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Abstract

In this paper, we discuss the computation of weighted maxsate allocation using joint TDM/FDM strategies
under a PSD mask constraint. We show that the weighted maxsoiution allocates the rates according to a
predetermined rate ratio defined by the weights, a fact sheeiiy valuable for telecommunication service providers.
Furthermore, we show that the problem can be efficientlyemblusing linear programming. We also discuss the
resource allocation problem in the mixed services scenatiere certain users have a required rate, while the
others have flexible rate requirements. The solution isvaglieto many communication systems that are limited by
a power spectral density mask constraint such as WiMax, \VdinRe UWB.

Index Terms
Power allocation, multi-carrier systems, rate control.

I. INTRODUCTION

Orthogonal Frequency Division Multiple Access (OFDMA) isdoming a ubiquitous technique for
wireless multiple access schemes in communication syssewts as UWB, WLAN, WIMAX and LTE,
due to its high spectral efficiency. OFDMA waveforms provitie flexibility of allocating subcarriers
to combat frequency selective fading. These standardsatpemder two types of power constraints:
Total power and power mask; i.e. the Power Spectral DenBi8D{) of the transmitter is limited by the
regulator. The total capacity of OFDMA can be optimized byawyically allocating subcarriers among
users according to channel conditions. However, the operatist satisfy the subscribers’ demands to
provide a reasonable level of Quality of Service (QOS). Ttamdards define several different services
that allow QOS differentiation. The major challenges fgopOS in wireless networks are the dynamic of
the channels, bandwidth allocation, and handoff suppbid.important to guarantee QOS at each layer so
that the network stays flexible. Bandwidth and bit rates plagajor role. They should be allocated in an
efficient manner. In some systems data services and voieEsghave to be supported simultaneously.
These services can conflict because voice services are ey sensitive and require real-time service.
Whereas, data services are less delay sensitive but aresgasjtive to loss of data and require almost-
error-free transmission. Thus both factors must be takém @&ccount when providing QOS for voice
and data services. In this paper, we address the allocatisabzarriers using a the weighted max-min
approach that sets user priority according to a preset weldiis approach is then extended to guarantee
a minimum data rate for voice services and allocate the westdpacity to data services.

In [1]a power adaptation method was suggested to maximieesutotal data rate in downlinks of
an OFDM system. The transmitted power adaptation schemederged by solving the maximization
problem in two steps involving subcarrier assignment ofrsised power allocation of subcarriers. The
outcome is that the data rate of a multiuser OFDM system ismriagd when each subcarrier is assigned
to only one user with the best channel gain for that subcaraied the transmit power is distributed
over the subcarriers by a water-filling policy. Howeveryrigiss does not enter into this approach. In the
extreme case most of the spectrum will be allocated to a sgnailp of subscribers with high average
channel gains. In_|2] the problem of resource allocatiorhef@FDMA system was addressed. A heuristic
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scheduling algorithm was proposed under the constrairtteéaeh subscriber must obtain a preset data
rate.

Rhee and Cioffil[3] derived a multiuser convex optimizationlgem under the total power constraint
to find max-min suboptimal subcarrier allocation, whereaqower is allocated to the subcarriers. A
max-min rate allocation algorithm maximizes the data rdtéhe worst user, such that all users operate
at a similar data rate. However, this solution is not suégalvhen the operator has to provide different
level of services. Shen et al.l [4] proposed a suboptimalgtagnal fairness resource sharing mechanism
which provides multiple service levels under total powenstaaint while maximizing the total data rate.
The algorithm involves two steps. First, the subcarrieesadlocated under the assumption that the power
is equal on each subcarrier. In the second step, the powestithdted among the allocated subcarriers
to maximize the total rate while maintaining proportionakmess constraints. An alternative approach to
the resource allocation problem is using game theoretigtisols such as the Nash bargaining solution
under total power constraint (see e.q., [5], [6]), [7] or endPSD mask constraint/[8] as well as the
Kalai-Smorodinski solution [9], [10],[11].

Here, we focus on power spectral density maks constraintindduce the mechanisms to enable
explicit subcarrier allocation for multiple users in wiggs systems when the following conditions must
be fulfilled:

1) Differentiated service levels must be supported. A essloperator should have the flexibility to
specify differentiated service levels (or weights). Thaikable radio resource has to be partitioned
proportionally to the weights.

2) Voice service is supported using a fixed data rate.

3) Computational and signaling overhead must be minimal.riénary design goal of an efficient
resource allocation algorithm is to minimize the commutica and the computational load of
feedback iterations Algorithms have to be designed to tatieuhe allocation that puts a minimal
load on the system. Specifically, the time it takes to cateuthe fair rate must be minimal.

In this paper, we show how the weighted max-min fairnessgtesriterion can assist operators in
network optimization, at multiple target rates. Here, we asmodel similar to[[4] but employ a power
mask rather than an average power constraint. It is well knthat the total data throughput of a zero-
margin system is close to capacity even with a flat transn8D(Pas long as the energy is poured only into
subcarriers with high SNR gains. A good algorithm will nosigs power to bad subcarriers. Furthermore,
a flat PSD might be necessary if the PSD mask constraint isetighan the total power constraint.

The remainder of the paper is organized as follows. In sediiove describe the general model of
the wireless system and derive a solution for the weightextmia resource allocation problem. Section
lll is focused on the special solution for the case of two stbsgrs and outlines a simple algorithm for
computing the weighted max-min solution. Simulation resakre presented and discussed in Section V.
Section V concludes this paper.

[I. RESOURCE ALLOCATION USING THE WEIGHTED MAXMIN SOLUTION

In this section, we show that under a PSD mask constraint twe-min fair solution can be com-
puted using linear programming. This is simpler than thaltppbwer constraint where general convex
programming is necessary. Assume that we havesers, sharing a frequency selective channel. Let the
K channel matric@sat frequencies =1, ..., K be given by(H, : £ =1, ..., K'). Each user is allowed to
transmit using a maximal power(k) in the k£'th subcarrier. In this paper, we limit ourselves to a joint
FDM and TDM scheme where an assignment of disjoint portidnthe frequency band to the various
transmitters can be different at each time instance as ie dolvVimax. In the FDM/TDM case we have
the following:

1. Usern transmits using a PSD limited b, (k) : £k =1,..., K).

1These can be the uplink, downlink or multiple source-desiim pairs within the network.
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2. Each usen is allocated a relative time vecter = [y, ..., a, k]’ Whereay, is the proportion of time
allocated to user. at thek’th frequency channel. This is the TDM/FDM part of the scheme

3. For each, Zivzl anr = 1. This is a Pareto-optimality requirement.

4. The rate obtained by useris given by

Rn(an) = Zle ankRnk7 . (l)
where, R (
o 1+ )

and the subcarrier bandwidth is normalized to 1. Interfeedr avoided by time sharing at each frequency
band; i.e, only a single user transmits at a given frequemgyabany time. Furthermore, since at each
time instance each frequency is used by a single user, eachmils transmit using the maximal power.
Note that we can replace the instantaneous rates by the long term averages using well known coding
theorems for fading channels [[12]. This allows much slower information exchange and makes the proposed
approach practical in real wireless systems.

The weighted max-min fair solution with weighis, ..., v is given by solving the following equation:

Ruaxmin = ama}&N lgzignN rYan (Oén) . (2)

To solve this equation we rephrase it as a linear programriolglem: Letc be the value of the weighted
max-min rate. We would like to maximizeunder the constraintg,, > ¢, for all 1 < n < N. Since each
R, depends linearly omx,, we require

alfl}fi&(l\f CC? (3)
under the constraints
0<c,
= S 25:1 ank’Rnk’a n = 17 [RXD) N ’ (4)

Tn

SN =1, k=1,..K
The Lagrangian is given by:

f (Oé, 67 H, >‘7 C) = —C—= 27]:;1 5” (25:1 a”kRnk - c/fyn>
— > S Mkl 5)
+ Zle )\k (ZnNzl Apk — 1) — 50.

To better understand the problem, we first derive the KKT d@grts. Taking the derivative with respect
to the variablesy, (k) andc we obtain

N n —_—

with the complementarity conditions:

A (zﬁj:l Qe — 1) —0,

b (SH @t — /) =0, (7)

HnkOnk :07
Bczovﬂnk 207620,% 20

Note that this problem is always feasible by choosing 0. Based on[(6)E(7) we can easily see that the
following proposition holds:
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Proposition 2.1: The Lagrange multipliers in equationl (7) satisfy the follogvclaims:

1. If there is a non zero feasible solution thér= 0.
2. For each user with total rate equal ¢o> 0, §,, > 0, and3 = 0. Therefore,fo:1 on/vn = L.
Otherwise,,, = 0.

3. If a,, > 0, then,unk =0and\, =6, R,.
4., If o = 0, thenunk >0 and A > 0 Rk.
From these we obtain the following proposition:

Proposition 2.2: The weighted max-min fair solution is achieved if all useasdrequal weighted rates;
i.e., the optimak satisfies for alln ¢ = v, R,,.
Proof: Let ¢ be the optimal value. Assume that there is a us&rith a rate higher than and letk be a
frequency such that, (k) > 0. Definea, (k) = ., (k) — e, and form # n: o), (k) = a,, (k) +¢/(N —1).
Obviously the weighted rate for all other users is increas@igoosinge < v, Y1, an(k)Rux — ¢,
ensures thai?, > c. Since by construction all users # n achieve a rate higher thanhwe obtain a
contradiction to the optimality of. This claim is important result from a network planning petive.
The achieved rates are proportional t6y,; in other words, users with rates,,~, will receive rates
satisfying R,/ R, = vm/7.- This is desirable since utility typically scales wilbg R, so that doubling
the rate results in a fixed increase in the total utility.

A. Voice and data rate allocation

In networks carrying mixed services, it is important to b&edb allocate a fixed bandwidth, to constant-
bit-rate and latency-sensitive services such as voicacg=vThe weighted max-min formulation can be
easily generalized to this case. Voice users (fixed ratd)getl at leastR,,.;,,, while, other variable-bit-rate
users will get the weighted max-min rate according to thespective service levels. We have two groups
of users:V, D and the optimization becomes:

0<c
K .
c< R 1€ D
max c >~ Zk—l sz nks . (8)
Ay,...,.0n,c Rmin < Zk:l aikRnk? eV

2511%'(]@): L, k=1,.. K.

Here, one should solve the optimization problem first asegrthat the seD is empty. This will confirm
that there is a feasible solution for the voice users. If@hsra feasible solution for the sét then we
know that there is a feasible solution to the general probkesimple version of this scenario is analyzed
in Example 1l in section 1V.

We now show that the feasibility of a given rate allocation t& tested by solving a simple weighted
max-min problem, where the weights are given by the invefshendesired rates. By propositibn 2.2 the
solution to the weighted max-min problem with weights givsmy, = 1/R? whereR¢ is the desired rate
for usern, provides the largest such that for each use?? = R,. Hence the rate vectdiR?, ..., R%) is
feasible if and only if the solution satisfiés< c¢. Otherwise the rate vector is infeasible. This completes
the solution of the feasibility problem. Note that the smnotholds even when each constant bit-rate user
has a different rate requirement.

IIl. THE TWO USER CASE

In this section, we address the special cases of two usetBislicase the optimization problem can be
dramatically simplified. Using — 4 in proposition 2.1l above we can easily conclude that thetjmart
rules are as follows:

1) &+ & — 1. Special case of item 2 in propositibn.1.

2) If 01 Ry > 02 Ry, the frequency birk is allocated to user 1.
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3) If 61 R, < 92 Ry, the frequency birk is allocated to user 2.
4) If 61 Ry, = 9o Ry, the frequency birk is shared between the users such that they both get the same
total rate. based on item 3 in proposition]2.1.

An interesting consequence of our analysis is that in theuser case at most a single subcarrier should
be shared between the users. This conclusion can be extémdbd N user case, where at mo@])
frequencies are shared in time. The proof is given in appehdi

Based on the above properties we suggestak log, K) complexity algorithm motivated by our
analysis of the Nash Bargaining Solution (NBS) for the freray selective interference chanriell[13], [8].
Extensions to the total power constraint are possible,lartpito the solution of the NBS [7]. We also
show that at most a single frequency may be shared betweenvthasers. To that end, let;, = oy,
and oy, = 1 — a, and without loss of generality, we set = 1, and~,; = +. The ratiol’ = g—f = 15‘1—51 is
a threshold which is independent of the frequency and is yehé optimal assignment. Althou&h is
a-priori unknown, it exists. We also assume that the rategdi(k) = Rix/Rox, 1 < k < K are sorted
in decreasing order; i.e.(k) > L(k'),Vk < k. @ Using propositiori 2]2 we obtain

K K
Z oy, = WZ (1 — o) Rog. 9)
=1 =1

We are now ready to define the optimal assignment ofatfis.
Let I', be a moving threshold defined by

Ay,
[y = By (10)
where
k K
A=) Rim, Bi= ) R (11)
m=1 m=k-+1

Ay is a monotonically increasing sequence, whilg is monotonically decreasing. HencE, is also
monotonically increasing4, is the rate of user 1 respectively when frequendies, k& are allocated to
him. Similarly B,, is the rate of user 2 when frequencies- 1, ..., K are allocated to him. Let

kmin = mljn {k: Ay > By} (12)

We are interested in a feasible solution such that the rdtithve@ accumulated rate of the users will be
equal toy. Thus, frequency bitt,,;, has to be split between the users, and, is given by

or
ryBkm'Ln_l B Akmzn_l
akmin = ‘ (14)

It easy to confirm thad < oy, . < 1.
The outline of the algorithm is given in Taldle |.

This can be achieved by sorting the frequencies according(k9.
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TABLE |
ALGORITHM FOR COMPUTING THE2X2 WEIGHTED MAX-MIN

Initialization: Sort the ratiosL(k) in decreasing order.
Calculate the values oflx, B, andT'y.

Calculatek, ., using [12).

Calculateay,,,,, using [I3).

User1 gets the bind : kmnin—1 and ax,,,,, Of bin Kmin.
User2 gets the bingint1 : K and1 — oy, of bin knin.

min

k 1 2 3 4 5 6
Ry 14 18 5 10 9 3
R2 6 10 5 15 17 16
L(k) | 2.33| 1.80| 1.00 | 0.67 | 0.53 | 0.19
Ay 14 32 37 47 56 59
By, 63 53 48 33 16 0
I 178 | 483 | .617| 1.14 | 280 | oo

TABLE I
USER RATES IN EACH FREQUENCY BIN AFTER SORTINGAND THE VALUES OF ['j,.

V. EXAMPLES AND SIMULATIONS

In this section we report simulation results on rate allmcafor various values of weights.

To illustrate the algorithm we compute the weighted max-matution for the following example:
Example I: Consider two users communicating over a 2x2 memorylesss$sau interference channel
with 6 frequency bins. The weights of useand2 arel and1.25, respectively. The interference free user
rates in each frequency bin (sorted according.ty are given in Tablé]Jl. We now compute the values
of A, and By, for each user. Sincd,; > 1 we conclude that,,;, = 4 anday, . = 0.8. Thus, usern is
using subcarriers, 2, 3, and sharing subcarridrwith user2. The total rate of players and2 are45 and
36, respectively. We can also give a geometrical interpmtato the solution. In Figurel 1 we draw the
feasible total rate that playércan obtain as a function of the total rate of plageifhe enclosed area in
blue, is the achievable rates set. Since, the subcarriersaated according té, the set is convex. The
point (45, 36) is the operating point of the weight max-min with= 1.25. A change in the value of
will move the solution on the boundaries of achievable raggs

Next, we demonstrate simulation results of rate allocafiiwrvarious values of weights in two cases. In
both cases the users are communicating over a frequenatigelRayleigh fading channel with variance
1. The number of frequency bins is &&ase 1, simulation of two data groups: The first case simulates two
groups of users, each group is of size 8. This is a typicalaso@nvhere one group has higher priority.
The weight for one data group iswhile for the second data group is— v, where0 < v < 1. For each
value ofy we have performed0000 tests. TheS N R values of the two data groups aedB and10 dB
respectively. Figuré]2 presents the distribution of thesifda rates for various value o;f It is clear that
for a given value ofy the feasible rate will be along a ray with an angle= arctan ;- relative to the
x axis. Figure B presents a histogram of the ray with- 0.1. Figure[4, presents the average value of
the feasible rate for group vs. average rate of group Figure[5 shows the outage regions for outage
probability of 0.1 and 0.05. We can clearly see that reducing the outage has significap&dgt on the
achievable rates.

Case 2, simulation of a voice group and two data groups. The second case simulates three groups of
users, a voice group of size 4 and two data groups each of sizeeBS N R value of the voice group
is 5dB and theSNR of the two data groups i80dB. Figure[6 shows the outage regions for outage
probability of 0.05,0.1 and0.5.
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Fig. 1. The feasible total rate of playérvs, the feasible total rate of player

Total rate per sub carrier group 2

0 1 2 3 4 5 6 7 8 9
Total rate per sub carrier group 1

Fig. 2. The distribution of feasible rates for each valueyofSNR,, SN R3] = [20dB, 10dB].

V. CONCLUSION AND EXTENSIONS

In this paper we described a simple rate allocation teclnigu multiple-access OFDMA systems
applying joint TDM/FDM subchannel allocation. The methaddpplicable whenever a central access
point or base station is available. The complexity of thétegue is very low. Furthermore, the allocation
can be done using channel statistics instead of the actaanefls. We have also demonstrated how to
accommodate and test the feasibility of a set of constastuaers. Finally, we have analyzed the two
user case, and provided a very low complexity weighted maxatgorithm for this case.

VI. APPENDIX

Lemma |.1 : Assume that all the rate ratids, (k)/R.(k) are different from each other then at most
a single frequency bin is shared between the two users.
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Fig. 3. A histogram of group 1 rates far= 0.1 and [SN R1, SN R2] = [20d B, 10dB].

Average rate per subcarrier [group 2]

0 I I I I I I )
0 1 2 3 4 5 6 7

Average rate per subcarrier [group 1]

Fig. 4. The average rate of gropvs. the average rate of groupfor [SNR1, SN R3] = [20dB, 10dB].

Proof: Based on 3 in propositidn 2.1 a subcarrier is shared betweemsers if5; R, = 0, Ray, OF in
other Wordsg—f = %. Hence, if all rate ratios are different, at most a singlefiency may have a rate
ratio equal to%.

Lemmal.2 : Assume that there is a solution where two subcarriers areghsetween the users. Then
there is an alternative solution where only a single suberais shared between the users.

Proof: Assume without loss of generality that subcarrier@nd2 are shared between usdrsand 2.
User1 gets fractionsy; and a, from subcarriersl and 2, respectively. Use gets fractions3; and 3,
from subcarriersl and 2, respectively (wherey; + 5; = 1). Based on proposition 2.1 the rate ratios in
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Average rate per subcarrier [group 2]
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Average rate per subcarrier [group 1]

Fig. 5. The rate of group vs. the rate of groug for outage probabilities 0f0% and5%. [SNR1, SN R2] = [20dB, 10dB].
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Fig. 6. The rate of data group vs. the rate of data group for SNR = 20 (voice groupSNR = 5), and outage probabilitie8.05,0.1
and0.5.
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these frequency bins should satisfy the relat%? = B and the total rate of each user satisfies the

... Ra2?
conditions:
,Y—cl = A + OélRll + a2R12

£ = B+ bRy + BaRa

72

(15)

where A and B are the sum of rates of usetsand 2 on the other frequency bins. We note that in one

hand, ifalg—g < [, then userl can setn; to 0 while increasing his share in subcarrizby alg—g. On

the other hand, Whealg—g > [, we obtaina; > f,£22. Therefore, use? can set3, to 0 and increase

Ro1
his fraction in subcarriet by 52%.

Lemma |.3 : In the N user case at mogt)) frequencies are shared in time.

Proof Based on Lemma |.2. at most a single frequency bin is sharedeba any two users. Since
the number of different pair of users (év) then the maximum number of frequency bins that are time
shared is upper bounded ).
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