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ABSTRACT

We study the limit behavior of the non-stationary/random chaotic dynamical systems and prove
a strong statistical limit theorem: (vector-valued) almost sure invariance principle for the non-
stationary dynamical systems and quenched (vector-valued) almost sure invariance principle for
the random dynamical systems. It is a matching of the trajectories of the dynamical system with
a Brownian motion in such a way that the error is negligible in comparison with the Birkhoff sum.
We develop a method called “reverse Gaussian approximation” and apply it to the classical block
construction. We apply our results to the stationary chaotic systems which can be described by the
Young tower, and the (non)uniformly expanding non-stationary/random dynamical systems with
intermittency or uniform spectral gap. Our results imply that the systems we study have many

limit results that are satisfied by Brownian motion.
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1 Introduction

1.1 History review

Dynamical systems is a math subject describing the long term evolution of systems for which the
"infinitesimal’ evolution rule is known. Examples and applications arise from all branches of science
and technology, like physics, chemistry, economics, ecology, communications, biology, computer
science, and meteorology, to mention just a few.

These systems have in common the fact that each possible state may be described by a finite
(or infinite) number of observable quantities. Usually, there are some constraints between these
quantities. So the space of states X (called phase space) is often a manifold.

For the continuous time systems, the evolution rule can be a differential equation: each state
x € X associates the speed and direction in which the system is going to evolve. Even when the
real phenomenon is supposed to evolve in continuous time, it is convenient to consider a discrete
time model-discrete time systems. In this case, the evolution rule is a transformation T : X — X,
assigning to the present state x € X the next state T'(x) after one unit of time. In both cases,
the main problem of dynamical system is describing the behavior as time goes to infinity for the
majority of orbit.

The term non-stationary dynamical systems, introduced by Berend and Bergelson [7], refers to
a (non-stationary) system in which a sequence of concatenation of maps T 0Tj_10---0T] acts on
the state space X, where the maps T; : X — X are allowed to vary with ¢. For more discussions
about its behavior as time goes to infinity for the majority of orbit, see [10,40].

One interesting limit behavior is called almost sure invariance principle (ASIP): it is a matching
of the trajectories of the dynamical system with a Brownian motion in such a way that the error is
negligible in comparison with the Birkhoff sum. Limit theorems such as the Central Limit Theorem
(CLT), the Functional Central Limit Theorem (FCLT), the Law of the Iterated Logarithm (LIL)
etc. transfer from the Brownian motion to time-series generated by observables on the dynamical
system. These kinds of results for the stationary dynamical systems have a lot of consequences

(see, e.g., Melbourne, Nicol, and Stenlund [34,35,47]).



Such results were given by [11,12,20,23,37,48,49] for one-dimensional processes under the sta-
tionary or non-stationary dynamical systems and by [16,52] for independent higher-dimensional pro-
cesses; however, for higher-dimensional dependent processes, difficulties arise since the techniques
relying on Skorokhod embedding [42] do not work efficiently. In this direction, an approximation
argument was introduced by Berkes, Philipp, and Stout [8,41] and was generalized by Kuelbs and
Philipp [26]. Using Kuelbs and Philipp’s result, Melbourne and Nicol [35] obtained the vector-valued
almost sure invariance principle (VASIP) for the (non)uniformly hyperbolic/expanding stationary
dynamical systems by choosing a suitable filtration. Their proof relies on the Young tower and the
tower technique developed by Melbourne and Térok in [36]; hence it works very well for the sta-
tionary dynamical systems when they have some Markovian behavior and sufficient hyperbolicity.

Unfortunately, it is quite common to encounter the stationary dynamical systems for which
there is no natural well-behaved filtration. Gouézel [19] showed that a sufficient control condition
on the characteristic functions of a process implies the VASIP. This condition is easy to check for
large classes of dynamical systems or Markov chains using strong or weak spectral perturbation
arguments. His method relies on the good spectrum of the quasi-compact transfer operator acting
on a suitable Banach space (also known as spectral gap). The advantage of his result is that
the invariant density is not required to be bounded away from zero. This helps Luzzatto and
Melbourne [33] to obtain the VASIP successfully for a large class of (non)uniformly expanding
interval maps with singularities.

However, if the dynamical system is non-stationary, the tower technique in [34-36] no longer
works. If the transfer operator of the dynamic has no spectral gap on the space of functions that are
of interest, Gouézel’s approach fails to work. Such examples and their related statistical properties
are provided in the following papers [1,10,13-15,22, 27,28, 38,39].

Conze and Raugi [10] considered the composition of a family of uniformly expanding interval
maps, extended the spectral theory of single transfer operator to the case of a sequence of trans-
fer operators, and developed a martingale technique based on Gordin’s approach [18] (decompose
Birkhoff sum as reverse martingale differences plus an error term) to prove CLT. Dragicevié¢, Froy-

land, Gonzalez-Tokman, and Vaienti [14, 15] and Haydn, Nicol, T6érok, and Vaienti [20] used this



technique to prove scalar ASIP for the non-stationary/random dynamical systems with exponential
decay of correlation under a variance growth assumption.

For the case without spectral gap, Aimino, Hu, Nicol, Térok, Vaienti [1] considered the compo-
sition of a family of Pomeau-Manneville like maps, obtained by perturbing the slope at the indif-
ferent fixed point 0. They got polynomial decay of correlations for C'-observables. Nicol, T6rok,
Vaienti [39] considered the same system, used the martingale technique in [10] and Sprindzuk’s The-
orem [45] to prove self-norming CLT under the assumptions that the system has sufficiently fast
decay of correlation and the variance grows at a certain rate. Moreover, they proved self-norming
CLT for nearby maps in this family and quenched CLT for random compositions of finitely many
maps in this family under an assumption of fast decay of correlation.

However, this martingale technique causes a new problem: the estimate of the error terms
requires a sufficiently fast decay of correlation, as [20,39] did, so the limit laws are not known
if the decay of correlation of the dynamical system is too slow. Therefore, in this dissertation,
martingales are not used; instead, we obtain the VASIP for the non-stationary dynamical systems
by setting up several dynamical inequalities and a new approximation method (modify [8] to work
for arbitrary decreasing filtration, in particular, dynamical systems). The three assumptions on
the decay of correlations (A4)-(A6) in our Theorem 2.8 are quite natural under the setting of
dynamical systems. As applications, we apply our results to a large class of the non-stationary
dynamical systems in [10,20,39] and the random systems in [14,15,39]. In particular, we obtain
the optimal range (o < 3) for the Theorem 3.1 in [39]. We also recover the classical stationary
results in [19,34,35,51]. See section 3, Applications.

Finally, we want to compare our results with Gouézel [19], Melbourne and Nicol [34,35] in the

stationary dynamics setting:

e Advantage: compared to assumption (H) in [19], our condition is simpler, automatically
satisfied by the stationary dynamical systems in [19]. Same as [19], our VASIP result does
not require invariant density to be bounded away zero. Unlike [19, 34, 35], our result shows
that we do not need to deal with different types of systems (Young tower or spectral gap)

separately, that is, we can prove the VASIP for the stationary systems only by verifying the



1.2

three assumptions (A4)-(A6) in Theorem 2.8. In section 3 and section 6, we will show that

the Young tower and spectral gap satisfy assumptions (A4)-(A6).

Disadvantage: we do not have an explicit formula or a good estimate for the VASIP error
rate (the difference between the Birkhoff sum and Brownian motion), while [35] obtains an
explicit formula for the Young towers and [19] obtains O(n%) for the dynamics with spectral
gap, which is independent of the dimension of observables. The reason for this drawback
is that we consider the systems under several assumptions on the slow decay of correlations
(especially for the non-uniformly expanding non-stationary dynamical systems in [1]). The
parameters in our Theorem 2.8, variance growth rate (the v in Lemma 7.1) and the VASIP

error rate, are far from optimal.

Outline of this dissertation

In section 2, we will give our main theorems.
In section 3, several corollaries of our main theorems are given as applications.

In section 4, we obtain several technical lemmas which will be used in the proofs of the main

theorems.
In section 5, we give the proofs of our main theorems.
Section 6 contains the proofs of corollaries in section 3.

Section 7, Appendix, mainly focuses on the computation of the parameters in Theorem 2.8.



2 Definitions, notations, main theorems

2.1 Definitions and notations

Consider a probability space (X, B, ;1) with u as a reference probability and a family of non-singular

(w.r.t. p) maps T : X — X,k > 1. For any n,m, k € N, denote:

n—+m
T, = Thntm 0 Tngm—10+-- 0Ty,

™ =1 =T,0Ty_10---0Ty.

The transfer operator (Perron-Frobenius operator) Py associated to T} is defined by the duality

relation:

/g-Pkfdu:/goTk~fduforallfeLl,geLoo.

Similar to T7**™ and T™, denote:
P,r’z—’—m ::Pn+mopn+m,1o---opm,

P":=P'=P,0P,_10---0P).

Notation 2.1

1. ap = b, (resp. “an 3 by”) means there is a constant C' > 1 such that Clob,<a,<C-b,

for all n (resp. an, < C by, for alln).
2. C, denotes a constant that depends only on a.

3. 1 denotes the constant function 1 on X.

4. For any m € N, scalar function f and L*-matriz [f;;] (i.e., fij € LY(X) for all i,j > 1),
define:



5. From now on, let {¢p € L=°(X, u;RY) : k € N} be the observables satisfying

Sl}ipnﬁbk”Lw < 00,

/qbk oT*du = 0.

Definition 2.2 For (T"),>1 := (17" )n>1 defined above, we have a decreasing filtration (T ~"B)p>1.

Denote conditional expectation w.r.t. T~"B and pu by:
E.(-) :==E(-|T"B).

In particular, the expectation, that is, conditional expectation w.r.t. {0, X} and p, is denoted

by:

Definition 2.3 (Non-stationary, stationary and random dynamical systems)

(X, B, (Tk)k>1, 1t) is called a non-stationary dynamical system, where (T )i>1 are non-singular
maps on (X, B, u) as stated above. In contrast, a stationary dynamical system means that Ty, = T}
for all k> 1 and (T1)«p = p.

(X, B, (T0)weq, b, 2, F, P, 0, (1w)weq) is called a random dynamical system if

1. 0: (Q,F,P) — (2, F,P) is an invertible ergodic transformation preserving the probability P.
2. (T.,)weq are non-singular (w.r.t. p) maps on (X, B, u).

3. The probability p, on X is absolutely continuous w.r.t. p.

4. (1) sty = How a.€. w € Q.

Definition 2.4 (VASIP for non-stationary dynamical system, see [20])

For the non-stationary dynamical system (X, B, (Tk)k>1, 1) with the observables (¢r)ren, denote



the d x d variance matriz by

~ [ oot (X oo an

k<n k<n

Denote the least eigenvalue of o2 by

Mo?):= inf / Z b 0 TF)?

d
|u|=1,u€eR h<m

We say (¢r o T*)i>1 satisfies the VASIP w.r.t. pu if there evists a constant ¢ € (0,1) and
independent mean zero d-dimensional Gaussian random vectors (Gy)r>1 defined on some extended

probability space of (X, B, 1) such that:

Z b o TF — Z G = 0()\(0,21) 156) a.s., (2.1)

k<n k<n
[ oo (S oo dn = 3 B(Gr G + oA (@) ) (2.2)
k<n k<n k<n

o) — oo, (2.3)

where E(-) in (2.2) means the expectation w.r.t. the probability P of the extended probability space
of (X, B, ).

Remark 2.5

1. Some Gy, can be zero, since the zero Gaussian random vector is independent of any random

vectors.

2. In general, Ekgn G} does not form a d-dimensional Brownian motion due to the non-stationary
process (¢ o Tk)kzl. However, by Lemma 7.4, if there is a constant € € (0,1) and a positive
definite d x d matriz 0% > 0, such that 02 = n-0? +o(n'~¢), then (Gg)r>1 can be modified as
i.i.d. Gaussian vectors with covariance o2, and Zkgn G would be replaced by d-dimensional

Browian motion stopped at time n. So the VASIP, in this case, coincides with the classical



VASIP for the stationary dynamical system. This remark says that (2.2) is an equivalence
relation: the Gaussian vectors in the definition of the VASIP rely on the behavior of variance

growth (2.2) and covariance o only.

3. If d = 1, Gy can be embedded into a Brownian motion, and Definition 2.4 becomes scalar
ASIP, that is, there is a matching of the Birkhoff sum Zkgn éroT* with a standard Brownian
motion B; observed at time E[(Zkgn G)?] so that > k<n Pk © TF equals BE[(Zkgn Gz Plus
negligible error almost surely, which equals B,z plus a negligible error almost surely. Then

(¢ o Tk)kzl also satisfies self-norming CLT and LIL:

Zkgn o7 oT* i N

On

(07 1)7

. Sken ko T"
lim sup = =1

n—oo \/02loglogo?

oT]€
liminf 2o %6 0T

n—oo /o2 loglogo?
4. If d =1, scalar ASIP implies scalar self-norming FCLT:

Let p? = E[(Zkgn Gr)?], where (Gg)g>1 are the Gaussian variables in the definition of the
VASIP and S, := Zkgn ¢roT". For anyn > 1, define the piecewise continuous function S™

w.r.t. time variable t € [0,1]:

_ P 2 2
gn . Si /2 St —Si P P
t o o2 2 ) [7’ 2 ]?
Pn il Py Pn Pn  Pn
pn pn

0
whereOﬁiﬁn—l,So:ZO,ﬁzzo.

Then S™ % B on C[0,1], where B is a standard Brownian motion.

Definition 2.6 (Assumptions on decays of correlations)

There is a < % such that for any i,j,n € N (the constants indicated in 3 below are uniform



over all ¢;,1,7,n € N), the following holds:

. 1
[ 1prsi Payldn 5 (A1)

n «

, . . 1
/\Pﬁf qbz-qb?—/¢¢0TZ-¢?OT’du>-P’1HdMi11’ (A42)

naoa

/le—tgj—tf Pzz—il]((ﬁl : Pil) : l+] P2+J1 /lei_l]((m : Pil) : z+jdlu’]}’d:u’ ~

nE_

Remark 2.7

1. We assume a < % throughout this dissertation.

2. For the stationary dynamical system, that is, ¢ == ¢, Ty, =T for all k > 1, (T).p = p and
[ ¢dp = 0. We denote the transfer operator of T by P. Then Pi1=1a.s. foranyi>1 and

the assumptions (A1)-(A3) become:

1P @dn 3~ (A1)
na
/|P”<¢> o= [ oTduldn 3 . (45)
no
/|P” [P7(¢ /PJ ot dp|dp = nal . (A6)

(A4), (A5) are well-known to be decay of correlations if ¢ has certain regularity. In this dis-
sertation, they are called first order decay of correlation for the stationary dynamical system,

(A6) is called second order decay of correlation for the stationary dynamical system.

2.2 Main theorems

Theorem 2.8 (VASIP)

Assume the non-stationary dynamical system (X, B, (Tk)k>1, 1) with the observables (¢i)ren
satisfies (A1)-(A3). Then there is v € (0,1) depending on d,« only (will be given in Appendiz,
Lemma 7.1), such that if \(02) 75 n?7, then (¢r o T*)y>1 satisfies the VASIP.



Theorem 2.9 (Quenched VASIP)

Consider the random dynamical system (X, B, (T,)weq, ity 2, F, P, 0, (tw)weq). Denote P, as
the transfer operator of T,, w.r.t. u. Define 7: Q2 x X — Q x X by 7(w,x) := (ow, T,,(x)). Define
the random composition of transformations and transfer operators: T := ok=1(w) T ok—2(4) 0" - -0 Th,
Po’j 1= Pok-1(4) 0 Pyr2¢y 0 -0 By Assume for a.e. w € Q, duy, := hy,dp for some density function
he, € L'(u) (this implies Pyhy, = hyw). Assume the observables {¢, € L¥(X,;RY) : w € Q}
satisfy

sup HQSOJHLOO(X,M) < OO,/¢dew =0
wel

and (A1°)-(A3’) below, where aw < % and the constants indicated in = are uniform over alli,j,n € N

and (¢w)w€Q:
n 1 )
/ |Paiw(¢0iw ’ hgiw)‘d/j j I (Al )

n o

[ 1B8 M@ 68~ [ o o) Bl 3 (A2)

1 I
na

. . 1
/ ’P(;Li+jw{[Pgiw(¢aiw : haiw) : gbzi-‘rjw - h‘a“'jw / P;iw((z)aiw : haiw) : ¢Zi+jwdﬂ]}|du f—\<J I (A?’,)

nao
Then there are two linear subspaces (independent of w): Wi, Wo C R%, RY = Wy @ Wy with

projections w1 : Wy @ Wo — W, mo : W1 € Wa — Wa such that

e Quenched VASIP: the dynamical system (710 ¢k, 0 TF)1>1 satisfies the VASIP w.r.t. g, for

a.e. we .

e Coboundary: the dynamical system (T2 0 ¢y, 0 T )k>1 is a coboundary: there is 1 € L*(Q x

X, du,dP) such that:
m2 0 QZ)aw(Twm) = T/}(U(w),Tw(I)) - ¢(wv$) a.e. (w’x)'

Remark 2.10

1. Conditions (A3), (A3’), (A6) can be easily verified by the invariant cone and tower extension

methods, as shown in our Corollaries 8.1 and 3.8.

10



2. The quasi-invariant density hy, is not required to be bounded away from zero.

11



3 Applications

3.1 Applications to non-stationary dynamical systems

Corollary 3.1 (Polynomially mixing non-stationary system)
Consider the non-stationary dynamical system ([0,1], B, (T3, )k>1,m) in [39], where m is the

Lebesgue measure, Ty, :== Tg, are Pomeau-Manneville like maps with 0 < B < a < %

Ty, (z) = . (3.1)

Consider the observables (¢r,)ren C Lip([0, 1];RY) with supy, HékHLip < oo. Then there is vy €
(0,1) (same as v in Theorem 2.8), such that if N(62) 7= n?Y, then (¢; o T%);>1 satisfies the VASIP.
Consider the observables (¢r)reny C Lip([0, 1];R) with supy, H¢’€”Lip < 00. Then there is 1 < 1
depending on o only (simpler than vy, will be given in Appendiz, Lemma 7.2), such that if A(o2) -

nt, then (¢; 0 T');>1 satisfies self-norming CLT.

Remark 3.2 In [39], the martingale method was used to prove CLT holds when a < %. Our
method proves CLT holds for the slower mizing system (o < %), which coincides with the sharp

result in the stationary case, see [51].

Corollary 3.3 (Exponentially mixing non-stationary system)

Consider the non-stationary dynamical system (X, B, (T)k>1, 1), assume (V. ||-||v) is a (Pg)g>1-

invariant Banach sub-algebra of (L', || -||.1) satisfying the following assumptions:
1. 1¢V.
201 Ml Z Ay

3. There is a constant A, such that for any n,m € N, any v € V,

PR olly < A o]y,

12



4. There is p € (0,1) and a constant B such that for any n,m € N, any v € Vy := {v € V:
J vdp =0}, we have

1Pt olly < B-p™ - [[vfy.

Consider the observables (¢p)ren C VN L¥(X, p; RY) with supg{||orl v, ||or||Le} < co. Then

there isy < 1 (same as~ in Theorem 3.1), such that if \(02) = n?, then (¢0T*)x>1 satisfies the VASIP.

Remark 3.4

1. As applications, we can use this result for the dynamical systems considered in [3-6, 10, 17,

20,21, 24, 29, 30, 46]:

e Shrinking target problem for an expanding map in Theorem 5.1 of [20]: B-transformation,
smooth expanding map, the Gauss map, and mizing Rychlik-type map. V := BV, T, =T
with Typ = p, ¢r = 1a, — u(Ax) with supy, ||¢k|| By < 0o and p(Ax) 7 n7~1 where v is

the one in our Theorem 2.8.

e Non-stationary observations on an Aziom A dynamical system in Corollary 6.2 of [20]:

V = C% (a-Hélder space), Ty, := T with T = p, supy ||orl|coa < 0o with o2

n ~
V171

max(Y:*1=) where v is the one in our Theorem 2.8.

n

e The systems in section 7 of [20] are essentially the same, so we just choose the “perturbed
expanding maps (Ty, = T¢, )k>1 of a fixed expanding map T on the circle” in Theorem 7.4
to present our VASIP result: V := BV, dp := hdm is SRB for T, ¢, := ¢ — [ o TFdu
where ¢ € V is not a coboundary for T and [ ¢dp = 0. By our Theorem 2.8 and Lemma
7.1 of [20], (o0 TF := o TF — J¢o TEdu)g>1 has the VASIP. Since for any n > 1,

$oTFdy = ¢ - PE(h)dm = ¢ - [PF(h) — P*(h)]dm
Z/ 1 ap Z/ 1 ’;1/ 1

k<n k<n

3D Nl - 1P (h) — PH(R)]l e

k<n

where Plk and P are the transfer operators of le and T respectively, then by Lemma

13



2.18 in [10],
sup| 3 [ o0 Thdul = 0(1).

k>1

So we have the same statement of the VASIP for (¢ o TF);>1 as Theorem 7.4 in [20].

2. Conditions (Min) in [10] and (LB) in [20] are not required here. This Corollary works for all
non-stationary dynamical systems whose transfer operators have uniform spectral gap in the
sense of [10]. Gouézel in [19] obtained the following similar result: if the transfer operator of
the stationary dynamical system has a spectral gap, then the VASIP holds, without assuming
the (Min) or (LB) conditions. Using Gouézel’s result, Luzzatto and Melbourne in [33] obtained

the VASIP for interval maps with singularities.

3.V is usually chosen to be anisotropic Banach spaces or simpler Banach spaces such as Holder
functions, Lipschitz functions or bounded variation functions. This implies the decay of cor-

relation w.r.t. the norm || - ||y is exponential, see for instance Proposition 3.1 in [2].

3.2 Applications to random dynamical systems

Corollary 3.5 (Exponentially mixing random system)

Consider the same system as in [14]: (X, B, (Tw)weq, m) with a notion of a variation var :
LY (X, m) — [0, 00] and a probability space (Q, F,P, o) where o : Q — § is an invertible P-preserving
ergodic transformation. Define random composition of transformations TF and random composition

of transfer operators P¥ as in Theorem 2.9. Assume:
1. var(th) = |t| var(h),t € R.

2. var(g + h) < var(g) + var(h).

Co

|| pee < Cyar - (||B]]p1 + var(h)) for some constant 1 < Cyay < 00.

. For any C > 0, the set {h: X — R :||h||z1 + var(h) < C} is L' (X, m)-compact.

B

5. var(1) < 0.

D

. {h: X = R: |||z =1 and var(h) < oo} is LY (X, m)-dense in {h: X — R :||h||;1 = 1}.

14



7. There is Ky < 00 such that for every g,h € B,
var(gh) + [lghl[p1 < Kyar - (var(h) + [[h]|12) - (var(g) +[lgl[21),

where

B:= BV (X,m):={h € L'(X,m) : var(h) < oo}

with norm

Al = var(h) + ||| Lo

8. For any g € L*(X,m) such that ess inf g > 0, we have var(%) < %.

9. The map (w,z) — (P,H(w,-))(x) is P x m-measurable, that is, measurable on the space
(Q x X, F ® B) for every P x m-measurable function H : Q@ x X — R? such that H(w,-) €

LY(X,m) for a.e. w€ Q.

10. There is C > 0 such that for a.e. w € Q and any ¢ € B,
|1Pudllp < C-1¢]l5.

11. There are constants K, A > 0 such that for a.e. w € Q, n >0 and ¢ € B with [ ¢dm =0, we
have

1PSolls < K - e7"|9]|5.

Then there is an unique quasi-invariant probability du, = hodm such that for a.e. w € €,
Pohy = how,sup,, ||ho||p < 00. Moreover, for the observables (¢y,)weq C L¥(X, m;RY) N B with
[ dudp, = 0 and sup,,cq ||¢w||B < o0o. Then there are two linear sub-spaces (independent of w):
Wi, Wy C R, RY = Wy @ Wy with projections w1 : Wi @ Wa — Wi, me : Wi @ Wo — Wa such

that

e Quenched VASIP: the dynamical system (1 0 ¢k, 0 TX)>1 satisfies the VASIP w.r.t. u,, for

a.e. w € .
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e Coboundary: the dynamical system (w20 ¢ r, 0 TX)>1 is a coboundary: there is 1 € L?(Q x

X, dp,dP) such that:
T2 0 ¢ (x) = Y(w,x) — Y(o(w), Ty(z)) a.e. (w,x).

Remark 3.6

1. [14] and [15] considered the same random dynamical systems, but present different results

for limit theorems.

2. Note that our assumptions for the random dynamical system are (V1)-(V8) and (H1), (H2),
(H5) in [14]. (H3), (H4) in [14] and (C4) in [15] are not required here. Our Corollary 3.5

works for the random dynamical systems in [14,15]:

e Random piecewise expanding maps in higher dimensions.

e Random Lasota-Yorke maps.

Corollary 3.7 (Polynomially mixing random system)

Consider the system (X, B, (Ti)yejo,az:m) where T, := T, is the Pomeau-Manneville like
map which is picked from {Tp : f € [0,0],a < %} Define (2, F,P,0) := ([0,a]%, F,P,0) where
o : Q — Q is an invertible ergodic left shift preserving the probability P. Define random composition
of transformations T and random composition of transfer operators P as in Theorem 2.9.

Then there is a quasi-invariant probability du,, := h,dm such that Pyhy, = hew for a.e. w € Q)
moreover, consider the observable (¢,),cq C Lip([0, 1]; RY) with sup,, H@Z)MHLip < oo and [ ¢pudp, =
0. Then there are two linear subspaces (independent of w): Wi, Wy C R4, R? = Wy @ Wo with
projections w1 : Wy @ Wo — Wh,mo : W1 € Wa — Wa such that

e Quenched VASIP: the dynamical system (71 0 gk, OTf)kzl satisfies the VASIP w.r.t. p,, for

a.e. w € .

e Coboundary: the dynamical system (w0 ¢ r, 0 TX)>1 is a coboundary: there is 1 € L' (Q x
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X, du,dP) such that:
T2 0 ¢u(2) = P(w,z) — Y(o(w), Tu(z)) a.e. (w,z).

3.3 Applications to stationary dynamical systems

Corollary 3.8 (Stationary dynamical system)

Consider the stationary dynamical system (X, B,T, 1) (that is, Top = p) with mean zero observ-
able ¢ : X — R? satisfying (A4), then there is a dx d positive semi-definite matriz o and € € (0, 1),
such that o2 =n - 0% +o(n'=¢). If (A4)-(A6) are all satisfied, then there are two linear subspaces:
W1, Wa C R? such that R = W1 @ Wa with projection my : Wi @ Wa — Wi, mo : W1 @ W — Wh,

such that:
e The dynamical system (m o ¢ o Tk)kzl satisfies the VASIP.

e The dynamical system (wy 0 ¢ o Tk)k21 is a coboundary, that is, there is ¢ € LY(X,du) such

that:
ma o @p(Tx) =(Tx) —Y(x) a.e.

In particular, if the dynamical system can be described by a Young tower A [50,51], that is,
(A,B,F,v) withvo F~'=v, dv = j—#ldm is exact, dm is the reference measure on A, return map
R is defined on the base of the the tower: Ag = |_|l-21 Ao such that R|a,, = R; € N, on Rdm < >
and A = {(z,n) € Ao x Ng:n < R(z)}. FE:Ag— Ag is a Gibbs-Markov map, satisfying

JFE(x)
TR

— 1| % pEFR@)F (@) (3.2)
where J is the Jacobian w.r.t. dm, § € (0,1), s(x,y) is the separation time defined on Ay X Ag:

s(z,y) :=min{n > 0: (FR)n(LB), (FR)”(y) lie in distinct Ag;}.
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Meanwhile, we endow a metric d on A: for any z1 = (x1,n1) € A, 29 = (x2,n2) € A,

B,y =y

d(z1,22) == : (3.3)
1, ni # no

Then for the stationary dynamical system (A, B, F,v) and any mean zero observable ¢ € Lip(A),
(A4)-(A6) are all satisfied. On the other hand, the discrete stationary dynamical systems such as
Pomeau-Manneville maps, Viana maps, etc. considered in [34], [35] can be described by a Young

tower, so we recover the VASIP for those systems.
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4 Dynamical inequalities

In this section, we will obtain several inequalities based on (A1)-(A3), which are needed in section

5 to prove Theorem 2.8.

Lemma 4.1 If (A1) is satisfied, then for all n,m € N, the following holds:

/( S aoT) (Y éroTH du=O0n),

m<k<n+m—1 m<k<m+n—1

where the constant indicated in O(-) is uniform over all ¢, m,n.

Proof

/( Yo gkoTH (Y] (j)koTk)Tdu:/ > gpoTF gl o1t

m<k<n+m-—1 m<k<m+n-—1 m<k<n+m-—1

T Z gioT - T oT7 + ( Z gioT - ¢ o T9) dp.

m<i<j<n+m—1 m<i<j<n+m—1

By supy, ||¢k|| < oo, the above equality becomes

=om+ . / 01007 o Ty P'L+ (9 0] o T}y, P'1) dp

m<i<j<n+m—1

som+ Y [IPhe POl

m<i<j<n+m-—1

By (A1) and « € (0, §), the above inequality becomes

+ Y ———=30m+ Y > ————=0(n).
0<i<j<n (j —i)a 0<j<n 0<i<j (j—i)e
All constants indicated in =, O(-) are uniform over all ¢, m, n. |
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Lemma 4.2 If (A1) is satisfied, then for all n,m € N, the following holds:

E‘Ener Z ¢r o Tk| = O(l),

m<k<n+m-—1

where O(1) is uniform over all ¢y, n, m.

Proof

BEun Y aoT= s [fuerm. ¥ goThn

m<k<n+m-—1 HwHL‘X’(X;R)Sl m<k<n+m-—1

By ||¥||z < 1 and (A1), the above equality becomes

< ¥ /IP;ZT{’W-P’“l)Idui 3 L o

1
m<k<n+m-—1 m<k<n+m—1 (m +n-— k) *

All constants indicated in X, O(+) are uniform over all ¢y, m,n. The last equality holds because

of é —-1>1.
[ |
Lemma 4.3 If (A1)-(A83) are satisfied, then for all n,m € N, the following holds:
n+m—1 n+m 1 n+m 1 n+m 1
E[Enml( Z ¢p o TF) - Z ¢ 0 T)T] Z ¢ o TF) - Z ¢ 0 T = O(ni=s),

where the constant indicated in O(-) is uniform over all ¢, m,n.

Proof

n+m—1 n+m—1 n+m 1 n+m—1

E|En-m|( Z ok oT") - Z ¢k o TH)T] Z oo T") - Z ¢ o TM)T]

SEEnim( Y. ¢poT"-¢f oTF)—E( Y. ¢poTF ¢f oTh)

m<k<n+m-—1 m<k<n+m-—1
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AEEnym( Y ¢ioT'-¢f oTI)—FE( > gioT" - ¢l o T

m<i<j<n+m—1 m<i<j<n+m—1
AE[Enim( Y. ¢ioT'-¢] oTH) —E( > ¢ioT -¢] 0TI

m<i<j<n+m-—1 m<li<j<n+m—1

SEEniml Y, ¢poTF-¢f oTF —E(ppo T - ¢f o T)| (4.1)
m<k<n+m-—1

2B Epym| Y ¢ioT' - ¢] 0T/ —E(¢ioT" - ¢} oTY)| (4.2)

m<i<j<n+m-—1

Estimate (4.1):

(4.1)=  sup /1/) o™ [ Y gpoTFgf oTF — K¢ o T" - ¢f o TF))dp
[l Loo (xyr) <1 m<k<n+m—1

n+m 1

/ P (g - 6 — By o T - 61 0 TH)] - P*1}|dp.

By (A2) and « € (0, %), the above inequality becomes

n+m 1
= 0(1).
kzzm m+n—k)é71 (

To estimate (4.2), for any fixed j <n+m — 1

E[E;j[ > ¢ioT" ¢f oT/ —E(¢joT"-¢] oT9)|| < Y E[Rj(¢ioT" ¢ oTV) ~E(¢;oT"-¢] oT7)|

m<i<j m<i<j

<2 Z E|E;(¢; 0 T" - ¢] o T)| < 2 Z /zpoTj-d)ioTi-(é?oTjd,u.

m<i<j m<i<j ||1/1HL0°(X r) <1

y (A1), [[¢9]|= < 1,sup; ||¢j]|Le < 0o and a € (0, 1), the above inequality becomes:

523 [P PUdns Y — = 0q),

1
m<i<j m<i<j \J — Z)a
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That is, for any fixed j < n+m — 1,

Y ElEjlgioT" - ¢] 0TI —E(¢i o T' - ¢} o TV)]| = O(1). (4.3)

m<i<j

Let 0 := 12 < 1, then

(4.2) < > E|Epim[pi o T* - ¢T o T9 —E(¢; o T" - ¢ o TY)]]

m<i<j<n+m—1

= > Y EEwmlioT ¢f 0TI —E(¢0 T - ¢} o TY))|

m<j<n+m—1m<i<j

= > S EE. BT ¢l 0TI —E(¢; 0 T - 67 o T9))|

m<j<n+m—1m<i<j

< > > E[Ej[¢ioT" - ¢] 0TI —E(¢;i o T" - ¢ o T7))|

n+m—|nd |<j<n+m—1m<i<j

+ Z Z E‘Ener foYRe T Qbf 0T’ — E(¢l oT"- (b? © Tj)”'

m<j<n+m—|nd | m<i<y

By (4.3), the above inequality becomes

2|0+ > > E[Enimlpio T ¢F o T — (¢ 0 T ¢7 0 T9))|

m<j<n+m—|nd| m<i<j

ntm— [0
=t J ’ Z Z ||w|| <1/wOTn+m'[(¢ioTz'¢JTOTJ)—E(¢¢OTZ'¢>§‘FOTJ)]dM
j=m+1 m<li<y LOO(XR)
n+m—|n®| | | |
BRI / GO T - [Pl (- P'1) - 6] — PIL-E(¢ioT"- 6] o T/)]dp

j=m+1 m<i<y ||1/’||L°°(X r)<1

n+m—|n?|

<+ Y Z/yP]"jlszgl@-Pil)-¢>f—Pj1-E(smoTi-@ToTj)Hdu.

j=m+1l m<i<j

By (A3), the above inequality becomes
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nt+m—|n?|

L S S = kLD DRy

j=m+1 m<i<j n t+tm—y m<j<n+m—|nd|

s J 5 % 1 1
=[n’] + .1_1:L”J+ Z i1 13
0<j<n—|n?| (n - -7) 0<j<n—|nf| (1 B E)a ne
i~ x 1
SIERY) dr
0 (1—z)at na=3
1 -0 I_1=2
1— 1 nt4n, o
= [n’] +/ ) 7_gfd:v- — 3 ° = (4.4)
A ) RV CR Y R
All constants indicated in =, O(-) are uniform over all ¢y, m, n.
[ |

Lemma 4.4 If (A1)-(A3) are satisfied, then for any € € (0,1 — $%), there is constant C. such

that for all n,m € N, the following holds:

n+m—1 n+m 1 n+m 1 n+m 1

E{|Ep-m|( Z ¢poT) - Z ¢ o TH)T] Z dpoT") - Z o o T) T}

= C, - n'te, where the constant indicated in = is uniform over all ¢y, m,n, €.

Proof
Let 5 >¢€,6 > 0 (will be given later), and

n+m—1 n+m—1 n+m—1 n+m—1

A= Epml( Z ¢k oT") - Z ¢k o TH)T] Z oo T")- Z ¢ o T")T]
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Then
E(jA[F) = / A dp + / A" dp < / AP|A[ P dp + 6 E|A
|A]>8 |A|<8 |A]>8

<§h / A" Fdp + 5 - E|A.
By the convexity of function | - ]Hﬁ and Holder inequaltiy, the above inequality becomes

n+m—1 n+m—1

<o [2BICY aeoT (Y Geo T
k=m k=m

+56-E|A|s2/3’56‘5'/|< Yoo akoTH (Y koMM Pdu+ 67 ElA].

m<k<n+m-—1 m<k<n+m-—1

By Minkowski’s inequality, Lemma 4.3 and sup; ||¢;||r~ < oo, the above inequality becomes

<2 0P (N ok o T paeas)H P + 5% EJA| £ 27 6P 4 g,
m<k<n+m-—1

24+28- 19 2+25— 14

Take s =n~— 7 ,then E(JA|T) <28+ 7  TTa Ifee (0,1—12), we can choose
2+28-125 o
big B such that n©~ #  Ti-a < nlte Then E(JA['T€) < nlt¢, and the constant indicated in <

is uniform over ¢y, m, n. |

Lemma 4.5 If (A1) is satisfied, for any m,n,p,q € N, the following holds:

ntm—1 g+n+m-+p—1 1
E[( Z Qr © Tk) . ( Z b © Tk)T] — O(max(n7p)max(3fa,0))’
k=m k=g+m+n

where the constant indicated in O(-) is uniform over all ¢, m,n,p.

Proof

Let § < 1 (will be given later), 7 := max(n, p), then

n+m—1 g+n+m-+p—1 n+m—1g+n+m+p—1 '
E[( D> ¢poT-( ). ¢oTH= > > E(gpoT" ¢] oT).
k=m k=g+m+n k=m  j=q+m-+n
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By (A1) and sup; ||¢;]|r= < oo, the above equality becomes

n+m 1 g+n+m-+p—1 n+m—1g+n+m-+p—1 1
<3 SHD S I MCSVEEVTTEED SHD D=
k=m  j=q+m+n k=m  j=q+m+n (] - )D‘
n+m—1g+n+m+p—1
DRED DR 1 =Y Y
kmm  jmatmtn (G — (m+n)+ (m+mn)— ) 1<h<n 0<j<p—1 ( J+k+Q)
1
_5
S22 s 2 k,_lﬁth > 1o
1<k<n1<j<p (J+ 1Sh<ni<j<n (J + |78 | <k,j<r (Jj+k)e
~ &L I~ 7 —1g~=l - - T 40y —3 -
w5 <mi<n (ZH BTt R e 122 J122) (2 4 y)a o
_ 1 ! 1 | o 1
3207’ ) + (/.5J(1+y)2 —(?JJrfJ)2 «dy)
na . n
1 1 [7°] \5-1 [7°] 51 [7°] 15—
< |0 93 1 3 1 3 3
S g (207 (L )R (1 e (FE) )
=6 | =3—+ 1 ~3-1 1
n°+n’"a, 3—=>0 n° o, 3—=>0,0=3—-=
=< < @ ® o ﬁmax(‘sfl 0) (4 5)
no, 3-1<o O(1), 3-1<0,6=0

All constants indicated in =, O(-) are uniform over all ¢x, m,n,p, q.

Lemma 4.6 (Maximal inequality)

If (A1)-(A3) are satisfied, then for any e € (0,min(1,2 — :22)), we have

-«

E( max | Y ¢oT![**) 3C.-n't2

m<k<m+n—1 -
m<i<k

where the constant indicated in 3 is uniform over all ¢x, m,n.

Proof Similar to martingale maximal inequality, Serfling in [43,44] proved maximal inequality for

some random processes (non-martingale) adapted to a increasing filtration. Although in different
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settings, we can still follow the idea of Theorem 3.1 in [43], then apply Theorem B in [44] to obtain
the desired bound of our Lemma 4.6.
Note that if all (¢ )ren satisfy (A1)-(A3), all coordinates of (¢ )ren satisfy them too. Without
loss of generality, we assume all (¢)ren are scalar functions satisfying (A1)-(A3).
First we claim:
E(| Zm§i§m+n—1 ¢; o Ti’2+e)

sup 2+e
n,m>1 n 2

< Q.

Let A =3 cicmiz) i © T, B = Y2 <i<min—1 i © T?, € € (0,1) (will be determined

later),

E( Y,  ¢ioTPT)=E( Y = ol + > ¢ 0 T'[*)

m<i<m+n—1 m<i<m+| 5] m+| g |<i<m+n-—1
< E[(|A] +|BI)* - (|A]* +|B[)] = E[(A* + B + 2|A| - | B]) - (|A| + | B|)]
= E(JAPT + [BI** + 2|1A] - [BI'"" + 2|B| - |A]'F* + B? - |A[ + A* - | B]"). (4.6)

Let s+t=24¢15€(0,2], § <1— 1%, by Holder inequality,

E(|AP - B[] = E{[Eps |z (1AF)] - [BI} < E{[Emy (1A - 1B}

S

= E{[Eny 5 (1AP) — E(AP") +E(AP)]Z - [BI'} < E[Epmy 5 (1AP) — E(AP)2 - B

HE(AP)F - E(B[) < [B(B)) - {E[Epy 2 (|AP2) — E(AP) 5 25
HE(BJ2*))7 - [E(|A]%)5.

By Lemma 4.1, Lemma 4.4, there is a constant C' which is uniform over all ¢y, n, m such that

the above inequality becomes

N|w

< 2[B(|B[**))7F - ()7 C

]

|3

Apply the above inequality to (4.6) for s = 1,1 + €, €, 2, respectively, then
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E(|A+B|2+e) < E(‘A|2+e) +E(|B|2+e)

+4-C-[E(BP*)# - [5)° +4-C - [E(BF))7 - 5] °

2. BBPOE | 2]F 2. O [R(BPH)E |2

Then
E(A+ BP9 _E(AP™) [31%  E(BP) (-3
T N R
o160 BOBE) e 1P — B E o (EUBEY) g 13)F (- (3):
(n—15])= n- (n—|2))=" n

- E(B*) = L%Ja(n—L%J)H_C,_[ E(BP) e L5)(n— 153

+2-C- el A P PR e
(n—1[5]) 2 (n—1[3])> 2
E(|A]**e) 1 e E(|BJ* 1 e
= B o+ Do
n | =< 2 n |\ =< 2
5] (n—1[3])>
- E(|B|?*¢ e 1 c - E(|BJ?*¢ 1 c
+4.C.[%]§L .[§+0(1)]2§ 14.C- %]zie .[§+0(1)]2'§
(n—1[3])> (n—1[3])>
-~ . E(|B*** 1 . - E(BPYY) e 1 e
12.0- [%]ﬁe : [§+0(1)]2§ 192.0- [%]ue : [§+0(1)]2§ _
(n—1[3])2 (n—1[3])2
. o 2+e€ . oTt|2+e€
Let a, := max(sup,,>; EOE"LS’SME’}QMZ cl ),supm>1 E(|Em95m+3fj cl )), the estimates
- n 2z - (n+1)" 2"
above shows that:
te _ 1+e _ 1 B B
an <[5 +o(1)]2 - 2ajn; +4-C-afni +4-C-afi' +2-C-alx;+2-C-ali) (4.7)
2 L2J LQJ |.2J L2J
_ Ite 4 S N 2 4
+4.C-x2 " +2.C-x2 " +2.C-x2< " then
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There is xg such that for all z > xg, g(x) is close to 2.

Since o(1) — 0 as n — o0, so there is N such that for all n > N,

1 c 1, 24
[5 + 0(1)]% is close to (5)2§ <

1
>

Then we can choose big zg, N such that for any n > N,z >z, [3 +0(1)] 2 - g(z) < 1.

Let b, = max(an,xo), then for any n > N, (4.7) becomes:

1
2

L

+e _ 1 _ 2 _ _€
24 C b +2-C bR +2-C - 02) < byn).
2J 2 2 LQ

1 24 _
an <[5 +o(M)]7 - (2bz +4-C-b ] o o

Therefore, b, < bL% | for any n > N; furthermore, for any n > 1,

E(| Zm§i§m+n—1 ¢io Ti|2+6)
Sup 2+e
m>1 n 2

Sangbngma‘x(blabQ)"' 7bN) < 0.

Second, apply the above inequality to Theorem B in [44]:

Lemma 4.7 (Theorem B in [44])

Suppose X; has finite variance, zero mean, and

m-+n
2+e

supE(] Y Xil**)ZInz,
m i=m+1

then
m-+k

sup E( max | g X2 2 n%,
m 1<k<n .
i=m+1

where the constant indicated in 3= is independent of n.

Let X; := ¢; o T, we obtain the desired maximal inequality.

To find the desired Gaussian vectors in the definition of the VASIP, Berkes and Philipp [8] gave

a criterion:

Theorem 4.8 (see [8])
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Given a probability space (X, B, 1), let (Xi,)g>1 be a sequence of random vectors in R?, adapted to
the increasing filtration (Gi)g>1, that is, Xy is Gp-measurable. Let (Hy)i>1 be a family of positive
semi-definite d x d matrices. Assume up is Gaussian distribution with characteristic function
e~zu” Hiu, Suppose that there are some non-negative numbers Ty, > 108d, Ay, 8 such that for any
u € R* with |u| < Tj:

. 1
E|E[exp(iu” - X3,)|Gr—1] — eXp(—iuT CHy - u)| < Mg,

1

Then without changing its distribution we can define (Xy)r>1 on a richer probability space
together with a family of independent Gaussian vectors (Gi)r>1 whose distributions are (pg)k>1
and

P(| Xy, — Gy| > o) < ay,

1 .
where a; = 1, oy, 1= 16d‘%+4)\,§ -T,ff+(5k, k > 2, P is the probability w.r.t. the richer probability
space.

In particularly, if Zk21 ag < 00, then almost surely,

Z‘Xk_Gk‘ < 0.

k>1

Berkes and Philipp constructed Gaussian vectors inductively, which relies heavily on the increas-
ing filtration (Gi)x>1. However, our filtration (T~%B)g>1 is decreasing. One way to overcome this
difficulty is to construct increasing o-algebra from T}, with certain Markovian behavior (see [34,35]).
Since we do not have too much information on T} so far, we will keep using decreasing filtration

(T~*B)k>1 and derive the following lemma, which plays a crucial role in our proof:

Lemma 4.9 (VASIP criteria)
Given a probability space (X, B, ), let (Yi)g>1 be a sequence of random vectors in RY, (Fi)r>1
be a decreasing filtration, Y), be Fi-measurable. Let (Hy)r>1 be a family of positive semi-definite

. . . . . _ L 1,To,.
dxd matrices. Assume py, is Gaussian distribution with characteristic function e 2% ¥ Suppose
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that there are some non-negative numbers Ty, > 108d, Ay, 65, such that for any u € R? with lu| < T

) 1
BlEfexp(iu” - Yi) | Font] — exp(—5u” - Hy - w)] < A,

1
pre{u s |ul > ZTk} < 0.

Then without changing its distribution we can define (Yy)r>1 on a richer probability space to-

gether with a family of independent Gaussian vectors (Gy)r>1 whose distributions are (pux)r>1 and
P(|Vy, — Gi| > ag) < ay,

1 .
where ay, 1= 16d - b;i—kT’“ +4A; -Tg—!—ék, k > 1, P is the probability w.r.t. the richer probability space.

In particularly, if Ek21 ag < 00, then almost surely,

Z’Yk_Gk’ < 00.

k>1

Proof Before proving this lemma, let’s recall the procedure of how to construct Gaussian vectors
in [8]: G is constructed with distribution g, extending the probability space © to © x I by
multiplying an unit interval I with Lebesgue measure if the original probability space has atoms.
Inductively, assume G1,Ga,- -+ ,Gr_1 have been constructed, partition the extended probability
space as the union of countably many o(G1, - - - , Gx_1)-measurable elements. Locally, on each such
element, construct G, and extend the extended probability space by multiplying another unit
interval. Obtain global G}, by gluing the local Gj. The final extended probability space is Q x IV,

To prove our result, let I, = [n,n + 1],n € Z, we will construct a triangular array of Gaussian
vectors (G})1<k<nn>1 together with an extended probability space (£2,)n>1:

For the 1-st row of the array, let G} := G, 1 = L(G1), Q1 := Q x I; (denote its probability
by P) as in [8]. Assume the previous (n — 1) rows of the array are done: the extended probability
space Q1 (still denote its probability by P) and (G}~ !)j<n—1 are constructed.

For the n-th row of the array, consider increasing filtration (F,+2-k)i1<k<n+1. By Theorem 4.8,

we can construct G}, 1, GY, -+, Gy and probability space €2, 1 % IN (still denote its probability by
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P) such that

P(|Yx — G| = ag) < ag, i, = L(Gy),1 < k <,

1
where a1 = 1, o, = 16d - %—1—4)\; -Tg—I-(Sk,l <k<n.
Since G, and ay41 do not make contribution, discard them. Then we have G7,---,GT and

probability space €, 1 x IN such that

P(|Yy, — G} > i) < oy,

1
where o = 16d - 5k + 4\2 - T + 64,1 <k < n.
This procedure ends up with a big extended probability space Q x [[;5; ] N (still denote its

probability by P) and triangular array of Gaussian vectors (G})1<k<nn>1 such that
P(’Yk - GZ| > Oék) < g,

pr = L(GY) for all k,n > 1,

where aj = 16d - %MAE T4 Ok > 1.

Consider a new triangular array (Y, G})i<k<nn>1, we will use induction to construct the
(Gk)k>1 as indicated in our lemma:

Start from the 1-st step, (Y1, GY)n>1 is tight since (G7),>1 have the same distribution. Then

along a subsequence, there is a weak limit (Y{, G}) such that

(V1,G) —2— (Y], GY),

subsequence
P(lY{ = Gi| =z a1) < ay.

Assume the (m — 1)-th step is done, that is, (Y1,G7,Y2,GS, -+, Yi—1,Gl_1)n>m—1 has a

subsequence with weak limit (Y{,G},Ys5,G5,--- .Y, .G, ), and an extended probability space
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o mony<icet I x @ x [ ;1 I} (still denote its probability by P) such that

d

n n n ALl Vel / !

(Y17G17Y27G2a"',mel,Gm—l) >(Y17 17Y27 2" s Im—1> m—l)a
subsequence

P(|Y, — G| > ax) < ag, for any k <m — 1.

For the m-th step, since (Y1,G7,Y2, Gy, -, Y, Gl )n>m is tight, then along the subsequence

of the subsequence in (m — 1)-th step, there is a weak limit

d

(}/:luG?7Y27 37 7Ym7Gnm) —_— (}71/7 _/17'” )}_/T:’LJG;’)’L)
subsequence
Compare with the weak limit in (m — 1)-th step, we have
d — — — — — —
(}/1/7 /17)/2/7 /27 s 7;1—17 /m—l):(Ylla /17Y2/7 ,27 ) 7;1—17 ;n—l)'

By Lemma 7.3, there is (Y, G},) such that

!~ A i / / / 1\ d ot A AL ! A1 1Al
(Yi7 17}67 27" Gm):(Y17 17Y27 25" YmﬂGm)

ytm—1 Ym—1 tTm> yIm—1 Ym—1>

Meanwhile, we have an extended probability space []_,,«;« ;1 Ii x @ X [];5; I, N (still denote its
probability by P).

Therefore, in this m-th step, we have weak limit convergence along a subsequence:

d
(}/:laG?7Y27GS7' T 7Ym7Grnn) —_— (Y1/7 /17Y2/7 /27 Y/ G;n)

y Lo
subsequence

Then by the diagonal argument, there is a subsequence (independent of m), such that for any

m>1,
Y1, G}, Ys, Gy Y G — L (V]G Y, G, Y G
( 1,G1,12,G9, "y, Im, m) ( 1,91y L9,G9,° "y Iy m)7
subsequence

P(|Y) — G| > ag) < oy, for any k < m.
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Therefore, for any k > 1,

L(}/l,a"' va/) = L(Ylv"' 7Yk)v

1<i<k

They imply (G});>1 are independent and (Y});>1 g (Y;)i>1. And the extended probability space
becomes [, | [; x @ x [];5 I} (still denote its probability by P).
Use Lemma 7.3 again in a similar way, there is (G;);>1 and a final extended probability space

[Tic 1 Li x Lo x Q@ x [;54 IN (still denote its probability by P) such that

4

(Y)iz1, (GYiz1) = ((Yi)iz1, (Gi)iz1)-

Therefore, for any k > 1,

P(|Yy — Gi| > o) < ay,

L(Gy,-+,Gr) = Q) i,

1<i<k
1
where oy, := 16d - 50k + AN2 - T + 8¢,k > 1. |

With all lemmas above, we are ready to prove Theorem 2.8.
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5 Proofs of main theorems

5.1 Proof of Theorem 2.8

Blocks construction

We will construct consecutive blocks {I,,n > 1} in N without gaps between them: let I,, be the
interval in N such that |I,| = [n¢],¢ > 0. So ;5 [i =N. Leta € (3.1), ¢, := [n°1=9]. Construct
consecutive blocks {I,;,1 < i < ¢, + 1} in I, such that: |1, ;| = [n°*],1 < i < ¢,, the first block
I, 1 contains the least number of I,,, the last block I, ¢, 41 := I, \ Ulgigcn I,,; contains the largest

number of I,. So [Ic,+1] < 2[n| and Uy<icp, 11 Tni = In. Let ay := 35,0, [Ii| = n*! and

X, E(X, - XT
"~ H,:= E(Xn - X5) 7; "),]:n =T w-17lp
n

Xni=» ¢ioTY, =

i€ln

e

where b, := )\(Ugn) = et X, Y, are F,-measurable,

Xn,i = E pioT", Fni=T" k<io1 |]"vk|_1[>’, Xn,i is Fy ;-measurable,
1€l 4

1
Tn :=n", 6, := Mn{uz |u| > ZTn}a

where pi,, is mean zero Gaussian distribution with variance H,,, and &, ¢, a will be given in Appendix,

Lemma 7.1 and its proof.

Estimate of E[E[exp(iu” - Y,,)|Fpni1] — exp(—3uT - Hy, - u)|

We are going to apply Lemma 4.9 to Yy, Fn, Hn, Ty, tin, 6n and estimate

. 1
E‘E[exp(ZuT : Yn)’}—n—i-l] - exp(_iuT : Hn : u)|

= E|Eq, 11 exp(iv’ - S2) —exp(—=u! - 2222l g | (5.1)
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First, we note that

E(Xn-Xp)= Y, EXni Xp)+ D, E(Xn X))
1<i<en+1 1<i<j<ent1

+ Z E(Xn, - XZ,J‘)T = Z E(Xn,i - Xg,z) + Z E[Xni - ( Z X?Zj)]

1<i<j<en+1 1<i<cn+1 1<i<en+1 i<j<cn+1
T \1T
+ E E[Xn - ( g Xm)] .
1<i<ep+1 i<j<cn+1

By Lemma 4.5, the above equality becomes

max(3—+
= > EXni Xp)42 Y O([mxBa0)

1<i<en+1 1<i<cp+1
_ Z E(Xn,i . XZ:Z) +ep- O(‘In‘max(Sfé,O)) _ Z E(Xn,i . X{z) + O(nc(lfa)Jrcmax(Sfé,O)).
1<i<en+1 1<i<cen+1
Therefore, inspired by the estimate method in [9] and use the above equality, we have the
following:
X, 1 o E(X, XTI

E|Eq, +1 exp(iu’ - =) — exp(—su

Vb 2 b,

luT ' El§i§0n+1 E(Xp,i - ng) '

w)

. X,
< E|Eq, +1 exp(iu’ - \/E) B eXp(_z b, u)]
+|exp(—zu” - LZsigenst EXni Xng) ) — exp(— s EEn X))
2 by, 5 ™
. E Xni . XT, C(l*a)+cmax(3fé70)
X E|Eq, 41 exp(iu? - =2 T Di<icent+1 B(Xni - X5,) )|+ [ul?- O(n )

\/E) —exp(—u %,

Docick B! - X )2 Dhcice,1 W X
=Bl D exp(- =5 ) exp(i ST

bn

0<k<cp
exp( Z0<z‘<k+1”“3(“T‘X”’Z‘)Q) exp( Zl+k<z‘<cn+1“T'Xn’i)]|+\UI2 Ot 0)
—_ X J— — . X . — .
P 2b, P Vbn b
> ocick B(u® - X, )2 aul e X ka1
=ElBo,n{ D exp(- =S5 fexpli—=)
0<k<ecn n n
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E(uT - X, 2 i<e ul . X 1) ¢(1—a)+cmax(3—1,0)
—exp(= - % 1) ) eXP(iZHK S\%‘l S A fuf? d b !
Pocick B! Xni)? Chticicent1 W Xnj
= E‘Ean-}-l{ Z eXp(- — ) ) . eXp(Z . SCn 5 )X
0<k<en 2bn NS
ol X, E(u! - X, 2 O(nc(l—a)+emax(3—7.0)
E[EXP(ZTR’M) — exp(_ ( 2bn ,k+1) )‘Fn,k+2]}’ + ”U,‘Q . ( bn )
ul - X k1 ]E(UT . X k+1)2 O(nc(l—a)-i—cmax(?;—%,o))
< E|E e L, W B n, 2
< K%;C |Eexp(: N ) — exp( b, N Fnger2]| + |l ™

Let |u| < T, =n", by Lemma 4.1, 4.2, 4.3, 4.6, and Taylor expansion:
e ¥ =1—z+0(z?),

e =1+ir — §x2 + 2% - O(min(|z],1)) = 1 + iz — 53;2 + O(|z|*te),

for any ¢y € (0, min(1,2 — %)), the above inequality becomes:

X, 1ol X, ul - X,
= Y EE{{1+i ML M2 4 O(|— 2L 2| B o)

0. Vb 20 Vb, Vb
1E[(u” - X E[(u” - X, p41)? O(nei=0)+emax(3—3.0)
_{1 T [( n,k—l—l) ] + O(| [( n,k’-i-l) ] |2)}’ + |’U,‘2 . ( )
2 bn, bn, by,
|ul 1 [ul? T T
< > {\/7 +57 BB Xk X — EXners - Xo o) F 2}
0<k<cn " "
‘E(Xn,k—&—l . XTk+1)|2 E(’X k+1’2+60) O(nc(l—a)—f—cmax(?)—é,o))
+|u|4 . 2 n, + |u|2+eo . n72+J } + |u|2 . ;
n bn 2 n
nn—i—c(l—a) n2f~i+c(1—a)+caﬁ nc(l_a)+4ﬁ+26a
S (R (2
nn(2+eo)+c(1—a)+ca2+% n2n+c(1—a)+cmax(3—é,0) 1
+ + N rt
n'y(l+c)2(2+60) nY(1+c) ~ Y
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(a
where v 1= mm{'y o)

—k—c(l—=a),y(1+c) =28 —c(l—a)—cag®;,2y(1+c) —c(l —a) —4r —
2ca, 7(1+07)(2+6) K(2+€) — (1l —a) —ca?52, y(1 +¢) — 26 — c(1 — a) — cmax(3 — 1,0)}, ¢ <

min(1,2 — 22).

Equations (5.2)-(5.7) for the range of ~

First, by Lemma 4.1,
E(Xn-X§)| L n
bn ~ p(etl)”

[ Hn| = |

So if

—(c+1) <0, (5.2)

denote the probability for distribution u, by P, then

b = pafu: ] 2 {7} = PUN(O, Ho)| > 3T) 3 PUNO, )| > 1)
is exponential decay, so
ol ul > (T} =6, 3
Then
o, = 16d - IO%T 4 4)\2 T +45, 3 i + ngldn N nmin(nl,g—dn)'
Note that %= < 1,3 — = < 1. If K > 1, choose 7, a closed to 1 carefully (v will be given in

Appendix, Lemma 7.1 and its proof) such that
) v
min(k, 5~ dr) > 1. (5.3)

S0 ,>1 an < 00. By Lemma 4.9, there are Gaussian vectors G, with covariance matrix E(X,, X1

such that
G/I G/I
Yy, f' | \ﬁ T

| < ay i.0..
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Then almost surely,

ZXZ' — G;’ = Zal f R Z e, T ) e = nl—i—‘c"'1 —min(k, 5 —dk)

<n i<n z<n

s.

Choosing 7, K, a, ¢ carefully (will be given in Appendix Lemma 7.1) such that

c—|—1>1+c—|—1
2 2

0 — min(k, % —dk). (5.4)

Therefore, there is a small ¢’ such that

ZX ZG// ~ n1+c§1,min(n,%fdn) :5 )\(Ugn)l% a.s..

i<n i<n
From block length a, to general m € N:

For any m, there is n such that a, < m < a,41, then we have the following lemmas:

Lemma 5.1

If
- 7(0 + 1) < 07 (55)

L+ (et 1)(max{3—$,0}—v) <0 (5.6)

(these relations are possible, see Appendiz, Lemma 7.1), then

Proof

By Lemma 4.1 and Lemma 4.5,

E[(Y ¢ioT) (D ¢ioT)T=E[O_X,) - O_X)"+E_Xi)-( > ¢ioT)]

i<m i<m i<n i<n i<n an<i<m
_HEK E XZ) E ®; o Tl E ¢; 0 TZ § ¢; o TZ
i<n an<i<m an<z<m anp<t<m
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3—10 3-10
SEC X)X+ ety = ne Y 4 g — an,

i<n i<n

Since a, ~ an+1, the above inequality becomes

max(3 0)—7 max(?)—é,o)—q/ Upt+1 — a
E[(ZX ZX +a)-n- +a)-n-ap +a%-(%).
i<n i<n

Since E[(D_;<,, Xi) - (D2i<, Xi 7] = a3, then the above inequality becomes

max(3—1,0)— max(3—1,0)— n+1 — Qp
j{E[(ZXz)(ZXz)T]}[l‘i‘nan (3=350) 'Y_i_n'an (3=350) 'Y_i_(u)]

an
i<n i<n
;j {E[(ZX ZX 1 +n (c+1)(max(3fé,0)7'y) _’_ncf'y(chl)).
i<n i<n

By (5.5), (5.6), we have

Ao2) =3- inf, u" B[O X)) - O X)) u=3X(02,).

[ul i<n i<n

Similarly, by Lemma 4.1 and Lemma 4.5,

1
B 0 (2 X0 SBI(E o) (3 ono T a3 4 050 0,

By

i<n <n i<m i<m

< E[(Z &; o TZ Z ¢z o Tz + mc+1 . max(3—é,0) + m?ll . mmax(?)—%,l)) + mc%l

<m i<m

Since E[(Yi<n @i 0 T7) - (Xi<pm @i 0 T)T] 7 m?, then the above inequality becomes

2 {E[(Z $; 0 T Z ¢ o THTTY - (1 + et pmax(3=5.0—y | mEFT ),

<m i<m

(5.5), (5.6) again, we have
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Lemma 5.2

If
1 €
57(04— 1)(2+¢€) —c(l+ 5) > 1,
where € < min(1,2 — 12_—‘)‘&), then there is a small € > 0 such that
sup | Z $i 0T = )\(agn)%*el a.s..
an<m<an+1 an<i<m
Proof
By Lemma 4.6,
Supa7L§mSan+1 ’ Zan<igm ¢Z ° Tl’ ‘2+6) =< nC(1+§) e 1
)‘(UCQL )%fe’ ~ n7(0+1)(2+6)(%76/) n'y(c+1)(2+6)(%75/)70(1+§) ’

From (5.7), there is a small ¢ > 0 such that
1 , €
~y(e+ 1)(24—6)(5 —€)—c(1+ 5) > 1.
By the Borel-Cantelli Lemma, we have

sup | Z pioTY = /\(ogn)%—e/ a.s..

an<m<an+t1 an<i<m

Find the independent Gaussian vectors in the definition of VASIP

For any k € N, define

G;’, if k= a;
Gy = .
0, if k 75 073
We claim ), G; matches >, &; 0 T% in the sense of (2.2) and (2.1):
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Verify (2.2): for any m, there is n such that a, <m < an.1. Recall E(GY - G”T) E(X; - X1),

where E() is the expectation of the probability of the extended probability space, then we have

E(> ¢ioT)- (D ¢ioTH]=> E(Gi-Gi"

<m i<m i<m

—E(Y gioT) - (3 60T = S E(@ -G

<m <m <n
= >, EXG-XD)+ Y B XDTHEQX) (Y dioT)]
1<i<j<n 1<i<j<n i<n an<i<m
HE[O X)) (Y gioTH)T [ gioT)-( > ¢ioTHT
i<n an<t<m an<z<m an<z<m

By Lemma 4.1 and Lemma 4.5, the above equality becomes

max(3—+ =,0) max(3— l ,0) 1+(c+1) max(3—é,0) n

<n-ap +n-a, +apt1 —ap 3N n’
9 14+(c+1) max(3—é,0) 9 c
;j )\(gan) y(c+1) + )\(gan)w(cH)_

By (5.5), (5.6), there is a small ¢ > 0 such that

1+ (c+1)max(3 — L,0)

<1-¢,
v(c+1)

Therefore, by Lemma 5.1,

E[(> " ¢ioTh) - (Y ¢ioT)T] =Y E(GY-GIT) 2 M02 )7 ZM(02)77.

i<m i<m i<n

Verify (2.1): By Lemma 5.1 and Lemma 5.2, we have

YodioT' =Y Gi=) Xi—» G+ > ¢iol

i<m i<m i<n i<n an<i<m

41



SAE2)EF 4+ swp | Y 40T 3 A02) 7 ~A(0L) 2 as.

an<m<an+1

an<t<m
In sum, (2.1) and (2.2) hold if (5.2)-(5.7) are all satisfied, then the VASIP holds. The range for

~ will be derived from (5.2)-(5.7), see the computation in Appendix, Lemma 7.1.

5.2 Proof of Theorem 2.9

Proof Fix w € , we will apply our Theorem 2.8 to the non-stationary dynamical system
(X, B, (T k) k>0, fw) to prove the VASIP w.r.t. p,. From the proof of Theorem 2.8, we note
that the VASIP holds via proving Lemma 4.1-4.6. So, to prove Theorem 2.9, we will prove the
random versions of Lemma 4.1-4.6. Since Lemma 4.4 and Lemma 4.6 are deduced from the other
four, and Lemma 4.5 is deduced from Lemma 4.1 and Lemma 4.3, so we just need to give the
random versions of Lemma 4.1, Lemma 4.2, Lemma 4.3. For a.e. w € Q, fix it and take pu,, as the

reference probability, define:
E“() = /(')dﬂw,Eﬁi(') = E“[()|(T3) ' B).

The proof of random version of Lemma 4.1 is similar to Lemma 4.1: by (A1),

JO X et (X dpet

m<k<n+m-—1 m<k<m+n—1

S0+ Y PG he)ldn S0+ S = 0.

m<i<j<n+m—1 m<i<j<n+m (j—1)

The proof of random version of Lemma 4.2 is similar to Lemma 4.2: by (A1’),

BBy, D, GprgoTil=  sup / Yo T N Gony, 0 Thdu,
(X;]R)Sl

m<k<n+m-—1 [ Loe m<k<n+m-—1
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< Y IR s bl s Y = o),

1
m<k<n+m—1 m<k<n+m—1 (m +n— k)
The proof of random version of Lemma 4.3 is similar to the estimate of Lemma 4.3, we will just

outline the key parts:

n+m—1 n+m 1 n+m 1 n+m—1
IEwm’zn—l-m Z Qsakw © Tk Z gba’“w © Tk Z qb ke © Tk ( Z ¢okw ° ch)T”
k=m
SEYES nl D ok o Th - $iny 0 Tl — E¥ (G 0 T - &0k, o TH (5.9)

m<k<n+m-—1
Pl Y e 0Tl 6L, 0 T —E¥(9pi, 0 Th - 65, 0 O]l (5.10)
m<i<j<n+m—1

By (A2’), (5.9) becomes

Ew|En+m[ E qba’“w © Tc’j : ¢ka © To{f - Ew(¢akw © Tulj : ¢ka o Tclj)”

m<k<n+m-—1

n+m 1

Z /’ :t)m k{[d)okw ¢ kw_Ew(QZ)ok OTk OT W) hony Hdp

1

n+m
=0(1).
kz;n m+n—k)é_1 ®

To estimate (5.10), for any fixed j <n+m — 1, by (Al’):

EWU:EW Z ¢O'LUOTZ g'JwOTJ Ew(¢0onz o']on] | { Z Ew‘Ew(gbO'onZ UJWOT£)|

m<i<j m<i<j

/‘Pj Z ¢a’1w Moty |dlu’ 3 Z O(l)

m<z<] m<z<] )

Let § = 1%, by (A3’) and the above inequality:

(5.10) < > > EYES [fgiy 0 TL - ¢l © T) — E¥(gigy 0 T, - ¢L5, 0 T1)]|

n+m—|nd |<j<n+m—1m<i<j
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+ Z Z Ew‘Ener ¢O’ tw o Tuz) o-Jw © T] Ew(¢a’ tw o T:} o'Jw o TL‘?]):H

m<j<n+m—|nd| m<i<j

nt+m—|n?|
r—j I_n(SJ + Z Z P:J—:,m ][P] Z<¢a’w T gt w) ’ ij - hajw ) ((bo“w © Tl o-Jw © Tg))”du

j=m+1 m<li<j

n+m—|n?|

I+ Y Y et g

j=m+1 m<i<j n+m_]

where all constants indicated in 3, O(-) are uniform over all ¢, m,n.
The proof of the VASIP w.r.t. u, only relies on the random version of Lemma 4.1-4.6, which

were proved above. So, by Theorem 2.8, the VASIP holds for a.e. w € ) under the condition of

variance growth.

Next we claim the VASIP w.r.t. ., or the coboundary based on variance growth: the proof is

exactly the same as Lemma 12 in [14] except the following:

1. the last inequality of page 2270 in [14] becomes:

SK'Z';A < 00.

i>1 e

2. the inequality in the middle of page 2271 becomes:

1
SKZZ,_Zk +Z 1jn1/1x11_2dx+nzk:;_l.

i<n—1k>n—i ka k<n—1 k>n

Then (35) in [14] becomes < - (ng_i +1 sn lel) — 0.

Therefore there is a d x d positive semi-definite matrix o > 0 such that almost surely,

hm/ qu) onk Zgbk(w o TMTdp,, = o

n—oo N
0<k<n 0<k<n

If 02 > 0, then variance grows linearly for a.e. w € Q. By Theorem 2.8, the VASIP w.r.t. p, holds

for a.e. w € Q.
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Tg, xd 0
If det(0?) = 0, without loss of generality, assume 0% = e

0 Oarxa; dxd
If d; = 0, we claim it has the coboundary:

Without loss of generality, assume all (¢, )yeq are scalar functions, denote ¢(w,x) := ¢y (),

similar to the computation of Lemma 12 (36) in [14], we have:

0=0% = [ Ploadndp +23 [ w.a) 6o (w.0)dud,
i>1
where 7(w, z) := (ow, f,(z)).
For the stationary dynamical system (2 x X, 7, dju,,dP) with observable ¢ € L>(Q x X), denote
the transfer operator of 7 by 7*. We will verify conditions (1) and (2) of Theorem 1.1 in [31]: by
(A1),

Z,/qs.qswndﬂwdm 3 Z/\Pﬁ(%hw)ldudpﬁ > <o,

n>0 n>0 n>1 e
Z / |T*n€5|dﬂwdp = Z sup /5 or™- J)dudeP’
n>0 n>0 | [€llLoe (@xx)<1

1
3Y [1PGuhdndr 3 Y~ < o,
n>0 n>1 M

Therefore, by Theorem 1.1 of [31], there is ¢ € L}(Q x X) such that:

bow(Tox) = Y(o(w), Ty(z)) — Y(w,x) ae. (w,x).

If di > 0,dy > 0, we will follow the argument of [19]: R? = R4 @R?® with projections

m : R PR? - R, my : R GR? — R?®. The dynamical system (w1 0 ¢y (. 0 T )1 has the

w)
VASIP w.r.t. j, by the argument of “02 > 0” above. For the dynamical system (ﬂ20¢0k(w)OTf)k21,

we follow the argument of “d; = 0”7 above, so there is 1) € L'(Q x X;R%) such that:

72 0 O (1) = Y(o(w), Ty (z)) — Y(w, z) ae. (w,x).
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6 Proofs of corollaries

6.1 Proof of Corollary 3.1

Proof Define X () := z,x € [0,1], for a sufficiently large ag > 1, consider a cone C,, C L*[0, 1]:
Cuo = {f € Lipp.(0,1] : f >0, f decreasing, X! . f increasing, f(z) < ag-z~*- /fdm}

Lemma 6.1 (see also [1,32,39])

Assume K > 0, ¢; € Lip[0,1] and hy € C,, with HQSiHLip < K, ||hgllpr < M for all i,k > 1.
Then for a sufficiently large ag > 1 independent of K, M, there are constants \,v,0 (only depends
on K, M, a,ag) such that the following holds:

zk = (i + A~ X—i—v)hk+5,hzk (A X+v)hk+5+/<;5l hidm € Cqy, (6.1)

Gi - hy — /dh’ ~hidm = hiy — iy € Cay — Cay,

/ hi pdm = / h pdm,

1€ Cy,, Cy, is preserved by all Ty, ’s transfer operators Pj,.

Furthermore, there are constants Cx uma,a0: Casaq SUuch that for all m,n € N, h € Cq,:

1
|| P i1 (% - B — /¢k “hidm)||pr 3 Cr M0 - —17 (6.2)
n «
n-+m 1
15— [ i)l 3 o s - (©:3)
na

Proof [1,39] proved these properties for the cone C,, NC1(0,1]. However, since the C* properties
are not used in their proofs, so the decay of correlation (6.3) still holds for our Cy,, and Cq, is still
an Py-invariant cone. To prove (6.1), the argument is replacing |¢} oo with its Lipschitz constant

Lip(¢x) in Lemma 2.4 in [39]. Then (6.2) holds by applying (6.3) and (6.1).
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With this lemma, we can prove our corollary for (¢y)ren C Lip[0, 1] now:
Since sup, |[6illgp, < o0.sup; 01 - 67 I < 2sup; 04l < 00, [PFL|s = 1, s0 (A1) and
(A2) are easily verified by (6.2). Now we verify (A3):

/ (PP (60 - P'1) - 6, — / PiH (¢ - P'1) - ¢Fdpl}dp 3

na

For the fixed 4, j above, by (6.1), there are hy, by, ", " ha, by, W', h)" € C,, and the following
decompositions:

hi—hy = ¢; - P'1 € Cqy — Caq, bl 1= Pi{h1 € Cuy, By := Pl hy € Cog, W' — 1Y = By - ¢F; —
J Byl dm € Cay — Cag, WY — WY =y - ¢F . — [l ¢F;dm € Coy — Ca.

So [ P (¢i- P'1)- oL ;dp))dm = [ b - oL dm — [ By - gL, .dm

By (6.1), (6.3),

[1pitpi o Py ol - [ P P 6, dulidm

1
i+j+nrg " " " " "
/IPWH (A7 = hy' = (h" = hy")][dm 3 Cag o ([|h7 ][0 + 1077 || 1) ——
na
3 C C, e C C, .
~ a0, " supy 9kl sl llholl | A a0 " Hsupy |9kl iy [Pl llR2ll L1 ” Ty

By (6.1), ||h1]|z1, ||h2]|r1 are bounded by a constant C . Therefore,

w41 i
1
+j+ i+ +
/|Pz+f+1” P (9i- P'1) - 1 / Pl @i P'1) - oy jdulldm 3 Coup, iouly 00 - —15-

Therefore the VASIP holds for this non-stationary dynamical system.

For scalar self-norming CLT, we will give a similar but simpler proof than VASIP’s:

Let (¢x)ren C Lip([0,1;R), I, = [I,n]. Let a € (3,1),¢, := [n17%) | (this a is different from
the one in Lemma 6.1). Construct consecutive blocks I, ; in I, such that: |1, ;| = [n®],1 <i < ¢,
the first block I,,;1 contains the least number of I, the last block Jy ¢, 41 = I \ U1gigcn I,

contains the largest number of I,,. So |Ij,c,+1| < 2|n*| and U1<i<cn+1 In; = I,. Similar to the
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proof of Theorem 2.8, let X, := 3 . ¢; 0 T%, by == Mo2) o n, fix any u € R:

n 1
Tl = exp(— )

X 1 .
Elexp(iu - )] - exp(—5u)| < EfEnya fexp(iu-

Vb,

With the same estimates as in (5.1), the above inequality becomes

U Xk+1 ].U'X7k+1 U'X’k+1
Y EE{[L 4 i omk (T2 o Sk o)) 7o)

0<hecn Vo, 20 Vb, Vo,
1E[(u- X El(u- X 2 9] nc(lfa)Jrcmax(Sfé,O)
_{1_7 [( bnk-l—l) ] —|—O(| [( bn,k+1) ]‘2)}‘+‘u|2 ( ; )
n n n
|ul 1 Jul? 2
< > A b “EIE{[X] i1 — E(X7 o)) g2}
0<k<cn 2 b
’E(XQ )|2 E(lX 2+€0 9] nc(l—a)—&—cmax(i%—é,O)
+|u‘4 . n,2k+l + |u]2+€0 . (| nfj‘ei’ )} + |U’2 . ( )
bn bT bﬂ
n
(1-a) (1-a)tagy (1-a)+2a (1—a)+a0 (1—-a)+max(3—1,0)
n n 5 N 4 N 2 2+ n @ 2
3Tl Pl Tl Tyl T
To let it go to zero, we need the following conditions:
L3 >1-—a,
2.m>1—-a+ay;,
3. 2v1 > 1+a,
4. 1> (1+a%)- 2+60 ,€0 < min(1,2 — 2%,
5. m >1—a+max(0,3—1).
So when 7 is any number in (221’1:0 , 1], self-norming CLT holds, where
+(2 ax(0,3 — 1 N 242 2
a:max(eo ( +60)m X( a)’ 2+601 5o + 60) :mln(l,Q— « )
2 + 2¢g 2i0€0+1 %" 4 + 5eq 11—«

For the computation of v;, see Appendix, Lemma 7.2.
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Proof of Corollary 3.3

Proof It is not hard to show that under the assumptions of Corollary 3.3, there is A € (0,1) such

that for any f €V,
[Pm(f / Fa)lly < A1 f — / Faplly,

sup || P1]|y < oc.
7

Note that V is a Banach algebra, so (A1)-(A3) are all satisfied. By Theorem 2.8, Corollary 3.3
holds.

6.2 Proof of Corollary 3.5

Proof For the existence and uniqueness of the quasi-invariant probability, the proofs are given
in [14]. (A1’)-(A3’) can be verified similar to Corollary 3.3. So by Theorem 2.9, we have the
desired result with v € L'(Q x X, dyu,,dP). To prove 1 € L*(Q x X, du,dP), it is exactly the same

as Proposition 3 in [14].

6.3 Proof of Corollary 3.7

Proof The existence of the quasi-invariant probability is constructed similar to [14]: Consider the

Banach space
Y ={v:Qx X = R:u, :=0vw,-) € LYX,m),sup ||v,||11 < oo}
w

with norm |[|v|| := supy, ||vw||11-
Define an operator £ :Y — Y: L(v)y := P,-1,0,-1,. So ||Lv]| < ||v||. Consider (L"1),>1. We

claim this is a Cauchy sequence:
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By Lemma 6.1, since P,1 € Cy, for any w € (2, then for any n < m,

1

€71 = L7 = sup [|[Pyon, (1 = PEL Dl < K- ——
na

Then there is h € Y such that Lh = h, that is, P,—1 ,hy-1, = hy, for a.e.-w € Q. So h,, satisfies
all conditions of C,, except its regularity. To prove h, € Lip;,.(0, 1], the method is the same as
Lemma 2.3 in [32]. Therefore h, € Cg,, for a.e. w € Q. Define the quasi-invariant probability
dpty = hydm, so (T,) s = How for a.e. w € Q. The verification of (A1’)-(A3’) is the same as

Corollary 3.1. By Theorem 2.9, this corollary holds.

6.4 Proof of Corollary 3.8

Proof First, we will show: there is a d x d positive semi-definite matrix o2 > 0 and € € (0, 1) such

that

E[() 60T (D _¢oT)=n-0"+o0(n'"). (6.4)

1<n i<n

Note that, by (A4),

SR o T <Z o

i>1 z>1

Let 0 :=E(¢- ¢") + >i>1 E(9- ¢t o T") + i1 E(d- ¢ o THT, then

E[(> ¢oT)- (Y ¢oT)—n-o

i<n <n

=Y E(poT'-¢" 0T+ > E(poT'-¢"oT)+ > E(poT'-¢" 0T —n .o

i<n 1<i<j<n 1<i<j<n

E(g-¢")+ > E(g-¢"oTi )+ Y E(goT -¢" 0TI ) —n.o?

1<i<j<n 1<i<j<n
EG-¢D)+ > > E@ ¢ToT)+ Y Y Eg-¢T 0T —n. o
1<i<n 0<j<n—1 1<i<n 0<j<n—1t
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= > > E@oTor)+ Y Y (¢ oT)T—n Y E(¢o¢ToT ) —n Y E(¢-g 0T

1<i<n 0<j<n—1 1<i<n 0<j<n—1 1>1 i>1

Then we just need to estimate:

Yoo D> E@¢"oT)—n-) E(¢-¢" 0T

1<i<n 0<j<n—i i>1

= E(@-¢ oT)= Y D E(¢-¢"oT)= > Y E(@-¢" T

1<i<n 0<j<n—i 1<i<n j>1 1<i<n j>n—i

_ T J T J

= E(p-¢" oT?)+n- E(p-¢" oT7) T
1<i<nn—i<j<n j>n 1<z<n n— z<]<n j>n Je

.1 o 1 1 1 1
= i 1+n-/ de=n"a4+n-n> "= Ina
n

Since 3 — é < 1, then there is € € (0,1) such that

02 —n-o*= E[(Zgﬁ oT?)- (Zgbo THT) —n-0® =3 n3"a = o(n'™).

1<n i<n

If det(0?) > 0, then 2 = n. So, by Theorem 2.8, the VASIP holds if (A5),(A6) are satisfied as
well; moreover, by Lemma 7.4, the Gaussian vectors are i.i.d. with covariance o2.
14 «a 0
If det(0?) = 0, without loss of generality, assume o2 = e

0 04, %d
27 axd

The argument in this case is exactly same as in Theorem 2.9, we will not repeat it here.
To prove the VASIP for the Young tower A, Young [51] proved the first order decay of correlation

(A4) and (A5) already, so we just need to verify the second order decay of correlation (A6):

[1Pm1Pi@)- 6"~ [ Pio)- T aljan 3~

na

where dv = d” Zmdm, both d;;L and ¢ are in L*°(A) N Cg(A),infj—rfL > 0 where Cg(A) is the same
as in [51]. However, we just need to show P’¢ is also Lipschitz function with uniform Lipschitz
exponent independent of j, then (A6) holds by using (A4):

Without loss of generality, assume ¢ is scalar function with Lipschitz exponent Cy: for any
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(a,mg) € F79 A, the orbit {F%(a,mg), -, F/(a,ma)} touches Aq for g, times (0 < g, < j),
a € AO,’iO,a N (FR)_lAOJ'La n---N (FR)_(qa_l)Ao,iqail’a. Denote P, := ((FR)—quOJ N AO,iO,a N
(FE)Ag NN (FR)’(qa’I)A()’iqua) X mg. Therefore F7(P,) = A, ;. For different P,, they

are either exactly the same, or disjoint.

e PJ¢ is locally Lipschitz:

For any 21 =: (x1,m), 22 := (w2, m) € A, ;, for any a stated above, there are y! € P,,y2 € P,

such that Fiy! = (z1,m), Fiy? = (x2,m).

j R GOEW 1 o)
o m) %(m’m) Fi(y)=(z1,m) JE(y) %(ml,m) ; JFI(yg)
- 1 3(y) = (y) 1 S(ya) g (va)
pi — . , = : . :
() zm) i (w2,m) Fj(y)z(:ac2,m) JEI(y)  go(w2,m) 2 JFI(yz)
IPH(6) ar,m) — PI(6) (a2, m)]| < |3 S0 5 Se) )

1, 2 > dm -731 m - JFJ - JFj(yg)

1 1 B(y2) & (y2) Pyl & (yh) — ¢(y2) 42 (y2)
+|— 1 Y )HZ JFjd |~‘Z JFJ() : |

ya dm(ya) ya dm(ya) s(z1,z2)
+|Z JFi(y JFJ |+|Z JFi(y -5

where y!, 42 € P,. Use the distortion (3.2), Fitfi—mp, — FRi_mAm,i = Agand JFRi_m|Am7i =

1, the above inequality becomes

1 1
=< . ) E - . 1,2 . . E = . ps(@me)

m(1 a) )
< E . R ST < . . .
~ Cv C¢ m( 0) d(Zl, 2’2) ~ Cv C¢ m( O) d(zl, ZQ).

e PJ¢ is bounded:
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Therefore, P7(¢) is globally Lipschitz, that is, P/(¢) € Cs(A): for any 21,22 € A,

[P (9)(21) = PP(6)(22)] 3 2/l - Cu - Cp - d(21, 22)

where its Lipschitz exponent, as shown above, is independent of j.
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7 Appendix

Lemma 7.1 (Computation of the range of )

The parameter v in Theorem 2.8 can be any number in (CJ%I + 1 2 where

c+1)(2+4¢€p)? 1]’

€pa + (2 + 60)(8d + 12) 1—- 24260 + max(?’ - év 0)

¢ = max( eo(l —a) " 1-max(3-1,0) )
€0 + 2a 24 2¢p (24 €)(1+max(3—1,0))—2
a = max( , , ),
(1 — Oé)(2€0 + 2) 3eg + 4 2+ 2¢g

2
€0 = min(1,2 — a

),

11—«

d,a are the parameters in Theorem 2.8.

Proof To find the range of v, we summarize (5.2)-(5.7) here:

1. min(x, § —dk) > 1, where Kk > 1,v := min(7(12+c) —k—c(l—a),y(1+¢c)—2c—c(l—a)—
cat:,27v(14¢c) — c(1 —a) — 4k — 2ca, % —K(2+€) —c(l —a) —ca?t2 y(1+¢) —

2k — (1l —a) —cmax(3 — 1,0)),a € (3,1),60 <min(1,2 — 2%),c > 1.

-«

2. vl > 14 < —min(k, § — dk).
3. c—v(c+1)<0.
4. 14 (c+1)(max(3 —1,0) — ) <0.

—7(0‘;1) < 1.

6. 1v(c+1)(2+€) —c(1+5)>1e<min(l,2— 2.

-«

If v > 2(d + 1)k, then min(x, 5§ — xd) = k. So we can use this to simplify 1,2 above as 1,2

below. Note that 3 and 5 above are the same, the inequality 6 above is v > C_%l + m which

_c

implies 3 and 5 above: v > .

So we can combine 3,5,6 above as 4 below. Therefore the above

inequalities can be rewritten as:

1. v>2(d+ 1)k, k> 1.
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2. y>1-ZH(k-1).

3.y > CJ%l + max(3 — 1,0).

2 : 2
4. 7>H%+m,e<mm(l,2—lfa).

«

Use the definition of v to expand v > 2(d+ 1)k as 1,2,3,4,5 below, and copy 2,3,4 above as 6,7,8

below. Then we have
L. W—/ﬁ—c(l—a) >2(d+1)k,a € (3,1),¢> 1.
2. Y(14+¢) =2k —c(1 —a) — caz®; > 2(d + 1)k.
3. 2y(1+¢)—c(l —a) —4k — 2ca > 2(d + 1)k.

4. 77(1“)2(2“0) —k(2+¢€) —c(l —a) — ca%% > 2(d+ 1)k, ¢ < min(1,2 — lz_—o‘a)

5. v(14¢)—2k—c(l—a) — cmax(3 —1,0)) > 2(d + 1)x.

6. 7>1—25(k—1).

7.y > CJ%l +max(3 — 1,0).

2 : 2
8. 7>H%+m,e<mm(l,2——a).

l—«a

We transform the above inequalities to represent the range of :

1. v > (42!17?)” —I-C%(l—a),a S (%,1),c> 1.

2. y> Qs e aa | e () _g),

87> 48 o)

4.y > (ini)%ii?)’i + (ciﬁfﬁ(}eo)’ €p < min(1,2 — ).

5.9 > 21d_:r31€+ c(j;f) + o7 max(3 — 1.0).

6. 7v>1-25(k—1).

7.y > C% + max(3 — 1,0).
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8. v>

Use -% < 1,52

o1 ’ 24eo

1.y > UHO% 4 91 —a).

2. y> QIHE 4 a1 (1 q),

3. > W (at))

47> Gk + fhes.

5. v > 21d:_rc4/€ + (1 —a) +max(3 — é,O),a € (%, 1),€0 < min(1,2 — f_—aa)

6. v>1—2(k—1).

Ty > CJ%l + max(3 — é,()).

8. 7> (:Jr%%—m,e < min(1,2 — 12_—‘1&)

Let kK :=2, use 2d+5>d+ 3, aTH < 221762)“, we can combine inequalities 3,4 above as 3 below.
Use 1 — CJ%I < C_%l + m, we can combine the inequalities 6,8 above as 6 below:

1.y > 2010 4 91 —a).

2. 4> 22HD 4 cay (1 q).

3.0 > BT+ B

4. ~v > 2(?7;;4) +(1—a)+max(3—21,0),a € (,1),60 < min(1,2 — 22).

5. v > CJ%l + max(3 — 1,0).

6. v> 7+ m,e < min(1,2 — f_—aa)

If a > %, then (22:“:00) >+ 1—a.

Note that if a > 3£2%, then FaG > 2(1 — a).

If a > (2+60)(1+;nf;£jfé’0))72, then (221‘1600) >1—a+max(0,3— 1)

=)

2 .
Tt e € < min(1,2 — $£%).

<1l,a < 1,6y < 1, we can narrow the range of v 1-5 above as 1-5 below:
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Therefore, use 4d + 6 > max{2d + 4,2d + 5}, when

€0 + 2a 2 + 2¢ (2+eo)(1+max(3—é,0))—2)

> b ) )
@ > max(— S5 9) 3ep 4 2+ 260

2
1—«a

€0 < min(1,2 —

),

we can combine inequalities 1,2,3,4 above as 1 below and copy 5,6 above as 2,3 below:

Loy > A+ B

2. v > CJ%I + max(3 — 1,0).

3oy> g+t m,e < min(1,2 — lz_—o‘a)

Note that if ¢ > 1—%mzzl(z)c_(ij£,0) ,€ <min(1,2 — %)’ then

c n 2 N 1
c+1 (c+1)(2+¢  c+1

1
+ max(3 — —,0).
«

2+eoa+(2+60)(8d+12)—2(2+ZO) 2 2(4d+6) | 2+
If c > Eo(l—a) 2+ 5 then C‘i’% + (C+1)(2—|—6) > (1+C) + (2_,:1:00)
Therefore, if
§ (2+eoa+ (2+€)(8d +12) — 2ZFr0l 1 2 4 max(3 - g,O))
¢ > max , ,
eo(1—a) 1 —max(3—1,0)
€0 + 2a 2+2¢ (2+¢€)(1+max(3—1,0) -2
a > max( , , @ ),
(1—&)(2604—2) 3eg + 4 2+ 2¢g
2
co < min(L,2 - - 2,
-«

the inequalities 1,2,3 above can be combined as the following one inequality:

c 2
> + .
T eI T e D2+
Let ¢y = ¢, then
c 2
>

11’ (c+1)(24 )
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Since this is a strict inequality for v, so ¢, a, €g can take their infimums/supremum, respectively,

that is,

2 1
szax(2+60a+(2+60)(8d+ 12) — 2 - m-ﬁ-max(f}— E?O)

)7

eo(l —a) " 1-max(3-1,0)
€0 + 2 24 2¢p (24 €)(1+max(3 — 1,0))—2
a = max( , , ),
(1 —a)(2e0+2) 3¢p+ 4 24 2¢p
2
co = min(L,2 - - S
-«
|
Lemma 7.2 (Computation of the range of v;)
Y1 satisfies the following inequalities:
1. B >1—-a.
2. m>1—-a+ay;.
3. 2v1 >1+a.
4o > (1+a9) - 52,60 <min(1,2 - £%).
5. v >1-—a+max(0,3—1).
Then 1 can be any number in (22':_“:00, |, where
+ (24 ) max(0,3 — L o 242 2
a = max(eo ( 60) X( a>7 €0 2—’—601—2(1 "4 - 60)7 €0 = min(L 2- _a )
24 2¢g e + 5 + 5¢g 11—«

o 1 _ 24 2 1+
Proof Since “3* < 3L, then y1 > (14+a9) - 5575 > 5%

If @ > 3222, then (14 a9%) - 52 > 2(1 —a).
€0

If a > —2 9, then (14a9) 52 >1—a+a7.

2+€g + 11—« 2+6O
€0+ (2+€o) max(0,3—l) o 2 1
If a > 5T o=, then (1+a%) - 57- >1—a+max(0,3 - 7).
)
€0+(2+¢€0) max(0,3—1) 27 24-2¢9 . 2a
So when a > max( 55 ) o i=7a s 4+5€O), €0 < min(1,2 — %% ),
2+€q 11—«
S 2+ aeg
" .
2+ €
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Since this is a strict inequality for vi, so a, €y can take their infimum/supremum, respectively,

that is, 1 can be any number in (22‘:‘“0 1], where
€0+ (2 + €g) max(0,3 — 1) o 2 + 2¢ ) 2a
a = max( 513 i 601_2a,4 5 ), €0 = min(1,2 — T ).
T2 5reo T Toa 4T 060 a

Lemma 7.3 (Transfer, see [25] Theorem 6.10)

For any measurable space S and Borel space T, let £ 4 & and n be random elements in S and
T, respectively (that is, & and n are living in the same probability space, & and &' have the same
distribution but not necessarily live in the same probability space). Then there exists a random

element 1 in T with

(n,6) £ (0, €).

More precisely, there exists a measurable function f : S x [0,1] — T such that we may take
= f(¢,U) where U ~ U(0,1) is independent of & and f.
Indeed, to guarantee the independence, we may simply extend the probability space where £ lives

in, by multiplying an interval (I,Leb).

Lemma 7.4 (Embedding in a d-dimensional Brownian motion)
If (¢ o Tk)kzl satisfies the VASIP, and there is € € (0, %) and a positive definite d X d matrix
0% > 0, such that 02 = n-o? + o(n'=¢), then there is € € (0,1) and a Brownian motion By such

that almost surely,

Z ppoTF - 0B, = o(n%_g) a.s..

k<n
Proof Since d =1 is trivial, we assume d > 1. By the VASIP Definition 2.4, we have:

Z oo TF — Z Gy = O(TL%_G) a.s.,

k<n k<n

:/(Z¢koT ZgbkoTk Y ldp = ZE (G - GEY + o(n'™),

k<n k<n k<n
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where E(-) is the expectation of the probability P of the extended probability space (X, B, ). Then

Z E(Gy-GE)=n-0% 4 o(n'™).
k<n

Without loss of generality, we can assume o2 = Ijyq.

Let ¢ € N (will be given later), then

> E(Gr-GE) =[(1+4n) = n Ioxg + o((n + 1)1, (7.1)
ne<k<(l4n)c

If ¢ is big enough such that ¢ — 1 > ¢(1 — ¢€), then

ch<k§(1+n)c E(Gk ’ Gf) . _ O((n+ 1)6(1_6)) _ O(nlfce)
(1+mn)c—ne dxd = ne-1 B
Denote _ -
AT 0 0
. 0 A o 0
A= > EG-GD=Qu-| 7| (7.2)
ne<k<(14n)c : : T :
0 0 Ay

where AT < A < - < A7 are eigenvalues, (0, is an orthogonal matrix. Denote

[ min(AT, (1 +n)° — n) 0 . 0 ]
Rt T T P
i 0 0 -~ min(A}, (1+n)° — nc)_
Ay = A— Ay,

Az = ((1+n)* = n°) - laxa — A1

For each n, pick arbitrary independent Gaussian vectors L(_]{LH, §§L+1, g;}“ such that
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E[Q?Jrl (9?4’1) ] Ala [n+1 (ggHrl) ] AQ, [n+1 (ggb+1)T] :AS-

+7 —n+1 d

Therefore gy’ ntl =>. e <h<(14n)" Gr. By Lemma 7.3, there are independent mean zero

Gaussian vectors g"“, g;"H, g?“ (extend the probability space if necessary, still denote its proba-

bility by P and its expectation by E(-)) such that

—n+1 n+l -n+l =n+l -n+ly @ n+1 n+1 n+l
( +g y 91 ydo 5,03 ) ( Z Gk7 y 92,03 )
nc<k<(l4n)c

Therefore,
Elgp™ - (07™)7] = ALElgs ™ - (957)7] = A2, Elgy ™ - (957 = 45,

S Ge=gpt g as
ne<k<(l4n)c

E[(gi" + g5 - (o7 + g5 = (L 4+ n)° =1 - Laxa.

Furthermore, since As and As, after being diagonalized by @,, have nonzero entries on disjoint

positions of diagonal line. Therefore by (7.1),
E[QS—H (ggH-l)T] — 0((n_|_ 1)0(1—5))’

Elg5t! - (9517 = o((n + 1)),

By Lemma 7.3, we know ¢ depends on ch<k§(1+n)c Gj. Since for any n; # no € N,

Zni<k§(1+n1)5 Gy, is independent of an<k§(1+n2)c Gy, then

(g?lﬂ,ggl“,ggl“) is independent of (g n2+1,932+1,g§‘2+1)

So there is a Brownian motion B; such that for each n € N:

n+1 + gn+1

g1 B(1+n)c - Bnc.
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Therefore

Z Gr — (B(14n)e — Bne) = gg‘H gg”rl a.s.,
nc<k<(l4n)c

Y Gr—Bue =Y (g5—g5) as

k<nc¢ i<n

For any m € N, there is n such that n® < m < (n + 1)¢ and

ZGk_Bm:ZGk—Bnc—I— Z Gk_(Bm—BnC):Z(gi i

k<m k<nc¢ ne<k<m i<n

Yo Gi—(Bu—Bu) <Y (-3l + sup | Y G+

sup | By, — Bhel.
nc<k<m i<n ne<m<(n+1)¢

nc<k<m ne<mg(n+1)
To estimate the last two terms, we just need to estimate each coordinate of them. So without

loss of generality, we assume the last two terms are scalar Gaussian random elements

. Then if
2ce < 1,€ < ¢,
~ — ~ ~ 1 -
P( osup | Y Gl >nfem) < PINOE( Y Gl >
nC<m§(n+1)C nc<k§m nc<k§(n+1)c
. c(3-¢) nc(z =€) o1
— P(IN(0,1)] > ———t— ) 3PINO, D) > ) < e T 2 5,
VE(  pechcurnye Gi)?) n's n
P( sup  [Bp— Bue| > nGT9) < P(IN(O, (n +1)° — )| > nz79)
ne<m<(n+1)°¢
N o(3-9) B o(3-9) 1
— P(IN(0,1)] > ——— ) 3 PIN(O,1)] > )y < e T 3 2
(TL + 1)C —nc n-z n

The estimate of g4 and g} are the same, so we just estimate gi:

P> gl > nlz=9) = P(IN(0,B[(Y g5))| > nelz79)

i<n

i<n
~ c(%ig) ~ nc(%ig) c(e—2&)—1 ].
= P(|N(0,1)] )KP(\N(071)1>W)N6771 jﬁ
(i< 95)°] n
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By the Borel-Cantelli Lemma,

D Gh—Bn<|d (gh—g)l+ swp | Y Gy

k<m i<n ne<m<(n+1)¢ e pom,

+ sup | By, — Bpe| = o(nc(%_g)) = o(m%_g) a.s..
ne<m<(n+1)°¢
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