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ABSTRACT

The concept of minimal cover refineable spaces was first used by
R. Arens and J. Dugundji. This paper extends their results by showing
both additional properties which imply minimal cover refineability and
additional properties which are implied by minimal cover refineability.

In the course of the research for this paper, some properties of
dense subspaces of certain minimal cover refineable spaces were noted,
In particular, it was noted that every Nagata space contains a dense

metric subspace,
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CHAPTER I

INTRODUCTION

This paper presents an investigation of minimal cover refineable
spaces. Arguments used to establish properties of minimal cover
refineable spaces are employed to determine metric properties of dense
subspaces of a variety of topological spaces. Minimal cover
refineability will be defined in this chapter along with other
properties that are less frequently used, In addition, two unconven-
tional definitions are provided,

Chaptef ITI will identify spaces that were or are now known to
possess the property of minimal cover refineability, A chart at the
end of chapter II gives an overall view of the properties that imply
minimal cover refineability.

Chapter III discusses the relation between compactness and
minimal cover refineability, An uncommon definition of compactness is
given below as well as an explanation for the substitution, Chapter III
also notes the strength of Ai-compactness.

Chapter IV is primarily concerned with dense subspaces of certain

minimal cover refineable spaces, and in particular with dense metric

subspaces, Of particular interest is the result that each Nagata space
contains a dense metric subspace. This chapter also discusses the
density and the weight of spaces.

Chapter V gives properties that cause subsets of minimal cover

refineable spaces to be minimal cover refineable,



Chapter VI covers material that was not readily incorporated in

one of the other chapters,

In this paper, "space'" means "topological space," the word
"cover'" means "open cover" unless otherwise stated, and a refinement is
assumed to be composed of the same kind of elements (i.e., open or
closed) and cover the same set as the collection which is refined unless

otherwise stated,

The following definition was obtained from [39]:

A point p of a space S is an M-1limit point of AC S if , for every

open set R containing p, the cardinality of RN A is not less than M.

The statement that K is a minimal cover of the point set M means

that X is an open cover of M and if g is an element of K, then
{h: h e K and h # g} is not a cover of M,

The statement that a point set M is minimal cover refineable

means that if K is an open cover of M, then there is a refinement of K
which is a minimal cover of M,
If B is a basis for a space S, then the statement that the space

S is basically minimal cover refineable with respect to B means that

every open cover of S has a refinement composed of elements of B which
is a minimal cover of S,

The statement that a space S is basically minimal cover refineable

means that the space is minimal cover refineable with respect to any

basis,



The following definition was obtained from [41]:

A space S is collectionwise Hausdorff if every discrete subset

can be covered by a collection of disjoint open sets such that no two
points of the discrete subset are contained in an element of the
collection,

A space S is strongly collectionwise Hausdorff if every discrete

subset can be covered by a discrete collection of open sets such that no
two points of the discrete subset are contained in an element of the

discrete collection.

The following definition is useful because the property defined
is shared by T spaces, regular spaces, and spaces in which closed sets
1

are GG:

The statement that a space is T -like means that if p and q are
~1

points of the space and there is an open set that contains p but not q,

then there is an open set that contains g but not p.

The statement that S” is a T representation of a T ~-like space
1 1

S means that there is a function f on the points of S such that (1)
p £ S if and only if f(p) € S°; (2) for p, q € S, then f(p) = f(q) if
and only if p € q; (3) R is an open set in S$” if and only if £~1(R) is
an open set in S,

It will be noted that a theorem that is true for a 'I‘1 space is
true for a Tl-like space if the properties in the theorem do not require
a distinction between individual points and groups of points. An

example of a property that does not require such a distinction is



paracompactness; a property that does require such a distinection is

compactness as usually defined. These examples will be discussed

further below.

The statement that a point set M is g-discrete means that M is
the union of countably many discrete point sets,
The following definition is from [7]:

The statement that a space S is collectionwise normal means that

if K is a discrete collection of point sets, then there is a collection D
of disjoint open sets covering K¥ such that no element of D intersects
two elements of K.

The statement that a space S is completely normal means that if

H and K are subsets of S and both H " K = # and H A X = #, then there

are disjoint open subsets C and D such that H <€ C and K € D,

The following definitions were obtained from [11]:

The statement that a collection K is og-closure preserving means

that there is a sequence, say {Ki}' of subcollections of K such that (1)
K = {g: for some integer i > 0, g ¢ Ki} and (2) for each integer i > 0,
the union of the closures of anv subcollection of k, is closed.

The statement that a space S is Eq means that S is a T3 space

with a o-closure preserving basis,

The statement that a collection B.is a quasi-basis for a space S
means. that if R is an open subset of S and p € R, then there is an
element of B, say b, such that p € b® € b € R where b°® denotes the

interior of b,



The statement that a space is M means that S is a T3 space with
-2

a o-closure preserving quasi-basis,

The following definition was obtained from [8] except that the
requirement that the space be 'I’3 is dropped since regular spaces are
T "likea

1

The statement that a space is stratifiable (also called M}) means

that there is a function G from the product of the collection of closed

subsets of S with the natural numbers into the collection of open sets

in 5 such that (i) A ¢ G(A, n) for each closed set A; (ii)

o0
MNT(R, n) = A for each closed set A; and (iii) G(Al, n) ¢ G(AQ, n)
i=1
whenever A. C A ,
1 2

The following definition may be found in [13]:

The statement that a space S is semi-stratifiable means that

there is a function G from the product of the collection of closed sets
of S with the natural numbers into the collection of open sets in S such
that (i) /N G(A, n) = A for each closed set A and (ii) G(Al’ n) C(3(A2, n)
i=1
whenever A_ € A _,
1 2
A number of papers have dealt with stratifiable spaces. Material

on stratifialle spaces may be found in [8, 11, 13, li#, 20, 24, 357,

Arkhangel ‘skii calls these spaces laced and discusses them in [5],

The following definitions were obtained from [10]:

The statement that a space S is semi-pseudometric means that

there is a distance function d defined on S X S such that if x, y € S,

then (1) d(x, y) 2 0. (2) d(x, y) = d(y, x); and (3) if M is a subset of



S and p € §, then inf{d(p, X)! X € M} = 0 if and only if x € M,

The statement that a space S is semi-metrié means that $ is a
semi-pseudometric space and if d is a semi-pseudometric on S X S and
X, y are points of S, then d(x, y) = 0 if and only if x = y.

The statement that a space S is pseudometric means that S is a

semi-pseudometric space and there is a semi-pseudometric d on S X S such
that if x, y, and z are points of S, then d(x, z) < d(x, y) + d(y, z).
The statement that a space S is metric means that S is both a
semi-metric and a pseudometric space,
Note that semi-pseudometric spaces are T -like because closed

1

sets are G(g in a semi-pseudometric space,

In [11], Ceder proves that a space is a Nagata space if and only
if it is first countable and stratifiable. This will serve as a
definition for a Nagata space in this paper. For another definition,

see [11].

The following definition was obtained from [24]:

The statement that a collection C of sets in a space S is 'oint-
countable means that if p € S, then p belongs to only countably many
elenents of ¢,

The following definition was obtained from [1]:

The statement that B is a point-repular basis for a space S means

that B is a bhasis for S and if p € S, then any infinite set of elements



of B containing p is a basis for p.

The following definition was obtained from {[15]:

The statement that M is the weight of a space S means that M is
the least cardinal which is the cardinality of a basis for the space.

The following definition was obtained from {107:

The statement that M is the density (also called character
density) of a space S means that M is the least cardinal which is the

cardinality of a dense subset of the space,

The following definition is taken from [3%]:
A cardinal M is called regular if it is not the sum of less than

M cardinals each less than M,

The statement that a cardinal M is X -regular means that the
-—O———-ﬁ-—————
cardinal is either regular or it is not the sum of countably many

cardinals each less than M,

The usu:. definition of a compact space states that every
infinite subset has a limit point, but this definition is not suitable
for this paper because there is a TO space in which this definition is
not equivalent to the statement that no infinite subset is discrete.
Therefore, in this paper, the definition of compact shall be:

The statement that a space S is compact means that no infinite
subset is discrete,

The statement that a space S is H-comEact means that no subset of

cardinality M is discrete,



The following definitions were obtained from [187:

A topological space S is (M, N)-compact if for every open covering

of S whose cardinality is at most N, one can select a subcovering whose

cardinality is at most M,

A topological space S is (M, =)-compact if for every open

covering of S, one can select a subcovering whose cardinality is at

most M,

The following definitions were taken from [27]:
If M is a cardinal, the point set N is said to be strongly
H-senarable provided that there exists an H such that (1) H < N CH

and (2) either H is countable or its cardinality is less than M,

If M is the cardinality of a point set N and N is strongly

{{-separable, then N is said to be semi-separable,

To the definition of paracompact which follows, some papers add
the stipulation that the space is Hausdorff and others require that the
space be regular., This is done because it is convenient for a para-
compact space to be fully normal, There is a paracompact T1 space which
is not fully normal. Stone [ ] established that a paracompact
Hausdorff space s fully normal; it need only be noted that a regular
space is Tl-like to establish that a paracompact regular space is fully
normal. This paper drops both Hausdorff and repgular from the definition
of paracompact in order to make the definition more like the definitions

for metacompact and hypocompact, The definitions which follow were



obtained from [41]:

A collection K of sets in a space is point-finite (point=-count-

able) if each point of the space is in at most finitely (countably) many
members of K,

A collection K of sets in a space is locally finite (locally

countable) if each point is contained in an open set which intersects at
most finitely (countably) many members of X,

A collection K of sets in a space is star-finite (star-countable)

if each member of K intersects at most finitely (countably) many members
of K,

A space is metacompact (paracompact) (hypocompact) if every open

cover has a point-finite (locally finite) (star-finite) refinement,

A space is metalindelsf (paralindeldf) (hypolindelof) if every

open cover has a point-countable (locally countable) (star-countable)

refinement,

If B is a basis for a s;ace S, then the statement that the space

S is hasically metacompact with respect to B means that every open cover

of S has a refinement consisting of elements of B which is point~finite.

The statement that a space is basically metacompact means that

the space is basically metacompact with respect to any basis.

The following definition is taken from [6]:

The statement that a space S is guasi-developable means that

there is a sequence {Gi} of collections of open sets such that if p ¢ S
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and R is an open set containing p, then there is an integer I > 0 such

that some element of GI contains p and if p € g € GI' then g € R,

The following definitions were obtained from [7]:

The statement that a space S is screenable means that for each
open cover H of the space, there is a sequence {Hi} of collections of
disjoint open sets such that {g: i is a natural number and g ¢ Hi} is a
cﬁver of S which refines H,

The statement that a space S is strongly screenable means that

for each open cover H of the space, there is a sequence {Hi} of discrete
collections of open sets such that {g: i is a natural number and g ¢ Hi}
is a cover of § which refines H,

The following definition is from [28]:

The statement that a space S if F -screenable means that for each
han 0]

open cover H of the space, there is a sequence {H,} of discrete
i
collections of closed point sets such that
{h: i is a natural number and h e Hi} is a closed cover of S which

refines H,

The following definition was obtained from [32]:

The statement that a collection B of closed subsets of a space §
dominates S means that B covers S and if AC S and A has a closed
intersection with every element of some subcollection of B which covers
A, then A is closed.

The statement that a well-ordered collection K of closed sets



1

weakly dominates a space S means that K* =Sand if H is an initial

segment of K, then H* is closed.

The following definitions were obtained from [9]:

A space S is strong cover compact if an only if for each open

cover G of‘é, there exists an open refinement H such that if {hi} is a
countably infinite subcollection of distinct elements of H, pi, q € hi
for each i, P; Z pj and q, £ qj for i # j, and the point set {pi} has a
limit point in S, then the point set {qi} does.

A space S is weak cover compact if and only if for each open

cover G of S, there exists an open refinement H such that if {ha}asA is
an uncountable subcollection of distinct elements of H, P,»q, € ha for
each a € A, p_ # Pgs 9 # ag for a # B, and the point set {pa}asA has a

limit point in S, then the point set {qa}aeA does,

The following definition was obtained from [ 3R],

A Souslin space is a linearly ordered connected space which has
the property that every disjoint collection of open sets is countable
but the space is not separable,

No éxample of a Souslin space is known,

The following note is appended for clarity., The statement that a
definition was taken from a particular source is not meant to imply that
the author felt constrained to copy the definition, it merely provides

an opportunity to verify that the definitions are equivalent.



"CHAPTER II
MINIMAL COVER REFINEABILITY

The concept of minimal cover refineability is due to R, Arens
and J, Dugundji. They showed that every metacompact space is minimal
cover refineable, and thus, every metric space is minimal cover refine-
able, In this chapter, other properties that imply that a space is
minimal cover refineable are presented. It is shown that not only are
all metric spaces minimal cover refineable, but also semi-metric spaces

and still weaker spaces.

The following theorem is proved in [4] (see also [15, pp. 160~
161]):
Theorem 2,1. (Arens, Dugundji) Every metacompact space is

minimal cover refineable.

In fact, they proved a somewhat stronger result. Namely,
Theorem 2,2, (Arens, Dugundji) Every open point-finite cover of

a space contains a minimal subcover,

It was suggested to the author that he determine whether minimal
cover refineability could be substituted for metacompact in well-known
theorems concerning metacompact spaces, Before undertaking this, the
author wished to be certain that minimal cover refineability was not
implied by another:part of the hypothesis of such a theorem. For

instance, would a hypothesis that stated that a space was both Moore
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and minimal cover refineable be stronger than just the hypothesis that
the space was Moore? The author was able to prove, successively, that a
Moore space, a developable space, a semi-metric space, and a semi~
stratifiable space is minimal cover refineable. Finally, a property
shared by these spaces was discovered to imply minimal cover refine=-
ability resulting in the following theorem:

Theorem 2.3, Every Fo-screenable space is minimal cover refine-
able.,

Proof, Let S be an Fc-screenable space and C any open cover of
S. Let {Fi} be a countable collection of discrete collections of
closed refinements of C such that LﬂFi} = 8, For each integer i > 0,
associate with each element f of Fi an open set ¢ = g\(F?\f) where
fCgeCs Let C{ be the collection of open sets associated with
elements of Fi. Let Cl = C7, For each integer i > 1, let

1
i=-1_. % . I
Ci = {c: c” ¢ C;, ¢ = c*\UYF¥, and c N FE # #}. This forms a minimal
j=1
cover of S and establishes the theorem,
In [13], G. D, D. Creede notes that every semi-stratifiable

space is Fo-screenable (for a proof, see [14])., Thus,

Corollary 2,4, Every semi-stratifiable space is minimal cover

refineable,

It is well~known that a regular strongly screenable space is
paracompact and, thus, minimal cover refineable, The following theorem
is readily:Troved and presenfed'here without proof,

Theorem 2,5, Every strongly screenable Tl-like space is minimal
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cover refineable,
Recall (from chapter 1) that if a space is T , regular, or has
1

the property that closed sets are GG’ then it is T -like,
1

Stone proves [#0] without stating that £y311y normal implies both

paracompact and F_-screenable, so by theorem 2,1 or 2,3:

Corollary 2,6, Every fully normal space is minimal cover refine=-

able,

It will now be useful to look at two spaces which are not
minimal cover refineable,

Example 2.7. Let the space S be the countable ordinals with the
order topology. This space is denoted by [0, Q) where Q is the first

uncountable ordinal. This example is well-known,

The following theorem uses the previous example to indicate some
properties that do not imply that a space 1s minimal cover refineable.

Theorem 2,8, There exists a collectionwise normal completely
normal first countable Hausdorff space which is not minimal cover
refineable,

Proof, Let S be [0, Q) as described in example 2.7.

First, it will be shown that the space S is not minimal cover
refineable., Let C be a collection of open sets covering S such that if
g € C, then there is a point p in S such that if q ¢ g, @ < p. Suppose
C” is an open refinement of C such that C” is a minimal cover of S, Let

P be a collection of one and only one point from each eiement of C~
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. which is in no other element of C*, Then P contains uncountably many
points since no countable subcollection of C covers S. Further, P is
discrete, But § is compact and this is a contradiction,

It is well~known that S is first countable and Hausdorff, If
the reader has seen arguments that S is collectionwise normal and com-
Fletely normal, he may wish to proceed directly to the next example,

It will now be shown that S is collectionwise normal., Let H be a
discrete collection of closed subsets of S, For each point p ¢ H¥, let
a be a point such that o < p and Op = (o, ptl) intersects only one
element of H (for 0, use [0, 1)), Then the collection

‘{O : =lJ{O :
t P

,fhoe i, 0

p € h}} verifies that S is collectionwise normal,

1
Finally, it will be shown that S is completely normal, Let M and

N be two separated subsets of S, For each point p of M or N form an
open set Op as in the previous argument, The open sets qup: p e M4 and

U{Op: p € N} establishes that S is completely normal,

The following is an example of a non Tl-like space which is not
minimal cover refineable,
Example 2,9, Let S be the points of an infinite sequence {Pi}'

i
For each integer i > 0, let L/pj be a basis element for S.
j=1

The following theorem uses the previous example to show some
more properties that do not imply that a space is minimal cover refine-
able, In particular, it is shown that Tl-like can not be dropped from
the hypothesis of theorem 2,5.

Theorem 2,10, There exists a quasi-developable strongly screen=-




16
able second countable collectionwise normal T0 space which is not
minimal cover refineable.

Proof. C(learly, S is quasi~developable, strongly screenable,
second countable, and TO. Since S does not contain two disjoint closed
sets, it is collectionwise normal., It is readily seen that a cover of

basis elements has no refinement which is a minimal cover of S.

Chart 2,11, which follows, will help the reader to visualize the
relation between various familiar properties and minimal cover refine-
ability, The relationships shown in the chart are discussed further in
(7, 11, 13, 14, 21, 28, 33, and 40], Note that Stone's argument in [40]
that every fully normal T1 space is paracompact is sufficient to show

that every fully normal space is strongly screenable and Fo—screenable.
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metric- . » pseudometric
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Moore ——— 3developable ———jsemi-pseudometric
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plus regular I =-screenable¢e——--l
o

v
strongly screenable —————_yminimal cover refineable
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semi-metric €« ——)semi-pseudometric plus T1
Nagata¢——)stratifiable plus first countable

semi~pseudometric ¢———y3 semi~stratifiable plus first countable

Chart 2,11



CHAPTER III
COMPACTNESS AND RELATED PROPERTIES

The concepts of };+i-compactness and () y»)-compactness are simi=-
o
lar; indeed, so similar that one is surprised on first leerning that they
are not equivalent in a T space., In this chapter, it is shown that
y

an X _,-compact minimal cover refineable space is (1" ,»)-compact, but an
a

1

(};,m)-compact space may not be minimal cover refineable.,

Arens and Dugundji [#] proved part (ii) of the following theorem,
It need only be noted that the collection of the closed sets unique to
the elements of a minimal cover is discrete to establish the theorem,

Theorem 3,1, (i) If a space is minimal cover refineable and

‘\f

,a+l-compact, then the space is (};,w)-compact; (ii) (Arens, Dugundji)

if a space is minimal cover refineable and compact, then the space is

bicompact,

The following two theorems are also due to Arens and Dugundji
(4],

Theorem 3.2, (Arens, Dugundji) In order for a space to be
bicompact, it is necessary and sufficient that the space be compact and
minimal cover refineable,

Theorem 3,3, (Arens, Dugundji) In order for a space to be

compact, it is necessary and sufficient that no infinite open cover be

minimal,

In chapter XI, section 1, problem 9, Dugundji [15, p. 251] gives
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a sufficient hint to solve the following interesting theorem:
Theorem 3,4, (Dugundji) In order for a space to be bicompact, it

is necessary and sufficient that every open cover have a minimal subcover,

The following theorem can be easily verified and is presented
without proof,

Theorem 3,5, In order for a Tl-like space to be Lindelsf, it is
necessary and sufficient that the space be ?i-compact and minimal cover

refineable.

The following corollary to theorem 3,5 was proved by Creede [14]
(Jones did the same for Moore spaces [25]):

Corollary 3.6, (Creede) In order for a semi-stratifiable space

to be Lindeldf, it is necessary and sufficient that it be ﬂi-compact.

It can be easily verified that if a space is (R;,I;*l)-compact,
then it is xa+l-compact in order to establish theoremA3.7. Part (ii) of
theorem 3,7 was proved in [4] (for a more explicit argument, see [15,
pp. 229-2301]).

Theorem 3,7. In a minimal cover refineable space, (1) the
following are equivalent:

(a) xh+l-compact,

(b) (Ia,m)-compact,

(c) (1;,1;+l)-compact;
and (ii) (Arens, Dugundji) the following are also equivalent:

(a”) compact,

(b*) bicompact,
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(c?) countably compact,

Theorem 3,8, (i) If a space is minimal cover refineable,

7/
)a+l

space is hereditarily (X;,m)-compact and, thus, hereditarily I&+l-

compact; (ii) if a space is minimal cover refineable, compact, and has

-compact, and has the property that closed sets are GG’ then the

the property that closed sets are G_, then the space is hereditarily

§
Lindel8f and, thus, hereditarily }1-compact.

Proof, Let S be a space satisfying the hypothesis of (i), Let
M be any subset of S and C any open cover of M, If C* = S, then, by
theorem 3,1, there is a subcollection of C which covers S containing at
most Xa many elements., Otherwise, consider S\C*, Since closed sets are
Gé’ let S\C* = (?&Gi. For each integer i > 0, S\Gi is a closed set
covered by C. ggnce {g: geCorgs= Gi} covers S, there is a sub~
collection of C, say Ci’ covering S\Gi containing at mostlxa many
elements, Since ﬂj}Ci covers M, M is (I;,W)—compact.

The argume;;lfor part (ii) is now obvious.

The following corollary to theorem 3,7 was proved by Creede [1u4]:

Corollary 3,9, (Creede) In order for a semi-stratifiable space

to be bicompact, it is necessary and sufficient that the space be

countably compact,

The following lemma is stated without proof:
Lemma 3.10, If C is an open cover of a space S, then the
collection {gp: peEeSs, g, =(J[ht heCand hnp # #}} bas a minimal

subcover,
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The following three theorems indicate the strength of N&-compact-

Nness.,

Theorem 3,11, In an Xi-compact Tl-like space, the following are
equivalent:

(a) Lindelsf,

(b) metalindeldsf,

(c¢) paralindeldf,

(d) hypolindelsf,

(e) screenable,

(f) strongly screenable,

(g) o-(any of the above),

(h) minimal cover refineable,

Proof, By their definitions, (a) implies (b) through (g). By
theorem 3,5, (a) and (h) are equivalent, By their definitions, (c¢)
through (g) imply (b). G, Aquaro has shown that (b) implies (a) [3].
His argument seems unduly tedious, Lemma 3,10 can be applied to

establish the same conclusion,

Theorem 3,12, In an Xl-compact regular space, the following are

equivalent:
(a) Lindelsf,
(b) metalindelsf,
(c) paralindeldf,
(d) hypolindeldf,

(e) screenable,
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(f) strongly screenable,

(g) metacompact,

(h) Fo-screenable,

(i) paracompact,

(j) hypocompact,

(k) o-(any of the above),

(1) fully normal,

(m) minimal ccver refineable.

Proof, By theorem 3,11, (a) through (f) and (m) are equivalent,
By theorems 2,1 and 2.3 and corollary 2.6, (g) through (j) and (1) imply
(m). By Morita [34], in a regular space (a) implies (j). By their def-
initions, (j) implies (i) and (g). Clearly, in a regular space, (a)
implies (h)., By Stone [40], in a regular space, (i) implies (1), Noting
that 0-(F0—screenable) is not distinect from Fc-screenable, the balance

of the argument is similar to the argument for theorem 3,11,

Theorem 3,13, In an la-compact space which has the property that
closed sets are Gd' the following are equivalent:

(a) Lindelsf,

(b) metalindel8f,

(¢) paralindeldf,

(d) hypolindelof,

(e) screenable,

(f) strongly screenable,

(g) metacompact,
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(h) Fo-screenable,

(i) o=(any of the above),

(j) minimal cover refineable,

(k) hereditarily (any of the above).

Proof. By theorem 3,11, (a) through (f) and (j) are equivalent,
By theorems 2,1 and 2,3, (g) and (h) imply (j). Since each open set
is Fc, clearly, (a) implies (h).

It will now be shown that (a) implies (g). Let S be an )a-
compact space which has the property that closed sets are Gd' Let {gi}

be a countable open cover of S, Let {M_.} be a countable collection of

o 1]
closed sets such that k/)M.. = g, for each integer i > 0, Let C =g .
j=1 1] 1 i-1 1 1l
For each integer i > 0, let C_ = g\ { M, . Then {C,} is the point-
i 1'5,k=1 jk i

finite cover of S required,

The equivalence of (a) and (i) is argued as in theorem 3,12, By
theorem 3,8, (j) implies hereditarily Lindeldf and hereditarily la-
compact., Then, since closed sets are Gé is hereditary, the other

properties in the conclusion are hereditary.

Theorem 3,14, If M is a regular cardinal and a space is heredi-
tarily M-compact and hereditarily minimal cover refineable, then if N is
a subset of the space, the cardinality of the non M-limit points of N in
N is less than M,

Proof., This argument is similar to one given by G&1 [18] (also
see Stone [39]). Let H be the collection of all non M-limit points in

N. Cover each point of H with an open set containing less than M points
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of H, Let G be a minimal cover refinement of these open sets. Then G

contains less than M open sets,

The following two corollaries to theorem 3.lu4 are stated without
proof;

Corollary 3,15. If a space is hereditarily minimal cover refine-

able and M is a regular cardinal, then hereditarily M-compact is equiva-
lent to the statement that if N is a subset of S, the non M-limit points
of N in N has cardinality less than M.

Corollary 3,16, Every hereditarily )&-compact hereditarily

minimal cover refineable space has the property that every uncountable

subset contains a condensation point.

The following theorem 1is proved by application of theorems 3,8,
3,13, and 3,14,

Theorem 3,17, Every Xl-compact minimal cover refineable space

which has the property that closed sets are G, has the property that

s

every uncountable subset contains a condensation point.

The following corollary to theorem 3,17 was proved by Creede
[1u],

Theorem 3,18, (Creede) Every Ii-compact semi-stratifiable space

has the property that every uncountable subset contains a condensation

point.

Creede [14] notes that a Souslin space is not semi-stratifiable.

The following is a corollary to theorems 3,13 and 3,17:
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Corollary 3,19, Every Souslin space is hereditarily fully

normal and has the property that every uncountable subset contains a
condensation point,

Proof, Since a Souslin space is regular, the property of here-
ditary strong screenability implies the property of hereditary ful] nor-
mality. It need only be shown that every Souslin space is nﬁ-compacf;
minimal cover refineable, and has the Property that closed sets are G&’
Since the space is linearly ordered, connected, has the order topology,
and every disjoint collection of segments is countable, it can not con-
tain an uncountable discrete collection.

It will now be shown that a Souslin space is minimal cover
refineable, Let S be a Souslin space and C an open cover of S, Let C~
be segments of S vrefining C and covering 8, Let p be any point of
S and consider gp =(}{g: pege C’}. Either there is a least point
q, such that p < 9 and 9, £ gp or gp covers all points greater than p.
In the latter case, there is a countable subcollection of {g: pege C1
that covers these points which can be used to construct a refinement
which is a minimal cover of these points, In the former case, the same
procedure is repeated for ql; Either the process stops because, for
some integer I > 0, gq covers all points greater than qy or a countable
sequence {qi} is foundI(Cf. fu427). In the latter case, there can be no
point r of S such that q; < for all integers i > O because of the
construction, The same process can be used to traverse S in the opposite
direction. It should now he apparent that this:construction can now be

used to form a refinement of C which is a minimal cover of S.
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It will now be shown that closed sets are GG in S, If the reader
is aware of an argument for this, he may wish to proceed to example 3.20,
Let M be any closed subset of S, The complement consists of an at most
countably infinite collection of maximal open connected sets. It is
well-known that a Souslin space is first countable, so every open
connected set is Fo. This is sufficient to form a countable collection

of open sets whose 'intersection is M,

Example 3,20, For any regular cardinal M, let S consist of all

the ordinals with cardinality less than M. Let S have the order

topology. Denote S by [0, M), This example is well~known,

The following theorem is a well~known reference to example 3,20
and shows that the property of minimal cover refineability can not be
dropped from theorem 3.1,

Theorem 3,21, For any cardinal M, a space may be constructed

which is compact but not (M,=)-compact,

Proof. Let S be the space [0, N) described in example 3.20,
where N is a regular cardinal greater than M, Because S is well-ordered
and has the order topology, S is compact, Let C be a collection of open
sets covering S such that if g € C, then there is a point p in S such
that if q € g, q < p. Any refinement of C must contain at least N

elements since N is a regular cardinal,

The following theorem shows that the property of Tl—likeness may

not be dropped from theorem 3,5.



27

Theorem 3,22, There exists a T Lindelsf space which is not
0

minimal cover refineable,

Proof, Example 2,9 is such a space,

The following theorem shows that the property of minimal cover

refineability can not be dropped in theorem 3.7.

Theorem 3,23, There exists a ¢ompact countably compact ()ﬂo”)‘
compact Hausdorff space which is neither minimal cover refineable nor
bicomract,

Proof., Example 2.7 is such a space. It is well-known that this
space is countably compact, but not bicompact. The remaining properties

have either been discussed or are obvious,

Example 3,24, This example was presented in [12], Let S be the

collection of all countable ordinals plus the first uncountable ordinal,
Q. Let each countable ordinal be a basis element, In addition, let

[a¢, ] be a basis element for each countable ordinal a.

Theorem 3,25 uses example 3,24 to show that the hypothesis of
theorem 3.16 can not be weakened to,Yl-compact and hereditarily minimal
cover refineable, The proof is obvious,

Theorem 3,25, There exists anl&-compact hereditarily minimal

cover refineable space which does not have the property that every

uncountable subset contains a condensation point.,

Example 3,26, This example is a variation of an example
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suggested by D, R. Traylor. Let S be the points of the form (rl, r2)
where ry and r, are rational in a simple sequence of copies of the

plane, {Pi}. For each pair of integers i, j, i # j, let Pi N Pj = (0,0).,
For each integer i > 0, let basis elements for Pi be any open set in

the plane that does not intersect the point (0, 0)., Let basis elements

for the point (0, 0) be the union of any open set of the plane contain-

ing (0, 0) for each element of {Pi}'

The following theorem shows that theorems known for semi-metric
spaces and proved for semi-stratifiable spaces are not redundant for
even countable semi-stratifiable spaces, since such a space does not

need to be semi-metric,

Theorem 3,27, There exists a countable semi-stratifiable T

L

space which is not semi-metric,

Proof, Let S be the space described in example 3.26., This space
is countable., It is readily shown to be Tq since the space minus an
open set containing (0, 0) is a collection of disjoint metric spaces,

It is not semi-metric because it has no countable basis for the point

(0, 0). (Suppose {Gi} is a countable basis for (0, 0). For each
intege? i >0, let g; be a proper open subset vwith respect to Pi of

r.oA (ilnj containing (0, 0). HNo element of {Gi} is a subset Oftﬁgi}.)~
The S;;ce is easily seen to be semi-stratifiable by letting G((0, 0), n)

ke the union of open disks of radius 1/n and center at (0, 0) intersected

with each of the elements of {Pi} for each integer n > 0.
1
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Example 3.28, Let S be the collection of all countable ordinals

plus the first uncountable ordinal, Q. Let S have the order topology.

Denote S by [0, Q].

The following theorem uses example 3,28 to show that the prop-
erty that closed Sets are G6 can not be dropped from theorem 3,8.

Theorem_3,29. There exists a minimal cover refineable compact
Lindel8f space which is not hereditarily Lindelsf,

Proof., Let S be the space described in example 3.28, It is
well-known that this space is compact, Lindel8f, and Tq. By theorem
3.5, S is minimal cover refineable. Because [0, ) is a subset of

[0, 2], S is not hereditarily Lindeldf.



CHAPTER IV

SEPARABILITY AND RELATED CONCEPTS

This chapter will be concerned with dense subsets of semi-
stratifiable spaces and, in particular, with dense metric subspaces,

Several papers of the last decade have dealt with dense metric
subspaces of Moore spaces, In [43], J. N, Younglove established that
each complete Moore space contains a dense metrizable subspace, B,
Fitzpatrick showed a Moore space that has no dense metric subspace in
[16] and gave additional conditions for dense metrizable subspaces of
Moore spaces. In [17], B. Fitzpatrick proved that a normal Moore
space which is not a counterexample of type D has a dense metrizable
subspace, In [36], C. W. Proctor showed that if a normal locally
connected Moore space has a base with the property that the space is
collectionwise normal with respect to each discrete subset that is
contained in the boundary of some base element, then the space contains
a dense metrizable subspace,

The author has inquired into the conditions in which a semi-
stratifiable space has a dense metrizable subspace at the suggestion of
D. R, Traylor,.

Two papers that have theorems dealing with dense subspaces are

in the bibliography [2, 12].

The following theorem was proved by the author after discovering

that semi-stratifiable spaces are minimal cover refineable, The argu-



31
ment used illustrates how the author built a minimal cover refinement of
an open cover for a semi-stratifiable space.

Theorem 4,1, Lvery semi-stratifiable space S contains a dense
g-discrete point set and if S is Tl’ the complement of the o-discrete

point set is G Further, if M is the cardinality of S, then if either

5
M is an }B-Pegular cardinal and S is M-compact, or N < M and S is
N-compact, then S is semi-separable and hereditarily strongly
{-separable,

Proof, Patently, if S is Tl, the complement of the o-~discrete

point set is G A demse o-discrete point set will now be constructed.

5
Let G be a function from the product of the collection of closed
subsets of S with the natural numbers into the collection of open sets
in S such that (i) /z\G(A, n) = A for each closed set Aj; (ii)
G(Al, n) € G(A?,n) S;inever Al.c AQ. Well-order the points of S, For
each integer m > 0, do the following: for each point p of S, there is
an integer I > 0 such that p £ G(S\G(p, m),I). Associate I with p.
For each integer i > 0, let wi = {p: i is associated with p}.
Since S is well-ordered, there is a first element in the sub-
collection WK, where K > 0 is the least integer such that WK is not
empty, say Py Let OKl = G( Py ? m),
Let Pyo be the first point of the well-ordered collection WK
which is not a point of OKl. Let 0K2 = G(pKQ’ m) N G(S\OKl, K)

After each initial segment, let Py be the first point of the
o

well-ordered collection WK which is not a point of any of the OK
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already constructed, Let 0 = G(p, , m) n G(s\{_Jo
Ka Ka g<o Kg

For each integer i > K, let Py be the first point of the well-

y K)o

ordered collection wi which was not covered by any of the OjB’ j < i,

already constructed, Let Oi

i
17 G(pil’ m) N N G(S\UOth i)

j=K h<i
B
After each initial segment, let Pig be the first point of the

well-ordered collection W, which is not a point of any of the O, ,
1 ]

j < i, already constructed, Let

i
0, =06(p, ,m) nNaes\(Uo v o, ), ).
1o ia’ 55K hei DB goq 1877
B

Qm is discrete since {OKl’ 0 easy O ceoy Oil’ ...} covers S,

k2* %k3’
Let p € S and R any open set containing p. There is an integer
I > 0 such that p # G(S\R, I). Therefore, RN QI # #. Hence, the
collection {Qi} is the dense o-discrete point set required,
The collection {Qi} demonstrates that if the hypothesis is met,
S is strongly M-separable and, thus, semi-separable, It will now be
shown that S is hereditarily strongly M-separable, Let N be any subset

of S. Use the construction above to generate

Q (M) = {py (g Py, (W) PNy ey PNy weuy e (M) 4uu} for

Px2 Pya

each integer m > 0 except that the points of N are well-ordered instead

Px1

of S and, so,the elements of {Wi} contain only points of N, Note that
for each integer m > 0, the collection Qm(N) can be decomposed into
countably many discrete collections; i,.e., {pKl(N), pKQ(N)’ pKS(N)’

PP JECCOTRRPRY PIN PR EPL LI TR T IS COPRPTRY FRR | FVPIN C O]

LI ] * 600 I i - .
p(K+2)Q(N)’ b Thus, N is strongly M-separable
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The author discovered after proving the following corollary to
theorem 4,1 that it had already been proved by Creede [14], Creede did
not use the minimal cover refineability of semi~stratifiable spaces in
proving this corollary, though his argument can be modified by the
author to establish the minimal cover refineability of semi-stratifiable
spaces, Further, his argument can be modified to establish the
previous theorem, The author preferred to show his own argument which
is related to minimal cover refineability, A similar corollary for
semi-metric spaces was proved by McAuley [29], Grace and Heath noted
that a metacompact Moore space has the property that every separable
set is hereditarily separable and )&-compact [19].

Corollary 4,2, (Creede) Every J&-compact semi-stratifiable space

is hereditarily separable,

Lemma 4,3, (Lubben [27]) Every hereditarily separable space is

hereditarily Iﬁ-compact.

The following corollary now follows from lemma 4.3, corollaries
3.6, 3,15, and 4,2, and theorems 3.1, 3.8, 3,11, 3,12, and 3,13.

Corollary 4,4, (i) If a space is hereditarily separable and

minimal cover refineable, then the space is Lindeldf;

'(1i) (Creede [14]) in order for a semi-stratifiable space to be
Lindeld8f, it is necessary and sufficient that it be hereditarily
separable;

(iii) if a space is minimal cover refineable, hereditarily

separable, and has the property that closed sets are G,, then the space

8
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is hereditarily Lindelsf, and thus, hereditarily )&-compact;

(iv) theorem 3,11 with }i-compact replaced by hereditarily
separable;

(v) theorem 3,12 with Nl-compact replaced by hereditarily
separabley

(vi) theorem 3,13 with Xi-compact replaced by hereditarily
separable;

(vii) if a space is hereditarily separable and hereditarily
minimal cover refineable, then the cardinality of the non=condensation

points of any subset of the space is less than ﬁi

Theorem 4,5, Every collectionwise Hausdorff semi-stratifiable
space contains a dense screenable semi-stratifiable T1 subspace,

Proof., Since closed sets are Gé in a semi~stratifiable space, a
semi-stratifiable space is Tl—like. Let S be a T1 representation of a
collectionwise Hausdorff semi-stratifiable space., Let G be a function
from the product of the collection of closed subsets of S with the
natural numbers into the collection of open sets in S such that (i)

/% G(A, n) = A for each closed set A; (ii) G(Al, n) ¢ G(AQ, n) whenever

n=1
A, C A . Let {Qi} be a countable collection of discrete point sets

1 2

such that 1Qif'éc = S whose existence was proved in theorem 4,1, For
each integer i > 0, let Oi be a collection of disjoint open sets which
covers Qi and refines C, an arbitrary open cover of {Qi}*. This

demonstrates that {Qi}* is screenable, Creede [14] has noted that a

semi-stratifiable space is hereditarily semi-stratifiable.
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Theorem 4,6, Every collectionwise Hausdorff normal semi-
stratifiable space contains a dense fully normal semi-stratifiable Tl
subspace,

Proof, Let S be a Tl reprgsentation of a collectionwise
Hausdorff normal semi-stratifiable space. Let {Qi} and {Oi} be
constructed for S in the same manner as the collections of the same
name were constructed in the proof of theorem 4,5 (with C, an arbitrary
cover of {Qi}*). Let Hi and Ki be disjoint open sets containing Qi and
S\O?, respectively. Let O{ = {g: g” ¢ Oi and g = g~ N Hi}' The
collection {OE} contains countably many discrete collections of open
sets., This demonstrates that {Qi}* is strongly screenable, A normal

T1 space is regular. As noted in chart 2.11, a strongly screenable

regular Space is fully normal..

The hypothesis of the following theorem is almost strong enough
to give a dense metric subspace.

Theorem 4,7, Every metacompact semi-pseudometric space contains
a dense basically metacompact (and, thus, basically minimal cover
refineable) developable T1 subspace with a point-regular basis,

Proof, Let S be a T1 representation of a metacompact semi~
pseudometric space., A T1 semi-pseudometric space is semi-metric and,
thus, semi-strafifiable. Let {Qi} be a countable collection of discrete
point sets such that TQZT*'= S whose existence was proved in theorem

4,1. For each integer i > 0, let O, be a point-finite open cover of Qi
i

which refines the collection {g :peQ and g = s\(Q,\p)}. Let
P 1 p 1
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-1
1 For each integer i > 1, let O; = {g: g° ¢ 0i and g = g'\k_)Q,}.
j=1 3
Clearly, {g: i>0,¢c¢ O;} is a point-finite cover of {Q‘}*. Every sub-
i

Oi =0
collection of {p: i > 0, ¢ ¢ OE,.p € Q;y and P & fecg’) covering {oi}*
contains a point-finite cover of {Qi}*u Then {Qiﬂ* is basically meta-
compact. By theoren 2.2’,[Qi]# is basically minimal cover refineable.
It will now be shown that {Qi}* is developable and has a point-
regular basis, Since S is first countable, let {hpi} be a countable
basis for each point p of S, Let
Oij = {g: g” ¢ O{, peg N Qs 8 = g’ N (i}hpk}' The collection
G = {g: i, § >0, g ¢ O{j} is a point-countable basis for {Qi}*.
Therefore, by Heath [2u], {Qi}* is developable, Further, for each point
p of {Qi}*, there is an integer J > 0 such that if j > J, only one
element of the collection {g: i>0,gc¢ Oij} contains p. Therefore,

g

the collection G is a point-regular basis for {Qi}“.

The proof of the following theorem is a combination of the
techniques developed to prove theorems 4.5 and 4,7.and is not shown
since the argument is so similar to that used for those two theorems,

Theorem 4,8, Every collectionwise Hausdorff semi-pseudometric
space contains a dense basically metacompact (and, thus, basically
minimal cover refineable) developable T1 subspace with a point-regular

basis,

The following theorem is true simply because a T represen-
1

tation of a pseudometric space is a dense metric subspace.
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Theorem 4,9, Every pseudometric space contains a dense metric

subspace.,

The following theorem has been argued in the proof for theorems
4,7 and 4,8,

Theorem 4,10, If a semi-stratifiable space is either collection-

wise Hausdorff or metacompact, it contains a dense basically metacompact

(and, thus, basically minimal cover refineable) subspace.

Theorem 4,11, Every collectionwise Hausdorff normal semi-

pseudometric space contains a dense metric subspace,
Proof, By the arguments used to establish theorems 4.6 and 4.8,
the space contains a dense paracompact Hausdorff subspace with a point-

regular basis, By Alexandroff [1], this dense subspace is metric,

Since a stratifiable Tl space 1s a paracompact Hausdorff space
[11] and, thus, collectionwise normal, the following theorem is true by

theorem 4,6 since, by Ceder [11], stratifiability is hereditary,

Theorem 4,12, Every stratifiable space contains a dense fully

normal stratifiable T1 subspace.

Since a Nagata space is a first countable stratifiable space [11],
the following theorem is true:

Theorem 4,13, Every Nagata space contains a dense metric

subspace,

The following corollary is easily verified after noting
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only that a regular strongly screenable space is collectionwise normal

[7]:

Corollary 4,14, (i) Theorem 4,5 with collectionwise Hausdorff

replaced by either screenable or }i—compact;

(ii) theorem 4,6 with collectionwise Hausdorff plus normal
replaced by any of the following: strongly collectionwise Hausdorff
plus regular, strongly screenable plus regular, screenable plus normal,
or hl-compact plus regular;

(iii) theorem 4,7 with metacompact replaced by screenable or
Ai-compact;

(iv) theorem 4,10 with collectionwise Hausdorff or metacompact
replaced by screenable or Nl-compact;

(v) theorem 4,11 with collectionwise Hausdorff plus normal
replaced by any of the following: strongly collectionwise Hausdorff
plus regular, strongly screenable plus regular, screenable plus normal,

or Ri-compact plus regular,

The following corollary is only stated to note that theorem 4,11
might be useful in investigating the existence of a dense metric sub-
space of a space which is not semi-pseudometric, The corollary follows
from the well-known fact that if M is dense in N, then M is dense in V.

Corollary 4.15. If a space S contains a dense subspace M with

the properties of the hypothesis of one of the theorems 4,5 through 4,14

then M contains a subspace N dense in S which has the properties of the

conclusion of the respective theorem,
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The following theorem was effectively argued in proving theorem

b1t
Theorem 4,16, Any dense subset of a semi-stratifiable space S

contains a subset dense in the space which is the union of countably

many discrete (in S8) point sets,

The following theorem may prove useful in investigating the
weight of a space., The theorem is an application of theorem 4,1,

Theorem 4,17, If M is an Nb-regular cardinal greater than KO and

M is the density of a semi-stratifiable space S, then there is a

discrete point set in S with cardinality M,

Theorem u4,18. Every hereditarily separable hereditarily minimal

cover refineable regular space has the property that closed sets are G&‘
Proof., Let M be any closed subset of S, a space with the
properties of the hypothesis, Associate an open set Cp with each point

p € S\M such that E; ¢ S\M. Let C be a minimal cover which is a
refinement of the collection {Cp: p € S\M}. Then C must be a countable

collection and can be placed in a simple sequence, say {Ci}. Then

Corollary 4,19, A necessary and sufficient condition that a

hereditarily separable minimal cover refineable space be regular and
hereditarily minimal cover refineable is that the space be perfectly
normal.,

Proof., By theorem 4,18, if a space is hereditarily separable,
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hereditarily minimal cover refineable, and regular, then it has the
property that closed sets are GG; by corollary 4,4 (v),‘the space is
fully normal and, therefore, normal, By corollary u,u4 (vi), if a space
is hereditarily separable, minimal cover refineable, and has the
property that closed sets are Gé, then the space is hereditarily

minimal cover refineable; finally, a normal T -like space is regular.
1

Grace and Heath [19] showed that a separable metacompact Moore
space is hereditarily separable; McAuley [28] did the same for semi-
stratifiable spaces.,

Theorem 4,20, Every separable metacompact semi-stratifiable

space is hereditarily separable,
Proof, A separable metacompact space is Lindeldf. By Creede

[14], a Lindelsf semi-stratifiable space is hereditarily separable.

Theorem 4,21, There exists a bicompact fully normal Hausdorff

space which is not separable,
Proof. Example 3,28 is such a space. This example and its

properties are well~known,

Example 4,22, This example is due to McAuley [31]. The space S

consists of the points of the plane, Let the function 4 be a semi=-
metric on S X S defined as follows: if p or q lies on the x-axis, let
d(p,y q) = |p - ql + o where Ip - qI is the ordinary Euclidean distance

and o is the angle measured in radians between a line through p and q
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and the y-axis such that 0 < a < n/2, Otherwise, let d(p, q) be the

ordinary Euclidean distance.

The following theorem shows that the property of separability does
not imply the properties of hereditary separability nor )a-compactness
even in a Moore space. The theorem is well~known,

Theorem 4,23, There exists a separable Moore space which is not

)a-compact, metacompact, nor normal,
Proof., Example 4.22 is such a space. McAuley showed that this
example was a Moore space. It is well-known that this space possesses

the other properties claimed.

The following theorem shows that minimal cover refineability is
not necessary in order for a space to contain a dense metric subspace.

Theorem 4,24, There exists a first countable compact T space
y

which contains a dense metric subspace but is not minimal cover refine-

able,
Proof, Example 2,7, [0, ), is such a space. Since the other
properties have already been dealt with, it will only be shown that the

space contains a dense metric subspace., Let H consist of all the non-

limit points of [0, 2), This is a discrete subspace which is dense in S,

Since H is discrete, it is metric,

Example 4.25, Let S consist of the points of example 2.7 plus

the points x of the real line such that 0 < x £ 1, Let basis elements
for the points of the real line in S be any open subset of the real

line. Let a basis element for the points of [0, ) be the union of a
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segment of the form (0, x) of the real line where 0 < x < 1 with a basis

element of example 2.7. Thus, every open set in S contains a point of

the real line.

The following theorem shows that the properties of separability
and T -ness do not imply the property of minimal cover refineability.,
1

Theorem 4,26, There exists a first countable compact T1 space

which contains a dense separable metric subspace but is not minimal
cover refineable.,

Proof, Clearly, example 4,25 is first countable, compact, and
Tl. Further, the rationals on the real line between 0 and 1 are dense
in the space, The space is not minimal cover refineable for the same
reason that example 2,7 is not since the real line is hereditarily

Lindelsf,

An example of a semi~stratifiable space which is not semi-metric
was given in example 3.26, Two more follow,

Example 4.27. Let S consist of one copy of the plane for each

countable ordinal, If P, and P, are two of these planes in S, let

B
Patﬁ P, = (0, 0). Let basis elements for a point p of S distinct from

8
(0, 0) be any open set in the plane containing p which does not inter-
sect (0, 0). For each countable ordinal a and each integer i > 0, let a
basis element for the point (0, 0) consist of the point (0, 0) plus the
points in open disks of radius 1/i with center at (0, 0) in each plane

associated with an ordinal greater than o,

Example 4,28, This example was suggested by D, R. Traylor, A
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variation of the example was given in example 3,26, Let S be the points
of a simple sequence of copies of the plane, {Pi}. For each pair of
integers i, j > 0, i # j, let Pi/W Pj = (0, 0), For each integer i > 0,
let basis elements for Pi be any Qpen set in the plane that does not
intersect the point (0, 0)., Let each basis element for the point (0, 0)
be the union of an open disk of the plane Pi with radius l/Ji and center

at (0, 0) for each integer i > 0 where Ji is a positive integer,

The following theorem shows that the hypotheses for theorems 4,5,

4,6, 4,10, and 4,12 are not sufficient to imply semi-metricity,

Theorem 4,29, There exists an )&-compact fully normal connected
M1 TH space which is not semi-metric,

Example 4,28 is such a space., In theorem 3,27, an argument was
given which shows that this space is Tq and not semi-metric, Clearly,
the space is A;—compact and connected., By theorem 3,12, it is fully
normal.,

It will now be shown that this space is Ml. Let
Gl = {g: g is a basis element for (0, 0)}. Then Gl is a closure
preserving bésis for (0, 0). For each pair of integers i, j > 0, let
Gij = {g: g” is an open disk in Pj with radius less than 1/1,

g = g”\(o, 0)}. Let Oij be an open disk with radius less than 1/i and
center at (0, 0), Then Gij is a collection of open sets which covers
Pj\Oij; there is a locally finite refinement, say Gij’ which also covers

Pj\oij° Then Gij is closure preserving, For each integer i > 1, let

Gi = {g: j>0,gc¢ Gij}° Then {Gi} is a o-closure preserving basis for
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the svace.

Example 4.30, This example is due to McAuley [31]. The srace S

consists of the points of the plane. Let the function d be a semi-
metric on S X § defined as follows: if p or q lies on the x-axis, let
d(py @) = |p = q| + a where |p - q| is the ordinary Euclidean distance
and o is the angle measured in radians between the line through p and q
and the x-axis such that 0 < o § n/2, Otherwise, let d(p, gq) be the

ordinary Euclidean distance.

The following theorem shows that the hypotheses for theorems 4,7,

4,8, 4.11, and 4,13 are not sufficient to imply that a space be metric.

Theorem 4,31, There exists an A;-compact fully normal connected
M1 semi-metric 'I'l+ space which is not developable,

Proof. McAuley [31] and Heath [20] noted that example ,30 is
hereditarily separable, fully normal, connected, Ml' and semi-metric,
but not developable, Since the space is Tl’ it is Tu' M hereditarily

separabte space ic A}-comtact.



CHAPTER V
MINIMAL COVER REFINEABLE SUBSETS

This chapter will be concerned with subsets of minimal cover
refineable spaces, The chapter begins with the following obvious
theorem:

Theorem 5,1, Every closed subset of the following spaces is
minimal cover refineable;

(1) mefacompact,

(i1) Fo-screenable,

(iii) strongly screenable plus Tl-like.

The concept of a dominating collection is due to Michael [32].
Michael showed that a Hausdorff space is paracompact if and only if it
is dominated by a collection of paracompact subsets. Borges [8] and
Creede [14] have shown the same can be said for stratifiable and semi-
stratifiable spaces, The fcllowing theorem uses a slightly weaker
concept than a dominating collection,

Theorem 5.2, In order for every closed subset of a space to be
minimal cover refineable, it is necessary and sufficient that the space
be weakly dominated by a collection of subsets such that every proper
closed subset of an element of the collection is minimal cover refine-

able,
Proof., For the reason noted by Michael [32], necessity is

obvious. Let G be a collection of subsets which weakly dominates a
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space S such that every proper closed subset of an element of the
collection is minimal cover refineable., Let C” be any open cover of S.
Let g be an element of G and ¢ an element of C” which covers a point of
g. Then g\c is minimal cover refineable, so g is minimal cover
refineable, Let M be any closed éubset of S (not excluding S). Let

G* = {ga: a > 0, g; e G and g, = g; N M}. Let C be any open cover of M,
Let Cl be a refinement of C which is a minimal cover of g the first

element of G°, Let 02 be a refinement of {c: ¢” e Candc = c’\gl}

oo
w

1

not covered by Ci. After each initial segment, let g, be the first

which is a minimal cover of g2\C where g, is the first element of G~

s
w5

element of G° not covered by (“/C already constructed, Let Ca be a

B
B<a
refinement of {c: ¢ e Cand ¢c = c‘\L,)gB} which is a minimal cover of
B<a
g \\,’Cz. Then {c: o > 0 and ¢ € Ca} is a minimal cover of M.,
a

B<a

Corollary 5.3, Every open subset of a space which has the

property that every closed subset is G5 and minimal cover refineable is

minimal cover refineable,

Proof., Let S be a space which has the property that every closed
subset is G6 and minimal cover refineable and let C be any cover of S,
Clearly, S is minimal cover refineable, Let R be a proper open subset
of S, Since S\R is closed, there is a sequence of open sets {Gi} such
that S\R = ;ﬁGi. Then {S\Gi} weakly dominates %, though it may not

i=1
dominate ',

Theorem 5,!!, Every open subset of a perfectly normal minimal
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cover refineable space is minimal cover refineable,

Proof. The following argument seems unnecessarily complicated.
However, the author has been unable to simplify the argument. Let S be
a perfectly normal minimal cover refineable space. Let R be a proper

open subset of S and C any cover of R, Since S is perfectly normal,

© [
let {G,} be a sequence of open sets such that S\R = NG, = MNG., Let
i ¢

G,
i=1 *  i=1 ?
c”={g: g eCand g=g”n R},

Let Cl = {g: geCiorgs= Gl}. Let Ci be a refinement of Cl
which is a minimal cover of S, Let ci' = {g: g e Ci and g ¢ Gl}. Let
Ml be the collection of all points of (Ci‘)* which are not in two
elements of Ci.

Let C, = {g: g ec”and g = (g nG)\M,, g = G,y or g = (ci')*}.
Let C; be a refinement of C2 which is a minimal cover of S. Let

2

all points of (Cé‘)* which are not in two elements of Cé.

co={gige C; and g & (G, v (Ci‘)*)}. Let M2 be the collection of

For each integer i > 2, let Ci = {g: g” € C” and

i1 i-1 i

g= (g AaNe)H\UNM,, ¢
j=1 3 =1

i-1
G,y or g = U (C{”)*}, Let C; be a
1 j=l J i

refinement of C, which is a minimal cover of S, Let
i .
i-1
C;”={gt geC{and g (G, u (J(C;”)*}. Let M_ be the collection of
i i 759 3 i _
all points of (CE’)* which are not in two elements of CE.

Let CO = {g: i>0,g" ¢ C{’ and g = g-\ U M,}. By its
j=i+l

construction CO is a minimal cover of R,

Theorem 5.,5. In a space which has the property that closed sets
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are G5' any of the following cénditions imply that the space is
hereditarily minimal cover refineable:

(i) metacompact,

(ii) Fo-screenable,

(iii) screenable,

Proof, Heath [23] notes that if a space has the property that
closed sets are 65 and is screenable, then the space is metacompact.
Let S be a metacompact space in which closed sets are Gé. Let M be any
subset of S and C any cover of M, If C* = S, there is a point-finite

refinement of it, and thus, by the argument in [4], there is a minimal

cover of M which refines C. Otherwise, let S\C* = /W(S, where {G_} is a
i=1 * +
sequence of open sets. Let Cl be a point~finite refinement of C which

refines S\Gl. Once again, there must be a minimal cover, say Ci, of
M\Gl which refines C. Let Ml be the collection of all points of M\Gl

not in two elements of C;. For each integer i > 1, let C. be a minimal
i

a1

cover of M\(G, v U (C:)¥) which refines C and let Mi be the collection
i At i o,

j=1 i-1l )

of all points of M\(Gi v k}(Cg)") not in two elements of C{. Then the
j=1 i-1__ )
collection {ct 1 > 1, c” ¢ Clyc= c\UM,, orc ¢ Ci} is a minimal
j=1

cover of M which refines C.

Let S be an % -screenable space which has the property that
closed sets are G . Let M be any subset of S and C any cover of M, If
C* = §, there is a countable collection, say {Hi}' of collections of
discrete closed sets which refines C, Use the collection
{E? i>0,h”ce¢ Hi’ and h = h~ f'M} and the method used to prove theorem

2.3 to show a minimal cover of M which refines C. (Note the necessity
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of restricting ones attention to M since the cover must be a minimal
cover of M and not just a minimal cover of the star of the cover.)
Otherwise, proceed in a fashion analogous to that used above to show
hereditary minimal cover refineability for the case that the space was

metacompact.

Since closed sets are GG in a semi-stratifiable space and Creede
[14] showed that a semi-stratifiable space is Fa-screenable, the
following is a corollary to theorem 5,5,

Corollary 5.6, Every semi-stratifiable space is hereditarily

minimal cover refineable.

The following theorem shows that neither metacompact nor perfectly
normal are necessary for a space to be here.itarily minimal cover
refineable,

Theorem 5.7. There exists a hereditarily minimal cover refine-
able space which is neither metacompact nor normal,

Proof, Example 4,22 is such a space. The properties of the
space have been adequately discussed in the proof of theorem 4,23,

The following theorem shows that full normality is not sufficient

to guarantee hereditary minimal cover refineability.

Theorem 5,8, There exists a hypocompact fully normal space which
does not have the property that the space is hereditarily minimal cover
refineable,

Proof, Example 3,28, [0, 2], is such a space since it contains
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example 2,7, [0, Q). The space is easily shown to be hypocompact, T ,
2

and thus, fully normal,

Example 5,9, C. W, Proctor suggested inserting example 2.7 into

another space to obtain an exampleé of a minimal cover refineable space
which contains a closed subset that is not minimal cover refineable,
This led the author to construct the following space. Let T be the
points of [0, Q). For each point p of [0, Q), let Tp be an independent
copy of [0, Q) and let Tp have the order topology. For each point p of

T, let an open set containing p be the union of all the points between

q and r where q, r € T and q < p < r (for 0, use [0O,r)) plus the union
of all the points greater than some point of T for each s € T such that

oy

qQ <s <r, Let S = {p: peTorqeT and'p € Tq}.

The following theorem shows that minimal cover refineabilitv does

not imply that every open or closed set is minimal cover refineable.

Theorem 5,10. There exists a minimal cover refineable space

which contains a closed and an open set which are not minimal cover
refineable,

Proof, Example 5, 1is such a space, First note that T of the
example is not minimal cover refineable and is a closed subset of the
space, Then note that for each point p of T, Tp is an open set which is
not minimal cover refineable, It need only be shown that S is minimal
cover refineable., Let C be any cover of S, Let go be an open set in C

containing the point 0 of T. Let P, be a point of T0 N gy and associ-
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ate it with 0, Let o be the first point of T not covered by g,y° Let
g, contain a and be an open subset of some element of C such that
Py £ £y Let Py be a point of Tatﬂ g, After each initial segment, let
B be the first point of T not covered by the gY already constructed.
Let gB contain B and be an open subset of some element of C such that
pY £ g for all pY already constructed. The points of S not covered by
this construction may now be readily covered to form a minimal cover of

S which refines C.



CHAPTER VI
MISCELLANEOQUS

This chapter contains material that did not readily fit into one

of the previous chapters,

Theorem 6,1, If M is an ?6-regular cardinal greater than'%)and
M is the weight of a collectionwise Hausdorff developable space, then
the density of the space is also M,

Proof, Let S be a developable space, {Gi} a sequence which is a
development for S, and B a collection of M many open sets which is a
basis for S, For each integer i > 0, let Gi be a refinement of Gi which
is a minimal cover of S and let Pi be a collection containing one and
only one point from each element of G; which is in no other element of
G;. Since {G{} is also a development of S, the cardinality of
{g: i>0,gc¢ G;} is not less than M, Then for some integer I > 0, the
cardinality of G; is not less fhan M, Let HI be a collection of disjoint
open sets covering PI such that no element of HI contains two points

of PI. Then the density of S is not less than the cardinality of HI nor

more than the weight of S,

The following two obvious theorems are stated without proof:

Theorem 6,2, The cardinality of any minimal cover of a space is
not more than the weight of the space.

Theorem 6,3, The density of any collectionwise Hausdorff space

is not less than the cardinality of any minimal cover of the space.
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Theorem 6,4, If the collection {Gi} is a development for a space
and has the property that for each integer i > 0, Gi+l is a refinement
of Gi and Gi is a point-finite cover of the space, then the space is
hereditarily basically metacompact (and, thus, hereditarily basically
minimal cover refineable) with respect to the basis
{g: for some integer i > 0, g € Gi}.

Proof, Let {Gi} be as described in the hypothesis for a space S,
Let M be any subset of S (not excluding S) and C any cover of M, Let
Cl = {g: g € Gl’ g eCygcg’yand gnM# ¢}. For ?ach integer
i>1, letC = {g: g ¢ G,y g7 eCygcg’yandgn M\?§i€§ # ). Let
p be any point of M, There is a least integer I > 0 sggh that p € C?.

There is an integer J > 0 such that for i > J, if p e g ¢ Gi' then

gc C?' Thus, {c: i >0, c ¢ Ci} is a point-finite cover of M,

The following three theorems are easily proved by arguments

presented by Briggs [9],

Theorem 6.5, (Briggs) In a first countable T3 space in which the
set of isolated points is discrete, the following are equivalent:

(i) paracompact,

(ii) strong cover compact and minimal cover refineable,

(iii) weak cover compact and minimal cover refineable.

Proof. It need only be shown that (iii) implies (i) since the
other implications needed are in Briggs' paper. It is useful to quote
Briggs directly with the necessary changes placed in brackets:

"If S is a Lindeldf space, S is paracompact. If not, there is an
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open cover G of S such that no countable subcollection of G covers S
[and such that each isclated point is itself the only open set in G
containing it]. It is sufficient to show that such a cover has a
locally finite refinement. Let H denote a weak cover compact refine-
ment of G, and let K denote a [minimal cover refinement] of H. Let H be
well-ordered by  and let D  denote the collection to which an element
k of K belongs if and only if ha is the first element of H such that
k ¢ ha‘ Let O denote the collection to which an element Oa belongs if

and only if Oy = D*

0 Dg £ 0, o e Qs O is a [minimal cover of S which

refines G], Moreover, if Oa and OB e 0, a # By there exist elements ha
and hB e Hy hy, # hB’ such that 0, ¢ b, OB c hB' Hence 0 is also a weak
cover compact refinement of G, [Let 0° = 0,]

"Suppose 0° is not locally finite., Then there is an infinite

subcollection {O,}? of 0°, a point p in S, and a sequence {p,}? in
1i=1 i‘1=1

S such that (1) p, € 0_, for each i; (2) p, #p., O, # O, for i # j;
i i i it i 3

and (3) bi}:zl + p. [Note that if the isolated points were not discrete,
the existence of p with these properties would not be certain,]

"Since 0”7 is minimal, for each i there exists a point qi in Oi
such that a; ¢ [Ulg: g €0 and g # Oi}]. Since 0” refines G, 0~ is
uncountable., Let {OB}BEB denote an uncountable subcollection of 07 -

{Oi}:=l' and for each B € B, let 1, € [OB\Ldg: g €0  and g # OB}].

Then the subcollection {O,}T 1 + {OB} and the point sets
ili=

BeB
= © = hd 3 h
P {pi}i=l + hB}BeB and Q {qi}i=l + {QB}BEB contradict the fact that

0 is a weak cover compact refinement. Hence 0° is locally finite."
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Theorems 6,6 and 6.7 are proved by slight modifications to
Briggs' arguments similar to the above modification,

Theorem 6.6. (Briggs) In a locally compact 'I’3 space in which the-
set of isolated points is discrete, the following are equivalent:

(1) paracompact,

(ii) strong cover compact and minimal cover refineable,

(iii) weak cover compact and minimal cover refineable,

Theorem 6.7, (Briggs) If a strong cover compact T1 space in
which the set of isolated points is discrete is either first countable

or locally compact, then the space is paracompact.

The following is a corollary to theorem 6,5;

Corollary 6.8, In a semi-metric T3 space in which the set of
isolated points 1is discrete, the following are equivalent:

(i) paracompact,

(ii) strong cover compact,

(iii) weak cover compact,

McAuley [28] proved that in a semi-metric Hausdorff space, the
following are equivalent: collectionwise normal, hereditarily
collectionwise normal, paracompact, hereditarily paracompact. The
following theorem extends these results to more general spaces:

Theorem 6,9, In an Fc-screenable Hausdorff space which has the
property that closed sets are Gd' the following are equivalent:

(i) collectionwise normal,

(ii) hereditarily collectionwise normal,
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(iii) paracompact,

(iv) hereditarily paracompact.

Proof, By McAuley [28], in an Fo-screenable space, (i) implies
(iii), By Stone [39], in a Hausdo?ff space , (iii) implies ful1 normality
and, by Bing[7], full normality implies (i). Since thellausdorff property is
hereditary, it need only be shown that (iii) implies (iv). Let S be a
paracompact Fo-screenable Hausdorff space which has the property that
closed sets are GG‘ Let M be any subset of S andmC any cover of M, Let
{Gi} be a sequence of open sets such that S\C¥= (lei. For each integer
I >0, let {FIj} be a sequence of collectionsmoflaiscrete closed sets
which refine {g: geCorg-= GI} such that L}FIj = S, TFor each pair

j=1
of integers i, j > 0, let Fij = {f: £f7 e Fij and f

£4 n S\Gi}‘ Let
{Hi} = {ng}; i.e., {Hi} is a resequencing of {Ffj}' Since S is
collectionwise normal, a collection {Ki} can be constructed such that
for each integer i > 0, Ki is a discrete collection of open sets, if

g E Ki, g contains one and only one element of Hi’ and g is a subset of
some element of C, This is sufficient to construct a locally-finite

collection of open sets covering M,

Example 6,10, The following example is well-known, Let T be the

space [0, Q) of example 2.7. For each point a of T, let ua be a copy of
the unit segment (0, 1) of the real line such that if x € U then

a < x <o+ly if x, y ¢ us they have their natural order. Let S be the
points of T plus the points of ua for each point o of T, Let S have the

order topology.
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The following theorem uses the previous example to show that
minimal cover refineability can not be removed from the theorems
concerning weak and strong cover compactness.

Theorem 6,11, There exists a strong cover compact weak cover

compact locally compact first countable collectionwise normal Hausdorff
space which has no isolated points but is neither minimal cover refine-
able nor paracompact,

Proof. Example 6.10 is such a space. (learly, the space has no
isolated points., That S is first countable and Hausdorff are well-
known, Collectionwise normality is shown in a manner similar to the
argument given in theorem 2,8 for [0, Q). It is also well-known that
the space is compact, so the space is locally compact and both
strong and weak cover compact. The argument that this space is not
minimal cover refineable is similar to the argument given in proving
theorem 2.8, Since the space is not minimal cover refineable, it can

not be paracompact,
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