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ABSTRACT

In this research, new indirect digital redesign methods are presented for multi-rate
sampled control systems with cascaded and dynamic output feedback controllers. Unlike
the classical direct bilinear transform, which is an open-loop direct digital redesign
method, the proposed digital controllers take into account the state-matching of the
original continuous-time closed-loop system and the digitally redesigned sampled-data
closed-loop system. Direct bilinear transform is a fairly simple method that has been
widely used in industry for a long time. However, it ignores the continuous-time
controllers and plant as a complete system and treats all of the controllers individually.
Generally, this method might be good for short sampling periods, however the system
response might become unstable for longer sampling periods. Therefore, closed-loop
digital redesign methods are preferred while calculating digital controllers.

Analog controllers are often predesigned based on a desirable frequency
specification, such as the bandwidth, the natural angular frequency, etc. To take
advantage of the digital controllers over the analog controllers, digital implementation of
analog controllers is often desirable. However, continuous-time system states might not
be readily available. Therefore, an ideal state reconstructing algorithm was utilized to
obtain the multi-rate discrete-time states of the original continuous-time system. By
utilizing these obtained states and applying Chebyshev quadrature method, improved
digital redesign method and lifting methods, multi-rate cascaded and dynamic output
feedback digital controllers were constructed. Illustrative examples are provided to

demonstrate the effectiveness of the developed methods.
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CHAPTER 1 - INTRODUCTION

Most practical and industrial processes often consist of continuous-time (analog)
actuators and sensors with specific characteristics. To improve the performance of the
overall systems, the cascaded analog controller, such as the proportional-integral-
derivative (PID) controller [2-3], and the dynamic output feedback controller, such as the
bending filter [10] are usually designed.

The designed closed-loop continuous-time controllers are usually required to be
converted into their discrete-time (digital) forms for the purpose of analysis and digital
implementation of the controllers. Digital controllers implemented using digital
processors cost less, have a smaller size and offer better performance.

The existing approximate methods to formulate digital counterparts of the

continuous-time controllers are based on assumptions. Direct bilinear transformation

method simply substitutes the controllers into digital forms using (s = %), which

does not take state matching into consideration. Moreover this method is considered an
open loop design. Further improved design considers using a closed-loop bilinear
redesign method which improves the system response; however system response
becomes unstable for small sampling rates.

Plants with various sensor measurements and time constants led scientists to
develop new solutions to accommodate different rates of data. Radar, airplanes,
satellites, internet based control systems [16,27] and hard disk drives are examples to be
considered. This aspect gave birth to multi-rate sampling techniques for hybrid control of

the continuous-time systems. There are different types of control structures, which can



be divided basically into two classes. One is a multi-rate closed-loop system with a slow-
rate cascaded controller and a fast-rate output-feedback controller, and the other one is a
multi-rate closed-loop system with a fast-rate cascaded controller and a slow-rate output-
feedback controller. In hard disk driver and internet-based control systems, the feed-
forward controller is sampled at a fast-rate and the feedback controller is updated at a
slow-rate [15].

In this research, a new indirect multi-rate digital redesign method is developed for
the control systems with both cascaded and dynamic output feedback controllers. The
state variables are not readily available to the controllers, so an ideal state reconstructing
technique is utilized to compute the discrete-time states of the continuous-time controller.
New techniques are formulated such as the Chebyshev quadrature method [21] and the
improved digital redesign method to construct the cascaded and dynamic output feedback
digital controllers. Also, using different sampling rates the controllers are designed and

combined together to achieve a multi-rate hybrid control of the continuous-time systems.

1.1 Outline of the Research

This research consists of six chapters. Chapter 1 provides an introduction to the
research subject. The outline and the objective of this research and the review of
previous works are also presented.

Chapter 2 gives a brief description of the analytical models used in this study.
New approximation methods such as the Chebyshev quadrature method and the improved

digital redesign methods are formulated. Modeling errors are compared among different



methods. The newly developed approximation methods are compared with existing
solution methods such as direct bilinear method in the end.

Chapter 3 presents a brief description of N-delay control; the lifting method is
improved for the digital redesign method used in this study. Chapter 4 presents the multi-
rate digital redesign method. The multi-rate digital redesign method is formulated for
plants with feedback and feed-forward gains. Different digital controller gains are
calculated for various sampling times. Also, an ideal digital state reconstructor [17] is
presented.

Chapter 5 provides illustrative examples for both systems with and without input
time delays. Simulation results from the digital redesign method are compared with the
actual system response and each method is compared. Lastly, Chapter 6 gives a summary

and conclusions of this study. Possible future work is also mentioned in this chapter.

1.2 Review of Previous Work

Procedures for formulating and simulating multi-rate digital redesign started to be
developed in the past 50 years. In most of the methods developed by researchers,
methods became very complex and hard to calculate whenever the ratio of slow to fast
sampling ratio increases. Studies related to this subject since the 1950s are briefly
summarized below.

Multi-rate digital controller design has been the interest of the researchers since
the 1950°s and different approaches have been developed ever since [1,4-6,8-9,11-
15,19,21,23,26]. Due to recent developments in digital processors it is necessary to use

digital controllers and implement them. Early stages of multi-rate design start with the



frequency decomposition technique followed by the switch decomposition technique.
Later, Kalman and Bertram show that state space techniques provide good results in
characterizing sampled-data systems. Both of these techniques are shown to be
equivalent later. However, there is a major disadvantage for both of these techniques.
The analysis and synthesis become complex when the fast-rate and slow-rate sampling
ratio increases [3,12]. A new indirect multi-rate digital redesign method is developed in
this research for both cascaded and output-feedback systems and examples are provided

to show this method can be used in different applications.

1.3 Research Objectives

The main purpose of this study is to develop a new method for multi-rate digital
redesign control systems with and without input delays. The specific objectives are as
follows:

1) Develop a new method to calculate digital gains of feedback and feedforward

based on their continuous-time controller counterparts.

2) Compare the existing methods with developed methods that are proposed in

this research (qualitative and quantitative comparison).



CHAPTER 2 - PROBLEM FORMULATION AND DIGITAL

REDESIGN METHODS WITH NO INPUT DELAY

Consider a controllable and observable linear continuous-time control system
with a cascaded and a dynamic output feedback controller depicted in Figure 2-1, where
G1(s) is the continuous-time plant; G,(s) and G3(s) are the continuous-time cascaded
and the output feedback controllers. The state space models of G;(s), G,(s) and G5(s)
are (A,,B1,C1,D;), (A,,B,,Cy, D) and (As, B3, C3,D3), r(t) is the reference input and
E. is the forward gain. The state dimensions, input and output numbers of G;(s), G, (S)

and G3(s) are (ny, my,p1), (ny, My, p,) and (nz, ms, p3), respectively.

Cascaded controller G;(s) Plant G,(s)

(1) + } 0 .
Feo(t) = Axea(t) + Baeo(t)| V2 | Xei(t) = Axei(t) + Biue(t)
— ™ L. i oot Ve2(t) = Cxea(t) + Douea() uei(?) Ver(t) = Cixes(t) + Dyt (t)

Yei(®)

\

Yes(t)
Feedback Controller Gs(s)

Xe3(t) = Asxes(t) + Biues(t) <
Ves(t) = Csxe3(t) + Dsucs(t)

Figure 2-1. Continuous-time closed-loop system

Discrete-time Counterpart of
Continuous-time Cascaded
controller G,(s) Plant G/(s)
Got2) T fal) = ey + Bt "
uarlT) ™ wall ) YV = Crvea(t) + Dittr(t)

Discrete-time counterpart
of Continuous-time
Feedback controller Gs(s)

Gs(2) < 5]

(Ts)

Ts

Figure 2-2. Classical multi-rate sampling control system
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Without loss of generality, we assume D; = 0. One of the classical multi-rate
sampling control structures for the original continuous-time system G;(s), is depicted in
Figure 2-2, where G,(z) and G3(z) are digital controllers of G,(s) and G3(s). Tr and Ty
are noted as the fast-rate and slow-rate sampling time periods, respectively. Tg = NTy,
where N is a positive integer. Moreover, Zoh(Ty) denotes a zero-order hold with holding
time T;. The subscript “c” in the functions x4 (t) and Yy, (t) in Figure 2.1 designates the
continuous-time functions controlled by the continuous-time signal u., (t). Whereas the
subscript “d” in the functions x4 (t) and y44(t) in Figure 2.2 denotes the continuous-
time functions controlled by the discrete-time signal ugq (k¢ Ty ).

As described in Chapter 1, the other classical multi-rate sampling control structure
is that the slow-rate sampling period T is used in a cascaded controller G,(s), and fast-
rate sampling period Ty is employed in the output feedback controller Gs(s). The
proposed multi-rate digital redesign problem is that if we are given the analog controllers
G,(s), G3(s) and the gain E; with the multi-rate sampling periods Ts and T¢, how can we
find the equivalent digital controllers and gain from G, (s), G3(s) and E. so that the states
or outputs of the digitally controlled plant G,(s) closely match those of the plant G,(s)

with the analog controller.

2.1 Digital Redesign Method

Two figures and the following equations below indicate the basic of design. As
indicated in Figure 2-3, K. and E, are formerly calculated values to satisfy the desired
conditions (settling time, peak value, rise time etc...) of the output value y.(t). As
shown on Figure 2-4, K; and E,; are the discrete-time equivalent counterparts of K. and

6



E.. K; and E; are calculated to implement cascaded and feedback controls in
microprocessors and digital signal processors to acquire the same output and conditions.
K; and E; will be calculated using K. and E., state matching equations. Hence, the

digital redesign of the system will be completed.

Plant G(s)
(1) + u.(t) Xe(t) Ye(®)
> Xc(t) = Axc(t) + Bu.(t)

X
Feedback
Controller
K,

Figure 2-3. Continuous-time closed-loop system with continuous-time state feedback

Y
a

y

Plant G(s)
ug(t)=uq(kT) X4(t) Ya(t)
Xa(t) = Axq(t) + Bua(t)

()

+
—» Zoh(T)

Y
a

]

Digital Feedback
Controller

Zoh(T) |« K4

A

Zoh(T) <&

Figure 2-4. Continuous-time closed-loop system with discrete-time state feedback

Consider the state-space model of a dynamic system G(s) as shown in Figure 2-3

as



xc(t) = Axc(t) + Buc(8), x.(0) = x,, (2-1)

ye(t) = Cx (t), (2-2)

where x.(t) € R™, u.(t) € R™1, y.(t) € RP*! are system state, input and output

vector, respectively. x.q is the initial condition and analog controller is

uc(t) = _chc(t) + Ecr(t)a (2-3)

where 7(t) € R™1 is the reference input, K, € R™" E.€ R™™ are the analog
feedback and feed-forward gains. Substituting equation (2-3) into (2-1) results in the

closed-loop system

xc(t) = Axc(t) + B[_chc(t) + Ecr(t)]' (2-4)

J.Cc(t) = Acxc(t) + BECY‘(t), (2-5)

where A, = A — BK,.
The corresponding designed, discrete-time exact evaluation of the closed loop

continuous-time system becomes the following:

x (KT +T) = eATx (KT) + [ e4<T+T=DBE r(2)d2, (2-6)
x, (KT + T) = G,x,(kT) + H.E.r(kT), 2-7)

where G, = eT, H, = [ " eAWT+T-DRA) = [G, — I,]A;'B, I, is the identity

matrix with dimension n, and r(t) = r(kT) for kT <t < (k+ 1)T.



Consider the digitally controlled hybrid system which approximates the states of

the continuous-time system in Figure 2-4 as

J'Cd (t) = Axd(t) + Bud (kT), (2-8)
ya(t) = Cxq(t), (2-9)

with a digital controller
ud(kT) = —ded(kT) + Ed“r'(kT), for kT <t < kT +T (2-10)

where T is the sampling period, K; € R™", E; € R™™ are the discrete-time state
feedback and state forward gains. Although equation (2-8) is a hybrid system, it is still a

continuous-time signal and the corresponding discrete-time model becomes
xg(kT +T) = e4Tx,4(kT) + fkkTTJrT eAKT+T-DBaA s uy(kT) (2-11)
which can be written such as

xg(kT +T) = Gxy(kT) + Hug(kT), (2-12)

K

where G =e4", H= [ T gAKT+T-DBd) = [G — I,JA71B for a non-singular matrix

T

A. When the matrix A is a singular matrix, the matrix H can be evaluated as
o T i—
H =32, 1 (AT)'B (2-13)

above. Now that equation (2-12) is represented in its discrete-time, inserting equation

(2-10) into equation (2-12) becomes the closed-loop equation, which is



above. Two closed-loop systems has been calculated in equations (2-7) and (2-14) so far.
In this research, the discrete-time system is matched at every sampling period with the

continuous-time system. State matching conditions are shown below,

Xe(Ole=kr+r = Xa (O le=kr+T> (2-15)

Xe(®)|e=kr = xq(O)|t=kr- (2-16)

Based on state matching equations above and using equations (2-7) and (2-14),

the following equations are deduced,

G. = G — HK,, (2-17)

H.E. = HE,. (2-18)

However, as it can be understood, there is not an exact solution to the equations above.
In these circumstances, approximate solutions are researched. In the following sections

different approximations are researched and explained.

2.2 Chebyshev’s Bilinear Transform Method for Feedback Systems

The Chebyshev quadrature method is a good approximation to calculate digital
control gains K;, and E;. A revision of the discrete-time model of the equation (2-1),

similar to equation (2-11), can be rewritten as

10



xc (KT +T) = Gx (kT) + [ eAKTT-D By, ()dA (2-19)

Consider the Chebyshev quadrature formula

fabw(A)f(A)dA =fabw(,1)d,1 lim ( )Zf(l)
=fabw(/1)d/1 1%0((N+11)V(b ))Zf(/l)(b_a)
= [? w(A)dA- = [ f()da, (2-20)

where w(4) is a constant sign weighting function in [a,b] and f(4;) are the values of the
function f(A) evaluatedat A = a+i(b —a/N), fori =0,1,...,N. The above result can

be utilized to approximately evaluate the integral term in equation (2-19) as

kKT+T _ ~ kT+T kKT+T
Jir €T BY (1)dA = - fkT e+ T=Dpaa [ u (D) dA.  (2-21)

So the following is obtained

2, (KT +T) = G2,(kT) + Huy (kT), (2-22)

where u, (kT) = % fkkTT T u. (A)dA and X.(kT) in equation (2-22) is an approximate state

of x.(kT) in (2-19). Substituting equation (2-3) into (2-22) results in

11



2.(KT +T) = G2 (KT) + H— | T K 2, (1) + E-(D))dA. (2-23)

kT

Applying the trapezoidal rule integration to the integral term in equation (2-23), it is

obtained that % fkkTT T x.()dar = %(fc (kT + T) + 2.(kT)). As a result, equation (2-23)

becomes

2,(KT +T) = (IN + %HKC)_l (G - %HKC) 2, (kT) + (IN + %HKC) " HEr(KT).

(2-24)

To match the closed-loop states in equations (2-14) and (2-24), states of both systems

must match at every sampling period, resulting in the following conditions,

Xe(Ole=kr+r = Xa (Ol e=pr+r and X.(8) | e=rr = x4 () | t=kr- (2-25)

As a result of the above condition, the following equations are solved for K; and

G — HKy = (I + %HKC)_l (6 —ZHK,). (2-26)

1 -1
HE, = (In + EHKC) HE.. (2-27)

Using Chebyshev’s bilinear transformation method the equations shown above

can be solved and the result K; and E; values are as follows,

12



1 1 -1
Ko =2(In+3KH)  K(l +6), (2-28)

Eq = (In +5 K H)TE,, (2-29)

where H € R™™, G € R™™ and K, € R™",
Remark 1: Based on the Chebyshev quadrature formula in equation (2-21), when
u.(A) in equation (2-21) is a piecewise constant signal, the integral term in the left-hand
side of equation (2-21) is exactly equal to the product of the two integral term in the
right-hand side of equation (2-21). Otherwise, the approximation error in (2-21) is

proportional to the square of the sampling period 7 [18]. In addition, from equation

(2-19) and (2-22), the digital control law uy(kT) = %fkkTT T

u.(t)dt is the average area
under the curve u.(t) from kT to (kT + T), as depicted in Figure 2-5. As a result, when
the u.(t) is a piecewise linear time-varying signal, the value of u;(kT) becomes the
average of u.(t) at t = kT + T and u.(t) at t = kT obtained by the trapezoidal rule or
the bilinear transform method. Substituting the u.(t) in equation (2-3) into the uy(kT)
in (2-22) results in the indirect digital control gains in equations (2-28) and (2-29). The

digital control law uy(kT) in equation (2-22) with the gains in (2-28) and (2-29) can be

referred to as the closed-loop bilinear transformed controller.

13



AU o)

Ud(kT)
\\\
~
1l
B
l -
0 T 21 3T 4T t

Figure 2-5. Analog control u.(t) and digital control ug(kT)

2.3 Improved digital redesign method

A better approach to evaluate digital control gains K; and E,; is improved digital
redesign method. The method differs from Chebyshev bilinear method by exactly
evaluating [ kkTT T x.(A)dA in equation (2-23).

uy (kT) equation (2-23) can be written as

KT+T K¢ (kT+T

ug(kT) = = [ " u.(da = =2 [ x (DdA+ Eqr(kT)  (2-30)

shown above. The integral term on the right-hand side of equation (2-30) can be exactly
evaluated by integrating the analog designed system shown in equation (2-5), as a result

the following results are obtained

14



fo Tk (©de = A, [ x(DdA+ BE, [ r(A)da, (2-31)

fkkTT+T % (t)dt = fkkTT+T dx.(t) = x (kT + T) — x.(kT), (2-32)

then it follows as

[k (Odt = A7 [x (kT + T) — x,(kT) = TBEr(kT)],  (2-33)

where r(t) = r(kT) for kT <t < kT +T.
Utilizing equation (2-7) into equation (2-33) and solving for fkkTT T x.(1)dA leads

to the following

ST % (A = A7 [Gex (KT) + H Er(kT) — x (kT) — BE,Tr(kT)], (2-34)

fkkTT+T x.(N)dA = A;Y (G, — I)x.(kT) + (H, — BT)E.r(kT)], (2-35)

equations above. Letting x.(t) in equation (2-35) as X.(t), x.(kT) = x.(kT) and

x.(kT + T) = X.(kT + T), also substituting equation (2-35) into (2-30)

K kT+T
ug(KT) = —=° f 2,(0)dA + E;r(kT),
kT

ug(kT) = — K? 427 [(Ge = B2 (KT) + (He — BT)Ecr(KT)]| + Ecr (kT),

15



ud(kT) = _[KC(ACT)_l(GC - In)]jc\c(kT) + [KC(ACT)_l(BT - Hc) + Im]Ecr(kT)a

(2-36)

results in the digitally redesigned input signal.
Comparing equations (2-10) and (2-36) leads to the following cascaded and

feedback digital controller gains K; and E; to be

Ky = KC(ACT)_l(GC - In)a (2-37)

Eq = [KC(ACT)_l(BT — He) + In]E.. (2-38)
The corresponding digitally redesigned method is called as the improved bilinear

transform method.

2.4 Direct bilinear transform method

The commonly used digital redesign method in industry is the direct bilinear
transform, which could convert the predesigned cascaded and output feedback
continuous-time controllers directly into their digital forms, however it fails to convert a
state-feedback controller into digital form. Unlike, the other methods described in this
research, the direct bilinear transform method does not take state matching into
consideration. Although its structure is simple, the stability of the closed-loop sampled-
date system is not assured if the sampling time is set too large. The digital control
systems using the direct bilinear transform method are achieved as follows.

Suppose G;(s) is the transfer function of the continuous-time system in Figure

2-1, then the digital form of G,(s) is
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G1(2) = G1(2)| _2cz-v, (2-39)

TT(Z+1)

where the respective variables s and z denote the continuous-time and discrete-time
operators, and 7 is denoted as the sampling period.
On the other hand, the continuous-time system G;(s) is represented by equation

(2-1), then the state-space model under the bilinear transform is
Xp (kT + T) = Gbxb(kT) + HbU(kT), (2-40)

yYp(kT) = Cx, (kT), (2-41)

-1
where G, = (In - %) (I, + AZ—T), Hy, = (I, — %)‘1BT, X, (kT) is the discrete-time
state of x.(t) evaluated at t = kT for k = 0,1, 2,---. For modeling error analysis, let the
modeling error matrices be E; = e4” — G, and Ej, = (G — I,)A™'B — (I, — %AT)_lBT,

then the modeling errors between the bilinear transform method represented by equations

(2-40) and (2-41) and the exact discrete-time model of equation (2-1) become
© 1 1 . 1+ 0.5||AT||
E, |l < E (— — —) AT)Y|| = ———— — ellATI
” g” i=1 21—1 i! ”( ) ” 1— 05||AT|| e

E, |l < ||E,||[IIA72BII < ||E,|[1A~HIIBII,

for T < ﬁ and a non-singular matrix A, where ||4]| is the Euclidean norm of A. The

evaluation of the modeling error ||E || for the singular matrix A is given in the appendix

A.
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CHAPTER 3 - DIGITAL REDESIGN TECHNIQUE FOR
STABLE AND UNSTABLE SYSTEMS USING LIFTING

METHOD

3.1 N-Delay Control

Another approach that can be utilized is the N-delay lifting technique. Using this
technique the input matrix can be adjusted, so that the state variables are exactly matched

and there is no approximation.

3.1.1 Introduction to Lifting Technique
Consider the input signal shown below in Figure 3-1. The input signal is sampled
with a sampling period of T¢ as shown in Figure 3-2 and the output signal becomes as

shown in Figure 3-3.

A u(t)

uy(t)

v

Figure 3-1. Continuous-time signal
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ue(t) ugy(t)
N S Zoh(Ty) e
Tf =T/N
N=4

Figure 3-2. Continuous-time signal via zero-order hold

A 0(t)

0 T/4

27/4

37/4

Figure 3-3. Sampled output signal

A a(t)

Ul(kT) e

\/

0 T/4

27/4

37/4

Figure 3-4. Output signal series to parallel conversion
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The output signal can also be represented as shown in Figure 3-4. Although, the
Figure 3-3 and Figure 3-4 representations indicate the same signal, the analytic

representation can be shown below,

u(kT)
TN yer +5)
_ |upkm| e
Y k)| T lukr +31 u(®)- (3-1)
Uy (KT) u(kT + £)
- 4 .

Consider the state-space representation of a continuous-time plant below

x(t) = Ax(t) + Bu(t), (3-2)

y(t) = Cx(t) + Du(t). (3-3)

Transfer function of the system shown in equations (3-3) and (3-4) can be

represented as

G(s) =C(sl, —A)™ B+ D. (3-4)

Figure 3-2 represent s an input signal sampled with T /4 zero-order hold and as a
result, Figure 3-3 is obtained. However, using the lifting method, the series components
are substituted with parallel signals as shown on Figure 3-4. However, such a conversion
cannot be achieved by the zero-order hold circuit as shown in Figure 3-2. A simple block
diagram expressing a continuous-time signal as a discrete-time signal using the lifting

method is shown in Figure 3-5 below.
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T/4

uy(kT) = u(kT)

—»  Zoh y(kTy)
—>
Uy (kT) = u(kT+T/4) T4 G T,
uc(t) | » Zoh )
u3(kT) = u(kT+2T/4) Zoh » Plant O

Te=T/4 —» Zoh

uy(kT) = u(kT+3T/4) T/4

v

Zoh

Figure 3-5. Discrete-time representation of plant using lifting method
The counterpart equivalent discrete-time representation of a continuous-time plant

as shown in equations (3-2) and (3-3) can be calculated as

KT+T
x(kT + T) = e**Tx(kT) + j eAKT+T-D By (1)dr,
kT

kT+T
; f eART+T=-D B[ (7) — uy (D)]dr,
kT+Z

kKT+T
+] e T OBy () — wldr,
kT+T

+ fkT+3TT eAKT+T=D By, (1) — uz(1)]dr. (3-9)

kT+—
4

From Figure 3-4, the input signals are observed to be constant during the above

time intervals, also the B matrices are constant, so the equations can be written as

follows,
KT+T
XK +T) = eWTx(kT) + | AT 0t Buy o),
kT
KT+T KT+T
n f e ART+T=Dgr By, (1) — j eAKT+T-D)dr B, (1),
KT+ KT+
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KT+T

. 2TeA(kT+T—'r) dt U, (T),
T+ KT+

KT+T
+f eAKT+T=D) 4t Bu, (1) —f
kT+73 )

n fkk::%eA(kT*'T_T)dT Bu,(7) — fkkTT:%eA(kT*‘T‘T)dT Bus(1). (3-6)

Solving the integrals in equation (3-6), further simplifies the above equations to

be expressed as

x(kT +T) = Gx(kT) + (Hy — Hy)u; (kT) + (Hy — Ha)u, (kT)

+ (H; — H)uz(kT) + Hyu,(kT), (3-7)
uy (kt)
4 3 2 1 u, (kt)

x(KT +T) = (G4)*x(kT) + [(G4)°Ha, (G4)*Hy, (G4) Hy, Hy) us (kt) |’ (3-3)
uy (kt)

pu AL
where G, = e”+, Gy = e“Nand Hy = [Gy — I]A7!B.
Based on the discrete-time state variables of the N-delay lifted system represented

in (3-8), the discrete-time output can be expressed as

y(kT)

v, (kT) T C D 0 0 071w (kT)

o (kT)| , y(kT+4) _I—CG‘%-I kT I—CH‘* D 0 0]| u, (kT)

ys(kT)| = |y (k7 +2) ‘[CGEJ"( ”[ccim e D0 Jusdk))

Y4 (kT) 3T CG; CGZH, CG!H, CH, DIllu,(kT)
-y(kT+T)-

(3-9)

where the system becomes a multi-input multi-output (MIMO) system.
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3.2 Digital Redesign Using the Lifting Method

Although digital control law developed using the improved digital method, the
redesign method utilizes the exact integral term of the state x.(t), instead of the bilinear
approximated term of the state x;(t) there exists discrepancy between the digitally
redesigned approximated states x;(kT) and x.(kT). This is due to the use of
approximation via the principle of equivalent areas. When the system of interest in
equation (2-1) is unstable, the discrepancy of the state matching between x;(kT) and
X.(kT) might produce a degradation in the performance of the digitally redesigned
system. The lifted state-matching digital redesign method can be employed to develop
the lifted digital control law to improve the performance of the digitally redesigned
stable/unstable sampled-data systems.

The sampled-data system with a set of lifted fast-rate sampled input iz (k¢Tr) can

be represented as
xq(t) = Axyq(t) + B legle Uqr, (ke Ty), (3-10)

where Tr = T/N. T is the slow sampling period, T is the fast sampling period and N is
the sampling ratio during a slow sampling period T. The associated fast-sampled

discrete-time system in equation (3-10), with N = 1 and 1, (kaf) = Uy (kaf), becomes

xq(ks Ty + Tf) = Gyxa(keTy) + Hyua(keTr), (3-11)

where Gy = 4T/ and Hy = [Gy — Iy]A™1B.
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In addition, the corresponding discrete-time model in equation (3-10) for a slow-
sampled system with a lifted fast-sampled input for kKT < t < kKT + T and kT = k;T; can

be written as
xq(kT +T) = GYxa(kT) + HVuS (kT), (3-12)

where the lifted system matrix G§ becomes GN = (Gy)N = e“T and the lifted input

matrix H IE,N) is defined as

AN = [Hy, Hy, -, H,_y, Hy),

= [GIIVV_lHN, G]I\\]]_ZHN, tte, GNHN’ HN] S Rnme,
and the lifted input vector agv) (kT) is defined as

a3 (kT) = [@h, (kT), 7k, (kT), -+, @y (kT)]

uc(kT)
| u (kT +Tp)

| € Ranl

u (KT + (N = DT})

where H; = Gy "'Hy with Hy = (Gy — Iy)A™B and 14, (kT) = u.(t) at t = kT + (i —
1)Tf fori=1,2,---,N.

The discrete-time system in equation (3-12) can be considered as a multi-
input/multi-output (MIMO) discrete-time system and the corresponding lifted state

feedback control law for equation (3-12) can be written as
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g (KT) = =Ky (eT) + EQVr (kT), G-13)

where the lifted control gains K, u(zN) and E c(iN) are defined as

Ka1

_ K,

KM = | a2 [ g gmaan, (3-14)
Kan

Ea1
EM = |Baz| ¢ gmivam, (3-15)

Ean

and r(t) is a constant reference input. Substituting equation (3-13) into (3-12) results in

the closed-loop digitally redesigned system via N-delay lifting method as shown below,
xy (kT +T) = (G,’VV - H,g”)z?ém)xd kT) + BV EMr(kT). (3-16)

It is desirable to find the digitally redesigned gains I?éN) and EC(iN) in equation
(3-13) such that the discrete-time states x4 (kT + T) and x4(kT) in equation (3-16) are
exactly matched with the continuous-time states x.(kT + T) and x.(kT), in equation

(2-7), respectively. Comparing equations (2-7) and (3-16) results in

G.=GY —HVREW, (3-17)
H,=HVEM, (3-18)

where G, € R, GY € R, N e gromN gV) g pmNan 5pg E(V) g gmiam.
Approximation methods in Chapter 2 were derived because equations (3-17) and (3-18)
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can not be solved easily due to matrix sizes of G and H IE,N) not matching. However, by

using the lifting method, the following condition can be achieved and digital gains can be
solved. When the dimension mN = n and rank(ﬁIE,N)) = n, the desired lifted digital

gains in equation (3-13) can be solved from equations (3-17) and (3-18) as

_ _ +
RS = (AW (68 - Go), (3-19)
ESY = (H{')*H.E., (3-20)

where (HO)+ = (HMYTIHM (HM)T)1. The digital control law in equation (3-13)
with digital gains in equations (3-19) and (3-20) is the exact state-matching digital

redesign method.
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CHAPTER 4 - MULTI-RATE DIGITAL REDESIGN

TECHNIQUE

In this section, two topics are discussed. First, the ideal state reconstructor and
second the methods above will be expanded to include a system with both analog

feedback and cascade controllers.

4.1 Ideal state reconstructing algorithm

In order to use state feedback control to achieve the desired output characteristics,
it is required to have the states available to connect to the controller. However, states are
not readily available. As depicted in Figure 2-1, in the multi-rate cascaded and output
feedback digital control structures, only the input-output signals of G,(s) are available.
In order to avoid the complexity of building state observers [22,25], an ideal state
reconstructing algorithm [17] is employed to generate the real discrete-time states of the
systems.

Rewriting the discrete-time model of equation (2-1) as in equation (2-12) without

the subscripts results as
x(kT +T) = Gxy(kT) + Huy(kT), (4-1)
y(kT) = Cx4(kT), (4-2)

where G = e4T, H = (G — I,) A™1B, for a non-singular matrix A. When the matrix A4 is a

singular matrix, the matrix H can be evaluated as H = Z(ix;1g(AT)i_1B . In order to
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reconstruct the state in equations (4-1) and (4-2), a fast-rate sampler is employed
Tr = T/N, where N > 1 is an integer. Slow-rate digital model (G, H, C) can be

expressed with fast-rate model (Gy, Hy, C) as
Gy =eATr = eAT/N =GN 2 NG = ()" 2 (VG) ',  (43)
Hy =[Gy — [,]JA7'B = (Hy)™ & [(Gy) ™ — I,]A'B, (4-4)

where VG is the Nth root of the matrix G [24]. After the zero order hold, u(kT) is a

piecewise constant, therefore, the following will be true,
u(kT — iTf) = u(kT —T), (4-5)

for0<i<N.

If the matrix G has eigenvalues on the negative real axis for an assigned sampling
period 7, the unique Njth root of the matrix G cannot be determined. In this case, a
bisection search method can be applied to select a reduced sampling period so that the
matrix G would not have eigenvalues on the negative real axis.

Converting equations (4-1) and (4-2) by using the sampling period T an

equivalent fast-rate sampling digital model is obtained as
x(kTr + Tr) = Gyx(kTy) + Hyu(kTy), (4-6)
y(kT;) = Cx(kTy), (4-7)
Let IQTf = kT, then equations (4-6) becomes
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x(kT + T;) = Gyx(kT) + Hyu(kT). (4-8)

Only the input and output values of the system are available, in order to calculate
the state variables in one period time (7), N previous values of the input and the output
values are used. Therefore moving one fast sampling period back in equation (4-8)

results in the following equation,
x(kT) = Gyx(kT — Tf) + Hyu(kT — Tj), (4-9)
where u(kT — Tf) = u(kT — T), which results as
x(kT) = Gyx(kT — Ty) + Hyu(kT — T). (4-10)

Previous discrete-time state value is obtained by moving x(kT — Tf) to the right

hand side of equation (4-10) with present input and output data. Therefore,
x(kT = Tf) = (Gy) " *x(kT) — (Gy) *Hyu(kT — T)
x(kT = Tf) = (Gy) " x(kT) + (Hy) *u(kT —T)
x(kT — 2T;) = (Gy)~2x(kT) + (Hy)"2u(kT — T)

x(kT —iTy) = (Gy) "% (kT) + (Hy) " "u(kT — T),

fori=1,2,--,Ny — 1. Recalling every input and output value at every fast sampling

period (Tf) in one slow sampling period (T') the exact state value can be calculated as
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y(kT) 1 i x(kT)
y(kT —Tf) x(kT —Tj)
y(kT =2T;) |=C| x(kT —2Tj)

ly (kT — (1:v — DTf). x (kT — (1:v — 1)Ty)]

x(kT)
(Gy)*x(kT) + (Hy) " "u(kT —T) ]

(Gn)"2x(KT) + (Hy)*u(kT —T) ‘

[(Gy) N Vx(kT) + ('HN)‘(N‘l)u(kT -T)

Rewriting the equation above as

where

y = Dx(kT) + Eu(kT —T),

Opxm
[ C(GN) ! ] C(Hy)™t }
=| (GN) 2 LE=| c(Hy)™
lC (GN) w=1) lC(HN):‘(N‘l)

(4-11)

Moving x(kT) to the left hand side of equation (4-11), then the following

equation,

Dx(kT) =y — Eu(kT —T),

(4-12)

is obtained. Since the rank(D) = n, the left-side pseudo inverse of the “D” vector is

evaluated and x(kT) is calculated as
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x(kT) = (DTD)™*DT[y — Eu(kT — T)]. (4-13)

4.2 New multi-rate digital control law redesign

Digital redesign of the control law for the multi-rate sampled-data control system
is shown in Figure 2-2. The following continuous-time state equations are obtained and
using the following equations the analogy between simple feedback, cascaded gain and

state-feedback and state-cascaded gain are observed.

Xo1(t) = A1xc1 () + Bruey (t) = Ayxc1(t) + B1[Coxep (t) + Dyuc, (t)]
= A1%c1(8) + By [Coxea (8) + Dy [Ecr () — yes (D]
= Ayxc1(8) + By Coxc2(8) + By Dy Ecr(t) — ByDy[Caxe3(6) + Daucs(6)]
= Ayxc1(8) + By Cox2(8) + By Dy Ecr(t) — ByDy C3x3(8)

—B1D,D3C x4 (1), (4-14)

Xe2 t) = Azxcz(t) + Byu,, (t) = AzXcy )+ B, [Ecr(t) - yc3(t)]
= Ayxc5(t) + BoEr(t) — ByCsx3(t) — ByD3uc3(t)

= Ayxc2(t) + BREr(t) — ByC3x.3(t) — BoD3Cy x4 (2), (4-15)

Xe3(t) = Azx3(t) + Baues(t)

= A3x3(t) + B3Cixc4 (1), (4-16)

where x.,(t) € RM* x_,(t) € R™*! x.5(t) € R™*! are the state variables, u(t) €
R™x1 gy o (t) € R™*1 y 5(t) € R™*! are the input vectors, and y.;(t) € RP1*1,
Y2 (t) € RP2*1 y . (t) € RP3*! are the output vectors. Also, as mentioned in chapter 2,

D, is assumed as zero.

31



The extended overall closed-loop state equation for a single-rate sampled-data

control system becomes

Xec(t) = (Ae — BeKec)Xeoc(t) + BoEecr(t)

= Aecxec(t) + Becuec(t)a 4-17)

Uge = _Kecxec(t) + Eecr(t)a (4-18)

where A, = A, — B K.

Equations (4-14), (4-15) and (4-16) combined together can be represented as

follows
Ay — B1D;D3C;  B1C;  —B1D,C37 [ x4 (t) B,D,
Xec(t) = —B,D;C; A —ByC3 || xc2(®) |+ | B, |Ecr(t),(4-19)
B;C; 0 Az Xe3(t) 0

where x1.(t) = [xI,(t) xL(t) xL(t)]. Equation (4-18) can be also represented as

shown below

A, 0 07 [By 0 07[DDsC; —C, D,Cs [0 (D)
xc(t) :< 0 Az 0 - 0 Bz O D3C1 O C3 ) xcz(t)
0 O A3 O 0 B3 _Cl 0 0 xc3(t)
B, 0 07[D,E,
+|0 B, of| E |r®,
0 0 Byl o

where
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A, 0 0 B, 0 O xc1(6) uc (1)
A = 0 4, 0 ,B, = 0 B, O y Xec = xcz(t) yUee = ucz(t) ’
0 0 4 0 0 B Xe3(t) U3 (t)
D,D3C;  —C; D,C3 D,E.
Kec = D3C1 0 C3 and Eec = EC
- 0 0 0

Since the equivalent continuous-time controller gains K,. and E,. can be
calculated from cascaded and output feedback subsystems, the corresponding digital
controller gains can be determined using the transformations methods described in
Chapter 2. The following equations correspond to the equivalent digital controller gains

using the Chebyshev bilinear transform method described in section 2.2
1 -1
Kea =5 (Imy+my+ms + KecHe)  Kec(Iny4nyn, + Ge), (4-20)

-1
Eeq = (Im1+m2+m3 + KecHe) Eec, (4-21)

where G, = e4¢T,H, = (G, — In +n,+n,)Ae 'B.. The respective state dimensions of
G1(s), G,(s) and G3(s) are nq, n, and n3, respectively. Additionally, m,, m, and mgy
are the respective input numbers of G;(s), G,(s) and G5(s). The digital controller gains

using the new improved digital control law are
Keq = Kec(AecT)_l(Gec - 1n1+n2+n3)a (4-22)
Eeq = [Im1+m2+m3 + (Kec — Ked)A;clBe]EeCa (4-23)

where G, = edecT
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\\ Ugl (ks Ts)
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—
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T¢ 2T 3T=T; 4T

Figure 4-1. Equivalent of multi-rate digital control (Ts=3Ty)

In Figure 4-1, various controllers are drawn to show the equivalence of these
controllers. Based upon the Chebyshev quadrature method described in chapter 2.2 and
the equivalent area concept in Remark 1, the area under u,(t) for one sampling period Ty,
closely matches those of the curves under uq(kfT;) and uy(ksTs) for the sampling
period T;. Hence, the state responses of the system excited by a continuous-time input
u.(t) in Figure 4-1, closely match those of the same system excited by the equivalent
fast-rate discrete-time controller uy(ksTr), as well as the equivalent slow-rate discrete-
time controller uy(ksTy) in Figure 4-1. As a result, for multi-rate sampling control
structures, the desirable multi-rate digitally redesigned control law can be obtained by the
combinations of the fast-rate and slow-rate discrete-time controllers.

In this research, multi-rate digital redesign is not calculated simultaneously, for
the mathematical analysis of the multi-rate feedback system becomes very complex, even

for systems where the ratio of the slow sampling rate to fast sampling rate (Tg;ow /Trqst =
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2) is more than two. Therefore the digital controllers are calculated separately for
different sampling periods and then then the derived digital controlled systems are
merged together.
So considering the different sampling control structures, the multi-rate digital
control law redesign steps are described as follows:
1. Compute the single fast-rate sampling digital control law (Keqf, Eoqf) and the
single slow-rate sampling digital control law (K,4s, E.qs) and their corresponding
discrete-time states (Xeqr(KfTr), Xeas(ksTs)) for continuous-time closed-loop

system in equation (4-17) using equations (4-20) and (4-21), respectively.

Xa1 (k¢ Ty) | x g1 (ksTs)
xedf(kaf) = xdz(kaf) :xeds(ksTs) = xdz(ksTs) ’
Xd3 (kaf)_ Xdas (kSTS)

Kdlls KdlZs Kd13s
Kd21s KdZZS Kd23s
Kd3ls Kd32$ Kd33s

Kaiir Kaizr  Kaasr]
Kear = |Kazir  Kazzr  Kazsr|, Keqs =
Kazir  Kazop  Kazsr|

)

Eq1f] Eq1s
Eedf = Edzf v Eeas = |[Eazs|-
Ed3f_ Ed3s

2. Combine the gains of the fast-rate sampling control law and the slow-rate
sampling control law according to the different multi-rate sampling control
structures employed in the closed-loop system.

a. The mixed gains (denoted as Kq4rs and E,.qf5) of the fast-rate sampling

cascaded controller and slow-rate sampling output feedback controller are
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Kai1ir Kazp Kaasy Eqif
Kedfs = Kd21f Kd22f Kd23f , Eedfs = Ede .
Kd3ls Kd32$ Kd33s Ed3s

Also, the equations corresponding to (2-10) for the digital controller gains above become

the following,

Ug1f(KT) = Ka115Xa17(kT) + Kg125Xa27 (KT) + Kg135xa37(kT) + Eq11¢7(kT), (4-24)

Uazf(KT) = Kaz15Xa17(KT) + KazopXazf (KT) + Kapzpxazp(kT) + Eqa1¢7(kT), (4-25)

Ugzs(KT) = Kgz15Xa1s(KT) + Kg325Xa2s(KT) + Kg335%a35(KT) + Eg3157(kT), (4-26)

where subscripts 1, 2 and 3 correspond to plant, cascaded system and the dynamic output
feedback system.
b. The mixed gains (denoted as K4sr and Egqgr) of the slow-rate sampling

cascaded controller and fast-rate sampling output feedback controller are

Kai1s  Kaizs  Kaizs Eg1s
Kedsf = (Kazis  Kazas  Kazss|, Eedsf = | Eazs|.
Kaziy  Kazzp  Kassr Eqsf

Also, the equations corresponding to (2-10) for the digital controller gains above become

the following,
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Ug1s(KT) = Kg115Xa15(kT) + Kg125Xa2s (KT) + Kg135Xq35(KT) + Egq157(KT), (4-27)

Ugzs(KT) = Kap15Xa1s(KT) + Kaz2sXa2s(KT) + Kga35%a3s(KT) + Egp157(kT),  (4-28)

Uazf(KT) = Kaz15Xa17(kT) + KazopXaz2p (KT) + Kgzzpxazp(kT) + Eq31¢7(kT), (4-29)

where subscripts 1, 2 and 3 correspond to plant, cascaded system and the dynamic output
feedback system.

The completed multi-rate digitally redesigned sampled-data system is shown in
Figure 4-2. In the multi-rate digital control system for case 1, where I is the final-value
scaling factor of the unit-step response of the closed-loop system, SR is the ideal state
reconstructor.

For the improved digital redesign method, the same procedure is carried out that
is described above for the digital gains K,; and E,; obtained in equations (4-22) and
(4-23). For the combination of the gains of the fast-rate and slow-rate sampling
controllers, the final value of the unit-step response of the digitally controlled plant G, (s)
may deviate from that of the original continuous-time system, so a final-value scaling
factor I' can be used to compensate the steady state value of the digitally redesigned
closed-loop system. T is calculated as I' = y 4 (90)/y41 (o), where y., (o) is the steady
state value of y.,(t) in Figure 2-1, y,,(o0) is the steady state value of y4;(t) in Figure

4-2, which is the output value of G,(s) under the digital control law wug4q(t).
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Figure 4-2. Multi-rate digital control system
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CHAPTER 5 - ILLUSTRATIVE EXAMPLES

5.1 Example 1

In this example, a liquid level control system [7] with the cascaded and output

feedback controllers is described by transfer functions of

3.15
G1(8) = 30571
10
=5
8.71
Gs(s) = s24+3s+9

subsystems. Using the digital redesign steps described in Chapter 4 with the fast-rate
sampling period, Ty = 0.2s in the cascaded controller G,(s) and the slow-rate sampling
period, T; = 0.6s in the output feedback controller G3(s), the digital control law of the

improved digital redesign method are

0.0026 —9.0624 7.9359 0.4699 0.9365

Kear = [ 0.0052 0.0026 8.2640 0.6996|,Ecqr = [0.9999 , (Tr = 0.2s)
—0.1046 —0.0981 0.0570 0.0026 0.0067
0.0479 —7.4626 17.4286 2.6035 2.4740

Kegs = [ 0.0320 0.0479  5.8996 1.2222|,E.qs = [0.9937 , (Ts = 0.6s)
—0.1033 —-0.2580 0.4153 0.0479 0.0542

as above. The digital control law of the Chebyshev bilinear method is
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0.0060 —9.0855 7.4011 0.5693] [1.8096]
Keqr = 0.0066 0.0060 8.1412 0.6262(, Eeqr = |0.9953(, (T; = 0.2)

—0.1046 —0.0951 0.0775 0.0060. 10.03791]
0.0680 —7.5354 13.8048 2.1797] 3.9564]

Keqs = | 0.0295 0.0680  5.9821 0.9445|,E.qs = [0.8572],(Ts = 0.65)
—0.1018 —0.2350 0.4305 0.0680. 10.24681]

as above. The final scaling factor is I = 1.052077 for the Chebyshev bilinear method.
For comparison, it is also calculated the unit-step responses of the control laws of the
direct bilinear transform method and the single-rate sampling digital control with
T =T = 0.2s. Figure 5-1 shows the simulation results of the unit-step responses of the
closed-loop systems. The percentage error of the original continuous-time system vs. the

system via the proposed Chebyshev bilinear method is defined as

ZI]:];1|J’0rg(ka)_Yind(ka)l
k
Zk£1|yOrg(ka)|

x100, where the final sampling index k¢ = 160, is given by

0.9054%. Similarly, the percentage errors of the original continuous-time system vs. the
systems via the improved digital method and the direct bilinear method are 0.3248% and
1.4896%, respectively. It is clear that when the fast-rate sampling used in the cascaded
controller and the slow-rate sampling employed in the output feedback controller, the
proposed indirect digital method and the Chebyshev bilinear method perform much better
than that of the direct bilinear method in both transient and steady state response of the
closed-loop system. The performance of the improved digital method is better than that

of the Chebyshev bilinear method.
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Figure 5-1. Unit-step responses of multi-rate sampled-data system (T¢/Ts)
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Figure 5-2. Unit-step responses of multi-rate sampled-data system (T/Ty)

On the other hand, if we use the fast-rate sampling period Tr = 0.2s in the output

feedback controller Gs(s) and the slow-rate sampling period Tg = 0.6s in the cascaded
controller G,(s), the unit-step responses of the closed-loop systems are shown in Figure
5-2. The percentage errors of the original continuous system vs. the systems via the

Chebyshev bilinear method, the improved digital method, and the direct bilinear method
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for k¢ = 160 are 1.2836%, 0.5687%, 7.3357%. Similarly, the performances of the

proposed methods are much better than that of the direct bilinear transform method.

Step Input
Original continuous System
-+ Improved Digital Method - Cascade Slow, Feedback Fast
— - Chebyshev Bilinear Method - Cascade Slow, Feedback Fast
Direct Bilinear Method - Cascade Slow, Feedback Fast

Qutput ¥

5 I i | I | i

15
Tirme (Tfast = 1, Tslow = 2)

Figure 5-3. Unit-step responses of multi-rate sampled-data system with long time
sampling

As mentioned in abstract, although the direct bilinear method is a fairly simple
and widely used method, it is an open-loop design which does not take closed-loop
stability into account. Sampling periods of the digital redesigned system are changed to
Tr = 1s and Ty = 2s, as shown in Figure 5-3, and it is obvious that the digitally
redesigned system follows the continuous-time output; however, the direct bilinear

transformation method is unstable.

5.2 Example 2

In the second example, an electro-mechanical control system structure [3] with

subsystems as
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3s+ 2.5

Gl(s):sz+25+3'
s+ 2
Gz(s)=s+3,

s24+2s+1

Gg(s)zsz+4s+5'

specified above. Following the redesign step in Chapter 4 with the fast-rate sampling
period T; = 0.1s in the cascaded controller G,(s) and the slow-rate sampling period
T, = 0.3s in the output feedback controller Gs(s), the digital control laws of the

improved digital redesign method are

1.5335 2.1219 0.7564 —2.9430 -1.5102
Kear = | 1.6182 2.2332 -0.1112 -3.0951 -1.5875],
—1.8063 —-2.4794 0.1192 —-0.4685 -0.2383

0.8393
0.1276

Keqs = | 0.6226 1.3271 -0.1904 -2.0527 -1.1072

[ 0.5088 1.1367 0.4877 —1.7742 —0.9605]
—0.9424 -1.8461 0.2376 —0.8962 -—-0.4717

[0.6707
Eeds = 0.7621
10.2932

, (Ts = 0.3s)

as specified above. The digital control law of the chebyshev bilinear method are

1.2818 1.7416 0.7181 —-2.6741 -1.3681
Kear = | 1.4039 19074 —0.1659 —2.9288 —1.4984(,
—1.7151 -2.3303 0.2026 —0.7545 -0.3860
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0.7540
E.qr = |0.8258
0.2128

, (T = 0.15)

[ 0.4547 0.8076 0.5226 —1.7195 -0.9124
Keoqs =1 0.5733 1.0183 —0.2107 -2.1681 —1.1504{,
[—1.0528 -1.8701 0.3869 —1.2731 -—-0.6755

10.6009
E.qs = |0.7577
0.4449

,(Ts = 0.35)

as above. The final scaling factor is I = 0.946063 for the Chebyshev bilinear method.
The unit-step responses of the improved digital redesign method, the Chebyshev bilinear
method, the direct bilinear transform method and the original continuous-time closed-
loop system are presented in Figure 5-4. The percentage errors of the original
continuous-time system vs. the system via the Chebyshev bilinear method, improved
digital redesign method, and the direct bilinear method for k¢ = 108 are 1.33%, 0.1795%,
1.8087% respectively. From the simulation results, it is shown that the direct bilinear
transform method cannot tract the transient response of the original continuous-time
system correctly, while the proposed Chebyshev bilinear and improved digital redesign

methods still exhibit acceptable levels of performance.

44



08—

Step Input

Criginal continuous System

- Improved Digital Method - Cascade Fast, Feedback Slow
— - Chebyshey Bilinear Method - Cascade Fast, Feedback Slow
Direct Bilinear Method - Cascade Fast, Feedback Slow

ok i i | | | | i

R AR b b A b

i
Tire (Tfast = 0.1, Tslow =0.3)

Figure 5-4. Unit-step responses of multi-rate sampled-data system (T¢/Ts)
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Figure 5-5. Unit-step responses of the multi-rate sampled-data system (Ty/T¢)

If we employ the fast-rate sampling period T; = 0.1s in the output feedback
controller G3(s) and slow-rate sampling period T; = 0.3s in the cascaded controller
G,(s), the unit-step responses of the closed-loop systems are shown in Figure 5-5. The
percentage errors of the original continuous-time system vs. the systems via the

Chebyshev bilinear method, improved digital redesign method, and the direct bilinear
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method for k; = 108 are 2.4270%, 0.4925%, and 1.6902% respectively. The
performances of the proposed methods are better than that of the direct bilinear transform

method.

5.3 Example 3

In the third example, consider the control system structure with subsystems as

—s+ 2
Gl(s):sz+25+3'

s+1

Gz(s)=s+2,
s24+25s+2
Gg(s)zsz+4s+5'

specified above. Following the redesign step in Chapter 4 with the fast-rate sampling
period Tr = 0.05s in the cascaded controller G,(s) and the slow-rate sampling period

T, = 0.1s in the output feedback controller Gs(s), the digital control laws of the

improved digital redesign method are

19679 —0.8555 0.9734 -—2.7544 —-1.8752
Kear = | 2.0166 —0.8776 0.0222 -—2.8241 —1.9223|,
—2.1163 09223 0.0229 0.0662 0.0447

0.9980
Eq = | 1.0226
—0.0233

,(T; = 0.055)

19230 -0.7219 09442 -2.5186 -—1.7517
Keqs = | 2.0174 —0.7611 0.0392 —2.6479 —1.8404(,
—2.2156 0.8434 -0.0419 0.1160 0.0796
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0.9924
Eeds = 1.04‘05
—0.0434

, (T, = 0.1s)

as specified above. The digital control law of the Chebyshev bilinear method are

Kear =1 19492 —-0.8514 0.0405 —2.8770 —1.9573

[ 1.8564 —0.8108 0.9910 —2.7400 —1.8641]
—2.1516  0.9398 —0.0448 0.1237 0.0842

1 0.9910
Eoqr = | 1.0405
—0.0448

,(T; = 0.15)

Keqs = 1.8586 —0.7118 0.0647 —2.7221 -1.8879

[ 1.6896 —0.6471 0.9679 —2.4747 —1.7163]
[—2.2592  0.8652 —0.0787 0.2011 0.1395

[ 0.9679
Eoqs = | 1.0647
—0.0787

,(Ts = 0.35)

as above. The final scaling factor is I = 1.03159 for the Chebyshev bilinear method. The
unit-step responses of the improved digital redesign method, the Chebyshev bilinear
method, the direct bilinear transform method and the original continuous-time closed-
loop system are presented in Figure 5-6. The percentage errors of the original
continuous-time system vs. the system via the Chebyshev bilinear method, improved
digital redesign method, and the direct bilinear method for kr = 126 are 0.4943%,
0.0366%, and 0.8198% respectively. From the error percentages it is obvious that the
proposed Chebyshev bilinear and improved digital redesign methods perform better
closed-loop system responses than direct bilinear method and both methods exhibit

acceptable levels of performance.
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Figure 5-6. Unit-step responses of multi-rate sampled-data system (T¢/Ts)
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Figure 5-7. Unit-step responses of multi-rate sampled-data system (T/Ty)

If we employ the fast-rate sampling period T = 0.05s in the output feedback
controller G;(s) and slow-rate sampling period Ty = 0.1s in the cascaded controller
G,(s), the unit-step responses of the closed-loop systems are shown in Figure 5-7. The
percentage errors of the original continuous-time system vs. the systems via the

Chebyshev bilinear method, improved digital redesign method, and the direct bilinear
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method for k¢ = 126 are 0.9072%, 0.0548%, and 0.8429% respectively. The performance
of the improved digital redesign method is better than both of the other methods.
Although, direct bilinear transform and Chebyshev bilinear transform perform close
results, it is unknown whether the direct bilinear transform will provide closed-loop

system response stability.

5.4 Example 4

This example is the same as example 3 except the fast and slow sampling times
are changes to Tr = 0.2s, and T = 0.4s, respectively. Following the redesign step in
chapter 4, and using the fast-rate sampling period for the cascaded controller G,(s) and
the slow-rate sampling period for the output feedback controller G3(s), the digital control
laws of the improved digital redesign method are

1.8031 -0.4879 0.8799 —2.0804 —1.5127]

Kedf=[1.9792 —0.5477 0.0598 —2.3017 -—1.6688
2.3654 0.6801 —0.0687 0.1744 0.1235

0.9721
Eoqr = | 1.0644
~0.0738

,(T; = 0.25)

Keqs =1 1.7890 —0.2078 0.0628 —1.6714 —1.3253

[ 1.4927 —0.1450 0.7416 —1.3543 —1.0877]
[ —2.4938 0.3640 —0.0852 0.1742 0.1338

[ 0.9082
E.qs = 1.0748
[—0.1000

,(Ts = 0.45)

as specified above. The digital control law using Chebyshev bilinear method are
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Kear =] 1.6185 —0.4796 0.0799 —2.3833 -—1.7130

[ 1.3488 —0.3996 0.8999 —1.9861 —1.4275]
|—2.3706 0.7024 —-0.1171 0.2584 0.1857

' 0.8999
Eqr = | 1.0799
—0.1171

Keqs = 1.1351  —0.2003 0.0572 —1.7973 —1.3744

[ 0.8108 —0.1431 0.7552 —1.2838 —0.9817]
|—2.3649 04173 —-0.1192 0.2027 0.1550

[ 0.7552
Eeds = 1.0572
—0.1192

,(Ts = 0.45)

as above. The final scaling factor is I = 1.12433 for the Chebyshev bilinear method. The
unit-step responses of the improved digital redesign method, the Chebyshev bilinear
method, the direct bilinear transform method and the original continuous-time closed-
loop system are presented in Figure 5-8. The percentage errors of the original
continuous-time system vs. the system via the Chebyshev bilinear method, improved
digital redesign method, and the direct bilinear method for kf = 66 are 1.6278%,
0.4604%, and 4.0080% respectively. From the error percentages it is obvious that the
proposed Chebyshev bilinear and improved digital redesign methods perform better
closed-loop system responses than direct bilinear method and both methods exhibit
acceptable levels of performance.

If we employ the fast-rate sampling period Tr = 0.2s in the output feedback
controller G;(s) and slow-rate sampling period Ty = 0.4s in the cascaded controller
G,(s), the unit-step responses of the closed-loop systems are shown in Figure 5-9. The

percentage errors of the original continuous-time system vs. the systems via the
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Chebyshev bilinear method, improved digital redesign method, and the direct bilinear
method for kf = 66 are 4.0414%, 0.8140%, and 8.5239% respectively. The performance
of the improved digital redesign method is better than both of the other method. Also, the

resulting closed-loop system response of direct bilinear transform method does not reach

stability after 6 seconds.
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Figure 5-8. Unit-step responses of multi-rate sampled-data system (T¢/Ts)
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Figure 5-9. Unit-step responses of multi-rate sampled-data system (T/Ty)
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Comparing examples 3 and 4, it is concluded that the error between the
continuous-time system response and redesigned systems is significantly less when the

sampling time of the system is decreased.

5.5 Example S

In the fifth example, consider the unstable control system structure,

-1

Gi(s) = s24+155s—1

Continuous-time controller gains are calculated to match the desired continuous-

time response. The continuous-time controller gains are
K.=[2 1LE. = —1,

as shown above. Following the redesign step in chapter 3 with the sampling period
T = 0.2s and using N = 2, the digital control laws of the lifted digital redesign method

arc

g _ [1.9667 0.9833]
d 1.8398 0.9199/

5" = [Coason)

as specified above. Also, the digital control gains calculated using improved digital

redesign method and chebyshev bilinear method are

Kaimprovea = [1.9033  0.9516], Eqyyp0q = —0.9033,
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and

K chopysner = [1.9048  0.95241,Eq p ) oo, = —0-9048,

respectively. The unit-step response of the N-delay lifted redesign method and the
original continuous-time closed-loop system are presented in Figure 5-8. The percentage
errors of the original continuous-time system vs. the system via the N-delay lifting
method for k¢ = 155 is 9.5695x10°%, which is an indicates that the redesigned method
exactly follows the continuous-time system. Basis of the designed system as explained in
Chapter 3 the state matching at every sampling time. The states of the continuous-time
system and the N-delay lifted redesigned method are shown in Figure 5-11. As a
conclusion it is concluded that using the N-delay lifting method the state variables are
matched at every sampling period and as a result both the continuous-time system

response and the digitally redesigned system using N-delay lifting method are the same.

Qutput
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o
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Figure 5-10. Unit-step response of N-delay sampled-data system
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Figure 5-11. State variables for continuous-time system and lifted redesigned system

5.6 Example 6

In the sixth example, consider the multi-input, multi-output system [26] with

controllable and observable plant with the following parameters as

02 1 0 2 1 0.7
A=|o -2 1|B=1 —0.5], = [\> o _81],x60=[—0.8],
—2 -1 -3 2 -1 ' 0.5

and continuous-time controller gains as

126.2651 61.6655 —4.6711

K. = )
¢ [ 81.0979 —-75.8646 6.8861

_ [84.0743 54.1265

Ee = 54.1427 —84.0603)

shown above. Following the redesign steps in chapter 3 with the sampling period 7' =

0.05s and using N = 2, the digital control laws of the lifted digital redesign method are
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14.0380 26.3297 —1.8816
M — 8.5621 —23.5760 1.2585
d —3.9272 —4.8879 1.0102 |

11.0288 —19.3408 0.8653

9.2574 26.2916
5.7585 —26.8991
—2.6862 —3.7890 [
7.3984 —22.8233

(V) _
E;” =

as specified above. Also, the digital control gains calculated using improved digital
redesign method and Chebyshev bilinear method are

K _[5.0635 10.7161 —0.4352] _[3.2910 11.2460
dimproved ~ (97912 —21.4820 1.0642 |’ “4improved ~ |6 5756 —24.8846)

and

K _[10.4226  15.1798 —0.8488]
dchebyshev ~ 114.4545 —28.7176 1.8267 I

£ _ [6.8643  15.3484
dchebyshev — |9 6827 —32.4228

respectively. In this example the output is designed to track the reference input signals,
which are sin(t) and cos(t), which are shown in Figure 5-12. The output responses of the
N-delay lifted redesign method and the original continuous-time closed-loop system are
presented in Figures 5-13 and 5-14. Also, the reference input sin(t) is replaced with a
step input and the output still follows the reference input as seen in Figure 5-15. From

the figures it is seen that digitally redesigned outputs follow the input references.
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Figure 5-13. Reference input sin(t) and digitally redesigned lifted output
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Figure 5-15. Reference input step input and digitally redesigned lifted output
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CHAPTER 6 - SUMMARY AND CONCLUSIONS

6.1 Summary

The use of multi-rate redesign, N-delay lifting methods has become popular in
today’s world and has been widely used in several engineering problems. This study
presents new approximation methods derived using the Chebyshev bilinear redesign
method, the improved digital redesign method for estimating the dynamic output
feedback and cascaded controller gains K4, E; values, respectively. To implement the
redesigned digital state feedback control law, an ideal state reconstructing algorithm is
utilized to obtain discrete-time states of the original continuous-time closed-loop system.
The approximation methods are further expanded to include systems as cascaded and
feedback gains to calculate K; and E; matrices. Further research is conducted using the
N-delay lifting method to calculate the exact K; and E; values. For this purpose,
different continuous-time systems (stable/unstable) are simulated using Matlab/Simulink,
which resulted in acceptable results in approximation methods and exact output responses
for N-delay lifting method. The results using both the approximation and exact methods
are compared with widely used more simple methods to indicate the difference between
all redesigned systems. The simulated systems are examples that are previously used in
books and papers, so that the simulated system is based on real-life problems. After a
significant amount of simulations were conducted to accurately model the continuous-
time systems and the digital redesigned systems, result of these examples are presented

and several conclusions were drawn from this study.
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6.2

Conclusions

The study resulted in the following conclusions:

1y

2)

3)

4)

Using the Chebyshev bilinear method and the improved digital redesign
method, the gains of the digital controllers for a multi-rate sampled-data
control system are determined, which ensures the states of the closed-loop
hybrid control system closely matching those of the original continuous-
time control system.

Using the N-delay lifting method, the gains of the digital controllers for a
control system are determined, which results in the states of the closed-
loop hybrid control system to exactly match those of the original
continuous-time control system.

The output error percentages of different digital redesign methods are
compared, and as expected the lifting method results in almost zero
percent error, while Chebyshev bilinear and improved digital redesign
indicate between 0.2-4 percent errors which are within acceptable limits.
All of the digital redesign methods exhibit a better performance than
widely used direct bilinear method, which results in error percentages
between 8-17 percent.

Proposed multi-rate digital redesign method allows the development of
inexpensive an high performance digital controllers for effective hybrid

control of continuous-time systems.
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5) The simulation results that the developed methods exhibit better output-
tracking performance than that of widely used traditional direct bilinear

transform method.

6.3 Future Research

Scope of this work was limited to systems with no input delays. The following is
a list of ideas for possible future work:
a) Systems with input-time delays could be in developed.
b) Time delay while reconstructing digital states could be examined.
c) The gains for muti-rate sampled-data using N-delay lifting method could
be investigated.
d) Research on multi-rate redesign on non-linears systems could be

performed.
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Appendix A - Modeling Error of Direct Bilinear method for

Singular A Matrices

The exact discretization of the continuous-time system in equations (2-1) and
(2-2) with a piece-wise-constant input u.(t) = u.(kT),kT <t < kT + T, can be

described as

x, (kT +T) = Gx.(kT) + Hu,(kT), (A-1)

where G = e4T and H = fkkTHTe(kTJ'T‘A) BdA = (G —I,)A"'B for a non-singular
matrix A are the same matrices with equations (4-1) and (4-2). When the matrix A is a
singular matrix, the matrix H can be evaluated as H = Z(ix;1§(AT)i_1B. Integrating

both side of equation (4-1) yields

[T e @ dt = ALS T x () de+ B [ uo(t) dt. (A-2)

Since u.(t) = u (kT) for kT <t < kT + T, then the first integral term in the

right-hand side of (A-2) can be approximately evaluated using the trapezoidal rule as

fkkTT T x:(t)dt = g(xc (kT + T) + x.(kT)). So equation (A-2) becomes

x (kT + T) — x,(kT) = % (xc (kT + T) + x,(kT)) + TBuc(kT) (A-3)

as above. Then the state-space model in equations (2-40) and (2-41) is obtained with

-1
Gy = (In - AZ—T) (In + %),Hb = (I, — AT/2)"'BT. The Taylor series expansion of

the system matrix G = e4T gives
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1 © 1 )
G =In+AT+§(AT)2+Z = (AT)!
i=3¢-

[oe)

1 1 .
=] +AT+—AT2+Z —— (AT)}
n 2( ) i=321_1( )

-1

1 1
= In + AT + E [In - <§AT):|

[~ (gan)] [ o)

= Gy (A-4)

for ”%AT” < 1. The approximated input vector H = (G — I,,)A™1B gives

H=(G-1)A"'B = (G, —I,)A"'B = <1n - G,qT))_1 BT =H,.  (A-5)

Define the system modeling error matrix E; = e4T — G, for the open-loop

bilinear system model equations (2-40) and (2-41), then E; = Y72, G _ 2%) (AT)! is
obtained. Since % - % < 0 fori> 3, then
o (1 1 i 140.5]|AT]|
IEg |l = leAT = Gyll < 2224 (5 — 505) I1AT)| = HOSUTL_plaril (Ac6)

1s obtained for T < ﬁ.

Similarly, The input modeling error vector (denoted as Ey) for the open-loop

bilinear system model in equations (2-40) and (2-41) is
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-1
E, = (G—1,)A"'B - (In - (%AT)) BT

(- gy

)
i=1

= (224 (5 - 55) (AT)) A7*B = E,47'B.

Hence, the modeling error value becomes

IEo Il < [|Egl1ABII < |Eg AN 1B

(A-7)

(A-8)

for T < — and a non-singular matrix A. If the matrix A is singular, the modeling error

1Al

value ||Ep || becomes

w , 1 1 i
1B, I < (B24Ges = ) IATIEDIBIT.

Appendix B - Exact Evaluation of Discrete-time Model

Consider the continuous-time signal expressed in state space model as below

x(t) = Ax(t) + Bu(t), x(0) =,

and u(t) = u(kT) for kT <t < kT +T.

Assume that x(t) = e4T f(t), then the derivative of x(t) follows

x(t) = Aedtf(t) + eAtf(t)
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= Ax(t) + et f (0), (B-2)

as shown above. Comparing equations (B-1)and (B-2), it is concluded that e4T f(t) =

Bu(t). Integrating f (t) from -oo to t is derived as below
f(t) = e~ Bu(), (B-3)
f©) = [*_e " Bu(1)da, (B-4)

Replacing equation (B-4) with the assumption that was made for x(t) follows as

t

x(t) = eAf(t) = eAt j =A% Bu(D)da

—00

0 t
= eAtI f e A Bu(l)dA + j e 44 Bu(1)dA
—00 0

= e (0) + [, e~ACD Bu()dA (B-5)

shown above.
Equation (B-5) is one of the fundamental equations used to derive the exact
discrete-time modeling. Substituting two different time intervals t=kT and t=kT+T leads

to the discrete-time model as follows. For t=kT
x(KT) = e*4Tx(0) + [I" eA*T=D Bu(2)da, (B-6)

and for t=kT+T
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kT+T
2(kT +T) = eAKT+Dx(0) + j AGTAT=) B (1)dA
0

kT

KT+T
= AT lekATx(o) + f eAKT=1 Bu(A)dAl + f eA&T+T-1) Bdpu(kT)
0 kT

= e4Tx(kT) + [e4T — I,]JA~1Bu(kT)

= Gx(kT) + Hu(kT), (B-7)

is as shown above, where G = e4T and H = (G — I,)A™'B.
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