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. ABSTRACT

Near-rings form a class which contains rings. In
this thesis, a definition for a near-ring ideal is given.

Generalizations from ideals in rings are then obtained.
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CHAPTER I

INTRODUCTION

Definition of near-ring ideal

Suppose that (G,+) is an abelian group and that
End(G) is the set of endomorphisms on G. We define on
End(G) two binary operations (denoted by + and ) in the
following manner:

g (at+b)

ga + gb

g(a*b) = (ga)b
where g belongs to G and a,b belong to End(G). One can
easily verify that the system (End(G),+,°) is an example of
a ring.

Now, suppose that G is not abelian. Then, not all of
the ring properties hold for (End(G),+,°). For example,
commutativity of addition fails., Moreover, closure with
respect to addition is not guaranteed. However, if we con-
sidef the set T(G) of transférmations on G (under the same
binary operations), all ring properties except commutati-
vity of addition and the right distributive law are satis-
fied. (T(G),+,*) 1is an example of a (left) near-ring.

More precisely, a (left) near-ring is a system (N,+,°*) such
that
(i) (N,+)is a group,

(ii) (N,+) is a semigroup,



(iii) multiplication is left distributive with
respect to addition.
Clearly, a ring is a near-ring. .

If R is a ring, the ideals in R coincide with the ker-
nels of homomorphisms of R. Do there exist definitions for
ideals and near-ring homomorphisms such that the ideals in
a near-ring N are the kernels of near-ring homomorphisms of
N?

A mapping A from a near-ring N into a near-ring N' will

be called a near-ring homomorphism if
(n;+n,)A = n,;A + n,A and (n;n,)A = (n,A) (n,1),

where n,, n, belong to N. Suppose that J is any additive
~normal subgroup of N, Let 7 denote the natural group homo-
morphism from N onto N/J. Define multiplication on N/J in

the following way:
(n;+J) (n,+J) = n;n, + J.

Under which conditions will this multiplication be well-

defined? Suppose that n, = n] (mod J) and n, = n; (mod J).

Now, n, =n}- + j, for some j, in J. Since J is normal in

(N,4), n} + 3 =J + n}. So, n, = j, +n} for some j, in J.



Hence,

nlﬁz (n}+3,) (3 ,#+n})
- L 3 : L 2 H
(n1+31)32 + (n1+31)n2

-— ] : s ] ] ] - L] 1 ] 1]
= u“+31)32+ (nl-l-jl)n2 nlnzi-n‘nz.

Assume that NJ is a subset of J and that (n+j)n' - nn' is
in J for n, n' in N and j in J. Then, (ni+j,)j, and

(ni+j,)n; - nin} belong to J. Thus,

_ | N | S |
nn, = j, + nin; for some j, in J.

- ]
Hence, n,n, =n,

n), (mod J) and the multiplication is well-
defined. Consequently, N/J is a near-ring and ﬁ is a near-
ring homomorphism. J is the kernel of .

Let K be the kernel of a homomorphism A of a near-ring
N. Then, K is an additive normal subgroup of N, Since
n0 = n(0+0) = n0 + n0, n0 = 0 for any n in N, So NK is a

subset of K. Also,

[(n;+k)n, - n;n,]X [(n,+k)n,]X = (n;n,)A

[(n,;+k)A]1 (n,A) = (n )n )A

i

(n A+kA) (n,A) - (n;n,)A

(nlk)(nzk) - (nlnz)x = 0.

Thus, (n,+k)n, - nn, is in K for nn in N, k in K.



We define an ideal J in N as an additive normal sub-
group such that NJ is a subset of J and (n,+j)n, - nn,

belongs to J for n,, n, in N and j in J (see [1]). There-

2
fore, ideals in N coincide with the kernels of near-ring
homomorphisms of N, Note that if N is a ring, an ideal

in N (considered as a near-ring) is an ideal in N considered

as a ring.

An example of an ideal

We give an example of an ideal which will be used for

later reference. Consider the non-abelian group of order 6.

a a b 0 e c a
b b 0 a d e c
c c d e 0 a b
d d e c b 0 a
e e c d a b 0

Let M = {0,a,b} and T = {c,d,e}. If m belongs to M and x
belongs to G, define mx = 0., If y belongs to T and x belongs
to G, define yx = x. Under this multiplication, G is a near-
ring (see [3]). Notice that (c+te)a = ba = 0 and

ca + ea=a+ a=b; the right distributive law does not hold.
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Now, M is a normal subgroup of (G,+) and MG is a sub-

set of M. Also, (x,+m)x, - x;%x, = 0 for m in M and x,, X,
in G. If x, belongs to M, then (x,+m)x, - x,x, = 0 - 0 = 0.

I1f X belongs to T, x. + m belongs to T for m in M. In this

1

case, (x,+m)x, - x,x, = 0, Hence, M is an ideal in G. As

we shall see in Chapter II, the ideal M is also principal

and prime,



CHAPTER II

GENERALIZATIONS FROM RING THEORY

Sum of ideals

Suppose that J and L are ideals of a near-ring N,
Let J + L = {§#41 | j is in J, 1 is in L}, Is J + L an

ideal? Suppose j, + 1, and j, + l2 are in J + L. Then,

2

(3,+1)) (3,+1,) i, +1, -1, -3,

=3j +1 - 3j for some 1l in L
1 2 3
=3j, +3j, +1, for some j,  in J

since 13 + J=J + 13

for some j, in J.
So, J + L is a subgroup of (N,+). Since,
n+j+l-n=n+j-n+n+1-nis inJ + L

for n in N, § in J, and 1 in L, J + L is a normal subgroup
of (N,+). Now, n(j+i) = nj + nl, which is in J + L. Hence,

N(J+L) is a subset of J + L. Consider

[(n,+3) + iIln, - (n,+j)n, = 1 for some 1 in L.
Now,

[(n;+3) + 1ln, = 1 + (n,+jln, - nn +nmn,.



Hence,

[(n,+3) + 11n2 -nn, =1 + j for some j1 in J.

But, 1, + j, is in J + L since J and L are normal in
(N,+). So, J + L is an ideal. By induction, a finite

sum of ideals is an ideal.

A decomposition theorem

Suppose that (N,+,¢) is a near-ring. A sub-near-ring
of (N,+,+*) is a system (Q,+,¢) such that (Q,+) is a'subgroup
of (N,+) and (Q,+) is a sub-semi-group of (N,°*). The near-
ring (N,+,+) is said to be the sum of the sub-near-rings
(S,+,+) and (T,+,+) iff every element of N can be expressed
as a unique sum of elements s + £, s in §, t in T.

Let Ng = {a in N|0a=0} and N, = {z in N|az=z, a in N},
Then N, and N, are sub-near-rings and N is the sum of N,
and N,. Note that the intersection of N, and N, is {0}

(see [1]). Suppose that J is an ideal in N.

Let Jo = {n¢ in Ng|ng + n, is in J for some n; in N} and

J, = {nz in Nz|nc + n, is in J for some ng in Ng}l. We

will show that J = Jc + Jz and that J, and J, are ideals in
Nc and Ny respectively.

Since J is an ideal in N, J is the kernel of some
homomorphism A from N onto a near-ring N', Let )\ restricted

to No be denoted by A, and X restricted to N, be denoted by
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A2. A, and XA, are homomorphisms into N' of N, and N,, respec-

tively. Since, for n, in N_,

0 = 0A = (On )A = (0X) (n A) = 0(ngA),

NcA is a subset of Nl. If g belongs to N', there exists

n in N such that nA = q. So, g(nzA) = (n}) (nz}) = (nnz)A= n,A

2

if n; is in N,. Hence, NzX is a subset of N,.
Let J, be the kernel of A, and J2 be the kernel of X,

If n, belongs to J,,
(ngt0)A = ngh, + 0X, = 0 + 0 = 0.
So, n. is in Jo. If n, belongs to J,,
(04nz) A = OA; + ngh, = 0 + 0 = 0.

So, nz is in J,;. Now, if n, belongs to Js, n, + n, belongs

C C

to J for some n, in N,. Hence, (ngtnz)iA = 0. So,

ngA; + nzd, = 0. Now, nch, belongs to N} and pzlz belongs
to N;. Since every element of N' has a'unique expression
as a sum of elements from N_ and N;, nci; = nzi, = 0. Thus,
ne belongs to J, and J, is a subset of J,. Similarly,

J

J 10 Iz = J, and

z 1s a subset of J,. Consequently, Jo =J

Jeo and J; are ideals in N, and N,, respectively.

If j belongs to J, j = ng + n, where n, belongs to Ng

C Z

and n, belongs to N So, J is a subset of Jo + J,.

z.

If nc + n, belongs to Jeo + Jz, (ntn,)A =n A, +n,A, =0+0=0,



So, Jc +J, is a subset of J. Therefore, J = Jo + J

z°
Jc and jz are not necessarily ideals in N. Suppose
that Jc is an ideal in Ny and J; is an ideal in N,. 1Is
Jc + J, an ideal in N? We give an example to show that
this is not always the case,
If N and N' are near-rings, the cartesian product
N x N' is a near-ring under component-wise addition and

multiplication. Let each of (N,+) and (N',+) be the cyclic

group of order 6.

w
w
(-8
(54}
o
Pt

Let the following be, respectively, the multiplication tables

for (N,) and (N',.):

=t
o
w
o
W
o
ut W Wl wm
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The systems (N,+,-) and (N',+,*) are near—ringé (see [2]).
So N X N' is a near-ring.

Now,

(NxN' {(0,00,(2,0),(4,0),(0,3),(2,3),(4,3)}

de

{(0,0),(3,00,(0,2),(3,2),(0,4),(3,4) }.

and (NXN')Z

The sets J, = {(0,0),(0,3)} and J; = {(0,0),(3,0)} are
proper ideals in (NxN'). and (NxN'),, respectively.
Since

(a,0 + (3,3)1(2,0)

(1,0) (2,0)

(4,3) (2,0) - (1,0)(2,0)

(2,0) - (0,0) = (2,0),

Jo + Jz'is not an ideal in N x N',
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Prime ideals

A, The intersection of an arbitrary number of ideals
of a near-ring N is clearly an ideal. By the ideal gener-
ated by a subset S of N, we shall mean the intersection of
all the ideals of N which contain S, This ideal is denoted
by (S). The ideal generated by an arbitrary element of N
is called a principal ideal. If A and B are two ideals in
N, the product AB is defined to be the ideal generated by
the set of all products ab, a in A, b in B, An ideal P in
N is a prime ideal iff A and B are ideals in N such that if
A is not a subset of P, B is not a subset of P, then AB is
not a subset of P, This definition generalizes the defin-
ition of a prime ideal for a ring (see [4]). Notice that
the ideal M of Section 2 in Chapter I is prime. M is the
only non-zero proper ideal of G. So, the only ideal which
is not a subset of M is G, But, GG is not a subset of M,
Hence, M is a prime ideal., Moreover, M is a principal
ideaL; M is generated by a or by b.

The following proposition was stated without proof in
[5]. An ideal P in N is prime iff any one of the following
conditions is satisfied: |

(i) If a, b do not belong to P, then (a) (b) is not a

subset of P,
(ii) If a, b do not belong to P, there exist an element

a, in (a) and an element b, in (b) such that

1
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a,b, is not in P.
(iii) If A and B are ideals in N which properly contain
P, then AB is not a subset of P.
We give the proof here. Suppose that P is a prime ideal
in N and that a, b do not belong to P, So, (a) is not a
subset of P and (b) is not a subset of P, Therefore,
(a) (b) is not a subset of P. Thus, if P is a prime ideal,
(i) holds.
Suppose that (i) is satisfied and a, b do not belong
to P. Then (a)(b) is not a subset of P. If for each a,
in (a), b; in (b), a;b, is in P, then P contains {a) (b).
So there exist an element a, in (a) and an element b1
in (b) such that a,b, does not belong to P. Thus, (ii)
holds.
" Suppose that (ii) holds and A and B are ideals in N
which properly contain P. Then there exist an element
a in A and an element b in B such that a, b do not belong
to P. So there exists a, in (a) and b; in (b) such that
a,b, is not in P. Now, (a2) is a subset of A and (b) is
a subset of B. Now, a,b, is in (a)(b). But, (a)(b) is
a subset of AB, Hence, AB is not a subset of P, Thus,
(iii) is satisfied.
~ Finally, assume that (iii) holds. Suppose that P is
not a prime ideal. Then, there exist ideals A, B such

that A is not a subset of P, B is not a subset of P and
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AB is a subset of P. So, there exist a in A, b in B such
that a, b are not in P, Now, (a) is a subset of A and (b)
is a subset of B. Hence, (a)(b) is a subset of P. Now,
(a) + P and (b) + P are two ideals which properly contain
P, By (iii), [(a) + Pl[(b) + P] is not a subset of P, So,
there exist x, + x, in (a) + P, Y, *t Y, in (b} + P such

that (x,+x,) (y,+y,) is not in P. Now,
(x,4%,) (y,+y,) = (x;+x,)y, + (x,+x,)y,.

Since y, belongs to P and P is an ideal, (x1+x2)y2 belongs
to P, Since x, belongs to P and P is an ideal,

(x,+x,)y, - x,y, is in P. Also, xlylis in (a) (b) which

is a subset of P. Therefore, (x1+x2)y1 belongs to P. So,
(x,+x,)y, + (x1+£2)y2 belongs to P. Thié is a contradic-

tion. Hence, P is a prime ideal.

B. If R is a ring with commutative multiplication,
an ideal P in R is prime iff ab belongs to P, fhen a belongs
to P or b belongs to P, We will show the same result holds
for a near-ring N with commutative multiplication.

Suppose that J ié an additive normal subgroup of

(N,+) such that NJ is a subset of J. Now,

(n,+j)n, - nyn, = n, (n,+j) - n;n,

n,n, +n,j - nn,

nn +n3j-nn
172 2 172
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belongs to J for n,, n, in N, j in J, since J is an addi-
tive normal subgroup of (N,+). Hence, J is an ideal in N,

Suppose that A and B are ideals in N, Let
T = y  (d,+a,b.-d.)|a, is in A, b, in B, d, is in N}.
finite i7i i i i i
We will show that AB = T. Now, T is clearly a subgroup of
(N,+). If ] (d;+a;b;-d;) is in T,

finite

n + Z (d;+a;bi-d3) - n
finite

n + )} (dj+tajbj-dj-n+n)] - n
finite

.Z. (n+di+aibi—di-n)
finite
which belongs to T. So, T is a normal subgroup of (N,+);

1f .2_ (d;+a;by-d;) is in T,
finite

n ) (d;+a;b.-d;) }  [nd;+(na;)b.+n(-4d;)]
finite -~ -+ 1% finite * e .

figite(ndi-l-(nai)bi— nd;)
which belongs to T. So, T is an ideal in N. Now, T con-

tains AB since T contains all products ab, a in A, b in B,
Since any ideal in N, which contains all products ab, a in
A, b iﬁ B, contains all elements in T, AB contains T. Thus,

AB =T,
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Let a be an arbitrary element of N,
Let-W=={i(d+éa+ka—d)|s, d is in N, k an integer} and

V=g ) xilxj is in W}. We will show that (a) = V.
finite

Clearly V is a subset of (a). Now, V is a subgroup of
(N,#). If } x; is in V and n is in N,

finite

n+ ( Z- Xjy) - n=n+ ) (xi-n+n{} - n

finite finite

) (n+x4-n)
finite
which belongs to V since n + Xj§ - n belongs to W. So,

V is a normal subgroup of (N,+). Since

n(d+sat+ka-d) = nd + n(sa) + n(ka) + n(-4)

= (nd+(ns)a+0a-nd) + (nd+(kn)a+0a-nd),

NV is a subset of V. Thus, V is an ideal in N, Since

a belongs to Vv, (a) is a subset of V. Hence (a) = V.
Suppose that a and b belong to N. We show here that

(ab) = (a) (b). Since ab belongs to (a)(b), (ab) is a sub-

set of (a)(b). Let ¢, 4, t, s belong to N and m, k be

integers. Because of the right-distributive law, it is

sufficient to show that (c+ta+ma-c) (d+sb+kb-d) belongs

to (ab) to prove that (a) (b) is a subset of (ab). Now,
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(c+ta+ma-c) (d+sb+kb-4) = (c+tatma-c)d + (c+ta+tma-c)sb

+ (ct+ta+tma-c)kb - (cttatma-c)d.

But, (c+ta+ma-c)sb csb 4+ ts(ab) + ms(ab) - csb

(csh+ts(ab)-csb) + (cab+ms (ab)-csb)

i

and (c+ta+tma-c)kb c{kb) + (kt)ab + (mk)ab - c(kb)

= (c(kb) + (kt)ab -c(kb)) + (c(kb) + (mk)ab - c(kb))

which belongs to (ab). Since (ab) is a normal subgrcup of
(N,+), ‘c+ta+ma—c)(d+sb+kb-d) belongs to (ab).
Hence, (a)(b) is a subset of (ab). Thus, (a)(b) = (ab).

We now verify that if P is an ideal in N, P is prime
iff ab belongs to P implies a belongs to P or b belongs to
P. éuppose P is prime, ab belongs to P, and a, b do not
belong to P, By (i), (a)(b) is not a subset of P. So,
(ab) is not a subset of P, But, since ab belongs to P,
(ab) is a subset of P, This is a contradiction. So, a be-
longs to P or b belongs to P,

Now, suppose that if ab belongs to P; then a belongs
to P or b belongs to P. Suppose P is not prime. Then,
there exist ideals A and B such that A is not a subset of
P, B is not a subset of P but AB is a subset of P. There
exist a in A, b in B such that a, b do not belong to P.

However, ab belongs to P. Hence, a belongs to P or b belongs
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P. This is a contradiction. Thus, P is a prime ideal.

Ideals in R-rings

An element.of a near-ring (N,+,¢) is right distri-
butive iff (b+c)a = ba + ca for b, ¢ in N. An element
a is anti-right distributive iff (b+c)a = ca + ba for
b, ¢ in N. An element a in N is weakly right distributive
iff it is a finite sum of right and anti-right distribu-
tive elements. An R-ring is a near-ring in which every
element is weakly right distributive (see [1]).

Suppose that N is an R-ring and the element a is right

or anti-right distributive. Since
0a = (0+0)a = 0a + Oa,

0a = 0. A C-ring is a near-ring N in which 0a = 0 for
each a in N. 1In particular, an R-ring is a C-ring.
Suppose that J is an ideal in the R-ring N, j belongs
to J and a belongs to N. Now, a=a +a+ . . . + ag
where each aj is right distributive or anti-right distri-

butive., Since

ja = j(a,+a,+...+ax) = ja, + ja, + . ..+Jjag

((0+3)a,~0a,) + ((0+j)a,~0a,)+ . . . + ((0+j)ak-0ak),

which is in J, JN is a subset of J.
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" Suppose that L is an additive normal shbgroup such
that NL and LN are subsets of L. Let 1 belong to L and

a a, belong to N. Now, a, = b, + b, + . . . + by where

17 "2

each by is right distributive or anti-right distributive.
So

(a,+l)a, - a,a, = (a,+1) (b,+...+bx) - a, (b,+...+bk)

172

= (a;+1)b, + (a,+1)b, +. . . + (&, +1)bgx~-a by -...-ab,.

Notice that (a,+l)bx is either a;by + lbk or lby + a,bg. In
either case, (a,+1)bx - a,bx belongs to L.

Let (a,+l)bkx - a,bx = lx. Hence

(a,+l)a,- a,a, = (a,+1)b, +. . .+ (a,+1) bk~ + lk ~a,by.;~ece-a b .

Again,

(a;+1)by_, is either albk_1 + 1bp_, or 1b,_, + a,b._,.

If (a1+l)bk__1 = a;b,_, + 1b_,
(a1+l)bk_1 + 1y - axbk—x = a1bk-1 + lbk_1 + 1 - a1bk-1
=abe, +1, - abg,

for some 1, in L. So, (a,+l)bk., + 1lx - a;by., belongs to L.

If (a,+1)by_, = 1bp_, + a,by_,

(a,+1)b, _, +1x ~a,by_, =1b,_, + (a,by_,+1k-aby_,) =1, + 1 for
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some 1l,, 1, in L. So, (a;+l)bg_; + 1, - a,bx_,; is in L.
We -continue this finite process and find that (a,+l)a, - a,a,

belongs to L. Thus, we see that an ideal in N is an addi-

tive normal subgroup J such that NJ and JN are subsets of J.

Ideals in C-rings

Suppose that (N,+,°*) is a near-ring. We shall prove
that N is a C-ring iff each ideal I is a normal subgroup
such that NI and IN are subsets of I. First, suppose that

N is a C-ring and that I is an ideal in N. Then,
(0+a)n - On = an

is in I if a belongs to I and n belongs to N. Hence, IN
is a subset of I.

Now, suppose that each ideal I is a normal subgroup
such that NI and IN are subsets of I. Consider the zero
ideal {0}. Now, {0}N is a subset of {0}. Thus On =0
for each n in N, Hence, N is a C-ring. Notice that the

ideals in a C-ring are defined the same as ideals in a ring.

Principal ideals in near-rings with identities

Let (N,+,°) be a near-ring with multiplicative identity
e, Take any element a in N,

Let

5, = {#(n,#n,[(n,+a)n,-n;n,]1 - n,)|n,, n,, n,, n

, are in N}
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T, = ¥ Xj|x; is in 8,}
finite
n,,n,,n,,n, are in N
s, = {#(n,4n,[(n +y)n, - nn,l-n) |y is in T,
T, = { z xi|xi is in S,}
finite
n,,n,,n,,n are in N
s, = {t(n,+n,[(n+y)n, - nyn,1-n) |y is in'T,
Ty = 7 xil|xj is in S;}
finite
Jn ,nA_,n_,n are in N
AP A WA
Sm = {t(n,+n,[(n +y)n, - nyn 1-n )y is in Tp-,
Tn = ]  xj|xi is in Sy,

{finite

Notice £hat Sm is a subset of Ty, which is a subset of Sp+,.
Lef H be the union of the T, i=1, 2, . . .. We will
show that H = (a).

Take h,, h, in H, Now ﬁl, h, are in S, for some posi-
tive integer m. So, h; - h, is in T,. Hence, h; - h, is
in H. So H is an additive subgroup-of (N,+). If h belongs

to H and c belongs to N, c+h-c=c+[ ] x] -¢
finite

where each xj is in S, for some positive integer m. Now,

c + ) Xx;{] - ¢c=c+ ) (xj-c+c)| - ¢, which is in
finite finite :

Tm. So, H is a normal subgroup of (N,+). Clearly, NH is a’
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subset of H. Now, (n;+h)n, - nn, is in S, for n,;, n,
in N,

Thus, H is an ideal in N. Since
e[(~a+a)e - (-a)e] = e[0e + a] = ea = a,

a belongs to H. Hence, H contains (a). But, any ideal
which contains a contains all elements of H. So, (a)
contains H. Thus, (a) = H,.
If N is a ring, H = } n;.an,. |n; , n,, are in N},
finite 21 1 1 1
Suppose that A and B are two ideals in N, If we let
n; ,n,,n;,n, are in N,}

S, = {¢(ny+n;[(n,+ab)n, - n;n,)l-n,la is in A, b is in B 7,

then H = AB.



CHAPTER IIX

IDEALS IN MATRIX NEAR-RINGS

Ideals in matrix rings

Suppose that R is a ring. Let Ry denote the set of
all matrices of order m over R, We will use the notation
(aij) to denote an arbitrary element of Ry. We define

addition and multiplication on Ry by
(ajy) + (bijy) = (cij)
and (aj§) (bij) = (dij)
m
where cj4 = ajy + bj4 and dj4 = ) ajkbky-
k=1

Hence, Ry is a ring. Moreover if I is an ideal in R then
the set Ip of all matrices of order m over I is an ideal

in Rp (see [4]).

Ideals inmatrix near-rings

Suppose that N is a near-ring and let Ny denote the
set of all matrices of order m over N. Let addition and
multiplication be defined on Ny as in the case of rings.
We will give an example to show that Ny is not necessarily

a near-ring.
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Let N be the first near-ring defined on page 9. Con-

sider N,. Let

(ajj) = (32, (b35) = (59, and (ez5) = (5.

Now

(a lb“+a b Jc +(a b

+a_ b )c = (2+4+2-5)4 + (2:0+2-0)0
127217 11 11712 12 22° 21

1

= (445)4 = 3.4 = 0

is the element in the first row, first column of the matrix

[(aijy) (big) ] (cij).
But

a (b‘

11 ) + a. . (b..c.. +b__c_ )

12 21 11 22 21

11c11+b12021 244 + 275'4

=4 4+ 4 =2

is the element in the first row, first column of the
matrix (ajj) [(bjj) (cj5)]1. So the associative law for
multiplication does not hold in Np. Notice that (N,+) is
abelian. Thus, even if (N,+) is abelian, Ny ié not nec-
essarily a near-ring.

We wish to find qonditions on N so that N is a near-
ring. Now, N may not have a multiplicative identity. How-
ever, from (1], we know that N can be embedded into a near-
ring with a multiplicative identity. So let us assume
throughout the rest of the chapter that N has an identity e.

We can now show that Ny satisfies the left distributive law
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iff (N,+) is abelian.

Suppose that Ny satisfies the left distributive law,

Now,

Let x,, X, belong to N.

OO «O
.0 L L] L[]
* & o
e o & @
OO «O
OO «O
o~

RO «O
OO «O
"« e o o
e e & @
¢« o o
OO «CO
DO «O

VDO O

QO «O
L] [ ] . L]
L ] . L ] L]
* L] L] [ ]
QOO «O
OO «C
-4
O MW O

OO +O
e s o @
e o o »
¢ o o
QO «O
QO O
VO «O

O C O
e o o o
e o o o
o s e o
OO O
OO «O
~N .
KO O rm—————
—eea OO O
+ e o o o
———
OO +O * o s @
e s e e e o o o
" e o QO O
o o e o OO «O
OO O o~
b
QO «O o+
- ~
RO O HO «O
| — — | - —

Also,

OO O
L] * . L]
* L] L] L]
L . L] .
QO O
OO «O
o~

KO 0O

OO «0O
e o e o

L L]
* O
e O
s O

—
OO «O
¢ o o
[ ] L] . L[ ]
o o o o
QO «O
[ ]
OO 0O pr———m
N - OO O
K“NX O
| S " ° . P
—_——
OO 0O ¢ ¢ o o
e o o @ e ¢ & o
i
e o o o QOO +«O
s o o o OO ¢eO
OO O ~
£
Qo O +
«~
QO O MO «O
| e — | —

If (N,+) is abelian, the left

(N,+) is abelian.

Hence,

distributive law in Np follows easily from the left
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distributive law in N,
" We will assume that (N,+) 1is abelian., We now prove
that Np is a near-ring iff N is a ring. First, suppose

that N is a near-ring and that x, y, z belong to N. Now,

ee.iioxo‘..o—jzo..lo
OOOQOOYOOOOO 00...0
00 .. .0[]|0O0. . : o | 0 6 e« o« o 0
(x+y)z 0 . . . O
- 0 0... 0
OOOCOOJ
Also
ee'..o xo...ozo...o
00. .. 0 vyo0...90/{00, . .0
00...0 [{loo...0oflo0...0
xz+yz 0 . . . O
_ 0. . .0
0 0.'.0

Hence, (x+y)z = Xz + yz. So, N is a ring, If N is a ring,
N is a ring and hence a near-ring. Thus, if Ny is a near-
ring, every i@eal in Ny is of the form I, where I is an
ideal in N (see [4]).

‘Let us return to the case where N is an afbitrary

near-ring. Assume that N is also a near-ring. Then N
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will not necessarily satisfy the right distributive law.
We will give.an example to verify this statement. Let
C, be the cyclic group of order 4. From [2], N = (C,,+,*)

is a near-ring under the following multiplication:

. 0 1 2 3

3 0 0 0 0

Now, (3+1)3 = 0+3 = 0. But, 3.3 + 13 =0 + 2 = 2, So

N does not satisfy the right distributive law. However,
(ab+cd)e = abe + cde for arbitrary elements a, b, ¢, d, e
in N, Hence, the associative law for multiplication holds
in Ny, where m is any positive integer. So, Nm is a near-
ring. However, if N is a near-ring, Ny is a near-ring and
I is an ideal in N, then Ip is an ideal in Np. The proof

of this statement is trivial.
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