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Abstract9

Wepresentalgorithmicresultsfortheparallelassemblyofmanymicro-scaleobjectsintwoandthree10

dimensionsfromtinyparticles,whichhasbeenproposedinthecontextofprogrammablematterand11

self-assemblyforbuildinghigh-yieldmicro-factories.Theunderlyingmodelhasparticlesmovingunder12

theinfluenceofuniformexternalforcesuntiltheyhitanobstacle.Particlesbondwhenforcedtogether13

withanotherappropriateparticle.14

Duetothephysicalandgeometricconstraints,notallshapescanbebuiltinthismanner;thisgivesrise15

totheTiltAssemblyProblem(TAP)ofdecidingconstructibility.Forsimply-connectedpolyominoesP16

in2DconsistingofNunit-squares(“tiles”),weprovethatTAPcanbedecidedinO(NlogN)time.For17

theoptimizationvariantMaxTAP(inwhichtheobjectiveistoconstructasubshapeofmaximumpossible18

size),weshowpolyAPX-hardness:unlessP=NP,MaxTAP cannotbeapproximatedwithinafactorof19

Ω(N
1
3);fortree-shapedstructures,wegiveanΩ(N

1
2)-approximationalgorithm.Fortheefficiencyofthe20

assemblyprocessitself,weshowthatanyconstructibleshapeallowspipelinedassembly,whichproduces21

copiesofPinO(1)amortizedtime,i.e.,NcopiesofPinO(N)timesteps.Theseconsiderationscan22

beextendedtothree-dimensionalobjects:FortheclassofpolycubesPweprovethatitisNP-hardto23

decidewhetheritispossibletoconstructapathbetweentwopointsofP;itisalsoNP-hardtodecide24

constructibilityofapolycubeP. Moreover,itisexpAPX-hardtomaximizeasequentiallyconstructible25

pathfromagivenstartpoint.26

1 Introduction27

Inrecentyears,progressonflexibleconstructionatmicro-andnano-scalehasgivenrisetoalargesetof28

challengesthatdealwithalgorithmicaspectsofprogrammablematter.Examplesofcutting-edgeapplication29

areaswithastrongalgorithmicflavorincludeself-assemblingsystems,inwhichchemicalandbiologicalsub-30

stancessuchasDNAaredesignedtoformpredeterminedshapesorcarryoutmassivelyparallelcomputations;31

andswarmrobotics,inwhichcomplextasksareachievedthroughthelocalinteractionsofrobotswithseverely32

limitedindividualcapabilities,includingmicro-andnano-robots.33

Movingindividualparticlestotheirappropriateattachmentlocationswhenassemblingashapeisdifficult34

becausethesmallsizeoftheparticleslimitstheamountofonboardenergyandcomputation.Onesuccessful35

approachtodealingwiththischallengeistousemoleculardiffusionincombinationwithcleverlydesigned36

setsofpossibleconnections:inDNAtileself-assembly,theparticlesareequippedwithsophisticatedbonds37
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thatensureonlyapredesignedshapeisproducedwhenmixingtogetherasetoftiles,see[31].Theresulting38

studyofalgorithmictileself-assemblyhasgivenrisetoanextremelypowerfulframeworkandproduceda39

widerangeofimpressiveresults.However,therequiredpropertiesofthebuildingmaterial(whichmustbe40

specificallydesignedandfinelytunedforeachparticularshape)incombinationwiththeconstructionprocess41

(whichislefttochemicalreactions,soitcannotbecontrolledorstoppeduntilithasrunitscourse)make42

DNAself-assemblyunsuitableforsomeapplications.43

Analternativemethodforcontrollingtheeventualpositionofparticlesistoapplyauniformexternal44

force,causingallparticlestomoveinagivendirectionuntiltheyhitanobstacleoranotherblockedparticle.45

Astwoofus(BeckerandFekete,[4])haveshowninthepast,combiningthisapproachwithcustom-made46

obstacles(insteadofcustom-madeparticles)allowscomplexrearrangementsofparticles,eveningrid-like47

environmentswithaxis-parallelmotion.Theappealofthisapproachisthatitshiftsthedesigncomplexity48

fromthebuildingmaterial(thetiles)tothemachinery(theenvironment). Asrecentpracticalworkby49

Manzooretal.[23]shows,itispossibletoapplythistosimple“sticky”particlesthatcanbeforcedtobond,50

seeFig.1:theoverallassemblyisachievedbyaddingparticlesoneatatime,attachingthemtotheexisting51

sub-assembly.
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Figure1:ApracticaldemonstrationofTiltAssemblybasedonalginate(i.e.,agelmadebycombininga
powderderivedfromseaweedwithwater)particlesonasiliconwaferwithobstaclesetchedinphotoresist[23].
Theobstaclesappearaswhitelinesandblockthemotionofparticles.(a)Alginateparticlesininitialpositions.
(b)Aftercontrolmovesofe,s,w,n,e,s(foreast,south,west,north),thealginatemicrorobotsmovetothe
shownpositions.(c)Afterw,n inputs,thesystemproducesthefirstmulti-microrobotpolyomino.(d)The
nextthreemicrorobotpolyominoesareproducedafterapplyingmultiple e,s,w,ncycles.(e)Afterthe
alginatemicrorobotshavemovedthroughthemicrofluidicfactorylayout,thefinal4-particlepolyominois
generated.

Moreover,Manzooretal.[23]arguethatitispossibletoenhancetheoverallassemblyenvironmentto53

allowpipelinedconstruction,asshowninFig.2:afterconstructingthefirstpolyomino,eachcycleofasmall54

controlsequenceproducesanotherpolyomino. However,thealgorithmicpartof[23]ispurelyheuristic;55

providingathoroughunderstandingofalgorithmsandcomplexityisthecontentofourpaper.56
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Figure2:(Topleft)Initialsetupofaseven-tilepolyominoassembly;thecomposedshapeisshownenlarged
onthelowerleft.Thebipartitedecompositionintoblueandredparticlesisshownforgreaterclarity,butcan
alsobeusedforbettercontrolofbonds.Thesequenceofcontrolmovesise,s,w,n,i.e.,aclockwiseorder.
(Bottomleft)Thesituationafter18controlmoves.(Right)Thesituationafter7fullcycles,i.e.,after28
controlmoves;shownarethreeparallel“factories”.

Figure3:Apolyomino(black)thatcannotbeconstructedbyTiltAssembly:thelasttilecannotbeattached,
asitgetsblockedbypreviouslyattachedtiles.

Onecriticalissueofthisapproachistherequirementofgettingparticlestotheirdestinationwithout57

beingblockedbyorbondingtootherparticles.AsFig.3shows,thisisnotalwayspossible,sotherearesome58

shapesthatcannotbeconstructedbyTiltAssembly.59

Thisgivesrisetoavarietyofalgorithmicquestions:(1)Canwedecideefficientlywhetheragiven60

polyominocanbeconstructedbyTiltAssembly?(2)Cantheresultingprocessbepipelinedtoyieldlow61

amortizedbuildingtime?(3)Canwecomputeamaximum-sizesubpolyominothatcanbeconstructed?(4)62

Whatcanbesaidaboutthree-dimensionalversionsoftheproblem?63

1.1 OurContribution64

Ourmaincontributionisacharacterizationofdecidingconstructibilityandefficientconstructionforsimply65

connectedtwo-dimensionalshapes:ForasimplepolyominoPwithNpixels,wecandecideintimeO(NlogN)66

whetherPcanbeconstructed;usingpipelining,aconstructiblepolyominocanbebuiltinamortizedtime67

O(1).Ontheotherhand,weshowthatdecidingconstructibilityin3DisNP-complete. Wealsoprovide68

anumberofadditionalresultsonapproximationandtheconstructibilityofsubpaths;seeTable1foran69

overview.70

1.2 Related Work71

Assemblingpolyominoeswithtileshasbeenconsideredintensivelyinthecontextoftileself-assembly.In72

1998,Erik Winfree[31]introducedtheabstracttileself-assemblymodel(aTAM),inwhichtileshaveglue73
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Dimension Polyomino Decision Maximization Approximation ConstructiblePath

2D simple O(NlogN)(Sec.3) polyAPX-hard O(N1/3),Ω(
√
N)(Sec.4) O(NlogN)(Sec.4)

3D general NP-complete(Sec.5) polyAPX-hard O(N1/3), - (Sec.4) NP-complete(Sec.5)

Table1:ResultsforTiltAssemblyProblem(TAP)anditsmaximizationvariant(MaxTAP)

typesoneachofthefoursidesandtwotilescansticktogetheriftheirgluetypematchesandthebonding74

strengthissufficient.Startingwithaseedtile,tileswillcontinuetoattachtotheexistingpartialassembly75

untiltheyformadesiredpolyomino;theprocessstopswhennofurtherattachmentsarepossible.Forearly76

examplesofrelatedwork,seeRothemundand Winfree[24]andAdlemanetal.[1]fortherunningtimeand77

programsizeforself-assemblingsquares. ApartfromtheaTAM,therearevariousothermodelslikethe78

two-handedtileself-assemblymodel(2HAM)[11]andthehierarchicaltileself-assemblymodel[13],inwhich79

wehavenosingleseedbutpairsofsubassembliesthatcanattachtoeachother.Furthermore,thestaged80

self-assemblymodel[12,14,16]allowsgreaterefficiencybyassemblingpolyominoesinmultiplebinswhichare81

graduallycombinedwiththecontentofotherbins.82

AllthisdiffersfromthemodelinTiltAssembly,inwhicheachtilehasthesamegluetypeonallfour83

sides,andtilesareaddedtotheassemblyoneatatimebyattachingthemfromtheoutsidealongastraight84

line.Thisapproachofexternallymovabletileshasbeenconsideredinpracticeatthemicroscalelevelusing85

biologicalcellsandanMRI,see[7,20,21].Beckeretal.[8]considerthisfortheassemblyofamagneticGauß86

gun,whichcanbeusedforapplyingstronglocalforcesbyveryweaktriggers,allowingapplicationssuchas87

micro-surgery.88

Usinganexternalforceformovingtherobotsbecomesinevitableatsomescalebecausetheenergycapacity89

decreasesfasterthantheenergydemand.Aconsequenceisthatallnon-fixedrobots/particlesperformthe90

samemovement,soallparticlesmoveinthesamedirectionoftheexternalforceuntiltheyhitanobstacleor91

anotherparticle.Theseobstaclesallowshapingtheparticleswarm.Designingappropriatesetsofobstacles92

andmovesgivesrisetoarangeofalgorithmicproblems. Decidingwhetheragiveninitialconfiguration93

ofparticlesinagivenenvironmentcanbetransformedintoadesiredtargetconfigurationisNP-hard[4],94

eveninagrid-likesetting,whereasfindinganoptimalcontrolsequenceisshowntobePSPACE-complete95

byBeckeretal.[5].However,ifdesigningtheobstaclesisallowed,theproblemsbecomemoretractable[4].96

Moreover,evencomplexcomputationsbecomepossible:Ifweallowadditionalparticlesofdoublesize(i.e.,97

twoadjacentfields),fullcomputationalcomplexityisachieved,seeShadetal.[26].Furtherrelatedwork98

includesgatheringaparticleswarmatasingleposition[22]andusingswarmsofverysimplerobots(suchas99

Kilobots)formovingobjects[9].Forthecaseinwhichhumancontrollershavetomoveobjectsbysucha100

swarm,Beckeretal.[6]studydifferentcontroloptions.TheresultsareusedbyShahrokhiandBecker[27]to101

investigateanautomaticcontroller.102

Theconstructionofpolyominoeshasalsoapplicationsinthefieldofrobotswarms,e.g.,shapeformation.103

WerfelandNagpal[29,30]showhowmultiplerobotscanmovetilestoapartialassemblytoconstructa104

desiredshapein2Dand3D.Derakhshandehetal.[17,18]considertherobotsasbuildingmaterial,whichhave105

O(1)memory,andprovidealgorithmslettingtherobotsformorcoatshapes.Inaveryrecentpaper,Demaine106

etal[3,15]showthatarobotswarmcanbereconfiguredintimeO(d)unitsteps,wheredisthemaximum107

distanceofanyrobot.However,thisrequirestherobotstobewellseparable.ArbuckleandRequicha[2]108

showhowaself-organizedswarmofrobotscanconstructacertainshape.Incaseofrobotfailuresorexternal109

disturbance,theswarmisalsoabletorepairtheshape.110

Furtherrelatedworkincludesrobotsperformingvarioustasks:Thubagereetal.[28]showthatrobots111

madefromDNAcansimultaneouslysortmolecularcargoes.Rubensteinetal.[25]consideraswarmofsimple112

robotsmovinganobjecttoadesireddestinationwithoutknowingitsshapeandweight.Hoffmann[19]proves113

thatitisNP-hardtodecideifarobotcanpushitswaythroughanareafilledwithblocks.114
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2 Preliminaries115

Polyomino:ForasetP⊂Z2ofN gridpointsintheplane,thegraphGP istheinducedgridgraph,116

inwhichtwoverticesp1,p2∈Pareconnectediftheyareatunitdistance. AnysetPwithcon-117

nectedgridgraphGP givesrisetoapolyominobyreplacingeachpointp∈Pbyaunitsquare118

centeredatp,whichiscalledatile;forsimplicity,wealsousePtodenotethepolyominowhen119

thecontextisclear,andrefertoGP asthedualgraphofthepolyomino;Pistree-shapedifGP isa120

tree.Apolyominoiscalledhole-freeorsimpleifandonlyifthegridgraphinducedbyZ2\Pisconnected.121

122

Blockingsets: Foreachpointp∈Z2wedefineblockingsetsNp,Sp⊆Pasthesetofallpointsq∈Pthat123

areaboveorbelowpand|px−qx|≤1.Analogously,wedefinetheblockingsetsEp,Wp⊆Pastheset124

ofallpointsq∈Pthataretotherightortotheleftofpand|py−qy|≤1.125

126

Constructionstep: Aconstructionstepisdefinedbyadirectiond∈{north,east,south,west}(abbreviated127

byn,e,s,w)fromwhichatileisaddedandalatitude/longitudeldescribingacolumnorrow.The128

tilearrivesfrom(l,∞)fornorth,(∞,l)foreast,(l,−∞)forsouth,and(−∞,l)forwestintothe129

correspondingdirectionuntilitreachesthefirstgridpositionthatisadjacenttooneoccupiedbyan130

existingtile.Ifthereisnosuchtile,thepolyominodoesnotchange. Wenotethatapositionpcanbe131

addedtoapolyominoPifandonlyifthereisapointq∈Pwith||p−q||1=1andoneofthefour132

blockingsets,Np,Ep,SporWp,isempty.Otherwise,ifnoneofthesesetsareempty,thispositionis133

blocked.134

Constructibility: Beginningwithaseedtileatsomepositionp,apolyominoPisconstructibleifandonly135

ifthereisasequenceσ=((d1,l1),(d2,l2),...,(dN−1,lN−1)),suchthattheresultingpolyominoP,136

inducedbysuccessivelyaddingtileswithσ,isequaltoP. WeallowtheconstructedpolyominoP to137

beatranslatedcopyofP.Reversingσyieldsadecompositionsequence,i.e.,asequenceoftilesremoved138

fromP.139

3 ConstructibilityofSimplePolyominoes140

Inthissectionwefocusonhole-free(i.e.,simple)polyominoes. Weshowthattheproblemofdecidingwhether141

agivenpolyominocanbeconstructedcanbesolvedinpolynomialtime.Thisdecisionproblemcanbedefined142

asfollows.143

Definition1(TiltAssemblyProblem).GivenapolyominoP,theTiltAssemblyProblem(TAP)144

asksforasequenceoftilesconstructingP,ifPisconstructible.145

3.1 AKeyLemma146

Asimpleobservationisthatconstructionand(connectivity-preserving)decompositionarethesameproblem.147

Thisallowsustogiveamoreintuitiveargument,asitiseasiertoarguethatwedonotloseconnectivity148

whenremovingtilesthanitistoprovethatwedonotblockfuturetiles.149

Theorem2. ApolyominoPcanbeconstructedifandonlyifitcanbedecomposedusingasequenceoftile150

removalstepsthatpreserveconnectivity.Aconstructionsequenceisareverseddecompositionsequence.151

Proof.Toprovethistheorem,itsufficestoconsiderasinglestep.LetPbeapolyominoandtbeatilethat152

isremovedfromPintosomedirectionl,leavingapolyominoP.Conversely,addingttoP fromdirectionl153

yieldsP,astherecannotbeanytilethatblockstfromreachingthecorrectposition,orwewouldnotbeable154

toremovetfromPindirectionl.155
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t

(a)Removingtdestroysdecomposability. The
polyominocanbedecomposedbystartingwith
thethreetilesabovet

t

.

(b)Removingthelocallyconvextiletleavesthe
polyominonon-decomposable;itcanbedecom-
posedbystartingfromthebottomorthesides.

Figure4:Twopolyominoesandtheirlocallyconvextiles(white).(a)Removingnotlocallyconvextilesmay
destroydecomposability.(b) Withnon-simplepolygonswemaynotbeabletoremovelocallyconvextiles.

Forhole-freepolyominoeswecanefficientlyfindaconstruction/decompositionsequenceifoneexists.156

Thekeyinsightisthatonecangreedilyremovelocallyconvextiles.Atiletissaidtobelocallyconvexif157

andonlyifitislocallyextremal,i.e.,therearetwoaxis-parallelorthogonaldirectionsforwhichthereis158

notileconnectedtot;seeFig.4.Ifalocallyconvextileisnotacuttile,i.e.,itisatilewhoseremoval159

doesnotdisconnectthepolyomino,itsremovaldoesnotinterferewiththedecomposabilityoftheremaining160

polyomino.161

Thisconclusionisbasedontheobservationthataminimalcut(i.e.,aminimalsetofverticeswhose162

removalleavesadisconnectedpolyomino)ofcardinalitytwoinahole-freepolyominoalwaysconsistsoftwo163

(possiblydiagonally)adjacenttiles.Furthermore,wecanalwaysfindsucharemovablelocallyconvextilein164

anydecomposablehole-freepolyomino.Thisallowsustodeviseasimplegreedyalgorithm.165

Westartbyshowingthatifwefindanon-blockedlocallyconvextilethatisnotacuttile,wecansimply166

removeit.Itisimportanttofocusonlocallyconvextiles,astheremovalofnotlocallyconvextilescanharm167

thedecomposability:seeFig.4aforanillustration.Innon-simplepolyominoes,theremovaloflocallyconvex168

tilescandestroydecomposability,asdemonstratedinFig.4b.169

Lemma3.Consideranon-blocked,non-cut,locallyconvextiletinahole-freepolyominoP.Thepolyomino170

P−tisdecomposableifandonlyifPisdecomposable.171

Proof.Thefirstdirectionistrivial:ifP−tisdecomposable,Pisdecomposableaswell,becausewecan172

removethenon-blockedtiletfirstandafterwardsusetheexistingdecompositionsequenceforP−t.The173

otherdirectionrequiressomecasedistinctions.SupposeforcontradictionthatPisdecomposablebutP−t174

isnot,i.e.,tisimportantforthelaterdecomposition.175

ConsideravaliddecompositionsequenceforPandthefirsttiletwecannotremoveifweweretoremove176

tinthebeginning. W.l.o.g.,lettbethefirsttileinthissequence(removingallprevioustilesobviouslydoes177

notdestroythedecomposability). Whenweremovetfirst,wearemissingatile,hencetcannotbeblocked178

buthastobeacuttileintheremainingpolyominoP−t.Thepresenceoftpreservesconnectivity,i.e.,179

{t,t}isaminimalcutonP.BecausePhasnoholes,thentandtmustbediagonalneighbors,sharingthe180

neighborsaandb.Furthermore,bydefinitionneitheroftandtisblockedinsomedirection. Wemakea181

casedistinctionontherelationofthesetwodirections.182

Thedirectionsareorthogonal(Fig.5a).Eitheraorbisanon-blockedlocallyconvextile,becauset183

andtarebothnon-blocked;w.l.o.g.,letthisbea.Itiseasytoseethatindependentofremovingtort184

first,afterremovingawecanalsoremovetheotherone.185

Thedirectionsareparallel(Fig.5b). Thiscaseisslightlymoreinvolved.Byassumption,wehavea186

decompositionsequencebeginningwitht. Weshowthatswappingtwithourlocallyconvextiletin187

thissequencepreservesfeasibility.188

Theoriginalsequencehastoremoveeitheraorbbeforeitremovest,asotherwisetheconnection189

betweenthetwoislostwhentisremovedfirst.Aftereitheraorbisremoved,tbecomesaleafand190

cannolongerbeimportantforconnectivity.Thus,weonlyneedtoconsiderthesequenceuntileithera191
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t0b
a

(a)Iftheunblockeddirectionsoftandtareorthogo-
nal,oneofthetwoadjacenttiles(w.l.o.g.a)cannot
haveanyfurtherneighbors. Therecanalsobeno
tilesintheupperleftcorner,becausethepolyomino
cannotcrossthetwofreedirectionsoftandt(red

t
t0b
c
d
a

marks).

(b)Iftheunblockeddirectionsoftandtareparallel,
thereisonlythetilecforwhichsomethingcanchange
ifweremovetbeforet.

Figure5:Theredmarksindicatethatnotileisatthisposition;thedashedoutlinerepresentstherestofthe
polyomino.

orbisremoved.Themainobservationisthataandbblockthesametilesastort,exceptfortilecas192

inFig.5b.However,whencisremoved,chastobealeaf,becauseaisstillnotremovedandinthe193

originaldecompositionsequence,thasalreadybeenremoved.Therefore,atiled=twouldhavetobe194

removedbeforec.Hence,thedecompositionsequenceremainsfeasible,concludingtheproof.195

t

Nextweshowthatsuchalocallyconvextilealwaysexistsifthepolyominoisdecomposable.

(a)Iftheremovaldirectionoftisnotcrossed,the
lastblockingtilehastobelocallyconvex(andhasto
beremovedbeforet

t

t0

A
B

).

(b)IftheremovaldirectionoftcrossesP,thenP
getssplitintocomponentsAandB.ComponentB
hasalocallyconvextiletthatneedstoberemoved
beforet.

Figure6:Polyominoesforwhichnolocallyconvextileshouldberemovable,showingthecontradictiontot
beingthefirstblockedlocallyconvextileinPremoved.

196

Lemma4.LetPbeadecomposablepolyomino.Thenthereexistsalocallyconvextilethatisremovable197

withoutdestroyingconnectivity.198

Proof.Weprovethisbycontradictionbasedontwopossiblecases.199

AssumePtobeadecomposablepolyominoinwhichnolocallyconvextileisremovable.BecausePis200

decomposable,thereexistssomefeasibledecompositionsequenceS.LetPconvexdenotethesetoflocally201

convextilesofPandlett∈PconvexbethefirstremovedlocallyconvextileinthedecompositionsequenceS.202

Byassumption,tcannotberemovedyet,soitiseitherblockedoracuttile.203
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tisblocked.Considerthedirectioninwhichwewouldremovet.Ifitdoesnotcutthepolyomino,thelast204

blockingtilehastobelocallyconvex(andwouldhavetoberemovedbeforet),seeFig.6a.Ifitcuts205

thepolyomino,thecomponentcutoffalsomusthavealocallyconvextileandthefullcomponenthas206

toberemovedbeforet,seeFig.6b.Thisisagainacontradictiontotbeingthefirstlocallyconvextile207

toberemovedinS.208

tisacuttile.P−tconsistsofexactlytwoconnectedpolyominoes,P1andP2.Itiseasytoseethat209

P1∩Pconvex=∅andP2∩Pconvex=∅,becauseeverypolyominoofsizen≥2hasatleasttwolocally210

convextilesofwhichatmostoneceasestobelocallyconvexbyaddingt.(Apolyominoofsize1is211

trivial.)Beforebeingabletoremovet,eitherP1orP2hastobecompletelyremoved,includingtheir212

locallyconvextiles.ThisisacontradictiontotbeingthefirstlocallyconvextileinStoberemoved.213

3.2 AnEfficientAlgorithm214

Aniterativecombinationofthesetwolemmasprovesthecorrectnessofgreedilyremovinglocallyconvextiles.215

Asweshowinthenexttheorem,usingasearchtreetechniqueallowsanefficientimplementationofthis216

greedyalgorithm.217

Theorem5.Ahole-freepolyominocanbecheckedfordecomposability/constructibilityintimeO(NlogN).218

Proof.Lemma3allowsustoremoveanylocallyconvextile,aslongasitisnotblockedanddoesnot219

destroyconnectivity.Applyingthesamelemmaontheremainingpolyominoiterativelycreatesafeasible220

decompositionsequence.Lemma4provesthatthisisalwayssufficient.Ifandonlyifwecanatsomepoint221

nolongerfindamatchinglocallyconvextile(towhichwereferascandidates),thepolyominocannotbe222

decomposable.223

LetBbethetimeneededtocheckwhetheratiletisblocked.Anäıvewayofdoingthisistotryout224

alltilesandcheckiftgetsblocked,requiringtimeO(N). Withapreprocessingstep,wecandecreaseBto225

O(logN)byusingO(N)binarysearchtreesforsearchingforblockingtilesandutilizingthatremovingatile226

canchangethestateofatmostO(1)tiles.ForeveryverticallinexandhorizontallineygoingthroughP,227

wecreateabalancedsearchtree,i.e.,foratotalofO(N)searchtrees.Anx-searchtreeforaverticallinex228

containstileslyingonx,sortedbytheiry-coordinate.Analogouslydefineay-searchtreeforahorizontalline229

ycontainingtileslyingonysortedbytheirx-coordinate. Weiterateoveralltilest=(x,y)andinsertthe230

tileinthecorrespondingx-andy-searchtreewithatotalcomplexityofO(NlogN).Notethatthememory231

complexityremainslinear,becauseeverytileisinexactlytwosearchtrees.Tocheckifatileatposition232

(x,y)isblockedfromabove,wecansimplysearchinthe(x−1)-,x-and(x+1)-searchtreeforatilewith233

y>y. Weanalogouslyperformsearchqueriesfortheotherthreedirections,andthushave12queriesof234

totalcostO(logN).235

Wenowiterateonalltilesandaddalllocallyconvextilesthatarenotblockedandarenotacuttileto236

thesetF(costO(NlogN)).Notethatcheckingwhetheratileisacuttilecanbedoneinconstanttime,237

becauseitsufficestolookintothelocalneighborhood. WhileFisnotempty,weremoveatilefromF,from238

thepolyomino,andfromitstwosearchtreesintimeO(logN).Next,wechecktheupto12tilesthatcould239

havebeenblockedbytheremovedtile,seeFig.7.Onlythesetilescanbecomeunblockedoralocallyconvex240

tile.Thosethatarelocallyconvextiles,notblocked,andnotacuttileareaddedtoF.Alltilesbehind241

thosecannotbecomeunblockedasthefirsttileswouldstillbeblockingthem.Ifoneofthosetilesbecomes242

acuttile,thenweremoveitfromF.ThecostforthisisagaininO(logN).ThisiscontinueduntilFis243

empty,whichtakesatmostO(N)loopseachofcostO(logN).Ifthepolyominohasbeendecomposed,the244

polyominoisdecomposable/constructiblebythecorrespondingtilesequence.Otherwise,therecannotexist245

suchasequence.Aspecificstarttilecanbeenforcedbyprohibitingtheremovalofthattile.246
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Figure7: Whenremovingtheredtile(darkgrayingrayscale),onlytheyellowtiles(lightgrayingrayscale)
canbecomeunblockedorlocallyconvex.

3.3 PipelinedAssembly247

Giventhataconstructionisalwayspossiblebasedonaddinglocallyconvexcornerstoapartialconstruction,248

wecanarguethattheheuristicideaofManzooretal.[23]forpipelinedassemblycanbeformallyrealized249

foreveryconstructiblepolyomino: Wecantransformtheconstructionsequenceintoaspiral-shapedmaze250

environment,asillustratedinFig.8.ThisallowsittoproduceDcopiesofPinN+Dcycles,implyingthat251

weonlyneed2NcyclesforNcopies.Itsufficestouseaclockwiseorderoffourunitsteps(west,north,east,252

south)ineachcycle.253

Themainideaistocreateaspiralinwhichtheassembliesmovefromtheinsidetotheoutside.Thefirst254

tileisprovidedbyaninitialsouthmovement.Aftereachcycle,endingwithasouthmovement,thenextseed255

tileofthenextcopyofPisadded.Foreverydirectioncorrespondingtothedirectionofthenexttileadded256

bythesequence,weplaceatiledepotontheoutsideofthespiral,withastraight-linepathtothelocationof257

thecorrespondingattachment.258

Theorem6. Givenaconstructionsequenceσ:=((d1,l1),...,(dN−1,lN−1))thatconstructsapolyominoP,259

wecanconstructamazeenvironmentforpipelinedtiltassembly,suchthatconstructingDcopiesofPneeds260

O(N+D)unitsteps.Inparticular,constructingonecopyofPcanbedoneinamortizedtimeO(1).261

Proof.Considertheconstructionsequenceσ,themovementsequenceζconsistingofNrepetitionsofthe262

cycle(w,n,e,s),andaninjectivefunctionm:σ→ζ,withm((w,·))=e,m((n,·))=s,m((e,·))=wand263

m((s,·))=n. Wealsorequirethatm((di,li))=ζjifforalli<ithereisaj<jwithm((di,li))=ζj264

andjisthesmallestpossible.Thisimpliesthatineachcyclethereisatleastonetileinσmappedtoone265

directioninthiscycle.266

Labyrinthconstruction:ThemainpartofthelabyrinthisaspiralascanbeseeninFig.8.Considera267

spiralthatismaking|ζ|manyturns,andtheinnermostpointqofthisspiral.Fromqupwards,wemake268

alanethroughthespiraluntilweareoutsidethespiral.Atthispointweaddadepotoftiles,suchthat269

aftereachsouthmovementanewtilecomesoutofthedepot(thiscaneasilybedonewithbottleneck270

constructionsasseeninFig.8).Then,weproceedforeachturninthespiralasfollows:Forthej-th271

turn,ifm−1(ζj)isemptywedonothing.Elseifm
−1(ζj)isnotemptywewanttoaddthenexttile.272

Lettibethisparticulartile.Then,weconstructalaneindirection−ζj,i.e.,thedirectionfromwhere273

thetilewillcomefrom,untilweareoutsidethespiral.Byshiftingthislineinanorthogonaldirection274

wecanenforcethetiletoflyinatthecorrectpositionrelatingtoli.There,weaddadepotwithtiles,275

suchthatthefirsttilecomesoutafterj−1stepsandwitheachfurthercycleanewtilecomesout276

(thiscanbedonebyusingloopsinthedepot,seeFig.8).Depots,whichlieonthesamesideofthe277

spiral,canbeshiftedarbitrarily,sotheydonotcollide.Thesedepotscanbemadearbitrarilybig,and278

thus,wecanmakeasmanycopiesofPaswewish.Notethatwecanmakethepathsinthespiralbig279

enough,suchthataftereveryturntheboundingboxofthecurrentpolyominofitsthroughthespiral.280

Correctness: Wewillnowshowthatwewillobtaincopiesof P. Consideranyj-thturninthespiral,281

wherethei-thtiletiisgoingtobeaddedtothecurrentpolyomino. Withthenextstep,bothtiand282

9



0 1 6

7
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2

(a)

Bottleneck

Depot

Loop

(b)

(c) (d)

(e) (f)

Figure 8: (a) A polyominoP. Shown is the assembly order and the direction of attachment to the seed (tile
0). (b) A depot (orange; light gray area in grayscale) having loops to delay the tile output and a bottleneck
(purple; dark gray area in grayscale) to guarantee that only one tile can move to the spiral. (c to f) A maze
environment for pipelined construction of the desired polyominoP. After the fourth cycle, each further cycle
produces a new copy ofP. Shown states are after a sequence of down (c), left (d), up (e) and right (f) moves.
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0 1 0 1

Figure9:Twodifferentsequences.Theredtilerepresentstheboundingboxofthecurrentpolyomino.(Left)
Adesiredsequence.Thelatitudeintersectstheboundingbox.(Right)Asequencewherethelatitudedoes
notintersecttheboundingbox.

thepolyominomoveindirectionζj. Whilethepolyominodoesnottouchthenextwallinthespiral,283

thedistancebetweentiandthepolyominowillnotdecrease.Howeverwhenthepolyominohitsthe284

wall,thepolyominostopsmovingandticontinuesmovingtowardsthepolyomino. Wall-hittingisthe285

samesituationasinournon-parallelmodel:Toafixedpolyominowecanaddtilesfromn,e,sor286

w.Therefore,thetileconnectstothecorrectplace.Sincethisistrueforanytileandanycopy,we287

concludethateverypolyominowebuildisacopyofP.288

Time:Sincethespiralhasatmost4Nunitsteps(orNcycles),thefirstpolyominowillbeconstructed289

after4Nunitsteps.Byconstruction,webeganthesecondcopyonecycleafterbeginningthefirst290

copy,thethirdcopyonecycleafterthesecond,andsoon.Thismeans,aftereachcycle,whenthefirst291

polyominoisconstructed,weobtainanothercopyofP.Therefore,forDcopiesweneedN+Dcycles292

(orO(N+D)unitsteps).ForD∈Ω(N)thisresultsinanamortizedconstanttimeconstructionforP.293

Notethatthisproofonlyconsidersconstructionsequencesinthefollowingform:Ifatiletiincreasesthe294

sidelengthoftheboundingboxofthecurrentpolyomino,thenthetileisaddedfromadirectionwitha295

longitude/latitude,suchthatthelongitude/latitudeintersectstheboundingbox(seeFig.9).Inthecase296

thereisatile,suchthatthelongitude/latitudedoesnotintersecttheboundingbox,thenwecanrotatethe297

directionbyπ2towardsthepolyominoandwewillhaveadesiredconstructionsequence.298

4 OptimizationVariantsin2D299

Forpolyominoesthatcannotbeassembled,itisnaturaltolookforamaximum-sizesubpolyominothat300

isconstructible. ThisoptimizationvariantispolyAPX-hard,i.e.,wecannothopeforanapproximation301

algorithmwithanapproximationfactorwithinΩ(N
1
3),unlessP=NP.302

Definition7 (MaximumTiltAssemblyProblem).GivenapolyominoP,the MaximumTiltAssembly303

Problem(MaxTAP)asksforasequenceoftilesbuildingacardinality-maximalconnectedsubpolyomino304

P ⊆P.305

Theorem8. MaxTAP ispolyAPX-hard,evenfortree-shapedpolyominoes.306

Proof.Wereduce MaximumIndependentSet(MIS)toMaxTAP;seeFig.10foranillustration.Consider307

aninstanceG=(V,E)ofMIS,whichwetransformintoapolyominoPG. WeconstructPG asfollows.First,308

constructahorizontallinefromwhichwegodowntoselectwhichvertexinGwillbechosen.Thelinemust309

havelength10n−9,wheren=|V|.Every10thtilewillrepresentavertex,startingwiththefirsttileonthe310

line.Lettibesuchatilerepresentingvertexvi.Foreveryviweaddaselectorgadgetbelowtiandforevery311

{vi,vj}∈δ(vi)weaddareflectedselectorgadgetbelowtj,asshowninFig.10,eachconsistingof19tiles.312

Notethatallgadgetsforselectingvertexviareabovethegadgetsofvjifi<jandthatthereareatmostn
2

313

suchgadgets.Afterallgadgetshavebeenconstructed,wehavealreadyplacedatmost19n2+10n−9≤29n2314

tiles. Wecontinuewithaverticallinewithalengthof30n2tiles.315
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v1

v2

v4

v3

v1 v2 v3 v4

Figure10:ReductionfromMIStoMaxTAP.(Left)AgraphGwithfourvertices.(Right)Apolyomino
constructedforthereductionwithafeasible,maximumsolutionmarkedingray.

Now,letα∗beanoptimalsolutiontoMIS.ThenMaxTAP hasamaximumpolyominoofsizeatleast316

30n2α∗andatmost30n2α∗+29n2: Wetakethecompleteverticalpartoftiforeveryviintheoptimal317

solutionofMIS.Choosingotherlinesblocktheassemblyoffurtherlinesandthus,yieldsasmallersolution.318

NowsupposewehadanN1−ε-approximationforMaxTAP.Thenwewouldhaveasolutionofatleast319

1
N1−εT

∗,whereT∗istheoptimalsolution. WeknowthatanoptimalsolutionhasT∗≥30n2α∗tilesandthe320

polyominohasatmostN≤30n3+29n2≤59n3tiles.Therefore,wehaveatleast 30n2α∗

591−εn3−3ε tilesandthus321

atleast 1
591−εn3−3εα

∗strips,becauseeachstripsis30n2tileslong.Considersomeε≥2
3+ηforanyη>0,322

thenthenumberofstripsis 1
591/3n1−3η

α∗whichresultsinann1−δ-approximationforMIS,contradictingthe323

inapproximabilityofMIS(unlessP=NP)shownbyBermanandSchnitger[10].324

Asaconsequenceoftheconstruction,wegetCorollary9.325

Corollary9. UnlessP=NP,MaxTAP cannotbeapproximatedwithinafactorofΩ(N
1
3).326

Onthepositiveside,wecangiveanO(
√
N)-approximationalgorithmfortree-shapedpolyominoes.327

Theorem10. Thelongestconstructiblepathinatree-shapedpolyominoPisa
√
N-approximationfor328

MaxTAP,andwecanfindsuchapathinpolynomialtime.329

Proof.ConsideranoptimalsolutionP∗andasmallestenclosingboxBcontainingP∗.Thentheremustbe330

twooppositesidesofBtouchingatleastonetileofP∗.ConsiderthepathSbetweenbothtiles.Because331

(i)theareaAB ofBisatleastthenumberoftilesinP
∗,(ii)|S|≥

√
AB,and(iii)alongest,constructible332

pathinPhaslengthatleast|S|,weconcludethatthelongestconstructiblepathisa
√
N-approximation.333

Tofindsuchapath,wecansearchforeverypathbetweentwotiles,checkwhetherwecanbuildthispath,334

andtakethelongest,constructiblepath.335

CheckingconstructibilityforO(N2)possiblepathsisratherexpensive.However,wecanefficientlyapprox-336

imatethelongestconstructiblepathinatree-shapedpolyominowiththehelpofsequentiallyconstructible337

paths,i.e.,theinitialtileisaleafinthefinalpath.338

Theorem11. Wecanfindaconstructiblepathinatree-shapedpolyominoin O(N2logN)timethathasa339

lengthofatleasthalfthelengthofthelongestconstructiblepath.340
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Proof.Weonlysearchforpathsthatcanbebuiltsequentially.Clearly,thelongestsuchpathisatleasthalf341

aslongasthelongestpaththatcanhaveitsinitialtileanywhere. Weusethesamesearchtreetechniqueas342

beforetolookforblockingtiles.Selectatileofthepolyominoastheinitialtile.Doadepth-firstsearchand343

foreverytileinthissearch,checkifitcanbeaddedtothepath.Ifitcannotbeadded,skipalldeepertiles,344

astheyalsocannotbeadded.Duringeverystepinthedepth-firstsearch,weonlyneedtochangeasingle345

tileinthesearchtrees,doingO(1)updateswithO(logN)cost.AsweonlyconsiderO(N)verticesinthe346

depth-firstsearch,thisresultsinacostofO(NlogN)forafixedstarttile.Itistrivialtokeeptrackofthe347

longestsuchconstructiblepath.RepeatingthisforeverytileresultsinarunningtimeofO(N2logN).348

Intree-shapedpolyominoes,findingaconstructiblepathiseasy.Forsimplepolyominoes,additional349

argumentsanddatastructuresleadtoasimilarresult.350

Theorem12.Insimplepolyominoes,findingthelongestofallshortestpathsthataresequentiallyconstructible351

takesO(N2logN)time.352

BeforewestartwiththeproofofTheorem12,weshowinthenexttwolemmasthatitissufficientto353

considershortestpathsonly,andthatwecanrestrictourselvestoonespecificshortestpathbetweentwo354

tiles.Hence,wejustneedtotestamaximumofO(n2)differentpaths.355

Lemma13.Inasequentiallyconstructiblepath,ifthereisadirectstraightconnectionforasubpath,the356

subpathcanbereplacedbythestraightconnection.

L A

B AB

BA

p0

p1

W’

357

Figure11:AsubpathW anditsshortcutLingreen.ToblockL,AandBmustexist.Butthen,eitherp0
orp1(redtiles)willalsobeblocked.Therefore,alsoW cannotbebuilt.

Proof.ConsiderasequentiallyconstructiblepathW andasubpathW ⊂W thathasastraightlineL358

connectingthestartpointandtheendpointofW . W.l.o.g.,Lisaverticallineandwebuildfrombottomto359

top.Assumethat(W\W )∪Lisnotconstructible.Thenatleasttwostructures(whichcanbesingletiles)360

AandBmustexist,preventingusfrombuildingL.Furthermore,thesestructureshavetobeconnectedvia361

apath(ABorBA,seeFig.11). Weobservethatnoneoftheseconnectionscanexistorotherwise,wecannot362

buildW (ifABexist,wecannotbuildthelasttilep0ofL;ifBAexist,wecannotbuildthefirsttilep1of363

W ).Therefore,wecanreplaceW withL.364

ByrepeatingtheconstructionofLemma13wegetashortestpathfromtilet1tot2inthefollowing365

form:LetP1,...,Pkbereflextilesonthepathfromt1tot2.Furthermore,forevery1≤i≤k−1,thepath366

fromPitoPi+1 ismonotone.Thispropertyholdsforeveryshortestpath,orelsewecanuseshortcutsasin367

Lemma13.368

Lemma14.Ifashortestpathbetweentwotilesissequentiallyconstructible,theneveryshortestpathbetween369

thesetwotilesissequentiallyconstructible.370
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Proof.ConsideraconstructibleshortestpathW,amaximalsubpathW thatisx-y-monotone,anda371

boundingboxBaroundW . DuetotheL1-metric,anyx-y-monotonepathwithinBisaslongasW .372

SupposesomepathwithinBisnotconstructible. Thenwecanusethesameblockingargumentasin373

Lemma13toprovethatW cannotbeconstructibleaswell,contradictingthatW isconstructible.374

UsingLemma13andLemma14,wearereadytoproveTheorem12.375

ProofofTheorem12.Becauseitsufficestocheckoneshortestpathbetweentwotiles,wecanlookat376

theBFStreefromeachtileandthenproceedlikewedidinTheorem11.Thus,foreachtileweperforma377

BFSintimeO(N)andaDFSwithblockinglook-upsintimeO(NlogN),whichresultsinatotaltimeof378

O(N2logN).379

5 Three-DimensionalShapes380

AninterestingandnaturalgeneralizationofTAPistoconsiderthree-dimensionalshapes,i.e.,polycubes.The381

localconsiderationsforsimplyconnectedtwo-dimensionalshapesarenolongersufficient.Inthefollowing382

weshowthatdecidingwhetherapolycubeisconstructibleisNP-hard. Moreover,itisNP-hardtocheck383

whetherthereisaconstructiblepathfromastartcubestoanendcubetinapartialshape.384

Asasteppingstone,westartwitharestrictedversionofthethree-dimensionalproblem.385

Theorem15. ItisNP-hardtodecideifapolycubecanbebuiltbyinsertingtilesonlyfromabove,north,386

east,south,andwest.

x1 x1 x2 x2 x3 x3 x4 x4

x1_x2_x3

x2_x3_x4

x1_x3_x4

n

e

s

w

387

Figure12:Top-viewonthepolycube.Thereisaverticalpartgoingsouthforthetrueandfalseassignment
ofeachvariable. Westartbuildingatthetoplayer(crosshatchedarea)andhavetoblockeitherthetrueor
thefalsepartofeachvariablefromabove.Theblockedpartshavetobebuiltwithonlyinsertingfromeast,
west,andsouth.Foreachclause,thepartsoftheinvertedliteralsaremodifiedtoallowatmosttwoofthem
beingbuiltinthisway.Allotherpartscansimplybeinsertedfromaboveintheend.
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x1

true false

true false
x2

Figure13:Top-viewonthepolycube.(Left)Inthebeginningwehavetoblocktheaccessfromthetopfor
eitherthetrueorfalsepartofthevariable.Thevariableisassignedtheblockedvalue.(Right)Threegadgets
foraclause.Onlytwoofthemcanbebuiltifthetilesareonlyabletocomefromtheeast,south,andwest.

Proof.Weprovehardnessbyareductionfrom 3SAT.Avisualizationfortheformula(x1∨x2∨x3)∧(x2∨388

x3∨x4)∧(x1∨x3∨x4)canbeseeninFig.12.Itconsistsoftwolayersofinterest(andsomefurtherauxiliary389

onesforspaceandforcingtheseedtilebyusingtheone-waygadgetshowninFig.14).Duetotheone-way390

gadget,atleastpartofthetoplayer(crosshatchedareainFig.12,detailsinFig.13(Left))mustbebuilt391

first.Forcingaspecificstarttilecanbedonebyasimpleconstruction.Foreachvariablewehavetochoose392

toblocktheleft(forassigningtrue)ortheright(forassigningfalse)partofthelowerlayer.Intheend,the393

remainingpartsoftheupperlayercantriviallybefilledfromabove.Theblockedpartsofthelowerlayer394

thenhavetobebuiltwithonlyinsertingtilesfromeast,south,orwest.Intheend,thenon-blockedparts395

canbefilledinfromabove.Foreachclauseweuseapart(asshowninFig.13(Right))thatallowsonlyat396

mosttwoofitsthreesubpartstobebuiltfromthelimitedinsertiondirections. Weattachthesesubpartsto397

thethreevariablevaluesnotsatisfyingtheclause,i.e.,thenegatedliterals.Thisforcesustoleaveatleast398

onenegatedliteraloftheclauseunblocked,andthusatleastoneliteraloftheclausetobetrue.Overall,this399

allowsustobuildtheblockedpartsofthelowerlayersonlyiftheblockingoftheupperlevelcorrespondsto400

asatisfyingassignment.Ifwecanbuildthetrueandthefalsepartsofavariableinthebeginning,anytruth401

assignmentforthevariableispossible.402

ItisstraightforwardtoseethatthewholeconstructionfitsintoaboundingboxofsizeO(|C|)×O(|V|)×O(1),403

whereCisthesetofallclausesandVthesetofallvariables.404

Theconstructioncanbeextendedtoassemblieswitharbitrarydirection.405

Theorem16. ItisNP-completetodecideifapolycubecanbebuiltbyinsertingtilesfromanydirection.406

Proof.WeaddanadditionallayerbelowtheconstructioninTheorem15thathastobebuiltfirstandblocks407

accessfrombelow.Forcingthebottomlayertobebuiltfirstcanagainbedonewiththeone-waygadget408

showninFig.14.Finally,wenotethattheproblemofdecidingwhetherapolycubecanbebuiltbyinserting409

tilesfromanydirectionisinNP.410

Thedifficultiesofconstructionin3Darehighlightedbythefactthatevenidentifyingconstructible411

connectionsbetweenspecificpositionsisNP-hard.412

Theorem17. ItisNP-completetodecidewhetherapathfromonetiletoanothercanbebuiltinageneral413

polycube.414
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in out

Figure 14: (Left) This polyomino can only be constructed by starting at “in” and ending at “out”. (Right)
Generalization to three dimensions. If we start on the right side, then we cannot build the red cube because
it is blocked from all six directions. With these gadgets we can enforce a seed tile.

A
N
D

x1 x2 x3 x4

x1 x3

x4x2

s

t

Figure 15: (Left) Circuit representation for the SAT formula (x1∨x2∨x3)∧(x1∨x2∨x4)∧(x2∨x3∨x4)∧
(x1∨x3∨x4)∧(x1∨x2∨x4). (Right) Reduction from SAT formula. Boxes represent variable boxes.

Proof.We prove NP-hardness by a reduction fromSAT. For each variable we have two vertical lines, one415

for thetruesetting, one for thefalsesetting. Each clause gets a horizontal line and is connected with a416

variable if it appears as literal in the clause, see Fig 15 (Left). We transform this representation into a tour417

problem where, starting at a points, one first has to go through either thetrueorfalseline of each variable418

and then through all clause lines, see Fig. 15 (Right). The clause part is only passable if the path in at least419

one crossing part (squares) does not cross, forcing us to satisfy at least one literal of a clause. As one has to420

go through all clauses,tis only reachable if the selected branches for the variables equal a satisfying variable421

assignment for the formula.422

We now consider how to implement this as a polycube. The only difficult part is to allow a constructible423

clause path if there is a free crossing. In Fig. 16 (Left), we see a variable box that corresponds to the crossing424

of the variable path at the squares in Fig. 15 (Right). It blocks the core from further insertions. The clause425

path has to pass at least one of these variable boxes in order to reach the other side. See Fig. 15 (Right) for426

an example. Note that the corresponding clause parts can be built by inserting only from above and below,427

so there are no interferences.428

6 Conclusion/Future Work429

We have provided a number of algorithmic results for Tilt Assembly. Various unsolved challenges remain.430

What is the complexity of deciding TAP for non-simple polyominoes? While Lemma 4 can be applied to all431
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Figure16:(Left)Emptyvariablebox.(Right)Aclauseline(blue,darkgrayingrayscale)dipsintoavariable
box.Ifthevariableboxisbuilt,thenwecannotbuildthedipoftheclauseline.

polyominoes,wecannotsimplyremoveanylocallyconvextile.Canwefindaconstructiblepathinageneral432

polyominofromagivenstartandendpoint?Thiswouldhelpinfindinga
√
N-approximationfornon-simple433

polyominoes.Howcanweoptimizethetotalmakespanforconstructingashape?Andwhatoptionsexistfor434

non-constructibleshapes?435

Aninterestingapproachmaybetoconsiderstagedassembly,asshowninFig.17,whereashapegets436

constructedbyputtingtogethersubpolyominoes,insteadofaddingonetileatatime.Thisissimilartostaged437

tileself-assembly[12,14,16].Thismayalsoprovideapathtosublinearassemblytimes,asahierarchical438

assemblyallowsmassiveparallelization. WeconjecturethatamakespanofO(
√
N)forapolyominowithN439

tilescanbeachieved.440

Allthisislefttofuturework.441

Figure17:(Left)ApolyominothatcannotbeconstructedinthebasicTAPmodel.(Right)Constructionin
astagedassemblymodelbyputtingtogethersubpolyominoes.
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