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Abstract

This dissertation studies the role of frames as codes. Frames are families of
vectors that give rise to embeddings of Hilbert spaces. These embeddings can be
interpreted as codes, because possible linear dependencies among frame vectors can
be used to recover missing components in the embedded data, so-called erasures.
This dissertation is dedicated to structured erasures. One type of structured erasure
occurs when consecutive frame coefficients are lost due to the occurrence of random
burst errors. Assuming that the distribution of bursts is invariant under cyclic shifts
and that the burst-length statistics are known, we wish to find frames of a given size,
which minimize the mean-square reconstruction error for the encoding of vectors in
a complex finite-dimensional Hilbert space. We derive statistical error bounds for
a given Parseval frame and relate them to its generalized frame potential. In the
case of cyclic Parseval frames, we find a family of frames which minimizes the upper
bound. Under certain conditions, these minimizers are identical to complex Bose-
Chaudhuri-Hocquenghem(BCH) codes discussed in the literature. The accuracy of
our upper bounds for the mean-square error is substantiated by complementary lower
bounds.

Another part of the dissertation concerns the transmission of digital media, typ-
ically following a protocol that splits data into a number of packets having a fixed
size. When such packets are sent over a network such as the Internet, there is in
principle no guarantee of reliability, that is, the contents of each packet may become
corrupted in the course of transmission or entire packets may be lost due to buffer

overflows. We assume that during the transmission, only a few of these packets are

Vil



corrupted or lost. In this part of the dissertation we adapt ideas by Candes and Tao
in order to construct frames as codes for such erasures. The frames are associated
with consistency checks for the data that are obtained from random matrices whose
entries are independent realizations of a Gaussian random variable. In addition to
the random Gaussian matrices, we use random projections to achieve recovery based
on a low dimensional check-sum measurement. We use a generalized technique of [y

minimization to reconstruct the error vector from these measurements.
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CHAPTER 1

Introduction

Redundancy is common and useful in our daily lives. When we leave for work, we
double and triple-check that we turned off appliances and lights, that we took our
keys, money, etc. The same possibility of a consistency check can be incorporated in
signal representations. A signal is understood to be a vector of a Hilbert space and
a representation is a map to another Hilbert space. Typically, we would choose a
basis and map the vector to its inner products with the basis vectors, the transform
coefficients. One of the reasons for choosing a new basis is that often the signal
characteristics are more readily apparent in the transform coefficients. Such a repre-

sentation is non-redundant, and thus corruption or loss of any transform coefficient is



1.1. ENCODING VIA FRAMES

irrecoverable. However, instead of a basis, we can choose a linearly dependent family
of vectors that introduces redundancy, when the inner products are computed. This
way we try to build a safety net into our representation so that we can retain recov-
erability, stable linear reconstruction, from part of the inner products. Allowing the

vectors to be linearly dependent generalizes the concept of a basis to that of a frame.

Frames for a Hilbert space were formally defined by Duffin and Schaeffer [32] in
1952 to study some deep problems in non-harmonic Fourier series. Despite being over
half a century old, frames gained popularity only in the last two decades after the
landmark paper of Daubechies, Grossmann and Meyer [30] was published in 1986.
Traditionally, frames have been used in signal processing, image processing, data

compression, and sampling theory.

1.1 Encoding via frames

In the first part of this dissertation, we study frames for redundant encoding of an
analog signal and evaluate their performance when the signal is sent through a chan-
nel and burst erasure occurs, that is, consecutive frame coefficients are lost. There
are two general possibilities, so-called blind reconstruction which replaces the lost
coefficients by zeros and active error correction, which aims at perfect reconstruction
provided enough coefficients are known. Previous results were concerned with the
worst-case scenario and the most generic error models for data loss [38, 37, 55, 5], and
many investigated the performance of blind reconstruction [24, 62, 40, 12, 43]. The

underlying assumption was that the erasures happen so infrequently that one wants
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to successively narrow the choice of frames by demanding perfect reconstruction for
no loss, then optimal error suppression for one lost coefficient, and at each step select
from the remaining frames the ones which are optimal for the next higher number
of erasures. Another series of works evaluated the performance of active error cor-
rection with low-pass cyclic frames in the presence of quantization errors and burst
erasures [56, 57| and with other cyclic frames when more general erasures occur [58].
The performance measure in this case is the mean-square error remaining after the
erasure correction is applied. In the absence of erasures, it is known that the error

due to quantization of frame coefficients is minimized by equal-norm Parseval frames

38, 37, 57, 58).

Next, we discuss specifics of frames used for encoding signal and resulting er-
ror corrction capabilities. For a signal x in a Hilbert space H of dimension k, we
encode this signal using a frame F' = {f; : 1 < i < n} as the frame coefficients
{{(z, fi) : 1 <i < n}. These coefficients are sent through a channel and the receiver
does not receive all the coefficients as they are. Some of the coefficients are lost or
corrupted. The problem is to linearly reconstruct the vector from these remaining
coefficients. We evaluate the performance of frames in the case of burst erasures
when we linearly reconstruct the vector. We measure the performance in terms of
the mean-square error (MSE), which is the average of the square of the Euclidean
norm of the difference between the input and the recovered vector over all unit-norm
input vectors. We derive bounds for the MSE and investigate frames which have
optimality properties in this setting, with special emphasis on cyclic frames. These

frames are a counterpart to cyclic block codes in digital error correction, for example
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Bose-Chaudhuri-Hocquenghem (BCH) codes [39, 15] or Reed Solomon codes [60], see
also [7, 61]. Burst error correction by Reed-Solomon codes has found a wide range
of applications, from deep space transmissions or other wireless communications to
storing audio on compact discs or even bar-codes [66]. In addition to their suitability
for bursty environments, such codes can correct a maximum number of corrupted or
missing symbols in a block due to their maximum distance separability. However, in
many cases the transmitted string of symbols is a digitized analog signal, in which
case the number of correctable symbols may not be the ultimate measure for per-
formance. For this reason, we consider a redundant linear encoding over the real or

complex number field and evaluate the performance by the mean-square error.

Averaging the entries of the Grammian cyclically lowers the mean-square recon-
struction error. This is the reason we primarily study cyclic frames, which have
Grammians that are invariant under cyclic averaging. For cyclic frames, we estimate
the mean-square reconstruction error in the presence of bursty data loss. The mean-
square error is defined by averaging over all cyclic bursts with given burst-length
probabilities and over the set of all uniformly distributed unit-norm input vectors.
The uniform distribution among all unit-norm input vectors is justified by assuming
that the data has been compressed before transmission which would result in seem-
ingly independent, identically Gaussian distributed entries for the vectors, and then
if the dimension is large enough, a concentration of measure argument would allow
replacing them by vectors of a constant norm. The optimal design of frames for
this type of performance measure has applications for streaming media and wireless

communications [41, 42, 48].
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Our first main result is an identity between the mean-square error for Parseval
frames resulting from burst erasures and subsequent blind reconstruction, and a
weighted squared Hilbert-Schmidt norm of the Grammian. Then we derive upper
and lower bounds for the mean-square error. In the case of cyclic frames, we find
minimizers for the upper bound. These minimizers can be described by the frequency
support of the encoded vectors, or alternatively, by its complement, the syndrome
frequencies. If the number of frame vectors n and the dimension of the Hilbert space
k are relatively prime, if k is odd, and if the redundancy ratio is sufficiently large,
then the optimizers for the upper bound are complex BCH codes that have been
introduced in [49] and whose error correcting capabilities have been investigated in
previous works [56, 57, 58]. In this case, the syndrome frequencies can be arranged
in a uniformly spaced sequence. If the redundancy ratio is sufficiently small, then the
optimizers have syndrome frequencies whose complement is uniformly spaced. We
also investigate a specific burst-length distribution motivated by a channel model

introduced by Gilbert and Elliott [36, 33].

1.2 Packet-based encoding and fusion frame

Signal transmission through a noisy digital channel typically uses the following strat-
egy: a generic signal is decomposed (encoded) into a sequence of coefficients which
are then grouped into a number of packets of the same size. When such packets
are sent over a network such as the Internet, there is in principle no guarantee of

reliability, that is, the contents of each packet may become corrupted in the course of
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transmission or entire packets may be lost due to buffer overflows[9]. The integrity
of the data in each packet is typically protected by some error correction scheme,
so for practical purposes one may assume that packets arrive either intact or not at
all. The noise of the channel may cause the loss of some packets so that the recon-
struction of the signal is done possibly without the whole set of packets. Hence, we
search for encoding-decoding schemes that minimize, with respect to some measure,
the worst case error between the original signal and the reconstructed signal for a
fixed number of packet losses. In practice, it is commonly assumed that losing one
packet in the transmission process is rare, and that the occurrence of two lost pack-
ets is much less likely. A similar hierarchy of probabilities usually holds for a higher
number of lost packets. When the coefficients are sent individually, these types of
problems have been considered recently in [24, 40, 14, 62, 12|, where they describe
the structure of optimal encoding-decoding schemes based on a particular choice to
measure the worst case reconstruction error. Casazza and Kovacevi¢ [24] find the
optimal scheme in case of one erasure using equal-norm tight frames, Holmes and
Paulsen [40] in the case of two erasures using equiangular uniform frames, Bodmann
and Paulsen [12], and Strohmer and Heath [62] provide conditions for higher number
of erasures using graph theoretic apporach, and Bodmann, Paulsen and Kribs [14]
generalize the idea in the quantum setting. For related problems in packet encoding,
see the work by Bodmann [9], the most recent overview by Bodmann [10], Oswald
on stable space splittings in Hilbert spaces [53] which are equivalent to Sun’s notion
of g-frames [63], and the concept of frames for subspaces introduced by Casazza

and Kutyniok [27]. This concept was applied under the name of fusion frames to
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distributed processing [28]. To study a similar problem, Massey [50] uses so-called
uniform (N, m, D)-reconstruction systems in terms of N weighted rank-m opera-
tors satisfying certain conditions on the D-dimensional Hilbert space containing the

vectors to be transmitted.

The second part of this dissertation deals with recovering the transmitted vec-
tor assuming that there are only a few corrupt packets received at the receiver end.
Instead of setting the corrupt packets to zero, we try to recover them using a gen-
eralization of /; minimization techniques by Candes and Tao[22] and Candes [21] in
the recovery of sparse vectors. The signal under consideration is a vector v in the
D-dimensional Hilbert space R”. An encoding scheme will map this vector v to N
packets of size m, thus to a vector in R¥™. We send this encoded vector through
a noisy channel and at the receiving end we receive k corrupted packets, k£ being
small compared to N. We wish to recover these packets in order to get the trans-
mitted vector. We observe that the range of an ecoding map is a D-dimensional
suspace of RY™ and the kernel of its adjoint is also a subspace of R¥™ of dimension
M = Nm — D. For purposes of designing a recovery algorithm, we use a random
matrix T'of size M x Nm with entries ¢, ;, which are independent realizations of a
Gaussian random variable with mean 0 and variance % We denote the range of the
map T* : R® — R¥™ by R and Ker(T) by K, which is an D-dimensional subspace
of RV™ satisfying K = R*. From an orthonormal basis of K, we obtain a Parseval
frame F for RP and use its analysis operator @) as the encoding map. Thus, for any
v € RP, the encoded vector is Qu € K C RY™. After the transmission, we receive

Qu—+x, where z is the error during the transmission. If we know z, then we will have
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the encoded vector Qu. As K = Ker(T), applying T' to the received vector gives us
T(Qu+z)=0+Tr =Tz € RY. We then apply T* and a multiple of a random
projection P of rank p to get the measurements. From these measurements, we try
to recover z and once we have x, we get the transmitted vector as (Quv+z) —x at the
receiver end. The reason behind taking random projections P of rank p on R¥™ and
random 7" described above is that the range of the encoding map () is a D-dimensional
random subspace of RY™ so that the vector PT*T(Qu +z) = 0+ PT*Tx = PT*Tx
is the projection of x on a random p dimensional subspace of RV™. Under certain
conditions on k, N,m, M, and p, we show that with overwhelming probability, the
error vector x can be recovered with good accuracy even in the presence of noise
of small magnitude when we allow M, m, and p to grow to infinity. We use the
structure of the erasures to achieve better probability bounds for the probability of

success compared to a setting in which unstructured erasure of km coefficients occur.



CHAPTER 2

Burst Erasures and the Mean-Square Error for Cyclic Parseval

Frames

This chapter is concerned with the concepts of burst erasure and mean-square re-
construction error for a given frame corresponding to a given burst statistics. We
compute the statistical error bounds for a given Parseval frame and focus on cyclic
Parseval frames. We also discuss some numerical experiments to validate the theo-

retical results towards the end of the chapter.



2.1. PRELIMINARIES

2.1 Preliminaries

First we fix our notations for frames, define concepts related to frames and discuss

some properties of frames.

Definition 2.1.1. A sequence {f;}; of elements of a Hilbert space H is called a

frame if there are constants A, B > 0 such that

Allz[|* < Z [z, )" < Bllz||* (2.1)

J

for each x € H. If A= B, it is called tight and if A= B =1, it is called a Parseval

frame.

In a finite dimensional Hilbert space H of dimension k, any spanning family of
n vectors F' = {f;}7_; C H is a frame for H. We will work with finite dimensional

Hilbert space H over R or C.

Definition 2.1.2. For a frame F = {f; : 1 < j < n} for H, we define the analysis

oparator for F as a linear map V : H — F" via

(Va); = (z, f;)
for all x € H.

The map V* : F* — H is called the synthesis operator for F' and the map

T =V*V :H — H is the frame operator.

Definition 2.1.3. We call family F' an (n,k)-frame if the Parseval-type equality
> =D [, ;)1
j=1

10



2.1. PRELIMINARIES

holds for every x € H. If the Grammian G with entries G;; = (f;, fi) satisfies
Giyijy = Gij for all i, j,l € {1,2,...,n}, where the summation of indices is taken

modulo n, then we call F' a eyclic (n, k)-frame.

Given a frame F for H, we say that a frame E for a Hilbert space H. of dimension

(n—k) is complementary to F if its Grammian G is related to that of F by G = I—G.

Proposition 1. IfV and G are the analysis operator and the Grammian respectively

for a frame F = {f; : 1 < j <n}, then we have

(i) G=VV*.
(i) G is an orthogonal projection if and only if the frame is Parseval.

(iii) If the frame F is a cyclic (n, k) frame, then G is of rank k and || f;||* = k/n for
all j € {1,2,...n}. Moreover, G = q(S) with a complex polynomial q which
assumes the value one at k of the n-th roots of unity and the value zero at the

others, where S is the cyclic shift matriz. Hence, G commutes with S.

Proof. (i) Let {e; : 1 <i < n} be the standard orthonormal basis for F". For any

fixed 1 <i < n, we have

n n

VV¥©e;, = Z<V*€ia fj)ej = Z<6i7 ij>ej
j=1 j=1
= (es, Z(fj7fl>€l>€j
j=1 =1
=Y (f5. Fiye; = > (i fi)es
j=1 Jj=1
= Gei.

11
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(i)

(iii)

This shows that G = VV*.

By definition, G = G*.

For a Parseval frame, we have

Val> = > [z, /)P = N>
j=1

Also, we observe that |Vz|? = (Vz,Vz) = (V*Vz,z) and ||z|* = ([z,z).
Since both sides coincide as quadratic forms, the operators coincide, that is,

V*V = I. Therefore, G is an orthogonal projection as
GP=VVVV*=V(V*V)V*=VIV*=VV*=(.

Conversely, let us assmume that GG is an orthogonal projection. As V' is one to

one and V* is onto, we have
G*=@d
=VVVVE=VV*
=V(V'V-NHV"=0

=V*'V-1)=0.
Therefore, for any x € H, we obtain
|z||? = (Iz,z) = (V*'Va,2) = (Va,Va) = |[Vz|* = Z [, £)?
Therefore, F' is a Parseval frame.

As F = {f; : 1 < j < n}is aS cyclic (n,k)-frame, (fi, f1) = (fiq, fin) for

1 <1< (n—1). Therefore, all the diagonal entries of G are the same. Now,

12
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we have
tr(G) = tr(VV*) = tr(V*V) = k.
Also, we have tr(G) = 37, || f;]|*. Therefore, we conclude that

k
I50° =~ for all 1 < j < n.

Using the cyclic property (fi, f;) = (fix, fiw) for all 1 < 4,4,1 < n and

identifying f; and f;4,, we obtain

(f1, 1) (fas J1) o (S f1) (feo 1)
(f2, 1) (f1, f1) e (fo ) (s f1)
G=|: s S ;
(fn-1), f1) {fon-2), f1) - (f1, f1) (fas f1)
(fn> [1) (fo-v, 1) -+ fo, J1) (fu fo)
= (fi, ST+ (fo, f1)S + (fa, f1)S% + -+ (fu, f1)ST7Y,
000 -+ 001
100 --- 00O
where § — 010 000
0 00 1 00
000 - 010

Thus, we conclude that G = ¢(S) = 2(161) q;S7 with q; = (fj41, f1). Hence, G

J

commutes with S. As S is the companion matrix for the polynomial 2" — 1, the

13
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characteristic polynomial for S is ™ — 1. Therefore, the eignevalues of S are
the nth roots of unity e » , 0 < [ < (n—1). For A € {62%“ :0<1<(n—1)},

if f\ is an eigenvector of S, then we have

Gfr=q(S)fx=qN)fa

Thus, ¢()) is an eigenvalue of G with the same eigenvector fy. Also, G is an
orthogonal projection onto a k-dimensional space, eigenvalues of G belong to
{0,1}. Therefore, g(A) € {0,1} and g(\) = 1 for k of the nth roots of unity

and zero for others.

For a fixed input vector x € ‘H, we send the encoded coefficients through a noisy
channel and loose some of the coefficients. In the case of blind reconstruction, we need
to set these coefficients to zero and recover the vector from a subset of coefficients.
The norm of the difference of the vector and recovered vector is the reconstruction

error. Formally, we define the reconstruction error for one input vector as follows:

Definition 2.1.4. Let F' be an (n, k)-frame for a real or complex Hilbert space H.
The reconstruction error for an input vector x € H and an erasure of frame

coefficients with indices J = {j1, j2, - - - Jm}, m < n, is given by
WV*EVz —zx|| = |[[(VEV — Dz|| = ||V*DVx|

where E s the diagonal n x n matriz with E; ; =0 if j € [ and E;; = 1 otherwise,

and D=1—-F.

14
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Since the error is proportional to the norm of the input vector, we could use
the operator norm ||[V*DV|| as a measure for the worst case error among all inputs.
This has been investigated elsewhere [40, 12, 43]. In the following, we will define a
measure for average performance when the probabilities for erasures are known. We
average the square of the reconstruction error with the distribution of erasures and
input vectors. As a simple model, we have chosen a uniform measure on the unit

sphere in ‘H for the input. We focus on a particular type of errors, the burst erasures.

We use the following notations, in order to define the mean-square reconstruction
error by taking the average of the difference of norms of each input vector and

recovered vector, where the average is taken over all the unit vectors:

Definition 2.1.5. Let B,, denote the set of diagonal n X n matrices with a block
(indices modulo n) of exactly m < n diagonal entries equal to 0 and a block of n —m

diagonal entries equal to 1.

We also denote D, = {D : D =1— E,E € B,}. To simplify expressions, we
write D™ for the n x n matriz with Dj(-?) =1 for 1 < j < m and zero elsewhere.

Then D, = {(S*)! D™ S7}7_,.

Definition 2.1.6. Given an (n,k)-frame F for a Hilbert space H with analysis op-
erator V' and a probability vector p = (po,p1,--.,Pn), we define the mean-square
reconstruction error for burst erasures with length statistics p as

n—1
P .
EVip)=put ) - > VDV Q*dpu($)

w1 "V pep,, Jlel=1

whereby 1 denotes the uniform probability measure on the unit sphere in H. We will

later use the same definition and notation for the mean-square reconstruction error

15



2.2. COMPUTING THE MEAN-SQUARE RECONSTRUCTION
ERROR

corresponding to some vector p = (po,p1, - - -, Pn) €ven if it is not a probability vector.

2.2 Computing the mean-square reconstruction

error

First, we show that the mean-square error is the square of a weighted Frobenius

norm of the Grammian. We also estimate the mean-square reconstruction error.

As preparation, we review a fact from representation theory.

Lemma 2.2.1. For any self-adjoint operator A on a real or complex Hilbert space

H of dimension k,

/ (AQ, Q) du(Q) = ~tr A
=1 k

Proof. 1t is enough to show the claimed identity if A is a self-adjoint rank-one pro-
jection, because both sides of the equation are linear in A and any self-adjoint A can
be written as a sum of real multiples of mutually orthogonal rank-one projections.
To verify the claim for the rank one projection Py onto the space generated by a
fixed vector 2 € H, we compute

[ IPasiPaue) = [ ) Pdue) 22)

lQl=1 2l=1

in cylindrical coordinates. We first consider the case of a real Hilbert space. when (2 is

projected onto x = (€', Q2), the measure p induces a measure dyuy(x) = Ax(1 — xz)’\_%d:p

16
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with A = 22 on the interval [—1,1] [52]. Thus, we have

1
1 :/d,u,\(w) :/ A,\(l—xQ)’\’%da:
-1
1 1
= 2A,\/ (1—2%)*"2dx
(1) 1 -1
:A,\/ (1—w)2u7 du
0

1
= A,\/ u%_l(l - u)(’\+%)_1du
0

11
—AB(> A+ =
5 (3:2+3)

By definition of beta function and I'(3) = /7 , we obtain
LG+ 3)
F(A+3+13)

'(A+1)

A= T /N 1N

VIT(A+3)

N[ =

Ay =1

>~

17
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Now, the integral in 2.2 becomes

O 2
—ﬁr(%f/ox(l—x) dx
B I'(%) ! ORI

- Jengem J, -0

= ) 1u%’1(1—u)k5 Ldu

G+
VRV CES))
)G vroo1
TVRENGE) VAR R

25
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o

The integral for the case of a complex Hilbert space gives the same result because
‘H can be viewed as a real Hilbert space of twice the dimension and P as the sum

of the two projections onto the real subspaces spanned by Q" and i€)'. H

In the following result, we express £(V,p) in terms of Frobenius norm of com-

pression of the Grammian using the above lemma and its definition.

18
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Theorem 2.2.2. Let H be a real or complex Hilbert space of dimension k and F' an
(n, k)-frame for H with analysis operator V. Given a vector p = (po, p1, - - ., Pn) With

Pm >0 form > 1, then

Proof. We observe that
1V*DVQ|* = (V*DV)Q, (V*DV)Q) = (V*DV)?*Q, Q)

and (V*DV)? is self adjoint. From definition of mean-square reconstruction error

2.1.6 and applying the preceding lemma 2.2.1, we get
Pm 1 .
EVip)=put D 70 Y Ltr[(VDV)T] .
Since tr(AB) = tr(BA), G = VV* and D? = D, we have

tr [(V*DV)?] = tr [V*DVV*DV]
— tr[DVV*DVV?]
= tr[DD(VV*)DD(VV*)]
= tr[(DGD)(DGD)]

— tr [(DGD)’]

Therefore, we have
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Since (tr[(DGD)?))Y/? is the Frobenius norm of the compression DGD of the
Grammian G, £(V,p) can be viewed as a generalized frame potential [23].  In
the following, we define the weights and express £(V,p) in terms of the weighted

Frobenius norm of the Grammian.

Definition 2.2.3. Let p = (po,p1,--.,Pn) be a probability vector. The sequence of
weights associated to p is defined to be the sequence of an even, n-periodic sequence

{w;}jez specified by its values for 0 < j <n/2,

n—j n
=S (-im+ Y @—n)p.
l=7+1 l=n—j+1

We will use the same definition and notation for the sequence of weights associated

to a vector p € R™ even if it is not a probability vector.

Theorem 2.2.4. Given an (n, k)-frame F' for a real or complex Hilbert space H and
a vector p = (po, 1, - - -, Pn), the resulting mean-square reconstruction error is given

by the square of the weighted Frobenius norm

1 n
EVip) =1 > wi| Gl
=1

of the Grammian G, where the sequence of weights {w;} are as in definition 2.2.5.

Proof. We recall that Dy, = {(5*)7 D™ S7}"_, and the cyclic shift matrix S satisfies

20
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SS* = 5*S = I, where S is given by

000 001
100 000
o 010 000
000 -- 100
000 -- 010290

Thus, using tr(AB) = tr(BA), we have

1 1< , . , .

— > w[(DGD)*| = EZtr[((S*)JD(m)SJG(S*)]D(m)SJ)Q]
DeDr, j=1

— 1 Z tr[(S*)jD(m)SjG(S*)jD(m)Sj(S*)jD(m)SjG(S*)jD(m)Sj]
n

j=1

- 1 Z tr[S7(S*) D™ $1G(S*) D™ 59 (5%) D™ §IG(S*) D)
nio

= —Ztr ™ SIG(S*) D™ DM SIG(S*) D)

== Ztr ™ SIG(S*) DM)?) (2.3)

We observe that if the vector p has only one non-zero entry p,, with 1 < m < n,

then the sum in the resulting formula for £(V, p) is of the form

o metr (D™ SIG(S*)7 D™))?] = qu(;ﬂ\
l,j=1

with certain weights {Qj,l}?,l:r This form is preserved under linear combinations of

Pm’s. So, we need to find the weights applying to each |G;;|*. To compute them, we
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evaluate the square of the Frobenius norm or the Hilbert Schmidt norm for a matrix

unit Fj ;.4 instead of G, for fixed I,d € {1,2,...,n}.
wy = me Z 1(D™) 7 Eyyya(S*) DU™)[3

—mezz (S7 Eviva(S))5,

leql

= me Z Z Elﬂ l+d+]

Jj=1p,g=1
Now using that the entries of the matrix unit are zero or one, (Ej;)2

any 7,1 € {1,2,...,n}, and that Z?Zl SIE)1a(S*)! = S~ produces

wq = me Z Z Eiyjivdsi)p

leql

- me Z Z SjEll+d j p,q

pqlal

—Z%Z

pql

—Z%Z

p,g=1
= pul(D™MSTDM)|3g .

For 1 < m < n, we thus have

m

1D S~ D ) s = D (S g

p,g=1
0 ifm<d
= (m—d) ifd+1<m<n-—d

2m—n) ifn—d+1<m<n

= (Ej1)p,q for
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Therefore, we get

n—d
Wg = Z(m d)pm + Z (2m —n)p
m=d+1 m=n—d+1
This concludes the proof. O

Theorem 2.2.5. Let F and F be (n,k) and (n,n — k)-frames for H and H respec-
tively and F be complementary to F. If p = (po,p1,- -+ ,pn) S a given vector, then

the resulting mean-square reconstruction error for F is given by

- n — 2k
EV,p) = =

wo + E(V, p), (2.4)

where E(V,p) is as in Theorem 2.2.4.

Proof. Using Theorem 2.2.4, for (n,n — k)-frame F' the mean-square reconstruction

error is given by

. 1 — .
Vip) =+ > wialGl,

J,l=1

where @ is the Grammian for .

As G =1 — @, we have |G| = |Gyl forall j #land G;; =1 -G, =1 —

Thus, S(V,p) is equal to

- zwo <1__) b3 G

J#l
1 & 2k
— %Zwo (1 — W + ﬁ) -+ EZU)J'_AGJJF
j=1 J#l
1 — 2k 1 —
:k—Z;UJQ(l—;) k—lX:lw]l‘Gjl’
]: =

23
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From the definition of £(V, p), the above expression reduces to

~ n — 2k
EV,p) = — wy +E(V,p).

The Frobenius norm of DGD is also the Euclidean norm of the vector formed
by its eigenvalues. Therefore, it is equivalent to the operator norm and we could
estimate the worst-case reconstruction error when the frame coefficients are subjected
to some erasure in terms of the Frobenius norm. Furthermore, we could then derive
an estimate for the average of all worst-case reconstruction errors for given erasure

statistics. We focus exclusively on the mean-square reconstruction error.

2.3 Estimating the mean-square reconstruction

error

Now, we try to establish a lower bound and an upper bound for the mean-square
reconstruction error for an (n, k)-frame F. Using relation (2.4), we will then auto-
matically get these bounds for an (n,n — k)-frame F', which is complementary to F.

We first estimate them in general and then focus on particular cases of interest.
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2.3.1 A lower bound for the mean-square reconstruction

error

In order to get a lower bound of £(V,p), we cyclically average the entries of the
Grammian. We show that by doing so, we only lower the mean-square reconstruction

error.

Proposition 2.3.1. For an (n, k)-frame with an analysis operator V and a proba-

bility vector p = (po, p1,---,Pn), the mean-square reconstruction error has the lower
bound
1 n—1 N
E(V.p) = pnt 2 D pmta[(D™GD™)
m=1
where the diagonal matriz D' has entries D( ™= for 1 < 7 < m and zero

elsewhere, and G = %Z?Zl SIG(S*). Assuming all p,, > 0 for 1 < m < n—1,

then this inequality is saturated if and only if |(fi, ;)| = |{fits, fj+1)| for alli,j,l € Z

(modulo n).

Proof. The inequality follows from an application of Jensen’s inequality to the convex
function g : A — tr[A?] defined on the real vector space of all self-adjoint operators
{A € B(H) : A = A*} (See [54]) and theorem 2.2.2. Using the relation 2.3 and

averaging gives

%Z tr[(DGD)?] Ztr ™ SIG(S*) D™)?

> tr [(% i D(m)SjG(S*)jD(m)>2]

Jj=1

— tr[(D™GD™)?
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To characterize cases of equality, we observe that Jensen’s inequality is strict unless

tr[(DGD)?] depends only on m = tr D, not the particular choice of D € D,,.

We proceed by induction. For m = 1, the trace of all DG'D is identical if and only
if there is ¢; such that all || f;|| = ¢;. Now suppose we have shown this for all entries
up to the (m — 1)-th super and subdiagonal. Comparing the Frobenius norms, we

get

tr[(D™GD™)? + (D™= SGS* DM

= 2|<fm7 f1> ’2 + tr[(D(m_l)GD(m_l))2 + (D(m—l)SGS*D(m—l))Q]

Repeating this for the cyclically shifted G and using the assumption shows that there

is a constant ¢, such that all |(f;, fj1m—1)| = cm. O

2.3.2 A lower bound for cyclic frames

Although cyclic frames saturate this lower bound for the mean-square reconstruction
error, it is unclear whether there is always a cyclic frame among the minimizers.
Nevertheless, further below we focus on designing the best cyclic frames for given
erasure statistics. Even in this special case, there is no simple, explicit way known
to us to characterize the best frame. As a first step, we investigate how well a cyclic
frame could possibly perform. We prepare by examining convexity properties of the

weights.

Lemma 2.3.2. Let (po,p1, - - -, pn) be a probability vector, and let the weights {w; } ez

be as in the definition 2.2.3. Then the restriction of the sequence {w;} to indices
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0 < j < n/2is conver and decreasing, that is, w; < H(w;_1 + wj41) and w; < wj_y

foreachlgjgg—l.

Proof. Let p, =1 for a fixed [ € {1,2,...n}. If | <n/2, we have

U)j:
0, else

and if [ < n/2, we have

w; =
2l — n, else
In both cases, w; is convex and decreasing in j. Therefore, any convex combination

of such sequences, obtained by allowing more than one index [ for which p; # 0, is

convex and decreasing. O

Proposition 2. Let n be even, p be a probability vector and {w;} be the weights
associated to p. If E(Viin,p) is the minimum of E(V,p), where the minimum is

taken over all cyclic (n, k)-frames, then
1 [k k
n|n n
Proof. First we note that for a cyclic (n, k)- frame F' with Grammian G

k= 1Gul. (2.5)

Lj=1

As G;; = k/n for each 1 < j <n, we have

- k> k
Lj=1
i
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We employ a variational argument. To this end, we define the set
G={G:G=G"G,trG =k,GS = SG},

containing the Grammians of all cyclic (n, k)-frames, and the larger set of n x n
matrices
Gi ={G = (Giy): Gj; = k/n, Y _|Gu|* =k and GS = SG}.

lj=1
Define f : G; — R via

1 n
F6) =+ > wi Gl

=1
Using the fact that G C G; and from definitions of f and &(V,,n,p), we conclude

that
' . > mi .
€ (Vinin, p) = min f(G) 2 min f(G)
First we observe that relations (2.5) and (2.6) hold true for all G € G; as well. As
{w;} is convex and decreasing for 0 < j < n/2, the minimum value of f(G) is
attained at G € G satisfying E(n/2+j)(mod n),; = o for some fixed v and 1 < j < n,

and all other off-diagonal entries zero. Using the above relations (2.5) and (2.6) for

this G, we get

2
k=n— +nla®.
n

This gives us
k
2
=—(n—Fk
nlaf = Z(n— k)

and the value of f(G) is given by
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Hence, we obtain

k k
“wo+ (1=~ ) wnal -
n n

S|

2.3.3 An upper bound for the mean-square reconstruction

error

A different convexity argument gives an upper bound for £(V,p). The idea is to
replace the probability vector for the burst lengths by another vector p such that
the weights can only increase. In the special case of a transmission that erases no
coefficients, approximately half, or all of the coefficients, this estimate is saturated

under certain conditions.

Theorem 2.3.3. Let F' be an (n,k)-frame with analysis operator V' on a real or
complex Hilbert space. Let (po, p1,---,Pn) be a probability vector, and let the weights
{w;};ez be defined as in Definition 2.2.5. If n is even, then there exists a probability
vector p with p; = 0 for all j ¢ {0,n/2,n} such that Wy = wo, Wy/2 = Wy2. If n
is odd, then there exists a vector p with p; = 0 for all j ¢ {0,(n —1)/2,n} and
Zﬁj = 1 such that Wy = wo and Wpm—-1)/2 = Wn—1)/2, where {w;}jcz is the sequence

5=0
of weights associated to p. Moreover, in both cases,

E(V,p) <&(V,p) . (2.7)

2 1
Proof. We first consider even n. Define p by pn/2 = —(wo — Wny2), Pn = —Wn/2, Do =
n n

1 — Pnj2 — Dn and p; = 0 for all j ¢ {0,n/2,n}. As wg > wy/2 and wy,, > 0, we
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conclude that p,;, > 0 and p, > 0. From the definition of p, we verify that the
weights associated with p satisfy wy = SPnj2 + NP = wo and Wyo = NPy = Wy 2.
Now, we need to show that vector p is a probability vector. From the definition, we

have

N - w 1
Pny2 + Dn = 2_0 — —Wnp)2
n n

1
= [2p1+4p2+---+npg +npryry £+ npy

1
Sg[np1+np2+---+npn]

= Zpl <L
=1

Thus p is a probability vector. As wy = wq, Wy/2 = wy/2 and the sequence {w;}jez
restricted to 0 < j < mn/2 is linear in j and is a convex combination of wy and w, /21
so by the convexity from Lemma 2.3.2, w; < w; for all j € Z Therefore, by definition,

we obtain
E(V,p) <E(V,p).

. . . 2 ~ 1
For n being odd, we define p by p,—1)/2 = m(wo — w(n_1)/2),pn = E’Uj(n_l)/g,
Po=1—Pm-1)/2 — Pn and p; = 0 for all j ¢ {0, (n —1)/2,n}. From the definition of
n—1._ . - -
5 Pn-1)/2 + np, = wo and Wp_1y/2 = NPp = W(n—-1)/2-

p, we have wy =

Again, in this case, the sequence {w; };ez restricted to 0 < j < (n—1)/2 is linear
in j and is a convex combination of wy and w,_1)/2, so by the convexity from the

Lemma 2.3.2, w; < w; for all j € Z and hence

E(V,p) <E(V,p).
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Now, we examine the conditions under which equality in (2.7) holds in the above
theorem. The following theorem states a necessary and sufficient condition for the

equality in (2.7).

Theorem 2.3.4. Let n be a positive integer and p and p be as in Theorem 2.3.5.
A necessary and sufficient condition for E(V,p) = E(V,p) for all (n, k)-frames with
analysis operator V is p; = p; for 1 < i < n. Moreover, when n is odd, p is a

probability vector if
(n—-1)/2

1=0 I=(n+1)/2

Proof. If p; = p; for 1 < ¢ < n, then w; = w;. Therefore, by definition, for any

(n, k)-frame with analysis operator V', we have
EWV.p)=£&(V.p).

Conversely, if £(V,p) = E(V,p), then using Theorem 2.2.4, we have

n

S (g - w0 G = 0. 2.9
jl=1

From Theorem 2.3.3, we know that w; > w; for each ¢ and therefore, from relation

(2.8), we conclude that w,;_; = w;_; whenever |G;;| # 0. As E(V,p) = E(V,p) for

any (n, k)-frame with analysis operator V' and corresponding Grammian G, we can

always find one such G such that for fixed 1 < j,I < n,|G,,;| # 0 and therefore, we

have w; = w; for each ¢ € Z. Hence, we conclude that p; = p; for all 1 < j <n.

From definition of p,, and p(,—1)/2 as in the proof of Theorem 2.3.3 both are non-

negative. For p to be a probability vector, it is enough to have p, + pp—1),2 < 1.
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We have

n+1

Pn+ Pn-1))2 = -1 [2100 - w(n—l)/2:|

< [2100 - w(n—l)/z]

n

:nil 2;@1— Y. @l-np

I=(n+1)/2

[(n-1)/2

1 n
= — S 2p+ Y (@ -2+n)p

| =1 I=(n+1)/2
[(n—1)/2

iDL TS

=1 I=(n+1)/2

As Z p = 1, we conclude that if
1=0

(n—1)/2

ST (n-1-20)p > Z Ea

=0 =(n+1)/

then p, + pmn-1)/2 < 1. ]

2.3.4 An upper bound for cyclic frames

The next result focuses on cyclic (n, k)-frames. From proposition 1, we know that
if F'is a cyclic frame for H, then the Grammian is a polynomial of the cyclic shift,
G = q(S), where ¢(z) = qo+q12++ - +¢o12""", z € Cwith ¢; = (f11, f1) = G1,j+1)

and ¢ assumes the value one at k of the n-th roots of unity and the value zero at the
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others. Similarly, we define w(z) = wy + wyz + ... w,_12""'. We show that E(V,p)
can be expressed in terms of sum of evaluations of the polynomial w(z) for finite

number of z on the unit circle.

Proposition 2.3.5. Let F' be a cyclic (n,k)-frame, with Grammian G = q(S) and
q(e?™/m)y =1 for j € K C {1,2,...n}, |K| = k. Let p = (po,p1,---,pn) be a
vector with p; > 0 for 1 < j < n and {w;} the sequence of associated weights as in

definition 2.2.3, then

__Z 27’1'1_] l)/n )

7,leK

Proof. This follows from the Plancherel theorem and the convolution theorem for

the Discrete Fourier Transform.

For cyclic frames, we know that G;; = Gy for all 1 <4, 7,1 <n (where sum

is taken modulo n). Thus, we have

n -1
1 1
= % Z wt—l|Gt,l|2 = E ZUJJ’G (j+1),

ti=1 =0
1 n—1 1 n—1
=7 > wilgl’ = Z > wig;d; -
=0 =0

Let o = <w1q17”' 7anTL)T76 = (q17'“ JQH)T77 - (wh'" 7wn)T and 6‘737& be

their Fourier transforms respectively. Using the Plancherel Theorem and convolution
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theorem, the above relation reduces to

E(V.p) =
5% B, 5)

1 27ri‘/n 2mij/n
k_g w s q) (e )q (e

As q(e?™/™) = 1 whenever j € K and 0 otherwise, we have

EWVip) = g 3w g) (")

jeK
— Z Z 27rz (=1 /n ( 27rz'l/n)
kn jeK =1
1 2mi(j—1)/n
W U)(@ ) .

7,lekK

Consequently, to design an optimal cyclic frame, we want to find the set K

containing indices for which the average of the pair potential w(e*™=0/") gver all

7,1 € K, is minimized. In principle, this can be done by an exhaustive search. In

order to obtain an analytic result, we could consider special cases for the probability

vector. Another possibility is to estimate the associated weights {w;} and minimize

the bound for the resulting error. We consider using the previously obtained upper

bound E(V,p) < E(V,p). In preparation to finding out what choice of K will give rise

to the minimum value of £(V,p) in the case of cyclic frame, we prove the following

lemma.
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Lemma 2.3.6. Let k < n/2 and L = {By,52,--- , B} € S = {1,2,---,2n} with
Giii=0+2 foralll1 <1 <k—1. Let M = {ay, 9, -+ ,an} be any subset of S with
ap—a; €27 forall1 < 1,5 <k.

Let f : 27 — R be a symmetric increasing function, then,
k k
S rB=8) <Y flar—ay).
1,j=1 1j=1
Proof. Without loss of generality, we may assume that a,, 1 > a,, for 1 <m < k—1.

As a1 — ap € 27, there exists ¢, € N such that a1 = a,, + 2¢,. Thus, for

1<m<k, apyy =ar+2(c1 +ca+ -+ cpme1). Therefore, for I > j, we have

Oél—Oéj:[0614—2(014‘62—0—"‘4‘@71)]—[061+2(01+C2+"'+Cj71)]
:2(Cj+0j+1+"'+0171)
<2(l—j)=5—B;

As f is symmetric increasing, we have

k k

S FB=-8) <> flan—ay).

Lj=1 Li=1

We now describe how to choose K C {1,2,--- ,n} with |K| = k such that £(V, p)

is minimized and give the minimum values.

Theorem 2.3.7. Let p = (po, p1, P2, - - -, Pn) be a probability vector. For n even and
k < n/2, a cyclic (n,k)-frame F with Grammian G = q(S) and q(e*/™) = 1 for
jeKc{l,2,...,n} with |K| = k, minimizes the upper bound E(V,p) for the mean-

square error given by Theorem 2.5.3 if and only if any two elements of K have an
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even difference. For n even and k > n/2, the frame minimizes the upper bound
if and only if any two elements of the complement {1,2,...,n} \ K have an even
difference. For odd n and k < n/2, a cyclic (n,k)-frame F minimizes the upper
bound E(V,p) if and only if K is formed by a sequence of evenly spaced numbers,
with a difference of two modulo n for each consecutive pair. For odd n and k > n/2,
the frame minimizes the upper bound if and only if the complement {1,2,...,n} \ K
1s formed by a sequence of evenly spaced numbers, with a difference of two modulo n

for each consecutive pair.

Proof. To evaluate £(V, p), we use the fact that the sequence {w;} is piecewise linear.

In preparation for the following, we denote the [-th Dirichlet kernel by

_ sin(l0/2)

DO.1) = g7 0 € 0:27).

We recall the Bartlett window sequence. If n is even, we define the sequence

{b: —n/2 < j < n/2} by

2j
by =1—]=|,
which gives the polynomial
n/2 9 n
b — Z b. ij0:_D2(9 _> '
(6 ) ‘ /2 ]6 n 72
j=-n

If n is odd, we let

0
b=1-| jﬂﬂﬂ—%n—lv2§j§(n—nﬂ,
n_
which gives
(n—1)/2 5 I
0y _ g0 _ 2
b(e?) | > b ——D <e, 5 )
j=—(n-1)/2
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Then for even n and 0 < j < n/2, we have

5= (5 =) Bz +
(1 — —> — Wy 2) + Wy /2
= Wny2 + bj(wo — Wny2) -
For [ € {0,1,--- ,n — 1}, using the definition of w(z) and w;, we have

n
7:0(627”l/n) _ E 2I]jelej/n

n/2—1
= Z wj€27rilj/n + UNJn/QGWil
j=n/241
n/2—1
= > (wap + bi(wo — wyy2)) €9 4wy pe™
j=—n/2+1
n/2 n/2—1
= (wo — Wny2) Z bj€27rilj/n + Wy il 4 Z 2mili/n
j=-n/2 j=—n/2+1

2
= (wg — wn/Q)—D2 (27rl/n, E) + wy 2 D27l /0, n) .
n

In order to minimize £(V,p) = — Z e?mi=b/ "), we must suppress the contri-
7,leK
bution from summing over all j 7é [ because that from j = [ does not depend on the

particular choice of K with |K| = k.

If n is even and k < n/2, we observe that D*(27j/n,n/2) = 0 if j € 2Z \ {0}
and is otherwise strictly positive. Therefore, if all pairs of indices j,! € K have even

differences, then we achieve the minimum and the minimum is given by

¥ ~ 1 2 n\ 2

1

= o [wn/2 + wo] -
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If n is even and k > n/2, then n — k < n/2. Thus, treating n — k as new k in the

above argument gives the desired result. This concludes the case of even n.

Now, for odd n and 0 < j < n/2, we have

_ n—1 '\ . _
Wwj = 5 —J | Ptn—1)/2 +NPn

n—1 ) 2
— 5 —J m(wo — W(n-1)/2) + Wn-1)/2

2j
=1|1- - n— n—
( — 1) (wo = Wn-1)2) + Win-1)/2

= bj(wo — Win-1)/2) + Wirn-1)/2 -

For [ € {0,1,--- ,n — 1}, we have

n

,ZD(627r7,l/n> _ § ,Lz)j€27rzl]/n

= {b(wo — Wn-1)2) + Wer—1)/2} €7

2 1
—D? (27rl/n, ” > ) + Wie1y2D (2L /0, m).

To address the case of odd n, we embed the set K + nZ in Z. We partition
K+ nZ = K; UK, such that there are only even differences between all pairs of
elements taken from either K; or Ky, and odd differences between pairs that contain

elements from both sets. Then, since n is odd, K; + n = K.

For j € Z, we have

2 2n

sin? ((n— 1)2_7Tj) — in2 <7Tj 7Tj> _ SmQ(%j); if j even
' ' ) lfj odd

~—

2 .
cos (%]
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Therefore, for j # 0, we have

25
— (25"].) , if j even
n

sin?(

D?(2mj/n, (n — 1)/2) =

w0 (359 i § odd

( sin®(5,5)

1 2(m ;5 e
ssec’(5-7), if j even

Tesc?(£7), if j odd

Thus, for an odd j, we have

= D*(2n(n — j)/n, (n —1)/2)
Therefore, we conclude that
Z w(e%ri(j—l)/n) _ Z ,u~}(€27ri(j—l)/n)7
JleK jleky

where K; = K; NS and S = {0,1,--- ,2n — 1,2n}.

In this case, all differences between 7,1 € K; are even, and so w(e2™ =0/ s

symmetric increasing in j — [ € 27 .

We consider rearrangements among the set of numbers in {1,2,...,2n} N (K; 4+ 2Z).

Using Lemma 2.3.6, we obtain that the sum Z w(e*™U=0/m) is minimal if the
~ j,le]K1

rearranged K; consists of evenly spaced numbers, with a difference of two modulo

2n for each consecutive pair.
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Now we identify points in K; which differ by n and thus map this set onto K, to

get the minimizers for the mean-square error.

From the above and from Theorem 2.2.5, we infer that if a frame F' with analysis
operator V is complementary to an (n, k)-frame F, then it is a minimizer of £(V, p)
among all cyclic (n,n — k)-frames if and only if F' is a minimzier among all cyclic
(n, k)-frames. From the characterization of minimizers when k < n/2 we thus obtain

the minimizers if & > n/2. O

Remark 2.3.8. As pointed out in the literature, frames can be viewed as codes over
the real or complex numbers [49, 8]. If £ > n/2 and if it is relatively prime to
n, then an (n, k)-frame F' which minimizes the upper bound for the mean-square
reconstruction error is a complex BCH code as defined in [49]. The performance of
these codes in the context of active error correction has already been investigated in

previous works [56, 57, 58|.

2.3.5 An improved upper bound

Earlier we used a convexity argument and replaced the probability vector for the
burst lengths by another vector p to get an upper bound for £(V,p). Now, we
use a similar argument to get an improved upper bound in the case when n is a
multiple of 2™ for some fixed m. We consider the case of a transmission that erases
no coefficients, n/2™ coefficients, n/2™! coefficients, - -+, n/2 coefficients, or all of
the coefficients. We obtain an upper bound for £(V, p) by replacing the probability

vector p by another vector p with p; = 0if j ¢ {0,n/2™,n/2™" ' ... 'n/2,n} and
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p;j > 0 for 1 < j <n so that the weights w; can not decrease.

Theorem 2.3.9. Let F' be an (n, k) frame with analysis operator V. Let n be a mul-
tiple of 2™ and p = (po, p1,- -+ ,Pn) be a probability vector. Then there exists a vector
p = (Po, D1, ,Dn) with pj =0 for j ¢ iO,n/Qm,n/Qm_l,--- ,n/4,n/2,n},p; >0
for 1 < 5 < n and satisfying pp = 1 — Zﬁj such that the associated sequence of
weights {w;} and {w;} agree for the z'n]d:z;esj € {0,n/2m n/2mt .. n/4,n/2}
when 0 < 7 <n/2, and

E(V,p) <E(V,p).

Proof. We define p; = 0 for j ¢ {0,n/2™,n/2™ ' -+ n/4,n/2,n}. By the definition
of the weights w; associated to the vector p, we obtain the following: for 2 <t <m

and n/2t < j <n/20"Y —1,

5 n A n N - nooN - "
wj = <W - J) Dpjatt-1) + (W - J) Ppjatt-2 + -+ (5 —J) Dn/2 + NPy,

for 0 <j<mn/2m—1,

- n A -~ n A -~ n A -~ -
wj = (2—m - ]) Pnjam + (2m_1 - ]) Pnjom—1 + -+ (5 - J> Prj2 + NPy -

and Wy, /2 = npy.
Now, defining w; = w; for j € {0,n/2™ n/2™ 1 .-+ n/4,n/2}, we obtain that
for1 <t <m,
] =1 N
Wy /2t = NPp + N 521 of | Pnj2t-t

and
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1
From the above equations, we obtain p, = —wy,/; and P,/ = %(wn/4 — Wy2). For
n

2 <t <m—1, we consider the following expression
a(t) = 2t—i_lwn/QnJrl - 3(2)twn/2t + 2twn/2n71 .

Using the definition of w;’s and simplifying, we get

t

Oé(t) =n [2(2 pn/2t+1 i — 32 pn/Qt i + 22 pn/gt 1- z] .

i=1

By changing the indexing in the first and third term of the above expression, we

obtain
t—1
a(t)=n [Z(z”l 1)t i—SZ (2 — 1)y mLQZ 21 1) f ot ] ,
1=0

Combining the coefficients of p,, ot~ and simplifying, we get a(t) = np, 2 and there-
fore,

- 2t (2 1
DPnjot = % gwn/2t+1 — Wyt + gwn/Qt—l

forall 2 <t<m—1.

m+1

To find p,,j2m, we consider the expression ag = 2" wg — 2" wy, jom + 2" Wy, jgm-1.

Again, using the definition of w; and simplifying, we get

m—1 m—1
ap=n [Z 2 Pjams — 2 Y (2 = 1) yam- z+2z 1) jgm1- ] .

1=0 =1

By changing the indexing in the third term of the above expression and then com-

bining the coefficients of p,/om-:, we obtain ag = np,jem. Therefore, p,pm =
omtl /] n 1
—Wo — Wy /om + =Wy, jgm—1 |.
n 5o /2 5 Wn/2m=1

As w; is non-negative, decreasing and convex in j for 0 < j < n/2 (Lemma 2.3.2),

we conclude that pyor > 0 for all 0 < ¢ < m. Finally, define py = 1 — Zﬁj. As
j=1
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w; > w4 for all 0 < j < (n/2 — 1) , we conclude that p; > 0 for all 1 < j < n.
Now, as

1 n
E(V,p) = ™ Z w;—|Gjal?,

=1
it is enough to show that w; < w; for each 0 < j < n/2.
Now, we denote n/2™ by r. We observe that w; is linear in j on [0,7] and on
27, 217 1r] for each fixed 0 < ¢ < m — 2. As Wy = wy, W, = w, and w; is decreasing
and convex in j(from Lemma 2.3.2), we conclude that w; < w; for all 0 < j < r.
A similar argument shows that for any fixed 0 < ¢t < m — 2, w; < w; for all

2ty < j < 281y, This proves the theorem. O

Again, we examine the special case of a cyclic (n, k)-frame F', with Grammian G =
q(S) with q(e*™/") =1 for j € K € {0,1,2,...n — 1}, |K| = k and ¢(e*™7/") = 1

for j€{0,1,2,...n -1} \ K.

Lemma 2.3.10. Let F be a cyclic (n, k) frame with Grammian G = q(S), where S

is the shift matriz. Let p be as in Theorem 2.53.9. Then for any fired 0 <1 <n —1,

w(e%il/n) = ﬁn/szQ(Qﬂl/n, n/2™) + ﬁn/2m71D2(27rl/n, n/2m ) 4 ...

+ PnjeD* (27l /n,n/2) + np, D27l /0, n).

Proof. For notational convenience, we abbreviate A, ; = 5 — |j|. For fixed 0 <1 <

n — 1, using the definition of w;, we have
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n
w(e%rzl/n) — E a]je%rzlj/n
J=0

j=n/2-1
~ omili B .
— E wje milj/n 4 Wy 2™
j=—n/2+1
j=n/2m—1 j=n/2m"1-1
~ 2mily ~ 2milj
= E Am,jpn/T”e 7+ E Am—l,jpn/Qm—16 T+
j=—n/2m+1 j=—n/2m=141
j=n/2—1 j=n/2—1
~ 2mily ~ 2mily
et Y A np, (14 Y
j=—n/2+1 j=-n/2+1

= Pnjam D> (271 /0, 0/ 2"™) + Prjogm-1 D* (27l /n,n /27 ) + - - -
+ P2 D*(2nl 0, n/2) + np,D (27l /0, 7).
]

Theorem 2.3.11. If k < n/2™ and p is as in Theorem 2.3.9, then a cyclic (n,k)-
frame F with Grammian G = q(S) and frequency support K, q(e2™/™) = 1 for
jeKC{0,1,2,--- ,n— 1}, minimizes the upper bound E(V,p) if and only if each
pair j,l € K,j # 1, satisfies (j —1) € 2"Z \ {0}. If k > n —n/2™, then F
minimizes the upper bound if and only if each pair j,1 € {1,2,... . n} \K,j # [,
satisfies (j — 1) € 2™Z \ {0}. Moreover, in the case of k < n/2™, there ezists an
optimal frame with analysis operator Vinin which achieves the minimum value of the

mean-square error given by
m—2

Wo + 2wn/2m + 2m72wn/2 + 3 Z 2l71wn/2mfl
=1

N 1

If k > n—n/2™, then we have an optimal frame with analysis operator Vinin and

- 1 — 2k —
S(meaﬁ> - n2m [(2mn 2 + 1)100 + 2wn/2m + 2m72wn/2 +3 Z 2l1wn/2ml] .
=1
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Proof. We have

~ 1 ~ mi(j—1)/n
5(‘/719):@210(62 =0/

jleK

In order to minimize £(V,p), we must minimize the contributions from j # [ as
the contribution from j = [ does not depend on what K we pick with |K| =
k. From above Lemma, we observe that @(e?™=0/") is minimized if D?(27(l —
7)/n,n/2™) = 0,D*(2x(l — j)/n,n/2™7Y) = 0,---,D?*(2n(l — j)/n,n/4) = 0 and
D*(2m(I — j)/n,n/2) = 0, and this happens if (I — j) € 2"Z\ {0}. Therefore, if we
pick K in such a way that each pair j,1 € K, j # [ is such that (j — ) € 2"Z \ {0},

then £(V,p) is minimized.

If k> n—n/2™ then we have n — k < n/2™. Choosing n — k as new k in the

above arguments, we obtain the result in this case.

Moreover, in the case of £ < n/2™ minimum value of £(V,p) is given by

~ _ 1 5 n \ 2 5 n 2 B n\ 2 B
EVinin, ) = 1 {pn/zmk (2—m> + Pjom-—1k (szl) + -+ Puyak <§) + nknpn}

SR AN
— 22—m [Z 221pn/2m—l] .

=0

Substituting the values of p,,jom— for 1 < 1 < m — 2 in the above expression and

simplifying, we obtain

m—2 m—2
¥ ~ 1 n . I+1 l
E(Vinin, D) = —om [2—m njam + lz_; 27wy gm-141 — 3 lz_; 2wy, jgm-1
m—2

+ Y 2w, pmei1 + 120Dy + 02",
=1

Plugging the values of p,om, P /2, P, and changing the indexing in the first and third
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sums in the above expression, we get

m—3 m—2
~ N 1
EVinin, D) = o [wo — Wy 2m 4 Wy jom—1 + Z 2l+2wn/2m—l -3 Z 2lwn/2m—l
1=0 =1

m—1
+ Z 2l71wn/2m—1 + 2m(wn/4 — wn/Q) + Qmwn/2] .
=2

Combining the coefficients of w,, jom-« for 0 < ¢ < m and simplifying them, we obtain

N 1

n2m

m—2
wWo + 2wn/2m + 2m72wn/2 +3 Z 2l1wn/2ml] .
=1

Using the identity for complementary frames in Theorem 2.2.5, we deduce from the
formula for £ < n/2™ the corresponding expression for the minimal mean-square

error when k > n —n/2™. O

2.3.6 Accuracy of the upper bound for cyclic (n, k)-frames

We observe that Theorem 2.3.11 is concerned with a minimizer for £(V,p), which
resulted from modifying the burst-length statistics to obtain an upper bound for the
mean-square error. Next, we want to compare the performance of this minimizer

with the unmodified statistics given by p.

Let €(Vinin,p) be the minimum of £(V,p), where the minimum is taken over
all V' belonging to cyclic (n, k)-frames. In the case of a cyclic (n, k)-frame, from

Theorem 2.3.11, the minimum of £(V, p) is given by

m—2

~ . 1
E(Vinin, D) = om | Wo + 2w jom + 2" 2wy + 3 Z 2w, sy
=1

As EVpin,p) < E(V,p) and E(V,p) < E(V,p) ( from Theorem 2.3.9) for any fixed
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V', we conclude that &(Vin,p) < & (f/mm, p). We now obtain an upper bound for
Theorem 2.3.12. Let p and p be as in Theorem 2.3.9. If Vi, and me are as
defined above, then

- n—k
S(sznap> - E(sznap> < n2 (wl - wn/?) .

Proof. Let G and G be the Grammian for the frames with analysis operators Voin

and V,,;, respectively. Using éj,j = Gjj for 1 < j <n, we obtain

EWVrnins 9) — € Vinins p) = Zwl 5 [1G3 = 16l
l] 1
1 . ~ 2 2
= > wiy [\Gjﬂ — |Gl }
lj=1
i
1 ~ 2 2
< X e (1Gul - 1GuP)
L
1G>G,
Y wae (1GuP —1GuP)
7j
1G.11<|Gjl
1 [~
= [wn/Q > <!Gy,1|2 - \Gj,l|2>
l,j=1

- Z (w1 = wn2) (!éj,l|2— |Gj,l!2>

IG] l|>‘GJ lI
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Using relations (2.5) and (2.6) in the above expression, we get

K
P = T (= wa)

N 1 LI
5(me,p) - 8<meap) < E(wl - wn/2) Z ’Gj»l
1j=1
i

2.3.7 Example: packetization and burst lengths

We examine a particular case in which the burst-length statistics depend on just
one parameter § € [0,1]. This parameter is related to transition probabilities in
a two-state Markov model for the transmission channel, see [64]. The two states
correspond to a frame coefficient being erased or being perfectly transmitted. Given
that a coefficient is erased, then the conditional probability of the following coefficient

being erased is (.

The problem we wish to consider is the transmission of a sequence of vectors
in terms of packets of size n, given by the frame coefficients corresponding to each
vector. If the packet/frame size were infinite, then a geometric distribution for
burst lengths would ensue. To obtain the mean-square reconstruction error in the
finite-length case, we compute the effective distribution of the burst lengths inside
each packet. For simplicity, we eliminate a trivial dependence and assume that the
probability of a burst occurring within each packet is equal to one. If packetization is
ignored, then it is natural to assume that each position in a sequence of transmitted
frame coefficients should have the same probability for being the starting point of a

burst. Partitioning the sequence into consecutive packets of a given length leads to an
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effective distribution in which the first position in a packet has a higher probability
of being the starting point compared to the others. On the other hand, the fixed

packet size effectively truncates long bursts.

The length statistics of the truncated bursts depends on their starting point
within a packet. Let {X; :t € {1,2,--- ,n}} be a sequence of integer-valued random

variables such that the value r € {1,2,...,n} is assumed with probability

1-p)p"Y, r<n—t+1
P(X,=r)={ gt r=n—t+1

0, else

Here, t indicates the starting point of the burst in a packet.

To compute the probability that the first position in a packet belongs to a burst,
we consider the N coefficients preceding a packet together with the those in the
packet, for some fixed N € N. Assuming that a burst could start at any N + n
position of the sequence with equal probability, if M is a random variable specifying

at which position the burst starts inside the packet, then the probabilities Py for M

are
A
and
- B AN Ny 1_5N+1
PN(M—l)—N+n(1+B+52+“'+5 ) = (N+n)(1-5)

where Ay is a normalization constant. Now, we have

zn:PN(M:z'): Ay (n—1+1_—5N+1) =1
=1
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which determines the value of Ay. After normalizing and letting N — oo, we get
the probabilities P(M = i) that a burst starts at position ¢ in the packet and they

are given by

1 S
T Tl
P(M =1i) =
1-8 -
Te-nap) 2Sisn

Therefore, p, the length statistics for the burst erasure is given by py = 0 and for
1<j<n

p;j = P(Xar = j) Z P(M =j).
We plug in the values of P(M = t) and P(X; = j) in the above expression and

simplify to obtain

bj =

n—1

oD J=n

From p, we get to p as in Theorem 2.3.9, calculate £ (f/mm,ﬁ) as an upper bound
and compare this to &(Vym, p) for different values of m, fixed k and r = n/2™. We
include log-log plots of % {%wo + <1 - S) wn/g] , of E(Viin: D), of £(Vinin, p) and of
the expected burst length for each m € {1,2,3,4},k =9 and r = 10 in Figure 2.1.
The probability vector p is calculated for each 8 € [0, 1], from which the expected
burst length is deduced. We observe that 8 = 0 implies that p = (0, 1,0, --- ,0), thus
the expected burst length is 1 and £ (‘N/mm, p) = % This gives the starting point of

the each of the curves for E(me, p) for different values of n as k remains fixed.
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— - — - log of upper bound of MSE
log of true MSE -
log of the lower bound

-2.5

—35 C 1 1 1 1 3
0 0.5 1 1.5 2 25
log of Expected Burst Length

log of lower bound of MSE, true MSE and upper bound of MSE

Figure 2.1: Log-log plots of upper and lower bounds and of the mean-square error
depending on the expected burst length, for each frame of size n € {20, 40,80, 160}
in a Hilbert space of dimension k£ = 9.

In order to assess the magnitude of deviation from the mean-square reconstruction

error, we plot simulated square errors for m = 4,7 = 10 and k£ = 9 in Figure 2.2,

with 10,000 randomly generated input vectors and bursts.

As the packet length n increases to infinity, the distribution of the burst lengths
in a packet converges to a geometric distribution. If the ratio k/n converges to a
constant ¢ as n diverges, then the asymptotics of the upper and lower bounds coincide
(using Proposition 2 and Theorem 2.3.11). Therefore, the mean-square error satisfies

nE (Vimin, p) — cwo. In a log-log plot, this leads to an asymptotically linear graph

o1
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Figure 2.2: Log-log plots of upper and lower bounds and of the mean-square error
depending on the expected burst length for a frame of size n = 160 in a Hilbert space
of dimension k£ = 9, together with square errors resulting from randomly selected
input vectors and bursts.

of the mean-square error. To illustrate the effect of the truncation due to the finite
packet length, we have plotted the true mean-square reconstruction error and our

estimates for fixed values of § and packet length n = r2™ with m =4, k =r —1 and

thus k/n — 1/2™ = 1/16 in Figure 2.3.
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~. — - — - upper bound of MSE
true MSE

lower bound of MSE

1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2

Figure 2.3: Log-log plot of upper and lower bounds and of the mean-square error
depending on r € {10,11,---,100}, with corresponding packet lengths n = 2r
and dimensions k = r — 1, so k/n — 1/16, and different values of the parameter
B € {0.9,0.8,.064,.04}, which determines the approximately geometric distribution
of burst lengths.
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CHAPTER 3

Linear Packet Encoding and Erasures

In this chapter, we study another form of structured erasures. In contrast to chapter
2, the structure of the lost data does not consist of a burst, but in an erased subset
of coefficients, a packet. We consider a signal as a vector in an D-dimensional real
Hilbert space. An encoding map sends this vector to N packets each having m
coefficients and thus to a vector in R¥™. The range of this ecoding map is a D-
dimensional suspace of RY™ and the kernel of its adjoint is a subspace of RV™ of
dimension M = Nm—D. This encoded vector is transmitted through a noisy channel
in the form of N packets of m linear coefficients. During the transmission, a few of

the packets are lost or corrupted and thus, the receiver has less intact packets. We
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assume D < Nm to allow for the possibility that a significant part of the signal may
be recovered without the need for re-sending when a few packets are lost, corrupted
or impractically delayed in the transmission. We also assume that only £ packets of
the transmitted vector are lost or corrupted with & being very small compared to
N. For the purposes of designing an algorithm to recover the transmitted vector, we
use matrix T'of size M x Nm with entries ¢; ;, which are independent realizations of
a Gaussian random variable with mean 0 and variance % Denoting the range of
map 7% : RM — RY™ by R and Ker(T) by K, which is an D-dimensional subspace
of R¥™ we observe that R+ = K. Let {a; : 1 < j < D} be an orthonormal basis
of K = Ker(T). We denote A = [ay|as| - |ap] and write the rows of A as v; for
1 <i< Nm. Then F = {v; : 1 < i < Nm} is a Parseval frame for R”. We
use the analysis operator ) for this Parseval frame F' as encoder for RP. Thus, for
any v € R, the encoded vector is Qu € K C R¥™. Then we send this encoded
vector through a noisy channel and at the receiving end, we receive Qv + x, where
x is the error during the transmission. If we know z, then we will have the encoded
vector Qu. We assume that only k& packets of x are non-zero, where £ is very small
compared to N, the total number of packets. As K = Ker(T), applying T to the
received vector gives us T(Qu + z) = 0+ Tz = Tax € RM. In order to get the
measurements, we then apply 7" and a multiple of a random projection P on RV™

of rank p.

In order to achieve the goal, we follow the following steps:

e For a fixed z € RY™ we show that the value of || Tz||? is concentrated around

its expected value ||z||* (Lemma 3.2.1 and 3.2.2).
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o Let x € RY™ be written as x = (a2}, 28,--- ,2%) with 2! € R™, that is,
x is treated as N packets with each having m linear coefficients. Let S C
{1,2,---, N} be a set of indices with #5 < k and Xg be the subspace of R¥™
consisting of all z € RY™ with x; = 0 for all i ¢ S. For a fixed 0 < 6 < 0.4,

| Tz||? is close to ||z||? for all z € Xg with high probability(Lemma 3.2.3).

e For a fixed 0 < 6 < 0.4 and fixed S, we then show that the length of ||7*7Tz||

is close to ||z for all z € Xg with high probability (Lemma 3.2.4).

e Using the result(Lemma 3.2.5) that for a fixed vector z € R¥™ and a random
projection P of rank p on RN™ % ||Pz|| is close to ||z|| with high probability

(Theorem 3.2.6).

e Combining the above steps, we show that %HPT*T&UH is close to ||z|| with

high probability for a fixed 0 < § < 0.4 and fixed Xg (Theorem 3.2.7).

e We show that for fixed 0 < § < 0.2 and any Xg, %PT*T satisfies weak

form of restricted isometry property (Theorem 3.2.8).

e For a fixed 0 < d < 0.2, we provide conditions on N, k,m, M, and p that
guarantee that %PT*T satisfies the weak form of the restricted isometry
property with probability p, which goes to 1 as we allow m, M, and p to go to

infinity under certain conditions (Proposition 3).

In the section 3.3, we reconstruct  with only £ non-zero packets as a solution to
a convex optimization problem. We also show the stability of the solution in the

presence of noise of small magnitude.
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3.1 Notations and definitions

We generalize the concept of frames for a Hilbert space. We define a fusion frame or

frame of subspaces and related concepts for a Hilbert space H.

Definition 3.1.1. Let J be some index set, and let {v; : v; > 05 € J} be a family of
weights. A family of closed subspaces {W; : j € J} of a Hilbert space H is a fusion
frame or a frame of subspaces with respect to {v; : v; > 0 for each j € J} for H, if
there exist constants 0 < C < D < oo such that

Cllz|* < ZU?HPWjSUHZ < D||z||* for all x € H, (3.1)

jeJ

where Py, is the orthogonal projection of H onto W;. We call C and D the frame
bounds for the fusion frame. The family {W; : j € J} is called a C-tight fusion frame
with respect to {v; : v; > 0 V5 € J} , if in (3.1) the constants C' and D can be
chosen so that C = D, a Parseval fusion frame with respect to {v; : v; >0 Vj € J}
provided that C = D = 1 and an orthonormal basis of subspaces if H = @VVJ
Moreover, we call a fusion frame {W; : j € J} with respect to {v; : v; >0 ijje J}

v-uniform, if v :i=v; = v; for alli,j € J.

For natural numbers m and N, we define (IV,m, M )-reconstruction system for

the Hilbert space H = RM.

Definition 3.1.2. A family V = {V; : 1 < j < N} of linear maps from R™ to RM

is called an (N, m, M)-reconstruction system for RM  if

N
Sy =Y ViV
j=1
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is a positive and invertible operator on RM™. This is called an (N, m, M)-protocol if
N
D ViV =D
j=1
If W; is the range of Vj, then the analysis operator of this system V is defined by
TVRM%GB;V:]_W]:W
via
TV?J = (V1*y, ‘/2*y7 U 7V];k[y) .
Its adjoint 77; is called the synthesis operator of the system V, and it satisfies

Ty : W =a),W; - RY

with

N
*
Tv(xthJ"' ,.’,UN) - E :‘/]x]
J=1

3.2 Restricted isometry property of a random

matrix

In this section we construct a matrix which allows the recovery of vectors that are
non-zero in only a few packets. If the signal is encoded in such a way that it is
annihilated by this matrix, then recovery of sparse errors and recovery of the signal
are equivalent. As in other works on the recovery of sparse vectors, we also use

measure concentration as an essential tool. We consider an M x Nm random matrix
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T = (t;;) whose entries t; ; are independent realizations of Gaussian random variable

L

i I e,

1
t@j ~ N <O, M) .

We write T' = [T, T, - - - , Tvm], where T} is the jth column of 7. By concatenating

with mean 0 and variance

the first m columns of T, we form a matrix V; € RM*™  Similarly, we denote the
matrix formed by the next m columns of T by V5 and continue in this fashion to get
Vs, -+, Vn. Thus we obtain a family V = {V; : 1 < j < N} of linear maps from R™
to RM. This family V = {V; : 1 < j < N} is an (N, m, M)- reconstruction system
for RM with T* as the analysis operator. We first show that the expected value of
the random variable ||Tz||? for a fixed z is ||z||* and it is highly concentrated about

|z||* as stated in [2].
Lemma 3.2.1. [2] Let v be the probability measure on

1
& = {T = (ti;) 1<i<m, : tij’s are independent realizations of N (O, —) }

1<j<Nm M
induced by the probability measures on t;;’s. Then for any fited x € RN™ with

x=(&,&,  ,&vm)", we have
E[|Tx|?] = ||z,

where the expectation is computed with respect to the measure v.
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Proof. We have

M /Nm 2
el = 3 ztm@-)
i—1 \j=1
M Nm Nm
= Z Z(ti,j>2£]2 + Z ti&itia&
i—1 | =1 ji=1
I i

1
AS E[tl’J] = O,E[<ti’j)2] = M and E[ti,lti,j] = E[tz,l]E[tlJ] Wheneverj §£ l (by inde-

pendence), we have

M Nm Nm
E[|Tz|*] = Z ZE [(tig)%€5] + Z E [t; ;€;t:.1&1]

i=1 _J=1 ]3;;11
M Nm Nm

- Z Z ETE [(ti)°] + Z EEE [ti ] E[ti]
i=1 _]:l j}l;ll
M T 1 Nm

= — > &+0

[]

Next, we need that for any fixed vector x € R¥™ the random variable T' — ||Tz||?

is strongly concentrated about its expected value ||z|* [1, 2].

Lemma 3.2.2. [1, 2] Let v be the probability measure on

1
&= {T = (ti;) 1<i<m, : tij’s are independent realizations of N (0, —)}

1<j<Nm M
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induced by the probability measures on t; ;’s. For any v € RN™ and fized 0 < e < 1,

we have
v{T € & ||Ta|® — [|l=]?] = el|z]*} < 2e7M (3.2)
e e
h =— ——.
where cy(€) 1%

M
Proof. We observe that ||Tx|* = Z(Tx)l2 For each 1 < i < M, we consider the

i=1

Nm
j=1

The expected value of Y; is given by

Nm
= Eltil¢ =
j=1

Using the independence of ¢; ; and ¢;; whenever j # [, we compute the second moment

random variable

of Y; as follows:

=3 Bl = 3 Bl Bl + > B = Lol

=1 7,l=1 J=1
J#l

This shows that Z; = 7 YZ- is distributed as N(0,1) and Z;’s are independent.

Thus, the random variable ZZE is x3, chi-squared distributed with M degrees
i=1
of freedom. Now, we bound the failure probability of one side. From the relation

o M
% Z 72 = ||Tx||*, we obtain

v{T €& |Tz|” > (1+¢)|z|} :y{Tef;:ZZf > (1+€)M}
=v{Te&: x5 >1+eM}.
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We appeal to a concentration result below:
L2 7M(€27€3)
v{Te&: xy>21+eM} <e : (3.3)

To prove the above relation 3.3, we observe that Z;’s are i.i.d. AN(0,1) random
variables. By Markov’s inequality, we have

V{Tegzﬁwz(1+e)M}=y{Te<€:ZZfz(1+6)M}

i=1
=v {T SR e*Zi‘il z; > 6A(1+6)M}

]E |:€>‘ Zf\il Zz2:|

S eM1+e)M

)"

eA(1+e)M

1 M/2
— 6—)\(1+6)M
(1 - 2)\) ’

where the last step follows from evaluating the expectation of e*4%, which holds for

0 < A < 1/2. Choosing A = minimizes the above expression and thus, we

€
2(1+¢)
have

v {T e&:xy >0+ E)M} < [(1 + 6)6_6} M/2 < e—%(é—é),

using the upper bound 1+ € < e (€ =)/2, Similarly, we have

AT € € ITa < (1= )} = v {T €113, < (1 M) < o H0

From the definition of Z;’s and combining (3.3) and (3.4), we conclude that

AT € & TelP < (1- o)l or 7] > (1 + ) ]]?} < 2~ ¥,

62



3.2. RESTRICTED ISOMETRY PROPERTY OF A RANDOM
MATRIX

which completes the proof.

]

For x € RY™, we write © = (21, 2,--- ,2y)" with 2, € R™. Let us restrict our
attention to the acton of random T on a fixed km-dimensional subspace. For any
set of indices S C {1,2,---, N} with #S < k, we denote by Xg the set of all vectors
r € RN™ satisfying z; = 0 for all j ¢ S. The strategy of the proof of the following

lemma is similar to that used by Baraniuk et al. in [2].

Lemma 3.2.3. Let v be the probability measure on £. Then, for any fired S C
{1,2,--- , N} with #S =k, and any 0 < § < 0.4, we have

40 40
<1 — 7) |z]|? < ||Tz||* < (1 + 7) lz||* for all x € Xg (3.5)
with
16 km
v{T € £:(3.5) holds } >1—2 (1 + ?) em0O/OM (3.6)

Proof. By scaling, we only need to show that (3.5) holds for all ||z|| = 1,2 € Xg.
By a volume inequality for sphere packings [2], we know that for given § > 0, there

exits a set B C g = {x € Xg : ||z|| = 1} such that

1. for every z € Xg, there exists y € B such that ||z —y|| < /8, so B is a §/8-net

in 25

km
2. the cardinality of B is < (1 + 1?;6) .
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Using the union bound along with the relation (3.2), with probability exceeding the

right hand side of (3.6), we have
J 2 2 0 2
L= ) lwlF < W7yl < (147 ) Iyl for all y € B. (3.7)
Now, we define a to be the smallest number such that
|T2|]* < (1 +a)||z|]? for all z € Xg with ||z| < 1. (3.8)
For any = € Xg, there exists y € B such that ||z — y|| < /8. In this case, we have
5 2
ITPIT - I < (4l + alle -l < @+ a? (5) (39)

and this implies that
1T < | Tyll* + 1T (x = )II* + 2 Tyl T (z — y)|
5\ 5
<(1+6/4)+(1+a) S +2(1+a) 3/

Since, by definition, a is the smallest number for which (3.8) holds, we obtain

(1+a) <(1+6/4)+ (1+a) (g)2+2(1+a) (g)
SRR

326 + 62

= S 16s — o2

In order to show the upper inequality in (3.5), we need to prove that for 0 < § < 0.4,

320 + 6* <4_(5
64 —160 — 02 — 7

We consider

46 32648%  5(32—T10 —46°) (3.10)
7 64—166 — 02  7(64 — 166 — 62) '
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As 32 — 710 — 462 and 64 — 165 — 6% are decreasing and positive functions of § on the
interval (0,0.4), using the relation (3.10), we conclude that the upper inequality in
(3.5) holds.

Also, from triangle inequality, we have

IT2]* > (1Tl = 1T - y)l)*

> | Tyll* — 2| Tyl T (x - y)l|

Using relations (3.7), (3.9) and the upper inequality in (3.5), we obtain

46 § § 62
Hﬂﬂﬁzu—wg—2<y+7>§:1—§—7- (3.11)

For 0 < § < 0.4, we have

45§ &2 5(1—2)
09 d1-29) 12
7 277 TR (3.12)

Using (3.11) and (3.12), we conclude that the lower inequality in (3.5) holds.

We define map 0 : £ — My given by T +— T*T. This map induces a probability
measure vp on F = {0(T) =T*T : T € £}. The following lemma is a consequence

of the previous lemma.

Lemma 3.2.4. For any S with #S =k and any 0 < § < 0.4, we have

44 44
(1 — 7) ||| < || T"Tz|| < (1 + 7) ||| for all x € Xg (3.13)
with
« 16\ _ (6/4)M
vp{T*T € F:(3.13) holds } >1—-2(1+ 5 e : (3.14)
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Proof. We observe that the relation (3.5) is equivalent to

(1—=46/7) [z, x) < (T"Tx,z) < (14 46/7) z,z) for all x € Xg

=(1—46/T)x, < T*Tx, < (1+46/7)lx, .

This shows that (1 —40/7) and (1+40/7) are the smallest and largest eigenvalues of
T*Tx,. Therefore, (1—46/7)* and (1+46/7)? are the smallest and largest eigenvalues

of (T*Tx,)?. This implies that
(1 —45)7)Ixs < (T*Txy)* < (1+46/7)*Ix,
=((1 —46/7) Iz, z) < (T*TT*Tx,z) < (1 +46/7)*Ix,z) for all v € Xg
=(1—45/7)3|z||* < |IT*Tx||* < (1 +45/7)%||z||? for all z € Xg
=(1—46/7)||z|| < |T*Tz|| < (1+46/7)||z|| for all z € X5

As vy is induced by the map 6 and relation (3.5) holds with the same probability as

given in (3.6), lemma is proved. O

Now, for the random projection, we have the following lemma:

Lemma 3.2.5. [3, 46] Let z € RN™ be a non-zero vector and let iy, be the invari-
ant probability measure on the Grassmannian G,(RN™) of p-dimensional subspaces
in RN™. For Ve G,(RN™), let 2y be the orthogonal projection of z onto V. Then,

forany 0 <e<1,

IN
:uNm7p {V c Gp(RNm) : _mHzVH Z (1 _ €>_1”Z||} S e—ezp/él + 6—52Nm/4 and
p
Nm Nm —e2 /4 —62Nm/4
g |V € GpRY™) 1y [= = llavl < (1= 0llzll p < 7P e .
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Let O(Nm,p) denote the set of orthogonal projections of rank p from RN™.
AS finm,p is the probability measure on the Grassmannian G,(R™™), the map ¢ :
Go(RN™) — O(Nm,p) given by V + Py, where Py is the orthogonal projection of
RN™ onto the subspace V, induces a probability measure p, on O(Nm,p). Thus,

using lemma 3.2.5, we have that for any fixed » € RM™,

Hp {P € O(Nm,p): (1 =e)|[2] <4/ %HPZH <(1- 6)_1HZI\}

>1-2 <e—€2p/4 + e—EQNm/‘*) . (3.15)

Now, we consider the product measure A = p,, X vp on O(Nm,p) x F. The map

(P, T*T) — PT*T induces a probability measure ¢ on
G={PT"T:Pec ONm,p), T"T € F}.

Theorem 3.2.6. Let T € £ and P € O(Nm,p). For any set S C {1,2,--- ,N} of
indices, let Xg denote the set of all vectors x = (w1, 19, ,xN)" with $§ e R™ in
RN™ satisfying x; = 0 for all j outside of S. Then, for any S with #S =k, a fized

vector x € Xg and for any 0 < § < 0.4, we have

({PT* o as/mel <[ VP < UL, H})

(1 —2 (1 + 156) e—C0(0/4) ) (1 _ 2( —62p/256 te 52Nm/256))

(3.16)

Proof. For a fixed vector x € Xg,

+—45/7)
(1= 48/7)(1 = /8) ] < [P T < L
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is true whenever both of the following relations hold:

Nm 1
1 =6/ T Tx|| < 4| —||PT*Tx|| < ———||T"Tx
(1= /8)|T°Tal) < [ SIPT T < (s T T

(1= 46/T) |z} < T*Tee|| < (1 +45/7)|]] -

and

Thus, for a fixed x € Xg, we have

- Nm, . (1+45/7)
o ({PT T (1= 0/8)(1 ~45/T)|x]| < || S IPT T < (o ||}>
o ({PT*T: (1—6/8)|T"Tx| < 1/%||PT*T:E|| < (1-6/8)7T*Tz| and

(1= 45/T)|[=l| < |T*T|| < (1 +40/7)[lx[[})

<{P€O(Nm p): (1 =0/8)[2]] <\/ 2Pz < (1-0/8)" 1HZH}>

Xvey({T"T € F: (1 —=45/7)||z|| < || T*Tx| < (14+40/7)|z||}).

Using lemma 3.2.4 and relation (3.15), we obtain that the RHS of the above inequality

is

km
> (1 _9 <1 i ?) eco(6/4)M> (1 _ 2(67621)/256 1 6752Nm/256>) .

In order to avoid writing complicated expressions, let us denote

km
a(d) =2 (1 + ?) e~ /DM (3.17)

B(6) =2 <e—52p/4 + 6-52Nm/4) (3.18)
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Using the above notations, the relation (3.16) becomes

% . N . (1+46/7)
o <{PTT (1 —=0/8)(1 —45/7)||z|| < \/;HPTT z|| < m“x“ does not hold})

< a(6/2) + B(5/8). (3.19)

Theorem 3.2.7. Let T, P and Xg be as above. For any 0 < 0 < 0.4, we have

Nm . 1+46/7
(1= 0)all < | T PToTe] < G el for allo e Xs (320

with probability

o{PT*T : P € O(Nm,p), T*T € F} > 1 — (1 - 17;6> : (a(6/2) + B(6/8)) ,

(3.21)
where «(d) and B(0) are defined by 3.17 and 3.18.

Proof. The idea of the proof is based on the arguments made by Baraniuk et al. in
2]. As PT*T is linear, it is enough to prove (3.20) in the case when ||z|| = 1. By a
volume inequality for sphere packings [2], we know that for given § > 0, there exits

aset BC Xg={r¢€ Xg:|z|] =1} such that

1. for every z € ¥g, there exists y € B such that ||z —y|| < 0/8, so Bis a §/8-net
in 25
- . 16"
2. the cardinality of B is < [ 1+ 5 .
Using the union bound along with the relation (3.19), with probability exceeding the

right hand side of (3.21), we have

Nm (1446/7)

(1—=46/8)(1 —40/7)|lyl| < THPT*T?/H < 1=5/8) lly|| for all y € B. (3.22)
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Define A as the smallest number such that

N
mHPT*TxH < Aljz||, for all z € Xg, |jz]| < 1. (3.23)
1+4
We need to show that A < % For any = € Xg with ||z|| = 1, we can pick
a y € B such that ||z — y|| < /8. In this case, using (3.22) and (3.23), we have
N
S IPT el < [SEIPT Ty 4 [ SR PTG~ )]
1+45/7
< e Wil Alltz —w)
(1-4/8)
< (1440/7) +A§
(1—-14/8) 8
By definition of A, we obtain
(1+40/7) J
<24+ A=
=M =s/8) B
(14+40/7)
A< ——1 2
ROk

Thus, the upper inequality in (3.20) holds. For the lower inequality, we have

Nm . . Nm s
\ |PT*Tz|| = ||PTT?/|| \ |PT*T(z — y)|

(1+45/7)
(1—0/8)(1 —40/7)|lyll — =09 sl@ =yl
(14+46/7)6
(1-4/8)28
3584 — 38400 4 6806% — 1030° + 464
B 56(8 — 0)?

v

> (1-§/8)(1—45/7) —

(3.24)

For 0 < 6 < 0.4, we have

3584 — 38406 + 6806% — 1036° + 44*

56(8 — 0)?
6(640 — 2726 — 475% + 40°%)
B 56(8 — 0)2

—(1-9)

>0 (3.25)
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Thus, from (3.24) and (3.25), we conclude that the upper inequality in (3.20) holds.

m
Theorem 3.2.8. Let T, P and Xg be as above. For any 0 < 6 < 0.2, we have
2 _ Nm * 2 2
cllx|l* < —||PT*Tz||* < d||x||* for all x € Xg, (3.26)
p
where ¢ > 1 — (V2 —1) and d <1+ (v/2 — 1), with probability
16 km
>1-— 1+F ((6/2) + B(6/8)) , (3.27)

where a(d) and B(6) are defined by 3.17 and 3.18.

Proof. From theorem 3.2.7, it is enough to prove that

(1+45/7) _ 114
o =7

and (1 — §)? <2—+2forall0<d<0.2.
We have

(L+46/7) _ 14
T <9
(1-4/8)> =
45 6 52

=12y — 4 -

<
7 T @ Gy =

The roots of this quadratic equation are 32%* (16 + (7)2'/*) — 223/4, /256 + (273)21/4

and 223/1 (16 + (7)21/*) + 22%/1/256 + (273)21/%. Thus the above inequality holds

for all 0 < § < 22%/4 (16 + (7)21/4) — 223/4,/256 + (273)2'/4 and hence for all 0 <

6 <0.2.

Also, (1 — 4)? is decreasing on the interval § € (0,0.2) and for § = 0.2, (1 — §)* >

2 — v/2. Hence the result. ]
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We know that for each subspace Xg with S C {1,2,---,N},|S| = k, the matrix

N
2 PP fails to satisfy (3.26) with probability

p
< (1+ ?) m(a(5/2> +B(6/8))

N
There are <k5> < (eN/k)* such subspaces. Hence, for any k-sparse z, (3.26) will

fail to hold with probability

k km km
< ﬂ 1+ E 201+ E e~ @/HM 4 9 <6—52p/256 + efész/QE)ﬁ)
“\ Kk 0 d
(3.28)

— 9k () [ech0(5/4)+2kmln(1+%) 1 e pd?/256+kmIn(1+50) | o

— Nmé?/256+km 1n(1+%6):|
(3.29)

" 7 N < 2561n(14+16/9)
Proposition 3. For any fired0 < 0 < 0.2, let N and k be fived with 7- > ==—5—">.

For any k-sparse x, (3.26) will fail to hold with probability < p, which goes to zero

as M,m, and p go to infinity provided 3= = constant, co(6/4) > 2k In(1+ ) and

p _

256k In(14+16/6
L — constant > w.

Proof. We note that ¢ = @PT*T remains a fixed multiple of PT*T even if m
and p tend to infinity. Let us consider each term one by one on the RHS of the above
relation. We observe that the expression k ln(%) is a fixed constant and appears in
each of the exponents in the above relation. Using the condition on ratio of N and

k and from exponent of the third term in above relation, we have

Nmd?
256

1
> kmIn(1 + 76)
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This implies that the third term goes to zero as m — oo. Similarly, using the

conditions on the ratio of p and m, we see the second term also goes to 0 as m — oo.
Now, we consider the exponent of the first term: Using the condition that cy(5/4) >
2k In(1 + 12, we conclude that

N 1 N 1
~Meo(6/4) + kln(%) + 2kmIn(1 + 76) - kln(%) M | —co(6/4) + 2k% In(1 + 76)

goes to —oo as M and m go to oo with % This shows that the first term also goes

to zero. 0

3.3 Recovery in the case of sparse error

|N
Now, suppose we have ¢ = 2 pPer such that ¢ satisfies (3.26) for all x € Xg
p

and for all Xg with |S| < k.

Suppose Wy, Ws, - -+ Wy are subspaces of a Hilbert space H with dim(W;) = m for
all 1 <7 < N. Define W as the direct sum of these subspaces, W = @?le. For

any © = (21,22, -+ ,xy) € W,z; € W, we define the mixed [,, norms as

N 1/r
[z ]lg.r = (ZHIillZ) :
=1

When the parameter ¢ is omitted, we mean that ¢ = 2:

N 1/r
]l = (ZH%HZ) :
=1

Suppose that we observe
y = o, (3.30)
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where © = (21,29, ,xy) € W is a vector we wish to reconstruct, y € W are
available measurements, and ¢ is a known linear operator on W. We also assume
that the dimension of the range of W is p < Nm. Now, we ask whether it is possible

to reconstruct  with good accuracy.

Definition 3.3.1. For each integer k = 1,2, -+, define the weak restricted isometry

constant 6y, of an operator ¢ as the smallest number such that
(1= a2l < llox]l3 < (14 de)l|=]l3 (3.31)
holds for all k-sparse vectors. A wector x = (x1,xq, -+ ,xy) € W is said to be

k-sparse if the cardinality of {i : x; # 0} is < k.

Let z* be the solution to
m%HEHl subject to ¢pT =y . (3.32)
ic

For # = (z1,79, - ,xn) € W, we have (||z1]2, [|z2ll2, -, [|zn]2) € RY and we
denote this by . We will compare the reconstruction x* with the best sparse ap-
proximation one could obtain if one knew exactly the locations and amplitudes of
the k-largest entries of Z. We denote this approximation by ) i. e., the vector z

with all but the k-largest components set to zero.

We observe

y=o¢r+z, (3.33)

where 2 is an unknown noise term. In this context, we try to reconstruct x as the

solution to the convex optimization problem
min||Z||; subject to ||y — ¢Z||> < €. (3.34)
TEW
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3.3. RECOVERY IN THE CASE OF SPARSE ERROR

The following theorem is an extension of a result by [21] and its proof uses the ideas

from the proof of the original result presented in this paper by Candes.

Theorem 3.3.2. Assume that 5y, < V2 — 1 and ||z|s < €. Then the solution to

(5.34) obeys
|z* — x| < Cok™ 2|z — 2P|y + Cye (3.35)

with the some constants Cy and Cy given explicitly below.

First, we prove the following lemma:

Lemma 3.3.3. For all z,2’ € W supported on disjoint subsets S, S" C {1,2,--- , N}

with |S| <k and |S'| < k', we have
{9z, 2")| < |22’ ]l2

Proof. The proof of this lemma follows by essentially the same arguments given by

Candes[21]. Suppose x and 2’ are unit vectors with disjoint supports. We have
(1= Oksw)|lz £ 2[5 < [lo(z £ )3 < (1 + Saw) |2 £ 2|3
As SNS =g, ||z £2/||3 = ||z]|3 + ||z]|3 = 2. Therefore, we have
21— i) < (@ + )3 < 201+ Gy
Using the parallelogram identity, we have

(b, ¢a')| = - [lé(x + 2)[3 = llg( — 23] < O

A~ =

which concludes the proof. O]
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3.3. RECOVERY IN THE CASE OF SPARSE ERROR

Now, we prove the theorem 3.3.2:

Proof. We observe that

[o(x* — z)|l2 < [[¢2" — yll2 + ly — ¢xl2 < 2€, (3.36)

which follows from the triangle inequality and the fact that x is feasible for the prob-
lem (3.34). We set x* = z+h and decompose h into a sum of vectors hg,, hs,, hs,, - -,
each of sparsity at most k. Here, Sy corresponds to the locations of k largest coeffi-
cients of x; S; corresponds to the locations of the k largest coefficients of hAS/g; S5 to

the locations of the next k largest coefficients of f;;g, and so on.

First, we show that the size of h outside of Sy U S; is essentially bounded by that of

h on SQUSl.

We note that for each j > 2,

s, ll2 < K2 |lhs,llso < K72 Bs,, |1

and thus
D Mg lls < k2 (hs I+ syl + ) < k2 (lhgg (3.37)
Jj>2
In particular, this gives us the useful estimate
Ihesousoellz = 11> hs,lla <Y llhs, lla < &2 hsgllr (3.38)

Jj=>2 Jj=2
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3.3. RECOVERY IN THE CASE OF SPARSE ERROR

Also, we have
N
Il =Dl + hll2
=1
= lzi+halla+ >l + halla

iESO i§é50
> (lwilla = 1Rall2) + > il = [[7a]]2)
€Sy i¢So

= |lzsyllr — [[hsolls + sl — lzsellr -

This implies that

Ihsglli < |zl = [[zsells + 1sy 1 + (|2

1

<l — 25, |ls + [[hsy |1 + l|lzsg1

= 2[|zsglly + s, s (3.39)

Applying (3.38), then (3.39) and the Cauchy- Schwarz inequality to bound ||hg, |1

by k'/2||hg,||2, we obtain

1 hsousyyellz < kY2 hselly [using (3.38)]
< kV22l|zsglh + (1A, [1] [using (3.39)]
< 2k |lasglh + kTR by lle [using sy [ln < Y[R, |2]
= ||hg, |2 + 2€0 with eg = k~V2||z — 2®||; . (3.40)

In the next step, we bound |[|A(s,us,)c|l2- To do this, we note that ¢hs,us) =
oh — Z ¢hs; and, therefore, we have

Jj=2

||h(5'0U31)||§ = <¢h(SoU51)7 gbh) - <¢h(SOUSI)’ Z ¢h’sj> :

Jj=2
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3.3. RECOVERY IN THE CASE OF SPARSE ERROR

From (3.36) and the weak restricted isometry property(3.31), we obtain

[{dh(sousyys PR)| < (| oh(sousyll2lldhllz < 2en/1 4 ok || h(sousy) |2 -

Also, from lemma 3.3.3, we have

[(@hsy, Phs;)| < dar||hs, |2 s, |2

and likewise for S; in place of Sy. As Sy and S are disjoint, we have
1hsoll2 + I, [l2 < V2[[Pespusyll2

Thus, we have

(1= )1 aqsous 13 < Nldhespusyll3 < Nasousn ll2(267/1 + Gar + V200 Y _1hs, [12) -

Jj=2
Therefore, using (3.37), we have that

21+ 09 V200

h < k12| hge — ,
|| (SOU51)||2 Sae+p H 55 1— 5% P 1 — 52k

(3.41)

1, ¥ =
From this inequality and (3.39) , we conclude that

||h(50U5'1)||2 < ae+ p||h(SoUS1)”2 + 2p60

= h(sousyll2 < (1 — p) " (ae + 2peg) -

Finally, we have

HhH2 < Hh(soUsl)HQ + Hh(sousl)c 2
< 2||hsousyll2 + 2eo
<901~ p) Mae + (14 pleo)

= C’gk‘l/ZHx — x(k)Hl + Che
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3.3. RECOVERY IN THE CASE OF SPARSE ERROR

with Cy and C] given by

Co=2(1—p) ' (1+p) (3.42)

and
C,=2(1-p)a, (3.43)
where p and a have explicit form in 3.41 O]

Now, we combine the results we have shown above to conclude the following

theorem:

Theorem 3.3.4. For any fixed 0 < 6 < 0.2, let N and k be fized with % >
w. For any k/2-sparse x, let y = ¢(x) + z, where z satisfies ||z|| < e,

then the solution to
m1£||92'||1 subject to ||y — ¢x||2 < €. (3.44)
ze
will fail to obey
2% = alls < Co(k/2)" 2|l — 2P|y + Cre (3.45)

with probability < p, which goes to zero as M, m, and p go to infinity provided

m = constant, co(6/4) > 2k 1In(1 + 2) and £ = constant > ) where

256k In(1+16/5
5 52

the constants Cy and Cy are given explicitly above in 3.42 and 3.43.

Proof. Using Theorem 3.2.8 and relation 3.29, we obtain that ¢ fails to satisfy the

weak restricted isometry property 3.31 with probability

~ eN _ 16 —ns2 16 _ 2 16
<p= 2€k1n( ) e Meco(8/4)+2km In(1+5) +e pd? /256+km In(14--3) +e Nmé?/2564+-km In(14--2)
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3.3. RECOVERY IN THE CASE OF SPARSE ERROR

From Theorem 3.3.2, we conclude that relation 3.34 will fail to obey 3.45 with prob-
ability < p. Finally, from proposition 3, we conclude that under the given condition

in the above theorem, p goes to zero as m, M, and p go to infinity.

If there is no noise and z is k/2-sparse, the following corollary shows that the

recovery via [;-minimization precisely gives us x.

Corollary 3.3.5. For any fited 0 < 6 < 0.2, let N and k be fized with % >

256 In(1+16/5)

52 For any k/2-sparse x, let y = ¢(x) + z, where z satisfies ||z|| < e,

then the solution to

gél&"/l”IHl subject to ¢pT =y

will fail to obey

l2* =zl < Collz — z*/2) |y (3.46)
and

la* = alls < Colk/2)™la — 22 (3.47)

with probability < p, which goes to zero as M, m and p go to infinity provided 7; =

256k In(1416/5

constant, co(6/4) > 2k21In(1 + ) and £ = constant > 5 L where the

)

constant Cy 1s given explicitly above in 3.42 and 3.43.
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