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Abstract

The effect of interstelliar hydrogen penetrating the
supersonic solar wind region from the boundary shell is
conslidered. The density of neutral hydrogen is taken to
be one particle per cubic centimeter in interstellar space
and the aensity in the supersonic solar wind region is
attenuated by a factor exp(-9a/r) at a distance r from the
sunn. & get of flow equations is obtuined in & manner similar
to tinat of Diermann c¢t. al. for tzec solar wind-comed
proulem. The exchange of nass, nousnvum, and energy due to
phiotoionization wnd charge excununge dre included with
appropriate source terms andG tine equations are solved
numerically to find the flow velocity of tne solar wind.

The solar wind velocity is secn to drop by an order of
magnitude Ifrom oﬁe to 100 a.u.

eglecting the mugnetic field pressure or the
intersteliar medium and setting L(mach number) = 1 in the
flow e uutions gives a value for the radius of Tahe supersonic
solar wind region of about 50 a.u.

The radius of the solar wind region is also calculated



using the momentum balance method. It is seen that the
‘radius of the supersonic solar wind region is Gependent
on the thicikness of the boundary shell and the pressure
proiile.

It is shown that if a uniform neutral hydrogen density
of one particle per'cubic centimeter ié assumed, the
radius of the supersonic solar wind regién increases over
the value given above. This peculiur result is atitributed

t0 the nonlinearity of tne Flow equations.



The prowlem ol the teruminution of the solar wind hus

becn explorcd by several authors, including Axford, Dessler,

an¢ Gottliich (1963) and Paticrszon, lonson, and Johnson (1963).

[6)]

a review by Desoler, (1967) sives a comprehensive survey of
toe prescnt state of our idesasg about the_solar wing.

The solax ﬁind is a plasma of lonized hydrogen with
a frozen-in megnetic field wnich evolves in time in sucu &
way vhet we can think of tne pariticles as being “attached"
to the particles in the fiow, and fthe magnctic field moves

witn the fluid veloclty of the scolar wind., Any parficles
winicn become ionized aund enter the flow will rotate around
the Iield lines and ve carricd along by them.

Tne solar wind must pusin aside tne interstellar magnetic
fiela in tne vicinity of tuc sun. 1In figure 1, we see taat
tanere are three distinct regions co;resvonal“g to the super-
sonic solar wind .(region I): tae voundary shell or subsonic
s0lar wind (region II): uud the undéisturbed interstellar
mnedivm (region III). The suriface beiween rogion I and region
i1 corresponds to & sioanGing shock or & trunsitio. Jrom
sugersonic o suovsonic fiow in the solar wind.

Several imecnanisns o walntain the configura. ... have

bcen counsidered. Axford, Dessler, and Gottlieb (1583)

nave performed calculations on a model which assumes an

essentially wniform solar wind velocity beyond 1 a.uw. and



tiiat vhe principle mecihanism for termination of the sodlar

wind is the pressure of the intcrsteller magncetic field.
. . o an . 2

By balancing the momentum flux of the solar wind, PV,

and the ecnergy density of the galactic B-field, %?F’ the

distance of the shock from the sun, R can be written

s’
v

fem o . (1.3)

Rg = VR ag=Y

S

o lo

wiaere V. 1s the velocity of the solar wind at 1 a.u., P is
tne cdensity of tae solar wind at 1 a.u. and RS is given in
estronomical units. The results of Axford et. al. give
ry T Aaa PAas R =S P P o — - 7 -
valucs for R_ of about 60 a.u. fox Va = 4 x 10" cm/sec,

N - = -3
B = 10 gauss, and Pa = 5 c¢cm 7,

Another mechanisu is discussed by Dossler (1967).

If the boundary snell is thicker itunen the mean free path of
& nyarogen atom for cneirge cxcnonse, taen most of the
neutral nydrogen from regilon 11l will wabergo crnarge exchanse
in the boundary snell anc luapart tneir momeantum tT0 thne solar
wind, thus exerting an adcitvional force on tie voundary shell
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mparable in magnitude to the
pressure of the interstellar magnetic field (Desiier, 1967).
The effect of cosmic ray iriction has been considered

N

by isiford and Nevman (1965). Their conclusion was that the

cosmic ray pressure is provavly not yvery significant if B
is mucn greater than 1 gamma.

Dessler (1967) points out that the velcoity of the solar



wind will be reduced by the interaction with the neutral
hydrogen flux coming through the boundary sinell, if the
soundary snell is not thilck enough to iowizo all the
incoming neutrals. The incoming neutrals will interact with
the golar wind whrouwgh chafge exchenge and Temove momentun

and energy from the flow. TYuc purpose of this paper is to

investigate the effect of neutral‘hydroéén atoms in region I
inveracting with the soler wina via charge exchnange and
photoionization processos.

The distrivution of neutral hydrogen in the vicinity

£ +tae sun has boeen treated by Patiercon, Johnson, and Hanson

0
(1563) assuning a raudom distridbution of velocities in the

4

reutral hydérogen cmitied Ireom tne inner surface of the
ibility that a thin boundary shell

could pernit most of tiue neutral aydrogen to comws through

-

-

into region L.(nern, 1987). In that event the neutral hydro-
gen will have a bulk velocity reiavive to tae sun due 10 the
movion of tihe sun turough Tihe interstellar medium. The
relocity of the sun relavive vo tane inferstcllar medium is
very likely to e that inferred fron the proper motion of

the stars, 20 lm/sec. (Dessler, 1967). In this poper, we
snall assuxe an essentially wniform flow of neutral aydrogen
from the apex wirection of the sun wiva a velocity of

20 Im/soc.



2., THE FLOW EQUATIONS

The solar wind expands supersonically outward from
the sun into the iﬁterstellar medium, with which it
interacts via charge exchange and photoionization
processeg. The solaer wind and the interstellar medium
interchange mass, momentum, and energy. Equations to
describe these transport phenomena can be constructed
in an ad hoc fashion by considering the exchange of
particles in a small differéntial volume element. The
problem is sgstrikingly similar to thelcomet problem as

presented by Biermann, Brosowski, and Schmidt (1967).

The difference is that the ﬁarticles interchanged are
of equal mass and the ions ére flowing into an extended
region of neutrals rather than the reverse as in the
case of the comet.

Photoionization causes the injection of mass into
the flow, but due to the equality of the masses of
solarAQind ions and neutral hydrogen atoms from the
interstellar medium, there is no net contribution to °
the mass flux due to charge exchange. Consequently,

we write the continuity equation in the form

NS (2.1)

where po end ? are the density and velocity of the



solar wind, Sp ig the rate of mass injection per unit
volume due to photoionizaﬁion.

The neutrai hydrogen atoms possess a velocity VO
relative to the sun, consequently momentum is contributed
to the flow by both charge exchange and photoionizution.
The solar wind ions which become neutralized in the
charge exchange process, however, represent a conslderable
momentum loss which must be taken into account in the

momentum equation. The divergence of the momentum

flux density is given by

N-pVT + Up = -5V - (54 + 5)) Vg (2.2).

Here, p is the scalar pressure and Ss is the rate at which
mass is exchanged between the solar wind and inter-
stellar medium per unit volume due to charge exchange.
Using equation (2.1) and expanding the divergence

of ‘the dyadic, equation (2.2) may be rewritten

BT9) V+9p = ~(5, + 5)) (V.- V) (2.3).

In order %o construct the energy equation, we let

E = %,ovz + '{:-T P be the energy density in the solar

wind. We have incorporated the magnetic field pregsure
into the scalar p, thereby requiring that the magnetic

field be essentially transverse to the flow and ¥ = 2
(Biermann, Brosowski, and Schmidt, 1967). Particles



removed from the flow by charge exchange carry off
energy per unit mass E/b and pafticles entering the

>
flow have a kinetic energy density %pVé. We incorporate

these into the energy equation as sources and sinks and

obtain
%2
g B ©
Q. R + + . N
EV P Sg (8 + 8p) . (2.4)

For a discussion of the source terms, Sy and S see

P’
appendix A.

The velocity of the solar wind being of the order
of 107 cm/sec and the velocity of the sun 106 cm/sec
(Dessler, 1967), the terms. involving Vg will be neglected
in the flow equgtions. The eqﬁations which will be used

are

w. PV = Sp (205)
(PV.V)'V +Vp = = (Sg + SP)'\? (2.6)
<3 .E:-\F = ...-rE- SS (207)0

For the apex direction, the velocities of the solar
wind and incoming neutrals are nearly parallel, For
this reason, a gpherically symmétric model will be

adopted. Equations (2.5), (2.6), and (2.7) may be

/



rewritten in the scalar form:

— g pT) = 5, (2.8)
Ir
av . dp _ |
Vg + ﬁ?‘ = —(84 + Sp)V. (2.9)
1/r° %—I—,(rzEv) = -f— S (2.10).

3, DENSITY OF NEUTRAL HYDROGEN NEAR THE SUN

In order to find the source terms Sy and Sp we must
develop an’expression_for the density of neutral hydrogen
in the vicinity of the sun, ise. within 100 a.u.

WWe are adopting a model in which the sun is moving through

a uniform gas of neutral hydrogen with a velocity V®.

The density of the gas is PHO‘ Danby and Camm (1956)

have calculated the.density of matter néar a sgtar for:

such a situation, neglecting any possgibility of removal.
Let b be the impact parameter of an atom with the

sun énd take © to be the angle between the apex line

and the surface of a cone coaxiasl with the apex line and

with the verfex of the cone at the sun. The distance from

the sun to a point on the surface of the céne is r.

The density of master at some point on the surface of

the cone is (Danby and'Camm, 1956)



According to Patterson, Johnson, and Hanson (1963)
particles moving along a trajectory past the sun will

be ionized at the rate

where l/Tp and 1/Ts are the photoioniation and charge
exchange parameters respectively. Along a particular
trajectory, a particle at time + is at a particular
angle @ such that

dN _ an

an _ ae
dt ~ do dt .

Substituting this result into the previous equation

yields
| g8 1
a8 r2é4 T

where 1/T = 1/"13p + /7.

By conservation of angular momentun, rzé = BV@.

dv _ _ N a2
@ = - T

- a20
N = Noe E;@)T .



We see that the density of particles along a tra-
jectory must be attenuated by the factor exp —(%ET %).
We conclude that the density of neptral hydrogen in
the vicinity of the sun will be that given by (3.1)

attenuated by the exponential factor above.

Pro a2 o
(r,8) = ——=— exp ~( 7w %) (3.2).
/oH ’ gin © 3T VGT b
The impact parameter, b, corresponding to a
particular trajectory through any point (r,9) can
be found from the orbit equation (Kern, 1967).

b = g ( gin 8 + ‘/ sinzo + A%M(l-cos 0 ) ) (3.3).
Ver
For the apex direction, © approaches pero. Asg ©
approaches zero the impact parameter approaches b=0r.

Substituting this into (3.2) yields
(r,0) = ex —(——@E 1) | (3.4)
Pulr Puc®*® ~ v 7 T 4.

This is the expression for the density of neutral
hydrogen which will be used in this paper to construct

the source terms in the next section.

5
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The source term, S,., has the form (Appendix A)

a2/9H
S-v =—-2 - (4‘1)
1) a '.D .
p
Zquation (2.8) muy Lo writicn
&2 o 2 Pz
TP = et (4.2)
P
and upon invegrating from a to r we uave
T
ey 1
el 3 = 1 + 7_) V.o ! F’Idr : (4"3)'
a[;OaVa a a’p )
a

ny

The function p; is given by syustion (3.4). "“Tne
integral can ve performed using a cnange of variavles
end integral tobles (Abramowitz and Stegun). e define
the function A(r) to ve

-r.‘- oV

aAlr) = azpuVa (4.4)

The function o(r) is plotted in Tigure 2. Using (4.4)
, . . 2 . ,

vie can »lot the megps flux whideh is 1/r Alr)., %o see

that the mass flux (Jigure 3) is ennanced by photoionization

o a vilue greater than tonat we would obtain by assuming a

2 1
sinmple 1/rC dependence.
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5. THE ENERGY FLUX AND ENERGY PER UNIT MASS

The charge exchange source term can be written

(Appendix A):

T
SB =T§ SP . (5-1)

Substituting this result into equation (2.10) we obtain,
using equation (2.8)

4 (r%ev) = - (—;%’—)%-f(rz,o V) (5.2).

This equation is readily integrated and using (4.4) we

have
T
2 - “p/T

azEaVa
from which we may obtain the energy flux plotted in
figure 4.
Dividing both sides of equation (5.3) by A(r) we
have |

T
- ()
A »/ (5.4).

e

E
P

The ratio of energy density to mass density is clearly
decreasing. The way the equations have been constructed
the solar wind is being cooled by charge exchange and .

masgs ig being added due to photoionization.
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6., SOLVING THE EQUATION OF MOTION

In order to solve equation (2.9) for the fluid

velocity, V,.we must eliminate the unknown gquantity

p. Recalling that E = § pv° + TL

P we may express p
in terms of the energy density, mass density, and
fluid velocity. A+t this point, we do not know /o but
we do have pV. Consequently, the pressure may be
expressed in terms of knowr; guantities and the velocity

which is to be calculated from the solution of (2.9).

p =YZl( E - % pV?). (6.1).

E \d _ 2/ B
(3/2 -;;;_)'a';ln v -f(;? - %)
E T a . (2 (6.2)
+ (. A+ 3 -222 ) Zan(rpv).
o2 Ty T Sl ot

For the details of the derivation of equation (6.2)
see appendix B.

The quantity ——E-z- may be expressed
P -

B 4 D/~
= -% + - N
pvz -1 v

The velocity of sound is C° = 1‘;}’—. Letting M =

C
we may write E"Z =% + 1/M2. Subgtituting this expregsion
PV
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into equation (6.2) we have

2 _21
(1 - 1M )——1n v T ﬂﬁ
(6.3)
T
+ (l/M2 + )T-E - ZTP/T ln(r PV).

If we set M = 1, the left hand slde of the equation

vanishes. 1In order to satisfy the equation, we require

3T o
2 +(,ﬂ§ + 4 -2 )& (£FPp V) = 0 (6.4).

Equation (6.4) may be solved for r. This determines
the distance from the sun at which the solar wind goes from
'supersonic velocity to subsonic velocity. A graphical

solution of equation (6.4) yields

= 50 a.u.

For the details of the solution of (6.4), see appendix C.
 Returning to equation (6.2), note that if we divide

by (3/2 - E/fvz) we have

%;lnv=
20E gy s (—E Ry 320y Ly (x v)(6.5)
T o2 T TR T TR D ar r
3-2 ,
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Equation (6.5) is a first order differential equation
in r and V. All the quantities on the right except V are

mown as functions of r.

-TP/T
E
E .8 (6.6)
r Ps
and
rz)o’v' = azpaVaA( r).
We can calculate V from this equation (6.5 ) using an
iterative procedure. Let V(r + h) = V(r) + h%% where h

is some small interval. The velocity of the solar wind is
taken at r = a to be Va =5 x 1O7cm/sec. Beginning with
this value, the velocity has been calculated out to 100
a.u., using h =5 x.lOl2

h

cm fromr = 1 to r = 10 a.u,

la.u fromr =10 tor = 20 a.ud, h =5 a.u. from .
r =20 tor = 40 a.u., and h:= 10 a.u. from r = 40 to r = 100
a.u.

The results of the calculation are given in figure 5.
With the velocity in hand, the values for the other fluid
quantities can be calculated. The density, p, and
energy density, E, are plotted in figures 6 and 7.

Note that if we take r%:V to be constané, equation
(6.5) reduces to

. CEw/pv - %)

(6.7).
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This is the equation for the velocity when mass loading

and charge exchange are negleoted. Equation (6,.,7) may
be integrated and put in the form

- - 2
_5_3_?_%
r _ £V v
a Va
E Ex vz/ 2
-ﬁWa ] -
As r approaches infinity
2
%-%YE = 0 (6.8).
ﬁNa Va

Neglecting interaction processes, the ratio E/p is

& constant. Recalling that E/sV° = % + 1/i° and

taking M = 5 at 1 a.u., we may write Ea/loavs = .54,

Substituting this into equation (§.8) and calculating

the velocity at maximum we have

Viax

Va

= 1,04,

Comparing tpis figure with the wvalues for V/Va caloulated

" from (6.5), we see the effect of the interstellar

medium on the velocity of the solar wind. The calculation
of the shock distance from equation (6.4) indicates that the
presence of the neutral hydrogen flux in the solar wind

cavity is capable of creating a standing shook

wa
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and thereby determining the inner limit of the boundary

shell,
7. WAGNETIC FIELD=-SOLAR WIND MOMENTUM FLUX BALANCH

We will now find Ty by another method. The position
of the shock transition, assuming if exists, corresponds
to the point at which the solar wind pressure balanceé
the magnetic field pressure of the interstellar medium
plus the pressure of the neutral hydrogen (Dessler, 1967).
Since the neutral hydrogen does not interact readily
with the solar wind ions, we shall neglect the pressure
of the interstellar neutral hydrogen and consider only
the effect of the galactic magnetic field.

The solar wind pressure is

2
p+ PV,

which is balanced by the galactic magﬁetic field pressure,

BS/8T .

Equating the two, we have

>
P+ ,on =-8———Bﬂ '(7-1)

If this shock transition occurs in a region of
high Mach number, ije., if we have a strong shock, the

pressure, p,-will be quite small compared to the momentum
J
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flux density,,ovz. In that event, we may establish the
shock distance by negleoting p in (7.1) and finding the

2 = B°/8w . Taking the values for oV

point at which pV
and V which have been plotted, ,ovz; the momentum flux density,
is shown in figure 8 as a function of r. Taking B = 1

gamma, we find that a balancé would occur at about

65 a.u. This result is inconsistent with the results of

the previous section, which indicate that the solar wind

would not be supersonic beyond 50 a.,u., therefore the
assumption that p is negligible ineguation (7.1) is invalid.

In this model, the most important parameter 1is the
neutral hydrogen flux which determines the behavior of the
solar wind in region I. The behavior of the solar wind in
this region will be the same whether the boundary shell
exists or not, due to the fact that a supersonic flow is
unaffected by conditions downstream.

The value of 65 a.u. obtained above was based on the
model of a very thin boundary shell. If the boundary shell
has a significant thickness, another method must be.used to
find the balance point. Consider a conical tube of
flow with a half angle o¢. The cone is truncated by the
inner and outer surfaces of the boundary shell. The

2

pressure on the inner surface is p + oV and on the outer

surface is 32/817. Assuming the pressure in the boundary
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shell is ) and requiring that the net forces on our

truncated cone add up to zero, we may write

Spsdsl + ((I)+-pv2)d52 + IB%?dSB =0 (7.2).

An equation of this type can be used.to determine the
shock distance for various values of the thickness of the
boundary shell, provided we make somé assumption about the
pressure profile within the boundary shell. The usual
assumption is that the pressure is constant and equal
to 32/81Y(Dessler, 1967). Assuming we have a strong shock,
then the pressure within the boundary shell must rise
sharply at the shock point and gradually level off to
the value of B2/81' as pictured in figure 9. For such
a pressure profile, the agsumption of constant ps=B2/8W
is a fair approximation, however, if we substitute for
Pq in equation (7.2) and carry out the integration, we
regain equatioh (7.1).

Further study of the behavior of the solar wind
in region II 1is necessary before the effect of the thick
boundary shell on the termination distance can be properly
assessed, and for that reason it will be deferred’ for the
time being. |

A recent paper by G. L. Verbchuur (Verschuur, 1968)
indicates that the Iinterstellar magnetic fleld |

i
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in the local part of the galaxy is about .3 gamma,

A pressure balance calculation based on this figure

gives a value for the shock distance of about 100 a.u.

It appears that if the density of neutral hydrogen in
interstellar épaceuis one particle per cubic centimeter

or greater, the charge exchange and photoioé%%tion processes

completely dominate the effect of the interstellar field.

8. CONSTANT NEUTRAL HYDROGEﬁ DENSITY

In this section, wé wish to discuss a peculiar effect
of the nonlinear nature of the. equations. The presence of
the neutral hydrogen in the solar system acts t0 cool and
slow down the solar wind. We would expect that increasing
the amount of neutral hydrogen present would cause the
solar wind to slow down more rapidly and undergo transition
from supersonic to subsonic velocitigs nearer ‘the sun.

On the constrary, if we introduce into oﬁr calculations
thelassumption that the density of neutral hydrogen in

the solar system is constant and of order 1 cm'3

s the tran-
sition point moves farther out from the sun. Taking

/QH constant, the function A(r) reduces to

Ar) =1+ L0° (g (8.1)
loavan

and equation (6.4) may be written

“\‘ﬂ.\ /
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2. L/a =0 (8.2)
1+ L(r/a - 1) ' '
where
G == (30 /1 + 4 =20 /1)
and
a
g = Luo*
aVan

The vallues of the photoionization and charge exchange
constants are given in Appendix C. Va is taken to be
5 x 107 cm/éec. Using these numbers, and f%ﬂyooza =5
we obtain C = 3.17 and L = .027,

Upon solving equation (8.2) for r,iwe obtain

r l -1
= = = 62 (8-3)0
® ng-1)

Comparing (8.3) with the value of r, found in section
6, it appears that the shock or transition distance is
increased for a greater, uniform neutral hydrogen density,
or at least in this specifié example. This result indicates
that one must be careful in forming physical pictures of
the attenuation of the solar wind. The result of (8.3)
should not be too broadly interpreted, i.e., one
cannot conclude on the basis of (8.3) that the shock distance

will in general increase for higher neutral hydrogen

densities,
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9. EXPONENTIAL BEHAVIOR OF VELOCITY

The most probable source of error in the preceding
calculations is the use of the iterative procedure to
determine the velocity of the solar wind. In this
section an attempt will be made to apply a correction to
the velocity to make 1t consistent with the determination
of the shock distance in section 6,

We find that if we take V/V, = Dexp (- —-) we can
choose the constants D and m to gkve a very good fit to the
velocity curve in figure 5 over the range r = 10 a.u. to
r = 100 a,u, This indicates that for the purposes of
numerical calculations, we may assume an approximately
exponential behavior for the velocity over the region indicated.

Recalling that

E = L 1
‘-;;;2— ¥ o+ ’ig | ‘ (9.1)

and using equation (5.4) we have for M = 1 at r = 50 a.u.

RANE S (5.2).
al P Vg .

Using M = 5 at one a.u., equation (9.1) indicates

Bgy

....._2 = .54
PeVa
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Using the calculated value of A(r) at r = 50 a.u. and

the values ¢f T and Ip given in Appendix O we obtrin

= ,268 at r = 50 a.u.

<ﬂ<

a
This result.indicates that at 50 a.u. the cumulative error
of our numerical procedure has reached about 40 %. In
order to make the velocity consistent with the Mach number
calculated at this point, we shall assume exponential
behavior of the velocity between 5 a.u. and 100 a.u.

At 5 a.u. we take V/V, = 1.0 end at 50 a.u. V/V, = .268.
The corrected velocity is labeled V and plotted in figure
11. ,

The corrected energy density E is shown on figure 4
and the corrected bulk flow kinetic enérgy density is
rlotted along with the uncorrected bulk flow kinetic
energy density on figure 8. Using these values, we have
calculated the‘Mach nunber beyond 5 a.u. in figure 12.

We see that the Mach number drops sharply beyond 10
a.u. This is the region in which the attenuative effect

of the incoming neutral hydrogen flux is most significant.
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10. CONCLUSIONS

An interstellar neﬁtral hydrogen density of 1 cm_3
l1s capable of having a strong effect on the termination
of the solar wind, and in the light of new figures for
the interstellar magnetic field strength, is the dominant
mechanism. The solar wind-neutral hydrogen interaction
causes a reduction in solar wind velocity and Mach number
and is sufficient to establish a transition from supersonic
to subsonic velocities at about 50 a.u.

The presence of a strong shock is not likely, rather
there .is a gradual, continuous diminution of Mach number
from supersonic to subsonic velocities, or a weak shock

at about fifty a.u.



AIPENDIX A

The Source Terms

The source terms Ss and Sp are the rate of mass

interchange per unit volume in the solar wind due to

photoionization and charge exchange. Ve write

g - 82 Pu
= =, —
p r T
and P
az ’%I
SS = ""‘2 —— .
T T ‘

5]

/?H is the mass density of neﬁtral hydrogen in region

I, 1/Tp and 1/33s are the probabilities of photoionization
and charge exchange respectively as measured in the
vicinity of the earth. The prqbability of charge
exchange is proportional to the particle flux of the
solar wind. Since this is one of the parameters we
wish to find, we cannot immediately write down the
probability of charge exchange. To a first approximation,
however, the mass flux goes as l/r2 (see appendix D). \
It is approximately valid to write the charge exchange
probability as proportional to l/rz.

The probability of photoionization depends on the
intensity of solar radiation, which goes as l/rz, 80

a factor az/r2 appears in the source term Sp.

'
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Having made the above approximation, we must bear in
mind that we are in efiect underestimating the provability
of charge dxchange. Due o mass loading of the solar
wing particle flux will be somewhat greater than that
predicted by a l/r2 proportionality.

We define the constant 1/T to be the total probability
per second of ionization near the earth.

1/T = 1/Tp + 1/Tg.
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APPENDIX B
Derivation of Equation (6.2)

T
Using S = T‘I‘) S5 (Appendix A) and substituting into (2.9)
8

p_i__(E_sz)wehdve

T
dav ¥~1,48E =
PV * PIE 3L (pv®) ) = - (TE +1)s v (b.1)
which can be rewritten using eyuation (2.8) in the form

pral + B3s8an s - 1%%n V%) = (R + 1Yy &%)
. . r

(b.2)o
Dividing through by sz we have
T
1ld 1-1, E 2y _ d 2
'\TT _.{____23_1 ve) = -,fp-a-fln(r PV) (b.3)

N
where we have used 1/7 = :L/Tp + 1/Ts.

FE R Gonen - E - -4 foaeen
- -T /T
-%%%Yf+-11; =%1n(r2pv) P/ (b.4).

We now set ¥ = 2 and collect terms involving %

and -v-ln(r LV) and obtain
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(3/2 - Z5)41n v =
Y (b.5)

o A T
;(W—%)-(ﬁgﬁf%--ﬁﬂ)—ﬁlﬂ(er

which is equation (6.2).



APPENDIX C

Solution of Equation (6.4)

The equation to be solved is:

T T
2 3 d 2 -
£+ (3 Tﬁ + % - ZTE)Efln(r pV) = 0O (c.1).
For notational convenience, we define the constant
3T T
C =Lt 3 =-2-EL,
ZTS T
Using .
l/Tp = .45 x 107° sec™t
1/1, = .75 x 1070 gec™
/T = 1/TP + /T,

(Rern, 1967) we find C = 3.17.
From equation (2.8) we have, using the explicit

form of the source terms in Appendix B:

2
L (%) = i | (c.2)
T, - 5

which becomes,'upon integration
i r
2 — 2 8,2/
TPV =8PV, f g \Pydr (c.3).
~ b

a
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Taking the natural logarithm of equation (d.3) and
differentiating with respect to r we have

2
a D _ (a /Tp) PH
-a?ln(er) = - ¢
2
2 =)
a/:ava + T-I; IoHdr
8

Upon dividing numerator and denominator by a%pava

this equation becomes

1
o P
dan (Ppv) = —Lolen - (6.4)
A(r)

where A(r) is the function discussed in section 4 and

Py is that given in equation (3.4).

: .8

Py = Rioexe ~(7)
taking a = 1.5 x 10-13cm, Vo =2 x 10° cm/sec and
1/1, = .45 x 107%s6c™t in equation (3.4).

Equation (d.4) becomes, upon substitutdon

| ————T—IOHO oxp ~(22)
d 2 fﬁya P P r
Eln(r PV) = _ (dGS)‘
A(r)
'ﬂ§%§§ﬁif /QHOa

We now introducé the constant I = —%—— ., The
- - PaVeT

/
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density of the interstellar medium is taken to be 1
particle per cubic centimeter and the density of the solar
wind at 1 a.u., is taken to be 5 particles per cubic
centimeter. Taking the wvelocity.of the solar wind,

V,, &t one a.u, to be 5 x 107 cm/sec we find L = .027.
Using the definitions of C, L, and equation (6.5),

equation (&.1) is rewritten
% - Fegyexe ~(9/) = 0
where N = r/a. This equation is equivalent to
v = 28r) gyp (9/m) (¢.6)
CL

which is solved by graphical procedures. For the

result, see figure (10).

Z‘fﬁ& .
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APPENDIX D

Calculation of Mass Flux
From equation (2.8) we found the mass flux of the

golar wind to be given by

PV _ al
AR

where the function A(r) is given by

y

A(I‘) =1 +ﬁf—ﬂrl-i\— PHdI’ (é.l)

a'a’p
a

In order to find A(r) we must evaluate the integral

r.

/§Hdr .
8

'Using (3.4) we have

r r

,Oi{dr = ,OHOe‘xp -(‘98:/1') ar (d.2).

a a

We now introduce the new variable u = 9a/r and

obtain ,
r 9a/T
) Rydr = =9a Ly EXp 0 ;u du / (d‘_3)'
a

9 u
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Upon integrating by parts we have

)
r

<

dr = 9a exp ~(9a/r) _ _exp -9

a

9a/r | (d.4).,
+ 55%%33 du

9

The last term in (d.4) can be expressed in terms of the
difference of two exponential integrals (Abramowitz and

Stegun, 5.1.1).

r
Rudr.= 9a Py, [-ggexp—(‘aa/r) - %exp -9 + B1(9) - El(9a/r)] .

With this result, we can now calculate the function

A(r) which is photted in figyre (2) and the mass

&=

flux, A
%

' Fo

*

Ralar
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