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ABSTRACT

We consider coupled reaction-diffusion models, where some components react
and diffuse on the boundary of a region, while other components diffuse in the
interior and react with those on the boundary through mass transport. We proved
if vector fields are locally Lipschitz functions and satisfy quasi-positivity condi-
tions, and if initial data are component-wise bounded and non-negative then there
exists Tax > 0 such that our model has component-wise non-negative solution
with T = Th.c. Our criterion for determining local existence of the solution in-
volves derivation of a priori estimates, as well as regularity of the solution, and the
use of a fixed point theorem. Moreover, if vector fields satisfy certain conditions
outlined in the dissertation, then there exists solution for all time ¢ > 0. Classical
potential theory and estimates for linear initial boundary value problems are used
to prove local well-posedness and global existence. This type of system arises in

mathematical models for cell processes.
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Chapter 1

Introduction and Motivation

Systems of semilinear parabolic partial differential equations result from a gen-
eral conservation law which states that the rate of change of the amount of con-
stituents in a domain is equal to the rate of flow of the constituents across the
boundary into the domain, plus the amount of the constituent created in the do-
main. They arise naturally in the modeling of a variety of biological and chemical
processes. In those settings, they are also referred to as reaction-diffusion sys-
tems. The idea that reaction-diffusion phenomena is essential to the growth of
living organisms seems quite intuitive. Indeed, it would be rather hard to envi-
sion how any organism could grow and operate without moving its constituents
around and using them in various bio-chemical reactions [23]. For example, bac-
terial cytokinesis is one of the processes which involves reaction-diffusion systems.
During the bacterial cytokinesis process, a proteinaceous contractile ring assem-
bles in the middle of the cell. The ring tethers to the membrane and contracts

to form daughter cells; that is, the “cell divides”. One mechanism to center the
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ring involves the pole-to-pole oscillation of proteins Min C, Min D, and Min E.
Oscillations cause the average concentration of Min C, an inhibitor of the ring as-
sembly, to be lowest at the midcell and highest near the poles [36]. This centering
mechanism, relating molecular-level interactions to supra-molecular ring position-
ing (the interactions between spatial oscillation of Min proteins and FtsZ reac-
tions) can be modelled as a system of semilinear parabolic equations. The model
is developed within the context of a cylindrical cell consisting of 2 subsystems;
one involving Min oscillations and the other involving FtsZ reactions. The Min
subsystem consists of ATP-bound cytosolic MinD(DATF) ADP-bound cytosolic

cyt

MinD(DADPP) " membrane-bound MinD (DALY cytosolic MinE(E), and membrane

cyt mem

bound MinD:MinE complex(E : DATF). These Min proteins react with certain
reaction rates that are illustrated in Table 1.1. Our study involves analysis of the
system involving the Min proteins. The evolution of the Min concentrations is

described by a reaction-diffusion system of the form

ur = DAu+ H(u) reQ, 0<t<T

vy = DAy + Flu,v) reM, 0<t<T
Dg—z:G(u,v) reM, 0<t<T (1.0.1)

U = Ug re, t=0

v =1 xeM, t=0

where Q is a bounded domain in R? with smooth boundary M, A and A,; denote
the Laplace and Laplace Beltrami operators, n is the unit outward normal vector

to €2 at points on M,
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Table 1.1: Reactions and Reaction Rates

Chemicals Reactions Reaction Rates
Min D DADP Feze, paTE Reve = kewe[ D3]
. k cyt
Min D Défp ety D;jgg Rpeyt = kpeyt [D;‘EP]
KD mem [Dinem)
Dé}f;P D D;ﬁgg RDmem = kDmem [Df,gf;] [D;}/ZP]
Min E B+ pATP Fren g pate Ryt = kpeyt | E][DATE]
B+ Dp Lenenl DR o pAte R b DATEE)E : DATEP
Min E E: DATP v, [y pADP Reup = kewp| B+ DTT]
DATP
[Da”) [DATF)
Yy [ B - DATP}
[Ecyt]
O Deyt 0 0
~ 0 Dmem 0
D = ’ D = UADyct 0
0 OE:Dmem

P RDcyt + RDmem - REcyt - REmem

_Re:pp + REcyt + REmem

, G =

0 UEcyt

_RDcyt - RDmem
Reap 5

Re:):p - RE’cyt - REmem
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and expressions of the form K, and oz are positive constants. In (1.0.1), 2 rep-

resents the cell and M represents its membrane. There are some components that

are bound to a membrane, and other components that move freely in the cyto-

plasm. Also, the components on the membrane and cytoplasm react together on

the boundary.

System (1.0.1) is somewhat similar to two-component systems where both of

the unknowns react and diffuse inside €2, with various homogeneous boundary

conditions and nonnegative initial data. In that setting, global well-possedness and

uniform boundedness has been studied by many researchers Alikakos [3], Masuda

[29], Hollis Martin Pierre [19], and many others [33].

Consider

w = dAu + F(u,v)

vy = dAv + G(u,v)

ou  ~0v
d—=d— =0
on an
U = Ug

r €,
xr €,

xr € M,

x € ),

x €,

O<t<T

O<t<T

O0<t<T

(1.0.2)
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For d,d > 0, and a vector field having the form

F(u,v) = —uh(v)

G(u,v) = uh(v)

where h is a given non-negative function, and v and v satisfy various homogeneous
boundary conditions, Alikakos [3] proved that solutions of (1.0.2) exist globaly
provided that h(z) < K z"w ¢+ L for some non-negative constants K and L, and
Masuda [29] proved global existence and uniform boundedness on Q x (0, 00) for
h(z) < Kz" 4+ L with r arbitrary, as well as convergence as t — oco. Haraux and
Youkana [15] were able to obtain the result for h(z) < Kev? 4 L, and similar
results were obtained in [5] and [18].

In [19], Hollis, Martin and Pierre proved global existence and uniform bound-
edness of solution for a class of reaction-diffusion systems involving two unknowns.

They assumed that the unknown w is uniformly bounded,

1. There exists v > 1, Ly > 0 such that |G(¢,n)| < Lo(1 + p + ¢)” for all

G > 0.
2. There exists 09 > 0 such that F({, u)+G((, 1) < do(1+p+C) forall ¢, u > 0.

Then they employed duality arguments to obtain L, estimates for v for arbitrary
p € (1,00), which together with polynomial growth in the reactions term implies an
L bound for v. Later, Hollis and Morgan [20] showed that if blow-up occurs, then
this blow up must occur for both components at the same point in . Morgan

[30],[31] extended the results of Hollis et al. to handle arbitrary m component
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systems under the assumption of quasipositivity, polynomial growth of reaction
terms, and an “intermediate sums” condition. Pierre [33] gives an excellent survey
of these results.

This gives rise to a fundamental mathematical question concerning global exis-
tence for (1.0.1). Namely, what conditions on F' and G will guarantee that (1.0.1)
has global solutions, and how are these conditions related to the results listed in
Pierre [33] . The focus of this dissertation is to give a partial answer to this ques-
tion. We observed that in order to obtain global well posedness of the solution to

system (1.0.1), it was sufficient to analyze the system

uy = dAu re, 0<t<T

vy = dAy + Flu,v) reM, 0<t<T
dg—z:G(u,v) reM, 0<t<T (1.0.3)

U = U re), t=0

v = reM, t=0

where d,d > 0, F, G : R2 = R, and ug and vy are smooth functions that satisfy

the compatibility condition

From a physical standpoint, it is natural to ask under what conditions the
solutions of (1.0.3) are non-negative, and the total mass is either conserved or

reduced. It is also important to ask whether these conditions arise in the problems
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similar to the above mentioned cell biology system. Conditions that are similar
in spirit to Lightbourne [28] and Hollis, Martin, and Pierre [19], [33] result in
non-negative solutions for system (1.0.3). More precisely, we show (1.0.3) has non-
negative solutions for all choices of non-negative initial data uy and vg if and only
if F" and G are quasi-positive. That is, F'(,0) > 0 and G(0,v) > 0 whenever

v € [0,00). Conservation or reduction of mass translates to requiring

/Q u(, ) + /M o(C,1)dC < /Q u(z, 0)dz + /M o(C, 0)dC (1.0.4)

for all t > 0. Integration leads to

%(/ﬂu—f—/]\;v):dLAU+JA4AU+A4F(U7U)

~ [ (Gtu)+ Flu)
M
Clearly, for (1.0.4) to hold, we need
T
|| (o) + P <o
o Jum

Therefore we expect to need an assumption such as

G(u,v) + F(u,v) <0 Vu,v e R,y
More generally, for (1.0.3) we assume there exists « > 0 such that

F((,v)+G((,v)<a((+v+1) forall v>0,(>0 (1.0.5)
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Assumption (1.0.5) and Lemma 6.1.12 (which is proved in Chapter 6), generalizes
mass conservation by implying that total mass, [, u(x,t) dz+ [,,v(¢,t) d¢, grows
at most exponentially in time .

Now we return to our goal of proving global wellpossedness of solutions to
(1.0.3). The natural conditions, quasipositivity and conservation of mass, are not
sufficient to obtain global existence in (1.0.2) (see [34]), and we suspect the same
will be true for (1.0.3). In order to show solutions do not blow up in finite time, we
need stronger conditions. First we obtain L, bounds for all p > 1 and then obtain
L, bounds. To obtain L, bounds for all 1 < p < oo, we impose a condition similar
to Morgan’s intermediate sums [30] and [31]. Namely, that there exists K, > 0

such that

G v) <Ky (+v+1) forall v>0,¢(>0 (1.0.6)

Our technique of obtaining L, estimates of the solution is similar in spirit to
that of Morgan [30], but in the setting of the structure of the system (1.0.3). To
obtain L., bounds, we adopt a natural assumption of polynomial growth, which
has been considered in the context of chemical and biological modeling (see Horn

and Jackson [21]). That is there exists [ € N and K; > 0 such that

F(¢,v) <Ky (C+v+1)! forall v>0, (>0

We also verify and make use of a remark of Brown [6], that if the Neumann data
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v lies in L,(M) for p > n + 1, then the solution to

v = dAgp xef, 0<t<T

0

9 _ zeM, 0<t<T (1.0.7)
an

Y= reQ), t=0

is Holder continuous on Q x (0, 7). We provide the proof of this result in chapter 4
for completeness of our arguments. As a result, L, estimates for 1 < p < oo imply
L, estimates for solutions of (1.0.3).

Our criterion for determining local existence of the solution to (1.0.3) involves
derivation of a priori estimates, as well as regularity of the solution, and the use of

a fixed point theorem. In our case, given a Cauchy problem on the manifold M,

U, = dAyV + f (€,t) € M x (0,7)

v T, EeM (1.0.8)

=0

we prove the following result.

Theorem 1.0.1. If 1 < p < o0 and T > 0, then there exists CA'p7T > 0 such
_2
that whenever Uy € VVp2 "(M) and f € L,(Mr), there exists a unique solution WV,

solving (1.0.8), and

2 A (2—2)
1912, < Corr U1 Fllpaee + 1ol 0"
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Tracing through the work in this direction, we found that Polden in [35] and [22]
and J.J Sharples [24] showed there exists a unique weak solution in W' (M x (0, T))
of (1.0.8), provided the initial data belongs to W3 (M) and f € Ly(M x (0,T)).

Note that the results of Amann [4] can be used to guarantee the local well
posedness of (1.0.3) subject to appropriate conditions on initial data and the func-
tions F' and G. But semigroup theory does not provide the explicit estimates
that are needed in our this setting. Moreover, the semigroup approach (see [4],
[32]) requires the features of fractional spaces and their intermediate spaces which
make the analysis much harder. Our approach keeps the analysis on comparetively
simpler L, spaces.

We note that many results obtained in the non-manifold setting also hold in
our setting. However, there is a difference. For example, our results do not apply

to the system

u = Au reQ, 0<t<T
vt:cZAMv—u“vb reM, 0<t<T
g—z:uavb reM, 0<t<T
U = U re, t=0
v = g reM, t=0

The results [19] apply in the non-manifold setting, but in our setting it is still an
open question.
This dissertation is organized as follows. In chapter 2, we provide the statement

of the main results, notations, and definitions used in the further work. Since

10
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the understanding of our problem depends mainly on the understanding of the
Cauchy problem on a manifold, in chapter 3 we give the extension of results by
Ladyzenskaya on a manifold. Chapter 4 discusses the detailed proof of the remark
in [6] made by Brown. Both of these chapters are helpful in establishing local,
global wellpossedness and uniform estimates of the solution of our problem. In
chapter 5 and 6, the proofs of the main results on local existence and global
existence are presented. In chapter 7, we apply our results to the 5 component

model example, which also provides the motivation of working on this problem.

11



Chapter 2

Notation and Definitions

This section defines the notations that make for the lucid comprehension of the
subject.

Throughout, we assume () is a bounded domain in R™ with smooth boundary,
M = 99 belonging to the class of C?*™ with pu > 0 such that Q lies locally on one
side of M. We note that M is said to be a C*™(y > 0) manifold together with

the C* Riemannian metric ¢ if only if

e For each point £ € M there exists a pair (V¢, ¢¢) consisting of an open set V¢
of M containing ¢ and a C? diffeomorphism ¢¢ : U — V¢, from open subset

U of R™! containing the origin onto V;.

e A Riemannian metric on a differentiable manifold M is an inner product
ge on the tangent space T¢(M) at each point £ that varies smoothly from
point to point in the sense that if X and Y are vector fields on M, then
£ ge(X(€),Y () is a C! function for all X, Y € T¢(M). The family g¢

of inner products is called a Riemannian metric (tensor). g¢ is determined

12
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by a positive definite, symmetric (C') matrix (g;;(€)) = (g¢(0yi, 0ps)), where

{0, = 5%} is a basis of T¢(M). See [39], [42] for more information.

Note that the metric ¢ is defined on the entire manifold M, whereas g; ;(£) are
defined only in a coordinate chart (V, ¢¢).
R, is the set of all non-negative real numbers.
Q is the closure of 2, so that Q = QU M.
Qr is the cylinder 2 x (0,T"), which contains points (z,t) with z € Q and ¢t € (0, 7).
My is the cylinder M x (0,7), which contains points (§,¢) with £ € M and
t e (0,7).
n is the outward unit normal to 2 on M, and 7; are direction cosines of the outward
unit normal 7.
V and V- = Zi\;l % are the gradient and divergence operators, respectively.
Note that a%; =7 -V and that the Laplacian operator on € is given by A =V - V.
Throughout, m, k,n,i, and j are positive integers, and D and D are k x k and
m x m diagonal matrices with positive diagonal entries {d;}1<;<x and {d;}1<j<m
respectively. Also, dyi, = min{d; : 1 <i < k}.

Laplace Beltrami operator: (), g) is a Riemannian manifold together with
C' Riemannian metric, with g; ;(£) being defined in a coordinate chart (V¢, ¢¢) and
g (&) are entries of the inverse matrix, (g;;(£))™!. The Laplacian of & = u o ¢ on

U C R™ ! in local coordinates, is given by

1 )
Apu = \/maj(g]\/det g 0;i)

13
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Ay is known as the Laplace Beltrami operator. For more details, see Rosen-
berg [39] and Taylor [42]. It is worth mentioning that although it seems that the
above expression depends on local coordinates, it does not change with the local

coordinates, and hence it is well defined.

2.1 Basic Function Spaces

Let B be a bounded domain on R". We will define all function spaces on B and
Br =B x(0,T). L,(B) is the Banach space consisting of all measurable functions

on B that are ¢'"(q > 1) power summable on B. The norm is defined as

s = ( [ |u<x>|‘1da:);

Also,

|u]|co.8 = esssup{|u(z)|: x € Q}

Measurability and summability are to be understood everywhere in the sense of
Lebesgue. The elements of L,(B) are equivalence classes of functions on B. Also,
if p,q € [1,00] with p < ¢ then L,(B) C L,(B) and there exists C' > 0 so that
lullps < Cllullqp for all u € L,(B). Indeed, if p € [1,00), p < ¢ = pr < oo, and

% + % = 1 then by Holder’s inequality,

S

||u||p,ss<(/8 |u|pr) (/B 1) ) — B ull, s

14
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—1
That is C' = |B| 7 . This inequality is obvious in the case where ¢ is infinite. Also

note that with these norms, Holder’s inequality is expressed as

luvllis < [lullpslvlas

for u € L,(B),v € Ly(B), and  + ; = 1.
If p > 1, then Wg(l’p’) is the Sobolev space of functions v : B — R with
generalized derivatives, 02u (in the sense of distributions) where s < 2 and each of

the derivatives belongs to L,(B). The norm in this space is

2
2
2% = llozull,s
r=0

Here s = (51, S2,..-,80), || = 51+ S2 + .. + Sy, and 02 = 971 052...05" where 0; = 6%'
Similarly, ngl(BT) is the Sobolev space of functions u : By — R with gener-
alized derivatives, 0707 u (in the sense of distributions) where 2r 4+ s < 2 and each

of the derivatives belongs to L,(Br). The norm in this space is

2

2
%, = > 110507 ullys,

2r4+s=0

Here s = (s1,52,...,50), |8| = $1+ S2+ .. + 5, and 9% = 071 05?...05" where ; = .

(3

In addition to Wg’l(BT), we will encounter two spaces with different ratios of

upper indices. W,(By) is the Hilbert space with scalar product

(0 ooy = [ (w0t v )
T

15
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and W, (By) is the Hilbert space with scalar product

(u, U)W;,I(BT) = / (UV + Uy Vg, + wpvy)da dt
Br

Va(Br) is the Banach space consisting of all elements of W, (Br) having a finite

norm

[uber) = vrai mae (@, )z + sl

1
2
tallosy = ( [t dt)
Br

V,"°(Br) is the Banach space consisting of all elements of Vy(By) that are contin-

where here and below

uous in ¢ with respect to the Lo(B) norm, and having a finite norm

205y = g0 [, 1)l + [fsal 5,

The continuity in ¢ of a function u(-,t) in the norm of Ly(B) means that
Ju(-,t + At) —u(-,1)[las = 0

as At — 0. The space V,"*(By) is obtained by completing the set W,"'(By) in

the norm of Va(Br).

1
1,5

V, 2(Br) is the subset of those elements u € V,*(Br) for which

T—h
/ /hl[u(x,t—l—h)—u(x,t)]Q de dt — 0 ash—0
0 B

16
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We will also introduce W}(B8), where [ is not an integer, because initial data
will be taken from these spaces.
The space Wé(B) with non-integral [, is a Banach space consisting of elements

of WM ([7] is the largest integer less than [) with the finite norm
l ! !
lullys = (s + Nl

where

(1) s
ull{ = Z 102 u

s o dy %
(1) pB: (/ dx/ |Oyu uly )|p"$_y’n+p(l[l]))

1
W;”(@Bﬂ spaces with non-integral [ also plays an important role in the study

pv

and

of the boundary value problems with nonhomogeneous boundary conditions, es-
pecially in the proof of exact estimates for there solutions. It is a Banach space
when p > 1, which is defined by means of parametrization of the surface 9B.
Let OB be covered by sets 0B;,0B,,...,0By, ... such that U,0B, = 0B, and for
each point x € OB there exists k such that x € 9B, and the distance from x to
OB \ 0By exceeds a certain fixed positive number, ¢ independent of z. Further,
every OBy, intersects only a finite number of other 9B;, not exceeding some number
my, and is mapped onto some canonical domain ¢ of n — 1 dimensional Euclidean
space. In other words, for = € 0B, there exists (Vj, ¢x) consisting of an open set
Vi, of M containing x € 9B and a C? diffeomorphism ¢ : U — V;, from open

subset U of R™™! containing the origin onto V. Let uy(z,t) = u(ép(2),t) for all

17
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(2,t) € U x(0,T). The space Wp (8BT) is defined as a set of functions with finite

norm

3=

ull s, = (Z (lJun(z, t)HW)p)

k

where

YA T S s S (w
N SN 70T | S S (167 1% L AT SN (G o TS Mo

0<2r+s<l 2r+s=[l] 0<l—2r—s<2

and for 0 < a < 1

dy >
pwUT (/ dt/dx/]vxt )|| i 1+ap>

' \?
)@ t ’
V) o = (/ dx/ dt/ v(z,t) —v(z, ). T t’|1+ap)

The need of Wp (8BT) spaces is connected to the fact that the differential
properties of the boundary values of the function from classes W' (Br) and of
certain of its derivatives, 070/, can be exactly described in terms of the spaces
Wé’%(ﬁBT), where | =2 —2r — s — %.

Ca’%(B_T) are Holder spaces, where 0 < o < 1. It is a Banach space of contin-

uous functions wu(z,t) with the finite norm

N P (%)

) = sup fu(e, 0)] + [, + [l
T

(z,t)EBT

18
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where
[U](a) _ su |u(ac,t) — U(.Z’/,t)|
z,Br ,p |z — /|
(x,t),(:): 7t)€BT
x#x’
and
[U}(%) o lu(z, t) — u(z,t')]
t,Br I,) |t _ t/|%
(w,t),(m,t )GBT
At

Notation: C'2 (By) stands for C'2°2 (By).

C(Br,R") is the set of all continuous functions u : By — R".

CYO(Br,R™) is the set of all continuous functions u : By — R"™ having continuous
derivatives u, in Br.

C*Y(Br,R™) is the set of all continuous functions u : By — R"™ having continuous
derivatives u,, u,, and u; in By.

Note that similar definition can be given for By.

2.2 Holder and Sobolev Spaces on Manifolds

Let M be a compact Riemannian manifold with metric g. For p > 1, define the

Lebesgue space L,(M) to be the set of locally integrable funcions u on M for which

1
i, = ( [ 1aavy)’
M

is finite. Here dVj, is the volume form of the metric g. Suppose that p,¢ > 1 and

the norm

that ]lj+ =1 Ifue L,(M)and v e L,(M), then uv € L1(M), and

Q=

[wollz, <l vz,
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2.2 HOLDER AND SOBOLEV SPACES ON MANIFOLDS

This is Holder inequality. One can easily define the Sobolev spaces W;(M ), fol-
lowing what is done in the more traditional Euclidean context. For instance, when
k > 0 and p > 1, one may define the Sobolev space W;(M ) as follows: for

u € C®(M), we let

k v
lellwg ) = (Z/ |VjU|”dVg>
j=0’M

We then define W} (M) as the completion of C>(M) with respect to |-l ary-
Also, as for bounded open subsets of the Euclidean space, the Sobolev embedding
theorem (continuous embeddings) and the Rellich-Kondrakov theorem (compact
embeddings) [16],[42] do hold.

In further arguments we need a result stating that when p > n, the order
of differentiability or the order of integrability is so large that the Sobolev space
can be embedded in Holder spaces, and it will stated later. More developments
on Sobolev spaces, Sobolev inequalities, and the notion of best constants can be
found in Druet-Hebey [8] and [9].

Following standard notation, we let C*(M) be the space of k times continuously

differentiable functions on M. If u € C*(M), then

[ell o ar Z IV ulls

is finite. The norm |].||cr(ps) induces a Banach space structure on the space C*(M).
Let dy(z,y) be the distance between = and y € M calculated using g, and let

a € (0,1). Then a function u on M is said to be Hélder continuous with exponent
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2.2 HOLDER AND SOBOLEV SPACES ON MANIFOLDS

o if

()~ ufy)
[U]a_x#yé)M dg(x,y)“

is finite. Any Holder continuous function u is continuous. The vector space
C%*(M) is the set of continuous bounded functions on M which are Hélder con-

tinuous with exponent a, and the norm on C%*(M) is

lull oy = llulloo,pr + [u]a

is finite. Concerning the spaces C**(M) and C&*(M), where k > 1 is an integer
and a € (0,1), a possible definition is the following: a function v : M — R is in
Cke(M) if and only if it is in C*(M), and given a system of charts on M, the
coordinates of the tensor V*u are in €% when read via a chart. This definition
is naturally independent of the choice of a C* system of charts. See more detail

in the Handbook of Global Analysis [25].
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Chapter 3

The Cauchy Problem on a

Compact Manifold

Let M be a compact Riemannian manifold without boundary with metric g. Con-

sider the system

U, = dA T + f (&,t) € My

U|,_, =" EeM (3.0.1)

where d > 0, f € L,(My) and ¥, € W,S2_%)(M). Searching the literature, we
surprisingly could not find the I/sz’1 estimates for the solution to linear parabolic
problems in this setting. Tracing through the work in this direction, we found
that Polden in his PhD thesis [22] and [35], and J.J Sharples [24] give a result
in the setting where p = 2. Sharples also corrected a minor error in Polden’s

work. Using their W5 (My) estimate, we obtain W2 (Mry) apriori estimates for
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CHAPTER 3. THE CAUCHY PROBLEM ON A COMPACT MANIFOLD

solutions of (3.0.1) for all p > 1. For smooth functions f,g : M x [0,00) — R,

Polden considered weighted inner products:

(f,9) 1L, = /0°° e (f (1), 90 1) 2y dt

(. 9w = / B L (1), g0 D)

gz = [ G0 Dzndt
(fs@ww. = (f( 1), 90, ) ewp + (Dif, Dig) i,

Where LL,, LW, and WW, are the Hilbert spaces formed by the completion
of C®(M x [0,00)) in the corresponding norms and WIW? is the completion of

C®(M x [0,00)) in WW,. See [24] for the proof of the following result.

Theorem 3.0.1 (Polden, J.J Sharples). Suppose Wq lies in W3 (M) and f €
LL,(M x [0,00))). Then for sufficiently large a, the system (3.0.1) has a unique

weak solution in WW?.

Furthermore using apriori estimates in [24], they showed that the solution be-

longs to Wy (M x [0, 00)).

Theorem 3.0.2. Let ¥ € WW, be solution of (3.0.1) with ¥y € W} (M) and
f € L,(Mr). Then ¥ € LW2, and there exists C' > 0 independent of Uy and f

such that

1902wz < CUMollyy ary + 11122,

Proof. See Lemma 4.3 in [24]. O
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Corollary 3.0.3. Let 0 < T < oo. Suppose Vg € Wy (M) and f € Ly(Mr). If
a =0, there exists a unique weak solution to (3.0.1) in Wy (My), and there exists

C > 0 independent of Yy and f such that

1212000y < CUol s ary + 17 uary)

Remark 3.0.4. Theorem 1 and Theorem 2 also hold on a C? manifold.

We will use this W3 (Mr) result to derive W21 (Myz) a priori estimates for
solutions to (3.0.1) for all p > 1. To obtain these estimates, we transform the
Cauchy problem defined locally on M to a bounded domain on R~ where n—1 is
the dimension of the manifold, and obtain the estimates over this bounded domain.
Then we pull the resulting estimates back to the manifold. Repeating this process
over every neighborhood on the manifold, and using compactness of the manifold,
we get estimates over the entire manifold.

The following results will help us obtain a priori estimates for the Cauchy prob-
lem on M and prove the existence of solutions in W>'(Mr). Lemmas 3.0.5, 3.0.8
and 3.0.12 can be found on page 341 in [27], page 49 in [26], and [16] respectively.

Let B be a smooth bounded domain in R™ with smooth boundary 9B be-
longing to the class C?™* with g > 0 such that B lies locally on one side of the

?(B)

boundary, 0B. Let T" > 0 and p > 1. Suppose © € L,(Br), wy € Wp(z_
and v € WPQ_%’l_TIP(@BT). Also, in further arguments the coefficient functions

a; j are symmetric, uniformly continuous on B, and satisfy the uniform ellipticity
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condition, that for some A > 0
> ai(x, )68 > A for all (x,1) € By and for all £ € R”
ij=1

Consider the problem

ow O*w
ot > a”(x’t)—axiaxj +

ij=1 i=

n

lai(x,t)g—;i = O(z,t) (x,t) € Br
w = vy(z,t) (x,t) € 0Br (3.0.2)

w|t:0 = wp(x) reB

Lemma 3.0.5. Let p > 1. Suppose that the coefficients a;; and a; are uniformly
continuous on By, © € L,(Br), wy € W,EQ_%)(B) and vy € Wf‘%’l‘ﬁ(aBT) with
p # % Then (3.0.2) has a unique solution w € W,>"(By), satisfying in the case
p > %, the compatibility condition of zero order, wo|log = V|t=o. Furthermore, there

exists Cp > 0 independent of ©,wq and v such that

2 (2-2) (-11-4)
lwllys, < Crl©1,s, + lwolls” + 17lp0d )
Proof. See Theorem 9.1 in Chapter 4 of Ladyzenskaya [27] ]

Lemma 3.0.6. Letq > p, 2—2r—s— (1 — %) (n+2) >0 and 0 < § < min{d; VT}.

p

Then there exists cs, cy depending on r,s,n,p and €2 such that

1D} Diullgsy < 82 2" Gma) 42y @, ey~ @rst (=) k) | g,

for all uw € W2 (By). Moreover, if 2 — 2r — s — (";2) > 0, Then for 0 < a <
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2—2r—s— @ there exists constants cs, cg depending on r,s,n,p and €2 such

that

—op_g—nt2_ _ (n+2)
1Dy D) < 6?75 | %+ ced™ T A ||, 8,

for all w e W2 (Br).
Proof. See Lemma 3.3 in Chapter 2 of [27] O

Corollary 3.0.7. Suppose the conditions of Lemma 3.0.5 are fulfilled for p > ”T”
Then there exists ¢ > 0 depending on n,p and §2 such that the solution of a problem

(3.0.2) is a Holder continuous function in x and t with

(2 n+2

’w’BT_ 3

Lemma 3.0.8. Let 1 < p < 0o and € > 0. If p < n then W, (B) imbeds contin-

uously into Ly(B) forp < q < p* = n"—f;). Furthermore, there exists C, > 0 such
that

||U||§q(3) < 5””90”2,0(3) + CeHUHil(B)

for allv € WZ}(B). The imbedding constants for the imbeddings above depend only

onn,p,q and 2.
Proof. See page 49 of Ladyzenskaya [26] O

The following result seems to be well known, but in the absence of a good

references we include the proof.
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Lemma 3.0.9. Let € > 0, 1 < p < 0o and v € W} (B). Then there exists Cc > 0

such that

[Vall,, 5 < €llvaall, 5 + Cellvll, 5
for allv e W2(B).
Proof. By way of contraction, suppose there exist ¢ > 0, and a sequence v,, €

W2P(B) such that,

”Umsz,B > e”vmzsz,B + mvaHp78 (303>

for all m € N. Let ky, = [|vp, |, 5 and wy, = ﬁvm. Dividing inequality (3.0.3) by

k., and using homogeneity, we have
L= Jwm, |, 5 > €llwm,, I, 5 +mlwnll, (3.0.4)

From (3.0.4) |[wm,, |, 5 < & [wm, |, 5 =1 and |Jwn |, 5 < £ This implies {w,, } is
a bounded sequence in W?P(B). Now, W??(8) embedds compactly into W?(B),
so there exists a subsequence {wy,, } and w € W'?(B) such that, w,,, — w. Again,

from (3.0.4), (w5 < L 50, as m — 00 wy,, — 0 in L,(B). Therefore, w = 0

m

with ||w]|,1,, = 1, which is not possible. Hence, there exists Ce > 0 such that

vzl < €llvasll, 5 + Celloll,, 5

for all v € W2(B). O
Lemma 3.0.10. Suppose f € Lo(Mr) and Wy € W3 (M). Then the unique solu-
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tion U of (3.0.1) satisfies the estimate

[Wllar < ([ fllaze + ([Woll1,as

Proof. Write f = f* — f~ and ¥y = U} — U, Since ¥, € WH(M), U, ¥, €

W4 (M). Consider the systems

Uy, = dAy Uy + fF (&, t) € My
\111|t:O =t EeM
and
Wy, = dAy Ty + f (&, t) € My
\112|t:0 =, EeM

Note that the solutions ¥; and ¥, are unique from Theorem 3.0.1. Using Theorem
3.0.1 and linearity, ¥ = W; — W, solves (3.0.1). Since f* and f~ are non-negative
functions, maximum priniciples imply ¥; and W, are non-negative. Integrating

both the systems over My, we get

/\Plﬁ/ f+—|-/\11f{
M My M

and

/M\Ilgg/MTf‘Jr/M\I!g
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As a result,

/M\\ms/Mxp1+/M\112g/MT(f++f-)+/M(qfo++xpg)

= [ flle.00r + [[Woll 1,01

[]

Lemma 3.0.11. Let p > n and o € (0,1) such that « <1 —%. Then W, (B)

embedds compactly in C%(B).
Proof. See Adams [2] O

Lemma 3.0.12. Let (©,g) be a compact Riemannian manifold of dimension
greator than or equal to 1. Let p > n. Then the embedding W, (D) C C**(D)

1s compact for all0 < a <1 — %.

Proof. See Emmanuel [16] O
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3.1 W' ESTIMATES ON MANTFOLDS

3.1 sz’l Estimates on Manifolds

Let F be a subset of R, with following property:

p > 1 belongs to F if and only if there exists CA'va > 0 such that whenever
U, € W;_%(M) and f € L,(My), then there exists ¥ € W' (Mr), such that W
solves (3.0.1) and

2
112, < Cor (I lars + [Tolla)

Note: From Theorem 3.0.1 and 3.0.2, 2 € F.
Lemma 3.1.1. [2,00) C F.

Proof. We will show that if p € F then [p,p + ﬁ] C F. To this end, let p € F
_2
and ¢ € [p, p+ —15] such that g € W “(M) and f € L,(Myr). Then f € L,(Mry)
_2 .

and U, € Wp ?(M). Since p € F, there exists Cp,r > 0 independent of ¥, and f,

and W € W2 (My) solving (3.0.1) such that
2 (2-2)

1A < Co (1 llpare + [ Woll, pr") (3.1.5)

Let R > 0 and B(0, R) be an open ball in R"™! containing the origin. Now, M

is a C? manifold. Therefore, for each point ¢ € M there exists a pair (V, ¢¢) of

an open set V¢ containing £ of M and a C? diffeomorphism ¢, : B(0, R) — onig Ve.

Let ® = Vo ¢, f = fo@e, Pg = Wy o0 ¢¢ and using the Laplace Beltrami operator

(defined before), (3.0.1) takes the form

j
P, = y/det g 0;d) ,1) €e BO,R), 0<t<T
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® = d, z€B(0,R), t=0  (3.1.6)

That is, in a bounded region B(0, R) x (0,7) of the Euclidean space, we have

n—1 n—1

L) =T — Y ay(x,)Pp, + Y ai(, )0y, = fla,1) (3.1.7)

ij=1 i=1

®|,_, = Po(x) (3.1.8)

where,

—d y
(2,t) = ———0;(g"/det
a;(2, 1) T i(g7V/ det g)
Note ¥ € W2 (My) implies ® € W2'(B(0,R) x (0,T)). Take 0 < 2r < R and

define a cut off function ¢ € C§°(R™™!,[0,1]) such that,

1 Vze B(0,r)
b(z) = (3.1.9)
0 VzeR"N\B(0,2r)
In @ = B(0,2r), Qr = B(0,2r) x (0,7) and Sy = 0B(0,r) x (0,T), w = P
satisfies the equation
a_w_nz_:l A t)az_erni:l ( t)a_w_g( ) (x,t)€Q
875 A 8%6% AN a{['z N o o r

ij=1 i=
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3.1 W' ESTIMATES ON MANTFOLDS

where,

0P Oy 0*Y o
-2 —d )
O(x,t) = fa Zaw T, t)— 8:62 ax] Z (x,t) 8 w0, + Z T, t)— 8351

2,7=1 i=1

Since ¢ € C°(R"7%,[0,1]) and ® € W2Y(B(0,R) x (0,T)), therefore § — fy €

W;}’l(QT)~
Case 1. Suppose p < n. From Lemma 3.0.8, § € Lmin{q p+i}(QT)' In

particular since p + — < p+ 2=, 0 € Ly(Qr). As a result

n—p’

10lloor < If¢leor + Cill@llaor + Call®alloer

- 1
1Fllgor + Cill@llgar + Call®a ],

IN

where C, Cy > 0 are independent of f. Now in order to estimate ||®,|| ](D%T, apply

the change of variable

—1\/ 1
1215, = 12| det((d ) )15 e
and using (3.1.5), we get
)

- (2-2
||0||Q7QT < ||f¢||q7QT + Ol||q)||q7QT + OQp,T(HfHP,MT + H\Ij()“p,Mp )

where Cy, 7 > 0 is independent of f and W,. At this point, we need an estimate

on @], 0 Again [y, = 9] det((de "))l oe(c, and from Lemma 3.0.8,

[0l det((@¢ ) llg @y < 1%1det((@e ™)o@,
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Thus

(2-2)
10llq.0r < EKp (1 fllprr + [[Woll,0"") (3.1.10)

where K, > 0 is independent of f and W,.
Since g¢; ; are the C! functions on the compact manifold M, a; ;(z,t) and a;(z, )
satisfies the hypothesis (bounded continuous function in Q) of Lemma 3.0.5.

Therefore using Lemma 3.0.5 (for ¢ > %),
@ < C 0 + ||y -0 3.1.11
||w||q,QT —= fLT(H ||q7QT ||77ZJ 0||q,Q ) ( L )

where C,r > 0 is independent of § and )®j. Combining (3.1.11) and (3.1.10) we

get,
2 (2-2)
lwl%, < Corr(0llor + 9ol 0" )
- (-2 (2-2)
< Kpr(Ifllpasr + 1Woll, 2" + 10 Poll,0")

where f(pj > 0 is independent of f, # and ¢®y. Note that w = ® on Wy =

B(0,7) x (0,7). Thus

) )

2 ~ (2-2 (2-2
1212, < Kpr(Ifllpazr + 1%oll, 1" + 18Polly ") (3.1.12)

Observe (3.1.12) is over B(0,7) x (0,7) C R*! x R,. To get the estimate back

on the manifold, apply the change of variable, H@H((f‘),VT = || ¥ det(((b_l)')]Hfd))(WT).
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Thus
2 : (2-2) (-9
18150y < Bome(lf I + 100l + 1 ollpy)  (3:1.13)
max | det Cb_l,
where K, pe — K,z 5e¢FQ)|‘d t(<(<¢1)),))|‘
min €
£€od(Qr)

So far; an estimate in one open neighborhood of some point £ € M is obtained.
As one varies the point { on M, there exists corresponding open neighborhoods V¢
and a smooth diffemorphisms ¢¢ : B(0,7)— Vg, which results in different IN(p,T,g
for every V. Consider an open cover of M such that M = (J.,, Ve. Since M
is compact, there exists {&1,&,...,6n} such that M C | ¢em Ve, and f(p’T@

R ) 15j<N
corrresponding to each V,. Let, C,r = Zjvzl K, 1g,. Inequality (3.1.13) implies

2 A (2—2)
112, < Cor(lflgnte + 1Wollg ™)

Thus [p,p+ -] C F.
Case 2. Suppose p > n. By Lemma 3.0.8 and Theorem 4.12 in [2], 6 € L,(Qr),

for all ¢ € [p, o), and proceeding similarly to Case 1, we get

2) 2 (2-3)
1Wlgrr, < Crlllfllgrm + %ol ")

where CA*p,T > 0 is independent of f, 6 and )®y. Hence [2,00) C F.
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Theorem 3.1.2. F = (1,00).

Proof. From Lemma 3.1.1, it remains to show that (1,2) C F. Let 1 < p < 2,
f e L,(Mr)and ¥, € WQ_%(M). Since C*°(Mr) is dense in L,(Mr), there exists
a sequence of functions {f.} and {Wy,} in C>°(Mr) such that f; converges to f

in L,(Mr) and ¥y, converges to ¥y in VVp2 ~?(M). Consider a sequence of ¥}, such

that,

Uy, = dA YTy, + fi EeM, 0<t<T

Uy, = Uy, EeEM, t=0 (3.1.14)

Now we transform system (3.1.14) over a bounded region in R"~!. Similar to
the proof of Lemma 3.1.1. Corresponding to each k, let fj, = Jrode, o, = Yop ooy
and using the Laplace Beltrami operator (defined before), (3.1.14) on B(0, R) C U

takes the form

b, —
H Vdet g
D), = Dy, r€ B(O,R), t=0

0;(g7~/det g 0,;®) + fela,t) x€B(0,R), 0<t<T (3.1.15)

Consequently, in a bounded region B(0, R) x (0,7T) of the Euclidean space, we
consider (3.1.15) in the nondivergence form, £ defined in (3.1.7) for each ®; with
f replace by fk and ®g by ®¢,. Taking 2r < R and using a cut off function ¢ €
Ce°(R™1,[0,1]) defined in (3.1.9), the following Dirichlet homogeneous boundary
value problem is obtained. In @ = B(0,2r), Qr = B(0,2r) x (0,7) and Sp =

35



3.1 W' ESTIMATES ON MANTFOLDS

0B(0,7) x (0,T), wy, = Py, satisfies the equation

8wk L 82wk ] 8wk
— — aij(x,t)———— + a;(x,t) = Ok (z,1) (x,t) € Q
8t Zl J al’ial'] Zl ; F 4

wk:() (x,t) EST

wk’t o = ¥VPor(z) t=0,Vze€Q

where,

Note f; and W, are smooth functions. Therefore from Lemma 3.1.1, there exists
a solution. @), € W2'(Qr) for all ¢ > 2. Thus 6, € Ly(Qr) for all ¢ > 2. Recall

Y € CP(R™1[0,1]). Using Lemma 3.0.9 for € > 0 there exists ¢, > 0 such that

||9k||p,QT < ||fk7/)||P7QT + MlH(I)k’HILQT + M2||(I)k$||P7QT
< [ fllp.or + Mi[|Pxllp.or

+ Ms(€]|Phaalp.@r + el Pkllp.or) (3.1.16)

Here My, M5 > 0 are independent of f and ¥y. At this point we need an estimate

for || ®k||p.qp- From Lemma 3.0.8 for 1 < p < n < ¢ there exists C. > 0 such that

| kIIL,,q < e[1Phallyqr + [1Paelly ) + CellPrllt g,

Since p < p q , from Holder’s inequality, € and C, get scaled to € > 0 and C: > 0,
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and

1Pellp.or < €[ Prellp.or + 1 Prallpor) (3.1.17)

+ Cel| Pkl o,
From (3.1.16) and (3.1.17),

10kllp.@r < (My + Mace) (€([[Prellp.or + 1Pkallpr) + Cell Pill o)

+ kaHp,QT + M2€”(I)kap,QT

Recall g;; are C'! functions on the compact manifold M. Therefore a; ;(z,1)
and a;(z,t) satisfy the hypothesis (bounded continuous function in Qr) of Lemma

3.0.5. Using Lemma 3.0.5 for p # 2,

2 (2-2)
il < Cor(10kllpar + 1¥®okll,0" ) (3.1.18)

where C,, r is independent of 6 and )®,. Combining (3.1.16) and (3.1.18), we get

2 (2-2)
lwill . < Cor(10kllpar + 1 ®okl,0" )
< Cor{llfillpor + Moe||Phrellp.0r
+ (My + Moc) (|1 @xillpar + [Prallpor) + Cell @il o,)
(2-2)
+ 0 Poill, 0" }

Note that wy, = &, on Wr = B(0,7) x (0,7). Thus
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) "
194153, < Cor{ll Fellpar + Moel @iz llpr
+ (M + Mace) (€([| Prellpr + 1Pkallpar) + Cell ell )

(2— 2)
+ Hw%k\po } (3.1.19)

Observe (3.1.19) is over B(0,7) x (0,7) C R"! x R,. To get an estimate on the

manifold, apply the change of variable, ||<I>k||p wy = [[We|det((o™ ) )||| s(wy)- This

gives

) )
k12 0 < Coearlll fillpotar + Moel Phpallpson)
+ (M + Mac) (€[ rillpsor + 1Wrellpo@n) + Cel Wil oiam))

(2-2)
+ [ Worll, st (3.1.20)

/

max | det((¢™"))]
= A £e¢(Qr)
where C, =C 7
e i [det((671))]
So far an estimate in one open neighborhood of some point £ € M is obtained.

As one varies the point £ on M, there exist corresponding open neighborhoods
Ve and a smooth diffemorphisms ¢¢ : B(0,7) — Vg, which result in different
C~'p,§7T for every V¢. Consider an open cover of M such that M = UgeM Ve. Since
M is compact, there exists {&1,&,...,En} such that M C (J ¢em Ve, and é'p@j,T

K ) 1<5<N
corrresponding to each V¢,. Let Cpr = Zjvzl Cpe,r- Inequality (3.1.20) implies

- (2-2)
19elisrse < Co Al ullpare +MoelWhllpate + [ Wok 0" (3.1.21)

H(My + Mac) €| Wnellp. vtz + 1Wkollpsr) + CeH‘I’kHl,MT)}
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Also from Lemma 3.0.10,
Wkl < N felluaer + [ Worl1ar
Implies, [[Wkll; ar,. < [ fkll1.0er + | Worll1,0r. Now, choose € > 0 such that,

. A 1
maX{CnTMQe, Cp’Tg<M1 -+ MQCE)} < 5

For this choice of €, (3.1.21) gives us the W2>! estimates of the Cauchy problem on

manifold.

2
112 < Cor(l illmats + Celllfelliats + [ Worllar) + 1ol ar)

2 (2—2)
1912, < K (Ul fillpaer + okl 1) (3.1.22)

where IA(I,’T > 0 is independent of f; and Wg,. It remains to show that the se-
quence {¥;} converges to W in W2>'(Mr), and ¥ solves (3.0.1). From linearity
and (3.1.22), if m,l € N then ¥,, — ¥, satisfies

(U, — 0))y = dAM (T — 1) + fr — fi geM, 0<t<T
\Ijm—\Ijl:\If[)m—\IJ(]l fEM, t:()
with
(2— 2)

1%~ WPy, < Kozl = Allpate + [Wor — Torlly ")
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3.1 W' ESTIMATES ON MANTFOLDS

This implies {¥}} is a Cauchy sequence in W (Mr). Let k — oo then f converges

2

to f in L,(Mr), Vo, converges to ¥ in W;_;(M), and U converges to U €

W2 (Myp) in the W' norm. Thus ¥ solves (3.0.1) and (3.1.22) implies

2 - (2-2)
1012, < Ko (1 Fllpee + 1ol 0"

Hence F = (1, 00). O
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Chapter 4

The Linear Neumann Boundary

Value Problem

In the past, local solvability of nonlinear quasilinear parabolic systems has been
proved using both classical and semigroup theory approaches (see Amann [4], Wei-
demaier [43], and Acquistapace and Terreni [1]). Giaquinta and Modica [14] used
classical techniques based on a priori estimates, without assuming any growth con-
dition on functions to prove local solvability. For more details see Giaquinta and
Modica [14]. We are interested in Holder estimates of a solution to a linear Neu-
mann boundary value problem, provided Neumann data lies in L,(M x (0,7)) for
p sufficiently large. These Holder estimates will be used in the next section to
prove local existence for the coupled reaction diffusion system (1.0.1).

As earlier let € be a bounded region with smooth boundary M = 0 (say,
belong to the class of C?™#(u > 0) such that Q lies locally on one side of M).

Here n; are direction cosines of the outward unit normal to M, d > 0 and %ﬁs =
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CHAPTER 4. THE LINEAR NEUMANN BOUNDARY VALUE PROBLEM

> gT‘inj(:r). Consider the linear parabolic system,

o =dAp+0 e, 0<t<T

0 .
A reM, 0<t<T (4.0.1)
an

¥ = Yo re, t=0

v = dAgp e, 0<t<T

0 .
d2f = 5 zeM, 0<t<T (4.0.2)
on

p=0 xref, t=0

If v € W, "% *(M x (0,T)), then from Theorem 9.1, chapter 4 in [27] there

exists a unique solution to (4.0.1) in W2'(€ x (0, T)). More precisely,

,%)

Lemma 4.0.3. Let p > 1. Suppose that 6 € L,(§2 x (0,7)), ¢o € Wf

11 1

(Q) and

920

o =v(z,0) on M

Then (4.0.1) has a unique solution o € W2'(Q x (0, T)) and there exists C inde-

pendent of 0,y and v such that

2) 1-5.3-3;)
P, (

(2-2) (
H(pH (2% (0,1)) < C(Hel‘p,(QX(O,T)) + HQOOHp,Qp + Hf}/”p’(agx(ojv)))

42



CHAPTER 4. THE LINEAR NEUMANN BOUNDARY VALUE PROBLEM

Proof. See Ladyzenskaya [27] O]

Definition 4.0.4. ¢ is said to be a weak solution of system (4.0.1) from V;’E(QT)

if and only if

//Wt //mdy //dvyw //ey

_ / (o Pol, T) + / v(z,0)¢(x,0)

~

for any v € Wy (Q;) that is equal to zero for t = T,

We also need a notion of solution of (4.0.2) which was first introduced in the
study of Dirichlet and Neumann problems for the Laplace operator in a bounded
C' domain by E. B. Fabes, M. Jodeit JR and N. M Rivier [11]. They used Albert
Calderon’s result in [7] on LP continuity of Cauchy integral operators for C'! curves.
Further in [12], Fabes and Riviere constructed solutions to the initial Neumann
problem for the heat equation in a cylindrical domain, D x (0,T"), with D a bounded
C' domain of R” satisfying the zero initial condition in the form of a single layer
heat potential, when densities belong to L,(0D x (0,7)), 1 < p < co. We will
consider the solution to (4.0.2) in the sense of one which is constructed in [12].

Define

,np p =yl
J(g —15%/ / eXp( —4(t_s))g(s,y) dy ds

for a.e p € M (for a smooth manifold it is true for all p), where

9(p,t) = =2[—cal + J) (p, 1)
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and 7, is unit inward normal to M at p. For Q) € M, (x,t) € Qp and ¢t > s,

consider

—|z—QI?
eXp( 4(i—s) )

Wi(t—s,x,Q)= i)

and g(Q.1) = —2[—cul +J]"'4(Q.1)

where ¢, is given in [12]. In [12], corresponding properties for the integral operator
J which will be associated to the restriction of the normal derivative of the single
layer potential were obtained. For completeness we state the result in the following

proposition.

Proposition 4.0.5. Assume Q is a C* domain. For e > 0 set

satpt) = [ [ L e (VY ooy

Then

1. For every 1 < p < oo there exists C, > 0 such that sup. |Jf(p,t)| =

J(f)(p,t) satisfies

ijHLp(Mx(o,T)) < CprHLp(Mx(o,T)) for all f € L,(M x (07T>>

2. lim, o+ Jof = Jf ewists in L,(M x (O,T)) and pointwise for almost every
(p,t) € (M x (0,T)) provided f € L,(M x (0,T)),1 < p < oc.

3. coI + J is invertible on L,(M x (0,T)) for each ¢, #0 and 1 < p < oc.

Proof. See [12]. O
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4.1 HOLDER ESTIMATES

Definition 4.0.6. ¢ is said to be a (classical) solution of system (4.0.2), with d = 1
if and only if ¢(z,t) = fg Sy Wt —s,2z,y)g(s,y) dy ds for all (z,t) € R"\ M

satisfies the properties:
e 0,p— Ap =0 for all (z,t) € R\ M

o (V,o(z,t),m,) — v(p,t) pointwise for almost every (p,t) € M x (0,T) as

x — p, (xr — p,mp) > ajr — p|, for some positive constant a.

4.1 Holder Estimates

Brown made a remark in [6], that if Neumann data lies in L,(M x (0,7)) for p
sufficiently large then the solution to problem (4.0.2) is Holder continuous. Here
we will make use of potential theory to give the proof of this remark and then use

this result to get Holder estimates of (4.0.1).

Lemma 4.1.1. Let p > n+ 1. Suppose (z,T), (y,7) € Qp, g € L,(M x (0,7))
and R¢ = {(Q,s) € M x (0,7) : |z — Q|+ |T — sz < 2(|lz — y| + |T — 7|2)}. Then

for 0 < e < 1, there exists K1 > 0 independent of g such that,

re ‘(W<T -5, Q) - W(T -5, Q))g(87 Q)| dQ ds
e(p—1)

1 P
<Ky (Je =yl +17=712) 7 g lareiom -

Proof.

[ IV = 5.2.Q) = Wi = 5,.5.Q))a(s.Q)] dQ ds
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4.1 HOLDER ESTIMATES

—ly=Q —|z—QJ?
- / exp (203”(7'73)) exp (2C(Tfs)
C Jre| (T —s)% (T —s)2

DeﬁneA:{QeM:|x—Q|<2|x—y|—|—|T—7‘|%}. Since |T — 7| < |T — s,

) 19(Q, s)| dQ ds

RS C Ax(0,7).

Therefore,

- n > |g(Q78)‘ dQ ds

_ *Q 2 _ I*Q 2
/ exp (zéy(ffs‘)> exp <26|’(Ta|e)

~ly-QP QI
exp 3C(r—s) ) exp( C(T—s))
n Y d d
/ / (1 —5) (T —s)2 19(Qs)] dQ ds
—p'ly—Q|* v
eXp 2C T S) )
/ / dQ ds | || g llpaxpo.r]
(1 —s) =R

1
7

p Iﬂv QI2 P

e )
/ / ) iQds)| | g llpaxps

Using the property w - exp(—w) < ¢+ N for N:”_Tl_6 and for some ¢ > 0, gives

o (%) o ()
/c (Tici)g) N (T_(T)") l9(Q, s)| dQ ds

gc/ —s”"””ds/—d) X[0.7
1(0(7 ) Y= Q) -9 llpaxon

T nflfefnp/
C T — 2 d - d ) T
MG (/0 ( S) S/A |£L' — Q|n7176 Q) || g ”p,AX[O, ]

=

e
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4.1 HOLDER ESTIMATES

Let Py = Iy_Q|7 Pz =
and 0 < p, < |z —y| + pa < 3|z —y| +|T — 7|2. Therefore,

|z — Q|. Notice that in set A, 0 < p, < 2|z —y| + |T — 7|2

1
ol

C (/ (r—s) "5 / ! dQ>p 19 llp.a
— S 2 S _— . g , T
' 0 A |y Q|n7176 pAxo]
1

T n—l—e—np’ ]_ o’
+C </ T—s)" 3 ds/—dQ) g -
2 o ( ) . |.T — Q|n_1_E || ||P7A><[07 ]

1

/

~ T n—l—e—np' 3|£U—y|+|T—7—|% ) P
<y / (r—s) 2 ds/ py tdpy |l g llpaxior
0 0
1 3
~ T n—l—e—np’ 2|lz—y|+|T—7|2 , P
+ / (T — S)2ds/ Py dpy N 9 llp.axion
0 0

|

P

C~’1 n+1—e—np, 1
< S5 (e — g+ 17— 712)” N g e
ev'
62 n+l—e—np’ ntl—e—np’ ﬁ 1 ﬁ
+ 2 (T (=) (gl 1T = 71) 1 g acios
P’

€

provided p’ < %1_6 Thus,

/c (W(T = 5,2,Q) = WI(T = 5,9,Q))g(s, Q)| dQ ds

£
/

1
< Ky (Je =yl + 17 =71%)" 1l g lparsion

]

The proof of the following Lemma makes use of Brown’s corollary of his The-

orem 3.1 in [6], and also gives a detailed explanation of his remark.

Lemma 4.1.2. Let p > n+ 1. Suppose (z,T),(y,7) € Qp, g € L,(M x (0,T))

and R ={(Q,s) € M x (0,7) : 2(|x —y| + |T — 7]2) < |& = Q| + |T — s|2}. Then
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4.1 HOLDER ESTIMATES

fora<1-— ”Tfl there exists Ko > 0 independent of g such that,
/ (W(T = s,2,Q) = W(r — 5,49,Q))g(s, Q)| dQ ds
R
< Ka (o =y + 17 = 712) " 11 g lparsto -

Proof.

| /R (W(T = 5,2.Q) — W(r — 5,4,Q))g(s, Q) dQ ds|

T — i +]a—y] e (—|x—@|2)
SAC(|T_S|;+|J;_Q|>““T 9F)exp Gy ) 190@.5)| 4Q ds
—|z—QJ?

N T — 7] + o —y| | P <2C(T—s))
b (2> /R<|T—s|é |I—Q| (T—S)% ]g(Q,s)\ dQ ds

b exp (75)
< Dy / |x—Q|a (T—S) ’ (Q, )‘dQ ds

IN

where Dy = C(T% + 1) and Dy = Dy (%)ka <|T — 7|z + |z — y|>a Applying

Holder’s inequality and w™ - exp(—w) < ¢+ N for N="—1=<=" 414 some ¢ > 0,

2
Ple-QP? 7
- 1 eXp(QC( )
D dQ d
( /R —a Qds| lglhr

(T—3)2

1

/

20 n 1— e ap 1 P
</ / l ’ - Q’n,1,€ dQ d8> || g(Qa 8) ||p,M><[0,T]

1
o

b, (/ L == d@) 1 9 loatson

IN
[S]

IN
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4.1 HOLDER ESTIMATES

Now again let p, = |x — @|. Then by change of variable,

Dy ([ o=y F s [ ) g s

an

1
~ n—l—c—ap’ —np’ px_ v
< /D ((C(T))2p L / pn_l_edpx) I g llp.arx(o.r)

e

provided,

n+1—e—ap —np , n+1-—
P p>0; ie. ’<—€.
2p' n+a

Notice, if a + € < 1, then p > 1":2;:) >n+ 1. Hence, for a < 1 — ’%1 —ep/

/R (W(T — 5,2,Q) — W(r — 5,49.Q))g(5.Q)| dQ ds

1\ @
< Ka (o =yl + 17 =712) 11 9 lpinio -

]

Lemma 4.1.3. Let p > n+1. Suppose (z,T),(y,7) € Qp and g € L,(M x (0,T)).

Then for € > 0 there exists K3 > 0, independent of g such that,

Q\Z

eXp n+1—s—np/
/ / g | (@) dQ ds < Ks(T —7) =" || g [lpmxtr.m)

Proof. Again making use of the property, w" - exp(—w) < ¢- N for N:”_TH and

for some ¢ > 0,

QI2

/ | = > (2525), 0,1 dg i
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4.1 HOLDER ESTIMATES

n 1—e

2 1
<o f / e ln_l_erg<@,s>|dczds

1

<o ([ cm-a=F a [ i) Vol

Similarly, by the change of variable

1
o

T
C3 </ (C(T — 8 . / |ZE Q|n 1—e ) H g ||p,M><[T,T]

~ n 1— e np +1 oM n 2
< 3(r<—c<T—T ] / ) 19 lorir

nl
2

Y e

n+l—e—

< Ky(T—7)" o || 9 lp.prximy

O

Proposition 4.1.4. Suppose that v € L,(M x (0,T)) for p > n + 1 then the
classical solution of (4.0.2) is Holder continuous on Qx (0, T) with Hélder exponent

0<a<l-— % and there exists K}, > 0, independent of v such that

@, T) = oy, ) < Ky (IT =75+ 2= 91) 17 Do)

Proof. We first prove this proposition for d = 1. Let Q) be a closed and bounded
subset of 2. Using a “cut off” function, system (4.0.2) can be converted into a
zero boundary value Dirichlet problem and from Ladyzenskaja, Theorem 9.1 in
[27], solution of the later system belongs to W21(Q x (0,T). Now W2!(Q2 x (0,T)
embedds continuously into the space of Holder continuous functions (see [27]). As
a result we have Holder continuity of the solution to (4.0.2) in the interior of 2.

We want to extend this behaviour to the boundary.

20



4.1 HOLDER ESTIMATES

Pick points (z,T), (y,7) € Q4 and consider a set R = {(Q,s) € M x (0,7) :
2|z —y|+|T —7]2) < |& — Q|+ |T — s|2}. We know from Fabes and Riviere [12]

that the solution of (4.0.2) is given by
T
o) = [ [ WT - s.0.009(5.0) dQ ds
o Jum

exp( s
where W(T — s,2,Q) = M , g(p,t) = —2[—cI + J]7'y(p,t) and

_5)2

. e oW (t — s, p,
J(9(p,t)) = lzmHo/ / ( 5 p y>g(s,y) dy ds
0 M Mp

for a.e p € M (for smooth manifold it is true for all p), 1, being the unit inward

normal at p.

e T) =) =1 [ [ V(= 50,Q) = Wir = 5.5 0ol @) dQ s
+ /TT/MW(T —s,2,Q)g(s,Q) dQ ds|
<I [ VT = 5.0.Q) = W = 5.0.Q)g(s.Q) dQ s
1 [ V(T = 5.0.0) = W(r = 5.5.Q))g(s. Q) dQ d

//01+ 7))o (32 ) bl @us)] dQ as

e(p 1)

Now using Lemma 4.1.1 for € > 0 such that < a, where a <1 — ”Tfl (which

is possible because “p <1— -2 <1forp>1),and Lemma 4.1.2 and 4.1.3,

e(p—1)

1 P
@, T) =D < K (Jo =yl +1T=712) 7 11 g lparxom

o1



4.1 HOLDER ESTIMATES

1 a
+ 16 (1T = 1+ 2 = 91) " 1 9 lparxcon

n+1—e—np,

+K3(T'—7) 2 || g llpsxirm)

So,

~ 1 a
(@, T) = oy, I < Kp(IT =71 + 2= 91) " 1 9 o)

Thus the proposition is proved for the case d = 1. The general case reduces to this
one, since (4.0.2), as is known , can be written as a heat equation. For this purpose
it is necessary to carry out a simple linear transformation of the coordinates. If

one introduces a new variable

x
z=—
Vd
then (4.0.2) becomes
oy = Ap 2eQ, 0<t<T
Op v .
— = — zeM, 0<t<T
on  Vd
90:0 ZGQ, tZO

Hence, ¢ satisfying (4.0.2) is Holder continuous with

(a) T
161 02 < CLDI ot

]

Now we combine Holder estimates and Ladyzenskaja Theorem 9.1(chapter 4)
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in [27] to get the existence of a Holder continuous solution to system (4.0.1) for

any finite time 7" > 0.
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Theorem 4.1.5. Let p > 1. Suppose 6 € L,(Q x (0,T)), v € L,(M x (0,T))
and ¢q € WQ_%(Q) with p # 3. Then for p = 2 system (4.0.1) has a unique weak

1 R
solution in V;’Q (Q x (0,7)). In addition, when p > 3 assume
d—— =~(z,0) on M

Then for p > n + 1 there exists 0 < < 1 such that § < 1 — %17 and C(T, p)

independent of 6, v and pg such that

~ (2_2)
lon 0.7y < CT D)1l 07) + Ml arcoy + leollpa ™)

Proof. Chapter 4, Theorem 5.1 in [27] implies system (4.0.1) has a unique weak

solution. In order to get Holder estimates, we break (4.0.1) into two sub systems,

0o, = dApy + 0 reQ, 0<t<T
8 ~
92 _ reM, 0<t<T (4.1.3)
o
01, = dAp, zeQ, 0<t<T
8 ~
Ty zeM, 0<t<T (4.1.4)
o

Again from Theorem 9.1 in [27], we know there exists a unique solution of (4.1.3)

o4
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in W22 x (0, 7)), and C,(T,p) > 0 independent of 8 and g such that

2 o (2-2)
le2ll®, 0y < CUTP)IBllpaxor) + leoll,e )

Using proposition (4.1.4), there exists ¢ € C’ﬂ’g(ﬁ x (0,7)), satisfying (4.1.4)
with

8 N
|§01‘§2>)<(0,T) < 02(T7p) H7||p,M><(O,T)

By linearity, ¢ = @1 + @2 solves (4.0.1). Moreover, since for sufficiently large
P, WPZ’I(Q X (O,T)) embedds continuously into the space of Holder continuous

functions, there exists C (T, p) > 0 independent of 6, v and ¢, such that

A (2-2)
1D o2y < CE DUl aiomy + Mlpaixoy + leollye™)  (4.15)

Remark 4.1.6. Obviously, sup norm estimates follow immediately from the Holder
estimates, but sup norm estimates can also be obtained by using the weak formu-

lation only. We need Holder estimates to prove our local existence result.
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Chapter 5

Local Existence, Uniqueness, and

Non-negativity

Recall, m,k,n,i and j are positive integers, D and D are k x k and m x m

diagonal matrices with positive entries {d; }1<i< and {d;}1<;j<m respectively. Also,

dpmin = min{d; : 1 < i < k}. n is the unit outward normal (from ) to M at each

of its points; % = Z %771'7 where 7; is the j™ component of . The primary
[ Oz;

concern of this work is the system

u = DAu+ H(u) reQ, 0<t<T

vt:[)AMv—i-F(u,v) reM, 0<t<T
Dg—z:G(u,v) reM, 0<t<T (5.0.1)

U = U refd, t=0

v =1 reM, t=0
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where F' = (F}) : RF x R™ — R™ G = (G;) : RF xR™ — R* and H = (Hj) :
2 2

RF — RF, and uy = (ug;) € Wy *(Q), vo = (vo;) € W, 7 (M) with p > n. Also,

for p > 3, ug and vq satisfy compatibility condition

8u0

D——
n

= G(Uo,’Uo) on M.

Remark 5.0.2. For p > n, uo and vy are Holder continuous functions on Q and M

respectively (See [2], [10]).

Definition 5.0.6. A function (u,v) is a solution of (5.0.1) if and only if
u€ C(Qx1[0,7),RF)YNCH(Q x (0,T),R¥) N C*(Q x (0,T),R¥)

and

veC(M x[0,T),R")yNnC* (M x (0,T),R™)

such that (u,v) satisfies (5.0.1). Moreover, if T" = oo, the solution is said to be a

global solution.

Definition 5.0.7. A function (u,v) defined for 0 < t < b is a maximal solution
of (5.0.1) if and only if (u,v) solves (5.0.1) with " = b, and if d > b and (a,?)
solves (5.0.1) for T' = d then there exists 0 < ¢ < b such that (u(-,c),v(-,¢c)) #

(ﬂ(-, C)? @('7 C))

Definition 5.0.8. F,G and H are quasi-positive if and only if F;({,n) > 0 when-
ever 1 € [0,00)™ and ¢ € [0,00)" with n; = 0 for i = 1,...,m, and G;(¢,n) > 0,
H;(¢) > 0 whenever 7 € [0,00)™ ¢ € [0,00)F with ¢; =0, for j =1,..., k.
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Theorem 5.0.9. Suppose F,G and H are Lipschitz and componentwise uniformly

bounded. Then (5.0.1) has a unique global solution.

Proof. Let T' > 0, Set

X ={(u,v) € C(QAx[0,T]) x C(M x [0,T]) : u(x,0) =0,¥ x € Qv(z,0) =0,V € M}

Note (X, || -]|s) is @ Banach space. Also, for simplicity of notations in remainder of
the proof, we assume u, vy = 0, and compatibility condition holds. Fix (@, 7) € X,

and consider

ur = DAu+ H(a) reQ, 0<t<T
vy = DAy 4 F(@0,0) reM, 0<t<T
ou -
Da—: (a,0) reM, 0<t<T (5.0.3)
U]
U = U re, t=0
v = g reM, t=0

From Theorems 3.1.2 and 4.1.5, system (5.0.3) possesses a unique weak solution
(u,v). Furthermore, from embeddings, (u,v) € C(Q2x [0, T]) x C(M x [0,T]). Now

define a map,

S: X —= X

given by S(@,0) = (u,v)

We will see that S is continuous and compact, with respect to the natural norm

on X.
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Let (@,7) and (U,V) € X, and define (u,v) = S(@,9) and (U,V) = S(U,V).

Using linearity, (u — U,v — V) solves

u— Uy =DA(u—U)+ H(a) — H(U) reQ, 0<t<T

vy — Vi = DAy (v — V) + F(a,0) — F(U,V) reM, 0<t<T

DM:G(Q,T;)—G(U,V) reM, 0<t<T
U
u—U= re, t=0
v—V = xeM, t=0

From Theorem 4.1.5, if p > n + 1 there exists K independent of H,G, F,u,0,U

and V such that

lu = Ullsesoxor) + I1v = Vllsonrxory < K(IF(@,0) = F(U, V) |lparxom)
+ |G, 8) = G(U, V)llp,arx07)

+[|H(@) = H(U)|lp.0x0.1)
Using the boundedness of  and M, there exists K > 0 such that

[t — Ullso.axo) + |t = Vieonrxor) < K(||F(@,0) — F(U,V)||lsoarxo)
+|G(@,7) — G(U, V) ||oo,mx(0,7)

+ | H (@) — H(U)llc.x0.1)
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Since, F, G, H are Lipschitz functions there exists M > 0 such that
[u = Ullos,ox0,1) + |v = Vo mxor) < M2 = Ullswaxor + 117 = V) llooarxor))

Therefore S is continuous. Moreover, for p > n+1, from Theorem 4.1.5, 3.1.2, and
Lemma 3.0.12 there exists C’(T,p) > 0, independent of F(@,0),G(a,0), H(@), ug

and vy such that for all o < 1—%, B < 1—’%1’

[uli o) + [Vl o) < C D) H (@)l 0.7y + G (@ 9)lp.arx 0.1
+

- (2-2) (2-2)
(@, 0)lp a0y + [lvollpar” + ol

)

Note H, F' and G are uniformly bounded which implies S is compact.

Now we show S has a fixed point. To this end, we show that the set A={(u,v) €
C(QAx[0,T]) x C(M x [0,T]) : (u,v) = AS(u,v) for some 0 < A < 1} is bounded
in C(Q x[0,T]) x C(M x [0,T]). Let (u,v) € A. Then there exists 0 < A < 1 such

that (u,v) = AS(u,v). That is, (u,v) solves

u = DAu+ NH (u) reQ, 0<t<T

vy = DAy + AF(u,v) reM, 0<t<T
Dg—z:)\G(u,v) reM, 0<t<T

U = ug re, t=0

v =1 reM, t=0

From Theorem 4.1.5 and again using uniform boundedness of H, F and G, there
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exists N > 0 such that ||(u,v)|lec < N, with N independent of A\, u and v. Hence
boundedness of the set is accomplished. Thus, applying Schaefer’s theorem (see
[10]), we conclude S has a fixed point (u,v) which in turn solves (5.0.1). Further
bootstrapping the regularity of (u,v), we obtained a solution in the sense of (5.0.6).

Now we show the solution of (5.0.1) is unique. Suppose (u,v), (@, 0) solve

(5.0.1). Then, (u — @,v — v) satisfies

ur — Uy = DA(u —u) + H(u) — H(4) reN, t>0
v, — 0, = DAy (v —9) + F(u,v) — F(,0) reM, t>0
Da(ua—;a):G(u,v)—G(ﬁ,@) reM, t>0
u—u=>0 reQ, t=0
v—0=0 xeM, t=0

Taking the dot product of the v, — 0, equation with (v—19), and the u, — 4, equation

with (u — @), and integrating over M and € respectively, yields

%%(HU — 0300 + llu —ll50) + DV (u—a)[30
< lv = dllom || F(u,v) = F(a,0)[|l2,0r + [[u — @l|2.0l|H(w) — H(@)|2,0
+ [lu = dllo,m |G (u, v) = G(a@, 0)|[2,m
< Ko = 0lla,mr (Ju = allaar + [lv = 2ll2,00)
+ Kllu = alla s (Jlu = llanr + Jv = 0llaar) + +EKlu — all5q

< K(llo = 0[50 + llu = a3 )

+ 2K Ju — llaalv = 0|2 + Kllu —all3
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< 2K (v = ol + llw = ll2.0) + Kllu —dll30

From Lemma 3.0.8 for p =2 and ¢ = dg}?, we have

~ dmm ~ ~ ~
lu —all3 5 < e IV (= W[50 + Cellu — a3 (5.0.4)

Using (5.0.4)

| =

(o = 0ll5ar + llu = @l30) < 2K 0 = all5. + K(1+2C) Ju = all5

N | —
QL

t

< Ceg (v = 0ll5 s + llu = all5.0)

Observe, (u—1), (v—0) = 0att = 0 and (|u — @l|3 o + v — 0[|3 5;) > 0. Therefore,
applying Gronwall’s inequality, we get ||[v — 0||2 s = 0 and ||u — @[, = 0. Thus,

v =0 and u = 4. Hence system (5.0.1) has a unique global solution. O

Theorem 5.0.10. Suppose F,G, and H are locally Lipschitz. Then there exists
Tax > 0 such that (5.0.1) has a unique mazimal solution (u,v) with T = Tiax.

Moreover, if Thax < 00 then

lim sup ||u(+, )]s + limsup ||v(+, )| oons = 00
t—Tmax t—Tmax

2 2

Proof. Recall that uy € W;_E(Q), vy € W;_E(M) with p > n and ug, vy satisfies
the compatibility condition for p > 3. From Sobolev imbedding (see [13], [27]),
ug, vo are bounded functions. Therefore there exists 7 > 0 such that ||ug()||cco < T

and [[vo(-)loe.ns < 7-
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For each r > 7, we define cut off functions ¢, € C5°(R*[0,1]) and v, €
Cs((RF x R™),[0,1]) such that ¢.(z) = 1 for all |z| < r, and ¢,(z) = 0 for all
|z| > 2r. Similarly ¢,(z,w) = 1 when |z| < r and |w| < r, and 1,.(z,w) = 0 when
|z| > 2r, and |w| > 2r. In addition, we define H, = Ho,, F, = F, and G, = G,.
From construction, H,(z) = H(z), F.(z,w) = F(z,w) and G.(z,w) = G(z,w)
when |z| < r and |w| < r. Also, there exists M, > 0 such that H,,G, and F,
are Lipschitz functions with Lipschitz coefficient M,.. Moreover H,., F, and G, are
uniformly bounded functions with bounds depending on 7.

Consider the “restricted” system

ur = DAu+ H,.(u) re, t>0
vt:DAMU—i-FT(u,v) reM, t>0

Dg—:; = G, (u,v) xeM, t>0 (5.0.5)
U = U reQ, t=0
v =1 reM, t=0

From Theorem 5.0.9, system (5.0.5) has a unique global solution (u,, v,), and there
exists T, > 0 (it is possible T, = oo, in which case we have global existence) such
that

|(up(z,1),0,.(2,))| <7 Vte[0,T,),z€Q,2EM

and for all 7 > T, there exists ¢ such that 7, <t < 7, x € Q and z € M such that

|(ur(t, z),v.-(t, 2))] >7r
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Note that 7, is increasing with respect to r. Let Ti.c = lim, o T;.. Now we define
(u,v) as follows. Given 0 < t < Tiax, there exists r > 0 such that t < T, < Thax.
For all z € Q, u(x,t) = u,(x,t), and for all ¥ € M, v(x,t) = v,(z,t). Furthermore
(u,v) solves (5.0.1) with 7" = Tax. Also, uniqueness of (u,,v,) implies uniqueness
of (u,v). It remains to show that the solution of (5.0.1) is maximal and if Ti,.x < 00
then

limsup [|u(+, )|, + limsup ||v(-, t)||oc,nr = 00.
t—Thax t—Tmax

Let Thax < 0o and set,

lim sup ||u(-, t)||oo + limsup [|v(-, t)||oonsr = R.

t—)Tr;ax t_)Tniax

If R = oo then (u,v) is a maximal solution. If R < oo there exists L > 0 such that

2] 00,025 (0, Tima) T 101 50,00 x (0, Tima) < L-

As a result, Thy, > T a.x, contradicting the construction of Tsy. O

Now we prove that under some extra assumptions, the solution to (5.0.1) is

componentwise non-negative. Consider the system,

u; = DAu+ H(u") reQ, 0<t<T
v, = DAy + F(u®,vh) reM, 0<t<T

Dg_:; = Gut,v") reM, 0<t<T (5.0.6)
U = U refl, t=0
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v =y reM, t=0

where ut = max(u(z,t),0) and v~ = — min(u(z, t),0).

Proposition 5.0.11. Suppose F,G and H are locally Lipschitz, quasi-positive
functions, and ug, vy are componentwise non-negative functions. Then the unique

solution (u,v) of (5.0.6) is componentwise non-negative.

Proof. Note that F(ut,v"), G(u™,v") and H(u") are locally Lipschitz functions
of u and v. Therefore from Theorem 5.0.10 there exists a unique maximal solution
0 (5.0.6) on (0, Thyax). Consider (5.0.6) componentwise. Multiply the v;; equation

by v;” and the u;, equation by u;,

v o = iy Ayi + o7 Fi(u® o) (5.0.7)
_0Ou; — - +
Since w™ 4 = =14 (17)2,
1 1 ~
5%(1}[)2 5%(%_)2 = —dyv; Ay, — vy Fy(ut o)

— djuy Auy —uy Hj(u™)

Integrating (5.0.7) and (5.0.8) over M and {2 respectively, gives

- (o ot
3l O+ 5510 (Ol =i [ Vo7 V= [ o Rt o)

+dj/Vuj_~Vuj—/uj_Hj(u+)
Q Q
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— / u; Gj (u™,v™)
M
Consequently,

ld, _ = _ _
sl oo +d [ 9o d, [ (v

:—/u;Hj(u+)—/ uj_Gj(u’L,v’L)—/ v; Fi(u™,vT)
Q M M

Since F,G and H are quasi-positive and d;, d; >0,

1d, _
5%”% ('J)”%,M"‘

1d, _ 5 1d _ 9
5%”% ('7t)||2,M + 2dt | U (1) ||2,Q§ 0
Therefore, the solution (u,v) is componentwise non-negative. O

Corollary 5.0.12. Suppose F,G and H are locally Lipschitz, quasi-positive func-
tions, and ug, vy are componentwise non-negative functions. Then the unique so-

lution (u,v) of (5.0.1) is componentwise non-negative.

Proof. From Theorem 5.0.10 and Proposition 5.0.11, there exists a unique, com-
ponentwise non-negative and maximal solution, (u,v) to (5.0.6) on (0,7)). Infact
(u,v) also solves (5.0.1). The only observation left to make is T = Tiay. If
T < Thax, then since (u,v) satisfies (5.0.1), it has to be bounded, which contra-
dicts the fact that (0,7) is the maximal interval of existence of (u,v) to (5.0.6).

Therefore T' = Tinax- O
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Chapter 6

Global Existence of Solutions

In this section we will establish the global existence of solutions of the reaction-

diffusion system

ur = dAu + H(u) (x,t) € 2 x (0,T)
v, = dAyv + Flu,v) (x,t) € M x (0,T)
dg—:; = G(u,v) (x,t) e M x (0,T) (6.0.1)
U = ug xref, t=0
v =g reM, t=0

Throughout, we assume F € C*(R x R,R), G € C*(R x R,R), H € C(R,R),
uy € Wjig(Q), vy € W;ig(M) with p > n and, for p > 3, uy and v, satisfy
compatibility condition

d— = G(UQ,U()) on M.
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Also, F,G and H are quasi-positive (as in definition 5.0.8) and wg, vy are non-
negative functions. Then from Theorem 5.0.10 there exists a unique non-negative
solution of system (6.0.1) on (Q x [0, Tyuaz), M X [0, Thnaz))-

In addition to the assumptions stated above, we assume the following condi-

tions:

(V1) There exists a, f > 0 such that

F(¢,v)+G(¢,v) < a((+v+1) and H(C) < p(¢+1) foral v>0,{>0

(V2) There exists K, > 0 such that

G(v) <K (+v+1) forall v>0,(>0

(V3) There exists | € N and K; > 0 such that

F(¢v) <Ki(¢(+v+1)' forall v>0,¢>0

Remark 6.0.13. We refer to (V2) in some sense as a linear “intermediate sums”
condition mentioned by Morgan in [30], [31]. (V1) allows high-order nonlinearities
in F' but requires cancellation of high-order positive terms by G. (V3) implies F’

is polynomialy bounded above.

Remark 6.0.14. We will show that (V1) provides L; estimates for v on €2 and v
on M, (V2) helps us obtain get better L, estimates of u on M x (0, T},q,) from L,

estimates of v on M X (0,T},4.), and finally (V3) allows us to use L, bounds to
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obtain sup norm bounds on u and wv.

Theorem 6.0.15. If (V1) — (V3) are satisfied then the unique solution (u,v) of
system (6.0.1) exists with Tpe, = 00. i.e, (6.0.1) has a unique, non-negative global

solution.

Before proceeding to the proof of the Theorem 6.0.15, we obtain some prelim-

inary estimates and set up a bootstrapping framework.

6.1 Bootstrapping Strategy

The following system will play a central role in duality arguments.

U, = —dAy T — 9 (z,t) € M x (1,T)
U =0 reM, t=T (6.1.2 a)
o = —dAp — 0 (x,t) € Q x (1,T)

/ildg—g; + Rop =V (x,t) e M x (1,T) (6.1.2 b)

Here, 0 < 7 < T < Tonaa, U € Lp(M x (7,7)) and 9 > 0 with [|0 ||, sy = L

)
and 9 € Ly(Q x (7,T)) and & > 0 with |0 ||, g (rzy) = 1. Also d >0, d >0,

k1 # 0 and ko € R. Lemmas 6.1.1 to 6.1.6 provide helpful estimates.

Lemma 6.1.1. Let p > 1 and suppose 0 € L,(M x (,T)). Then (6.1.2a) has a

unique solution U € W, (M x (1,T)) and there exists C, 7 > 0 independent of ¥
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such that

) . .
19000y < Cor 19l arrr)
Proof. See Theorem 3.1.2. m

Lemma 6.1.2. Let p > 1 and suppose 9 € L,(Q x (1,T)), ¥ € L,(M x (1,T))
and ¥ € VVI,1 P2 (M x (1,T)). Then (6.1.2b) has a unique solution ¢ €
W2HQ x (1,T)). Moreover, there exists Cpp > 0 independent of ¥ and J and

dependent on d, cz, k1 and ko such that

, )
1l sy < Cor U0,y + 19 llprxrry)

Proof. The result follows from Theorem 9.1, Ladyzenskaya [27] and Lemma 6.1.1.
O

Remark 6.1.3. If p > n + 2 and k1 # 0, then V¢ is Holder continuous in x and t.
See Corollary after Theorem 9.1, chapter 4 of Ladyzenskaya [27].

Lemma 6.1.4. Suppose | > 0 is a non-integral number, d > 0, 9 € C*2(Qx [, T]),

(+1)

J e Cha(M x [1,7)), o(z,T) € C*(Q) and ¥ € C*1 s

(M x [r,T]). Then
(6.1.2b) has a unique solution in C™22+Y(QY x [r,T]). Moreover there exists ¢ > 0

independent of ¥ and v such that

(1+2) (1+1)
|90|Qx[TT < (|Q9|Q><[TT] + |\II|M>< T )

Proof. See Theorem 5.3 in chapter 4 of Ladyzenskaya [27]. O]
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Lemma 6.1.5. Suppose 1 < p < oo and ¢ € W2 (Q x (1,T)). If ¢ > p and

2—2r—s— (% — %) (n+2) > 0 then there exists K > 0 depending on Q,7,s,n,p
such that
T M)S % 2
1Df D3olg0x () < KHSOHZ(),gzx(T,T)
Proof. See Lemma 3.3 in chapter 2, Ladyzenskaya [27]. O

Lemma 6.1.6. Suppose 1 < p < oo and ¢ € W,™™(Q x (1,T)). Then for

2r+s <2m — 12—7, there exist ¢ > 0 independent of p such that

T — O (2m—2r—s— )
D Diglier € W, =5(Q2) and [l¢ ||

2m
<clle 1% o

In addition, for 2r + s < 2m — 117

D} Diglarx(riry € Wy~ =7 "T85 (M x (7,T))

(2m—2r—s— )

2m
and w (N (

<clle 180 e
Proof. See Lemma 3.4 in chapter 2, Ladyzenskaya [27]. O

Now we state some results for (6.1.2b) with x; = 0, which are also used in later

arguments.

Lemma 6.1.7. Let p > 1, k; = 0 and suppose 9 € L,(2 x (1,T)) and ¥ €
2—-11

W, »° (M x(7,T)). Then (6.1.2b) has a unique solution ¢ € W21 (2 x (,T)).

Furthermore there exists Cp > 0 independent of 9,y and ¥ such that

(2-3.1-3;)
||90”p9><(TT) (H19||p ax(r1) T ”\I/Hp Mx 7"1%) )

Proof. See Theorem 9.1 in chapter 4 of Ladyzenskaya [27]. O
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Remark 6.1.8. If p > ™2 | k; = 0 and ¢ satisfies system (6.1.2b), then ¢ is a

Holder continuous function in x and t. See Corollary after Theorem 9.1, chapter

4 of Ladyzenskaya [27].

Remark 6.1.9. There is more regularity on ¥ than is required in further arguments.

Remark 6.1.10. By Lemma 6.1.1, Lemma 6.1.2 and Lemma 6.1.6, we have ¢(-,7) €
W27%(Q), V(7)€ WQi%(M) and there exists ¢ > 0 independent of ¢, ¥ such

that

(2-2) 2
lo(7) ™" < ell 1Ty iy and [ W(,7 1% < el 1%

respectively. Moreover, if p > n there exists ¢ > 0 independent of ¢, ¥ such that

2-3) 2-3)
”90||oo,§2x(T,T) < CH%D(WT)Hp,Q and ||\II||OO,Mx(T,T) <cf¥(,T )HpM

respectively.

n+1)

Lemma 6.1.11. Let 1 <p<n+2 and 1 < ¢q < ( . There exists a constant

C' > 0 depending on p, T, M and n such that if ¢ € Wﬁ’l(ﬂ x (1,T)), then

||90Hp,9x(7,T)

Han

q,M x TT)

Proof. It suffices to consider the case when ¢ is smooth in Q x [r,7] as such
functions are dense in W2'(Q x [, T]). M is a C*™, n — 1 dimensional manifold
(1 > 0). Therefore, for every & € M there exists €¢ > 0, an open set V. C R”

~

containing 0, and a C*** diffeomorphism v : V — BI(&, ¢¢) such that ¢(0) = &,
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v({z €V iz, >0}) =B(,e) NQand p({z €V : 2, = 0}) = B(&, ) N M.

Since 1 is a C? diffeomorphism, (¢~1),,, the nth component of 1)1, is differentiable
in B(&, ), and by definition of ¥, (¥™),,(§) = 0 if and only if £ € B(&,ez) N M.
Further, V(1 ™1),,(€) is nonzero and orthogonal to B(é, eé)ﬂM at each & € B(f, eé)ﬂ

M. Without loss of generality, we assume the outward unit normal is given by
V(?/J_l)n(f) -
&) == a1 VEEDBE )N M
[(Vip=1)n(8)] ¢
We know,

—Z(&) = Vep(§) - n(€) VEEB(E e)NM

Now in order to transform 63_1(75) back to R™, pick L > 0, such that

E=[-L, L] x[-L,L] x...x [—L, L] x[0,L] C V, and define ¢ such that

J/

-~

(n — 1) times

B(x) = - / Voo, 2) (6@, 2)) -n(b(a,2))dz Ve E
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We know ¢ € W2 (Qx (7,T)). Therefore from Lemma 6.1.5, there exists 0 < o <

L and K¢ > 0, depending on Q,n,p such that

A

where S, = El;,—o X (7,T) and S, = Elo<s,<a X (7,T). Using the fundamental

a(ﬁ(x/7 a? t)
ox,,

(n+2)p

- 6.1.2
n+2—p ( )

' < KellolDhm ¥1<q<

theorem of calculus,

Ex(rT) 0, ~ Js, Oy, Su o, ' oz
Using (6.1.2),
op(x',0,t 02, s, t) |7 |023(a, s, t
[ PO < kgl By o [ PR | EAE D
Ex(r,T) Tn o Ty Ox?
Applying Holder inequality,
(q 1)p % - 1
/ ap0.0[" _ / (', 5, 1) / e 5.1) [P
Ex(r,T) oz, - Sa oz, - ox2

@)
+ Kellollyax

Recall % € L,(S;,). So using Lemma 6.1.5 we have

/EX (r,7)

Now, M is a compact manifold. Therefore there exists set A = {Py,..., Py} C

9p(',0,t)

g
oz, (6.1.3)

p,2x(7,T)

\ < K|lp|®

M such that M C Uj<i<nyB(F;,ep,). Let V, K; and a; be the open sets and
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constants respectively obtained above when é = P;. Then,

T q T
[Llsle==2]]
T M 877 PicA B(P;,€)
<cy //
PeA Vilen=0

<C Z KiH@Hpﬂx(ﬂT)

P,eA

(%cn

Therefore, for some C > 0, depending only upon p,7,T, M and n, we get

||90Hp7ﬂ><(77T)

Han

q,M x TT)
[l

The following Lemma plays a key role in bootstrapping L,, estimates of solutions

o0 (6.0.1).

Lemma 6.1.12. Suppose (V1) holds and 0 < Tpax < 00. Then u € Li(M X
(0, Tmax)), w € L1 (2 x (0, Thax)) and v € Ly(M X (0, Tinax))-

Proof. Consider the system

o = —dAy (x,t) € 2 x (0,7T)
dg—;j =ap+1 (x,t) € M x (0,T) (6.1.4)

where « is given in (V1),d > 0,0 < u < 1, M is a C*™* manifold, and non-negative

r € C*T(Q) for some 0 <7 < 1. From Lemma 6.1.4, ¢ € T3+ x [0,T
¥

5



6.1 BOOTSTRAPPING STRATEGY

and therefore by standard sequential argument ¢ € CT+22 (M x [0,T]). Now

having enough regularity for ¢ on M x [0,T], consider

1 .
A = — 0,(g\/det g 0,
MY e (g et g Oip)

and further let 0 = —¢, — dAyg. Note that although Ay, (Laplace Beltrami
operator) is defined in local coordinates, infact this expression is independent of
the choice of local coordinates (see Rosenberg [39], Ex 19), and as a result we

obtain the following system on M x (0,7).

0 = —dA g — 0 (x,t) € M x (0,T)

o= reM, t=T

Now, multiplying v with ¥ and integrating over M x (0,T),

v = u(—pr — dAg) + v(—pr — CZAMSO)

[ L] [,
/ / (uy — dAu) + / / (vy — dAMv / /
—l—d/ / / u(z,0)p(z,0) +/Mv(x,0)<p(x,0)

Using d%% =ap+1

/OT/MUS/OT/QSOH(U)+/OT/M(F(u,v)+G(u,v))¢
+ [ atr0gte.0) + [ otw0pte0) - [ [ v
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Using (V1),

/OT/Mug/OT/Qﬁw(uH)Jr/OT/Ma(UH)@ (6.1.5)
+/Qu($ao)<ﬂ(x70)+/Mv(x,0)g0(x,0)—/OT/Mvﬁ

Now, integrating the u equation over 2 and the v equation over M,

%(/Qu—k/Mv):d/QAu—l—/QH(u)—i—J/MAU_F/MF(U,m

gﬁ/ﬁ(u+1)+/ G(u, ) + Flu, v))

m

SBL(u+1)+aA4(u+v+1) (6.1.6)

Note from Remarks 6.1.3 and 6.1.10, ¢ is Holder continuous on Q x [0, T, and
using the regularity of the initial data uy and vy, all the integrands of each term

are integrable. Integrating (6.1.6) over (0,7") and using (6.1.5), gives

/Qu(x,T)Jr/Mv(x,T)gB/OT/Qu+&/OT/MU+E(T) (6.1.7)

where

L(T) = a|M|T + BT + aBl¢llioxor) + llellimxor + allu(@, 0)|1a - ez, 0)]|we

+ [[v(z, 0)[l1,00 + f|v(z, 0)|[1,a7 - (2, 0) || oo,nr + [Ju(z, 0) 1,0
a = || ¢llcorrxor) + @+ a0 ixor and B =B+ aBll¢lleoxon
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Now using Gronwall’s inequality, for all 0 <t < T < T},4z

/Qu(x,t)—F/Mv(C,t) < E(T)+(a(T)+B(T))/OTi<S) exp (/ST@(THB(TW) ds

< Cp

Therefore, (u,v) being nonnegative implies [, u < Cp and [,, v < Cr. Substitut-

ing the L; estimate of v on €2 and v on M in (6.1.5), yields

T
/ / w < B (e leaxon luluaxon + 12TI¢lweaxomn)
0 M

+a ([ellooarxomllvlliaxor + [MITellcoarx01))
+ [luC, 0)[[1alle( Oloce + 00 O l1aelle(, 0)[loo,nr + [[0ll1arx 0,1 |9 00,00
Hence u € Li(M x (0,7)). O

Lemma 6.1.13. Suppose (V1) and (V2) hold and if ¢ > 1 such that v € L (M x
(0,7)). Then uw € Ly(M x (0,T)) and u € L, (2 x (0,T)).

Proof. Multiplying the u; equation by ui~!, we get

t t t
/ /uqlut:d/ /uqlAu+/ /uqu(u)
0o Jo 0o Jo 0o Jo
t au t t
:d/ / uq_l——d/ /(q— 1)uq_2\VU\2+/ /uq_lH(u)
0o Jm on 0 Ja 0 Ja

Using (V2)

[Eva[ [MDwap<r, [ [ wtwrosyes [ [aspe
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q
Yo
o 4

+ (6.1.8)

Also for 1 < g < o0, for all € > 0 there exists C. > 0 such that,

t t t
/ / ul < CE/ /uq—i-e/ /|Vug|2 (6.1.9)
0o Jm 0 Jo 0 Ja

Applying Young’s inequality in (6.1.8) and using (6.1.9) for some € > 0, gives

th/ /uq<Kl/ /uq+K2 (6.1.10)

for some K, Ko > 0 depending on t. Therefore, from Gronwall’s Inequailty
u € Ly(2x(0,1))
and there exists L; > 0 such that

t
/ /uq < I (eélth)
o Jo

From (6.1.8),

[ [ < 2€/t/uqﬂ/f/vq+6(/0t4uq)*<t|M\>;+
/_+5€/ / (u? + ut™) (6.1.11)
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Using (6.1.9) and (6.1.11) we have,

[ = o forefhonf [
of fove ] Lo ([ )

Now choosing € such that 1 — 2¢ — e(t|M\)é > 0 and using the estimate above for

Q=

won (2 x (0,t)), we have u € L,(M x (0,7)). O

Lemma 6.1.14. Suppose (V1) and (V2) hold. If ¢ > 1 such thatu € Ly (Qx(7,T))
and u,v € Ly(M x (1,T)). Then u € L,(Q x (7,T)) and u,v € L,(M x (1,T")) for

all p > 1, and there exists Cp,p > 0 such that

ullp.oxirry + 0llparxirry < Cox (lllgaxery + Nullgoxer + [0llgrxer)

Proof. First we show there exists » > 1 such that v € L,,(Q2 x (7,7)) and v €
L,(M x (1,T)). Consider the system (6.1.2a) and (6.1.2b) with x; = 0, ko = 1,
and 9 > 0 and ¥ € L,(M x (,T)) with ||J lp.rxrry = 1, and ¥ > 0 and
9 € Ly(Qx (7,T)) with [0 [|,, (rzy) = 1. Multiplying u with ¢ and v with

and integrating over Q x (7,7) and M x (7, T) respectively, gives

/TT/QUQ9+/TT/MUQ§[:Lu(@tdA¢>+£TA4U(WtdAMW)
:/T /Qso(ut—dAu)Jr/T /M\I/(vt—JAMv)
“af fgeea ] [ e feneten

+ [ vanren - [ o@D - [ o et )

Q
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Since ¥(x,T) =0 and ¢(z,T) = 0,

/TT/Quﬂ—l-/TT/MU&S/T/@H(U)—F/T/(F(u7v)+G<u’U))\I;
—d/ /U—+/ (z,7)¢p(x,7)

+ /Mv(:v,r)\ll(x,r)

Using (V'1),

/TT/QuﬁjL/TT/Mm?g/T/Bsa(u+1)+/T/ a(u+v+1)¥
—d//u—+/ (2, 7)p(z,7)

+ /MU(JU,T)\II(JJ,T) (6.1.12)

Now we break the argument in two cases.

Case 1: Suppose ¢ = 1. Then u € Li(Q2 x (7,7T)) and u,v € Li(M x (1,T)).

Let € > 0 and set p = n+2+¢ Set p = Zﬁiz (conjugate of p). Remarks
6.1.3 and 6.1.10, and Lemma 6.1.12 imply all of the integrals on the right hand
side of (6.1.12) are finite. Application of Hélder’s inequality in (6.1.12), yields

ve Ly(M x(0,T)), and there exists Cp,r > 0 such that

|l x () + 10l arx ) < Cor(llullioxr) + 0lluarx @) + 1wl )

Therefore, Lemma 6.1.13 implies u € Ly, (M x (0,T)). So for this case r = 224,
Case 2: Suppose ¢ > 1 such that u € L,(Q2 x (7,T)) and u,v € Ly (M x (7,T)).

Recall p > 1, 0 < 0 € Ly(M x (7,T)) with [0 ||, yyxrry = 1 and 0 < 9 €
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Ly( % (1, 7)) with [0 [l ey = 1 Also o/ = 21 ¢ = ;4. Applying
Holder inequality in 6.1.12 and further using Remark 6.1, Lemma 6.1.11, yields

v € Ly(M x (1,T)),u € Ly(Q x (,T)) that is there exists C,r such that

[l iy + [0l arx iy < Cor(llullgoxiry + [10llgprx@r) + [ellgnxm)

(n+2)q
n+1

(n+2)q

. 50, in this case r =~ 5.

provided p’ <

Now, by repeating the above argument for rq instead of g, we get v € L,2,(M X
(1,7)), w € Ly2,(2 x (1,T)), and continuing in this manner, we get v € Lym (M X
(1,7)), uw € Ly2y(Q x (1,T)), for all m > 1. Asr > 1, nliirgormq — 00, and
as a result, v € L,(M x (7,7)) for all p > 1. Hence from Lemma 6.1.13, u €
L,(M x (7,T)) and u € L,(Q2x (7,T)) for all p > 1, and there exists C,, 7 > 0 such

that

lullp oy + [0llpar< ey < Cox (ullgarxeay + lullgoxem) + 10llgarxem)

]

Theorem 6.1.15. Suppose conditions (V1) — (V3) are satisfied. Then (6.0.1) has

a componentwise non-negative global solution.

Proof. From Theorem 5.0.10, we already have local existence and uniqueness for
(6.0.1). If Thyax = o0, then we are done. So, by way of contradiction assume
Tax < 00. From Lemma 6.2.1, we have L,, estimates for our solution for all p > 1,

on Q X (0, Tinax) and M X (0, Tipax). We know from (V2) and (V'3) that F and G
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are polynomially bounded above. So, consider the system

U, = dAU + B(u+ 1) (z,t) € Q x (0, Thas)
Vi =dAyV + Kp(u+v+ 1) (z,t) € M x (0, T4z
dg—g =Ky(u+v+1) (x,t) € M x (0, Thaz) (6.1.13)
U =u reQ, t=0
V = reM, t=0

Note that u < U and v < V for all ¢ > 0. For all ¢ > 1, K¢(u + v+ 1)! and
K (u+v+1) lie in the Ly(M X (0, T}n4z)). Now using Theorem 4.1.5, the solution
of (6.2.16) is bounded for finite time. Therefore, by the Maximum Principle [37],
the solution of (6.0.1) is bounded for finite time. This contradicts the Theorem

5.0.10. Therefore, T},4. = oc. O

6.2 Uniform Estimates

Lemma 6.2.1. Suppose there exists T > 0, ¢ > 1 such that u € Ly(Q x (1,7 +2))

and u,v € Ly(M x (1,7 +2)). If p' = %, there exists C' > 0 independent of T

such that

[llp xrs1m42) + [0l arx(r1.742)

<C <||U”q,Mx(7-,7-+2) + ”u”q,QX(‘r,TJrZ) + HU”q,MX(T,TJrZ))
Proof. In order to show that there exists r > 1 such that v € L,,(Q x (1,7 +
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2)) and v € L,o(M x (1,7 + 2)), consider the system (6.1.2a) with T" = 7 + 2,
ki =0and ky = 1. 0 <0 € Ly(M x (7,7 +2)) with [0 ||, (y/s(rr42) = 1 and
0 <9 € Ly(Qx (r,7+2)) with [[¥ ||, qx(rrs2) = 1. Define a cut off function
v € Cy™(R,[0,1]) such that ¥(t) = 1 for all ¢ > 7+ 1 and ¢(t) = 0 for all
t < 7. In addition, we define w(zx,t) = ¥ (t)¥(x,t) and z(z,t) = ¥(t)p(x,t). From
construction, w(x,t) = U(z,t) and z(z,t) = p(z,t) for all (x,t) € M x (1+1,7+2)

and (x,t) € Q x (7+ 1,74 2) respectively . Also w, z satisfies the following system

2 = —dAz — ()9 + ' (t)p(z, t) (x,t) € QX (1,74 2)

wy = —dApyw — ()0 + ' (1) T (t) (z,t) € M x (1,7 +2)

w =z (x,t) € M x (1,7 +2) (6.2.14)
z=0 r€eEN, t=17+2
w =70 reM, t=17+4+2

Multiplying u with ()9 and v with 1 (¢)J and integrating over Q x (7,7 +2) and
M x (1,7 +2),

/THZ/Quwﬁ‘—l—/TTH/MUw@
:[T+2[Zu(—zt—dAer?//w)+/TT+2/MU(—wt—07AMw+¢"I’)

= / w / 2(up — dAW) + ur' o + / ™ / w(vy — dA ) + v T
—d/T+2/ —|—d/7+2/ —z—l—/ )z(x,T)—/Qu(x,T—l—Z)z(x,T+2)

+/MU(J:,T)UJ(I,T)—/]wv(x77+2>w(x77+2>
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Since w(z, 7 +2) =0, z(z,7+2) =0, w(x,7) =0 and z(z,7) = 0.

/T:Q/QuﬁJr/T:Q/MU@S/TT+2/M(F(u,v)+G(u,v))w+/:+2/ﬂzH<u>
+/TT+2/MU¢’\1/+/TT+2/QU¢’§O

T42 32
4 / .27
T M 877

Using (V'1),

T42 T42 N T+2 T+2
/uﬁ+/ /vﬁg/ /a(u+v+1)w—|—/ /ﬁ(u—irl)z
T+1 Q T+1 M T M T Q
T+2 T42
+/ / o))" U+ / / w)'p
T M T Q

T+2 aZ
— d/ / U— 6.2.15

Now we break the argument in two cases.
Case 1: Suppose ¢ =1. u € L1(Q x (1,7 +2)) and u,v € L1(M x (1,7 + 2))
Set p = n + 3 then p’ = Z—ig (conjugate of p). Remark 6.1.3, 6.1.10 and Lemma

6.1.12 implies all the integrals are finite. Application of Holder inequality in 6.2.15,

yields v € L,y (M x (7 4+ 1,7+ 2)) that is, there exists C' such that

1l o (rt1,m42) F [Vl 0ix (r41,742)

S C(||u||1,QX(T,T+2) + ||U||1,M><(T,T+2) + ”qu,MX(T,T—i-l))

and therefore, Lemma 6.1.13 implies u € Ly (M x (1 + 1,7 4 2)). So, for this

n+3

case r = L
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Case 2: Suppose ¢ > 1. uw € L,(2 x (7,74 2)) and w,v € L,(M x (7,7 +2))
Let p' = 25,0 > 0 € Ly(M x (7,7 +2)) with || |, s (rri) = L and 9 >0 €
Ly( x (7,74 2)) with |0 ||, gx(r.r12) = 1. Applying Holder inequality in 6.2.15
and further using Remark 6.1, Lemma 6.1.11, yields v € Ly (M x (7+1,7+2)),u €

Ly(Q x (7 +1,7 4 2)) that is there exists C' such that

||U”p/,QX(T+1,r+2) + HUHp’,MX(T+1,T+2)

< C(lullgoxrrizy + 0llgarxrriz) + lullgarxrri2)

since p’ < %. The result follows. O]

Theorem 6.2.2. Suppose F, G, and H are C', and satisfy (V1) — (V3). If u,
vy are component-wise bounded and nonnegative then T,,q. = 0o. Furthermore, if

there exists KKy > 0 independent of 7 > 0 such that

T+1 T+1 T+1
T Q T M T M

Then the solution is uniformly bounded in sup-norm.

Proof. From Theorem 6.1.15, we already have global existence of the solution to
(6.0.1). Since our solution is uniformly bounded for 0 < ¢ < 1, repeated application
of Lemma 6.2.1 and our hypothesis implies that if p > 1 and 7 > 0 then there

exists C, > 0 independent of 7 such that

[wllp.x (r1,r+2) 1l p s r1,742)0 [V parx(re1,742) < Cp
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are bounded. We know from (V'2) and (V'3), F and G are polynomially bounded.

So, consider the system

i, = dAu+ B(u+1) (z,t) € QX (1,7 +2)
O = dAy 0+ Kp(u+v+ 1) (z,t) € M x (1,7 + 2)

dg—f; =Kyj(u+v+1) (x,t) e M x (1,7 +2) (6.2.16)
U = ug xed, t=r

N
I
<
S

reM, t=r7

For some p sufficiently large depending on I, K;(u + v + 1)! and K, (u + v + 1)
has a uniform (independent of time) L, bounds. Now we define a cut off function
¥ € Co™(R,[0,1]) such that ¢(t) = 1 for all t > 7+ 1 and ¢(t) = 0 for all
t < 7. In addition, we define v(z,t) = ¥(t)o(x,t) and u(x,t) = ¥(t)u(z,t). From
construction, 0(x,t) = v(x,t) and u(z,t) = a(z,t) for all (z,t) € M x (1+1,7+2)

and (z,t) € Q x (7 + 1,7 + 2) respectively . Also 4,0 satisfies the system

Gy = dAG + ' () a(x, t) + pB(u + 1) (z,t) € QA x (1,7 +2)
o = dAy 0+ (O Kp(u v+ 1)+ (0)o(x,t)  (2,t) € M x (1,7 +2)
dg—z:ng(u%—ijl) (x,t) € M x (1,7 +2)
=0 r€eN, t=r1
=0 reM, t=r

Note that v < u and v < v for all t > 0. Now using Theorem 4.1.5, solution of
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system (6.2.16) is bounded. Therefore, by the Maximum Principle [37] solution of
(6.0.1) is uniformly bounded (see [17]). O

Corollary 6.2.3. Suppose F'+ G < 0. Then there exists K1 > 0 such that

T+1 T+1 T+1
/ /u—l—/ /U+/ /ugKl
T Q T M T M

for all 7 >0, and the solution to (6.0.1) is sup norm bounded.
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Chapter 7

Examples

During bacterial cytokinesis, a proteinaceous contractile, called the Z ring assem-
bles in the cell middle. The Z ring tethers to the membrane and contracts, when
triggered, to form two identical daughter cells. Positioning the Z ring at mid-
cell involves two independent processes, referred to as Min system inhibition and
nucleoid occlusion ([40], [41] Sun and Margolin 2001). The Min system involves
proteins MinC, MinD, and MinE ([38] Raskin and de Boer 1999). MinC inhibits Z
ring assembly while the action of MinD and MinE serve to exclude MinC from the
midcell region. This promotes the assembly of the Z ring at the midcell. Thomas
Pollard in [36] gives an overview of progress in understanding the mechanism of
cytokinesis in fission yeast using fluorescence microscopy of proteins tagged with
fluorescent proteins to establish the temporal and spatial pathway for the assem-
bly and constriction of the contractile ring. Zhang, Morgan, and Lindahl [44]
considered the Min subsystem involving 6 chemical reactions and 5 components,

under specific rates and parameters and performed a numerical investigation using
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a finite volume method on a one dimensional mathematical model.

Note this Z ring is also referred to as the FtsZ ring. Table 7.1 shows the

assumed chemical reactions. In the multidimensional setting, the concentration

Table 7.1: Reactions and Reaction Rates

Chemicals Reactions Reaction Rates
: ADP keze, mATP ADP
Min D Dcyt RN Dcyt R.ye = kemc[DCyC ]
M. D DATP chytD'réL?;r}rj R o k,’ DATP
m — Dcyt — Dcyt[ ]

cyt

k [DATP]
ATP "Dmem!Zmem ATP
D —rem s D
cyt mem

Min E [ 1 DATP "?E_cyg E - DATP
.NATP2
E 4 pArp FemenlEDnenl’ g parepo ke omen D
Min E E . DATP Fero gy papp

mem cyt

cyc

DATP] [DATP]

RDmem = kDmem[ mem
REcyt = kEcyt[E[

ATP] [E} [E . DATP

mem

Reyp = keapl B - DATP

mem

cyc

DATP]

mem

]

mem

]2

density satisfy the reaction-diffusion system given by

0[D4;"
a—;jt = O'DcytA[D?yz;P] + Rezc
oDy "]

8—77 — _RDmem - RDcyt
0[Dg¢"]
ot
8[DADP]

cyt
- - Re:(;p

on

ATP
= O-ADcytA[Dcyt ] - Rexc

- UEcytA [Ecyt]

87] = Remp - REcyt - REmem

DATP
a[ an;em] = UDmemAM[D;rgri]

+ RDcyt + RDmem - REcyt - REmem
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O|E : DATP]

mem

= 05 DmemAn|E : DATE
ot OFE:D M[ ]

mem

- Rezp + REcyt + REmem T € ]\47 t>0

The system is special case of (1.0.1), with

O Deyt 0 0
O Dmem 0 ~
D= and D = 0 oapye O |
0 OEDmem
0 0 O Ecyt
ATP
Dey ATP
Dmem — RDcyt + RDmem - REcyt - REmem
10 ADP 7
u = |D , U = , F = ,
eyt ATP
E: Dmem _Rezp + REcyt + REmem
Ecyt
_RDcyt - RDmem Re:cc
G= Rewp and H = | —R,_,.
Rezp - REcyt - REmem 0
Here

Rezc - kemc[DADP]

cyt

RDcyt - chyt[DéjctrP]

Rpmem = kDmem[D?LZr]rj] [DS}I;P]

Rewp = keaplE - DT

mem

REcyt = kECyt [Ecyt] [DATP]

mem

Remem = kEmem[DfmZn]Z] [Ecyt] E Défnjj]Q

represent reaction rates. This is a five component model with (u, v) =(uq, us, us, v1, v2),

where uy = D41 uy = DAPP and ug = Eqy, and vy = DT and v, = E - DLE.
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Our local existence result holds for any number of finite components, therefore
this system has a unique maximal solution. Regarding global existence, we have
in general analyzed the two component model. It is interesting to note in this
example, that if we take two specific component at a time, we are able to obtain
global existence. For that purpose we apply our results to (u1,v1), (us,vs2), and
(ug, v2).

Notice that reaction vector fields associated to (u1,v;), (us,vs), and (us,vs)
on M are (Gq,F1), (Gs, Fy) and (Ga, Fy) respectively. Where G; = —Rpey —
Rpmem; G2 = Rezp and G = Regp — Rpeyt — REmem, and Fi = Rpeyt + Rpmem —
Reeyt — REmem, I> = —Reyp + Rucyt + REmem. And H is a reaction vector field
associated to u on Q. Where H; = Ry, Ho = —Reze and Hy = 0. It is easy
to see G + F} <0, G3 + I3, <0 and G; are linearly bounded for all i = 1,2, 3,
and H; < kegeus, HyyHy < 0. So, for each of the pair (uj,v1) and (us,vs),
conditions (V1), (V2), and (V3), (hypothesis of global existence, Theorem 6.1.15)
are satisfied. As a result fQ u + fM v1 and fQ us + fM Vo is conserved and uq, vy, ug
and vy exists for all time ¢ > 0. Now, since Hy < 0 and f 1 V2 < 00, therefore from
[19], [, u2 < o0.

We also discussed another example briefly in chapter 1. Consider the system

uy = Au ref, 0<t<T
v = Ay + u® reM, 0<t<T
g—;;:—uavb reM, 0<t<T
U = ug re, t=0
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v =y reM, t=0

Here G(u,v) < 0, F+ G < 0, and (V1), (V2), and (V3) are clearly satisfied.

Therefore, conditions for global existence are satisfied.

Remark 7.0.4. If we consider the similar system with G (u,v) = u®® and F(u,v) =
—u?, then the results [19] apply in the non-manifold setting, but in our setting

it is still an open question.
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