia,oo = 5 [ie_jkzngl (1 — g,oo):| s (BS)

be written as

126



Figure B.2. Asymptotic forms of transmission line Greens functions when source and
observation points are located in adjacent layers.

1 : pms
V&0 = 3 {ie—ﬂ’“m“ (1 + ?gv“’)} : (B.9)
1 : pms
IO = — ek (] ?“"’O ) B.1
1 G ®10
Since the asymptotic reflection coefficient derived in chapter 5 is
1
L% (k,) = D0 4 —T*2% 4 0 (k") (B.11)

k2

p

if we substitute the expanded reflection coefficient I'** to the above TLGFs and
regroup the terms by their decaying order respect to k,, different levels of asymptotic
coefficient of TLGF's can be obtained.

B.0.1 Two-Level Asymptotic Coefficient of TLGF's

Accordingly, if we write V. in the two-level asymptotic form
a,00 a,l,00 1 @,2,00
Virm =T S (B.12)
o
by ignoring the higher-order coefficients in Eq. (B.11), we can obtain the first-level

asymptotic coefficient of V,**® coming from reflected terms. The direct term should

also be included in the first-level asymptotic coefficient because it has the same
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decaying order respect to k,,.

B)n=m

Hence when the source and observation point are in the same layer n = m, the
first-level asymptotic coefficient of V,*™ is

(6%
1 Z . » iy
pPH® — 2n [e Jkenst | Fg,l,ooe gkens2 1—*‘%,1,006 ]kzn§2i|. (B.IS)

1

The second-level asymptotic coefficient of V;*** only comes from the reflected terms

7 ) )
ot = 2o [Tgoseritone o Tadomemihas] (B.14)
Byn=m+1
When the source and observation point are located in adjacent layers £ = ¢/ £1, we

only consider the transmitted waves that are the first-level and second-level asymptotic

coefficient of V,*>

Za = .
i = ZE (1 Ty oo, 19
and
AL = )
ia,2,oo _ 2n g,Q,Ooe—sznﬂ’ <B16)

respectively. The two-level asymptotic coefficients for other components, i.e. [;, V,,

I, can be derived similarly.
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Appendix C

Summary of Sommerfeld and Related Identities

Defining

o—Jke R

G = R =\/p?/ve + 22,1 =1 + jk, R, p* = e Il

ArRe’

All the Sommerfeld and related identities are summarized here.

jk?pa} _ G 30— (kB
2 (R)? ve(Re)? v

kgpo‘ }_ k}?]A—f—IC

/UOC

ATpR>
} _m G
(v2)* (R’

{

{

{

{

| 2
{kpp“} - L plsl3n = (ki R7)” o
{

{

{

{

{

pa } Rae—jktk\ . ‘§| e—jktRa
(e

ve)? R (Re)’
JRSp\  jlee IR p2 — kR GO
- i + )2 3
p (R%) p

pa } e—jkt|§| _ e—jktRa

47Tj k'tp
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(C.10)
(C.11)
(C.12)

(C.13)



p° 1 [ e-ikiRe
I =S _ 1 ]
N O{Q(ﬂf?)2 vo | axRe ™’

N

p° 1 [ e dkR"
Iy =S _ 1 o
i O{Q(jk?)3} z {] s, TGz kD)

. —jkels| _ ,—jkeR®
Io =5, .p _¢ .e

2jk3§‘]€p 47T]k‘tp

I 1 o~ ikils]
Ip =S _ .
" 1{2(jkg)2kp} gk | ik

p” 2
Iy =8 _2,
Q 2{2(]]{??)2 P M

130

o0
—a {e}%

(C.14)

(C.15)

(C.16)

(C.17)

(C.18)






	Acknowledgements
	Abstract
	Table of Contents
	List of Figures
	List of Tables
	Introduction
	Dissertation Overview

	Traditional Layered Medium Green's Function
	Scalarization of Maxwell's Equation
	Transmission line analogy
	S-Matrix Method
	Propagation Method

	Spatial LMGF
	Sommerfeld Integrals in TD-LMGF
	Integrand Behavior
	Asymptotic Analysis
	Closed-form Identities For Singularity Extraction
	Weighted Average Method

	Numerical Examples

	Mixed-Potential Layered Medium Green's Function
	Mixed-Potential Representation
	Indepedent Hankel Transform

	Sommerfeld Integrals Acceleration
	Asymptotic Analysis
	Half-Line Source Potential

	Numerical Examples

	Integral Equation Method
	Equivalence Principle
	Discretization Scheme
	Solution of Matrix Equation
	Numerical Examples

	Second Level Singularity Extraction
	Motivation
	Second Level Asymptotic Forms
	Second Level Asymptotic Forms of Reflection Coefficient
	Second Level Asymptotic Forms of Transmission Line Green's Function

	Curl-Type Layered Medium Green's Functions
	Closed-Form or Easily-Computed Identities
	Derivative of Half-Line Source Potential(HLSP)

	Numerical Examples

	Singularity of Curl-Type Operators
	Motivation
	Singularity Analysis of Curl-Type Operator
	Handling Various Singular Integrals
	Handling Delta Singularity
	Handling Logarithm Singularity
	Handling Hyper-Singularity

	Numerical Examples
	Further Discussion

	Applications and Results
	Geophyscial Prospecting Problems
	Antenna Problem
	Scattering Problem

	Conclusion and Future Work
	Conclusion
	Future Work
	Multiple Thin/High Contrast Layers
	Steepest Decent Path Method
	Near Singular Integrals


	References
	Gradient of Scalar Potential Layered Medium Green's Function
	Gradient of K
	Gradient of Pz
	Gradient of K and Qz

	Two-Level Asymptotic Transmission Line Green's Function
	Two-Level Asymptotic Coefficient of TLGFs

	Summary of Sommerfeld and Related Identities

