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Abstract

Monolith reactors are widely used in catalytic after-treatment systems. Detailed
mathematical models of this reactor consist of a system of coupled nonlinear partial
differential equations in three spatial dimensions and time. The numerical solution
of these models with complex catalytic chemistry is demanding in terms of time
and memory requirements. Therefore, the development of reduced order models
for these systems is important for control and optimization algorithms related to fuel
economy and real time implementation of emissions constraints. The objective of
this work is to develop reduced order models by simplification of the problem of
multi-component diffusion and reaction in the catalytic layers.

In the first part of this work, we present a novel method for computing washcoat
diffusional effects with local property dependent internal mass transfer coefficient
matrix. We present a method for computing this matrix for any arbitrary washcoat
geometry as a function of the Thiele matrix, defined in terms of the Jacobian of
the rate vector at the local concentrations. We illustrate this method with examples
for single layered monolith reactors with global kinetics, and show that it leads to
accurate solutions while speeding calculations by several orders of magnitude.

In part Il, we extend Thiele matrix approach to dual-layered monolith reactors,
where each layer may have different catalytic or transport properties. We deter-
mine the interfacial flux vectors and mass transfer coefficient matrices in terms of
Thiele matrix of each layer. We illustrate the method using a dual layered system
with first layer of selective catalytic reduction (SCR) and second layer of lean NOx
trap (LNT) catalyst. We also investigate the mesh size dependency of the solution
and note that the detailed model leads to sufficiently accurate solution only when
the number of mesh points is about equal to or greater than the largest eigenvalue
(in magnitude) of the Thiele matrix. We compare the speed and accuracy of the

reduced order model solution and show that it is closer to detailed model which



has sufficient mesh points.

In part Ill, we extend the Thiele matrix approach to micro-kinetic models. First,
we show that the short time scales associated with the adsorption/desorption steps
requires the use of a large number of mesh points to obtain a mesh independent
solution. We present a multi-mode coarse-grained model using the internal mass
transfer coefficient matrix. This matrix is shown to be diagonal for most micro-
kinetic models of practical interest. We illustrate the method with H,/CO/C3Hg
oxidation over a Pt/Al,O5 catalyst with a detailed micro-kinetic model. While the
computation of the mesh independent solution of the detailed model is tedious, the
reduced order model leads to an accurate solution while speeding-up calculations

by about three orders of magnitude.

Vi
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Chapter 1
Introduction

1.1 Introduction

In the past 30 years or so, there has been a gradual increase in the use of mono-
liths as catalyst supports. During this period, monoliths have mostly been used in
environmental applications where high gas throughput and low pressure drop are
required. Some of the applications in which these benefits have proven useful
include exhaust gas treatment. Examples include three-way converters (TWCs)
used in the treatment of emissions from gasoline engines, diesel oxidation cata-
lysts (DOCs) used for treating emissions from diesel and lean burn engines, selec-
tive catalyst reduction (SCR) reactors used in reducing nitrogen oxides (NOx) from
light and heavy-duty diesel engines, and so forth. Other applications of monolith re-
actors include volatile organic chemical (VOC) combustion, removal of ozone from
the cabin air of commercial aircraft, carbon monoxide and hydrocarbon abatement
from the exhaust streams of gas turbines and catalytic partial oxidation of hydro-
carbons to syngas and chemicals.

Monoliths are structures that contain various types of interconnected or sep-
arated channels (straight, wavy, or crimped) in a single block of material (e.g.,
honeycombs, foams, or interconnected fibers). Most monolith reactors consist of
one piece of ceramic material. This ceramic block contains a large number of
parallel channels extending over the entire length of the block, separated by thin
walls. The channels normally have circular, square, or triangular cross sections
but also channel geometries produced by wrapping up flat metal sheets with corru-
gated metal sheets in between (Fig. 1.1). Monolithic reactors are those filled with
monoliths that are either made of porous catalytic material or the catalytic material

is deposited (washcoated) in the channels of an inert monolithic support. In both
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Figure 1.2: Transversal section of square-channel monolith with the parameters
employed to characterize the monolith geometry



arrangements, the channel walls function as catalyst and the channels provide
space for flow of gas and/or liquid. Another type of monolithic reactors are those
where the thin walls act directly as membranes or are used as a substrate for de-
positing materials that serve as membranes for separation and/or purification pur-
poses. Currently, ceramic and metallic monoliths(F'ig. 1.1) are the two major types
of monolith supports used. Ceramic monoliths are mostly prepared by extrusion
while metallic monoliths are normally made by corrugation. The ceramic material
cordierite (magnesium aluminum silicate) is commonly used because it is cheap,
it can be easily manufactured with high porosity, and it has a very small thermal
expansion coefficient. Channel size and shape affect the pressure drop across the
channel and the hydrodynamics of the fluid phases. The monolith themselves have
a square, oval, racetrack, or round geometry, depending on the application. Larger
volumes of monolith structures are obtained by stacking smaller building blocks.
Different types of distributors can be used to achieve the desired uniform flow dis-
tribution over the monolith cross section, such as spray nozzles, shower heads,
hole plates, glass frits, and static mixers. In the case of the square-channel mono-
liths, the monolith geometry is fully defined by two parameters: the channel size
or repeat distance (L), and either the wall thickness (w, usually between 0.06 and
0.5 mm) or cell density (N), which is defined as number of cells per square inch
(cpsi) and typically ranges between 100 and 1200 (Fig. 1.2). Other parameters
commonly used to characterize the monolith structure are the void fraction, which
varies between 0.5 and 0.9 and is frequently expressed as the open frontal area
(OPA), the geometric surface area (GSA), and the surface-to-volume ratio. Mono-
lithic reactors have some common features in most of the applications for which
they are used. Compared with other types of reactors commonly used in industry
they have numerous advantages, such as low pressure drop, especially under high

fluid throughputs; high specific external surface area for mass transfer; elimination



of internal diffusion limitations when thin walls are used; low axial dispersion and
back-mixing, and therefore high product selectivity; reduction of fouling and plug-
ging, and thus extended lifetime; and as a result of the application of a regular
structure, the scale-up to industrial relevant size is considerably easier. The main
disadvantages are potential low radial heat transfer rate, and thus difficulty in tem-
perature control, especially for ceramic monolith supports. Monolith reactors were
developed for the cleaning of exhaust gases from combustion processes, both in
cars and large power plants. For these processes, monolith reactors offer an irre-
sistible combination of low pressure drop and high surface area.The combination
of high cell density, 31-186 cells/cm? (200—1200 cells/in?), with thin walls, 0.051—
0.27 mm (0.002—-0.0105 in), give rise to low backpressure in automotive exhaust
systems. This combination also yields high open frontal area (OFA), 72-87%,
which is a necessary condition for low backpressure. Due to their significant ad-
vantages over conventional types of reactors, monoliths have also applications in
gas phase, gas-liquid phase, liquid phase, or gas-liquidsolid phase reactions in the

environmental and chemical, petrochemical, biochemical, and energy industries.

1.2 Automotive

As countries around the globe adapt more stringent emissions standards set
by Real Driving Emissions (RDE) legislation(Fig. 1.3, reference from wikipedia),
mathematical models of monolith reactors are becoming ever more widely used
tools for devising vehicle control strategies. It is important for the model to be
not only an accurate predictor but also run on Hardware-in-Loop (HIL) and engine
control unit (ECU) systems which have significantly less computational power and
memory than modern personal computers. The interactions between fluid flow,
heat and mass transfer, catalytic chemistry at various length and time scales cou-
pled with transient inputs to the monolith reactors used in after-treatment makes

the simulation of these system in real time challenging.
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Figure 1.3: Implementation timeline of heavy-duty emissions standards in major
vehicle markets

1.3 Physical characteristics of monoliths

The existence of multiple length and time scales in monolith reactors as shown
in Flig. 1.4 is well recognized (the effective length scales used in the model equa-
tions are shown in Fig. 1.5). At the larger scales (e.g., length and diameter of
monolith and hydraulic diameter of the channels), the convection effects (flow dis-
tribution and velocity profile) are dominant while at the smaller scales (e.g., wash-
coat, pore and crystallite), diffusion and reaction phenomena dominate. Since the
processes occurring at the various scales are intimately coupled and inlet composi-
tion and flow conditions vary with time in most after-treatment systems, simulation
of the detailed mathematical models describing these systems may be time con-
suming. Although the numerical solution of the detailed mathematical models of
monolith reactors with detailed kinetics (consisting of several coupled partial dif-

ferential equations in two or three spatial coordinates and time) is possible with
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present day computers, it may be demanding in terms of time and memory re-
quirements. Thus, it is preferable to eliminate the small scales and develop re-
duced order models in terms of measurable quantities for real time (or faster than
real time) simulation of these systems. Below we review from detailed model to
reduced order model but only emphasize in species balance equations because
the main point of this work is to discuss the simplification of washcoat diffusion

problem.

1.4 Hierarchies of models of monolith reactors

1.4.1 3-D model
The detailed mathematical models for describing transport and reaction processes

occurring in a monolith reactor are obtained from the continuity, species, momen-
tum and energy conservation equations, which are often complex and may be in
form of several partial differential equations in terms of two or three spatial co-
ordinates and time. These conservation equations may be highly nonlinear and
may contain local property dependent transport and reaction parameters (e.g., de-
pendent on temperature, concentration, or spatial coordinates etc.). For example,
under certain assumptions, the species conservation equation in fluid and solid

phases may be expressed as follows (without homogenous reactions in the fluid

phase)
0X — — — .
=7 (WXf)—V (DfVXf) = 0:in Qf (11)
ot
OXpe — — 1, y
and ¢, — ' (Dev.ch) = o (e Tuckiin Que. (1.2)

[Remarks: In the equations, bold symbols are used to represent matrices and vec-
tors. We choose to write the model equations in terms of species mole fractions,
which is convenient for after-treatment application. They could also be expressed

in terms of concentrations as in the traditional formulation]. where subscripts ; and



wc represent quantities in fluid phase (€2;) and catalyst or washcoat phase (2,.),
respectively; Here, the column vectors, X and X,,. € RY, represent the mole frac-
tions in the fluid phase and the mole fractions in the washcoat, respectively; u is
the (interstitial) fluid velocity; D is the diffusivity matrix in fluid phase and D. is
the effective diffusivity matrix in catalytic/solid phase; r is the reaction rate vector;
r(X.., Twe) € RY" is the reaction rate vector, where each element r; represents the
rate of the i*" reaction, the parameters N and N, represent the total numbers of
gaseous species and reactions, respectively. The matrix, v € R¥"*" is a matrix
of stoichiometric coefficients with rows representing the reaction index while the
columns representing species index; ¢, is the porosity of the catalytic phase. The
overall mass balance or continuity equation may be expressed as follows:

dp
a—tfjts-(ﬂ)pf) =0 (1.3)

where p, is the fluid density. Similarly, under certain assumptions, the energy

conservation equation may be expressed as follows:

oT — — — .
prpf (6—tf + UVTf) V4 (k‘fVTf) = 0; N Qf, (14)
T, — — )
pwcopwcw - V : (kaV'Twc> = (_AH)Tr(chaTwc); in ch(15)
Jor, — —
V.

and p,Cpw—=2 — - (ko Tw) = 0; inQu (1.6)
ot

where p and Cp are the density and specific heat capacity; 7' is the temperature;
k is the thermal conductivity; AH is the heat of reaction vector; and subscripts
‘w' represents the solid wall ( substrate). The velocity profile along with pressure
profiles is obtained using continuity equation (EFq. 1.3) and momentum conser-
vation equations. In most applications of interest, a simplified velocity profiles is

assumed, considering a fully developed or developing profile in the catalyst bed or



monolith channels. In such cases, the momentum balance can be decoupled from
the species and energy balances.

The model equations described above (Fq¢s. 1.4-1.5) are solved using appro-
priate inlet, initial and boundary conditions. It may be noted that the transport and
reaction parameters (such as viscosity, density, diffusivity, heat of reaction, heat ca-
pacities, reaction rate constants etc.) depend on temperature and concentration,
and vary in spatial coordinates due to non-uniform catalyst/reaction activity pro-
files. In addition, the non-linearity due to reaction can be extremely strong, espe-
cially the temperature dependence. Further, the coupling of transport and reaction
processes with many physicochemical parameters at multiple length/time scales
(corresponding to diffusion/conduction, convection and reaction time scales) can
lead to complex steady-state and transient behaviors (e.g., multiple steady-states,
ignition-extinction and hysteresis behavior, spatial and temporal patterns, traveling
reaction fronts and so forth). Analysis of such behavior using the 3-dimensional
models can be extremely difficult and exploring the different types of solutions (that
may exist in the multi-dimensional parameter space) may be impractical through
direct numerical solutions of these 3D models. Therefore, the development of re-
duced order coarse-grained models is essential to enable real time simulations and
to obtain various solutions in the parameter space.

1.4.2 Reduced order model
1+2D model

For a parallel plate geometry, with the limiting case of transverse diffusion time
scale is much less than the axial convection time scale:%gfl < £, we can average
the species balance equations over the transverse direction as followed equations,
so that 3-D model can be reduced to 1+2D model by using two concentrations
modes X,, and X, with an external mass transfer coefficient k,,., Fluid phase

species balance equations are given by



0X 0X; _ o Xy ke (X = X)

or Hw 5 =Dron Ro,

L in Q. (1.7)

Xm here is the fluid cup mixing fraction and X, is the interfacial mole fraction
between fluid and solid phase. R, represents the hydraulic radius of the monolith
channel, (u) is the average velocity in the channel. The species balance equations

in the washcoat is

anc _ 1 T = - -
Eww — C_TU r(ch) + \Va& (DGV'ch> ;N ch. (18)

with continuity equation expressed as follows:
_
jfw =K (Xfm — XS> = _DeV'ch§ in 8wac. (1 9)

Here, 1+2D means the we have one direction along the reactor axial length, 2D
comes when we have a asymmetric cross section of the washcoat(F'ig. 1.5).
1+1D model

1+2D model can be reduced to 1+1D model by the shape normalization of the
washcoat cross section, so here comes the effective washcoat thickness §. which
equals to the area of the cross section of the catalyst over the perimeter of the flow

channel. And the fluid and catalyst phase species balance equations are given by

0X 0X; Xy Ko (Xpm — X))
ot <u> 7 = Df 22 — Ro ;1IN Qf, (110)
Xy 1 4 X
Wit = v E(Xud) + D in O (1.11)
0X e

and jgu = Koo (Xpm = X,) = D85 in 0y (1.12)
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Assume the wall is non-porous, the species fluxes at the wall-washcoat interface

vanish, i.e.
8ch
dy

— 0. (1.13)

y=dec
The continuity of the species fluxes at the fluid-washcoat interface leads to the

interfacial boundary condition:

o ke (X — X,) = —D, 22

& (1.14)

In our work, we focus on short monolith model and long channel model, with a
short monolith model, heat and species dispersion times are much smaller than
the space time, the spatial gradient in temperature and concentration within the
bed are negligible (complete axial mixing). For a long channel model, heat and
mass dispersion times are much greater than the space time (i.e., negligible axial
heat and mass dispersion). This lead to the traditional 1+1D model without axial
dispersion term, fluid phase species balance equations become as

Xy B
ot

0Xr  kpe Xpm —X5) .
—(u> G — Re ;1N Qf.

Length and time scales: In order to determine the numerical effort involved in
obtaining an accurate (and mesh size independent solution) of the full 1+1D model,
we examine the various length and time scales represented in the model. The time
scales associated with convection (7), external mass transfer (t,,;) and washcoat
diffusion or internal mass transfer (tp;) are defined by

Tzi' t -:—Ra‘ tpjk = O
(u) 7 Dy, " Do,

(1.15)

where Rq (J.) is the channel hydraulic radius (effective washcoat layer thickness),

and Dy ; (D ;) is the diffusivity of species j in the gas phase (effective diffusivity in
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the washcoat layer k). In after-treatment applications, the space time 7 is usually
in the range 0.01 to 1s, the external mass transfer time is in the range 0.001 to
0.01s, while the washcoat diffusion time is in the range 0.001 to 0.01s. However,
depending on the washcoat layer properties, the latter time can vary in a wider
range of 10~ to 1s, with the smaller value corresponding to thinner washcoats
with larger pores and the larger value corresponding to thicker washcoats with
small or partially blocked pores. [The larger values of washcoat diffusion time may
also be realized either with aged catalysts or when species are stored in one of
the layers and effective diffusivity in that layer decreases with increased storage].
In addition to these transport time scales, those associated with the gas phase
species interactions with the catalytic sites are determined by the eigenvalues of
the Jacobian of the species formation rate vector u{ r g1 ( Xk, i) With respect to
the species mole fractions. Specifically, the stiffness in the spatial coordinate y
(or washcoat depth) is determined by the largest eigenvalue of the Thiele matrix

(squared) of layer k defined by

d (VErg(Xuk, O
1 (ukrgk( k k»), k=12 (1.16)

®; =6%,(De) ' | ——=
k ck( k) ( CT qu)k

We note that in some applications, the magnitude of the largest eigenvalue of ®2
can be in the range 10* to 102, which indicates that pore diffusional effects are very
strong and a large number of mesh points (of the order of the square root of the
largest eigenvalue in magnitude, e.g., 102 to 10*) may be required to obtain mesh
size independent solution of the detailed 1+1D model. This fact will be illustrated
in the numerical calculations presented in this work.

To summarize, while there are only four relevant length scales in monolith re-
actors (the macro length scales such as reactor/channel length L, the channel

hydraulic radius R, the meso length scales such as the washcoat depths or ef-
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fective diffusional lengths 4., and micro-length scales such as the pore diameter
(d,) or crystallite size (d.), which determine the effective diffusivity and reactivity,
there are many more time scales. For a single layered system, the number of time
scales is approximately equal to three times the number of gas phase species plus
the number of surface species while for a dual layered system, it is about four times
the number of gas phase species plus the number of surface species. It is mostly
these time scales that determine the system behavior and also the numerical effort
involved in obtaining a mesh size independent solution of the monolith models.
Two-mode form of the1-D model

The only difference between the 1+1D model and the two mode form of the
reduced order model is that the two-mode form of the reduced order model re-
place the problem of solving detailed washcoat diffusion problem by adding another
washcoat averaged mass balance equation and using the internal mass transfer
coefficient matrix k,,;. This lead to the traditional two mode form of the reduced

order model without axial dispersion term

aXfm . a)(fm kmo (Xfm — <Xw0>)
o - W, Ra : (1.17)
OXue) 1 7 Ko (X fm — (Xue))
““o oY r((Xye)) + 5 ; (1.18)
Ko (Xpm — (Xue)) = Jpw (1.19)
andk,! = bpf gt buwe kl=k.!+k.., (1.20)

SheooRa ™~ Shioed.

where k,,; and k,,, are internal and overall mass transfer coefficient matrices,
respectively. So the problem becomes how to find an appropriate expression for k,,,,.
The objective of our work is to simplify the solution of diffusion-reaction equations
in the washcoat to avoid the computational demand of the full numerical solution
so that in the next few chapters we showed different approximations of k_,, and

propose a novel approach to calculate k,,,,.
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1.5 Outline of the Thesis

In chapter Il and Ill, we present a novel method for computing washcoat diffu-
sional effects in reduced order models with local property dependent internal and
external transfer coefficients for real time simulations of monolith reactors. The
method, called "Thiele matrix approach" includes washcoat diffusional effects by
computing the internal Sherwood matrix which depends on the local Thiele matrix,
defined in terms of the Jacobian of the rate vector at the local concentrations. The
accuracy and speed-up of the method is illustrated for single layered monolith re-
actors with global kinetics, and it is also compared with other existing methods in
literature. It is shown that this method leads to the best match with detailed model
while speeding calculations by orders of magnitude.

In chapter 1V, we extend Thiele matrix approach further to include dual wash-
coat layers. For the case of dual-layered monolith reactors, except the traditional
external and internal Sherwood matrices, cross-exchange Sherwood matrices also
arise in layer one of the washcoat due to the coupling between fluxes at the two
interfaces. We illustrate the method using a dual layered LNT-SCR model with
multi-component system. We also investigate the mesh size dependency in the
transverse direction on detailed model accuracy and note that the detailed model
has sufficient accuracy when the number of mesh points is about equal to the
square root of the largest eigenvalue of the Thiele matrix ®2. The speed and accu-
racy of the reduced order model solution haven been compared with the detailed
model and show that Thiele matrix solution is closer to detailed model which has
sufficient mesh points.

In chapter V, we extend Thiele matrix approach to include detailed micro-kinetic
models. First, we show that the short time scales associated with the adsorp-
tion/desorption steps of micro-kinetic models requires the use of a very large num-

ber of mesh points within the washcoat to obtain a mesh independent solution.
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Next, we present a multi-mode reduced order model using the Thiele matrix de-
pendent internal mass transfer coefficient matrix. This matrix is shown to be diag-
onal for most micro-kinetic models of practical interest and can be calculated very
accurately. We illustrate the method with an example of H,/CO/C3;Hg oxidation over
a Pt/Al, O3 catalyst with a 20 step micro-kinetic model. Even for this simple single
site model, we show that the small time (and length) scales associated with the
species adsorption steps make the computation of the mesh independent solution
of the 1+1D model very time consuming. However, the reduced order model leads
to an accurate solution while speeding-up calculations by about three orders of
magnitude.

We found that evaluation of the Sherwood matrix as a function of the Thiele
modulus matrices is cumbersome and computationally costly in some cases. There-
fore, in chapter VI, we propose and validate a methodology based on coupling of
ROM and domain decomposition method for single and multicomponent systems,
which simplifies the evaluation of transfer coefficients and speed-up the real time
simulation significantly. We simulated a real system of three-way catalytic con-
verter (TWC) with four reaction model for comparing the results with the detail
model. The results show a very good match between the two while increasing the
simulation speed by about three orders of magnitude.

In the last chapter, we summarize the main results of the thesis and discuss

some possible extensions of this work.
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Chapter 2
Introduction to various reduced order model approaches

2.1 Literature review

The reduced order models that can be used to simulate the system behavior in
real time are also useful for implementation of the various control and optimization
algorithms related to fuel economy and the more stringent emissions constraints.
Finally, the reduced order models are most useful in parametric and bifurcation
studies and solution of the inverse problems, i.e., the estimation of the kinetic and
other parameters from a limited set of experimental data. There have already been
many reduced order models proposed for monolith reactors in the literature. Most
of these are based on the assumption of adiabatic reactor and a single channel
being representative of the entire reactor. The simplest of these models is the so
called pseudo-homogeneous model that ignores the temperature and concentra-
tion gradients in the directions perpendicular to the flow and also concentration
gradients in the washcoat. The next hierarchy of models are the two-phase or two-
mode models that use two concentrations and temperatures at each axial position
to describe the local (transverse) gradients in the channel. Since these two-phase
models were found to be adequate to describe most of the observed experimental
features, several modifications are suggested to improve further the accuracy of
these models. Most of these modifications have to do with improved correlations
for the external heat and mass transfer coefficients and inclusion of the wash-
coat diffusional effects so that various regimes of operation of the monolith reactor
(e.g., kinetic, pore/washcoat diffusion and external mass transfer control) can be
described accurately. We review briefly below these modifications with a focus on
the description of the washcoat diffusional effects.

The approach proposed by Balakotaiah [1] was used by Joshi et al., [2] to de-
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velop and demonstrate the utility of low-dimensional models in the transient simu-
lations of monolith reactors with a single washcoat layer. For the isothermal case,
their model consisted of two (phase averaged global) equations for each gas phase
species, one for the fluid phase cup-mixing concentration and one for the average
concentration in the washcoat layer. The fluid-washcoat interfacial concentration
was eliminated in this model by use of an overall mass transfer coefficient that is
defined in terms of the usual external transfer coefficient and an asymptotic inter-
nal mass transfer coefficient (which depends only on the effective thickness of the
washcoat, effective diffusivity of the species in the washcoat and shape/geometry
of the washcoat). While the use of asymptotic internal mass transfer coefficient
was adequate for many applications, especially those involving cold-start transient
simulations of various after-treatment systems, Kumar et al., [3] noted that it was
inadequate (or may have significant error) for describing ignited branches on which
strong washcoat diffusional limitations may exist. They recommended using a local
property (Thiele matrix) dependent internal mass transfer coefficient with a diago-
nal approximation. This work was later followed by Bissett [4] and Gundlapally et
al., [5] who developed an asymptotic solution for washcoat pore diffusion (that is
valid only when the gradients in the washcoat are small). In related work, Ratnakar
et al., [6] and Ratnakar and Balakotaiah [7] used the Liapunov-Schmidt (L-S) aver-
aging technique to obtain reduced order models for monoliths with a single wash-
coat layer and compared the same with the existing literature models. Their con-
clusion was that most literature models, including the classical two-phase models
of catalytic reactors and the 1+1D models of monolith reactors, do not distinguish
between the cup-mixing and the averaged concentration in the channel, and ne-
glect the Taylor dispersion term that arises due to velocity gradients and transverse
molecular diffusion in the channel. However, the Taylor dispersion term becomes

negligible when the velocity profile is flat and/or inlet conditions vary slowly (com-
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pared to the space time). It should be noted that the L-S method of averaging gives
the correct structure of the reduced order models but is only applicable when the
transverse gradients in the channel and washcoat are small. This deficiency was
removed by Ratnakar et al., [8], where they used Thiele modulus dependent Sher-
wood number as suggested by Balakotaiah [1], and expanded the range of validity
of the multi-mode reduced order models.

The accuracy of the diagonal approximation for washcoat diffusion was tested
by Kumar et al., [9] using a three reaction model for describing the spatio-temporal
dynamics of oxygen storage and release in a three-way converter (TWC). The main
conclusion of these authors was that for the kinetic model studied, the reduced or-
der model describes the spatio-temporal dynamics with sufficient accuracy, the
exception being very high inlet forcing frequency. Following this observation, re-
duced order models with diagonal approximation were used by Ting et al., ([10],
[11]) to simulate the lean-rich cycling behavior of LNTs with more complex chem-
istry (32 reactions) and Daneshvar et al., [12] to simulate the light-off behavior of
DOCs with feed streams containing CO and several hydrocarbons.

In recent years, monolith reactors with two (or more) washcoat layers are used
in many applications and reduced order models for such systems have also been
developed. Mozaffari et al., [13] and Rink et al., [14] extended the earlier approach
of Joshi et al., [2] to develop reduced order models for dual layered systems and
illustrated their use with several applications. More recently, Ratnakar et al., [8]
developed reduced order models for dual and multi-layered systems using the L-S
method of averaging and showed the structure of the local equations is different
from the earlier intuitively written models. It should be noted that in both single
and dual layered monolith reactors, the main criterion that determines the accu-
racy of the reduced order model is the approximation(s) used for describing the

washcoat diffusion problem, specifically the internal mass transfer coefficient. Ac-
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curate correlations for describing the external mass transfer coefficients are avail-
able in the literature for both fully developed and simultaneously developing flows
[5]. The main goal of this work is to examine in detail the various approximations
for describing the internal mass transfer coefficient for the case of single layered
monolith reactors. We propose a novel, fast and accurate method for this purpose
and compare its accuracy and speed of computation with existing methods as well
as exact (numerical) solutions.

This chapter is organized as follows: in the next section, we give a brief re-
view of the detailed and reduced order models for a monolith reactor with single
washcoat layer and various approximations used for describing the internal mass
transfer coefficient. In section 2 and 3, we present the Thiele matrix approach for
computing the (non-diagonal) matrix of internal mass transfer coefficients for the

case of multiple reactions in a single washcoat layer.

2.2 Detailed and Reduced Order Models of Monolith Reactors

As stated in chapter 1, the most detailed models of monolith reactors consist of
continuity, momentum, species and energy balances in three spatial coordinates
and time. However, such detailed models are not needed in most applications and
the most common simplifications used assume a velocity profile and consider only
the species and energy balances. Further, as the transverse gradients in the chan-
nel are usually small, and the time scale for the variation of the inlet conditions
is much larger than the space time (slowly varying inputs), the species balance
is further simplified by neglecting the Taylor dispersion term and using two con-
centrations modes with an external mass transfer coefficient (that depends on the
flow conditions in the channel). This leads to the so called 1+1D models, which
couple the washcoat diffusion problem to the flux at the fluid-washcoat interface
(For further details on this simplification, we refer to the articles by Ratnakar and

Balakotaiah [8] and Gu and Balakotaiah [16]). Since the main focus of this work

19



is on the approximation of the washcoat diffusion problem, we shall use the 1+1D
model as our basis (detailed) model in all comparisons.

Since the transverse temperature gradient in the washcoat and wall are negli-
gible (due to much higher thermal conductivity of these solid materials compared
to gas phase and smaller thickness compared to channel hydraulic radius), the
standard two-phase model with lumped capacitances will be used to describe the
temperature variations of the fluid and solid phases along the monolith length. We
review here again the standard 1+1D model for the species balances and two-
phase model for the energy balancea and also show here various approximations
for the washcoat diffusion problem.

2.21 Detailed(1+1D) washcoat diffusion model

Under the assumption of slowly varying inputs, the gas phase species balances
are same as that of the standard two-phase model and are described by conser-
vation equations in the channel with interfacial transfer terms. They are given by

the vector equation

OX (1,
ot

X k
+<u>aa;’”=—R”: (Xjm — Xs): 2> 0,t>0, (2.1)

while the species balances in the washcoat are given by

OXpe 1
== ch De
o~ opy TXut

PX,.
oy?

0 <y <. (2.2)

€w

Since the wall is assumed to be non-porous, the species fluxes at the wall-washcoat

interface vanish, i.e.,
OX e
dy

— 0. (2.3)

y=0dc
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The continuity of the species fluxes at the fluid-washcoat interface leads to the

interfacial boundary condition:

anc
dy

(2.4)

y=0

[Remarks: In the equations, bold symbols are used to represent matrices and vec-
tors. We choose to write the model equations in terms of species mole fractions,
which is convenient for after-treatment application. They could also be expressed
in terms of concentrations as in the traditional formulation, see the Appendix A.
For a derivation of the 1+1D model from the full partial differential equations and
the assumptions involved, we refer to the article by Ratnakar et al., [8]]. Here, the
column vectors, X, and X, € RY, represent the cup-mixing mole fractions in the
fluid phase and the mole fractions in the washcoat, respectively; R, represents the
hydraulic radius of the monolith channel, (u) is the average velocity in the channel,
the column vector X, € R" is the mole fraction vector at the fluid-washcoat inter-
face and k,,. is the matrix of external mass transfer coefficients defined by the first
equality of Fq. 2.4. In Eq. 2.2, ¢, is the porosity of the washcoat, r(X,.) € R
is the reaction rate vector, where each element r; represents the rate of the i'" re-
action, the parameters N and N, represent the total numbers of gaseous species
and reactions, respectively. The matrix, v € R¥"*¥  is a matrix of stoichiometric co-
efficients with rows representing the reaction index while the columns representing
species index. The vector j,, represents the species fluxes at the fluid-washcoat
interface. The parameter . is the effective thickness of the washcoat, D, is as-
sumed to be a diagonal matrix of effective (Knudsen) diffusivities of various species

in the washcoat. The total concentration (C7) is computed using the ideal gas law

P

= RTy(t)

(2.5)

21



Here, p represents the total gas pressure, assumed constant at 1 atm, 7} is the
fluid temperature. In most after-treatment applications, the external mass transfer
coefficient matrix is assumed to be diagonal as the reactive species concentrations
are small compared to the major inert species (which is usually nitrogen).

The energy balance in the fluid phase is given by

oT;  h

oT
Pprfg—tf + (u) p

As stated above, with the assumption that the solid temperature is uniform in the

transverse direction, the solid phase energy balance is given by

6c
0T 0T,
0

Here, T} is the fluid (cup-mixing) temperature, p, and Cp; are the density and spe-
cific heat capacity of the fluid phase, T is the solid temperature and ¢,, represents
the effective wall thickness (defined as ¢, = d5 + d., where ¢, is the effective half-
thickness of the wall and §. is the effective thickness of the washcoat.) , p,, and
Cp,, are the effective density and specific heat capacity of the washcoat, respec-
tively, defined as 6,,0,Cpw = 0:p.Cpe + 0sp,Cps and ..k, = 6.k, + dsks, where the
subscript s and ¢ represent the support and catalyst/washcoat, respectively; h in
Eqs. 2.6 and 2.7 represents the local heat transfer coefficient at the fluid-washcoat
interface. The last term in Eq. 2.7 represents the total heat generated by various
reactions with A H; being the enthalpy change of reaction :.

The inlet, initial and boundary conditions for the above model are of the form

Inlet.C. : Xfm(O, t) = Xfm,in(t> ) Tf(O, t) = Tﬂm(t), (28)

Initial .C. : Xy (2,0) = X5, (2) ; Xue(r,9,0) = X2 (2,y), (2.9)
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Initial.C. : Ty(z,0) = T{(z) ; Ts(x,0) = T} () (2.10)
0T

T,
and Boundary.C. : 9 >(0,t) =0; e

ox

(L,t) = 0. (2.11)

We note that to solve the above 1+1D model for the isothermal case, we need
to discretize the transverse length (y) scale using M (> 1) interior mesh points.
For example, discretization using second order finite difference (or finite volume)
method leads to N (M + 2) partial differential equations in length (x) and time (¢),
where N is the number of species, plus N linear algebraic equations relating the
interfacial flux vector ( js,) and the interfacial mole fractions (X, = ch|y:0). [For
the non-isothermal case, the number of equations increases by two, as fluid and
solid energy balances are added. Also, the number of mesh points can be much
higher if diffusion in the washcoat is two-dimensional]. We also note that if the gra-
dients in the washcoat are assumed to be negligible, then the solid phase species

balance may be integrated across the washcoat depth to obtain the equation

0X, 1 .
EU}W—CTV F(XS)+

kme
Oc

(Xgm — X,). (2.12)

Eqs. 2.1 and 2.12 along with appropriate inlet, initial and boundary conditions de-
fine the standard two-phase model (which ignores completely the gradients in the
washcoat) and the solution requires integration of 2V equations for the isothermal
case. Thus, the major effort in solving the 1+1D model is due to the washcoat
diffusion problem.

If both external and internal gradients are neglected, we obtain the pseudo-

homogeneous model, for which the species balances are given by

€w5c BX aX o 50 1 T
R_Q) 82& +<u) a{L‘ = RQ CTI/ I'(X,T), (213)

(1+
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while the energy balance is

0w pyCpw, 0T

oT dw ko O*T 6. 1

u) — = 2 + = r(X,7)"(-AH), (2.14
Or  Rqp;Cps 0x*>  Rqp,;Cpy (XI) ): | )

(1+

with appropriate inlet, initial and boundary conditions. This pseudo-homogeneous
model is described by N + 1 partial differential equations in = and ¢ for the non-
isothermal case. As is well known, this pseudo-homogeneous model can describe
the monolith reactor behavior only in the kinetic regime or at low operating temper-
atures or when cell density is high and washcoat thickness is small.
2.2.2 Two-Mode Form of Reduced-order Model

Balakotaiah [1] and Joshi et al., [2] integrated the species balance Fq. 2.2 over
the volume of the washcoat and expressed it in terms of volume averaged mole

fraction vector (X,,.). This is defined by

de
Xue) =5 [ el )y 2.15)
cJ 0

They also introduced the concept of internal mass transfer coefficient so that

the interfacial flux vector may be expressed as

The above flux continuity equation may be solved for the fluid-washcoat interfacial

concentration (mole fraction) vector X, explicitly as

X, = (Kme + Kmi) ™ KneX pom + Koni (Xoe)) - (2.17)
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Eliminating X, the species balance in the fluid phase may now be written as

aXfm aXfm o kmo
7 <u> o - = RQ (Xfm - <ch>)7 (218)

while the volume averaged species balance equation for the washcoat (for gas

phase species) becomes

OXue) 1 4
€w 5 —CTV r(Xwe)) +

kmo
Oc

(Xpm = (Xue)) - (2.19)

Here, the overall mass transfer coefficient matrix (k,,,) is given by

k'l=k,!+k} (2.20)

where k,,,; is the internal mass transfer coefficient matrix, which is defined below:

Xue|  se
ay 0 CT .

kmi (Xs - <ch>) - _De (221)

Y=

[Remark: From this definition, it is clear that the determination of k,,; is equiva-
lent to determining the interfacial flux vector j;,, and requires the solution of the
washcoat diffusion problem. For further details, please see the Appendix A].

The fluid phase energy balance remains unchanged with averaging over the
washcoat volume but the solid phase energy balance becomes

oT, 0%T,
ot Ouwki 02

6P CPws +h(Tf —T,) + 6r((Xpe))' (—AH). (2.22)

We note that the structure of this averaged model is identical to the standard two-
phase model (except that it includes washcoat diffusional effect) and we only need
to solve 2N + 2 partial differential equations in x and ¢ for the non-isothermal case.

The initial, inlet and boundary conditions remain the same except for the initial
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condition of the washcoat mole fraction vector:

(Xue) (2,0) = (Xye(2,9)) - (2.23)

Thus, the most appealing feature of this reduced order model with internal (and
overall) mass transfer coefficient matrix concept is that it has the same structure as
that of the standard two-phase model but accounts for gradients at small scales,
i.e. both in the washcoat as well as external mass transfer effect in the channel
(as in the traditional two-phase model). The major task now is the computation
of the overall mass transfer coefficient matrix k,,, which could be local property
(composition, position and time) dependent.

2.2.3 Reduced Order Model with Storage on Catalyst:

The above approach can be extended to include detailed kinetic models that ac-
count for adsorption, desorption and reaction between adsorbed species or when
one or more catalytic sites can store the reactants. In this case, the balance equa-
tion for the gas phase species vector (Eq. 2.18) remains the same, the averaged
balance equation for the gas phase species in the washcoat (Fq. 2.19) also re-
mains the same except now r((X,.)) is replaced by r((X,.), (6.)) where (6,,)
is the washcoat (volume) averaged fractional coverage (or storage) vector for the
catalytic sites. The vector r((X,.) , (6.,)) now represents the rate of reaction of the
gas phase species within the washcoat volume either by reactions in the washcoat
or removal (or addition) of gas phase species to surface species through adsorp-
tion and/or desorption. In addition, to complete the reduced order model we also

append the washcoat averaged equation for the coverage vector:

Cs )~ ((Xo) (62)) 224
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Here, Cs is the total concentration of the catalytic sites and r,,((X,.), (8.)) rep-
resents the net rate of production of surface species (assuming that the diffusivity
of the surface species is zero). Thus, the reduced order model for the isothermal
case with N gas phase species and S surface species consists of (2N + S — 1)
partial differential equations (using the fact that the sum of all coverage fractions is
unity). [For the non-isothermal case, it will be 2N 4 S + 1 equations]. The model
can also be extended to cases in which there are multiple catalytic or storage sites.
2.2.4 Computation of the Internal and External Mass Transfer Coefficient
Matrices

We now discuss various literature approximations for the internal and external
mass transfer coefficient matrices in the reduced order models reviewed above.
Asymptotic approximation:

The work of Balakotaiah [1] showed that the internal mass transfer coefficient
matrix becomes diagonal in the limit of slow reactions or small gradient in the
washcoat. Thus, Joshi et al., [2] approximated the internal mass transfer coef-
ficient using an asymptotic internal Sherwood number Sh; , times the effective
diffusivity in the washcoat D, over the washcoat thickness . as given in Eq. 2.25.
The internal asymptotic Sherwood number depends only on the washcoat geomet-
ric shape and is tabulated for common washcoat shapes [17]. For long channels,
the external mass transfer coefficient can also be approximated using an exter-
nal asymptotic Sherwood number Sh. o, times the fluid phase diffusivity D; over
the channel hydraulic diameter 4Rg,. The external asymptotic Sherwood number
depends only on the geometric shape of the flow channel and is tabulated for var-
ious standard flow geometries [5]. For example, for a rounded square channel,
She = 3.2 and Sh; », = 2.65, while for a circular channel with a parabolic velocity
and thin washcoat, Sh. ., = 4.36 and Sh; ., = 3.0. Thus, in the simplest approx-

imation both the internal and the external mass transfer coefficient matrices are
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assumed to be diagonal with diagonal elements given by

_ DejShi _ DriSheco (2.25)

kmi,j — Ta kme,j 4RQ

In this case, the overall mass transfer coefficient matrix is also diagonal with diag-

onal elements given by

S S (2.26)

kmo,j kme,j kmi,j

The simulations of Joshi et al., [2] and Kumar et al., ([3], [9]) showed that while the
use of asymptotic internal and external transfer coefficients was adequate for many
applications, especially those involving cold-start transient simulations of various
after-treatment systems when the washcoat Thiele moduli are small (thin wash-
coat and/or low temperature), it was inadequate or may have significant error for
describing ignited (and/or high temperature) branches on which strong washcoat
diffusional limitations may exist.

Diagonal approximation with position dependent transfer coefficients:

While position (and local property) dependent external transfer coefficients were
discussed by several authors in the literature, they were combined with local prop-
erty dependent internal mass transfer coefficients by Kumar et al., [3] to simulate
monolith reactor steady-state and transient behavior using reduced order models.
In this approach, the external Sherwood matrix is assumed to be diagonal with
each diagonal element taken to be a function of the Schmidt number and local po-
sition or the Graetz number 5;1, where z = z/L is the dimensionless axial position
and P; is the transverse mass Péclet number defined by

_ Rg (w)
~ LDy’

P, (2.27)
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where (u) and Dy ; are the average gas velocity and gas phase diffusivity of species
j, respectively. Expressions for the external Sherwood numbers for fully developed
or simultaneously developing flow with constant flux boundary condition were given
by Gundlapally and Balakotaiah [5]. The internal Sherwood number is also as-
sumed to be diagonal and depending only on the diagonal elements of the local
Thiele matrix (), where the j-th Thiele modulus @7 is computed using the net rate
of (consumption of) each species R;(X) evaluated at X,,. Thus, in this approach
k..o, k.. and k,,; are diagonal and the ;" diagonal element of k,,, is defined by

Egs. 2.28 10 2.32:

1 1 1
= 2.2
Kmoj — Kme, " Kmij’ (2.25)
D, ;Sh; ; D;.Sh. .
b o= Z9IT k — frd ©J 22
™mi,J 50 ) me,j 4RQ ) ( 9)
Shij = Shic + (14 A®;) 'AD?, (2.30)
> _ O
¥j =, Hiers (2.31)
1 R;(X) N
dkjorr= ——2 ; (X) = i1 (X)) 2.32
and Rjerr Cr X, Nexo o Ri(X) ; vijri(X) ( )

The parameters Sh; ., and A depend only on the geometric shape of the washcoat
and have been tabulated by Joshi et al. [17] for some common washcoat shapes.

The external Sherwood number for the case of fully developed flow in a channel is

given by [5]
0.108(fRe)'/3(£L) R2 (u)
She; = Shir,eo + —2’. P = D=, 2.33
! e 14 0.083(%)3 ' LDy L 239

where f Re is the friction factor times Reynolds number for the flow channel (with

fully developed laminar flow). Similarly, for simultaneously developing flow,
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0.985¢; /°() v

= Se = —,
Dy,

Shei = Shr, oo + _
7 T T F0512(8)3

(2.34)

where Sc; is the Schmidt number for species j. To simulate the non-isothermal
case, the above expressions have to be combined with the local (position depen-
dent) heat transfer coefficient h, which is computed using the Nusselt number (Nu)

correlation as
_ Nu(z)kf

h
4Rq

(2.35)

Similar to the calculation of the Sherwood number, we use a position dependent
Nusselt number (Nu) [5]

0.108(f Re)1/3(Lx) R (u)

2. P, = : 2.36
1+0083(2)3 " Loy (2:36)

Nu(z) = Nup, 0o +

for fully developed laminar flow in the channel [Here, o/ is the effective thermal

diffusivity of the fluid]. For simultaneously developing flow, we have [5]

. Pr=—, (2.37)

where Pr is the Prandtl number.

The diagonal approximation for the internal Sherwood matrix Sh; combined
with position (or local property) dependent diagonal external transfer coefficients
has been used in the past few years for modeling several after-treatment systems.
As already mentioned, Kumar et al., (2014) used it to model the experimental data
from a TWC and found it to have sufficient accuracy. They also compared the so-
lutions obtained with the diagonal approximation with the 1+1D model and found
good agreement except for the case of high cycling frequency of the inputs. More
recently, Daneshvar et al., (2017) used it to model the DOC with five oxidation

reactions and found good agreement with experimental results and more detailed
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model. Ting et al., (2019) used it for a 32 reaction scheme of a Lean NOx Trap
(LNT) with fast cycling to explain all the observed experimental trends. As men-
tioned in the introduction, the solution of the full 1+1D model with detailed reaction
schemes (e.g., 50 or more global reactions and/or micro-kinetics) and verifica-
tion of the grid independence of the solution could be very difficult when simulating
monolith reactors over a wide temperature range. It is exactly in such cases, the as-
ymptotic and diagonal approximations make the simulations possible in real time.
However, their accuracy cannot be assessed without comparison to the solution of
the full 1+1D model].

The main criticism of the diagonal approximation is that it was mostly tested for
uncoupled parallel oxidation reactions which are irreversible for all practical pur-
poses. It may not be a good approximation when there is strong coupling among
competing oxidations or in the presence of reversible reactions, exo or endother-
mic. Further, the diagonal elements of 2 have to be positive numbers for calcula-
tion of the internal mass transfer coefficients, and if they are not, Sh; will become
complex and this approach breaks down. The proposed modification discussed in
the next section remedies this defect of the diagonal approximation (at the expense
of slightly increased computation time). [Remark: Eg¢s. 2.30 to 2.32 assume that

all cI)? are positive numbers but this may not be the case in many applications].
2.3 The Thiele matrix approach for the internal mass transfer

coefficient matrix
As explained in the previous section, the external mass transfer coefficient ma-
trix can be approximated by a diagonal matrix in most after-treatment systems (in
the absence of any homogeneous reactions). However, the internal mass transfer
coefficient matrix, in general, is a non-diagonal matrix. This brings to the main idea
of the proposed method in this work for approximating the washcoat diffusional ef-

fects. This method is based on the exact solution of the washcoat diffusion problem
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for the case of linear kinetics for which the effectiveness matrix as well as the in-
ternal mass transfer coefficient matrix can be determined exactly [1]. We note that
k,.; is non-diagonal even when the D, is diagonal because the matrix of first order
rate constants K is not diagonal. Thus, instead of using the diagonal approxima-
tion for Sh; (or k,,,;), we use a full calculated matrix for the internal Sherwood matrix
and also take advantage of the fact that it is an even function of the (non-diagonal)
Thiele matrix ®. Thus, in our approach, the eigenvalues of ®2 can be positive
or negative or complex, and the fact that ®2 is a matrix of real numbers and Sh;,
is an even function of ® eliminates the problem of dealing with complex values
for the mass transfer coefficients (Please see Appendix A for details). Further, to
deal with nonlinear kinetics, we linearize the washcoat reaction-diffusion problem
at the local fluid phase concentration (or interfacial or volume averaged washcoat
concentration) so that the effective first-order rate constant matrix is the Jacobian
matrix of the rate vector evaluated at these local conditions. For example, if the
Jacobian of the rate vector is evaluated at the interfacial conditions X, we have

2 oy -t (1 dR(X))
$? = *(D.) (_C_TT)XZXS’ (2.38)

where R(X) = v* r(X) is the net rate vector, where each element R;(X) repre-
sents the net rate of formation of the j** species. The expressions for the overall
mass transfer coefficient matrix and the external mass transfer matrix remain the

same but the internal mass transfer matrix is now given by [1]

kmi - 5—1DeShZ (239)
~1
and Sh; = |(@tanh @)~ — (@2)7'| . (2.40)

[For a derivation of these and related expressions, see [1] and also the Appendix

A]. For computational simplification, the full Thiele matrix defined in Eq. 2.38 can
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be evaluated either at Xy, or (X,.), which are the variables appearing in the re-
duced order model. It should be pointed out that this approach has also some lim-
itations, especially when the steady-state diffusion-reaction problem in the wash-
coat has multiple solutions. This occurs when an eigenvalue of ®2 changes sign,
and in this case multiple values (solutions) are possible for Sh;. This situation could
occur for strongly nonlinear and reactant or product inhibited kinetics (such as CO
oxidation on Pt/Al,O5 at high CO concentrations). However, this is not an issue for
transient simulations as in this case we are solving an initial value problem (after
discretization in the spatial coordinate x) that always has a unique solution. We
refer to the articles by Kumar et al. [3] and Joshi et al., [2] for further discussion on
this topic.

The numerical calculation of Sh; (or k,,,;) from ®2 may lead to some difficulties,
when ®2 has several zero eigenvalues (due to existence of stoichiometric invari-
ants when the number of species is larger than the number of reactions) and/or
for low temperatures at which many eigenvalues of ®2 can be very small in mag-
nitude as the effective rate constants (or reaction rates) are very small. In fact, we
have found that the existing codes (in MATLAB, Mathematica, etc.) for computing
functions of a matrix are not useful or accurate when the matrix has multiple zero
and/or small eigenvalues (typically smaller than 10~°). In such cases, we have
used the Cayley-Hamilton theorem for computing Sh; from ®2. To illustrate this,

we first note that if we define

fz) = (m - i) o (2.41)

Taylor series expansion of this function at the base point = = 0 leads to

x  x? 2

~ L 3
f) e 34 = o b et (2.42)
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This expression may be used to approximate f(x) to better than three decimal
accuracy for x values below unity. Thus, if all the eigenvalues of ®2 are smaller
than unity in absolute value (or modulus for complex eigenvalues), we can compute

Sh; from the expression

1 1 2
Sh, ~ 3+ -®> — —P* +

_“ &6
5 175 7875 ® (2:43)

[Remark: The above expression reduces to the asymptotic approximation if we use
only the first term]. For the case in which ®2 has eigenvalues that are much larger
than unity in absolute value (which is the case when washcoat diffusion becomes
important or the main controlling factor or some characteristic reaction times are
very small compared to diffusion time), we replace the function f(z) by another

even function (in /) that is also an excellent approximation, namely

g(r) =3+ tanh[% V). (2.44)

[Remark: It can be verified that f(x) and g(x) agree to order x in their Taylor series
expansion, and also approach /x for large z. By plotting f(z) and g(z), it may
be seen that g(z) is a very good approximation to f(z), and is even in \/x as is
f(x), for all values of = > 0]. Now, the Cayley-Hamilton theorem, spectral theorem
or any other algorithm for calculating the function of a matrix can be employed as
g(z) is even (in y/z) and the numerical problems associated with small as well as
negative or complex eigenvalues of ®2 disappear [please see the Appendix A for

details and numerical examples]. Thus,

1

Sh; = |(@tanh @)~ — (%) 7| (2.45)

and ~ 3I + @tanh[%@]. (2.46)
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Figure 2.1: Comparison between exact Sherwood number and approximate Sher-
wood number

Fig. 2.1 shows the comparison between the exact formula and approximate for-
mula for Sherwood number, red dotted line which is the approximate Sherwood
number can be seen is a perfect approximation to the blue solid line which is the
exact Sherwood number. As a simple illustrative example, we consider the case
in which A = ®? is a 3 x 3 matrix with two zero (or very small) eigenvalues (\; ~

A2 =~ 0) and one non-zero (or large) eigenvalue (A3 # 0) . In this case, it follows
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from the Cayley-Hamilton theorem, the exact Sherwood matrix is given by

3
Sh; = Y A" = oI+, ®% + ¢3®@* (2.47)
=1
1 A3) — ¢ — e\ A3) — ¢1 — o\
andc; =3,c0=—-,c3= g< 3) 621 273 orcs = f< 3) 621 e 3. (248)
5 A2 A2

When &2 is a 3 x 3 matrix with three zero (or very small) eigenvalues, we have

—

1

cl = f(O) :3;02 = —,C3 = —1—75

5

In the general case in which ®2 is a N x N matrix and all eigenvalues of ®2 are
of the same order of magnitude and large, the computation of Sh; involves de-
termining the eigenvalues of ®2 and solving N linear algebraic equations for the
coefficients ¢;. Thus, the amount of additional work involved in using the Thiele
matrix approach is justified compared to the accuracy gained, and much less than
that required to solve the full washcoat diffusion problem as illustrated with exam-
ples in the next section. [See also the Appendix A for calculation of Sh; from ®2 for
further illustration and examples].

We close this chapter by noting that the above formulas for computing the in-
ternal mass transfer coefficients can be extended easily to other washcoat shapes.

In the general case, we write

Sh; = ShisI + ® tanh[A*®], (2.49)

where ®2 is the square of the shape normalized Thiele matrix. The two constants
Shis and A* that characterize the washcoat can be evaluated using the procedure
of Joshi et al., [17]. These constants are listed in the Appendix A for some com-
mon washcoat geometric shapes. [Remarks: The parameters Sh;,, and A* are

only functions of the washcoat shape or geometry, and Sh,., is the same as that
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tabulated by Joshi et al., [17], while A* is different. Both are empirical parame-
ters that lead to a good fit of the Sh; versus ® curve near ® values of order unity.
The main difference between Eq. 2.30 and (the scalar version of) Eq. 2.49 is that
the former is not an even function of ®, which creates numerical difficulties cited
above].

In this chapter, we presented a novel reduced order model with local property
dependent internal and external mass transfer coefficients for real time simulations
of monolith reactors. In the next chapter we compare the accuracy of the present
approach with other reduced order models in the literature and with exact (numeri-
cal) solution of the detailed washcoat diffusion model and illustrate the application
of the reduced order models to three-way catalytic converter using three different

examples.
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Chapter 3
Comparison of accuracy of various reduced order mod-
els in a single layered monolith reactor

3.1 Comparison of accuracy of various reduced order models

in a single layered monolith reactor

In this chapter, we provide examples illustrating the Thiele matrix approach for
treating the washcoat diffusion problem. We also compare the accuracy of the pro-
posed method with those in the literature and also with exact (numerical) solution
of the full washcoat diffusion model. In all the examples of this section, we assume
that the reacting gases are diluted in nitrogen, the gas phase diffusivity matrix,
D; € RV*V s a diagonal matrix with the j* diagonal element D; ; representing
the diffusivity of the j** species in nitrogen. To compute the diffusivity as a func-
tion of temperature, we calculated binary diffusion coefficients by using the Fuller
correlation based on species atomic diffusion volumes [18] and varying with the
temperature as 717. The effective diffusivity of each species in the washcoat is
computed by assuming Knudsen diffusion regime prevails in the washcoat. Hence,
the washcoat effective diffusivity matrix (D.) is a diagonal matrix with the diagonal

elements (D, ;) representing diffusivity of the ;' species,

€ T
D.;, =297 2. 3.1

where M is the molecular mass of the ;" species, ¢, is the washcoat porosity,
7. is the tortuosity and « is the mean pore radius (in meters, and D, ; is in units
of m?-s7!). Effective diffusivities for examples one and two were computed by
using Eq. 3.1. In example two, the molecular mass of the reductant is taken as 28

g-mol ! while that for the oxidant is 32 g-mol . In example 3, equal and constant
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D, is used for all species with D, = 10"m? s~!. The values of various other
parameters used in the simulations are listed in T'able 3.1:

Table 3.1: Numerical constants and parameters used in model simulation

Constant | Value

a 10 x 10 °m

Rq 181 x 10 %m

e 30 x 107%m

R0, targe 300 x 107 %m
Se_thin 15 x 10~ %m

Su 63.5 x 10~ %m

L 7.85 x 102 m
Ky 0.0386 W-m—1. K~*
K 1.5W-m LK
Cpy 1068 J- kg - K™ !
Cpy 1000J-kg " K!
Puw 2000 kg- m—3

€w 0.41

Te 8

She oo 3.2

Nue 3.2

Shi o 3

A 0.32

Rate Expressions Used in Examples:

For completeness, we list below the empirical rate expressions used in exam-
ples 1 and 2 in Tables 3.2 to 3.5. In these expressions, the rates are based on

washcoat volume, i.e., having units of moles/(m3wec.s):

3.1.1 Example 1: Four reactions model of a TWC
The first example we consider is the four reaction model of a three-way con-
verter(TWC), which is same as that used by Joshi et al., (2009) to illustrate the

usefulness of reduced order models for real time simulations. The reactions used
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Table 3.2: Reactions that are applied in Joshi’s model for the real time simulation

ofa TWC
No. | Reaction Reaction rate (mol- m 3-s7!) [ —AH ()
—F
1 | CO+050, — CO, ry = “1oe(Gr )Xo, Xeo 283
—E
2 | Hy+050, — H0 ry = 220R(z X0, Xy 242
)
3 | C3Hg + 4505 — 3C0; + 3H,0 | ry = 222ar XopXeun 1926
4 | NO+CO — CO3 +0.5N, r1 = Asexp(52) XvoXco 373
G=T,(1+ KuXco+ KaXuc)” (1 + Kz X20Xh0) (1 + K X%D)
Kai — Aai eXp(%)
Table 3.3: Kinetic parameters for example1
No. | 4;(mol m=3-s7 1K) | E; (kJ-mol ") | Ag;(mol- m* s - K) | Ea; (=)
1 1x 10" 10.825 65.5 —961
2 |[1x10%¥ 10.825 2080 —361
3 | 2x 10" 11.427 3.98 —11611
4 |4x10" 10.825 4.79 x 10° 3733

Table 3.4: Reactions that are applied in Kumar’s model for the oxygen storage and

release of a TWC

No. | Reaction Reaction rate (mol- m=3.s71) —AH (X
—E
1 | A+0.50, — AO R 283
2 Ces03 + 0.509 — CeyOy ro = a.As e:x;p(_RET2 )X0,(1 —0)TOSC,yeen, 100
3 A + 06204 — 06203 + AO rs = CLCAg exp(%%i)XAHTOSC’gTeen 183
Table 3.5: Kinetic parameters for example2
No. | Reaction A, E; (=)
1 | A+0.50, — AO 9.8 x 10® | mollm3-s 1. K 105
2 Cey03 + 0.505 — CleyOy 9.2x 108 | st 80
3 A+ CesOy — CesO3 + AO | 1.8 x 107 st 75
Adsorption constant Ay E, (=)
Ko = Ay exp(—E,/RT) 65.5 —7.99
TOSCyreen, = 200 mol- m~* washcoat
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Table 3.6: Reaction scheme used in example 1
No. | Reaction

CgHG + 4502 — 3002 + 3H20
NO + CO — CO3 + 0.5N,

H2 —+ 0502 —_— HQO

BIWIN|

Table 3.7: Simulation conditions for example 1

Variable | Concentrated Inlet | Diluted Inlet
(u) 2m-s~? 2m-s~!
T,? 300 K 300K
TY 300K 300K
Xico 1% 400 ppm
X70, 0.85% 1%
X ;?HC 500 ppm 12 ppm

i 0.3% 133 ppm
X}”NO 300 ppm 200 ppm
" 540 K 540 K

are listed in T'able 3.6. [The rate expressions and kinetic constants may be found
in the cited references or Appendix A].
As explained earlier, the gas phase diffusivities (in units of m?-s~! and 7 in K)

are computed using the following equations:

— 7 —
Dyj=a; x 107 x Tp™ [m*s™'],

and aco = 9.56, ACcsHy = 5.96,anypo = 8.78, ag, = 44.5, ap, = 9.55. (32)

Results:

Shown in Fig. 3.1 (a) and (b) are the comparisons between the detailed (1+1D)
model and the 1-D model using the asymptotic approximation for CO exit concen-
tration versus time. [Remark: Unless specified otherwise, 10 interior mesh points
were used in the simulation of the 1+1D model. This number of mesh points is
sufficient only if the largest eigenvalue of the matrix ®2 is less than 100 in ab-

solute value. Otherwise, more mesh points, approximately equal to the square
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root of the largest eigenvalue in modulus of ®? are needed. This was checked
in the numerical calculations]. To highlight the differences between the different
models, we plot the dimensionless exit mole fraction Y instead of the conversion
(which approaches unity at higher times or temperatures). We also use semilog-
arithmic coordinate for the exit concentration of CO. In case (a), 6. = 15 um and
Rq = 300 pm, in case (b), . = 30 um and Rg = 181 um. For other cases includ-
ing examples 2 and 3, we use ). = 30 um and R = 181 um in the simulations.
Other constant parameter values used are listed in Tables 3.1 and 3.7. The solid
(green) and dotted (blue) curves in (a) and (b) represent the results of the 1+1
D model. The dashed (red) and dash-dotted (black) curves show the results of
the reduced order model with asymptotic approximation for the internal Sherwood
number. The asymptotic approximation works as good as the detailed model when
washcoat thickness is 15 um because with a thin washcoat layer, the Thiele moduli
are either less than unity or do not exceed values corresponding to the (small gra-
dient) asymptote. However, when we double the washcoat thickness and reduce
the channel hydraulic radius, the asymptotic approximation shows large error, the
reason is that with a very thin washcoat and larger hydraulic diameter, reactions
go from kinetic control to external mass transfer control, as the washcoat diffu-
sion controlled regime is very small in duration (or in temperature) or non-existent.
When the washcoat thickness increases, the reactions go through kinetic control,
washcoat diffusion control, and to external mass transfer control. In this case, if the
description of the washcoat diffusion controlled regime is not accurate, the asymp-
totic approximation leads to significant error at large times or higher temperatures.
[Remark: We note that for the case of thicker washcoat, the predicted exit concen-
tration is off by an order of magnitude if washcoat diffusion is completely ignored,
i.e., taking k,,; = oc].

Fig. 3.2 (a) and (b) show comparisons of the dimensionless exit concentration
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Figure 3.1: Computed dimensionless CO exit concentration versus time for a four
reaction TWC model with (a) thin washcoat (b) thick washcoat
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Figure 3.2: Computed dimensionless CO exit concentration versus time for a four
reaction TWC model with (a) diluted inlet condition (b) concentrated
inlet condition
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Figure 3.3: (a) Computed dimensionless HC exit concentration predicted by vari-
ous approximations with concentrated inlet condition (b) Comparison
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of CO predicted by various reduced order models and the detailed model with di-
luted inlet and concentrated inlet conditions, respectively. The inlet conditions used
are shown in Table 3.7. The dotted (blue) curve represents the result predicted by
reduced-order model using asymptotic approximation, while dashed (red) curve
and solid (green) curve denote the reduced-order model results using diagonal ap-
proximation and full calculated Thiele matrix, respectively. The dash-dotted (black)
curve shows the detailed (1+1D) model prediction. For diluted inlet condition,
where the nonlinearities of reaction kinetics are weak, all these approximations
are good except asymptotic approximation because a 30 um thick washcoat layer
is used in this case. In concentrated inlet case, we have strong non-linear kinetics
(and stronger coupling between the reactions), deviations among these approxi-
mations become more significant, the asymptotic approximation is not good again,
the diagonal approximation performs not as good as in the diluted inlet case, only
the full Thiele matrix calculation which uses a local concentration dependent Jaco-
bian matrix predicts the exit concentration accurately. Similar results are observed
for exit HC concentration and temperature profile as shown in Fig. 3.3. Since the
external mass transfer coefficients are the same among these approximations, the
error is mainly from the approximation of internal mass transfer coefficients. The
diagonal approximation does not predict well due to the fact that with multiple and
strongly coupled reactions, some off-diagonal elements of the Thiele matrix are
either comparable or exceed the diagonal elements and hence they cannot be ig-
nored. As mentioned before, this is one of the main limitations of the diagonal
approximation [See Appendix A for numerical values and further details].

The computation time for each solution on a desktop computer is: 1+1D model:
2279 s, Thiele matrix calculation: 23 s, Diagonal approximation : 3.2 s and the
asymptotic approximation: 2.0 s. Thus, for this simple four reaction case, the

Thiele matrix approach is about a hundred times faster than the calculation that
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uses the detailed washcoat diffusion solution. We also note that the Thiele matrix
solution is also about ten times faster than real time.
3.1.2 Example 2: TWC Model with Oxygen Storage and Release

As our second example, we consider the case of oxygen storage and release
reactions of a three-way catalytic converter shown in T'able 3.8. The constant pa-
rameter values used in the simulations are listed in T'able 3.1. Here, species A is
the lumped reductant (which is a weighted combination of CO, H, and HC) and
O, is the lumped oxidant (weighted combination of O, and NO). In this example,
we take Dy 4 = Do, = 9.56 x 107" x T}-"[m?.s™']. This is the same example
used by Kumar et al., ([3], [9]) in their study of the spatio-temporal dynamics of
oxygen storage and release in a TWC. The main difference between this and the
previous example is that the model used here involves two gaseous species and
accounts for the oxygen storage capacity of the catalyst. It consists of seven PDEs:
two species balances for each gas phase reactants, two energy balance equations

and a catalyst (storage) site balance equation for oxidation state of ceria given by

[Ces0y]
o 3.3
[06204] + [06203] ( )
00 1
and E = W(Rst()r@ge - Rrelease)a (34)

where @ is the fractional oxidation state of ceria and TOSC' is the total oxygen
storage capacity. [Remark: The numerical factor 2 in Eq. 3.4 arises due to the stoi-
chiometric coefficient of oxygen in reactions listed in T'able 3.8. The rate expression
used are listed in the Appendix A].

The kinetics used in the work is similar to detailed micro-kinetics hence this
model can be extended to the case with adsorption, desorption and reactions.
[Note: In this example, N = 2, S = 2 so that the simulation of the isothermal model

requires solving 5 equations while the non-isothermal model requires 7 equations].
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Table 3.8: Reaction scheme in example 2 of TWC with oxygen storage
No. | Reaction

A+ 050y — AO

06203 -+ 0502 — 06204

A + 06204 I 06203 + AO

WIN| —

Table 3.9: Simulation conditions for example 2

Variable | Value
(u) 2m-s~!
17 300K
70 300K
6° 0

X ;L”A 2%
X}”Oz 1%

" 650K

We simulated both the cold-start that includes the thermal effects (with heat of
reaction equal to that of CO oxidation) as well as the isothermal light-off behavior
with lower concentration of the reactants (and negligible heat effects).

Results

For the non-isothermal result shown in Fiig. 3.4 (a) is a comparison of exit con-
centration of species A predicted by various models under non-isothermal condi-
tion and (b) is a comparison of exit concentration of A predicted by detailed model
and Thiele matrix approximation with Jacobian matrix evaluated at different local
concentrations. In Flig. 3.4(a), dotted blue curve is the asymptotic approximation,
which is very different and far from all the others, the dashed red curve which is
diagonal approximation also deviates from other model solutions. In the middle,
the dotted green curve is the Thiele matrix approximation which remains close to
the detailed solution(dash-dotted black and solid magenta curves) but we can also
notice a gap among them. Two possible reasons can be accounted for this de-
viation. First, because of the higher inlet temperature, more active catalyst and
thermal effect, we have very strong pore diffusion. The Thiele moduli are very

large and can reach to the order of 1000 at the higher temperatures reached in
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this example, so that simulation of the detailed model actually requires a lot more
mesh points (~ 1000) to describe the concentration profile in the washcoat ac-
curately. [Remark: The interfacial flux can be evaluated more accurately with a
smaller number of mesh points, in this example, about 50]. It can be noticed that
when we change the number of mesh points from 10 to 50, the computed solution
of the 1+1D model comes closer to the Thiele matrix calculation curve. A second
reason is that we evaluated the Jacobian matrix at the averaged washcoat concen-
tration instead of evaluating it at the gas-solid interfacial concentration. To clarify
this, we evaluated the Jacobian at cup-mixing fluid concentration Xy,,, averaged
washcoat concentration (X,,.) and interfacial concentration X, respectively, and
show the results in Fig. 3.4(b). As expected, evaluating the Jacobian matrix at
the interfacial concentration X, increases the accuracy of reduced order model in
this example with strong nonlinear kinetics. In Fig. 3.4(b), for the first 15 seconds
where reactions are still in kinetic regime, all the solutions are accurate because
the Thiele moduli are small during the cold start period and X;,, = X, = (X.).
From 15 to 30 seconds where reactions are in the washcoat diffusion controlled
regime: X, = X, > (X,.), evaluating the Jacobian at Xy,, and X, shows a
slightly lower conversion than evaluating it at (X,,.). In this transition stage, species
concentration are still high and hence the inhibition terms are large which will lead
to an effective negative reaction order. With a negative order reaction, some di-
agonal elements of the Jacobian matrix are smaller when the concentration of
species is larger, therefore, the internal mass transfer coefficient is smaller and
causes a lower exit conversion (or higher exit concentration). After 30 seconds,
where the system is in external mass transfer regime, with a strong pore diffusion:
X > X5 > (X,). Since the non-linearity becomes weak, the reaction order
gradually changes from negative to positive and evaluating Jacobian at X;,, and

X, show a higher conversion than evaluating it at (X,,.). Generally speaking, eval-
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uating Jacobian at X, is more accurate than that at (X,,.) or Xy,,. This can be
also observed in the isothermal light-off behavior (with dilute feed, where the con-
centrations are ten times lower) shown in Fig. 3.5 (inlet temperature ramp up rate
is 1K per minute), without thermal effects, all these curves are close to each other
except that the asymptotic approximation is not good.

For this example, we also note the computation times for each method (on a
desktop): 1+1D model (with 50 mesh points in washcoat): 10454 s, Thiele matrix
approach: 40 s, Diagonal approximation : 6.3 s, and the Asymptotic approximation:
5.1 s. Based on these computation times, we note that the Thiele matrix approach
for describing washcoat diffusion has not only high accuracy but is also faster by
about three orders of magnitude even in this simple example of two gas phase and
two surface species (N = S = 2).

3.1.3 Example 3: Reversible Reactions with Linear Kinetics

The last example we consider is that of a reversible reaction scheme between
three species with linear kinetics. The reaction scheme and the kinetic constants
are shown in Table 3.10. Other parameter values used in the simulations can be
located in T'able 3.1. The aim here is to examine the accuracy of the diagonal
approximation in the presence of reversible or equilibrium limited reactions. We
note that reversible reaction schemes are common in more detailed kinetic mod-
els of after-treatment systems, e.g. kinetic models of TWC that include water-gas
shift, reforming and dehydrogenation reactions or kinetic models of LNT that in-
clude reversible exothermic NO oxidation reaction along with other endothermic
or reversible (storage and release) reactions. Since this is an illustrative example,
we have fixed the ratios of the various rate constants and the temperature depen-
dence so that the equilibrium composition is independent of temperature. We also
use constant and equal D; values for all species with Dy = 10~* m?-s™'. The inlet

conditions and other parameters used are listed in T'able 3.11.
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Figure 3.4: (a) Comparison of computed dimensionless exit concentration of re-
ductant species A predicted by various approximations for a TWC
model with oxygen storage and non-isothermal condition (b) Compar-
ison of exit concentration of A predicted by the Thiele matrix approxi-
mation with Jacobian matrix evaluated at different local concentrations.
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Table 3.10: Reversible reaction scheme and rate constants for example 3
No. | Reaction | Rate
A— B | kCy
B—C %k:CB
C—B }lkC’c

k = 10 exp(—12000/T)s*

BlWIN]—-
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Table 3.11: Inlet conditions and other parameters used in example 3

Variable Value

(u) 20m-s~!
X 0.99

X7 0.005

XYo 0.005

L 3x107?m
T;, ramp up rate | 1 K/ min

We note that for this reaction scheme, the net rate of formation of the intermedi-
ate product B can be either positive or negative. Thus, the diagonal approximation
only makes sense when absolute values are taken for the diagonal elements of
®2. In this example, as the kinetics is linear, we can calculate the internal mass
transfer coefficient matrix as well as the exit mole fraction vector analytically. The

Thiele matrix is independent of composition and may be expressed as

b 62k (T)
=) -1 1 . O =5 (3.5)
0 -4 4
while the diagonal approximation gives
R T ==
0 0 e

Analytical model results
As stated earlier, in this example, the Thiele matrix approximation and the de-

tailed model solutions are identical and are given by the vector equation

X s = exp { —0K (Kmo + 0:K) ™ Kot } X pins (3.6)
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where

Ko = K + Ko (3.7)
and k,,, — ——D;.Sh,, ki = ~D,.Sh;, a, — — (3.8)
me — 4RQ I ey Bmi — 50 e- iy Ay = RQ .

Asymptotic approximation takes Sh; = Sh; ..I, while diagonal approximation takes
K and hence Sh; as a diagonal matrix. Since diagonal elements of K can be neg-
ative, we used absolute value in calculating Sh; using the diagonal approximation.

Numerical results

Fig.?? (a) and (b) are the results of computed dimensionless exit composition
of A and B versus inlet temperature with the dotted (blue) curve representing the
asymptotic approximation, dashed (red) curve representing diagonal approxima-
tion, solid (green) and dash-dotted (black) curves representing the Thiele matrix
approximation and detailed solutions, respectively. As stated earlier, in this exam-
ple, the equilibrium mole fractions are independent of temperature and given by
Creq = 2,Cpeq = 2,Cceq = 3. We note that the asymptotic approximation per-
forms bad because of the inaccurate washcoat diffusion prediction, and although
absolute values were taken in the diagonal approximation, we get positive num-
bers but the approximation is still incorrect, where as the results of detailed and
the Thiele matrix calculation are identical, we can not see the difference between
these two curves because of the linear kinetics. Similar results are observed from
prediction for composition of species C as shown in Fig. 3.7 and this conclusion is
consistent with analytical results.

The computation time for each solution is (desktop): 1+1D model(50 mesh
points in the washcoat): 295 s, Thiele matrix calculation: 5.5 s, Diagonal approx-
imation : 1.6 s and the asymptotic approximation: 0.9 s. Again, the computation

time of Thiele matrix is lower by about a factor fifty for this simple example with
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Figure 3.6: (a) Computed exit concentration of species A versus inlet tempera-
ture (b) Exit concentration of species B versus inlet temperature for
the three species reversible reaction scheme.
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reversible reactions with linear kinetics.

3.2 Conclusions

As our goal is to present and compare the Thiele matrix method, we have il-
lustrated it here with only simple examples of three to four reactions. Even in
these simple cases, it is found that this new method can speed-up the transient
simulation of monolith reactors by two to three orders of magnitude compared to
detailed washcoat diffusion models, while retaining excellent accuracy. We have
also compared our method of estimating the washcoat diffusional effect with ex-
isting methods (asymptotic approximation, diagonal approximation and detailed
1+1D model) in terms of accuracy and simulation time requirements. As can be
expected, and illustrated in the four reaction TWC model of example 1, all three
methods work good for slow reactions, and/or thin washcoat and/or low temper-
ature (kinetic regime) or when the eigenvalue of the Thiele matrix ®2? are much
smaller than unity. In this regime, Sh; can be approximated as a diagonal matrix
Sh; 1. When the concentration gradients in the washcoat become significant or
equivalently, some eigenvalues of the Thiele matrix ®2 are much greater than unity
(or some fast reactions or thicker washcoat or the ratio D;/D. > 100 so that pore
diffusional effects become important), the asymptotic approximation of constant in-
ternal Sherwood number is not accurate and may lead to large errors (examples
1, 2 and 3). The diagonal approximation may have sufficient accuracy (for prac-
tical purpose) and is much simpler to implement but is applicable only for special
types of reaction networks such as parallel irreversible reactions with very small or
zero species coupling (or equivalently very small off-diagonal elements compared
to diagonal elements in the Jacobian matrix of the rate vector). The diagonal ap-
proximation also breaks down (or has poor accuracy) for reversible reactions or
when there is strong coupling between the species through the reaction network.

This is clearly illustrated in example 3. In contrast to the prior methods, the Thiele
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matrix approach is exact for linear kinetics and has acceptable accuracy for non-
linear kinetics while speeding-up calculations by two to three orders of magnitude
compared to the solution of the 1+1 D model in the examples studied (up to 4 re-
actions). Though we have not illustrated here, our experience indicates that the
speed-up factor could be several orders of magnitude higher for realistic cases of
large number of reactions and/or with detailed (micro) kinetic models. Therefore,

in next two chapters, we extended the method to include more detailed kinetics.
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Chapter 4
Reduced order models for real time simulations of
monolith reactors with dual washcoat layers

4.1 Introduction and literature review for dual layered monolith

reactors

In chapter 2, we presented the Thiele matrix approach for computing washcoat
diffusional effects which is based on the computation of the local property depen-
dent internal transfer coefficient matrix as a function of the local Thiele matrix,
defined in terms of the Jacobian of the species formation vector at the local con-
centrations. In chapter 3, the accuracy and speed-up factor for this method was
illustrated for single layered monolith reactors with global kinetics, and it was also
compared with other existing methods (or reduced order models) in the literature.
It was shown that Thiele matrix approach leads to the best match with the mesh
size independent solution of the detailed model while speeding calculations by or-
ders of magnitude. In this chapter, we extend the Thiele matrix approach further to
include monolith reactors with dual washcoat layers. This extension is important as
multi-functional monolith reactors consisting of two or more washcoat layers with
different functionalities are used in many after-treatment systems. Examples in-
clude dual layered selective catalytic reduction (SCR) units with Cu and Fe zeolite
layers, reactors with a lean NOx trap (LNT) and SCR layers, reactors with a hy-
drocarbon (HC) trap and an oxidation layer, diesel oxidation catalysts (DOCs) with
two different oxidation layers (e.g. Pd and Pt containing washcoats), ammonia slip
catalyst (ASC) with NH3 oxidation function (Pt/Al,O5) and a selective catalytic NOx
reduction function (Cu/zeolite), and four-way catalysts with spinel layer (for oxygen

storage) and a precious group metal (PGM) based oxidation layer (see Figure 4.1).

59



It should be pointed out that reduced order models of dual-layered mono-
lith reactors have been presented by other researchers. Mozaffari et al., [13] and
Rink et al., [14] extended the earlier approach of Joshi et al., [2] to develop re-
duced order models for dual layered systems and illustrated their use with several
applications. More recently, Picardo and Pushpavanam [20] used the Lyapunov-
Schmidt (L-S) method to derive reduced order models for two-phase stratified flow
with reaction in the top layer. An asymptotic solution for the washcoat pore diffusion
problem for dual layered monoliths was also presented by Bissett [4]. Finally, Rat-
nakar et al., [8] developed reduced order models for dual and multi-layered systems
using the L-S method of averaging and showed the structure of the local equations
is different from the earlier intuitively written models. The work of Ratnakar et al.,
[8] presented the correct structure of the reduced order models for dual (as well
as multi) layered systems, but the application was confined to the case of a single
reaction. It is also noted that most of the modeling studies of dual-layered monolith
reactors in the literature use 1+1 D models described by partial differential equa-
tions in both z (axial/flow), y (transverse to flow) directions and ¢ (time) to perform
the simulations. Therefore, to make the simulation workable (in a reasonable time
using a desktop computer), mesh points are normally taken to be about 20 to 50
in the axial direction and 5 to 10 in the transverse direction ( [21] [22] [23]) to ob-
tain a system of differential equations in time. When such discretized models are
used (without verifying mesh independency of the computed solutions) to interpret
experimental results and estimate kinetic or transport parameters, the accuracy of
the estimated parameters may be poor. In the present work, we investigate the
mesh size dependency (in the transverse direction) of the dual layered model and
note that the discretized model describes the washcoat diffusional effects accu-
rately only when the number of mesh points in each washcoat layer is about equal

to the square root of the magnitude of the largest eigenvalue of the Thiele matrix
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2. We also compare the speed and accuracy of the reduced order model solution
with the detailed model and show that Thiele matrix solution is closer to detailed
model which has sufficient mesh points.

This chapter is organized as follows: in the next section, we review the detailed
(1+1D) diffusion—convection—reaction model for a catalytic monolith reactor with
dual washcoat layers and present a reduced order model for a dual layered system
in terms of phase averaged concentration modes and inter and intra-phase fluxes.
We also discuss the detailed steps involved in the computation of the interfacial
fluxes, and the local property dependent mass transfer coefficient matrices. In
section 3, we illustrate the application of the reduced order model with a specific
example of a dual layered system with a lean NOx trap (LNT) layer and selective
reduction catalyst (SCR) layer. We illustrate the results of mesh size dependency
and comparisons between the detailed solution and reduced order model solution.

In the last section, we summarize the results.
4.2 Detailed and reduced order models of single and dual lay-

ered monolith reactors

For a discussion of hierarchies of models of monolith reactors, we refer to the
articles by Ratnakar et. al., [8] and Tu et al., [19]. In this chapter, we consider only
the single channel model of a monolith reactor consisting of continuity, momen-
tum, species and energy balances in three spatial coordinates and time. However,
as discussed in the literature, such detailed models are not needed in most after-
treatment applications and the single channel model is further simplified by decou-
pling the momentum equation from the species and energy balances. Under the
assumption of slowly varying inputs, the model is further simplified to a transient
1+1D model (or one axial and one transverse direction), which is shown to capture
all the qualitative features of the monolith reactor. We shall use the standard 1+1D

model as our basis model for model accuracy comparison.
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In the following sections, we present the model equations for the standard 1+1D
model for the isothermal case, followed by a review of the reduced order models
proposed in the literature. This is followed by a review of the Thiele matrix approach
for single layer monolith (Figure 4.1(a)) and then our procedure for extending it to
dual-layered monolith reactors (Figure 4.1(b)). Since our goal is to explain the
main concepts using the simplest geometry (i.e. parallel plate channel) we present
the various formulas and results for this case, and indicate briefly extension to other
geometries.

4.2.1 Detailed(1+1D) Washcoat Diffusion Model

Under the assumption of slowly varying inputs, the gas phase species balances
are same as that of the standard two-phase model and are described by conser-
vation equations in the channel with interfacial flux (or transfer) terms. The vector

form of the species balance equation for the fluid phase is given by

OX (1, OXfm Ko .
ot (u) 9r R (Xpm —X5); ©>0,t>0, (4.1)

while the species balances in the washcoat layers are described by

0X w1 1 07X 1

Ewl ot = C—TV{ rg1 (X1, Ouw1) + Dela—yz in Qp, 0<y <4id)
0X,, 1
and Ew? It 2 = C—TVQT rg2<Xw27 0102) (43)
9*°X
+De2T22 inQy, 01 < Y <0+ 0c (4.4)

When kinetic models that account for adsorption, desorption, storage and surface
reactions are used to describe the chemistries occurring in the catalytic layers, the
model equations should also account for surface species coverages. Assuming
that each layer has a single type of catalytic sites on which gas phase species

can interact (adsorb/desorb, store or react), the species coverage vectors for the
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surface species of the layers are given by

0
CSl aa:ﬂ = I‘Sl(le, Owl) m Ql> 0< Yy < 561 (45)
0
and 052661;2 roo( Xz, Ouwz) in o, 00 <y < 0e1 + bea. (4.6)

[Remark: The generalization of the model when each layer has several different
types of catalytic or storage sites is straightforward and can be done by including
additional balance equations of the same type]. Since the wall is assumed to be

non-porous, the species fluxes at the wall-washcoat interface vanish, i.e.,

8Xw2
y

—0. (4.7)
Yy=0c1+0c2

The continuity of the species fluxes at the fluid-washcoat and interfaces layers

leads to the interfacial boundary conditions:

. jfw _ _ OXun _ 0N _
Joo = C_T = ke (Xpm — X)) = _Dela—y @ y=0;X;= Xw1|y:0(>4-8)
Xt = Xyo, om0 @ y=da (4.9)
andJ, = D, 2m_ p, X g ,_5, (4.10)
Jdy Jdy

In the above model equations, bold symbols are used to represent matrices and
vectors. We choose to write the model equations in terms of species mole fractions
but note that they may also be expressed in terms of species concentrations (see
Supporting Material). Here, the column vectors, Xy, and X,,; € RY, represent
the cup-mixing mole fractions in the fluid phase and the mole fractions in the £
layer of washcoat (k = 1,2), respectively; 0 (y = 0) is the interface between
fluid and washcoat layer 1, and 09, ( y = d.1) is the interface between washcoat
layer 1 and 2; R, represents the hydraulic radius of the monolith flow channel, (u)

is the average velocity in the flow channel, the column vector X, € R" is the mole
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fraction vector at the fluid-washcoat interface and k,,,. is the matrix of external mass
transfer coefficients defined by the first equality of Eq. 4.8. In Eq. 4.2, ¢, is the
porosity in the k™ layer of washcoat, r (X, 0.,1) € R is the reaction rate vector
in the k" layer of washcoat, where the i—th element of this vector represents the
rate of the " reaction, the parameters N and N,; represent the total numbers of
gaseous species and reactions, respectively. The matrix, v, € RV+*N is a matrix
of stoichiometric coefficients with rows representing the reaction index while the
columns representing species index. The m!" element of the vector ry. (X, r, @)
represent the net rate of formation of surface species m in layer k. The vector jy,,
represents the species fluxes at the fluid-washcoat interface. The parameter ¢,
is the effective thickness of layer &, while D, is assumed to be a diagonal matrix
of effective (Knudsen) diffusivities of various gas phase species in the k" layer of
washcoat (and the diffusivities of all surface species are assumed to be zero). The

total concentration (C'r) is computed using the ideal gas law

Or = = (4.11)

where, p represents the total pressure in gas phase, assumed constant at 1 atm,
and T} is the local fluid temperature. In most after-treatment applications, the
external mass transfer coefficient matrix is assumed to be diagonal as the reactive
species concentrations are small compared to the major inert species (which is
usually nitrogen, but it is argon in the examples used in this work).

The inlet, initial and boundary conditions for the above model are of the form

X i (0,8) = X pin(t) | (4.12)
X fm(2,0) = X9, (2); Xur(z,9,0) = X (z,y); k=1,2 (4.13)
and 0, (z,y,0) = 0y, (z,y); k=12 (4.14)
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As explained by Tu et al., [19] for the case of a single layered monolith, the nu-
merical solution of the above model is usually obtained by discretization of the
washcoat species balance equation using difference methods and integrating the
resulting partial differential equations in x and ¢ using further discretization in the
axial coordinate. For example, if the upwind method is used to discretize the con-
vective derivative in the species balance, we obtain a sequence of Short Monolith
(SM) models (analogous to the so called cell or tanks-in-series model for the ho-

mogeneous case):

dXfm; _ () (Xpmj1 = Xymy)  Kme
dt Az Rq

(Xfm,j — XSJ‘); ] = 1, 2, veey M, (415)

where M is the number of cells (or M —1 is the number of axial interior mesh points)
and Ax = ﬁ In the extreme case of a single cell (M = 1), Eq. 4.15 becomes
dem <u>

X X _

kme
Rq

(Xjm — Xs); t>0. (4.16)

Eq. 4.16 along with Egs. 4.2-4.6 and appropriate inlet and initial conditions define
the SM model. This model is defined by a set of parabolic partial differential equa-
tions in y and ¢t and is ideal for comparing the impact of washcoat diffusional effect
as the complete long monolith (LM) model is represented by a sequence of SM
models.

We note that if the diffusional effects in the layers are neglected and gas phase
species mole fractions are assumed to be independent of depth in the washcoat,

X1 = X2 = X, the balance equations reduce to

(501611;1 + 502611)2) an 501 1 .
- e XUH Hu)
(e +0c2) O (01 +002) Cr ! ol 1)+
b2 L (X 0u) (4.17)

(501 + 502) C(T
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kme

e (X — Xy), 4.18
(5d+5c2>( s ) (4.18)
aewl
CSlW = rsl(Xwaewl) ; 0< y < 501 (419)
0
and CSQ 88:)2 rsQ(Xwa 011)2) ) 501 <y< 501 + 5c2~ (420)

Eq. 4.1 along with Egs. 4.17-4.20 and appropriate inlet and initial conditions define
the limiting model that completely ignores the washcoat diffusional effects (but in-
cludes external mass transfer effects). This model consists of a set of hyperbolic
partial differential equations in x and ¢.
4.2.2 Review of Thiele matrix approach for single layered monolith reactor
We review here briefly the Thiele matrix approach for the calculation of the
washcoat diffusional effect for the case of a single layer, and refer to the work of
Tu et al., [19] for further details. The specie balance in fluid phase of Thiele matrix
approach remains the same as other approximations and may be expressed as

OX
ot

0X,, J
+ () =1 -~ (4.21)

while the volume averaged species balance equations for the washcoat (for gas

phase species) become

€w T :C—TV r,((Xy), (0y)) 5 (4.22)
and 0s 249 _ 1 (1x,). (0.)
ot
The interfacial flux is given by
JOI = kmo(Xfm_<Xw>>7 (423)
Ko = ko +k. (4.24)
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1

kn = +D..Shi. (4.25)
) -1 2y—1] 7"

Shi = [(@tanh @)™ - (@?) ] (4.26)

and =~ 3I+<I>tanh[%<1>], (4.27)

where (X,,) is the (volume or phase) averaged species mole fraction vector, k,,,,
k..., k. are the overall, internal, and external mass transfer coefficients matrices,
respectively. Sh; is the internal Sherwood matrix, and ®? is the square of the shape
normalized Thiele matrix.

The external mass transfer coefficient matrix can be approximated by a diago-
nal matrix in most after-treatment systems (in the absence of any homogeneous
reactions) while the internal mass transfer coefficient matrix is a non-diagonal ma-
trix in the general case. This brings to the main idea of Thiele matrix approach [19]:
this method is based on the exact solution of the washcoat diffusion problem for the
case of linear kinetics for which the effectiveness factor matrix as well as the inter-
nal mass transfer coefficient matrix can be determined exactly [1]. Because k,,; is
non-diagonal even when D, is diagonal, and the matrix of first order rate constants
K is not diagonal, a full calculated matrix is used for the internal Sherwood matrix,
with the non-diagonal elements in ®2 standing for the coupling relationship among

reactions:

B 1d vir (Xwaew
®? = 6*(D,) (—C—T ( ng )> . (4.28)
v X=X,

[Remark: As discussed by Tu et al.[19], evaluation of ®2 at the fluid-washcoat
interfacial mole fraction vector X, leads to better accuracy of the reduced order
model. This vector can be related to the mixing-cup and volume averaged mole
fraction vectors by X; = (ke +k,m~)’1 (KmeX fm + kmi (X4))]. Further, we note

that in Fq. 4.27, the Sh; matrix is an even function of the (non-diagonal) Thiele
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matrix ® (defined by Eq. 4.28). Hence, the eigenvalues of ®2 can be positive or
negative or complex, and the fact that ®2 is a matrix of real numbers and Sh; is
an even function of ® eliminates the problem of dealing with complex values for
the mass transfer coefficients. Further, to deal with nonlinear kinetics, we linearize
the washcoat reaction-diffusion problem at the local interfacial interfacial conditions
X, so that the Jacobian matrix plays the same role as that of the first-order rate
constant matrix for linear kinetics. As explained by Tu et al., [19], Sh; can be
computed from &2, using the Cayley-Hamilton theorem. In addition, the internal
mass transfer coefficient can be computed for any general washcoat shape, using
the relation

Sh; = ShisI + ® tanh[A*®], (4.29)

where the two constants Sh;,, and A* depend only the washcoat shape. These
constants are listed in Table 4.1 for some common washcoat geometric shapes.
[Remarks: The parameters Sh;,, and A* are only functions of the washcoat shape
or geometry, and Sh;,, is the same as that tabulated by Joshi et al., [17], while
A* is different. Both are empirical parameters that lead to a good fit of the Sh;
versus ® curve near ® values of order unity. Table 4.1 also corrects a couple of
typographical errors in row 5 (rounded square) of Tu et al., [19] and other prior
work.

To summarize, the Thiele matrix approach simplifies the 1+1D model by solv-
ing the washcoat diffusion problem at the local conditions and computing the fluid-
washcoat interfacial flux vector Jy; through the N x N matrix k,,,; (or Sh;), where
N is the number of gas phase species. The two main appealing features of this
method compared to direct numerical solution of the 1+1D model are: (i) examina-
tion of the eigenvalues of ®2 provides physical insight on the time scales involved
and stiffness of the local diffusion-reaction problem (or the associated spatial gra-

dients) as well as a method for computing k,,;, and (ii) the method can speed-up
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the transient simulations by a factor that is approximately equal to the square root
of the largest eigenvalue (in magnitude) of ®2.
4.2.3 Reduced-order model for dual layered monolith reactors

The article by Ratnakar et al., [8], lists the scaler equations of the low-dimensional
model for dual-layered monolith for a single component system. We present here
the vector form of the same so that it can be used for multi-component systems.
The vector form of the species balance in the fluid phase is same as that for single

layer and may be written as

8Xfm 6Xfm _ _J071 (4 30)

T Cl Re

while the volume averaged species balance equations for the washcoat layers (for

gas phase species) become

O (Xoe) 1 Jo1—J1,
en— o, 1 —CTV?{ r1((Xue),) 01501 L2 (4.31)
0 (Xuwe) 1 I,
and EMT? — C—Tug ra((Xwe)y) = 5;2. (4.32)

The local equations relating the interfacial fluxes to the cup-mixing and volume

averaged mole fraction (or concentration) vectors are given by

Ropm = ol | EOII'JM el , (4.33)
(X)) — (Xu), k' Jo1 + ko T2
ko = Rq#* (Dj*Shy) '46. * (Do Shy)™t,  (4.34)
K;' = 8. % (De*Shy) !, (4.35)
k' = 0 * (Do #Shy)™! (4.36)

and k0_21 = 501 k (Del k Shel)_l + 502 k (Deg k Shig)_l, (437)
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where subscripts 1 and 2 (except in mass transfer coefficient matrices k) stand for
layer 1 and layer 2, respectively. The vector Jy,; denotes the species fluxes at the
fluid-washcoat interface, while J5 is the species flux vector at the interface be-
tween washcoat layer 1 and 2; (X,,),, is washcoat (volume) averaged mole fraction
vector, kq; is the overall mass transfer coefficients matrix for fluid phase and wash-
coat layer1, and kg, is the overall mass transfer coefficient matrix for washcoat
layer 1 and 2; Eﬂ and Eel are the two cross-exchange mass transfer coefficient
matrices that arise in layer 1 due to the coupling between fluxes at the two inter-
faces 0y and 0€25[8]. Sh., is the traditional external Sherwood matrix at the
fluid-washcoat interface, while Sh, ; and Sh, » are the internal Sherwood number
matrices for each washcoat layer and Sh, ; is the external Sherwood number ma-
trix for the first washcoat layer. §EM and §E€71 are the cross-coupling Sherwood
matrices. [Please refer to the article of Ratnakar et al., [8] for details and for expla-
nation of the physical meaning of these Sherwood matrices. The Appendix B also
provides a brief review of these equations in terms of the various mass transfer
coefficient matrices].
4.2.4 Computation of the internal and external Sherwood matrices

In this section, we discuss the computation of the five Sherwood matrices (Sh,,

Sh;,, Sh,;, §R~1 and ﬁlel) as functions of the Thiele matrices for each layer defined

by
d (VT vy (X, 0w
P2 = §%(D.y)" 1 (v rp (X, Oun) (4.38)
Cr dX . ~x
d (VT 1t y9(Xus, 0w
and q)g _ 532<De2>71 _i (V2 I'g2< 2 2) . (439)
Cr dX g x

First, we note that the external Sherwood matrix Sh., is diagonal and depends only
on the shape of the flow channel and velocity profile. The computation of the ele-

ments of this matrix has already been discussed by Tu et al., [19] as well as other
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literature studies[5]. We also note that the matrix Sh;, depends only on the proper-
ties of layer 2 and hence can be estimated using the single layer formula discussed
in the previous section. For example, when layer 2 is thin (or slab geometry), we

have

Shig = (<I>2tanh @2>_1 — (i)g)—l] - (440)

and ~ 31+ P, tal’lh[%q)g] (441)

The remaining four Sherwood matrices depend on the properties of layer 1 (which
has non-zero species fluxes at both boundaries). For the case of thin layer 1 (or

slab geometry), the four Sherwood matrices may be expressed as[8]

Sh;, = Sh,, = [((I)ltanh &) - (@i)‘l] - (4.42)

~ 3+ & tanh[é@l], (4.43)
Sh;; = Sh,, = [(@3)*1 — (®,sinh @1)1]1 (4.44)
and ~ 61+ ®3. (4.45)

We note that even though there are four Sherwood numbers, there are only two
distinct matrix functions to be computed. Further, as in the case of single layered
monolith, the Cayley-Hamilton theorem may be used to compute these functions
or their approximations. For example, we can approximate EFq. 4.44 to Eq. 4.45,
so that it becomes much simpler to compute cross-coupled Sherwood matrices.
Fig. 4.2 shows a comparison of the exact cross-coupled Sherwood number and its
approximation, solid red line is the result of approximated solution (Fq. 4.45) and
dotted blue line is the result of exact expression (Eq. 4.44), we can see that the
approximation is excellent while simplifying the computations (avoiding the com-

putation of matrix functions for §Ei1 and éTlel). Similarly, Fig. 4.2 shows a com-
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parison between approximate internal/external Sherwood number and the exact
expression. The dotted yellow line is the result of the approximation (Eq. 4.43) and
solid green line is the result of exact expression (EFq. 4.42). For other washcoat

geometries the various Sherwood matrices may be approximated by

Sh; = Shiisl + ®; tanh[A*®1], (4.46)
Shi, = ShieI+® (4.47)
Sh, = Shewl+®2 (4.48)
Sh,y = Sheisol + ®; tanh[A*®1] (4.49)
and Shyy = Shigsol +®, tanh[A*®,)] (4.50)

where A* ~ (0.2 with a thin washcoat layer.

In the above expressions, the first term represents the asymptotic value while
the second term represents the Thiele matrix dependence. We list in T'able C.1 the
constants appearing in these expressions for some common geometries of layer
1[37]. As stated earlier, in addition to these four Sherwood numbers for layer 1
and one Sherwood number for layer 2 (Sh;,), the external Sherwood number Sh.
depends on the geometry of the flow channel, velocity profile and local flow con-
ditions. For example, for the case of a circular flow geometry, the asymptotic ex-
ternal Sherwood number (based on channel hydraulic diameter) 4.364 for parabolic
velocity profile. For other geometric shapes and flow conditions, the asymptotic
Sherwood number may be found in the literature [see for example, Balakotaiah [1],
Gundlapally and Balakotaiah [5], Tu et al., [19]]. Also, as discussed in these stud-
ies, for irregular channel geometries with a flow geometry that is close to a circle
and thin washcoat layers (e.g., rounded square), the various Sherwood numbers
can be approximated by that of circular flow geometry with thin washcoat layers

(see also Appendix B for the details).
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exhange Sherwood numbers
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To summarize, the reduced order Thiele matrix based approach for dual lay-
ered monolith reactors replaces the problem of solving the washcoat diffusion and
reaction in the layers by that of computing some matrix functions and solving the
local linear equations for the species interfacial fluxes. As in the case of single
layer, the two main appealing features of this method compared to direct numeri-
cal solution of the 1+1D model are: (i) physical insight provided by examining the
eigenvalues of ®2 on the time scales and/or stiffness of the local diffusion-reaction
problem in layer k, and (ii) speed-up of the transient simulations by a factor that is
approximately equal to the square root of the largest eigenvalue (in magnitude) of

£33

4.3 Accuracy of reduced order model

In this section, we provide an example illustrating the Thiele matrix approach
for treating the dual layer washcoat diffusion problem. We also compare the ac-
curacy of the reduced order Thiele matrix based calculation with that of detailed
model with various mesh sizes as well as the method based only on the asymptotic
values (for the various Sherwood numbers) or completely neglecting washcoat dif-
fusion effects. In the example below, we assume that the reacting gases are diluted
in argon, the gas phase diffusivity matrix, D, € RV*" is a diagonal matrix with the
j'" diagonal element D, ; representing the diffusivity of the ;' species in argon. To
compute the diffusivity as a function of temperature, binary diffusion coefficients
were calculated by using the Fuller correlation based on species atomic diffusion
volumes [18] and varying with the temperature. The effective diffusivity of each
species in the washcoat is estimated by assuming a diffusivity ratio, A (= D;/D.),
of 100. This A-value corresponds to the effective diffusivity (assuming Knudsen
regime) in the porous catalyst with pore radius of ca. 5 nm which is typical for -
alumina washcoat (porosity ¢, = 0.4, density p,,. = 1700 kg/m?, surface area S, =

100 m?/g,,., and tortuosity = = 1.5 [21]). Hence, the washcoat effective diffusivity
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matrix (D.) is also a diagonal matrix with the diagonal elements (D, ;) representing
diffusivity of the j*" species,

D1 j = Deo; = Dy,;/100,

Table 4.3 shows the temperature dependent parameters used in this simulation,
the values of various other parameters used in the simulations are listed in T'able
5.1,

4.3.1 Reaction mechanism of SCR and LNT catalyst

As stated earlier, the kinetic model used in this study is taken from the work
of Shakya et al., [21] and Metkar et al., [38]. Here, we only summarize the SCR
and LNT reaction scheme and refer to [21] for more details. The SCR reactions
considered in this study are listed in T'able 4.5, the LNT reactions considered in
this study are listed in T'able 4.6, for other constant parameter values and inlet
conditions used are listed in Table 4.7. [Remark: The S1 in the SCR chemistry
denotes the ammonia adsorption/reaction sites in the Cu-chabazite catalyst layer
while the s and f letters denote the slow and fast storage Ba sites in the LNT layer.
In this model, there is no storage on the Pt sites of the LNT layer, though the Pt
loading impacts the kinetics of the NO oxidation reaction]. Catalyst compositions
can be found in T'able 4.8.

Before we present results, it should be mentioned that for these reaction net-
works, the number of gas phase species that are reactants in the SCR layer are
five,i.e. NO, NO,, O, NHz and NH,NOs (as H,O, Ny and N,O are only products
and their concentrations do not enter any kinetic expression). Thus, the Thiele
(and Sherwood) matrices are of order five for this layer. Similarly, for the LNT layer,
the Thiele (and Sherwood) matrices are of order three during storage and five dur-
ing storage and reduction (cycling). [The Appendix B lists numerical values of the

Thiele and Sherwood matrices for some typical cases during the simulations].
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4.3.2 Results

We first reproduce the results of the storage experiment of Shakya el at., [21].
Fig. 4.3 shows a comparison of the results computed by various models, namely
the detailed 1+1D model (with 30 mesh points in the axial and 10 mesh points
in transverse directions) and the various reduced order models (with same num-
ber of axial mesh points but approximation of the washcoat diffusion problem) at
300°C. In Fig. 4.3, the dashed pink and green lines are results of Thiele matrix
approximation of NO and NO, exit concentrations, respectively. The dash-dotted
purple and light blue lines are results of asymptotic approximation of NO and NO,
exit concentrations, respectively. The solid red and blue lines are results of the
detailed 1+1D model with 10 (uniformly spaced) mesh points in the washcoat layer
(2 interior mesh points in the SCR layer, 5 interior mesh points in LNT and one
mesh point at each boundary, see Appendix B for further details). We observe that
there is a gap between the Thiele matrix solution and others in both NO and NO,
computed effluent profiles. First, it would appear that the Thiele matrix solution is
not accurate. However, we also note that at 300 °C, the reactions in the LNT layer
are strongly influenced by washcoat diffusion, and hence the asymptotic solution
is not valid (as the largest eigenvalue of Thiele matrix ®2 is much larger than 1).
Even though detailed model takes 10 mesh points in the washcoat layer, the num-
ber of mesh points is actually not sufficient to obtain an accurate (and mesh size
independent) solution of the detailed model. In this case, the detailed model takes
567 s, the Thiele matrix approach takes 2.3 s and the asymptotic approximation
takes 0.8 s. Our reduced order model is approximately 246 times faster than the
detailed 1+1D model.

In the next section, we discuss the mesh size dependency of the detailed model
using the short monolith model (as obtaining the mesh independent solution of the

full length monolith even for the isothermal case requires considerable effort, of
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Figure 4.3: Comparison of effluent NOx concentrations predicted by various ap-
proximations to washcoat diffusion during storage at 300 °C (1+1D
model results are with 10 mesh points).
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the order of several days on a desktop computer). The rest of the simulations
are run at 300°C since this is where the washcoat diffusion becomes important
[At lower temperatures, the washcoat diffusional effects are not important while at
much higher temperatures, the external mass transfer will diminish the impact of
washcoat diffusion.]. Further, since the objective is to compare the Thiele matrix
approach to the mesh size independent solution with washcoat diffusion, we do
this comparison using a short monolith model for the rest of the simulations. This
is justified as detailed in the previous section, the long monolith reactor model
(1+1D) with M mesh points in the axial direction is equivalent to a series of M
short monolith models, so instead of distributing mesh points in the axial direction,
we can save the time and use more mesh points in the transverse direction to get
the washcoat diffusion described more accurately.
4.3.3 Mesh size dependency of detailed Short Monolith model

Fig. 4.4 shows the comparisons of the solutions of the detailed model with dif-
ferent number of mesh points in the washcoat. The lines of NO results, from top to
the bottom show the exit concentration of NO with 6 mesh points, 10 mesh points,
30 mesh points, 100 mesh points and 200 mesh points in the washcoat layer (In all
cases, the mesh is uniform]. We note that with the increase in the number of mesh
points, the NO conversion also increases, until the number of mesh points reaches
about 100. The results of 100 and 200 mesh points almost overlap. A similar trend
can also be observed in NO, effluent profiles. [Again, it should be pointed out
that most simulations of single or dual layered monolith reactors do not take this
many mesh points to obtain mesh size independent solution and this computation
of mesh size independent solution is done more easily for the short monolith model
than the long channel model]. We also note that according to our calculation re-
sults, in this specific example, the largest eigenvalue (in magnitude) of ®3 changes

from 102 to 10* during this calculation (see Appendix B for further details). Fig. 4.4
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validates that the approximate number of mesh points beyond which the solution
becomes mesh independent is approximately equal to (or higher than) the square
root of the largest eigenvalue (in magnitude) of ®2, as can be expected from the
general theory of multi-component diffusion-reaction in the washcoat, see ?. [Re-
mark: In this specific application, washcoat diffusional impact is higher in the LNT
layer as the reaction time scales in the SCR layer are much larger than those in
the LNT layer. In other applications, washcoat diffusional effect can be important
in either layer or both].

We also record the computation times for each case (Desktop Computer: Intel
Core i7-8700 CPU, installed RAM: 16GB): 6 mesh points in washcoat: 13.5s, 10
mesh points in washcoat: 23.0 s, 15 mesh points in washcoat: 55.1 s, 30 mesh
points in washcoat: 162.8 s, 100 mesh points in washcoat: 452.7 s, 200 mesh
points in washcoat: 1192.0 s. The main observation here is that the computation
time increases more than linearly with the number of mesh points.

4.3.4 Comparison of detailed and reduced order model results

According to Fig. 4.4, exit NO and NO, concentrations basically remain the
same after increasing the number of mesh points to 100. Thus, in this section we
compare the results of detailed model with 100 points in the washcoat layer with
the reduced order model with the Thiele matrix based Sherwood numbers as well
as with constant (asymptotic) internal Sherwood numbers.

Fig. 4.5 and 4.6 show the comparison between asymptotic approximation,
Thiele matrix solution and detailed solution with 100 mesh points in the washcoat
layer. Fig. 4.5 shows the result of exit NO concentration while Fig. 4.6 shows the
result of exit NO, concentration.

In Fig. 4.5, the NO result of the Thiele matrix solution which is the blue line
with ’x’ marker is almost identical with the red line which is the detailed solution.

We can also observe similar results for NO, in Fig. 4.6. The Thiele matrix solu-

80



300

200

150

Exit NO Concentration [ppm]

100

2 S
= L
= =

Exit NO, Concentration [ppm]
@
=

=s+==.6 mesh points

=====10 mesh points
30 mesh points

=====100 mesh points

=== =200 mesh points|
Time [s]
0 50 100 1;0 21.}[} 2;0 3l;0 350
T T T T 1

100

200 300
Time [s]

400

Figure 4.4: Comparison of predicted NO and NO, exit concentrations during stor-

age with different number of mesh points for the Short Monolith model.

81

500



280 ~
__ 260 s e =
g
2 240 -
=
2
- 220 -
&
=
g 200 -
=
S
180 £
-
rd
-E 160 -
=
140 -
120 1 . | == = Thiele matrix solution .
X Thiele matrix solution marker
100 w==1+1D: 100 Mesh points -
Asymptotic solution
80 'l i ' 1 =
0 100 200 300 400
Time [s]

Figure 4.5: Comparison of NO exit concentrations predicted by the reduced order
and detailed models

82



250 L] L L L] L] L] L L]

L]

=

=
T

150

Exit NO, Concentration |ppm]|
=

% Thiele Matrix solution marker -

me==1+1D: 100 mesh points
Asymptotic solution

== =Thiele Matrix solution

0 50 100 150 200 250 300 350 400 450
Time [s]

Figure 4.6: Comparison of NO, exit concentrations predicted by reduced order and
detailed models

83



tion is closer to the detailed model solution which has sufficient mesh points. This
observation also applies to the lean-rich cycling simulations. Fig. 4.7 shows the
lean-rich cycling results of different approximations. For each cycle, we run 80
seconds lean phase and 20 seconds rich phase [While the figures show the com-
parison over two cycles after a periodic steady-state is attained, the simulations
are run for a duration of about eight cycles]. The inlet conditions for the lean-rich
cycling are shown in Table 4.7. Again, the Thiele matrix solution shows higher
accuracy compared to the asymptotic solution and sufficient accuracy when com-
pared to the detailed model with sufficient number of mesh points. What should be
noted is that except the case with cycling input, Fiig. 4.4 to 4.6 only involve NOXx
storage reactions in the LNT layer, so that we have a 3 x 3 Thiele matrix in LNT
layer and reaction rate is negligible in the SCR layer. Hence, the SCR layer acts as
an inert diffusion layer and Sh;;, §R~1, §161 and Sh;;on depends on the asymptotic
Sherwood number. While in the case with cycling input condition, both LNT and
SCR layers become active with NOx storage, regeneration and reduction steps,
®2 is a 5 x 5 matrix which involves the species NO, NO,, O,, H, and N Hj; ®? is
also a 5 x 5 matrix that includes N H,N O3 but excludes H,. The asymptotic solution
also shows good approximation because in this specific example, the reactions are
not fast in the SCR layer [This may also be due to lower temperature selected or
smaller value used for the thickness of the SCR layer]. Asymptotic approximation
can perform very bad when washcoat diffusion control is the dominant regime or

when the washcoat diffusion limitation is very strong. To clarify this, we show two

more cases at 370 °C and higher space velocity ((u)=4.9 X (527 ) X (a_;xécf m/s)
with only storage reactions in the LNT layer since LNT layer contains fast kinetics.
Fig. 4.8 and 4.9 are the comparison of 1+1D model and reduced order model re-
sults in a short monolith reactor. Solid purple and light blue lines are results of

ignoring washcoat diffusion limitation and asymptotic solution, respectively. It can
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be observed that these two lines are far from the middle lines. Dashed pink, dot-
ted yellow, dash-dotted green, solid red and dashed blue lines are the results of
1+1D model with 20, 30, 60, 100 and 200 mesh points in the LNT layer, respec-
tively. The Thiele matrix result is denoted by the solid black line. As the number
of mesh points increases. the 1+1D solution comes closer to the Thiele matrix
solution and as mentioned before, the largest eigenvalue of Thiele matrix ®3 is
about 4x10*. Compared to the Thiele matrix solution, both ignoring the washcoat
diffusion limitation and asymptotic solution give about 30% to 40% error. Fig. 4.10
shows a comparison of different reduced order models with a lower diffusivities
D.(D.; = D;;/1000). In this case, the largest eigenvalue of the Thiele matrix &3
increases by another factor of 10 which means the diffusion in the washcoat layer
become stronger and the concentration gradient is even larger than previous case.
Asymptotic solution which is the solid green line and ignoring washcoat diffusion
which is the dashed blue line in Fig. 4.10 give more than 80% error compared
to the Thiele matrix solution. Asymptotic solution performs bad because of the
lower estimation of concentration gradient which leads to a smaller mass transfer
coefficient.

The computation time for each solution in Fig. 4.5 to 4.7 is: Asymptotic solution
with steady state input : 0.67 s, Thiele matrix solution with steady state input: 2.5
s, asymptotic solution with lean rich cycling input: 5.4 s, Thiele matrix solution with
lean rich cycling input: 16.0 s. Detailed model (100 mesh points) with lean rich
cycling input: 11388 s. Thus, the computation time of Thiele matrix is lower by
about a factor 700 compared to the detailed model with 100 mesh points in both
steady state and cycling input case.

These comparisons may be used to obtain an estimate of the simulation time
for the reduced order model using the Thiele matrix approach versus obtaining

mesh independent solution of the full length (long channel) detailed model. For ex-
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ample, if 100 mesh points are also used in the axial direction, then the simulation
time for both increases by factor 100 (while the speed-up factor remains approxi-
mately the same if memory requirements are not a problem), which indicates that
the computations for the detailed model cannot be done in real time using a desk-
top computer. We expect the speed up factor to increase further with increase in
temperature and/or more complex micro-kinetic models containing much shorter

adsorption/desorption or reaction time scales.

4.4 Conclusions and Discussion

In this chapter, we present a reduced order model for real time simulations
of dual layered monolith reactors. As stated in the introduction, it is a common
practice in the literature to use detailed and/or micro-kinetic models to describe
the various reactions occurring in the washcoat layers. However, an accurate as-
sessment of the washcoat diffusional effects with such detailed kinetic models also
requires extremely fine mesh (within the washcoat layer) and the number of mesh
points (at which the computed solution becomes independent of the mesh size)
depends on the characteristic time scales associated with the kinetic model or the
washcoat Thiele modulus based on the largest eigenvalue of the Jacobian matrix
of the local species formation rate vector. For example, a typical value for species
effective diffusivity in a washcoat layer is of the order 107%m?/s, while adsorption
and/or reaction time scales could be as small as 10~%s, which leads to an asso-
ciated length scale of 0.1 um (based on Thiele modulus of unity). This leads to a
washcoat Thiele modulus of 300 for a layer of thickness of 30 um and requiring
as many mesh points (or higher) for an accurate solution. In our view, most litera-
ture studies that use detailed or micro-kinetic models either do not take such fine
mesh or do not verify the mesh size independence of the computed solutions, and
if verified, real time simulations of such systems may be impractical. The approach

presented here can speed up calculations by orders of magnitude while retaining
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the accuracy of the computed solutions. We have illustrated the method for the
case of a dual layered LNT+SCR system with 8 reactions in the SCR layer and
11 reactions in the LNT layer. Obviously, the power of the method is enhanced
in systems with more reactions and/or much smaller chemistry time scales in one
of the catalyst layers and/or at higher temperatures. Actually, it may be shown
that for the case of first principles based micro-kinetic models (instead of global or
empirical or pseudo micro-kinetic models), the Thiele matrix method is even more
powerful because the Thiele matrix becomes diagonal, so that the speed of Thiele
matrix approach is same as the asymptotic solution but much more accurate than
the asymptotic solution. The details of the computations are discussed in next

chapter.

91



Table 4.1: Effective diffusion lengths, asymptotic internal Sherwood number and
Ax for some common channel and washcoat shapes

Channel Shape

Rq,

590

Shis and A*

b-a

Shisc =3 and A* =0.18

R./2

(RS — R1)/ (2R)

Ro/Ry  Shiw  A*
1.01  3.0125 0.20
11 3.153 0.19
12 3311 0.18

R/2

(4a®> — TR?)/ (27 R)

a/R  Shiw A*
1 0.826 045
1.836 0.46
2.533 0.31

— —
N =

R/2

(vV/3a? — mR?)/ (27R)

a/R  Shiw A*
17321 0.84 0.42
1.9245 145 0.53
24744 292 0.31

2a

(4a® —4r24r?)

(4% —4a?+-4r% —mr?)

(27r+-8a—8r)

(27r+8a—8r)

b/a blr Shjss, A*
111 5 265 0.21
1.25 10 3.09 0.20

R/2

(3v/3a% — 27 R?)/ (47R)

a/R  Shiw A*

1155 0.814 0.50
117 116 0.76
12 174 054

Where washcoat and flow area are designated as shown below:

Washcoat
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Table 4.2: Effective diffusion lengths, asymptotic internal Sherwood and cross-
Sherwood numbers for some common washcoat shapes

Channel Shape S = Pj“‘f;ﬂ Shos
) Shzoo Shzoo Sheoo Sheoo
b 3 6 3 6

b/(l Shzoo Shloo Sheoo Sheoo

(b—a) 1.01 3.00 597 3.00 6.03
11 3.00 573 3.00 6.30
1.2 3.01 551 3.01 6.61

b27a27(171)(r277,2) g Eal = %2 Shzoo Shzoo Sheoo Sheoo

S| 11 027 29 59 30 6
* 1.1 0.5 29 5.9 3.0 6.3

Table 4.3: Temperature dependent parameters used in the simulation

Constant | Value/Expression
2

(u) 4.9 %107 x (g255) ¥ (Rr’;deJ m/s
Cr 8.31i)ZQT mol/ m*

D¢ no 1.13 x 1079 x 717148 mg/s

Dy no, 0.91 x 1079 xTT7% )2/

Df702 1.13 x ]_0_9 % T'1-7019 mz/s

D; m, 583 x 109 x 716725 mz/s

D¢ nu, 1.62 x 1079 x7'17033 mz/s

D¢ niyNoy | 0.75 % 10-9 x L7033 mz/s
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Table 4.4: Numerical constants and parameters used in model simulation

Constant | Value

a 1.1mm

Rq 250 x 10~ %m
501(501;;) 10 x 10 %m
502(LNT) 20 x 107 °m
L 2x1072m
€wl(SCR) 0.4

Cw2(LNT) 0.4

Table 4.5: Reaction scheme used in the Shakya et al. model for the SCR layer
No. | SCR Reaction

2NHjz — S14 1.505(g) <> 3H20(g) + 251

NO(g) +0.505(g) < NOy(g)

ANH;z — S1+4NO(g) + Os(g) — 4Ns(g) + 6H>0(g) + 451
2NH;z — 51+ NO(g) + NOs(g9) — 2N»(g) 4+ 3H>0(g) + 251
2NH;s — S14+ NOs(g) — Na(g) + NHiNOs(g) + H20(g) +251
NH4NO3(g9) — N2O(g) + 2H0(g)

O N[O O | W[N] =~

Table 4.6: Reaction scheme used in the Shakya et al. model for the LNT layer
No. | LNT Reaction

NO(g) 4+ 0.50,(g) < NOy(g)

2NO;(g) +0.504(g) + BaOy) < Ba (NOs), s

3NOs(g) + BaO(s) < Ba(NOs)y) + NO(g)

Ba (NOs), ;) — 2NO(g) +1.502(g) + BaOyy)

Ba (NO3)2(f) + Hy(g9) — 2NO(g) + 3H,0(g) + B(ZO(f)

Ba (NOj3)ys) + Ha(9) — 2NO(g) + 3H0(g) + BaOs)

Ba (NO3)y ;) + 10/3NHz(g) — 8/3Na(g) + 5H:0(g) + BaOy)
Ba (NO3)y) + 10/3NH3(g) — 8/3Na(g) + 5H20(g) + BaO(s
2NO(g) + Ha(g) — N20O(9)

NO(g) +5/2H5(g) — NHs(g) + H0(9)

3/2NO(g) + NHj(g) — 5/4N(g) +3/2H>0(g)

23| of N o af B w| o=
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Table 4.7:

Simulation conditions

Variable | Lean Inlet | Rich Inlet
T 300°C

Xo 500 ppm |0

Xivo, |0 0

X;?Oz 5% 0

X', 0 5000 ppm
Xivi, |0 0
Xinmnos | 0 0

Crao(f) 75 mol/ m3wc

CBao(s) 250 mol/ m3wc

Cht 14.9 mol/ m?wc

Cs 4000 mol/ m3wc

Table 4.8: Catalyst properties

Catalyst | Components | Composition(%wt of washcoat)
LNT Pt/BaO/Al,O3 | 2.48% Pt (dispersion = 8%); 13.0% BaO
SCR Cu-chabazite | 2.5% Cu
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Chapter 5
Reduced order model for real time simulation of mono-
lith reactor with micro-kinetics

5.1 Introduction

In chapter 2, we presented a novel method for computing washcoat diffusional
effects in reduced order models with local property dependent internal and ex-
ternal transfer coefficients. The method includes washcoat diffusional effects by
computing the internal Sherwood matrix which depends on the local Thiele ma-
trix, defined in terms of the Jacobian of the rate vector at the local concentrations.
In this chapter, we extend Thiele matrix approach further to include more detailed
micro-kinetics. Micro-kinetics models have also been studied by many researchers
for different catalysts, dating back to 1998, Nibbelke et al., [24] proposed a mircro-
kinetics model for CO oxidation over platinum catalyst in a monolith reactor, the
model consists of species balance equations in the gas phase and catalyst site
balance equations on the surface. Diffusion limitations were neglected in radial di-
rection, convection is also dominant than diffusion in the axial direction. This model
was later used by Harmsen et al., [25] in his micro-kinetics study of acetylene and
CO oxidation over a Pt/Rh/CeO,/v-Al,O3 catalyst. In 2004, Koci et al., [26] used a
spatially pseudo-dimensional, heterogeneous model to study the micro-kinetics of
three-way catalysts. The model Koci et al. used is a so-called 1+1 model which
consists of a two-form mass balance equation in the gas phase, a mass balance
equation in the washcoat with a detailed washcoat pore diffusion term and cata-
lyst site balance for absorbed species, the model also includes enthalpy balance
in gas and washcoat layer. In 2011, Rankovic et al., [27] studied the micro-kinetics
model of oxidation of CO/H, mixture over Pt/Al,O5; and Rh/Al,O5; with more than a

hundred reaction steps, they simplified the model as a stirred reactor model which
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is like a short monolith model and ignored the mass transfer limitation in the radial
direction. Recently, Keller et al., [28] and Stotz et al., [29] studied surface reaction
of methane oxidation over PdO catalyst using a steady state micro-kinetics model
with detailed species, energy and momentum balance equations. We found that
the models in the literature either ignore the washcoat diffusion limitation term or
include the internal diffusion effect but do not show mesh size dependency on the
model accuracy.

To summarize, it is our view that most literature studies that use micro-kinetics
models either ignore the washcoat diffusional effects or do not show the mesh size
independency of the computed solutions. As is well known, kinetic parameters that
are derived from a mesh size dependent model are diffusion disguised. Our expe-
rience indicates that due to the short time and length scales associated with the
micro-kinetics models, the computation of the mesh size independent solutions of
the monolith models requires a large number of mesh points within the washcoat
and is demanding in terms of time and memory requirements. In this work, we
show that the discretized model describes the washcoat diffusional effects accu-
rately only when the number of mesh points in washcoat layer is about equal to the
square root of the magnitude of the largest eigenvalue of the Thiele matrix ®2. We
present a multi-mode reduced order model that eliminates the degrees of freedom
associated with species diffusion in the washcoat using the internal mass trans-
fer coefficient matrix. This matrix is shown to be diagonal for most micro-kinetics
models of practical interest and can be calculated very accurately. We compare the
speed and accuracy of the reduced order model solution with the detailed model
and show that Thiele matrix solution is not only closer to detailed model which
has sufficient mesh points but can speed up calculations by about three orders of
magnitude.

This chapter is organized as follows: in the next section, we review the detailed
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Figure 5.1: Schematic of a monolith channel with a single washcoat layer

(1+1D) diffusion—convection—reaction model for a catalytic monolith reactor with
single washcoat layers and present the reduced order model equations. We also
discuss the detailed steps involved in the computation of the local property depen-
dent mass transfer coefficient matrices. In section 3, we illustrate the application of
the reduced order model with a specific example of H,/CO/C3Hg oxidation Pt/Al;O5.
We illustrate the results of mesh size dependency and comparisons between the
detailed solution and reduced order model solution. In the last section, we sum-

marize the main contributions of this work and discuss some possible extensions.

5.2 Mathematical Modeling

In the following sections, we present the model equations for the standard 1+1D
model and a traditional two-mode form of reduced-order model. This is followed
by a review of the Thiele matrix approach and then our procedure for extending
it to the case of micro-kinetics. Since our goal is to explain the main concepts
using the simplest geometry (i.e., parallel plate channel: Fig. 5.1) we present the
various formulas and results for this case, and indicate only briefly extension to

other geometries.
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5.2.1 Detailed(1+1D) washcoat diffusion model
For the traditional 1+1D model, the gas phase and washcoat species balances

and are given by the vector equations

aCfm 8Cfm kme
5t + (u) pe R (Ctm—Cs); >0,t>0 (5.1)
IC e 9?Cye
and ¢, % ry(Cuc, 0) + D. 052 0 <y <., (5.2)

while the species coverage vector on the catalytic sites is given by

06,
CMW = I‘S(ch, Hw) (53)

Since the wall is assumed to be non-porous, the species fluxes at the wall-washcoat

interface vanish, i.e.,
8ch
dy

~0. (5.4)

y=dec
The continuity of the species fluxes at the fluid-washcoat interface leads to the

interfacial boundary condition:

acwc

o = k —C,)=-D
Jfw me(Cfm Cs) e ay

; Cs = ch|

y=0

(5.5)

y=0"

In these equations, bold symbols are used to represent matrices and vectors. We
choose to write the model equations in terms of species concentrations, though
in after-treatment applications, it may be convenient to express them in terms of
species mole fractions. Here, the column vectors, C;,, and C,. € R”, represent
the cup-mixing concentration in the fluid phase and the species concentration vec-
tor in the washcoat, respectively; R represents the hydraulic radius of the monolith
channel, (u) is the average velocity in the channel, the column vector C, € R” is

the species concentration vector at the fluid-washcoat interface and k,,. is the ma-
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trix of external mass transfer coefficients defined by the first equality of Eq. 5.5.
In Eq. 5.3, C) is the total concentration of the catalytic sites and the j-th com-
ponent of r,(C,., 8,,) represents the net rate of formation of surface species ; at
a particular position in the washcoat. Similarly, the i-th component of r,(C,., 8,,)
represents the net rate of formation of gas phase species i at a particular position
within the washcoat. In writing the balance equations for the gas phase species,
it is assumed that the micro-kinetic model is such that any species can react with
vacant or adsorbed species on the catalyst surface (or no direct reaction between
gas phase species), which is valid for Langmuir-Hinshelwood and Eley-Rideal type
kinetics. Similarly, in writing the surface species balance, it is assumed that all
surface species have zero diffusivity.

We note that the number of independent components in the coverage vector
is equal to the number of surface species. [The fraction of vacant sites can be
obtained by using the fact that the sum of all coverages is unity]. In Eq. 5.2, ¢, is
the porosity of the washcoat, N is the total number of reacting gaseous species
and the vector j;, represents the species fluxes at the fluid-washcoat interface.
The parameter ¢. is the effective thickness of the washcoat, D. is assumed to be a
diagonal matrix of effective (Knudsen) diffusivities of various species in the wash-
coat. In most after-treatment applications, the external mass transfer coefficient
matrix is assumed to be diagonal as the reactive species concentrations are small
compared to the major inert species (which is usually nitrogen).

The inlet and initial conditions for the above model are of the form

Inlet.C. : Cfm(O,t) = Cf,m(t) (56)
and Initial.C. : Cy,,(2,0) = CY%,,.(7) ; Cue(r,y,0) = C% (2,y); 0u(7,y,0) = 6°(z,y).
(5.7)

We shall refer to the isothermal model defined by F¢s. 5.1-5.7 as the long channel
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model. We note that the total number of (partial differential) equations in this model
is 2N + N,, where N is the number of reacting gaseous species and N, is the
number of surface species. If washcoat diffusion is completely ignored (and C,,.

and 6, are assumed to be dependent only on x and ¢, Fq. 5.2 simplifies to

Bch kme
A, — rg<cha Hw) + 5

(Crm — Cue) - (5.8)

€w

ot

Eq.5.1with (C, = C,.), Eq. 5.8 and . Eq. 5.3 define the two-phase plug flow model.
This model is described by (2N + N,) hyperbolic partial differential equations in x
and ¢.

If the upwind method is used to discretize the convective derivative in the gas
phase species balance, the long channel model becomes a sequence of Short
Monolith (SM) models (analogous to the so-called cell or tanks-in-series model for

the homogeneous case):

acm Cm,’— -C m,J kme .
8ft = <'LL> ( frm.g 1A.ZL" ! ]) - RQ (Cfm,j - CS,])7 J = 17 27 ) Mvg)
aCjwc j 82C}wc j
€w ot L= rg(ch,ja 0w7j) + D. y? . (5.10)
and CMB%;J = 1,(Cuej0uj), (5.11)

where N, is the number of cells (or N, — 1 is the number of axial interior mesh
points) and Az = NL [ Note that for j = 1in Eq. 5.9, Cy,,0 = Cymin(t)]. In the ex-
treme case of a single cell (N, = 1), the spatial dependence on z is eliminated and
we get the SM model (similar to the two-phase CSTR model except for accounting

for diffusion in the washcoat layer):

kme

9C, .
Rq

5 _T(Cfm_cfm,in(t))

(Cfm - CS); t>0, (512)

101



OC e 9?Cye
Eww = rg(wa’, ew,j) + Dea—y2,0 <y < 50 (513)
0
and CM% — 1,(Cue, 0), (5.14)

with appropriate initial and boundary conditions. In this limiting case (of parabolic
model), Cy,, depends only on t while C,,. and 8,, dependent on y and ¢. As dis-
cussed in the literature [1], this model retains all the qualitative features of the full
system and is ideal for comparing the impact of washcoat diffusional effect as the
complete monolith model is represented by a sequence of SM models. Finally, we
note that when washcoat diffusion is completely ignored, the SM model reduces to
a two-phase CSTR model described by (2N + NN,) ordinary differential equations in
time.

We note that if the washcoat diffusion term in the SM model is discretized
using second order finite differences using N, mesh points (N, > 2), we obtain
[N+(N + N;)N,] ordinary differential equations in time, whereas for the long chan-
nel model this number becomes [N+(N + N,)N,]N,. Thus, the simplification of the
washcoat diffusion problem can speed up the calculations by a factor that is ap-
proximately equal to the number of mesh points needed in the washcoat to obtain
a mesh independent solution.

Length and Time Scales:

In order to determine the difficulty involved in obtaining mesh independent so-
lution of the full 1+1D model with micro-kinetics, it is instructive to examine the
various length and time scales represented in the model. The time scales asso-
ciated with convection (7), external mass transfer (¢,,;) and washcoat diffusion or
internal mass transfer (¢p;) are defined by
L. _ Rg _ %

;o tmg = . tp; = ==, (5.15)
(wy "™ D,; Y D
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where Rg, (d.) is the channel hydraulic radius (effective washcoat thickness), and
D,, ; (D.,;) is the diffusivity of species j in the gas phase (effective diffusivity in the
washcoat). In most after-treatment applications, the space time r is in the range
0.01 to 1s, the external mass transfer time is in the range 0.001 to 0.01s, while
the washcoat diffusion time varies in a wider range 107° to 1s (with the smaller
value corresponding to thinner washcoats with larger pores and the larger value
corresponding to thicker washcoats with small or partially blocked pores). In ad-
dition to these transport time scales, those associated with adsorption/desorption
of the gas phase species on the catalytic sites are determined by the eigenvalues
of the Jacobian of the rate vector r,(C,., 8,,) with respect to the species concen-
trations. As shown in the next section, this Jacobian matrix is diagonal for most
micro-kinetic models of interest with typical eigenvalue (or effective first order rate
constant for species adsorption, k,;) is in the range 10° to 10°s~*, or the associated
time scale (t,; = 1/ks;) is in the range 107° to 10~%s. [Remark: The lower bound
corresponds to higher concentration of catalytic sites and a high value for sticking
coefficient while the higher value is for the opposite case]. In addition to these N
time scales, we also have N, time scales associated with the reactions between
surface species determined by the eigenvalues of the Jacobian of the rate vector
r;(Cue, 0,,) with respect to the coverage vector 6, (and the total concentration of
catalytic sites in the washcoat). If the adsorbed species diffusivity is assumed to be
zero then these surface reaction time scales only determine the system stiffness
in time. In contrast, the stiffness in the spatial coordinate y (or washcoat depth)
is determined by the Thiele modulus (squared) based on the effective adsorption

rate constant defined by

¢2 ajc Dj
. = = —_— 5. 1 6
“J De,j taj ( )

[Equivalently, the length scale associated with species adsorption is ,/%}. We

note that for most micro-kinetic models of interest, this parameter is in the range
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10* to 10®, which indicates that a large number of mesh points N, (of the order of
102 to 10*) are required to obtain mesh independent solution of the detailed model.
This is illustrated in the numerical calculations presented in the next section.
5.2.2 Reduced-order model

To obtain the reduced order model, we average Eq¢s. 5.2 and 5.3 over the depth

of the washcoat, leading to

6c
0 (Cye) 1 D, 0C,.
w = — Cuc, 04)dy — — 5.17
bt 5c/rg< &y =, A (5:17)
0
7 '
and = - /rg(ch,Ow)dy—‘]gw, (5.18)
C 0 C
where the washcoat averaged quantities are defined by
7 | F
(Co) = & / Cucly )y {0) = + / 0.0y, £)dy. (5.19)
¢ 0 ¢ 0
Now,
7
<rg(ch,0w)> = 5_ /rg(cwcaew)dy- (520)
0

Expanding the integrand around the average values,

or,
aCju)c

Ory

I‘g(Cwm 0w> = rg(<CwC> ) <0w>>+ +89w

(Cuwe—{(Cue)) (0,—(0.,))+higher order terms,
(5.21)
where the Jacobian matrices in Eq. 5.21 are evaluated at (C,,.) and (8,,). Substi-

tuting this in Fq. 5.20 and simplification gives

(rg(Cue, 0y)) =14((Cuc) , (B)) + 0+ 0+ higher order terms. (5.22)
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Thus, to leading order, the average value of r, is same as r, evaluated at the

average values (C,,.) and (6,,) . Now the Eq. (5.18) becomes

d <Cw6> _ jfw
w— gyt = To((Cue)  (80) — T~
Similarly, averaging of Fq. 5.3 gives
9(6u)
C(M 025 - rs(<ch> ) <0w>>

From the definition of internal mass transfer coefficient matrix, we have

jfw = kme (Cfm - Cs) = kmz (Cs - <ch>> .

(5.23)

(5.24)

(5.25)

Thus, Eq¢s. 5.1, 5.23, 5.24 and 5.25 define the averaged model. After eliminating

the interfacial concentration vector C,, we get

Cy = (ke + ki) KineCrm + kimi (Cue))

k.. = k,.+k

and jfw == kmo(cfm - <C'LUC>)

Thus, the averaged model may be expressed as

acfm a(jfm . _kmo _
82& —+ <U> 893 = RQ (Cfm <ch>) ’
0{(Cye Koo
WIS = (Cu) (02 + 522 (Cp
and CM% = (Cue) , (80)),
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while the averaged inlet and initial conditions are given by

Crmn(0,t) = Crin(t) s (Cue) (w,0) = (Coe()) 5 (Bu) (2,0) = (O (x))

The most appealing feature of the averaged model is that the total number of equa-
tions for isothermal case is same as that when washcoat diffusion is completely
neglected, i.e. 2N + Ny, where N is the number of gas phase species, N; is the
number of surface species. However, the averaged model includes washcoat dif-
fusional effects through the dependence of the internal mass transfer coefficient
matrix k,,; on the washcoat properties, species local concentrations and cover-
ages. A very important observation is that this matrix is diagonal and the diagonal
elements (internal mass transfer coefficients) can be computed exactly when the
net rate of adsorption of any gas phase species onto the catalytic sites does not
depend on the concentrations of other gas phase species (which is a good as-
sumption that applies to most micro-kinetic models). For example, the Jacobian
matrix for the micro-kinetic model of CO oxidation (described in the next section

with reaction steps are R1-R5 in T'able 5.3) is given by

8RCO,7L€t aRCO,net aRCO,net

0Xco 3X002 aXoQ
J(X X X — ORcoynet  ORcoOynet  ORCO, net ) 5.32
( CO, ACO2> O2> 0Xco 0Xco, 9Xo, ( )
8R()2,net 8R()2,net 8R()2¢n6t
aXco aXcoz aXOQ

where the net rates of the species adsorption are given by

Rconet = —kco adsXcolpt + kco destco, (5.33)
Rcosnet = —kcos_adsXco,0pt + kco,_desOco, (5.34)
and Ro,net = —koy_adsX0,0pt + ko,_des00, - (5.39)
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Since the net rate of each species depends only on that species fraction, the Ja-

cobian matrix becomes diagonal:

- kCO_adsePt 0 0
J(Xco, Xco,, Xo0,) = 0 k0, adsOpt 0 . (5.36)
0 0 _ka_adsePt

Hence, the Thiele matrix also becomes diagonal and the computation of the in-
ternal mass transfer coefficient for each gas phase species is decoupled from the
other species. [Remarks:(a) If the k,,. is diagonal and k,,; is diagonal, k,,, is also
diagonal (b) k,,; is diagonal for Langmuir-Hinshelwood and Eley-Rideal kinetics].
A second important observation is that when the net rate of adsorption of any
gas phase species j is linear in the mole fraction (or concentration), the internal
mass transfer coefficient (or Sherwood number) can be computed exactly and is

given by
1 1 1 w2 5_zaRj,net

o - kcjéc
Sh; ~ ®jtanh®; ®*' 7 D.; 0X; '

D

,Shj =

e?j
Before closing this section, we present the reduced order model for the non-isothermal
case and in a form that is more convenient for computations, using only species

mole fractions:

0X fm ). Koo

S () S = 2 (X — (X)) (5:37)
W I (X 10, ) + 22 (X — (X)),

P = e () (0,72, (538)

Pprf%WLW)PfCPf% = R%(Ts—Tf);h:%jf (5.39)

and 5wpw0pw% - 5wkw%+h(ﬂc T,) (5.40)
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+5crg(<ch> ; <0w> 7T8)T (_AHQ) (541)

+6ers(Xue) , (00), To)T (—AH,) .

Here, T} is the fluid (cup-mixing) temperature, p, and C'p; are the density and
specific heat capacity of the fluid phase, T is the solid temperature and ¢,, repre-
sents the effective wall thickness (defined as 4, = 0, + §., where §, is the effec-
tive half-thickness of the wall and §. is the effective thickness of the washcoat.) ,
P, and Cp, are the effective density and specific heat capacity of the washcoat,
respectively, defined as 6,0,Cpy = 0.0.Cpc + 0sp,Cps and 0,k = d.ke + dsks,
where the subscript s and ¢ represent the support and catalyst/washcoat, respec-
tively; h in Egs. 5.39 and 5.40 represent the local heat transfer coefficient at the
fluid-washcoat interface(in both detailed and reduced order model, we use an as-
ymptotic Nu, to compute & for a rounded square channel). The last term in Eq.
5.40 represents the total heat generated by various reactions with AH; being the
enthalpy change of reaction i. The total concentration (C7) is computed using the

ideal gas law

_p
Cr = 0} (5.42)

Here, p represents the total gas pressure, assumed constant at 1 atm, 7} is the
fluid temperature. In most after-treatment applications, the external mass transfer
coefficient matrix is assumed to be diagonal as the reactive species concentrations
are small compared to the major inert species (which is usually nitrogen).

The inlet, initial and boundary conditions for the above model are of the form

Inlet.C. : Xfm(O,t) = Xfm,in(t> 3 Tf(O, t) = Tf@n(t), (543)

Initial.C. : Xy (2,0) = X}, (2) 5 (Xue) (2,0) = (X0.(2)); (0y) (2,0) = (60(2))

(5.44)
Initial.C. : Ty(x,0) = T{(z) ; Ts(x,0) = T} () (5.45)
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oT,
ox

T, B
(0,6) =03 ==(L.1) = 0. (5.46)

and Boundary.C. :

As discussed in the literature [19], the above model is also applicable for any chan-
nel flow geometry and washcoat shape provided appropriate values are used for
the effective diffusion lengths and the various constants appearing in the Sherwood
and Nusselt numbers. For example, the internal mass transfer coefficient matrix

for any washcoat shape can be expressed as

Sh; = ShisI + ® tanh[A*®), (5.47)

where ®? is the square of the shape normalized Thiele matrix. The two constants
Sh;s and A* for many common washcoat geometric shapes shapes can be found

in the literature [19].
5.3 Example: Micro-kinetics of CO/H,/C;H; adsorption, des-

orption and oxidation on Pt/Al,O; monolith catalysts

As our illustrative example, we consider the oxidation of CO/H,/C3Hg mixture on
a Pt/Al;O; monolith catalyst using a micro-kinetic model. The reaction mechanism
for this was taken from the work of Kota et al., [31]. Unless specified otherwise,
the constant parameter values used in the simulations are listed in T'able 5.1. The
gas phase diffusivity matrix, D; € RV*¥ is a diagonal matrix and values are shown
in T'able 5.2. The effective diffusivity of each species in the washcoat is estimated
by assuming a diffusivity ratio, A (= D;/D.), of 100 and the rate expressions are
shown in Table 5.3. The rate constant is described by the Arrhenius type expres-

sion

Eyr
kf/r = Af/r exp (— Rff/r) . (548)
g
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All the adsorption steps are considered to be non-activated with an adsorption rate

R,T\*°
CT <27TMZ)

where Sy; is the sticking coefficient of gas phase species i at zero coverage, M, is

constant of

ki = Soicw,

, (5.49)

the molecular weight of the species, C7 is the total gas phase concentration, «, is
the active platinum surface area per unit volume of washcoat and its value is taken
as 1.5x10% m?Pt/ m?® wc. The kinetic parameters and sticking coefficients used in
the simulation are listed in T'able 5.4.

In this example, we have 6 gas phase species and 14 adsorbed surface species
in total. It should be noted that even in this simple example, the simulation of the
1+1D model with 80 mesh points in the axial and 30 mesh points in the transverse
directions takes more than two weeks on a desktop computer, and the solution is
not mesh independent! The time required to obtain a mesh independent solution is
about ten to fifteen times longer (provided memory requirement is not a problem).
In contrast, the reduced order model with 80 mesh points in the axial direction only
takes around 5 mins. Therefore, we only investigate the mesh size dependency of

the computed solution using short monolith model.

Table 5.1: Numerical constants and parameters used in model simulation

Constant Value

Rq 261 x 107 °m

O 30 x 107 %m

L 5x 107°m

€w 0.41

PP, P, 1.109, 1675, 1369 kg / m3
Cp,,Cp., Cp, | 1009, 1000, 880 J/ kg/ K
kp, kg, ke 0.0386,2,1.5W/m/K
Nu, = She 4.364

Cy = Ch 40 mol/ m* wc

0%, 1

o 1.5 x 105 m?Pt/ m*® we
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Table 5.2: Temperature dependent parameters used in the second example

Constant | Value/Expression

() 6> 107" X (27?15) m/ s
Cr 8.91>1b4aer mol/ m*

Dyo, 9.24 x 10710 xT'™ m?/s
Dy, 4.7 x 1079 xTT™ m?/s
Df,HgO 1.19 x 1079 xT1™ mg/s
D¢ co 099 x 10~ 10 L7 mg/s
Dy co, 715 x 10710 x 175 m2/s
Df,CsHG 5.36 x 10710 XT1.75 m2/S

Table 5.3: Reactions and rate expression in the second example

Simulations of CO oxidation were performed using a feed of 0.55% CO and 1%

. The feed temperature is ramped from 350 K to 650 K at a ramp rate of 8

111

No. | Reaction

1 CO (g) + Pt « CO-Pt kleCoe,, - Ki0co

2 CO-Pt + O-Pt < CO,-Pt + Pt k2f Ocobo - kQTHCOZQZ,

3 COQ-Pt — C02 (g) + Pt k3f0002 - kngCO29V

4 0, (g) +Ptw O,-Pt Ks X0, 0, - Karfo,

5 | O,-Pt + Pt— 20-Pt Ks 00,0, - Ks,07,

6 CO-Pt + OH-Pt— CO,-Pt + H-Pt k6f(90090H - k@reco2¢9H

7 | H, (g) + 2Pt = 2H-P K (X0, 02 - K 0%

8 | H-Pt+ O-Pt «— OH-Pt + Pt Ks 0100 - KsrOom0,

9 | H-Pt+ OH-Pt — H,O-Pt + Pt KorOou0m - KorO0m,00,

10 | H,O-Pt < H,O (g) + Pt Kiof0r,0 - Kior Xm,00,

11 | 20H-Pt « H,O-Pt + O-Pt k11f920H - K110 1,000

12 | C3Hg (g) + Pt < C3Hg-Pt Koy Xcyme0y - Kiorfos g

13 | C4He-Pt + O-Pt  C4H,-Pt + OH-Pt Keas O, 1000 - Kus O 1, Oom
14 | C4H,-Pt + O-Pt — C4H,-Pt + OH-PY Keas 0,100 - Kuar By 1,001
15 | C3Ha-Pt + Pt < CyHy-Pt + CH-PY Kios O, 11,0 - Kioy B, Ot
16 | CoHy-Pt + 20-Pt < CO,-Pt + CHy-PEPt | Kios0c, 1,00 Kuorfco,fcm,
17 | CH3-Pt + O-Pt «— CH,-Pt + OH-Pt Ki7t0cu,00 - KirrOcm,00m
18 | CH,y-Pt + O-Pt « CH-Pt + OH-Pt Kisr0cw,00 - KisrOcrbon
19 | CH-Pt + O-Pt —~ CO-Pt + H-Pt Kigr0crbo - KigrOcolu

20 | CH-Pt + 20-Pt — CO,-Pt + H-Pt+Pt k20f‘90H‘92o - Koo 08¢0,

5.4 Results

K/min. Fig. 5.2 shows the results of CO oxidation based on reaction steps R1 to

R5. We compared 1+1D model solution with various approximations of 1D reduced




Table 5.4: Kinetic parameters for reaction rates

No. | A;(mol/ m®s) | A.(mol/ m?s) | E,.(kJ/mol) | E,(kJ/mol)
1 S¢=0.85 1.6%10% 0 136
2 8*10" 2.2*10 170 219
3 4*10"3 Sy=0.005 10 0
4 S¢=0.07 8*10" 0 102
5 4*10H1 1*10' 50 164
6 9.7*10'8 4*10"3 31 89
7 S0=0.046 | 4*10* 0 78
8 3*10"? 1.27*10% 25 63
9 7*10"2 4*10'3 20 81
10 1*10%3 Sy=0.075 43 0
11 4*10'2 4*101 48 75
12 Sy=0.8 4*10%7 0 69.7
13 4*10%3 4*101! 29 199
14 7*10' 4*10% 23 131
15 2*10' 4*10'3 78 165
16 3*10"° 4*10 56 171
17 1*10' 4*10° 70 28
18 4*10% 4*10° 52 69
19 3*10"? 4*10' 70 370

20 1.7*10% 1*10%3 42 170

order model. Fig. 5.2 shows the exit conversion of CO versus inlet temperature. In
this simulation, 30 mesh points were used in the axial direction for both the detailed
(1+1D) and reduced order model in the long channel limit. The solid red line is the
result of 1D model without the washcoat diffusion limitation effect, dashed blue line
is the 1+1 D model results with 15 mesh points in the washcoat. Dotted green line is
the result of Thiele matrix approach and dash-dotted line is the result of asymptotic
approximation. We observe that the asymptotic approximation is far away from
other lines because of the inaccurate washcoat diffusion description, this method
only valid when the reaction is slow or the washcoat layer is very thin. There are
also gaps between the light-off curves computed ignoring washcoat diffusion, 1+1D
model and Thiele matrix solution. Totally ignoring the washcoat diffusion resistance
gives a higher conversion than others because it assumes there is no washcoat

diffusion limitation and the overall mass transfer coefficient matrix k,,,, = k... Even
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though there is a gap between 1+1D model results and Thiele matrix approach, it
does not imply that the Thiele matrix approach is not accurate, on the contrary,
1+1D model actually needs a lot more mesh points inside washcoat to get the
washcoat diffusion effect described accurately according to the largest eigenvalue
of ®2 which in this example is about 105. We also note that the computation time
for 1+1D model is 2602 s, Thiele matrix approach takes 6.5 s, while the asymptotic
approximation takes 5.9 s. As stated earlier, the Thiele matrix solution is as fast as
the asymptotic approximation.

In Flig.5.3, we investigate the mesh size dependency in the transverse direc-
tion on the model accuracy. Feed composition is the same as the long channel
model. This figure shows the results of exit conversion of CO in a short monolith
model. From top to bottom, the pink solid line is the result of totally neglecting
washcoat diffusion and again this solution gives a higher conversion than others.
Other curves shown are the results of detailed model with 5, 15, 100, 200, and 400
mesh points in the washcoat. After the detailed model results, there is Thiele matrix
solution which is dashed yellow line and very close to the detailed model with 400
mesh points in the washcoat. The separation between the first three lines: from
the dash-dotted green line to the blue solid line is very significant, but after the blue
solid line, the separation becomes very small so we enlarge the corner of the figure
to better distinguish the lines. As can seen from the enlarged picture (inset), the
results of detailed model come closer to the Thiele matrix approximation and the
Thiele matrix solution is almost identical when the detailed model has 400 mesh
points. In this case, 5 or 15 mesh points are not enough to get an accurate detailed
model, we need to take at least 400 mesh points. Again, as stated in the previous
section, the number of mesh points in the transverse direction needs to be close to
the square root of largest eigenvalue in 2. One main conclusion from the results

shown is that the asymptotic solution gives about 50% error compared to the most
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detailed model. In this case, asymptotic solution takes 0.46 s to while Thiele matrix
solution takes 0.54 s and is about 10° times faster than detailed solution with 400
mesh points in the washcoat. From these comparisons, it is clear that the Thiele
matrix solution with reduced order model is very accurate with micro kinetics. This
is a great advantage because most micro-kinetic models account for a large num-
ber of reactions and species, and if the Thiele matrix is non-diagonal, there will be
substantial effort in computing matrix functions that deal with high dimensional ma-
trices. Since the Thiele matrix solution has been proved to accurately predict the
exit effluent composition in previous case and the examples in previous chapter, in
next few cases, we only compare different reduced order model approaches with a
full length monolith model.

Fig. 5.4 shows the 1D (reduced order) model results for CO/H, co-oxidation
based on reaction steps R1 to R11. Simulation inlet composition is: 0.55% CO,
0.25% H, and 6% O2. In this case, the feed temperature is ramped from 360 K to
800 K at arate of 8 K/min. Cases (a) and (b) show the exit conversion of CO and
H,, respectively. Yellow dashed line is the result of ignoring the washcoat diffusion
effect, followed is the dash-dotted blue line which is the Thiele matrix solution and
the last is the asymptotic solution. Again, ignoring the washcoat diffusion resis-
tance always accounts for a higher conversion and the asymptotic solution acts
like a lower bound because of the lower estimation of the internal mass transfer
coefficient.

Fig. 5.5 shows the 1D (reduced order) model results for CO/H,/C3Hg oxidation,
Simulation inlet composition is: 1% CO, 0.33% C3Hg, 0.33% H; and 1% O2. Feed
temperature is ramped from 450 K to 650 K at a rate of 8 K/min. (a) and (b) show
the exit conversion of each species and the solid temperature rise versus the inlet
temperature. in figure (a), from top to the bottom, the first two lines are H, conver-

sions of Thiele matrix solution and asymptotic solution, respectively. Followed two
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Figure 5.6: Inlet temperature ramp up and down for CO/H,/C3;Hg co-oxidation in a
long channel model (a) Exit conversion versus inlet temperature with
asymptotic solution (b) Solid temperature versus inlet temperature with
asymptotic solution (c) and (d) are results of Thiele matrix solution

lines are the exit CO conversions and the bottom two lines are results of exit C3Hg
conversion. We can obeserve a same trend as Fig. 5.4, the asymptotic solution
gives a lower conversion and in figure (b) we notice that the heat release in the
washcoat of asymptotic solution is also lower than the Thiele matrix solution.

Fig. 5.6 is the simulation results of hysteresis study of CO/H,/CsHg co-oxidation

in a long channel model. simulation inlet composition is: 1% CO, 0.33% C3Hg,
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0.33% H; and 1% O2. Inlet temperature is ramped up from 450 K to 650 K at a
rate of 8 K/min and then ramped down to 450 K at a rate of 1 K/min. (a) and
(c) are the exit conversion versus inlet temperature with asymptotic solution and
Thiele matrix solution, respectively, (b) and (d) are the solid temperature versus
inlet temperature with asymptotic solution and Thiele matrix solution, respectively.
We can notice that not only the conversion of the asymptotic solution predicts lower
than the Thiele matrix solution but also the ignition and extinction temperature show
a large difference. Thus, it's important to use an accurate reduced order model to
predict the effluent concentration accurately since it also affects light off and light
down temperature which is a very important factor in aftertreatment area.

As for the computation time, as stated earlier, theThiele matrix method is as
fast as the asymptotic method in all of the co-oxidation cases. For example, in the
case of CO/H, co-oxidation, the computation times of Thiele matrix and asymptotic

solutions are 16.5 s and 15.2s, respectively.

5.5 Conclusions and discussion

In this chapter, we present a novel method for including washcoat diffusional ef-
fect in reduced order models of monolith reactors with micro-kinetics. As stated in
the introduction, it is a common practice in the literature to use micro-kinetic mod-
els to describe the various reactions occurring in the catalytic layer. However, an
accurate assessment of the washcoat diffusional effects with such detailed micro-
kinetic models also requires extremely fine mesh (within the washcoat layer) and
the number of mesh points (at which the computed solution becomes independent
of the mesh size) depends on the characteristic time scales associated with the
micro-kinetic model or the washcoat Thiele modulus based on the smallest time
scale associated with the kinetic model. For example, a typical adsorption and/or
reaction time scale is of the order of 10~"s, while a typical value for species effective

diffusivity in the washcoat in the Knudsen regime is of the order 10-5m?/s, which
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leads to an associated length scale of 0.3 um (based on Thiele modulus of unity).
This leads to a washcoat Thiele modulus of 316 for a washcoat of thickness of 100
wm and requiring as many mesh points for an accurate solution. In our view, most
literature studies that use detailed or micro-kinetic models either do not take such
fine mesh or do not verify the mesh independence of the computed solutions, and
if verified, real time simulations of such systems may be impractical. The approach
presented here can speed up calculations by about two to three orders of magni-
tude while retaining the accuracy of the computed solutions. We have illustrated
the method with an example of H,/CO/C3Hg oxidation over Pt/Al,O5 catalyst with a
20 step micro-kinetic model. Obviously, the power of the method is enhanced in
systems with more reaction steps and/or much smaller chemistry time scales or at

higher temperatures or thicker washcoat layers.

121



Chapter 6
A novel asymptotic approach for computing wash-
coat diffusional effects in monolith reactors

6.1 Introduction

In this chapter, we propose and validate a methodology based on coupling of
ROM and domain decomposition method for single and multicomponent systems,
which simplifies the evaluation of transfer coefficients and speed-up the real time
simulation significantly. We also present simulation of a system of three-way cat-
alytic converter (TWC) with four reaction model for comparing the results with the
detail model. The results show a very good match between the two while increas-
ing the simulation speed by about three orders of magnitude.

In the literature, even though various ROM are proposed, the most used ones
are 1D two-phase models (see the more recent ones in Joshi et al., [2],Tu et al.,
[19], Ratnakar et al., [8], Sarkar et al., [35]), which use transfer coefficients con-
cepts approach (Balakotaiah [1]) in retaining small-scale physics. While these
ROMSs have been proven for simulation of monolith reactors by retaining essen-
tial physics at smaller scales, the transfer coefficients used in the model depend
strongly on kinetics/transport parameters, especially for fast reactions. For exam-
ple, for thin washcoats where geometrical effects can be ignored, the internal trans-

fer coefficients (k,,;) and cross-transfer coefficients (k,,;) are given by (Ratnakar et

al., [8], Sarkar et al., [35], Tu et al., [19])

K, — Deéshl’; Sh, — [(q)tanh $)' - (@2)*1} - (6.1)
and .
Ky = DE(SShi; Sh, = [(@2)‘1 — (®sinh @)—1} - (6.2)
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where the Thiele modulus matrix is given by

_OR

@2:2D -1 yR. R__.
(D)3 3=

(6.3)

Here D. is effective diffusivity in the washcoat; J. is the mean washcoat thickness;
Sh; and §Ei are Sherwood and cross-Sherwood number matrices, respectively; J#
is the Jacobian matrix for the net reaction vectors r (i.e. net rate of consumption)
with respect to concentration vector C. For other geometries, the expressions can

be simplified as follows:

Sh; = Shisl+ ® tanh (A* ®) (6.4)

and Sh; = Shi I+ &2 (6.5)

where A* is the shape factor (see Appendix C) for A* corresponding to few stan-
dard geometries) and subscript ‘oo’ denotes the asymptotic value. The accuracies
of these ROM depend on how accurately the transfer coefficients are determined
as we explained in the third chapter. For example, asymptotic transfer coefficients
may be adequate for many applications where gradient in the washcoat is negligi-
ble, but not when strong washcoat diffusion limitation is present. For such cases,
the transfer coefficients are expressed as a functions of Thiele matrix, which are
applied and illustrated by many researchers recently (Joshi et al., [2], Kumar et
al., [3], Kumar et al., [9], Mozaffari et al., [13], Rink et al., [14], Ratnakar et al., [8],
Sarkar et al., [35], Tu et al., [19]) [Note: functional forms used for Sh; in some of the
cited literature are different and may not be valid when ®2 is a negative definite ma-
trix]. In addition, the traditional form of ROM containing binary transfer coefficients
are not adequate for multi-layer washcoat and may require additional cross-transfer
coefficients (F¢.6.2 or 6.5) as shown in Ratnakar et al., [8] and applied in Sarkar

et al., [35].
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The determination of cross-transfer and transfer coefficient (k,,; and Emi) for
multicomponent systems require evaluation of non-linear functions of Thiele mod-
ulus matrices (Ratnakar et al., [8], Sarkar et al., [35], Tu et al., [19]), which could be
cumbersome and computationally costly in some cases, and may also be difficult
depending on the nature of Thiele modulus matrices and computer accuracies.
Avoiding such computation of function of matrices can further speed up the real
time simulation. Therefore, in this chapter, we present a methodology that couples
the reduced order model (ROM) with domain decomposition with retained accu-
racies, where the determination of the transfer coefficients are simplified (i.e. not
requiring the evaluation of function of matrices). In our approach, use of asymptotic
transfer coefficients (first term in E¢s.6.4 and 6.5) are sufficient for most practical
purposes, significantly simplifies the model simulation. This approach can also
be extended to many other similar diffusion-convection-reaction systems such as
packed-bed reactors, tubular reactors and porous catalysts. Thus, this chapter is
arranged as follows: In the next section, we present the main concept of our ap-
proach and mathematical modeling. In section 3, we validate our approach with
exact solution for steady-state single and multicomponent systems with linear ki-
netics. In section 4, we consider a realistic system of three-way catalytic converter
(TWC) with four reaction model and compare the results from our approach and
detailed model for transient simulation. Finally, we summarize our main findings in

the last section.

6.2 Mathematical Modeling

Our proposed approach to speed up real time simulation of monolith is based
on coupling of ROM with domain decomposition method. Since our objective is to
explain the main concepts, we consider a simple monolith with a single washcoat
layer as shown schematically in Figure 6.1 and start with 1+1D model to describe

multicomponent diffusion-convection in the flow channel (€2/) and diffusion-reaction
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in the washcoat (£2,,). We could also start with the detailed 3D model with any

geometry, but the workflow does not change.

Solid support (Q
RRCELQ.) __ Artificial
Washcoat 2, 4 interface
(Qw) e ’Z _ 1 ____________
— Flow —
channel
— Q) —
e —_—

Figure 6.1: Schematic of half of a monolith channel with a single washcoat layer,
along with an artificial intermediate interface.

6.2.1 Detailed 1+1D Model

In 1+1D model, the species and energy balances in the flow channel (2;) are
represented by 1D model (as the dispersion effects are negligible), where trans-
verse gradients are captured by external heat and mass-transfer coefficients. The
energy balance in the washcoat (2,,) is also simplified and represented by 1D
model since the temperature gradient in the washcoat is negligible due to higher
thermal diffusivity for most practical applications. The species balance in the wash-
coat (£2,,), on the other hand, is described by detailed 3D diffusion-reaction model
due to strong washcoat diffusional limitations. Thus, the 1+1D model for system

shown in Fligure 6.1 can be expressed as

oc;, . oc; -1, 1 .
Iof B = o= Tk - 0 .
ot + <u> or RQfJO Ao me (Cf Cs) Inis (6 6)
9Cy 2 T :
8w7 = DeVJ_Cw +vr (Cw, Tw) in Qw, (67)
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oT, 0Ty ~1 -1 .
pfcpf ( at + Uf—ax ) = R—quo s R—thf’ext (Tf — Ts) n Qf (68)
T, 0T, 1 0w ,
and pwcpw ot — Ruw 972 = EQO - EAHTI‘ (CwaTw) in Qwa (69)

where the subscript ‘f' and ‘W’ represent the flow channel 2, and washcoat (,,,
respectively; C is concentration vector; r is the reaction vector in the washcoat; v is
the stoichiometric coefficient matrix; AH is the enthalpy vector; D is the diffusivity
matrix; (u) is the fluid velocity in the flow channel; ¢,, is the washcoat porosity; p is
the density of the phase, C, is the specific heat capacity; 7" is temperature; and «
is the thermal conductivity; j, and ¢, are molar-flux vector and heat flux at the fluid
washcoat interface 0€,,; k... and hy .., are the external mass-transfer coefficient
matrix and heat-transfer coefficient in the fluid phase; Rq, is the hydraulic radius
of the flow channel; §,, is the mean thicknesses of the washcoat layer; and 7 is
the total thickness of the solid layers including washcoat and solid support. The

transverse boundary condition for washcoat concentration vector C,, are given as

C,=GC; and jo=-D, n.V,C, @ Iy,; andn.V,C, =0 @ 99,. (6.10)

Similarly, the inlet and exit conditions are given by

T, T,
Cs(0,t) = Cyin(t) ; Tr(0,t) = Thin(t) ;6—(0,15) =0; 8—(L,t) =0. (6.11)
ox ox
while initial conditions as
C;=C}, C,=C,, Ty=T17, T,=T, Qt=0. (6.12)
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6.2.2 Reduced Order Model with Domain Decomposition

The reduced-order model for the example considered earlier has been devel-
oped by many researchers (see the brief review in our recent works Ratnakar et al.,
[8], Sarkar et al., [35], Tu et al., [19]). These reduced order models are represented
by phase averaged global equations in each domain (flow channel and washcoat),
where interface heat or mass fluxes are expressed in terms of the overall transfer
coefficients. Various efforts have been made following the work Balakotaiah [1]
to improve the determination of these transfer coefficients (see the brief reviews
in Tu et al., [19]). As shown in our recent work Tu et al., [19], the most accurate
determination of transfer coefficients are obtained by using Eq. (6.1 or 6.2), which
lead to exact solution for linear kinetics and acceptable accuracy for non-linear
kinetics. However, as explain in earlier section, those ROM require the use of func-
tion of Thiele matrix ®, which may increase the computation time tremendously,
especially for highly non-linear kinetics.

In the current approach, we divide the washcoat (£2,,) into two artificial domains
; and Q, using an artificial intermediate layer as schematically shown in Figure
6.1. The main idea for domain decomposition is to capture the washcoat diffusion
limitation more accurately, therefore we explain it first for single component system
and then describe for multicomponent system. Note that for the scalar case (i..e for
a single component system), the Sherwood number expressed in Eq. (6.1 or 6.2)
may be given by its asymptotic values when Thiele modulus is small (i.e. ¢ << 1).
But when Thiele modulus is much higher (i.e. ¢ >> 1), the use of only asymptotic
Sherwood number may lead to significant error. In the latter case (¢ >> 1), the
concentration gradient in the washcoat is mostly near the fluid-washcoat interface.
Therefore, if we select an artificial layer at a distance §; (%), the Thiele modulusin
the first layer 2; based on its thickness is less than unity, and hence, the asymptotic

Sherwood number can be utilized for this layer. In addition, all the reactant is
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expected to be practically consumed in €2; and remains negligible in the second
layer Q5. In other words, concentration gradient in the second layer is practically
negligible and hence, asymptotic Sherwood number can be utilized in this layer as
well.

Similarly, for multicomponent system, the washcoat domain €, is divided into
the two artificial domain ; and €, such that the Thiele modulus matrix in 2; has
all eigenvalues less than unity. It can be achieved by evaluating the largest eigen-

value \.. of Thiele modulus ®2 (which can be obtained in few steps using power-

method) and selecting the thickness of the first artificial layer Q; as §;~ \/Mlm_x‘ This
enables the use of asymptotic Sherwood number in both domains, which may be
sufficient to capture the diffusional limitation, especially when the Thiele modulus
matrix is diagonally dominant.

Thus, decomposing the single washcoat layer in the two artificial domain based
on largest eigenvalue of the Thiele modulus matrix can avoid the computation of
functions of Thiele modulus matrices and significantly reduce the computation time.
The ROM with domain decomposition corresponds to that of a dual-layer monolith
containing the two artificial layers 2; and €2, of the washcoat as shown in Fig. 6.1.
For such systems, ROM can be obtained by following our earlier work: Ratnakar et
al., (2018), Sarkar et al., (2020)), which can be expressed as follows: The species
and energy balance in the flow channel (€2;) and energy balance in washcoat (£2,,)

remains the same as in 1+1D model along with corresponding boundary and initial

conditions. But the species balance in the two artificial layers are represented as

9(Cy) 1

Ew = — (jo _jl) + I/TI' (<Cl> ,Tw) in Ql (613)
ot 01

and 2,2 <§2> _ %jl VTR ((C), T)  in O, (6.14)
2

where §; and J, are the mean thicknesses of artificial layers 2; and 25, respectively
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and are given by

)\max

h* =

: 8, = h*5, and 6y = (1 — h*) 6. (6.15)

Amax Deing the largest absolute eigenvalue of ®2; h* is the relative thickness of
the first artificial layer to the total washcoat layer (when h* > 1, use only one
layer), which essentially represents the boundary-layer for the case of very high
concentration-gradient near the fluid-washcoat interface; J, and J; are the inter-
face mass-flux vectors at the fluid-washcoat (0€2;,) interface and artificial inter-
mediate interface (0€;,), respectively that can be given in terms the transfer and

cross-transfer coefficients as follows (Ratnakar et al. [8], Sarkar et al., [35]):

C,— (C1) = ki'jo+ k' (6.16)

and (C1) — (C2) = Ko+ (ki +K5') i, (6.17)

where these coefficients are required to be evaluated only asymptotically, i.e.,

D h;
ky = Degp, = e (6.18)
51 51
o De §Ez ‘§77/z &9
ki = 15 - = 51’ D., (6.19)
1 1
D.;Sh,,  Shei o
kel - 15 1: 517 Del> (620)
1 1
~ D..Sh.,,  Shei o
kel = 15 1: 51’ Del (621)
1 1
D,,Sh; h;
andk;, = G%S 2 _ 5 gzvaez. (6.22)
2 2

The inlet, exit and initial conditions are the same as the 1+1D model. Thus, it
can be seen from (FEgs. 6.18-6.22) that the proposed approach is free from the
evaluation of non-linear functions of Thiele modulus matrices.

In addition, diffusivity matrices in the flow channel and washcoat are usually
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diagonal (for most applications). For example, the diffusivity of a ;" species in the
flow channel can be obtained using Fuller correlation which can be simplified (Reid
et al. (1987)) as

Dyj=a; x 1070 x Tp™  [m?/s], (6.23)

where q; is a constant for ;' component at a given pressure (representing the
measure of its atomic volume). Similarly, diffusivity of j** species in the washcoat

can be expressed as

Ew Ty
Dw,j = EQ?TP MwJ,

(6.24)
assuming the Knudsen diffusion regime, where ¢,, 7, and r, are the porosity,
tortuosity and mean pore radius (in m) of the washcoat; and 1/, ; is the molecular
weight of j'* species (in g/mol). Thus, it can be seen from Egs. (6.18 - 6.22)
suggest that the transfer coefficients are diagonal matrices. Further, in the absence
of homogeneous reaction in the flow channel, the external mass-transfer coefficient
in the flow channel (k) is also a diagonal matrix. Therefore, the evaluation of
interfacial fluxes j, and j; from the local equations (Fq. 6.16, 6.17) are even easier

and can be performed element-wise. In the next section, we validate this approach

even when reactions are very fast.

6.3 Validation of the Workflow with Linear Kinetics.

While the accuracies and validity of the proposed approach may not be proved
rigorously for general case of non-linear kinetics, we can, however, investigate
these aspects for linear kinetics, especially for transient short monolith model or for
steady-states. [Note: even the transient long channel models with linear kinetics
are equivalent to the steady-state in Laplace domain with modified rate constant].
Therefore, in this section, we consider the steady-state linear model with single
and multicomponent systems, where rate constant can be very high. To simplify

further, we consider only species balance through a parallel channels with neglect
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the axial dispersion/diffusion in both phases, which reduces the 1+1D model in

following form:

0*C,,

a—yz = 4)2Cw7 O0<y<I (Cw)yzo =G, (626)

and <8Cw) = 0, (6.27)
8y y=1

with the interfacial flux given by

D. [ 0C,
jo == keO (Cf — Cs> = < ) . (628)

where 7 = uif is the space time coordinate in the flow channel and y is the dimen-
sionless transverse coordinate in the washcoat.
6.3.1 Exact solution of 1+1D Model

The exact solution for washcoat concentration can obtained by solving Fq.

(6.26) that can be expressed as
C,, = cosh[® (1 — y)] (cosh[®]) " C,, (6.29)
which leads to the expression for flux (from Eq. 6.26) as
. Dy
jo= g(b tanh[®]|C;, (6.30)

and effectiveness factor matrix as

H = & ! tanh[®)]. (6.31)
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Thus, the interface flux j, can be solved in terms of fluid phase concentration C;
by using Eq¢s. (6.28 and 6.30) as j, = UC/ and thus, the fluid phase concentration

can be expressed as follows:

C; = exp[—éU} . U=k + (@ tanh[®]) ' 5,D; . (6.32)
f

6.3.2 Solution of ROM
Similarly, since the ROM consisting of global E¢s. (6.25, 6.13, 6.14) and local

Eqs. (6.16-6.22) are linear in interface fluxes and concentrations, they can also be

solved exactly. This solution can be expressed as follows:

Cf:exp[—éU] o U=k '+ A%,D, Y (6.33)
f

while the interface flux at the fluid-washcoat interface is given by

Jo = % (A9 ®2C,, (6.34)

and effectiveness factor matrix is given by
H=(A")". (6.35)
Here the matrix A* depends on Thiele modulus matrix as follows:

A = A-AAA,

A, = h@QShL;nt+%I,
gae—1 1
Ay = h®*Shy;, — T,

11
A; = h®Sh,,, — -1
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1 1
and A4 = hq)2Sh;11 —+ (1 — h) ‘1)2Sh;21 — (ﬁ + m) I,

6  _ 07

where h = o = o

is the dimensionless thickness of the first artificial layer,
which is chosen from Eq. (6.15) when h* is less than unity. In this work, we have
chosen h as follows:

h = min [h*,0.5].

i.e., if h = h* when h* < 0.5, otherwise h = 0.5 (i.e. at the middle of the washcoat).
It should be noted from Eq. (6.32 and 6.33) or E¢s. (6.30 and 6.34) that the solution
from 1+1D model and ROM is in similar form where the matrix A* is equivalent to
(@ tanh[®]) ", i.e. inverse of effectiveness factor matrix.
6.3.3 Comparison for Single-component system

The exact solutions presented above can easily be simplified for a single com-
ponents. In practice, we are mainly interested in the exit conversion of the solutes,
therefore present the two important quantities: the effectiveness factor in the wash-
coat (from Eg¢s. 6.31 and 6.35) and the dimensionless interfacial flux %:jo at the
fluid-washcoat interface. F'ig. 6.2 shows the former while Fig. 6.3 shows the latter.
In these figures, the solid red lines are obtained from solution of 1+1D model while
the blue dashed lines are obtained from solution of our proposed ROM where only
asymptotic transfer coefficients are used. F'ig. 6.2 is well known "effectiveness fac-
tor plot" in chemical engineering literature. While good match between proposed
ROM and detailed model is expected for lower ¢ (i.e., for slow reactions) due to
smaller concentration gradients in the washcoat, these figures show that the pro-
posed ROM leads to very good results even when Thiele modulus is much higher

(i.e., » >> 1) that correspond to fast reactions (or higher temperatures).
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Figure 6.2: Effectiveness factor of the washcoat from the exact solution and the
proposed ROM-coupled with domain decomposition using only asymp-
totic transfer coefficients.

6.3.4 Comparison for multicomponent system
In this section, we consider a reversible reaction scheme between three species

(A, B and C) with linear kinetics:

ko k2 12000
A=2B=C; k=10%exp (——) s, (6.36)
k/2  k/4 T

and compare the exit concentrations of each species from 1+1D model and pro-
posed ROM. The geometric, transport and kinetic parameters used in numerical
calculations are listed in T'able 6.1.

Since, we are interested in validation for fast reactions, temperature 7' is taken

as a parameter such that the rate constant & can vary and comparison can be made
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Figure 6.3: Dimensionless interface flux at the fluid-washcoat interface from the
exact solution and the proposed method using only asymptotic transfer
coefficients.

for each rate constants, especially corresponding to high Thiele modulus values.
Note that with transport parameters provided in Table 6.1, the largest eigenvalue

of Thiele modulus matrix corresponding to reaction scheme (Eq. 6.36) is given by

(6.37)

—_ 1.10837 x 10! exp (—12000)

VT T )

which may vary from about 0.2 to 3 x 10> when temperature is varied from 500K to
1300K.

Considering the inlet mole fraction th” of the three species as given in Table

6.1, the exit mole fractions Xj;’f“ are calculated from 1+1D model and proposed

method, which are plotted in Fig. 6.4. The solid line corresponds to prediction

from 1+1D while the dashed line corresponds to prediction form proposed method.
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Table 6.1: Numerical constants and parameters used in model simulation

Constant Value

L 3.0x102m
us 20m/s

Rg 181 x 107%m
Ow 30 x 107%m

0s 63.5 x 107%m
Tp 10 x 10™°m

€w 0.41

Tuw 8

Sheo 3

Shes 6

XFa,m.0 [0.99, 0.005, 0.005]
[ala.0 [9.56, 44.5, 8.7§]

[My;laBc 28, 2, 30]

It can be seen from this Flig. 6.4 that the predictions from the proposed method
is acceptable and captures the washcoat diffusion effects even when reaction is
fast (at higher temperature). Since the reaction scheme considered here is re-
versible with different rate constants for forward and backward reactions, the Thiele
modulus matrix is not symmetric and may have negative or complex eigenvalue in
general. Even in those cases, the proposed method can easily be utilized because
it always require ®? for evaluation rather than & (as compared to previously de-
veloped ROM in literature). Thus, the example considered here validates the pro-
posed methodology not only for slow reactions but also for fast reactions as well
when reaction network may be even more complicated. In addition, the computa-
tion time with proposed method was 1.7s as compared to 188s for 1 + 1D model,
increasing the simulation speed by about 100 times. In addition, it should be noted

that this example was considered in our previous work (see example #3 in chapter
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Figure 6.4: Exit concentrations (dimensionless) from 1+1D model and proposed
ROM for linear kinetics.

), where we showed that even the use of Thiele modulus dependent transfer co-
efficient with diagonal approximation of ® (with computation time of 1.6s) was not
adequate for prediction of exit concentration and led to significant error (> 300%
relative error). And, the computation time from ROM with accurate Thiele modulus
dependent transfer coefficient was about 5.5s for this case. In other words, the pro-
posed approach works better than the ROM containing Thiele modulus dependent
transfer coefficient with diagonal approximation (but without domain decomposi-
tion) in terms of accuracy while computation time is more or a less the same. But
the current approach has reduced the computation time by about factor 3 as com-
pared to ROM with proper Thiele modulus dependent transfer coefficients. Now

we consider a nonlinear kinetics in the next section.
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6.4 Real time simulation of three-way catalytic converter

This section presents the applicability of the proposed method for realistic sys-
tem of TWC where reaction rates may be highly non-linear. We consider the four
reaction model provided in Table 6.2, which may contain negative order kinetics
with respect to NO. The rate expressions and kinetic parameters as listed in this

Table 6.2: Four reaction model for TWC: rates and kinetic parameters

Reaction scheme:

# Reactions Rates

1 CO +0.505 — CO, T = éKlXCOX@
2 Hy; +0.509 — H,0 Ty = éKQXH2XO2
3| CyHg+4.50, — 3C0, + 3H,0 ry = & K3 XpoXo,
4 NO + CO — CO3 + 0.5N, ry = K4y XnoXco

Kinetic parameters:

# K E;/R K, Eu./R (—AH)
mol.m—3s~!K | K [ mol.m™3s7!K K kdmol !
1 1 x 10% 10825 65.5 —961 283
2 1x 10 10825 2080 —361 242
3 2 x 10% 11427 3.98 —11611 1926
4 x 1014 10825 |  4.79 x 10° 3733 373

*unit of K¢ is mol.m=3s!
G=T1+KuXco+ KaXne)’ (1+ KisX20Xke) (14 KauX3D)
Ko = ng‘ exp(%ﬁ);

K, =K? exp(}?)

table are obtained from Joshi et al., [2] and Tu et al., [19] . The diffusivity of all
five species (CO, Hy, NO, HC, O) in the flow channel and washcoat can be cal-
culated from Egs. (6.23 and 6.24), component specific parameters a; along with

various other parameters are listed in T'able 6.3 for numerical computation in this
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example. 6.1).6.1.

Table 6.3: Numerical constants and parameters used in model simulation

Constant Value Constant Value
L 7.85x 1072m | ky 0.0386 W-m~1. K™!
ug 2m/s K 1L.5W-m LK™
Rq 181 x 1075m | Opy 1068 J- kgt K !
Sw 30x 107%m | Cp, 1000J- kg K™!
0y 63.5 x 107 5m | p,, 2000 kg- m~3
Ty 10x10m | Shy 3
€w 0.41 Shoo 6
Tw 8 Nugo 3
Tir 550 K Nt 6
79 300K 70 300K
o 1% aco 9.56
Xir, 0.85% ao, 9.55
Xiro 500 ppm age 5.56
Xin, 0.3% am, 44.5
Xo 300 ppm ano 8.78
X9 0 X9 0

Corresponding to these parameters (T'able 6.3) and four reaction scheme (T'able
6.2), the simulation results are plotted in Fiigs. 6.5 to 6.8.

Figs. 6.5 and 6.6 show the temporal profiles of dimensionless exit concentra-
tions X% and exit temperature T, respectively, where results from 1+1D model
are plotted as solid lines while results from our approach is plotted as dashed
lines. Similarly, Fig. 6.7 show the axial (spatial) profiles of the dimensionless
exit concentrations X, at various times from both 1+1D model (solid lines) and
our approach (dashed lines). These figures show very good match between the

two (within acceptable accuracies). The comparison can be visualized better from
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Figure 6.5: Temporal profile of dimensionless exit concentrations X¢ for TWC ob-

tained from 1+1D model (solid lines) and proposed method (dashed
line) for CO, H2, NO and hydrocarbon (HC') .

cross-plot shown in F'ig. 6.8 where horizontal axis represents the exit concentra-
tions of each species from 1+1D model and vertical axis represents the same from
our approach. It can be seen from this figure that all the numerical data points are
aligned with the unit-slope line (i.e. y = x), within relative deviation of within 6%,
validating the accuracies and validity of our approach for the example considered
here.

The 1+1D model here is solved by using 30 equally-spaced mesh points in
flow direction while 10 geometrically-spaced mesh points in transverse direction,
which assured the grid-insensitive solution. The computation time corresponding
yo 1+1D model was about 1623s. The same number equally-spaced mesh points
were used in flow direction to obtain numerical solution from the proposed ROM,

which required computation time of about 4.7s, i.e. 300 times faster than the 1+1D.
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Figure 6.6: Temporal profile of exit fluid temperature 7§ for TWC obtained from
1+1D model (solid lines) and proposed method (dashed line) for CO,
H,, NO and hydrocarbon (HC).

For the same example considered in our earlier work (see Example #1 in chapter
I), it was shown that the computation time from ROM with diagonal approxima-
tion was about 3.2s while from ROM with proper representation was about 23s.
Thus, the proposed approach does not only simplifies the model calculation and
enables the use of asymptotic transfer coefficient, but also increases the compu-
tation speed by roughly 2 order of magnitude as compared to 1+1D model and by
about factor 5 as compared to the ROM with Thiele modulus dependent transfer
coefficients, for the current example. For the more complicated case of complex
network with highly non-linear kinetics and larger number of species, the increase
in computation speed from our approach is expected to be even faster.

Remark: It should also be noted that the accuracy of our approach can further
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Figure 6.7: Axial profiles of dimensionless exit concentrations X, of NO versus
dimensinless axial cordinate (z/L) obtained from 1+1D model (solid
lines) and proposed method (dashed line) for TWC at various times.

be increased, when we consider the transfer coefficient as a linear function of &2,

i.e.

Shg = Shaol + AP (6.38)

and Shg = Shq.l+ ®2, (6.39)

for any domain ). Eq. 6.38 is the Taylor series expansion of exact Sherwood num-
ber Shg, to the first term in &2 (from Eq. 6.1 or 6.4) that is good only when eigenval-
ues of ®2 are less than unity, which is satisfied in our approach due to the domain
decomposition (leading to maximum eigenvalue \,.. of ®2, less than unity). On

the other hand, Eq. 6.4 is valid for any ®2 and is not restricted to the magnitude of
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Figure 6.8: Cross-plot between exit dimensionless concentrations X of all species
obtained from 1+1D model (solid lines) and proposed method (dashed
line) for TWC.

its eigenvalues. Using these two approximation may increase the overall accuracy
of the simulation while no additional evaluation of function of Thiele modulus matrix
is required. However, only drawback in using these approximations (E¢s. 6.38 or
6.39) is that the transfer coefficient matrices may not be diagonal and may add up
a little to the computation time in solving for fluxes. However, it is still much more
efficient than using the non-linear function of matrices as their computation can be

O (N*), where N is the number of species.
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6.5 Conclusions and Discussion

In this chapter, we proposed a novel approach based on coupling of reduced
order model (ROM) with domain decomposition method for describing the reactive
flow in monolith reactors. First, it should be pointed out that washcoat diffusional
effects must be captured in order to evaluate the performance of the monolith re-
actor, and if neglected then the simulation can lead to significant errors. Several
reduced order model have been developed for this purposes, however, the ROM
containing Thiele modulus dependent transfer coefficients are only ones which
capture the washcoat diffusional effects properly (see chapter 2 and 3 for detailed
discussion). This requires evaluation of function of Thiele modulus matrices. While
this approach has shown to decrease the computation time significantly (2-3 or-
ders of magnitude for simpler systems and several order of magnitude for larger
systems), the one major cost in computation is the evaluation of (non-linear) func-
tions of Thiele modulus matrices. In this work, we resolve that issue and decrease
the computation time even further by deploying the domain decomposition method
with ROM, while keeping the acceptable accuracy in numerical computation. This
approach essentially decouples the boundary layer (i.e. higher gradient zone near
the fluid-washcoat interface) captures the washcoat diffusional effects with suffi-
cient accuracy within the boundary-layer. Since the main objective of this work
is presenting the methodology for faster real time simulation, we have illustrated
it here with only simple examples of only few (less than four) reactions. Even in
these simple cases, it is shown that the proposed approach leads to acceptable
accuracies (even for faster reactions) and can speed-up the transient simulation
two to three orders of magnitude as compared to 1+1D model, thus capturing the
washcoat diffusional effects. Even though it is not possible to prove theoretically,
our experience indicates that the speed-up factor could be much higher (several

orders of magnitude higher) for realistic cases when they contain complex reaction
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network with highly non-linear kinetics, or larger number of species and/or reac-
tions. The reason for increased computation speed and retained accuracy is due to
the simplification of transfer coefficients with asymptotic values and proper domain
decomposition, which captures the washcoat diffusional effects in the boundary-
layer near fluid-washcoat interface and avoids the calculation of function of Thiele
modulus matrices (which could have complex features such as negative or com-

plex eigenvalues).
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Chapter 7
Summary and Suggestions for Future Work

7.1 Summary

The main contribution of this work is the presentation of a novel and accurate
reduced order model with local property dependent internal and external mass
transfer coefficients for real time simulations of monolith reactors. In chapter 3, we
compared the accuracy of the present approach with other reduced order models in
the literature and with exact (numerical) solution of the detailed washcoat diffusion
model and illustrated the application of the reduced order models to three-way
catalytic converter in three different cases. First, it should be pointed out that
completely neglecting washcoat diffusional effects as is done in some literature
studies could lead to very large error (as much as a factor ten or higher in predicting
the exit concentrations of some species as illustrated in example 1). The proposed
method for including the washcoat diffusional effect is based on the calculation
of the internal mass transfer coefficient matrix that depends on the local Thiele
matrix. We showed that the use of local property dependent transfer coefficients
in terms of the Jacobian of the reaction rate vector leads to the best accuracy
followed by its diagonal approximation, followed by the asymptotic (slow reaction)
approximation for the internal Sherwood number. It is shown that the proposed
method has sufficient accuracy for most practical applications, especially in the
washcoat diffusion-controlled regime, while speeding up the calculations by orders
of magnitude compared to detailed washcoat diffusion models.

In chapter 4, we presented a novel and accurate procedure with local prop-
erty dependent internal and external mass transfer coefficient matrices for real
time simulations of monolith reactors with dual washcoat layers, this approach ex-

tends the Thiele matrix method for accurately describing the washcoat diffusional
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effects in single layered systems. It combines the vector form of the multi-scale
averaged model with calculation of the local property dependent internal, external
and cross-Sherwood number matrices for multi-component systems. We illustrated
the usefulness of the reduced order model using the example of a dual-layered
model system with first washcoat layer of selective catalytic reduction (SCR) cat-
alyst and second washcoat layer of lean NOx trap (LNT) catalyst. We determined
the mesh independent solutions of the full 1+1D detailed model and compared the
same with that obtained with the reduced order model and we showed that the pro-
posed method has the same accuracy as the mesh independent detailed solution
while speeding up calculations by about three orders of magnitude for the example
studied, and possibly by several more orders of magnitude for real systems with
complex and detailed kinetic models to describe the storage and reactions in the
catalytic layers.

Moreover, micro kinetics are more often used to develop and improve reaction
schemes as they are more detailed than global kinetics, but the time consuming
problem of estimating parameters with microkinetic reaction scheme and the ac-
curacy of the estimated parameters has always been a difficult problem to solve.
With the goal to speed up the calculations and that the parameters should be used
directly for accurate full-scale transient simulations. In chapter 5, we presented a
novel procedure of computing washcoat diffusional effects in reduced order mod-
els with local property dependent internal and external transfer coefficients for the
reaction system with detailed micro-kinetics. We extended the Thiele matrix ap-
proach to the case of detailed micro-kinetics with the example of H,/CO/Cs;H¢ ox-
idation over Pt/Al,O5 catalyst, the large number of reactions make the simulation
of detailed 1+1D model very time consuming, but our reduced order model with
Thiele matrix approximation is shown to be more efficient than other cases be-

cause 2 becomes diagonal which leads to an easier calculation of the internal
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mass transfer coefficient matrix.

The main contribution of chapter 6 is the presentation of a novel approach
based on coupling of reduced order model (ROM) with domain decomposition
method for describing the reactive flow in monolith reactors. From previous chap-
ters, we find that except with the case of micro kinetics model and without ho-
mogeneous reactions in the monolith channel, the determination of cross-transfer
and transfer coefficient (K;,; and IA{mt) for multicomponent systems require evalua-
tion of non-linear functions of Thiele modulus matrices which can be cumbersome
and computationally costly for large multi-component systems. So the method we
propose in chapter 6 is to avoid solving matrix function of Thiele matrix and use
only asymptotic values to calculate the mass transfer coefficients, but this method
is different from the conventional asymptotic approximation which was proposed
by Kumar et al., (2012). This approach essentially decouples the boundary layer
(i.e. higher gradient zone near the fluid-washcoat interface) captures the wash-
coat diffusional effects with sufficient accuracy within the boundary-layer and use

asymptotic Sherwood numbers in each of the layers.

7.2 Suggestions for Future Work

We now discuss some limitations of the Thiele matrix approach for including
washcoat diffusional effects in reduced order models. First, we note that while it
leads to exact results for linear kinetics, the error may not be neglected for strongly
nonlinear kinetics, especially when there is a large difference between the interfa-
cial and washcoat averaged concentrations. The error may be reduced when ex-
ternal mass transfer effects become significant and interfacial concentrations are
smaller. Second, this approach assumes that the washcoat thickness is small and
uniform so that species diffusion is mainly unidirectional. If this is not the case (or
for thicker and/or irregular two or three-dimensional washcoat shapes), additional

error could arise in using an effective one-dimensional model. Finally, it should be
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pointed out that the problem of nonlinear diffusion—reaction is an extremely com-
plex one and can display various spatio-temporal patterns depending on the type
of kinetics used. The low-dimensional model as well as the approach presented
here are either not valid or breakdown for the case of autocatalytic kinetics that
could lead to multiple steady-states and spatial patterns. In such cases, we have
to resort back to detailed models to determine the system behavior.

For the new approach proposed in chapter 6, while the methodology may work
for most practical cases, it must be kept in mind that it is still based on ROM and
may have the limitations inherent to dimension-reductions. For example, while it
may lead to accurate results for linear kinetics or slower reactions, it may still lead
to significant error for strongly non-linear kinetics, especially when kinetic order
is negative, or when boundary-layer thickness may not be uniform, or when time-
scales for intermediate components appearing and disappearing are much smaller.
In such cases, the detailed model is the only choice. However, whenever, length
and time-scale separation is evident, ROM is applicable and proposed workflow
can be utilized to increase for real time simulations. This approach can also be
extended to other transport-reacting systems such as packed-bed reactors, other
tubular/catalytic reactors and porous catalyst.

There are several possible extensions of the work presented here but we dis-
cuss only a few of them. The first of these is to the modeling of packed-bed catalytic
reactors, where the problem of diffusion and reaction in the catalyst particles can
be approximated (and coupled to the fluid and solid phase balances) as shown in
this work. Second is the extension of Thiele matrix approach to non-isothermal
case with dual layered monolith reactors. As the temperature gradients within the
catalytic layers in most practical systems are small (and only axial and gas to cat-
alyst temperature gradients are significant), the extension only requires addition of

energy balances for the gas and solid phases (as illustrated in earlier studies for
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single layered systems). A third possible extension is to more than two washcoat
layers or to cases where the catalytic activity varies with axial or transverse po-
sitions. In chapter 4, we used the kinetics derived from a model with less mesh
points in the washcoat diffusion-disguised regime. Hence, one of the interesting
extensions would be investigating how much the kinetics constants will be changed
with different number of mesh points to maintain a same exit species mole fraction.
Another extension worthy of discussion is to elaborate the physical meaning of the
Thiele matrix square with complex eigenvalues.

For the extension work of micro-kinetics based model, one obvious extension
of the calculations presented in chapter 5 is for more detailed micro-kinetic models
that include multiple adsorption/desorption and/or reaction sites. Another possible
extension is to monolith reactors with more than a single washcoat layer or to cases

where the catalytic activity varies with axial or transverse positions.
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Appendix A: Calculation of matrix functions and some
details of Thiele matrix approach

The purpose of this Supplementary Material is to give some details of the
Thiele matrix based approach to the simplification of multi-component washcoat
diffusion problem. We present these details only for the case of slab (flat plate
or thin washcoat) geometry and global kinetics. Additional details and extensions
may be found in the references cited.

Effectiveness Factor and Sherwood Matrices:

For the case of NV, reactions among N species occurring in a washcoat of

thickness ¢, the diffusion-reaction problem is described by

d?cy.

& Cue T .

D, 0 = r(cy) = VT (cu);0<y<d,. (S-1)
dcy,

and Cye = Cs@’y = O, d—y = O@y = 50, (8'2)

where D, is the matrix of effective diffusivities, v is the (/V, x N) stoichiometric
coefficient matrix, T (c,.) is the (N, x 1) vector of reaction rates and r (c,.) is the
(/V x 1) vector of species consumption (or production) rates. Linearization of E¢s. S-
1 and S-2 at the fluid-washcoat interfacial concentration ¢, and solving the resulting

vector equation as described in [1] gives

Cye (2) = ¢ — [I — (cosh ®) ' cosh (@ (1 — 2))] I r (cy), (S-3)
where
Yy 4 Or i
z = 5. J ~Ocy, |cuwe=cs (S-4)
and ®*=6’D'.J. (A1)
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Using Fq. S-3, we can determine the average concentration in the washcoat
(Cwe) =cs — [I— ® " tanh ®] I "r(c,), (S-6)
the interfacial flux vector

Jfw = %[q)tanh{)] Jhr(cy) (S-7)

Cc

and = ky; .(cs — (Cue)), (S-8)

and the Sherwood matrix

Sh; = 6D, " k,,; = [(®tanh ®) ' — &2 . (S-9)
If the objective is to predict the effluent concentration vector from the monolith
reactor, then it is sufficient to evaluate the interfacial flux vector using Eq. S-7 and
we do not need to evaluate either the average concentration vector (c,,) or the
Sherwood matrix. However, this requires that the matrix J be non-singular, and
this may not be the case in many applications. For example, when N > N,, which
may be the case in some applications, J has N — N, zero eigenvalues, which are

due to the existence of stoichiometric invariants. Hence, we rewrite Fq. S-7 as
jro=0.D.HD  r(c,), (S-10)

where

H =& 'tanh &, (S-11)

is the effectiveness factor matrix. For the scalar single first-order reaction case,
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Eqs. S-22 and S-11 reduce to the well known expressions [1]

sno— (2 ) 1] S-12
L ® tanh ® P2 ( )
andy — talglq). (S-13)

The advantage of these expressions is that both these functions have finite limits
as ® — 0 and are even in ®. Thus, their matrix equivalents F¢s. S-7 and S-9 can
be computed easily as explained below.

Calculation of the Sherwood Matrix:

First we demonstrate that the Sherwood matrix is a real-valued matrix even
when ®2 may have negative or complex eigenvalues. The Sherwood matrix in

terms of the shape normalized Thiele matrix may be expressed as follows:

Sh; = ShisI + ® tanh[A* ®), (S-14)

where ®2? may have zero, positive, negative or complex eigenvalues because the
rate constant matrix may not be diagonal or symmetric. When &2 has negative or
complex eigenvalues, ® is multivalued with complex elements. However, we will
show here that Sh; matrix will be a real-valued matrix. For this, we denote A = &2

and consider a scalar function g(z) as follows:
9(x) = Shis + /7 tanh[A* /7], (S-15)

Thus, the Sherwood matrix can be given by Sh; = g(®?) = g(A).

Note that since g(x) is an even function in /z, it will be a real-valued for real
x and may be complex-valued for complex z. Now, the Cayley-Hamilton theorem
may be used to show that the Sherwood matrix is real-valued. Assume that A is

N x N and let \;, \s, ..., \y be the N eigenvalues of A. Thus, any function of matrix
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A can be written as follows:

N-1
g(A) = apT+ Y A%, (5-16)

k=1
where coefficients a;, depend on the eigenvalues of A and the scalar function g,

and can be obtained by solving the linear equations:

N-1
9(X;) :a0+zak)\?, j=1,2,..N. (S-17)
k=1

When the eigenvalues are not distinct, then repeated eigenvalues satisfy the equa-
tion(s) obtained by differentiating £¢.(S-17). If the algebraic multiplicity of an eigen-
value (i.e. number of repetition) is p, then Fq.(S-17) is differentiated (p — 1) times,
which gives the required number of additional equations to obtain the coefficients
ag to an_1, uniquely. However, the analysis presented below is applicable whether
the eigenvalues are repeated or not, therefore, we will assume distinct eigenvalues
for ease of explanation. In this case, Eq.(S-17) can be written in matrix-vector form

as follows:

Ba=v=a=B!, (S-18)

where the matrix B and vectors a and ~ are given as follows:

IR VIR VAR Vi ao g(\1)
D VRS VRN Al a A

B 2o e | | andy= | M (s
1 )\N )\?\7 )\]Nv_l anN_—1 g()\N)

Thus, Eqs.(S-16) and (S-18) suggest that when the vector « is real then the

Sherwood matrix will be a real-valued matrix (since A* isrealfor0 < k < N —1).
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We now consider the various possibilities.

(a) All eigenvalues are real

We note that when all \; are real, matrix B and vector ~ defined in E¢.S-19 are
real-valued, therefore vector a = B™'~ is also real-valued. Thus, when ®2 matrix
has real eigenvalues (negative or positive), the Sherwood matrix is real-valued.

(b) Some eigenvalues are complex

In this case, the complex eigenvalues will exist in conjugate pairs. Let us as-
sume that \; and )\, are the two complex eigenvalues such that complex conjugate
of \; is )y, i.e. \; = Ay, Where ( ) denotes the complex conjugate. Thus, E¢.S-17

corresponding to A\; and )\, can be written as follows:

g o= g\) =ag+ Y apAl (S-20)
N1

and g = g(X2) =ap+ Zak)\g. (S-21)
k=1

Since \; = )y, we can write \; = X’f =N and g, = g(\) = g) = g(N) = G1

Thus Eq. S-21 can be rewritten as follows:

Ti=g=ao+ Y ar)l. (S-22)

Eqs. S-21 and S-22 can be used in pairs to obtain equations with real coefficients

as follows:
— N-1 .k |k
+ )\ +)\
Re(g1) = g 5 I _ ap + 2 =ag+ Zak Re (A (S-23)
Similarly,
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N-1

_ )\k
Im(g,) = & o T _ o+ >oat o =+ Zak Im ( (S-24)
k=1

where Re(.) and Im( ) denotes the real and imaginary part of the complex number.
Thus, the two complex equations can be transformed into two real equations. A
similar transformation can be made for all pairs of complex eigenvalues. This leads
to the modified but real-valued matrix B and r.h.s. vector v. Thus, the coefficient
vector @ = B~1v and hence the Sherwood matrix are real-valued. [Remark: This
procedure of rewriting the equations can be avoided if complex algebra is used. In
this case, the computed Sherwood matrix may have small imaginary contributions
in the entries due to round-off errors. This issue can be dealt with by simply taking
only the real part of the entries].

(c) Several zero eigenvalues

When has k (> 1) zero (or close to zero) eigenvalues, the calculation of the
Sherwood matrix becomes simpler as in this case, the first k£ constants in £q. S-16
are already determined explicitly and we only need to solve (N —k) linear equations
for the remaining constants. Examples illustrating this case are provided in the
main article.

As a numerical example, we consider the case of Example 1 discussed in the
article (N = 5, N, = 4) with washcoat thickness of 30 ym and T}, = 500 K. For
the case of concentrated inlet conditions, the (square of the) Thiele matrix (with

species ordering 1 = CO,2 = Hy,3 = HC,4 = NO, and 5 = Oy) may be calculated
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as
—0.1661 0 —98.0 —148.0 8.884

—0.6188 2.018 —7.857 —11.87 0.7123
> = | _03744 0 2572 —7.180 0.4309 |- (S-25)
1.457 0 0 48 57 0

—2.797 4.036 —57.99 —131.0 7.866

The eigenvalues of ®2 are {0,4.187 + 0.28861, 7.985,43.24}. Using the above pro-

cedure (with Sh;,, = 3 and A = 0.2), the Sherwood matrix becomes

3.244  —0.0858 —17.37 —17.75  1.667
—0.0966  3.386 —1.490 —1.512 0.1431
Sh; = | —0.0550 —0.00417 3.492 —0.8629 0.0811 |- (S-26)
0.1816  0.0011  0.1859  9.332  —0.0181

—-0.2785 0.7091 —10.33 —15.90  4.496

We note that the Sherwood matrix has both positive and negative entries and some
off diagonal elements are larger in absolute value compared to the diagonal ele-

ments. Using the diagonal approximation gives

4605 O 0 0 0

0 3393 0 0 0
Sh,

0 4337 0 0 - (S-27)

0
0 0 0 9161 0
0 0 0 0  4.427

Comparing Eq¢s. S-26 and S-27, we observe that the diagonal approximation es-
timates the diagonal elements of Sh; with acceptable accuracy but completely

misses the off-diagonal elements that are due to the coupling between the reactions.
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Washcoat geometry shapes and related as-

ymptotic Sherwood numbers

We note that the small and large & asymptotes of Fq. S-14 match with the
exact expression for any value of A*. However, the specific value of A* for a given
geometry is obtained by matching the numerically computed values at the transi-
tion point (Sh;,, = ®). The A* value for a given washcoat geometry may also be
obtained by comparing the Taylor series expansions of the exact expression for
the Sherwood number with that given by Eq. S-14. For example, for the case of
thin washcoat (slab geometry), the first approach gives A* = 0.18 while the Taylor
series matching gives A* = % The values listed in the table are obtained using the

first approach.
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Table A.1: Effective diffusion lengths, asymptotic internal Sherwood number and A
for some common channel and washcoat shapes for the case of first

order kinetics

Channel Shape

Rq,

590

Shis and A*

b-a

Shisc =3 and A* =0.18

R./2

(RS — R})/ (2R1)

Ro/ Ry
1.01
1.1
1.2

Shice  A*
3.0125 0.20
3.153 0.19
3.311 0.18

R/2

(4a®> — TR?)/ (27 R)

1 0.826
1.836
2.533

A*
0.45
0.46
0.31

— —
N =

R/2

(v3a? — mR?)/ (27R)

1.7321 0.84
1.9245 1.45

24744 292

A*
0.42
0.53
0.31

2a

(4a®—4r24-7r2)

(4b%2—4a?+4r2 —7r2)

(27r+8a—8r)

(27r+8a—8r)

b/a bi/r
111 5
1.25

Shico  A*
2.65 0.21
10 3.09 0.20

R/2

(3v/3a% — 27 R?)/ (47R)

a/R  Shiw A*

1.155 0.814 0.50
117 116 0.76
12 174 054

Where washcoat and flow area are designated as shown below:

Washeoat
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Appendix B: Vector form of the reduced order model
for a dual layered monolith reactor

We review here briefly the vector form of the reduced order model for a dual
layered monolith reactor. A schematic diagram of the channel cross-section for a
square channeled monolith with dual washcoat layers is shown in Fiig. S1. Denot-
ing cy,,, as the cup-mixing concentration vector for flow channel, c,; as the fluid-
washcoat interfacial concentration vector, (c,;) as the volume averaged concen-
tration vector in layer 1, c,, as the concentration vector at the interface between
layers, (c.2) as the volume averaged concentration vector in layer 2, j; as the

species flux vector at the fluid-washcoat interface, j, as the species flux vector at

the interface between layers (with j; and j, having units of m;ls), the various local

m

equations may be written as (Ratnakar et al.[8]).

¢ —Co = kg i, (B.1)

ca — (cur) = kil ji+k;' g (B.2)
(Cor) =€z = k' -ji+ k' o (B.3)
and cy — (Cy2) = ki_21 2, (B.4)

where k. is the external mass transfer coefficient matrix for layer 1, k;; is the
internal mass transfer coefficient matrix for layer 1, Eﬂ is the cross-coupling internal
mass transfer coefficient matrix for layer 1, Eel is the cross-coupling external mass
transfer coefficient matrix for layer 1, k.; is the external mass transfer coefficient
matrix for layer 1, k;» is the internal mass transfer coefficient matrix for layer 2. We

can eliminate the interfacial concentration vectors c,; and c,, by adding Fgs. B.1
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and B.2 and Eq¢s. B.3 and B.4, this gives

¢, — (cor) = koi -1+ kit o, (B.5)
(Cun) = (cun) = k' -Ji+kgy -Jo, (B.6)
k! = kg +ki' (B.7)

and kg, = k'+ky. (B.8)

We note that these local equations contain four mass trasnfer coefficient matrices
which have simple meaning. For example, kg; is the overall mass transfer coeffi-
cient matrix for transfer of species at the first interface (fluid and layer 1) while kg,
is the overall mass transfer coefficient matrix for transfer of species at the second
interface (layer 1 and layer 2). The cross-coupling mass transfer coefficient matri-
ces Eil and Eel which depend only the properties of layer 1 arise due to non-zero
fluxes at both boundaries of layer 1.

In terms of mole fractions, the local equations may be expressed as

X, — (Xu) = ko' Ji+k;t-Js (B.9)

and (X,1) — (Xu2) = ki -Ji+kg - Jo, (B.10)

where flux vectors J; have units of m/s.
We can express the mass transfer coefficients matrices in terms of the respec-
tive Sherwood matrices. For example,
1

ki = —D.; - Shy, (B.11)
501

where . is the effective thickness of layer 1 and D, is the diagonal matrix of
species effective diffusivities in layer 1. The schematic Figs. S1 and S2 indicate

the various effective layer thickness values, interfacial fluxes and concentrations.

168



AQf
Flow channel

Cim

b

Am Layer 1

/
5
;
)
.
%
/
O

.

Figure B.1: Figure S1: Schematic cross-section of a monolith channel with dual
washcoat layers and various concentration modes.

AN

When the flow geometry is close to a circular cross-section and the layer thickness
is small compared to the hydraulic diameter of the channel, the irregular cross-
section shown in figure S1 may be approximated by that shown in figure S2 with
effective thickness for each layer.

As explained in the main article, all the Sherwood matrices can be computed

in terms of the Thiele matrices defined at the interfacial mole fractions:

169



Ro=Aqi/Poy
Oci= Am/ Par
Oco= Am/ Par

Figure B.2: Figure S2: Schematic cross-section of a monolith channel with dual
washcoat layers and various length scales.

170



@2 — 2 D -1 _
1 501( 671) ( CT del

d (U7 105(Xonz, Oup
and ®2 = 6%(D,y) " (—CLT (v r(g;}(( ) - 2)> , (B.12)
v X=X

L d (V{ I'gl()(wla Owl) )
X=Xj;1

However, since X,; and X,, are not known, they can be approximated by the
relations

X, = X, +ki Ji=Xu) +kit- I+ kit Ty (B.13)

sl

and X, = (Xuo) +k3'  Jo=(Xp1) -k - Jr+ k' T, (B.14)

with the quantities on the right hand side of E¢s.(B-14) and (B-15) evaluated either
at a previous time or axial mesh point.

As mentioned in the main article, the Thiele (and Sherwood) matrices are of
order three for the LNT layer during storage. Though NO oxidation can occur in
the SCR layer, the rate of this reaction (at or below 7" = 370 °C) is so low that the
SCR layer effectively acts as an inert diffusion layer during the NOx storage phase.
During the storage phase, only the first four reaction steps shown table 6 of LNT
reaction scheme occur and the relevant gas phase species are NO, NO, and Os.
Hence, the Jacobian was calculated based on the partial derivatives of the net rate
of NO, NO, and O, (or the species formation vector). As a numerical example,
with an LNT layer thickness of 30 um and 7" = 370 °C, the (square of the) Thiele
matrix (with species ordering 1 = NO,2 = NO, and 3 = 0O,) in the simulations
shown in figure 8 at t=0 s (composition in LNT layer is: 5% O, 500 ppm NO)may

be calculated as
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—4.90 x 102 —3.25 x 10° 0.4 x 102
®2 = 5*(D,)"" <——> = 6.1 x 102 4.079 x 10° —0.5 x 10?
—2.7%x10%2 —1.74x10° 0.2 x 102

att=12 s (composition in LNT layer is: 4.96% O, 4.67 ppm NO, 4.71 ppm NOy)may

be calculated as

1.22 x 104 —1.21 x 10*  0.47
®; =02(D.)"" (——) = | 151x10* 1.95x10* —0.33

—0.66 x 10* —0.56 x 10* 0.31

The largest eigenvalue of ®2 is 4 x 10° at t=0 s and is about 2 x 10* at t=12 s.

In the simulations with cycling input condition, both LNT and SCR layers be-
come active with NOx storage, and regeneration/reduction steps. In this case, ®2
is a 5 x 5 matrix corresponding to the gas phase species NO, NO,, O,, H, and
NHs; ®2 is also a 5 x 5 matrix that includes N H,NOj3 but excludes H,. As a nu-
merical example, with an LNT layer thickness of 20 um, SCR layer thickness of
10 pm and T' = 300 °C (corresponding to the simulations shown in figure 7 of the
article), the matrices ®2 (with species ordering 1 = NO,2 = NO,,3 = Oy,4 = H,
and 5 = NH3) and ®? (with species ordering 1 = NO,2 = NO,,3 = O0,,4 = NH;
and 5 = NH4NOs3) at t=184 s (and composition in SCR layer is: 2.5% O,, 0.16%
Hy,composition in LNT layer is: 2.5% O,, 0.14% H,, 100 ppm N H3) may be calcu-

lated as
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[ 450 x 10 —230x 10° 0.002 7.64x 10* 0.01 |
—1.13 x 10* 2.87 x10* —0.002 0 0
®; = | 049x10' -1.24x10° 0.001 0 0o |,
2.24 x 10° 0 0 0.14 0
| —2.64 x 10 0 0 ~0.10  0.16 |
[ 036 547 %1075 280x 1071 0 0 |
7.49 x 107 0.057 347 %1071 0 0
] = 0.09 ~731%x 1075 1.36 x 10°° 0 0
0 0 0 37336 0
i 0 ~0.01 0 0 026

We note that ®7 is a diagonally dominant matrix but ®2 is not. The largest eigen-
value of ®2 is about 4.5 x 10* while in ®% is about 373, so the washcoat diffusion
limitations occur mainly in the LNT layer and the number of mesh points required
to obtain an accurate solution is determined mainly by the square root of largest

eigenvalue in ®2.

Mesh selection in dual layer numerical calcu-
lations

The mesh point distribution in the dual layered washcoat is shown in Fig. S3.
We denote N; and N, as the number of interior mesh points in layer 1 and 2,

respectively; Ay, is the mesh size in layer 1 and equals to Tii‘v Ays is the mesh

H i 662 i J— 6c1 J—
size in layer 1 and equals to ;. For uniform mesh Ay; = Ay,, hence T =

602

v = Ay. Also, for uniform mesh, Ay is equal to <2< The total number of

N1+No+2°

mesh points IV (interior and boundary points) is N; + N>+ 3, and now Ay = 202

Thus, if NV is fixed and §.,and J., are known, we can determine the mesh size and
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number of points in each layer by the relations

and N, + 1

Example: §. is 20 pm, 6. is 10 gm. When N = 10

When N = 100

and Ny +1

and N, +1

501"'502

N—-1"~

601 501
=(N -1

Ay ( )5c1+5c2

502 502
=(N -1 )

Ay ( )5cl+502
%:3.33;”11,

d¢
A;:3:>N1:2
02 _ 6o Ny =5
Ay 2T
I

99,U )

de
A2233:1\11:32
02 _ 66 = Ny = 65
Ay_ 2

174



Illustration of mesh structure:

* 10 mesh points
* Evenly distributed

y= 6c1 +6c2 X
A .
20um . LNT Layer (Layer 2)
y=06, = === = ¢ e O @ -
10pm . SCR Layer (Layer 1)
=0 =

Figure B.3: Figure S3: Mesh point distribution in the washcoat layer
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Appendix C: AsymptoticSherwood and Cross-Sherwood
Numbers for Standard Geometries

This section presents the asymptotic values of internal Sherwood and cross-
Sherwood numbers for standard washcoat geometries in Table C.1 that can be
utilize with our proposed model. For example, when squared monolith with rounded
square flow channel are considered, they can be devided into two washcoat layers
with an artificial rounded square boundary. This leads to the washcoat layer 1
having internal and external rounded square boundaries, and the washcoat layer 2
having intrenal rounded square boundary but external square boundary. Thus, the
asymptotic Sherwood numbers for these two layers can easily be obtained from

the Table C.1 below.
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Table C.1: Effective diffusion lengths, asymptotic internal Sherwood and cross-
Sherwood numbers for some common washcoat shapes

Channel Shape S0 = ij‘fgﬂz Shas
) Shzoo Shint,oo Shext,oo Shext,oo
J 3 6 3 6
// b/(l Shzoo Shint,oo Shfe:rt,oo Shfe:rt,oo
/// % 101 3.00 5.97 3.00 6.03
/ . ,{2 | (b—a) 11 300 573 300 630
) ) 12 301 551 301 661
@ / 15 305 504 304 756
W
G
b/(l Shzoo Shint,oo She:pt,oo Shfe:rt,oo
(b2 —Za?) 1.1 153 11.82 2.24 8.72
- o (b+%a) 1.2 200 6.60 2.69 6.61
1.5 255 4.63 2.96 6.87
b/a' 7“/a Shzoo Shint,oo Shext,oo Sheztpo
1.1 01 275 565 2.99 5.57
b?—a’+(1-5)rf 1.1 0.2 247 6.03 2.96 5.56
4 bta—(1-%)m 1.5 01 369 452 4.90 11.05
2 2b 1.5 02 369 4.55 2.93 11.23
1.5 05 383 4.69 2.97 13.14
..... L % = T’_bz Shzoo Shint,oo Shezt,oo Shezt,oo
\ Boar—(1-2)(r3-12) 1.1 0.2 2.9 5.9 3.0 6.1
N | 4 e (F ) | 11 05 29 59 3.0 6.3
2 25 ‘ 1.5 0.2 2.8 4.8 3.0 6.5
1.5 0.5 2.9 5.0 3.1 7.1
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