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ABSTRACT

This paper investigates the problem of ascertaining which circle-
like continua are continuous images of chainable continua. In the
second chapter, the notion of the "revolving number" of a map from S
onto S1 is introduced and used to classify the planar, non-chainable,
circle-like continua by structure: decomposable; "self-entwined" (a
notion introduced in chapter 2); indecomposable, non-self-entwined.
The main theorem in chapter 3 is a characterization of weakly chain-
able circle~like continua; the classification scheme of chapter 2 is

used to prove this result.



TABLE OF CONTENTS

Chapter Page

I. INTRODUCTION . . . & v & ¢« ¢ o o o o o o o« « o « « 1

II. STRUCTURE OF CIRCLE-LIKE CONTINUA . . . . . . . . 3

ITI. MAPPING CHAINABLE CONTINUA ONTO CIRCLE~LIKE

CONTINUA . . & v v ¢ v v o v o o o o o o o o o o o 17

REFERENCES o &+ & v v o 4 4 o o o o s s o o s o o o o o & 25



CHAPTER I
INTRODUCTION

Suppose that for each positive integer i, Xi is a compact metric

space and f;+1 is a map (continuous function) from Xi onto Xi' Let

+1
M be the subset of the Cartesian product space £§1 Xi consisting of the
set of all sequences p such that for each i, Py is in Xi and

i+l
£k

o]
= . . H -
i+1) P, Then M, with the relative topology from is1 Xi , 1s

called the inverse limit of the inverse system (Xi,f;+1), and denoted

Lim (Xi,f;+1). Ifm>n, fﬁ will denote the composition of the maps
-

n+l 2 m m__, . . .

fn , fn+1 s eee s fm_1 H fm will denote the identity function on Xm.

For each positive integer i, PRi will denote the natural projection of
M onto Xi; i.e., PRi(al, ay, 25, cea) = a,. The theorems in this paper
are concerned with inverse limits in which each factor space Xi is a cir-
cle (i.e., circle-like continua), and in which each factor space Xi is
an arc (i.e., arc-like, or chainable, continua).

The following theorems will be used frequently:

A, If (nl, n,, ng, .«.) is an increasing sequence of positive inte-
gers, then M is homeomorphic to the inverse limit of the inverse system

n

X £ i .
® o £ i)

i i

(In Theorems B and C, assume that K = Lim (Yi,gl'+1

i

):)

B. Suppose h is a sequence of maps such that (1) for each positive

integer 1, hi is a map from Xi onto Yi’ and (2) for each i, hi o f;+1
i+l . . It .

=8g. o h, . Then the function G from M into |, Y, defined by
i i+l i=1l “i

G(al, a,; ag, o) = (hl(al)’ hz(az), «.s) is a map from M onto K.



Definition. (see [1] ) Suppose each of A and B is a metric space and each
of u and v is a map from A into B. Suppose ¢ > 0. The statement that
u = v means that for each point x in A, distB(u(x),v(x)) <ec.

C. (Theorem 3 of [1] ) Suppose e is a decreasing sequence of posi-
tive numbers with sequential limit 0. Suppose h is a sequence of maps

such that (1) for each positive integer i, h,, is a map from Y,, onto

2i
(2) for each triple (i,j,k)

2i

X,, and h is a map from X onto Y

2i 2i-1 2i-1 2i-1 °
of positive integers with i < j and k £ 2i-1,

2i-1 25-1  _ 2j-1

B © M1 ® Foiar o) L B © Pz
2i-1 25-2 _ 2j-2
g 0Py 0 fi1 Oy o B

(3) for each triple (i,j,k) of positive integers with i < j and k < 2i,

f21 2j 2]

Kk O Pgy 08y o= f o hy,
21
2i 2j-1 _ £23-1
and fk o} hZi © 853 o} 25-1 ezi fk .

Then M is homeomorphic to K. 1In case Xi = Yi and hi is the identity map
for each i, it suffices that for each ordered triple (i,j,k) of positive
integers with k £ 1 < j,

Lo f? J
i

8k e, &k
i
i I 2 A
and fk °g; e, fk

for M to be homeomorphic to K.



CHAPTER T1I
STRUCTURE OF CIRCLE-LIKE CONTINUA

In [ 2], Bing characterized the class of non-planar circle-1like con-
tinua, and in [3], Ingram characterized the chainable circle-like continua.
In this chapter, the class of non-chainable, planar, circle-like continua
is subdivided into three subclasses: the decomposable; the self-entwined
(a concept to be introduced in this chapter); the indecomposable, non-
self-entwined. This classification scheme is used to prove the main
result of chapter III.

The '"circle", Sl, is the unit circle on the complex plane. If P
and Q are two non-antipodal points of the circle, and L the length (in
the usual metric) of the minor arc between them, then the distance from

P to Q, denoted |P—Q|, is defined as The distance between anti-

L
2m
podal points is %. The "wrapping function", denoted 4, is the map from
the real line onto S1 which sends the number x to e2nix. Let S1 be
oriented so that ¢ is order-preserving. If A and B are points of Sl,
then the arc [A,B] of S1 is the ¢-image of an interval [a,b], b-a < 1,
with d(a) = A and d(b) = B. If C is a point of Sl, then we write
A< C< B in case there is a number ¢, a < ¢ < b, with d(¢) = C. Notice
that if b-a < %, then |A-B| = b-a.
Definition, If f is a map from S1 into Sl, then the degree of £, denoted
deg £, is that integer n such that f is homotopic to the n-th power of
the complex identity function restricted to Sl.

The next two definitions are modifications of concepts developed

by J.T. Rogers in [4], approached here from a homotopy-theoretic rather

than combinatorial point of view.



Suppose f is a map from S1 onto Sl, and deg £ 2 0.
Definition., Suppose T is an arc in Sl. Let u be a lift of flT, i.e., u
is a map from T into the real line, and f|T = ¢ o u. Then deg(T,f) is
defined as diam u(T); this number is independent of which lift map is
taken.

In case deg(T,f) is an integer, deg(T,f) is the number of times the
arc T is "wrapped around" the circle by f.
Lemma 1. Suppose D is the number set to which a number r belongs if and
only if there is an arc Q in S1 such that r = deg(Q,f). Then D is bounded
above.
Proof. Since f is uniformly continuous, let d > 0 be such that any d-ball
in S1 is mapped into a semi-circle in Sl. Let m be an integer greater

than If A is an arc in Sl, then A may be covered by a linear

1
2d
m

chain of d-balls with no more than m links, implying that deg(A,f) < 5 -

Definition. Suppose D is as in the hypothesis of Lemma 1. The revolving
number of f, denoted R(f), is sup D.

Lemma 2. Suppose P and Q are points of Sl. Let T be a point sequence
with each value in the interior of the arc [Q,P], and T converges to P.
Let u be a sequence of maps such that for each positive integer i, u,

is a lift of f|[P,Ti], and ui(P) = ul(P) = Z. ' Then

Limit ui<Ti) =7 + deg £.

i—»oo

Proof. Suppose deg £ = n. The quotient map —é; is inessential. Let

]

v be a lift of -fﬁ . Then —EE =dov,and f=1I". (6ov). Let e > 0.
I I

Since T converges to P, and v is continuous, let N be a positive integer

e
2n+1

such that if m 2 N, then le -p| < and |v(Tm) - v)| <% )

Suppose m = N. Let [a,b] be an interval, b-a < 1, such that ¢(a) = P



5
and 4(b) = T - Let h be the inverse map of é|la,b]. If x is in [P,Tm],
then x = [d(h(x))]n = ¢(nh(x)). Hence ¢ o u = fl[P,TmJ
= (4o (mh)) . (dov) =6 o0 (nh+ v). There is an integer J such that

u +J = nh + v. Thus um(Tm) - um(P) = nh(Tm) - nh(P) + V(Tm)- v (P)

e

e
= - - i - & - —— g <
n(b-a) + v(Tm) v(P). Since le Pl Srl 1 ) b-a < 1,
e ne e e
- =< - —— < - < - - < - < =
and n T ) n(b-a) n. Also 5 V(Tm) v(P) 5 hence
n - e < n(b-a) + V(Tm) - v(@®) <n+ %
e
- < - —_
n-e um(Tm) um(P) <n+ 5

-e < um(Tm) - (Z + n) <

ol o

This completes the proof.

Lemma 2 yields immediately R(f) = deg f.

Using the results of Ingram in [3] and of McCord (page 29 of [5]),
we have

Theorem D. TIf C is a circle-like continuum, then C is planar and non-

chainable if and only if C is homeomorphic to Lim (Xi’f;+1)’ in which
each Xi is Sl, and deg f:+l = 1 for each 1i.
Notation. "p.n.c.c.l." will mean '"planar, non-chainable, circle-like".

We are ready to prove the main result of this chapter.

Definition. Suppose M is a p.n.c.c.l, continuum as in Theorem D. Then
M is said to be in class 1 if, for each positive integer i, there exists
a number Zi’l < Zi < 2, such that for each positive integer j,

R(fi+j) < Zi' We say that M is in class 2 if for each i, and each num-
ber y, 1 £ y < 2, there is j such that R(fi+j) > vy, Similarly, M is in
class A if, for each i, there exists Zi’ 1= Zi < 3, such that for each
positive integer j, R(fi+j) < Zi; also, M is in class B if for each i,

and each y, 1 £ y < 3, there is j such that R(fi+J) > y.
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Theorem 1. Suppose M is a p.n.c.c.l. continuum. Then either M is homeo-
morphic to a member of class 1 or M is homeomorphic to a member of class
2, Furthermore, either M is homeomorphic to a member of class A or M is
homeomorphic to a member of class B.
Proof, Let M = Lim (Xi,fi+1) as in Theorem D. Suppose M is not in class
2. Then there is a number Z, 1 < Z < 2, and there is a positive integer
i such that for each j, R(fi+j) < Z. Let D be the set of all ordered
pairs (p,y) such that p is a positive integer, y is a number, 1 < y < 2,
and for each positive integer j, R(fg+j) < y.
Case (1). The domain of the relation D is bounded. Let K be an integer

greater than every element in the domain of D. Let Z be a number,

1=2Z< 2, and i be a positive integer. Then (K+i,Z) is not in D. Thus

. K+i+] . K+i+l
> =
there is j such that R(fK+i ) > Z. Let C Lim (XK+i’ Kb ). Then
C is in class 2, and M is homeomorphic to C by Theorem A.
Case (2). The domain of D is not bounded. Let (nl, n,, N, ...) be an

increasing sequence of positive integers whose range is the domain of D.
Let h be a function whose domain is the domain of D, and h is a subset
of D. Let C = Lim (Xn.’ fn?i+1). Then C is in class 1. For: if i is
a positive integer, th;n h(;i) is a number, 1 < h(ni) < 2, such that for
each j, R(fn?i+j) < h(ni). By Theorem A, M is homeomorphic to C. The
second assertion of Theorem 1 is proved similarly.

Trivially, class B is a subset of class 2. The collection of all
p.n.c.c.l. continua is class 1 U class B U (class 2 \ class B). We will

see that if M is a p.n.c.c.l. continuum, then M is indecomposable if and

only if M is homeomorphic to a member of class 2.



Definition. The continua which are homeomorphic to members of class B
will be called self-entwined(this notion is also a modified version of
an idea in [4]).

We will see that the self-entwined continua have some of the prop-
erties of non-planar circle-like continua (e.g., Corollary to Lemma 8;
Theorem 5).

Assume, as before, that £ is a map from S1 onto Sl, and deg £ = 0,
Definition., If A is an arc in Sl, and t is a lift of flA, then there 1is
a subarc B of A such that the map t sends the endpoints of B to the end-
points of the interval t(A). An arc with this property of B will be
called "type 1".

Lemma 3. TIf R(f) > deg £, then there is an arc D in S1 such that deg(D,f)
= R(f).

Proof. Let A be a sequence of arcs in S1 such that (1) each value of A
is of type 1; (2) for each i, deg(Ai,f) < deg(Ai+1,f); (3) deg(Aa,f)
converges to R(f); (4) letting Ai = [Pi,Qi], the point sequence P con-
verges to a point ¢, and Q converges to a point d. Let L be the limit-
ing set of A. Suppose ¢ = d. Then L = Sl; otherwise, Limit diam Ai =0,

i—)oo
and Limit deg(Ai,f) =0 # R(f). Let y and z be points of Sl, with
i—-
y < ¢ < z. There is a positive integer m such that, for j=2 m, y < Pj < z,
and Pj <z<y< Qj . Let v be a 1lift of f\[y,z]. Let u be a sequence

of maps such that for each i, u, is a lift of f|Ai’ and for j 2 m,

uj(z) v(z). If j =2 m, then uj‘[Pj,z] = vl[Pj,z]. Thus

Limit u,(P.) = Limit v(P.,) = v(c). By an argument similar to that of
i—)w 1 1 i—'oo 1

Lemma 2, Limit ui(Qi) = v(c) + deg f. Hence Limit (ui(Qi)-ui(Pi)) = deg f.

i—-rm i_,m
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But each Ai is of type 1, and deg(Ai,f) = ‘ui(Qi) - ui(Pi)l. Therefore
P?T{i deg(Ai,f) = deg £ < R(f), a contradiction.
' We have ¢ # d, and L = [¢,d]. Let w be a lift of £|[c,d]. Let x
be a point in the interior of [c,d]. There is a positive integer m such
that for j 2 m, Pj <x< Qj' As in the preceding paragraph, let, for
each i, u, be a lift of f|Ai , and for j 2 m, uj(x) = w(x). We have
(similar to the previous paragraph) Limit ui(Pi) = w(c), and

3 =

?;T%: ui(Qi) = w(d). Thus ??T%E lui(Qi) - ui(Pi)I = lw(d) - w(c)\, and
R(f) = deg([c,d],f).

Definition. If P is an arc in Sl, P is of type 1, and deg(P,f) = R(L),

then P is called a defining arc for R(f).

Lemma 4, Suppose deg f = 1 and [a,b] is a defining arc for R(f). Let

t be a lift of fl[a,b] . Then t(a) < t(b), and deg([b,al,f) = R(f) ~ deg f.
Proof. Suppose t(b) < t(a). By Lemma 2, let c be a point, b < ¢ < a,

such that if u is a lift of fl[a,c], and u(a) = t(a), then

- %< t(a) + deg £ - u(e) < %. If u is such a map, then

t(a) - t(b) + deg £ - ¥ < u(c) - t(b), and
R(f) + 3 < R(f) + deg f - ¥ < u(c) - u(b). Hence deg(lb,c],f) > R(f),

a contradiction.

To prove the second assertion, let v be a 1ift of f\[b,a], and sup-
pose v(b) = t(b). Lemma 2 yields v(a) = t(a) + deg £, whence
deg([b,al,f) = R(f) - deg f. Assume deg([b,a},f) > R(f) - deg £. No
point of v([b,al) is greater than t(b). Suppose c is a point, b < ¢ < a,
such that v(c) < t(a) + deg f. Let w be a lift of f‘[c,b] such that
w(a) = t(a). Then w(c) = v(c) - deg £ < t(a). But

w(b) - w(ec) = t(b) - w(c) > t(b) - t(a) = R(f), a contradiction.



Notice that the arc [b,a] is of type 1: v([b,a]) = [v(a),v(b)].
Theorem 2. If M is a p.n.c.c.l. continuum, then M is indecomposable if
and only if M is homeomorphic to a member of class 2.

Proof. Let M = Lim (Xi,fi+1) as in Theorem D. Suppose M is in class 2.
By a result of Kuykendall ([6, Theorem 2]), M is indecomposable if and
only if for each positive integer n, and each number e > 0, there are a
positive integer j and three points of Xn+j such that if K is a subcon-
tinuum of Xn+j containing two of them, then distn(x,fg+j(K)) < e, for
each point x in Xn' Suppose n is a positive integer and 5 > e > 0.
Let j be such that R(fz+j) > 2 - e, Let [A,B] be a defining arc for
R(£77J), and t a lift for £573|[4,B]. Then t({a,B]) = [t(a),t(®)] = [a,b],
with b > a + 1. Let C be a point in [A,B], with t(C) = a + 1. Then
La,a + 1] < t([A,c]), and [a + 1,b] < t([Cc,B]). By Lemma 4, letting v
be a lift of fg+j|[B,A] such that v(B) = t(B), we have v([B,A]) = [a+l,b].
Now, é([a,a + 1]) = Sl, and d(La + 1,b]) is either S1 or an arc of length
greater than 1 - e. Hence S1 \ é(La + 1,b]) either is not a point set

1

or is an open arc of length less than e. For each point x of S§7,

lx - ¢(la,a + 1])‘ = 0, and ‘x - gla + l,b])‘ < e, Also,

ntj
n

é(a,a+1]) € £779([a,c]) and d([a + 1,0]) = £73((c,B).

é(la + 1,b]) = (v([B,A])) = £ - ([B,A]); similarly,
By KRuykendall's theorem, M is indecomposable,

To prove the converse, suppose M is indecomposable. Then for each
integer K 2 2, there are K points of M such that M is irreducible between
each two of them. A corollary of [6, Theorem 2] is that M being indecom-
posable implies for each triple (n,p,e), n a positive integer, p an inte=-

ger, p 2 2, and e > 0, there are a positive integer j and p points of Xn+j
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such that if L is a subcontinuum of Xn+j containing two of them, then
distn(x,f2+j(L)) < e, for each point x in Xn' Suppose n is a positive
integer and 1 > e > 0. Let N be an integer such that N - 2 >-% . Let
j be a positive integer and W be a set of N points of S1 such that if A
is an arc containing two of them, then deg(A, fn+J) >1 - (S1m11ar
to the previous paragraph). Let (pl, Pos <ves pN) be a reversible seqg-
uence of points of Sl, ordered by the orientation of Sl, whose range is
the set W. Let v be a lift of f§+j‘[p1,pN]. Tet, for 1 £ 1is<WN -1,
[ai’bi] be a subarc of [pi,pi+1
V([ai,bi]) = [v(b‘),v(a.)], then since v(ai) - V(bi) >1 -'ﬁ%I , by

J of type 1. 1If, for some i,

“+J) >2-5>2-e. Similarly, if, for some i,

v(bi) - v(ai+1) > 1 - e, then R(fn+J) > 2 - e. Assume that for

Lemma 2, R(£

1<i=N-1, v(b ) - v(a Y>1 - ,and for 1< 1SN - 2,

N N-1
- - e - > e -
V(bi) v(ai+1) <1 e; then v(ai+1) v(bi) e 1, and

v(ai+1) - v(a ) > ; 5 ESI . Therefore
v(ag_ ) - v(a) =5, (v(a,,1) - v(a,)) > (O - 2)(e - =) But
viby 1) - vz ) > 1 - E%I , and v(by ;) - v(a)) > 1+ (N-2)e - e.

Since (N-2)e > 1, we have R(f2+J) =z v(b

(g - V@) > 2 - e,

whence M is in class 2.

Definition, Suppose g is a map from a continuum X onto a continuum Y.
Then g is said to be weakly confluent if, for each subcontinuum K of Y,
there is a component C of g-l(K) such that g(C) =

Lemma 5. If g is a map from a continuum X onto Sl, and g is essential,

then g is weakly confluent.
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Proof. Suppose g is a map from X onto Sl, and g is not weakly confluent,
Then g is inessential. For: Let [p,q] be an arc in s such that no com-
ponent of g-l([p,q]) maps onto [p,q} under g. We may assume that [p,q]
is properly contained in a semi-circle; if not, then let h be a homeo-
morphism from S1 onto S1 which sends [p,q] to an arc of length less than
%; if h o g is inessential, h-1 o hog is inessential. Let W = g—l([p,q]);

Y = the set of all components of W; Y, = the set of components of W which

1
contain a point of g-l(p); Y2 = the set of components of W which contain
a point of g-l(q). Now, Y = Y1 U YZ' For: suppose J is an element of
v\ (YlUYZ). Then J € X \ g-l([q,p]), which is open in X. Let T be the
component of X \ g-l([p,q]) which contains J. Since X is a continuum, T
contains a point of g-l([q,p]). But T & W, hence TCS J, and J contains
a point of g-l([q,p]), a contradiction.

If K is a sequence of continua lying in W, then K has a subsequence
with a sequential limiting set I, and I is also a continuum lying in W.

- - % *
Since g 1(p) and g 1(q) are closed in X, this implies that Y, and Y

1 2
are closed sets. Since no component of W contains both a point of g-l(p)
and a point of g-l(q), Yl* and YZ* are mutually exclusive.
Let r be a function from X into S1 such that if x is in X \ W, then
rx) = gx); r(Yl*) = {p}; r(YZ*) = {q}. Since the r-l image of a set
closed in S1 is closed in X, r is continuous. But r(X) # Sl, thus r is

inessential, Since r g, 8 is homotopic to r, and g is inessential,.

%
Lemma 6., Suppose each of f and g is a map from S1 onto Sl, and deg g = 0,
deg £ 2 1. Then R(g o f) = R(g).

Proof. 1In case R(g) = deg g, we have R(g o f) 2 deg(g o f)

=(deg g)(deg £) = deg g = R(g). Suppose R(g) > deg g. Let P be a defining
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arc for R(g), and let t be a 1lift of g‘P. Since f is essential, thus
weakly confluent, let Q be an arc in S1 such that £(Q) = P. Let u be a
1ift of (g o f)\Q. Then (g o f)lQ =@ o u, and glP = ¢ o t. Hence
g o f‘Q =doto le = ¢ o u. Thus
R(g o £) 2 diam u(Q) = diam (t o f)(Q) = diam t(P) = R(g).

Lemma 7. Suppose £ is a map from S1 onto Sl, deg £ = 1, e is a number,
0<e< X%, and R(f) > 2 - e. Then there is a map g from S1 onto S1 such

that deg g = 1, R(g) 2 2, and £

g-

Proof. If R(f) = 2, then let g

f. Suppose R(f) < 2. Since

R(f) > deg f, let [a,b] be a defining arc for R(f). Let t be a lift of
fl[a,b], and let u be a 1lift of f\[b,a] such that u(b) = t(b). Then
£|{a,b] = 6 o t and £|[b,a] = 6 0 u. By Lemma 4, t([a,b]) = [t(a),t(b)],
and u([b,a]) = [t(a) + 1,t(b)]). Let v be a linear map from [t(a),t(b)]
onto [t(a),t(a) + 2], with v(t(a)) = t(a), v(t(b)) = t(a) + 2. Let w be
a linear map from [t(a) + 1,t(b)] onto [t(a) + 1, t(a) + 2], with

w(t(a) + 1) = t(a) + 1, and w(t(b)) = t(a) + 2. Let g be a function
from [a,b] into Sl, g, = 6 ovot; let gy be a function from [b,a] into
Sl, gy = g owou, Let g = g, U 8- Then 8, and g, are continuous,

and gl(a) = gz(a), gl(b) = gz(b), hence g is continuous., Since v o t = t,
wou=u, and 4 is distance-preserving for intervals of length less than
%, we have f s 8. Since deg £ = 1 and £ I g, deg g = 1, and

R(g) = diam v(t({a,b]l)) = 2.

Theorem 3, If M is a p.n.c.c.l. continuum, and M is in class 2, then M

1 1

is homeomorphic to Lim (Yi,gi+1) such that each Yi is S§7, deg g;+ =1,

and R(gi) 2 2, for each pair of positive integers i and j, i < j.
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Proof, Let M = Lim (Xi,f;+1), each Xi = Sl, and M is in class 2. Let e

be the number sequence (1, %, %, %, ce. ). Let Py = 1. Let Py be the

first positive integer j such that R(fi) > 2 -%, Let Fi = fpp2 . Let
1

gi be a map from S1 onto S1 such that gi Fi, and R(gi) z 2,

[l

We proceed by induction. Suppose Py> Pys <+ 5 Po»> P, 3Te defined;

2 3 nt+1l i+l _

Fis Fys ... , F ' are defined, with F £ Pitl for 1 < i < n;

. i
gi, gg, cee s gg+1 are defined, with R(g;+1) 2 2, for 1 £ i = n; for each
triple (k,i,j) of positive integers with k< i< j<n+ 1,
i ] - h|
g ©F;
1 -

i _ i
and Fk 0o g; F

2j-i i
Using the uniform continuity of the maps from S1 into Sl, let a >0
such that if x and y are points of S1 and |x - yl < a, then for

1sks<si<js<n+1,

. . * 3 e'
i | _ ot J < 1
lgk o Fi(x) 8k © Fi(Y)‘ 2n+2-i
. - : 3 €,
i ] _wl ] < 1
and le o gi(x) Fk 0 gi(Y)‘ 2n+2-i

Let d = min(a,%en). Let p be the first positive integer j such that

nt+2

R(fJ ) > 2 - %d. Let ini = £ Pnt2 . Let gﬁii be a map from S1 onto
Pt Phi1
1 nt+2 _  _nt2 n+2, . 1
S™ such that Byl %a Fn+1 and R(gn+1) 2 2, Let x be a point of §7.

Suppose 1 £ k= i< n+ 1, Then

nt+l, _n+2 i €

i +1, nt+2 i
) leyg o FY (Fpy () - g o Fy (e, 1 6N < <5
k i n+1 k i n+l pit2-1
i +1, n+2 +1, nt2 1
Also, lgy o Py (gh 1)) - g (e N | < (1 - =577 de,
k i nt+l k n+1 2n+1 i1
i +1,_nt2 +1, n+2 1
Hence ‘g; ) F? (F2+1(X)) - gE (8E+1(X)) ‘ <@a- to-1 )ei
2
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The last inequality implies

i Fn+2 _ n+2
gk o i = 1 k .
a- n+2—i)el
2
Similarly, F. o g?+2 = Fn+2 .
k i 1 k
a- n+2-i)e1
2
Now, since %d < %en+1,
gn+2 _ Fn+2
;,_ .
n+1l S n+1
e e
Also, since n+§-k = 2n+1 s, the inequality (*) yields
2
n+l n+2 n+2
F og 1= F .
k n+1 2en+1 k
.. n+l nt2 n+2
Similarly, N o] Fn+1 %En+1 81

Thus, for each triple (k,i,j) of positive integers, with k < i < j < nt+2,

i 3 - 3
g © F3 ) Bk
(1 - '-i)ei
2J
i j - j
and Fk o gi —1 Fk .
(1 - ._i)ei
2J
. . 2 3 _4
Recursively, there exists a sequence (Fl’ FZ’ F3, «s. ) of maps, a seq-

uence (gi, gg, gg, «s. ) of maps, with R(g:+1) 2 2, and a decreasing

sequence e of positive numbers with sequential 1imit 0, such that for
each triple (k,i,j) of positive integers, with k< i < j,

i

j _ .
gkOFi = g

|
e, k
i



15

i i h|
and Fk o g; . Fk
i
Let K = Lim (Xi,g;+1). By Theorem C, K is homeomorphic to Lim (Xi,F;+l),

which is homeomorphic to M by Theorem A. Since R(gi+1) 2 2, for each i,
Lemma 6 yields R(gi) = 2 for 1 < j. This completes the proof.

A similar pattern of argument yields
Theorem 4, If M is a p.n.c.c.l. continuum in class B, then M is homeo-
morphic to Lim (Yi,gi+1) such that each Yi = Sl, deg gi+1 = 1, and
R(gi) 2 3 for each pair of positive integers i and j, with i < j.

D.R. Read proved in [7, Theorem 10] that each map from a continuum
onto an arc is weakly confluent.
Lemma 8. Suppose each of f and g is a map from S1 onto Sl;
R(f) > deg £ 2 1; R(g) > deg g = 1; R(f) 2 2. Then
R(g o £f) 2 ([R(f)] - 2)deg g + R(g), in which [R(f)] is the greatest
integer not exceeding R(f).
Proof. Let [a,b] be a defining arc for R(f), [c,d] a defining arc for
R(g), v a lift for f£|[a,b], u a lift for g|lc,d]. Let deg g = n. Let
t be a map from S1 into the numbers such that g = 1", (6 o t). The
interval [v(a),v(b)] is contractible with respect to S1 (c.r.Sl), thus
g o dl[v(a),v(b)] is inessential. Let z be a lift of g o él[v(a),v(b)].

Letting h be the identity map on the real line, we have

oQ

) d\[v(a),v(b)] = {In.(d o t)} o d‘[v(a),v(b)]
(1" 0 #). (6 ot o $)|[v(a),v(b)] = (4 0 (@h)).($ o t o 8)|[v(a),v(b)]

It

4o (mh+tod)|lv),v®)] =4 o z.
Consider the arcs [a,b] and [v(a),v(b)]. Let c¢' be the least num-
ber x, v(a) £ x, such that d(x) = ¢, and d' be the greatest number y,

y £ v(b), such that d(y) = d. Let c'" be the greatest number x, x < d',
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such that 4(x) = ¢. Then ¢" - c¢' is an integer, and c" - c" 2 [R(f)]-2.
Since v is weakly confluent, let [a',b'] be an arc in [a,b] such that
v([a',p']) = [c',d"].
Let w be a 1ift of g o £f|[a',b']. Then 6 ow = g o £|[a',b']

=godovila",b']=602zo0v|[a,b']. We have

nh(c") + t(4(c")) - nh(c') - t(d(c')) = n(c" - ¢'). Also

gl[c,d] 0 d‘[c",d'] =douo d|[c",d'] =d o z‘[c",d'].

z(e") - z(c")
g o d|[c",d']

Thus z(d') = z(c") = u(d) - u(c) = R(g). Hence

diam w([a',b']) = diam z([c',d']) 2 z(d") - z(c")
= z(d') - z(c") + z(c") - z(c') = R(g) + n(c" - ¢'). We have
R(g o f) =2 R(g) + ([R(f)] - 2)deg g, completing the proof.

Corollary. Suppose M is a p.n.c.c.l. continuum, M = Lim (Sl,f;+1), such

that for each i, deg fi+1 = 1 and R(f;+1) 2 3, Then for each positive

f_‘!+2
J

), R(fjﬁ”

integer j, the sequence (R(f;+1), R( Y, ««. ) increases with-

out bound.



CHAPTER III

MAPPING CHAINABLE CONTINUA ONTO CIRCLE-LIKE CONTINUA

In [ 8], Henderson proved that no non-planar circle-like continuum
is the continuous image of a continuum c.r.Sl. In [4], Rogers proved
that no chainable continuum can be mapped onto a circle-like continuum
which is "self-entwined" (in his semse). 1In this chapter, Henderson's
result is extended to include the circle-like continua which are self-
entwined (in my sense). Also, two theorems are proved, each of which
states necessary and sufficient conditions for a circle-like continuum
to be the continuous image of a chainable continuum.,
Lemma 9. If X is a continuum, and £ a map from X onto Sl, and A an arc
in Sl, and B the complementary arc of A, then either there is a subcon-
tinuum H of X such that £(H) = A or there is a subcontinuum K of X such
that £(K) = B.
Proof. ©Let A be an arc in Sl, and B its complement. One easily sees
that the proposition holds in case X is an interval of length at least 1,
and f is 4. Suppose X is a continuum. If f is an essential map from X
onto S1 then f is weakly confluent, and we have the conclusion of the
lemma. If f is an inessential map from X onto S1 then any 1lift map ¢t
of £ is weakly confluent; letting D be the appropriate subinterval of
t(X), and M a subcontinuum of X such that t(M) = D, either

£ (M)

I

(D)

A

$(t (M)

¢(t(M)) = 6(D) = B.

or £M)

Theorem 5. Suppose M is a self-entwined p.n.c.c.l. continuum. Then M

. . . . 1
is not the continuous image of a continuum c.r.S".
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Proof. Suppose M is self-entwined, and X is a continuum c.r.Sl. We may

assume, by Theorem 4, that M = Lim (Sl,f;+1), with deg f;+1 = 1, and

R(f;+1) 2 3, for each i. Suppose g is a map from X onto M. Then PR1 og

is inessential; let u be a lift of PR1 o g. Let, by the corollary to
Lemma 8, n be a positive integer such that R(f?) > (diam u(X)) - 1. Let
La,b] be a defining arc for R(f?); t a lift of f?l[a,b]; v a lift of

f?‘[b,a]. Suppose H is a subcontinuum of X such that PRn o g) = [b,a].

n
1 1

diam u(H) = diam v(PR (g(H)))

Then 6 o u|H = PR, o g|H = £, o PR o© glH=dovo PR © g|H. By Lemma 4,

diam v({b,a}) = R(f?) - 1> diam u(X), a
contradiction. Similarly, if K is a subcontinuum of X such that

PR_ o g(K) = [a,b], then diam u(X) = diam t([a,b]) = R(f?) > diam u(X),

a contradiction.

Theorem 6. A circle-like continuum is the continuous image of a chain-

able continuum if and only if it is the continuous image of a continuum

c.r.5°,

Proof. Necessity is trivial, since chainable continua are c.r.Sl. Sup~
pose C = Lim (Sl,fi+1), and g is a map from a continuum X onto C, with X

c.r.Sl. Let i be a positive integer. Let ti and ti be lifts of PRi 08

+1

and PRi+1 o g, respectively. Since the arc is c.r.Sl, let

i+l _
£, " o é‘ti+1(x) = ¢ o h. We have

i
_ Fi4l
PRi 0g = fi o PRi+1 0g
_ i+l
é o t, = fi odo til
é o £, = 4 oho ti1 -
Since X is connected, let M be an integer such that ti =ho ti+1 + M,
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Let h' be the map h + M, Then t, = h' o We have h' a map from

Ciy1 -
€. .(X) onto t.(X), and 4 o h' =g o h = £ o 4|t. . (%)
i+1 i ? i i+l :

Let, for each positive integer j, Yj = tj(X), with tj a lift of PRj o g;

p. = d‘Y,; k§+1 be the map from Y, , onto Yj such that

i+l
Then, by Theorem B, C is the continuous image
of Pim (Yi,ki+1), a chainable continuum.

To prove Theorem 7, the main result, a technical lemma is required.
Lemma 10. Suppose each of f and g is a map from S1 onto S1 such that
deg £ = deg g =1, R(g) 2 2, and d is a number, 0 = d < 1, such that
R(f o g) S2+d and R(f) £ 2 + d. Let [a,b] be a defining arc for R(g)
and w be a lift of g|la,b]. Let w([a,b]) = [p-1,q]. The map £ o #|[p,p+1]
is inessential; let t be a lift of it. Then diam t([p,p+1]) < 1 + d.
Proof. Let f o #|[p,ptl] = 6 o t. Let t([p,p+l]) = [A,B]. Suppose
B-A>1+d. Let p<x<p+l. Then ¢([p,x]) is an arc. Let z be a
1ift of fl[d(p),é(X)]. Then f o é\[p,x] =4é¢ o t|[p,x] =¢g o0z o0 d‘[p,x].
We may assume that z o é|[p,x] = t|[p,x].

Since this argument holds for each number x between p and p+1, there
is a map u on the ray [4(p),d(p+1)) such that u o 8|[p,p+1) = t|[p,p+1).
Now, if p < x < p+1, f‘[d(p),é(x)] = ¢ o u|ld(p),4(x)]. By Lemma 2, since

deg £ = 1, Limit u(d(x)) = u(d(p)) + 1.
x = pt+l

There is a proper subinterval Y of [p,p+1] such that t(Y) = [A,B].
For:; We have t([p,p+l)) connected, and t([p,p+1]) = t({p,p+1)) U t({p+i}).

Hence one of 3 statements is true:

(a) tp,p+l)) = (4,815 (b) t(lp,p+1)) = [A,B); () t(lp,p+l)) = [4,B].
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Suppose (a) holds. Then t(p+l) = A. But

t(p+l) = Limit t(x) = Limit u(4(x)) = u(d(p)) + 1. Since u(d(p)) = A,

x = pt+l x = pt+l
t(p+1l) = A+l, a contradiction. Suppose (b) holds. Then t(p+l) = B.
As before, t(p+l) = u(d(p)) + 1 =t(p) + 1. Thus t(p) = t(p+l) - 1

=B ~-1>A, since B - A> 1, Hence there is a number e, p < e < p+l,
such that t(e) = A. Then t([e,p+1]) = [A,B]. Suppose (c) holds. Then
there are numbers j and k in [p,p+l) such that t(j) = A and t(k) = B.

In either case, there is a proper subinterval [e,r] of [p,p+1] such
that t(le,r] ) = [A,B]. We may assume that the endpoints of [e,r] are
mapped to the endpoints of [A,B] by t. In case r < p+l,
tl[e,r] =uo él[e,r]. In case r = p+l, let u' be a lift of f‘[d(e),é(r)]
such that u'(é(e)) = t(e). Then, by the previous argument, tl[e,r]

= u' o ¢|le,r]. Relabel u

u' if necessary. Then either u(d(e)) = A

and u(d(x)) = B or u(d(e))

B and u(é(r)) = A.
Suppose u(é(e)) = B, Let v be a map from the ray [d(e),4(e)) into
the numbers, v an extension of u, such that fl[¢(e),é(e)) =¢ ov. By

Lemma 2, Limit v(d(x)) = v(é(e)) + 1 =B+ 1. But B+ 1-A>2+d,
x = etl

and v(é(r)) = u(d(r)) = A. Hence there is a point y of Sl,
6(r) <y < é(e), such that v(y) - v(4(x)) = v(y) - A> 2 + d, contradic-
ting R(f) < 2 + d. Therefore u(d(e)) = A and u(d(r)) = B.

Now, [e-1,r] € [p-1,p+1] € w([a,b]). By an argument similar to that
for Lemma 8, there is an arc [a',b'] lying in [a,b], such that
deg({a',b'],f o g) 21+ B -A> 2+ d, a contradiction. This completes

the proof.



21

The following lemma is easily verified.
Lemma 11, If u is a map from a continuum A onto a continuum B, and v is
a map from B onto a continuum C, and v o u is weakly confluent, then v
is weakly confluent.
Definition. By '"class W' we shall mean the class of all continua Y such
that if X if a continuum, and f a map from X onto Y, then f is weakly
confluent.

Theorems 10 and 11 of [7] assert that arcs and arc-like continua
are in class W.
Theorem 7. 1If C is a circle~like continuum then C is the continuous image
of a chainable continuum if and only if either C is chainable or C is not
in class W.
Proof. Suppose C is a circle-like continuum not in class W. Let
C = Lim (Sl,fi+l), and let g be a non-weakly confluent map from a con-
tinuum X onto C. Suppose that for all but finitely many positive inte-
gers i, PRi o g is essential. Then for almost all i, PRi o g is weakly
confluent. The argument for [7, Theorem 11] implies that g is weakly
confluent, a contradiction. Hence for infinitely many, and therefore all,
positive integers i, PRi 0 g is inessential. By an argument similar to
that for Theorem 6, C is the continuous image of a chainable continuum.

Suppose that C is the continuous image of a chainable continuum X
under the map g, and C is not chainable. By [8], C is planar, and by
Theorem 5, C is not self-entwined. ZLet C = Lim (Sl,fi+1), with

1

deg f;+ = 1 for each i. Let, for each positive integer j, tj be a 1lift

of PRj o g. Now, there exist a sequence (dl, d «++ ) of numbers, with

2’
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0= di < 1 for each i, and a sequence (Vl’ V2, ..» ) of intervals, with
Vi = ti(X) and diam Vi = 1 for each i, such that if i and j are positive
integers with i < j, and p is a lift of fi ) éle, then diam p(Vj) < 1+di'
The proof of this assertion involves two cases.

Case 1. Suppose C is decomposable. By Theorem 2, C is homeomorphic to
a member of class 1. Let, for each positive integer i, di be a number,

0 < di < 1, such that for k> i, R(f?) <1+ di' Let, for each positive
integer p, Vp be any subinterval of tp(X) with length 1. Suppose i and

j are positive integers, i < j. For any proper subinterval U of Vj, é(U)
is an arc in Sl, and deg(d(U),fg) < R(fg) < 1+d;; thus if p is a lift
of fg o éle, diam p(U) < 1 + di' Since this holds for each such U,

diam p(Vj) <1+ di'

Case 2, Suppose C is indecomposable. By Theorems 2 and 3, we may assume
that for each i and j, i < j, R(fg) =z 2. Since C is not self-entwined,
let, for each i, di be a number, 0 < di < 1, such that for k > i,

R(f?) <2+ di' Suppose j is a positive integer. By an argument simi-
lar to that for Theorem 6, let u be a 1lift of f§+1 o ¢|tj+1(X) such that
u(tj+1(X)) = tj(X). Let [a,b] be a defining arc for R(fg+1). Let A be
the least number in d—l(a) n tj+1(X)’ and let B be the least number in

1) N &, . (X). Let r be a lift of f§+1l[a,b]such that r(d) = r(8(8))

j+1
= u(B). Let y be a lift of f§+1|[b,a] such that y(b) = r(b). If A< B,
then u([A,B]) = r({a,b]) = [r(@a),r®)], and [r(a)+1l,r(a)+2] < tj(X).

1f B < A, then u([B,A]) = y(b,al) = [r(a)+1,r(b)] by Lemma 4, and

[r(a)+l,r(a)+2] < tJ.(X). Let Vj = [r(a)+1,r(a)+2].
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Suppose i and j are positive integers, i < j. By Lemma 10, if p is a
1ift of fg 0 ¢|Vj, then diam p(Vj) <1+ di'
Let (dl’ d2, ... ) be a sequence of numbers and (Vl’ VZ’ cee ) @
sequence of intervals as described. Since each map ti is weakly confluent,
let, for each positive integer j, Kj be a subcontinuum of X such that

tj(Kj) = Vj' Let (Ki s Ki s Ki , <+« ) be a subsequence of K with a seq-

1 2 3
uential limiting set M. Then M is a continuum.

Now, g(M) = C. For: Let y be an element of C. Since, for each j,

d(Vj) = Sl, let, for each n, X be a point

PRj o g(Kj) =4 o tj(Kj)

of Ki with PRi o g(xn) v, - Let z be a cluster point of x, 2z in M.
Suppoze g(z) # ;. Let n be anpositive integer such that PRi o g(z) # v
Let U and D be disjoint open sets in S1 such that PRi (g(z))nis in U andn
Y is in D. Let Q = (PRi o g)-l(U). Then Q is opennin X, and z is in
Q.n Hence there exists m >nn with X in Q. Therefore

i i . . .
v, = fim (yi ) = fim (PRi (g(xm)) = PRi o g(xm) which is in U, since
n n m n m n

X is in Q. This involves a contradiction.
Now, for each j, diam tj(M) =1+ dj' For: Suppose n is a posi-

tive integer such that diam tn(M) > 1+ dn' Let tn(M) = [p,q]. Let p'

]

and q' be points of M such that tn(p') = p, and tn(q') q. Let a be

a number such that 0< a< %(q - p -1 —dn). Let b be a positive number
such that if z is a point of X, with distX(p',z) < b, then

‘tn(p') - tn(z)‘ < a, and if z is a point of X, with distX(q',z) < b,
then ltn(q') - tn(z)‘ < a, Let m be an integer, m 2 n, such that 1f

j 2 m, then there are points xj and yj in Ki such that distX(p',xj) <b

j
1 ¥ <
and dlStX(q ,y,) b.
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Consider t, (K, ) =V, . Let u be a lift of £'m o 4|V, . Then
i Vi i n i
m m m m

4ot |k, =PR oglk, =fmoPR, oglk, = fmodot, |K,
n 1 n 1 n 1 1 n 1 1
m m m m m m

= 1 = 1 S
g ouo ty ‘Ki . Hence diam tn(Kim) diam u(tim(Ki ) 1+ dn'

m m m
. . ' <
Let x and Yo be points of Ki such that dlStX(p ,xm) b and

m

distX(q',ym) < b. Then Ip - tn(xm)l = |tn(p') - tn(xm)l < a and

\q - tn(ym)l < a., We have

le =) -t Gl 2 @=-p - 1lp -t &) -la-t )l
>q-p=-22a>1+ dn'

Thus diam tn(Ki > 1+ dn’ a contradiction.

Suppose j ?s a positive integer. Then 1 < diam tj(M) <1+ dj < 2, and
d\tj(M) is not weakly confluent. Hence PRj o glM =d¢ o tle is not weakly
confluent by Lemma 11. Since deg fi+1 = 1 for each i, PRj is an essen-
tial map from C onto Sl, thus PRj is weakly confluent. 1If glM were weak-
ly confluent, then PRj o g|{M would be weakly confluent. Therefore g((M)

is C and glM is not weakly confluent, implying that C is not in class W.

This completes the proof.
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