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Abstract

Iron-based superconductors (FeSCs) are a class set of high-temperature supercon-
ductor (HTS) based on different crystal structure and pairing symmetry from the Cu-
based HTS. The world’s physicists, chemists and scientists initiated a substantial re-
search in studying the mechanisms and details of this new class of HTS. The first goal
of studying the FeSCs was to hope that more experimental and theoretical explanation
to the origin of superconductivity of similar scenario as in Cu-based HTS. Up to recent
years, the underlying mechanism for both the magnetism and superconductivity came
to reliable models. However, through out my literature studies, there are still debates
in several aspects.

I constructed phenomenological model with tight-binding approach for the itinerant
picture of electrons, and mean-field self-consistent calculation to study the interacting
picture of this model. Point-group-symmetries analysis was also applied to investigate
the structure of the model. A proper set of model parameters with correct minimal
symmetry analysis well describes the Fermi surface evolution, phase diagram and local
density of state (LDOS).

To conclude, from chapter 2. to chapter 5., all of my calculated results were
nicely compared to experiments and DFT calculations and give deeper understanding
to this field. I gave predictions in chapter 6. that new topological phases could exist

in the tetragonal crystal structure.
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Chapter 1

Introduction

1.1 Experiments and LDA calculations

In 2006 [1], LaOFeAs was the first described iron-pnictide (FeAs) structure that is super-
conducting, T, = 3.5 K. It was not much attractive until the breakthrough as Kamihara
and co-authors reported a hight temperature superconductor (HTS) with T, = 26 K
[2] in 2008 and the highest T, was found to be 55 K in SmO;_,F FeAs; Table. (D.1)
listed these Fe-based HT'S compounds with their T.. Lots of experiments and theoretical
research have been initiated since these discoveries.

The iron-based SC (FeSC) is a 2D-layered crystal structure with component of
FeX (X=As, Se, P, Te, etc...) structure and other layers with different chemical com-
pounds. It has five different types: (i) 11-FeSe, (ii) 111-LiFeAs, (iii) 122-SrFesAso, (iv)
1111-LaFeAsO and (v) 32522-Sr3ScoOsFeaAsy [3], as shown in Fig. 1.1(a). Many Fe-
based HTS accompanied with co-linear antiferromagnetic (C-AFM) order as shown in
Fig. 1.1(b). The C-AFM is also called spin-density-wave (SDW). All of these five struc-
tures share the same layered structure based on a planar layer of iron atoms with anion-
atoms (As, Se, P, Te, etc...) tetrahedrally joined, these anion-atoms are above(upper) /
below(lower) the Fe plane which is different from the Cu-O based HTS (cuprates) that
the Cu-O atoms are in the same plane. Now, we can realize that these upper / lower
anion-atoms play important roles that affect the orbital orientation, kinetic energy and

pairing symmetries.

TABLE 1.1: Fe-based SCs.

Year Compound T, Reference
2006 LaOFeAs 3.5 K 1]
2008 | LaO;_,F FeAs | 26 K [4]
2008 | CeO;_,F,FeAs | 41 K 2]

[5]

2008 | SmO;_,F,FeAs | 55 K
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FIGURE 1.1: Crystal and magnetic structure of layered FeSCs, from Ref. [3].

Among these (i-v) structures, doped 122-BaFeyAsy is one ideal material for both
experimental and theoretical studies for the basic understanding of electronic structure,
magnetic structure and pairing symmetries. Because it appeared to have almost all of
the features of the generic phase diagram: 1. by electron doping, BaFes_,Co,Asy, 2
by hole doping, Baj_.K,FesAss, 3. by iso-valence doping, BaFesAss P, and 4. by
applied pressure, as shown in Fig. 1.2. The phase diagram of the FeSCs is very similar to
several other unconventional superconductors such as cuprates. Observed from the phase
diagram, the undoped (parent) BaFesAss is non-superconducting and having C-AFM
under Neel temperature.

Body-centered-tetragonal (BCT) structure with 2-Fe per unit cell each layer is used

for describing / coordinating the crystal structure BaFesAss to enclose the above and



below anion atoms. The LDA calculated electronic structure shows cylindrical shaped
Fermi-surface around I' and M points. In which, the I' point possess hole-pocket and
the M point possess electron-pocket [6]. When one considers the SDW magnetic phase,
the 2-Fe per unit cell is no longer enough to describe the entire system and one must
consider 4-Fe per unit cell with a shrinked Brillouin zone and the Fermi surface of the
undoped BaFesAsy with SDW order will be folded into tiny pockets for k, = 0 which
became a bad metal. If we dive into more physical detail, we learn some orbital physics
of the Fe-atom with its five outer shell d-orbitals. The d-orbitals are generally divided
into two groups: 1. e, group for d2_,2, d,2_,2 orbitals and 2. tg; group for dgy, dg.,
d,. orbitals. In particular, the energies of the ta, group are closer to the Fermi-surface
and if we extract the partial density of state (PDOS) from Ref. [6] we can learn that to,
orbitals are dominate, most importantly that d,. and d,. orbitals are highly degenerated
in energy.

Lee and co-workers published one research article incorporated with orbital order
and strong magnetic anisotropy for CaFeaAsy in LDA calculation [7]. They also con-
cluded that the most important orbitals for FeSCs are d,, and d,. and the SDW order
can be generated with Hubbard interaction, U, and Hund’s coupling, .J,, terms. More
specifically, the Hund’s coupling is for describing the inter-orbital and inter-spin inter-
actions between d;. and d,. orbitals. Therefore, this became a simple minimal picture
to describe the low energy physics of the emerging SDW magnetism. It was generally
known that it is very hard to deal with superconductivity with ab-initio calculations,
such as LDA or GGA, due to large matrix of Hamiltonian to be solved with Bogoliubov
de Gennes equation and the computer efficiencies go down when the size of the matrix
equations goes up. Therefore, there are many issues left to phenomenological model

such as SC pairing symmetry, random impurity and magnetic vortices state.

1.2 Microscopic Models

In the literature of past few years, many phenomenological models have been proposed to
investigate the band structure, Fermi surface, the SDW order and SC pairing symmetry
for FeSCs, ranging from eight orbitals model (five Fe-3d with three As-4p orbitals) [8],
five orbitals model (five Fe-3d orbitals) [9], three orbitals model (dg,, d;» and d,.) [10, 11]
and down to minimal two orbital model (dy, dy.) [12-15] or simple two bands model [16-
18]. These phenomenological models were invented for different reasons and was used for
different calculations. They have several features in common but few of them may have
discrepancies. Nevertheless, S1 symmetry was generally acknowledged as an essential

pairing mechanism among others [18]. We will focus on two-orbital models (with Sy
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FIGURE 1.3: (a) Fermi surface of 1-Fe unitcell BZ and (b) folded Fermi surface of 2-Fe
unitcell BZ given in S. Raghu’s model, from Ref. [12].
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FIGURE 1.4: (a) band structure of 1-Fe unitcell BZ, (b) folded band structure of 2-Fe
unitcell BZ, (c) the 3D E(k) plot and (d) DOS calculation of S. Raghu’s model, from
Ref. [12].

pairing symmetry) for their simplicity and usefulness for phase diagram calculation and
large real-space lattice constructions.

The first effective two-orbital model was given by S. Raghu and co-authors [12].
For LDA calculations and experiments, Raghu’s model gave nice 2D Fermi surface for
half-filling Fermi energy, Fig. 1.3. It can well describe the SDW order and Sy pairing
symmetry with additional interaction terms. However, if one compares the entire band
structure and density of state calculation of Raghu’s model as shown in Fig. 1.4, one can
find that it is different from LDA calculations for d,. and d,, orbitals [3]. One can easily
find that the DOS, Fig. 1.4, will immediately encounter with a cliff in lower Fermi level.

5
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FIGURE 1.5: (a) 2D real space map of SDW order, (b) temperature dependence of SC

and SDW order with the doping density ¢ = 0.09, (¢) magnitude of SC and magnetic

order as a function of the doping at zero temperature and (d) the calculated phase
diagram, from Ref. [19].

Further more, in higher Fermi level the system will go across a Van Hove singularity.
These features not seen in LDA calculations and in a physical understanding that the
cliff means the hole doped phase diagram of superconductivity should not exist due to
insufficient density of state in the hole doped side for effective electron pairing. One
important feature was missed in Raghu’s model that these upper / lower anion atoms
was not taken into consideration which might give a different symmetry in this Doy /
Cyy crystal structure. More detailed discussions of the Doy / Cy, symmetries are placed
in the Appendix.

In 2009, D. Zhang provided a new model which considered the effect of upper /
lower anion atoms [13]. He considered that the upper / lower anion atoms may mediate
different values for the next near neighbor hopping terms. Zhang’s model has nice
Fermi surface evolution in the electron doped side and it was successfully applied to
calculate the electron doped phase diagram in rigid band approximation by Zhou and co-
authors [19]. Similar to Lee’s LDA calculation [7], T. Zhou applied the on-site Hubbard
interaction, U, the Hund’s coupling, Jp, and an effective pairing interaction, V', to

Zhang’s model. The effective Hamiltonian reads,

H = H; + Hip + Ha (1.1)



Here H; is the hopping terms from Zhang’s model, Hj,; includes the Hubbard and
Hund’s interactions and Ha is the effective pairing interaction. This effective Hamil-
tonian can well describe the electron doped phase diagram for BaFesAss as shown in
Fig. 1.5. It was a great improvement from Raghu’s model, however, the hole-doped part
was missing and was not able to be discussed in Zhang’s effective two orbital model.
In this regard, I will present a new model [15] in chapter 3 to show how we modify
and construct a reliable model based on crystal and orbital symmetry. So far, our new
model greatly improved the phase diagram calculation and was nicely compared to many
experiments and LDA calculations. It was the first microscopic model that achieved so

many succesfull calculations among many others.

1.3 Overview of Chapters

Before 1 close this chapter, let me brifely introduce the following chapters. In chapter
2., I will introduce a generalized calculation method based on Zhang’s model [13] to
deal with Fermi surface evolutions when disorder effects break translational symmetry
[20]. However, Zhang’s model [13] used in chapter 2. is only applicable to the electron-
doped phase diagram of the 122-BaFe;Ass compounds, the hole-doped part was not
able to be applied by Zhang’s model. Therefore, in chapter 3., a new model [15] based
on symmetry analysis of the FeAs layer was developed. This new model is capable
to study the phase diagram of the hole-doped part of BaFesAss. In chapter 4., the
Fermi surface evolution was investigated of doped BaFesAss when spin-density-wave
(SDW) was incorporated. In chapter 5., the new model is extended to investigate the
Zn-doping effect of BaFesAss. In the last chapter, chapter 6., I extend my study to
topological insulators based on the new model [15]. Based on symmetry analysis, we will
discuss the possibility of new type of Chern and mirror-Zs topological insulator which
we predict that the new kind of topological insulator could be realized in some FeSCs

or other compounds which has similar crystal structure and orbital order.



Chapter 2

Fermi surface evolution and
BAFM in AmFeg_ySeg

2.1 Introduction

In this chapter, I will investigate a newly found iron-selenide superconductor A,Fes_,Ses
(A =K, Rb, Cs, TI, TI/K, T1/Rb) [21-24]. This new class of compounds provides a
chance to understand the underlying physics when randomness comes to play an impor-
tant role in condensed matter theory. It has several special features: (i) Superconduc-
tivity (for z ~ 1 and y ~ 0.12 —0.3) emerges in proximity to an insulating phase [23, 25]
(for x ~ 0.8 and y > 0.4), instead of a poor metal as in other iron-based parent com-
pounds. For the iron deficient compounds with y > 0.4, there is mounting evidence
for the existence of iron vacancy ordered superstructures stabilized with a stripe-like
antiferromagetic (AFM) state [26-29]. This raises the interest in the possibility of the
insulating phase being driven by the Mott localization [30, 31] due to the reduction in
kinetic energy [29] and lack of translational symmetry. More over, the compounds with
x ~ 0.8 and y ~ 0.4 are of special interest for the formation of a peculiar vacancy order
(so called v/5 x /5 superstructure) and it reveals a block-spin antiferromagnetic (BAFM)
state [32-35]. (ii) The end member of the series AFesSes (x = 1 and y = 0) is highly
electron doped (0.5 electron/Fe) in compare to other Fe-based SCs (such as LaOFeAs,
BaFeySes, FeSe etc.). Band structure calculations [36—40] for these end compounds show
only electron pockets that are primarily located around the M point of the Brillouin
zone (BZ) as defined for a simple tetragonal structure. With the band structure cal-
culations, a series of angle-resolved photoemission spectroscopy (ARPES) experiments
has been performed on A,Fes_,Ses [41-45]. A common feature is the presence of elec-
tron pockets around the M point in the Brillouin zone and a marked absence or near
absence of a hole pocket at the I point. With regard to electron pockets, the FeSe-122

family is similar to the isostructural FeAs-122 family, while they differ with respect to



the hole pocket, which is considered to be essential for certain interband pairing models
of superconductivity.

These unique features raise the hope to gain new insights into the mechanism of
iron-based superconductivity by studying the FeSe-122 family. However, special care
must be taken in the interpretation of these results due to the complicated real-space
structure of highly iron deficient compounds. The real-space structure for different Fe
compositions (0 < y < 0.4) is quite intricate and resembles more that of an alloy than of
a lightly doped crystal. For example, although both AFesSes (y = 0) and Ag gFe; 6Seo
(y = 0.4) compounds have perfect lattice periodicity in the iron layer, the lattice struc-
ture for compounds with 0 < y < 0.4 can be thought of as a superposition of both
lattices, which forms either a random-vacancy lattice or phase-separated lattice with
vacancy stripe order. More generally, a serious problem of iron vacancy is introducing
random-disorder scattering centers in the iron layer and destroy the translational peri-
odicity, thus rendering the wave vectors of the Bloch wave functions as ‘bad’ quantum
numbers to describe electron motion. Therefore, when interpreting the electronic struc-
ture as measured by ARPES, which probes the momentum space, a real-space electronic
structure approach must be developed to account for the strong disorder.

In this chapter, we present a systematic study of (i) the evolution of the normal-
state electronic structure with random vacancy doping based on a new technique of
real-space construction and (ii) the magnetic structure of the FeSe-245 (“v/5 x v/5")
structure for fixed hopping term in the ¢-J model. In (i), the ARPES measurement of
the Fermi surface topology was adequately extracted from the spectral function with a
tight-binding lattice model with random vacancy order at the Fe sites. We find that
the electronic band structure and Fermi surface topology has been dramatically affected
by the Fe vacancies which break the lattice periodicity. The evolution in the band
dispersion results in a noticeable reconstruction of the Fermi surface (the technical detail
is provided in the Appendix A). Therefore, as a consequence, for intermediate iron
vacancy concentrations, the realized stable electronic structure is a compromise between
the solutions for y = 0 (perfect lattice) and y = 0.4 (stripe ordered lattice), resulting in
a competition between vacancy random disorder and vacancy stripe order. Based on the
parameterized hopping model with modified parameters, the constructed mean-field t-J
lattice model gives rise to a checker-board block-spin structure for KggFej gSes, which
is in good agreement with neutron scattering experiments and ab-initio calculations.
However, a detailed feature of this calculated magnetism reveals a defeciency in the
original Zhang’s model [46].

The outline of this chapter is as follows. In Sec. 2.2 we formulate a tight-binding
t-J model Hamiltonian and introduce within the mean-field approach the Bogoliubov-de
Gennes (BdG) equations. In Sec. 2.3 we discuss the Bloch wave function formulation

of multiorbital electron hopping to obtain a single set of model parameters for the

9
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® Fe O Vacancy Lower Se Higher Se

FIGURE 2.1: (Color online) Different cuts (unit cells) of the real-space lattice of FeSe-

122 (a) and corresponding unit cells (same color map) in the Brillouin zone (b). The

arrows indicate the block-spin AFM structure. For unit cells with cuts “-b-” and “-c-”

the Se atoms in the layers above and below are shown. In the vacancy-ordered state
(y = 0.4) vacancies phase-separate to form stripes.

kinetic energy part of the Hamiltonian by comparing the electronic structure and Fermi
surfaces of K,FesSes with a perfect lattice structure. In Sec. 2.4 we discuss the electronic
structure of a random vacancy lattice by introducing an auxiliary impurity scattering
approach in the unitarity limit. In the case of the supercell calculations, the results
are in good agreement with the Bloch wave function method. In Sec. 2.5 we present
our calculations of the magnetic structure, which agree well with the neutron scattering

measurements. The summary is given in Sec. 2.6.

2.2 Model and Formalism

In this chapter, we adopt Zhang’s model [46] for the tight-binding Hamiltonian which
successfully describes the electronic structure and phase diagram calculations of the
FeAs-122 superconductors. Zhang [46] suggested that the upper and lower As atoms
mediate different hopping terms between iron atoms in the iron layer. Since this tight-
binding model was introduced, several successful studies have been performed [19] to
describe ARPES [47, 48], magnetic structures [49, 50], phase diagrams [51], and vortex
core and spin susceptibility in RPA calculations [52, 53].

Figure 2.1 shows the schematics of various lattice configurations with real-space
unit cells used in this chapter for A,Fes_,Ses. Recognizing the crystallographic similar-

ities between the isostructural FeSe-122 and FeAs-122 compounds and that the electron

10



(b) Interaction

FIGURE 2.2: (Color online) Schematic pictures of the effective ¢-J Hamiltonian. (a)

The effective tight-binding model, where t; is the nearest-neighbor (nn) hopping, t5 (¢3)

are the next-nearest-neighbor (nnn) intra-orbital hopping terms due to up (down) Se

atoms and t4 is the nnn interorbital hopping. (b) The effective exchange interactions,

where J; and Js are the nn and nnn interactions inside each block, while J; and J;
are the nn and nnn interactions between blocks.

pocket at the M point is not only a common but also main feature in the heavily
electron-doped region, 0 < y < 0.4, we use the same tight-binding model for the elec-
tron hopping as in Refs. [13, 19]. We account for the reported electronic band structure
of the perfect lattice of K;FeoSes,[41] shown in Fig. 2.2(a), by proposing a modified set
of hopping parameters (t1,ta,t3,t4) = (1,1,—2,0.08). This modification of parameters
is due to lattice distortions caused by vacancies surrounding Fe atoms. In principle, the
hopping parameters for the 122 and 245 structure should differ. However, we simplify
our approach by keeping the same parameters for all vacancy dopings, because it catches
the essential physical picture and describes well the Fermi surface topology of both 122
and 245 structures.
In our approach, we use for simplicity the same hopping parameters for Kg gFeq gSeo
as for all other K,Fes_,Seps compounds. The unit cell of Ko gFej gSes is modified to a
V10 x /10 area, see Fig. 2.1(a) with cut “c-” for the unit cell, due to the periodic
vacancy order along stripes at the doping concentration y = 0.4. In this real-space unit
cell there are a total of 10 sites, namely, 8 iron atoms and 2 vacancies. We start with
an effective lattice model for KggFej gSeo by including the hopping H! and exchange
interaction HY terms [54].
H=H'+H, (2.1)

where

H == " tiel, Cjvo —10 Yl Cino, (2.2)

ijuvo o

11



and

HJ:J1 Z gip.'gjy‘i'JQ Z @p'gju

<ij>pv <ig>pv (2.3)
+J > S Spu+dy Y S-S
<ij>'uv L3> pv
The hopping parameters on the lattice are defined as
upper !
t<ij> p=v t<<ij>>,u=u t<?fje;>,u=u t<ij> utv (2.4)
=1 | ta=1 | ty=-2 | t,=008

where i (j) are site indices, and p (v) are orbital indices corresponding to d,. or d,. wave
function orbitals and ¢y is the chemical potential. The expressions < ij > (<K ij >)
and < ij >’ (< ij >') denote intra- (inter)-block nearest-neighbor (nn) and next-
nearest-neighbor (nnn) hopping processes, whereas t“PP" (t!wer) indicates the hopping
term crossing over the upper (lower) Se atom as shown in Fig. 2.2(a). In the FeSe-122
compound neutron diffraction studies are consistent with moments pointing along the
¢ axis.[32] Hence, we approximate the Heisenberg interaction to be of the Ising type,

where only the S% component is involved

1
Sizp, = 5 Z CLUZa’CO/’ (25)

aa!

and the interaction term can be expressed in mean-field approximation by

55,55 = 1 () = i)t = mn)
+ i(mjm) - <nju¢>)(nim — Njy) (2.6)
— 2man) = rag)) () = ()

In Fig. 2.2(b) the nn intra- (inter)-block exchange term J; (J]) and nnn intra- (inter)-
block exchange term Jo (J5) are illustrated. The same type of effective model has also
been used to study the electronic properties in other iron-based compounds. [55-59]
As mentioned in Ref. [60], the double-occupancy constraint for fermions is implicitly
incorporated by the renormalization of the dispersion.

We can now construct the corresponding mean-field Bogoliubov-de Gennes (BdG)

matrix equation on a lattice:

Z( v ) ( fﬁ) :En< j;”) : (2.7)
jv Aiuju _Hi,UajVJ/ vjl/J, Uiu¢
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Here the single-particle Hamiltonian H;,j, » is expressed by

g
Hipjvo = —tipjw + > [ Js + T5)(migs)]05 0y
Sp (28)
—100:50

where o correspond to +1 for spin-up(down) index, ¢ is taken with +2 (4+7) and +& 4,
which correspond to the nn and nnn real space shift; J (J') is for the intra (inter)
block interaction and the mean-field magnetization per site and per orbital is (m;,) =
puB((niur) — (nipy))- The quasiparticle energies F, are measured with respect to the
chemical potential. We note that the single-particle Hamiltonian depends on spin- and

orbital-dependent electron density and pairings, which are given by

(nigy) = D luiaPf(En) (2.9)
n

(i) = Yo [P[1 = F(EW)] (2.10)
n
Viwiv . E

Niyjy = ZZ] Z(u?mvjfi—i—u?wvfﬁ) tanh 2—; (2.11)

n

Here we set the Boltzmann constant kg = 1. Finally, the BdG equation (2.7) must
be solved self-consistently with Eqns. (2.9)-(2.11). Since we consider only normal-state
properties in this chapter, we ignore the superconducting pairing term, V;,;, = 0, in the
BdG matrix equation. Note that we study only the hopping term H?! in Secs. III and
IV. Whereas in Sec. V we invoke both H* and HY terms for the 245 structure.

2.3 Electronic structure in the paramagnetic state

The most common way to construct the electronic band structure of ordered systems
is to use the Bloch wave function formulation in the enlarged V10 x /10 unit cell
with 8 Fe atoms and 2 vacancies, the corresponding k-space Hamiltonian is a 16 x 16
matrix, Hfﬁxlﬁ, which is straightforward but tedious to derive. Instead, we propose
another method based on the impurity problem solution that produces exactly the same
results and, moreover, provides physical insight into the breaking of the translational
symmetry. In this approach the vacancy is mapped onto an impurity with an adjustable
onsite scattering potential Vj that varies from 0 (no vacancy) to oo (strong scattering
center). Also the continuous tunability of the impurity potential provides an easy handle
on the evolution of the electronic structure with scattering strength. Please refer to the
Appendix A for more details on the implementation of the impurity problem calculation

employed in this chapter.
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FIGURE 2.3: (Color online) The electronic band structure for compounds (a)
Ko sFeaSey (fill factor n = 2.4, to = 1.09 for high electron doping) and (b) Kq sFej ¢Ses
(half-filling n = 2.0, tog = 0.005) with (¢1,ta,t5,t4) = (1,1,—2,0.08). The dashed blue
line is the location of the chemical potential. (c) Fermi surface of electron pockets
of Ko sFeq ¢Ses located near the T’ point in k-space corresponding to the v/10 x /10
unit cell (blue square).a (d) Static spin susceptibility for the bare band structure of

Ko.gFei 6Ses. The high intensity spots at scattering wave vectors Q, = 71'(%, g) and

Qm = w(%, %) are in agreement with neutron scattering experiments.

In Fig. 2.3(a) we show the electronic band structure of Ky gFesSes for our tight-
binding model parameterization using the v/2 x v/2 unit cell (cut “b-" in Fig. 2.1(a)).
The corresponding band structure of the vacancy ordered compound KggFej gSes is
shown for comparison in Fig. 2.3(b). The evolution of the dispersion from the v/2 x v/2
unit cell with four bands to the enlarged /10 x /10 unit cell with 16 bands is nontrivial
and cannot be obtained by a simple rigid-band shift of the chemical potential. Indeed,
the Fermi surface topology for KggFeigSes shows very tiny electron pockets located

near the I' point, see Fig. 2.3(c), in contrast to Ko gFesSes.
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In addition to the electronic dispersion, we calculate the static spin susceptibility

x(q) for the bare band structure of itinerant electrons,

X(@ = x1(q,im — 0) (2.12)
1J
x5 = (T 157(@,7)85(~a,0)), (213

where N is the total number of unit cells and S7(q,7) is the Fourier component corre-
sponding to the site and orbital index I in the unit cell. In this compact notation, the
orbital wave functions have the running super-indices I = (i,p) and J = (j,v). The

dynamic susceptibility is given by

) T .
XIJ(CL ZQm) = _m ZZGJa,Ia(Ka'LUJn)
Ka n

XGIQJOC(K +q,twy + ZQm) , (2.14)

where the wave vector K is defined in the Brillouin zone corresponding to the /10 x v/10
unit cell, w, = (2n + )77 and §,, = 2mnT are the Matsubara frequencies of the
fermions and bosons. In standard notation the multiorbital lattice Green’s functions are

given by
: uy(K) w73 (K)
Gr, (K, iwn) = > m , (2.15a)

vip (K) vj, (K)

i + En(K) (2.15b)

Gfi,Ji(K’ iwn) = Z

In the calculation of the itinerant spin susceptibility the red spots in Fig. 2.3(d)
show high intensity around q = @, and @Q,, in agreement with neutron scattering
experiments.[32] It follows from the Stoner criterion that the observed AFM state is
possibly formed from itinerant electrons of the paramagnetic state due to the bare band
structure, rather than the exchange interaction of localized spins. Hence, it is natu-
ral to expect that close to the magnetic instability a small driving force can break the

symmetry of the paramagnetic state and induce the long-range AFM state.

2.4 Electronic structure of random vacancy lattice

The distribution of Fe vacancy in doped FeSe-122 compounds is an open question. Ex-
cept for the perfect 245-structure, where a Fe-vacancy order can be formed, recent
experiments[61-63] indicate that the doped FeSe-122 compounds with Fe chemical con-
centration deviating from 1.6 or 1.5 are in favor of a nanoscale phase separation. Any of
these scenarios suggests that the periodic Bloch wave function formulation is no longer

valid for lattices with vacancy disorder in the intermediate doping region 0 < y < 0.4.
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FIGURE 2.4: (Color online) Schematic picture of a 20x 20 lattice with random vacancies.

For this configuration the minimum size of a supercell is a 10 x 10 square lattice. This

supercell contains the translational symmetries of both the V2 x /2 and V5 x /5

unit cells. The random lattice is constructed by randomly removing vacancies from the

ordered diagonal stripes of phase-separated vacancies. The phase separation pattern
along the direction (2,1,0) becomes clearer for larger superlattices.

Here, we describe the construction of a random vacancy lattice calculation (RLC). First,
we construct a 40 x 40 or larger real-space lattice for A FesSes with vacancies phase-
separated in stripes along the (2,1,0) direction as shown in Fig. 2.4. Second, we ran-
domly add iron atoms, i.e., remove vacancies, on the vacancy ordered stripes up to
the point that we match the vacancy occupation for compounds measured by ARPES.
Third, we construct the corresponding real-space Hamiltonian H® with hopping terms
(t1,t2,t3,t4) = (1,1,—2,0.08). Finally, we exactly diagonalize the Hamiltonian and com-
pute its pairs of eigenvalues F, and eigenvectors (ul”m, ’UZL i) from which we calculate the
lattice Green’s functions.

When going beyond the dilute limit of random disorder, as for example in a heavily
doped alloy, the randomness of vacancies plays a crucial role for the electronic dispersion,
because the rigid-band shift appropriate in the dilute limit breaks down. Hence the
conventional approach of periodicity and the calculation of the electronic band structure
and Fermi surface fail. In order to solve this complicated problem, we calculate the
multiorbital real-space spectral function Ajj(w) = —%Im Gry(iw, — w + '), which

depends on the multiorbital real-space Green’s function summed over all bands n,
Gry(iwy) = G[T,JT(K =0,iwy) + Gfi,Ji(K =0,iwy) , (2.16)

where the general form of the spin-dependent Green’s functions on the right-hand side

of the above equation has been given in Eq. (2.15). Finally, the Fourier transform of

16



High

Low

FIGURE 2.5: (Color online) The calculated Fermi surface evolution from the Fourier
transformed real-space spectral function in the 1-Fe BZ. The alphabetical order in
each picture represents different vacancy concentrations: (a.n) Fej g, (b.n) Fej 7, (c.n)
Feq.72, (d.n) Fey 7, while the numerical index n = 1 — 4 represents different values
of the chemical potential. The chemical potential varies from high to low as n in-
creases: (tgl),tg2),t83),tg4)) = (0.5,0.33,—0.7,—1.5). The calculations in panels (b.1),
(c.2) and (d.3) correspond to the compounds (T1,K)Fe; 75Ses, Tl 58 Rbg.42Fe; 72Ses and
Ko.sFe; 7Seq, respectively. In panel (a.4) we redraw the different unit cells of Fig. 2.1(b)

with 1 x 1 (green), V2 x V2 (red), and V10 x V10 (blue).

Arj(w) to k-space for the one-iron per unit cell (1-Fe) gives the desired spectral function,

which is the one measured in ARPES experiments,
A(k,w) =Y Arj(w)exp{—ik - (R; — R;)}. (2.17)
1J

Here, i (j) are lattice indices for the location of each Fe atom in the 40 x 40 supercell
with orbital indices p (v) and super-indices I = (i, u) and J = (j,v). The double-sum is
a short-hand notation for >, ; =37,.3" 0, Since we considered only the bare band
structure, we dropped for convenience the spin indices in this calculation.

Next we apply the RLC method to calculate for both doping variables z and y the
evolution of the spectral function and Fermi surface topology for compounds A,Fes_,Ses.
For the hopping term, H, the variables # and y can be mapped onto electron filling factor

in the two-orbital model: (n) = [z + 8(2 —y) — 4]/[2 — y] — 4, which is used in turn for
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TABLE 2.1: The FeSe-122 compounds for vacancy doping y. The Fermi surface topolo-

gies are compared to local density approximation (LDA) calculations[33, 65] or ARPES

measurements. [42-44] For the 122 structure (y=0), we focus only on the electron pocket

at the M point. For the 245 structure (y=0.4), we focus on the four tiny pockets sur-
rounding the I' point according to the LDA calculation.

Y compound | referenced | lattice | electron pockets
0.00 Ko.gFeaSes LDA PLC M

0.22 (T1L,K)Fe; 78Ses ARPES | RLC M

0.28 T10.58Rb0_42F61.72862 ARPES RLC M&T
0.30 K0.8F61.7Seg ARPES RLC M

0.40 KO.gFel.GSez LDA PLC T

the determination of the chemical potential, 3. Figure 2.5 shows the calculated Fermi
surface evolution for changing t¢o and y values on random vacancy disorder lattices.
The panels 2.5(b.1), 2.5(c.2) and 2.5(d.3) correspond to electron densities reported in
experiments.[42—44] The lattices solved were large enough to self-average the vacancy
disorder, thus no further ensemble average of different random vacancy configurations
was required. The visualization of the evolution of the spectral function helps us to
understand when an electron pocket “appears” at the I' point, namely for y > 0.22, see
panels (b)-(d), as well as when it disappears for shifted chemical potentials t(()g) = -0.7
and tgg = —1.5 (rows 3 and 4). Our finding differs from that discussed in Ref. [64],
where it was claimed that the electron pocket at the I' point of the FeSe-122 compound
originates from the BAFM structure. However, our results clearly demonstrate the
presence of an electron pocket at I' in the absence of BAFM order and over a large
range of vacancy concentrations 0.22 < y < 0.4. Indeed Fig. 2.5 shows that the small
electron pocket at the I' point originates from the same regions in the Brillouin zone as
for the vacancy stripe-ordered compound with Fe; g shown in Fig. 2.3. These calculations
demonstrate the power of the RLC method, when randomness (doping) strongly affects
the Fermi surface. This computational method is adequate to understand the evolution
of the electronic structure for intermediate doping levels in the range 0 < y < 0.4, where
the stable electronic structure is a compromise between the solution for the perfect lattice
with y = 0 and the stripe-ordered lattice with y = 0.4. Alternatively one can obtain these
results by diagonalizing large supercells with random lattice Hamiltonians. Of course
such a brute force approach is time consuming, especially when many calculations for
different random configurations are required as illustrated in the cartoon of Fig. 2.4.
We confirmed numerically our results by sampling many random vacancy configurations
of large supercells and found that the spectral functions are no different from the RLC
method presented here for fixed iron concentrations. In Table 2.1 we list results for
both periodic lattice calculations (PLC) and random vacancy lattice calculations (RLC)

performed for various vacancy concentrations y.
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FIGURE 2.6: (Color online) (a) Temperature dependence of the magnetization (as

defined in the main text) in the BAFM state. The temperature T' is in units of ¢;.

The inset shows a small part of the lattice used in our mean-field calculation (20 x 20

sites with 20% vacancies for the stripe-ordered 245 structure of Kg gFey Ses). (b) The

zero-temperature LDOS as a function of energy w in units of ¢;. Shown are the two

block sublattices with net spin up (dashed red) and down (dashed blue) lines as well
as their sum (solid green). A gap of ~ 0.4¢; opens at the Fermi level w = 0.

Very recently, Berljin et al. [66] used the approach of configuration-averaged spec-
tral functions, based on density functional theory calculations to describe the effect of

disordered vacancies in Kg gFeq gSes, which is not considered here.

2.5 Magnetic structure in the AFM state

Now that we have fully developed the parameterization for the kinetic part H* of the t-J
lattice model for random vacancy order with a single set of hopping parameters, we can
focus on the exchange interaction term H”. We start with a mean-field calculation for
the magnetic state, using a set of rescaled exchange parameters extracted from the band
structure calculations. [33] We rescale the ab-initio exchange parameters by a global
factor to obtain (Ji, Ja, J7, J5) = (—3.44,—0.36,—1.16,1.52)t1, which results in better
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agreement of the calculated Néel temperature with experiment. Within our low-energy
effective t-J model, this set of exchange parameters leads to a Néel temperature for
the block-spin AFM state, Ty ~ 1.4t; ~ —0.407 Jy, see Fig. 2.6(a). The stability of
the BAFM structure is also consistent with a recent study of the J;-J5-J3 Heisenberg
model where a stable plaquette order was found.[67] If we assume a hopping integral
t1 = 35 meV, we obtain Ty = 569 K. Indeed this value is very close to the one observed
experimentally (T = 559 K).[32] We argue that this quantitative result provides fur-
ther evidence for the dominance of the kinetic term over the exchange term in the t-J
Hamiltonian with incipient AFM order due to Fermi surface nesting. Furthermore, we

calculate the staggered magnetization as defined by
= il (218)
mg = — ; .
s A mi|,
(]
and its deviation from the standard AFM state may be defined as

2
om = NT’ZW" (2.19)

Here Ny is the total number of Fe sites and m; = 3 #(mw> is the spin density on each
site 4, where the summation index ¢ runs over all lattice sites. In the BAFM state, the
system breaks the translational symmetry in the /5 x v/5 unit cell and gives rise to a
larger periodicity with a /10 x /10 unit cell. The result for the magnetization as a
function of temperature is shown in Fig. 2.6(a), which is in qualitative agreement with
the neutron scattering experiments, except for a smaller magnetic moment as observed
experimentally per iron site (3.3 up). [32] The reason for this discrepancy follows from
our phenomenological two-orbital model, which has only 2 electrons per Fe site. There-
fore, the maximum total moment on each site is 2up. Whereas all 5 electrons of the
Fe atom seem to participate in the moment formation. Notably our result shows an
antiferrimagnetic state at finite temperatures for 1" > 0.3t1, where dm # 0, that is, the
magnetization for the up and down spin blocks are slightly different leading to a net ferri
magnetization. This difference is related to the fact that in the present model an asym-
metry for the intra-orbital next-nearest-neighbor hopping integrals to vs. t3 has been
introduced due to the selenium atoms below and above the iron layer. We confirmed
numerically that for |ta] = |t3| a purely antiferromagnetic state exists. It is interesting
to note that this type of difference in kinetic hopping terms also manifests itself in the
magnetization between the two spin blocks of the bipartite sublattices. The existence
of antiferrimagnetism could be identified by weak satellite peaks at the ferromagnetic
propagating wave vector Q = 0 in elastic neutron scattering of KggFej ¢Ses for temper-
atures 0.3t; < T < Tx. Therefore using the same arguments one should also expect an

asymmetry in the AFM split satellite peaks of the nuclear magnetic resonance (NMR)
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spectrum. The observation of antiferrimagnetism could serve as an important evidence
for different Fe 3d-electron hopping integrals mediated by Se atoms buckling on both
sides of the Fe layer in the bulk system.

Finally, we calculate the local density of states (LDOS) given by

pi(w) =Y _[[ufy*0(En — w) + |01, [*6(Ep + w)), (2.20)
ni

where the delta-function §(x) is approximated as §(x) ~ I'/7(2? 4+ I'?) with the intrinsic
quasiparticle broadening parameter I'. In our calculation, we choose I' = 0.002 but note
that the result does not change qualitatively for small changes of I'. For the LDOS
calculations we use an 80 x 80 sites supercell. Figure 2.6(b) shows the zero-temperature
LDOS in the BAFM phase on two block sublattices. We note that the LDOS on each
site of a chosen block is the same. As a consequence of the exchange interaction a clear
gap of size ~ 0.4¢; opens at the Fermi energy w = 0, which is in qualitative agreement

with ab-initio band structure calculations for the BAFM state. [33]

2.6 Conclusion

In summary, we systematically addressed within an effective two-orbital model the effects
of the iron vacancy on the normal-state electronic structure and magnetic properties in
the A Fes_,Ses compounds. We determined a suitable choice of hopping parameters
for Fe 3d-electrons by comparing the Fermi surface topology of ARPES data. From the
determined hopping parameters we calculated the evolution of the electronic structure
and mapped out the Fermi surface topology for arbitrary Fe vacancy concentration based
on a random vacancy disorder model. After the kinetic part of the ¢-J Hamiltonian was
parameterized we focused on the special case of AggFe; gSes, where the Fe atoms form
the /5 x /5 vacancy order. Here we studied the magnetic properties by including the
exchange interactions with relative strengths extracted from ab-initio calculations. Our
mean-field solution of the ¢-J Hamiltonian reproduced the block-spin antiferromagnetic
(BAFM) state, in good agreement with neutron scattering experiments and ab-initio
calculations. Finally, we found that the magnitude of the magnetization on the two-
block bipartite sublattices is at a small variance for temperatures 0.3t; < T < T,
which made the magnetic structure become more or less an antiferrimagnetic one in finite
temperature. This feature is unique to our model with different Se-mediated hopping
strengths (below and above the Fe layer) on the two block spin sublattices, which can be
tested by future refined neutron scattering and nuclear magnetic resonance experiments
in the corresponding temperature range. The signature of the ferrimagnetic can be
easily understand by the symmetry analysis under the v/5 x /5 structure where can

easily found that one sub-block contains up-Se atom and the other sub-block contains
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down-Se atom. The breaking of up / down Se atom symmetry can easily bring us the
understanding of the antiferrimagnetic state. The next chapter will have more complete

symmetry and orbital analysis in regard the iron-based SCs for microscopic models.
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Chapter 3

Calculated Phase diagram of
doped BaFeoAss superconductor

in a C;-symmetry breaking model

3.1 Introduction

In chapter 2., I introduced a new method to study the Fermi surface evolution in
A Fey_ySep compound with Zhang’s model. Specifically, Zhang’s model [13] was the
first one which could reproduce the phase diagram of the electron doped BaFesAso
among many other microscopic models [9, 14, 19, 64, 65, 68-71]. However, the model
failed to give account of the hole-doped (h-doped) part of the phase diagram when doping
on the Ba site. A deeper insight could be found in the last part of chapter 2. that the
calculated antiferrimaghetic order is due to the hopping terms setting in Zhang’s model.
In this chapter, I aim to gain insights from Zhang’s model and construct a new model
which could escape these potential issues (missing h-doped part and antiferrimagnetism)
from Zhang’s model. Very recently, Hu and co-workers [14] proposed a Hamiltonian
with Sy symmetry to clarify the local symmetry breaking of the underlying electronic
structure through orbital ordering in the Fe-122 family. Both models by Zhang [13] and
Hu [14] share a very important ingredient, that is, the breaking of the Cy symmetry.
So far both models have been applied only to the e-doped region of the phase diagram
[19, 70]. Although both models give a qualitative picture of competing order in the
system, caution must be taken when the evolution of the low-energy quasiparticle states
and Fermi surface topology are considered. These can impose even stricter constraints
on a given model: (i) e-doping: The disappearance of the hole pockets at the T' point
of the Brillouin zone (BZ) is the key feature of e-doped compounds BaFey_,Co, Aso
[48, 51, 72-74]. (ii) h-doping: The nested large electron pockets around the M point

of the BZ evolve into a set of four small clover-like hole pockets for the end member
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FIGURE 3.1: (color online) (a)3D schematic picture of the Fe d,. and d,. orbital
overlap through the As atoms. In panel (a), the red (blue) lobes represent the dy. (d,.)
orbitals. The black (white) spheres represent the Fe atoms on the A (B) sublattice and
the yellow spheres represent the upper (lower) As atoms located above (below) the Fe
plane. This configuration shows a 2x2 (4-Fe) unit cell within the solid thick lines. The
shaded region is the 2-Fe unit cell. The 2-Fe unit cell is used in panel (b) to construct
the tight-binding model, where the As atoms are not shown. In panel (b), the solid
black line stands for nearest-neighbor (INN) intra- (t1) and inter-orbital (t5) hopping.
The solid (dashed) red and blue lines stand for second-nearest-neighbor (2NN) intra-
orbital hopping t2 (¢3). The difference between red and blue lines stands for d,. and
dy-, while t4 is isotropic 2NN intra-orbital hopping. The dotted black line stands for
the third-nearest-neighbor (3NN) hopping t.

KFegAsg, which is identified as a Dirac cone [75-77]. A very similar feature is also found
in several density functional theory (DFT) calculations [65, 68, 71, 78, 79]. Note that
this is an intrinsic feature of the bare band structure and is not related to emergent
spin-density wave order [80, 81].

Aided by experiments and DFT calculations, we develop a minimal tight-binding
model with improved normal-state band structure parametrization to account for con-
ditions (i) and (ii). The crystal structure of BaFeaAsy (ThCraSia type structure) and
its electronic structure are now well understood and the relevant orbitals for atomic
bonding have been identified [82]. Within a quantum-chemical framework of bonding
one realizes that the upper (lower) anion atom mediates the overlap between the Fe 3d,,
(3d,.) orbital with the 4p orbitals of the As atom. A schematic picture of the overlap
between these orbitals is shown in Fig. 3.1(a). The challenge in the study of supercon-
ductivity in the Fe-based 122 family is how to simultaneously satisfy the observations
(i) and (ii).
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FIGURE 3.2: (color online) The electronic band structure of model Hamiltonians HY (a)
and H% (b) along high-symmetry directions in the BZ. The insets show the significant
difference between H{ and H} near the M point. The horizontal line in (a) and (b)
indicates the Fermi level E for half filling (n = 2.0). Panel (c) shows the Fermi surfaces
for model HY for n = 2.23 (blue, u=-0.76), n = 2.0 (green, pu=-1.244), n = 1.8 (cyan,
pu=-1.65), n = 1.5 (red, u=-2.25). Panel (d) shows the FSs of model H} for different
doping levels n = 2.38 (blue, p=-0.055), n = 2.0 (green, u=-0.89), n = 1.8 (cyan,
u=-1.25), n = 1.5 (red, u=-1.745).
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In this chapter, we show that in order to model the low energy bands, we need
to consider one more key condition beyond those already proposed by Zhang, which is
critical for the second-nearest neighbor (2NN) hopping terms. I: A 90° relative orbital
rotation is introduced between the A and B sublattices of the Fe atoms (o # t3), see
Fig. 3.1(b). II: On the same sublattice, we propose an additional 90° rotation between
the d;. and d,, intra-orbital hopping, which is in agreement with the LDA calculations
of Refs. [9, 83]. III: An isotropic inter-orbital hopping term ¢4 is introduced. The

combined effects of conditions I and IT reduce the symmetry to Dag.

3.2 Theory

The original set of four hopping parameters, t;1_4, in Zhang’s model accounted only for
conditions I and III. In our new model, we include the symmetry condition IT and
thus extend the set to six hopping parameters t1_¢g [84, 85]. For the calculations we

choose the 2-Fe unit cell, as described in Fig. 3.1(a), to construct the basis function 1) =
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(ca1,ca2,cB1,cp2)T and its Fourier transform c;prq = ﬁ >k cmal(k) X exp (z’RiM . k)
for the normal state k-space. The kinetic energy is then given by the minimal hopping
Hamiltonian H! = >, (k) Wi ¢ (k) in the 2-Fe unit cell of the 1%¢ BZ, —7 < ky (k) <
m, where M=(A,B) and R,/ is the position of the Fe atoms in the A (B) sublattice,

a=(1,2) stands for d,., / d,. orbitals, and
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First, we compare Zhang’s minimal model H}, which satisfies only conditions I and

III, with our extended model H,, which satisfies conditions I through III [86]:

HY . ¢y =Can=¢" ¢p=¢p=¢Y,
with t; ¢ = (—1,—0.4,2,—0.04,0,0).

HY . S =Epa=¢" Can=¢tm=¢",
with ¢;_¢ = (—1,0.08,1.35, —0.12,0.09, 0.25).

(3.2)

Here, we defined the dispersion functions: £ = 2t5 cos(ky)+2t3 cos(k,)+4ts cos(ky) cos(ky),
¢V = 2t3 cos(ky) + 2ta cos(ky) + 4tg cos(ky) cos(ky), E1a = 2ty cos(ky) + 2t4 cos(ky), & =
4tq cos(ky/2) cos(ky/2), & = 4tscos(ky/2) cos(ky/2). Fig. 3.1(b) shows the schematic
picture of HS. The key difference between both models is the orientation of orbitals,
which is identical for the A and B sublattices in Zhang’s model, while here the combina-
tion of conditions I and IT results in a 90° relative orbital rotation (twist) between both
sublattices (see Appendix B. for more details of the symmetry and Appendix C. for the
twist argument). The parameters for H} are taken from Ref. [19]. In the case of Hi,
we determine the hopping parameters by comparing the calculated F'S topologies to the
angle-resolved photoemission (ARPES) experiments [75] for electron fill factors n = 2.0
(half filling), n = 1.8 (optimal h-doping) and n = 1.5 (KFeaAsy). The dispersions also
agree qualitatively with many LDA calculations for both e- and h-doped compounds
[65, 68, 71, 78, 79], thus the model is not restricted to BaFesAss. In Fig. 3.2(a) and (b)
we plot the band dispersion for H} and H}, respectively. Note the significant difference
between the electronic dispersions of these Hamiltonians, which is seen in the insets of
Fig. 3.2(a) and (b), where we enlarge the relevant area around the M point in the BZ.
In the case of (b) a linear dispersion (Dirac cone) can be found for model H}, while none
exists for model H! in (a). As will become clearer, this key difference between Zhang’s

H! model and the new HY model is a direct consequence of condition II.
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3.3 Multi-orbital mean-field Hamiltonian

In the next step, we construct the minimal mean-field Hamiltonian in the weak-coupling
regime. Since the C-AFM will enlarge the real-space unit cell, we need to choose the
4-Fe unit cell configuration as shown in Fig. 3.1(a), with the real-space Hamiltonian,
H = H'+ HA+ H™_ Here H' is the hopping term, H? is the 2NN intra-orbital pairing
interaction and H™ is the interaction term, which includes the Coulomb interaction U
and Hund’s coupling Jy. We note that the effect of Coulomb interaction dominant on
these two low-energy orbitals has been discussed for antiferromagnetism [7, 19]. Here,

the hopping Hamiltonian H? is expressed by

Ht - Z (tiaja’czaacjalff + hc) - Mzcj:-agcia0'7 (33)

iajalo iao

where 7 and j are site indices of each Fe site, a=(1,2) is the orbital index, ¢ = (1,])
is the spin index and p is the chemical potential. The detail of these hopping terms
is giving in Fig. 3.1(b). The second term in H is the mean-field superconducting (SC)
pairing Hamiltonian,

HA = (Aijaclygtias + hec). (3.4)

ijac

The third term in H is the on-site Coulomb interaction Hamiltonian including Hund’s

coupling. Following Ref. [87] we write,

Hint =U Z <nia6>niaa

1QOF£T

+U/ Z <nia6>nia’o (35)
i, ata! ,c#£5

+(U/ - JH) Z <niaa>nia’o’7

,a#£a! o

Ciao and U'=U — 2Jg. After performing the Bogoliubov transforma-

tion of the electrons onto particle-hole excitations with cjne = w70 + JU?;U%E, the

where noe = cja .
corresponding Bogoliubov-de Gennes (BdG) Hamiltonian can be written in matrix form
and solved self-consistently,

= E"

2

jo!

Hicjorr  Aijor WSt
Aljor ~Hiajary

Uit ] , (3.6)

n n
Yjar) Yial

with particle-like (uf,;) and hole-like (vj, ) wave functions.
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The self-consistent mean-field equations for the SC order parameter and spin-up

and spin-down occupations are given by

Vij no, mx n o, nx En
ANjjo = TJ zn:(uiaTUjai + “jaTUmi) tanh (2/<;BT> , (3.7)
where
(i) = Y [uiog [P £ (En), (3.8)
and
(iat) = D [ofayP[1 = f(ER)]. (3.9)

For simplicity, we consider second-nearest-neighbor (2NN) intra-orbital pairing only with
pairing potential V;;=V. To facilitate the discussion of physical observables and generat-
ing of the phase diagram, we define the staggered lattice magnetization and the s-wave

and d-wave projections of the order parameter on the lattice:

mi = 5 D ((niat) = (iay)); (3.10)

«

1
A=os D> Ajivsa (3.11)
1,0,
1
Ay = 87N| Z €z €y Diivsal- (3.12)
1,0,

The neighbors of site ¢ are reached by 6 = (¢ + ¢, — 9, —% + §,—2 — ¢), with ¢, =
02,6y = 0-7; N is the number of Fe sites in the real-space lattice. We note that the x

(y) axis is aligned with the short Fe-Fe bond direction.

3.4 Model results

We calculate the phase diagram for both Hamiltonians H;=H}+ H nt 4 A withi=1,2
to investigate the stability of the reported C-AFM, SC, and coexisting C-AFM/SC
phases as a function of doping parameter. The evolution with doping is described by
the same set of hopping, interaction, and pairing parameters for each model across the
entire doping range. For model H; we use (U, Jy,V) = (3.4,1.3,1.2) from Zhou and
co-workers [19], while for Hy a new set of parameters (U, Jg, V) = (3.2,0.6,1.05) is used
[86] (see Appendix B. for a detail comparison of the phase diagrams under the same
parameter set).

Figure 3.3(a) shows the C-AFM and SC order parameters at nearly zero temperature
(T =10*) for models H; (top) and Ha (bottom). We confirm that the phase diagram

of e-doped compounds is equally well described by both Hamiltonians in agreement with

28



0.14
0.12
0.10
0.08
0.06
0.04
0.02

0.00
0.14

0.12
0.10
0.08
0.06
0.04
0.02

0.0 ! : : : : N
q.S 16 1.7 1.8 19 20 21 22 23 24 25
N ( electron occupation )

1 |m (b) (C)

A, YT
12 0.12F ! N
0.10 b d/ ..... s S —

QQ .08 0.08 T
006 L. e e e -
04 : : :

A Q 0.04 F ST PO . ...... 4
0 0.02F i L i
T 1 1 ! |

n 15 16 17 18 19
0.2 15 mn

FIGURE 3.3: (color online) The phase diagrams of the C-AFM (m;) and SC (Ay)

order parameters of models H; (top) and Hs (bottom) at zero temperature (T = 10~%)

are shown in panel (a). Panel (b): Temperature (in units of |t1|) dependence of the

calculated order parameters of model Hy. The suppression of m; is visible in the

coexistence region with Ay at filling n = 1.9. Panel (c): The ratio of the SC order

parameters Ag/Ag for 2NN pairing is shown for Hy. The d-wave admixture is of order
8% over the entire h-doping regime (n = 1.5 — 2.0).

experiments [51, 7274, 88]. However, the situation is markedly different on the h-doped
side. Here only Hs is capable of describing experiments [76, 77] by correctly accounting
for the e-h asymmetry and the existence of a strong SC phase at low electron filling (1.6 <
n < 1.85). In Fig. 3.3(b) the finite temperature self-consistent calculations of the C-AFM
and SC order parameters are shown for Hs at h-doping values n = 1.5,1.6,1.7,1.8,1.9
and 2.0 (half filling). We also find that in the coexistence C-AFM/SC phase both
orders compete for phase space. The competition leads to a marked suppression of
m;, when Ay nucleates at a lower temperature, see Fig. 3.3(b) for fill factor n = 1.9.

From the self-consistent calculations of the phase diagram, we extract the maximum
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gaps: C-AFM gap m;/Tny ~ 0.116/0.211 = 0.549 at n = 2.0, and the SC gaps for e-
doping AS™ /T, ~ 0.11/0.049 = 2.23 at n = 2.1, and h-doping AS™" /T, ~ 0.14/0.066 =
2.16 at n = 1.8 and AS™?/T,. ~ 0.033/0.015 = 2.21 at n = 1.5. Here we introduced
AP = 4 A, as the experimentally determined tunneling gap. The SC gap ratios are in
reasonable agreement with experimental reports for various doping values, ranging from
values associated with weak- to strong-coupling pairing, 1.5 < A®*? /T, < 3.8 [89-92].
Figure 3.3(c) shows the ratio between Ay and Ay, which is roughly 8% over the entire
h-doping region. Although the s* gap symmetry is the most widely accepted pairing
symmetry for Fe-122 based SCs [93, 94], we always find a small admixture of d-wave
symmetry in our self-consistent mean-field calculations. This was also observed in recent
heat conduction experiments [95]. For a lattice model with Dyy symmetry both s- and
d-wave belong to the same representation and are allowed to mix. This admixture is also
found in Zhang’s model, Hi, however, there the C4 symmetry breaking is only due to
condition I, while for model Hj it is related to condition I and the 2NN hopping terms
of condition II.

The pairing symmetry can be discussed more systematically by how it affects the
spectral function observed in ARPES experiments. Since we are interested in the entire
doping range of the phase diagram, we focus only on the Hs model. The discussion
can be further simplified by neglecting the coexistence region of C-AFM/SC. In that
case, we can downfold the BdG Hamiltonian from the 4-Fe unit cell onto the 2-Fe unit
cell configuration, see Fig. 3.1(a). The order parameters Ag and Ay were previously
defined on the lattice. Their Fourier transforms in the BZ of the 2-Fe unit cell are
Ag(k) = 2 Ag [cos(ky) + cos(ky)] and Ag(k) = 2 Ay [cos(ky) — cos(ky)]. We can further

decompose them into sublattice (A,B) and orbital (1,2) contributions:

Ai(k) = Apz(k) = Ay (k) + Ag(k),
Aus(k) = Api (k) = Ay(k) — Ag(k).

(3.13)

Note these expressions are a consequence of the twofold Doy symmetry, thus giving
rise to the s,z 2Fd 2 2-wave gap. The corresponding downfolded k-space BAG Hamil-
tonian attains the eigenvalues and eigenvectors for the spectral function of each orbital

and sublattice,
8
Aok, w) = Y |ujy (k)6 (w — BF ) + |vio (k)26 (w + E}), (3.14)
n=1

where the total spectral function, measured in ARPES, is given by the sum A(k,w) =
> i Aia(k,w). An obvious question is what is the evolution of the spectral function
with doping and how is it affected by the order parameters A; and Ay for filling
factors n = 2.1,1.8 and 1.5. In Fig. 3.4 the total spectral function and its partial
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FIGURE 3.4: (color online) Spectral functions at zero temperature at the Fermi level

for fill factors n = 2.1 (a), n = 1.8 (b), and n = 1.5 (c). In each panel the total weight

of the spectral function is shown in the left column, while the right column shows

the corresponding partial spectral functions for each orbital and sublattice. The total

spectrum is the sum of all four partial spectra. Panel (¢): The two arrows mark the

peaks of the electronic hot spots responsible for the octet gap structure. The dashed
line shows the nodes of A;(k) = 0.
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weights are shown. The reduced Doy symmetry is obvious from plots of spectral weights
Ap1,Ax9, A1 and Aps. By construction of the model, the 90° rotational symmetry
breaking (twist) is revealed by the distinction between A A1(B2) and A 4o(B1) (right pan-
els in Fig. 3.4). Unfortunately, ARPES experiments cannot differentiate between them.
However, one can compare the total spectral functions (left panels of Fig. 3.4) with
ARPES experiments. The spectral weights are very small for n = 2.1 and n = 1.8,
indicating that quasiparticles are gapped. The hole pockets around the I' point exhibit
an isotropic gap for n = 2.1, while an anisotropic gap with fourfold modulation is found
for n = 1.8. On the other hand, for n = 1.5 (corresponding to KFegAss), we observe
eight quasiparticle hot spots at the corners of the large hole Fermi surface centered at T,
as well as four small pockets near the M point. We believe that the hot spots indicate
either the existence of nodal octet structure or highly anisotropic gap.

The pairing symmetry in KFeaAsy has been a recent topic of hot debate. The exis-
tence of only hole pockets has motivated earlier theoretical proposals of d-wave pairing
symmetries with gap nodes [96, 97]. This would imply a change in the superconducting
symmetry from s- to d-wave pairing as hole doping is increased. So far there is some
experimental evidence for gap nodes [95, 98-100]. However, more recent angle-resolved
photoemission spectroscopy unveiled that KFesAss is a nodal s-wave superconductor
with octet-line node structure on the large hole pockets at k, = 7w [101]. Our model cal-
culations are consistent with an octet nodal structure on the zone-centered hole pocket
at k, = 0. However, the eight electronic hot spots at the corners of the large hole Fermi
surface in the spectral function do not rule out a highly anisotropic gap. Future ARPES
measurements at k, = 0 may resolve the current disagreement about the location of hot

spots vs. nodal points between our results and experiments.

3.5 Summary

We have shown how the Cj symmetry breaking, involving the As atoms below and
above the Fe layer, leads to a natural extension of Zhang’s minimal model for the Fe-122
superconductors. The new tight-binding model is in better agreement with experiments
and density functional theory calculations over the entire doping range. Within the
weak-coupling theory of superconductivity, the calculated phase diagram reproduces
qualitatively the e-h doping asymmetry reported in many experiments and the gap-
over-T, ratios. In addition, we always find a small d-wave admixture of roughly 8% to a
dominant s-wave SC order parameter. This admixture can give rise to quasiparticles in
the spectral function resembling nodal excitations at electronic hot spots in the spectral
function of KFeyAs,. Finally, the new minimal model is computationally more efficient
than similar five-band models for studying disorder effects in real space around impurities

or magnetic vortices.
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Chapter 4

Evolution of the Fermi surface
topology in doped 122 iron

pnictides

4.1 Introduction

So far, we’ve investigated the entire phase diagram in chapter 3., however, these
Fermi surface evolution was only able compare to LDA calculations and experiments
in normal state. One can observe that, by doping either electrons or holes into the
parent compound, the SDW order becomes weakened and the superconductivity (SC)
emerges. Both phases appear to coexist with each other in some doping regimes [51, 72—
74,76, 77, 88, 102], even though controversy still remains about their coexistence [103].
Due to the nature of SDW order which enlarge the real space translational symmetry, the
k-space BZ should be folded under the SDW phase. Therefore, it would be interesting
to monitor the Fermi surface evolution under the SDW order and compare these calcu-
lated Fermi surfaces with experiments. This study could help gain insights that how the
Fermi surfaces evolution give a stable si pairing symmetry in theories [78, 104, 105] as
well as in many experiments [106-108].

In chapter 3., I improved the original model in Ref. [13] to give a unified description
of the entire phase diagram covering both the electron- and hole-doped regimes. This is
so far the only phenomenological 2-by-2-orbital model (2 Fe sites with 2 orbitals each),
in which the resultant low-energy electronic dispersion agrees qualitatively well with
density functional theory calculations of the electronic structure in the local density
approximation (LDA) of the entire Brillouin zone (BZ) of the 122 compounds [9, 65,
78, 83, 109]. Notably, the obtained phase diagram also agrees with the experimentally
observed electron- and hole-doped phase diagrams [51, 72-74, 76, 77, 88]. In this chapter,
I keep using this new model to test further its validity by studying the FS topology of
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the hole-doped and electron-doped compounds. At the same time I also compare the

model results with experiments and with previous theoretical studies [17, 19, 81, 110].

4.2 Model and formalism

We write the model Hamiltonian as [15]
H = H;+ Hijpy + Ha, (4.1)

where H; and H,;,,; are the single electron hopping and on-site electron-electron interac-
tion terms, respectively. The kinetic energy term can be written as H; = Ziujl/a (tiujyc;ruUCj,,U—I—
h.c.)—to Y4 o c;rwcilw, and the electron-electron interaction term can be expressed in the
mean-field approximation by H;, = UZiM’U?é&(nim—,)niW +U Zi,u;éu,ayé&miu&)”iw +
(U —Jg) Ei,u;ﬁu,amiuomiw’ where i, j are lattice site indices; u, v = 1,2 are the orbital
indices for d,. and d,. orbitals; ¢ is the chemical potential, which is determined by the
and U = U — 2Jy. At the mean field

level, the pairing term is given by Ha = Ziujua(AiujvciTpocjvﬁ + h.c.). Since this is a

electron filling per site n with nj,, = Lw Civor

phenomenological Hamiltonian and dispersions are fit to low-energy LDA calculations
or ARPES measurements, our classification in terms of d;. and d,. orbitals should not
be taken literal, but rather as a convenient way to differentiate between the symmetries
of the effective low-energy orbitals.

The Hamiltonian in Eq. (4.1) is solved self-consistently through the multiorbital

Bogoliubov-de Gennes equations in matrix notation,

3 Higjr Bigj Yt \ _ g [ Yt (4.9)
Ar . —HY v B T ’ '
v ipjv ipjrd vl ipl
in combination with the self-consistency equations for the electron density,

Z it f (En) + Z [y P[1 = £ (En)]. (4.3)

and the SC order parameter,

Vi ju n E
gy = == D (W) + 1 pofibanh(5=00). (4.4)

n

Here f(FE) is the Fermi-Dirac distribution function with Boltzmann constant kg, Vi.j.
is the NNN pairing strength, with Vj,;, =V, when j =i+ 7+ gj’ and zero otherwise.

Throughout this work, we will use the six hopping parameters
ti—¢ = (—1,0.08,1.35,—0.12,0.09, 0.25) (4.5)
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FIGURE 4.1: (Color online) The phase diagram at zero temperature. The collinear

SDW order parameter (black line with squares) and the SC order parameter (red line

with triangles) are shown. Inset: The schematic lattice structure of the Fe layer in the

SDW state is plotted. Solid dots and circles denote nonequivalent Fe ions in different

sublattices. Black and blue dashed squares denote the 2-Fe unit cell in the paramagnetic
state and 4-Fe unit cell in the SDW state, respectively.

and the three many-body interaction parameters (U, Jg, V') = (3.2,0.6,1.05) from Ref. [15].

All energies are measured in units of |¢1]|. Before we give a detailed discussion about the

effects of doping, we present the phase diagram of Tai’s model in Fig. 4.1. In these calcu-
i1

lations, the collinear SDW order parameter is defined as m(i) = (—1)%" 3 >_ , (nipr —nipy ),

and the bulk SC order parameter is defined as the average over the lattice, A =

1 . .
SN Zi,(S,,u Ai,i+6,u'

4.3 F'S topology and Dirac cones for the undoped case

For the undoped case, the F'S in the normal state contains two hole pockets around the
I' = (0,0) point and two electron pockets around the M = (mw,7) point (Fig. 4.2(a)).
Since the SDW order will enlarge the real-space unit cell, we choose the 4-Fe unit cell
configuration as denoted by the blue dashed squares in the inset of Fig. 4.1, from which
we can see that the antiferromagnetic order is along the x' axis and the ferromagnetic
order is along the y’ axis. We plot the zero-temperature magnetic FS of the undoped
parent compound, obtained from our self-consistent calculation, in Fig. 4.2(b). Four
small F'S pockets appear in the magnetic Brillouin zone (MBZ) along the high-symmetry
I' — M line, consistent with experiments [111, 112]. We note that the pockets outside the
MBZ are just replicas of those inside due to band folding in the SDW state. To reveal
the nature of these F'S pockets, we make a one-dimensional (1D) cut in Fig. 4.2(c) for
the band structures along Xy —I"" — X5 We can see that two of the colored F'S pockets
(red) are electron-type and located around (k, ky) = £(0.2877,0.2877), while the other
two (green) are hole-type and located around (kg, k,) = %(0.2447,0.2447). Along the
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FIGURE 4.2: (Color online) (a) The normal state FS at half filling. (b) The ungapped

magnetic FS at half-filling. The dash lines indicate the MBZ boundary in the SDW

state. (c) The band structure along two directions X;( —T" and T —Xé,. Inset: Enlarged
view of the Dirac cones.

line X{ — I, we predict the existence of two Dirac cones (one electron doped and the
other hole doped). Indeed this is captured by recent ARPES experiments [80] and is
in good agreement with magneto-resistance measurements [113]. In retrospect, these
calculations allow us to justify why the present two-orbital model agrees so well with
experiments. This is because the density of states due to the d;, orbital is practically
zero at the Fermi energy in the presence of the SDW order [6] and thus may be neglected.
Similar features for the parent compound have also been obtained by a different two-
orbital model [81].
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4.4 Evolution of FS and spectral function with hole/elec-
tron doping

The doping effect is expected to have an intimate impact on the FS with SDW order.
In underdoped samples, where the SC and SDW orders coexist, earlier work [17] in-
vestigated the effect of the SDW strength on the FS topology by keeping the chemical
potential (or doping level) fixed. The FS with the SDW in the undoped case has also
been shown to sensitively depend on the strength of the onsite Coulomb interaction [110].
Therefore, it is necessary to choose a set of interaction parameters able to fit the phase
diagram of the compounds for both electron- and hole-doped cases (see Fig. 1), and then
to examine how the FS is changed as the doping level varies. It appears that this issue
has only been studied for the electron-doped case[19] based on the model of Ref. [12]. In
the following, we first study the F'S topology of the hole-doped case by setting the SC
order parameter A = 0 to better illustrate the impact of the SDW. The effect of the SC is
mainly to open a gap on parts of the F'S pockets, where the SDW gap closes. Concretely,
in the optimally doped state, it can be predicted that A(k) = 2A(cos(k,) + cos(ky)) in
the BZ of the 2-Fe unit cell. In the coexistence region of SDW and SC, the reconstructed
FSs are formed by mixing electron and hole bands but the SDW wave retains the gapped
nature of the si-wave SC although the gap equation appears in a mathematically dif-
ferent way [17, 18]. According to our numerical calculation, the SDW gap is mainly
affected by the doping that destroying the nesting between the Fermi surfaces, not by
the presence of the SC. Further, the FS measured in the ARPES experiments for doped
SC samples [47, 48, 114] usually did not exhibit the SC gaps.

When the iron pnictides are lightly hole-doped, i.e., away from half filling, the size of
the hole pockets is enlarged, while that of the electron pockets is reduced. The electron
pockets will then vanish completely at a small doping value as shown in Fig. 4.3(a). By
further increasing doping, two new hole pockets appear in the same location where the
electron pockets vanished (Fig. 4.3(b)-(c)). This can be easily seen from the inset of
Fig. 4.2(c) by shifting the chemical potential downward. It is also worthwhile to point
out that the band structure with the SDW depends strongly on the magnitude of the
SDW order. When the doping level dn =2-n> 0.1, an additional pair of ungapped FS
pockets appears in the diagonal k, = —k, direction (Fig. 4.3(d)). The size of all these
hole pockets is enlarged proportional to doping and then the FSs become closed around
the T' point (two blue squares in Fig. 4.3(g)). Meanwhile, the magenta FS pockets
are still located along the k, = k, direction and stay gapped along the orthogonal
direction, k; = —k,. When the system is even further doped, all the F'Ss become closed
around the I' point and symmetric along k, = k, and k, = —£k, directions as the
SDW order becomes increasingly small (Fig. 4.3(f)). So far we are not aware of any

ARPES experiments in the hole-doped region with SDW. Hence, our results will guide
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FIGURE 4.3: (Color online) The doping evolution of the FS at the zero temperature

on the hole-doped side of the phase diagram. The SC order is artificially set to zero

in order to illustrate the effect of the SDW. In panels (a)-(f), the green and magenta

lines indicate the ungapped hole-type FS and the black dash lines indicate the MBZ

boundary. The royal curves in (g)-(i) show the paramagnetic state FSs due to the
totally depression of the SDW order.

the search and interpretation of future experiments of the F'S topology with SDW phase
in the very underdoped regime. In this regime, the SDW gap is large while the SC
gap is comparatively small. If the ARPES experiment observes small gaps in certain
k space-region while large gaps are detected in other part of the k space then the FS
where the SC resides on could be easily determined. If one neglects the smaller SC gap,
the FS with SDW as a function of doping should be experimentally obtained, and the
results should be used to compare with our theoretical predictions. However near the
optimal doped sample where the gaps of the SDW and SC are of the same magnitude,
it would be hard for our theory to fit the experiments except in the regime where the
SC gap is much larger than the SDW gap.

For samples with n < 1.86, or on > 0.14, the SDW order disappears and thus no
more band folding. We show the corresponding FSs in the 2-Fe BZ at n =1.8, n=1.7
and n = 1.5 in Figs. 4.3(g)-(i), respectively. The four electronic pockets at the zone
corner M shrink, while the hole pockets at I" expand a little with increasing doping.

It should be noticed that for extremely hole-doped samples, the small electron pockets
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FIGURE 4.4: (Color online) Similar to Fig. 3, but for the electron-doped side. The red
and blue lines in panels (a)-(f) indicate the ungapped electronic FS.

near the M points no longer touch the BZ boundary, which is consistent with available
ARPES experiments [75, 115], and so far has not yet been explained by other two-orbital
models. In addition, Fig. 4.3(g) shows nearly degenerate hole-like FSs at the I' point,
while experiments indicate two well separated hole like FSs [75, 80, 115-118]. This is
an intrinsic shortcoming of the two-orbital model, because the outer hole pocket (8 FS
sheet), which is missing in the present calculation, has a major d,, orbital component
according to orbital-sensitive ARPES results [119]. On the other side, the LDA calcula-
tions [7, 120, 121] have shown that, although heavily hybridized, the main character of
the bands that determine the F'S are d,, and d, . orbitals, with small contributions of d,
at the hole pockets and at most the elongated portions of the electron pockets. This fact
may qualitatively justify the proposal of the two-orbital model as the phenomenological,
minimum orbital model for the 122 pnictides to capture the SDW and SC order.

In order to check the validity of the two-orbital model employed in the present
work, we also examine the FS evolution with electron doping. The results are shown
in Fig. 4.4. In the lightly doped regime, the hole pockets are gradually getting smaller
and finally disappear. With further increased doping, two electron pockets appear (see
Figs. 4.4(a) and (b)). This behavior is mirrored for hole doping and can be seen from

the inset of Fig. 4.2(c) by moving the chemical potential upward. However, in the
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intermediate doping regime around n = 2.03, two new electron FS arcs also appear
along the diagonal k, = —k, direction, see Fig. 4.4(c). This is quite different from the
two-band result in Fig. 2 of Ref. [16], there the magnetic F'S pockets are always along
the k; = k, direction. Recently, ARPES experiments [114] were performed on strongly
underdoped BaFes_,Co,Asy samples in which the electronic structure of the detwinned
crystal was observed. It can be seen that the anisotropic features in Fig. 4.4(c) and
4.4(d) are qualitatively comparable to the experimental observations as shown in Fig. 1
of Ref. [114], if the crystal orientation across the twin boundaries is considered. When
the doping increases, the size of the electron FS pockets and arcs are enlarged, and
eventually become large closed FSs around I', while the other pair of ungapped FS
pockets remains along the I'-M line (Figs. 4.4(e)). When the system is further doped,
the inner blue electron pockets are also closed around the I" point (Fig. 4.4(f)).

For n > 2.11, the SDW order is totally suppressed, and the FS is then presented
in the 2-Fe BZ, as shown in Fig. 4.4(g)-(i). It can be seen that in the heavily electron-
doped sample, the hole-like FSs around the I' point become very small. First the inner
one disappears, and finally both hole FSs disappear while the electron FS pockets at
the zone corner become enlarged. A key finding of this work is that all these model
results are consistent with ARPES experiments [47, 48]. In addition, the shape of the
FS pockets around the M point are round, while those obtained in previous work were
more square [19].

For a direct comparison to future experimental studies with varying doping levels,
we calculate the spectral function A(k,w) = >; A ,(k,w), and integrate from w =
—0.1 to 0.1, which is proportional to the photoemission intensity measured in ARPES

experiments. The local and orbital-resolved spectral function is defined as

Aigu(le,w) = [t (k) P3(En (k) — w) +

n

[ () *0(En (k) + w)]- (4.6)

Our calculated spectral functions are shown in Fig. 4.5. It is known that when the
sample is undoped or in the lightly hole- or electron-doped regimes, the spectral intensity
is strong along the diagonal direction k, = k, direction, but very weak along the other
diagonal direction, k, = —k, [111, 112]. When the electron or hole doping is increased,
the intensity along k, = —k, becomes enhanced (Figs. 4.5(b), 4.5(d), and 4.5(e)), with
obvious anisotropic characteristics induced by the existence of the SDW order. In the
paramagnetic phase, as seen from Figs. 4.5(a) and 4.5(f), the FSs become symmetric

along the k; = k, and k, = —k, directions.
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(e) n=2.07 . (f) n=2.11

FIGURE 4.5: (Color online) The spectra function A(k,w) integrated from w = —0.1 to
0.1 at different doping levels: (a) n = 1.85, (b) n = 1.9, (¢) n = 1.95, (d) n = 2.04, (e)
n=2.07, and (f) n = 2.11.

4.5 Summary

In summary, we have studied for the first time systematically the F'S evolution of the 122
parent compound as functions of hole- and electron-doping. At zero doping, there exist
equal-sized electron-doped and hole-doped Dirac cones along the I'-M direction (k, =
ky) in the BZ, i.e., the direction of the antiferromagnetic order. This is in good agreement
with experiments. When the 122 parent compound is lightly doped, the effect of hole-
doping is mainly to reduce the size of the Dirac cone-like pockets, while the SDW gap
closes up along the antiferromagnetic nesting direction. With further doping, additional
parts of F'Ss becomes ungapped along the orthogonal direction, k; = —k,. Then the
SDW order is completely suppressed and the complete two-dimensional FSs appear
in the heavily hole-doped sample. We noticed that the FSs obtained for the heavily
hole-doped regime seem not to agree well with ARPES experiments, this is because
the contribution from the d,, orbital is not adequately captured in the present study.

However, our results with the SDW order can be used to guide future experiments on
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the evolution of the Fermi surface topology in very underdoped samples of Fe-pnictides,
where the d,, orbital is greatly suppressed. On the other hand, we have also investigated
the FS evolution as a function of electron doping. All of our theoretical findings in this
case are in qualitative agreement with experiments from under-doped to over-doped
regime. This conclusion implies that the present model suits better for the electron-
doped case than for the hole-doped case. Finally we believe that the low energy physics
of the 122 pnictides is originating mainly from the d,. and d,. orbitals, and further

works are needed to support the validity of the present model.
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Chapter 5

Disorder effects in multiorbital
st-wave superconductors:
Implications for Zn-doped

BaFeyAso compounds

5.1 Introduction

Our calculations in chapter 4. partly indicated that the generic phase diagram of the
iron-based superconductors (Fe-SCs) suggests the close proximity [49] of the supercon-
ductivity (SC) to the SDW order. This should be contrasted with high-temperature
cuprates, of which the SC originates from an AFM Mott insulator phase and can be
quickly suppressed by substitution with other 3d-transition-metal atoms into the CuOq
plane. Instead, the SC in the Fe-SCs can be induced when Fe atoms are partially re-
placed by 3d-transition-metal atoms like Ni and Co [122-129]. Moreover, in the case of
the electron- and hole-doped 122 family like Ba(Fe;_,Co,)2Asy or Ba;_, K, FeaAsg, the
coexistence of the SDW and SC in a narrow doping region is reported by both exper-
iments [122, 130] and theoretical calculations [81, 131]. It has been argued that owing
to their multiorbital nature and variable correlation effects, the superconducting pair-
ing symmetry may not be universal in the Fe-SCs [93, 132, 133]. This certainly poses
a great challenge to relating the symmetry of the order parameter and the canonical
doping phase diagram across different crystallographic iron-pnictide families. Therefore,
detailed measurements of the bulk transport and superconducting properties will remain
useful for determining the superconducting pairing symmetry in the Fe-SCs.

While superconductivity can be induced in the 122 family by substitution of Fe with
Co or Ni (and many other 3d transition metals [134-137]) in the FeAs layer, the role
of these electron dopants is still controversial [138-142]. It is hotly debated whether

43



such substitution is dominated by the doping effect of extra charge carriers or impurity
scattering or a combination thereof [143]. In general, the study of disorder effects in
superconductors is promising in addressing the pairing symmetry, as it has been applied
successfully to the understanding of high-T, cuprate superconductivity [144]. There-
fore, it is natural that the study of impurity scattering effects in Fe-SCs attracted much
attention immediately after their discovery. Of particular interest is the case of Zn
doping, [145-147] because it does not induce SC, while it is expected to give rise to non-
magnetic, strong potential scattering in the unitary limit. For the Zn-doped 122-type
iron pnictides, the early results showed that Zn impurities hardly affect the supercon-
ductivity of hole-doped Bag 5Ko 5FeaAss [148]. However, more recent measurements of
the magnetic susceptibility and resistivity [149, 150] on high-quality single-crystalline
Ba(Fei_y—yZn,Coy)2Asy compounds, suggested that the electron doped superconduc-
tivity is almost fully suppressed above a concentration of roughly 8% Zn, regardless
of whether the sample is under, optimally or over doped. This discrepancy with ear-
lier experiments is possibly due to the technical difficulty in substituting Zn for Fe
atoms. Further measurements [151] on the hole doped Bag 5K 5(Fei—,Zn;)2Asy com-
pound also showed that the superconductivity is suppressed by Zn impurities. These
interesting results have presented a challenge to theoretically identify the pairing sym-
metry in Fe-SCs. So far, the sign-reversal si-wave pairing symmetry has been supported
by many experiments including neutron scattering [106], angle-resolved photoemission
spectroscopy [117], and scanning tunneling spectroscopy [108], and is also consistent with
the competition picture between magnetism and superconductivity [103]. However, it
has also been shown earlier [138] that because of the sign reversal of superconducting gap
function across electron and hole bands, the si-wave pairing state is very fragile against
impurities while the non-sign-reversal s -wave pairing symmetry should be a compet-
itive candidate for Fe-SCs. The recent experiment [150] showed that the suppression in
the superconducting transition temperature is much slower than that predicated by the
theory for the s -wave pairing state [138]. More recently, the effect of Zn-doping induced
disorder in Fe-SCs with both si- and s, -wave pairing symmetries [147] has been inves-
tigated by solving the BdG equation for a two-orbital model [12] including both on-site
(favoring s i-wave pairing symmetry) and next nearest neighbor (NNN) inter-site (fa-
voring si-wave pairing symmetry) pairing interaction. The zero-temperature real-space
BdG calculations [147] indicated that the disorder could suppress the NNN pairing or-
der parameter with negligible effect on the on-site pairing order parameter, suggesting a
possibility of disorder induced pairing symmetry change from si- to s, -wave. As such,
depending on the strength of the on-site pairing interaction, this interesting proposal
may provide a flexibility to explain various experimental data [145-147].

We note that, in Ref. [147], because the tuning of impurity concentration in the
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truly disordered system was actually mimicked by a tuning of the NNN pairing inter-
action in an impurity-free system, a direct comparison of superconducting transition
temperature change with impurity concentration between theory and experiment is im-
possible. Due to this interpretation gap, there are still several open questions. In this
chapter, we will study the disorder effects of the Zn impurity on the superconducting
properties of 122-type iron-based superconductors. In particular, we aim to address the
question of how the superconducting transition temperature is completely suppressed
at 8% of Zn doping in 122-type compounds [149-151]. To fulfill this goal, we start
with an improved minimal two-orbital model for Fe-SCs [15]. As in Ref. [147], we
solve the BdG equations self-consistently in real space to study the impurity-induced
disorder effect, from which the superconducting order parameter, superconducting tran-
sition temperature, superfluid stiffness are calculated. We point out that with the sole
s+-wave pairing symmetry, the superconducting transition temperature can be sup-
pressed at an impurity concentration as high as about 10%, which agrees well with
the experiments on the Ba(Fei_,—yZn,;Coy)2Asy compounds [150]. This result is in
striking contrast with an earlier prediction that the superconductivity is suppressed
already at only 1% of impurity concentration [138]. The root cause for this differ-
ence is given as follows: Firstly, first-principles electronic structure calculations suggest
that substitution of the nonmagnetic Zn atom in the iron-based 122 superconductors,
pushes the Zn-3d impurity level considerably far below the Fe-3d level, namely by about
~ 8—10 eV. [143, 152, 153] Hence, Zn substitution should be regarded as a strongly lo-
calized defect in the strong scattering (unitary) limit. Such strong potential scattering is
supported by more recent angle-resolved photoemission spectroscopy measurements on
Ba(Fe;_,Zn,)2Asy [154, 155]. Secondly, as shown later by our calculations, the super-
conducting coherence length can be very short, which is consistent with the experimental
observation that Fe-SCs are extremely type-II superconductors with Ginzburg-Landau
parameter as large as 250 [127, 156]. In such a case, the applicability of the conven-
tional approach based on the Abrikosov-Gorkov (AG) pair-breaking theory in dilute
alloys [157], which assumes a spatially uniform suppression of the impurity-averaged
order parameter and Green’s functions, is in question. The failure of the AG theory to
address consistently the superconducting and transport properties in high-temperature
cuprate and some heavy-fermion superconductors with short coherence length is well
documented [158, 159]. Therefore, in order to go beyond the applicability of the early
theoretical studies and to reveal the interesting physics of highly disordered or dirty
high-temperature iron-based superconductors, we shall study the nonmagnetic impurity-
induced disorder effects in the unitary limit of multiorbital superconductors by solving
the lattice BAG equation. This approach has proven to be quite successful in providing
a consistent picture for the suppression of superconducting transition temperature and

superfluid density in the inhomogeneous high-temperature cuprate and plutonium-based
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heavy-fermion superconductors [158-160]. In this chapter, we emphasize the key role of
strong electronic inhomogeneity induced by Zn substitution and how it could be probed
in the 122 iron pnictides.

The remainder of this chapter is organized as follows: In Sec. 5.2 we introduce
the model Hamiltonian and the formalism. To set the stage for the highly disordered
materials, the single impurity problem is briefly revisited in Sec. 5.3. The disorder effects
of the strong scattering limit on the superconducting order parameter are discussed in
Sec. 5.4. In Sec. 5.5, disorder effects on the local density of states and the superfluid
density or magnetic penetration depth are discussed. Finally, a brief summary is given
in Sec. 5.6.

5.2 Model and formalism

The multiorbital nature of iron-based superconductivity requires the construction of
physically-reliable and computationally-efficient, effective-low-energy, multiorbital mod-
els. In particular, a simple two-orbital model was first constructed by Raghu and co-
workers [12]. The Fermi surface topology resulting from this model captured well the
shape reported by angle-resolved photoemission spectroscopy [117]. However, it has
some weaknesses in other aspects of the electronic band dispersion. For example, too
much imbalance of Fermi velocities on the electron and hole bands has been revealed
in the study of the local electronic structure around a single impurity of an si-wave
superconductor [161]. Several groups [9, 10, 162] have pointed out that one needs at
least three orbitals to accurately reproduce the electronic band structure calculated in
the density functional theory within the local density approximation (LDA). However,
it has also been shown [12, 110] that the other Fe-3d,, and Fe-3d,. orbitals play an
important role in the low-energy physics of these materials. On the other hand, it has
been argued that the canonical minimal model of the 122-type iron pnictides requires
only two irons (2-Fe) with two orbitals, d,, and d,;, per unit cell to account for the
effects of the upper and lower As atoms with respect to the two-dimensional plane of
the Fe square lattice [13, 14]. It is worthy to mention that these 2-by-2-orbital models
have successfully described the behavior of the collinear AFM and its competition with
the superconducting order in the electron-doped part of the phase diagram. In chapter
3., I improved the model original proposed in Ref. [13] to give a unified description of
the entire phase diagram covering both the electron- and hole-doped regimes[15]. To our
knowledge, this is the only 2-by-2-orbital model so far, in which the resultant low-energy
electronic energy dispersion agrees well with LDA electronic structure calculations in the
entire Brillouin zone of 122-type iron compounds.

Here, we start with the improved 2-by-2-orbital model of Ref. [15]. Interestingly, we
wish to point out that this model of 2-by-2 orbitals per unit cell can be mapped exactly
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onto two decoupled one-site two-orbital models by recognizing a unitary rotation of
orbitals between both Fe sublattices. The technical details of this mapping are given in
the Appendix C. We write the complete Hamiltonian for the two-dimensional Fe-square
lattice as

H =Ho + Hi + Hpair + Himp - (5.1)

Here Hjg is the tight-binding Hamiltonian of the normal-state band structure describing
hopping between Fe-3d,, and Fe-3d,. orbitals. The lattice Hamiltonian in the real space
(see also Appendix C.) is given by

= >t diso = Y ndl,,dio (5.2)

ijaBo iac

where dfr » creates an electron with spin o in the effective orbitals o = 1 and 2 on the i-th

lattice site. We choose the nonvanishing hopping matrix elements as t75 = = 195 = 0.09,
_ 11
18 =105 = L Ly = tile—g = 135 tiag) = tiierg) = 008 9%y = —0.12,

199 = 195, = 0.25. The chemical potential p is adjusted to give a fixed filling factor.
The local electronic correlations include the on-site Hubbard repulsion of electrons
and Hund’s rule coupling of spins. They are described by the term Hp, which at the

mean-field level takes the form

/H%\/IF = Uz<ﬁia5'>ﬁiao + U Z <ﬁia5>ﬁi50
iao ia#pBo
+(U" = Ju) Z (Piao)Nigo - (5:3)
ia#Lo

with the on-site Hubbard potential U, the inter-orbital Coulomb repulsion U’, and the
Hund’s rule coupling Jy. The orbital rotation symmetry imposes the constraint U =
U'+2Jg. In Eq. (5.1), the term Hpair contains the effective pairing interaction between
two electrons on the NNN site. In mean-field theory this can be written as

Hpair = Z(Agdjadeai + H.C.)(sii@i@j . (54)

ija
As has been widely discussed in the literature, this NNN-pairing interaction ultimately
leads to the proposed si-wave symmetry of iron pnictides [9, 78, 105, 163, 164]. Finally,
the last term Himp in Eq. (5.1) describes the scattering potential due to the randomly
distributed impurities. We model the disorder term by a local intra-orbital scattering

potential

Himp = D AWdl,,diao +3td], ;0 0di(“yitgao

Iao
+dL(,)gde+(—)gima +H.e}. (5.5)
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Here, the impurity means that an Fe atom at lattice site I is substituted by Zn atom.
Therefore, the on-site energy of the impurity atom is changed and acts as a nonmagnetic
potential scattering center which scrambles the crystal momentum. As represented by
the first term on the rhs of Eq.. (5.5), we consider only intra-orbital scattering. This
simplification is justified by our numerical calculations, which show that inter-orbital
scattering processes are irrelevant in the unitary limit. In Eq. (5.5) we explicitly consider
the difference in covalent radii of the Zn atom compared to the Fe atom, which is
captured by the second term proportional to §t. Therefore, the substitution introduces
an additional change in the hopping parameters among the nearest-neighbor Fe sites
of the impurity site. In the case of the Zn substitution, in addition to electron doping
which can be tuned by the chemical potential, the induced local impurity potential is
expected to be much stronger than for other transition metals like Co and Ni. Note
that when the impurity potential on the Zn site is very large, the effect caused by a
small change in the Fe-Zn hopping integrals is negligible. Hence, the surrounding Fe-Fe
bond disorder is the second most important term next to the strength of the impurity
potential.

We then diagonalize the mean-field Hamiltonian H of Eq. (5.1) by solving the BAG

equation self-consistently:

af o n n
3 ( Higy Aij‘sgﬁ ) ( Uip ) _E, ( Yia ) , (5.6)
B\ Ai0as i )\ v Vie

where ’Hgg = E%B+(U<ﬁia5>+U, Zwéaax <ﬁ170/>—JH Zwéa <ﬁi70’>+W61’i_M)6a165i’j is the
single-particle Hamiltonian and ¢ includes the effect of the local change in the hopping
parameter between Fe sites neighboring he impurities, (fiat) = >, [ull |*f(En), (Ria)) =
S 2L = F(E)], and AZ = (V/2) S, {ul ol [ = F(E)] — vl f(En) Missag,.
Here V is the pairing strength and f(F) is the Fermi-Dirac distribution function. The

local superconducting order parameter and charge density at site i are defined as

1
Ai = ZZAiaj(siii"iihj7 (5.7&)
ja
ny = Z<niag>, (5.7b)

respectively. Throughout this work, the numerical calculations are performed on a
28 x 28 square lattice with the periodic boundary condition. A 48 x 48 supercell is
taken to calculate the density of states. The interaction parameter values are fixed
at (U,Jg,V) = (3.2,0.6,1.05) [15]; while the electron filling is chosen to be 2.13 in
the pristine system, which corresponds to the optimal electron doping regime. For the

impurity scattering, we fix the impurity scattering strength W = —20 and t = —0.2.
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This value of W is reasonable given by the Zn core level located ~ 8 eV below the Fermi
level and is very close to the strong scattering (unitary) limit. Note we have checked
several values of impurity scattering strength W. The results are insensitive to the
precise value for W < —8. This might also be relevant to the impurity effect from Co
and Ni substitution in LaFeAsO [153]. Specifically, for W = —0.5 the superconducting
transition temperature is hardly affected by impurities up to nm, = 25.5% [122-124].

5.3 Single impurity effects

Before we proceed with the complex disorder configuration, the single impurity effect on
superconducting phase is studied. In the absence of impurities, our two-orbital model
naturally captures the relation between SDW and SC phases and recovers the whole
phase diagram with doping evolution. Henceforth, we shall restrict our calculations
within this set of interaction parameters. With a single impurity in the unitary limit,
we find that impurity scattering induces strong charge inhomogeneity and significantly
suppresses the superconducting order parameter around the impurity site as illustrated
in Fig. 5.1. In particular, we revisit the effects of a single Zn impurity on supercon-
ductivity in Ba(Fe;_,_,Co,Zn,)2Asy with y > 0.1, where there is no SDW. Note that
localization of electrons on the impurity site is taken into account through the modified
hopping coefficients of surrounding Fe atoms as presented in Eq. (5.5).

To gain deeper physical insights into scattering effects around a single impurity, we
consider the 2D spatial cross-correlation functions of the superconducting order param-

eter and charge density defined by

2l(X ([ +]) — (XN)XQ) — (X))]
251X 0) = (X))

where X = n and [A[, and the mean (X) = (1/N) >; X(j) with N the number of lattice

sites. The cross-correlation function is normalized to give —1 < Cx < 1. The results

Cx(i) = (5.8)

for the 2D cross-correlation functions are plotted in Fig. 5.1(c) through 5.1(e), where
the fourfold symmetry and rapid screening over a few lattice sites becomes obvious. A
quantitative analysis is possible when plotting C'x as a function of distance from the im-
purity site. In Fig. 5.1(e) we define a typical spatial correlation length {x by measuring
the impurity-induced fluctuations of X as the distance where Cx drops from unity to
1/e. It is straightforward to read off from Fig. 5.1(e) that the additional local charge on
Zn is well-screened within a lattice distance, &, ~ 1. Indeed, it is over screened, resulting
in Friedel-type oscillations, which are clearly visible in the correlation function. Such a
short screening length is mainly due to the strong local Coulomb repulsion U, which acts
on the charge sector. In contrast, the superconducting correlation function has a more

profound oscillating tail with a short coherence length £ ~ 2. Based on these quite
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FIGURE 5.1: (Color online) Single impurity effects at zero temperature. The intensity

plots of the local charge density (a) and superconducting order parameters (b). The

arrows represent the argument of the complex superconducting order. The 2D cross-

correlation functions of charge (c¢) and modulus of order parameter (d). For quantitative
analysis the same correlation functions vs. distance |i| in (e).

short correlation lengths, we expect that the Zn-doped Ba-112 iron-based superconduc-
tor will be a good candidate for the Swiss-cheese model [165], where the holes of the
Swiss-cheese correspond to the holes punched into the superconducting texture by the
Zn impurity, while the effect on the bulk value of the superconducting order parameter
is almost negligible after a few lattice sites away from the defect. Hence we antici-
pate that the si-pairing gap is easily destabilized by strong impurity scattering similar
to the high-T,. cuprate [165], SroRuO4 [166], UPt3 [167], and PuCoGas superconduc-
tors [168]. Indeed, this result is in agreement with available experimental observations
in Ba(Fei_;—yZn,;Coy)2Asy, which has a relatively low Neel temperature Ty ~ 135 K
and no trace of superconductivity for y = 0 and z = 0.08,0.25 [154, 155]. On the

other hand, when Co doping induces superconductivity, doping by several percent of Zn
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rapidly suppresses it.

5.4 Disorder effects in the superconducting order param-

eter

(a) 60

50 ¢

0 1 2 3 4 5 6 7 8 9 10 11
Nimp [%6]
(b) Ax 103 0 20 40 60 (©) Ax10° 0 20 40
I I ]

4 8 12 x16 20 24 4 8 12 x16 20 24

FIGURE 5.2: (Color online) Disorder effects at zero temperature. (a) The averaged
superconducting order parameter (A) = |Ale’® as a funtion of niy,. The data is aver-
aged over 5 disorder configurations. The error bars on the data points represents the
statistical deviation. The solid line is fitted to guide the eye. Intensity plot of local su-
perconducting order parameters for a typical impurity configuration with concentration
Nimp = 1.28% (b) and nimp = 5.10% (c). The arrows and open green circles represent
the argument of complex superconducting order parameter and the impurity position
respectively.

We next turn to the question of how superconductivity is affected by increasing the
impurity concentration. For this purpose, the evolution of the disorder-configuration-
averaged superconducting order parameter (A) (at zero temperature) as a function of
the impurity concentration nimp, is considered.

As for the case of the single impurity study, we focus on the compound

Ba(Fei_y—yZn,Coy)2Asy, with y > 0.1 (5.9)
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when the SDW phase is suppressed. Again we are primarily interested in the local
suppression of the superconductivity due to Zn substitution and the combined effects of
charge localization and strong impurity scattering. For that purpose we make the follow-
ing simplifications: (1) doping with Co adds mainly charge to the itinerant electrons that
is captured by a shift of the chemical potential, and (2) scattering is in the weak limit
compared to Zn. Hence, the local scattering effect of Co impurities is neglected. The re-
sults of the suppression of the lattice-averaged order parameter are plotted in Fig. 5.2(a).
We find that the averaged modulus of the order parameter (|A|) decays nearly linearly
with increasing impurity concentration and eventually vanishes at a critical concentra-
tion of nimp ~ 10 — 11%. Considering the superconducting transition temperature T, is
usually over estimated at the mean-field level (more on this later in Sec. 5.5), our results
are in good agreement with recent measurements in Ba(Fe;_,_y,Zn,Co,)2Asy [150].

To provide an intuitive picture of disorder effects in highly disordered superconduc-
tors with increasing impurity concentration, we present a study of the evolution of the
local superconducting order parameter for two particular realizations of disorder configu-
rations. The spatially resolved order parameter A; is shown in colormaps in Figs. 5.2(b)
and (c) for nimp, = 1.28% and 5.10%, respectively. The images reveal that the order
parameter is locally suppressed at the impurity sites, and the impurities behave indi-
vidually when the impurity concentration is small as shown in Fig. 5.2(b). Of great
interest is that the interference of the local order parameter at each impurity site devel-
ops gradually with increasing impurity concentration nimp, as one can clearly observe
from Fig. 5.2(c), where islands form. The crude estimation on the threshold length of
interference is given by &a as illustrated in the previous Fig. 5.1(e). Also a considerable
portion of sites has vanishing order parameter amplitude in the highly disordered limit.
These correlated sites form islands and break the system into several superconducting
puddles as illustrated in Fig. 5.2(c). Consequently, the local order parameter becomes
highly inhomogeneous in Fig. 5.2(a). We propose, as in the case of high-temperature
cuprate superconductors [144], that the novel electronic inhomogeneity should also be
detected by measuring the local density of states using the atomic resolution scanning

tunneling microscopy.

5.5 Total density of states and superfluid density

To gain further insight into the disorder effects in the unitary limit of highly disordered
superconductors, we calculate several observables such as the total density of states

(DOS), the superfluid density, and the magnetic penetration depth A. The site-averaged

52



15

: g
on

9h

SD oo

1t B 58

- o o 9

S - [u] '.-

o B

\(U/ o & B
o~ %ﬂ o
3 : ;
z P 2 7

0.5

7.
. 8
Mimp = 2.55% -« —- M pli
Nimp = 3.83% -« _’%g

0 1 1 1 1
-0.25 -0.2 -0.15 -0.1 -0.05 005 01 015 0.2 0.25

FIGURE 5.3: (Color online) Total density of states for various sets of impurity con-
centrations nimp = 1.28,2.55,3.83% at very low temperature 7' = 0.002 < 7.

DOS at finite temperature is defined by

N(w) = —% D P f/(w = Bn) + Wi/ (w + En)], (5.10)
ian

where f/(E) is the derivative of the Fermi-Dirac distribution function with respect to
the Fermi energy. For better visualization in Fig. 5.3, the DOS is calculated at finite
temperature T = 0.002 < T.. Note that in the pristine system two BCS coherence
peaks are exhibited at the energies w = 40.1, which corresponds to the single parti-
cle excitation gap. With increasing impurity concentration, the coherence peaks are
gradually suppressed. Eventually above nim, = 3.83%, the DOS is filled in and gapless
superconductivity emerges.

In experiments, the magnitude of the superconducting transition temperature T,
is usually less sensitive to defects since it is related to the spatial average of the order
parameter, which is a local correlation function. On the other side, the magnitude of the
penetration depth A measures the stiffness of the superconducting phase coherence in
the superconductor, which is a nonlocal response function. Therefore, this quantity can
provide deep insight into the nature of the superconducting pairing symmetry through
its temperature dependence and residual value because these are extremely sensitive to
defects. So far, measurements of the magnetic penetration depth in Fe-SCs have given
controversial results. For example, in 122-type iron pnictides, the superfluid density
exhibits an exponential temperature behavior in the cleanest hole-doped compounds,
Baj_,K;FeaAss[169], while a power-law behavior is seen in Ba(Fe;_,Coy)2As2[130, 170
175]. Very recently, one research studied the temperature dependence of the superfluid
density of clean 122-type iron pnictides at various electron-doping levels and found that

the low-temperature power-law dependence of the deviation AXN(T') = A\(T') — A(0) varies
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with an exponent greater than 3 [176].

In our multiorbital lattice BAG calculations, we follow the standard linear response
approach of Refs. [177] and [178] to investigate disorder effects on the superfluid density.
In the presence of a weak vector potential A, (r,t) along the direction 7, the hopping
term is modified by the Peierls phase factors et [ An(x,t)dr (Weset e =h =c=1). Hence,

the change in the tight-binding Hamiltonian in the Meissner state is

Ho= 3 i
idafBo
1

x[—iA,(i,t)d, — §(,4,7(1,7:)577)2] +O(AY) (5.11)

where 4, projects 0 onto the direction 7 in units of the lattice constant. The charge

current density operator consists of the usual paramagnetic and diamagnetic parts,

e . 87{6 APy AD /e
jn(l, t) = *m = ‘777 (l,t) + ‘777 (l,t), (512)
with
(U (0.3 @0} = Y 65 sdls diapodnli, Aydy}- (5.13)
dafo

In the interaction representation, the kernel function K of the charge current satisfies
Gn(iyt)) = — Z/dt’K(i, it —tA,®{,t) (5.14)
i/

to leading order in the vector potential A,,, where, the static kernel at w = 0 is expressed
by

K(i,i,w=0)=-> Ty

nm lZn _'l?n
2
= 2 ttsluliudiss  (Bn) + efuoftiss f (- Ea)0y0i.
dafin
(5.15)
Here, the auxiliary functions are I'f™ = 3 ;5 5 tﬁﬁé(u?juﬁw — vipviss)0y.  Fourier

transform with respect to the individual coordinates i and i’ then defines the spatially
averaged kernel function K(q,w = 0) = (1/N) dii e~ (—1) [ (i, w = 0), which gives
the bulk superfluid density ps = K(q — 0,w = 0). We also define the local superfluid
density as

ps(i) = K(i,i;w = 0) (5.16)

to investigate the local suppression of the superfluid density. As shown in Fig. 5.4(a),

we find that the local superfluid density is dramatically suppressed at impurity sites.
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As illustrated in Fig. 5.4(b), the bulk superfluid density ps decreases drastically to
zero, much faster than 7., as expected with increasing impurity concentration nimp
in the Swiss-cheese scenario for a short coherence superconductor. This different rate
of suppression is further corroborated by the Uemura plot as shown in Fig. 5.4(c),
suggesting the break-down of the AG theory. We note that the loss of phase coherence
is related to the vanishingly small superfluid density near the critical concentration of
impurities [179], implying the importance of spatial disorder induced fluctuations [180,
181]. As manifested in Fig. 5.2(c), a Bose system consisting of localized Cooper pairs is
gradually formed in the highly disordered limit due to the loss of phase coherence between
the superconducting puddles. Unfortunately, the physically interesting region, where the
superfluid density is vanishing small, is not captured within the BdG framework due to
the neglect of phase fluctuations. In the present mean-field theory the phases of the
order parameter at different sites are completely aligned with the ground state as shown
in Fig. 5.2(b) and (c). For details on the consequences of quantum phase fluctuations
on the order parameter in the inhomogeneous BdG state using a quantum XY model
see Ref. [182].

Finally, we also calculated the temperature dependence of the deviation AN(T') of
the magnetic penetration depth in the presence of disorder, which is related to the
bulk superfluid density A? oc 1/p,. In the clean limit, AX(T) is expected to vary ex-
ponentially at low temperatures due to a gapped DOS, as shown in Fig. 5.5. The
exponential decay is consistent with a fully gapped pairing state. At the impurity con-
centration nimp = 3.83%, the temperature dependence of AX(T") shows a T? power law.
Hence we expect that for intermediate impurity concentrations the temperature behav-
ior will resemble that of a power law with exponent greater than two. Interestingly,
the T2 variation of AX(T) is observed experimentally in Ba;_,K,FepAsy [169, 183], and
Cag.5Nag 5Fea Asg single crystals [184], possibly due to the doping-induced disorder. Our
calculation showcases that the temperature dependence of the penetration depth in an
s+-wave pairing superconductor can be very sensitive to the impurity scattering. De-
pending on the impurity concentration, it may enable us to explain various power-law

behaviors in Fe-SCs [130, 170-175].

5.6 Summary

To summarize, by solving the lattice BdG equations self-consistently, we have studied
disorder effects on superconducting and transport properties of disordered superconduc-
tors with st pairing symmetry. In the unitary limit, the impurity scattering strength
is so large that the potential scattering term cannot be treated as a perturbation in the
framework of pair breaking by Abrikosov and Gorkov. The detailed numerical calcu-

lations demonstrate that a single nonmagnetic impurity can depress superconductivity
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FIGURE 5.4: (Color online) (a) The normalized intensity (unitless) of local super-
fluid density p,(i) with nimp = 3.83% at zero temperature. The open black circles
indicate the impurity locations. (b) The zero-temperature bulk superfluid density g
and superconducting transition temperature 7, as a function of impurity concentration
Nimp- The data is averaged over five randomly distributed impurity configurations. (c)
The Uemura plot of the superfluid density in short-coherence superconductors. The
variables T,y and psy are obtained from a pristine system. For comparison, we also
plot results of the one-band AG calculations for d-wave pairing symmetry [159] and the
two-band AG calculations for the si-wave symmetry [185].

significantly at the local scale. With increasing impurity concentration the impurity
scattering potential induces a spatial redistribution of the amplitudes of local Cooper
pairs in the form of superconducting puddles, giving rise to significant spatially elec-
tronic inhomogeneity. Calculations of the local density of states, the superfluid density,
as well as the magnetic penetration depth further reinforce this picture, demonstrating
again that the superconducting phase is not stable against strong impurity scattering as
expected in the Swiss cheese scenario.

Our results shed new light on the understanding of recent experiments in Co- and
Zn-substituted BaFeyAso samples [150]. In these samples the superconductivity is com-
pletely suppressed when the concentration of Zn impurities nim, is above 8%. The
available angle-resolved photoemission spectrocopy experiments indicate that the sub-
stitution by Zn atoms not only provides additional electrons into the Fe lattice, but also

creates strong local scattering potentials because the Zn-3d orbitals are well-below the

56



0.02

50.01t

i o
ciad Nimp = 3.83% —e—

0 0.1 0.2 , 03 0.4 0.5
(TITeo)

FIGURE 5.5: (Color online) Temperature dependence of the deviation of the magnetic

penetration depth A in the clean limit (open black square) and for a dirty system with

impurity concentration niy,p = 3.83% (solid blue circle). The data is averaged over five

randomly selected disorder configurations. Inset: Replotted data to emphasize the
exponential low-temperature behavior of the clean system.

Fermi level [154, 155]. All these observations are consistent with our numerical results.
Furthermore, our calculations show that superconductivity is hardly affected by weak
intraorbital scattering with scattering potential W = —0.5 (corresponding to Co and
Ni) or by interorbital scattering in the unitary limit. We anticipate that the emergent
electronic inhomogeneity in the strong scattering limit, due to local screening effects,
will be probed in future scanning tunneling microscope and scanning Meissner force

microscope experiments [186].
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Chapter 6

Emergent topological orbital

phases in tetragonal {9, systems

6.1 Introduction

Previous chapters (2. to 5.) were all related with magnetic and superconducting orders,
however, devated from these orders, I found that it is possible to have topological orders
in the iron-based to, system based on the new model [15]. In this chapter, I will give
more insights with the topological index and symmetry analysis based on the new model
in chapter 3..

The class of topological insulators (TIs) is characterized by topological properties
in the electronic wave function with the emergence of protected edge or surface states.
In fact, the integer quantum Hall insulator is the first known TI, which was character-
ized by the topological Chern number [187] under the condition of broken time-reversal
(TR) symmetry due to external magnetic fields. Haldane showed that such a Chern
insulator can be realized on a honeycomb lattice with opposite spontaneous internal
magnetic fields between two different sub-lattices, even in the absence of external mag-
netic fields [188]. By promoting Haldane’s model to the class of Hamiltonians with spin
degrees of freedom that respect the TR symmetry in the presence of strong spin-orbit
coupling, the quantum-spin Hall insulator, characterized by a nontrivial Z5 topological
invariant, was proposed [189, 190]. Later this idea was generalized to Zy TIs in three
dimensions (3D). Some of the non-trivial topological properties that usually accompany
TIs are the odd number of Dirac cones of these edge or surface states in the Brillouin
zone. Experimentally, the quantum spin Hall insulator was realized in the quasi-two-
dimensional sub-bands of the HgTe/CdTe quantum well structures [191], following the
theoretical proposal by Bernevig and collaborators [192] based on strong spin-orbit cou-
pling (SOC) due to the heavy tellurium atom. In addition, the Zs TT in 3D was real-
ized shortly thereafter in the doped Bi;_,Sb, alloy [193] and other bismuth-based and
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tellurium-based compounds [194, 195].

The quest for topological phases in multi-orbital systems is ongoing in cold-atom
gases and photonic crystals [196, 197]. However, there are very few studies on multi-
orbital systems in real materials beyond those with the honeycomb lattice. Recently,
the topological Kondo insulator in rare-earth materials due to the hybridization of an
itinerant band with a localized band with different inversion parity, attracts much atten-
tion [198]. Here we propose a new possibility for realizing non-trivial topological phases
through Coulomb interactions in tetragonal systems with the to, symmetry caused by
crystal-field splitting. The modest Coulomb interaction prevails in compounds with tran-
sition metal elements, even though the hybridization of two degenerate bands is identical
in the parity under spatial inversion symmetries. We show that non-trivial topological
phases can be induced by generating spontaneous orbital currents in an effective, low-
energy two-orbital (d,, and d, orbitals) model, which leads to the anomalous-orbital-
hall (AOH) effect. The nature of these orbital currents is different from the loop or
current flux phases that were employed to describe the pseudo-gap phase in the copper-
oxide superconductors [199-203], which have different orbital degrees of freedom and
crystal symmetries. Indeed, the AOH effect offers a new realization of the topological
Mott insulator [204-207]. In that respect our model may help in the search for novel
topological phases in transition-metal oxides and other compounds with active d,, and
dy. orbital degrees of freedom. However, there are two possible mean-field ground state
configurations of these orbitals, which respect the Cy, symmetry of one transition-metal
atom per unit cell (For details see the Appendix D.). The first configuration of type
I [196, 197, 208], which is frequently discussed in literatures, is the d, /y- orbital lock-
ing of the nearest neighbor (NN) chemical bond direction. The second configuration of

type II is the d orbital locking of the next-nearest neighbor (NNN) chemical bond

vz /yz
direction. Type II configuration proposed in this work is responsible for the generation
of spontaneous orbital currents in mean-field ground states, which leads to topologically
nontrivial phases.

For transition metals with crystal-field splitting caused by a tetragonal lattice dis-
tortion, the d,. and d,. are the only two relevant orbital degrees of freedom of the
tag orbital manifold at low energy. We begin our study with an effective two-orbital
model [15, 209, 210] and calculate the inter-orbital Coulomb interaction with mean-field
theories. Based on these mean-field solutions, the inter-orbital Coulomb interaction
generates spontaneous orbital current flux. This new orbital order gap out the Dirac
dispersion in the bulk bands and generates two edge bands with the linear dispersion
following one-dimensional version of two Dirac cones when spinless (or spin polarized)
fermions are considered. We further extend the model to the Hamiltonian with spin de-

grees of freedom and discuss two uniquely distinguishable phases: Phase (I): The orbital

currents are parallel to the 7/ | spin with doubled Chern number, C = +4. Phase (II):
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FIGURE 6.1: (color online) (a) The schematics of the orbital current order (Asop).

The coordinates = and y are in the 1-Fe per unit cell. (b) and (¢) The electronic band

structure and Fermi surfaces at half-filling without interaction terms. (d) The calculated

phase diagram based on the Chern number C with Aaoxy = 1 and —5 < Ag 1 < 5. (e),(f)

and (g) The evolution of the corresponding band structure from TI to metal to trivial

band-gap insulator for different values of Ay at A; = 0 along the orange line cut in (d).
Note that both the A\g and Ay term break the Cy4, symmetry.

The orbital currents are anti-parallel to the 1 / | spin with vanishing Chern number,
C = 0. We see that Phase (I) and the spinless Hamiltonian are a realization of the
Chern insulator, while Phase (II) leads to the Z, classification of the TI. Without the
introduction of additional terms, our mean-field calculation shows the states of Phases
(I) and (IT) are equal in energy. Of course this degeneracy can be lifted, once the on-site
intra-orbital spin-exchange interaction is considered, then Phase (II) can be considered

as the better mean-field ground state at low temperature.

6.2 The model Hamiltonian

Let us introduce the model Hamiltonian for spinless fermions to facilitate our discussions.

The spinless Hamiltonian H together with two additional interaction terms, A\g and Ay,
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FIGURE 6.2: (color online) (a) - (c¢) The electronic dispersion of the edge states (red

lines) for different interaction parameters, but fixed Agog = 1. (a) A\g = A\ = Ag = 0;

(b) A1 = 2; (¢) Ag = 0.03. Note that any finite Ag splits the Dirac cones. (d) - (f) The

corresponding vector plot of the complex Pfaffian function P (k). The bi-color code

represents small (orange) to large (blue) modulus |P(k)|. The red crosses mark the
positions of the vortex cores, i.e., P(k) = 0.

is given by
H=73 197 el cp +iMiom > €7 chacs
1J,a8 1J,a#8

+X0 Y (—D)%uema+id Y (D) el,ers (6.1)

I I,a#p
Y " nefycran
I

where I, J are site indices, «, 8 are orbital indices. 6?53 indicate the direction of each
inter-orbital current term shown in Fig. 6.1(a) and is given in Table. I of the Appendix
D. The first term with hopping parameter t?‘? is the kinetic term of spinless fermions in
the lattice and the last term, p, is the chemical potential. The AOH effect is described
by the complex hopping term between different orbitals for sites I and J with the
coupling constant A%,y determined by spontaneously generated current through the
inter-orbital Coulomb interaction, the index a of A%,y is preserved for future study
when spin degree of freedom is incoporated. The on-site orbital energy difference Ag
is responsible for the on-site orbital charge polarization, whereas the on-site complex

hopping with the coupling constant A; describes the on-site inter-orbital coherence.

61



In the case of translational invariant crystal symmetry, we can Fourier transform
the spinless Hamiltonian to k-space and write it in 2x2 matrix form, H(k), with basis
functions ¢y = (Cka, ckp)?. We derive the expression H(k) = Ey(k) 4+ B(k) - 7, where
B=(X,Y,Z) and 7 = (1a, 7y, T») are the Pauli matrices. The detailed expressions for
the matrices X, Y and Z are given in the Appendix D. The 2x2 matrix H (k) can be
easily diagonalized. The analytic expression for the eigenvalues is Ey (k) = Eg(k)£B(k),

where B = |l§ |. The corresponding eigenvectors are

+,k)=(Z+B,X +iY)'/\/2B2 +2ZB,

== (X +iY, 24 B)T V2B 1 228, (62

We find that Dirac cones exist in the dispersion of the bulk material when all the
interaction-induced terms are turned off (A%, = Ao = A1 = 0). Their locations are
determined by B(k) = 0. They are protected by the Cy, and TR symmetries of spinless

fermions with double degeneracy at each Dirac point.

6.3 Topological Phases

In Figs. 6.1(b) and 6.1(c) we show the dispersion of the electronic band structure of
the bulk material at half filling when \%,; = Ao = Ay = 0. The Chern number C can
be calculated directly through the Berry curvature of the Hamiltonian H (k), which is
defined as C (AYpp: Aos A3 n) = %fkeBZ dk Q" (k), with integer band index n. The first
observation is that C (A} z;0;0;n) = £2 for any real X%, . The second observation is
that the sign of C depends on the sign of A, which determines the class of the Chern
insulator, sign(C) = sign( A%y % (=1)"). Since the topological phase with C = £2 is
robust against weak perturbations by symmetry breaking terms, we show its stability
region in the Ag-A; phase diagram in Fig. 6.1(d) for A%, = 1. Note that the TI phase
is interaction induced and therefore vanishes for A\%,; — 0. Following the orange line
cut in the phase diagram, we see the evolution of the bulk band-gap as it closes and
reopens with varying Ao, see Figs. 6.1(e) to 6.1(g). This leads to a sequence of phase
transitions from a topological Chern insulator to a metal (around Ay = 2.5) and on to a
trivial band-gap insulator.

For practical purposes in real materials, we need to consider electrons as fermions
with spin degrees of freedom. Therefore, we promote the spinless two-band orbital model
to the spinful model with spins as Hy = Hy[e] + H|[e|], where the sign of the orbital
current direction is considered A4,y = €i|X\%Ypoyl, spin index a € [1,]]. A detailed
analysis of the Hamiltonian H? reveals the following stable topological phases:

e Phase (I) €+ = €, with Chern number C = 34,

e Phase (II) ¢4 = — ¢ with Chern number C = 0.
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For Phase I, we find that the Chern number 44 is twice of the spinless case due to the
twofold degeneracy of spins. Here it has the same orbital current direction as discussed
before. For Phase II, we find that the Chern number classification scheme is insufficient
to capture the topological nontrivial insulator phase. To see whether Phase II is a
TI, we plot the edge states of the slab geometry in Fig. 6.2(a). The calculated edge
states along the (1,0,0) direction show two Dirac cones at k,=%7. Furthermore, we
show in Fig. 6.2(b) that these edge states are robust against the perturbation A\; = 2,
although the position of the Dirac cones is shifted away from £k, = £7. One may
tend to claim that Phase II is a conventional Z5 quantum spin Hall insulator since the
time reversal symmetry is respected by the mean-field Hamiltonian for Phase IT with
zero Chern number. However, it cannot be reconciled with the fact that the number
of pairs of degenerate edges states are even instead of odd. We claim that Phase II is
a topological mirror insulator protected by mirror symmetry as indicated by the even
mirror Chern number Cjps, which is equivalent to the spin Chern number for Phase II,
given by Cpr = (Cy — Cy)/2 = [2 — (—2)]/2 = 2 as opposed to the Zy quantum spin Hall
insulator in Kane and Mele lattice model with odd mirror Chern number Cy; = 1 (in
the absence of spin-orbital couplings). In the following section, we propose a topological
invariant for the topological mirror insulator realized in Phase II.

It is noticed that we only consider the imaginary part of the intra-orbital current
order given by A%,y term induced by off-site Coulomb interaction. In general, we
should include the real part. Since the real and spatial uniform term only causes the
renormalization of hopping terms, it does not affect the band topologies of the phases(see
Appendix D.). In addition, based on our current models, Phase (I) and Phase (II) are
degenerate to our numerical accuracy if we only consider the off-site Coulomb interaction.
However, if one include an additional on-site intra-orbital spin-exchange term, .J, the
degeneracy between Phase (I) and Phase (II) is lifted and Phase (II) has lower energy
(see Appendix D.).

6.4 Mirror topological invariant

Based on symmetry of the mean-field Hamiltonian for Phase I, time reversal symmetry
is still respected. However, the number of Kramers’ pair at the edges are even instead
of odd. This indicates that Phase II is not adiabatically connected to the Zs quantum
spin Hall Insulator protected by time reversal symmetry.

We notice that the spinful Hamiltonian H for Phase IT satisfy the mirror symmetry
MH,(ky, k)M~ = H,(~ky,k,) = Hs(ks, —k,) in which the mirror operator is given
by M = PT = (7,K) ® (—io,K) in the basis we use in the manuscript (see Appendix
D. for detailed symmetry analysis). The operator K performs the complex conjugate

operation identical to the TR operation for spinless fermions. The operator P swap
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two orbitals and the operator, —ioy, is responsible for the spin flipping with the TR-
operation, T. Because of the mirror symmetry M in the mean-field Hamiltonian H s, We
define two different space of the Bloch wavefunctions |uy(k)) on the BZ, which differ by
their properties under mirror symmetry: an even subspace for which the space spanned
by |un(k)) is equivalent to M |u,(k)) up to a phase vector, and an odd space, for which
they are orthogonal.

A mirror Pfaffian invariant analogous to the Zs quantum spin Hall phase in Kane-
Mele model [189, 190] can be used to capture the band topology in Z; quantum spin
Hall insulator. In our case, the mirror Pfaffian invariant is constructed to capture the

band topology of the topological mirror insulator we discuss as

P(k) = Pf[{um (k) Mlu,(k))], (6.3)

where [, (K)), |un(K)) are two occupied orthogonal eigenstates of the Hamiltonian H(k).
For the k points at the "even” space along the k, and k, axes, the commutation rela-
tion MH,(k)M~! = H,(k) holds. Therefore, the two eigenstates |, (k)) = M|u,(k))
and |un,(k)) are degenerate. As a results, the absolute value of the Pfaffian P(k) =
P f [{(tm (k) M]u,(k))] at the k, axis and k, axis is given by |P(k)| = 1. For the k points
at the "odd” space satisfying the anti-commutation relation MH, (k)M = —H,(k),
Miu;(k)) turns into unoccupied eigenstate and is orthogonal to the eigenstate |u;(k))
with vanishing Pfaffian P(k) = 0.

In Fig. 6.2(d), we show the Pfaffian in the Brillouin Zone (BZ) for the topologi-
cal mirror insulator. There are four vortices well separated by the even space at k,
and k, axis. Let us examine the effects on the Paffian P(k) when an infinitesimal
mirror symmetry breaking interaction is adiabatically turned on. We introduce the
on-site Rashba spin-orbit interaction iAp > Iag(—l)a(—l)”c} woClaz- The correspond-
ing Hamiltonian & r(k) = Ar 7. ® 0y in momentum space breaks the mirror symmetry
([Hs + hr(k), M] # 0). This will destroy the mirror topological phase even though the
interaction ER(k) is infinitesimal. As we expect, the four vortices disappear with the
infinitesimal Rashba spin-orbit interaction as shown in Fig. 6.2(f). As far as the edge
states are concerned, an infinitesimal A\ will destroy the edge states and the gapless
edge states are gapped in Fig. 6.2(c).

A different scenario occurs when a finite interaction is turned on without breaking
the mirror symmetry. We consider the inter-orbital coherence interaction A;. In mo-
mentum space, the interaction is given by the expression —i\;7, which breaks the time
reversal symmetry T = —ioy K but preserve the mirror symmetry M. In this case, the
Paffian is plotted in Fig. 6.2(e). Here the locations of the pair of vortices in the upper BZ
half-plane are modified and move toward the pair in the lower half-plane compared to

Fig. 6.2(d) as the strength of A; increases. This trend continues until vortices disappear
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at a critical strength Ai. &~ 2.5, which corresponds to the region of the phase boundary
in Fig. 6.1(d) for spinless fermions, before touching the even space of the Paffian, which
cannot accommodate vortices. This observation is consistent with the corresponding
degenerate states in edge states as displayed in Fig. 6.2(b). The locations of the degen-
eracies are the direct projection of the vortex positions in the BZ of Fig. 6.2(e) on the
edges.

As described above, the Pfaffian P (k) is a good indicator to tell whether a system
has a non-trivial band topology due to the mirror symmetry M. We can define the

mirror topological index by counting the number of vortex cores,

I= % - dk - Vi log[P(k)] mod 2, (6.4)
where 9S4 is the boundary of one quarter of the BZ. From the symmetry analysis of phase
IT in the Appendix D., we know that the even subspace is sitting on C. Note that C is not
a single point, but rather paths which divide the BZ into four independent sections. Since
the M operator connects (kz, ky) to (fks, Fk,) for phase IT with Hamiltonian H!! and
the Hamiltonian has intrinsic symmetry, H!/(k) = H!/(—k), the minimal irreducible

section becomes the quarter of the BZ. Hence, the odd/even number of vortices inside

a quarter of the BZ determines the nontrivial/trivial topology of the bands.

6.5 Conclusions

In conclusion, we have demonstrated a new path to realize non-trivial topological phases
by Coulomb interaction in compounds where to, orbitals are the low energy manifold.
Specifically, we focus on the compounds with the ground state orbital orientation re-
specting Cy, symmetry with 45-degree intra-orbital orientation. Based on mean-field
theories, we identify two topological insulating phases induced by Coulomb repulsive
interaction. One phase is adiabatically connected to conventional quantum Hall insula-
tor with even Chern number. In addition, we identify an emergent topological mirror
insulator with mirror symmetry which is different from the Zs topological insulators
proposed earlier [195, 211-214]. We propose a mirror topological invariant to capture
the band topology of the phase by counting the vortex number of mirror Pfaffian in a
quarter of BZ.

Finally, we suggest possible candidates for the emergent TCI phases in materials
with crystal field split ¢o, orbitals that are described by a simple two-orbital effective
Hamiltonian, which should be considered as an effective theory for the paramagnetic
phase even at finite temperature with normalized parameters.

When the system is a Chern insulator, the anomalous orbital Hall effect with finite

magnetic moments will occur due to orbital currents, yet without spin order. Based on
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this work, we suggest to look for TCIs in the iron-pnictide based nonmagnetic insulators
with crystallographic 122 structure [82], where the Fermi surface is close to half-filling.
Due to the edges states, the material candidate should show electric conductivity even
at low temperature even though the bulk is insulating.

We suggest to focus on pnictides showing paramagnetic and bad metallic conduc-
tivity. Based on the experimental evidence, the Ni-based compound, BaNisAss with
very low superconducting temperature (7, ~ 0.6K), is likely such a candidate. It does
not show spin-density wave state when the d electron filling is almost fully filled within
our two-orbital model. By hole doping with K on the Ba site of BaNisAss, the electron
filling can be reduced to close to half-filled. With compressional stress applied normal
to the NiAs layer, the lattice constant in the NiAs layer can be enlarged due to strain
responses (see Supplementary Material in Section I). In this regime, a paramagnetic
insulating state should be looked into. The BaFeyAsy at a temperature above Neel
temperature is also a possible area to look for the TCI phase. Other members of the
122 family may also be suitable for detecting the TCI phase but systematic studies are
needed to sort this out.

Similar to other TIs, when the topological edge states stacked along the layer growth
direction to form the surface states, the surface states can be verified through scanning
tunneling and angle-resolved photoemission spectroscopies. In addition, systematic mea-
surements of the Hall conductivity can distinguish the proposed TCI (phase II) from
the Chern insulator (phase I), which has the anomalous orbital Hall effect. Moreover,
the intrinsic inter-orbital current order should lead to magneto-optical Kerr or Faraday

rotation observable in experiments.
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Appendix A

Treatment of the vacancy

impurity problem

We treat the vacancy disorder as an impurity scattering problem, since one might
anticipate that a vacancy behaves like a strong impurity scatterer for a Bloch wave
function. Therefore, we put an on-site impurity energy €; on each vacancy site i = i, to

mimic vacancy disorder:

H= Hhop + Himp
= Z(—ti]‘ — W (51]) C;er + Z Vo C;[Ci,
i7j

1=l

)

high-symmetry k-space high-symmetry k-space high-symmetry k-space

FIGURE A.1: (Color online) The band structure plot in high symmetry axis (I' - X —
M —T) for Vo =0 (a), Vo = 2.5 (b), Vo =100 (c).
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We introduce a new index to describe the Aj(g); By(2) sub-atoms for unit cell cut “-b-”
in Fig. 1.1, wj = (CLPCLQ,CTBPCTBQ)Z‘, and linearize the fermionic operator, csq(Ba),i =
(1/VN) Y\ CAa(Ba)x X exp(ik- R;), to get the 4 x 4 hopping matrix in k-space, Hpep =
S Ul Mt

EAk —H  Exyk ET Kk 0
Eryk EAK — M 0 ETk
My = i (A.2)
ETk 0 EBk — M  Eayk
0 ET k Eryk  EBKk — M

We perform the same linear transformation for the impurity term Hjy,, in the Hamil-
tonian. There are four independent vacancy ordering vectors as shown in the unit cell
cut “-b-" in Fig. 1.1 for Q1 = 27 (4/5,2/5),Q, = nQ1,n = 1---4. The similar vacancy
ordering vectors were obtained in Ref. [69], in the notation of one Fe per unit cell.

By construction H;p,, enlarges the basis in the k-space,

wk — ¢{< - (’l/}ka ¢k+Q1 ) 1/’k+Q2 ) ¢k+Q3 ) ¢k+Q4)- (A3)

In this formulation the diagonal scattering matrix V = Ijx4 X Vj sits in the off-
diagonal positions to describe multiple scattering between all vacancy ordered states

with different @),,, Finally, the enlarged Hamiltonian becomes H =), wg Wiy, with

My V 1% 1% 1%
V Mg |V 1% 1%

Wi=| VvV Mgg, V 1% (A.4)
vV oV Vo Meg, V
vV oV 1% Vo M,

Note that the impurity potential V4 not only leads to a reconstruction of the shape of
the band structure, it also creates a gap of 2V between high-energy bands and the low-
energy bands. Therefore, we need to shift it back to the origional place, W), — W, =
Wi + I20x20 X Vp.

Figure A.1 shows the calculated band structure for various values of the impurity
scattering strength V5. When 1V = 0, the band structure exhibits an entanglement of 20
bands, which down-folded simplifies to the band structure shown for the four bands in
the v/2 x v/2 unit cell of Fig. 1.1(a). The more complicated plot in Fig. A.1(a) it is due
to the repeated plotting of different (),,’s in k-space of My. However, for finite values
of Vy (=2.5) a gap separates the upper four upper bands and 16 lower bands, shown
in Fig. A.1(b). Finally, when Vj approaches the unitarity limit. Vy = 100, as shown
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in Fig. A.1(c), the upper four bands are being pushed far above as four independent
flat bands, while the lower 16 bands form a simpler shape as the new periodicity with
vacancy stripe order sets in. The result for Fig. A.1(c) is stable for all of the values of

Vo that is greater than 100, which means the vacancy order is in the limit of Vj — oo.
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Appendix B

Details of the Dy; symmetry and

comparisons to Zhang’s model

B.1 The D,; invariant symmetry

We now give the reason for our choice of the Dyy; symmetry of the point group
describing the crystal structure of BaFeaAss, which is used for the construction of the
kinetic Hamiltonian in Eq. (1). To begin with, we draw the three-dimensional (3D)
structure of the basic Fe-As building blocks of BaFesAss in Fig. B.1. The Doy symmetry
is generated by the group elements Cy and oy, as shown in Fig. B.1(b,c). Close inspection
reveals the point group symmetry Dy, because combined fourfold rotation (Cy4) and
mirror reflection (o,) leave the crystal structure invariant.

However, the Doy symmetry is obvious only for the 3D crystal structure, while the
inclusion of the reflection operation o}, is not obvious for the two-dimensional (2D) model
as shown by Fig. 1(a) in the main text. The question is how one can construct a Doy
hopping Hamiltonian on a 2D lattice. The solution is as follows: The As atoms mediate
the 2NN hopping (t3) through their p orbitals between the d orbitals of the Fe sites. As a
consequence the upper (lower) As atoms lead to effective hopping terms between the d,,
(dy.) orbitals, respectively. Finally, the o}, operation of the upper/lower As atoms can
be mapped onto the exchange of the order of the d,. and d,. orbitals, see Fig. B.1(b).
This corresponds to exchanging the upper and lower panels of Fig. 1(b) in the main

text.
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(b)

(©)

O

(d)

FIGURE B.1: (color online) (a) Schematic picture of Dyg point group symmetry of the

three-dimensional (3D) structure of the Fe-As building blocks. The colormap is: Fe

atoms on the A (black) and B (white) sublattice; the As atoms above (green/yellow)

and below (yellow/green). (b) Top view of panel (a); (¢) application of symmetry

operation Cy or o, on panel (b); (d) orbital ordering and ¢35 hopping terms overlayed
onto panel (b); (e) the resulting o}, operation of panel (d).

B.2 Comparisions of H; and H; under the same parameter

set

It is intersting to investigate that how those two models behave under the same pa-
rameter set as used in Hy, t1_=(-1,0.08,1.35,-0.12,0.09,0.25). In Fig. B.3, we show the
comparisons of Hy and Hsy with the evolution of Fermisurface from extreme e-doped one
to extreme h-doped one. We can clearly indicated that with condition IT introduced
for Hs the two conduction bands degenerated alone X-M direction. Additionaly, the
electron pocket of Hs around M points is always sandwiched in between the one of
Hi. The area of the Fermi surface of the two models doesn’t have much difference in
e-doped side, Fig. B.3 (a-c). However, much difference shows up for the h-doped side
as shown in Fig. B.3 (d-h). Around M points, the the electron pocket of Hy shrunk a
lot as increase the h-doping and finally shrunk into a tiny Dirac point in Fig. B.3 (g).
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Finally, it changed to a hole pocket for Ho. To compare, this electron pocket shrinking
for Hs is not seen in Hy and H; always preserve finite size Fermi surface.

We further calculated the phase diagram for both H; and Hy under the same hopping
term and interaction parameters, (U,J;,V)=(3.2,0.6,1.05). Again, both of H; and Hs
shows good abilities in e-doped side. But H; behaved differently in the extreme h-doped
side. Base on previous Fermi surface analysis, we blame this problem for H; as its Fermi
surface around M points does not shrunk and remain finite size area. Here a comment
for the extra condition IT added on Hs. The 90° rotation between degenerated d,z and
dyz orbitals as a twisting and it gives more degeneracies for Hy alone X-M directions.
The resulting effect is the electron pocket around M points shrunk its size and gives the

correct Fermi surface evolution.
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FIGURE B.2: (color online) The compared Fermi surface for model Hjp(red) and
Hj(black) using the same set of parameters. For each subset, the left panel is the
band structure with the Fermi level indicated in the horizontal line, the right panel is
the correspond Fermi surface. The alphabetical order indicate the Fermi level from high
to low as pq—pn = (0.0,-0.72,-0.92,-1.29,-1.38,-1.49,-1.6,-1.74). The correspond electron
occupation is setting right below the Fermi surface panel for n; to H; and ns to Ho.
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FIGURE B.3: (color online) The calculation of phase diagram for both H; and Ho

under the same hopping and interaction parameters. The upper / lower panel is for

H, / H,, the black(circle) / red(triangle) line shows the order parameters of AFM /
Si-pairing.
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Appendix C

Unfolding transformation of the

tight-binding model

Here we derive the unitary transformations for the rotation of orbitals between both
Fe sublattices to attain the exact mapping of the 2-by-2 orbital model onto the model

of two decoupled two-orbital Hamiltonians.

C.1 Description of the orbital twist argument

As proposed in Ref. [15], the tight-binding Hamiltonian of Eq. (5.1) in the 2-Fe unit cell
Brillouin zone (BZ) is given by Ho = >, (k) Wy v(k) with

Here the four-component field operator is defined as =(da1,da2,dp1,dp2)" with A,
B labeling the sublattice and 1(2) labeling the orbital dy.(d..). The dispersions are
given by &7 = 2ty cosk, + 2t3 cos ky + 4tg cos ky cos ky, ¢V = 2tz cosky + 2t cos ky +
dtg cos ky cos ky, §12 = 2t4(cosky + cosky), & = 4ty cos % cos %y, & = 4t5 cos %’5 coS %
with t;_¢ = (—1,0.08,1.35,—0.12,0.09,0.25). In Eq. (C.1), the Cy symmetry of intra-
orbital hopping processes between sublattices A and B is broken. As we will show below,
there is a degree of freedom to write the Hamiltonian by rotating the local coordinate
on the sublattice A or B. The above C4 symmerty is recovered by a 90° rotation of d,,

and d,. orbitals on the sublattice B as illustrated in Fig. C.1(a). Specifically, we define
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Lattice A Lattice B
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Lattice A Lattice B
dxz el e | [ el e
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[0 --e, ;9 e
Qo | e_Jo_ .

Ficure C.1: (Color online) Two choices of the basis (a), (b)[(c), (d)] with[without] a
90° rotation of the local coordinate system on sublattice B. Panels (a), (c) show the d,,
and d,. orbital symmetry and the overlap through As-p,,, orbitals: the NNN intra-
(inter-) hopping terms t; (t5) are indicated by the black (green) solid lines. Panels
(b), (d) illustrate the NNN intraorbital hopping terms for ¢5(¢3) in solid (dashed) lines.
Note that the coordinates of (a) and (c) have a 45° rotation from (b) and (d).

a new basis under the unitary transformation ¢ = (d'y;,d 4y, gy, dgo)? = Uth with

1 0 0 O
0100
U= (C.2)
00 0 1
00 10

Namely, the unitary transformation U flips the orbitals d,. and d,. on the sublattice B.
The corresponding Hamiltonian has the form Ho = 3", ¢f(k)W} (k) with

T —p G &e &t
G2 & —p & €e
&e & M—p
&t €e §12 fv —H

Wi = UW UT = (C.3)

76



C.2 Mapping onto the 1-Fe per unit cell Hamiltonian

Note that W} in Eq. (C.3) has the same 2 x 2 block matrix for sublattices A and B. By
the symmetry analysis, the entire Hamiltonian can be written in the basis ¢ = (d, d2)”

of the 1-Fe unit cell . The resulting Hamiltonian ’H():Zk gbLngZ)k takes the following

Mk:<§1—u §12 )7 (C.4)

form

§a1 Sa—p
where & = E, + E;, & = Ey + E; and {12 = §21 = E.. Each component is defined as

Ey = 2t[cos kg + cos ky| + 2tg[cos 2k, + cos 2k, ],

E, = 2(ty + t3) cos ky cos ky + 2(ta — t3) sinky sin ky, (©5)
E, = 2(ty + t3) cos ky cos ky — 2(ta — t3) sink, sin ky, '

E. = 2t5[cos ky + cos ky| + 4t4 cos ky cos ky,

with a new set of hopping parameters t;_¢ = (0.09,0.08,1.35, —0.12, —1,0.25). Fig-
ure C.2(a) and (b) shows the band structure and Fermi surface with half electron filling
in the BZ corresponding to 1-Fe per unit cell and the Dirac dispersions can be observed
around X and Y points. The comparison between the 1-Fe band structure and 2-Fe band
structure is shown in Fig. C.2(c). The 1-Fe band structure can be nicely folded onto
the 2-Fe band structure. The folded Fermi surfaces are also presented in Fig. C.2(d).

The corresponding band dispersions in the reduced BZ are given by the block-structured

M 0
WY = k : (C.6)
0 Mkiq

matrix

with the folding vector Q = (m, 7).
We next prove that the Wy, is just a gauge transform from Wj_. The explicit form

of band dispersions in 2-Fe unit cell is given by
{fH, é—V} :{t27 tS} [eik-:% + e—ikvi] + {t3, t2} [eik-qj + e—ik-gj]
g [eik-(fcﬂ}) + ek (@) 4 ik (@=9) 4 efik-(:ifg)}j

{£t7 SC} :{tla t5} [eik.(i+y)/2 + eiik.(£+g)/2 (C?)

+ek@=0)/2 4 =ik (@=0)/2)

€10 =ty [eik-i L emikd | gikd e—ik@}]'
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'\ (B

A

F1cureE C.2: (Color online) Calculated band structure (a) and Fermi surface (b) in

unfolded (1-Fe per unit cell) BZ. Here the Fermi energy is shifted to zero for 1/2

filling. (c¢) The folded band structure of the 1-Fe (green solid line) to 2-Fe per unit

cell band structure (dashed line), which is identical to that calculated directly from the

Hamiltonian before the gauge transformation. (d) The Fermi surfaces of the 2-Fe band

structure. (e) The transformation between the coordinates in the 1-Fe per unit cell
(solid lines) and 2-Fe per unit cell (dashed lines) systems.

By the help of the re-definition of (Z,3) — (Z + ¢, & — 3), The band dispersions written

in 1-Fe unit cell basis have the from

{€H7 gV} :{t27 t3} [eik.(i+@) + eiik'(j+g)]
+{t3,t2} [eik-(:&—@) + e—ik~(:&—A)],
tig [ (2 4 ik (28) 4 (i (20) 4 o~k (20)],
k& k-3 k-0 et (C.8)
(&, 6.} ={t1,t5} [T ek 4 ekd 4 o=ikd]

€10 =ty [eik-(a”c—i-gj) 4 ek (@+0) 4 gike(@-9) 4 e—ik.(:z—g)],

Then we shall consider W}_ with the new elements of Eq. (C.8) and k running over the

BZ corresponding to 1-Fe per unit cell. Here, we rewrite W}_in the block matrix form

, A B
w4 2) e
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with

¢ &
A= C.10
( G2 &Y ) (€10
and
éc ét
B= ) C.11
< gt fc ) ( )

For the convenience of discussion, we have set the chemical potential y to be zero. Here

we introduce a gauge transform 7(k) = (dik, dok, dik+Q- d2k+Q)T = K (k) with

1 (1 -1
K== ( o ) : (C.12)

where 1 is a 2x2 identity. The gauge transform K satisfies KTK = 144. A little

algebra leads to
Ho=> i (k)KTEW} KT K1(k)
k

(C.13)
=> (k) KW KT (k)
k
with
A+B 0
KW, K = N : (C.14)
0 A-B

Here A and B matrices follow A(k) = A(k+ Q) and B(k) = —B(k + Q), respectively.
By carefully collecting terms in Eq. (C.14), we confirm that

My 0
Kiwik = ¢ = Wy (C.15)
0 Mykiq

By combining these results for the unitary transformations U and K, we can map
the 2-by-2 onto the 1-by-2 Hamiltonian: W) = KW, K = KTUW, UK.
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Appendix D

Supplementary material for
Chapter 6.

D.1 Mean-field formalism and calculation

In this section we derive the meanfield form of the coulomb interaction. The Hamiltonian
we interest is in the form, H® = H* + HY + HY (the superscript, s, stands for spinful).

Here, we write down the form of in real-space,

H = Z (t?jﬂ —H 5@']'5@6)01&,003'6,07

Zj7a/37g

HU = Z U Nia,o Nia,o! 5 (Dl)
i,00,0

H = 3" Vijap Niao Nig.o-
Z’;ﬁj,a;ﬁﬂ,o’

Where HY is the hopping terms in present of 1-Fe / unitcell [15, 209], the non-zero terms

are depict as follows,
t =193 =45 = 0.09,

11 22
11 22
ts =ti(a+g) = tie—g) = 1-35 (D.2)

bty =14 54g) = —0.12,
ts =t33 = tig = —1,
te =t359; = t59; = 0.25.
HY is the on-site intra orbital Hubbard interaction and H" is the inter-orbital (o # f3)

Coulomb interaction between site i and j. Note that, we’ve also considered the intra

orbital Coulomb interaction (o« = /) and we found no interesting phases can be found
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0.7 p (a) ~=|6t| -=|dom]
0.6

Calculated order parameters

FIGURE D.1: (color online) (a) The mean-field calculated order parameters of HO
term, where 6t/ Aop belong to the real/image part of it. (b),(c) and (d) is the k-space
band structure of 1-Fe/unitcell BZ under different strength of V3.

in our calculation. We treat HY and HY by mean-field expansion. For HY we have,

HY =vu Z <niaa> Niao’ - (Dg)

ia,07#0’!

HY has two ways for the mean-field decoupling, HY = HCPW + HOH  where,

HOPW — Z Vij (Niac) Njpo
i#jza#B#" (D,4)
HOH = _ Z Vij(cT B Vel e
i, IR0/ iB,0 1o
1#£j,a#B,0

Here we only calculate the nearest neighbor (V;;;y=V1). In a bulk (periodic 2D) calcula-
tion, the CDW term is not a preffered state and only HOH has stable solution with finite
value of V;. The Hubbard term, with U=3.2, does not contribute to a finite magnetism

to this system.
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TABLE D.1: The matrix elements of e%ﬂ . It also preserve the translational symmetry
of 1-Fe / unitcell and the Cy, point group symmetry.

it @,dy, | ik B dys | i £ D ds | PG, dye
- 0 1 0 1
iy dy. 1 0 1 0

Now, we define the meanfield calculated orbital current flux order from HO,

Xgﬁﬂ = V1<Czoz,acjﬁ,0> (D.5)
The meanfield calculated x is a complex number with real and imaginary part,

0t = Rexy, (D6)

Ao = € |Imxs|, € € £1

The first term, dt, is always negative and homogeneous in real space. It will contribute
to HY to its nearest neighbor inter-orbital hopping term t5 [209]. The second term,
MG is the generator for the orbital-hall effect. Therefore we can use it to express the

orbital-current flux order, ¢ Im Xzofﬁ o = 1Oy 6%-5 and HOH can be easily rewrite,

HOH — i \OH Z ef‘jﬁ Cja700j6,07 (D.7)
/Lj7a¢/87o-
where €2 is expressed in Table. D.1 and the real part of H?H has been absorbed into

ij
the hopping terms. Fig. D.1(b) shows that the Fermi surface is shifted downward in

I'/M points with the contribution of d¢ only. Once the image part Aoy is involved, the
bulk Dirac cond will be destroied immediately as shown in Fig. D.1(c) and the shows

the gap. The gap is becomeing larger with larger value of Aoy as shown in Fig. D.1(d).

D.2 Ground state with exchange interaction

Without introduce more terms, we have two degenerated phases, e, = %e|, of H OH g
described in the main-text. Now we discuss one possiblility which can lift the degeneracy.
The on-site Hubbard interaction is usually contain a Hund’s coupling J [19]. However,
without loosing generality, this term is more complicated with more terms to be involved
which was discussed by K. Sano and co-authors [215]. Here we introduce only one more

term from K. Sano’s paper,

H =—J Z(C;a,TCi,a,¢ Cz,a,ﬁi,dﬁ + h.c), (D.8)

1o
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We mean-field decouple H” terms,

H =)\, Z(C;aﬁci,mi + Cg,a,¢ci,&¢ + h.c), (D.9)

k101

Where the mean-field order parameter, Ay, is defined, \;j = —J (cj o »Cia,z). Finally, if
we plugin Eq. D.9 into H by manuly giving small and real values of Ay and we found

that Phase (II) (e = —¢)) is the preffered ground state (no matter how small A; is).

D.3 The Hamiltonian in momentum representation

In this section we Fourier transform H into k-space with those mean-field calculated order
Aom and the manuly added terms A\ and A; in 1-Fe / unit cell frame work. We firstly
focus on the spinless Hamiltonian, H[6t; \om,0,1; €] = %Zk 1/1;2 lﬁI(ét;)\OH7071;ea)@Z)k,
where ¢, = (g1, ck,g)T and ¢;/cp stands for anihilate electron on d,./d,. orbital and
H=FEy+R-7 Here R = (X,Y,Z) and 7 is the Pauli matrix,

Eo =2t [cos(ky) + cos(ky) ] + 2ts [ cos(2k,) + cos(2ky) |
421, [cos(ke) cos(hy)] — .
X =4ty [cos(ky) cos(ky) ]+ 2 (t5 + 0t) [cos(kz) + cos(ky) ] (D.10)
Y =2eadoncos(kz) — cos(ky)] + A1,
Z =214 [sin(ks) sin(ky)] + Ao-

More specifically,

) Eo+ 2, X—iY
a=( "t e (D.11)
X +iY, Ey—Z

Eq. D.11 has been used in the main-text for the calculation of Chern number.
Here we write down the spinful Hamiltonian with the Rashba spin-orbital coupling

term in a 4x4 matrix,

Hy(Momo,1,r) = H(ep=1),  irno: . (D.12)
Y —iApos, H(ep=-1)

Eq. D.12 has been used in the main-text for the calculation of Zs properties.

D.4 Two types of Cy, structure

As shown in Fig. D.2, the Cy4, symmetry could have two different types and the second
type can generate bulk Dirac cones in between I'-X directions as in our model. We

focus on the k-dependent intra-orbital hopping energies for the Cy,, symmetry, H¥*Y% =
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Type I Cay Type II Cay

FIGURE D.2: (color online) Two types of Cy, structure: I. Left panel, the orbital

orientation along the nearest neighbor (NN) bonding direction. II. Right panel, the

orbital orientation along the next nearest neighbor (NNN) bonding direction. The blue
/ red colors represent for d,, / d,. orbitals.
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FIGURE D.3: (color online) (a) Calculated Berry curvature of the simplified Hamilto-
nian, H (k). (b) / (c) are the B-field XY / Z component of, H (k).

Silens (k) el pcomn + €az(k) ) peyen + -] with

€r: = —2t cos(k - @), (D.13)

€y> = —2t cos(k - da),
where dj o are orthogonal to each other and they indicated the bonding direction of the
effective hopping term, ¢t. If we choose @; = (1,0) and @2 = (0, 1) then this correspond
to the type I Cy, structure [208]. While if we choose @ = (1,1) and @y = (—1,1) then

it becomes,
H*v% — 92 t(I cos(k;) cos(ky) + 7. sin(k,) sin(k‘y)), (D.14)

which gives the form of 7, term in our spinless Hamiltonian.
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D.5 Topological defects as the generator of Berry flux

The anomalous Hall effect of £2 Chern number is a combined effect of X, Y and Z. The

Chern number can be easily calculated through the area integration of Berry curvature,

BH (k BH (k
(] 250 1) (| 25 ) = (e > o)

+ . Ok,
Qk)* =1 (B — B, )2

(D.15)

In viewing the symmetry of ]%, we know that the Dirac-cones can be re-defined by taking

any two component of it. Let us now consider the simplified Hamiltonian from Eq. D.10,

5, —0
¥ =1 (444 [ cos cos % [cos Cos

)N(_t (4t [cos(kz) cos(ky)] + 2t [cos(ky) + cos(ky) ]) (D.16)
Y =tY (2 )\OH[COS(]{ZI) — COS(ky)])a

7 =t7(2 (s — ts)[sin(ky) sin(k,)]).

In Eq. D.16, Ey can be regarded as a constant shift and has no contribution to the
topology. In the main-text, the four Dirac-cones was generate with t*%* = (1,0,1) and
Y is regarded as perturbation to open the gap. Here if we choose t%%% = (1,1,0), the
Dirac-cones are setting on (+75,47%) and (£5, 7). Now, we turn on ¢* in a small value,
the Dirac-degeneracy will be opened and the calculated Chern number is £2 for each
band. The correspond Berry-curvature is showing in Fig. D.3 (a), four high intensity
spots can be found on the Dirac-cones. If we regard these four Dirac-cones as topological
defects of a B-field Hamiltonian acting on the pseudo-spin degree of freedom, B-7, where
B = (X,Y,Z), we can map out the By, (in-plane) and B, (out-plane) in Fig. D.3 (b)
and (c). Therefore, it is easy to know that each B-field winding around the Dirac-cone

gives m and hence we have Chern number = +47/27 = £2.

D.6 The Berry connection and counting of Chern number

Here, we derive the analytic form of the Berry connection of the Berry phase (Chern
number), 7~ =27C~ = [, dk - A_(k), where,

'A—(k) :7;<_7 k’ Vk ‘_7 k>
B (Xaxy ~Y9,X X9,Y - YayX) (D.17)
Y 2R242ZR 7 2R?2+4+2ZR

Here, 0/, is the short hand of /¢, -
The calculated vector field of A_(k) is shown in Fig. D.4(a). We can find several
high symmetry points are zeros and two of them are the singularities. As shown in

Fig. D.4 the torous BZ has no boundary, the line integral around the edges has no
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FIGURE D.4: (color online) (a) The vector field of A_(k). (b) The contour integration

of (a).

contribution. The only contribution came from the contour integration which bypass
the singularities of A_ (k) and each singularity contribute value of 27 which results the
42 of Chern number. The evaluation of the line integral of singularities can be easily

obtained from the gauge smoothing process of A_ (k).

D.7 Symmetry analysis of the time and mirror invariance

In this section, we discuss the symmetry classification of phases I and II of the spinful
Hamiltonian with spin degrees of freedom. A detailed account of the symmetry operators
used in the main text is given. The spinful Hamiltonian in k-space of fermions is defined
by H® = qb;r{ﬁs(k)d)k, where ¢x = (ck 11, Ck 21, Ck 145 ck72¢)T. We re-write H, as a direct
tensor product of Pauli matrices in the combined orbital pseudo-spin and spin spaces,
AT = x T RQI+ 7271, 1+ ﬁ,{l’(I)IHv where the orbital flux term, ]-Ali’éi{, of phases I
and IT is either ﬁAOH =Y71,®I or I:IA{)H =Y7,®0,. Here I is the 2 x 2 unity matrix

in spin space.

D.7.1 Intrinsic inversion symmetry and TR symmetry violation of

spinless H

We start our symmetry analysis by noting that the quasi-2D Hamiltonian of spinless
fermions, H, in a tetragonal system has intrinsic inversion symmetry H(k) = H(—k).
This corresponds to a 180? rotation in the k,-k, plane. Moreover, for the spinless

Hamiltonian the time-reversal (TR) operator is given by the charge conjugation operator,
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T = K, and satisfies the relation

T A aon)(k) T~ =H[-Aaon](-k)

) (D.18)
=H[-Aaon](k),

which tells us that the TR symmetry is violated, because it reverses the orbital current

direction from Aoy — —AaoH.

D.7.2 Parity or mirror invariance of spinless H

In addition to the inversion symmetry, the spinless quasi-2D Hamiltonian is invariant

under mirror reflections. The two mirror axes = and y obey the parity operation
P H(ky, k) Pt = H(£k,, Fky), (D.19)

respectively, with P = 7, K. This statement is universally true for our model Hamilto-
nians and applies also to phases I and II of the spinful Hamiltonian. Note that in 2D
the parity operation is a mirror reflection, which flips the sign of only one coordinate,

otherwise it would be a rotation.

D.7.3 Parity and mirror invariance of phase II of spinful H,

The spinful Hamiltonian for fermions with spin degrees of freedom satisfies similar sym-
metry operations as before. However, now we need to pay attention to the fact that
the mirror and TR operators flip the spin of the fermion and must be defined in the
enlarged SU(2) ® SU(2) space as M = 7, ® (—ioy,) and T = 1 ® (—io,K), where 1 is the
unity matrix in orbital space. Then, the generalized mirror symmetry M is equivalent
to the parity symmetry P of the spinless fermion. To summarize the key results of our
symmetry analysis, our spinful model Hamiltonian of phase II is invariant under each

of the TR~ and mirror (parity) operations:

TH! (k)T ! = A (—k) = H!! (k), (D.20)
M H! (ky, k) MY = HI (kg Thy). (D.21)

D.7.4 Even and odd parity subspaces of phase II of spinful H,

For the spinful Hamiltonian, the Chern number is only meaningful for phase I. This can
be seen from its non-zero Chern number C[H!] = -CIM HIM~!] = —C[T HI T-'] =
+4. Consequently, H I has two distinguishable degenerated states of C = 44, which can
be mapped onto each other.

On the other side, phase II also has two distinguishable degenerated states, however,

these two states cannot be distinguished by the Chern number, because C[H!!] = 0.
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Thus, we need to further examine its symmetry properties to see whether it is topological
or not. A very direct and useful check is to see whether the system has a Zs-like invariant
index. This symmetry has been widely used in the search for 2D and 3D topological
insulators, because there exist general methods to calculate the Zs topological invariant,
especially when the Hamiltonian exhibits inversion symmetry. In phase II, the operator
M commutes with the orbital-flux term H 1{1[0 g and H I The even parity subspace is
described along the contour, C € {(I' — M);(M — X)}, and gives the commutation
relation, M H!T(C)M~! = H!!(C). Whereas the odd parity subspace is located at
the high-symmetry points for the parameters we choose, A, € {(£5,%%5); (£5,F5)},
and gives the anti-commutation relation, M H!T(A,)M~! = —H!/(A,,). This £-parity
symmetry motivated us to construct the Zs-like topological invariant in the main text

in order to test for the topological ground state with vanishing Chern number.
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